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Zusammenfassung

Die Doktorarbeit besteht aus zwei Teilen. Die Ergebnisse der einzelnen Teile wer-
den nacheinander dargestellt. Paul Broussous and Shaun Stevens studierten fiir die
Konstruktion von einfachen Typen fiir unitire p-adische Gruppen solche Abbildun-
gen zwischen erweiterten Bruhat-Tits- Gebaduden, die die Moy-Prasad-Filtrierungen
respektieren. In der Doktorarbeit heifit diese Eigenschaft (CLF'), auf Englisch ,,Com-
patible with the Lie algebra filtrations“. Im ersten Teil der Arbeit werden die Resul-
tate aus [BS09] auf alle unitdren Gruppen verallgemeinert. Es sei ko ein p-adischer
Korper mit einer von 2 verschiedenen Restcharakteristik. Wir betrachten eine be-
liebiege iiber kg definierte unitidre Gruppe G := U(h) zu einer e-hermitischen Form
h und ein eine halbeinfache ko-Algebra erzeugendes, ko-rationales Element 3 der
Lie-Algebra von G. Es sei H der Zentralisator von 8 in G. Es wird bewiesen,
dass eine affine H(kg)-equivariante CLF-Abbildung j vom erweiterten Bruhat-Tits-
Gebiude B'(H, ko) nach B(G,kg) existiert. Jedem Punkt von B(H, k) bzw.
B1(G, ko) ist eine Lie-Algebra-Filtration zugeordnet und CLF bedeutet, dass das
Herunterschneiden der Lie-Algebra-Filtration von j(z) auf Lie(H)(ko) die Filtra-
tion von x ergibt. Zu den Eindeutigkeitsresultaten. Es stellt sich in der Doktor-
arbeit heraus, dass j durch die CLF-Eigenschaft eindeutig bestimmt wird, falls
kein Faktor von H kg-isomorph zur isotropen orthogonalen Gruppe vom k-Rank
1 ist und alle Faktoren unitdre Gruppen sind. Desweiteren wird bei abgeschwéch-
ter Aquivarianzeigenschaft bewiesen, dass j als affine Z(H°(kg))-equivariante CLF-
Abbildung bis auf eine Translation von B! (H, ko) eindeutig bestimmt ist. Fiir den
Nicht-Quaternionenalgebrafall hatten Broussous und Stevens die Existenz und ein
Eindeutigkeitsresultat bewiesen.

Im zweiten Teil wird der von Broussous und Grabitz studierte Einbettungstyp
mit Hilfe einer CLF-Abbildung entschliisselt. Wir betrachten einen Schiefkérper mit
p-adischem Zentrum F. Es sei D {iber F' endlich dimensional. Die Konstruktion ein-
facher Typen fir GL, (D) nach der Methode von Bushnell und Kutzko bedurfte der
Analyse sogenannter Strata, die eine Starrheitseingenschaft erfiillen mussten. Teil
eines Stratums ist insbesondere ein Paar (E,a) bestehend aus einer Korpererwei-
terung E|F in M, (D) und einer erblichen Ordnung a, welche von E* normalisiert
wird. Broussous und Grabitz klassifizierten diese Paare mit Hilfe von Invarianten.
Im zweiten Teil der Doktorarbeit wird ein Verfahren entwickelt, wie man diese In-
varianten mit Hilfe der Geometrie einer CLF-Abbildung berechnen kann.



Abstract

Introduction

This thesis is devoted to the description and characterisation of affine maps between
enlarged Bruhat-Tits buildings of certain reductive groups over non-Archimedean
local fields. More precisely we consider subgroups of classical groups which arise as
the centraliser of a rational Lie algebra element which generate a semisimple algebra
over the base field, and we study affine embeddings of the corresponding Bruhat-Tits
buildings. Our approach is based on the fact that the building can be described in
terms of lattice functions.

In part two we consider unit groups of local central simple algebras or in other
words general linear groups with coeffitients in a local division algebra under no
assumption on the characteristic. Here we use the affine embeddings of Bruhat-
Tits buildings of centraliser subgroups in order to recover the embedding data from
the work of Broussous and Grabitz. Embedding data play an important role in
the construction of simple types. It is to underline the usefulness of such affine
embeddings and that we may expect further results in the future.

Part 1

For the construction of types for p-adic unitary groups S. Stevens applied a result of
his paper with P. Broussous [BS09]. He used a map between the enlarged buildings
of a centraliser and the group to apply an induction. The important property of this
map is the compatibility with the Lie algebra filtrations (CLF) which correspond
to the Moy-Prasad filtrations [MP94]. In that paper the quaternion algebra case
is missing and the authors proposed a uniqueness and generalization conjecture to
the reader. Functoriality questions for affine maps between Bruhat-Tits buildings
have been studied before. One work to mention is Landvogt’s paper [Lan00] and the
paper of P. Broussous with B.Lemaire [BL02] and with S.Stevens [BS09] which I am
going to explain in more detail below. For example E. Landvogt already proved in
[Lan00, 2.1.1.] that for an inclusion H C G of connected reductive K-groups there
is toral and H(L)- and Gal(L|K)-equivariant map from the enlarged Bruhat-Tits
building of H(L) into that of G(L) such that after a normalisation of the metric
of the latter building the map is isometrical. In his work he assumed L|K to be a
quasi-local extension.

We consider a p-adic field kg of residue characteristic not two, a ko-form G :=
U(h) of GL,,, Sp,,, or O,, where h is a signed hermitian form, a Lie algebra element
B € Lie(G)(ko) such that ko[8] is semisimple and its centraliser H := U(h)g. P.
Broussous and S.Stevens give a model in terms of lattice functions for the enlarged
Bruhat-Tits building B'(H, ko) if 3 is separable. This model leads them to the
definition of BL(H, ko) if S is not separable. We embed B1(H, kq) into B (G, ko)
by an affine, H(kq)-equivariant CLF-map j. In [BL02] such a map was fully studied
in the other case of GL,, (D) instead of U(h) and in [BS09] the authors considered
the case where the image of h is a field and kg has an odd residual characteristic. In
the latter paper the authors showed that if 8 is non-zero and generates a field then
the CLF-property determines j. In this thesis we consider the general case, more
precisely we include the quaternion algebra case and we analyse uniqueness without
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any further restriction on 8. The group H decomposes under 8 into classical groups
H,. We construct the map j such that it has the above properties, see theorem
3.26, and we prove at first in theorem 4.9 that there is no other CLF-map from
BL(H, ko) to B (G, k) if the groups H; are unitary, i.e. of the form U(h;), and not
ko-isomorphic to the isotropic Oy . Secondly we show that in general a Z(H®(ko))-
equivariant, affine CLF-map from B! (H, ko) to B!(G, ko) has to be unique up to a
translation of the building B! (H, ko), see 4.24. A summary of the theorems of part
one is given in chapter 6. For the buildings we use the model with lattice functions
which are introduced in [BL02] and [BS09].

The aim of chapter 1 is to give the exact definition of GLp(V) and U(h). We
also repeat the notion of a signed hermitian form and a Witt decomposition.

Chapter 2 relies heavily on results which are summarised in the appendix. The
second aim of this work is to give a complete definition of the Bruhat-Tits building for
GLp (V) over a p-adic field and for U(h) over a p-adic field of residue characteristic
not two. The way of construction is taken from the articles of Bruhat and Tits. We
give the definition of several kinds of lattice functions and shortly introduce the Lie
algebra filtrations.

For the next two chapters we fix a separable Lie algebra element until section 4.5.
In chapter 3 the section 3.1 is devoted to the definition of the CLF-property. After
recalling results of [BL02] we prove the existence of a CLF-map in the case of U(h).
The proof of the torality of the constructed map is given in chapter 5.

Chapter 4 provides the proof of the uniqueness results stated above and in section
4.6 we show how the preceding results of chapter 3 and 4 generalise to the case of a
non-separable Lie algebra element.

Part 2

In the whole part 2 we consider a finite dimensional skewfield D with centre a
p-adic field F. Embedding types were introduced in the paper of Broussous and
Grabitz [BG00]. They considered one step on the way to construct the smooth
dual of G := GL,,(D) using Bushnell and Kutzko’s strategy [BK93] for GL,,(F).
The aim is to produce a list of possible candidates for simple types, i.e. a list of
pairs (J, \) consisting of a compact mod center subgroup J and a smooth irreducible
representation of J with two properties. The second property states that if two paires
are contained in the same irreducible representation of G then they are conjugate
under the action of G. The idea is to construct the list of (J, A) by an inductive
procedure using simple strata. A simple stratum is a quadruple [a, n, g, 3], especially
consisting of a hereditary order a normalised by an element § of A := M,, (D) which
generates a field E. To prove the second property above they needed a rigidity for
simple strata relying on a description of the way E|F is embedded in A. This was
done by introducing numerical invariants.

Let Ep|F be the maximal unramified subextension of E|F which can be embedded
in D. In part 2 we show how to obtain the embedding type of (E, a) if one applies

jEp : B(GL, (D), F)Eo —+B(Zgy,.(p)(Ep), Ep)

on the barycenter M, of a (see 11.3). The inverse of jg,, is the unique CLF-map from
the latter building into B(GL,, (D), F). The map was constructed and analysed by
Broussous and Lemaire in [BLO02].



In chapter 8 we recall the definition of embedding type and we introduce the easy
numerical tools which enables us to decode the embedding type from y := jg, (My).

The aim of chapter 9 is to describe the simplicial structure of B(GL,, (D), F') in
terms of lattice chains as it has been done in [BLO02].

In chapter 10 we state the connection between the oriented barycentric coordinates
of y, i.e. the so called local type of y, and the embedding type of (F,a).

At the end of the whole introduction I want to thank P. Broussous and Prof.
Zink for giving me the first and the second topic respectively and for the whole and
patient support. Broussous mainly gave me the hint to use roots for proving lemma
4.12 and he helpfully pointed out mistakes and proofread my notes several times.
Prof. Zink proofread the second part and introduced me into its background. I
thank S. Stevens for stimulating discussions about or around the topic in Norwich.
At the end I thank the DFG for supporting my doctorial between January 2006 and
December 2008.

General notation

1. All rings we consider in this thesis are unital.

2. The set of natural numbers starts with 1 and the set of the first » natural
numbers is denoted by N,. For the set of non-negative integers we use the
symbol Ny and the set of its first  + 1 elements is writen as N{.

3. If k is a non-Archimedean local field with valuation v we denote by

e 0 the valuation ring of k,
e p; the valuation ideal of k and by
o kj the residue field of k.
4. For an arbitrary field k& we fix an algebraic closure k and the maximal insep-

arable (resp. separable) field extension of k in k is denoted by k**°? (resp.
ksep).

5. If we have fixed a local field (k,v) we also write v for the unique extension
of v to D for any finite dimensional skewfield extension D|k. We also use
the notation op,pp and xp. We write e(D|k) for the ramification index and
f(D|k) for the inertia degree.

6. The symbol Z(NN) denotes the center of N and we write Zy (M) for the cen-
traliser of M in N for a set N with multiplication and a subset M of N.

7. The m x m identity matrix is denoted by 1,,.
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Canonical maps, buildings and
centralisers






Contents

We fix a field k. We have the following conventions on k.
e In section 1.1.2 and 1.2 the characteristic of k is not two.

e In this part from chapter 2 on we assume k to be a non-Archimedian local field
with discrete valuation v.

e In this part from section 2.3 on we further assume k to have residue characteristic
not two.






1. Classical groups

1.1. Algebraic preliminaries

1.1.1. Semisimple algebras

In this subsection we do not need any restriction on the characteristic of k. A finite
dimensional k-algebra A is simple if there is no ideal of A which is different from {0}
and A, and it is semisimple if A has no nilpotent ideal except the zero-ideal.

Theorem 1.1 (Wedderburn) If A is a finite dimensional semisimple k-algebra there is
a unique natural number m and an m-tuple

(P1,---sPm)

of pairs
pi = ([Di], ns)

consisting of a k-algebra isomorphism class of a skewfield D; and a natural number n;
such that there is a k-algebra isomorphism

Up to permutation the m-tuple (p1,...,pm) is uniquely determined by A.

Remark 1.2 1. If A in the theorem is commutative it is k-isomorphic to a product
of fields.

2. A finite dimensional simple k-algebra is k-isomorphic to a matrix ring, because A
is unital by our general notation.

Definition 1.3 A finite dimensional k-algebra is separable if for every field extension
L|k the L-algebra A ® L is semisimple.

Remark 1.4 A commutative finite dimensional k-algebra is separable if and only if it
is k-isomorphic to a product of separable extension fields of k.

Definition 1.5 An element S of a finite dimensional k-algebra A is separable if the
k-algebra k[3] is separable.

Definition 1.6 A triple (A, V, D) consisting of:
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e a skewfield D which is a finite dimensional k-algebra
e a finite dimensional right D-vector space V'
e and A :=Endp(V)

is called a simple k-datum. Such a datum is central if the center of D is k. If we want
to emphasize m := dimp V and d := deg(D) then we write (A,V,m, D, d) instead of
(A,V, D) and if in addition we need a maximal Galois extension L of k in D we write
(A,V,m,D,d, L|k). A simple datum is local if k is a non-Archimedean local field.

1.1.2. Algebras with involution

For references we recommand the books [Knu98],
[KMRT98] and [Sch85]. We assume char(k) # 2.

An involution of a ring is an antimultiplicative ring automorphism of order 1 or 2.

Notation 1.7 1. If ¢ is an involution on the ring R, we introduce the following
standard notation.
Sym(R,o0) :={r € R|o(r) =71}

Skew(R,0):={re R|o(r)=—r}
for the set of symmetric and the set of skewsymmetric elements of R.

2. For a semisimple finite dimensional k-algebra A with involution ¢ we denote by
U(o) :={a € AX| o(a)a =1}
the unitary group of (A, o) and by
SU(o) :={a € U(o)| Nrd(a) =1}

the special unitary group of (A, o).
The symbol Nrd denotes the reduced norm of A over k.

Definition 1.8 Let A be a simple central finite dimensional k-algebra. An involution o
of A is of the first kind if it fixes every element of Z(A) and of the second kind otherwise.
We call an involution of the first kind on A orthogonal if

dimy Sym(A4, o) > dimy, Skew(A, o)
and symplectic otherwise. An involution of the second kind is also called unitary.

Remark 1.9 For a symplectic involution on A we have

dimg, Sym(A4, o) < dimy, Skew(A, o)
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and for a unitary involution we get an equality.

Assumption 1.10 For this section we fiz a central simple k-datum (A,V,m,D,d). We
assume that there is an involution p on D.

One way to obtain an involution on A is to take the adjoint involution of an e-hermitian
form.

Definition 1.11 Fix an € which is 1 or —1. An e-hermitian form on V is a biadditive
map h from V x V to D such that

1. h(v,w) = ep(h(w,v)) for all v,w € V and
2. h is sesquilinear in the first coordinate and linear in the second coordinate, i.e.
h(wdy,vda) = p(dy)h(w,v)ds,
and
3. it is non-degenerate.

The pair (V, h) is called an e-hermitian space. An e-hermitian form h; and a J-hermitian
form ho are equivalent if there is an element b € £* such that bhy = hs. An involution
o of Endp(V) is called the adjoint involution of h, and it is denoted by oy, if for every
a € Endp (V) and for every v,w € V we have

h(a(v), w) = h(v,o(a)(w)).

If we do not want to state the € of an e-hermitian form we write signed hermitian
form. There is a general notion of quadratic forms given in [Sch85, 7.3.3] which includes
the notion of signed hermitian forms for the case of characteristic different from 2.

Proposition 1.12 There is a bijection from the set of equivalence classes of signed
hermitian forms to the set of involutions of Endp (V') whose restriction to Z(D) is p.

For a given signed hermitian form h we have the map
h: V=V* h(v)(w) := h(v, w),

where V* is the dual vector space of V. It is an isomorphism of D-left vector spaces
where D acts on V on the left via dv := vp(d).

Proof: Equivalent signed hermitian forms have the same adjoint involution. To
prove the injectivity assume o}, = op, and we call this involution o. It implies that
¢ := hy' o hy is in the center of Endp(V), because for a € Endp(V) and v,w € V we



1. Classical groups

have

Thus hy and hg are equivalent. If one chooses a D-basis (v;) of V' the map
By = O vidi, > vipi) = Y p(Ai) i

is a hermitian form whose adjoint involution o .,) equals to p on Z(D). We identify A with

M, (D) and we have o (C) = p(C)T where p(C) is meant to be the matrix obtained
after applying p to every entry of C. The surjectivity is now given by the Skolem-Noether
theorem, more precisely: we take an involution o whose restriction to Z(D) is p. By the
Skolem-Noether theorem there is a B € GL,,(D) which satisfies

o(C) = Bp(C)' B!

for all matrices C. By 0% = id we get that thereis a A € Z(D) such that Bp(B~!)T = A\1,,
and p(A)Ais 1 by U(Qei) =id.

Case 1: If p fixes ), the matrix B~! is a Gram matrix of a A-hermitian form with
adjoint involution o.

Case 2: If ) is not a fixed point of p, Hilbert’s 90th theorem [Ker90, 12.3] implies the
existence of an element a € Z(D)* such that

ap(a)™t =\

Thus aB~! is the Gram matrix of a 1-hermitian form whose adjoint involution is o.
q.e.d.

To study groups U(o) we need Witt’s theorem.

Definition 1.13 An r x r-matrix M is antidiagonal if all entries m;; with i +j5 #r+1
are zero. We denote an antidiagonal matrix M by

antidiag(my 1, My—1,2, ..., M1 7).

The following theorem uses char(k) # 2.

Theorem 1.14 (Witt) [Sch85, 7.9.2 (iii)] Let h be an e-hermitian form of V. Then
there is a basis (v;) of V' such that the Gram matriz Gram,,)(h) of h over (v;) has the
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form
0 M O
eM 0 0 (1.1)
0O 0 B

such that M = antidiag(1,...,1) and that the e-hermitian form corresponding to B is
anisotropic.

Definition 1.15 Under the assumptions of the theorem the size r of M does not depend
on the basis (v;). We call r the Witt index of h.

Definition 1.16 Let r be the Witt index of a signed hermitian form h. A set of 1-
dimensional vector subspaces

WV, Vo, Vo, Vg, ... V., V_, }
together with an anistropic D-subvector space V; of V' such that
@vi-v
i
is called a Witt decomposition of h if for all
i,je{l,-1,2,-2,...,r,—r}
we have
1. h(V;,V;) =0if i # —j and
2. h(Vi,Vy) =0.

Definition 1.17 If p is the identity of D, implying D equals k, then a 1-hermitian form
is called symmetric bilinear form and a —1-hermitian form is said to be a skew symmetric
bilinear form.

Theorem 1.18 [Sch85, 7.6.3] If we exclude the skew symmetric case from the assump-
tions of the last theorem, i.e. the case where e = —1 and p = idp, the vector space V
has an orthogonal basis.

Definition 1.19 A D-basis of V such that the Gram matrix of an e-hermitian form A
is of the form in theorem 1.14 such that the matrix B is diagonal is called a Witt basis
of h.

Corollary 1.20 Under the assumptions of theorem 1.14 for every Witt decomposition
of h there is a Witt basis of h such that the isotropic vectors of the basis span the
isotropic lines and the other vectors together span the anisotropic vector space.
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Notation 1.21 We set
U(h) := U(op,) and SU(h) := SU(0op)

if h is an e-hermitian form on V.

Definition 1.22 A hermitian k-datum is a tuple

((Av ‘/a D)v P kOv ha 670)

e (A,V,D) is a central simple k-datum,
e p is an involution of D whose set of central fixed points is ko,
e h is an e-hermitian form on V' with adjoint involution o.

