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Abstract

The reasons for the sudden complete failure of a material specimen stressed by external forces
are often long-termed, gradual microscopic material changes. The formation of microscopic
cracks or voids, for instance, are included in such material changes. In comparison to the
expansion of the specimen, the number and the increasingly small size of the microscopic
material changes lead to a high level of detail which makes the accurate simulation of such
damage processes simply impossible. Therefore, reliance is placed on so-called effective models
when performing a simulation. These effective models sufficiently mirror the macroscopic
behavior of the specimen without, however, considering each microscopic material change.

The dissertation at hand deals with the rigorous derivation of such effective models used to
describe damage processes. For different rate-independent damage processes in linear elastic
material these effective models are derived as the asymptotic limit of microscopic models. The
starting point is represented by a unidirectional microstructure evolution model which is based
on a family of ordered admissible microstructures. Each microstructure of that family possesses
the same intrinsic length scale € > 0. To derive an effective model, the limit passage ¢ — 0
is performed with the help of techniques of the two-scale convergence. For this purpose, a
microstructure-regularizing term, which can be understood as a discrete gradient for piecewise
constant functions, is needed to identify the limit model. The microstructure of the effective
model is given pointwisely by a so-called unit cell problem which separates the microscopic
scale from the macroscopic scale.

Based on these homogenization results for unidirectional microstructure evolution models, an
effective model for a brutal damage process is provided. Here, the microstructure consists of
only two phases, namely undamaged material which comprises inclusions of damaged material
with various sizes and shapes. The size of the inclusions is scaled by € > 0 and the unidirectional
microstructure evolution prevents that, for fixed € > 0, the inclusions shrink for progressing
time. According to the unit cell problem, the material of the limit model is then given as a
mixture of damaged and undamaged material. In a specific material point of the limit model,
that unit cell problem does not only define the mixture ratio but also the exact geometrical
mixture distribution.

Then, as a generalization, brutal damage processes are investigated, which allow the modeling
of voids instead of inclusions of damaged material. This means that these considered micro-
scopic defects do not contain any material. Despite the lack of stiffness on the set of all voids,
the applicability of the provided homogenization theory is guaranteed by appropriate contin-
uation operators. By virtue of the unit cell problem, the effective model describes a material
free from voids. Compared to the e-models, the missing defects in the limit model are taken
into account due to the lower stiffness of the effective material.

Last but not least, for an evolution process describing the growth of microscopic cracks, a
macroscopic crack-free model can be derived. In correspondence to the brutal damage model
for voids, the effective model describes a crack-free material. In this case, in every material
point of the limit model, the unit cell problem models a cracked unit cell. This crack geometry
is uniquely determined and varies from point to point.



Zusammenfassung

Die Ursachen fiir das plotzliche totale Versagen einer durch duflere Kréfte beanspruchten Ma-
terialprobe sind h&ufig langfristige, schleichende mikroskopische Materialverdnderungen. Zu
solchen Materialverdnderungen gehdren zum Beispiel die Bildung von mikroskopischen Ris-
sen oder Hohlrdumen. Die Anzahl und die verschwindend geringe Gréfle der mikroskopischen
Materialverinderungen im Vergleich zur Ausdehnung der Probe fiithren zu einem immensen De-
tailgrad, der die realitdtsgetreue numerische Simulation solcher Schidigungsprozesse schlicht
unmoglich macht. Daher verlésst man sich bei der Simulation auf sogenannte effektive Model-
le. Diese effektiven Modelle spiegeln das makroskopische Verhalten der Probe hinreichend gut
wider, ohne allerdings jede mikroskopische Materialverinderung zu beriicksichtigen.

Die vorliegende Dissertation beschéftigt sich mit der rigorosen Herleitung solcher effektiven
Modelle zur Beschreibung von Schidigungsprozessen. Diese effektiven Modelle werden fiir
verschiedene raten-unabhéngige Schiadigungsmodelle linear elastischer Materialien hergeleitet.
Den Ausgangspunkt stellt dabei ein unidirektionales Mikrostrukturevolutionsmodell dar, des-
sen Fundament eine Familie geordneter zuléssiger Mikrostrukturen bildet. Jede Mikrostruktur
dieser Familie besitzt die gleiche intrinsische Lingenskala € > 0. Zur Herleitung eines effektiven
Modells wird der Grenziibergang € — 0 mittels Techniken aus der Theorie der Zwei-Skalen-
Konvergenz durchgefiihrt. Um das Grenzmodell zu identifizieren, bedarf es eines mikrostruktur-
regularisierenden Terms, welcher als diskreter Gradient fiir stiickweise konstante Funktionen
aufgefasst werden kann. Die Mikrostruktur des effektiven Modells ist punktweise durch ein
sogenanntes Einheitszellenproblem gegeben, welches die Mikro- von der Makroskala trennt.

Ausgehend vom Homogenisierungsresultat fiir die unidirektionale Mikrostrukturevolution wird
ein effektives Modell fiir einen Zwei-Phasen-Schidungsprozess hergeleitet. In diesem Fall setzt
sich die Mikrostruktur aus lediglich zwei Phasen zusammen, und zwar aus ungeschidigtem
Material, welches Inklusionen geschidigten Materials verschiedener Form und Grofle enthilt.
Die Grofle der Inklusionen wird mit € > 0 skaliert und die unidirektionale Mikrostrukturevolu-
tion verhindert, dass bei fixiertem ¢ > 0 die Inklusionen fiir fortlaufende Zeit schrumpfen. Das
Material des Grenzmodells ist dann in jedem Punkt als Mischung von ungeschidigtem und
geschidigtem Material durch das Einheitszellenproblem gegeben. Dabei liefert das Einheits-
zellenproblem nicht nur das Mischungsverhéltnis sondern auch die genaue geometrische Mi-
schungsverteilung, die dem effektiven Material des jeweiligen Materialpunktes zugrunde liegt.

Als eine Verallgemeinerung werden anschlieBend Zwei-Phasen-Schidigungsprozesse betrachtet,
die statt (der Inklusionen aus) geschiadigtem Material echte Defekte zulassen, d.h. echte mikro-
skopische Hohlrdume, die keinerlei Material enthalten. Trotz der nicht vorhandenen Steifigkeit
auf der Menge aller Hohlrdume wird mittels geeigneter Fortsetzungsoperatoren die Anwendbar-
keit der Homogenisierungstheorie sichergestellt. Vermoge des Einheitszellenproblems beschreibt
das Grenzmodell ein defektfreies Material. Den im Vergleich zu den e-Modelle fehlenden De-
fekten wird durch die geringere Steifigkeit des effektiven Materials Rechnung getragen.

Abschlieend wird ein effektives Modell fiir die Evolution mikroskopischer Risse hergeleitet.
In Analogie zum Zwei-Phasen-Schiadigungsmodell fiir Defekte beschreibt das Grenzmodell ein
rissfreies Material, welches in jedem Punkt durch das Einheitszellenproblem definiert ist. Dieses
FEinheitszellenproblem modelliert in jedem Punkt des effektiven Modells eine gerissene Einheits-
zelle, wobei die Rissgeometrie eindeutig bestimmt ist und von Punkt zu Punkt variiert.
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Notation and conventions

General notation

eN := set of natural numbers

o7 = set of integers

eR := set of real numbers

oRIUC:={¢ e R™[¢=¢"} fordeN

o0 :=(0,0,...,0), where k € N depends on and follows from the context
—_———
k-components

o1l :=(1,1,...,1), where k € N depends on and follows from the context
—_——
k-components

o0 := zero element of the set Linsym(Rg;Ig; Rg‘;j). The latter contains all

linear, symmetric, and continuous mappings C : R4 — R2xd

sym sym *

Functional analysis

For d € N let O denote an element of the Lebesgue-o-algebra Ly q,(R?). Moreover, let
' C 00 with pg_1(T) > 0, where pg_1 @ Lrep(R¥1) — [0,00] denotes the Lebesgue
measure. Finally, let p € [1,00).

olp :RY — {0, 1}, where 1p(z) =1 if 2 € O and 1p(z) = 0 if z € RN\O
e 17(0) = {v :0O—=R ‘ v is measurable and / |v(z)Pde < oo}
o

e L(0) = {U 0 =R ‘ v is measurable, 3C > 0 such that [v| < C a.e. on O}
e M(O) 1= L™ (O Lingym(RE RED))

¢ K., (O) := functions being piecewise constant w.r.t. the lattice eA; see (2.5)
e WHP(0) := {v e LP(O) ‘the weak derivative Vv is an element of Lp(O)d}

eH'(0) :=W"(0)
)

eHL(O) = {v c HY(0O) ‘ the trace v|r satisfies v|p = 0}
e BV, := functions of bounded total dissipation; see Definition 5.3
LP(O) — LP(RY), v on O,
o () : where v := )
v = v 0 otherwise.
o (") : @"xQ — R dual pairing of the Banach space Q and its dual space Q"

(Note that the specific choice of Q depends on the context.)



Definition of sets

In the following for d € N the symbols A and A’ denote subsets of R.

e Br(x) = {x' c R? ‘ lz—2'|4 < R} forz € R and R > 0

eint(A) = {ZB €A ’ 3R > 0 such that Br(z) C A}

o dist(A, A') := inf {|z—2'|4|x € A and 2’ € A’}

ecl(A) = {x € RY| dist(x, A) = 0}

e A = cl(A)\int(A)

e neigh, (A) := {x € R*| 32’ € A such that = € cl(BA(x'))} for A >0

oIm(7) = {a: € R* |32’ € A such that T(z') = x} for k€ Nand T : A — R*

Conventions

Usage of the term damage variable

In the present work, damage of a body represented by a set Q € Lrp(R?) initiating
at time 0 and progressing until a given time 7" > 0 is captured by a vector valued
variable z : [0, T]xQ — R™; the so-called damage variable. Since it is convenient to
introduce most of the terms involving the evolution models for a variable z : 2 — R™
(also referred to as the damage variable) being independent of ¢ € [0, T, there will be
some inconsistency in the use of the term damage variable.

The relation v < w for v,w : 2 — R™

For v = (v1, v, ..., Um) T, w = (wy,wa, ... ,wy)T 1 © — R™ the relation v < w is defined
as follows:

v<w L vj(zr) <w,;(x) forevery z € Qandall j € {1,2,...,m}.

In the case v, w € L*(2)™ the term for every is replaced by for almost every.

Neglecting the restriction of functions to shorten notation

For O,0" € L1(R?) with O € O and v € LY(O) the term [, v(x)dz has to be
understood as [, v'(z)dx, where v’ := v|or € L}(O'). For w € LP(O) with p € [1, 00],
this “implies” in particular the notation

not.

oy

| Jwle

LP(0)



1 Introduction

Damage, in the sense of a decreasing durability or functionality, appears in almost every
object of our everyday life. In most of the cases its beginning is not noticeable, but in the
worst case scenario damage might result in catastrophic failure. Depending on the use of
a particular structure, damage progression may cause danger for life or economic losses.
Hence, there is a great interest in understanding such processes. The aim of scientific
investigations is the reliable prediction of damage progression in a given structure . Due
to such predictions, the design, functionality, or material of a specific structure can be
optimized to increase its lifetime or to decrease the amount of used resources for its
construction.

Depending on the material of a structure and its scope of use, damage can be the result
of various effects, e.g., external loadings applied on the structure, temperature changes,
chemical reactions, or phase separation. In general, damage results from a combination of
multiple of these effects, which indicates the complexity of modeling damage realistically.
Many damage processes have in common that they start by initiating microscopic cracks
or voids. This occurs on very small scales compared to the expansion of the structure
under consideration. For example, in concrete or rocks typical defects have a size of
1—10cm, whereas in metals, alloys, or ceramics the microscopic defect size varies between
1pm and 10um. The growth of these defects, with respect to time, causes a decrease of
the durability of the considered structure which might result in its total failure after a
certain time. Thus, describing such a process realistically means that all involved effects
need to be modeled on all appearing scales. In general, this is much too complex to be
able to derive reasonable results by an appropriate effort. Therefore, most models in the
theory of damage focus on partial aspects of a damage process.

To indicate the complexity of the damage theory, let us list some of the available results
in the literature. The foundation of nowadays continuum damage mechanics has been
built in [32, 33, 34] and [65], where the authors model the creep fracture of metals with
the help of an internal variable. In [22], the idea of modeling microscopic interactions by
including the gradient of this internal variable is presented. In the context of modeling
crack propagation, [25] introduces the Griffith criterion to decide whether or not a crack
propagates under given forces.

In the framework of continuum damage mechanics the dependence of macroscopic mod-
els on the internal damage variable is phenomenologically motivated, in most of the
cases. Such models are considered in the following references: Concerning the existence
of solutions, [55, 61] present results for rate-independent damage processes of nonlinear
elastic materials in the small strain setting. In general, these solutions are not continu-
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ous with respect to time. For this reason, a novel formulation for such rate-independent
damage models is introduced in [44], which provides a better description of the behavior
of solutions at jumps. At jump points of a solution, this formulation determines the in-
terplay of viscous and rate-independent effects. In the complete damage case [5, 53] yield
existence of solutions for elastic and viscoelastic materials and small strains, whereas
[58] is devoted to the finite-strain setting.

In [28], a phasefield model of Cahn—Hilliard type is coupled with a rate-dependent dam-
age model and its main result provides existence of solutions in the small strain setting.
This result is improved in [29, 30] by allowing also the elastic energy to depend on the
phasefield variable and by enabling the consideration of logarithmic chemical energy
densities.

In the context of modeling the propagation of a single crack in a bulk, [38, 40] depict
the derivation of Griffith formulas for linear elastic materials. Moreover, [41] presents a
rigorously derived Griffith formula for geometrical nonlinear elastic models in the qua-
sistatic setting. Based on energy minimization, the authors of [15] provide an existence
result for the quasistatic crack propagation in brittle materials. Considering the rate-
independent evolution of such a crack, [42] compares solutions based on a local energy
release rate criterion with those based on such a global stability condition. It turns out
that the solutions based on the global stability condition tend to jump earlier than those
based on the local energy release rate criterion.

As already mentioned above, in most of the cases the dependence of macroscopic damage
or crack models on the internal variable is phenomenologically motivated. To improve
such relations, the asymptotic behavior of such microscopic relations is investigated
rigorously. In the case of static periodically distributed cracks and defects, explicit for-
mulas for the effective bulk and surface energy densities are derived in [19]. In [66],
these formulas are supplemented by homogenization results for different scalings of the
microscopic surface energy and the succeeding work [67] improves these results by incor-
porating the non-interpenetration constraint. Among other things, the very recent paper
[12] presents a homogenization result for static periodically distributed cracks satisfying
the non-interpenetration constraint with the help of the unfolding technique. In view of
rigorously motivated macroscopic models, the series [20, 21, 24] establishes a model for a
quasistatic brittle damage process. There, the damage evolution of a two-phase system
is considered where the growing phase models damaged material. The effective material
of the macroscopic model is a mixture of the two phases and is determined with the help
of the so-called G-convergence; see [68].

Concerning numerical simulations, the works below take place in the context of macro-
scopic damage evolution models. In [35, 36, 37], a two-scale evolution model is treated
numerically. There, the evolution of ellipsoidal inclusions of damaged material is modeled
on the microscopic scale, whereas the macroscopic quantities are obtained by averaging
the microscopic ones. In contrast to this approach, in [16] a macroscopic model describ-
ing crack propagation is presented. There, the constitutive relation for the evolution
model is based on a homogenization result for static periodically distributed cracks.



1.1 Outline of this thesis

The thesis at hand contributes to the topic of rigorously deriving effective models by
investigating the asymptotic behavior of microscopic damage progression and crack prop-
agation models. In contrast to the macroscopic descriptions used for numerical simula-
tions mentioned above, the here presented effective constitutive relations are rigorously
derived from microscopic damage evolution models. To our knowledge, in the context
of evolution models for damage there are no results which are rigorously derived and
provide such an explicit structure in the literature so far. Here, we exploit I'-convergence
and unfolding techniques to derive effective damage models for the growth of microscopic
defects or voids as well as effective crack models in the rate-independent setting.

1.1 Outline of this thesis

In the context of presenting the outline of this thesis, we emphasize each chapter’s con-
nection to our main results and highlight the challenges faced in each chapter. A rough
overview reads as follows: The Chapters 2—5 provide the notation and the tools to verify
the homogenization of a unidirectional microstructure evolution model in Chapter 6.
In the Chapters 7-9 this homogenization result is exploited to some extend and partly
extended to derive effective models for different types of damage phenomena. In detail
the outline of this thesis reads as follows:

We start by introducing the basic notation concerning the modeling of damage processes
for linear elastic materials in Chapter 2. Section 2.1 is devoted to the theory of linear
elastic materials, where the deformation of a body €2 is captured by the displacement
field u : [0, T]xQ — R?. In Section 2.2, the family of admissible microstructures building
the foundation of all homogenization results in this thesis is introduced. For modeling
damage we choose the framework of continuum damage mechanics which is based on a
so-called damage variable z : [0, T]xQ — [0, 1]™; see Section 2.4. In the case of modeling
brutal damage the damage set represents a geometrical description for microstructures
and is defined in Section 2.5. Based on this geometrical description, Section 2.6 intro-
duces the notation of the microscopic damage models considered in Chapters 7-8 and
stresses some technicalities occurring there.

The main part of the asymptotic analysis of this thesis is done with respect to the
theory of two-scale convergence developed by G. Nguetseng in [63]. For this reason
Chapter 3 is devoted to the notations, the definitions, and the results concerning two-
scale convergence. In this paper we use the so-called unfolding technique introduced in
[11], which is a dual formulation of the two-scale convergence theory. With the exception
of Section 3.4 all presented results are well known and can be found in [62], for instance.
However, Section 3.4 deals with sequences of admissible microstructures in the sense of
Section 2.2. There, for a suitable chosen sequence of admissible microstructures, a two-
scale limit microstructure is determined with respect to the strong two-scale convergence
in L'. Note that although the two-scale convergence theory was introduced to gain
homogenization results for periodic problems, it is possible to apply this theory in our
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particular non-periodic case, too.

To exploit the asymptotic analysis of Section 3.4 for the microscopic models of the Chap-
ters 6-9, we introduce a microstructure regularization in Chapter 4. The first challenge
to face when regularizing any problem is the choice of the “right” regularization. On the
one hand, we regularize our microscopic models to control the asymptotic behavior of
the considered microstructures. On the other hand, however, one might lose interesting
effects in the limit model if the regularization is too strong. Here, we are able to present
a regularization theory that allows us to keep our explicit description of microstructure
in the limit without losing its variety; for more details see also Section 7.4.

This microstructure regularization is based on a regularization theory concerning piece-
wise constant functions defined on lattices. In Section 4.1, a discrete gradient for piece-
wise constant functions is introduced, which possesses the following property: For a
sequences of piecewise constant functions defined on finer and finer lattices, which addi-
tionally have uniformly bounded discrete gradients, there exists a Sobolev function and
a subsequence such that the subsequence converges strongly to this Sobolev function in
LP. Moreover, the subsequence of discrete gradients converges weakly to the gradient of
the limit Sobolev function in LP. By introducing this discrete gradient as a regulariza-
tion term to the microscopic models of the Chapters 69, their microstructures show the
asymptotic behavior investigated in Section 3.4. Furthermore, this regularization takes
microscopic interactions into account.

The construction of the discrete gradient is inspired by the regularization theory for
so-called broken Sobolev spaces in [8]. There, the authors introduce two terms — a
discrete gradient and a regularization term. The regularization term extracts those
sequences of broken Sobolev functions that converge to a classical Sobolev function,
whereas the discrete gradient of such sequences converges to the gradient of the classical
Sobolev function. While adapting this theory with respect to our needs, we succeeded
in combining the beneficial properties of the discrete gradient and the penalty term of
[8] in only one term, namely, our discrete gradient for piecewise constant functions.

In preparation for formulating the models homogenization is performed for, Chapter 5
is devoted to the energetic formulation of rate-independent systems. This general the-
ory covers a variety of physical phenomena, e.g., linearized elastoplasticity ([27, 62]),
finite-strain elastoplasticity ([50, 51]), phase transformations in shape-memory alloys
([47, 59]), models in ferromagnetism ([17]), delamination problems ([45, 57]), and crack
models ([42, 43]). Section 5.2 focuses on the main notations concerning the energetic
formulation consisting of a stability condition (S) as well as an energy balance (E) and
states the existence of solutions in the here considered case. Moreover, a sufficient
condition guaranteeing the rate independence of a system modeled by the energetic for-
mulation is discussed. Later, the variable underlying the energetic formulation will be
the tuple (u,z) : [0,T]xQ — RYx[0,1]™ consisting of the displacement field and the
damage variable.

In Chapter 6, for a family of unidirectional microstructure evolution models, homog-
enization is performed rigorously. This homogenization result forms the basis for the
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rigorously derived effective damage models of the Chapters 7-9. The microscopic models
of Section 6.1, which are characterized by the intrinsic length scale (denoted by & > 0)
of their microstructure, are set up in an energetic formulation (S°) and (E¢). For fixed
€ > 0, these microscopic models allow for a unidirectional microstructure evolution
with respect to the family of admissible microstructures introduced in Section 2.2. The
microstructure evolution is captured by an internal variable z. : [0,T]xQ — [0,1]™,
whereas the deformation is modeled by the displacement field w. : [0,T]xQ — R
To provide enough regularity with respect to the microstructure, the discrete gradient
of Chapter 4 is incorporated in these models. However, observe that for fixed ¢ > 0
existence of solutions is guaranteed with or without penalty term.

The homogenized models obtained by performing the limit passage ¢ — 0 are formulated
in the subsequent sections. Section 6.2 presents a two-scale limit model defined on 2xY,
where Y denotes the so-called unit cell “capturing” the microscopic behavior of the
sequence of microscopic solutions. In contrast to this, in Section 6.3 a one-scale model
is formulated on €2 again, which is proven to be equivalent to the two-scale model in the
following sense: From any solution of one of these two models a solution of the other one
can be constructed. This equivalence is based on a unit cell problem depending on the
limit internal variable 2y : [0,7]xQ — [0, 1]™. Moreover, this unit cell problem yields an
explicit representation for the microstructure of the one-scale limit model. Due to our
regularization in the microscopic models, the effective microstructure preserves certain
properties of the microscopic ones. In the context of modeling damage, this preservation
will be explained in more detail.

In the Sections 6.4 and 6.5, the rigorous verification of the two-scale limit model of Sec-
tion 6.2 is performed. This is done within the framework of evolutionary I'-convergence
introduced in [56], which relies on the verification of the so-called mutual recovery condi-
tion. The mutual recovery condition requires the construction of certain mutual recovery
sequences ensuring that the limit of a sequence of microscopic solutions satisfies a sta-
bility condition (S°). Here, the crucial part of constructing a mutual recovery sequence
is the provision of the component which is responsible for the internal variable. In par-
ticular, this component has to be constructed such that it respects the irreversibility
constraint posed on damage evolution. This is done in Section 6.4 by extending the
ideas from [61] to the discrete case. In this context, the explicit structure of the dis-
crete gradient for piecewise constant functions is heavily exploited to verify the mutual
recovery condition.

Once the stability of the limit of the sequence of microscopic solutions is ensured, we
perform the limit passage ¢ — 0 for the microscopic models rigorously. This is done
in Section 6.5. For this purpose, a generalized Helly selection principal, similar to that
of [56], is exploited to ensure that there exists a subsequence of (£).~o such that for
any t € [0,7] the subsequence of microscopic solutions converges to the solution of the
two-scale model.

After establishing the homogenization result for the unidirectional microstructure evo-
lution in Chapter 6, the Chapters 7-9 exploit and extend this result to derive effective
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models for different types of damage.

Chapter 7 presents effective models for an irreversible damage evolution, where damage
progression is caused by the growth of microscopic inclusions of damaged material, i.e.,
the inclusions have a significantly lower stiffness than the surrounding material. The
growth of the inclusions is modeled by a time dependent, vector valued damage vari-
able z. : [0,T]xQ — [0,1]™, where its m-components enable the modeling of various
anisotropic inclusions’ geometries; see Subsection 7.1.2 for some examples that are cap-
tured by our approach. Moreover, each component of the vector valued damage variable
might be “equipped” with its own fracture toughness. This contributes to the discus-
sion of how to include anisotropic damage behavior into macroscopic damage models.
In Remark 7.5, the importance of carefully modeling the dissipated energy is stressed.

For a chosen family of admissible microscopic inclusions’ geometries, the effective models
of Section 7.2 and 7.3 are obtained by the homogenization result of Chapter 6. The
effective material of the limit one-scale model in Section 7.3 is given by a unit cell
problem depending on the limit damage variable 2y : [0,7]xQ — [0,1]™. In this way,
the effective material is a mixture of damaged and undamaged material whose actual
distribution for a given time t € [0, 7] and at a certain point z € 2 is prescribed by the
damage variable’s value zy(¢, ). Observe that any value zy(t,z) € [0, 1]™ is associated
to a specific element of the family of admissible geometries chosen for the microscopic
models. In this sense, the limit models are based on the same inclusions’ geometries as
the microscopic ones.

In Section 7.4, our effective one-scale model is compared with the damage model of [24].
There, the authors proved existence of solutions for an effective damage model based
on microstructures consisting only of damaged and undamaged material. Since this is
done without any microstructure regularization, in [24], arbitrary mixtures of these two
phases are allowed. In contrast to our homogenization result, their effective material
in every point is described by a unit cell problem for which the ratio of damaged and
undamaged material is known, but where their actual geometrical distribution is not
prescribed.

In Chapter 8, the results of the previous chapter, obtained for inclusions of damaged
material, are extended to the case of modeling microscopic voids. For this purpose, in
the microscopic model the damage variable z. : [0, 7] x§2 — [0, 1]™ is associated to a non-
periodically perforated, time dependent domain modeling the linear elastic body under
consideration; see Subsection 8.1.1. Due to this time dependence, the state space of the
displacement field varies with respect to time which causes difficulties when identifying
the limit state space, for instance. To solve this problem, a continuation operator is
introduced which, in dependence on the damage variable associated to the perforated
domain, extends every displacement field to the fixed domain 2, again. Although the
microscopic voids might vary dramatically with respect to their size and shape, for the
sequence (ue, 2 )e>o of microscopic solutions we succeeded in constructing an extension
such that (u.).~o is uniformly bounded in H!. Observe that this uniform bound holds,
although for ¢ — 0 the number of microscopic voids tends to infinity, whereas their
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diameter converges to zero. Moreover, this continuation theory enables us to ensure
uniform coercivity on the whole set 2 for the microscopic energy functionals.

Since the microscopic models introduced in Subsection 8.1.3 deal with time dependent,
non-periodically perforated domains, Subsection 8.1.2 addresses the modeling of external
forces on such domains. The discussion on the potential defects’ geometries that are
captured by our approach is done in Subsection 8.1.4. In contrast to Chapter 7, where
inclusions of weak material are allowed to emerge in areas of undamaged material, we
here need to assume preexisting voids in general. That generally means that the theory
of Chapter 8 does not allow for hole initiation. In other words, even the state z. = 1
modeling undamaged material is associated to an already perforated domain, where
the preexisting microscopic voids grow with respect to time. Only in a specific scalar
case (with respect to the damage variable) we are able to model hole initiation; see
Remark 8.3 and Example 8.11.

By modifying the homogenization theory of Chapter 6 carefully, we are able to derive
an effective two-scale model which is presented in Section 8.2. This two-scale model is
formulated on 2xY. However, due to our homogenization approach, the microscopic
voids of the microscopic models are “shifted” to the second scale, i.e., for almost every
x € Q the set {x}xY contains a subset of zero stiffness whose shape and size at time
t € [0,T7] is uniquely described by the value zo(¢, ) of the limit damage variable. Since
the perforated domains considered in the microscopic models require the assumption
of an additional zero Neumann boundary condition on the boundary of each void, the
limit external loading is affected by the microscopic scale, too. This is different to the
previous homogenization results, where the limit external loading is only affected by the
macroscopic scale.

Assuming the term of the external loading depending on the microscopic scale to be zero
in the effective two-scale model, we are able to formulate an equivalent one-scale model;
see Section 8.3. As in the previous homogenization results this effective one-scale model
is based on a unit cell problem. In dependence on the limit damage variable’s value
2o(t, x) at (t,z) € [0, T]xS the unit cell problem has to be solved with respect to a unit
cell Y occupied by the initially chosen material, which contains a void whose size and
shape is uniquely given by zo(t, z). According to our continuation theory we are able to
show that this effective material possesses positive stiffness at any time ¢ € [0, 7] and in
almost every point x € Q.

Chapter 9 is devoted to the modeling of cracks. More precise, in Section 9.1 we introduce
microscopic models allowing for the propagation of various microscopic cracks. For this
purpose, the damage variable z.(t) :  — [0, 1]™ is associated to a set C.(2.(t)) consisting
of various small hypersurfaces modeling microscopic cracks. Since the body 2 at time
t € [0, T] contains the cracks C.(2.(t)), the displacement field u.(¢) : Q — R? might have
a jump on C.(z.(t)). According to this relation, the displacement field depends on the
damage variable. Similar to Chapter 8, we do not allow for crack initiation, i.e., the
initial configuration is given by a body containing preexisting cracks.

By performing the limit passage ¢ — 0, we provide an effective two-scale model which
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is formulated in Section 9.2. For passing € to zero rigorously, a compactness result
is presented in Subsection 9.1.1. This result enables us to identify the two-scale limit
functions of sequences (u.(t)).so of displacement fields u.(¢) : © — R? having jumps on
the non-periodic set C.(2.(t)). In this way, the compactness result motivates the choice
of the two-scale limit function space in Section 9.2. To derive the effective model of
Section 9.2 rigorously, for any function of the two-scale limit function space a mutual
recovery sequence (U, Z: )0 needs to be constructed. The construction of (Z.).~¢ can
be done as in the Chapters 6-8. When constructing (. ).~o, it needs to be ensured that
U only jumps on the prescribed set C.(2.). This is done in Subsection 9.1.2.

Similar to the result of Chapter 8, the limit external loading of the two-scale effective
model is affected by the microscopic scale, too. Hence, only by assuming the term of the
external loading depending on the microscopic scale to be zero, we are able to present
an equivalent one-scale model; see Section 9.3. According to the homogenization theory
of Chapter 6, the effective material is described by a unit cell problem. Although the
unit cell in € Q at time ¢ € [0, 7] contains a crack whose size is related to the damage
variable’s value zy(t, x), the effective material of the one-scale model is free from cracks.

Finally, this thesis concludes with Chapter 10 which provides an outlook on tasks that
seem to be interesting for future works.
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2.1 Linear elasticity

This section introduces the notation from the continuum mechanics of solids to describe
the quasistatic evolution of a linear elastic body. For this purpose, all appearing terms
are assumed to be as smooth as necessary and for the derivation of the individual rela-
tions we refer to [9].

In this thesis we deal with evolution processes of solids, whose initial shape is represented
by a domain Q C R? - the so-called reference configuration. Hence, at the beginning of
the evolution € is the subset of R? which is occupied by material. The main assumptions
on the set €2, which are assumed to hold in the whole thesis, are the following:

The set Q C R? is assumed to be open, connected, bounded, and (2.1)
has a locally Lipschitz boundary 952; see Definition 2.1 below. '

Definition 2.1 (Locally Lipschitz boundary). A bounded set O C R? has a locally
Lipschitz boundary, if for each point x € 0O there exists a neighborhood N, such that
N, N OS2 is the graph of a Lipschitz continuous function.

In the case of a linear elastic body its material properties are described by a symmetric,
positive definite tensor C : Q — Ling,, (R4 RIX) of fourth order. To describe the

Sym)? —sym
deformation of the material occupying the body €2 with respect to time, the so-called

displacement field u : [0, T]xQ — R? is introduced such that the vector u(t,r) € R?

Figure 2.1: The displacement field u : [0, T]xQ — R%

11
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denotes the displacement of the reference configuration’s point x € Q at time ¢ € [0, T7;
see Figure 2.1. Thus, a local measure of the strain induced by the displacement field
is given by the Green-St. Venant strain tensor

E(u) := %(Vu—l—(Vu)T - (VU)TVu).

In the small strain setting the displacement field’s gradient is assumed to be small such
that the quadratic term (Vu)?Vu is negligible. In this case the linearized stain tensor

e(u) := §(Vut(Vu)") (2.2)

is a sufficiently good approximation of E(u). Now, we are in the position to formulate the
quasi static evolution of a linear elastic body, which is fixed on a part I'p;, of its boundary
09Q. This quasi static setting requires the external loadings /g : [0,T]xQ — R¢ and
lry 1 [0, T)xI'x — R4, Ty := 0Q\'pir, to be slowly varying with respect to time. Thus,
the linear elastic, quasi static deformation of a body €2 is described by the displacement
field u : [0, T]xQ — R satisfying for all t € [0, T] the following equations of equilibrium:

—div(Ce(u(t))) = lo(t) on €,
u(t) =0 on I'py, (2.3)
(Ce(u(t)))nry = fry(t) on Ty,

where npy : I'y — R? denotes the outward unit normal vector on I'y.

Remark 2.2. Observe that for the sake of shorten the notation, from now on we are
always going to assume that the displacement field takes the value zero on U'py.. To intro-
duce a time dependent boundary value g : [0, T|xI'p; — RY one might use the splitting
U =wu+g. Here, §:[0,T]xQ — R? denotes a suitable extension of g : [0, T]xI'p; — R?
chosen as smooth as mecessary. Applying this splitting to the results obtained in this
thesis, they still hold true for the time dependent boundary value g : [0, T]xT'py — R%;
see also Remark 8.8.

2.2 Microstructure

In this thesis, microstructure is understood as the heterogeneity of the material occu-
pied body 2. In other words, the term microstructure refers to the actual shape of
the material properties’ describing fourth order tensor C e M(2). This heterogeneity
either arises from one material in different phases or from several materials appearing in
different phases. In the following our assumptions on the microstructure are introduced.

In experiments, it is observed that microstructures often have an intrinsic length scale.
Descriptively this length scale is related to the smallest homogeneous set of material
being part of the microstructure. All models showing up such an intrinsic length scale
are termed as microscopic models in the following. According to the huge variety of

12
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Figure 2.2: K. (€2) prohibits its elements to take different values on A and B.

heterogeneity appearing in nature, modeling of microstructure in this general setting is
hopeless and some approximation is needed. One very common kind of such an approx-
imative microstructure is the periodic one. Here, the intrinsic length scale, denoted by
e > 0, is associated to the size of cells e(A+Y") occupying the bounded open domain
Q) C RY, where for an arbitrary basis {by, by, ..., by} of R?

Y = {y ERI |y =3 kibi, k; € [0, 1)}, (pa(Y) = 1)

i=1

denotes the so-called unit cell, which in this thesis is assumed to have volume 1. More-
over, A is an element of the periodic lattice

d
A= {)\ERdM:Zkibi?kieZ}.

=1

In the periodic case, all cells with e(A4+Y)NQ # () contain the same specific distribution
of the appearing materials and their phases. That means, in this case the material tensor
CPr € M(Q) is based on a tensor Cy € M(Y') given on the unit cell Y, i.e., for almost
every x € 2 it holds

CPer(a) o= CB(2). (2.4)

£

Here, C)" € M(R?) denotes the periodic extension of the tensor Cy € M(Y). In the
context of damage models we are going to consider microstructure evolution according
to an internal variable; see (2.8). This evolution is considered with respect to a given
family of admissible microstructures gained by generalizing the periodic ansatz in the
following way: For m € N let C : [0,1]™ — M(Y) be given and define the set of
piecewise constant functions K. (€2; [0, 1]™) by

Ko () :={v e LYQ) |37 € KA(RY) : 7]q = v}, (2.5)
where

KA (RY) := {0 € L"RY) | VA € A : D]y = const}.

13
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0 0
by
Y
by
(2) = Cy on Y\Bpr1-2)(ye)
(2) = C on Br1-2)(yc)

C consists of two constant  Ce(z.) for z. € KA (€2 0,1]) Cper:= C.(1)
tensors C; and C, with z. Z const

o

Figure 2.3: Comparison of a specific (d = 2, m = 1) admissible microstructures in the
sense of (2.6) with the periodic case.

Then for z. € K. (€;[0,1]™) an element C. = C.(z.) € M(Q) of the family of admissible
microstructures for almost every = € €1 is defined by

~ per

Ce(w) = Celze) (@) = (Cla(a))) ™ (), (2.6)

where for Z € [0,1]™ the term (C(2))P* € M(R%) again denotes the periodic extension
of C(2) € M(Y). Since z. € K. (9;[0,1]™) may vary from one cell to another, this
definition allows for non-periodic coefficients. Later, these non-periodic coefficients are
used to model various distributions of material defects, where the size and the shape of
a particular defect in a cell e(A+Y") C  is encoded in the value 2 := z.|.(\1y).
Remark 2.3. Note that for fized ¢ > 0 the set K A(£2;1]0,1]™) is finite dimensional.
Hence, the strong and weak topology are the same and for z, (zs)s=o C Kea(€; [0, 1]™) the
convergence zs — z in Koo (€250, 1]™) is understood as the convergence of the sequences
of parameters (25)5s0, with 25 = Zs|-0vyns to the parameters 2 = z|.(\py)na for
all cells with e(A+Y)NQ # 0. Note that zs — z in Ko (Q; [0, 1]™) is equivalent to zs — =z
in LI(Q)™ for any q € [1,00).

2.3 Homogenization

Roughly spoken, in the classical homogenization theory one deals with a family of pa-
rameter dependent problems and the aim is the derivation of an effective problem being
independent of this parameter but capturing the family’s properties in a sufficiently
good way. In our case the parameter denotes the intrinsic length scale of a linear elastic
solid and, naturally, its size is very small compared to the size of the considered body
). Together with the possibly complicated shape of the microstructure this leads, for
instance, to problems in the numerical investigation of such microstructures. Therefore,
the derivation of an effective description being independent of the intrinsic length scale
is a meaningful task.

14
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As an example we are now considering the static deformation of a linear elastic body €2
with periodic material coefficients CP'(-) = Cy™(2) € M(Q) (see (2.4)), i.e., we would
like to apply the theory of homogenization to the family (P(e)).~o of elliptic boundary
value problems P(g) given as follows:

For ¢ > 0 let u. € H{,__(Q)? denote the weak solution of

—div(Cte(u.)) = o on €,
Ue = 0 on 1_‘Dira P(E)

(Cre(ue))nry = fry onI'y,

where nr, : I'vy — R? denotes the outward unit normal vector on I'y. Regarding the
classical homogenization considering periodic coefficients, a rigorous result is gained via
the two-scale convergence introduced by G. Nguetseng in [63]. This result states that if
Cy € M(Y) (see (2.4)) is uniformly positive definite and if u. € Hy_ (€)% is the weak
solution of P(g), then there exists a function uo € Hy__ (22)? such that

e in I‘I1 . Q s
Ue — Ug 1 FDII‘( ) ( 7)
C‘E’ere(

us) = Cie(ug) in L2(Q)"

and uy € HE__(Q)? is the weak solution of P(0), which is obtained from P(e) by replacing
the periodic tensor CP(-) = CY™ (%) by the constant tensor CIF" € Lingym (R RE<T)
defined via the so-called unit cell problem: For every & € ngxnil

(Ce6.€) 1= min { [ (Cy )€+ e (0) ). § + ey (v)())axady}:

Here, the minimum is taken with respect to all functions v € H}  (cl(Y)))? having zero
average on Y, i.e., [y v(y)dy = 0. In this case, homogenization results in an effective
problem P(0) modeling the elastic deformation of a body € consisting of homogeneously
distributed material model by C* € M(Q), where C" := C9" on Q. Therefore, the
effective model P(0) possesses no intrinsic length scale, but according to (2.7) it acts as

a good approximation of P(e) for € > 0 sufficiently small.

As already mentioned in Section 2.2, in this thesis we deal with microstructure evolu-
tion modeled by the time-wise behavior of an internal variable. This means that for a
specific intrinsic length scale ¢ > 0 we are going to consider non-periodic microstruc-
tures modeled by C.(z.(t)) € M() (see (2.6)), where z.(t) € K.A(£2;]0,1]™) denotes
the internal variable that may evolve in time. In this case, homogenization of a family
of problems involving such microstructures is understood as the investigation of their
asymptotic behavior for ¢ tending to zero. Here, the term homogenization is justified by
the fact that the effective model is e-independent and preserves the characteristic of the
e-dependent microstructure (see Section 6.2, for instance), although it will turn out that
the effective material tensor is not constant and hence does not model a homogeneous
material.

15
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2.4 Modeling of damage

Mechanical models describing damage processes in solids go back to the work by L.M.
Kachanov ([32, 33, 34]) and Yu.N. Rabotnov ([65]). There, in the context of creep dam-
age of metals the authors provided the basis for the large branch of modern continuum
damage mechanics. The basic idea for these models translated in our setting can be
summarized as follows: Every point of the solid has a certain stiffness, which serves as
an indicator for the damage state of the respective point. High stiffness is interpreted as
the presence of a small amount of damaged material, whereas low stiffness is associated
with highly progressed damage. In continuum damage mechanics, a damage variable
z [0, T]x€Q — [0,1]™ is introduced that on the macroscopic level represents this local
damage state. Moreover, constitutive relations

C(t) = C(2(1)) (2.8)

are postulated that describe the dependence of the material constants on these damage
variables and enter the equations of equilibrium; see (2.3). In the scalar case the damage
variable takes values between 0 and 1, where the value 1 is related to completely undam-
aged material whereas the value 0 models the maximal amount of damage. Generally,
the actual relation between the damage variable’s value and the material depends on
the specific model being under investigation; see Chapter 7 and 8, for instance.

However, in any case we are going to consider a unidirectional damage evolution, i.e., if
a point x € Q has taken a certain amount of damage at the time ¢ € [0, 7] this damage
state must not decrease for ongoing time. For this purpose, we assume the material
tensor C(-) of (2.8) to be monotone increasing with respect to the damage variable, i.e.:

For all zq, 25 : Q — [0, 1]™ with z; > 25 and every
e R;?;;f it holds (C(21)&, &) axa = (C(22)&, &) axa-

Therefore, forcing the damage variable z : [0, T]x§2 — [0, 1]™ to be monotone decreas-
ing with respect to time guarantees that the damage evolution is unidirectional. This
assumption on the monotonicity of the damage variable must be ensured by the evolu-
tion law which is chosen to describe its temporal behavior; see Example 2.4 below, for
instance.

(2.9)

This approach leads to damage models of phase-field type with the damage variable as
the phase field variable. The full damage evolution model consists of the macroscopic
momentum balance (2.3) with C(¢) = C(z(t)) that is coupled with a suitable evolution
law for the damage variable. As an example for the type of evolution laws we have in
mind, we are now going to consider the following flow rule in the case of a scalar damage
variable.

Example 2.4 (Flow rule for a scalar damage variable). Let z : [0, T]x€ — [0, 1] denote
a scalar damage variable. Then, for a positive definite tensor C € Lingym, (RE5%; RE:Y)

and a given 0 > 0 we assume the constitutive relation (2.8) to be given by the phe-
nomenologically motivated ansatz C(z(t)) := (2(¢t)+6)C. For x > 0, 3 > 0, and
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A,z(t) = div(|Vz(t)[P72Vz(¢)) the evolution law modeling the time-wise behavior of
the damage variable we have in mind reads as follows:

0 € —k+B2(t) + Osund (00,01 (2(1))
+ 5(Ce(u(t)), e(u(t)))axa — Dpz(t) + Osunljo,00) (2(t)) on €, (2.10)
0=(Vz(t),ns0)a on 02,

Here, ngo : 020 — R? denotes the outward unit normal vector on € and the indicator
function I(_g : R = {0, 00} of the interval (—oo, 0] and its associated subdifferential
Osubl (0,0 : R = Lien(R) are given by:

0 ifw<0 {0} if v <0,
if v , )

I (v) = T and  Osupl(—c0,0)(v) :=  [0,00) if v =0,

' oo if v >0, ’ 0 £ >0

if v )

Moreover, it is Jjg o) (V) 1= (—s00)(—v) and it holds Osbl[0,00)(V) = —Osubd(—o0,0(—V)-
The so-called flow rule (2.10) is chosen such that the subdifferential Ogup/(—c0,0](£(t)) ac-
counts for the irreversibility of the damage evolution, since it forces the damage variable
to be a monotonously decreasing function with respect to time. Therefore, for a suitable
chosen initial condition 2° with 2 < 1 on Q, the damage variable z : [0,T]xQ — [0,1]
with 2(0) = 2" cannot exceed the value 1 at any time. Moreover, the second subdif-
ferential 01jp «)(2(t)) entering (2.10) prevents the damage variable from taking negative
values, such that altogether z(¢) € [0, 1] for any ¢ € [0, T]. Finally, the damage gradient
Vz(t) is incorporated to model microscopic interactions. Due to its benefits in numerical
simulations, the damage gradient was used first in [22]. Also many engineering works
take advantage of the damage gradient; see [4, 26|, for instance.

In the following we are going to consider only the rate-independent case, i.e., we set
B = 0. By introducing the energy functional € : [0, T]xH}_ (Q)4xWr(Q;[0,1]) — R
and the dissipation potential R : Wh?(£2; [0, 1]) — [0, oc] via

E(t,u, 2) == 5(2+0)(Ce(u), e(w))axa + 5| V2| + Lo,00)(2) = ((1), u)

and
klv(z)|dz if v <0,

R(v) = /Q

00 otherwise
the weak formulation of the coupled system (2.3) and (2.10) is given by

{ 0 = DE(t,ul(t), 2(t)) in (Hp, ()9,

0 € DE(t,u(t), 2(t)) + dapR(2(t))  in (WHP(;10,1]))". (2.11)

In specific cases this subdifferential formulation of a rate-independent process is equiva-
lent to the so-called energetic formulation which is the framework rate-independent evo-
lution processes of this thesis are modeled in; see Chapter 5. In general, this energetic
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formulation represents a proper generalization of the subdifferential formulation (2.11);
see [47, 52, 60]. For taking various types of microstructures into account, the here
considered constitutive relation of the damage variable and the material tensor will be
replaced by more complicated ones in the following.

2.5 Damage set for brutal damage models

Brutal damage models are widely used in the modeling brittle solids like concrete; see
[20, 21, 35, 36, 37|, for instance. Here, the term brutal emphasizes the occurrence
of a sharp interface between damaged and undamaged material. For simplicity, the
damaged as well as the undamaged material are assumed to consist of only one phase,
i.e., for a given damage variable z : Q — [0,1]™ the material tensor CP(z) € M(Q) is
a piecewise constant function on 2, taking either the value Cgong € Lingym (RE$E; REXT)

Sym >~ sym

or Cyear € Lingym (RE: REXT). These tensors are chosen such that for all & € R&:! it
holds

0 S <Cweak€7§>d><d S <Cstr0ng§7£>d><d-

As indicated by the subscript strong, the material associated to the tensor Cgpong repre-
sents undamaged material, whereas C,, models damaged material. According to this
assumption the subset of damaged material QP (z) C  is given by

QP(2) == {2 € Q| C(2)(z) = Cyear} (2.12)
and is referred to as the damage set in the following. By writing CP(z) € M(Q) as

(CD(Z) = ]lQ\QD(z)(Cstrong + ]IQD(z)Cweak (213)

the fact that the damage evolution is unidirectional (see (2.9)) results in the following
monotonicity constraint on the damage set:

For all 21,2 : Q — [0,1]™ with 2; > 2 it holds QP(z;) C QP (2y). (2.14)

Remark 2.5 (Modeling of voids, i.e., Cyeax = Q). As already mentioned in Section 2.4
for a given damage variable z : Q — [0,1]™ the linear elastic deformation of the body
Q with respect to the material tensor CP(z) € M(Q) is considered; see (2.13). Since
Chapter 8 examines damage processes which model the growth of microscopic voids, we
are going to assume Cyea. = Q. However, in this case the damage set QP (z) (see (2.12))
contains no material such that actually we are interested in the linear elastic deformation
of the body Q\QP(z) with respect to the material tensor Cyyong € M(Q\QP(2)). Hence,
it is reasonable to assume that for all z : Q — [0,1]™ the set Q\QP(z) is connected.
Since the linear elastic deformation of such a body Q\Q(2) is modeled by the boundary
value problem (2.3), we need to ensure that for all damage variables z : Q — [0,1]™
it holds cl(QP(2)) N OQ = (. Otherwise the assumptions on the boundary value of the
displacement field are not well defined.
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2.6 Microscopic damage models

This section is in preparation for the homogenization results presented in the Chapters 7
and 8. There, homogenization is performed for a family of microscopic brutal damage
models whose underlying microstructures are similar to the non-periodic ones introduced
in (2.6). However, to take the technicalities mentioned in Remark 2.5 into account, we
have to modify the microstructure defining tensors of Section 2.2. For this purpose, we
introduce the subsets

A ={heN:eQ+cd(Y)CQ} and AF:={deA:c(+Y)NQ#D} (2.15)

of A. Thus, the cells intersecting €2 are given by e(A+Y’) for A € A, whereas cells
e(A+Y) with A € A are completely contained in €. The sets QF and Q- unifying all
these cells are defined via

QF = |J e(M+Y). (2.16)

1>
NEAT

Note that assumption (2.1) implies
lim (1a(Q\Q) + pa(0\Q5)) = 0. (2.17)

In particular this condition is crucial when introducing the two-scale convergence with
the help of the so-called periodic unfolding operator (see [62] Section 2).