A hermitian datum is local if k is a non-Archimedean local field and p is continuous
under the valuation of k. In this case kg is local too. We write (k,r)-datum instead of
k-datum to emphasize the valuation v on k.

1.2. Forms of classical groups

A good introduction in the theory of classical groups can be found in [PR94]. We only
consider char(k) # 2. Let us fix a natural number n.

Notation 1.23 A" denotes the affine space of dimension n. The groups GL, (resp.
SL,,) are the general linear group (resp. the special linear group). All are considered as
affine algebraic group schemes defined over the prime field of k.

Definition 1.24 We consider the transposition ()7 on GL, (k). We denote by O,, the
orthogonal group, i.e the subscheme of GL,, which is defined by the equation g7g = 1,
and by Sp,,, the symplectic group, i.e. the subscheme of GL3, given by the equation

gt Jg =1,

0 M
( M 0 ) (1.2)
and M := antidiag(1,...,1). The special orthogonal group SO, is the intersection of O,
with SL,, .

where J is

In this section we use the notion of a k-form and therefore we give a general definition
here.

10
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Definition 1.25 An algebraic group defined over k is called a k-group. Two k-groups
are k-isomorphic to each other if there is an isomorphism of algebraic groups defined
over k between them. Let L|k be a field extension in k|k and let G be an L-group.
A k-group H is a k-form of G if H and G are k-isomorphic. A k-form H of G is an
L|k-form of G if G and H are L-isomorphic to each other.

Convention 1.26 Instead of “isomorphic as algebraic groups” we only write “isomor-
phic”.

Definition 1.27 A classical group in the strict sense is an algebraic group which is
k-isomorphic to SL,,(k), SO, (k) or Spy, (k).

Proposition 1.28 Let V be an n-dimensional k-vector space equipped with a non-dege-
nerate symmetric or alternate bilinear form h. We assume that V has a k-structure Vi,
ie. Vi @k = V., and that

op = 0 Q /;

for an involution o of Endg(Vy) of the first kind. Then the following holds.
1. If h is alternate then the group U(h) equals SU(h) and is a k|k-form of Sp,, (k).

2. If h is symmetric then the group SU(h) (resp. U(h)) is a k*P|k-form of SO, (k)

(resp. Oy (k)).

Remark 1.29 The set End; (V') is made to an affine space defined over k in taking a
k-basis of End(Vy) and introducing coordinates, i.e. we have

End; (V) = A" (k)

Every k-linear isomorphism of Endy(V},) induces a k-linear isomorphism of A"Z(l;:) de-
fined over k. The composition of maps in Endz (V') coinsides with a k-morphism

¢ AV (k) x A" (k)— A" (k)
and (A" (k), ¢) is k-isomorphic to (M, (k), o). We identify the groups U(h) and SU(h) of
the proposition with the corresponding subsets of NG (l::) The assertions of the propo-
sition are valid for any choice of the basis of Endy(V4).

Proof: (of proposition 1.28) By proposition 1.12 there is a A € k such that \h maps
Vi x Vi to k. Without loss of generality we assume that A is one.

1. By theorem 1.14 there is a k-basis of Vi such that the Gram matrix G of h is J
from definition 1.24. Thus all elements of U(h) have determinant 1 and there is a
k-isomorphism from A™ (k) to M, (k) which maps U(h) onto Sp,,(k). Thus U(h)
and SU(h) equal and are k|k-forms of Sp,, (k).

11



1. Classical groups

2. By theorem 1.18 there is an orthogonal basis of V}, with respect to hly, xv;, i.e. the

corresponding Gram matrix G of h is diagonal and has entries in k. It implies that
i b

there is a k-isomorphism from A" (k) to M, (k) which maps U(h) (resp. SU(h))

to U(h) (resp. SU(h)) where S
h:k"™ x k"—k

is a bilinear form whose Gram matrix under the standard basis of k" is G. The
characteristic of k£ is not 2 and thus the roots of the diagonal elements of G are
separable over k, i.e. there is a diagonal matrix X in M, (k*?) such that XX = G.

The inner k-algebra automorphism Inn(X) maps U(h) (resp. SU(h)) onto O, (k)
(resp. SO, (k)). This map is a k*P-isomorphism. O,, and SO,, are defined over the
prime field and therefore defined over £°P. Thus U(h) and SU(h) are defined over
k5P, Both groups are k-closed too, and since k°P|k is a separable field extension

they are defined over k.

q.e.d.

Assumption 1.30 We fiz a central simple k-datum (A,V,m, D,d, L|k) and we assume
L to be a subfield k.

We now give forms of SLy,(k), SOy, (k) and Sp,, (k). We also write GLp (V') for Autp (V)
and SLp(V') for the set of elements of Endp (V) with reduced norm one.

Proposition 1.31 The group GLp(V) (resp. SLp(V')) is the set of k-rational points of
an L|k-form of GLya(k) (resp. SLp,q(k)) denoted by GLp (V') (resp. SLp(V)).

Proof: We fix a k-basis of Endp(V) to introduce coordinates. We identify the
tensor product Endp(V) ® k with AT (k), i.e. the set of k-rational points of A
is identified with Endp(V). Endp(V) &y, k is L-isomorphic to M,,4(k) as a k-algebra,
because L is a splitting field of D. The reduced norm corresponds to the determinant
on M,4(k) and thus there is an L-isomorphism from A" @+1(k) to My,q(k) x k which
maps

GLp(V) :={(g,y) € (Endp(V) ®; k) x k| Nrd(g)y =1}

onto GL,,,4(k) and
SLD(V) = {g € GLp V| Nrd(g) = 1}

onto SL,,,q(k).

The reduced norm is a homogeneous polynomial in k[X7q,... ,X(md)z] and therefore
GLp (V) and SLp(V) are k-closed. GL,,4 and SL,,4 are defined over the prime field and
therefore defined over L. Thus GLp (V) and SLp (V') are defined over L. The separability
of L|k implies that both groups are defined over k. q.e.d.

Remark 1.32 If F is an intermediate field between k and k then the set of F-rational
points of GLp (V) is given by (Endp(V) ®; F)*.

12



1.2. Forms of classical groups

Assumption 1.33 We now extend our assumption and fiz a hermitian k-datum

((A7 V7 m7 D7 d7 L|k)7 p? ko? h7 67 0)'

Proposition 1.34 [PRY/, 2.15] There is an algebraic group U(h) (resp. SU(h)) which
18

1. an L|k-form of Sp,,q(k) if o is symplectic,
2. a k*P|k-form of Onmq(k) (resp. SOa(k)) if o is orthogonal and
3. an L|ko-form of GLy,q(k) (resp. SLyq(k)) if o is unitary

such that its set of k-rational points is U(h) (resp. SU(h)).

Definition 1.35 We also denote U(h) and SU(h) by U(oy,) and SU(o},) respectively.

For the orthogonal and the unitary case in the proposition we needed that the char-
acteristic of k is different from two. In the unitary case k|ko has degree two.
Proof: At first we assume that o is of the first kind and we define

U(h) := {g € GLp V| g\®idg = 1}

and
SU(h) :={g € U(h)| Nrd(g) = 1}.

The assertions (1) and (2) follow now from proposition 1.28, because Endp (V) @4 k is
L-isomorphic to M,,q(k).

At second we assume that o is of the second kind. Here we use the notion of the
Weil-restriction, see appendix chapter III. We have

Resy s, (Endp (V) ®; k) = Endp(V) @y, k

and a commutative diagram

Endp(V) @k, k = (Endp(V) @ k) x (Endp(V) @4 k)P
U U

ReSk‘kO(Al)(l%) Al(l_f) X Al(];')

Il

where the k-isomorphism on the top is induced by
A @k 1t € k @py k> (Mg, p(A) ).

We now explain (Endp (V) ®@j, k)?. Under the choice of a k-basis in Endp (V) the com-
position of endomorphisms is given by a morphism

¢: AD” o A(md? _y A (md)?

13



1. Classical groups

defined over k. The multiplication on (Endp(V) ® k)? is given by ¢”. The involution
0 ®k, id defines an involution & on the right side of the diagram which permutes the
coordinates of kx k. Thus there is an L-isomorphism from (Endp(V)®xk) x (Endp (V) ®y

k)P to My,a(k) x My,q(k) such that the involution & corresponds to the involution
o'+ (B1, Ba) = (B3, BY).
The group U(o’) is a k|k-form of GL,,4 and thus
U(h) := {g € Resyjs, (GLp V)| giriro(0®rid)g = 1}

is an L|ko-form of GLp(V). The Weil-restriction of the reduced norm from k to ko

corresponds to det x det on M,,,4(k) x M,,4(k) and we conclude that under
U(h) = GL

the group
SU(h) := {g € U(h)| Resy, (Nrd)(g) =1}

is mapped onto SL,,4(k). The groups fulfill
U(h)(ko) = U(h) and SU(h)(ko) = SU(h)
by definition. q.e.d.

Remark 1.36 For a version of a converse of this theorem see [KMRT98, 26.9, 26.12,
26.14, 26.15].

Later we only consider non-Archimedean local fields and there we have the following
restricted possibility for the involution.

Theorem 1.37 [Sch85, 10.2.2] If k is a non-Archimedean local field and p is an invo-
lution of D then if p is of the second kind we have D = k and if p is of the first kind,
the degree of D is not bigger than two.
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2. Bruhat-Tits building of a Classical group

For an introduction to the theory of buildings, I recommand [ABOS] or the previous
version [Bro89b.

Assumption 2.1 In this chapter we fix a local simple k-datum
(A,V,m,D,d, L|k),

especially we assume that k is a non-Archimedean local field with valuation v. The unique
extension of v to a finite dimesional skewfield over k is also denoted by v. We denote

GLp(V) by G and its set of k-rational points by G, i.e. G := GLp(V).

2.1. Norms and lattice functions

This is a collection of definitions and results of [BL02] and [BT84b].

2.1.1. First definitions

Definition 2.2 A D-norm on V is a map o : V—R U {oo} such that for all t € D and
v,v" € V we have

1. a(v) =00 = v =0,
2. a(tv) = a(v) + v(t) and
3. a(v+v') > min(a(v), a(v)).
The set of D-norms on V is denoted by Norm} (V).

Given a norm the family of balls around 0 is a decreasing function of lattices. We
recall the definition below.

Definition 2.3 A finitely generated op-submodule T" of V is called a (full) op-lattice
of V if spanp(I') = V. We denote by Latt(V,op) the set of all full op-lattices of V.

Definition 2.4 [BL02, 2.1] A map A : R— Latt(V,0p) is called an op-lattice function,
if for all reals » and s with » < s we have

1. A(r+v(mp)) equals A(r)mp,

2. A(r) contains A(s) and

15



2. Bruhat-Tits building of a Classical group

3. the lattice A(r) is the intersection of the A(r —¢€) where € runs over all positive real
numbers, i.e. A is left continuous, when Latt(V,op) is endowed with the discrete
topology.

The set of op-lattice functions is denoted by Latt})D (V). For A € Latt},D (V) the number
of elements in A([0, v(7p)|) is the (simplicial) rank of A.

Remark 2.5 [BL02, 1.2.4] The map a — A, with
Ay(r) :={z e V]a(z)>r}
is a G-set isomorphism from Normbh (V) to LattiD (V') with actions
gai=aog ™l and (g.0)(r) = g(A(r).

In certain proofs it is useful to reduce the m-dimensional case to lower dimensional
cases. This is done with the concept of a splitting vector space decomposition.

Definition 2.6 [BT84b, 1.4] A family (V!,..., V) of D-vector subspaces is a splitting
decomposition of V for a € Norm}(V), if

o V=0,V and
e for all (v;) € [[V* we have

a(z v;) = miin a(v;).

A family (V?) is a splitting decomposition of V for an op-lattice function A on V if
At) = @i(A(t) N V)

holds for all . We also say that the norm or the lattice function is split by (V?);. If all
V' are one dimensional and (b;) € [[; V? is a D-basis of V we call it a splitting basis for
norms and lattice functions which are split by (V7).

Definition 2.7 [BT84b, 1.11 (17)] The dual of « is the op-norm a* on
V* := Homp(V, D)

defined by
o (f) = mE{(f(v)) — a(v)] v e V \ {0}}.

Proposition 2.8 [BT8/b, 1.11 (18), 1.26]

1. The dual basis of a splitting basis (v;); of v is a splitting basis of & and the equation
a*(v}) = —v; holds.
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2.1. Norms and lattice functions

2. Any two op-norms on V have a common splitting basis.

The following definition generalises the definition [BT72, 1.1.1].
Definition 2.9 (Affine structure) An affine structure on a set S is a function
a:Sx8x|[0,1]—S.

We write
ts + (1 —t)s' :=a(s,s,t).

Definition 2.10 For a real number = we denote by [z]+ the smallest integer which is
not smaller than x.

Remark 2.11 We have an affine structure on Latt} (V). If A and A" are two elements
of Latt) (V) with a common splitting basis (v;), i.e. there are m-tupels («;) and (3;) of
real numbers such that

@'U pl¢ (z—au)d]+

and

x—3;)d
= @Uzp[[() 8) ]+>
then for A\ € [0, 1] we define a new element of Latt},D(V) by

(A + (1 —)) @vlp[(x Aai=(1=A)Bi)d]+

This definition does not depend on the choice of the basis (v;).
Remark 2.12 Let V' be another finite dimensional right D-vector space. The map
Latt, (V) x Latt, (V)= Latt, (V & V')

given by
(AN)— Ap N

with
(A A)(t) == A(t) D A (t)

is affine and G' x GLp(V')-equivariant.
Definition 2.13 The lattice function A @ A’ is called the direct sum of A and A’

Remark 2.14 Under o + A, the affine structure of Latt} LV
affine structure on Normh (V). For A € [0,1], a, o € Norm
splitting basis (v1,...,v,) we have that

defines the following
(v

)
é ) and a common

(Aa+ (1 — X))

17



2. Bruhat-Tits building of a Classical group

is the norm with splitting basis (v;); such that

v; = Aa(v;) + (1= N (vy).

2.1.2. Square lattice functions

Assumption 2.15 Let us now assume that k is the center of D.

We also have k-norms and k-lattice functions on A. We recall that for an op-lattice
function A (resp. D-norm «) on V the og-lattice function

r— End(A)(r) := {a € A] a(A(s)) C A(s+71) Vs € R}
(resp. k-norm
a — End(a)(a) := inf{a(a(x)) — a(z)| x € V \ {0}})

on A is called square lattice function (resp. square norm) on A. The set of square lattice
functions, square norms on A is denoted by Lattgk (A), Normi(A) respectively. There
is a G-actions on Norm?(A), Latt?)k (A) which is given by

gB = Bolnn(g"), (¢T)(r) := Inn(g)(I(r))

respectively where Inn denotes the adjoint action of G on A.

Remark 2.16 [BL02, 4.10] The map End(a) — End(A,) is a G-set isomorphism from
Normg (A) to Latt? (A).

A square lattice functions encodes the op-lattice function up to translation.

Definition 2.17 The translation of an op-lattice function A by a real number s is
defined as
(A+s)(t) == At — s).

Two op-lattice functions A and A’ are equivalent if A is a translation of A’. The set of
equivalence classes of op-lattice functions of V' is denoted by Latt,,, (V). Taking classes
in remark 2.11 one obtains an affine structure for Latt,, (V), i.e.

AA]+ (1= N[AT] =M+ (1 =XNA], Xe|0,1].
The translation of an op-norm a of V by an element s of R is defined as
(a4 s)(v) :=a(v) + s.

Two norms are equivalent if one is a translation of the other and the set of all equivalence
classes is denoted by Normp (V).
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2.2. The Bruhat-Tits building of GLp (V') over k

Theorem 2.18 [BL02, 1.4] The following is a commutative diagram of G-set isomor-

phisms.
Normp(V) — Latt,, (V)

) ! (21)
Normi(4) — Latt? (A)

The maps are defined as follows.
e on the top: [a] — [Aa],
e on the bottom: f +— Ag,
e on the left: [a] — End(a),
e on the right: [A] — End(A).

For sake of completeness we give a second diagram.

Remark 2.19 The map given in remark 2.5 induces a commutative diagram of G-set
isomorphisms.
Normp (V) — Latty, (V)
| i (2.2)
Normp(V) — Latt,, (V)

The maps downwards send an element to its equivalence class.

We give a last remark describing the behavior of square lattice functions under direct
sum. We use the assumptions of remark 2.12.

Definition 2.20 For a € A and ¢’ € Endp(V’) the direct sum of @ and a’ in Endp(V @
V') is defined by
(a®ad)(v,v') = (a(v),d (V).

Proposition 2.21

End(A @ A')(t) N (Endp (V) @ Endp (V")) = End(A)(t) @ End(A)(t).

2.2. The Bruhat-Tits building of GLy(V) over k

We consider the building of the following valuated root datum mentioned in [BT84b]. We
briefly repeat the construction. As usual X*(?); and X, (?)x denote the set of k-rational
characters and cocharacters respectively.

Assumption 2.22 In this section we assume that k = Z(D).

We take a D-basis (v;) of V and consider the maximal k-split torus 7' of G whose set
of k-rational points is .
{t € G| tv; € kv;, for all i}.
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2. Bruhat-Tits building of a Classical group

With the basis GLp(V) identifies with GL,,(D) and the k-rational points of T' are
diagonal matrices. The torus acts on the Lie algebra by conjugation and the k-rational
roots of T' are the characters

ts ag(t) :=tt;", i,j € Ny, for i # j.

The root system
®:={ai;| i,j €Nm, i #j}
of X*(T'/Z(T)) ®y R is of type Ay,—1. We denote by u; () the matrix of the homomor-
phism
Vg > Uk 4 V0 kT

The set of k-rational points of Zgy,,(v)(T) together with the root groups
Uij ={uij(@)| © €D}, i#j, i,j € Np,
form a valuated root datum using the valuation
ba; ; (i () = v(z). (2.3)

For the definition of a valuated root datum see [BT72, 6.2] or .16. For the example see
[BT72, 10]. A short introduction of the steps for the construction of the building of a
valuated root datum can be found in the appendix III.

The vector space W := X, (T'/ Z(T)), ®7 R is identified with the dual of
X*(T/Z(T))r ®7 R via the natural pairing
XNT)Z(T))k x Xu(T)Z(T))—Z

and we denote therefore X*(T'/ Z(T')), ®7 R by W*. The standard apartment is the set
A of all valuations of

(ZaL,v)(T(K)), (Uij)iz)

which are equipollent to ¢, see section 2. A is an affine space over W. A vector w of W
acts on A by
Y= (u € Uy = g (u) + a(w)).

The group T'(k) acts on A by translation via
(t,9) = &+ w(t)
where w(t) € W is defined by
Va € ®: a(w(t)) =v(a(t)).

The set N (T)(k) of k-rational pionts of the normaliser N (T') of T in G precisely consists
of the monomial matrixes with entries in D and the above action extends for an element
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2.2. The Bruhat-Tits building of GLp (V') over k

n € N(T)(k) via ( -
n(o+w)=0¢+nw

where
ar(iyr(j)(nw) = aii(w) + v(nry ;) — v(ne@).)
and 7 is the involution defined by n. ;) ; # 0.

Definition 2.23 The building 3@(@, k) of the valuated root datum defined in (2.3) is
the set of equivalence classes of G x A under the relation:

(g,2) ~ (h,y)
if and only if there exists a monomial matrix n such that
n(x) =y and hn € gP;.

The set of all apartments is given by the sets of the form gA, g € G using the G-action
on the first coordinate. The definition of P, is given in section 2 in appendix III. We
denote B(G, k) the Bruhat-Tits building of G over k.