Like in Section 2.2 an admissible microstructure is based on a given tensor valued map-
ping CP : [0,1]™ — L®(Y; {Cqtrongs Cuwear }). Here, we already incorporated the fact that
we are interested in brutal damage models, i.e., CP(2) for Z € [0,1)™ takes either the
value Cgtrong OF Cyeax. Similar to (2.6) for a given damage variable z. € K. (€;[0,1]™)
the microstructure determining tensor CP(z.) is defined by

(CP(ee(@))(2) ifzeQr,

CP(z.)(7) =
()(e) Cstrong if z € Q\Q_.

(2.18)

In comparison to (2.6) this description only differs on the set Q\Q-. However, as we
will see in Remark 2.7 below, this slight modification ensures that the boundary value
assumptions on the microscopic displacement fields are well defined independently of the
choice of the tensor Cyeak-

With the help of the damage set introduced in Section 2.5 we now replace the analytical
description (2.18) of admissible microstructures by a geometrical one. This geometrical
description simplifies the illustration and might be the more natural way of understand-
ing microstructure. For this purpose, let Lre,(Y') denote the Lebesgue-c-algebra of the
set Y and introduce the set valued function L : [0,1]™ — Lip(Y) for Z € [0,1]™ by
L(%) == {y € Y|CP(2)(y) = Cuyear} such that CP : [0,1]™ — L=(Y; {Cutrong, Cuwear }) for
almost every y € Y reads as follows:

CP(2)(y) = Ly\1(5)(¥)Cstrons + 12(5)(y) Crvealc (2.19)
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2 Mechanical background and notation

Moreover, following (2.12) for 2°* := z.|.(\+y), where A € A7, we find

OP(z.) = U, 6()\ + L(z‘f’\)). (2.20)

Example 2.6. For gaining a microstructure consisting of balls of different size, the map-
ping L : [0,1] = Lip(Y) is defined by L(Z) := B,(z)(y.), where y. € int(Y") is the center
of the ball B,:)(y.) with radius r(2). Moreover, R > 0 needs to be chosen such that
Br(y.) C Y. If r 1 [0,1] — [0, R] is a non-increasing function, then condition (2.21) be-
low is satisfied, i.e., r(2) := (1—2) R, for instance. Thus, for a suitable z. € K. (; [0, 1])
the damage set Q22(2.) is given by the union of the red balls of the center illustration in
Figure 2.2.

According to the identity (2.20) all admissible geometries of damage sets are determined
by the image of the function L : [0,1]™ — L, (Y). Combining this description with
the monotonicity condition (2.14) shows that L : [0,1]" — Lr(Y) has to be a non-
increasing function in the sense of set inclusions, i.e.:

For all Z2; < 23 € [0,1]™ the set inclusion L(Zy) C L(Z;) holds. (2.21)

Since the given tensor valued mapping CP . 0,1]™ — L®(Y; {Cstrong, Cyeak }) is uniquely
characterized by the set valued function L : [0,1]™ — L, (Y), for z. € Koa (5[0, 1]™)
the tensor CP(z.) € M(Q) describing an admissible microstructure reads as follows:

C2(2) == Lonap(z.)Cstrong + Lap(z.)Cuveak

Remark 2.7. (a) According to (2.20) for a given damage variable z. € KoA(€;[0,1]™)
the damage set QP (z.) only depends on z:|-(\yy for X € AZ. In other words, two damage
variables being elements of Ko (€25 [0, 1)™) and differing only on Q\ 2 lead to the same
damage set and the subset 2\ Q- of Q never contains any damaged material for every
e > 0 and any damage variable.

Analogously the tensor C?(zg) takes the constant value Cgyong 0n the set Q\ €2 indepen-
dently of z. € Kca(£2;]0,1]™), such that two functions z1, zo € Kca (€25 [0, 1]™) satisfying
21|q- = zalq- yield the same microstructure.

(b) In the case of modeling voids, i.e., Cyeax = O, Remark 2.5 asks for
dist(L(0),0Y) > 0

to guarantee that Q\QP(z.) for all z. € K. (9;]0,1]™) is connected. By recalling
OP(z.) C QF, this assumption obviously implies cl(QP(2.)) N O = O for any dam-
age variable z. € K.A(2;[0,1]™). Therefore, the elliptic boundary value problem (2.3)
with C := CP(z.) is well defined for all z. € K.z (:[0,1)™) and independently of the
choice of Cyeax-
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3 Two-scale convergence

All homogenization results presented in this thesis rely on the two-scale convergence
developed by Nguetseng in [63]. For this purpose, this chapter introduces everything
needed concerning the notation and the theory of folding/unfolding and two-scale conver-
gence but does not claim completeness. For further details we recommend to [2, 11, 13].

3.1 Folding and periodic unfolding operator

This section provides the basic definitions and notations needed to introduce two-scale
convergence. Two-scale convergence is linked to a suitable two-scale embedding of the
one-scale space LP(Q) into the two-scale space LP(R¥xY’). Such an embedding is called
periodic unfolding operator. Roughly spoken, by unfolding a one-scale function its
“macroscopic behavior” is shifted to one scale, whereas its “microscopic behavior” is
shifted to a second scale. This decomposition is based on the periodic lattice A, the unit
cell Y introduced in Section 2.2, and the following mappings:

[y RTP—= A, {}y R*'= Y, and z=[z], + {2}, forallxecR%

For A € A and z € \+Y C R? it holds [z]y = A and {z}, € Y is determined by
{z}, = x—[z]r. Moreover, for £ > 0 and z € R? we have the following decomposition:

X

and V.(z) = {}Y (3.1)

v = N.(z) +eVo(z), with No(z) =¢ |~ -

3

A

Figure 3.1: The mappings -] : R — A and {-}y : R - Y.
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3 Two-scale convergence

where N.(z) = e denotes the vertex e\ € A of the cell e(A+Y) = N.(z)+eY that
contains z, and V.(z) is the microscopic part of x in Y. Following the lines in [69], for
Y := R%/, denoting the periodicity cell we introduce the mappings J. and K. as follows:

7 RY — RixY, [ RIxY — RY
Tl o= (Ne(w),Ve(2), T (wy) = Ne(z) +ey,

where in the last sum y € ) is identified with y € Y € R%. Now we are in the position
to define the periodic unfolding operator which was introduced first in [11].

Definition 3.1 (Unfolding operator (see [11])). Let ¢ > 0 and p € [1,00]. Then the
periodic unfolding operator Tz is defined via

T. . LP(Q) — LP(RIXY); v = v™ o K...

For all p, q,r € [1, 0] with %—i—% = % the periodic unfolding operator fulfills the following
product rule:

If v; € LP(Q) and vy, € LU(Q), then Tz (vivy) = (Tov1)(Tevs) € LT(RIxY).

Observe that for any function v € LP(£2) the support of Tov € LP(R?xY’) is contained in
the closure of the set [QxY]_:= K H(Q) = {(z,y)|K:(z,y) € Q} which is no subset of
QxY. Before introducing the two-scale convergence based on the unfolding operator, a

folding operator is defined, which turns out to be the adjoint of the unfolding operator.
For details see [62].

Definition 3.2 (Folding operator (see [62])). Let € > 0, let p € [1,00), and let the
projection P. : LP(RIxY) — K.z (REGLP(Y)) to piecewise constant functions in the x-
component be given by

PV(y)i=f V(@

x)+eY
where 44 g(a)da := m [19(a)da denotes the average of a function g over the set A
with pug(A) > 0. Then the folding operator FP) is defined via:

FOLP(RIXY) = L(Q); Voo [(Pe(ljar. V) o T2

Q°

Note that due to the product Ljgyy).V € LP(R?xY"), the folded function FP'V € LP(1)
only depends on V'|jqxy)., which fits to the observation that for v € L?(£2) the support of
the unfolded function 7.v € LP(R¢xY) is contained in [(2xY].. Moreover, the properties
PAaxy. = ljaxy). and supp(ljaxy). © J=) = cl(Q?) ensure that the support of the
function in the square brackets is contained in cl(€2). The following proposition lists
basic properties of the periodic unfolding operator and the folding operator which can
be proven by decomposing R? into Uycpe(A+Y).

Proposition 3.3 (Properties of the unfolding and folding operator (see [62])). Let e > 0
and p € (1,00). Then the periodic unfolding operator T; : LP(Q) — LP(RIxY') and the
folding operator FP) : LP(RIxY) — LP(Q) have the following properties:
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3.2 Strong and weak two-scale convergence

| Tev|lie@axyy = |[v]lLr) and supp(Tev) C cl([QxY]),) for all v € LP(€2).
[ FPV Loy < |V ILr@axyy for all V€ LP(RXY).
Let p' := z%' Then F*) is the adjoint of Tz, i.e., F&¥) = (TZ).

idps(o) and (To o FP)2 =T, 0 FP) = Lioxy), P--

—
oL
o
3
©)

~
I

3.2 Strong and weak two-scale convergence

Following the lines in [62], we will now use the periodic unfolding operator to introduce
the kind of two-scale convergence, which is used here; the strong and weak two-scale
convergence, respectively. Moreover, we state the main results, i.e., Proposition 3.5 and
Corollary 3.6, concerning the two-scale convergence needed in the following.

Definition 3.4 (Strong and weak two-scale convergence (see [62])). Let p € [1,00).

(a) A sequence (v:)eso C LP(Q) converges strongly two-scale to a function VelLP(Q2xY)
in LP(QXY) (notation: v. =V in LP(QxY)), if Tove — Ve in LP(RIXY).

)
(b) A sequence (v:)e~0 C LP(§2) converges weakly two-scale to a function V- € LP(QxY)
in LP(QxY) (notation: v. =V in LP(QXY)), if Tov. — V™ in LP(R4xY).

For all € > 0 the support of the function 7v. € LP(R?xY) is contained in the set
c([QxY].) C cl(F)xY; see (2.16). This inclusion results in the fact that the sup-
port of a possible accumulation point V' € LP(RYxY) of the sequence (7:v.).¢ has to
be in cl(Q)xY, since pga(QF\Q) — 0. According to py(9€) = 0 the function spaces
LP(2xY) and LP(cl(Q)xY") coincide and hence every accumulation point of (7:vc)eso
can be uniquely identified with an element of LP(2xY"). However, be aware of the ne-
cessity of determining two-scale convergence with respect to the space LP(R¢xY’) and
not with respect to LP(Q2xY"). We refer to [62], where in Example 2.3 it is shown that
convergence in LP(2xY") is not sufficient.

Exploiting Proposition 3.3(c), an equivalent description of the weak two-scale conver-

gence for p € (1,00) and p' := p%l reads as follows:

v BV in IP(QXY) o /Q wFWdr =4 [ vwdyde YW e L ®xY).
XY

Since the one-scale function .Fép/)W only depends on Wligxy]. it is sufficient to check
this convergence only for all W € Lp/(cl(Qjo) xY'), where €9 > 0 is chosen arbitrarily but
fixed.

Observe that according to Definition 3.4 for any two-scale convergent sequence all prop-
erties known for the LP-topology are transmitted to the sequence of unfolded functions.
Proposition 2.4 in [62] yields a detailed summary of these properties. For the convenience
of the reader we state here only those properties used in the following.
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3 Two-scale convergence

Proposition 3.5 (Properties of strong and weak-two-scale convergence (see [62])). Let
p € (1,00) and set p/ == L7 If Vo € LP(QxY'), Wy € LP(QAxY), and M, € L'(QxY)
are given, then for (v.)eso C LP(Q) and (we)eso C L7 (Q) the following conditions hold.

(a) If ve 2 Vg in LP(QxY) and if w. > Wy in LY (QxY), then for e — 0 it holds
(Ve we)r20) — (Vo, Wo)r2(axy)-

(b) If v. — vy in LP(Q), then v. > Buvg in LP(QxY), where E : LP(Q) — LP(QxY)
for v € LP(Q) and almost every (x,y) € QXY is defined via Ev(z,y) = v(z).

(c) If ve > Vg in LP(QXY) and if (m.)eso is a bounded sequence of L>(Q) such that
Tome(x,y) — Mo(z,y) for almost every (x,y) € QXY , then m.v. = MyVy in
LP(QxY).

(d) For all V € LP(QXY) there exists a sequence (v.)eso C LP(Q) such that v. =V in
LP(QXY); v. = F(V), for instance.

The following corollary extends Proposition 3.5(c) to a special case appearing when
applying the two-scale theory to the microscopic models of Chapter 6, 7, and 8.

Corollary 3.6. Forp € (1,00) let (v:)es0 C LP(Q) and Vi € LP(Q2xY') be given such that
ve = Vi in LP(QXY). If (m.)eso 48 a bounded sequence in L>(Q) satisfying m. = M,
in LYQxY) for some function My € L}(QxY), then m.v. = MyVy in LP(QXY).

Proof. Note that due to the assumptions there exists a subsequence of (¢).s¢ for which
Proposition 3.5(c) yields the desired result. Now, the validity for the whole sequence
(€)e0 is proven by the following contradiction argument. Assume that the whole se-
quence (m.v:)eso does not converge strongly two-scale to MyVy in LP(2xY). Then
there exists a constant C' > 0 and a subsequence (¢').¢ of (£)eso such that for all
¢ > 0 it holds |7z (mever) — (MoVo)™||Lemaxy)y = C. However, there exists a further
subsequence (€”).r5¢ of (€')os0 fulfilling all assumptions of Proposition 3.5(c). Hence,
Mmenvan = MoVy in LP(Q2xY) which is a contradiction to the fact that for all €” > 0 it
holds H'E//(msuvgn) — (MO%)GXHLP(RCIXY) > C. ]

In Chapter 6 we are going to prove I'-convergence results with respect to the weak two-

scale topology. There, the following integral identity for v € L'(€2), which is proven by
decomposing R? into cells Uyepae(A+Y), will be central.

/ v(x)dr = Tov(z,y)dyde. (3.2)
Q RexY

3.3 Two-scale convergence in Sobolev spaces

This section is dedicated to two-scale convergence results for bounded sequences of
Sobolev functions. In particular, for p € (1,00) and Y := R?/, the function space

W) = {v e Wiz((v))| [ v(w)ay = 0}
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3.4 Two-scale limit identification of sequences of non-periodic coefficients

is crucial for describing two-scale convergence of sequences of gradients. Thus, the
function space LP(2; WP(Y)) is introduced, which is the space of two-scale functions
V e LP(QxY) = LP(Q;LP(Y)), having the same traces on opposite faces of Y and
satisfying (i) V,,V € LP(QxY)? in the sense of distributions and (ii) [ V(z,y)dy = 0
for almost every x € §. This two-scale function space is equipped with the norm
Vs @wizy = IVyVlLr@xyye. The following compactness result will be exploited
for sequences of dlsplacement ﬁelds

Proposition 3.7 (Compactness result). Forp € (1,00) let (v:)es0 be a bounded sequence
in WY2(Q). Then there exists a subsequence of (€).-o (not relabeled) and functions

vo € WP(Q) and Vi € TP(Q; WLP(Y)) such that:
Ve — U in WHP(Q),
ve > Euyg in LP(QxY),
Vo, = V. Evg+V, Vi in LP(QxY)4,

where Evy(x,y) := vo(z) for almost every (z,y) € QXY .

For a proof we refer to Theorem 3.1.4 in [64]. The following density result enables us to
construct the so-called mutual recovery sequence for the displacement fields considered
in Chapter 6.

Proposition 3.8 (Density result). For p € (1,00) and p' := “P5 let wy € WP (Q)
and Wy € LP(Q; WLP(Y)) be given. Moreover, let Ewgy € WIP(QX ) for almost every
(z,y) € QXY be defined via Ewo(z,y) := wo(z). If w. € W§P(Q) for € > 0 denotes the
solution of the elliptic problem

/Q (we — FP(Buwg)™)p + (Vw. — FP(V, BuwgtV,W1)™, Vhadr = 0 Vo € W (),

then the sequence of solutions (w.).so C WoP(Q) fulfills

w, — wo in Wo™ (<),
w. > Ewg in LP(QxY),
Vw, 2 V,Ewy+V, W, in LP(QxY)"

For a proof we refer to Proposition 2.10 in [62].
3.4 Two-scale limit identification of sequences of
non-periodic coefficients

In preparation for the limit passage of the microscopic models of Section 6.1 to the effec-
tive models introduced in Section 6.2 and 6.3, we are now going to investigate the asymp-
totic behavior of sequences of admissible microstructures in the sense of Section 2.2; see
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3 Two-scale convergence

(2.6). In detail, for p € (1,00) we identify the two-scale limit of (C.(2.)).>o when con-
sidering a sequence (z.).~o satisfying z. € K. (2;][0,1]™) (see (2.5)) and z. — 2o in
LP(Q)™ for some function zy € LP(2;]0,1]™). These are reasonable assumptions in the
context of the models considered in Section 6.1. For a given C € L°([0, 1]™; M(Y)) and
a function z. € K.A(£2;]0,1]™) we recall that the tensor C.(z.) € M(Q) for z € Q is
defined by

C.(z)(x) = @(25(17))({%}}’) (3.3)
Theorem 3.9 (Two-scale limit of (C.(z.))es0). Assume that for C : L=([0,1]™; M(Y))

and any measurable function z : RY — [0, 1]™ the mapping

C(2())() : RIXY — Lingm Ry RE:))
is measurable on RYxY . Moreover, let C : [0,1]™ — M(Y) be continuous with respect
to the strong L'-topology, i.e., for any sequence (Z5)sso C [0, 1]™ satisfying lims .o 25 = Z
in R™ for some z € [0, 1]™ we have

(lsg% ||C(2§) - C(E)||L1(Y;Linsym(RdXd;RdXd)) = 0

sym »Ssym

If (22)es0 denotes a sequence of functions satisfying z. € Ka(£2;[0,1]™) (see (2.5)) and
2. — 2o in LY(Q)™ for some function zy € LY(;[0,1])™, then
C.(2.) > Co(z0) in L' (XY Lingy, (REXE REXD))

Sym? — sym

where C.(z:) is defined by (3.3) and Cy(zo) for almost every (z,y) € QXY is given by

Co(z0)(2,) := Clz0(2))(y)- (3.4)

Remark 3.10. Observe that for Cs 1= ||@||Loo([071]m;/\/l(y)), for any z. € KA (5[0, 1]™),
and some zy € L'(Q)™ we have ||C.(z) || m) < Cz and [|Co(20) || mxy) < Cx according
to the definitions of the tensors C.(z.) and Cy(2p); see (3.3) and (3.4).

Proof. Let the sequence (z.).-o be given such that z. € K. (Q;[0,1]™) and z. — 2z
in L'(Q)™ for some function z; € L*(;[0,1])™. We start by rewriting the two-scale
function T.C.(2.) € M(R¥xY) to gain a preferably simple description to work with.

The case z € R¥\cl(Q): For fixed x € R¥:\cl(Q) due to (2.17) there exists g > 0 such
that z € RN\QF for all € € (0,g4). Hence, T.C.(2.)(z,-) =0on Y for all € € (0,g0) (see
Definition 3.1). Moreover, the extension C§*(z) trivially fulfills C§*(2o)(x,-) = 0 for all
r € R:\cl(Q) by definition. Altogether this shows for all z € R%\cl(Q2)

T-Ce(ze)(w, 1) = CF(z0)(w, ) in LN(Y; Lingm (R RET)). (3.5)
The case x € Q: Let x € Q be fixed. Since 2 is assumed to be open due to (2.17) there
exists g9 > 0 such that x € Q) for all € € (0,g0). Note that for (z,y) € Q7 XY we have

(1) 2(2) = 2 (No(2), (i) No(No(@) + ) = No(@), and (iii) {2250}, = y. Keeping
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3.4 Two-scale limit identification of sequences of non-periodic coefficients

these observations in mind when applying 7: to the tensor C.(z.) given by (3.3) results
in

~

T-Co(z)(z,y) = C(ze(2))(y) for all (z,y) € Q- xY. (3.6)

According to z. — zp in L}(2)™ there exists a subsequence (¢').1~¢ of (€).-0 such that
zer(x) — zo(x) for almost every z € . (3.7)

Now, the continuity of C together with condition (3.7) enables us to pass to the limit in
relation (3.6) (at least for the subsequence (&').~0 of (€)c0), i-€., for almost every = € 2
we have

ToCo(2e) (2, ) — Clzo(@))() & Colz0)(2,-)  in LMY Lingm (REGRED)).  (3.8)

Sym’ — sym

Define .+ RY = [0, 60) by fur(z) i= [ ToCo(22) (2, ) ~CE () (&, s - im etittisn
Then, by combining (3.5) and (3.8) and exploiting pq(0€2) = 0 (see (2.1)) we finally
showed

fo — 0 almost every in R<.

Note that due to C € L*([0,1]™; M(Y)) the sequence (fu)oo is uniformly bounded
(see Remark 3.10) and that the support of f. : R? — [0, 00) is contained in Q7 for all
e’ € (0,e0). Hence, the theorem of dominated convergence yields

tm (| folly oy = lim, [ [ fu@)ldz =0,

which proves
Colze) = Colzo) in LY(QXY; Lingy (R RIXT)),

sym?’ —Usym

By an analog contradiction argument as applied in the proof of Corollary 3.6 we are
able to show that this convergence holds for the whole sequence (€).~o and the proof is
finished. m
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4 Discrete gradients of piecewise
constant functions

In this chapter a discrete gradient for piecewise constant function is introduced and
its essential properties are stated. This discrete gradient for functions being piecewise
constant on a given lattice is constructed in such a way that only an overall constant
function has gradient zero. Furthermore, an in some sense bounded sequence of those
piecewise constant functions (where the spacing of the lattices tends to zero) converges
to a limit belonging to a Sobolev space W*?;: p € (1,00). Roughly spoken, we want
to introduce a penalty term, extracting those sequences of BV-functions that converge
strongly in L? to a Sobolev function, such that the discrete gradient of these sequences
converge weakly in P to the gradient of this Sobolev function. Note that although the
piecewise constant functions in the Chapters 7, 8, and 9 will play the role of a damage
variable in the sense of Section 2.6, the here presented calculus first of all stands on
its own concerning the notation and, probably more important, it is not restricted to
damage models in its application.

4.1 Definition and motivation

The construction of the discrete gradient is inspired by the so-called lifting operator
REBO introduced in [8]. There, the authors present a regularization term for so-called
broken Sobolev functions defined on partitions of €2 consisting of disjoint, polyhedral
elements. For such a decomposition of €2 the broken Sobolev space contains all functions
v € LY(Q), whose restriction to any of these polyhedral elements is a classical Sobolev
function. Then, for a sequence (v.).s¢ of broken Sobolev functions defined on finer and
finer polyhedral partitions with a uniformly bounded regularization term, there exists a
classical Sobolev function vy € W'P(Q) and a subsequence (¢').~o of (€).-0 such that
v — vy in LP(Q)%. Moreover, the associated sequence (RPv.).~¢ of lifted functions

converges weakly to Vg in LP(Q2)%.

The reasons why this regularization approach is not in agreement with our requirements
are the following: First of all, the lifting operator of [8] does not serve as a penalty
term in the sense that a somehow bounded sequence of lifted broken Sobolev functions
has a limit which is a classical Sobolev function. For this reason in [8] a penalty term
being independent of the lifting operator is introduced. Furthermore, the lifting operator
applied to a non-constant function might be zero as well; see Example 4.3 and 4.4. To
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4 Discrete gradients of piecewise constant functions

combine the beneficial properties of the lifting operator and the penalty term of [8] we
are now going to construct a discrete gradient for piecewise constant functions.

To avoid difficulties with cells e(A+Y") intersecting the given set {2 but being not com-
pletely contained in it (¢(A+Y) ¢ Q) the discrete gradient of a function z € K. (2)™
is going to be defined on the set QF; see (2.16). For the subsets A} and A of A given
by (2.15), an continuation operator V. : K. (Q2)™ — KA (Q2F)™ extending a piecewise
constant function z € K.z (Q)™ for every A € AT\AZ on e(A+Y)\Q constantly by the
(constant) value of z on e(A4+Y") N is introduced as follows:

For z € KA ()™ the function V.z € K. (21)™ for every

4.1
A€ Al and 2 = Zlcqvyne s defined via Voz|.ogyy i= 2 (4.1)

EA

We now define discrete gradients for such functions. Roughly spoken, the discrete gradi-
ent of a function z € K., (2)™ on a cell e(A+Y") C QF is given by the sum of all finite dif-
ferences of the values z|.(x+v) and z|c(a4b,4v), Where z|c(xap,4v) for i = 1,2, ..., d denotes
the value of z on the “neighboring” cell e(A+b;+Y"). Hence, for fixed i € {1,2,...,d}
two finite differences are considered on £(A+Y") forcing the discrete gradient to be a
piecewise constant function with respect to the finer lattice SA. Observe that eA C A
by the definition of A. The precise definition of the discrete gradient is given in the
following definition.

Definition 4.1 (Discrete gradient). For V. : K.A(2)™ — KA (QF)™ given by (4.1)
let Re @ Kea(Q)™ — K%A(Qj)mx‘i be defined via Rz := P R(%Z)(ng), where for

i=1,2,...,d the mapping ég) KA ()™ = Kea ()™ for z € Kea(QF)™ reads as
follows:

R

-~
I0 3

)(2)(2) = { ﬁ (E(x—i—%bi) — f(x—gbi)) ®@n;  if x+5b € QF and x—5b; € QF,
0 otherwise,
with n; € RY given by

n; € {by, ... bi_1,bit1, ..., bg}", |nila=1, and (n;b)g > 0. (4.2)
Then the function Rsz € Kea(QF)™* is called discrete gradient of z € Ko (Q)™.

Remark 4.2. Note that for z € K.A(Q)™ and z := V.z € KA (QD)™ according to the
relation (4.2) the discrete gradient Re : Ko ()™ — Kea(QF)™? for the given basis

{br,bo, ..., ba} fulfills (Rg2)bi = (RY)(2))b; € R™ for any i € {1,2,...,d}.

(R

—~
[NLew

(4.3)

0 otherwise.

)5 = { o1 (Fet5b) —2(x—5b)) if a+5bi € QF and a—5b; € QF,

This property is exploited several times when proving the compactness result Theorem 4.5
and the approximation result Theorem 4.9 below.
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4.1 Definition and motivation

To point out the differences between the discrete gradient R : Kcp (Q)™ — Kep (QF)™*
defined in Definition 4.1 and the lifting operator of by A. Buffa and C. Ortner in [§]
we introduce the following notation: Let the so-called broken Sobolev space be denoted
by WIP(Q) := {v € LY(Q)|v].asvine € WHP(e(A+Y) N Q) forall A € A} and let
57,(Q) be the set of all piecewise polynomial functions (in the same sense as K. ()
with a degree less than or equal to j € N. Then for I§, := QNU,cp e(A+0Y) the lifting

int

operator RPS WhP(Q)™ — 87, (Q)™*? introduced in [8] is defined by the relation

do=— [ (L {o@R), ds VoeSh@™, (@4)

int

mxd

| (REQu(@). o(a))
with

[v(s)] =v(s)@n" +v (s)@n” and {o(s)l} == 5(8"(s) +67(s)),  (45)

where v™, ¢* are the traces of v, ¢, and n* denotes the respective outward normal of
length 1. Observe that K., (R%)™ ¢ W5P(R?)™. Then in the case j = 0 the relation (4.4)
leads to the following explicit expression of the lifting operator for piecewise constant

functions:

KEA(Rd)m N KEA(Rd)de,
BO . d
feo - 20 Dy 120 eby) — 2(-—ebi)} @ . (4.6)
i=1

Here, we replaced © by R? such that we do not have to care about what is happening
in cells e(A+Y) intersecting the boundary 92. Observe that for z € K.o(R%)™ the
function RES’ z is piecewise constant with respect to the lattice e A, while Re z is piecewise
constant on the finer lattice SA. According to (4.6), the value of the discrete gradient
(REQz(x)ky (k € {1,...,m} and | € {1,...,d}) for i = 1,2,...,d is defined by the
values of the function v in the “next” (z(x+eb;)) and in the “previous” (z(x—eb;))
cell, but is independent of the value of the “actual” cell (z(x)). With the help of the
description (4.6) the following examples show that the lifting operator REQ is missing
desirable properties of a discrete gradient for piecewise constant functions.

Example 4.3. Considering a periodic and piecewise constant function z € K., (R?)
satisfying z(x+eb;) = z(z—eb;) and z(x) # z(x+eb;) for every i € {1,...,d} and z € R?
we obtain RP§z = 0 although z # const.

Example 4.4. For d = 1, z € R, and k € Z let the sequence (z.).~o of piecewise
constant functions z. € K.y (R) be defined via

2 ifze &2k 2k + 1),
n(w) =4 —2  ifxe —eP[(2k] + 1),2k]), (4.7)
0 ifze e?[(2k|+1),2/k]).

Then z is periodic on [—o0, 0) as well as [0, oo] and the sequence (z.).~o converges weakly
in LY (R) to the Heaviside function H defined by H(z) = 1 if z > 0 and H(z) = 0 if

loc
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4 Discrete gradients of piecewise constant functions

z < 0. However, observe that H does not belong to WE?(R). According to the definition
of the lifting operator we have [REQz (2)| = 1 for z € [0,e?) and REQz. = 0 otherwise.
This gives |REQ 2|1y = 1 for all € > 0 which shows that this lifting operator is not
the right penalty term in the sense mentioned in the beginning of this section. There is
another comment on that in the following section, when explaining the strategy of the
proof of Theorem 4.5.

As opposed to this, the discrete gradient defined in Definition 4.1 evaluated for z. from
2

(4.7) gives us [Rez.(z)| = 1 for z < & and |Rs2.(x)| = £ otherwise, which leads to
IR 2|70 ) = 1a(2)(2)? for any bounded subset  of R. This shows that this term
along (z.).> is unbounded which correlates with the fact that this sequence does not
have a limit belonging to W,2?(R). This indicates that the LP-norm of the discrete
gradient defined in Definition 4.1 is suitable as a penalty term filtering out sequences of
piecewise constant functions converging to elements of W'?(Q)™. This is stated in the

following section.

4.2 Compactness result for piecewise constant functions

The following compactness result states that the LP-norm of the discrete gradient Re
serves as a penalty term extracting those sequences of piecewise constant functions con-
verging strongly in I” to a Sobolev function such that the sequence of discrete gradients
converges weakly to the gradient of the limit function.

Theorem 4.5 (Compactness result). Let Re : KA (Q)™ — Kea(QF)™ ¢ be given by
Definition 4.1. Then for p € (1,00) and every sequence (z:).~o of functions satisfying
ze € KA ()™ for all e > 0 and

$up ([12e L@y + 1B 2lluaasynna) < C < 00 (4.8)

there exists a function zg € WYP(Q)™ and a subsequence of (€)eso (not relabeled) with
ze = 20 in LY(Q)™  and R:zz|q — Vz in LP(Q)™*,

where 1 < q < p* and p* denotes the Sobolev conjugate of p.

Our Theorem 4.5 is a modification of Theorem 5.2 from [8]. There, condition (4.8)
is formulated with a penalty term [ el 7P|[2(s)]|F,4ds instead of our regularization
term || R ze|[1 (gt ymxa- The authors of [8] end up with a similar convergence result with
respect to their discrete gradient RE(? . However, due to their procedure a regularized
(e-dependent) model based on functionals depending on piecewise constant functions has
to contain two ingredients to arrive at a limit model described by functionals depending
solely on Sobolev functions. First, the penalty term [p. el 7P| [zo(s)] 2, yds forcing the
sequence (z.).~o of piecewise constant functions to converge to a Sobolev function, and
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4.2 Compactness result for piecewise constant functions

second, the lifted function REB) z. to find a gradient in the limit. Thereby a further issue
arises, namely, the identification and interpretation of the penalty term after passing
to the limit. Clearly, due to our replacement this problem is solved. Since the proof
of our Theorem 4.5 is based on that of Theorem 5.2 from [8] we need the estimate of
Lemma 4.6 and the identity of Lemma 4.7 to adapt the proof from [8].

Lemma 4.6. For z € KA ()™ let Dz be the measure representing its distributional
derivative and let |Dz|(S2) denote the total variation of Dz. Then, there exist constants
Cy > 0 and Cy > 0 such that for any p € [1,00) and for every e > 0 it holds

De1(@) < o [ AN reats ) < CCalR5 bt

int

where IS, == QN Uyer e(A+0Y) and [-] is defined in (4.5).
Proof. The proof of the first inequality is a straight forward generalization of Theo-
rem 3.26 from [48] to the case of p # 2 and can be found in [8, Lemma 2] as a brief

sketch, for example.

The second inequality results from the special structure of the discrete gradient. For a
better understanding the calculations are split up such that the left hand side of every
estimate is the same (starting point) and the only changes are on the right hand side.
First of all (4.9) below is valid since every face of the cell e(A+Y) is taken twice when
summing up on the right hand side:

/ e[ ads = 5 D / 1P| [2%(9)] P, . Lo (s)ds (4.9)

int )\ A+ )\+8Y

Since the integrand of the right hand side contains the characteristic function 1g, the
function z € K. (2)™ can be replaced by any extension z € LP(QF) satisfying z|o = z.
We choose 7 := (V.z) € KA (QF)™; see (4.1). Since Re 2 is a piecewise constant function
with respect to the lattice $A we now artificially insert this finer lattice to the right
hand side of (4.9) by decomposing every cell e(A+Y) C QF into 2¢ equal parts in the
following way: For fixed A € AT there are 2% elements A, A, ..., Aoe of A such that

e(A+Y) = Ej S(+Y). (4.10)

J=1

Actually, on the right hand side of (4.11) below the domain of integration has increased
in comparison to the right hand side of (4.9). However, since zZ € K5 (21)™ is constant
on every cell e(A+Y) C QF we have [Z(s)] = 0 for s € 5(A\;40Y)\e(A+0Y) and every
j=1,2,...,2% That is why the following equality is Vahd since only zeros are added:

[ AN =5 X S [ [Ellalis (@11

int )\EA+ 7j=1 2 ()\j-l—aY)
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4 Discrete gradients of piecewise constant functions

To keep the following calculations as clear as possible, without loss of generality we are
now going to assume |b;| = 1 for all i € {1,2,...,d}. Roughly spoken, we now first
of all increase the domain of integration on the right hand side of (4.11) by replacing
1o by 1, Q) Then we calculate the integral by splitting $(\;4-0Y") into its 2d faces
of (A, +Y) afterwards. For s € 0QF the jump term [[*(s)]] is not well-defined since
supp(*) C cl(QF). That is why we set [Z(+)] := 0 on Q7. Since the integrand is constant
on every face, integrating results in the product of this constant value and (35 )4=1) which
is just the volume of one face. Moreover, the jump term of Z is replaced by its deﬁmtlon
(see (4.5)), where 2% =Z(5A;), 2~ = 5(%()\]-4—171-)), and n* = —n~ = n; are used for one
face of 5(\;+Y) as well as 27 = Z(5;), 2= = Z(5(\;—b;)), and n* = —n~ = —n; for
the opposite one. Applying all these changes to the right hand side of (4.11) yields

d P
[ O < 3 Y Y6 [5(50) —2(500+0) [ on o)
int i=1, i=1 mx
reat
(4.12)
p ~
+ (5! [Z(;(Aj—bi)) - Z(é)\j)}(@m mxd(;%)’

where ' . ‘ .
NV {0 if 5(Aj+b;) ¢ QF, 5O {0 if 5(\j—bi) & QF,

1 otherwise, w7\ 1 otherwise.

As already mentioned, in line (4.11) there are added a lot of zeros in comparison to
(4.9), which results in the following: For fixed A € A} and A; chosen as in (4.10) we
have SA; € e(A+Y) for all j = 1,...,2% Moreover, for any i € {1,...,d} and all
j € {1,...,2%} we either we have $(\j+b;) € e(A+Y) or £(\;—b;) € e(A+Y), which
either gives us Z(5(\;+0;)) = Z(5A;) or results in Z(5(\;j—b;)) = Z(5A;). Thus, always
one of the terms on the right hand side of (4.12) is zero and the other can be replaced

in the following way ((5 = 5(’\)6 ):

. I

int

e
o0, (4.13)

{ (500—=0) —=2(5 A+ ))}@mip

mxd

Qd

AEA+

The next step is interchanging the sum Z ~, and the matrix norm | - |,,x4 on the right

hand side of (4.13). Therefore, we set 27 (b Z) = L[Z(5(Nj—bi)) —Z(5(A\;+b:))] to shorten
notation and observe that for all ¢,k = 1,...,d according to the relation (4.2) of the

vectors n; and by, we have (f2(b;) ® nz)b,€ = f29(b;))6 (see also Remark 4.2). The
interchange is based on the following trivial calculation:

>

ik=1

d

=2

m k=1

500

m

(2 @) )|

Efre
o} TN

k=1

i

=1

(Z ®nz>)bki

(4.14)
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4.2 Compactness result for piecewise constant functions

.....

77777

d d
Sleen] < o3| ®”%l = C X | m ennf
=1 mxd 1yeee d Z7k:]‘ "
d P d p
(414)02 (D2 () @ma) )bs| = C| 32 (f2(bi) @ ma) .
] m i=1 1yeees d

where we exploited the norm equivalence in dimension md two times. For C¥ := cc
this estimate turns the right hand side of (4.13) into

24 d P
[ SO ads < €5 5 51| YL 2(500-00) = 2(500+00) | @] 3.
int )\JE:A]?_ = mxd
Replacing ;—Z by the integral over $(\;+Y’) we finally end up with
[ eI s
24 d P )
<y | 1[25)\-—@- = (A b ]@m 5N e
-2 JZI: %(Aj—&-Y) ; © (2( ’ )) <2( )) mxd !
reat
24 d ) p
=C¥ / 2-41{2:15—‘517Z —Z x+al]®nl dz
le,;ujm;“( i) —=(orit) mxd
reaf
d._ . P
=C?IS RY(z ,
i—1 2 Lp(Q;’)mxd
where we used Z(-£5b;) = Z(5A;%5b;) on 5(A\;+Y) € QF, which is valid for all functions
belonging to K.A(27)™ due to thelr speaal structure. Replacmg Z by V.z concludes the
proof. O

Since for z € K. (Q)™ € WEP(Q) the proof of compactness Theorem 5.2 in [8] relies on
the definition of Rz € K:a(Q2)™*? by the identity (4.4) the next lemma states that

the discrete gradient R:z € K- A(QF)™*d of » fulfills a similar relation.

Lemma 4.7. Let Rs : KA (Q)" — KEA(Q+)de be given by Definition 4.1. Then for
e >0, for all z € Kca ()™, and every o € Koo (Q2)™*? it holds

[ (Rsz@)e™@), o= [ (@LE=R), s (@15)

where T QN Urea e(A0Y) and [-] as well as {{-}} are defined in (4.5).

1nt:
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4 Discrete gradients of piecewise constant functions

Remark 4.8. Observe that obviously REQz € KzA ()™ satisfies relation (4.15) for

all test-functions @ € KA (Q7)™*¢ and hence this relation does not uniquely define
the discrete gradient Rs : KA (Q)™ — Kea(QF)™? in contrast to the lifting operator

RES : WIP(Q)™ — 82 (Q)™* defined by (4.4).

Proof. We start with rearranging the right hand side of (4.15). Since we are only testing
with functions ¢ € K. (27)™*¢, analogously to the proof of Lemma 4.6 the function
z € Ka(©2)™ can be replaced by the extension z := (V.z) € KA (Q5)™

Let A € A and s € e(A+9Y). Then {{¢**(s)}} # 0 implies s € I, which is why
the domain of integration can be increased to Uyepe(A+0Y). Therefore, Z € K. (027)™
needs to be replaced by its extension 2% € K 5 (R?)™ extending it with 0 to RY. Note
that according to {{¢**(s)}} = 0 for s € 9QF the additional jump [z2°*(s)] # 0 does not
play any role in the following calculations. On the right hand side of (4.16) below, every
face of a cell £(A+Y) is taken twice when summing up which is why this is an equality:

[ (6L Ee=e),,, ds =1 % / (F*6)1 ™)) ds. (4.16)

int

(A0Y)

Analog to the proof of Lemma 4.6 we calculate the integral which gives the factor

g1, Note that we again assume |b;] = 1 for all i € {1,2,...,d}. Furthermore, for

fixed A € A the jump term of Z* and the mean value term of ¢ are replaced by
(*ex(g)\ —*ex( ()\+b<))> ®@n; and %((pex(g)\) + goe"(g()\—l—bi))) for one face of ¢(A+Y") and

)
( *(eX) —Z2%(e(A—=b; ))) (—n;) and %(gpex(s)\)—i—gpex(e()\—bi))) for the opposite one:

/ A(EGL He™ @),
=3y " 12 [<( FEN=ZNAh))) @i, 5 (¢ ENFE )

+ {(Z(e(A=b) -2 (V) @i, ;(goex(g()\—bl-))ﬂoex(s/\))>mxd]. (4.17)

Now, the sums are interchanged and the translation \* = A—b; is applied to line (4.17)
for every 1 = 1,...,d, such that we end up with

[ =6 e 6)n),,, ds

e DY (2N = 2= D)) @ i, @™ (eN) + ™ (=(M+D))) . (4.18)

=1 AeA
For rearranging the left hand side of (4.15) we introduce Y, = {y € Y |y—3b; € Y}
(F = 0,1)% = Y., = [5,1)x[0, 1)) and [O(z) i= }(z(a+50) — 2(z—5b)) @, for

z 1= V.(2) € Kaa(2F)™ to shorten notation. Then due to Definition 4.1 it holds

/Q<R§Z(x)>goex( >mxd Z /A+Y)Z )>mxddx, (4.19)
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4.2 Compactness result for piecewise constant functions

where for A € AZ we already used ¢ = ¢(e\) on £(A+Y"). Observing that
, 1(Z(e(M+by) —2(eN)) @ n;  if 2 € e(A\+Y3,),
() = { | )

LEEN) —2(e(A b)) @ni if 2 € e(M+Y\Y))

we are able to reformulate the right hand side of (4.19) by interchanging integration and
summation in the following way:

/Q<R%z(x),<pex(:1:)>mxdd:v
-2 Z</A+Yb)< l)(x)’@(g)\»mxddwr/euw\ybi)<f€(i)(x)’¢(5A)>mxddx>

AeAD =1

_ [Le(1(2(e (A b)) — Z(eN)) @ ni, o(eN))

AEAD i=1

(4.20a)

+ 1L (2(e0) — 2(e(A—b)) @ miyp(eN)) . (4.20b)

Here, we already used that the function f{*) is constant on the domain of integration.
Since p®*(eA) = 0 for all A € A\A_, the first sum in (4.20) can be replaced by the sum
of A € A. Afterwards, again the sums are interchanged and the translation \* = A—b; is
applied to line (4.20b) for every i = 1,...,d, such that we end up with

J(m

= S 3 Y (B EOHD)) = 2 (EN) @ i, ¢ (eN) + 9™ (=(MD))) o (4.21)

X
i=1 A€A m

2(2), 9™ () dw

o

Comparing (4.21) and (4.18) we find that (4.15) is valid. O
Now we are in the position to prove Theorem 4.5.

Proof of Theorem 4.5. Here, we mainly follow the steps of the proof of Theorem 5.2
of [8] and explain the main differences. As already mentioned in [8] the distributional
derivative Dv of a broken Sobolev function v € WLP(Q)™ is given by

(Duv, 1)) = /Q (V0, i = [ (o] )mxads V9 € CZQ™ (422)

int

This identity can be seen by using integration by parts on each cell £(A+Y).

Now, let (z.)eso be given satisfying z. € K., (Q)™ for all € > 0 and condition (4.8) of
Theorem 4.5. Since L? is reflexive (p € (1,00)), there exists a subsequence and limit
elements 2y € LP(Q)™, Z, € LP(Q)™*¢ such that z., — 20 in L?(Q)™ and R. z./|q — Zp in

LP(2)™*4 for some subsequence (¢')./~¢ of (€)co. The aim is to show that z, € WhP(Q)™
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4 Discrete gradients of piecewise constant functions

with Dzy = Zy. Using (4.22) for z. € K.A(Q)™ we find with ¢ € C(Q2)™*4 arbitrary
but fixed

<DZ5,¢> = _/FE <[[Za]]’¢>m><dd3~ (423)

Choosing gy > 0 so small such that supp(¢)) C cl(€27) we are able to find a sequence
(e)(0<e<ey) With ¢, € KA (7)™ such that Y=L (@ymxa —+ 0 for e — 0. By
adding and subtracting ¢ we find with (4.23)

(Dze,v)
= [ =) e Whmcads = | (Tl (@D nwads

€
int

= [ ) o W + [ (R 6 hmcads

int

== [ (el = Whmcads + [ (Reze 0¥ —thmcade + [ (Rsze, ¥hmeadz, (424)

int

where we applied Lemma 4.7 in the third line. As we will see below, the first two terms
of (4.24) are bounded by C/||¢)—¢@*||;0()mxa and hence tend to 0 as € — 0. Therefore,
since Ro zu|g — Zy in LP(Q)™*? we end up with

2

i (D2, %) = [ (Zo,O)mrads V0 € C2(Q)™ (4.25)

To show the boundedness of the first two terms of (4.24) we use Holder’s inequality to
conclude with Lemma 4.6

= [ ] g s

int

< zellloqre, yrmral {0 =02 Bl pe, yma

int

s

p— 1
T /

e 7 || Rs zellpp(urymxa |0 =0 lLoe @ymxapta—1 (Ty) ?

1
< R el o ymxa =02 [Loe ymxa (pa (2 )d) ¥

IN

and

’/Q<R;Ze790?—¢>mxddx < ||R§Ze||Lp(Qj)mxd||90§X—1/’||Lp’(ﬂ)mm
1

< 1R ze Ml ymrall 9 =l (@pmxapta(2) 7"

Here, we already used pq_1(I%,) < pa(Q)de™t, which is valid since g1 (I%,,) is bounded

by the product of the number of cells contained in QF, which is uy(QF)e™, and the
volume of the part of ', contained in one cell, which is de?~'. Thus, the assumed

uniform bound of the term || Rz 2c[|y 5+ )mxa yields the result.

On the other hand using the definition of the distributional derivative of the function
2o € Kop ()™ together with z. — zy in LP(Q)™, we have for all 1) € C°(Q)m*4

lim (Dzo, 1) = lim — [ (2o, dive)),,de = — / (20, divep) ,da. (4.26)
e’—=0 Q Q

e’—=0
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4.3 Recovery sequence of piecewise constant functions for the space WP

Combining (4.25) and (4.26) we obtain

/Q (Zo, V) mads = — /Q (o, divip)mdz Vb € C2(Q)™4,

which gives us zp € W'?(Q)™ and Dz, = 2.

Finally, we use the fact that z. — z in BV(Q)™ implies 2., — zp in L*(Q)™ in order
to conclude zo — 2o in LI(Q)™ for every ¢ € [1,p*). Thereby we use the following
interpolation inequality obtained by Holder’s inequality for every ¢ € (0, 1):

1—
[2=—z0[[La(@)m < ||Zg—Zo||Lp§(Q)m||Z€—Zo||£1(9)m,

and the term || z.— 20 |p* ()= is bounded due to the following Sobolev-Poincare inequality
proved in Theorem 4.1 of [8] and Lemma 4.6:

1
— p
2l < Cs (Il + (. &' 7Ilz(Eneads)”):

int

Thus, the proof of Theorem 4.5 is concluded. O

4.3 Recovery sequence of piecewise constant functions
for the Sobolev space WP

In this section for an arbitrary Sobolev function a strongly in L? converging sequence of
piecewise constant functions with a lattice spacing tending to zero is constructed. This
construction is done such that the associated sequence of discrete gradients converges
strongly in L? to the gradient of the Sobolev function.

Theorem 4.9 (Approximation result). Let Re : KA (Q)™ — Kea(QF)™? be given by
Definition 4.1. Then for every function zg € WIP(Q)™ there exists a sequence (2.)s>o
satisfying z. € Kca ()™ and

lim (||Zo—Zs||LP(Q>m + H(VZo)ex—RngHLp(Q:)mxd) = 0. (4.27)

Remark 4.10. Observe that Theorem 4.9 implies Rszlo — Vzo in LP(Q)™*? due to
the trivial inequality ||V 20— Rz 2 |loymxa < [|(V20)™ —Reze || 1ot ymxa -

To construct a sequence of piecewise constant functions fulfilling Theorem 4.9 a projector
to piecewise constant functions is introduced.

Definition 4.11 (Projector to piecewise constant functions). Let ¢ > 0 and p € [1,00).
The projector P. : LP(R?) — K 5 (R?) to piecewise constant functions is defined via

Po(z) = ][ v(2)dz,

- (z)+eY

where 4 g(a)da := m [49(a)da denotes the average of the function g over the set A
with pg(A) >0 and N : R — eA is defined by (3.1).
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4 Discrete gradients of piecewise constant functions

Remark 4.12. It holds P> = P. and for all v € LP(Q) we have
(@) [[Peo™{eearvy < N[0 |Leearyy for all A € A.
(b) (Pv*™)|q — v in LP(Q) fore — 0.

Proof of Theorem 4.9. Choose A > 0 arbitrary but fixed. Then there exists ¢y > 0 such
that for all € € (0, g9) we have QF C neigh, (©). Moreover, for given zg € WH?(Q)™ there
exists an extension Zo € Wy? (neigh (Q))™ with Zg|q = 2o according to Theorem A 6.12
in [3]. For ¢ € (0,e9) we define z. := (P.z§")|q € Kca ()™ and prove that the sequence
(2c)ec(0,e0) Satisfies (4.27). Note that here the application of P. has to be understood
component-wise.

1. For proving z. — zo in LP(Q)™ we start by decomposing €2 into - and Q\Q_,
which allows us to exploit (P.z5%)|q- = (FP25")|q-, since Zolo- = zolq- by definition.
Afterwards we increase the domain of integration and apply the trlangle 1nequa11ty Then
again the domain of integration is increased and at last condition (a) of Remark 4.12 is
used:

||ZO_P5§8X“€P(Q)W - HZO_PEZSXHZp ym + ||ZO P Z(e)XHLp (Q\Qz )™
S ||ZO_P&‘Z(€)X||I£,P( +2p 1||ZO||L;7 Q\Q ) 217 1||‘Piex||Lp Q+\Q )m
< HZO_Pe'ZSXHip( m+ 2P 1HZOHLp Q)™ + 277 1H’ZOHL;D @I\ )m

According to condition (b) of Remark 4.12 the first term converges to zero for ¢ — 0.
Since 0 < pug(Q\Q2) < pa(QI\Q2) — 0 due to (2.17) the last two terms disappear for
e — 0 and z. — 2o in LP(2)™ is verified.

2. Since {by, by, ..., by} is a basis of R, proving lim,_, [(V20)%bi—(Rz22)bil| 1o ym = 0
for every i € {1,...,d} implies the desired result. Thereto, let i € {1,...,d} be fixed.
In the following calculations we start by adding and subtracting (P-(VZzo)®™)b; to apply
the triangle inequality.

1(V20)%bi=(Rg 2z )bill Lo i ym
< [[(V20)"0i=(Pe(VZ0)™)bill Lo rym + | (Pe(VZ0)7)bi— (g 22)bill Lo oy

Then analogously to step 1 the first term tends to zero when € — 0. It remains to prove
that the second term converges to zero as well. As mentioned in Remark 4.2 we have
(Reze)b = (Eg)(vgze))bi on QF. Hence, by plugging the identity V.z. = [P.Z5"]|o+ into
(4.3) the second term can be transformed in the following way:

I(P=(VZ0)™)bi= (R 2)bill gym

E

= [(Po(VZ0)™)bi= (RE (P25l )Oill

= [[(P-(VZ0)™)bi—2 (P25 (- + 5b1) = P25 (- — 560) ) ¥ aoym (4.282)
+ ([ (P=(VZ0)™ )b 1L 5,y (4.28b)
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4.3 Recovery sequence of piecewise constant functions for the space WP

where, A. = {r € QF | (z+5b;) € QF and (z—5b;) € QF} and B, := QF\ A, for fixed
ie{l,...,d}. Since B. C QF\Q_, the term in line (4.28b) is bounded. Moreover,

— \ex _ e—0
1(P-(VZ0)™)bill ooz e < 1(VZ0)billLo@ivazym — 0,

where again condition (a) of Remark 4.12 and pg(Q\Q7) — 0 for ¢ — 0 is used.
Hence, it remains to prove that the term of line (4.28a) converges to zero. Therefore,
this term can be estimated by (i) increasing the domain of integration from A, to Q7
(ii) exploiting condition (a) of Remark 4.12, and (iii) replacing £ [Zo(z+5b;) —Zo(z—5b;)]
by % [, VZo(2+5bit)b;dt in the following way:
I(P20) )b (P35 + 5P = 560) s

< (Pe(VZ0)™)bi=2 (PZ5 (- + 55) = P25 (- — 5b0)) i ym

< ||(V50)bi—%<50(' + 5bi)—Zo(- — %bz)) ||Lp(§z:)m

= H(V%)bz‘—%fh(v%(' + %bit))bz’dtHLP(Qj)m- (4.29)
Observe that this estimate holds for all parameter ¢ € (0,g¢) small enough such that
from z € QF it follows z+5b; € neighs(Q2) and 2—5b; € neigh,(€2). By assuming
the function Zy to be an element of the space C(neigh,(€2))™, it is easy to prove
that the term in line (4.29) converges to zero. Then, by density, this also holds for
Zo € WyP(neigh, ()™ which proves that the term in line (4.28a) converges to zero.

This overall shows lim. o [|(Vz0)*b;—(Rzz:)billyp gz ym = 0 for every i € {1,...,d} and
the proof is concluded. O
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5 Rate-independent systems and their
energetic formulation

In this chapter the energetic formulation for rate-independent systems, introduced in
[47, 59], is presented. Rate-independence means that the system’s reaction on external
loadings is independent of their velocities. The energetic formulation is a functional
based description of rate-independent systems and in contrast to subdiffferential formu-
lations or a description by variational inequalities it does not ask for differentiability
of the underlying functionals and allows for solutions which are not continuous. More-
over, this theoretical framework is suitable for the description of various physical effects
(for instance, plasticity, shape memory effects, or ferroelectric effects) and there already
exists a wide theoretical basis; see [54, 59, 60], for instance. Moreover, in the case of
parameter dependent Problems, methods of the calculus of variations (in particular I'-
convergence techniques) can by applied; see [56]. In the following sections this theoretical
basis is presented and a sufficient criterion guarantying the system’s rate independence
is discussed.

5.1 Definition of rate-independent systems

In many physical and mechanical systems the interesting time scales are much longer
than the intrinsic time scales. Asymptotically, these systems lead to rate-independent
limit problems. For Q being a Banach space and denoting the state space with associated
dual space Q* the determining attribute of a rate-independent system is the missing of
an own dynamic, which means that it only responds to changes of the external loading
0 € CY([t1,1t2]; Q) and the initial value ¢y € Q. In fact, introducing the system via an
input-output-operator

Hity 0] OxCl([t1, ta]; Q%) — B([t1,ta]; Q), (g0, ) = ¢,

rate-independent systems are characterized by condition (5.1), below. Here, B([t, t2]; Q)
denotes the space of all measurable and bounded functions ¢ : [t1,t2] — Q, which are
defined everywhere on [tq,ts].

Definition 5.1 (Rate-independent system). For £ € C!([ty,t2]; Q) and t; < ty a sys-
tem described by Hp, 1, ts called rate-independent if for all t7 < t5 and every strictly
monotone re-parametrization 0 € C([t3,t3]; [t1, t2]) with 0(t]) = t; and O(t5) = ty the
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5 Rate-independent systems and their energetic formulation

following relation is satisfied:

Hits 151 (do, € ©0) = [Hpt, 1)(d0, 0)] © 6. (5.1)

5.2 The energetic formulation and an abstract existence
result

The energetic formulation represents an evolution law for rate-independent systems
which is based on the energy functional and dissipation distance introduced in the fol-
lowing. For the applications we have in mind, the state space Q is the product space
of two weakly closed subspaces U and Z of reflexive Banach spaces. The amount of
the system’s total energy produced by components of U is elastic and non-dissipative,
whereas the dissipative amount of energy in the system is related to the internal variable
being an element of Z.

The system’s stored energy is modeled by an energy functional £ : [0,7]xQ — Ry
(R := RU{+0o0}) depending on the (process) time trough the time dependent loading
¢ € CY([0,T];U*). To model the dissipated energy of the system, a dissipation potential
R : ZxZ — [0,00] that typically depends only on the internal variable and its velocity
is introduced. The main assumptions on this dissipation potential are given by the
following condition:

For all z € Z the functional R(z,-) : Z — [0, 00| is convex, lower (5.2)
semi-continuous, positive 1-homogeneous, and fulfills R(z,0) = 0. '
Note that the positive homogeneity of degree 1 is the crucial condition to ensure the rate
independence of the system given by the energetic formulation defined below. Assuming
R : ZxZ — [0,00] to satisfy condition (5.1), the dissipated energy of the system is
modeled by the dissipation distance D : Zx Z — [0, 00| defined by

D(21,29) 1= inf { /0 1 R((s),2(s))ds | 2 € WL, ((0,1]; 2)}, (5.3)

21,22
where

Wl’l ([tl,tg],Z) = {,/Z\ € Wl’l([tl,tg];Z) such that 2(2&1) =21 and /Z\(tg) = 22}. (54)

21,22

Remark 5.2. In the case of a state independent dissipation potential R : Z — [0, o]
fulfilling condition (5.2) the dissipation distance D : ZxZ — [0,00]| defined by (5.3)
for all z1,zy € Z satisfies D(z1,20) > R(z0—21) according to Jensen’s inequality. The
opposite inequality results by integrating the dissipation potential along the explicitly given
curve Z € Wht, ((0,1]; Z) defined by Z(s) := 3(za—21)s* + 5(22—21)s + z1. Obviously, it
holds z(s) = (z0—z1)s + 2(22—21) and

[SI[)

Doy, ) < [ CR(3(s))ds L /

2

=

R((ZQ—Zl)t)dt == R(ZQ—Zl) /1g tdt = R(ZQ—21>,
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5.2 The energetic formulation and an abstract existence result

where in the second last equality the 1-homogeneity of the potential is exploited. All
together this shows that in this case the dissipation distance D : ZxZ — [0, 00] is given
by D(z1,22) = R(ze—21).

Based on € : [0, T]xQ — Ry, and D : Zx2Z — [0, 00| we are interested in the so-called
energetic solution of the energetic formulation (S) and (E); see [54].

Definition 5.3 (Energetic solution and the function space BVp([0,7]; Z)). A process
(u,2) : [0,T] — Q is called energetic solution of the system (Q,E,D) to the initial
condition (u°,2°) € Q, if (u(0),2(0)) = (u%,2%), if RE(,u(-),z(-)) € LY(0,T)), if
E(t,u(t), z(t)) < oo, and if the stability condition (S) and the energy balance (E) are
satisfied for all t € [0,T].

(S) E(t,u(t),z(t)) <&(t,u,2)+D(2(t),z2) forall (u,z) e Q
(E)  E(t,u(t), 2(t)) + Dissp(2;[0,t]) = £(0,u°, 2°) + /Otasé’(s, u(s), z(s))ds
Here, Dissp(z,[0,t]) := sup ijzl D(z2(tj—1),2(t;)), where for N € N the supremum is

taken with respect to all finite partitions 7y = {0 =ty < t; < ... < ty =t} of the
interval [0,t]. Thus, we set

BVp([0,T}; Z) := {2 : [0, 7] — Z| Dissp(z, [0, T]) < o0},

Observe that by this definition of the energetic solution (u, z) : [0,7] — Q the initial
values (u?,2%) = (u(0),2(0)) € Q have to be chosen such that they satisfy the stability
condition (S) at ¢t = 0. Introducing the set of stable states S(¢) at time ¢ € [0, 7] via

S(t) := {(u, 2) € Q satisfying (S) for t =t and E(t,u, 2) < oo} (5.5)

the stability condition (S) is equivalently written as (u(t), z(t)) € S(t) for all t € [0,T].
For E' € R let
Subg(t) :={(u,2) € Q|&(t,u,2) < E} (5.6)

denote the energy sublevel. Assuming £ : [0,7]xQ — R, and D : Zx2Z — [0, 00| to
satisfy the following four conditions, guarantees the existence of an energetic solution as
stated in Theorem 5.5 below ([54] Theorem 3.4).

Compactness of the energy sublevels:
For all t € [0,7] and every E € R the set Subg(t) is weakly compact. (5.7)
Uniform control of the power: 3¢y, c; > 0V (,u, 2) € [0,T]xQ with £(£,u, z)<oo:
E(-,u,2) € CH([0,T]) and |0:E(t, u, 2)| < er(co + E(t,u, 2)) for all t € [0,T].  (5.8)
Quasi-distance:

V21,290,238 € Z:D(21,20) =0 & z1=2

5.9
and D(z1,23) < D(21,22) + D(22, 23). (5.9)
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5 Rate-independent systems and their energetic formulation

Semi-continuity:
D: ZxZ — |0, 00] is weakly lower semi-continuous. (5.10)

Remark 5.4. Note that these assumptions are solely on the energy functional and the
dissipation distance. However, to guarantee the rate independence of the system (Q, E, D)
presented by the energetic formulation (S) and (E) we always assume the dissipation
distance D : ZxZ — [0,00] to be given such that condition (5.1) is satisfied; see also
Proposition 5.6 below.

Theorem 5.5 (Abstract existence result; see Theorem 3.4 of [54]). Assume that U and
Z are weakly closed subsets of reflexive Banach spaces and set Q :=UXZ. Let an energy
functional £ : [0, T)xQ — Ry, and a dissipation distance D : ZxZ — [0, 00| be given,
such that (Q,E,D) satisfies the conditions (5.7)—(5.10). Furthermore, let the following
compatibility conditions hold: For every sequence (tx, Uk, 2 )ken With (ux, zx) € S(tx) (see
(5.5)), ty — t in R and (uy, zx) — (u, 2z) in Q we have

0 E (tr, ug, z1) — KE(t, u, 2), (5.11)
(u,z) € S(t). (5.12)

Then for each (ug, z9) € S(0) there exists an energetic solution (u,z) : [0,T] — Q for
(Q.£,D) fulfilling (u(0), 2(0)) = (uo, z0)-

For a proof we refer to [54]; see Theorem 3.4. By presuming the existence of an energetic
solution of the energetic formulation (S) and (E) the following proposition states the rate
independence of the system (Q, £, D). In addition, D : ZxZ — [0, oo] satisfies a triangle
inequality.

Proposition 5.6. Assume that the dissipation potential R : Zx2Z — [0,00] fulfills
condition (5.2) and let the dissipation distance D : ZxZ — [0, 00| be defined by (5.3).
If for W : Q = R, and ¢ € C}[0,T];U*) the energy functional € : [0, T]xQ — Ry, is
given via

E(t,u, z) := Wi(u,z) — (€(t),u), (5.13)

then the energetic formulation (S) and (E) models a rate-independent system (Q,E, D)
and for all z1, 20, 23 € Z the dissipation distance satisfies the following conditions:

D(z1,21) =0 and  D(z1,23) < D(z1,29) + D(29, 23). (5.14)

Proof. 1. We start by proving condition (5.14). Let R : Zx2Z — [0, 00] fulfill condi-
tion (5.2) and let D : Zx2Z — [0, 00] be defined by (5.3). Furthermore, for arbitrary
21,220,723 € Z let two functions z € WL ([0,1]; Z2) and Z/ € W]', ([0,1]; Z) be given

and introduce Z € WL ([0,1]; Z) by

21,23

(5.15)
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5.2 The energetic formulation and an abstract existence result

([0,];2) and 7 € WL ([3,1]; Z) are defined by the

relations Z := %(2-) and 7 := #/(2- —1). Following the calculation below, the triangle
inequality follows by taking the infimum with respect to all tuple of functions (Z,%’) of
the space WL ([0,1]; Z2)xW1' ([0, 1]; Z). We start with the integral transformations
s = 2t and s = 2t—1 for the first and the second integrand, respectively. The factors
% in the second arguments of the integrands are due to the chain rule. Afterwards, the
positive homogeneity of degree 1 of the dissipation potential R : Zx2Z — [0, 00| (see

(5.1)) is exploited and finally the notation (5.15) is used.

where the functions z &€ Wille

/0 R(2(s), 3(s))ds+ / (s))ds= / %R(?(t),f(t)%)QdH / "RE(1),7(0)))2dt

= dt (5.16)

Taking the infimum with respect to all (z,z") € Wkt ([0, 1]; Z)x WLl (]0,1]; Z) results

21,22 22,23
mn

D(zh 22) + D(Z27 23) > D(Zb 23)7
since on the right hand side of the identity (5.16) the infimum is taken with respect

to all functions z € W1 ([0,1]; Z), which additionally satisfy z|[0 e WL ([0,3]; 2)
and Z|j1 ;) € WL ([3,1]; Z); see (5.15). To show D(z1,21) = 0, observe that in the case

of 2z = z the function Z = 2z € WL, ([0,1]; Z) is a minimizer of the right hand side
of (5.3). This observation together with the assumption R(z1,0) = 0 proves the desired

result.

2. To prove the rate independence of (Q,&, Z), let T* > 0, 6 € C'([0,7*];[0,T]) and
an energetic solution (u, z) : [0, 7] — Q be given. By setting u :=uo6, z := z0 6, and
{ := (o6 we have to verify that (u, z) : [0, T*] — Q is an energetic solution of the system
(Q,&,D), where

E(t,u, z) = W(u,z) — (L(t),u). (5.17)
This is done by showing that every term of the energetic formulation for the energetic
solution (u,z) : [0,7] — Q can be replaced by the associated term for the function
(u,2) : [0,7*] — Q. Hence, for an arbitrary but fixed ¢t € [0,T] and t* := 07(¢t) it is
sufficient to prove the following three equalities:

E(t,u(t), 2(t) = E(", u(t), (1)), (5.18)
/0 ((s), u(s))ds = /0 (U(s), u(s))ds, (5.19)
Dissp(z; [0,t]) = Dissp(z; [0, t*]). (5.20)

Note that D(z(t), 2) = D(z(t*), 2) for all Z € Z since z(t) = z(t*) due to the definition.

3. By definition, we have u(t) = u(t*), z(t) = z(t*), and £(t) = £(t*). Hence, the
equality (5.18) is an easy consequence of comparing (5.13) and (5.17).
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5 Rate-independent systems and their energetic formulation

4. According to the chain rule we obtain £ = (£ o #)f. Keeping this in mind while
applying the transformation s = 6j4+)(s) to the left hand side of (5.19) results in

[ ) utsas = [ @0 ) uleo)ds = [ ) u)ds. (G21)

5. To prove (5.20) for N € Nlet my := {0 =1ty < t; < ... <ty =t} be an arbitrary par-
tition of [0,¢]. Furthermore, for the set Zy of arbitrary but fixed values 2, z1,...,2y € 2
let W', ([0,#]; Z) denote the subset of all functions 2 € W1([0,#]; Z) satisfying

2oty € W ([tj—1,t;]; Z) for every j = 1,2,...,N. In the following, as an in-

Zj—1,%5

termediate step for my = {t; = 07'(t;) |/ =0,1,... N} we show

A(mn, Zn) mf/ ))ds = mf/ '(s))ds =: B(wy, Zn),

where the infimum on the left hand side is taken with respect to all functions Z of
W}r; 75 ([0,t]; Z), whereas the infimum on the right hand side is taken with respect to
all functions 2z’ € Wl;l L([0,t7]; Z). For an arbitrary but fixed 2z € WWN 7y ([0,1]; Z)
let Z:=Zo 0| € VV7r 2y ([0,t7]; Z). Then, by exploiting the integral transformation

= 0lj04(s) and the posmve homogeneity of degree 1 of the dissipation potential
analogously to (5.21) we have

/0 t R(%(s),2(s))ds = /O : R(Z(s), 2(s))ds.

Therefore, A(nn, Zy) > B(xy, Zn) by taking the infimum Wlth respect to all functions
zZ € W,rN ZN([O,t];Z). Starting with an arbitrary but fixed 2 € Wk! < zy([0,7]; 2) an

analog treatment yields the opposite inequality A(my, Zy) < B(xl, Z N)

6. Let (u,z) : [0,7] — Q be an energetic solution of (Q,&,D) and for N € N let
my ={0=1ty <ty <... <ty =t}. Then, for Zy(my) := {z(t;) |7 =0,1,...,N} by
the same integral transformation argument as used in (5.16) we find

ED(z(tj_l), z(t;)) = inf /Ot R(2(s),2(s))ds = A(mn, Zn(7mn)),

where the infimum is taken with respect to all functions z € Wer 2w ([0, 2]; Z). Re-
ferring to the definition of the total dissipation, to prove (5.20) we have to verify
A :=sup A(mn, Zy(7n)) = sup B(my, Zy(1y)) =: B,
™

*
™~

where 7y 1= {0 =t; <t} < ... <ty =t"} and Z}(7y) = {2(¢)|j =0,1,..., N} for
z:=z00. Let (my)ven be a maximizing sequence of sup, = A(my, Zy(7mx)). For fixed
N € N let 7} be defined as in step 5. Then Zy(7y) = Zx (@) and according to step 5
we have

A= lim A(my, Zy(my)) = Aim B(xy, Zy (7)) < B.
—00

Starting with a maximizing sequence (WN)NE]N of sup,- B(my, Zy (7)) by an analog
argument we find the opposite inequality and the proof is concluded. O
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6 Homogenization of unidirectional
microstructure evolution models

This chapter is about the homogenization of rate-independent microstructure evolution
models via the evolutionary I'-convergence method introduced in [56]. This homoge-
nization result is in preparation for rigorously establishing effective damage and crack
models, which is done in the Chapters 7-9. For this reason, we here focus on the ho-
mogenization theory and for the comparison of our results with the already existing
(damage) theory we refer to the less abstract setting of the following chapters. All mod-
els introduced in this chapter are set up in the energetic formulation (see Section 5.2)
modeling a linear elastic body with microstructure evolution due to an internal vari-
able. Here, these energetic formulations are based on energy functionals and dissipation
distances satisfying the abstract conditions (5.7)—(5.10) of Chapter 5. Note that (al-
though not mentioned) all considered dissipation distances below are assumed to be
given such that the associated energetic formulation defines a rate-independent process;
see Definition 5.1.

The microstructures of the microscopic models considered in the following section are as-
sumed to be admissible in sense of Section 2.2; see (2.6). These non-periodic microstruc-
tures are characterized via a given tensor valued mapping C € L>([0,1]™; M(Y)) and it
turns out that the microstructures of the microscopic and the effective models are based
on this tensor. Hence, in this chapter C € L>°([0,1]™; M(Y)) is assumed to be given
and the crucial assumptions on this tensor valued mapping are the following:

For every measurable function z : R — [0, 1]™ the mapping

Sym)’ “ sym

(2,y) = C(z(2))(y)

Moreover, the mapping C : [0,1]™ — M(Y) is continuous with respect to the strong L!-
topology, i.e., for every sequence (Z5)s=0 C [0, 1]™ satisfying lims_,o Zs = Z for Z € [0, 1]™
we have

~ RxY — Ling, (R4 R)) .
C(z())() : is measurable on R*xY’. (6.1)

(lsi_r}(l) 1C(2s) — C(E)HLl(Y;LinSym(RdXd dxdy) = 0. (6.2)

sym ?Rsym

Finally, there exists a constant o > 0 such that for all y € Y and every z € [0, 1]™
al€lica < (CB)Y)E E)axa for all € € RYL. (6.3)

Observe that « is assumed to be independent of y € Y and Z € [0, 1]™, i.e., the inequal-
ity (6.3) has to hold uniformly with respect to y € Y and Z € [0, 1]™.
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6 Homogenization of unidirectional microstructure evolution models
6.1 Microscopic model

This section introduces the abstract microscopic microstructure evolution models homog-
enization is performed for in the following. Letting the set €2 denote the domain occu-
pied by linear elastic material its elastic deformation is captured by a displacement field
u € Hy ()% The assumptions on Q C R? are that of condition (2.1) and I'p;, C 0 is
closed with 14—1(I'pi;) > 0. Additionally to the displacement field evolution, microstruc-
ture changes are considered due to an internal variable z. : [0, T] — K5 (£2; [0, 1]™). Here,
the parameter € > 0 models the intrinsic length scale of the considered microstructure
as described in Section 2.2. Hence, the state space Q.(€2) is the following product space:

Q.() == Hp_(Q)*xK.(9;[0,1]™).

For a given internal variable z. : [0,T] — Kca(£2;[0,1]™) and the given tensor valued
mapping C € L>([0, 1]™; M(Y)) the actual damage state of the material is captured by
the material tensor C.(2.(t)) € M(2) defined via

Ce(z(8))(2) = Cz(t,x))({Z}). (6.4)

Note that the measurability of this superposition is assured by assumption (6.1). Ex-
ploiting the uniform estimate (6.3), Korn’s inequality yields the existence of a constant
Ce > 0 such that for all (u, z.) € Q.(€2) the following coercivity condition holds:

Collullly, oy < H(Celz2)e(w), e(u))zoyene, (6.5)

ir

The continuity result here below is essential for proving existence of solutions.

Lemma 6.1. Let C € L>([0,1]™; M(Y)) satisfy the conditions (6.1) and (6.2). Then
the tensor valued mapping C. : Koo (5[0, 1]™) — M(Q) defined by (6.4) is continuous
with respect to the strong L'-topology, i.e., for every sequence (zs)s=0 C Kea(£2;[0,1]™)
satisfying zs — z in Kca (€250, 1]™) with some z € KA (€510, 1]™) we have

(155% ||C€(z5) — CS(Z)||L1(Q;Linsym(RdXd;RdXd)) = 0.

sym »Ssym

Remark 6.2. We recall that for fized € > 0 the space KoA(€2;[0,1]™) is finite dimen-
stonal.

Proof. Since zs — z in KA (€;[0,1)™) by assumption, for all A € AX we have that
2 = 25|04 v)ne — P zl:4v)ne in R™; see Remark 2.3. Hence,

: ™~ A ~ A _
lim sup IC(25") = CL="DLr (v iLingym(reitmey = O

according to (6.2). Combining this condition with the calculations below proves the
desired result. In the second line here below, {Z}y = Z—A for x € e(A+Y) is exploited
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6.1 Microscopic model

and in line three the transformation y = £—X of the integral is performed:

1Ce(25) — CE(Z>HL1(Q;LinSym(RdXd RELD)

sym s Ssym

-z Ly |Co(0)(@) = Col) (@)

: Z /SM '@@?)e—»—@( M) (E-N)lde
= 3 < [ IBENW) - CE Wy

< pa () SUP+ HC(Z?) - C(’ZE)\)HLl(Y;Linsym(RdXdeXd )

sym »Nsym

Applying the limit § — 0 to this estimate concludes the proof. n

To introduce the energetic formulation of the microscopic model we once choose the
parameter p € (1,00) and keep it fixed for rest of this chapter, i.e., in the following, any p
refers to this choice. One ingredient of the energetic formulation is the energy functional
E 110, T1xQ.(2) — R based on the material tensor C. : K.z (€2; [0, 1]™) — M().

5€(t,u, ZE) = %((CE(ZJQ(U) ( )>L2(Q dxd + HR ZEHLp QFymxd <£(t)7 u> (66)

Here, ¢ € CY([0, T]; (Hf,_(£2)%)*) models the external loading consisting of volume and
surface forces.

Remark 6.3. Here, ||R%z€||€p(ﬂ+)mxd is a reqularization term yielding better convergence

properties when looking for an effective limit model. In fact, due to this reqularization
the effective microstructures in Section 6.2 and 6.3 are uniquely described by the limit
internal variable. Moreover, certain aspects of the microstructure described by C.(z.) are
preserved in the effective models; for more details see Remark 6.6. For a homogenization
result without any microstructure reqularization we refer to the papers [20, 21, 24]. The
comparison between our effective microstructure and the more general but less explicit
one of [24] is done in Section 7.4.

Note that this reqularization term is neither necessary nor problematic for proving exis-
tence of solutions of the microscopic model, i.e., for € > 0 fixed. Descriptively, it can
be seen as a local interaction of a material point and its neighborhood. Therefore, the
type of interaction depends on the physical effect described by the internal variable. In
the case of modeling damage (Chapter 7-9) this penalty term prefers the progression of
damage nearby already damaged material and penalizes its appearance in areas of intact
material.

The dissipation of the rate-independent system is modeled by the dissipation distance
Da : KEA(Qa [07 1]m)XK8A(Qa [07 1]m) — [Oa OO] given by
ﬁ6(217 ZQ) if 21 Z Z2,

00 otherwise,

D.(21, 22) = { (6.7)
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6 Homogenization of unidirectional microstructure evolution models

where D, : Koa(Q; [0, 1]™)xKoa (Q;[0,1]™) — [0,00) is continuous and (D.).sq is as-

sumed to converge continuously to Dy : LP(Q; [0, 1)) xLP(€; [0, 1]™) — [0, 00), i.e.:
For all (2., Z:)e>0 and zo, Zo € LP(€; [0, 1]™) satisfying z., z. € KA (92;[0,1]™),

Ze — 29 in L}(Q)™ and Z. — % in L'(Q)™ it holds lim D. (2., 2.) = Do(z0, %) (6:8)

Remark 6.4. Since the elements of the sequence (ze, Z:)-o of condition (6.8) are uni-
formly bounded by 1 on §, the assumed convergences actually hold for all g € [1,00).

Additionally, D. : KA (€2; [0, 1]™) x KA (€2; [0, 1]™) — [0, 0o] has to be chosen such that

V21, 20,23 € KA (€5[0,1]™) : De(21,20) =0 & 21 =29

6.9
and D. (21, 23) < De(21, 22) + De(22, 23). (69)

Fort € [0,7] and 2. : [0, 7] — K.a(£2; 0, 1]™) the total dissipation Dissp, (z.; [0, t]) reads
as follows:

Dissp, (2¢; [0,1]) := sup { ;De(ze(tj—l)a Zs(tj))},

where for N € N the supremum is taken with respect to all finite partitions 7wy := {0 =
to < t; < ... <ty =t} of the interval [0,¢]. Note that according to the definition of
D. : Koa (20, 1]™) x KA (€25 [0, 1]™) — [0, oo] the total dissipation is finite if and only if
ze 110, T] — Kca(£2; [0, 1]™) is a (component-wise) non-increasing function.

For given initial values (u2, z?) € Q.(Q) the rate-independent microstructure evolution
is modeled by the e-dependent energetic formulation (S°) and (E), where € > 0 denotes
the intrinsic length-scale of the microstructure and where the energy functional and the
dissipation distance are chosen as in (6.6) and (6.7), respectively.

Stability condition (S°) and energy balance (Ef) for all ¢t € [0,7]:
ge(t7 uE(t)v Zs@)) S 85<t7 ﬂ7 2) + D€(Z€(t)> g) fOI' all (,ﬁ7 g) € QE(Q)
t
E(t,uc(t), z.(t)) + Dissp, (2 [0,t]) = £.(0,u2, 20) — / (0(s),u:(s))ds
0

Since ¢ € C'([0,T]; (Hp, (2)9)*), for any energetic solution (uc,z) : [0,T] — Q.(Q)
the right hand side of the energy balance (E¢) is finite for all ¢ € [0,T]. Therefore,
ze 2 [0,T] — Koa(£2;]0,1)™) is a (component-wise) non-increasing function. Following
the procedure of Section 5.2 for ¢t € [0,7] by S.(f) the set of stable states is denoted,
ie.,

S.(t) == {(uc, 2.) € Q.(Q) satisfying (S°) for t = and E.(t, u., 2.) < o0}

For the energetic formulation (S¢) and (E°) the abstract Theorem 5.5 guarantees the
existence of a solution.
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6.1 Microscopic model

Proposition 6.5 (Existence of solutions). Assume that (6.1), (6.2), and (6.5) hold. For
¢ € C'([0,T]; (Ht,, (Q)%)*) let the energy functional & : [0,T]xQ-(Q2) — R be defined
via (6.6). Moreover, for a continuous D, : Koz (€ 0, 1]™)x Ko (20, 1]™) — [0, 00) let
the dissipation distance D. : K. (€25 [0, 1]™) x K (5[0, 1]™) — [0, 00] be defined by (6.7)
and satisfy (6.9).

Then for all (u?,22) € S.(0), there exists an energetic solution (u.,z.) : [0,T] = Q.(Q)

€)~e

of the rate-independent system (Q.(9),E., D.) satisfying (u-(0),2.(0)) = (u?, 20) and
ue € L([0, T]; Hp,,, (2)7),
z. € L2([0, T]; Kea (25 [0, 1]™)) N BV, ([0, T]; Kea (25 [0, 1]™)).

Proof. We have to check the conditions (5.7)—(5.12).
(5.7): Due to (6.5) we have for every u € Hf, ()%, z € KA(2;]0,1]™), and ¢ € [0, T7:

C’eHUH2H%Dir(Q)d (6§5) $(Co(2)e(u), e(u))y2(qyixa
< &t u, 2) + (L(t), u)
< E(tyu,z)+ C[HUHH%‘DH(Q)d, (6.10)
where Cy = ||€|]01([0’T};(H%Dir(Q)d)*) < 00. (Note that since € > 0 is fixed in the whole

proof, here the index ¢ for z € K. (€2;[0,1]™) is neglected.) By artificially introducing
the product [lu[lg ()« -1 to the right hand side of (6.10), the application of the scaled
Dir

version of Young’s inequality yields

~

C||u||2H%D' i < E(tu,z)+C (6.11)

for some constants C, C' > 0 and a suitable chosen scaling parameter. For a constant

E € R and a sequence (ug, 25)s>0 C Q-(2) belonging to the sublevel set Subg(t) (see

(5.6)) estimate (6.11) yields a uniform upper bound for the sequence (||u5||%{% (Q)a)5>0-
Dir

Hence, due to the reflexivity of H (€)% there exists uo € H_ (€2)? and a subsequence
of (us)s>0 converging weakly to ug in Hy (Q)%.

Moreover, (z5)s>0 C Kca(€2;[0,1]™) is uniformly bounded by assumption. Hence, there
exists a function zg € KA(€2;[0,1]™) and a subsequence of (zs)s~o converging to z in
Koa(€; [0, 1]™); see Remark 2.3. Applying Lemma 6.1 yields the strong convergence of
(Ce(25))s0 to Ce(20) in LY(€2; Lingy, (RXE RED)) for this subsequence of (§)sso. By

sym’ - sym
possibly choosing a further subsequence (0")s/~o of (d)s>0 we have e(us) — e(uy) in

L2(2)™? and C.(z5/) — C.(20) in L}(€; Ling, (REXE RIXD)). For z € Q, z € [0,1]™, and

sym?’ —Usym

€ € R get f(x,2,€) := (C.(2)€,€)axa- Then all assumptions of the lower semiconti-

Sym

nuity Theorem 3.23 of [14] are fulfilled and it follows

lim inf Q<C5(25/)e(U5/),e(uaf)>dxdd:z: > /Q<(Cg(zo)e(u0),e(u0)>dxddx. (6.12)

6'—0
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6 Homogenization of unidirectional microstructure evolution models

According to Remark 2.3 it holds zy — 2o in LI(Q2)™ for every ¢ € [1,00). Combining
this convergence with the continuity of the mapping Rz : KA (Q)™ — Kep(QF)™*¢
(e > 0 fixed) with respect to the strong LP-topology results in

lim || Rs 2|7 — || Rs zo||? (6.13)

Lp Q+)m><d - Lp Q+ mxd*

Trivially, (€(t), ug) — (€(t), ug) is valid, since ug — ug in H_ (€2)¢ which together with
(6.12) and (6.13) yields

> lim1i / ;) >
E > hgp_%lf E(tyug, ze) > E(t, 10, 20),

such that the compactness of the energy sublevel sets is proven.

(5.8): Since £ € C([0,T}; (Hp,, (©2)%)*), we have
0. (01.2)] = (6. 0)| < Oy e < Sl e+ 1)

Combining this estimate with inequality (6.11) gives |0:E.(t,u, 2)| < c1(co + E(t, u, 2))
for some constants ¢y, c; > 0 such that the uniform control of the power is shown.

(5.9): See assumption (6.9).
[0,1]™) are the

), 1) = [0, 0]

(5.10): According to Remark 2.3 the weak and strong topology of K., (€2;
same. Hence, condition (5.10) holds, since D, : K.z (€2; [0, 1]™) x K (€25 [
is lower continuous by definition.

(5.11): Since 8,E.(t, u, z) = —(€(t),u), this condition is trivially satisfied.

(5.12): For w € Hi_ ()% 2z € Ka(Q:[0,1]™), and t € [0, 7] considering (s, us, 2s)s>0
with (us, z5) € Se(ts), ts = t, us = win Hi__(Q)?, and 25 — z in KA (€5 [0, 1]™) we have
to check that (u,z) € S.(t). For an arbitrary function z € K., (£;]0,1]™) with z < 2
let Zs := min{Z, zs}. Then Z; — Z in K.A(€2;[0,1]™) and oo > 255(25,25) — 155(2, z) for
6 — 0 due to the assumed continuity of D, : Kea (€2 [0, 1]™)x Ko (€2 [0,1]™) — [0, 00).
Since (€(ts),us) — (£(t),u) analogously to the first step of this proof, for all functions
(@, 2) € Q.(Q) with z < z we find

step 1

E(t,u,z) < liminf & (ts,us, 25)
6—0

< lim (& (ts, @, 2) + D.(25, %))
= E.(t, 1, %) + D.(z, 2).
The second inequality is due to the stability of the sequence (us, 25)s>0 and in the last

line Lemma 6.1 was exploited. Note that in the case Z £ z, due to D.(z,2) = oo, the
stability condition (S) is trivially satisfied.

Finally, letting (u., z.) : [0,7] — Q.(22) be a solution of (5°) and (Ef) its time regularity
needs to be proven. Since (E) is fulfilled for all ¢ € [0,7] and since its right hand
side is finite we have E.(t,u.(t),2.(t)) < oo and Dissp_(z:;[0,7]) < oco. Hence, we
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6.2 Two-scale effective model

already have z. € BVp_([0,T]; Kca(92;]0,1]™)). The proof of Theorem 5.5 is based on
a generalized version of Helly’s selection principal implying the piecewise continuity of
ze 0 [0, T] — Koa(€;[0,1]™). Therefore, it holds z. € L>®([0, 7], Kca(€2;]0,1]™)). The
estimate & (t, u-(t), 2(t)) < oo immediately yields u. € L°([0, T], Hf_ (22)?) according
to inequality (6.11). Since the proof of the abstract existence result (Theorem 5.5) is
based on interpolants constructed for a time discretization and since all these interpolants
of the energetic solution are measurable in time, the displacement field is measurable,
too. This concludes the proof. O

6.2 Two-scale effective model

By investigating the asymptotic behavior of the microscopic models (S¢) and (Ef), the
two-scale model (S°) and (E°) introduced below will turn out to be their rigorous limit for
e — 0. For an internal variable 2y € W'?(; [0, 1]™) and the given tensor valued mapping
C e L>([0, 1]™; M(Y)), the microstructure is described by the two-scale elasticity tensor
Co(20) € M(2xY) for almost every (x,y) € QxY defined via

Col20)(2,y) == Clz0(2))(y)- (6.14)
Note that the measurability of this superposition is ensured by assumption (6.1). Since
it is the strong two-scale limit of a sequence of microscopic tensors of the previous section
(see Theorem 3.9), this tensor is actually the natural candidate.

Remark 6.6. The constitutive relation (6.14) states that in almost every point = of
Q there is a unit cell {x}xY containing the microstructure modeled by the mapping
C(z0(x)) € M({z}xY). For a more descriptive illustration of this limit microstructure,
see the less abstract setting of Section 7.2. Observe that the effective microstructure
modeled by Co(z0) € M(QxY) for the given mapping C € L>([0,1]™; M(Y)) is uniquely
described by the limit internal variable zg € WHP(Q; [0,1]™). Without the microstructure
reqularization in the microscopic models this would not be the case; see Section 7.4.

The fact that the energetic formulation (S°) and (E®) is solely based on functionals
makes this approach well adapted to the theory of I'-convergence when looking for an
effective limit model. Let ) := R?/, denote the periodicity cell. For a given t € [0, T
we are going to apply the theory of I'-convergence to the sequence (E.(t,-,-))eso of
microscopic energy functionals. For this purpose, we choose the two-scale topology for
the displacement field component u. (see Proposition 3.7) and the topology implied by
Theorem 4.5 for the internal variable z.. Hence, the limit function space Qg has the
following structure:

Qo :=H}_ (Q)*xL*( Hy, (1) x WP (€3 [0,1)™).
For (ug,Uy) € Hp (Q)*xL2(Q;HL (V))? we define é(ug, U1) := e,(uo) + €,(U1), where

e;(up) and e, (U;) denote the linearized strain tensors with respect to the z and y-
variable; see (2.2). Then the stored energy of the system is modeled by the two-scale
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6 Homogenization of unidirectional microstructure evolution models

energy functional Eg : [0,7]x Qo — R defined via
Eo(t, uo, U1, 20) := %(Co(zo) (w0, Uy), €(uo, Ur)) 12 (QxY)dxd T ||VZO||Lp ymxd (€(t), uo).

The dissipated energy of the effective models is based on the given, continuous map-
ping Dy : LP(£2; [0, 1]™)xLP(£2; [0, 1]™) — [0, 00), see (6.8). Thus, the limit dissipation
distance Dy : WHP(€; [0, 1]™)x WhP(€; [0, 1]™) — [0, 00] is given by

ﬁo(zl, 22) lf 21 2 22,

00 otherwise

Do(zl, 22) = {

and for ¢t € [0,7] and a function zo : [0,7] — W'P(Q;[0,1]™) the total dissipation
Dissp, (20; [0, t]) is defined by

Dissp, (20; [0,t]) := sup { 2_: 1), 20(t; ))}>

where for N € N the supremum is taken with respect to all finite partitions my :=
{0 =ty < t; < ... <ty =t} of the interval [0,¢]. Finally, for given initial values
(ud, U?, 28) € Qq the rate-independent microstructure evolution model is given by the
energetic formulation (S°) and (E°):

Stability condition (S°) and energy balance (E°) for all ¢ € [0,7]:
Eo(t, uo(t), Uy(t), 20(t)) < Eo(t, @, U, 2) + Do(z(t),2) for all (7, U, %) € Qo

Eo(t,uo(t), Ui(t), 20(t)) + Dissp, (20; [0, t]) = Eo(0,u), U, 25) — /Ot(é(s),uo(s))ds

For ¢ € [0, T] we denote by Sy(f) the set of stable states, i.c.,
So(t) := {(uo, Uy, z) € Qq satisfying (S°) for t = ¢ and Eq(t, ug, U, 29) < oo}.

Remark 6.7. The existence of a solution of the two-scale model is proven via the con-
vergence result in Section 6.5, where for ¢ — 0 the convergence of a subsequence of
energetic solutions (ue, z:) : [0,T] = Q.(2) of the microscopic models (S°) and (Ef) to
a function (ug, Uy, z0) : [0,T] — Qo satisfying the two-scale energetic formulation (S°)
and (E®) is shown.

6.3 One-scale effective model

In this section we formulate a one-scale model which is equivalent to the two-scale model
of Section 6.2 in the following sense: From any solution of one of those systems a solution
of the other model can be constructed.
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6.3 One-scale effective model

Let the state space Qy(£2) be given by
Qo(Q) :=H}_ ()" xW"P(€;[0,1]™).

The energy functional is based on a mapping Ceg : W'P(Q;[0,1]™) — M(Q). The
precise structure of this microstructure describing function is motivated by the following
observation: Let ¢ € [0,7] and (uo, U, 20) € So(t) be given. Then, by assuming the
testfunctions (i, 2) to take the values (ug, 29) in the stability condition (S°) we find that
U, is the unique solution of

min{/o(z0, uo, U) | U € L*(Q; H,, (1))}, (6.15)
where

Io(20, 1o, U) r=/ (Cla0(x))(y)(&(uo, U)(z,y)), &(uo, U) (@, y)) axadydz.

This motivates the introduction of a tensor Coq € L>([0, 1] Lingm (REERE:D)) given

by the following unit cell problem: For £ € R¥? 2 € [0,1]™, and the given mapping

C e L>([0, 1]™; M(Y)) let o
Cet(Z,€) := uelﬁi?y)d I(z,&v), (6.16a)
I(z,€v) = /Y (CEW(E+ey(0)®),E+e,(0)y)), dy. (6.16b)

Then Cu(Z,-) defines the tensor Cqg(2) as stated in the following proposition.
Proposition 6.8. Let condition (6.3) hold and let Cog : [0,1]"xRIX? — R be defined

sym
by (6.16). Then for z € [0,1]™ there exists a unique solution of (6.16a). Moreover, for
all Z € [0,1]™ there exists Ce(2) € Lingym (RE, RIXT) such that

VEERZ:  Cu(2,€) = (Cer(2)€, )axa-

Proof. For given £ € RY\T and Z € [0,1)™ the functional I(Z,&,-) : HL, (V)Y — R is
continuous and strictly convex due to (6.3). Hence, there exists a unique minimizer of

(6.16a) fulfilling the Euler-Lagrange equation
D,(I(Z.&))[o] =0 Vo € Hy(Y)*
and according to the Lemma of Lax—Milgram
L:(€) := Argmin{I(2,&,v)|v € HL (D)%} (6.17)

defines a linear solution operator £; : R&X! — HL (V). For i,j,k, 1 € {1,...,d} let 0;ju

denote the Kronecker delta. Then for e;; € ngxn‘f given by (e;; )k = %((51-]',;@14—5]-1-,;4[) we
define

Catu ) = [ (CEW)(eis + ey L)) ent + e, (Lelew) 1)), dv.
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6 Homogenization of unidirectional microstructure evolution models

First of all we have Cog(Z) € Lingm, (R4 RE4) and by

Sym >’ - sym

d d
(Cent(2)E,E)axa = Y (& €ij)axa D (& enm)axal eﬂijkl(%\)eijaekl)dxd

3,7=1 k=1
= [ CEW)E+ e, (L)), + ey (L:€) ) axady
we find Cog(2,€) = (Cegt(2)€, €)axa, which concludes the proof. O

Proposition 6.8 enables us to introduce Ceg : WHP(Q;[0,1]™) — M(Q) describing the
microstructure evolution in the energetic formulation below. For ¢ € R¥? 2 € Q,

Sym )

2 € WhP(Q;[0,1]™), and the given C € L>([0,1]™; M(Y’)) the unit cell problem

(Cett (20) (1), E)axa := min /@(Zo(l’))(y)(£+ey(v)(y)),€+ey(v)(y)>dxddy (6.18)

veHl (V)4 Jy

is well defined. Thus, the one-scale model is based on the one-scale energy functional
& [0, T xQp(2) — R defined in the following way:

Eo(t, uo, 20) 1= %(Ceff(ZO)eWo),e(uo)>L2(Q)dXd + Hvonip(Q)de — (€(1), uo)

For the same given, continuous mapping Dy : L?(€2; [0, 1]™)xL?(Q; [0, 1]™) — [0, 00) as
considered in the previous sections (see (6.8)) the dissipated energy of the system is
based on the limit dissipation distance Dy : W1P(Q; [0, 1]™) x WP (Q; [0, 1]™) — [0, o0,
which reads as follows:

Dy(21, ) = {DO(Z1,Z2) if 21 2‘227

00 otherwise.
Observe that in contrast to the limit energy functional, due to the regularization with
respect to the damage variable there is no second scale appearing in the limit dissipation
distance. Therefore, (here and in all following limit models) the dissipation distances of
the two-scale and one-scale limit models coincide, i.e., it holds Dy(z1, 22) = Do(21, 22)
for all 21,29 € WHP(;[0,1]™) by definition. For z; : [0,T] — WP(Q; [0,1]™) the total
dissipation Dissp, (zo; [0, ¢]) until the time ¢ € [0, 7] is defined by

Dissp, (z0; [0, t]) := sup { Z_: , 20(t; ))}7

where for N € N the supremum is taken with respect to all finite partitions 7y, with
my ={0 =ty <ty < ... <ty = t}, of the interval [0,¢]. Finally, for given initial
values (u),z)) € Qo(Q) the energetic formulation (S°) and (E°) of the one-scale rate-
independent system (Qg(2), &y, Do) reads as follows:
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6.3 One-scale effective model

Stability condition (S°) and energy balance (E°) for all ¢ € [0, T]:

Eo(t,up(t), z0(t)) < Eo(t,w, 2) + Do(20(t),z) for all (w,z) € Qo(R2)

Eo(t, ug(t), 20(t)) + Dissp, (20; [0, t]) = & (0, up, 2) — /0 (0(s), ug(s))ds
Furthermore, for ¢ € [0, T] we define the set of stable states Sy(f) via

So(t) := {(ug, 20) € Qo(R) satisfying (S?) for t = ¢ and Ey(t, ug, z0) < o0}

The following theorem states the equivalence of the two-scale model introduced in Sec-
tion 6.2 and the here considered one-scale model. For the definition of the in following
appearing two-scale terms we refer to Section 6.2.