Remark 2.24 The Bruhat-Tits building of SLp(V') over k is constructed in the same
way and it is canonically identified with the Bruhat-Tits building of G over k.

Remark 2.25 In chapter 2 we recall the notion of an enlarged building from [BT84a,
4.2.16]. If B(G, k) is the Bruhat-Tits building of a reductive group over a local field k
we denote the enlarged building by B'(G, k). The group X*(SLp(V))y is trivial and
X*(G)y is isomorphic to Z. Thus B (SLp(V),k) and B(SLp(V),k) coincide and G
has a proper enlarged building over k.

Remark 2.26 The apartments are in one to one correspondence with the maximal
k-split tori of G.

As described in [BT84b, 2.11] and [BL02] one can associate to a point z of the enlarged
apartment A := X, (T); ®7 R a D-norm. in the following way.

az(z d;v;) = irilf(l/(di) —a;(x)) (2.4)

where a; € X*(T) is the projection to the ith coordinate and
a;i(x) =< xz,a; >.

The op-lattice function corresponding to «, is denoted by A,. The maps from A! to
Normp,(V), Latt, (V) resp. induced by (2.4) can be extended to the whole enlarged
building and if one asks for some further properties then this extension is possible in
a unique way. More precisely by Bruhat, Tits, Broussous and Lemaire we have the
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2. Bruhat-Tits building of a Classical group

following theorem. Here we use that the dual W' of X,(G) ®7, R acts on the enlarged
building by translations. For further description see 2. One defines an action of W on
the set of op-lattice functions by

A+ Indag == A+ A
where .
o =~ Z a;
and where (d;) is the dual basis of (a;) in X (7).

Theorem 2.27 [BL02, 1.1.4.,1.2.4, IL.1.1. for F = E] There is a unique A*- and W!-
equivariant affine bijection

B! (G, k)— Latt, (V)

extending the map
e A= A,

This bijection induces the unique G-equivariant and affine map from %(G, k) to the set
of lattice function classes Latt,, (V). It is bijective and an extension of

r e A [Ag]

Definition 2.28 The set of k-rational points of the Lie algebra of G is A. For a point
z € BY(G, k) we denote the square lattice function corresponding to = by LF(z, G, k).
This sequence is called the Lie algebra filtration of x in A.

The last proposition of this section is not used in this part of the thesis, but in the next
part. We shortly explain the simplicial structure of B(GLp(V), k). For this we explain
the structure for A and apply the action of GLp(V'). The hyperplanes of A given by the
equations

Kk
ai,j = E
for i,7 € N,,, with ¢ # j and k € Z cut out a cell decomposition of A, see for example
[BT72, 1.3.3] for the simplicial structure given by an affine root system or [Bro89b,
VI.1.B] or [Gar97, 12.1]. In the next we consider the last map of the above theorem,
i.e. the correspondence with Latt,, (V). The ideas of the following proposition are taken
form [BT84b, 2.16].

Proposition 2.29 [BT84b]

1. The apartment A is mapped to the set of classes of op-lattice functions which are
split by (v;).

2. An element x of B(GLp(V), k) lies on a face of rank k if and only if A, has rank
k. (We only consider faces which are open in their affine span, i.e. we consider
cells.)
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2.3. Self-dual lattice functions

Proof:
1. This follows from the definition.

2. Because of the SLp(V')-equivariance we only have to consider the subset of A given
by the inequalities

SH N

ajt1,i(z) >0 for i € Ny, and oy 1(z) <

It is the closure of the chamber C' which is defined by the strict inequalities. The
image of C' is the set

A

(A ] 2 €AY, 0<ar(e) <as() < ... < am(z) = é}.

The proof now is an easy counting of jumps in the sequence

1

(a1(x),az(z), a3(x),. .., am—1(x), ﬁ)

q.e.d.

2.3. Self-dual lattice functions

This is a collection of results of [BS09] and [BT87] and we slightly generalise the definition
of self-dual objects and propositions of [BS09]. For this section we make the following
assumption.

Assumption 2.30 We fix a local hermitian (k,v)-datum
((A7Vv7mv-Dad7L‘k))pa ko,h,E,U)
and we assume k to have residue characteristic not two (see definition 1.22).

2.3.1. Duality

We explain how h defines a map of order two on all spaces of lattice functions and norms
which we have considered. At first we define this map for Latt})D(V) and then for all
sets of the diagrams (2.1) and (2.2).

Definition 2.31 For a lattice function A € Lattllm (V) and a real number r we define
A(r+) := Ussr A(s).

Definition 2.32 ([BS09] after Prop. 3.2) Given a lattice M € Latt(V,op) and a
lattice function A € Latt}JD(V) the duals are defined by

M# .= {z € V| h(z, M) C pp}
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2. Bruhat-Tits building of a Classical group

and

Remark 2.33 A D-endomorphism a of V behaves under the dualisation of a lattice in
the following way:

(a7(M))* = a~ ' (MF).

Proposition 2.34 1. For all M € Latt(V,op) the set M* is a full op-lattice and
(M#)# = M.

2. For all A € Latt(l,D(V) we have A¥ € Latttl)D(V) and (A*)# = A.
Proof:

1. Let (v;); be a Witt basis of h (see corollary 1.20), and let f be a D-linear auto-
morphism of V' which maps

m
M/ = @’U,L'OD
i=1
onto M. Assertion 1 is true for M’ because the following two equations hold
m
(M')# = @Ump and (M) = (M'pp)* = (M’)#p131 v
i=1

Further we have
fO(M#F) = (M')#.

Therefore M# is a full lattice and
(M#)# = (f)7((MNH)F) = f(M') = M
as required.

2. For the first assertion we only show (3) of definition 2.4.

NesoA™ (r — €) = {v € V| h(v, UsoA((—r + €)+)) C pp}
= {v e V| h(v, A(=r)+) S pp}
= A (r).

The second assertion is true in pairs r, —r of continuity points of A because of
(A7 (r) = (A(r)")* = A(r).

The density of the set of these r in R and the left continuity of A and (A#)# extend
the equality to all real nunbers.
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2.3. Self-dual lattice functions

q.e.d.

Before we transfer ()# to other spaces, we introduce the analogous definition for the
dual of a norm. This was introduced by Bruhat and Tits.

Definition 2.35 The dual of a D-norm « on V with respect to h is the D-norm given
by

a(v) = wei‘;}iio(u(h(v, w)) — a(w)).

We skip the notion "with respect to A" after the following lemma because definition 2.7
is not used after the proof.

Lemma 2.36 [BT87, 2.5] The dual of a norm with respect to h is well defined and if
(vi) is a splitting basis of @ and (w;) is a D-basis of V' such that

h(wi, vj) = bi
then (w;) is a splitting basis of &, and the value of & in w; is —a(v;).

A basis (w;) as in the above lemma exists, because h is non-degenerate.
Proof: Under
(h)# : Normp(V*)— Abb(V,R),

B Boh,

the image of o* is @. See proposition 1.12 for the definition of h. Therefore & is an
op-norm of V. We now prove that (w;) splits &. The norm o* has (v}) as a splitting
basis which is the image of (w;) under h. Thus (w;) is a splitting basis of &, and

a(w;) = o (v;) = —a(v;).
q.e.d.

Proposition 2.37 Under the diagrams (2.1) and (2.2) the map ()* corresponds to the
following maps:

1. on Normh(V): a — &
2. on Normp (V) : []7 := [a],

3. on Latt,, (V) : [A]7 := [A#].

4. on Latt? (A) : a®(t) == (a(t))”,
5. on Normi (A) : B7(f) := B(f°),

Proof: 1. The proof is similar to [BS09, 3.3.].
2. and 3. The maps are well defined which follows immediately from the definitions.
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2. Bruhat-Tits building of a Classical group

4. We prove for all A € Latt} (V) :
End(A%) = End(A)°.
For an element a of A the following statements are equivalent.
e a° € End(A%)(r)

e The lattice a®([A((—s)+)]#) is contained in [A((—s — r)4)]* for all real numbers
s.

e The lattice aA((—s — 7)+) is contained in A((—s)+) for all real numbers s by
remark 2.33.

e ¢ is an element of End(A)(r).

5. The bijection
Normj (A) = Latt},k (A)

maps the norm End(a) o o to End(A,)? which is End(A?) by assertion 4. The commu-
tativity of diagram (2.1) implies that End(a) is mapped to End(Ag) which is End(A¥)
by assertion 1. The equality

End(a) o 0 = End(a)

follows now from the injectivety of the above bijection. q.e.d.
Remark 2.38 1. All maps given in 2.37 have order two by proposition 2.34.

2. Let A be an op-lattice function. For ¢ € GLpV we have
(gA)* = (¢°) A%
Proposition 2.39 The map
() : Latt, (V)— Latt, (V)
is affine and U(h)-equivariant.

Proof: The equivariance follows from 2.38[2.]. We prove the affineness with norms
and lemma 2.36. Let (v;) be a splitting basis of two D-norms a and /. We choose an
element A € [0,1]. The basis (v;) also splits v := Aa + (1 — A\)a/. By lemma 2.36 the
D-basis (w;) fulfilling

h(w;, vj) = 05

splits @, o’ and 4 and the values at w; are

a(w;) = —a(vi), o/ (w;) = —a(v;)

and
F(wi) = =y(vi) = =Aa(vi) — (1 = A)a(vy).
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2.3. Self-dual lattice functions

Thus

Y(wi) = Aa(wq) + (1 = Ao (wi),

which proves the affiness of the map a — a. q.e.d.

2.3.2. MM-norms

We are interested in the sets of self-dual objects. For the self-dual norms Bruhat and
Tits gave another definition, the definition of an MM-norm.

Definition 2.40 ([BT87][2.1) ] One says that a € Normh (V) is dominated by h, if
for all v,v" € V we have
a(v) + a(') < v(h(v,v")). (2.5)

Remark 2.41 If (v;); is a splitting basis for « then « is dominated by h if and only if
for all 7, j we have
a(vi) + a(vs) < v(h(vi,v))).

We make Normh (V) to a poset by defining o < 8 if a(v) < 8(v) for all v € V.

Definition 2.42 ([BT87] 2.1) A maximal element of the set of o € Norm} (V) domi-
nated by h is called a MM-norm for h (maximinorante in French).

Lemma 2.43 A D-norm « satisfies the following three properties.

1. For all v,v’ € V we have

a(v) + a(’) < v(h(v,0")). (2.6)

2. bary(a) := %a + %64 is dominated by h.
3. If a is dominated by h then bary(a) > «a.

Proof: The first assertion follows from the definition of & and it implies the second
assertion because bary(a) = bary(«) Point 3 follows because to be dominated by h is
equivalent to a < @. qg.e.d.

A part of [BT87, 2.5] is the following proposition.

Proposition 2.44 (F. Bruhat, J. Tits) For a € Normh (V) the following statements
are equivalent.

1. a=aqa.
2. o is a MM-norm.

Proof: 1.=2.: « is dominated by h, since o < a. If v > « and v is dominated by
h, then v <4 < & = «, thus 2. 2.=1.: By remark 2.43 (2 and 3) we get o = bary(«).
Thus a = a. q.e.d.
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2. Bruhat-Tits building of a Classical group

2.3.3. Self-duality

We obtain two diagrams with sets of self-dual objects from the diagrams (2.1) and (2.2).
An element of one of the sets given in these diagrams is called self-dual if it is a fixed
point of the corresponding map given in proposition 2.37.

Notation 2.45 We denote the set of self-dual objects as follows:
e for Norm}h(V), Normp (V) : Norm} (V), Normy,(V),
o for Latt, (V), Latte, (V) : Latt}(V), Latt,(V)
e for Norm#(A) : NormZ(A),
o for Latt? (A) : Latt2(A).

The next proposition is a corollary of proposition 2.39.

Proposition 2.46 The sets Normj (V) and Latt}, (V) are closed under the affine struc-
ture of Normj (V) and Latt} (V) respectively.

Proposition 2.47 We get two commutative diagrams of U(h)-equivariant maps.

Normy (V) — Latty(V)

I ! (2.7)
Norm2(A) — Latt2(A)

(o

Norm} (V) — Latt} (V)

I i (2.8)
Norm, (V) — Latty(V)

The maps in the second diagram are affine.

The vertical maps of diagram (2.8) are surjective. Indead if a D-norm « satisfies
[a]? = [a] there is a real number s such that

a=a-+s.

It follows that the norm a + § lies in Normj (), because

Remark 2.48 An analogous argument shows that two self-dual D-norms are equivalent
if and only if they equal, i.e. that all maps of diagram (2.8) are bijective.

We consider the direct sum of self-dual lattice functions.
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2.3. Self-dual lattice functions

Remark 2.49 Let V’ be another finite dimensional D-right vector space with an e-
hermitian form A’. On V & V' we have the e-hermitian form h defined by

h((v,v"), (w,w")) = h(v,w) + K (v, w").

1. We have
(Ap N = A" @ N7

for two lattice functions A € Latt, (V) and A’ € Latt; (V).

2. The direct sum of self-dual lattice functions is self-dual.

Assumption 2.50 For the last part of this subsection let us assume that h is isotropic
and that
V=waoWw

with maximal totally isotropic subspaces of V. We put k := dimp W.

Definition 2.51 For M € Latt(W, o) we define its dual in W' by
M#W" .= fw' € W!| h(w', M) C pp},

and analogously M'#W for M’ € Latt(W’, o). The dual of A € Latt} (W) in W' is
defined by
AFW () = (A((=t) )",

and we have an anologous definition for op-lattice functions of W'.

Proposition 2.52 For M € Latt(W, o), Q € Latt(W’,0r), A € Latt})D(W) and N €
Latt, (W) we have:

1. MeQ)” =Q"" o M#FWY' and Q#W and M#*W' are full lattices in the corre-
sponding vector spaces.

2. (A@ NY# = N#W o ARW' and MW and A#*W' are lattice functions in the
corresponding vector spaces.

Proof: For 1.: The equality is a consequence of h(W, W) = h(W',W') = {0}, i.e.
(w,w') € (M ® Q)"

if and only if
h(w, Q) + h(M,w') € pp

if and only if
h(wv Q) U h(Mv w/) - PD

if and only if
we QW and w' € M#EW
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2. Bruhat-Tits building of a Classical group

The set (M @ Q)* is a full lattice in V and by the equality we get that Q7" is a full
lattice in W and M#W is a full lattice in W'.

For 2.: From 1. we get the equality. The left side is a lattice function. Thus both
summands on the right side of the equation are lattice functions. q.e.d.

Proposition 2.53 1. The maps
O Latt(W, oy )— Latt (W', o)

and
O W . Latt(W’, o )— Latt(W, o)

are inverse to each other.
2. The maps from 1 are affine.
Proof:

1. We take M € Latt(W, 0x) and Q € Latt(W’, 0x) and by 1. of proposition 2.52 we
get

(Mo Q") = (W & MFPW)# = (MHV)#W o (QFW) B,
From 2. of proposition 2.34 we get
(Mo Q*)" =MeQ.
Both equalities together imply the first assertion.

2. By proposition 2.39 the map ()# on Latt})D(V) is affine. By remark 2.12 and
2.52[2.] we get the second assertion.

q.e.d.

Definition 2.54 For an endomorphism a € Endp (W), there is a unique endomorphism
of W’ denoted by a®"" such that (a @ 0)° = 0@ a”"'. We define an embedding

iW,W’ : GLD(W)—> U(h)

as follows
iww (9)(w,w') := (g(w), (¢""") " (w")).
The map iy defines a k-morphism and the differential at identity is given by
dZ‘W’W/(CL) =a® (—GO’W/).

Its image is a subset of Lie(U(h)) (ko).

30



2.4. The Bruhat-Tits building of U(h)

Proposition 2.55 The map
¢ : Latt) (W)— Latt), (V)

defined by
P(A) = A AW

is affine and GLp(W)-equivariant, i.e.
P(gA) = iww (9)P(A).

Proof: We have A ® A#*W' ¢ Latt} (V) by 2.52[2.] and 2.53[1.]. The affineness
follows from 2.53[2.] and remark 2.12. For the equivariance we need

(gA) W = (g7 AE
which follows from

h((0,0'), (9(w),0)) = h((0,g”™" (), (w, 0)).

q.e.d.

2.4. The Bruhat-Tits building of U(h)

We adopt assumption 2.30.

Remark 2.56 From 1.37 we deduce that D can only have an index d which is 1 or 2,
and if the index is 2 then kg equals k. Without loss of generality we can assume € = —1
if d =2 by [BT87, (22.a)].

In this section we describe the Bruhat-Tits building of SU(h) as a subset of B (G, k).
It was done by Bruhat and Tits in terms of norms. We use the concept of self dual

lattice functions from the last section. This description was introduced in [BS09] based
on [BT87].

Notation 2.57 We denote by ZQSk, the k-split isotropic orthogonal group of rank 1, i.e.
the unitary group given by an isotropic symmetric k-bilinear form on k2.

Example 2.58 The connected component of Ol;k is k-isomorphic to G, and we can
apply section 2.2. Its Bruhat-Tits building over k is a point and its enlarged building is
a line. The Gy (k)-action on Latt})k (k) is extended to an Oy’ (k)-action via

antidiag(1,1).(s — pf‘yH) = (5 — pE:erH).

Proposition 2.59 The following three assertions are equivalent.

1. There is a ko-isomorphism between U(h) and Oéfko .
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2. Bruhat-Tits building of a Classical group

2. There is a ko-isomorphism between SU(h) and Gy, .
3. The following system of conditions is satisfied:
D =k=ky and m =2 and o is orthogonal
and h is isotropic.

Proof: The implication 3=1 and 1=2 are obvious and 2=-3 is a direct consequence
of .28. q.e.d.

Assumption 2.60 In the following introduction we assume that U(h) is not ko-isomor-
phic to Oy, .

We consider the building of the valuated root datum given in [BT87, 1.15.], denote it
by B(SU(h), ko) and call it the Bruhat-Tits building of SU(h) over k.

Remark 2.61 1. From the definition of a building corresponding to a valuated root
datum it follows that in the anisotropic case the building is a point and in the
isotropic case the building is the geometric realisation of a thick Euclidean building.

2. The apartments are in one to one correspondence with the Witt decompositions.

Let us now fix a Witt basis (v;)rur, of V' with respect to h, i.e. we have the Witt
decomposition
Vi=uvD, i€l Vo:=> uD.
i€lp

Let T be the torus defined over ky whose set of kg-rational points is given by the ko-
rational points t of SU(h) satisfying:

1. tw; € kou; for all 7 € I and
2. tv=vforallv el

Then T is a maximal ko-split torus of SU(h). We look at the characters a; defined on
T(Ko) by
tv; = ai(t)*lvi, t € T(K)y).

There is a bijection from A the apartment of B(SU(h), ko) corresponding to the torus
T to the set of the MM-norms which split under the given Witt basis.

T €A ay
where

(3 i + ) o= b (L wla(oo), imf((N) — au()} )
i€l
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2.4. The Bruhat-Tits building of U(h)

Here q is the pseudo-quadratic form corresponding to h. (see [BT87, 1.2. (9)]) This gives
a map from A to Latt} (V'), whose image is the set of self-dual lattice functions which
are split under our Witt basis. This set is denoted by Latt,lh(vi )i(V). We denote the self
dual lattice function corresponding to x € A by A,.

Definition 2.62 If U(h) is connected then the Bruhat-Tits building B(U(h), k) of
U(h) is defined analogously and canonically identifies with B(SU(h), ko). If U(h) is not
connected we define B(U(h), ko) to be B(SU(h), ko).

Remark 2.63 For the case we consider there is no proper enlarged building of SU(h)
and U(h) because X*(SU(h))g, and X*(U(h)?)y, are trivial, i.e. we have

B(SU(h), ko) = B (SU(R), ko) = B(U(R), ko) = B (U(h), ko).

Broussous and Stevens proved a reformulation of [BT87, 2.12] for the case where
D = k. With minor changes their proof is valid for the case D # k (see also [Lem09] §4).

Theorem 2.64 [BS09, Prop. 4.2.] There a unique U(h)(ko)-equivariant affine map
B(U(h), ko)— Latt}, (V).
It is bijective and an extension of the map
reA— A,
Remark 2.65 In the omitted case, see example 2.58, we have
B (0%, k) = Latt), (V) =R, (0 "), g v

The affine space Latt}, (V) can also be identified with R if one fixes a Witt-basis (vy, v2)
for the unique Witt decomposition of V, precisely

yeR— (p o @pl ¥ uy),.

The identity of R induces the unique ’28 . (k)-equivariant affine bijection from B ( 125 i k)
to Latty (V) because the identity is the only affine map j of R which satisfies j(y + 1) =
j(y)+ 1 and j(—y) = —j(y) for all y € R.

We also have a notion of a Lie algebra filtration here.

Definition 2.66 The set of kg-rational points of Lie(U(h)) is the set
{A€a|a+o(a) =0}

of skewsymmetric D-endomorphisms of V' with respect to o. For a point = of
BL(U(h), ko) the following intersection

LF(z,U(h), ko) := LF(z, G, k) N Lie(U(h)) (ko)
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2. Bruhat-Tits building of a Classical group

defines an oy, -lattice function in Lie(U(h))(ko). It is called the Lie algebra filtration of
x in Lie(U(h))(ko).

Theorem 2.67 [Lem09] The filtration LF (z, U(h), ko) coincides with the
Moy-Prasad filtration.
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3. Maps which are compatible with the Lie
algebra filtrations

3.1. Compatibility with the Lie algebra filtrations

The notion of CLF-map was introduced in [BL02]. Let F' be non-Archimedean local
field with valuation ring op.

Definition 3.1 Let B be a finite dimensional Lie algebra over F. An op-Lie algebra
filtration of B is an op-lattice function of B.

Definition 3.2 1. A reductive F-group G with the Bruhat-Tits building
B(G, F) is said to be an LF-F-group, if every point x of B(G, F') is attached to
an op-Lie algebra filtration LF(x, G, F') of Lie(G)(F). If there is no confusion we
skip the prefix op.

2. The Lie algebra filtration of a Lie algebra B attached to a point z is also denoted
by LF(z, B).

If G is a connected LF-F-group we can attach a Lie algebra filtration to every element
of the enlarged building B'(G, k) if we use the projection to the first component
B(G,F)=B(G, F), (y.w) v,

see 2, i.e. we define
LF((y,w),G, F) :=LF(y, G, F).

Definition 3.3 Let H and G be LF-F-groups. Let i : H— G be an F-homomorphism.
We call a point y of B(G, F) an extension of x € B(H, F') with respect to i if

LF(y, G, F) Nim(di) = di(LF(z,H, F)) (3.1)

where di : Lie(H)— Lie(G) is the differential of i. We omit to mention ¢ if the choice of
1 is clear. An analogous definition can be made using also enlarged buildings.

Definition 3.4 Under the assumptions of definition 3.3 a map j between subsets of the
buildings B(H, F') and B(G, F) is compatible with the Lie algebra filtrations (CLF) with
respect to i if we have that an element y of B(G, F') is an extension of x € B(H, F)
if j maps x to y or y to x. We give analogous definitions for maps between subsets of
enlarged buildings or between subsets of an enlarged and a non-enlarged building.
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Example 3.5 Assume we have given a local hermitian k-datum of residue characteristic
not two with unitary involution . We have the inclusion

U(h) Resgy (GLL(V) = GLL(V) x GLy(V)
U(h) = U(h)(ko) € Resyi,(GL&(V))(ko) = GLx(V) = GLx (V) (k)
and
Lie(U(h))(ko) C Lie(Resyk, (GLk(V)))(ko) = End (V) = Lie(GLk(V))(k).
Thus we have a notion of CLF for maps
B! (U(h), ko) B (GLx(V), k) = B' (Resyy, (GLi(V)), ko).
The aim of this work is to analyse how precise a map is determined by the CLF

property.

3.2. Buildings of centralisers

Assumption 3.6 For the rest of part 1 we adopt assumption 2.1 and we assume that
k has residue characteristic not two.

From section 3.2 to section 4.5 we only consider centralisers of separable Lie algebra
elements and separable field extensions. In section 4.6 we explain how the results of
chapter 3 and 4 generalise to the non-separable case.

Notation 3.7 For a group action
GxW-W

we denote the fixator of an element w € W by G, and of a subset S of W by Gg. If W
is the Lie algebra of an algebraic group and if we do not specify the action, we use the
adjoint group action.

3.2.1. The case of GLj(V)

Let E be a commutative separable k-subalgebra of Lie(G)(k), i.e. E splits into a product
of separable field extensions of k :

E=]]E:.
i

If 1; is the idempotent corresponding to 1g, we put V; := 1,V. For every i there is an
F;-algebra isomorphism
Endp,e,p(Vi) = Enda, (W;)
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for some skewfields A; central over F; and some finite dimensional A;-vector spaces W;.
By the separability of E over k there is a canonical k-isomorphism

Gp = [[GLp(Vi)g,

and thus the centraliser G is k-isomorphic to

[ Resg, u(GLa, (W2)).

The building of G over k is GLp (V) g-equivariantly isomorphic to

[[B(GLA,(W)), Ei) (3.2)
and the enlarged building is GLp (V') g-equivariantly isomorphic to
[[3B'(GLA,(Wy), E;). (3.3)

We identify these products with B(Gg, k) and B (Gg, k) respectively, and we work
with the lattice function models of the factors.

Notation 3.8 Instead of GLn,(W;) we write GLg, g, p(Vi).

Definition 3.9 The Lie algebra filtration of a point 2 = (z;) of B(Gg, k) or the en-
larged building B!(G g, k) is given by the direct sum of the Lie algebra filtrations of the
points x;, i.e.

LF(z,Gp, k)(t) := ®; LF(2;, GLEg,0,0(Vi), E))(t), t € R,

the sum of the corresponding square lattice functions.

3.2.2. The case of U(h)

Here we use the same idea as in the previous subsection. We take a local hermitian
datum with the fixed simple datum of assumption 3.6. We consider the unitary group

G :=U(h) C Resy, (G)
Let 8 be an element of

Lie(G)(ko) = {a S EndD(V)\ a’ +a= O}

which is separable over k, and we put H := Gg.
The semisimplicity of k[3] gives us the following decompositions:

o £ :=Ek[f] =[l;cs Ei, a product of fields,
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3. Maps which are compatible with the Lie algebra filtrations

e 1=73",.;1;, the decomposition of 1 into primitive idempotents,
o V :=®cs(Vi), Vi:=1V and
o =2 Bi Bi=1p.
On J we choose a representation system Jy,,+ for the equivalence relation defined by
i~jifi=joro(l;) =1;
and we put
Jun ={j € J| 0(1;) = 1;} J4+ = Jun+ \ Jun

and
J_ =T\ Jun+t-

We define —i := j if 0(1;) = 1;. For i € J,,,, we denote (E;)g to be the set of fixed points
of o in Ez

We obtain a lattice function model for the enlarged building of H in the following way.
The following polynomial isomorphism

H(ko) = G(ko)s
= I UChwisv yxvisv)siso,

iGJun+

= H U(h‘ViXVi)ﬁi X H GLEi@kD(W)/Bi
1€Jun >0

=TI Resolno (U(0lmndp, o, p(vi))) (ko) X T] Resg i, (GLE,e, (Vi) (ko)
1€Jun >0

extends to an algebraic isomorphism

H2= [T Resm ko (U0|mnap, o, pvi)) ¥ ]I Resg ko (GLEe, (Vi)
1€Jun >0

because H(kg) is Zariski-dense in H because H is reductive and defined over the infinite
field ko by the separability of 5. For he definition of U(0-|EndE»®kD(Vvi)> see 1.35. For a
reductive group I' defined over a local field L, we have

BT, L) = B! (Resyp(T), F)
for every finite separable field extension L|F. Thus B! (H, ko) is isomorphic to

IT 3" Resz )ik (U(lEndg, o pvi)))s ko) x TT B (Resp, ik, (GLE,@,p (V) ko)
i€Jun >0

which by the method of restriction of scalars is isomorphic to

= H %I(U(U|EndEi®kD(Vi))v (EZ)U) X H%I(GLEN@]@D(W)?EI)
1€Jun >0
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Definition 3.10 Analogously to definition 3.9 the Lie algebra filtration of a point x =
(7;) of BL(H, ko) is defined to be the direct sum of the Lie algebra filtrations of the
points z;, i.e. for t € R we put LF(z, H, ko) (¢) to be

I LF(xi, Skew(Endg,s,p(V;),0))(t) x [] LF(2i, GLg,e,p(Vi), Ei) (1)

i€Jun i€ J+

3.2.3. Notation and simplification for the unitary case

We use the notation of subsection 3.2.2. Under the choice of J; we make the following
simplification of the situation. We put Jgr, := J+ U J_ and we introduce the following
notation. For a symbol a € {4, —, un, GL} we put

Var=Y Vi), BEa:=)Y_ Ei, 1a:=>_ 1i, Bai=Y_ Bi, Gq:=GLp(Va),

i€Jq i€Jq i€Jq i€Jq

for b € {un, GL} we put
hy = hlvyxvy, Ob = OlEndpvy), Go = U(hp), Hy := (Gyp)g,

and for ¢ € {un, +} we put H, := (G.)p,. For example we have the following commuta-
tive diagrams.

Gar(k) x Gun(k) —  G(k)

T 0
Gar(ko) X Gun(ko) — Gi(ko),

H,. (k) — Gun(k)
) )
Hun(kO) — Gun(kO)a
Remark 3.11 We have

BLUH, ko) = B (Hyn, ko) x BL(Hgr, ko).

3.3. CLF-maps in the case of GLp(V)

In this section we recall results of [BL02]. We fix a separable field extension E|k in
Lie(G)(k). The group E* acts on Lattgk (A) by conjugation, i.e. there is an E*-action
on B(G, k).

Theorem 3.12 [BL02, I1.1.1] There is a unique CLF-application
j: B(G, k) =B(Cp, k).

The map j is bijective and j=' as a map from B(Gg, k) to B(G, k) is unique in being
at the same time G g(k)-equivariant and affine.
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Notation 3.13 We denote

jg:=7jand j¥ .= ;L.

In this part of the thesis we mainly consider j¥.

In [BL02] the authors describe j¥. They define a map between the enlarged buildings
and apply the projection to the non-enlarged buildings. The projection from an enlarged
to the non-enlarged building is

(y,w) = y.

Theorem 3.14 [BL02, 11.3.1, I1.4] There is an affine GE(k):equivariant CLF-map j
from BY(Gg, k) to BY(G, k), such that the first component of j(y,w) is j¥(y).

Proof: The existence of j is stated in lemma [BL02, I1.3.1]. The affineness is proven
in section [BL02, I1.4] for j¥, but the proof actually shows that j is affine. The G g(k)-
equivariance follows from the formula of 7 given in [BL02, II.3.1]. q.e.d.

Corollary 3.15 The image of j is the set of op-lattice functions of V which are op-
lattice functions.

Proof: If A € Latt; (V) is in the image of j then A+ is in the image too for every
integer [, because of the k*-equivariance. The affineness implies that a lattice function

is an element of im(j) if and only if the whole class is a subset of im(j). The assertion

follows now from

im(j7) = (Latt,, (V))F".

q.e.d.

One has a uniqueness result for 7% on the level of non-enlarged buildings.

Theorem 3.16 [BS09, 10.3] For two points y € B(G,k) and z € B(Gg, k) which
satisfy _ _
LF(y, G, k‘) N EndE®kD(V) 2 LF(IL‘, Gpg, /{7)

we have j¥(x) = y.

In [BS09, 10.3] this theorem was proven for the case D = k and E is generated by
one element. The proof did not use the second assumption, and it goes over to D # k
without changes. The theorem generalises easily to semisimple subalgebras.

We assume now that E is a semisimple k-subalgebra of Endp (V) and E may not be
a field. We put og := 3, 0.

As in theorem 3.12 we describe B(G g, k) as a subset of B(G, k). We can not use the
action of EX because there are no fixed points in B(G, k) if F is not a field. The set of
op-fixed points is too big. We therefore introduce a new notion of lattice function.

Definition 3.17 An og-op-lattice function of V is an op-lattice function of V' which
splits under (V;) such that for every ¢ the function

t— A(t)NV;
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3.4. CLF-maps in the case of OZQSk

is an op,-lattice function of V;. We denote the set of og-op-lattice functions by
Latt] (V).

OF—0D

Theorem 3.18 Under the assumptions and notation of subsection 3.2.1 there is an
affine and Gg(k)-equivariant CLF-map

%I(GEU k)%%l(éa k)a
whose image in terms of lattice functions is LattiE_OD (V).

Proof: For every index ¢ theorem 3.14 ensures the existence of an affine GLg,g, p(V;)-
equivariant CLF-map

ji : BYGLE,g, p(Vi), E:)—~B (GLp(Vi), k).
Thus the product j := []; j; is an affine and G g(k)-equivariant CLF-map. The map
@y [ [ B(GLp(Vi), k)—=B (G, k)

defined by

is affine and [[; GLp(V;)-equivariant by remark 2.12 and CLF by proposition 2.21. Thus
the map

j::@*oj

fulfils the asserted properties. The assertion about the image follows from corollary 3.15.
q.e.d.

3.4. CLF-maps in the case of O%‘Sk
We consider a local hermitian k-data which satisfies
D =Fk=kydimpV =2,p=1id, Witt index =1,e = 1. (3.4)

Remark 3.19 There is only one Witt decomposition and we have a corresponding k-
basis v1, vo such that

h(v1A1 + vade, v1p1 + vap2) = A1pi2 + Aapi1.

The objects are the followings.

L. OZQSk(k) = {<g a91> ) <a91 g) |a €k}

2. We have o(B) = B, B € GLy(k), where B is obtained from B in permuting the
diagonal entries.
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3. Maps which are compatible with the Lie algebra filtrations

3. The set Lie( ésk)(k) is the set of diagonal matrices diag(a, —a) where a runs over
k. Any element of Lie( ngk)(k) is therefore separable, e.g. for a # 0 we have

k[diag(a, —a)] = k[diag(1, —1)] = kdiag(1,0) x kdiag(0,1).
4. The group ( éfk)o is canonically k-isomorphic to Gy, via the following embedding:

9 € Gm(k) v incl(g) € OF (k)

where incl(g)(v1) = v1g and incl(g)(v2) = vag~!.

Remark 3.20 Every element of B( ZQSk, k) has the same Lie algebra filtration, pre-
cisely

t — {diag(a, —a)| a € thH}.

Proposition 3.21 There is an affine map
i BH(O5)s, k) =B (0%, k)
which is affine, (Oéfk)g(k)—equivariant and compatible with the Lie algebra filtrations.

Proof: In the case of 3 = 0 we take for j the identity of B( ésk,, k). If 3 is not zero
the following map j defined by

[t+s]+

(P, g > (orpl T

+ Unggtis]+)teR

is compatible with the Lie algebra filtrations with respect to incl, because on both sides
there is only one filtration and we have

d(incl) (pl"") = {diag(a, —a) | a € p}IT}.
The affineness and the equivariance are obvious. q.e.d.
We consider the identifications of remark 2.65.
Proposition 3.22 A map
i B g?k)ﬁv k)—B( ZZSka k)

which is Gy (k)-equivariant and affine is a translation of R. The translations of R are
in terms of lattice functions Gy (k)-equivariant.

Proof: The linear part of an affine map j on R must be the identity if j satisfies
jls+1) =j(s) +1

for all s € R. Thus such a j must be a translation. q.e.d.
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Remark 3.23 The identity is the only é‘fk(kz)—equivariant translation of R.

3.5. CLF-maps in the unitary case
We use the notation of subsection 3.2.2.

Convention 3.24 We omit the case where G is kp-isomorphic to Oé‘fko, i.e. the case
considered in section 3.4. Therefore G has no proper enlarged building over k.

Convention 3.25 We work with the models of the buildings in terms of lattice functions
and square lattice functions and we have thus fixed isomorphisms of the form given in
theorem 2.27 and theorem 2.64.

Theorem 3.26 There is an injective, affine and H(ko)-equivariant CLF-map
j: B(H, ko)—B(G, ko)

whose image in terms of lattice functions is the set of self-dual og-op-lattice functions

of V.

We construct the map using the diagram

B (Hyn, ko) ¥ B (Hor, ko) > BY(Gun, ko) x B(Ger, ko)
! | vl
B (H, ko) % B(G, ko)

We have to construct ¢ and .

Lemma 3.27 There is an injective, affine and G, (ko) X Ga1 (ko)-equivariant CLF-map

Y.
Proof: We define v to be the map

Latt;,, (Vin) x Latty,,, (Var)— Latt, (V)

given by
(Aun7 AGL) — Aun @ AGL-

The map is welldefined by 2. of remark 2.49 because h(Vyn, Vor) = {0}. The affine-
ness, the equivariance and the injectivity are obvious. The CLF-property follows from
proposition 2.21 and

Skew(Endp(V),01) N (Endp(Vyn) ® Endp(Var)) =

Skew (Endp(Viun), oun) @ Skew(Endp (Var), ogr)-
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3. Maps which are compatible with the Lie algebra filtrations

Lemma 3.28 There is an injective, affine and H,,, (ko)-equivariant CLF-map

¢un : %1(Hun7 kO)%%l(Guna kO)

Proof:

1.

q.e.d.

At first we assume that E,, is a field. We use diagram (2.8) and in terms of lattice
functions we consider B (Hy,,, ko) and B! (Gn, ko) as embedded in B(H,,,, k) and
%(Gun, k) respectively. We have to prove that the image of B'(Hyy, ko) under
jPun of theorem 3.12 is a subset of B (Gyp, ko). For an element z of B (H,,, ko)
we have

LF(z,Lie(Hyy,), k) = LF(j"* (2), Lie(Gun), k) N Endg,, @, 0 (Vin)
by the CLF-property of j¥u» . The left hand side is invariant under o, and we obtain
LF (x, Lie(H,,), k) = LF(j% (2), Lie(Gun), k) N Endg,, 0,0 (Vin)- (3.5)
By 2.37[4.] there is a point y of B(G,, k) whose Lie algebra filtration is
LF (55 (2), Lie(Gun), k)°.

By theorem 3.16 the equation (3.5) implies y = j¥»(x), i.e. the Lie algebra filtra-
tion of j&u (x) in Endp (Vi) is self-dual and therefore jEu () lies in B (Gyn, ko).
We define

’Eun
Gun =] |‘31(Hun,k0)'

. If B, is not necessarily a field we get for every ¢ € Jy, a map ¢y, constructed

above. The image of ¢y, ; is a subset of Lattilzlv-xv- (Vi) and we define ¢y, to be the
direct sum of the maps ¢y, ;. The assertion follows now from 2. of remark 2.49.

. We now prove the injectivity of ¢y,. If two tupel of self-dual lattice functions (A;)

and (A}) are in the same fiber of ¢y, we obtain
FE(A]) = 55 (A7)

for all indexes i. The injectivity of j implies [A;] = [A}] and the self-duality
implies A; = A].

Lemma 3.29 There is an injective, affine Hgy (ko)-equivariant CLF-map

dcr : B (Hear, ko) =B (Gar, ko).