Theorem 6.9 (Equivalence of the two-scale and one-scale model). Assume that con-
dition (6.3) holds. For zZ € [0,1]™ let L : RT — HL (V)? denote the linear operator
defined by (6.17). Furthermore, let (uo,Uy) € L>°([0, T]; Hy (Q)xL2(Q; HL,(V))%) and
let zg € L>=°([0, T]; WHP(; [0, 1]™)) N BVp, ([0, T]; WHP(£2;[0,1]™)). Then for initial val-
ues (ud, UY, 28) € So(0) the following two statements are equivalent:
() The function (uo, Uy, z) - [0, ] = Qo with (uo(0),Us(0), 20(0)) = (ul UY, 28) is a
solution of (S°) and (E°).
(b) The function (ug, z) : [0,T] = Qo(Q) with (u(0),20(0)) = (ud, 20) is a solution
of (S°) and (E°), and Uy(t) := Ly, (ex(uo(t))(+)) for all t € [0,T).

The statement of Theorem 6.9 is a direct consequence of Proposition 6.10 and Corol-
lary 6.11 below.

Proposition 6.10. Assume that (6.3) holds. For z € [0,1]™ let L; : REX! — H) (V)?
denote the linear operator defined by (6.17). Then fort € [0,T], for uy € H%Dir(Q)d, and
for zo € WHP(£2;[0,1]™) the following statements are equivalent:

(a) Uy is the unique solution of (6.15).
(b) Ur = Lz (€2(uo)(-))-
(C) EO(t7 Uo, U17 ZO) = 50 (ta Ug, ZO)'

Proof. For the given (ug, 29) € Qo(f2) the function U; € L2(Q;HL (¥))¢ is the unique
minimizer of (6.15), if and only if the following inequality holds for all testfunctions
U € L2(, HL, (V)1

Io(20, w0, U) > Io(20, ug, Uy), (6.19)

where Iy(20, uo, ) : L2(€, HL ())¢ — R is the continuous functional given by

10(207 Up, U) = / <@<Z0(x))(y)(é<u0’ U) (.QZ, y))? é<u0a U) (Ia y)>d><ddyd$'
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6 Homogenization of unidirectional microstructure evolution models

(b)=(a): With £; : R — H) (V)? defined by (6.17) we show that the function
U, € L*(Q,HL,(Y))4, which is defined by Ui(z,y) = L. (€s(uo)(z))(y) for almost
every (z,y) € QxY, is also a solution of (6.19). For almost every x € Q the function
Uy (x,-) € HL (V)9 satisfies the following inequality for all o € HL (D) by definition; see

(6.16b) and (6.17).

I(20(x), (o) (), 0) = I(20(x), € (uo)(x), Ur(x,")). (6.20)

For arbitrary but fixed (f;,v;) € L2(Q)xH! (¥), i =1,2,...,d, and almost every z €

we now choose the following specific testfunction ¥ := % | fi(x)v;e; € HL (V)% Here,

the k-th component (e;); of the vector e; € R? is defined by (e;)r := i, where

for i,k € {1,2,...,d} denotes the Kronecker delta. By integrating (6.20) over €2 for
= (frvr,. .. ,fdvd) we obtain

[0(20,U0,[7) Z [O(Zo,UO,Ul). (621)

By choosing suitable linear combinations of such testfunctions, we find that (6.21) holds
for any function U of the linear span of {(fiv1,. .., fava)” | (fi;v;) € L2(Q)xHL (V)i =

.,d}. Observe that by basic density properties for Bochner spaces the linear span
of {(fiv, ..., fava)™ | (fi,v;) € L2(Q)xHL (¥),i = 1,...,d} is dense in L2(; H. ())¢4,
which combined with the continuity of Io(zg,uo,-) = L*(Q,HL, (V) — R results in
the fact that (6.21) holds for any function U € L2(;HL ()))%. Hence, the function
U, € L2(HL (D)4 solves (6.19) for the given function (ug, z0) € Qo(€2).

(a)=>(b): For given (ug, z9) € Qo(Q) let Uy € L2(;HL (¥))™ be the unique solution
of (6.19). As already proven in the first step, Ui (z,y) := L.o@)(Vauo(z))(y) is also a
solution of (6.19). According to the uniqueness of the minimizer this results in U; = U;.

(a),(b)<(c): Following the trivial transformations below for given (ug, z9) € Q(£2) we
find

U = EZO()(efB(u(])()) A E()(ta ug, Un, ZO) = 80<t Uo, ZO)'
Indeed, using the definitions of Ceg(29) € M(Q) and L) : RE4 — HL (V)? we have:

go(t, Up, ZD) = %(CQH(ZO)GI(U()), €, ( )>L2(Q dxd + HVZUHLP(Q mxd <€(t>, U0> (622&)
= 1 [ 1(z0(2). €0 u0) (@), Laogo) (€2 1) (@))) Az + [ V20 gm0 = ((8), )
= 310 (20, 10, L0 (€x(10)())) + 1V 2017 gyrexs — (0(8), t0) (6.22b)
= Eo(t,UQ,Ul,Zo) (622C)

In the case of “<” line (6.22¢c) is equal to line (6.22a) by assumption and the identity
Uy = L.y)(ez(ug)(+)) follows by comparing line (6.22b) and (6.22c). On the other hand
in the case of “=" in line (6.22c) U; = L.,(.)(ex(uo)(+)) was exploited.

Note that in the case of Uy = L. )(ex(uo)( -)) the function U; is the unique minimizer of
(6.15) such that there is no function Uy # U fulfilling Eo(t, uo, Uy, 20) = Eo(t, ug, 20). O
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6.4 Mutual recovery sequence

Corollary 6.11. Assume that (6.3) holds. For z € [0,1]™ let L; : R&:E — HL (V)?

denote the linear operator defined by (6.17). Then fort € [0,T] the following statements
are equivalent:

(a) (uo,Us, 20) € So(t).
(b) Ui = Ly (ex(uo)(-)) and (ug, z0) € So(t).

Proof. (a)=-(b): As already mentioned in the beginning of this section the condition
(ug, Uy, 20) € So(t) implies that U; € L*(Q; HL (Y))? is the minimizer of (6.15). Hence,
we have U; = L.()(e;(up)(+)) according to Proposition 6.10. Moreover, the following
inequality holds, by taking the minimum over all U € L*(Q; H! (/))? on the right hand
side of the stability condition (S?).

Eo(t,UO, Ul, Zo) S mang(t, 1~,L, [77 g) + D(](Z(), 2) \V/(ﬂ, Z) - Qo(Q)
U

However, for the first two terms of this inequality Proposition 6.10 can be exploited such
that we end up with

go(t, Ug, Zo) S go(t, ’lNL, E) + DQ(Z(), E) \V/ (TL, E) c QO(Q)
(b)<=(a): Due to Proposition 6.10 we have
Eo(t, Ug, Ul, Zo) = go(t, Up, Zo) S go(t, 17, E) + Do(ZO, Z) \V/ (27, Z) & Q()(Q)

Moreover, it holds &(t, @, %) < Eo(t, @, U, %) for all U e L2(Q; HL (V)¢ since there is

equality for the unique minimizer U, = £L5)(e,(%)(-)). This estimate finally gives

Eo(t,Uo, Ul, Zo) S Eo(t, ﬂ, U, 2) + DU(Z(), :Zv) V(ﬂ, [7, g) € QQ,

which implies (ug, Uy, 29) € So(t) and Corollary 6.11 is proven. ]

6.4 Mutual recovery sequence

This section is in preparation for proving the convergence of the microscopic models
introduced in Section 6.1 to the effective models of Section 6.2 and 6.3. For this purpose,
we are going to apply the evolutionary I'-convergence method which is presented in [56]
in an abstract setting. There, the authors pointed out that the crucial issue in performing
the limit passage is to guarantee the stability of the limit when starting with a stable
sequence. Hence, one of the main concerns of [56] is the provision of various sufficient
conditions ensuring this stability. Therefore, the existence of a so-called mutual recovery
sequence is requested and we are going to focus on one suitable definition and refer to
[56] for the general theory.

61



6 Homogenization of unidirectional microstructure evolution models

The state spaces and functionals underlying the following definitions and theorems are
those introduced in the Sections 6.1 and 6.2. Summarizing, this section contains the
proof that there are subsequences of solutions of the microscopic models (S¢) and (E?)
which converge to a function satisfying the two-scale stability condition (S°) for all
t € [0,T]. We start with the following definitions:

Definition 6.12 (Stable sequence with respect to ¢ € [0,7T]). Let the discrete gradi-
ent Re : Koa(€;[0,1]™) — KA ()™ be given by Definition 4.1. Then a sequence
(Ue, 22 )es0 Satisfying (ue, z.) € Q(Q) for every e > 0 is called stable sequence with respect
to the time t € [0, T if the conditions (a) and (b) hold:

(a) There exists a function (ug, Uy, z9) € Qo such that:

Ue — U in H%Dir(Q)d, ze — 29 in LP(Q)™,
u. > Eug in L2(QxY)?, Rezlo — Vz in LP(Q)mxe,
Vu, = V. Eug+V,Up  in LQ(QXY)dXd.

(b) (ue, 2:) € Sc(t) for every e > 0.

Definition 6.13 (Mutual recovery condition and mutual recovery sequence). A se-
quences of functionals (€., D:)->o fulfills the mutual recovery condition, if for every func-
tion (o, Uh, Zo) € Qo and for every stable sequence (u., z:)eso with respect to t € [0, T
the following holds:

There exists a sequence (Ue, Z:)eso With (Ue, Z:) € Q:(2) for all € > 0 such that

lim sup Da(zaa ga) < DO(ZO7 g0) (623)

e—0

as well as

limsup (E(t, @e, %) — Ex(t, e, 2.)) < Bo(t, o, U, %) — Eolt,uo, Ur, 20).  (6.24)

e—0
Such a sequence (Ue, Z:)eso 1S called mutual recovery sequence.

Remark 6.14. Observe that Definition 6.13 does not ask the mutual recovery sequence
(Ue, Z:)es0 to converge to (ug, Uy, Zp) € Qo in any sense.

Theorem 6.15 (Mutual recovery sequence). Assume that the conditions (6.1), (6.2),
and (6.5) hold. For e > 0 and ¢ € C*([0,T]; (Hp, ()4)*) let & : [0, T]xQ.(2) — R
be defined via (6.6) and let D, : K o(£2; [0, 1]™) x Ko (25 [0, 1]™) — [0, 00] be defined by
(6.7) fulfilling the conditions (6.8) and (6.9). Furthermore, let Eq : [0,T]xQo — R and
Do : WEP(Q; [0, 1]™) x WEP(£2; [0, 1]™) — [0, 00] be given as introduced in Section 6.2. If
(Ue, 22 )es0 1S a stable sequence with respect to t € [0, T] with limit (ug, Uy, 20) € Qq, then:

(a) For every (i, Uy, %) € Qo there exists a mutual recovery sequence (lic, Z-)zso-
(b) (uo, U, 20) € Sp(t).
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6.4 Mutual recovery sequence

The construction of the u-component of the mutual recovery sequence is based on the
two-scale density result concerning Sobolev functions stated in Proposition 3.8. Starting
with a given stable sequence (ue, z¢)e>0 the z-component z. € K. (£2; [0, 1]™) is explicitly
constructed out of z. € K.z (€; [0, 1]™) in the proof of the following theorem.

Theorem 6.16 (z-component of the mutual recovery sequence). Let the discrete gradi-
ent Re : Koa(€[0,1]™) — Kea(QF)™*4 be given by Definition 4.1 and let (uc, z:)-0 be
a stable sequence with respect to t € [0,T] with limit (uy, Uy, z0) € Qo.

Then for every zy € WHP(82; [0, 1])™ with Zy < zy there exists a sequence (Z.).~o satisfying
Ze € Kea(5[0,1]™), 2 < ze, 2. = 20 in LP(Q)™, ReZ|q — VZ in LP(Q)™* and

i sup (11R5 21, s = [R5 2 1 ) < 9200 s = [V 200 gy (6:25)

The construction of the z-component of the mutual recovery sequence is based on that
done in [61]. There, the authors constructed a mutual recovery sequence for scalar
Sobolev functions. Here, the main steps of the proof stay the same but due to the
discrete setting on the e-level and the vectorial case some new technicalities come into

play.

Proof. 1. Let 2z, 2o € WH(Q;]0,1]™) and (2.).-¢ be given as assumed in Theorem 6.16.
Choose A > 0 arbitrary but fixed. Then there exists 9 > 0 such that QF C neigh, (Q2)
for all € € (0,&9). Moreover, there exists an extension Z, € Wy”(neigh, (€);[0,1]™)
of Zg € WP(Q;]0,1]™) satisfying Zo|q = Zy according to Theorem A 6.12 in [3]. Let
P. : LP(RY) — K A (R%) denote the projector to piecewise constant functions introduced
in Definition 4.11. Then Z. := (P-(Z5))|qa satisfies

lim (Hgo—szLp(Q)m + H(VEO)eX—R%ZEHLP(Q;)mxd) =0, (6.26)

as shown in the proof of Theorem 4.9. Observe that the application of the projector P. to
the function z&* € LP(R?)™ has to be understood component-wise. Following the proof
in [61] we mtroduce the function z. € K 5 (£2;]0, 1]™), decomposed for every component
ZU) 5 € {1,2,...,m}, in the following way:

5

29)(z) if z € BY U (Q\Q),

20)(1) = { max{0,zY (z)—0V}  if x € AV .= Q7 \BY),
. :

where BY) = {r € Q7 : 2V)(z) < max{0,z0)(2)—0W}}. For j € {1,2,...,m} the
positive constant ¢/ will later be chosen in such a way that 2 — 0 for ¢ — 0. This
definition immediately results in 0 < z, < z..

2. Now, we prove that z. — Zp in LP(Q)™. Since zZ. — Z; in LP(Q)™ is equivalent to
70) — 2 in LP(Q) for every j € {1,2,...,m} we will restrict ourselves to the case
m = 1. Hence, let A, := AW B, := BM and 6, := § to shorten notation. According
to |z-(z)—Z2o(x)| < 1, especially on Be, we find

1Ze=Z0l[La () < | max{0,Ze=0:} — Zol[Lo(a.) + Ha(B:). (6.27)
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6 Homogenization of unidirectional microstructure evolution models

Figure 6.1: Decomposition of {2 into the subsets A. and B..

By increasing the domain of integration from A. to Q, adding zero (—z.+z.) and ap-
plying the triangle inequality, the first term of (6.27) is bounded by the expression
271 max{0, Z.—0: } — Z[I{o(q) + 27 ' [Ze— 20|75 (- Hence, due to (6.26) the right hand
side of (6.27) converges to zero if the sequence (0.).~o can be chosen such that §. — 0
and p4(B:) — 0.

3. Choice of §. > 0 such that §. — 0 and p4(B:) — 0: As before let m = 1. Since zy = %,
on {27 by definition the identity Z. = F.Z5* on (1= holds. Combining this identity with
the assumption zy < z( results in zZ. < P.z5* on 2-. Due to this estimate

2 () <max{0, Pozf(x)—0.}} € {z € Qo §(x)—2(x)|} = B.

such that Markov’s inequality (M) can be exploited in the following way:

B.c{xeq;

) M) 1 ex P
pa(B) < pa(Be) < & [ |P2() = (o) e

By choosing 07 := HPEZ'SX_ZEHLP(Q;) < || Pezg*—20lLr(e) + |20—2c[lLr(e), for instance, the
assumed convergence z. — zp in LP(Q2) yields 0. — 0 and p4(B.) — 0 as € — 0. As
already mentioned in [61], J. > 0 is necessary to apply Markov’s inequality. However, in
the case of §. = 0 the assumed convergence z. — 2o in LP(Q2) implies (P.z{*)|q — 2. — 0
in L?(Q2) such that lim. g ,ud(és) = 0 results immediately.

4. To show: limsup,_,, <||R A — || Re 2|} ) < VoL gy — IV 20llTr )

Lr(QF)d Lr(QF)d
Roughly spoken, the fact pq(B.) — 0 for ¢ — 0 means that in the case of a sequence
of Sobolev functions (z. € WH?(Q2)) it is sufficient to prove (6.25) for A. instead of QF
on the left hand side. However, since we are interested in the case of piecewise constant
functions we have to pay some special attention to the region around the interface

I. = 0A. N OB, where BY := B. U (27\Q-). Note that due to the definition of A,

and B. there are disjoint subsets Aa_, Ap. C AZ such that A. = Uyep, (A +Y) and
B. = Ujsea,, €(A+Y). Hence, for Ap+ := Ap U(AT\AD) we have B = Usen e(A+Y).

For i € {1,2,...,d} let n; € R? be given by condition (4.2) and let F,, (¢)\) denote
the face of e(A+Y’) orthogonal to n; € R? which is contained in e(A+Y’). Then, the
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6.4 Mutual recovery sequence

Figure 6.2: Here, x(5) and () denote points considered in step 5 and 6, respectively.

interface I, can be uniquely represented by I, = U%, U \es® cl(F,,(e\)), where S c A
rest 15, (€X)) are all faces of the interface I. that are

orthogonal to n; € R%. Observe that |S®| < |Apz+| since the number of faces in SO is
bounded by the number of all cells contained in B .

is a suitable finite subset and

Taking the union of all cells

L= U eO—1b+Y)

=1 \eg®

containing the face F),,(¢\) in the middle (see Figure 6.2) we have I. C cl(J.) and

d d d
pa(Jo) <30 30 et =30 |SP1e <3 [Aps e = dua(BY). (6.28)
i=1

1=1 )\GS,gi) =1 =

The set J. has been constructed in such a way that x € A.\J. implies 24-5b; € A,
and r—5b; € A, and the analog statement is valid on B\ J.. Hence, by exploiting the
structure of Re : KA ([0, 1]™) — Kea(QF)™*¢ given by Definition 4.1 we have

Re(max{0,z.—d:})  in A\J,
R:z = { R:% in (6.29)
R:z in B\ J..

Keeping (6.25) in mind, we want to estimate |RsZ P from above by terms depending
only on z. and z.. Due to (6.29) we only have to care about the case = € J.. Therefore,
we consider every component (Rg Eg(x)>bi separately.

5. The case z € J.\U, .0 e(A—3bi+Y) for i € {1,...,d} fixed:

Aes!
In this case either z+5b; € A. and x—5b; € A. or x+5b; € Bf and 2—5b; € B,
Combining this result with the definition of the function z. € K. (€;[0,1]™) and the
structure of the discrete gradient yields the desired estimate

|(Rs7(x))b;| < max {|(Rg (max{0,Z.(x)—5:}) )b, | (R 2:(2) ) bu

=
2

3 (6.30)

)

65



6 Homogenization of unidirectional microstructure evolution models

6. The case z € U (A=3b+Y) for i € {1,...,d} fixed:

aes® €

In this case either z+5b; € A. and x—5b; € B or x+5b; € B and 2—5b; € A,
according to the definition of S. Without loss of generality set a := r+5b; € A and
b:=x—5b; € BF. Then due to the definitions of A. and B} we have

1> z.(a) > z.(a) = max{0,z.(a)—d.} > 0, (6.31a)
1 > max{0,z.(b)—d.} > z.(b) = z.(b) > 0. (6.31b)

Since b € BF\B. = QF\Q is possible, in relation (6.31b) and in the following table
every function has to be understood as its extension with respect to the continuation
operator V. : KA (Q2) — Ka(2F) given by (4.1). Keeping this remark in mind the
following estimates are valid.

if Z.(a) > Z.(b) | if Z(a) < Z(b)
|2 (a)—Z(b)] oo Z(a)=2(0) | = Z(b)—z(a)
< -z | Y max{0,7.(0)-6.} — %.(a)
(6.310) ze(a)—z:(b) (6.81=) max{0, z.(b)—d. } — max{0,z.(a)—0.}

Hence, we also find
(Rsz(x))bi

forall z € U

b

< max {‘ (R% (max{0, Zg(:v)—ée})) b;

(R%za(x))bi

3 (6.32)

Aes 6()\—%bi+Y).

7. Summary of the case z € J.: Combining (6.30) and (6.32) these inequalities hold for
every x € J., which finally results in

|R%§E|p in AE\JE,
|ReZ|P < { [RsZe|’ + [Rgzf”  in J, (6.33)
|Re 2. [P in B\ J.,

by recalling (6.29), since | max{C1, Co}|P < |C1|P 4+ |Cy|P and since
| Rs max{0,Z(x) =0} < [Rg (Ze(x)—0c)| = [R5 Z:(x)].
Exploiting (6.33) we conclude in the case m = 1 that
lim sup (I1Rsz]|

IR 22, )

p
Lr(Qf)d

< lim sup ReZ.(2)|?P — |Rez.(x)|Pdx
FRY, 2 2

e—0
+ [, IRgz=@)P = [Ryz(o)Pde

+ [ Rgz()P + | Rgz(o)P |R;Zs<x>”’d‘”>
Je
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6.4 Mutual recovery sequence

= lim sup < /A 1 Bsm @)z — /A N |R3z€(:c)|1>dx>
<lim [ IRz (2)Pde — liminf [ L0, (@)Rs2(2)Pde
||VZO||LP @ ||VZO||LP(Q)d7

where in the second last line the first term converges to HVEOHip(Q)d according to (6.26).
Moreover, weak lower semi-continuity of the norm together with the weak convergence
Tans.Reze = Vzoin LP ()% is exploited for the second one. Note that due to estimate
(6.28) we have 14\, — 1o in LI(Q) for every ¢ € [1,00), since lim._,o pq(B:) = 0
implies lim, o pq(B) = 0.

8. The general case m > 1: Up to now, in the case m > 1 it holds (5 € {1,2,...,m})

tim sup ([R5 2017, g0 — I R507
e—0 €

) S IVE I oipe = IV05 12 e

Lp(Q+)d
for every component ), v\, z@, v(()j) of the functions z., z. € K. (£2;[0,1]™) and Z, 29 €
WP (Q; [0,1])™. Summing up these inequalities for all j = 1,2,..., m we finally have

i sup (1R 2112, s = 15 2l ) < 19200 s = 1900y
&g

9. ReZla — VZ in LP(Q)™*4: According to step 8 Theorem 4.5 can be applied for
the sequence (Z.).~o. Moreover, due to step 2 the limit-function of Theorem 4.5 is
identified as Z, € W'?(€; [0, 1]™) which altogether yields R< Z|q — VZ, in L7 (€)™ for
a subsequence (not relabeled). O

Now, Theorem 6.16 enables us to construct the mutual recovery sequence (e, Z¢ )e>o-

Proof of Theorem 6.15. Part (a): Let (ue, z:)e>0 be a the stable sequence with respect
to t € [0,T] converging to the limit (ug, Uy, 29) € Qo; see Definition 6.12. Then, for a
given function (uy, U, Zp) € Qo we start by constructing the mutual recovery sequence
(?jg, ga)e>0'

1. First, the z-component Z. € K. (€;[0,1]™) is constructed and (6.23) is verified.
Observe that in the case of Dy(zp,29) = oo, the limsup-inequality (6.23) is trivially
fulfilled for the sequence (Z.).~o constructed in the proof of Theorem 4.9. Hence, without
loss of generality we assume zZp < zg from now on. According to Theorem 6.16 there
exists a sequence (Z:).-o satisfying z. € K.A(Q;[0,1]™), z. < z., Z. — Zp in LP(Q)™,
R:Z|o = VZ in LP(Q)™*¢, and

lim sup (|15 217 e — 1B 2l ymna) < 1V20ln(@pncs = [V 2001 aymea
€

Recalling assumption (6.8) results in lim._,o D, (2, Z-) = Do(20, 20) and (6.23) is shown.

2. Now the u-component u. € Hi_ (Q)? is constructed. Adopting the notation of
Proposition 3.8 let w. € H{(2)¢ be the solution of the elliptic problem stated there with
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6 Homogenization of unidirectional microstructure evolution models

wo := 0 € HY(Q)? and Wy == U, € L}(Q;HL (¥))?. Then according to Proposition 3.8
we have w, — 0 in H{(Q)?, w. > 0 in L*(QxY)4, and Vw, > V,U; in L*(QxY)%*,
Thus, the u-component of the mutual recovery sequence is defined via

ﬁg = ﬂo + we.
Using property (b) of Proposition 3.5 and the convergence results for (w.).-¢ we find
a& - a0 1n Hll—‘Dir (Q)d7
u. > Eig in L2(QxY)?,
Vi, > V,Etg+V,U, in L*(QxY)™?

3. Now we are in the position to prove the lim sup-inequality stated in (6.24). According
to the assumption and step 2 we have u. — ug in Hf (Q)% and 4. — @y in Hf__(Q)?

which implies
lim ((£(t),ue) — (€(t), ) ) = (E(t), uo) — (C(F), To).

e—0

4. Next we prove that

lim sup ((C<(2.)e (i), (i) )ayexs — (Co(z:)e(ue), e(ue))pzayux)

e—0

S <C0(2{))é(ﬁg, (71), é(’ao, (71)>L2(Q><y)d><d — <C0(ZQ)§(UQ, Ul), é(uo, U1)>L2(Qxy)d><d. (634)

Combining this with the convergence results of step 1 and 3 implies the lim sup-inequality
(6.24). To show relation (6.34) we are going to prove

li_r}l(l]<@5(ge)e(’l~t€), e(a5)>L2(Q)dxd = <Co(§0)é(2~t0, 171), é(ﬂo, Ul)>L2(QxY)d><d (635)
and

lim inf (C. (z:)e(ue), e(ue))12yixa > (Co(20)€(uo, Ur), €(uo, Ur))12xy)axd.  (6.36)

e—0

Ad (6.35): Since z. — Z in LP(2)™ according to Theorem 3.9 we have C.(Z.) > Cy(%) in
L' (QxY; Lingm (RE:: RE)). Adopting the notation of Corollary 3.6 let m. := C.(Z.),
My = Cy(%), and v. := e(u.), Vo = 6(170,(71). Then Corollary 3.6 together with
the convergence results for (1.).-o give w. := C.(Z.)e(u.) — Co(Zo)e (o, 171) =: Wy in
L2(QxY)44 With this, Proposition 3.5(a) yields (6.35).

Ad (6.36): We start with the following integral identity valid according to identity (3.2)
and the product rule for the unfolding operator 7:

(Co(z:)e(ue), e(ue))r2axe = (T-Co(z:)Tee(ue), Tee(ue) )12 mraxy)dxd. (6.37)

Since z. — zp in LP(Q)™ according to Theorem 3.9 we have T.C.(z.) — C§*(2o) in

L' (R*xY’; Lingym (R&54; REXT)). Moreover, due to the definition of two-scale convergence
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6.5 Convergence result

it holds T.e(u.) — €*(ug, U;) in L2(R¢xY)?? which enables us to apply Theorem 3.23
of [14] which yields the following inequality:

lim inf (T-C. (22) Toe(ue), To(ue)) o gy > (€5 (20)8% (tt0, Ur), 8% (tt0, Un)) gyt

Taking into account that supp(C§*(zp)) C Q2xY this inequality together with (6.37)
gives (6.36) and the proof of point (a) in Theorem 6.15 is done.

Part (b) is a consequence of point (a): Let (ue, z:)e=0 be a stable sequence with respect
to t € [0,T] converging to the limit (ug, U, 20) € Qo; see Definition 6.12. Then, for
an arbitrary function (1, ﬁl,Eo) € Qo with zy < zy choose (@, Z: )0 as constructed
in the steps 1 and 2. Note that in the case Zy € 2y according to Dy (Zy, z0) = oo the
stability condition (S°) is trivially fulfilled. Due to the stability of (u.,z.) € Q.(Q2) at
time ¢ € [0,7] we have

0 S ga(ta ﬁaa Zs) + De<zm Za) - ga(ta Ug, Za)-
Applying the limsup with respect to the sequence (£).~o to the right hand side according
to (6.23) and (6.24) results in

0 < Eo(t, U, Uy, %) + Do(20, Z0) — Eo(t, uo, Ur, 20),

which is nothing else than the stability condition <~SO) of (ug, Ui, 29) € Qo at time
t € [0, T] for the arbitrarily chosen test-function (g, Uy, Zg) € Q. ]

6.5 Convergence result

This section provides the main result of this chapter, saying that the models of the
Sections 6.2 and 6.3 are the limit of the microscopic models introduced in Section 6.1.
However, before that we show that Eq : [0,7]xQg — R is the I'-limit of the sequence
(&:)eso of functionals &, : [0, T]x Q. (©2) — R with respect to our special topology.

Theorem 6.17 (Mosco convergence of (&:)c~o to Eg). Let (ue, z:)es0 be a sequence
satisfying (ue, z.) € Q(Q) for alle > 0 and

Ue — Ug in Hy (Q)%, ze =29 in LP(Q)™,
u. = FEug in L2(QxY)?, Rezlo — Vzy in LP(Q)™*,
Vu, - V,Bug+V,U; in L2(QxY)>?,
Then for every t € [0,T] it holds liminf. o E.(t, ue, z.) > Eqo(t, ug, Uy, 20). Moreover, for

every function (g, Uy, Zo) € Qo there exists a sequence (Ug, Ze )eso With (e, Z:) € Q ()
for every e > 0, with

T — o in Hy (Q)%, =% in LP(Q)™,
. > Big in L2(QxY)?, R:Z|o — VZ in LP(Q)™,
Vi, > V. Etg+V,U, in L2 (QxY)>

and with lim._q E-(t, i, 2.) = Eo(t, To, Ur, Z0)-
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6 Homogenization of unidirectional microstructure evolution models

Observe that here the term Mosco refers to the strong two-scale convergence of the re-
covery sequence’s u-component (., Vi, ).~o, and not to the weak convergence of (. )e0

in Hy(Q)%.

Proof. Ad liminf-inequality: Due to the assumptions of Theorem 6.17 we already have
lime 0 (0(t), ue) = (€(t),uo) and liminf. o [|Rs 2 |lLoymxa > [|Vzo|lLo(ym=a. Moreover,
Theorem 3.9 states T-C.(z.) = C§*(zp) in L'(R?XY’; Lingym, (RS Rg;rr‘f)). Thus, we are

in the position to apply Theorem 3.23 of [14] which yields the following inequality:
lsn i (T2C. (22) (1), Toe(tt)) s ey e > (5 (20)8 (1 U ), 8o, U)oy -

Altogether we proved liminf. .o E. (¢, uc, z.) > Eo(t, ug, Uy, z9) for every t € [0,T], by
taking the integral identity (3.2) and supp(C§*(zo)) C 2xY into account.

Ad lim(sup)-(in)equality: For a given (i, U, %) € Qqu choosing i, € Hi ()% as in
step 2 of the proof of Theorem 6.15 yields the stated convergence results for the sequence
(ﬂs)e>0'

According to Theorem 4.9 for z, € W'?(Q; [0, 1]™) there exists a sequence (Z.).o such
that z. € Kca(2;10,1]™), 2. = Z in LP(Q)™, and Rz Z|q — VZ in LP(Q)™*?. Moreover,
condition (4.27) implies

i | R 22, s = V000 gy (6.38)

Finally, Theorem 3.9 yields C.(Z.) = Co(Z) in L'(2xY’; Lingm (RE:%; RE4)). By adopt-
ing the notation of Corollary 3.6, with m. := C.(%.), My := Co(20), v. := e(u.), and
‘/() = é(’(jo, Ul) we have We ‘= (Cg(gg)e(aa) i> Co(go)é@jo, Ul) = WO in L2(QXY) Addi-

tionally exploiting Proposition 3.5(a) results in
lii%((Cg(Es)e(ﬂs),e(ﬂ€)>L2(Q)dxd = (Co(Z0)e(g, Uy), &(tig, Uy ) )12 (QxY)dxd. (6.39)

Combining (6.38), (6.39), and lim._,o(¢(t), u.) = (¢(t),up) concludes the proof. O

Now we are in the position to state the final result of this section, saying that the
sequence of solutions of the microscopic models (S°) and (E°) introduced in Section 6.1
converges to a solution of the effective two-scale model (S°) and (E°) introduced in
Section 6.2.

Theorem 6.18 (Convergence result ensuring the existence of solutions to (S%)&(E?)).
Assume that (6.1), (6.2), and (6.5) hold. For e >0 and ¢ € C'([0,T]; (Hp, ()%)*) let
the energy functional & : [0, T|x Q.(Q) — R be defined via (6.6) and let the dissipation
distance D, : Koo (Q; [0, 1]™) xKa (25 [0, 1]™) — [0, o0] be defined by (6.7) such that (6.8)
and (6.9) hold. Moreover, let the limit energy functional Eq : [0,T]xQo — R and the
limit dissipation distance Dy : WIP(Q; [0, 1]™)x WP(Q;[0,1]™) — [0, 00] be given as
introduced in Section 6.2. If for every e > 0 the function (ue,z:) : [0,T] = Q.(2) is
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an energetic solution of (S°) and (E) with (u-(0), 2-(0)) = (u2, 22) and if there exists a
triple (ud, U?, 20) € Qo such that the initial values satisfy

ud — u) in Hi__ ()4, 2= inLP(Q)™,
u > Bu in L2(QxY)?, R%ng) — V2 in LP(Q)™

V! 5 V,Eug+V, U7 in LP(QxY) ™,
then there ezists a function (ug, U1, 20) : [0, T] — Qo with

(uo, Ur) € L°([0, T; Hyy ()L (Q; Hy, (1)),
2o € L=([0, T]); WHP(€2; [0, 1]™)) N BVp, ([0, T]; WHP(€; [0, 1]™))

and a subsequence of (€).=o (not relabeled) satisfying for all t € [0,T]

ue(t) — up(t) n H%Dir(Q)d, ze(t) = 2zo(t) in LP(Q)™,
ue(t) > Eug(t) in L2(QxY)?, Re(2.(1)|a — V2o(t) in LP(Q)™4,
Vu(t) = Vo Eug(t)+V,Ui(t) in L2(QxY )™,

£
2

Furthermore, (ug, Uy, 20) : [0,T] — Qq is an energetic solution to (S°) and (E°) with
(uo(0), U1(0), 20(0)) = (ud, UY, 28) € So(0). Additionally, for allt € [0,T] it holds

lin €, (6 . (£), 2 (1)) = Bolt. uo(t), Uy (1), 20(8).

li_r}r(l] Disspe(z:; [0,t]) = Dissp, (z0; [0, t]).

Proof. 1. Let (ue,z:) : [0,T] — Q.(Q2) be an energetic solution of (S°) and (Ef) with

(u(0),2:(0)) = (u2,2%). We start by proving a priori estimates. Due to (6.5), for
Co = o,y (@) < oo inequality (6.40) below is obtained and is further
Dir

estimated by exploiting the non-negativity of Dissp, (z¢; [0, ]) in the energy balance (E?).

Oe““é(t)H%I%D @ = gs(tvu6(t)7za(t))+O€||us(t)||H%Dir(Q)d

() t .
< E(0.020) = [ (U(s), ucls))ds + Collus(B)lliy, @ (6:40)

According to the assumptions on (u?, 20).-o there exists a constant Cy > 0 such that

E(0,u?; 20) < Cp for all € > 0. Applying the scaled version of Young’s estimate to the

) ) ~e

product Cl[us(t)|lm._ ()« on the right hand side of (6.40) and taking the supremum
Dir

with respect to ¢t € [0,7] on both sides afterwards, yields the uniform estimate

Sup ||u€(t)||H1£ @ =6 (6.41)
te[0,T) Dir

where ¢ > 0 only depends on Cy > 0, T > 0, and ¢ € C'([0,T]; (Hf__(22)%)*). This
estimate implies that the energy balance’s right hand side is uniformly bounded which
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6 Homogenization of unidirectional microstructure evolution models

results in a uniform bound for the total dissipation Dissp,_(z¢;[0,¢]) on its left hand
side. Hence, z. : [0,T] — K. (£;[0,1]™) is a (component-wise) non-increasing function.
Estimating ||R%(za(t))||ip(g+)mxd in the same way as in (6.40) gives

sup sup || R (2(8) |2, s ymea < CoteCo(T+1),
>0 t€[0,T) ¢

where we already exploited (6.41). Moreover, |[z(t)[[{sqm < mpua(S2) for every € > 0
and all t € [0,7] since 0 < z.(t) < 1 by definition. Combining all estimates results in
the following uniform bound of the solution (u.,z.) : [0,7] — Q.(2): There exists a
constant C' > 0 depending only on Cy > 0, T' > 0, and ¢ € C'([0,T}; (Hy, (©2)%)*) such
that for all € > 0 it holds:

p
sup sup ((fue() g, @+ 2oy + 18 (eI qpynea) <O (642

2. Now we are going to construct a function zq : [0, 7] — W?(Q; [0, 1]™) and choose a
subsequence (£)esg of (€).>0 such that for any ¢ € [0, T] the sequence (zz(t))e~o converges
to 29(t) with respect to the strong L'-topology. Similarly to the proceeding in [49,
Section 3|, we start by constructing the function z : [0,7] — W'?(Q;[0,1]™). This
construction is based on the limit of the sequence (F.).~o of functions F. : [0,7] — R
defined via

Fe(t) =z () Ly (6.43)

where the subscript 1 denotes that the space L*(2)™ for v € L(Q)™ is equipped with
the norm [v||p1qpm = 275 [|vjllLi(q)- As already mentioned in step 1, F : [0,7] — R
is monotonously decreasing and uniformly bounded by my(€2). Therefore, the Helly
selection principle is applicable saying that there exists a monotonously decreasing func-
tion Fy € BV(]0,T];R) and a subsequence (€’).~¢ of (£)e=0 such that for all ¢t € [0,7] it
holds /

Fu(t) =22 Fy(t). (6.44)
Let Jy C [0,T] be the jump set of Fy, which is at most countable since Fyy € BV([0, T]; R)
is monotone. Furthermore, let Ky C [0,T]\Jy be a dense and countable subset and
choose (t,)nen such that (t,)neny = K1 U Jy. For arbitrary but fixed n € N according
to the uniform bound (6.42) the assumptions of Theorem 4.5 and Theorem 3.9 for the
sequence (2./(t,))eso are satisfied. Hence, there exists a function 2™ € WL#(Q; [0, 1]™)
and a subsequence (£”).1~0 of (¢/)o~o satisfying for € — 0

2o (tn) — zgt" in LP(Q)™, (6.45a)
R (2 ()| — V2™ in LP(Q)™x4, (6.45b)
Con(zn(tn)) > Co(25™)  in LHQXY; Ling,, (RE RE)), (6.45¢)

Let (2™ )pen © WEP(Q; [0,1]™) denote the set of all limit functions. Since (t,)nen
is a countable set, by a diagonalization argument we are able to construct a (possibly
different but not relabeled) subsequence (€”).r~ of (¢')o~¢ satisfying (6.45) for all n € N.
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"_0 n .
Due to (6.45a) for all n € N we have Fon(t,) = ||zen (tn)|L1)m 20 |28 )||L%(Q)m which
results in Fy(t,) = Hz(()t")HLi(Q)m by keeping (6.44) in mind. Moreover, the monotonicity
of zon [0, T] — Kca(€2;]0,1]™) together with (6.45a) results in 2 < 2 for all
tr < t; € Kp. According to this relation of zOt’“) and z(gtl) for t;, < t; € Kr we find

t t t t t t
Conll28™ =25 [1aym < 1128 =28 lur@ym = 11267 Na@ym = 125" Laym = Folte)—Fo(ty)

which due to the continuity of Fy on [0, 7]\ Jy D K converges to 0 for ¢, 7 ¢ or t; N\ t.
Here, C,, > 0 is the constant resulting from the utilization of the norm equivalence in
dimension m. Hence, the function ¢y : K7 — W'P(Q;[0,1]™) for all ¢, € K defined

by Co(ty) := Z(()tk) is continuous with respect to || - || 1@)m. This function enables us to
construct the limit function zq : [0,7] — L*(2)™ in the following way:

(a) zo(t,) = zO ) for all n € N,
(b) 2o|,m\J is the continuous extension of (4 with respect to || - ||L1q)

Observe that according to Jy C (t,)nen and the density of Kr C [0, T]\Jy the function
20 1 [0, T] — LY(Q)™ is defined everywhere on [0, T].

3. Now we show that the sequence (z.»(t)).r¢ for all t € [0, T] converges to the function
zo(t) in the sense of (6.45). Since the monotonicity of z.» : [0, 7] — K. (£2;[0,1]™) has
to be understood as z./(t) < z.#(t) (component-wise) for all t < ¢ € [0, 7] it holds

(6.43)

122 (8) =z (D) [Ly@ym = lzer () lly@ym — llzer @lly@m =" Fer(t)—Fen ().

Exploiting this relation in the following calculation yields z.»(t) — 2o(t) in L*(2)™. For
t € [0, T]\(tn)nen C [0,T]\Jo we choose t,, € Kr such that ¢ < t,,. Then

lim [|zer () —20Olagm < lim (lzen(8) =z (b lrgaym + 1z (t) —20 () L)

e’ —0 e”—0

+ | 20(tm) —20(t)[ 1)

(6.45a)
< lim G\ (R o (t)=For(tm)) + || 20(tm) = 20(t) | L1y
(6.44) ct (Fo(t)—FO(tm)) + |20 (tm) =20 (t) || L1 () m- (6.46)

Since Fy and 2, are continuous on [0, T\ Jy, t,, € Kr with ¢t < t,, can be chosen such that
(6.46) gets arbitrarily small, which proves z.»(t) — 2(t) in L1(Q)™ for every t € [0, T].

On the other hand, according to estimate (6.42) we are able to apply Theorem 4.5 and
Theorem 3.9 again such that for arbitrary but fixed ¢ € [0,T]\(¢,)nen there exists a
function z® € W?(Q; [0, 1]m) and a subsequence (£”)zmsq of (€”)er=0 satisfying

Zei (t) n LP(Q)m, (647&)
e (2em (1))l — v in LP(Q)m, (6.47b)
Con(aan (1)) 5 Co(29)  in LH(OXY; iy (RIS RED). (6.47¢)
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6 Homogenization of unidirectional microstructure evolution models

Since t € [0, T)\(tn)nen was chosen arbitrarily and we already proved z./(t) — 2o(t) in
LY(Q)™ for all ¢ € [0, T, this convergence result first of all gives zo(t) € Wh#(£; [0, 1]™)
for every t € [0,7]. Observe that the validity of this statement for all ¢ € (,,)nen is
already guaranteed by (6.45). Secondly, with z() = z,(¢) the convergence result (6.47) is
valid for all converging subsequences of (") such that we conclude that (6.47) holds
for the whole sequence (¢”).r.

Recapitulating all results proven in step 2 and 3 there exists a piecewise continuous,
monotone function zy € L®([0, T]; WhP(£2;[0,1]™)) and a subsequence of (g).s¢ (not
relabeled) such that the following is valid for all ¢t € [0,T] if ¢ — 0:

2e(t) = zo(t) in L”(Q2)™, (6.484a)
R (2:(t))la = V() in LP(Q)™x4, (6.48b)
Ce(z(t)) = Co(z0(t)) in L'(Q2xY; Lingm (R&: RE)). (6.48¢)

4. Now for every t € [0,T] we prove the displacement field’s convergence for the same
subsequence constructed in step 2 and 3. For this purpose, let ug : [0,7] — H%Dir(Q)d
and Uy : [0, 7] — L2(; HL ()¢ be uniquely defined by
uo(t) € Argmin{&y(t,u, 20(t)) |u € Hi_ ()%}, (6.49a)
Ui(t) == L@ (ex(uo(t))) (see Theorem 6.9), (6.49Db)

where zq : [0, 7] — WHP(Q) is the function defined in step 2.

On the other hand for fixed ¢ € [0,T] we have (u (t) (t)) € S.(t) by assumption. Due

to (6.42) and Proposition 3.7 there exist (uo Ul ) € Hf (Q)xL*(Q;HL,(V))? and a
subsequence (£').~o of the sequence (¢).~o considered in ( 48 ) such that

uz (t) — ul? in HY (Q)7,
ua(t) = Euf) in L2(QxY)?,

Vua(t) 2 Vo Bul'+v,U"  in L2(QxY)>?

Thus, we verified the applicability of Theorem 6.15 which states (uo U, 20(t)) € So(t).
Following Corollary 6.11 this is equivalent to

UY = Loyey(ex(wd)() and  (uf, z0(t)) € So(t). (6.50a)
By choosing Z = zy(t) in the stability condition (S°) we find
ul € Argmin{&(t, u, 2(t)) | u € H:__(Q)7}. (6.50b)

Comparing (6.49) and (6.50) we obtain (u ,U(t)) = (ug(t),U1(t)). This identification
shows

ue(t) — ug(t) in Hf__ ()4, (6.51a)
ue(t) = Eug(t) in L2(QxY)?, (6.51b)
Vu(t) 2 V,Eug(t)+V,U.(t) in L*(QxY)™ (6.51c)
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where the validity for the whole sequence (¢).~o considered in (6.48) is proven via a
contradiction argument similar to that applied in the proof of Corollary 3.6.

Note that in this step we already proved (uo(t), Ui(t), z0(t)) € So(t) for all ¢ € [0,T],
which includes (ul, U}, z3) € So(0). Since the pointwise limit of a sequence of measur-

able functions is measurable again, according to the uniform estimate (6.42) we have
(o, Uh) € L([0, T1; Hy, ()X L2(; Hy, (V)).

5. For proving that (ug, Uy, 29) : [0, T] — Qq satisfies the energy balance (E°) we pass in
(E?) to the limit ¢ — 0. We start with the right hand side. Due to the uniform bound
(6.42) we have [({(s),u-(s))| < C,C for every € > 0 and all s € [0, 7] such that

t t .

lim [ (0(s),u.(s))ds = [ lm(l(s), us(s))ds = /Ot@(s), up(s))ds

e—0Jo 0 €—0

by applying the theorem of dominated convergence and making use of u.(s) — wug(s) in
Hf ()4 for all s € [0,¢].

For m. := C.(22), My := Cy(2)), v. := e(u?), and V; := &(u), U}) applying Corollary 3.6
gives w. := C.(20)e(u?) > Cy(20)e(ud, UY) =: Wy in L2(QxY)?*? due to the assump-
tions for the sequences of initial values (z2).-¢ and (u?).~o. Thus, Proposition 3.5(a)
yields

lim (C. (22)e(u?), e(u?)) z(ayees = (Col2)E(uS, UD). 8l UD))ramryina.

which finally results in lim. o & (¢, u?, 22) = Eo(t, ud, U?, 23).

6. Left hand side of (Ef): According to the convergence results (6.48) and (6.51) all
assumptions of Theorem 6.17 are fulfilled, such that for all ¢ € [0, T] we have

lim inf & (¢, . (t), 2.(t)) > Eolt, uo(t), Uy (t), 20(t)). (6.52)

e—0

For N € Nlet ny == {0 =ty < t; < ... < ty = t} be an arbitrary partition of
the interval [0,¢]. Then, by exploiting (i) the definition of Dissp_(z.;[0,t]), (ii) the
assumption (6.8), and (iii) the convergence result (6.48a) the following estimate holds:
N N
111611_331]? DiSSDE (ZE, [O,tD Z hH(l)ZDg(Zg(tj_l), Zs(t])) = Z Do(Zo(tj_1>, Zo(t]»

=i j=1

By taking the supremum with respect to all finite partition 7 of the interval [0, ¢] on
the right hand side this inequality yields

hm_)iglf Dissp._ (2;[0,t]) > Dissp,(z0; [0, t]). (6.53)

Since Dissp, (2¢; [0, ¢]) is uniformly bounded with respect to ¢ > 0 and ¢ € [0,T], re-
lation (6.53) implies zg € BVp, ([0, T]; W'?(Q; [0,1]™)). Adding (6.52) and (6.53) and
combing this with the convergence results of step 5 for all ¢t € [0, 7] we have

0 . . . . . . . 5 stﬂ)B 0
(E)) < hran_}glf E(t,uc(t), z:(t)) + 111€n_>151f Dissp_(2¢;[0,]) < ll_I)I(l)(Er) =" (E)), (6.54)
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where the index [ and r denote the left and right hand side of the respective energy
balance. Due to the stability (ug(t), Ui(t), 20(t)) € So(t) proved in step 4 we immediately
obtain the opposite inequality (E{) > (EY) according to Proposition 2.4 of [56], such
that finally (uo, Uy, 20) : [0, 7] — Qo satisfies for all ¢ € [0, 7] the energy balance

Eo(t, uo(t),Us(t), z0(t))+Dissp, (z0; [0, t])=Eq(t, uo(0), U1 (0), 20(0))— /Ut@(s), uo(s))ds.

Due to the validity of the energy balance (E°) actually all inequalities in (6.54) are
equalities. This implies that (6.52) and (6.53) also have to be equalities and that their
limits exist. Hence, it holds

lim E(t,us(t), z(t)) = Eo(t, uo(t), Ur(t), 20(t)), (6.55)
li_r}ré Dissp, (z:;[0,t]) = Dissp, (20; [0, t]).

7. So far we verified that (ug(t), Uy (t), z0(t)) € Qo is a solution of (S°) and (E°) and it re-
mains to prove the strong convergence properties. Since weak convergence combined with
norm convergence implies strong convergence (see [3] Exercise 6.6) for the z-component
this proof is done by showing lim._,o | Rz (2=()) |1 qymxa = [[V20 (1) |15 (qymxa- Therefore,
let a.(t) = (Cc(z:(t))e(uc(t)), e(uc(t)))12(ixa and b.(t) := HR% (ze(t ))HLp Qi ymxd and
start by recalling

lim inf a () > (Co(z0(t))&(uo(t), Us(t)), 8(uo(t), Uy (t)))12gaxyyixa =: alt)  (6.56a)

e—0

analogously to (6.36) and
liran_)iglf b.(t) > lilgl_}onf R (2 () Lo ymna = [V 20(O) Lo (ymxa = b(1), (6.56b)

since Re (2:(t))[o — Vzo(t) in LP(Q)™*4 was proven in (6.48b). These lim inf-inequalities
together with condition (6.55) yield

.. .. . (6.55)
a(t)+b(t) < lim inf a () + lminf b.(t) < lim(a.(t) +D.(t))

a(t)+b(t),

stating that the relations in (6.56a) and (6.56b) actually are all equalities. By assuming
the opposite, finally the existence of the limits lim._, a.(t) = a(t) and lim._,o b (t) = b(t)
is shown, which together with (6.56b) results in the desired convergence result; namely
lim._, ||R§ (Z€(t))||ip(ﬂ)m><d = ||vzo(t>||ip(9)m><d‘

8. To prove Vu.(t) = V,Euo(t)+V,Ui(t) in L2(QxY)¥? choose u.(t) := ug(t)+v.(t),
where v.(t) € H}(2)? is the solution of the elliptic problem stated in Proposition 3.8
with vo(t) := 0 € Hy(2)? and Vi (¢) := Uy (t) € L2(Q; HL ()))% Thus, the proof is based
on estimating the term HV(ug(t)—ﬂE(t))HiQ(mdm by assumption (6.5) in the following
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way:
CollV (ue (1) =t (1)) |2 () axa
< %<Ce(ze(t))e(u8 t)_aa(t))’e(ua(t) aa(t)»LQ(Q)dXd
= 5(Celze(t) e(ue(t)), e(ue (b)) raiyaxa — 3(Cel2e(t))e(li(t)), (s (t))) 2(ixa
+ (e (t)—ue(t)))12(q)yaxa

Now we show that lim._o ||V (uc(t)— ﬂa(t))||iQ(Q)dxd = 0. Observe that

U (1) — ug(t) in Hy (Q), (6.58a)
U (t) 2> Bug(t) in L*(QxY)?, (6.58b)
Vi (t) = Vo Eug(t)+V,Ui(t) in L*(QxY)&>? (6.58¢)

due to Proposition 3.8. Then analogously to step 4 of the proof of Theorem 6.15 (see
(6.35)) we have

(Ce(z(1))e(@e (1)), (e (1)) 12y H{Col0(8))&(uo(t), Ur(1)), &(uo(t), Ur(£))) 2 (geyye2

Note that here the function (i, U1, %) of the proof of Theorem 6.15 (see (6.35)) is
replaced by (uo(t),Ui(t), 20(t)). Moreover, due to convergence result (6.58a) it holds
lime 0 (0(t), Uc(t)) = (€(t),uo(t)), and lim. o [|Rs (2:(1))|lLoym=a = [[Vz0(t)[|Lrymxa
was proved in step 7. Taking all together results in

li_r}ré E(t, (1), 2:(t)) = Eo(t, uo(t), Ui(t), 20(t)),

which proves that the first two terms of line (6.57a) in the limit (¢ — 0) sum up to zero;
see (6.55). Trivially, according to u.(t) — uo(t) in Hf_ ()% and (6.58a) the last term of

line (6.57a) converges to zero, too. Since e(uE( )—u.(t)) = 0 in L2(QxY)?*4 according

o (6.51¢) and (6.58¢), and C.(z.(t))e(u:(t)) = Co(20(t))e(uo(t), Ui(t)) in L2(Qx Y )dxd
analogously to step 4 of the proof of Theorem 6.15, also the L2-scalar product term of
line (6.57b) converges to zero.

Now we conclude the proof by the following estimate, where we start by adding zero to
apply the triangle inequality afterwards.

[TV ue(t)) — (Vo B4V, U1 (0)™ s ey
TV ()= () ey ot + I T (V) (Ve Bt ()Y, U1 (6)™ |y ey -

Since lim._o ||V (uc(t)—uc(t ))HLQ(Q axa = 0, by exploiting the norm preservation of the
unfolding operator the first term converges to zero. Furthermore, according to (6.58c¢)
also the last term converges to zero, which concludes the proof. O]
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[ Effective damage models based on
unidirectional evolution of micro-
scopic inclusions of weak material

Here and in the following chapters the homogenization result of Chapter 6 is exploited
to derive effective models for different types of damage models. In this context the
asymptotic behavior of families of brutal microscopic models are investigated whose un-
derlying microstructures are those of Section 2.6. That means, that the analytical point
of view of Chapter 6, i.e., the microstructure description via C € Le([0, 1)™;, M(Y)), is
replaced by the geometrical ansatz described in Section 2.6. This procedure includes,
that the assumptions guaranteeing existence of solutions and enabling the derivation
of effective models are made on the damage set, which is based on a given set valued
function L : [0,1]"™ — Lrer(Y). The advantage of this ansatz is the internal variable’s
monotonicity inherited to the stiffness of the considered body; see also Section 2.6. To
apply the homogenization theory presented in Chapter 6 to this geometrical description
of microstructure, we have to guarantee the validity of the crucial assumptions (6.1)—
(6.3). This is assured by the following conditions (7.1) and (7.2) as we will see below. As
already mentioned in Section 2.5 our brutal damage models are based on two positive
definite tensors Csrong, Cyeak € Linsym(ngXH‘f; ngxn‘f), i.e., there exists a positive constant
« such that

for all £ € R&: it holds  alél3, g < (Cueard €)axa < (Cotrong€, ) axa- (7.1)

The assumptions on the microstructure determining mapping L : [0, 1]™ — Lyp(Y) are
the following:

o L:]0,1]™ — Lep(Y) is a non-increasing function; see (2.21). (7.2a)
e For all Z € [0,1]™ with Z # 1 it holds ug(L(Z)) > 0. (7.2b)
e For all Z € [0,1]™ the set L(2) is a closed subset of cl(Y'). (7.2¢)

For any given z € [0, 1]™ and every (Z5)s=0 C [0, 1] satisfying Zs — 2 in R™ it holds

o 1g(L(Z2)\L(Z5)) + pa(L(Z5)\L(2)) — 0 for § — 0 and (7.2d)
e VA > 036y > 0 such that for all 6 € (0,dy) it holds L(Zs) C neighp (L(2)). (7.2e)

We will discuss concrete examples for L : [0, 1]™ — Lyp(Y) in Subsection 7.1.2.
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7 Effective damage models for the growth of inclusions of weak material

Figure 7.1: Examples for the mapping L : [0,1]™ — Lpe,(Y) fulfilling condition (7.2d)
but violating (7.2e). (i) Due to the red illustrated subset the indicated
sequence violates (7.2e). (ii) Any element of the sequence (L(Zs))s=0 is given
by the illustrated ball from which a lower dimensional subset is cut off.

Starting with the given set valued function L : [0,1]™ — Ly (Y) the tensor valued
mapping C™ : [0, 1]™ — L®(Y’; {Csprong, Cweak }) building the foundation of Chapter 6,
for all Z € [0,1]™ and every y € Y is given by (2.19) in the following way:

@In(g) (y> = HY\L(E) (y)cstrong + ]lL(;E) (y)(cweak- (73)

Here, the superscript In refers to the modeling of the inclusions of weak material in a
bulk of much stronger material. By assuming the relations (7.1) and (7.2) to hold, for
Cln . [0,1]™ — L*(Y’; {Cstrong Cweak }) defined by (7.3) the conditions (6.1)—(6.3) will be
verified in the following.

According to (7.1) for Cp := § the tensor C™ 2 [0,1]™ = L®(Y; {Cytrongs Cwear }) fulfills
inequality (6.3). The monotonicity constraint (7.2a) is to ensure that the damage evolu-
tion is unidirectional and has to be understood as stated in (2.21). Since microstructure
changes of measure zero do have no effect on the stored energy of the systems considered
in the following, asking for (7.2b) prevents the damage sets from being sets of measure
zero. Due to the integral description of the models below, depending on the choice of the
dissipation distance, violating (7.2b) allows for damage progression without dissipating
energy; see Remark 7.5. Alternatively, one could renounce the condition (7.2b) and take
into account microstructure changes of measure zero in the dissipation distance, but this
is just a question of modeling and does not add any mathematical difficulties. Observe
that since pq(L(1)) = 0 is allowed, there is no need of a small amount of weak material
to initiate damage progression. That means, if we start with a body completely occupied
by strong material, occurrence of weak material takes place once the evolution causes a
decrease of the damage variable.

The continuity assumption (7.2d) implies that C™ : [0,1)™ — L®(Y; {Cytrong> Ceak }) is
continuous with respect to the strong L'-topology, which means that it satisfies (6.2).
Hence, condition (7.2d) forces changes of the damage set to be continuous with respect
to changes of its volume.
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The remaining assumptions (7.2c) and (7.2¢) together with (7.2a) ensure the validity of
condition (6.1), which is stated in the lemma below. Condition (7.2e) represents some
kind of uniformity assumption on the boundary L(Z) with respect to changes of the
parameters z € [0, 1]™; see Figure 7.1 for two examples. According to Chapter 6, condi-
tion (6.1) assures the measurability of the energy densities introduced in the following.
This measurability is noteworthy, since due to Remark 7.2 none of the here considered
energy densities are Carathéodory functions.

Lemma 7.1. Let L : [0,1]" — Lre(Y) satisfy the conditions (7.2a), (7.2¢), and (7.2e¢).
Moreover, let Cln . 0, 1]™ — L*(Y; {Cstrong, Cweax }) be defined by (7.3). Then, for any
measurable function z : R? — [0,1]™ the mapping

~ RdXY — {(Cstron 7(Cweak}
C(2())() : R

(@,y) = C"(2(2))(y)
i.e., condition (6.1) of Chapter 6 is fulfilled.
Remark 7.2. Let the mapping f : Y xRZIxR™ — R be defined by

<(Cstr0ng€7 £>d><d ny S Y\L<2>7
<Cweak€>§>d><d ny € L(/Z\)

Then for fived y € Y the mapping f(y,-,-) : RZXIXR™ — R is not continuous on

Sym

RIXAR™ qs for fized £ € RdXd it only takes the values (Csirong€, §)axd and (Cyearé, &) dxad-

Sym
Hence, f: YdedeRm — R does not satisfy the Carathéodory condition. However, as
Jfollows from the previous lemma, for every measurable function z : R? — [0, 1]™ the map-

ping f, : RIXY xRI%4 5 R with fz(x Y, &) == <(CIH( () ()€, &) axa is a Carathéodory

Sym

is measurable on R*xY, (7.4)

F(5,6,2) i= (€ E)W)E, Eiea = {

function, since the mapping & +— fz(x y, &) for all (z,y) € RIXY is continuous and

since (x,y) — fz(x y, &) for any £ € Rf;nﬁl is measurable.

Proof. To verify condition (7.4) let 2z : RY — [0, 1]™ be an arbitrary but fixed measurable
function. Due to the definition of C™ : [0,1]™ — L®(Y;{Cqtrongs Cweak}) given by
(7.3), the mapping C™(2(-))(-) : R¥xY — {Cqtrong, Cwear} is constant on the two sets
M(2) := Upere{z}x L(2(x)) and (R¢xY)\M(z). Hence, (7.4) is proven by showing that
M (z) is a measurable subset of R¥x Y.

For this purpose, we choose a countable sequence (25)(5>0) of simple functions approxi-
mating the measurable mapping z : R? — [0,1]™ from below, i.e., z5(x) /" 2(z) (com-
ponentwise) for all z € R% Here, the term simple function means, that there is a
finite number of disjoint, measurable sets A, A3, ... ,A,‘i& C R? and constant vectors
2], 25,..., 20 € [0,1]™ such that UpZ, Ay = R? and z; = 332, ]lAizi- Thus, we now
consider the sequence (M (zs))s>o of M(z) approximating sets. For ¢ > 0 the measura-
bility of M (zs) is a consequence of the fact, that it can be written as a finite union of

measurable sets in the following way:

M(zs) = U ( U {2} xL(zs(x ) CZJ (A‘SXL 2 )

k=1 x€A5
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7 Effective damage models for the growth of inclusions of weak material

Note that for fixed § > 0 the measurability of the set L(z)) for all k € {1,2,...,ns} is
ensured by assumption (7.2c). Due to the relation z; < 2z on R? and condition (7.2a)
we have M (z) C M(z5) for every 6 > 0 by definition. Moreover, Nswo M (z5) C M(z) is
shown by the following contradiction argument:

Let (z*,y*) € Ns=o M (z5) but (z*,y*) ¢ M(z). Then for all § > 0
y* € L(zs(x")) (7.5)
but
dist(y*, L(z(z"))) =: 2A >0 (7.6)

since L(z(z*)) was assumed to be closed; see (7.2¢). Condition (7.6) implies

y* ¢ neighy (L(z(27))). (7.7)

Since zs(z*) — z(z*) by assumption, there exists dp > 0 such that for all § € (0,d) it

holds

g€ Liza(x®)) " neighy (L(2(2%))

which is a contradiction to (7.7).

All together we proved M (z) = Nsso M (2s). Since M(z) can be written as the countable
intersection of measurable sets, this shows its measurability and hence condition (7.4)
is verified. [

7.1 Inclusions of weak material causing damage
progression

In this section for fixed £ > 0 we start by introducing various microscopic damage models
fitting into the homogenization theory of Chapter 6. These different models are given
by the energetic formulation based on an energy functional and a dissipation distance.
The microstructure is modeled by a function L : [0, 1) — L, (Y) introduced in (7.2).
Before giving explicit examples for L : [0,1]™ — Lrp(Y), we formulate the abstract
setting. For a given damage variable z. € K. (2;[0,1]™) the microstructure for almost
every x € () is modeled by the tensor

(Cin(zs>(x) = HQ\QE(ZE)(x)Cstrong + ]lQ?(zg)(x)(Cweah (7'8)

where the damage set QP(z.) for A € AZ (see (2.15)) and 2% := z|.(\4v) according to
(2.20) reads as follows:

QP (z) == |J e\ + L(z)). (7.9)

AEAZ
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7.1 Inclusions of weak material causing damage progression

Note that due to assumption (2.1) Korn’s inequality is applicable for the domain
which together with (7.1) for all u € Hf._ (Q)? results in

%CKorn‘|u|’12_IlLDir(Q)d < %He(u)HiQ(Q)dxd < H(C(z)e(u), e(u))ixa- (7.10)
Therefore, the coercivity condition (6.5) for the microscopic models considered in this
section is fulfilled.

7.1.1 Energy functional and dissipation potential

Analog to Section 6.1, the state space Q"(Q) is given by
Q) := H%Dir(Q)deEA(Q; [0, 1]™).

Again we once choose p € (1,00) and keep it fixed for the rest of this chapter. Then the
stored energy of the system is modeled by the energy functional E™ : [0, T|x Q™(Q) — R
defined via

£ (0, 22) = H(C(22)e(w), e(u))aayas + 1R 2ol mns — (€0, 0), (711)

where ¢ € C'([0, T]; (HE__(2)%)*) and e(u) denotes the linearized strain tensor. Observe
that the energy density’s measurability is ensured by Lemma 7.1, and according to
Remark 7.2 it does not satisfy the Carathéodory condition.

Referring to Section 5.2 the modeling of the dissipated energy of the system is based on a
dissipation potential. The choice of this potential specifies the relation of (i) the amount
of dissipated energy of the system from one time step to another and (ii) the behavior
of the damage variable along this time interval. Including the examples considered in
the Subsections 7.1.2 and 7.1.4 below, all investigated potentials fulfill condition (5.2)
and hence ensure the rate independence of the respective system; see Proposition 5.6.
To show the applicability of the homogenization theory of Chapter 6, the associated
dissipation distances are calculated such that condition (6.8) can be verified in the
respective case.

Let an arbitrary mapping L : [0,1]™ — L (Y) satisfying (7.1) and (7.2) be given. In
this general case the amount of dissipated energy of the system from one time step to
another is assumed to be proportional to the change of the damage variable in this time
interval but with possibly different proportionality factors for every component. This
behavior is modeled by a dissipation potential R : K. (€2; [0, 1]™) — [0, o] depending
only on the damage variable’s velocity. Choose ¢’ € (1,00) and keep it fixed for the
rest of this chapter, i.e., in the following every ¢ refers to this choice. Then, for a given
sequence (k™).so C L7(Q;[0,00)™) satisfying £ — & in LY(Q)™ for some function
K € LY (Q; [0,00)™) the dissipation potential associated to € > 0 reads as follows:

RI (0, i /Qs (K2 (2), ve(2))n|da if 0 > v, on §,

00 otherwise.
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7 Effective damage models for the growth of inclusions of weak material

Hence, according to Remark 5.2, D" : K5 (2; [0, 1]™)xK A (€2 [0, 1]™) — [0, oc] is given
by

kP(2), 20(x) — 21(2))|dz if 21 > 25 on Q,
D 2y e | o 168 22(0) = 1@l 122 —

o0 otherwise.

Note that here and in the following the dissipation distance depends only on the argu-
ments’ values on the set {2_. This relation is due the fact that the system’s dissipated
energy depends on the evolution of inclusions of weak material, which according to (7.9)
is restricted to the set Q7. Observe that a vector valued damage variable might be
used to model anisotropic inclusions of weak material; see Example 7.4 and 7.6, for in-
stance. On the other hand, the problem underlying the modeling ansatz may show an
anisotropic behavior with respect to changes of the inclusions geometry. In this case,
this anisotropic response to changes of the inclusions geometry can be modeled by the
vector valued fracture toughness £ € L (€2; [0, 00)™). Thus, in addition to the possible
anisotropy entering the model due to the inclusions geometries, the system’s reaction on
a single component of the damage variable can be modeled individually.

To indicate the variety of damage caused microstructures captured by this energetic ap-
proach, we are now going to consider several dissipation potentials in dependence of dif-
ferent explicit choices of the microstructure determining function L : [0, 1™ — Lpre,(Y)
fulfilling the conditions (7.1) and (7.2). There the focus is placed on associating the
system’s dissipated energy to the changes of the inclusions’ geometries.

7.1.2 Potential inclusions’ geometries

Example 7.3 (Spherical inclusions of weak material). In this case the damage progres-
sion is assumed to cause spherical inclusions of weak material emerging in the center of
cells e(A+Y") C Q. To simplify notation for this example, for a given basis {b, by, ..., by}
of R? the unit cell is redefined in the following way:

d
Yy = Zkibiaki S [—%, ;)}

=1

Y:—{yE]Rd

Let the maximal radius R > 0 be chosen such that cl(Bg(0)) C Y. Then, for m =1
and Z € [0, 1] the microstructure determining function L : [0, 1] — Lre,(Y') is defined by

{yeY|glyy € d(Br(0)} it Z€[0,1),

L(2) == (1-2)cl(Bg(0)) = { " if 2=1.

Thus, for a suitable damage variable z. € K A (2; [0, 1]) the distribution of weak material
is illustrated in the center of Figure 2.2.
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7.1 Inclusions of weak material causing damage progression

Y Y

L
Y

bl bl

Figure 7.2: Left: Spherical inclusions of weak material. Right: Quadrangular inclusions
of weak material.

For d > 2 we consider two different dissipation potentials associating the dissipated
energy to the change of the volume or surface of the damage set.

—dr*d / 1—2.(2)) oo (2)da if 0 > v,
RZ()l(ZEavg) - ( ) Q;( ( )) ( ) -

o0 otherwise,

— (d—1)k""(d / 1—z(2))? 20 (2)dz  if 0> o,
o o | D@ [ () )

00 otherwise.

Here, k¥°\(d) = W%Rd(f‘(%—l—l))_l denotes the volume of the d-dimensional ball with

radius R and x5 (d) := 272 R4~ (T'(£)) " its surface area. Observe that as an illustration
these constants are chosen such that the proportionality factor of dissipated energy
and the change of the volume or surface of the damage set is exactly 1. Without any
difficulties one also might consider xz-dependent factors scaling the dissipated energy in
dependence on the damage variable’s value instead of the constants £'°!(d) and x5 (d).

The associated dissipation distances are determined by the minimizing problem (5.3). To
receive an explicit description for these distances, for arbitrary z; > 2o € K (£2;10, 1])
and some arbitrary chosen function z € W1, ([0, 1]; Koo (Q;[0,1])) (see (5.4)) we calcu-
late the value [ R (Z(s),Z(s))ds. Note that this function has to be non-increasing to

be a possible minimizer of (5.3). Integrating by parts with respect to s yields

—d /0 1 / (L. 2))* (s ) drds = / (1=2(1, )% — (1—2(0, 2))%dz.

Qo

Hence, the term [ RY°(Z(s),Z(s))ds is independent of the path described by the function
Z:[0,1] — Kea(£2;]0,1]) and depends only on the boundary values z; and z;. Since an

analog argument is valid for RZ", the dissipation distances defined by the minimizing

85



7 Effective damage models for the growth of inclusions of weak material

problem (5.3) read as follows:

RVOl(d)/ (1—zp(2))* — (1—2(2))%da if 21 > 29,
DZOl(zl,ZQ) = -
o0 otherwise,
k¥ (d / 1=z ()t = (1=z () e if 2y > 29,
D:ur<21,22) - ( ) Q;( 2( )) ( 1( )) 1 = <2
o0 otherwise.

Decomposing €2 into small cells e(A+Y), A € AZ, and exploiting the definition of the

damage set (see (7.9)) the dissipation distances are equivalently written as

vol Iud(QED(ZQ)) - lud(QaD(Zl)) if <1 2 22,
DI%(z1,22) = .

o0 otherwise,

sur 11d-1 (092 (z2)) — p1a-1 (092 (1)) if 21 > 2,
DE (Zl, Zg) = .

o0 otherwise,

showing explicitly the desired relation of dissipated energy and changes of the damage
set.

Example 7.4 (Quadrangular inclusions of weak material). For the sake of keeping the
notation as simple as possible, we set d = 2 in this case, but there are no problems when
generalizing this example to some arbitrary dimension. In the following the unit cell Y is
defined as in Example 7.3. Furthermore, the amount of dissipated energy from one time
step to another is assumed to be equal to the volume of strong material undergoing the
damage process (and hence transforming into weak material) during this time interval.

We start with an example of quadrangular inclusions of weak material. For this purpose,
for m =2 and z € [0, 1] we set

Y(3) = {y € R?

2
=3 Zkibi ki € [, ;)}. (7.13)
=1

As already mentioned in the beginning of this chapter, assuming condition (7.2b) to
hold prevents the damage set from being a set of measure zero. Since we are going to
associate the dissipated energy to the volume change of the damage set, microstructure
changes of measure zero will not be captured by the dissipation distance. On the other
hand, by assuming the dissipated energy to be proportional to the surface change of the
damage set one might renounce condition (7.2b).

To ensure the validity of condition (7.2b) we choose a constant ¢ € (0,1). Thus, the
mapping L : [0,1]> = Lrep(Y) for z € [0,1]? is defined via L(2) := cl(Y(1—¢7)). Since
¢ < 1, every cell e(A+Y) C Q contains at least a small amount of weak material at any
time, even for a constant damage variable taking the value 1. Note that the smaller
the difference 1—¢ > 0 the smaller the amount of initially appearing weak material in
the “undamaged” system. Here, the term undamaged refers to the internal variable and
does not mean that there is no weak material.
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7.1 Inclusions of weak material causing damage progression

Remark 7.5 (Necessity of condition (7.2b)). Let L(2) := cl(Y(1—2)) and choose
2= (2,,1)T € [0,1)% for some arbitrary z; € [0,1). Since the set QP (21) is (d—1)-
dimensional, there is no difference between the values E™(t,u,1) and EM(t,u, z2(V) of
stored energy. Therefore, in the case of associating the dissipated energy to the volume
change of the damage set, there neither energy is dissipated when switching from the
“undamaged” state (u,1) to the “damaged” state (u,z(V) nor does their stored energy
change.

On the other hand, starting from (u,1) or (u,z.) and considering damage progression
in by-direction yields dramatically different results. Choose 22 := (1,2)T € [0,1]? and
22 = (21, 2,)T € [0,1]2 for some arbitrary 2, € [0,1). Then EP(t,u, 1) = EM(t, u, 2?)
but EM(t,u, zM) # EM(t, u, 2(52)). Moreover, there is no energy dissipated when switch-
ing from (u,1) to (u,z?), but the energy dissipated when switching from (u, z)) to
(u, 252 is proportional to pug(QP(2142)) > 0. This investigation indicates the neces-
sity of condition (7.2b) if the relation of dissipated energy and changes of the damage
variable is not chosen carefully.

Letting v € (0, 7) denote the angle between the two basis vectors b; and by (see (7.13))
and setting x := sin(7y)|b1|2|b2|2, the dissipation potential leading to a proportional
relation of dissipated energy and volume changes of the damage set is defined by

R (z,v) = a H/Q (1=¢z1(x))cva(z) + (1=Cz(2))cvy (z)dz if 0 =0,

00 otherwise.

£

Again, the choice of the constant x > 0 is motivated by keeping the following as simple as
possible and could be easily replaced by a non-negative function, for instance. Proceeding
analogously to Example 7.3, the associated dissipation distance reads as follows:

1 1
) ) -
(0 @)= ° / I0=eai(@) = [Tz i())dx if 20 > 2

€ =0 =0

PDaua

)

00 otherwise.

Again, by decomposing €2_ into small cells e(A4+Y"), A € A, and exploiting the definition
of the damage set (see (7.9)) the following description hold:

pasnd (1) () _ #a(22(=?)) = pa(Q7 (1)) if 2 > 2,
c ’ 00 otherwise.

Obviously, this example can be easily generalized by allowing the quadrangular inclusions
to grow independently in all four directions. Therefore, the number of damage variable’s
components has to be doubled and the potential needs to be adapted.

Example 7.6 (Anisotropic inclusions of weak material). In contrast to Example 7.4
we here allow for more general anisotropic inclusions of weak material. Again we set
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7 Effective damage models for the growth of inclusions of weak material

\

b1

Figure 7.3: Left: Construction of lAl,lAg,.‘.,lAG € R? for given angels 73 € [0,7) and
Y2, Y3s - - -7 € (0,7). Right: Anisotropic inclusions of weak material.

d = 2 and let the unit cell Y be defined as in Example 7.3. Analog to Example 7.4, the
dissipated energy is assumed to be proportional to the volumetric change of the damage
set. To construct the anisotropic inclusions, let m > 2 and for j € {2,3,... ,m,m+1}
choose m angles ; € (0,7) with 74! 5; = 2. Then, for 1 € [0,7) let I, € R? with
l1]» = 1 be one of the two vectors satisfying cos(y1) = (I1,e1)s, where e; = (1,0)7.
Thus, the vectors lAg,lAg,, e ,lAm € Y of length 1 for j = 2,3,...,m are iteratively given
by

~

j 7 o~
cos( o) = (e and  cos(y) = (. l1)e
k=1

For ai,as, a3 € R? let triangle[ay, as, as] denote the closed triangle _generated by the
vertices aj, as and as. For j =1,2,...,m choose c¢; such that [; := ¢;l; is an element of
cl(Y). Then, for ¢ € (0,1) we set

m

L(z) = | triangle[(1-¢2;)l;, (1=¢Zj41)lj+1, 0],

j=1

where here and in the following Z,,,1 := 2z and l,,41 := [;. Again the here appear-
ing constant ¢ € (0,1) ensures assumption (7.2b). For x; := Zsin(v;11)|lj|2|lj41]2 the
dissipation potential modeling the desired behavior reads as follows:

| ~ Sk, / (122 (2))evj 1 (x) + (1—C2ja (2))ev;(x)de i 0 > v,
Rgr‘a(z, 'U) = j=1 Qo

o0 otherwise.

An analog argument as used for Example 7.3 yields the explicit formula

m 1 1
> Hj/_ H(l—EzJ(El(x)) - H(l—@zﬁ)i(x))dx if 2 > 23
j=1 79

Dzria(z(l)’z(m) = S 0

00 otherwise
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7.1 Inclusions of weak material causing damage progression

for the dissipation distance, which can be reformulated in the following way:

piria( (1) (2)y — #d(QE(z(Z))) - Md(QE(Z(l))) if 2 > 2(2)7
€ (Z ) < ) - .
00 otherwise.

Remark 7.7. (a) Observe that from the application point of view the proceeding in
Ezxample 7.3, 7.4, and 7.6 rather would be conversely. Most likely one would like to start
with the relation of the dissipated energy to the increase of the damage set. In this case,
the existence of an underlying dissipation potential fulfilling condition (5.2) needs to be
checked afterwards; see also Subsection 7.1.4.

(b) By considering sequences (z:)eso and (Z:)eso of functions z.,zZ. € KA(Q;[0,1]™)
satisfying condition (6.8), the derivation of the limit dissipation distance in Example 7.3,
7.4, and 7.6 is straight forward. Hence, in the following (including the limit models of
Section 7.2 and 7.3) everything is written exemplarily for the case of a general mapping
L:[0,1]™ = Lren(Y) satisfying (7.1) and (7.2), where the dissipation distance is given
by relation (7.12).

7.1.3 The microscopic model and existence of solutions

For given initial values (u?,2%) € QM(Q) the rate-independent damage evolution is

modeled by the e-dependent energetic formulation (S5,) and (ES,), where ¢ > 0 scales

In
the size of the damage structure.

Stability condition (Sf,) and energy balance (Ef,) for all ¢ € [0,T7:
ggn(ta Ug(t), ZE(t)) S ggn(ta ﬁv E) + ’Din<z€<t)7 2) fOI' all (ﬁv E) € Qin(Q>
t
EX(t, ue(t), z(t)) + Disspm (z; [0, 1]) = E(0,ul, 20) — / (U(s),uc(s))ds
0
Here, Disspm (2 [0,t]) := sup 23 D(2.(t;_1), 2(t;)), where for N € N the supremum
is taken with respect to all finite partitions 7y := {0 =ty < t; < ... < ty = t} of the

interval [0,7]. Following Section 5.2 for £ € [0,7] by S™(f) the set of stable states is
denoted.

S(t) = {(ue, 2.) € Q™(Q) satisfying (S5,) for t =t and E™(¢, u., z.) < oo}

The following corollary, ensuring the existence of solutions for (S§,) and (Ef,), is a direct
consequence of Proposition 6.5.

Corollary 7.8 (Existence of solutions). Assume that the conditions (7.1) and (7.2)
hold. For ¢ € C'([0,T]; (Ht,, ()%4)*) let £ : [0, TIx QM) — R be defined via (7.11).
Moreover, for k™ € L (2;[0,00)™) let D : KA (2; [0, 1]™)x K. (2; [0, 1]™) — [0, 00] be
gien by relation (7.12).
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7 Effective damage models for the growth of inclusions of weak material

Then for (u?,22) € 8™(0), there exists an energetic solution (u.,z.) : [0,T] — QM (Q)

of the rate-independent system (QM(Q), M, D) satisfying (u-(0), 2.(0)) = (u?, 20) and
u. € L([0, 7], Hy (2)9)
Ze € LOO([Oa T]7 KSA(Q; [07 1]m)) N BVD?‘([Oa T]7 KSA(Q; [07 1]m))

Proof. To apply Proposition 6.5 we need to ensure the validity of the conditions (6.1),
(6.2), (6.5), and (6.9). Due to Lemma 7.1 condition (6.1) holds, and as already sketched
in the beginning of this chapter, assumption (7.2d) implies (6.2). Korn’s inequality
together with assumption (7.1) result in the coercivity condition (6.5); see (7.10). Finally,
condition (6.9) trivially holds for all dissipation distances considered in this section. [

7.1.4 Rate independence with respect to another internal variable

Similar to the Examples 7.3, 7.4, and 7.6 this subsection is about ensuring the rate
independence of a specific model given by the energetic formulation. As before, the
rate independence of an energetic formulation is guaranteed by assuming the underlying
dissipation potential to satisfy condition (5.2). However, in contrast to Subsection 7.1.2,
here the starting point is the dissipation distance, modeling the amount of dissipated
energy needed to switch from one damage state to another. Proceeding in this way
seems natural from the modeling point of view. Only after determining the relation of
the dissipated energy to the microstructural changes, the internal variable is chosen. This
choice is preferably done such that the dissipation distance’s structure becomes rather
simple. Thus, in best case scenario the underlying dissipation potential is immediately
evident. In this case the difficulty of finding the underlying potential is replaced by
showing the necessary convergence results for the new internal variable.

Example 7.9. In the following we are going to present an example generalizing Fxam-
ple 7.3. Let m = 1 and choose Y as in Example 7.3, i.e.,

d
y=> kb ki €[-1, %)}

=1

Y::{yERd

Let L :[0,1] = Lrep(Y) be given by L(Z) := (1—2)D, where D C Y is a closed set which
is starshaped with respect to the center of the cell Y and satisfies 1 > pq(D) > 0. Again,
we want the dissipated energy to be proportional to the volume change of the damage
set QP(z.). Hence, the natural candidate for the internal variable is the characteristic
function To\gp(..), instead of z.. Then, the internal variable’s function space is

XAQ) = {x € L®(Q:{0,1}) [ T2 € Kea (% [0,1]) : x = Lanop( }-

Observe that for two functions z1, 20 € Kca(62;[0,1]) satisfying Lo\opz) = Lavap(z)
we obtain 2z1|g- = 2]q- but z; # 25, in general; see also Remark 2.7. Thus, the
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7.1 Inclusions of weak material causing damage progression

dissipation distance D : XD (Q)xXD () — [0, 00] creating proportionality of the
dissipated energy and the increase of the damage set is defined via

R (@) xe(r) = xa(@)dz i x1 > xa,
DEEX(XDXQ) = /Q

%) otherwise,

where (KF%).0 C L1(£2;]0,00)) is assumed to be given such that 2 — x5 in L1(Q) for

some k§* € L1(€;[0,00)). The underlying dissipation potential RE* : XB () — [0, o0]
is obviously given by (see also Remark 5.2)

() |ve ()| d if 0> v,

K
REX<U6) = /Q :

00 otherwise.

Since the damage variable is scalar, for a monotone decreasing x. : [0, 7] — XZ, (Q2) the
total dissipation simplifies to the following expression (see Definition 5.3):

Disspe« (x:: 0.1)) = | £2(2)|xc(0.) = xc(t,2)] . (7.14)

For modeling the stored energy of the system we want to stay with the functional
defined by (7.11), replacing only the previous internal variable z. € K. (£;10,1]) by
Xe = Lovan(..) € XDB\ (2). For this purpose, we introduce Q. : X2 () — K (210, 1])
by

Qe(xe) = max{z. € Kca(€;[0,1]) | xe = Tovap(.) } (7.15)

identifying a characteristic function x. € X2 (Q) with an element z. of the set of piece-
wise constant functions K. (€2;[0,1]). The opposite direction is implemented by the
identification operator N. : KA (;[0,1]) — X5\ (Q) for z € Q7 defined by

N (2:)(7) = Tn (@) e\ Lz (2)) (7) (7.16a)
and
Ne(2e)|gngz = 1. (7.16b)

The operators’ properties are stated the following proposition, which is an immediate
consequence of the operators’ definition.

Proposition 7.10. Let Q. : X5, (Q) — K.A(92;[0,1]) and N. : K4(22;[0,1]) — X2 (Q)
be defined by (7.15) and (7.16), respectively. Then:

(a) N.oQ.:XD(Q) — X5 (Q) is the identity.

(b) Q:o N.: KA (2[0,1]) — Kca(2:[0,1]) is a projection.

(¢) (Qeo No(2))|g- = 2lq- for all z € Ka(92;[0,1]).
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7 Effective damage models for the growth of inclusions of weak material

Remark 7.11. Since m = 1 and L(z) = (1—2)D, for any given element x. € X5, (Q)
the value Q-(x:)(x) can be determined explicitly by

! 1—pa(D) )
Q:(x:)(x) = pa(D) ][8( )eY X=(y)dy — Md(lD) forall z € Q_,

1 for x € Q\Q.

Referring to (7.11), the energy functional E* : [0, T|xHf_ (Q)?xXZ) () — R is defined
by

EX(t,u, xe) = 3{C*(xe)e(w), e(w))raayaxa + | Rs (Qe(Xe ) Ty ya — (1), w),
where CE*(.) for almost every z € § is given by

CE*(xe)(2) := Xe(@)Cotrong + (1 — X(2)) Cureak- (7.17)

Observe that CE*(y.) = C"(Q.(x.)); see the definition in line (7.8). Finally, for given
initial values (u2,x?) € H (2)4xX () and by exploiting the description (7.14) the
systems evolution is modeled by the energetic formulation (S§,) and (E, ).

Stability condition (S§,) and energy balance (Ef,) for all t € [0,77:
EPX(t,uc(t), x-(t)) < EXX(t, 4, X) + DE*(xe(t),X) for all (4, %) € Hy, (Q)*xX(Q)
t .,
EEX(tu(t), X (1) + [ KEIxc(0) = xe()ldar = EP(0,u x) = [ {i(s).uc(s)))dls

In preparation for the limit investigation ¢ — 0 of (Sg, ) and (Ef, ) we need to determine
the limit tensor of (C¥*(y.)).0 analogously to Theorem 3.9. Thereby, the assumptions
on (xe)eso are motivated by available uniform bounds of the energy functionals.

Proposition 7.12. Let the conditions (7.1) and (7.2) be fulfilled. Moreover, let (Xc)e>0
be a sequence with x. € X5 (Q) and Q.(x.) — 20 in LP(Q) for some 2y € LP(Q;0,1]).
Then

Xe = pta(D)zo + (1-pa(D)) in L=(9),
CE(xe) > C(20) in LY (XY Lingy, (R4 RE<Y))

sym )~ sym

where CE*(x.) is defined by (7.17) and C{*(2o) for all (z,y) € QXY is given by
CE' (20) () = C™ (z0(2)) (9)-

Proof. We start by proving x. — pa(D)z + (1—pa(D)) in L>®(Q). Thereto, let (x.)es0
be given such that x. € X2, (Q) and Q.(x.) — 20 in LP(Q). Moreover, let gy > 0 be fixed,
let ¢ € K;a(§2;,), and set g, := 5¢. By exploiting for all k € N that ¢ € K., A(Q)
is piecewise constant (¢ := ©*™|., a+y) for A € A7) in (7.18a) here below, using

the explicit formula of Remark 7.11 in (7.18b), and taking advantage of the fact that
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7.2 Two-scale effective damage model for inclusions of weak material

Figure 7.4: Schematic representation of the limit passage of the microscopic one-scale
model of Section 7.1 to the two-scale limit model of Section 7.2, where the
microscopic inclusions are assumed modeled as in Example 7.3.

€ Ka(92) and Q, (xe,) € K a(Q,) are piecewise constant in (7.18c), we obtain
the following result:

sk)\l 2)dz a

/ SO XEk dx - AEZA:_ ngD 5k /ek(A+Y) X{-:k( )d (718 )
- Z eto™ (1a(D)Qe, (Xer) (ExN) + (1= pa( D)) ) (7.18b)

= Z_ /ak()\-i-Y) Soex(x) (,Uzd(D)st(ng)(l‘) -+ (1—Md(D>>)d$ (718C)

= / P D)Qx, (xe,)(x) + (1=pa(D)) )da. (7.18d)

Combining the assumption ng(xgk) — zp in LP(Q) with (7.18d) for all » € KA (€2,)
results in

lim [ o*(@)xe (0)de = [ (@) (pa(D)zolx) + (1—pa(D)))da.

er—0

Since any function v € L'(2) can be approximated by a sequence of piecewise constant
functions (pz)es0, with p: € K (€2), and since the sequence (Q:(x:))->0 is uniformly
bounded in L>(Q2), we conclude x. — pg(D)zo(x) + (1—pa(D)) in L=(Q).

Due to CE*(x.) = C*(Q.(x.)), the strong two-scale convergence CE*(y.) = CI*(zp) in

L' (QxY; Lingm (REERE:Y)) is an immediate consequence of Theorem 3.9. O

7.2 Two-scale effective damage model based on the
growth of inclusions of weak material

In this section we formulate the two-scale effective damage model (S),) and (E{,), which
for ¢ — 0 according to Theorem 6.18 is the limit model of the microscopic models (Sf,)
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7 Effective damage models for the growth of inclusions of weak material

and (Ef,). The stored energy of the system (SY,) and (EY, ) is based on the tensor valued
mapping C{* : W'P(Q;[0,1]™) — L®(Q2XY’; {Cstrong, Cweak } ), Which for almost every
(z,y) € QXY and any zp € WHP(£;[0,1]™) is defined via

(CIDH(ZO) (.T, y) = ]lY\L(zo(m)) (y)(cstrong + ]lL(zo(x)) (y)Cweak-

Remark 7.13. By comparing the tensors CI"(z.) (see (7.8)) and C{*(z) we observe that
the microstructure is preserved by shifting it to the second scale in the following sense:
Considering a damage variable z. € K. (§2;1]0,1]™) the damage set of a cell e(A+Y) C Q
for 22 = z|.oqyy is given by e(A+L(2%)), whereas in the limit (z.(x) — z(z) for
almost every x € Q) in almost every point x € §2 there is a unit cell {z}xY containing
the damage set L(zo(x)); see also Figure 7.4.

Referring to Section 6.2 the limit function space Q{* has the following structure:
o= Hrp, (Q)'xL*(Q Hy, (1)) < W (Q; [0, 1]™),

where Y := R?/, denotes the periodicity cell. For (ug, U1) € HE_ (Q2)*xL*(Q; HL, (V))?
we define €(uo, Uy) := e, (ug) + €,(U1). Thus, the stored energy of the two-scale system
is modeled by the functional E* : [0, T]|x Q" — R defined via

Eén(t, Ug, Ul, Zo) = %(Cén(ZO) (Uo, Ul) (Uo, U1)>L2 (QxY)dxd + HVZUHLP(Q mxd <€(t), 'LLO>.

Checking condition (6.8) for the sequence of functionals (D)., given by (7.12) results
in a limit dissipation distance D{ : WHP(€2; [0, 1]™) x WEP(£2; [0, 1]™) — [0, 0o] given by

) — 21(x))p|de if 21 > 29,
DP(er 20 i /\ (@)l L2 %

otherwise,

where s € L9(Q;[0,00)™) is the same function as chosen in the definition of the

microscopic dissipation distance; see (7.12). For given initial values (ud, U?, 2J) € Q"
the rate-independent damage evolution is modeled by the energetic formulation (SY)
and (EY).

Stability condition (SY) and energy balance (E})) for all ¢ € [0, T]:
EX(t,uo(t), Ur(t), 20(t)) < ER(t, 4, U, 2) + D(2(t),2) for all (7,U, %) € Qi
t .
Eq" (¢, uo(t), Ur(1), 20(t)) + Disspin (20; [0, £]) = Eg'(0, ug, U7, 2) — /(J(f(S),UO(SWdS
Here, Disspm (z0; [0, ¢]) := sup Zé-v:l D{(20(t;-1), 20(t;)), where for N € N the supremum
is taken with respect to all finite partitions my = {0 =ty < t; < ... < ty = t} of

the interval [0,7"]. Analog to Remark 6.7, the existence of a solution of the two-scale
damage model is proven by the convergence result of Section 6.5.
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7.3 One-scale effective damage model for inclusions of weak material

Corollary 7.14 (Existence of solutions). Assume that the conditions (7.1) and (7.2)
hold. Let B : [0, T]x Q" — R and D{* : WHP(Q; [0, 1]™)x WHP(£2; 0, 1]™) — [0, o0] be
defined as described above. Let (ul,UY,20) € QI be given such that it is the limit of a
stable sequence (u?, z0).~o with respect to 0 € [0,T] in the sense of Definition 6.12. If
Vul = V,Eu) + V,U) in LX(QxY)™ and Rs2|q — Vz in LP(Q)™?, then there
exists an energetic solution (ug, Uy, 2) : [0,T] — Qi of the rate-independent system
(QR, ER, DI with initial condition (ud, UL, 20) satisfying

(uo, Ur) € L([0, T); Hy, (Q)xL*(Q Hyy (V))9),
20 € L2([0, T WHP(2 10, 1]™)) N BV ([0, T, WH(€; [0, 1))

Proof. This statement is a direct consequence of Theorem 6.18. Therefore, we need to
verify the theorem’s assumptions (6.1), (6.2), (6.5), (6.8), and (6.9). As we already saw
in the proof of Corollary 7.8 the conditions (7.1) and (7.2) guarantee the validity of (6.1),
(6.2), (6.5), and (6.9). Due to Remark 6.4 it is sufficient to verify condition (6.8) for

some arbitrary ¢ € [1,00). Choose q := q,q_ll such that the convergence claimed in (6.8)

results from the fact that the dual pairing of a weak converging sequence in L9 (Q)™ and
a strong converging sequence in LI(2)™ converges to the dual pairing of their limits. [

7.2.1 Two-scale limit energy functional and dissipation distance for
Example 7.9

Referring to Example 7.9 it holds EF* (¢, u., x.) = EM (¢, u., Q. (x.)) for every e > 0, all
(ue, xe) € Hp, ()4xXE(Q), and any ¢ € [0, T]. Therefore, according to the convergence
result Theorem 6.18 the limit energy functional EF* : [0, T]xQ* — R is given by

EOEX(ta U, Ula ZD) = Eg)n@? Up, U17 ZO)
for every (ug, Uy, 20) € QI and all ¢+ € [0,7]. Adapting condition (6.8) to the “new”
internal variable and exploiting the convergence result of Proposition 7.12 yields that
the limit dissipation distance D§* : W2(Q; [0, 1]) x WP(Q; [0, 1]) — [0, oo] for the limit
function x§* € LY(€;]0,00)) is defined by
1— D/HEX:L‘ZZL‘—ZdeE if 21 > 29,
DE<(2y, 25) 1= (1—pa(D)) 0 (2)|2z2(7) — 21 ()] 1> 2
00 otherwise.
7.3 One-scale effective damage model based on the
growth of inclusions of weak material

For the sake of completeness the one-scale model being equivalent to the two-scale model
of Section 7.2 is formulated. Let Qf*(£2) denote the state space defined via

o' (Q) = Hp,, ()" WH(Q;[0,1]™).
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7 Effective damage models for the growth of inclusions of weak material

For a given function z, € W'?(€2; [0, 1]™) the tensor C™(2(x)) € L®(Y; {Cutrongs Crveak })
for almost every (z,y) € QxY is given by

@IH(ZO(Z‘)) = ]lY\L(Zo(a?)) (y)(cstrong + ]lL(zo(x))(y)Cweak;

see (7.3). Since assumption (7.1) ensures the validity of condition (6.3), Proposition 6.8
yields that for ¢ € R%*¢ the unit cell problem

sym

(Coir(20) ()€, €)axa := _min /Y@“(Zo(ﬂ?))(y)(£+ey(v)(y)),§+ey(v)(y)>dxddy (7.19)

veH, (V)¢

defines a mapping C% : WhP(Q; [0,1]™) — M(€). Thus, the one-scale model is based
on the one-scale energy functional £ : [0, T|x QF*(Q2) — R defined in the following way:

Eo" (t w0, 20) = 5(Clf(20)e(uo), (uo))r2(@yaxa + |V 20][7 5 (qymea — (€(2), o).