Proof: In terms of lattice functions we have
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3.5. CLF-maps in the unitary case

and we take a map _ _
¢cra: B (Hy, k)=B (G k)

constructed as in the proof of theorem 3.18. The map
oLz B (Gi, k)=B' (Gar, ko)
is obtained by proposition 2.55. The CLF property is an easy calculation knowing that
Lie(G)(k)— Lie(Ggr) (ko)

is given by
aa®(—a").

¢ar,2 is injective, affine and G, (k)-equivariant. We put
¢ = ¢GL20° PGL1-
q.e.d.

The combination of all lemmas provides the proof of part one of theorem 3.26.

Lemma 3.30 There is an injective, affine and H(kg)-equivariant CLF-map
j: B (H, ko) =B(G, ko)

Proof: We define
J =10 (bun X daL),

where QbGL = ¢GL,2 o QbGL,l- q.e.d.

In the proof above many choices have been made. The following lemma finishes the
proof of theorem 3.26.

Lemma 3.31 Let j be a map from B'(H, kg) to B(G, kg) constructed as in the proof
of 3.30. The image of j is the set of self-dual og-op-lattice functions.

Proof: Case 1: At first we consider the case where J,, has exactly one element.

Case 1.1: If the index lies in J,,, the map j is a restriction of j©¥ whose image is the
set of classes of og-op-lattice functions by 3.12. Let y be an element of B(G, ko) whose
self-dual lattice function is an og-op-lattice function. By the surjectivity of j¥ there is
an x € B! (H, k) such that jZ(x) = y and therefore

LF(y, Endp(V)) NEndge, p(V) = LF (2, Endgg, p(V)).

The self-duality of LF(y, Endp(V')) implies the self-duality of the Lie algebra filtration
of z, i.e. x has to be an element of B! (H, k).
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3. Maps which are compatible with the Lie algebra filtrations

Case 1.2: If the unique element of Jy, is an element of J,, then the map j is a
composition of

(Latt,,, (V)" —=(Latt;,(V)) N (Latt,, _,, (V)
from proposition 2.55 and
j: BUH, ko) = B(Gi)g,, k)——B(Gy, k) B

Thus the image of j is the set of self-dual og-op-lattice functions of V.
Case 2: In the general case j is the direct sum of maps of the kind of the two cases
1.1 and 1.2 which finishes the proof. g.e.d.
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4. Uniqueness results

Notation 4.1 We take the notation and assumptions of subsection 3.2.2 and convention
3.24

In theorem 3.26 we proved the existence of an affine and H(kg)-equivariant CLF-map
B (H, ko)—B(G, ko).

In this chapter we observe in which sense the CLF property determines such a map
if we forget the affineness or weaken the equivariance. It will force uniqueness if H
has no factor kg-isomorphic to Oé‘fko and Jgr is empty. It will force a uniqueness up to
translations of B! (H, kg) in general. For technical reasons we introduce further notation.

Notation 4.2 For ¢ € Jy,4+ we put
® hi = hlvvo)x Vit v,
e G;,:=U(h;) and H; := (G))g,+E_,,
e G,:= GLp(V;) and H; := (G;)g,.

To shorten the notation we write
o § for Lie(G)(k),
e g for Lie(G)(ko),
e § for Lie(H)(k) and
e h for Lie(H) (ko).
For any index ¢ we denote
e Lie(Gy)(k) by @i,
o Lie(Gy)(ko) by g,
e Lie(H;)(k) by b; and

e Lie(H)(ko) by b:.
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4. Uniqueness results

We have to remark the following correspondence. For i € J; we have
(Hi)(ko) = {a+ (a™")7] a € Autp,e,n(Vi)} = Autpe,n(V;) = Hi(k),

hi = {a— (a)°| a € Endp,e,p(Vi)} = Endp,e,p(Vi) = b

thus a Lie algebra filtration in h; corresponds to a Lie algebra filtration in h;. The Lie
algebra filtrations are defined in 2.28, 2.66 and 3.10.

4.1. Factorisation

Lemma 4.3 There is at most one index i € J such that 8; = 0 and if such an index
exists it has to be in Jy,,.

Proof: Assume that there are two different indexes 7, j € J such that 3; and 3; are
zero. We take a polynomial P with coefficients in k such that 1, = P(3). We obtain
firstly

i.e.

(1—P(0)1; =0,

and secondly
0=11; = P(p)1; = P(0)1;,.

The element P(0) lies in k and therefore it must be 1 by first and 0 by the second
equality which gives a contradiction.

If there is one index with 3; = 0 then —f3_; = (37 is zero too, and by the above
argument ¢ equals —¢ and thus i € J,. q.e.d.

For this section, let y € B(G, ko) be an extension of z € B!(H, ko), i.e.
LF(z,) = LF(y,0) Nb. (4.1)

We want to show that LF(y, g) is a direct sum of Lie algebra filtrations of g; where i
runs over J. The element z is a vector of elements x; € sBl(Hi, ko) for i € Jyn+-

Lemma 4.4 The idempotents 1; are elements of LF(y, §)(0).

Proof: Case 1: We firstly consider an index i € J,. 1; — 1_; is an element of
LF(z;,4;)(0), thus an element of LF(y, g)(0) by (4.1) and therefore

Li4+1=(1; —14)* € LF(y,§)(0).

Hence 1; and 1_; are elements of LF(y, §)(0) since 2 is invertible in oy.
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4.1. Factorisation

Case 2: We take an index i € Jy,, and we assume that 3; is not zero. Since 3; € F;
is skewsymmetric we have for all ¢ € R

Bi LF (x4, 4:)(t) = LF (4, ;) (t + v(8:))

and
Bi LF (x4, b;)(t) = LF (24, b;) (t + v(8;)) N Sym(b;, 05).

By the invertibility of 2 in oy every element of LF(x;, h;)(¢) is a sum of a skewsymmetric

and a symmetric element of LF(z;, h;)(t). Thus we obtain

LF (2, 5;)(0) = LF (2, b;)(0) + B8; LF (, bi) (—v(8;))
)

and the ith idempotent 1; is an element of LF(y, §)(0).
Case 3: If there is an index ¢ such that 3;, = 0, by lemma 4.3 it is unique, and the
two cases above imply

li, =1— > 1; € LF(y,§)(0).
iig
q.e.d.

The idea of the proof of case 2 is taken from [BS09, 11.2]..

Corollary 4.5 The op-lattice function of y splits under (V;);c; and y is in the image
of the injective, affine and [[;c; . Gi(ko)-equivariant CLF-map

un-+

i [I BYGi ko)—B(G, ko)

iEJun+

which is defined by taking the direct sum of the self-dual lattice functions.

The fixed element y is in the image of ¥, i.e.

Y =V5((Yi)icTuns)
for some

(yi)EiBl( H Gi,k‘o): H %I(Gi,k‘o).

1€Jun+ 1€ Jun+

We now prove property (4.1) for the coordinates.

Lemma 4.6 For all ¢ € Jy,+ we have

LF(z;,h;) = h; N LF (y;, ;).
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Proof: Let ¢t € R. We have
HLF (w4, b:)(t) = LF(z, b)(t)

=LF(y,0)(t)Nh
(LF(y,9)(t) ﬂng

H LF (yi, 8:)( H bi)
= H (LF (y, 90)(t) N fm.
Thus we have for all indexes i € J,,,+ and for all t € R the property

q.e.d.

The last two lemmatas lead to a factorization of a CLF-map. More precisely we can
prove the following proposition.

Proposition 4.7 If j is a CLF-map from B (H, ko) to B(G, ko) there is a unique map

7o B H, ko)—=B'( [[ Gi, ko) such that j =1y 0.

’iEJun+

The map T is

1. a CLF-map,
2. affine if j is affine, and

3. H(ko)-equivariant if j is H(ko)-equivariant.

Proof: The value j(z') of a point 2’ is an extension of 2’ and lies in the image of 1,
by corollary 4.5. The injectivity of 1; implies the unique existence of 7. In addition to
the injectivity the map ¢ is affine and [;c;, ., Gi(ko)-equivariant which implies 2 and
3. q.e.d.

Remark 4.8 The proposition allows us to reduce proofs to the case where Jy,+ has
only one element, i.e. where F is a field or a product of two fields which are switched by
0. The first case corresponds to a non-empty J,, and the second case to a non-empty
Ji.

4.2. Uniqueness if J;;, is empty

Theorem 4.9 Assume that Jgr, is empty and that no H; is kg-isomorphic to Oéfko.
There is exactly one CLF-map j° from BY(H, ko) to B(G, ko). Indeed we have the
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4.2. Uniqueness if Jgy, is empty

stronger result that jﬁ(l') =y if y is an extension of x.

By remark 4.8 it is enough to prove the theorem for the case where F is a field. We
only have to ensure that O3’ ~does not occur among the G; .

Lemma 4.10 Under the assumptions of theorem 4.9 no group G; is kg-isomorphic to
l?fk:o :
Proof: If G; is kg-isomorphic to Z25,,% then f3; has to be zero by remark 3.19[3.]

because F; is stable under o, i.e. H; equals G; and is kg-isomorphic to Oéfko which is
excluded by the assumption of the theorem. q.e.d.

Theorem 4.9 will be proven by two steps.

Proposition 4.11 (Compare with [BS09, 11.2]) Theorem 4.9 is true if E is a field and
B is not zero.

Proof: If y is an extension of x we have by the same argument as in case 2 in the
proof of lemma 4.4 that

LF(z,b)(t) € LF(y,8)(t).
We now apply theorem 3.16 and obtain

y=3j"(r)

if we consider z as an element of B(H, E) and y as an element of B(G, k). Thus for
every © € B1(H, ko) there is only one extension in B(G, kg). q.e.d.

Lemma 4.12 The theorem is true if 8 is zero.

For the proof we need the following operation on square matrices.

Definition 4.13 For a square matrix B = (b; ;) € M, (D) the matrix B is defined to be
(br+1_j7r+1_7;)i7j, i.e. B is obtained from B by a reflection on the antidiagonal.

Proof: If o is of the second type there is a skewsymmetric non-zero element 5’ in k
and we can replace 8 by ' and apply theorem 4.11. Thus we only need to consider o
to be of the first kind. We fix a point y € B(G, ky) and fix an apartment containing y.
This apartment is determined by a Witt decomposition and thus determined by a Witt
basis (w;) by corollary 1.20. The self-dual op-lattice function A corresponding to y is
split by this basis and is thus described by its intersections with the lines w; D, i.e. there
are real numbers «; such that

A(t) = @ ’Ul'p%t_ai)d}—i_.

%
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4. Uniqueness results

Thus the square lattice function of A is

End(A)(t) = @yl T g
1,J

where E;; denotes the matrix with a 1 in the intersection of the ith row and the jth
column and zeros everywhere else. See for example [BL02, 1.4.5].

What we have to show is that End(A) is determined by the Lie algebra filtration
LF(y, g). This is enough since the self-dual square lattice function of a point determines
the point uniquely. The Gram matrix Gram,,)(h) of the e-hermitian form h has the
form

0 M 0
eM 0 0
0 0 N
with M := antidiag(1,...,1) and a diagonal regular matrix N. The adjoint involution

of h
B s BO’ — Gram(vi)(h)i:l(Bp)T Gram(vz)(h)

on M,, (D) has under this basis the form

Bin Bz Big 09,2 6?’1,2 GMngQN
Bs1 By B3z |+ eCaq Ci1 MC{N
B3y Bss Bsgs eN“'CIsM N7'CT;M N7'CY3N

The matrices Bi,1, B2, B2,1 and B are r x r-matrices and C' := B” where r is the Witt
index of h. By the above calculation we obtain that E7; is +E; ;, —E; j or AE,; with
(1,7) # (u,l) for some X\ € D*. From the self-duality of End(A) and since 2 is invertible
in o we get:

LF(y,0)(t) N k(Eij — EZ;) = py (B, — E7)).

For the calculation see the lemma below. Thus we can get the exponent o; — a; from
the knowledge of the Lie algebra filtration if F; ; is not fixed by . We now consider two
cases.

Case 1: We assume that there is an anisotropic part in the Witt decomposition, i.e. N
occurs. The matrix F; ,, is fixed by o if and only if i equals m. Thus from the knowledge
of the Lie algebra filtration we know all differences «; — ayy, for all indexes i different
from m, and thus by subtractions we know the differences o; — «; for all 7 and j.

Case 2: Now we assume that there is no anisotropic part in the Witt decomposition.
If eis —1, no Ej; ; is fixed and we can deduce the differences a; — a; for all ¢ and j and,
as a consequence, we only have to consider the case where h is hermitian and D = k.
Here the matrix Fj ; is fixed by o if and only if i +j = m + 1. Thus we can determine all
differences a; — aj where i+ j # m+ 1. If m is at least 4 for an index ¢ there is an index
k # i with i + k # m 4+ 1 and we can obtain a; — q,+1—; if we substract ax — am41—4
from «; — a. The only subcase left is when m equals 2 and € is 1. Here the group G is
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4.2. Uniqueness if Jgy, is empty

k-isomorphic to 1281@ which is excluded by the assumption of the theorem. q.e.d.
To complete the proof we need the following lemma.

Lemma 4.14 For all t € R we have

[td]

t
Pp LH'

TNk=p

Proof: For an element z of & we have:

[td]+

x €pp  if and only if

[td]+
v(x) 2 =~

There are integers [ and k such that
[tdl+ =1d+ k and 1 < k <d,
and thus [t]+ =1+ 1 and we get that

v(z) > [td]+

if and only if v(z) > [t] +.

The "only if" follows from v(z) € Z. q.e.d.
The proof of theorem 4.9 follows now from lemmas 4.10 and 4.12 and proposition 4.11.

Corollary 4.15 For an index ¢ € Jy, the following statements are equivalent.
1. H; is kp-isomorphic to Oé‘fko .

2.
,Bi:O,k:kO:D,dimkV;:Ze:l

and the Witt index of h; is 1.
3. G; is kp-isomorphic to Oéfko .
4. There are at least two CLF-maps from B! (H;, ko) to B (G, ko).
5. There are infinitely many CLF-maps from B!(H;, ko) to B(G, ko).

Proof: That 1. follows from 3. is a consequence of lemma 4.10. From 1. follows 5.
because we have infinitely many translations of B!( éfko, ko). 5. implies 4.. We did not
use that G is not Ogy, for the proofs of lemma 4.12 and theorem 4.11. Thus we obtain
from 4. the statements 1., 2. and 3.. 3. follows from 2. obviously. We summarise:

3.=>1.=>5.=24.=>2.=3..

q.e.d.
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4.3. The image of a CLF-map

Proposition 4.16 The image of a CLF-map from B'(H, ko) to B(G, ko) is a subset of
the set of og-op-lattice functions.

Proof: By proposition 4.7 we can assume that

Juns = {i}.

Case 1: We assume ¢ € J,,. If 3 is zero we have F = k and therefore the E*-action
is trivial. If 8 is non-zero there is only one CLF-map by theorem 4.9 and it fullfils the
assertion by theorem 3.26.

Case 2: We assume i € J,. Let y € B(G, k) be an extension of z € B! (H, ko). The
lattice function A of y splits under (V;, V_;) by corollary 4.5 and by the self duality we
only have to pove that A N'V; is an op,-lattice function. The building

B! (H, ko) = B (GLp,,p(V;), E:)

is identified with the set of lattice functions over a skewfield whose center is F;. Thus
we get

e a—a’ € LF(z,h)(0) C LF(y,9)(0) for all a € o,
o mp, — 7%, € LF(z,h)(¢) € LF(y,0)(¢) and
o 75 — (15))7 € LF(2,5)(—}) C LF(y,0)(—¢)

where e is the ramification index of E;|k and g, is a prime element of E;. We conclude
that 1;A is an op,-lattice function. q.e.d.

4.4. Rigidity of Euclidean buildings

Definition 4.17 Let S be a set with affine structure. An affine functional f on S is an
affine map from S to R, i.e.

fltz+ (1 =t)y) =tf(x) + (1 - 1) f(y)
for all t € [0,1] and z,y € S.

We analyse affine functionals on the buildings B(G, ko) and B (G, k). At first we give
the general statement.

Proposition 4.18 Let §) be a thick Euclidean building and || be its geometric realisa-
tion, then every affine functional a on || is constant.

For the definition of a Euclidean building and its geometric realisation see [Bro89b,
VI1.3] or chapter 9 in part 2. We use the following properties of a thick Euclidean building
in the next proof.
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4.4. Rigidity of Euclidean buildings

Remark 4.19 1. A building is a chamber complex, especially two arbitrary cham-
bers are connected by a gallery.

2. The thickness, i.e. at every corank 1 face S there are at least three different
chambers which have S as a common subface.

3. The geometric realisation of a Kuclidean building of rank r has an affine structure
and the geometric realisation of an apartment is affine isomorphic to R" .

4. For two arbitrary faces there is an apartment containing them.

5. If ¥ and ¥’ are two apartments containing a chamber C' there is an isomorphism
of simplicial complexes from ¥ to ¥’ which fixes the intersection of 3 and ¥'. It
induces an affine isomorphism between the geometric realisations.

Proof: (of 4.18) Assume that we are given three vertices P, P» and Ps of adjacent
chambers C, C2 and Cs, more precisely the three chambers have a common codimension
1 face S and the vertex P; € C; does not lie on S. The line segment [P}, P»] meets
[Py, P3] and [Py, P3] in a point @) € S. This is a consequence of 4.19[4., 5.] as follows. We
are working in three different apartments simultaneously. If A;; denotes an apartment
containing C; and Cj, for different i and j, the affine isomorphism from |Aja| to |Aq3]
fixing |A12 N Ajs| sends [P1, P3| to [Py, P3] and thus the unique intersection point in
[Py, P,]N|C1|N|Cy| lies on [Py, Ps], and analogously on [Ps, P,]. Without loss of generality
assume that a(Q) vanishes. If a(P;) is negative then a(P») and a(Ps) are positive by
the affiness of a. Thus a(Q) is positive since it lies on [P», P3]. A contradiction. Using
galleries we obtain that a is constant on vertices of the same type. An apartment is
affinely generated by its vertices of a fixed type. Thus a is constant on every apartment
and therefore on |]. q.e.d.

We remind again that G is not kg-isomorphic to Oé‘fko .

Proposition 4.20 Every affine functional on B(G, ko) is constant.

Proof: If G is totally isotropic then B(G, ko) is a point and otherwise it is the
geometric realisation of a thick Fuclidean building. Now we apply proposition 4.18.
q.e.d.

Proposition 4.21 1. A k*-invariant affine functional a on iBl(é, k) is constant.

2. Every k™ -invariant affine functional on BY( ’;k, k) is constant.
Proof:

1. We can consider a as a map on %(G,k), because the fibers of a are unions of
classes of op-lattice functions. Now we apply proposition 4.18.
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2. It follows from part 1, because
BH(OF, k) = B (G, k)
by a k*-equivariant affine bijection.

q.e.d.

4.5. Uniqueness in the general case

In this section we want to generalise theorem 4.9 to the case where there are no restric-
tions on J. CLF-maps can differ by translations in the following sence.

Deﬁnitiog 4.22 1. Fix a natural number n and a real number s. A translation of
BLG, k) by s is a map _ _
t: BYG, k=BG, k)

defined by
t(A):=A+s

in terms of op-lattice functions of V. Here A + s denotes the lattice function
ri— A(r — s).
This also defines translations on B!( ka, k) =BGy, k).
2. We only call the identity of ®B(G, ko) a translation of B(G, ko).

3. A translation of B'(H, ko) is a product of translations t; of B'(H;, ko) where i
runs over Jyn+.

Remark 4.23 A translation of B'(H, ko) is H(ko)-equivariant if there is no H; ko-iso-
morphic to OF, . Otherwise we get k = ko and such a translation is

( II H;(k)) x (0%,)°(k)—
/k
i€ Jun+,H; 205,
and especially Ho(k)—equivariant, but in general not H(k)-equivariant, see 3.23.

Let j be a map from B (H, k) to B(G, ko) constructed as in the proof of theorem
3.26.

Theorem 4.24 If ¢ is an affine and Z(H®(ky))-equivariant CLF-map from

BL(H, ko) to B(G, ko) then j~' o ¢ is a translation of B(H, ko). In terms of lattice
functions the image of ¢ is the set of self dual og-op-lattice functions on V and ¢ is
H (ko)-equivariant.
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Proof: The image of ¢ is a subset of the image of j which is the set of selfdual og-
op-lattice functions by 4.16 and 3.26, especially 7 := j ™! 0 ¢ is well-defined. We prove in
the lemmas below that 7 is a translation. A translation is a bijection and we conclude
that ¢ and j have the same image. The H°(kq)-equivariance of ¢ follows because j and
7 are H(kg)-equivariant. q.e.d.

We work with the notation of the theorem and its proof. The coordinates of 7 are
denoted by 7, 1 € Jynt-

Lemma 4.25 The coordinate 7; only depends on z;. For all ¢ € J,, for which ZQSkO is

not ko-isomorphic to H; we have 7;(z) = z; for all x € B (H;, k).

Proof: We have to look at three cases.
Case 1: For the indexes i in Jy, for which H; is not kg-isomorphic to O’éfko we know
by theorem 4.9 that 7;(x) equals z;.
Case 2: We assume that we have an index ¢ € Jy, such that H; is kp-isomorphic to
%‘?ko . In this case we have k = kg. A lattice function A corresponding to a point of the
building B'(02, k) is identified with a real number, see remark 2.65. If we fix an index
t € J\ {i} and coordinates x; for [ € J\ {t} then the map

xp — Ti(x)

is constant by proposition 4.20 or 4.21 and thus 7; does not depend on x;.
Case 3: In the case of ¢ € J an analogous argument like in case 2 applies. The affine
map we use is the map a; defined by

ATZ((E) =Ny, + a;(z).
q.e.d.
The last lemma allows us to define a map 7; by

Fi(xi) == 7i(x), = € BHH, ko).

Lemma 4.26 The map 7; is a translation.

Proof: We firstly consider an index ¢ € J,, such that H; is kg-isomorphic to
é‘fko . We identify B( éfko, ko) with R. In this case we have k = ko and the SOy (k)-
equivariance of 7; gives
’7:1'(33‘2‘ + 1) = ’7‘1(.%1) + 1.
The affineness property implies that 7; is a translation. For i € J, the map a; in case 3
of the preceding proof is an affine functional and the k*-equivariance of 7; implies the
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4. Uniqueness results

k*-invariance of a;, because one gets in terms of lattice functions

T\ + a;(mpA) = T ()
= mTi(A)
=A+a;(A)-1
= mA + a;i(A)

. Thus a; is constant by proposition 4.21. q.e.d.

4.6. Generalisation to the non-separable case

All theorems and propositions of the preceding sections of chapter 3 and 4 work if
we forget all the separability assumptions, but we have to explain the definition of
the enlarged Bruhat-Tits building of the centraliser. This definition was introduced in
[BS09].

Case 1: We firstly summarise changes of subsection 3.2.1. We assume that F is
commutative, semisimple and not separable over k. We define

e B(Gp, k) (resp. BY(Gp, k)) to be the product (3.2) (resp. (3.3)),
e Gp(k):=G(k)NnGg and
o Lie(Gp)(k) = Zysoiqn (B)-

Case 2: We now come to the case of a unitary group, i.e. we come to subsection 3.2.2.
Let us assume that k[3] is semisimple but not separable over k. In this case H := Gg is
well defined but not reductive. We define

e B(H, ko) to be the product

H %1(U(U|EndEi®kD(‘/i)>7 (E’L)O) X H %1(GLE@'®1¢D(V;)’ EZ) (4'2)
1€Jun >0

o H(k) := G(ko) NH, H (ko) := G(ko) N H® and

e Lie(H)(ko) := Zie(G) (ko) (B)-

As in 3.9 and 3.10 we define the Lie algebra filtration of a point = (z;); as the direct
sum of the Lie algebra filtrations of the x;. Also for the non-separable case we have the
definition of a CLF-map. A map j between a subset of the (enlarged) building of G (k)
and a subset of the (enlarged) building of G (k) is a CLF-map if for every element x of
the first and y of the second building with j(x) =y or j(y) = x the equality

LF(y, G, k)(t) N Lie(Gg)(k) = LF (z, G, k)(t)

holds for all ¢ € R. Analogously for the unitary case.
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Theorem 4.27 The theorems 3.26, 4.9 and 4.24 are still valid if one assumes k[S] to
be semisimple but not necessarily separable over k.

Proof: The proofs of the mentioned theorems are valid without changes. q.e.d.
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5. Torality

In this chapter we use the notation of subsection 3.2.2 but we skip the assumption that
is separable. We only assume that E' is semisimple over & and we apply the conventions
and definitions of section 4.6 in the case that g is not separable.

Definition 5.1 A map
[ BYG1, ko)—B (G2, ko)

between two enlarged buildings of reductive groups defined over kg is called toral if for
each maximal kg-split torus S of G there is a maximal kg-split torus 1" of G5 containing
S such that f maps the apartment corresponding to .S into the apartment corresponding
to T. An analogous definition applies to maps between non-enlarged buildings.

Proposition 5.2 The map j constructed in the proof of theorem 3.26 maps apartments
into apartments. Further j is toral if B is separable.

The proof is divided into two cases. Because of the construction of j as a direct sum
of maps it is enough to restrict to the following two cases.

1. case 1: Joy = J4 = {i} and
2. case 2: Jog = Jo = {i}.

Proof: [Case 1] We assume that Jor = J; = {i}. By [BL02, 5.1] the map ¢y, 1 from

%1(H, k‘o) to

B! (GLp(Vi), k) = B' (Resy i, (GLp(V;)), ko)
mentioned in the proof of lemma 3.29 maps apartments into apartments and further is
toral if E;|k is separable. We prove that the map ¢gr 2 from B! (Resy,, (GLp(Vi)), ko)
to BY(G, ko) is toral. A maximal k-split torus S of GLp(V;) corresponds to a decom-
position of V; in one-dimensional k-subspaces, i.e. there is a decomposition V; = &;V;,
such that

S(k) ={g € GLp(V3)| g(Vi;) € V;, for all I}.

Let V_; ; be the subspace of V_; dual to V; ; and let T" be the torus given by the decoom-
position
V=8;VieV.y).

Under the canonical embedding of GLp(V;) into GLp (V)

g ga (g7t (5.1)
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5. Torality

the set S(k) is mapped into T'(k) and the image of the apartment of S under
A € Latt) (Vi) — A @ A%V Latt (V). (5.2)

is a subset of the apartment of 7. Let S’ and 7" be the maximal ko-split subtori of
Resy i, (S) and Resy, (T') respectively. The set S'(ko) is mapped into (7" N G)(ko)
under (5.1). The image of (5.2) only consists of selfdual lattice functions. Hence ¢y 2
seen as a map from B! (Resy, (GLp(V;)), ko) to BL(G, ko) is toral. q.e.d.

We make the following definition for the proof of proposition 5.2 in case two.
Definition 5.3 Assume we have given a decomposition
V=V"tevV - -goVv"?

such that V/* and V'~ are maximal totally isotropic and V/* @ V'~ is orthogonal to V"
with respect to h. A maximal ko-split torus T of U(h) is adapted to (V'T, V', V') if
there is a Witt decomposition (V' k) corresponding to 7 with anisotropic part V'0 such
that

BrsoV'* =V and @ VF =V,

An apartment of B! (G, k) is adapted to (V'+, V'~ V'0) if every lattice function in this
apartment is split by (V/*, V'~ V).

Proof: [Case 2] Here we assume Jor = Jp = {i}. Thus we have E = E;. There is a
central division algebra A over E and a finite dimensional right vector space W such
that Endgg, p(V) is E-algebra isomorphic to Enda(W). We identify the E-algebras
Endgg, p(V) and Enda (W) via a fixed isomorphism and we fix a signed hermitian form
hg which corresponds to the restriction og of o to the E-algebra Enda(W). Let r be
the Witt index of h. We fix a decomposition

W=Wrew )ow’ (5.3)

such that W and W™~ are maximal isotropic subspaces of W contained in the orthogonal
complement of W9, Let ey, e_ and ey be the projections to the vector spaces W+, W~
and WO via the direct sum (5.3). We define

Vti=etV, V7 i=e Vand V= V.
Consider the following diagram.

B (H, ko) % BL(G, ko)
0 1
BL(U((hg)|woxwo), Eo) x BHGLAW),E) % B (U(hlyoyyo), ko)x
BLGLp(V), k)
! !
B(GLA (W), E) —  B(GLp(V*),k)
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where the rows are induced by j. The lower horizontal arrow fulfils the CLF-property and
its image only consists of E* fixed points of B(GLp(V ™), k), both properties inherited
from j. Thus the map in the last row is j¥, i.e. the inverse of jg, because otherwise
we could construct a CLF-map from B(GLp(V*1),k)P™ to B(GLA (W), E) different
from jg, but such a CLF-map is unique by [BL02, I1.1.1.]. Now j¥ maps apartments
into apartments which implies that j maps apartments adapted to (W*, W=, W?) into
apartments adapted to (V,V—, V).

We now prove that j is toral if E|k is separable. Let us assume that E|k is separable.
This implies that the last row j¥ is toral by [BLO2, 5.1] which implies the torality of
a because the only maximal Fy-split torus of U((hg)|ywoxwo) is the trivial group. The
torality of o implies the torality of j on tori adapted to (W, W=, W©°). Hence j is toral
because the triple (W*, W=, WY) was choosen arbitrarily. q.e.d.
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6. Summary of the main theorems

In this section we just want to summarise the main results of part 1 in one theorem. See
definition 1.22 of a local hermitian datum and see 4.22 for the definition of a translation.

Theorem 6.1 Let
((Av ‘/a D)v P, k‘o, ha 670)

be a hermitian datum over a local non-Archimedean field k of residue characteristic
different from 2. Let 8 be an element of Lie(U(h))(ko) such that E := k[f] is semisimple
over k. We put G :=U(h) and H := Gg.

1. There is an injective, affine and H(ko)-equivariant CLF-map
3 BYH, ko) =BG, ko)

such that:
a) j maps apartments into apartments and is toral if B is separable,

b) in terms of lattice functions the image of j is the set of selfdual og-op-lattice
functions,

2. If j and j' are two affine, Z(HC(ko))-equivariant CLF-maps then there is a trans-
lation T of B(H, ko) such that

j=jor.

Both maps are Ho(ko)—equivam'ant and their image is the set of selfdual og-op-
lattice functions.

3. The k-algebra E is a product of fields F;. Assume further that every E; is invariant
under o (i.e. J = Jun). Let 1; be the one element of E;, V; := L,V and let H; be
the centraliser of 1;8 in U(hlv,xv;). If no H; is ko-isomorphic to Oy then there

is exactly one CLF-map j from BY(H, ko) to B (G, ko). This map is denoted by
3
3.

This theorem follows from the theorems 3.26, 4.9, 4.24 and 4.27 and the propositions
3.21 , 3.22, 5.2
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Part Il.

Embedding types and their geometry
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7. Introduction and notation

7.1. First remark

This part answers a question that naturally arises from the papers of M.Grabitz and P.
Broussous (see [BG00]) and P. Broussous and B. Lemaire (see [BL02]). For an Azumaya-
Algebra A over a non-archimedean local field F, M. Grabitz and P. Broussous have
introduced embedding invariants for field embeddings, that is for pairs (E,a), where E
is a field extension of F' in A and a is a hereditary order which is normalised by E*. On
the other hand if we take such a field extension E and define B to be the centraliser of
E in A, then G := A* and G := B* are sets of rational points of reductive groups G
and H defined over F' and E respectively. P. Broussous and B. Lemaire have defined a
map jp : B(G,F)E" — B(H, E), i.e. between the Bruhat-Tits buildings of G over F
and H over F, see section 2.2 and theorem 10.2. The task Prof. Zink has given to me
was to relate the embedding invariants to the behavior of the map jr with respect to
the simplicial structures of B(G, F') and B(H, E).

7.2. Notation

1. The letter v denotes the valuation on F with v(rp) = 1.
2. We assume D to be a finite dimensional central division algebra over F' of index d.

3. We fix an m dimensional right D vector space V', m € N, and put A := Endp(V).
In particular V is a left A @ p D°P-module.

4. The letter L denotes a maximal unramified field extension of F' in D and we assume
that mp is a uniformizer of D which normalizes L, i.e. the map

z+ o(z) == nprrp', ¥ € D,
generates Gal(L|F).
5. For a positive integer f|d we denote by Ly the subfield of degree f over F'in L.

6. In this part all op/-lattice functions on a vector space over a field F’ have period

1, i.e. we have
mpA(x) = A(z + 1).

This is different to part 1.
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8.1. Vectors and Matrices up to cyclic permutation

Remark 8.1 All invariants which are considered in this part are vectors or matrices
modulo cyclic permutation.

Definition 8.2 Let s be a positive integer and R be an arbitrary non-empty set. Two
vectors w,w’ € R'™* are said to be equivalent if w' can be obtained from w by cyclic
permutation of the entries of w, i.e.

/
w = (wg,...,ws, w1, ..., wi_1) for a k € Nj.

The equivalence class is denoted by (w).

Vectors: We denote by Row(s,t) the set of all vectors w € N§ whose sum of entries
is t, where s and t are natural numbers, i.e.

S
Z w; = t.
i=1
One can represent the class (w) of a vector w € Row(s,t) by pairs
pairs((w)) = ((wiy, i1 — i0), (Wi, l2 — 1), .., (Wi,, 0 + § — ix)),
where (w;; )o<j< is the subsequence of the non-zero coordinates. Given a vector w with
pairs((w)) = ((ao, bo), - - -, (ax, by))
we define the complement of (w), denoted by (w)¢ to be the class (w'), such that

pairs({(w’)) = ((bo, a1), (b1, az), (b2, a3), ..., (b, ap)).

This is a bijection
()¢: Row(s,t)/ ~ —Row(t,s)/ ~.

Matrices: For r,s,t € N, M, 4(t) denotes the set of r x s-matrices with non-negative
integer entries, such that

e in every column there is an entry greater than zero, and
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e the sum of all entries is ¢.
For a matrix M = (m; ;) € M, 4(t), we define the vector row(M) € Row(rs,t) to be
(m1,17 m1727 st 7m1787 m2,17 st 7m2,8) ct mr,s)'

Two matrices M, N € M, 4(t) are said to be equivalent if row(M ) and row(N) are. The
equivalence class is denoted by (M).

Example 8.3

S =N
—= w O
S
w o =
O =N

8.2. Hereditary orders and lattice chains

In the next section we need the concept of hereditary orders and lattice chains. As
references we recommand [Rei03] for hereditary orders and [BL02] for lattice chains. We
use definition 2.3 of a full op-lattice. We omit the word full.

Definition 8.4 A unital subring a of A, is called an op-order of A if a is an op-lattice
of A. We call an op-order a hereditary if the Jacobson radical rad(a) is a projective
right-a module. The set of all hereditary orders is denoted by Her(A). For a € Her(A)
we denote by lattices(a) the set of all op-lattices I' of V' such that aI' C T for all a € a.

Definition 8.5 1. Let R be a non-empty set, and take r € N. Given non-empty
subsets R;; of R, (i,j) € N2, and natural numbers ni,...,n,, we denote by
(R ;)™ " the set of all block matrices in Mzr . (R), such that for all (i, )

i=1""

the (7, j)-block lies in My, 5, (R;.;)-

2. Givenr € N, n = (nq1,...,n,) € N, we get a hereditary order

a" := (R; ;)" ", where
op, lf] <1
R;; = e
" { pp, ifi<j

3. A hereditary order of M,,(D) of this form is called in standard form. The class
(n) is called the invariant and r the (simplicial) rank of a™.

If we say that sets are conjugate to each other, we mean conjugate by an element of
A*. The proof of the next theorem is given in [Rei03].

Theorem 8.6 We fix a D-basis of V' and identify A with M,, (D).

1. Two hereditary orders in standard form of A are conjugate to each other if and
only if they have the same invariant.
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2. Every a € Her(A) is conjugate to a hereditary order in standard form.

By this theorem the notion of invariant and rank carries over to every element of
Her(A) and they do not depend on the choice of the basis.

Definition 8.7 A sequence (I';);ez of lattices of V' is called an op-lattice chain in V if
1. for all integers i, we have I'; 11 G T';, and
2. there exists a natural number r such that for all integers ¢ we have I'ymp = 'y 4.
We call r the rank of the lattice chain. For a lattice chain I" we put
lattices(I") := {I';| i € Z}.

Two lattice chains T', T are called equivalent if lattices(T") and lattices(I") are equal.
We write [I'] for the equivalence class. We define an order by [['] < [I”] if lattices(T") is
a subset of lattices(I'). The set of all lattice chains in V' is denoted by LC,, (V).

Remark 8.8 For every lattice chain I' in V| the set
ar:={a€ A|VieZ: al'; CT;}
is a hereditary order of A.

Theorem 8.9 [BF83, (1.2.8)] [I'| — ar defines a bijection between the set of equivalence
classes of lattice chains in V' and the set of hereditary orders of A. We have:

[ <[] < ar D ar

In this part we need the definition of Latt,, (V') given in 2.17 of part 1. We put
ap := End(A) to emphasize that we mainly are interested in a filtration "around" a
hereditary order than a lattice function of A, see 2.1.2. We also put

rank([A]) := rank(A),

see 2.4, and
lattices(A) := im(A)

for
A € Latt, (V).
8.3. Embedding types

For a field extension E|F we denote by Ep|F the maximal field extension in E|F, which
is F-algebra isomorphic to a subfield of L. Its degree is the greatest common divsor of d
and the residue degree of E|F.
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Definition 8.10 An embedding is a pair (E,a) satisfying
1. E is a field extension of F' in A,
2. ais a hereditary order of A, normalised by E*.

Two embeddings (E,a) and (E’,a’) are said to be equivalent if there is an element
g € A*, such that gEpg~! = E7, and gag~t =d'.

Remark 8.11 In each equivalence class of embeddings there is a pair such that the field
can be embedded in L.

The definition of M, 4(t) is in the previous section. Until the end of this section we fix
a D-basis of V and identify A with M,,(D).

Definition 8.12 Let f|d and » < m. A matrix with f rows and r columns is called an
embedding datum if it belongs to My, (m). Given an embedding datum A, we define the
pearl embedding as follows. The pearl embedding of A (with respect to the fixed D-basis
of V') is the embedding (F, a), with the following conditions:

1. [E:F]=f,
2. F is the image of the monomorphism
x € Ly — diag(My(x), Ma(x),...,M,(x)) € M,,(D)

where
Mj(x) = diag(O’O(;U)]l)\LﬁUl(.%')]l)\Q,j, CERE) O-f_l(x)ﬂ)\f,j)

3. ais a hereditary order in standard form according to the partition m = ni+...4+n,
where n; 1= szzl i

Theorem 8.13 [BG00, 2.3.3 and 2.3.10]

1. Two pearl embeddings are equivalent if and only if the embedding data are equiva-
lent.

2. In any class of embeddings lies a pearl embedding.

Definition 8.14 Let (E,a) be an embedding. By the theorem it is equivalent to a
pearl-embedding. The class of the corresponding matrix (A; ;) ; is called the embedding
type of (E, a). This definition does not depend on the choice of the basis by the theorem
of Skolem-Noether.
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9. The simplicial structure of B(GLp(V), F)

In section 2.2 we gave the definition of B(GLp(V), F), i.e. of the Bruhat-Tits building
of GLp (V) over F. In this part of the thesis we are interested in its simplicial structure.