Furthermore, for the same function & € L7 (€;]0,00)™) as chosen in the definition
of the microscopic dissipation distance given by (7.12), the limit dissipation distance
Dl WEP(€; 0, 1]™) x WEP(Q; [0, 1]™) — [0, 00] is given by

x) — 21(2))m|da if 21 > 29,
o {/ 1)) V>

otherwise.

For given initial values (u)), 2J) € OF(Q) the energetic formulation (SY,) and (E? ) of the

rate-independent system (Q(2), £, D) reads as follows:

Stability condition (S} ) and energy balance (E) ) for all ¢ € [0,T:
EN (t,uo(t), 20(t)) < & (8,1, 2) + Dy (20(t), Z)  for all (u,z) € QM)
b
31, uo(1) 20(1)) + Dissoy (20510, 1)) = E(0, 0§, ) — [ (), wfs)) s

Here, Dissp (20; [0, ¢]) := sup Zé-v:l D (20(tj-1), 20(t;)), where for N € N the supremum
is taken with respect to all finite partitions 7y := {0 =ty < t; < ... < ty =t} of the
interval [0, 7).

Corollary 7.15 (Existence of solutions). Assume that the conditions (7.1) and (7.2)
hold. Let £ : [0, T)x QP (Q) — R and D" : Wlp(Q [0, 1]™)x WP (Q; [0,1]™) — [0, o0]
be defined as described above. Let (uO,U{),ZO) € QI be given such that it is the limit
of a stable sequence (u2, 2°).~o with respect to 0 € [0, T] in the sense of Definition 6.12.

If Vu = V,Eud + V, U} in L2(QxY)™? and R: 22 — Vzg in LP(Q)"™?, then there
exists an energetic solution (ug,zo) : [0,T] — QF(Y) of the rate-independent system
(QI(Q), &, D) with initial condition (ud, z3) satisfying

uy € L((0, T); Hy,, (2)7),

29 € L=([0, T, WHP(€; 0, 1]™)) N BV ([0, T]; WHP(€; [0, 1]™)).
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7.4 Discussion of the results

Proof. Subject to the assumptions of Corollary 7.15 there exists an energetic solution
(1o, U, 20) : [0, 7] — Q* of the rate-independent system (Qi, Ei", D{") with initial
condition (u), UY, z9); see Corollary 7.14. Since condition (7.1) implies (6.3), Theo-
rem 6.9 states the existence of an energetic solution (ug,29) : [0,7] — QF(€2) of the
rate-independent system (Q(€2), £, D) with initial condition (uj, z3) and the proof
is concluded. O

7.4 Discussion of the results

Summarizing the results of this chapter, we are able to provide existence of solutions
for effective models modeling rate-independent damage progression caused by inclusions
of weak material. These effective models allow for various inclusions’ geometries and
present a constitutive relation of the limit damage variable and the effective material
tensor, which is uniquely described by the unit cell problem (7.19) (one scale effective
model). Due to the asymptotic analysis of Chapter 6, this constitutive relation is rig-
orously derived from the modeling of microscopic inclusions of weak material in a bulk
of undamaged material. Comparing this homogenization result with the damage model
of [24] shows that there has to be some kind of microstructure regularization in the
microscopic models to obtain this unique relation of the limit damage variable and the
effective material tensor, as we will see below.

In [24] the authors prove existence of solutions for the so-called energy minimization
problem which is based on the following energy functional:

ECL(t, C(t), u(t), (1)) = (C(t)e(u(t)), e(u(t))rz(@yxa + Ell2(t) L) — (€(1), u(t)).

N[ =

Here, the first term accounts for the stored elastic energy of the system, the second
term models the dissipated energy in dependence on the change of the damage variable,
and the last term denotes the energy caused by the external loadings. Comparing this
functional with the model of Section 7.3 reveals that this energy functional lacks any
regularization with respect to the damage variable. Moreover, here the material tensor
C occurs as a variable, i.e., there is no constitutive relation determining C(t, z) uniquely
in dependence on the damage variable’s value z(¢, x).

Now, the function (C,u, 2) : [0, T]xQ — Ling,, (R4 R4 xRIx[0, 1] is a solution of

sym ) sym
the energy minimization problem if the following three conditions are fulfilled:

1. (C,2) : [0, T]xQ — Ling, (RS RE) % [0, 1] is monotonically decreasing as a func-
tion of ¢ € [0, T7.

2. For all t € [0,T] the function u(t) € H}(2)? is a solution of —div(C(t)e(u(t))) = £(t)
in 2 and the following energy balance holds

ECE(t,C(t),u(t), 2(t)) = £9%(0,C(0), u(0), 2(0)) — /Ot@(s), u(s))ds.
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7 Effective damage models for the growth of inclusions of weak material

3. For every t € [0, 7] and for all admissible (C, @, Z) we have
L, C 1), ult), 2(t)) < E°(t,C, 1, 2)

and there exists a sequence (xn)nen of characteristic functions y,, : [0, 7]xQ — {0,1}
which are monotonically decreasing with respect to time such that it holds

{ Xn(t) = 2(1),
X () Catrong +(1=Xn (1)) Cpearc = C(2).

Here, the sets supp(x,) and supp(1—y,) might be interpreted as microscopic distribu-
tions of undamaged and damaged material leading to the effective energy minimization
problem. Since besides condition 3 there are no further assumptions on the characteris-
tic functions Yy, in contrast to our microscopic models (see Section 7.1.4, for instance)
this model allows for arbitrary distributions of damaged and undamaged material.

However, as a result of this generality and the lack of a microstructure regularization
there is no relation determining the material tensor C(¢) uniquely in dependence on the
damage variable z(t). In fact, for every t € [0, 7] and any point = € €2 the material tensor
C(t,z) is an element of the so-called G-closure of the two constant tensors Cgyong and
Cyeak With the volume fraction z(t,z). That means that the material tensor C(t,z) is
given by a unit cell problem similar to (7.19), where the set Y\ L(z(¢, z)) of undamaged
material could be any subset of Y with the volume fraction z(¢,x) € [0,1], i.e., the
geometry of L(z(t, x)) is not prescribed. This shows that if one is interested in improving
the constitutive relation between the damage variable and the effective material tensor,
some kind of microstructure regularization is needed.

The aim of future tasks is the exploitation of the here presented results for numerical
simulations of the damage progression in complex structures. In this context the effective
models provide a large degree of freedom with respect to the choice of the inclusions’ ge-
ometry. Moreover, the effective models separate the microscopic and macroscopic scale.
By phenomenologically motivating the macroscopic quantities, similar models possess-
ing separated scales have been investigated in the engineering community already; see
[35, 36, 37], for instance. There, the authors provide numerical results for a two-scale
damage model allowing the evolution of microscopic ellipsoidal inclusions of weak ma-
terial. However, in contrast to the here presented rigorously derived effective models
there the considered homogenized quantities are obtained by averaging corresponding
microscopic ones. Moreover, in [35, 36, 37| no regularization with respect to the dam-
age variable is considered which should result in a different limit model; see also the
discussion on the model of [24] above. Due to the here presented rigorous derivation
of the effective models presented in Section 7.2 and 7.3 it would be interesting to see if

numerical simulations of these models yield better results compared to those presented
in [35, 36, 37].
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8 Effective damage models based on
the unidirectional evolution of
microscopic defects

As in the previous chapter, we are here going to investigate the asymptotic behavior of
a family of brutal microscopic models. The main difference to Chapter 7 is that here
damage progression does not increase the amount of damaged material but enlarges the
size of preexisting defects, which are modeled by holes in the set being associated to the
considered body. Analytically, this is modeled by setting the tensor modeling the weak
material in Chapter 7 to zero. As already discussed in Section 2.5 (see Remark 2.5) this
causes some technicalities forcing us to adapt the previous chapter’s assumptions made
on the microstructure determining mapping L : [0,1]™ — Lrep(Y). Since Cyeax = O,
the positive definiteness is now assumed on Cytyong € Lingym (RE: RES) only, i.e., there
exists a positive constant a such that

for all ¢ € R&: it holds  alé[3, 4 < (Corongl, &) axa- (8.1)
The mapping L : [0,1]™ — L(Y) is adapted by the following assumptions:
o L:]0,1]™ — Lep(Y) is a non-increasing function; see (2.21). (8.2a)
e For all Z € [0,1]™ it holds pq(L(Z)) > 0. (8.2b)
e For all Z € [0,1]™ the set L(Z) is a closed subset of Y. (8.2¢)
e For all z € [0,1]™ the set L(Z) has a locally Lipschitz boundary
OL(Z) (see Definition 2.1) and it holds dist(L(0),0Y") > 0. (8.2d)

For any given Z € [0, 1]™ and every (Z5)s>o C [0, 1]™ satisfying Zs — Z in R™ it holds

o 1a(L(Z2)\L(Z5)) + pa(L(Z5)\L(Z)) — 0 for 6 — 0 and (8.2¢)
e VA > 030y > 0 such that for all § € (0,dy) it holds L(Z5) C neighn(L(Z)). (8.2f)

There exist bi-Lipschitz transformations (7%)scom, T3 : Y — R¢, such that

° S[})l[l)] (HVT2|’LOC(Y)d><d + HVT,;lHLOO(Im(Té))dXd) = CT < Q. (82g)
zef0,1]m
e For all Z € [0,1]™ it holds Im(T%|rz)) = L(0) aswellas Y CIm(7%). (8.2h)
e For any given z € [0, 1]™ and for every (Zs)s=0 C [0, 1]™
with Zs — Z in R™ it holds T3, — T’ pointwise in Y. (8.2i)
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8 Effective damage models based on the growth of microscopic defects

Observe that we do not assume Im(7%) = Y, which simplifies the construction of the
transformations (7%):ejo,1j» in the specific cases considered in Subsection 8.1.4. More-
over, condition (8.2i) asks for some continuity of the family (7%):cjo,1y» with respect to
z € [0,1)™. However, note that normally these transformations are constructed such
that (8.2i) is automatically fulfilled, as we will see in Subsection 8.1.4.

Following Chapter 7 for the given function L : [0,1]™ — Lre,(Y) the tensor valued
mapping CH : [0, 1]™ — L®°(Y; {Cgtrong, O}) for Z € [0,1]™ and every y € Y is introduced
via

CH(’/Z\) (y) = ﬂY\L(ﬁ) (y)(cstrong- (83)

Since the “material” tensor Cyeax is set to zero in this chapter, the superscript H refers
to the modeling of holes. As in the previous chapter, (8.1) and (8.2) ensure the crucial
conditions (6.1) and (6.2) of the homogenization theory presented in Chapter 6 made
on the tensor valued mapping C% : [0,1]™ — L>(Y;{Cqirong, @}) to hold. Among
other things the additional assumptions (8.2d), (8.2g), and (8.2h) in comparison to
Chapter 7 are made to prove a uniform coercivity condition for the microscopic models
introduced in Section 8.1. In preparation for this coercivity condition the existence of
an extension operator is stated in Lemma 8.2 below. However, before that, we note
that the additional assumption (8.2d) together with (8.2e) do not imply (8.2f). This is
shown by the example illustrated in Figure 7.1(i). Moreover, we are going to show that
the conditions (8.2a), (8.2¢), (8.2g), and (8.2h) imply assumption (8.2b), if additionally
wa(L(0)) > 0 is assumed.

Proposition 8.1. Let L : [0,1]™ — Lren(Y) be given, satisfying (8.2a), (8.2¢), (8.2g),
and (8.2h). If additionally it holds 14(L(0)) > 0, then condition (8.2b) is fulfilled.

Proof. The statement is proven via a contradiction argument. For this purpose, we start
with some a priori estimates. Due to (8.2g) there exist positive constants C; and Cy
such that

s[u% |det(VT%)|[ree vy < Ch and s[u% Hdet(VT;l)HLoo(Im(Tﬁ)) < Cy.  (84)
z¢[0,1]™ 2¢0,1]m

Moreover, since for all Z € [0,1]™ the mapping 7% : Y — R? is assumed to be a bi-
Lipschitz transformation, for almost every x € Im(7%) we have

|det(VT: (z))det(VT:(T:  (z)))| = 1.

Combining this equality with the a priori estimates given by (8.4) for any z € [0, 1]™
and almost every « € Im(7%) results in

Oy |det(VT (2))] > 1. (8.5)

Now we are going to produce a contradiction by assuming that ug(L(1)) = 0. Choose
(Z5)s>0 C [0,1]™ with Z5 7 1 in R™. Then, pq(L(Z5)) = pa(L(Z5)\L(1)) — 0 according
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to (8.2e). On the other hand, by applying the transformation T%|rz,) @ L(Z5) — L(0)
for fixed 0 > 0 to the integral [} 1dy, we finally end up with

. (8.2h) 1 ®5)
pa(L(Z5)) = /L (A)ldy 2 /L o |det(VT5 (2))lde > & pa(L(0)) > 0.
Zs

Since the left hand side converges to 0 for 6 — 0, this estimate is a contradiction to
ta(L(0)) > 0 and hence the assumption py(L(1)) = 0 was wrong. Hence, pq(L(1)) > 0
has to hold, which implies the validity of condition (8.2b) by keeping assumption (8.2a)
in mind. [l

Lemma 8.2. Assume that L : [0,1]™ — Liep(Y) satisfies the conditions (8.2d), (8.2g),
and (8.2h). Then for every z € [0, 1|™ there ezists a linear strong 1-extension operator
X; - HY(Y\L(2))* — HY(Y)? and there exists a constant Cx > 0 being independent of
z € [0,1]™ such that for all v: € HY(Y\L(2))? it holds

[X:(v)lLevye < Cxllvsllegneeye  and [V (02)][L2(vyaxe < Cx[[Vos|lLa v Lzyaxa-

Proof. For fixed z € [0,1]™ the continuation operator X; : HY(Y\L(2))¢ — HY(Y)?
is constructed as follows: First a given function vs € HY(Y\L(2))? is transformed to
the domain Im(7%)\L(0). Then, this transformed function is extended across the hole
L(0) and afterwards it is rescaled again. This construction is based on the existence
of a strong l-extension operator Xy : HY(Y\L(0))? — HY(Y)? which is ensured by
assumption (8.2d); see Theorem 5.24 in [1], for instance. Hence, there exists some
constant C, > 0 such that for all w € HY(Y'\L(0))¢ the inequalities

| X (w) |2yt < Copllwl|izon Loy, (8.6a)
||VXO(/U))HL2(y)d><d S OX()”VU)HLQ(Y\L(O))dXd (86b)

hold. Let Z € [0, 1]™ be arbitrary but fixed and observe that due to assumption (8.2h) we
have Y\L(0) C Im(T:)\L(0). For @w;:o € H'(Im(7%)\L(0))¢ the continuation operator
X, : HY(Y\L(0))¢ — HY(Y)? enables us to construct a strong l-extension operator
Xo.> - H(Im(T%)\ L(0))* — H!(Im(7%))¢ via

Xo(@zo |Y\L(0)) onY,

@270 on Im(Tg)\Y (87)

Xo 2 (3,0) = {
Observe that by this definition for all functions @w:q € H'(Im(7%)\L(0))¢ it holds

Xo,5(W5,0) lmm(ro\L(0) = W0 and || X2 (WDz0)|[m m(reyye < (Cao+1) || W50t (tm(7 )\ L))
where Cy, > 0 is the constant of (8.6b), which is independent of Z € [0, 1]™. Introduc-
ing the transformations

Tgl

{Hlam(n))qu(md, o T {HI(Y\LWﬁH%Im(Tg)\Lm»d, 55

~ ~ —1
Wy +—> Wz 0T} Vs = V3 © T2 |Im(T£)\L(0)
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8 Effective damage models based on the growth of microscopic defects

the desired operator X; : HY(Y'\L(2))? — H'(Y)? is given by
X:(v:) = T2(Xoz(Tx(vz))). (8.9)

By definition for all v; € H'(Y\L(2))? we have X;(v:)|y\r(z) = vz. To prove the inequal-
ities stated in Lemma 8.2, observe that estimating ||Xs(vs)||12(yye and [V &s(vs)][12¢y)axa
is done in a similar way, which is why we focus on the more complicated latter term.
For this purpose, we start by decomposing Y into the disjoint sets Im(7;'|y) and
Y\Im(T; '|y) such that

Hvxé(vé)uiZ(Y)dxd = HVXé(Ué)Hi2(1m(T2—1|Y))dxd + HVXE(Uﬁ)Hiz(y\lm(Té—l\Y))dxd'

Note that Im(75 '|y) D Im(7% ') = L(2) yields Xg(vg)ly\lm(szlly) = v2|y\1m(T;1‘Y),
which immediately gives

IV (012 vzt y e S IV O:lEeyyne

Hence, it is sufficient to prove the existence of C'y > 1 (being independent of Z € [0, 1]™)
such that for all v; € HY(Y'\L(2))? it holds

IV ()2 gty e S (Ca= DIVl pepyone:

The proof of this inequality is performed in calculation (8.11) below. There the following
inequality being valid for any z € [0, 1]™ and almost every y € Y is required:

Coldet(VT:(y))| = L. (8.10)

This estimate can be proven analogously to (8.5). In calculation (8.11) below, at the
beginning of every line the respectively exploited relation is indicated. Additionally, in
line (8.11b) the non-negative integrand of line (8.11a) is increased by multiplying it with
the left hand side of (8.10). Moreover, the chain-rule is applied in the lines (8.11a) and
(8.11d). Finally, we substitute 7%(y) by z in line (8.11c) and do the opposite substitution
in line (8.11e). Taking all these mentioned transformations into account, for an arbitrary
but fixed chosen v; € HY(Y'\L(2))? it holds

2

R I

N /Im@—qy) V[ Xos(T(0:) | (T2(y) VT 2(3/)\; Ly (8.11a)
< CrCy (=) ’V[’aé('ﬂ‘f(vﬁ)}(Té(y>)\zxd|det(VTf(y))|dy (8.11h)
.7) C%C’Q/Y ’ lv[XO(Té(Ug))](x)’zxddx (8.11c)
"2 i, /Y o V[Ts(0s)] ()] de
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2

. s /Y o V0 (T 10 (2)) VTS g0y ()], (8.11d)
e Te Vo (T !  q

= T 3/Y\L(0)’ V(1% |z L0y (%) axd ¥

2
- o / Vos(p) [det(VTa(y))|dy 8.11e
PO J o (V0] JAH (VT ) (8.11¢)

“2 0020/ Vo)) dy = GGGV

- s Im(T; [y L(0)) Vi gxa® T ATV L2(Im(T; |y £(0))) 4

where C3 := C% C2Cs. Recalling Im(T} '|0)) = L(2) and setting C% := C1C3C3+1,
calculation (8.11) yields the desired estimate

HVX/%(Ué)Hi2(1m(T;1\Y))dxd < (C?Y_l)vaﬁnig(Y\L(é))dXd'
and the proof is concluded. O

Remark 8.3. Observe that for m = 1 in the particular case described below, the state-
ment of Lemma 8.2 stays valid, if one neglects the assumption (8.2g) and if one assumes
the conditions (8.2b) and (8.2h) to hold only for zZ € [0,1). Since this setting allow for
wa(L(1)) =0, in this particular case hole initiation can be modeled.

Let g : [0,1] — [1,00] be strictly monotone with g(0) =1, g(Z) < oo for Z € [0,1), and
lim; ~ g(2) = co. Then, the transformations (Ts)zcpo,) with T:(y) = g(2)y and T (y) =y
correspond to the family of scaled sets (L(Z))zcp,1, which are given by L(Z) := TE)L(O)
for z € [0,1) and L(1) := 0. Since HY(Y\L(1))? = HY(Y)4, there is no need of an

extension in the case 2 =1, i.e., for vi € HY{(Y\L(1))? = HY(Y)? we define
X1<Ul) = V. (812)

Moreover, for any z* € [0,1) it holds

o (IV T2l vy + VTS gy ) =t Cr(27) < o0, (8.13)
where the constant Cp(Z*) depends on the value z* € [0,1). To prove Lemma 8.2 un-
der these modified assumptions, we proceed as before. The first and only changes con-
cern the calculation (8.11) and look like follows: For z € [0,1) we find VT; = g(2)1d.
To substitute T:(y) by x, line (8.11a) is multiplied by 1 = g% 2(2)g*4(2) which to-
gether with the term ¢?(Z) coming from the chain rule (VT: = g¢(2)Id) leads to a
factor g4(2)g?>~4(2) = |det(VT:)|g?>~%(2). After the integral transformation there is a
factor g>~4(2) and as before inequality (8.6b) is exploited. Applying the chain rule in
line (8.11d) (VT: ' = g~ Y(2)Id) causes an additional term g=2(2) which altogether leads
to a factor g%(2). Substituting x by T:(y) in line (8.11e) yields |det(VT:)| = ¢%(2)
which cancels out the factor g=%(2). In this way calculation (8.11) is established by
exploiting only the estimate (8.6b). Therefore, in this case Lemma 8.2 holds for the
constant C'x, > 0 of the inequalities (8.6), without assuming the uniform estimate (8.2g)
to hold and by claiming (8.2b) and (8.2h) only for Z € [0,1).
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8 Effective damage models based on the growth of microscopic defects

By assuming (8.1) and (8.2) to hold, for C¥ : [0,1]™ — L®(Y; {Cytrong, O}) we are now
going to verify the crucial conditions (6.1) and (6.2) of Chapter 6. Since the statement of
Lemma 7.1 is independent of the value of Cyeay, it is applicable for the here considered
CH . 0,1]™ — L®°(Y; {Cgirong; @}), too. Hence, for all measurable 2z : R — [0, 1]™
the mapping CT(2(-))(-) : R¥XY — {Cgirong, @} is measurable on R¢xY and assump-
tion (6.1) of Chapter 6 is fulfilled. Analog to Chapter 7, condition (8.2e) implies that
CH 1 [0,1]™ = L(Y; {Cutrong, O}) is continuous with respect to the strong L!-topology
such that (6.2) is established as well.

In contrast to the previous chapter, for an arbitrary z € [0, 1]™ the tensor (CH( Z) takes
the value zero on the set L(Z) and hence condition (6.3) obviously cannot be satisfied
uniformly in y € Y D L(Z). Taking a closer look to the theory presented in Chapter 6,
we find that assumption (6.3) was made to ensure the unique solvability of the unit cell
problem being the basis of the one-scale modeled formulated in Section 6.3. For this
reason we refer to Section 8.3 for a sufficient condition replacing (6.3) and enabling the
formulation of an equivalent one-scale model in this particular case.

8.1 Damage progression caused by microscopic defects

In this section the microscopic models describing damage progression by increasing the
size of preexisting defects, which are modeled by holes in the displacement field’s refer-
ence configuration, are introduced.

8.1.1 Displacement field’s reference configuration

As already mentioned in the beginning of this chapter, the main difference to Chapter 7
is that the material tensor Cyeax is set to zero. This banal appearing assumption leads to
the fact that for a given damage variable z. : [0,T] — KA (£2;[0,1]™) the displacement
field’s reference configuration is given by the ¢- and e-dependent set

O\QP(z(1) =\ U (A + L(z)),
XA

where Z(E’; ‘= 2(t)|c04v) for every A € AZ; see (2.15). Note that up to now the dis-
placement field’s reference configuration of the considered models was given by the time-
and micro-scale-independent set €2, such that there was no need to comment on this.
Since for a given damage variable z. : [0,7] — Ko (€25 [0, 1]™) the displacement field at
time ¢ € [0, 7] is technically a function defined on Q\QP(2.(¢)), its state space actually
depends on the damage variable. Recalling the evolutionary models of Chapter 6 and 7,
both the displacement field and the damage variable, are unknowns. Hence, assuming
the damage variable z. : [0, 7] — KA (£2; ][0, 1]™) to be a priori known for the considered
time interval [0, 7] is not realistic.
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8.1 Damage progression caused by the growth of microscopic defects

Figure 8.1: Left: Perforated domain Q\QP(z.) of positive stiffness depending on ..
Right: Artificial body described by the z.-independent domain €2, but con-
taining the red subsets of zero stiffness.

To overcome this inconsistency of the displacement field’s state space we are going to
investigate the damage progression of an artificial body whose reference configuration
is given by the ¢- and e-independent set €. Here, artificial refers to the fact that this
body allows for “material” with zero stiffness. Therefore, for z. € K. (£2;[0,1]™) the
“material” distribution of this artificial body for almost every x € §2 is given by

C?(zf) ((L‘) = ]lQ\QE(zg) (a:)(cstrong-

The introduction of this artificial body now allows us to choose H%Dir(Q)d as the dis-
placement field’s state space, again. However, since for z. € K. (£2;]0,1]™) there is
zero stiffness on the set QP(2.), there is no physical sense of the displacement field’s
value on that part of Q. For this reason, for z. € K.A(£2;[0,1]™) the displacement field
u € HE_ () is assumed to satisfy the constraint, that u|gp,.) is uniquely described
by u|omop(s)- In other words, the evolution only affects the displacement field on the
set of positive stiffness and its physically senseless values are defined by the constraint
described above. Observe that the displacement field’s physically senseless values are cut
off by the material tensor anyway. Modeling this constraint is enabled by the following
corollary stating the existence of an extension operator that is uniformly bounded with
respect to z. € Koa(€;[0,1]™) and € > 0.

Theorem 8.4. Let L : [0,1]™ — Lrep(Y) fulfill (8.2d). Moreover, assume that there
exist bi-Lipschitz transformations (T)zepaym, Ts Y — RY, satisfying (8.2g) and (8.2h).

Then for alle > 0 and any z. € K.(Q2; [0, 1]™) there exists a strong 1-extension operator
X HE (Q\QP(2)" — HE_(Q)%, ice., for all u., € HE (Q\QP(2.))? it holds

[z vz @) < CxlluzllLz@ep e (8.14a)
HV(XE,ZEUZE)”L2(Q)‘1X‘1 < CxuvuzsHL2(Q\QED(Z5))d><d, (814b)

where the constant C'y > 0 is the same as in Lemma 8.2. Therefore, Cx > 0 is indepen-
dent of € > 0 and z. € KA (2;[0, 1]™).
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8 Effective damage models based on the growth of microscopic defects

Remark 8.5. Later, for a given damage variable z : [0, T] — Ko (5[0, 1]™) the stored
energy at time t € [0, T] of the evolution model of Subsection 8.1.3 below is only finite if
the displacement field u(t) € Hy, ()¢ satisfies

u(t) = X .. (ut)|o\ap - ) - (8.15)

Therefore, all displacement fields violating this constraint are mot physically plausible.
In this way, for all u(t) € HE (Q)? fulfilling (8.15) the function u(t)|op .. @) s uniquely
defined by u(t)[a\ap (= 1))

The construction of X. .. : Hp (Q\QP(2.))* — HE_ (Q)? being performed in the follow-
ing proof relies on the separated estimates for the function’s and the gradient’s L?-norm
stated in Lemma 8.2. Thus, we are able to verify the € and z. independence of Cx, which
1s crucial for applying the homogenization theory of Chapter 6. Moreover, by replacing
Vibye:= %(V—i—VT) in the proof of Lemma 8.2 and Theorem 8.4, estimate (8.14b) holds
true for the symmetric part of the gradient, too. In this case the proofs are exactly the
same.

Proof of Theorem 8.4. Let € > 0 and z. € K5 (£2;]0,1]™) be given. Then the continua-
tion operator X .. : Hi  (Q\QP(z))* — Hp ()% is constructed with the help of the
following two scaling operators
~ e(AMY) — Y,
{7002

and

€A z = Ve(x)  (see (3.1)) :

Fo {y — e(AY),
|y = e(My).

Introducing the operators

% HY (Y)Y — HY (e(A+Y)), 4 T H' (e(AMY\L(2)))* — H' (Y'\L(2))%,
e ~ an o ~
A 5 Dol A uuo T e
for z. € KA (€2;]0,1]™) the strong 1-extension operator X. .. : HY(Q\QP(2.))? — H'(Q)?
is given by R R

X .. (u)(2) 1= Ty o) (Ko () (TR0 (u(2))). (8.16)

where for Z € [0,1]™ the strong l-extension operator X; : HY(Y\L(2))? — HY(Y)? is
that of Lemma 8.2. By decomposing €2 into small cells e(A+Y) N Q # (), with this
definition the inequalities (8.14) are proven in the same way as performed in the proof
of Lemma 8.2. While estimating || ;.. (u)[/12e and [[VAL .. (u)|l12(q)axe analogously

to (8.11), according to V1., = ¢ 'Id and VT,;! = eId in this case no estimates have
to be applied in the whole calculation (except of that stated in Lemma 8.2); see also
Remark 8.3. Since the chain rule is applied twice in calculation (8.11), the appearing
terms (¢7'Id) and (¢Id) cancel out. To substitute Tiy(z) by y one inserts the factor
1= (5= gd|det(VT.y)|. The remaining factor after performing this transformation
then cancels out by applying the opposite substitution. Therefore, the inequalities of
Lemma 8.2 are the only estimates coming into play, explaining that (8.14) holds for the
same constant Cly. O
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8.1 Damage progression caused by the growth of microscopic defects

Remark 8.6. As already stated in Proposition 8.1 the assumptions (8.2a), (8.2d), (8.2g),
and (8.2h) prohibit hole initiation in the microscopic damage model. That means for all
e > 0 and any time t € [0,T] in every cell e(A+Y") C Q there is a hole containing the
set e(A+L(1)) at least. Hence, the body associated to the undamaged state with respect
to the damage variable (z. = 1 on Q) is already perforated by periodically distributed
holes eL(1). However, observe that at least in the case described in Remark 8.3 hole
initiation is allowed, i.e., in this particular case (m = 1) Theorem 8.4 is valid without
assuming the uniform estimate (8.2g) to hold and by claiming (8.2b) and (8.2h) only
for z€0,1).

8.1.2 External loading

This subsection addresses to the choice of the external loading for a specific microscopic
model. For this purpose, let £ > 0 be chosen arbitrarily but fixed. Thinking of the
artificial body defined by the reference configuration €2 and the tensor valued mapping
CH : Koa(92;10,1™) — L®°(Q; {Cytrong, 0}), one might model the external loading by
a function ¢ € C'([0,T7; (HE, (2)%)*), as it is done in the Chapters 6 and 7. Since
the displacement field’s state space is given by H%Dir(Q)d, this choice would cause no
mathematical issues. On the other hand, such an external loading is also applied to
regions of €2 with zero stiffness, which in general is not a physically plausible behavior.
However, due to the constraint (8.15), for a given damage variable z. € K 5 (£2; [0, 1]™)
and ¢ € C'([0,T7; (HE__(Q)%)*) for all t € [0, T] we find

(U(t), u) = <€<t)7 Xz (U|Q\QED(ZE))> = <X:,z5 (g(t)%U\Q\Qg(z€)>Q\QED(ZS)-
Here, at any time ¢ € [0, 7] the term X, (¢(t)) € (H'(Q\QD(2.))?)* models a physically
reasonable external loading for the body associated to the set Q\QP(z.) of positive
stiffness, where X7, : (H'(Q)%)* — (H'(Q\QP(z))*)* denotes the adjoint operator of
X...  HY(OQ\QP(2.))? — HY(Q)? see Theorem 8.4. The disadvantage of modeling the
external loading in this way is that X%, : (H'(Q))* — (H'(Q\QP(2))%)* is not explicitly
given. At time ¢ € [0, 7] for £ € C'([0,T]; (HE,_(2)%)*) and a given z. € K.A(2;[0,1]™)
the actual force on the body associated to the set Q\QP(z.) of positive stiffness is defined
by the non-explicit term X7, (¢(t)).

Another way of introducing an external loading (2% € C'([0, T]; (Hf,_(92)%)*) for the
body associated to the set Q\QP(z.) of positive stiffness is the following: Let the function
(€o, £1) € CLH[0,T]; L2(2)4xL2(Q)9*4) be given. Then, for a given z. € K. (Q;[0,1]™)
the external loading (2t € C'([0,T]; (Hf,,_(£2)?)*) on the body associated to Q\QP (=)
for all w € Hy__ (Q2)? and every ¢ € [0,T] is defined by

<€£2’£1 (t), U> = <]lQ\QsD(z5)€0(t)v U>L2(Q)d + <1Q\Q€D(Zg)€1 (t), VU>L2(Q)d><d. (817)

The advantage of introducing the external loading in this way is its explicit structure,
which enables us to investigate the external loading’s asymptotic behavior for ¢ — 0;
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8 Effective damage models based on the growth of microscopic defects

see Lemma 8.7 below. For this reason, from now we use (8.17) to model the external
loading for the microscopic models introduced in the following subsection.

Lemma 8.7. Let ug € Hi ()%, (us)es0 C Hf ()7, (22)es0 with z. € Koa(Q;[0,1]™),
and zg € WHP(;[0,1]™) be given. Moreover, for (£, £1) € CH([0, T]; L2(2)4x L2(£2)4x4 )
let €2 € CH([0,T7]; (Hp,, (Q)%)*) be defined by (8.17). If ue = Eug in L2(QxY)4, if
Vu. = V,Euy+ V,Up in L2(QxY)™4 and if z. — 2o in LP(Q)™, then

ln (007 (8), ue) = (€2 (1), (uo, Un)),

e—0" %
where (2% € CH([0,T7]; (HE, (Q)*xL2(Q;HL,(V))4)*) for all t € [0,T] is given by
<€ﬁ2’“ (), (uo, Ur)):=(h(20)€o(t), uo)r2(ya+(H (20)01(t), Ve Buo+V,Ur)12(0xyyixa (8.18)

for (h(z0), H(z)) € LY(Q)xLY(QxY), which for almost every (x,y) € QxY are defined
by h(20)(x) == Jy Ty\L(zo(a)) (9)dY and H(2)(x,y) = Iy\L(zo(a ))(y)

Proof. Let ug € Hi_ (Q)%, let (uc)eso € Hf ()9, let (22)es0 with 2z € Kea (€2 [0,1]™),
and let zp € WHP(€;[0,1]™) be given, such that u. = Eug in L2(Q2xY)? such that
Vu. = V,Eug + V,U; in L2(QxY)?4 and such that 2. — z in LP(Q)™. Applying
Theorem 3.9 to the sequence (CH(z:))zs0 implies To\ap(..) = H(z0) in L'(Q2xY); see
(8.19) and (8.30). Thus, Lemma 8.7 is proven by the following calculation.

lim (02 (), u.)

e—0

(8 17)
hII%) ((]IQ\QD 60( ) u€>L2( Q)d + <]IQ\QD (ze) gl(t) VU€>L2(Q)dxd)

L tim ((Te(Layap ey o)), Teteiaeaxyys + (T2 (Lenap (e (1), ToVte) s ey i

Cor. 3.
=0 (h(z0)0(1), o2yt + (H (20)61 (1), Vo Ettg+V ) Us ) 2 ey yixes

where in the last line we already exploited that the first two-scale limit of the second
last line is constant with respect to y € Y. ]

Remark 8.8. If one needs to model time dependent Dirichlet data on Upy., following
Remark 2.2 u. is replaced by u.+g(t), where g : [0, T]xQ — R? describes the desired
boundary value on I'p;,. Among other things, the additional term

(Tovap oy lo(t), 9(1)) 2 + (Lavop o fi(t), VG(t)) 12 )axd

enters the microscopic energy functional in line (8.20) below. Performing the limit pas-
sage € — 0, the term (h(z0)o(t), §(t))r2()e + (h(20)01(t), VG(t))r2(q)ixa results from the
time dependent Dirichlet data in the limit. According to the perfomted domains con-
sidered in the microscopic models, here the scaling factor h(z) depending on the actual
damage state shows up.
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8.1 Damage progression caused by the growth of microscopic defects

8.1.3 Energy functional, dissipation distance, the microscopic
model, and existence of solutions

Due to the introduction of the artificial body in Subsection 8.1.1 the state space QY (Q)
can be chosen as

QI () == Hf ()<Ko ]0,1]™).
Let z. € Kca(€2;[0,1]™). For the microstructure being modeled by the tensor

(CH(Zs) = ]IQ\QD(zE)Cstrongu (819)

the energy functional EM : [0, T]x Q1 (Q) — R, := RU {oc} is defined as follows: First,
we once choose p € (1 oo) and keep it fixed for the rest of this chapter. Then, the
functional ET : [0, T]x QH(Q) — R is introduced by

E(t,u, 22) = 5{CE (ze)e(w), e(w)) (o + IR 2], gy — (27 (1), 1),

where the external loading ¢ € C'([0,T]; (Hf, (Q2)?)*) for a given tuple of functions
(4o, 1) € CH(]0, T]; L2(Q2)“ XLQ(Q)dXd) is defined by (8.17). Thus, we are in the position
to define the energy functional £ : [0, 7] x Q¥ (Q) — R, via

EW(tiu,z)  ifu=X... (ulorap(z.)) (see (8.15)),

00 otherwise.

ENtu, z.) = { (8.20)
Observe that setting the energy’s value to infinity for all displacement fields violating
the constraint (8.15) excludes physically non-plausible values; see also Remark 8.5. To
apply the homogenization theory of Chapter 6, the coercivity condition (6.5) needs to
be established. By exploiting Korn’s inequality, applying Theorem 8.4 afterwards (see
also Remark 8.5), and keeping assumption (8.1) in mind, the following estimate holds
for all z. € Kea(€2;[0,1]™) and every u € Hf_(Q)? with u = X. . (u|o\ap(z.))-

%Cfc'}(ornHUH%{%m(Q)d < SO ()12 iqaxa < §lle(w)][F2@\ap (z.)yixa
< %(C?(zg)e(u),e(u)>Lz(Q)dxd (8.21)

Therefore, the energy functional is coercive by definition; see (8.20). As already com-
mented on in Subsection 7.1.1 the dissipation potential (and thus the dissipation dis-
tance) specifies the relation of dissipated energy and changes of the damage variable.
Therefore, its choice largely depends on the behavior one wants to model. Here, we
consider the prototypical choice of Subsection 7.1.1; see (7.12). For this purpose, we
choose ¢' € (1,00) and keep it fixed for the rest of this chapter. Then, for a given
sequence (k1).so C L7(Q;[0,00)™) satisfying s — xfl in L7 (Q)™ for some function
kel € L9 (Q; [0, 00)™) the dissipation distance associated to € > 0 reads as follows:

D 2 /8|(m€(m),22(x)—z1(x)>m|dx if 2 > 2, 522

00 otherwise.
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8 Effective damage models based on the growth of microscopic defects

For given initial values (u?, 22) € QI'(€2) satisfying the constraint u? = X, .o(u2]o\op(.0))

for all € > 0, the rate-independent damage evolution is modeled by the e-dependent
energetic formulation (Sf) and (Ef;), where € > 0 scales the size of the appearing holes.

Stability condition (Sf;) and energy balance (Ef;) for all ¢ € [0, T:
EX(tua(t), z(t)) < EMt, 0, Z) + DI (2(t),2) for all (,2) € Q(Q)
t .
EV(t,uc(t), 2(t)) + Disspu (2 [0, 1]) = (0, u, 20) — /0 (024 (5), us(s))ds

Here, Disspu (z; [0,t]) := sup X", DH(2(tj-1), 2(t;)), where for N € N the supremum
is taken with respect to all finite partitions 7y := {0 =tg < t; < ... < ty = t} of the
interval [0, 7. For t € [0, T

SH(t) = {(ue, z.) € QM () satisfying (S5;) for t = ¢ and EX(, u., 2.) < oo}

denotes the set of stable states. The following corollary states the existence of solutions
for (S5;) and (Ef;) and is proven analogously to Proposition 6.5.

Corollary 8.9 (Existence of solutions). Assume that the conditions (8.1) and (8.2)
hold.  For (lo,01) € C'([0,T]; L2(Q)*xL*(Q)™4) let £ e CH([0,T]; (Hp,, (2)%)*) be
defined by (8.17). Moreover, let EX : [0, T|x Q1 (Q) — R, be defined via (8.20) and
for k1 € L7 (Q;]0,00)™) let DI : K o (€2; [0, 1]™) xKp (€2;[0,1]™) — [0, 00] be given by
(8.22).

Then for (u?, 22) € SH(0), there exists an energetic solution (u.,z.) : [0,T] — Q1(Q) of

g) e

the rate-independent system (Q2(Q), EX, DI satisfying (u(0), 2.(0)) = (u?, 20) and

u. € L2(0,T], 1}, (),
2. € ([0, 7], Kea (82 [0, ™)) N BV ([0, ], Kea (62 [0, 1]™)).

Proof. Referring to the proof of Corollary 7.8 the assumptions (6.1), (6.2), (6.5), and
(6.9) of Proposition 6.5 are fulfilled. Therefore, the proof of Corollary 8.9 is com-
pletely analog to that of Proposition 6.5. The only point that remains to be shown
is that the energy sublevel sets are weakly compact, i.e.: For ug € H%Dir(Q)d, for
20 € Koa(9;]0,1]™), and for a sequence (us, 25)s>0 in O () belonging to the sublevel
set Subg(t) (see (5.6)) with us — ug in Hy ()% and z5 — 2o in KA (€25 [0, 1]™) we need
to verify ug = A& ., (uo|o\ap(zy))- Otherwise, EX(t,up, 290) = oo by definition and hence
(uo, 20) & Subg(t).

To show uy = A- ., (uolo\ap () on QP (20) C Q, observe that for all 6 > 0 we have
us = AX..;(us|o\ap(z,)) due to the assumption (us,25) € Subg(t). By estimating the
difference of ug and A&’ ., (uo|o\ap(z,)) on €27 with the help of the triangle inequality we

obtain

+ R,

) < HUO_Ué X 25 ((ué_uo)‘Q\QED(Za))

L2(Q)d T ‘
Q) +Cy

Huo—XE,ZO (uolo\ap(20))

L2(Q L2(Q)d

< Huo_u5 L2( ’U(s—uO L2(2\QD (25))d + By
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8.1 Damage progression caused by the growth of microscopic defects

Hence, it is sufficient to show that R., := ||X. ., (uO\Q\QED(%))—XE,ZO (u0|Q\QED(ZO))||L2(QE—)d
converges to zero for § — 0. Recalling the construction of the strong 1-extension oper-
ator X .. : HY(Q\QP(z.))¢ — HY(Q)? (see (8.16)), by decomposing €7 into small cells
e(AY), for fixed A € AZ we have to show
Xé(x) (U — Xé(x) (U in LQ(Y)d, (8.23)
6 0

A A
i) Vs

where Eg)‘) = Zsley), ZSA) ‘= 20|e(a+y), and vW = ug(e(A+-)). Observe that for any
2 € [0,1]™ it holds v |y 1,5y = uole(re vz (E(A+:)). Since for all 2 € [0, 1]™ and every
v e H(Y)? it holds X;(v|y\ 1)) = TQ(E)7§(T2(U|5/\L(2)))) (see (8.9)) the convergence in
(8.23) results, if for z, € [0, 1], for (Z5)ss0 C [0,1]™ with 25 — Z5 in R™, and for all
w € HY(R?)? the following convergences hold true.

ex

ex g .
(Téa(U’Y\L(é(s))) = (Téo <U|Y\L(£0))) in L*(R%)?, (8.24a)

-~ ex 6 — ex .
(Xoéa (w|lm(T£5)\L(0))) i (XO,éo(wllm(Téo)\L(O))) in L2(R%)?, (8.24D)
T, (Whnrs,) = Ty Wz, ) in L2(Y)~ (8.24c)

Observe that the convergences in (8.24a) and (8.24c) are proven with similar arguments
and that (8.24b) is trivially fulfilled for the strong L2-topology; see (8.7). Therefore, we
focus on proving (8.24c). For this purpose, for w € H(R%)4 choose (wy,)nen C C°(R?)4
such that w, — w in H'(R%)4. Then, according to assumption (8.2i) for any fixed n € N
it holds Tz, (wn|lm(T26)) — T, (wn|1m(T£0)) pointwise in Y for § — 0. Hence, the theorem
of dominated convergence yields for every fixed n € N

(131_{% HT25 (wn|Im(T55)) - Téo (wn|lm(Tgo)) L2(Y)d =0. (825)

For an arbitrary but fixed A > 0 we now choose na € N such that
[ — Wy |2 @aye < 575 (8.26)
According to the convergence result of line (8.25) there exits 6,, > 0 such that for

all § € (0,0,,) it holds [Tz (wny|m.,)) — Tzo(Wnplm) llL2vye < 2. Keeping this
estimate in mind, by triangle inequality we find

| T2y (wlmrs,) = Ty (W], )

< HT25 ((w - wnA)‘Im(Tz‘(;))

L2(y)d

+ 5 4 | Ta (s = 0)limers,) (8:27)

L2(Y)d L2(Y)d’
Now, we are going to show that the first and the last term of (8.27) can be estimated
by %. These estimates are verified by the following calculation, where the non-negative
integrand of the second line is increased by the left hand side of (8.10). Finally, in
line (8.28b) the integral transformation with respect to the substitution 7%, (y) = = is
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8 Effective damage models based on the growth of microscopic defects

performed.

2

|7 (0 = wo i)

L2(Y)d
2
= [ [y (T2 () = s i (T, <y>>\ddy
(8.10)
< G /Y [l (T (1)) = Was l1mers, ) (T \ |det (VT3 (y)|dy  (8.28a)
2
= Oy Im(Tié)\whmwﬁ(S)(x)—wnAIIm(T25>(a:)\ddx (8.28b)

2 (8.26)

< OQHw_w”A L2(Rd)d  — (3)

(8.28¢)

Observe that the same calculation holds true for the last term of line (8.27) such that
for the arbitrary chosen A > 0 we showed

<A

LQ(Y)d -

|75, (wlmers,)) = Tao (Whimers, )

by combining (8.27) and (8.28c). Thus, the convergences of (8.24) are verified and
altogether, by showing ug = A ., (uo|o\ap(z)), We proved the weak compactness of the
energy sublevel sets. O]

Remark 8.10. Note that the statement of Corollary 8.9 also holds true in the case of
modeling hole initiation as described in Remark 8.3, i.e., condition (8.2g) does not hold
and the assumptions (8.2b), (8.2h), and (8.2i) are only claimed for z € [0,1). Since
Remark 8.6 states that the crucial coercivity condition (8.21) is valid in this case too,
there is no problem in this regard. By keeping the following observations in mind, the
proof of the weak compactness of the energy sublevels is analog to that of the proof of
Corollary 8.9. When estimating

2

= Z Huo €,20 U0|Q\QD ZO))
AEAT

HUO X. ,20 (UO |Q\QD(ZO

L2(e(A+Y))

we find that for z(()A) = 1, where z(({\) ‘= 20leqyy for A € A, we already have that

| uo—X: 2, (uo|Q\QED(z0))Hiz(g()\er))d = 0 according to (8.12). For this reason without loss

of generality we assume that zék) < C <1 forall N\ € AZ. Then, we proceed as in
the proof of Corollary 8.9, i.e., for zgp < C < 1, for (Zs)sso C [0,1] with Zs — Zy in
R, for v € HY(Y), and for w € HY(R?)? we need to verify (8.24). This verification
is done in the same manner as before, but observe that in line (8.28a) we exploited
that estimate (8.10) holds for all Z € [0,1], which in this case is not available up to
now. According to Remark 8.3 for z* € (C, 1) the uniform estimate (8.13), implying the
desired estimate (8.10) for all Z € [0,2*], is available. Due to the convergence Zs — Z
in R there exists 69 > 0 such that for all 6 € (0,dy) it holds Zs € [0,2*], which ensures
that for § € (0,0¢) we can apply estimate (8.10) in line (8.28a).
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8.1 Damage progression caused by the growth of microscopic defects

8.1.4 Verification of this chapter’s additional assumptions made on
L:[0,1]™ = Lren(Y') for specific choices

In this subsection we are going to verify the in comparison to Chapter 7 additional
assumptions made on the microstructure determining function L : [0,1]" — Lpren(Y)
for the specific choices made in Subsection 7.1.2. For this purpose, in the respective
case we start by modifying the mapping L : [0,1]"™ — Lrp(Y) to ensure that assump-
tion (8.2d) holds. Afterwards, the transformations (7%):co1m are constructed such that
condition (8.2h) is fulfilled and finally assumption (8.2g) is verified for this construction.
As one can easily see, all constructed transformations (7%)scpo,1j» automatically satisfy
condition (8.2i).