0.1. Definitions

Here we give the basic definitions in order to be able to state precisely the description of
the Euclidean building of GLp (V') over F with lattice chains. Basic definitions of the
notions of simplicial complex and chamber complex are given in [Bro89b, Ch. I App.].
For the definition of a Coxeter complex see [Bro89b, Ch. III].

Definition 9.1 A building is a triple (22, A, <), such that (€2, <) is a simplicial complex
and A is a set of subcomplexes of (£2, <) which cover (2, i.e.

Ua=q,
(The elements of A are called apartments.) statisfying the following building azioms:
e B0 Every element of A is a Coxeter complex.

e B1 For faces (also called simplicies), i.e. elements, S; and Sy of Q there is an
apartment Y containing them.

e B2 If ¥ and X’ are two arpartments cqntaining S1 and 52 then there is a poset
isomorphism from Y to X/ which fixes S; and Sy where S for a face S is defined
to be the set of all faces T' < S.

The minimal faces are the vertices and the rank of a face S is the number of vertices in
S. The maximal faces are the chambers. Faces of rank two are edges. A building is said
to be thick if every codimension 1 face is attached to at least three chambers.

Remark 9.2 A building in this part of the thesis consist either only of one element or
is thick.

A Euclidean Cozeter complex is a Coxeter complex (X, <) which is poset-isomorphic to
a simplicial complex (W, V') defined by an essential irreducible infinite affine reflection
group (W, V). For a face S of a simplicial complex (2, <) the set of all formal sums

ZvﬁS,rk(v)zl)"UU
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9. The simplicial structure of B(GLp(V), F)

with positive real coefficients such that ¥,<g x)=1Av = 1 is denoted by |S]. The set

2= I9]

SeqQ

is called the geometric realisation of 2. A morphism of simplicial complexes from (€2, <)
to (¥, <) isamap f: (Q,<)—=(Q,<’), such that for every face S € Q the restriction

f: S—f(S) is a poset isomorphism. In [Bro89b] the notion of non-degenerate simplicial
map is used instead of morphism. A morphism f induces a map | f| between the geometric

realisations, by
‘f|(z )‘vv) = Z)\vf(v)

Definition 9.3 Given two buildings (€2, A, <) and (@', A’, <) a morphism from the first
to the latter is a morphism of simplicial complexes such that the image of an apartment
of A is contained in an apartment of A’.

As described in [Bro89b] V1.3 there is a canonical way to define a metric, up to a scalar,
on the geometric realisation of a Euclidean building by pulling back the metric from an
affine reflection group to the apartment and this defines a canonical affine structure on
the geometric realisation of the building. The map |¢| between the geometric realisations
of two Euclidean buildings induced by an isomorphism ¢ is affine.

9.2. The description with lattice chains
Let Q be the simplicial structure of B(GLp(V), F'). We denote
T:=|9=98B(GLp(V), F).

By theorem 2.27 there is a unique affine and A*-equivariant bijection from Z to
Latt,,, (V). We describe the Euclidean building €2 of A* in terms of lattice chains and
hereditary orders as it is done in [BLO02, L.3].

Proposition 9.4 1. The posets (LC,,(V),<) and (Her(A),D) are simplicial com-
plexes of rank m. They are isomorphic via V([T']) := ar as simplicial complexes.

2. A hereditary order is a vertex (resp. a chamber) if and only if its rank is 1 (resp.

Definition 9.5 A frame of V is a set of lines v1 D, ..., v, D, where v;,i € Ny, is a
D-basis of V. If R is a frame we say that a lattice I" is split by R if

I'= P @Trnw).

WeR
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9.2. The description with lattice chains

A lattice chain T, lattice function A, hereditary order a is split by R if every element of
lattices(I"), lattices(A), lattices(a) resp. is split by JR. An equivalence class is split by R
if every element of the equivalence class is split by PR. The set of these classes split by
R is called the apartment corresponding to R and is denoted by LC,, (V)n, Her(A)m,
Latt,,, (V)s resp.. For the set of these apartments we write

2A(LC,,(V)), A(Her(A)) & 2A(Latt,, (V)).
Definition 9.6 The left action of A* on the set of op-lattices of V, i.e.

g :={gy|veT},

defines an A*-action on LC,,(V'), Latt,, (V) and Her(A).

Proposition 9.7 1. The two triples
(LCop (V), A(LCop (V)), <) & (Her(A), A(Her(4)), 2)
are isomorphic Fuclidean buildings via V.
2. U is A*-equivariant.
3. For every frame R the image of LC,, (V)n under ¥ is Her(A)mn.

For steps and calculations for the proof see for example [Rei03].

Remark 9.8 Every a € Her(A) has a rank as a face in the chamber complex (Her(A), D
), and this coinsides with the simplicial rank, but we never mean the op-rank of a.

From now on we need the affine structure on Latt,, (V'), see definition 2.17. Now the
next proposition explains why one can replace {2 by the building of classes of lattice
functions. The geometric realisation of LC,, (V) can be identified with Latt,, (V') in
the following way. We put

[x]+ :=inf{z € Z]| x < z}, z € R,
and we define a bijective map
7: |LC,, (V)|— Latt,, (V)
as follows. A convex barycenter

> BT, Bi=0and > B =1,

with vertices [['!] of a chamber of LC,, (V) is mapped to 3; 3;[AY], where A'(t) :=

Thpp
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9. The simplicial structure of B(GLp(V), F)

Remark 9.9 The definition of 7 and proposition 2.29 imply that Latt,, (V') inherits
the same simplicial structure from  and from LC,, (V).

Proposition 9.10 ([BL02] sec. 1.3) The composition of the bijection from
Latt,, (V') to T with T induces an A* -equivariant isomorphism from

(LCop (V), A(LCop (V)), <)
to the building €.
Notation 9.11 By the propositions above we can identify  with
(Her(A), 2(Her(A)), 2).

Definition 9.12 We call Q the Fuclidean building of A*.
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10. The map jz

Notation 10.1 For this section let FE|F be a field extension in A and we set B to be
the centraliser of F in A, i.e.

B:=74(F):={a € A| ab=ba Vb € B}.
We denote the Euclidean building of B* by g and its geometric realisation by Zg.

The next results are taken from [BL02]. We restate the following theorem in the
notation of this part.

Theorem 10.2 [BL02, Thm. II.1.1.] There exists a unique application jp : T —Ig
such that for any x € T8 and t € R we have 0, (2)(t) = BNag(e(E|F)t). The map jg
satisfies the following properties:

1. it is bijecive,
2. it is a B* -equivariant and
3. it is affine.
Moreover its inverse jgl is the only map Ip—ZI such that 2. and 3. hold.

We briefly give Broussous and Lemaire’s description of jg in terms of lattice functions
but only in the case, where E|F is isomorphic to a subextension L¢|F of L|F. Then
E®rL = EB,]:;é L coming from the decomposition 1 = Z{;é 1 labeled such that the
Gal(L|F)-action on the second factor gives o(1;) = 11 for £k > 1 and o(1g) = 17_;.
Applying it on the £ @ L-module V', we get V = @, Vi, Vi := 1 V.

Remark 10.3 1. B = Enda,(Vp) and

2. B2 M (Ap)
where Ag :=Zp(Ly).
Theorem 10.4 [BL02, II 3.1.] In terms of lattice functions jg has the form j;*([0]) =
[A], with
-1 k
A(s) := @ O(s — E)wl,f—), seR

where © is an oa-lattice function on Vj.
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11. Embedding types through barycentric
coordinates

In this chapter we keep the notation from chapter 10. We repeat that Ep|F denotes the
biggest field extension of F|F which can be embedded in L|F. The centraliser of Ep in
A is denoted by Bp. We need a notion of orientation on {1g, to order the barycentric
coordinates of a point in Zg,,.

Definition 11.1 An edge of Q with vertices e and ¢’ is oriented towards €', if there are
lattices ' € lattices(e) and I € lattices(e’), such that I' O I” with the quotient having
kp-dimension 1, i.e. kp-dimension d. We write e—¢’. If z is a point in Z then there is a
chamber C' € €2 such that x lies in the closure of |C|, i.e. in

U Isl.

S<C

The vertices of C' can be given in the way
e1—€2—> ... —7Epym—€1.

If (u;) are the barycentric coordinates of x with respect to (e;), i.e.
T = Z Hi€i,y
i

then the class (u) is called the local type of x.

This definition applies for Zp,, as well. The skewfield is then Zp(Ep) instead of D

and one has to substitute d by ﬁ.

Proposition 11.2 The notion of local type does not depend on the choice of the chamber
C and the starting vertex ey.

For the definition of ()¢ see section 8.1.

Theorem 11.3 Let (E,a) be an embedding of A with embedding type (\) and suppose a
to have rank r. If My denotes the barycenter of a in Z and (u) the local type of jg, (M),
then the following holds.

1. r[Ep: Flp € NJ*, and
2. (row(\)) = ([Ep : Flru)©.
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11. Embedding types through barycentric coordinates

Remark 11.4 With theorem 11.3 we can calculate the embedding type from the local
type. For example take r =2, f =6, m =7 and assume that jg, (M) is

3 2 1 0 0 4 9
Zbo4 —by 4 —by 4+ —bs + —by + —bs + —bg.
PR TR IR DL R DI DL DL

and thus
(12u) = (3,2,1,0,0,4,2) = ((3,1),(2,1),(1,3),(4,1),(2,1)).

From the complement
(12p)° = ((1,2),(1,1),(3,4), (1,2),(1,3)) = (1,0,1,3,0,0,0,1,0,1,0,0)

applying theorem 11.3 we can deduce the embedding type of (F,a) :

SO OO = =
O = = O Wwo

For the proof we can restrict to the case where £ = Ep and thus B = Bp. We put
f:=[E:F]ie.
E=LyCL

and
FCECBCA

Firstly we need some lemmas. The actions of G on square lattice functions by conjugation
induces maps
mg: Q=Q, v~ g.x

and
cg: Ip—Typg1, Y € Latth(B) —gyg le LattggE (gBg™h)

g—1

for g € G.

Lemma 11.5 |m,| and ¢, induce isomorphisms on the simplicial structures of the Eu-
clidean buildings, which preserve the orientation, i.e. an oriented edge is mapped to an
oriented edge such that the direction is preserved. In particular |m,| and ¢, are affine bi-
jections, mg preserves the embedding type, ¢, the local type, and the following diagram
is commutatve:

IEX ‘mg|z.(gEg—1)><

LjE lnggl
C,

9
I Typg-
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The following lemma gives a geometric interpretation of the map
{embedding types}—{embedding types of vertices}

() > (row(\)T).

Lemma 11.6 (rank reduction lemma) Assume there is a field extension K|F of de-
gree s in E|F, where 2 < s < m. Let a be a vertex in QF” such that a N Z4(K) is a
face of rank s in QE° and assume (F,a) has embedding type (\) and (E,aNZg(A))
has embedding type (\’). Then we get

row(\) ~ row()\), i.e. A~ row()\’)T.

Proof: By lemma 11.5 it is enough to show the result only for one embedding
equivalent to (E,a). For simplicity we can restrict ourself to the case of s = 2. The
argument for s > 2 is similar. We fix a D-basis of V. It is (E, a) equivalent to the pearl
embedding (E),ay) of A\, moreover ay is M;,(op). Now we apply a permutation p on
(Ey, ay) such that the odd exponents of o in pEyp~! are behind all even exponents, i.e.

pE\p~! is the image of
x € Ly — diag(My, (z), My, (2)), n1 = Z Aiy Mo 1= Z i
i odd 7 even
where
My, (z) = diag(c®(x)1y,, 0% (x)1y,, . . ., Uf*Z(x)]l,\fil)
and

M, (z) = diag(c'(z)1y,, 0> (x)1Ly,, . .. ,Uf_l(:z:)]l,\f).
For the embedding (E’, /) obtained by conjugating p(Ej, ay)p~! with the matrix
diag(Lp,, 75 1n,)

we have the following properties. Let K'|F be the field extension of degree two in E’'|F.

e K’ is the image of the diagonal embedding of Ly in M,,(D) and its centraliser is
M, (Ak), where Agr := Zp(Ls). This follows because even powers of mp commute
with Lo.

e The intersection of a’ with M,,,(Ag) is a herditary order in standard form with
invariant (nj,ng). The positivity of the integers n; follows from the assumption
that this intersection is a face of rank 2.

Since ma,, = 7['% is a prime element of A/ which normalises L and since the powers

of o occuring in the description of E’ are even we can read the embedding type of

83



11. Embedding types through barycentric coordinates

(E' o' N M, (Ag)) directly. It is the class of

DYDY
Ay g
A1 Af

Thus the result follows. qg.e.d.

The next lemma shows that changing the skewfield does not change the embedding
type.

Lemma 11.7 (changing skewfield lemma) Let D’ be a central skewfield over a local
field F’ of index d with a maximal unramified extension field L’ normalized by a prime
element 7p/ and assume that V' is an m dimensional right vector space over D’. Denote
the Euclidean building of GL,,(D’) by Z' and let ¥, ¥ be an apartment of Z, 7'
corresponding to a basis (v;), (v)) respectively. Then ¥’ is fixed by the image E’ of

the diagonal embedding of L’f in M,,(D’). Assume further that E is the image of the
diagonal embedding of Ly in M,,(D). Under these assumptions the map = from |X]| to

|X'| defined by
[z +— @ Ulp[d v+ai) ]+ [z +— @ U’p[g/$+a' )

is the geometric realisation from an isomorphism ¢ of simplicial complexes which pre-
serves the orientation and the embedding type. The latter means that if a’ is the image
of a hereditary order a under ¢ then the embedding types of (E,a) and (E’,a’) equal.

Proof: We define ¢ to map the class of a lattice chain £ with
L= @ vzp% I

to the class of £ with

1. Vij
GD"WD' :

We only show the preserving of the embedding type. The other properties are verified
easely. We take the two lattice chains £ and £’ with corresponding hereditary orders a
and a’. Applying from the left an appropriative permutation matrix P and an aproprita-
tive diagonal matrix T (resp. T"), whose entries are powers of the corresponding prime
element, we obtain simultanously lattice chains corresponding to hereditary orders b, b’
in the same standard form. More precisely 7" is obtained from T if 7p is substituted
by 7pr. Thus (TPEP~IT~1, b) and (T'PE'P~YT'~1,b’) have the same embedding type
and thus by conjugating back (F,a) and (E’,a’) have the same embedding type. g.e.d.
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We now fix a D-basis v1,...,v,, of V and therefore a frame
R:={R;:=v;D|1<i<m}

and an apartment > = Her(A)x of 2. The algebra A can be identified with M,,, (D). By
the affine bijection |X| & R™~! which maps

[A] with A(z) = P pldletadl+

to
dlag —ag,...,a;m—1 — apy),

we can introduce affine coordinates on |X| where the points of || corresponding to the
vectors 0, (f,0,...,0), (0,f,0,...,0),..., (0,...,0, f) are denoted by Q1,Q2,...,Qmnm.

Remark 11.8 The vertices of ¥ are exactly the points of

Qi+ }Z(Qi - Q).
i—2

Remark 11.9 For an element g € N, (Endp(R;))*, i.e. a diagonal matrix, |mg| in-
duces an affine bijection of |X|. If g is diag(1,...,1,7%,1,...,1), with 7% in the i-th
row, the map |myg| is of the form

Qs Q+ 5 Q1 — @),

where we set Q11 := Q1.

Example 11.10 Let us assume £ is the image of the diagonal embedding of Ly in
M, (D), i.e.
E={(x,...,z)| © € L¢}.

Then B and jg simplify, i.e.
1. B =Enda(W) with A :=Zp(Ly) and W := @, v;A
2. The geometric realisation of ¥ is a subset of Z2™.

3. For [A] € T we have
je([A]) = [ANW]

where A N W denotes the lattice function

x— Az)NW.
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11. Embedding types through barycentric coordinates

4. The image of jg| |5 is the geometric realisation of the apartment ¥z which belongs
to the frame {v;A| 1 <i < m} and in affine coordinates the map has the form

1
reR™ ?.’L' e R™ L

5. The vertices of ¥ are the points of |X | with affine coordinate vectors in Z™~ 1.
Specifically the points P; := jp(Q;) are vertices of a chamber of Xp.

6. The edge from P; to P;11 is oriented to Pjy.

Proof: [example| To prove the statements of the example it is enough to calculate jg
in terms of lattice functions, i.e to show 3. The statements then follow by similar and
standard calculations.

For 2: We have |¥| € ZF" because for an op-lattice function A split by 9 the action
of an element of £ on A is the multiplication of every lattice A(t) by a fixed element
x € D*.

For 3: We use the decomposition

V=WarsD=WaoeWrp®dWrha.. &Wrh"

the function

with

is affine and B*-equivariant. By 10.2 it has to be jgl and thus
je([A]) = [ANW].

The appearence of jg in terms of coordinates follows now from

[z

P _

+ [
pp T NA=py T =0
q.e.d.
Proof: (of theorem 11.3) By lemma 11.5 and by theorem 8.13 we can assume that
we are in the situation of the example 11.10 above and that there is a diagonal matrix
h consisting of powers of mp with exponents in Ny_; U {0} such that

(hER™, hah™1)

is the pearl embedding of A\. We consider two cases for the proof.
Case 1: a has rank 1, i.e.
hah™! = M,(op) = Q1

86



and A is only one column. We get a from @ by applying m;,-1 which is a composition of
maps mg where g differs from the identity matrix by only one diagonal entry 77%. Now

remark 11.9 gives
m

a=Q1— Y %(Qj—kl - Qj)
j=1

where a; := k — 1 if
k-1 k
dMAN<I<D A
i=1 i=1
Thus in barycentric coordinates jg(M,) has the form

f—am+a as — ay Am — Gm—1

P+ P+ + P,,.
f f f "
and therefore the vector
f-amtar az—ax Ay — Q1
M T ( 9 LA} )
f f f

fullfils part one of the theorem. If (\;)i<i<s is the subsequence of non-zero entries we
define the indexes
g1 = )\1—}—...—|—)\i171—}—1

and ji := 1. This are the indexes where the ;; are non-zero, more precisely from
i—1 i
=3 N+1<> N
i=1 i=1
we obtain for a; the following values:
aj=aj, =u—1, i <j<jit

and

aj = a;, =1is — 1, js < j<m,

s

and thus the subsequence of non-zero entries of fu is
(fug) = (f —is +i1,d2 —d1,03 — d2, ..oy ds — G5-1).
Therefore we get for pairs((fu)) the expression

<(f — s+ 11, Ail)) (Z2 — 11, )‘i2)7 (Z3 — 12, )‘i3)7 SERE) (ZS — is—1, /\Zs)>

C

and this is precisely (row(A))€.
Case 2: Assume the rank r of a is not 1. Here we want to use rank reduction. We
fix an unramified field extension L'|F of degree rd in an algebraic closure of F. Denote
by D’ a skewfield which is a central cyclic algebra over F' with maximal field L’ and an
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11. Embedding types through barycentric coordinates

L’-normalising prime element 7py, i.e.
dr—1

= @ L/T('ZD/,
=0

7p L 7TD, L', and 7rd+T = Tp.

The images of Ly, L, under the diagonal embedding of L’ in M,(op/) are denoted
by F’, E’ respectively and the apartment of the Euclidean building ' of GL,,(D")
corresponding to the standard basis is denoted by Y/, i.e. we have a field tower

EEDF DOF

and apartments X/, ¥, ¥, in the buildings 7', T}, I}, respectively. We then obtain
a commutative diagram of bijections, where the lines are induced by isomorphisms of
chamber complexes which preserve the orientation.

| — 2|

ijE ) ijE,

Sel —= S|

The map =p is given by

d(z+a; + d(z+a;)]+
[ 69 oM o [z EB ey ]
1=0

and =g analogously. Here (e;) is the standard basis of D'™. Because of lemma 11.7 the
map =p preserves the embedding type and thus we can finish the proof by applying
lemma 11.6 on

¥ Y=Y,

More precisely, let S, be a face of rank r in ¥/,. Its barycenter has affine coordinates
n %Zm_l and therefore the preimage of it under jgs is a point S; with integer affine
coeffitients, i.e. it corresponds to a vertex of Z’. To emphasise the base field we write
field extensions as the index of j. Because of

jene(Ms,) = jpr (Jrp(S1)) = jer(S1)

the theorem follows now from the rank reduction lemma and case 1. q.e.d.
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The Weil-restriction

Good references are [Wei82, 1.3.] and [KMRT98, 20.5]
Let E|F be a finite separable field extension, and let V' be an affine variety defined

over . The functor
B— V(FE®p B)

from the category of commutative F-algebras to the category of sets is represented
by an absolutely reduced finitely generated F-algebra A, see for example the proof in
[KMRT98, 20.6]. The affine variety corresponding to A is called Weil-restriction of V
from E to F' and denoted by Resgz(V).

Another way to construct the Weil-restriction is the following. One introduces coor-
dinates in choosing an F-basis in F and the polynomial equations defining V' become
polynomial equations with coeffitients in F. The set of solutions of these equations is the
Weil-restriction of V' from F to F' and the map

ee B (0(e))s

induces an isomorphism

ResE|F(V) = H Ve
0:E<—F

defined over the normal hull of E. Here o runs over the set of F-algebra monomorphisms
from F into F.
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The building of a valuated root datum

The aim of this section is to give the definition of a valuated root datum and its building
as it is done in [BT72, chapter 6 and 7]. For the theory of root systems see [Bou81,
chapter IV].

Let V be a finite dimensional R-vector space and let ® be a root system in V*. We
denote its dual root system in V' by ®. The reflection rq of V corresponding to a € ® is
defined by

rqa(v) :=v — a(v)a.

The Weyl-group of ®, i.e. the group generated by all r,, a € ®, is denoted by *W. We
take an invariant positive definite inner product on V' and we get a canonical isomorphism
from V to V* via
v (v,%).

It transfers the action of YW to V*. The Weyl-group stabilizes ® and . The fixed point
sets of the orthogonal reflections r, give a cell decomposition of V', see for example
[Bro89b, chapter 1]. The chambers of V' are in one to one correspondence to the bases
of ®. We fix a basis of ®. Let ®T be the set of positive roots of ® corresponding to this
basis.

1. Valuated root datum

Definition .11 [BT72, 6.1.1] Let G be an arbitrary group. A system
(T, (Ua, My)aca)

is a root datum of type ® in G if the following holds.

e (DR 1) The sets T and U, are subgroups of G. The groups U, are non-trivial.

e (DR 2) For all roots a,b the commutator group [U,, Up| is a subset of the group
generated by all U,gimp Where n and m run over all natural numbers for which
na + mb is a root.

(DR 3) If @ and 2a are elements of ® then Us, is proper subset of U,.

(DR 4) The set M, is a right coset of T'in G and it holds

U*, = U_g \ {1} C U M,UL,.

e (DR 5) For all roots a and b and all m € M, on has mUym ™~ C U (v)-
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The building of a valuated root datum

e (DR 6) The group U™ generated by all U, with positive root a and the group U~
generated by all the other U, have the property that the intersection of T.U* with
U~ is {1}.

A root datum of type ® is generative if G is generated by the union of T and all U,, a € ®,
i.e.
G=<TUu|JU,>.
acd

Remark .12 [BT72, 6.1.2(4),(9),(10)] Given a root datum the cosets M,, M_, and
M ! equal and are determined by (T, (U, )qca)- Let N be the group generated by T and
all M,. There is a group epimorphism

‘u: N="W
such that
-1
nUan = Uvu(n).
One has for example p(M,) = {rq}.

The initials DR stand for "donnée radicielle" the name given in [BT72]. Such a root
datum can be defined for any reductive group defined over k.

Example .13 [BT72, 6.1.3] Let k be a field.
Step 1: The group SLa(k) has a generative root datum of type A;

(T,My,M_1,U1,U_1)

where T is the set of diagonal matrices, U; (resp. U_1) the set of unitary upper (resp.
lower) triangular matrices and M; the set of antidiagonal matrices in SLa(k).

Step 2: Let G be a split, affine, connected and simple group defined over k. We fix a
maximal k-split torus T of G. Let ® be the set of roots ®(G, Ty of the action of T'(k)
on Lie(G)(k). By [Bor91, 18.7] there is a unique family of unipotent connected closed
k-subgroups (U, )qca of G such that there are k-isomorphisms

0, : A(k)—=U,
satisfying B
Inn(t) 0 04(z) = Oa(a(t)z) for all 2 € A'(k), t € T.

One can choose the maps 6, such that following two assertions hold.

e For every root a there is an isomorphism from SLs(k) to the subgroup generated
by U, and U_, which maps the upper and the lower triangular unitary matrix with
non-diagonal entry u to 6,(u) and 6_,(u) respectively.

e For every pair of roots a and b such that a # —b there is a family of integers
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1. Valuated root datum

(Capn,m) such that

[9a(u), eb(u/)] = H 0na+mb(ca,b,n,munulm), u, u € Al(l;:)

where n and m run over the natural numbers with na + mb € ®.

The system (T'(k), (Uq(k))aea) is part of a generative root datum of type ® in G(K).

Step 3: Let G be a split semi-simple connected group defined over k. Then by [Bor91,
22.10] G is an almost direct product of the minimial closed connected normal k-subgroups
G; of G of strictly positive dimension. A maximal k-split torus T of G is the image of a
maximal k-split torus [[7; of [[; G; where T; is a maximal k-split torus of G; because
the canonical isogeny

is central, see [Bor91, 22.9, 22.6]. f is also separable, i.e. the differential d. f is surjective,
and therefore we have

FATGHR) = Gk

The map d.f is in fact the isomorphism
@; Lie(G;) = Lie(G)

and taking [[;(7;)-fixed points on the left and 7T-fixed points on the right side we obtain
@; Lie(T;) = Lie(T).

Thus
[[7.—T
%

is separable and we obtain

FAITik) = T(k).
We now take for every ¢ a root datum

(Ti(k), (Ma(k), Ua(K))aca(c:,12))

as done in G; by step 2. We now apply f on the product of the root data and we obtain
a generative root datum

(T'(k), (Ma(F), Ua(k))aca(c1))

of type ®(G,T) in G(k).

Step 4: We assume now that G is an affine reductive group defined over k. Then
the group GY/Rad(Q) is affine, connected, semisimple and defined over k by [Bor91,
18.2(ii),Prop. 11.21, 6.8]. Thus we can assume that G is semisimple and connected. Let
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The building of a valuated root datum

T be a maximal k-split torus of G. One can choose a maximal torus 7" of G which is
defined over k and contains 7' by the remark below. T is split over a finite separable
extention k' of k. We take @' := ®(G,T") and the groups U!, a € ¥’ obtained from step
2. For a € ® := ®(G,T)) we define U, as the closed subgroup of G generated by all U,
where a is the restriction of a’ to T. The tupel

(Za(T)(k), (Ua(k))aca)
is part of a generative root datum of type ® of G(k).

Remark .14 If G is a connected reductive k-group and T is a maximal k-split torus of
G. We can choose a maximal torus of G containing 1" which is defined over k.

Proof: A maximal torus S containing T is split over k*P and is a subset of H :=
Zg(T)?, which is normalized by S and k-closed. Thus by [Bor91, 20.3] H is defined over
k5P, The separability of k*“P|k implies that H is defined over k. The theorem [Bor91,
18.2(i)] ensures the existence of a maximal torus of H which is defined over k. This torus
contains T and it is a maximal torus of G because it is conjugated to S in H. q.e.d.

We now come to the definition of a valuation of a root datum.

Assumption .15 Let
RD = (T7 (Ua7 Ma)ae@)

be a generative root datum of type ® of a group G. We put Usy := {1} if a € ® and
2a ¢ .

Definition .16 [BT72, 6.2.1] A valuation of RD is a family ¢ = (¢4)sce of maps
¢a: Us—RU {0}
such that the following contitions hold.

1. (V0) For every a the image of ¢, has at least 3 elements.

2. (V1) For every a and for every r € RU {oo} the set

Uar = ¢, ([r; o0])
is a subgroup of U, and U, « is trivial. For the images one writes
Lo = ¢a(Uy) and Ty := {¢a(u) | u € Uy, ¢a(u) = sup ¢a(ulza)}-
3. (V2) For every a and for every m € M,, the function
U ¢_q(u) — o (mum™)

is constant on U .
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2. Building of a valuated root datum

4. (V3) For a,b € ® with b ¢ —R;a and k,l € R the commutator group [Ug i, Up,] is
contained in the group generated by Upqygbpr+qi, P,q € N with pa + gb € ®.

5. (V4) If a and 2a are in ® the map ¢y, is the restriction of 2¢, on Us,.

6. (V5)Ifa e ®, ueU, and u',u" € U_, such that v'uu” € M, then
Palu) = —qi),a(u/).
Remark .17 One has I, =T, if 2a is not in ®.

Definition .18 A valuation ¢ is discret if every group I'y is a discret subgroup of R.

If (k,v) is a non-Archimedian local field there is a valuation of the root datum of .13
by [BT72, 6.2.3 and chapter 10]. For SLa(k) it is given by

(1) (1)

and in the case of a split, semisimple k-group by

These valuations and the valuations considered in part 1 of this thesis are discret.

Remark .19 Let ¢ be a valuation of RD and let A : ®—R* be a function which is
constant on the irreducible components of ®. For a vector v € V' the family ¢ := A¢ + v
defined by

u = Aa)pq(u) + a(v)

is again a valuation of the root datum. If X\ is the constant function 1, then one says
that v is a translation of ¢ by v.

Definition .20 [BT72, 6.2.5] Two valuations are equipollent if the second is a translation
of the first by a vector of V. The group N acts on the set of valuations of RD in the
following way. If w is the element “u(n) for some n € N one puts

(n.¢)a(u) := ¢w—1(a) (n_lun).
Forne N, veV and A: =R on has

n.(A¢ +v) = A(n.¢) + “v(n)(v).

2. Building of a valuated root datum

[BT72, chapter 7]
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The building of a valuated root datum

Assumption .21 In addition to assumption .15 we fix a valuation ¢ of RD.

Let A be the set of valuations of RD equipollent to ¢. It is an affine space over V'
and we identify A and V in choosing ¢ as the zero of A. The action of N on the set of
valuations of RD restricts to an action of A and it defines a map v from N to the group
of affine automorphisms of A. Its kernel is denoted by H. The set of affine roots of ® in
A is the collection of the closed halfspaces

Qg :={z€A| a(x)+k>0},ac d kell.

The set of affine roots is denoted by ¥. We put Uy, , := U,k For a non-empty subset S
of A one defines

e Ug to be the group generated by the U, where « runs over the affine roots con-
taining S, and

e Py :=HUg.

The Bruhat-Tits building F of G with respect to RD and ¢ is the set of equivalence
classes of G x A under the relation

(g,2) ~ (h,y) if and only if there exists an n € N

such that
=v(n)(z) and g *hn € Pray.

It is a G-set under the action on the first coordinate. A subset A’ of F is said to be an
apartment of F if there is an element g of G such that A" = gA.

This definition does not need that ¢ is discrete. For the description of the faces we
assume that ¢ is discrete, for the description in the general case see [BT72, 7.2]. The
faces of A are the cells of the cell decomposition given by the hyperplanes which are
boundaries of affine roots, see [Bro89b, chapter 1]. A subset S of F is a face if there is
a face S’ of A and an element g of G such that S’ = ¢S.
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The enlarged building of a reductive group

Assumption .22 In this section k is a non-Archimedean local field with residual char-
acteristic different from 2.

We follow the explaination in [BT84a, 4.2.16] The buildings introduced in [Tit79] are
already enlarged.

Let G be a connected affine reductive group defined over k together with a Bruhat-
Tits building F. Let X*(G)x be the group of characters of G defined over k and let V*
be the dual R-vector space of X*(G), ®7 R. The enlaged affine building of (G, F) is the
set F x V! equipped with the G(k)-action

g.(x,v) = (g.z,v+0(g))

where 6(g) is defined by
0(9)(x) == —v(x(9))-

Apartments and faces carry over from F to F! in the natural way.

Definition .23 We say that there exists a proper enlarged building over k if X*(G)y is
not trivial.

We now discuss the cases where an enlarged building occurs in the case of the classical
groups considered in this thesis. We fix a hermitian k-datum

(<A7 ‘/7 D)7 P, k()? ha €, U)
and we analyse below when X*(SU(h)), or X*(U(h)?), are trivial.

Theorem .24 [Bor91, Cor. 14.2] Let G be an affine reductive group. Then the following
conditions are equivalent.

1. The group is semisimple, i.e. the mazximal normal connected solvable subgroup

R(G) is trivial.
2. The connected component equals its commutator subgroup.

3. The center of GO is finite.

Remark .25 A semisimple connected group equals to its commutator subgroup which
implies the triviality of the character group. Examples for semisimple connected groups

are SL,(k), Spy, (k), and SO, (k) for n,n’ > 1 except n’ = 2. The connectivity is seen
using transvections and the semisimplicity follows because these groups are generated
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The enlarged building of a reductive group

by the images of connected subsets of SLo(k). By proposition 1.34 we obtain a trivial
character group for SU(h) if o is

e symplectic, or
e orthogonal and md # 2, or
e unitary.

We firstly analyse the unitary case.

Lemma .26 The group X*(U(h))y, is trivial if o is unitary.
Proof: We have D = k by theorem 1.37. Using the isomorphism
(Endy (V) ®g, ky 0 @py k) = (M, (k) x My (k), 5)

with
5(B,C) = (€7, BT)

we obtain for a ko-rational character x of U(h) that its restriction to U(h) must be a
power of the determinant. The involution o is conjugated to the transpostion which
implies

x(z) = x(o(x))

for all z € U(h). In addition o(z) is the inverse of = for z € U(h). Thus the only possible
values of x on U(h) are 1 and —1. Thus y is trivial because U(h) is connected and U(h)
is Zariski-dense in U(h) by [Bor91, 18.3]. qg.e.d.

Lemma .27 Let o be orthogonal and assume dm = 2. There exist a proper enlarged
Bruhat-Tits-building for SU(h) over k if and only if d = 1 and h is isotropic.

Before we start the proof we recall that the k-rank of a reductive connected k-group
is the dimension of a maximal k-split torus.

Proof: We have SU(h) = Gy (k) defined over k if d is one and h is isotropic, i.e. all
characters are k-rational and the character group is free of rank one.

If d = 2 there is an isomorphism from SU(R) to G, (k) defined over k but not over k
because of the different k-ranks. There is an element a € SU(h) \ {1, —1} because SU(h)
is Zariski-dense in SU(h) by [Bor91, 18.3]. The degree of D over k is 2 and therefore the
centralizer of k[a] in D is kla], especially the commutative group SU(h) is a subset of
k[a]. In addition k[a] is invariant under o. Thus we can apply lemma .26 and we obtain
that there is no polynomial multiplicative map from SU(h) to Gm (k).

For the last part of the proof we assume that d = 1 and SU(h) is anisotropic. There
is a k-basis of V' such that the Gram-matrix of & is of the form

(5 7)
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and we identify A with Ma(k). A short calculation shows that

SU(h)—{( “ Cj)]a,cel}s.t. a2+ef02—1}.

—ce
We fix square roots y/e and /—f. The conjugation with

NG
(% o)

maps SU(R) to SU(h) where the Gram-matrix of A under the standart basis is

0 1
10/
The explicit formula for the map is

( a cf)}_}(a—c\/—ef 0 )
—ce a 0 a+cy—ef |-

Thus a character of SU(h) is of the form

—ce

(a f)Hw+W%W

for some integer z. The inverse of (a + c/—ef) is (a — ev/—ef). If z is positive in the
binomial expansion of (a + ¢v/—ef) the coeffitient in front of /—ef is zero because
V—ef & k because h is anisotropic. Thus a k-rational character y of SU(h) fulfils

x(z) = x(z7)

for all x € SU(h). The density of SU(h) in SU(h) and the connectivity of SU(h) imply
that y is trivial. g.e.d.

If we summarize the two lemmas and the remark we obtain the following proposition.

Proposition .28 X*(SU(h))k, # 1 if and only if m =2 and d =1 and o is orthogonal
and h is isotropic. If o is unitary there is no nontrivial k-rational character of U(h).
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0", 10

((A, V. D), p, ko, h,e,0), 10

(A, V,m,D,d, L | k) simple k-datum, 6
(E, a) an embedding, 74

()

( )# W/

()*, 24

1o, 1-, Lun, 1oz, 39
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Gg, 36

Jar, 39

Juns Junts Jus J_, 38
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Vi, Vo, Vin, Vor, 39
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Xi(Mg, 19
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[a]?, 25

[x]+, 77

A#EW' 29

A#, 24

Ay, 16

Row(s,t), 71

Q, 76

a*, 16

B+s B—; Bun, Bar, 39

Kp, V

Np, v
NG, v
G 15
G+, G_, Gun, Gar, 39
Gg, 37
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H,,, H,, 39
7,76
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B(Gg, k), 37
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(GLp(V), k), 21
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(U(h), k ) 33
1( k), 2
(GE7 )a
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58
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( 2 k’k)’ 33
7,25
ar, 73
aa, 73
g, 47
gdis 47
h, 47
b, 47
Pp, v
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M, ,(t), 71
pairs( ), 71
End(A), 18

B
B
B
B
B
B!
B!
Bl
‘B

109



Index of notation

End(a), 18
Her(A), 72
LC,, (V), 73
LF(::: B), 35
LF(z,G,F), 3
LF(z, GLp(V ) k), 22
(:E GE, ) 37
LF(z,H, ko) = LF(J: Gg, ko), 39

LF(z,U(h), ko), 3

Latt(V,op), 15

Latt; (1), 28

Latt (V), 16

Latt(A), 28

Latt2, (A), 18

Latty,(V), 28

Latt,, (V), 18

Lie(Gg)(k) for E not separable over k,
58

Lie(G)(ko), 37

Lie(H) (ko) for 8 not separable, 58

M,, (D) set of matrices of size n x n with
entries in D, 5

Nrd, 6

ResE|F(V), 91
SU(o), 6

Skew(R, o), 6
Sym(R, o), 6

U(o), 6

Z(G), centre of G, v
Zn (M), centraliser of M in N, v
A" 10

GLp(V), 12

GL,, 10
GLEi@kD(Vi)a 37
G, 37

G, 47

Guna GGL; 39

H, 37
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H(kp) for B not separable, 58

H,, 47

H.n, Hgr, 39
O,, 10
SLp(V), 12
SL,, 10

SO, 10
SU(h), 10, 13
Sp2n7 10
U(h), 10, 13
antidiag(...), 8
lattices(T"), 73
lattices(A), 73
lattices(a), 72
rank([A]), 73
Oun, OGL> 39
e(D | k), v
7D | k), v
hi, 47

hun, har, 39
3%, 40

JiE, 40

Oop, V

Ok, V

N,, v
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