Example 8.11 (Spherical holes). Coming back to Example 7.3 we now assume the
damage progression to cause the growth of spherical holes emerging in the center of cells
e(A+Y) C Q. For this purpose, we adopt the notation of Example 7.3, i.e.,

d
y= Zkibiaki € [_57;)}

i=1

Y::{yeRd

and for m =1 and Z € [0, 1] the mapping L : [0,1] — Lre,(Y) is defined by

{yeY gy e d(Br(0)} it Z€[0,1),

L(Z) = (1-2)cl(Bgr(0)) :=
(2) = (1-2)cl(Bi(0) {@ o
According to (8.2c) the set L(0) = cl(Bg(0)) is assumed to be contained in the non-closed
set Y with the same center. Hence, condition (8.2d) is trivially fulfilled. The simplest
choice of the bi-Lipschitz transformations (7%):cjo,1) is the following: For Z € [0,1] let
T: : Y — R? be defined by

Recalling Remark 8.3, for bi-Lipschitz transformations (7%):c0,1) chosen like this, we are
able to neglect condition (8.2g) and the assumptions (8.2b) and (8.2h) only have to hold
for Z € [0,1). Therefore, these modified assumptions (8.2) hold for these specific choices
of L : [0, 1] — ELeb<Y) and (T,%)ée[(),l]-

Example 8.12 (Quadrangular holes). This example is about damage progression caus-
ing quadrangular holes, which is similar to the modeling of quadrangular inclusions of
weak material discussed in Subsection 7.1.2. Recalling the notation of Example 7.4 for
d=m =2 and z € [0, 1]* we set

2
y=3 zkboki €[4 D)

=1

Y(3) = {y € R?
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€1 = (17 O)T

Figure 8.2: Notations for Example 8.13

and the unit cell YV is defined as in Example 8.11. To ensure the validity of assump-
tion (8.2d) the mapping L : [0,1]*> — L, (Y) needs to be slightly modified in contrast
to Example 7.4. For this purpose, let ¢ € (0,1) and set L(2) := cl(Y(¢(1—¢2))). To
ensure that condition (8.2h) holds, the bi-Lipschitz transformations need to scale the
component y; of y € Y with respect to the value of the Z;-component of z € [0,1]?
(analog for the y,-component). One possible choice for (1%):cp 1> fulfilling (8.2h) is the
following: For Z € [0,1)* let T: : Y — R? be defined via

T
,_ 1
Te(y) = (v o) -
Calculating
VT:(y) = diag2x2<—(1f&1), (171522))

we find || VT:|[pee(yy2xe < ﬁ and || V7% | peo (un(r))2x2 < 1 which establishes assump-
tion (8.2g).

Example 8.13 (Anisotropic holes). Here, we enable the model to generate anisotropic
defects in the sense of Example 7.6. For this purpose, let d = 2, m > 2, and for
Jj €42,3,...,m,m+1} choose v; € (0,7) such that Z;”:El v; = 2m. Without loss of
generality set 71 := 0 and construct the elements I, 1y, - -+ , 1, € cl(Y) as in Example 7.6.
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8.1 Damage progression caused by the growth of microscopic defects

Then, for ¢ € (0, 1) we are going to consider the set valued mapping L : [0, 1]" — Lpen(Y)
defined by

L(E) = U triangle[@(l—@ij)lj, /C\(l—/C\/Z’\j+1)lj+1, 0]
j=1
By inserting the factor ¢ € (0, 1), this mapping obviously fulfills condition (8.2d). To
verify the conditions (8.2g) and (8.2h) the bi-Lipschitz transformations (7%)scp1m are
constructed as follows: For § € R? and Z € [0,1]™ let §(7,2) € R? denote the point
indicated in Figure 8.2(i). Thus, for z € [0,1]™ the function 7% : Y — R? maps y € Y

onto a point which is given by the product of the point g(y,0) and the scaling factor
lyl2

B e
Yl 9y, 00, .. & ki1
oW, 0) = =y i )y < () < )
T:(y) = |U(y; 2)|2 1y, 2) ]2 JZ1 J JZ1 j

where the angle v(y) € [0,27) for y = (y1,%2)" # 0 is defined by

arctan(z—j) if y; > 0 and yo > 0,

5 if y7 =0 and yy > 0,
V(y) := { arctan(2) + if y; <0,

37” if y7 =0 and yy <0,

arctan(2) + 27 if y; >0 and y» <0.

Therefore, for Z € [0, 1]™ the mapping T;l :R? = Y is given by

@W@==|ﬂ~)| ]1J 7
0 if j = 0.

Due to the similar structure of 7; : Y — R? and 75 ' : R? — Y, the verification of the
estimate sup;cg 1m ||VT;1HL00(Im(T2))zx2 < oo can be done analogously to the proof of
SUP; (o, 1)m | VT:|[Loe(v)2x2 < 00 below.

In preparation for specifying the term T:(y) in dependence of y = (y1,12)7 € Y and

Z = (21,22, -,2m)T € [0,1]™, we calculate the area A := py(triangle[a;, as,0]) (see
Figure 8.2(ii)) via

A = aslz|azla sin(vY, +7,?) = Ai+Ag = |aa|2[gl2 sin(vY) ) + [Yl2]az]2 sin(v,?),
which results in the following description for the value [7]s:

a1 |2|az]e sin(v¥, +75?)
|a ]2 sin(va, ) + |aglo sin(yg2)

(8.29)

7|2 =
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For an arbitrary but fixed 0 # y € Y there exists a unique k& € {1,2,...,m} such that
Zlevj < (y) < Zfill 7v;. Exploiting (8.29) in some simple but lengthy calculation
yields

e
—

+

IR

(122 )|lx]2 sin (v(y)— vj) + (1-CZ11) [lj11 ]2 sin ( 3 %"7(9))
T:(y) = . T

(1-25,) (1=2Zk41) [|I4]2 sin w-jg %) + lhsalasin (2 %—-10))]

1

==

Y

=l ENY

To verify condition (8.2g) for y = (y1,y2)T # 0 we calculate

Oy f(V (W), 2y + f(1 (), 2) Ay f (1 (), 3)3/1)
0y f (7(y), 2)in Ay f (VW) 2)y2 + f(1 (), 2)

To prove sup;c(g yjm | V1%L (v)2x2 < oo we apply the quotient rule on the explicit ex-
pression of f(v(y),Z). Therefore, for the numerator fi(v(y),2) of f(v(y),2)) and its
denominator fa(v(y), 2) it is sufficient to show that for i,n,l € {1,2} there exist con-
stants C;, Ci 1, Co > 0 such that |fi(v(y), 2)| < Cy, 10, i (W), 2)yn| < Cin, as well as
|f2(v(y),2)| > Cy for all 0 # y € Y and every Z € [0, 1]™. Trivially, for i € {1, 2}, for all
0#y €Y and every z € [0, 1]™ it holds

VT(y) = (

, )| < Lelo+|1 .
|fi(v(y),2)] < ke{?2§$7m}(| k2| lki1]2)

To show |0y, fi(v(y), Z2)yn| < Ciyn for i,l,n € {1,2}, for all 0 # y € Y and every
zZ € [0,1]™ it is sufficient to prove that

|yi0y, (sin(v(y)+C))| = lyi cos(v(y)+C)Iy, v (y)| < |yi0y, 7 (y)]

(C' € R) is bounded. For this purpose, we calculate the weak derivative d,,7y, which
finally yields the following uniform bounds:

vz 2 ifi=l=lori=1=2
2 . .
idy Y (1) = 3 |7z S 1 ifi=lori=2,
2
yfyfygﬁl ifi=2orl=1.

It remains to be shown that there exists a constant Cy > 0 such that |f2(v(y), 2)| > Co
for all 0 # y € Y and every Z € [0, 1]™. Let Ymax = MaXpe(1,2,...m} V&- Lhen

.....

2\ > 1_/\2 . . e~ . iy
L0, 2 2 (=07 _min Il min  (sin(7) + 5 (max—7))

where minseo .. (SI0(5) + sin(Ymax—7)) > 0 since 0 < Ymax < m. Thus, the desired
estimates are established and hence it holds sup;c(g yjm || V7T%[|Lec (v)2x2 < 00.
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8.2 Two-scale effective damage model for unidirectional defects’ evolution

8.2 Two-scale effective damage model based on
unidirectional defects’ evolution

In this section we formulate the two-scale effective damage model (S%) and (EY) which
will turn out to be the limit model of (S§;) and (Ef;) for e — 0. Here, damage is described
by the two-scale elasticity tensor C{f : WP(€2;[0,1]™) — L®(2xY; {Cqprong, @}) which
for almost every (z,y) € 2xY and 2o € WP(Q; [0, 1]™) is defined via

C{){(ZO)(x7 y) = ]lY\L(zo(x)) (y)Cstrong- (830)

As in Section 7.2 this two-scale tensor is motivated by the strong two-scale limit of a
sequence (C?(zg) of microscopic tensors; see Theorem 3.9. For ) := R/, denoting the
periodicity cell the limit function space Qf has the following structure:

0 = Hr,,, (Q)XLX(Q; Hy, (V) < W (€; [0,1]"™).

Recalling Lemma 8.7, concerning the asymptotic behavior of the external forces applied
to the microscopic models of Subsection 8.1.3, the external loading for the two-scale
limit model is introduced as follows: For ({y,¢;) € CY([0,T];L2(2)4xL?(Q)¥*4) and
zo € WHP(€2; [0, 1]™) the external loading ¢ € C'([0, T]; (HE, (2)xL*(Q; HL, (V))4)*)
for all ¢ € [0,T] and (ug, Uy) € HE_ (Q)?xL2(; HL, (V)4 is defined by

(Ei?;“ (t), (o, Ur)):=(R(20)€0(t), uo)r2()a+{H (20)01(t), Vo Eug+V Ui )12 (xy)axe. (8.31)

Here, (h(z0), H(z0)) € LY(Q)xL}(Q2xY) for almost every (z,y) € QxY are defined
by h(z0)(2) = Jy Iy\Lzo)) (7)Y = pa(Y\L(20(2))) and H(20)(z,y) = Iy\L o)) (Y)-
Observe that the measurbility of the function h(zp) : Q@ — [0, 1] is ensured by Funbini’s
Theorem; see [3, Theorem A 4.10]. For (up,Uy) € Hi_ (Q)*xL*(Q;HL(V))? we set
&(ug, Uy) == e,(ug) + e,(U;). Thus, the energy functional Ef : [0, T|xQfl — R is given
by
E{ (¢, uo, Ur, 20) (8.32)
= 5(Cq (20)8(uo, Ur), &(uo, Ur)) 2y yixa + [ V20l {pgymea — (€5 (1), (uo, Ur)).
Remark 8.14. Observe that this two-scale limit functional is motivated by investigating
the asymptotic behavior of the microscopic energy functionals (EN).<o with respect to
(ze)eso with z. € Ka(2;[0,1)™) and (us)eso C H%Dir(Q)d with u. = X, . (uc|o\op (=),
which converge in the following sense: Let (ug, Uy, 20) € Qff be given such that
Ue — Ug in HE_ ()7, ze = 2o in LP(Q)™,
ue > Bug in L2(QxY)?, Rezelo — Vzo in LP()™,
Vu, 2 V,EBug+V,U; in LA(QxY)™9,

By improving the assumptions on the transformations (1s)zcjo1m one might force the
limit function U; € L2(Q; HL (V)¢ to satisfy

Ui(z,-) = Xoo@)(Ur(z, )\ L(zo(2)))  for almost every x € €. (8.33)
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8 Effective damage models based on the growth of microscopic defects

Here, X; : HY(Y\L(2))? — HY(Y)? (2 € [0,1]™) denotes the strong 1-extension operator
of Lemma 8.2. In this case the limit energy functional Egl : [0, T)xQfl — Ry, would be
defined by

Ed (t, uo, U, 20) if Uy satisfies (8.33),

00 otherwise.

Eé{(t,uo,Ul,zo) = { (834)

This would have the advantage that for M(zy) = Uzeai{z}XL(zo(x)) the physically
senseless part Uy| (s of the two-scale displacement field is uniquely described by the
part Ui]xy)\M(z) given on the set of positive stiffness. Therefore, the energy func-

tional Eg 0, TIx Q' — Ry, is coercive, which is not the case for the functional defined
in line (8.32). However, since these physically senseless values are cut off by the material
tensor C{l(29) and the external loading Eﬁg’el anyway, we do not continue to pursue this
ansatz in the following.

Since there were no changes in the microscopic dissipation distances in comparison to
those of Chapter 7, for the limit function fl € L7 (€;[0,00))™ (see (8.22)) the limit
dissipation distance D} : W5HP(Q; [0, 1]™)x WHP(£2; [0, 1]™) — [0, 0] of the sequence
(DM).~p is defined via (see Section 7.2)

D (21, 22) ==

/Q (kg (2), 22(2) — 21 (2))mldz if 21 > 2, (8.35)

otherwise.

For given initial values (ul, U?,2J) € Ql the rate-independent damage evolution is

modeled by the energetic formulation (S%) and (EY).
Stability condition (SY) and energy balance (E}) for all ¢ € [0, T7:

El(t,uo(t), Uy (1), 20(t)) < El(t,a,U,2) + D(2(t),2) for all (7,U, %) € Q!

Ej (t,uo(t), Uy (t), z0(t)) + Disspu (205 [0, ¢])
= B0, U8,20) — [ 5), (uol), V() s

Here, Disspu(20; [0,t]) := sup Zé\f:l D¢l (20(tj-1),20(t;)), where for N € N the supremum
is taken with respect to all finite partitions 7y = {0 =ty < t; < ... < ty = t} of
the interval [0, 7). The following existence result extends Theorem 6.18 to the situation
with voids.

Theorem 8.15 (Existence of solutions). Assume that the conditions (8.1) and (8.2)
hold. Let Bl : [0,T|xQf — R and D : WHP(Q; [0, 1]™)x WhP(€; [0, 1]™) — [0, o]
be defined as described above. Moreover, let (ud,U?,20) € Q' be given such that it
is the limit of a stable sequence (u?,z0).~o with respect to 0 € [0,T] in the sense of

g) e

Definition 6.12. If Vul = V,Euj + V,U} in L*(QxY)™? and R:20lo — Vz( in
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8.2 Two-scale effective damage model for unidirectional defects’ evolution

LP(Q2)™*4  then there exists an energetic solution (ug, Uy, 29) : [0,T] — QU of the rate-
independent system (QF, E, DEY) with initial condition (ud, U, 20) satisfying

(uo, Ur) € L([0, T; Hy, () xL2(Q H,, (1)),
20 € L([0, T WHP(: [0, 1)) N BVpu ([0, T]; WH(€: [0, 1))

Remark 8.16. For (ug, Uy, 2z0) : [0,T] — Q being an energetic solution to (S%) and
(EY) let M<(2(t)) := (2xY)\M (20(t)) denote the set of positive stiffness at t € [0,T]
(M(20(t)) = Uzea{z}xL(z(t,x))). Then due to the zero stiffness on M(z(t)) any
function (uy, Ul,zo) [0, 7] — Qi with Ul( Marezo)) = Un(t)|arezoy) for allt € [0,T] is
an energetic solution of (S%) and (EY), too.

Proof. To proceed analogously to the proof of Theorem 6.18, observe that all assump-
tions of Theorem 6.18 are satisfied in this case (ignoring the fact that here the mi-
croscopic energy functionals are allowed to take the value oo); see the proof of Corol-
lary 7.14. Since the proof of Theorem 6.18 exploits the results of Theorem 6.15 and
Theorem 6.17, they have to be modified, too. These adaptations are done in Corol-
lary 8.17 and Corollary 8.18 below. Afterwards, by following the proof of Theorem 6.18,
establishing Theorem 8.15 is straight forward. O

Corollary 8.17 (Mutual recovery sequence). Assume that (8.1) and (8.2) hold. For
(€o, 1) € CH[0, T]; L2(Q)4xLA(Q)4*9), 2. € Koa(2]0,1]™), and 2o € WHP(£2;]0, 1]™) let
tot e CH[0,T); (Hp,, ()4)*) and €2 € CH([0,T]; (H,, (2)%)*) be defined by (8.17)
and (8.31), respectively. Moreover, let EX : [0, T|x QY (Q) — R., be defined via (8.20)
and let DI+ K A ([0, 1]™)x Ko (9250, 1]™) — [0,00] be defined by (8.22). Finally,
let Ef : [0, T]xQ — R and DY : WHP(Q; [0, 1]™)x WEP(£2; [0, 1]™) — [0, 00] be given
as described above. If (ue, z.).>0 is a stable sequence with respect to t € [0,T] (see
Definition 6.12) with limit (ug, Uy, z0) € Qf, then:

(a) For every (tig, Uy, %) € QI there exists a mutual recovery sequence (Ui, 2.)zo; see
Definition 6.13.

b) (uo, Uy, 20) satisfies the stability condition (SY) for t = t.
( Y H

Proof. Part (a): Let (ue,z.)-=0 be a the stable sequence with respect to t € [0,T]
converging to the limit (uo, U1, 20) € Q}l; see Definition 6.12. Then, for a given function
(T, Ur, Z9) € Qo we start by constructing the mutual recovery sequence (ue, Ze)e0-

1. This first step is completely analog to the proof of Theorem 6.15. Without loss of
generality let Zy < zy. Then, according to Theorem 6.16 there exists a sequence (Z;)e>0
satisfying 2. € Kea(Q;[0,1]™), 2. <z, Z. — % in LP(Q)™, ReZ|q — V2 in LP(Q)mxd,

tim sup (118 217, g e — 1R 2 ymea) < V500 gy = 920y (8:36)

e—0

and lim._, DH(z., z.) = D (20, o).
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8 Effective damage models based on the growth of microscopic defects

2. Now, the u-component . € Hf_ (Q)? of the mutual recovery sequence is constructed.

For the sequence (Z.).»o introduced in step 1 the sequence (u.).0 C H%Dir(Q)d is defined
by N
ﬂe = Xé-’gg (ﬂ5|Q\QED(§E)), (837)

where (T.)e>0 C Hi (Q)? is the sequence constructed in the second step of the proof of
Theorem 6.15 and satisfies

. — 1o in Hf, (Q)%,

u. > Eig in L2(QxY)?,

Vi, > V,Fig+V,U, in L2(QxY)™d

Note that we do not claim, that this convergence result also holds for the sequence
(u€)€>0 In fact, whenever the asymptotic behavior of a term involving the function .
is investigated in the following, then by definition this term actually depends on the
product Lo\ op(z)Ue. Since . and 4. coincide on supp(lg\op(s.)) = O\QP(z.), thus the
convergence results for the sequence (.).»o can be exploited. The adaptation (8.37) is
only made to ensures (¢, 1., 2.) < oo for all ¢ > 0, which, for instance, is necessary
to prove the lim sup-inequality (6.24). In fact, every sequence (u.).»o appearing in the

proofs of Theorem 6.17 and Theorem 6.18 has to be replaced by (U.)sso to prove the
modified results stated in Theorem 8.15 and Corollary 8.18.

3. According to Lemma 8.7, for the given £ € [0, 7] we have

lim (607 (F), uc) — (E27 (B), 0c) ) = (€9 (D), (uo, U)) = (65 (8), (0, Th)), (8.38)

e—0

where we already exploited, that @, and @ coincide on supp(Loyap(z)) = Q\QP(Z)
which implies (6’;13’51 (1), te) = (622’61 (#),u.) for all € > 0; see (8.17).
4. Analog to the fourth step of the proof of Theorem 6.15, we have

limsup ((CH(2)e(.), e(d:)) paayexs — (CH(2)e(us), e(ue)) ey ) (8.39)

e—0
< (CH(Z0)&(tto, Ut), &(Tho, U1)) 120y yixa — (Cf (20)&(ug, Ur), &(uo, Ut)) 120y yixa-
Since the functions . and @, coincide on the set supp(CH(z.)) = Q\QP(Z.) it holds
EN(t ue, %) = %(C?@s)e(%)ae(ﬂs)h?( axa + || Rs ZsHLp(QJr mxd <€§27él (f), e),

although &H(¢,%,,7.) might be infinite due to the energy functional’s definition; see
(8.20). Combining (8.36), (8.38), and (8.39) we finally end up with

limsup (E1(F, tie, 2) — EX(F, ue, 22) ) < Y (£ 7o, U1, ) — B (£, w0, U, 20)

e—0

i.e., (Ue, Z:)e>0 18 @ mutual recovery sequence; see Definition 6.13

The proof of part (b) is exactly the same as in the proof of Theorem 6.15. O
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8.3 One-scale effective damage model for unidirectional defects’ evolution

Corollary 8.18 (“Mosco” convergence of (EM)..o to EY). Let (ue, 2.)es0 be a sequence
satisfying (u., 2.) € QX(Q) for alle > 0 and

Us — U in H%Dir(Q)d, ze —>z0  in LP(Q)™,
u. > Eug in L2(QxY)?, R%ZSIQ — Vzy in LP(Q)™*,
VUE = VIEUO—FVyUl m L2<QXY)dXd.

Then for every t € [0,T] it holds liminf. o EX(t, u., z.) > BE (¢, uo, Uy, 20).

Moreover, for every function (ﬁo,ﬁl,go) € Qll there exists a sequence (., Z:)eso with
(U, z.) € QX(Q) for every e > 0 such that

T — o in Hy (Q)%, =% in LP(Q)™,
. > Big in L2(QxY)?, R:Zlo — VZ in LP(Q)™,

Vﬂs i> vaﬂo—Fvyﬁl m L2<QXY)dXd,
and hma_>() gg(t, 58, 58) = EOH(t, 1~L0, ﬁl, 50); where ,ﬁa = X572€ (a5|Q\Q£(25)>

Proof. The proof is completely analog to that of Theorem 6.17. However, observe that
to guarantee that E(t, ., z.) is finite for all ¢ > 0, the recovery sequence needs to be
redefined (u. := X.z (Uelo\op(s.)) ) on the set QP(Z.) of zero stiffness. Again, we do

not claim that the sequence (t¢)zso C Hf ()¢ converges in any sense to the functions

(%, Uh) € HE_ (Q)4xL2(Q; HL,(V))4. That is why, roughly spoken, Corollary 8.18 states
Mosco convergence only on the set of positive stiffness, which is sufficient to prove
Theorem 8.15 analogously to Theorem 6.18. O]

8.3 One-scale effective damage model based on
unidirectional defects’ evolution

As in the Chapters 6-7 we are able to formulate a one-scale model which is equivalent to
that of Section 8.2. However, in contrast to these previous results this equivalence does
only hold by making some further assumptions. Let the state space QH(£2) be given by

Qu' () := Hy,,, () x W (; [0, 1]™).

Recalling the motivation of Section 6.3, the equivalence of the models in Section 6.2
and 6.3 is based on the fact that for given stable state (ug, Ui, 29) € So(t) the func-
tion U; € L*(;HL (Y))? is the unique solution of (6.15). This minimizing prop-
erty of the function U; € L*(Q;HL ()))? results from the stability condition (S°) by
choosing (@, 2) = (ug, 20). However, since in the two-scale model of Section 8.2 the
function Uy € L*(Q;HL,(V))? enters the term (€24 (t), (ug,Uy)) in the two-scale en-
ergy E{(t,up, U1, 20), we need to restrict ourselves to the following external loadings:
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8 Effective damage models based on the growth of microscopic defects

For given £, € CL([0,T];L2(Q)%) and 2o € WP(Q;[0,1]™) let the external loading
to e CH[0,T]; (HE, (2)%)*) for all t € [0,T] and every uy € Hp_ ()¢ be defined
by

(2 (1), uo) = (l(z0)lo(t), uo)12 (- (8.40)

Here, h(z) € L'(Q) for almost every z € Q is defined by h(z0)(x) := [y Iy\L(z0(2)) (¥)dy.

Remark 8.19. Observe that for any function (ug,Uy) € Hp (Q)4xL*(Q; HL (V))* it
holds (£ (t),ug) = (£22°0(t), (uo,Uy)); see (8.31). Therefore, in the case {; = O the
external loading Eﬁg’o for the two-scale model of Section 8.2 can be understood as an
element of C([0, T); (Hf, (2)4)*).

Analog to Section 6.3, the energy functional is based on CH; : W'P(Q; [0,1]™) — M(Q),
which for ¢ € ngxn“f, for almost every z € Q, and for zy € WHP(Q; [0, 1]™) is defined via
the unit cell problem

(Cer(20) (2)€, €)axa = vegg?y)d IM(2(2), €, 0). (8.41)

Here, for Z € [0, 1]™ the functional I''(2,¢,-) : HL (Y)? — R, is introduced via

]H(E é- U) - iH(/Z’\’g?U) ifv= XE(U|Y\L(2))7
o 00 otherwise,

where the continuous functional I™(2,€,-) : HL (J)? — R for the given tensor valued
mapping CH : [0,1]™ — L>(Y; {Cstrong, O}) is given by

ME o) = [ (O +e, ))& +e,0W),, v

Since I™(Z, &, v) is only finite if v € H (V)¢ coincides with its continuation X;(v|y\r(z))
with respect to the strong l-extension X; : HY(Y\L(2))¢ — HY(Y)? according to
Lemma 8.2 the functional I"(z, ¢ -) : H! (V)Y — R, is coercive. Hence, showing
that the minimizing problem (8.41) is well defined is done analogously to the proof
of Proposition 6.8. Moreover, this coercivity implies that for almost every x € ) the
tensor Ci(29)(z) € Llnsym(ngXH‘f, R&:4) is positive definite independent of the function
20 € WP(Q; [0,1]™). Thus, we are able to introduce the one-scale limit energy functional
EX [0, TIx Q) — R via

Eo' (t, w0, 20) = 5(Cer(20)e(uo), €(uo))r2@xyyaxa + [ Vzo[l[p(qymna = (€5 (1), o).

For k! € LY (;[0,00)™) denoting the limit function mentioned in the definition of the
microscopic dissipation distance defined in line (8.22), the limit dissipation distance
DI WEP(Q; [0, 1]™) x WHP(£2; [0, 1]™) — [0, 00| reads as follows:

{ / (kg (z —21(2))|dr if 21 > 29,
D (21, 22) ==

otherwise.
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8.3 One-scale effective damage model for unidirectional defects’ evolution

For given initial values (ul,z) € Qf(Q) the existence of an energetic solution of the

rate-independent system (QF (), LY, DI) results from Theorem 8.15 by keeping Corol-
lary 8.21 below in mind.

Stability condition (SY) and energy balance (EY) for all ¢ € [0,7T]:
E(t,uo(t), 20(t)) < E(t, 1, Z) + Dg (20(t), ) for all (u,z) € QF ()
t
&y (t,uo(t), 20)(t)) + Disspu (205 [0, t]) = &'(0, up, 20) —/0 (€2 ) (), uo(s))ds

Here, Disspu(20; [0, ]) := sup Zﬁ-v:l Dil(20(tj-1), 20(t;)), where for N € N the supremum
is taken with respect to all finite partitions my = {0 =ty < t; < ... < ty = t} of
the interval [0,7]. The following theorem states the equivalence of the here formulated
effective one-scale model and a two-scale model which is a slight modification of the
model presented in Section 8.2. Afterwards, Theorem 8.15 might be combined with
Corollary 8.21 to prove existence of solutions for the model considered in this section.

Theorem 8.20 (Equivalence of the two-scale and one-scale model). Assume that the
conditions (8.1) and (8.2) hold. For z € [0,1]™ let LY : R&E — HL (V)? denote the
linear operator, which for & € R is defined by

L3(€) = Argmin{I"(Z,&,v) [v € Hy, (V)"}.

For ly € C'([0,T); (Hf, (2)%)*), for 1 := 0, and for Zo € W'P(Q;[0,1]™) let the
external loadings (2° € CY([0,T]; (HL, (2)9)*) and €2 € Cl([O T); (Hp, (2)%)%) be
given by (8.31) and (8.40); see also Remark 8.19. Let (SH) and (EH) denote the energetic
formulation with respect to the energy functional of (8.34) and the dissipation potential
of (8.35).
Furthermore, let zo € L([0, T]; WHP(€; [0, 1)) N BV pu ([0, T]; WH#(9; [0, 1]™)) and let
(uo,Ur) € L>([0, T];HE (Q)xL2(;HL,(V))Y). Then for (uQ, T3, 20) satisfying the
stability condition (§IJ{) for t =0 the following two statements are equivalent:
(a) The function (ug, Uy, 20) : [0,T] = Q with (uo(0),T1(0), 2(0)) = (ul, U1, 20) is
a solution of (?ﬁ) and (EOH)
(b) The function (ug, z0) : [0,T] — QH(Q) with (ue(0), 20(0)) = (ul, 23) is a solution
of (Sh) and (Eyy), and Ur(t) := LY, y(ex(uo(t))(-)) for all t € [0,T].

Proof. Let £y € C*([0,T]; (Hp,, (€2)%)*) be given. The assumption ¢; := 0 enables us
to gain the following result by choosing (u,2) = (ug, z9) for the testfunctions in the
stability condition (Syy): For (ug, Us, 20) € QI satisfying the stability condition (Sp) at
some time t € [0, 7] the function U; € L2(2; H! ()))¢ is the unique solution of

min{Zy (20, uo, U) | U € L*(Q Hy, (V). (8.42)
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8 Effective damage models based on the growth of microscopic defects

Here, I8 (20, uo, ) : L2(; HL (V)¢ — Ry, is defined by
I8 (20,u0,U)  if U satisfies (8.43) below,

o0 otherwise,

](I]{(ZO, up, U) := {

where the continuous functional I§'(zg, ug, -) : L2(Q; H! ()¢ — R is given by
jg){(z()v Uo, U) = <(COH(ZO)6(UO> U), é(“o» U)>L2(Q><Y)‘iXd-

For X; : HY(Y\L(2))? — HY(Y)? (2 € [0,1]™) denoting the strong 1-extension operator
of Lemma 8.2, condition (8.43) reads as follows:

Uz,-) = Xy (U(x, ) y\L(zo())) for almost every x € Q. (8.43)

Observe that for the given (ug, 29) the functional If!(zq,uo,-) : L2(Q; HL, (V)4 — Ry is
coercive according to Lemma 8.2.

To prove Theorem 8.20 we proceed similar to the proof of Theorem 6.9, which consists of
the proofs of Proposition 6.10 and Corollary 6.11. For all functions U € L*(Q; HL ()))?
it holds I (2, uo, U) = I§'(20,u0,U.,), where U, € L*(Q;HL (Y))? for almost every

z € Qis defined by U, (2, ") := Xy)(U(z, ) y\L(20(2)))- Therefore, Uy € L2(Q; HY (V))?
is the unique solution of (8.42), if and only if for all U € L2(Q; HL (V))? it holds

fé{(ZO,U(), (7) Z [(I){(ZQ,UO,Ul), (844)

which is relation (6.19) translated to the here considered case. Let U; € L*(Q; HL ())4
for almost every (z,y) € QxY be defined by U, (z,y) := L2 (e, (ug)(z))(y). Referring

zo(x)

to relation (6.20) of the proof of Theorem 6.9, for almost every =z € € and for any
v € HL (V)4 it holds

fH(ZO(x)veLB(UO)(I)?ﬂ) > IH(ZO(x)veJC(uO)(x)’Ql(xv ))7

which is derived analogously to (8.44). Since I (20,10, ) = L2(Q;HL ()¢ — R and
M (20(z),ug(z),-) : H (¥)? — R are continuous, the rest of the proof of Theorem 8.20
is completely analog to that of Theorem 6.9. O

Corollary 8.21 (Equivalence of the two-scale and one-scale model). Assume that the
conditions (8.1) and (8.2) hold. For zZ € [0,1]™ let LI : R&<! — HL (V)? denote the
linear operator, which for &€ € R is defined by

sym

L3(€) == Argmin{I"(2,&v) [v € Hy, (V)"}.

For ty € C'([0,T]; (Hf, (2)%)*), for £y := 0, and forzg € W'P(€2; [0,1]™) let the external
loadings (22° € C'([0,T]; (HL, ()9)*) and (2 € CY([0,T]; (H:,, (2)%)*) be defined by
(8.31) and (8.40); see also Remark 8.19.

Furthermore, let zy € L>([0,T}; W#($; (0, 1]™)) N BVpu ([0, T]; WHP(€; [0, 1]™)) and let
(uo,Ur) € Le([0,T);HE, (Q)4xL2(Q;HL, (V). Then for (uf,U?,z)) satisfying the
stability condition (SY) for t = 0 the following two statements hold:
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8.4 Discussion of the results

(a) If (ug, Ut 20) : [0, T] — Q! with (ue(0), U1(0), 20(0 )) = (ul, UY, 2) is a solution of
(Sk) and (Ey), then (uo,2) : [0,T] — Qi (Q) with (uo(0),20(0)) = (ug, 2g) is a
solution of (S%) and (EY).

(b) If (uo, 20) : [O,T]ﬁ—> Qt(Q) with (ue(0),20(0)) = (uj, 2) is a solution OJO(S%) and
(EY), then (ug, Uy, 2) : [0,T] — Q£H with (ug(0),U1(0), 20(0)) = (u), Uy, 2) is a
solution of (SY) and (EY), where Uy(t) := Eg)(t“)(ex(uo(t))(-)) for all t € 0,7
and U} := U;(0).

Proof. For 2 € [0,1]™ let X; : HY(Y\L(2))? — H'(Y)? denote the strong 1-extension
operator of Lemma 8.2. Moreover, let (ug, Uy, z9) € Qf be given such that

Ui(z,-) == Xy (Ui (@, )3\ L(zo(x))) for almost every x € Q.

Then, by definition for all ¢+ € [0,7] and every function U; € L2(Q;H! (¥))¢ which
coincides with U; on the set (QxY )\ M (zq) := Uzea{z} <Y\ L(20(z)) of positive stiffness,
it holds

Eg<t7U0,U1,Z()) = Egl(t,uo,ﬁl,z(]); (845)
see (8.32) and (8.34).
(a) If the function (ug, Uy, 20) : [0, 7] — Qi with (ug(0), U1(0),20(0)) = (ul, U}, 23) is a
solution of (S%) and (EY), then according to (8.45) the function (ug, U1, 2o) : [0,T] — Q!
with (uo(0), T1(0), 20(0)) = (u, T3, 20) is a solution of (Sy) and (Ey;). Here, the initial
value U is given by U, := U;(0), where for all ¢ € [0, 7] the function U (¢) is defined
by

Ui(t, @, ) == X0y (UL (t, 2, ) y\L(zo(t,0)))  for almost every = € Q.

Thus, Theorem 8.20 yields the desired result.

(b) For all t € [0,T] set Uy(t) := LI (t,)(€x(uo(t))(+)). Furthermore, U(l) = U,(0).
Then, according to Theorem 8.20 the functlon (ug, U1, 20) : [0,T] — QI satisfying
(10(0), T1(0), 20(0)) = (u0, T, 29) is a solution of (Sy) and (Ey). However, due to
(8.45) for all t € [0, 7] it holds EH(t, uo(t), U1(t), 20(t)) = B (¢, uo(t), Ux (), 20(t)), such
that (ug, Uy, 20) : [0, T] — Qf also is a solution of (S%) and (EY). O

8.4 Discussion of the results

This chapter presents rigorously derived effective models for a linear elastic body which
is damaged by the growth of preexisting microscopic voids. Due to the underlying non-
periodically perforated domains this verification is mathematically challenging and re-
quires a specific extension theory, which suits the admissible microstructures considered
in this thesis.

The changes with respect to the results of Chapter 7 concerning the external loadings
are the following: Since at time ¢ € [0, 7| the external loadings of the microscopic models
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8 Effective damage models based on the growth of microscopic defects

are only applied to the set Q\QP(z.(¢)) C Q possessing positive stiffness, the external
loadings of the effective models are scaled by factors depending on the limit damage
variable 2o(t) € WHP(€;[0,1]™). Moreover, there is an additional part of the boundary
coming from the microscopic voids. In terms of a strong formulation this means that we
impose a zero Neumann boundary condition for this additional part of the boundary. In
turn, this forces the external loadings of the effective two-scale model to depend on the
second scale, too. Only by assuming the two-scale external loadings to be independent
of this second scale (by setting it to zero) we are able to obtain an equivalent effective
one-scale model.

Due to the asymptotic analysis of Chapter 6 the microscopic voids considered in the
microscopic models of Subsection 8.1.3 are “shifted” to the second scale of the effective
two-scale model presented in Section 8.2. That means, for ¢ € [0, 7] and for almost every
x € Q the tensor Cll(20(t))(x, ) is zero on the set {x}x L(z(t, z)) C QxY.

However, according to the continuation theory the material tensor Ct;(20(¢))() is pos-
itive definite for all ¢ € [0,7] and almost every = € (2, independent of the value zy(¢, x)
of the limit damage variable. Hence, the effective one-scale model describes the damage
progression in a linear elastic body represented by the set €2, i.e., there are no voids
present. Here, the voids of the microscopic models are reflected by the unit cell prob-
lem (8.41) defining the effective material tensor CH(zo(¢))(z).

Observe that for a given sequence (2. ).~ of damage variables z. : [0, 7] — K.A(£2; [0, 1]™)
the sequence (Q\QP(2.(t))).>0 of perforated sets for any ¢ € [0, T] satisfies the condition
of strong connectivity; see [39, Subsection 1.7.1]. This is the crucial assumption of the
homogenization theory for strongly perforated domains in [39]. This theory enables the
derivation of effective descriptions for problems defined on sequences of non-periodically
perforated domains. It is based on the introduction of a mesoscopic scale, which is
small relative to the size of the whole domain but large compared to the microscopic
scale. Due to this mesoscopic scale the effective quantities, like the effective material
tensor in our case, are given by the limit of so-called conductivity tensors introduced
on this mesoscopic scale; see [39, Chapter 5]. Comparing this theory to our approach,
the discrete gradient appearing in the microscopic models in some sense introduces a
third scale — lying between the microscopic and the macroscopic scale — to these models,
too. This discrete gradient prevents the defects’ shapes and sizes from varying in a
uncontrollable manner. In this way we are able to perform the limit passage directly
with respect to the microscopic scale. In contrast to the techniques in [39] this enables
us to avoid the further consideration of a limit passage from the mesoscopic to the
microscopic scale, where the identification of the limit model might be difficult.
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O Effective models for the evolution of
microscopic cracks

This chapter deals with damage models describing the growth of microscopic cracks along
paths known in advance. To describe these crack paths let C C Y be a hypersurface
which is the graph of a Lipschitz function. The material under investigation will be
modeled by the positive definite tensor Csgrong € Linsym(ngXH‘f; ngxrff), i.e., there exists a
positive constant a such that

for all ¢ € R&: it holds  alél3, 4 < (Cotrong€, €)axa- (9.1)

To model the growth of a crack along the path C C Y we assume that there exists a
mapping L€ : [0,1]™ — L1 (C) with the following properties:

¢ L°:[0,1]™ = L1 (C) is a non-increasing function; see (2.21). (9.2a)
e For all 2 € [0,1]™ it holds pg_1(L°(2)) > 0. (9.2b)
e For all 2 € [0,1]™ the set L(2) is a closed subset of C. (9.2¢)
e For all 2 € [0,1]™ the relative boundary 9, LY (%) of the set L¢(Z) is a locally
Lipschitz domain (see Def. 2.1) and it holds 3n* := dist(L¢(0),9Y) > 0. (9.2d)

For any given z € [0, 1]™ and every (Z5)s=0 C [0, 1] satisfying Zs — 2 in R™ it holds
g1 (L°(Z\LC(Z5)) + pa—1(LC(Z5)\LC(2)) — 0 for 6 — 0 and (9.2¢)
e VA > 038, > 0 such that for all § € (0,8) it holds L°(Z5) C neigh, (LY(2)). (9.2f)

Note that for any A > 0 it holds pg(neigh (L€(2))) > 0 according to assumption (9.2b).
There exist bi-Lipschitz transformations (TZC) zefo,1)ms 1, ZC .Y — Y, such that

o sup (||VTE|umqyyixa + | V(TE) w(yyaxa) = Cr < 0. (9.2g)

ze[0,1]™
e For all Z € [0,1]™ it holds Im(T¥ | zc(z)) = LE(0) and T% [neign, . ov)ny = id.  (9.2h)
e For any Z € [0,1]™ and for every (Z5)s=0 C [0,1]™ with Zs — Z in R™

it holds ||T5, — T5 |lwreeyye — 0 and [[(T5) ™" = (T5) ™ lwreeyya — 0. (9.2i)

Let L7 : [0,1]™ — Lpep(Y) for all Z € [0,1)™ be defined by L7(2) := neigh, (L°(Z)).
Then, we assume that the following condition is satisfied.

For all n € (0,7*) and every 2 € [0, 1]™ it holds Im(7%|a(z)) = L"(0). (9.3)
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9 Effective models for the evolution of microscopic cracks

Observe that for Z € [0, 1]™ due to (9.2h) and (9.3) the value of TS : Y — Y is prescribed
on the set (neigh,. (8Y) N Y) U L7 (2), which according to assumption (9.2d) satisfies
dist(neigh, . (9Y), L" (2)) = n* > 0.

Assuming (9.1), (9.2), and (9.3) to hold, for any n € (0,7n*) the crucial conditions (8.1)
and (8.2) of Chapter 8 are fulfilled for L" : [0,1]™ — Lre(Y). Therefore, the here
considered crack models might be understood as the limits which are formally derived
by letting n tend to zero in the respective damage model of Chapter 8 based on the
mapping L" : [0,1]™ — L, (Y). For z € [0, 1]™ the function space H'(Y'\ L"(2))¢ builds
the foundation for the displacement fields considered in Chapter 8. Hence, by formally
letting 7 tend to zero, we have to deal with the function space H*(Y'\LY(2))¢ allowing
any function to have a jump on the set LC(Z).

9.1 Damage progression caused by microscopic cracks

Similar to the damage set considered in Section 2.6, the set of all microscopic cracks
C.(z:) C Q associated to a given damage variable z. € K. (€; [0, 1]™) is defined via

Ce<ze) = U 8<)‘+LC(Z€)\))7

AEAD

where 2} = z.|. () for all A € AZ; see (2.15). Since the investigated body 2 for a

given damage Varlable is assumed to contain the microscopic cracks modeled by the set
Cc(z:), the displacement field u, is allowed to jump across this set, i.e., u. is assumed to
be an element of the space Hf,  (2\C.(z.))". To keep the state space QF (2) independent
of the damage variable z. € K.A(£2; [0, 1]™), we set

QC () := H,, (2\C=(0))"xKea (€ [0,1]™)

and incorporate the restriction of the displacement field u. to only jump on the subset
C-(2.) C C.(0) in the energy functional. For (fy, 1) € C*([0,T]; L2(Q)4xL2(Q)¥*?) the
external loading E@fl e CY([0,T); (Hp, (2\C-(0))%)*) for all t € [0,T7] is defined by

(560 L), ug) == (lo(t), uc)r2\c.ope + (C1(t), Vue)r2 . (0))axe- (9:4)

To introduce the energy functional £F : [0, T|xQC(Q)) — R, = R U {oo} we start
by choosing once p € (1,00) and keep it fix for the rest of this chapter. Moreover, let
EC 110, T]xQ%(Q) — R be given by

gg(t,ua, Ze) 1= %(Cstronge(ua)ve(ua»L?(Q\Ce( dxd + ||R ZaHLp Qfymxd <££0 61( t), ue).
Thus, the energy functional £C : [0, T]x QY(Q)) — R, is defined by

ES(tue, ) ifu. € HE (Q\Co(22))?,

) (9.5)
00 otherwise.

Sgc(tausyzs) = {
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9.1 Damage progression caused by microscopic cracks

Proposition 9.1 (Uniform Korn inequality for a periodic crack distribution (see [12])).
For all v, € H (Q\C-(0))? there exists a constant Ckom > 0 independent of € > 0 such
that

Ckomn||velFr e 0ya < lle(ve)IE2 (. (0)yixa-

For a proof of this statement we refer to Proposition 4.1 of [12]. Therefore, for any
function u. € Hf,_ (2\C-(2:))? the following uniform coercivity condition holds:

ir ir

%CKornHUeH%I;D (\Ce(ze))d — %CKornHUsH%;D @\C-(0))d = %He(U@)H%?(Q\CE(O))dW
1
2

S <Cstr0nge(u5), e(u€)>L2(Q\CE(O))dxd. (96)

Let ¢’ € (1,00) be given and fixed for the rest of this chapter. Moreover, assume that
there exists a sequence (k¥).so C L% (€2;]0,00)™) and a function x§ € L (€2; [0, 00)™)
such that it holds ¢ — x§ in L¢(Q)™. Then, the microscopic dissipation distance
D KA (Q;[0,1]™)x KA (Q; [0,1]™) — [0, 00] reads as follows:

© — 2(x))mlde iz > 2
D€ 2y = | o 1@ 2le) = a@hlde 21 2 20 .

00 otherwise.

For given initial values 22 € K. (€[0,1]™) and w? € Hp (Q\C.(20))? the growth of
microscopic cracks is modeled by the e-dependent energetic formulation (S&) and (E§),
where € > 0 scales the length of the appearing cracks.

Stability condition (S%) and energy balance (Ef,) for all t € [0,77:
EX(tue(t), (1) < EX(t,10, 2) + D (2:(t), 2) for all (,2) € QF ()
¢
£ (t,ua(t), (1)) + Disspg (221 [0, 1) = 70,0, 22) — [ (0424 (5), ()}
) VG

Here, Disspe (z; [0,t]) := sup XL, DI (2(t;-1), 2:(t;)), where for N € N the supremum
is taken with respect to all finite partitions 7y := {0 =ty < t; < ... < ty = t} of the
interval [0, T]. For t € [0, T]

SE(t) = {(ue, z.) € QF(Q) satisfying (S&) for t = and E° (¢, u., 2.) < oo}

denotes the set of stable states. Note that by assuming u € Hf (Q\C.(22))* for the
initial values (u?,z?) € Q%() the right hand side of the energy balance (EZ) is finite.
The following corollary states existence of solutions for the here presented microscopic

models.

Corollary 9.2 (Existence of solutions). Assume that the conditions (9.1) and (9.2)
hold. For (ly, (1) € CY([0,T]; L2(Q)xL2(Q)¥?) let (31 € CL([0,T); (HE, (2\C-(0))9)*)
be defined by (9.4). Moreover, let EC : [0, T|x Q% () — Ry, be defined via (9.5) and for
kC € LY (Q;[0,00)™) let DE : Koa(Q; [0, 1]™) x Ko (25 [0, 1]™) — [0, 00] be given by (9.7).
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9 Effective models for the evolution of microscopic cracks

Then for (u?, 20) € SE(0), there exists an energetic solution (u., z.) : [0,T] — Q(Q) of
the rate-independent system (QS(Q),ES, DY) satisfying (u.(0), z:(0)) = (u?, 20) and

y ey

us € L((0, T, Hy,, (2\C(0))"),
Ze € LOO([Ov T]a K€A<Q; [07 1]m)) n BVDEC([Ov TL KEA(Q; [07 1]m))

Proof. Analog to the proof of Corollary 8.9, the assumptions (6.1), (6.2), (6.5), and
(6.9) of Proposition 6.5 are fulfilled. Again, the only point that remains to be shown
is the proof of the weak compactness of the energy sublevel sets. In detail, for a limit
function (ug, 20) € HE_ (Q\Ce(0))Ix K (2 [0,1]™) of a sequence (us, z5)s>0 in QI (1)
belonging to Subg(t) (see (5.6)) we have to show uy € Subg(t), i.e., for the functions
us € Hy (Q\Ce(25))* € Hy, (Q\C(0))? we have

us —ug  in L2(Q\C.(0))? (9.8a)
Vus — Vg in L?(Q\C.(0))™, (9.8b)

and we need to verify uy € Hi,_ (Q\C:(2))?. For this purpose, let ¢ € C°(Q\Ce(z))*?
be chosen arbitrarily but fixed. Then dist(C.(29),supp(¢)) > 0. Hence, according to
assumption (9.2f) by choosing dy > 0 sufficiently small it holds C.(zs5) Nsupp(p) = 0 for
all § € (0,0p). This implies

@ € C(O\C.(25))™¢ for all 6 € (0,6). (9.9)

Thus, the following calculation is justified.

(9.8b)

/Q<Vuo(x),g0(x)>dxddx = lim/ (Vus(z), p(x))axadx
(9.9)

2 —hm/ us(@), div(p(x)))ade

©8) _ / uo(2), div(p(2)))ad

Note that in the second equality additionally u; € Hi_ (Q\Ce(25))? is exploited for all
§ € (0,8). Since the testfunction ¢ € C®(Q\C.(20))?*? was chosen arbitrarily, this
calculation shows ug € HE_ (Q\Ce(20))". O

9.1.1 Compactness result for sequences of microscopic
displacement fields

To derive effective models by investigating the asymptotic behavior of the microscopic
models presented here, we are going to proceed similar to Chapter 6. There, the two-scale
limit of a sequences of displacement fields belonging to the microscopic models is iden-
tified by Proposition 3.7. According to coercivity condition (9.6), for a sequence (z.)e>o
of damage variables with z. € K.a(€;[0,1]™) and sup,. || R 2 || yixa < 00, here we
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9.1 Damage progression caused by microscopic cracks

will have to deal with sequences (u.)eso of displacement fields with u. € Hf (Q\C(z.))?
and sup,- ||u€||H% (@\C.(2))¢ < 00. For this reason the compactness with respect to the

two-scale topology of such sequences is discussed in the following theorem.

Theorem 9.3 (Compactness result). Assume that the conditions (9.1), (9.2), and (9.3)
hold. Let (u.,2.)es0 be a sequence with z. € K.(Q;[0,1]) and u. € HY(Q\Ce(2.))? such
that there exists a function zo € LP(Q;[0,1]™) satisfying z. — zo in LP(Q)™. Moreover,
assume that there exists a constant C' > 0 independent of € > 0 and z. such that

sup [|ue || nro\c. 2yt < C-
e>0

Then there exists a subsequence of (€)= (not relabeled) and functions uy € H'(Q)? and

Uy € L2(Q; HL (V\LC(0)))? such that

for almost every x € Q it holds Uy (x,-) € HL (V\L(20(2)))* and (9.10)
u. = Eug in L2(QxY)?, (9.11a)
Vu. - V,Eug+ V,U; in L2(QxY)>, (9.11b)

The proof of this theorem is an easy consequence of the following lemma.

Lemma 9.4. Assume that (9.1), (9.2), and (9.3) hold. For z, € LP(;]0,1]™) let
(e, 2:)es0 denote a sequence with z. € KA (2;]0,1]™) and u. € HY(Q\C.(2:))? such that
ze = 2o in LP(Q)™. Moreover, assume that there exists a constant C' > 0 independent
of e > 0 and z. such that

sup [[ue [l @\c. e < C-
e>0
For any n € (0,1*) and for Z € [0,1]™ set L"(Z) := neigh, (L°(2)) and
QEDm(zE) = e+ L(zY)),

AEAT

where 2 = z|.(\yy) for all X € A7 see (2.15). Let X7, - HY(Q\QD, (z))* — H'(Q)

(o

denote the continuation operator of Theorem 8.4. If ul := X1 (ua|Q\Q?n(25)), then there

exists a subsequence of (€)eso (not relabeled) and (ug,U7) € HY(Q)IxL3(;HL ()4,
where ug 1s independent of n € (0,n*), such that for e — 0 it holds

ul — ug in HY(Q)?, (9.12a)
u! % Bug in L2(QxY)?, (9.12b)
Vu! AV, Euy+ VU] in L2(QxY )™, (9.12c)

Here, the characteristic function H"(zp) € L>®(QxY) for almost every (z,y) € QXY

is defined by H"(2)(x,y) = Iy \in(z0(x))(y). Furthermore, there exists a n-independent
function Uy € L2(S; HL (V\LC(0)))? which satisfies (9.10) and

VUl supp(tn(z0)) = VyUtlsupp(rn(zo))  @lmost everywhere. (9.13)
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9 Effective models for the evolution of microscopic cracks

Proof. 1. According to Theorem 8.4 it holds

sup [|uf[[i1 (@) < sup C/T\]f“uEHHl(Q\QEDn(zg))d < C3C.
e>0 e>0 ’

Therefore, due to Proposition 3.7 for fixed n € (0,7*) there exists a subsequence of (€).~
(not relabeled) and a function (ug, Uy') € HY(Q)?xL2(£; HL ()¢ such that

u! — ug in H'(Q)%, (9.14a)
u! % Bug in L2(QxY)?, (9.14b)
Vu! AV, Eud + VU] in L2(QxY)™ (9.14c)

Now we show that the limit function u] € H*(Q)? is n-independent. For this purpose,
let 0 < ny < 1My < n* be arbitrary but fixed. Then

ul =u. on O\, (z), (9.15a)
u” =u, on Q\QP 772(25) c O\QP 771( Ze) (9.15b)

by definition and there exist limit functions ug", u¢> € H}(Q)? and a subsequence of (¢).-¢
(possibly different to that mentioned above but again not relabeled) such that u™ — '
in HY(Q)? and ugz — uf? in HY(Q)4. To prove the n-independence of uj € H*(Q)? we
show that ug' = ug? almost everywhere on §2. For this purpose, we estimate the difference
ud' —ud? on Q\QP o (22) by applying the triangle inequality after subtracting and adding
the functlon U

(9 15)

|ug' —ug HLQ(Q\QsDnQ(zE))d [|ug' —u {12 (P, (z)d T [[u?? —ug® 2 (\0p 1o (22))4

< lug' —u 2y + l|ul?—ug? |12 ) (9.16)

Due to (9.14a) the terms of the last line converge to zero for ¢ — 0. Thus, perform-
ing the limit passage ¢ — 0 in (9.16) with respect to the two-scale topology yields
the desired result as we will see in the calculation below. According to Theorem 3.9
we have Lo\gp () = H"(z) in LY(QxY). The limit of (7Z(ug' —ug?))eso is given by
Proposition 3.5(b) and finally the product converges according to Corollary 3.6.

0 = hm”Uo —UOZHi? (2\QD,, (22))?
(3.2)
Pim [ Tloas,, oo )| T —uf) (@, ) 3dyda

= | () @) [ B —u) (o, ) 3dyda
> [ na(\LT (0)uf () —uf?(x) i > 0

Independent of the choice of 7y € (0,1*) for almost every z € Q we obtain that the
factor [y H™(z)(z,y)dy > ug(Y\L" (0)) > 0 is positive. Therefore, the last line of this

132



9.1 Damage progression caused by microscopic cracks

calculation forces the limit functions u

on §).

2. Now we verify the existence of U; € L2(€; HL (V\LC(0)))? satisfying condition (9.10)
and fulfilling (9.13) for any n € (0,7*). For this purpose, for 0 < 7, < 9 < n*
we start by showing V, U\ [supp(am2(z0)) = VUL [supp(rm2(z)) @lmost everywhere. For
an arbitrary but fixed function V € L2(QxY )% let (v.)eso C L2(Q)%*? be given by
v, = FA(V). Then v. > V in L2(QxY)?¢ due to Proposition 3.5(d). By recall-
ing Lovop, (=) = H"(z) in LY(QxY), Corollary 3.6 yields Lovap, (z0) e > H"(z)V in
L2(QxY )44 Hence, the weak convergence of (9.14c) for n; and n, results in

Tud? € HY(Q)? to coincide almost everywhere

(9.15)

0= (Vul'=Vul Toap, ()0 =2 (VU =V, U, H™ (2)V)

L2(Q)dxd LQ(Qxy)dxd'

Therefore, for any V' € L2(QxY )™ it holds 0 = (V,U" =V, U, V) L2(supp(H72 (20))) i
which implies V,U" [supp(am2 (20)) = VyUL” lsupp(#m2 (z0)) @lmost everywhere due to the fun-
damental lemma of calculus of variations. Since this holds true for any 0 < n; < 7y < n*,
the function U; € L2(Q;HL (V\LC(0)))¢, which satisfies the condition (9.10) for al-
most every (z,y) € supp(H°(2)), can be defined by V,U(z,y) := lim, o V, U] (z,y).
Here, for fixed (z,y) € supp(H"(z)) the limit lim, o V,U{(z,y) does exist, since
(x,y) € supp(H"(z)) for all n € (0,7m9) and 7y > 0 sufficiently small. Hence, ignor-
ing the fact that all considered functions are only defined almost everywhere on QxY,
the sequence (V,U{(,Y))ye(0,) is constant. O

Proof of Theorem 9.3. Observe that
2 d . 2 (md ~ * d N
L, (R*xY) := {v € L(R"xY) | 37 € (0,n") such that supp(v) C R*xY\L"(0)}

is a dense subset of L2(R¢xY’). Combining Proposition 3.3(a) with the given a priori
estimate sup_.g ||t |l (o\c.(2.))¢ < C we have
||7;u8||EQ(Rd><Y\LC(0))d + H’E(Vue)||iQ(Rde\LC(0))dXd = ||U€HIQ{1(Q\CE(ZE))d <

1. To verify the weak convergences in (9.11), it is sufficient to show that there exist func-
tions ug € HY(Q)? and U; € L2(; HL (V\LC(0)))? with Uy(z,-) € HL (V\LC(20(2)))?
for almost every x € Q such that for all (¢, ®) € L2, (RxY)?xL2. (R*xY )™ it holds

(721657 90>L2(Rd><Y)d ﬂ ((Euo)exa @)L?(Rdxy)da
<7:—(V'U/E), ®>L2(Rdxy)dxd ﬁ <(VxEu0+va1)ex, (I)>L2(Rd><y)d><d.

Note that this verification in both cases is done by the same arguments, which is why we
focus on the latter relation. Let ® € L2, (R?xY)# be arbitrary but fixed. By definition
there exists 7 € (0,7*) such that supp(®) C R*xY\L"(0). Proposition 3.3 allows us to
replace the left hand side in the following way:

<7:;(VUE), (I)>L2(Rd><y)d><d = <VU€, f€®>L2(Q)dXd <917)
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9 Effective models for the evolution of microscopic cracks

By the definition of L2.(R*xY)™? we have supp(F.®) C Q\QP, (0). Furthermore,
according to the assumptions Lemma 9.4 is applicable, yielding the existence of functions
(up, UY) € HY(Q)IxL2(Q; HL (V)4 and U; € L2(Q; HL (V\LC(0)))? satisfying (9.10) and
(9.13) such that u? := X, (uc|o\op, (-.)) converges in the sense of (9.12). Since the
function u. by definition coincides with u? on Q\QP, (2.) D Q\QP, (0), condition (9.17)
enables us to do the following replacement to conclude the proof.

m('E(VUE),(I))Lz(]Rde)dxd =

li
e—0

m(7:(Vul), @)pagaxy)ixa

<(szu0+val77)ex’ @)LQ(Rdxy)dxd
(92) <(VZ.EU,0+VyU1)eX,¢>L2(Rdxy)dxd

(9.12¢)

Here, the last equality results from the combination of condition (9.13) with the fact
that supp(H"(z9)) D supp(®) N Q2xY.

2. To show the strong convergence of line (9.11a), for some arbitrary but fixed n > 0
and ul := X7 (uEIQ\QEDn(ZE)) we exploit the following decomposition.

e — UoHiz(md = [Ju? — UOH%,Q(Q\QEn(ze))d + [Jue — u0||iQ(an(zg))d

By increasing the domain of integration in the first term and by applying Hoélder’s
inequality to the second one we obtain

r—2

e = wolFaqye < u? = wollFaaye + (Ha(Q2(22))) ™ e = uollFrap, (2.
r—2
< [luf = wollfaqaye + (#a(@D(22)) 7 llute = to|F e
where for the Sobolev exponent 2* := % the parameter r is an element of the interval

(2,2*). Therefore, according to (9.12b) the first term converges to zero and due to the
continuous embedding of H*(Q\C.(2.))? into L"(Q\C.(2.))¢ = L"(Q)? the second term

is bounded by (p4(Q, (2))) = Cy,(C + |[uoll()e)®. Since for fixed n > 0 it holds
1a(Q2,(z2)) = 0 for € — 0 this concludes the proof; see Proposition 3.5(b). O

9.1.2 Recovery sequence for two-scale displacement fields with
jumps

The construction of the displacement field component of the mutual recovery sequence
of Theorem 6.15 as well as the recovery sequence of the I'-convergence result of The-
orem 6.17 rely on the density result of Proposition 3.8. As we have already seen in
Chapter 8, the implicit dependence of the displacement field on the damage variable
(due to the energy functional of line (9.5)) causes some technicalities when constructing
these recovery sequences. However, in contrast to Chapter 8, here we have to pro-
vide a completely new construction. Referring to Section 6.5, for an arbitrary func-
tion (o, Uy, 20) € Hi (Q)4xL*(Q; HY (V\LE(0)))*x W'P(Q;[0,1]™) satisfying for al-
most every = € Q the condition Uy (x,-) € HL (V\LC(Z(x)))? , the recovery sequence
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9.1 Damage progression caused by microscopic cracks

(Z)eso for the damage component will be given by Theorem 4.9. Translated in the here
considered setting, the construction of the displacement field component of the recovery
sequence (U ).~o has to be done in such a way that it holds

l%<cstronge(ﬁ€)u e(a€)>L2(Q\CE(25))dXd = <(Cstr0ngé(a07 ﬁl)? é<607 [71)>L2(Q><Y\LC(0))d><d;

see (6.39). This means that for fixed ¢ > 0 the set on which the function . is allowed to
jump has to be contained in C.(Z), i.e., . € Hp (Q\C-(2.))%. In contrast to the con-
struction of Chapter 6, here the displacement field component of the recovery sequences
depends on the already constructed damage component.

Theorem 9.5. Let (Z).~0 with z. € Ka(Q;[0,1]™) be given such that there exists
Zo € LP(Q;[0,1]™) with Z. — Zo in LP(Q)™. Moreover, let U; € L*(Q;HL (Y\LC(0)))?

satisfy Uy(z,-) € HY (V\L(Zo(x)))? for almost every x € Q. Then, for uy € Hf ()
there exists a sequence (Tie)eso with G- € HE (Q\C.(Z:))? such that

. > B in L2(QxY)?,
Vi. > V. Eug+V,U, in L2 (QxY)&d,

Proof. For i = 1,2,...,d let [U]; € L*(Q;HL (V\L(0))) denote the i-th component
of the function U, € L2(Q;H. (Y\LC(0)))%. If the function v® € HL(Q\C.(Z.)) for
Vi = [0); € L3 HL (V\L(0))) denotes the unique solution of (9.18) below and
if 9. € HY(Q\C.(2.))? is defined by [v.]; := v, then the sequence (.).o is given by
U = Uy + U. € Hi (Q\C:(2:))%. Thus, the statement of Theorem 9.5 is an immediate
consequence of Lemma 9.7 below. O]

Remark 9.6. Observe that in the case of zZ. :== 0 (for all ¢ > 0), this result contains
the periodic case, i.e., u. € Hp (Q\C-(0))* and C.(0) is a periodic set. As a result
this theorem is a proper generalization of the periodic case, which is treated in [10], for
imstance.

Lemma 9.7. Let (Z.)cs0 with Z. € Koa (€250, 1)™) be given such that there exists a func-
tion Zo € LP(Q; [0, 1]™) with Z. — Zy in LP(Q)™. Moreover, let V; € L2(Q; HL (V\LC(0)))
satisfy Vi(z,-) € HI (V\LC(Zo(z))) for almost every x € Q. If v. € HY(Q\C-(Z.)) for
e > 0 denotes the solution of the elliptic problem

/Qvasoa + (V. — FE(V, )™, Ve adz =0 V. € HY(Q\C.(Z)), (9.18)

where the folding operator F?) : L2(RIxY ) — L2(Q)? is given by Definition 3.2, then
the sequence of solutions (ve)eso fulfills

v. >0 in L*(QxY), (9.19a)
Vo, 5V, Vi in L2(QxY)% (9.19b)
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9 Effective models for the evolution of microscopic cracks

Proof. Choosing . = v. in (9.18), by rearranging its terms we find
el @z < IFP (VY V)™ e@caone < IV VallLa@svceoes (9.20)

where the last inequality is due to Proposition 3.3(b).

1. We start by investigating the case, where the sequence (Z;).-o with z. € KA (€2; [0, 1]™)
for any ¢ > 0 is given by Z. := 0. Hence, z. — Z, := 0 in L?(Q)™. Due to
[70] the linear span of C2(Q)x(C>®(Y\LY(0)) N HY(Y\LE(0))) is a dense subset of
L2(Q; HY(Y\LC(0))). Therefore, according to the a priori estimate (9.20) it is sufficient
to prove (9.19) only for all functions V; € L2(Q; HL (V\LC(0)))? c L2(Q; HY(Y\LC(0)))
that are given by finite linear combinations of functions W' = wow;, where wy € C°(£2)
and w; € C*(Y\LC(0))NHY(Y\LC(0))). This enables us to define g.,r. € H5(Q2\C.(0))
for all z € Q by g.(z) := eVi(x, {%}y) and 7. := v. — g, where v, € Hy(Q\C(0)) is the
solution of (9.18). Exploiting the definition of the unfolding operator (see Definition 3.1)
and the continuity of V; we immediately obtain

g >0 in L2(QxY), (9.21a)
Vg. 5 V,Vi in L2(QxY)%. (9.21Db)

Now we are going to prove that it holds
||7;T€H%,Q(Rde\LC(O))+||7;<vr€)H%Z(RdXY\LC(O))d = ||7"s||12»1(1)(9\c5(0)) o 0,

which together with v. = ¢g. 4+ r. and (9.21) concludes the proof of step 1. For this
purpose we choose . = r. as a testfunction in (9.18) and rearrange its terms in the
calculation below. Moreover, we exploit Proposition 3.3(a) in the last line.

/ r? + (Vr., Vr.)gde
Q

_/ —0:Te + (V ‘/i)ex stvvrs>dd$
< HgsHLzm)HrsHLa(m + [ FE(V V)™ = Vel el Vel
< <||7de||L2(Rde) + ”vyvl - T(Vga)HL? RdxY)d )||7“e||H1 (2\C<(0))

Observe that the left hand side of this estimate can be estimated from below by the
term %||r6||%1(1)(9\ca(0)) and hence the convergence (9.21) yields the desire result.

2. To prove the general case, where (Z.).o with Z. € K. (€;][0,1]™) is a given se-
quence such that there exists z, € LP(€;[0,1]™) with z. — Z; in LP(Q)™, we start
by proving (9.19) with respect to the weak two-scale topology. For this purpose, let
Eez  Q\Ce(Z:) = Q\C(0) denote the transformation defined by =. 5. [g\o- := id and
Bz () = No(2) + T5 ) ({Z}y), © € Q7. Here, for Z € [0,1]™ the bi-Lipschitz trans-
formation TS : Y — Y satisfies the conditions (9.2g), (9.2h), (9.2i), and (9.3). Thus,
2ozt O\C(0) = Q\Ce(Z) is given by =22 (%) = No(7) + (T 5) ' ({E}y), T € QC,
and H;;JQ\Q; := id. By applying this transformation to (9.18) we are going to prove
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9.1 Damage progression caused by microscopic cracks

(9.19) by exploiting the result of step 1. The function v. € H}(Q\C-(Z.))? is the solution
of (9.18) if and only if v, := v. 0 Z_1 € H{(Q\C.(0)) for all B, € HH(Q\C-(0)) satisfies
/ det(VEZL)| (v, + (Vo.(VEZL) vas(vzggs)—1> )df (9.22)
= [ 1det(VEL)(FE(V, Vi)™ 0 E L, VoL (VESL) ™) do.

For an arbitrary z € LP(2)™ let =, : Uweg{x}xY\LC(z(a:)) — OxY\L(0) denote the
transformation, which for (z, y) € QXY is defined by = ,(z,y) := (J:,Tzc(x) (y)). Thus,

the inverse transformation Zg. : QxY\LC(0) = Uycq{z}xY\LC(2(z)) for (7,y) €
QXY is given by Z; (%, ) = (T, (T zc(x))_l( )). Now we assume that there exist functions

(To, V1) € HA(Q)xL2(; HL (V\LE(0))) such that the following convergences hold for a
subsequence of (€).~o (not relabeled).

T = Do in L2(QxY), (9.23a)

V7. 2 VzEb+VyVi in L2(QxY)?, (9.23b)

(VECL)™ = (VglEos)2) in L*(QxY)™, (9.23¢)
det(VEZL) = det(Vy[Z54]2) in L2(QxY), (9.23d)
FOV)™ 0 =L 5 ViVi(Vg[Sg4 )™ in LX(QxY)?, (9.23e)

Here, V; := Vi 0 5¢L € L*(Q; HL (V\L(0))) and [(a, b)), := b denotes the second com-
ponent of the tuple (a, b). EXplOltlng this assumptions we are now going to perform the
limit passage ¢ — 01in (9.22), whereas the convergences of (9.23) are justified by the steps
4-6 below. For arbitrary but fixed testfunctions (@, ®1) € H(Q) xL2(; HL (Y\LC(0)))
according to step 1 there exists a sequence (@, ).~ with . € H)(Q2\C.(0)) such that

P = Py in L>(QxY), (9.24a)
Vo, 5 VaEpy+Vy®,  in L2(QxY)" (9.24D)

By exploiting the convergences (9.23) and (9.24) in relation (9.22) for all testfunctions
(@0, B1) € H(Q) X L2(; 1, (V\LE(0))) it holds

| 1aet(V5lZ5L, 1)l (067, (9.25)
(V2B Vo V) (Vo{Z55 o), (Vo Vo) (Vo{Zah 1) 1) )
= [ eV TV AV 5 o) (Vb t Vi) (VS o))
Note that (9.25) is the Euler-Lagrange equation of the following minimizing problem
min{J (v, V)| (v, V) € Hy(Q)xL*(Q H;, (V\LE(0)))}, (9.26)

where for oz, 1= (det(V,[Zg3, ]2 )2 the functional J : HY(Q)xL2(; HL (V\L(0))) — R
is defined by

J(, V) = 5llozvllizq) + 5lloz (VaEv+ VeV =VaV 1) (Vg(Eq 5 ]2) L2y
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9 Effective models for the evolution of microscopic cracks

Therefore, the function (7, V1) is the unique solution of (9.26). On the other hand, the
function (0, V;) is obviously the minimizer of (9.26) such that we have (v, V1) = (0, V).
Summarizing step 2, up to now we showed

7. 20 in L?(QxY), (9.27a)
Vo, 2 VyV,  in L2(QxY)< (9.27b)

To verify (9.19) with respect to the weak two-scale topology, we exemplarily prove
(9.19b). According to the uniform bound (9.20) it if sufficient (see Proposition 3.3 and
Section 3.2) to show for all ¥ € C*(RYxY)? that it holds

lim [ (Vo., FOU)ydz = / (V, Vi, 1) adyda. (9.28)
Q QxY

e—0
For this purpose, we start by applying the transformation E;;g : O\C-(0) — Q\C-(2.)
to the left hand side of (9.28). Afterwards, we exploit the convergence results (9.23c),
(9.23d), and (9.27b) as well as that due to the continuity of ¥, assumption (9.2i), and
Proposition 3.3(b) we have FPW o =1 % Wo Ea’éo in L2(QxY)? Finally, we apply

the transformation oz, : Upeo{z} xY\LC(Z0(z)) — QxY\LE(0).

e—0 z

lim [ (Vouve, FPW) gda = lim / |det(VZ2 1 ) (V0. (VeE2L ) L FP U 0 211 Ydz
Q e— Q I<E 1<E IRE

= oy |det(Vy[Z02,]2) (VaV1 (Vg[S04 )2) 1 ¥ o B L, )adydT

= Qxy(Vbe U) ydydz.

3. We recall that up to now we know that the convergence of (9.19) holds with re-
spect to the weak two-scale topology. According to (9.20) for all ¢ > 0 we have
[TV el r2@mxyye = | Vellrzgye < [[VyVillrz@xy)s which combined with the inequality
liminf. o [[ T2V e |lL2@xyye > |V Vill2(@xyye resulting from the weak convergence yields
lim. o || TeVue|liz@xyye = |VyVillLz(axyye. Since weak convergence combined with con-
vergence of the norms gives strong convergence, this verifies (9.19b). Thus, (9.19a) is an
easy consequence of choosing p. = v. € H{(Q\C.(2.)) as the testfunction in (9.18) and
exploiting the convergence (9.19b).

4. Now we are going to show that there exists (To, V1) € H(Q)xL3(Q; HL, (V\LC(0)))
and a subsequence of (£).~o such that (9.23a) and (9.23b) hold. For this purpose, we
apply the transformation =, ;. : Q\C.(Z:) — Q\C.(0) to the norm ||@5||2Hé(ﬂ\cs(0)) in the
following way.

I g @c.iop = [ [0:° + V=0 3z
= [ 1et(VLEe ) (vl + Vova(V,2e2) ) da

2
< C’HUaHHé(Q\cE(ZE))
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9.1 Damage progression caused by microscopic cracks

Here, v. = 1. 0=, ;. € H{(Q\C.(Z.)) and in the last line we exploited assumption (9.2g).
Hence, according to the a priori estimate (9.20) the norm [[7c[|u1(@\c.(0y) 18 uniformly
bounded and Theorem 9.3 states that there exists a subsequence of (¢).~¢ and a func-
tion (o, V1) € HY(Q)xL2(Q; HL (V\LC(0))) such that (9.23a) and (9.23b) hold for this
subsequence.

5. Since the transformation =1 : Q\C-(0) — Q\C.(Z.) for every z € € is defined
by 2 (2) = Mifa) + e(TS0) ({2 ). we have VELL() = V(IC0) ({Z}v).
Exploiting that the given functlon Z. € Koa(€Q;]0,1]™) is piecewise constant, for all
(z,y) € Q- xY it holds T(VEZL )(z,y) = Vy(Tg(w))_l(y). Therefore, due to assump-

tion (9.21) for almost every (z, y) € Q- xY we find
lim 72(VEZL) (2,) = Vy(Thw) ™ (1)- (9.29)

Since [Zg3,]2 @ Y\LOY(0) for (z,y) € QXY — Upea{a}xY\LY(Z(z)) is defined by
[Eo5]2(z,y) = (Tgco(w))_l(y), combining (9.29) and (9.2g) yields the convergence (9.23c).
The convergence (9.23d) is an immediate consequence of (9.23c).

6. To show FP(V,V1)* o 2.1 5 (V5V1)(Vy[Epi]2) ™ in L2(QxY)? we start by

EZ

exploiting Proposition 3.3(d) to obtain
T(FP(V V)™ 0 Z22) = (Tor). © S5 JPe(Vy Vi 0 255)™,

where the transformation fgz ; (]Rde)\Im(T]lcg(o)) = (RIXYN\Im(T:1c,(5.)) is de-
fined by = ;. |(]Rd\Q )xy = id and Zq; |Q wy = :gésngy. This description enables us
to simplify the proof of (9.23e) in the following way: Since Lgyy). © Egéa — Loy in

LY(RYxY) and since Lioxy). © éaés <1,forV,:=Vio Egég it is sufficient to verify
Pe(VyVio 551 )™ = Po(VaVo) ™ (V51255 12) )™ = (VaV )™ ((Vgl[Eg b)) )™

with respect to the strong topology of L2(R¢xY)¢. Due to assumption (9.2i) it holds
Lt 0 [ (V5[Z52 o) (V5[Z5 ) mspeyyins = O sich that Pu(V,Vo)™ - (V¥ )=
in LQ(Rde) remains to be shown. Observe that for a sequence (W,).~o C L2(R¢xY )4
and a function Wy € L2(R?xY )¢ with W. — W, in L2(R?xY")? it holds P.(W.) — Wy in
L2(R?xY)?. Therefore, if we can guarantee V;V. — V5V in L2(QxY)4 we immediately
obtain P.(V;V.)™ — (V5V1)™ in L2(R4xY)%

To prove V;V. — V5V in L2(QxY)4, we exploit the description V. = V05, 0=, iE
which according to the chain rule results in

ViV = (ViV10Z0z 0 551 ) (ValZ0s)e 0 55 ) (VaIE5 L )
Due to assumption (9.2i) for ¢ — 0 it holds
(ValZo.zl2) © S02 (VelEoL ) = (ValSoa2) 0 Eo, (VaEale) =id  in LX(QxY)™ .

Summarizing step 6, up to now the proof of convergence (9.23e) is reduced to the ver-
ification of V3V 0 Egz, 0 g1 — VyVy in L2(QxY)% To verify this convergence, we

Ze
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recall that according to [70] the linear span of C2(2)x (C>(Y\L(0)) N HY(Y\LE(0)))
is a dense subset of the function space L2(€2; HY(V\L(0))). Therefore, for the function
V€ L2 HL (V\LC(0))) C L2(Q;HY(Y\LC(0))) there exists a sequence (V,,)nen in
this subset such that V3V, — V4V in L2(QxY)<.

By applying the transformations Zo0k, ¢ OXY\LC(0) = Uuea{z}xY\LY(Z(z)) and
oz (RIXYN\Im(TLe,zy) — (RExY)\Im(7:1c. (o)) to the integral of the left hand
side of (9.30) below, due to assumption (9.2g) there exists a constant C' > 0 such that
the estimate (9.30) holds for all n € N and every € > 0. Here, C' is independent of € > 0.

1(VgV1 = V5Va) © Zo5 © Zo 4, [z ganyye < CIVEV1 = ViVallEzuyye  (9:30)
For an arbitrary but fixed A > 0 we now choose na € N such that
ViV = ViV lz@xyye < 55 (9.31)

Thus, we are able to estimate ||V;V7 0 =g, o :5 - nglﬂLQ(Qxy)d as follows.

IV3V10Z0z 0 Egk. — VaVillizaxyye < 1(Vg — V5Vinya) © Zoz © gk T2 @y
+ VgV 0 Eoz © iaz - Vy V”A”LZ (QxY)d
+[[V5Via = VaVillLz@xy)a (9.32)

According to the continuity of V3V, and assumption (9.2i) there exists 9 > 0 such
that for all £ € (0, ) it holds ||[V5V,, 0502 0 =05, — ViVia [L2@xyye < 5. Combining
this result with the estimates (9.30), (9.31), and (9.32) we end up with

7= =1 i7a A | A A
||V§V1 @) \_.,0720 (¢] h_iojg - VngHLQ(QXy)d S § ‘I— g + @ < A

Since this holds true for all A > 0, the convergence (9.23¢) is verified and the proof is
concluded. O

9.2 Two-scale effective damage model based on
unidirectional crack evolution

In this section we formulate the two-scale effective crack model (S2) and (EY) derived by
performing the limit passage ¢ — 0 in (Sg) and (Eg) rigorously. For Y := R/, denoting
the periodicity cell, the limit function space QS has the following structure:

QY 1= HE, () LA(Q: HL (\LO(0))x WH(6: [0, ™)

For given ({o,¢;) € CY([0,T];L2(2)?xL2(2)4?) the definition of the external loading
EEO e cY((o, T); (HE, (Q)*xL2(Q; H (V\L(0)))?)*) is motivated by the compactness
result of Theorem 9.3. For all t € [0, 7] and (ug, Uy) € Hy (Q2)4xL*(Q; HL, (V\L(0)))"
it reads as follows:

(E&5H (), (uo, Un)) = (Lo(t), uo)r2aye + (ELi(E), Ve Eug+ VUi )2 @uy noyyixa-  (9-33)
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9.2 Two-scale effective damage model for unidirectional crack evolution

Here, the two-scale function Ef;(t) € L*(QxY )% for almost every (z,y) € QxY is
defined by El1(t)(z,y) := €1(t)(x). For (ug, Ur) € Hf (Q)*xL*(Q; HL, (V\L(0)))* we
set €(ug, Ur) = e, (ug) + €,(U1). Thus, the functional EC [0, T]x QS — R building the
foundation of the limit energy functional is given by
Eg(t Uo, Ul, Z())

= ;<Cstronge<u07 Ul) (an U1)>L2 (QxY\LC(0))dxd + Hvonip(Q)mxd - <€€O 81( ) (Uo, U1)>

and the two-scale energy functional E§ : [0, T]|x QL — R, reads as follows:

ES (¢, uo, U if U, satisfies (9.34) bel
ES (¢, uo, U, o) ::{ o (t,up, Uy, z9)  if Uy satisfies (9.34) below,

o0 otherwise,
Uy(z,) € HL, (V\L®(20(x))) for almost every x € Q. (9.34)
For the limit function x§ € L7 (Q;[0,00))™ (see (9.7)) the limit dissipation distance
DS : WP(Q; [0, 1]™)x WEP(Q; [0, 1]™) — [0, 0o] of the sequence (DE). is defined via
/ |(k§ (z — 21())|dx i 21 > 29,
D 21, Z2
otherwise.

For given initial values (u3, U}, 28) € QF, where UY is assumed to satisfy (9.34) with re-

spect to 20, the rate-independent crack evolution is modeled by the energetic formulation
(S) and (E).

Stability condition (S%) and energy balance (E) for all ¢ € [0,7:
ES (t,uo(t), Ur(t), 20(t)) < ES (t,5,U, %) + D§(20(t), 2) for all (@, U, %) € Qf
ES (1, uo(t), Us(1), 20(1)) + Disspg (2010, 1)

= ES(0,u8, UL, 28) — [ (088 (5), (uols), Us(s)))ds

Here, Disspe (20; [0, 1]) := sup >N DF (20(tj-1), z0(t;)), where for N € N the supremum
is taken with respect to all finite partitions my = {0 =ty < t; < ... < ty = t} of
the interval [0, T]. The following existence result extends Theorem 6.18 to the situation
with cracks.

Theorem 9.8 (Existence of solutions). Assume that (9.1), (9.2), and (9.3) hold. Let
ES : [0, T]xQS — Ry and DS : WHP(Q; [0, 1]™) x WHP(Q; [0,1]™) — [0, 00] be defined
as described above. Moreover, let (u), U, 20) € QS be given such that it is the limit of
a stable sequence (u?,22).~o with respect to 0 € [0,T] in the sense of Definition 6.12

(Obviously, the sequence (ul)eso with u? € Hi (Q\Ce(z))* ¢ HE_ (Q)? is not assumed
to converge weakly to uy in Hy (Q); see Definition 6.12). If Vul = V,Eu) + V,U}
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9 Effective models for the evolution of microscopic cracks

in L2(QxY)P? and Re2l|q — Vzi in LP(Q)™?, then there exists an energetic solu-
tion (ug, Uy, 20) : [0,T] — QS of the rate-independent system (QS, E§, D§) with initial
condition (ud, UY, 28) satisfying

(0, U1) € L2([0, T); H ()7 xL2( I, (D\LE(0)))"),
20 € L2([0, T); WP(92: [0, 1]™)) 1 BV e (0, T]: WH(2: [0, 1)),

Proof. The proof of this theorem is completely analog to that of Theorem 6.18. However,
observe that whenever Proposition 3.7 or Proposition 3.8 is exploited in the proofs of
the Theorems 6.15, 6.17, or 6.18, here it is replaced by Theorem 9.3 or Theorem 9.5,
respectively. Thus, establishing Theorem 9.8 is straight forward. O]

9.3 One-scale effective damage model based on
unidirectional crack evolution
Similar to Chapter 8, by choosing ¢; := 0 in (9.33), we are able to formulate a one-scale
model which is equivalent to that of Section 9.2. Let the state space QF(£2) be given by
Q5 (Q) :=Hp_ ()IxW"P(Q;[0,1]™

).
The energy functional is based on a mapping CS; : WP(€; [0, 1]™) — M(Q), which for
€ € R4 for almost every z € Q, and for 2o € W'P(Q;[0,1]™) is defined via the unit

sym
cell problem

(CSit(20) ()6, E)axa := min {I%(20(x), &, v) | v € HL, (W\LE(0))*}. (9.35)
Here, for 2 € [0,1]™ the functional I(2,¢,-) : HL (V\L(0))? — R, is given by
I°(z,60)  ifve HL(V\L(Z)",

%) otherwise,

e =

where the continuous functional (2, €,-) : HL (V\LC(0))? — R is given by
7C/> -

I (Zv 57 U) T /Y\LC(O) <(Cstrong (f + ey<v)(y>)7§ + ey(v>(y)>d><ddy'

Note that (9.35) alternatively might be expressed by the much shorter relation

(CSit(20) ()8, )axa = min {T°(20(), &, v) | v € HL, (WL (20(2)))"}.

However, since we are going to refer to the notation of Chapter 8, we have to introduce
the functionals I€(2, ¢, ) and I€(Z,¢, ). For given functions £, € C1([0, T]; L3(Q)%) and
20 € WHP(Q;]0,1]™), here the external loading 6@70 e CH[0,T]; (Hp,, (©)4)*) for all
t €0, T] and every ug € Hf__(2)? is modeled by

<€ec°,o(t)a o) = (Lo(t), uo)r2(q)e- (9.36)
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9.3 One-scale effective damage model for unidirectional crack evolution

Note that in the case of £, := 0 the mapping (3, 0 of (9.33) can be understood as
an element of C'([0,T7]; (Hp, (©2)%)*), too. Now, the one-scale limit energy functional
ES 0, TIx Q5 (Q) — R is defined via

£ (t, 10, 20) = {Ceir(20)e(uo), €(uo))12(@xvyixa + [V 20/ gymna = (€80 (8); uo)-

For x§ € L7(;[0,00)™) denoting the limit function mentioned in the definition of

the microscopic dissipation distance defined in line (9.7), the limit dissipation distance

DS - WHP(€: [0, 1]™)x WHP(£2; [0, 1]™) — [0, 00| reads as follows:

{ / |( /-60 — 21(x))m|dx if 21 > 29,
D 21,22 =

otherwise.

For given initial values (u,20) € OF () the existence of an energetic solution of the

rate-independent system (QF(2),EY, DY) is implied by combining Theorem 9.8 with
Theorem 9.9 below.

Stability condition (S)) and energy balance (E) for all ¢ € [0,T]:
s (tug(t), 20(t)) < & (8,0, ) + Dg (20(t),2) for all (7, 2) € O (Q)
E5 (1o, 20)(1)) + Disspg (200, 1)) = E8(0, u 28) — [ (E8a(s), uo(s))ds
Here, Disspc (20; [0, ]) := sup >N, D§ (20(tj-1), 20(t;)), where for N € N the supremum

is taken with respect to all ﬁmte partitions my := {0 =ty < t; < ... <ty =t} of the
interval [0, 7).

Theorem 9.9 (Equivalence of the two-scale and one-scale model). Assume that the
conditions (9.1), (9.2), and (9.3) hold. For z € [0,1]™ let LS : RYT — HL (V\LE(2))?
denote the linear operator, which for & € R¥4 is defined by

Sym

£5(6) == Argmin{(Cutrong(§ + €,(1)), & + €, (1)) 2\ Lo(2))xe

v e Hy, (W\LE(2))"}.

For ¢y € CY[0,T]; (Hp, ()9)*) and ¢; := 0 let KEOO e C'([0,T]; (Ht,, (Q)%)*) and
(8o € CH([0,T7; (HE, (2)9)*) be given by (9.33) and (9.36).
Furthermore, let zy € L>([0, T]; WHP(€;[0,1]™)) N BVpe ([0, T]; WH(€; [0, 1)™)) and
let (uo,Uy) € L=([0,T]; Hy,, ()<L HL (V\L(0)))?) satisfying for all t € [0,T]
and almost every x € the condition Ui(t,z,-) € HL (V\L®(20(t,7)))%.  Then for
(ud, UY, 28) satisfying the stability condition (SY) for t = 0 the following two statements
are equivalent:
(a) The function (ug,Ur, 20) : [0, T] = QF with (ue(0), Ui (0), 20(0)) = (ud, UL, 20) is a
solution of (S2) and (EY).
(b) The function (ug, z0) : [0,T] — Q5 (Q) with (ug(0), 20(0)) = (ud, 23) is a solution
of (S&) and (EY), and U (t) := LS, y(ex(uo(t))(-)) for all t € [0,T7].
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9 Effective models for the evolution of microscopic cracks

Proof. By introducing the functional IS (2, ug, ) : L2(; HL (V\LC(0)))? — R, via

IS (z0,u0,U)  if U(z,-) € HL (V\LC(2o(x)))? for almost all z € €,

o0 otherwise,

]g(zo,uo,U) = {

where the continuous functional IS (2, ug, ) : L2(€; HL (W\L(0)))¢ — R is given by

ISJ(ZO, Uo, U) = <(Cstr0ngé(u0> U)7 é(“D; U)>L2(Q><Y\LC(O))4><47
the proof of this statement is completely analog to that of Theorem 8.20. n

9.4 Discussion of the results

This chapter is devoted to the derivation of effective models for the propagation of
microscopic cracks. Observe that the two-scale limit state space Qf is defined via
QF = Hp ()4xL2(QHL(V\LE(0))) x WHr(Q;[0,1]™), i.e., the microscopic cracks
appearing in the energetic formulation (Sg) and (EZ) are shifted to the second scale in the
limit. Moreover, similar to Chapter 8 the external loading of the effective two-scale limit
model depends on the microscopic scale. By assuming the term of the external loading
which is responsible for this dependence on the microscopic scale to be zero, we are able
to formulate an equivalent one-scale model. Since QF () := Hp_ (Q)4xW?(Q;[0,1]™)
is the state space for the effective one-scale model and since cracks are modeled by the
jump set of the displacement field, the considered body 2 contains no cracks at any
time. Hence, (S2) and (EQ) can be understood as a damage model for the linear elastic
body €2, where the constitutive relation is given by (9.35).

Considering the static case the papers [12, 66] yield homogenization results for periodi-
cally distributed microscopic cracks. In [66] I'-convergence techniques are used to derive
effective formulas for microscopic bulk and surface energies. There, different scalings
of the microscopic surface energy are investigated. On the other hand, in [12] the un-
folding technique is used to provide effective formulas for periodically distributed closed
and open cracks. Among other things, there for any bounded sequence of displacement
fields with jump sets corresponding to the periodically distributed cracks compactness
is shown. This compactness result is essential for identifying the limit model.

In our case, the microscopic crack propagation models allow for the individual evo-
lution of every microscopic crack. For this reason, in Subsection 9.1.1 the following
compactness result is shown: Due to the result for the periodic case, for a given se-
quence (U, z¢)eso With z. € KA (5[0, 1]™), sup., ||u5||H%D_ (O\Ce (2 < 00, and a func-
tion zp € LP(Q2)™ such that z. — 2o in LP(Q)™ there exists a subsequence of (Ue)e>0
(not relabeled) and a function (u,Uy) € Hp (Q)xL2(€; HL, (V\LC(0)))? such that
ue = Bug in L2(QxY)? and Vu, = V,Eug+V,U; in L*(QxY)¥? Furthermore, we
showed that U (z,-) € HL (V\LC(2o(x)))¢ for almost every x € €. Since the damage
variable 2o € W'?(€; [0, 1]™) is intended to describe the crack propagation in the effec-
tive two-scale model, this relation of the jump set of U; and the function z; is crucial.
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9.4 Discussion of the results

By assumption (9.3) the proof of this result is traced back to the results available in the
setting of microscopic voids. In our opinion, starting with the assumptions (9.1) and
(9.2) due to condition (9.3) there are no further restrictions on the admissible crack ge-
ometry. However, following the approach of [10] the compactness result might be proven
without assuming condition (9.3) to hold. There, in the case of periodically distributed
cracks compactness of (u.)c~o is shown by decomposing every function wu. into Qf(u.)
and R (u.), where Q*(u.) denotes a polynomial interpolant of degree less than or equal
to one and R (u.) is defined by R (u.) := u.—QZ(u.). This technique may be extended
to the here required non-periodic case.

The second ingredient for identifying the limit models via I'-convergence techniques is
the construction of a recovery sequence. In the case of periodically distributed cracks
this is easily done by exploiting density results for the space L?(Q; HL (V\L®(0))¢; see
step 1 of the proof of Lemma 9.7. However, for the individual crack propagation models
we need to improve this result in the following way (see Subsection 9.1.2): For given
functions (o, Uy, %) € QF and a sequence (Z.).-o with Z. € K. (€Q;[0,1]™) and z. — %
in L?(Q)™ we have to construct a sequence (. )eso with @ € Hp (Q\C=(2))%, G = Eg
in L2(QxY)% and Vi, = V,Eiy + V,U; in L2(QxY)%4, To ensure that for any ¢ > 0
the jump set of u. is contained in C.(Z.) the assumptions (9.2g), (9.2h), and (9.2i) have
to be exploited carefully; see the proof of Theorem 9.5.
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10 Outlook

In this thesis we do not investigate the time-wise regularity of energetic solutions. In
general, energetic solutions do have jumps with respect to time. By assuming for all
t € [0,7] the energy functional £(¢,-,:) : @ — Ry to be strictly convex with respect
to the variable (u,z) € Q = UxZ, the authors of [61] showed continuity of the ener-
getic solution with respect to time. Note that the first term of the microscopic energy
functionals of the Sections 7.1-9.1 is a product of a linear function with respect to the
damage variable and a quadratic function with respect to the displacement field. None
of these microscopic energy functionals are jointly convex with respect to the displace-
ment field and the damage variable. However, considering the scalar case d =m =1 in
Section 7.3, we find

o' (t, w0, 20) = /Q %((1_Zo)cs_tiong+zo(cx;;ak>_l(%U’O)z +

as an explicit expression for the effective one-scale limit energy functional. By cal-
culating the second variation D2ER(t,-,-) for every t € [0,7T] one easily obtains that
& - Hi (Q)xW'P(€;[0,1]) — R is strictly convex. Hence, the convexity of the ef-
fective one-scale energy functionals of the Sections 6.3-9.3 seems to be worthwhile of
investigation. Since the constitutive relation of the effective material tensor and the
limit damage variable is generally given by a unit cell problem, such an investigation
might involve some kind of shape derivative.

%Zolpd.l? + <€(Z€), U0>

In the context of modeling crack propagation, for most materials it is reasonable to
assume that opposite lips of a fracture cannot interpenetrate at any time. Up to now
the crack models of Chapter 9 do not take this physically reasonable assumption into
account. In the static case of periodically distributed microscopic cracks the models in
[12] and [67] do incorporate a non-interpenetration constraint preventing such a behavior.
There, the jump of the displacement field multiplied with the normal vector of the crack
surface is assumed to be greater than or equal to zero, which is modeled by an additional
surface term entering the energy functional.

Incorporating such a constraint to the microscopic crack propagation models of Sec-
tion 9.1 induces the following challenges: First of all, the asymptotic behavior of the
microscopic constraints has to be investigated to identify the limit constraint entering
the effective models. Observe that although this is already done in [12, 67] for the
static case, here these results need to be generalized to the evolutionary case involving
non-periodic distributions of microscopic cracks.

Secondly, the here presented homogenization technique, based on the evolutionary I'-
convergence introduced in [56], requires the construction of a mutual recovery sequence
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10 Outlook

(Ue, Ze)e>0- Neglecting the non-interpenetration constraint, in the proof of Theorem 9.5
for a given (Z.).-o the displacement component (. ).¢ is constructed such that the jump
set of . is contained in the set of microscopic cracks C.(Z.) associated to the damage
variable z.. Now, by adding the non-interpenetration constraint to the microscopic
models, this constraint needs to be respected while constructing the mutual recovery
sequence. Referring to the already very technical proof of Theorem 9.5, this adaptation
seems to be the most challenging part of incorporating a non-interpenetration constraint
into the crack models of Chapter 9.
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