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Abstract

We introduce an axiomatic definition of a conditional convex risk mapping
and we derive its properties. In particular, we prove a representation theorem
for conditional risk mappings in terms of conditional expectations. We also
develop dynamic programming relations for multistage optimization problems
involving conditional risk mappings.

Key words: Risk, Convex Analysis, Conjugate Duality, Stochastic Optimization,
Dynamic Programming, Multi-stage Programming.

1 Introduction

Models of risk and optimization problems involving these models attracted a con-
siderable attention in recent years. One direction of research associated with an
axiomatic approach, was initiated in Artzner, Delbaen, Eber and Heath [1], where
the concept of coherent risk measures was introduced. Subsequently, this approach
was developed by Follmer and Schied [4], Rockafellar, Uryasev and Zabarankin [11],
and Ruszcezynski and Shapiro [13]. In the discussion below we follow the general
setting and terminology of [13].

We assume that €2 is a measurable space equipped with a sigma algebra F of
subsets of €2, and that an uncertain outcome is represented by a measurable function
X : QQ — R. It is natural to assume, for example if X represents uncertain costs,
that the smaller the values of X, the better it is. Of course, our constructions can be
adapted to other situations as well.

If we introduce a space X of measurable functions on {2, we can talk of a risk
function as a mapping p : X — R (we can also consider risk functions with values
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in the extended real line). In our earlier work [13] we have refined and extended the
analysis of [1, 4, 11] and we have derived, from a handful of axioms, fairy general
properties of risk functions and of optimization problems involving such functions.

Our objective in this paper is to introduce models of risk in a dynamic setting.
Here the main issue is our knowledge at the time when risk is evaluated. We consider,
therefore, two sigma algebras F; C Fy of subsets of {2, with F; representing our
knowledge when risk is evaluated, and J, representing all events under consideration.
Together with that, we consider two vector spaces X; and &5 of functions measurable
with respect to F; and Fy. A conditional risk mapping is defined in section 2 as
a convex, monotone and translation equivariant mapping p, ., : &2 — &;. In
section 3 we extend our insights from [13] to derive a duality representation theorem
for conditional risk mappings. Section 4 is devoted to the analysis of relations of
conditional risk mappings and conditional expectations. In section 5 we consider
a sequence of sigma algebras F; C F, C --- C Fr and the corresponding linear
spaces X;, t = 1,...,T, of measurable functions, and analyze compositions of risk
mappings of the form Py, © " O Poy 2y y © Propiy,- Two practically important
examples of conditional risk mappings are thoroughly analyzed in section 6. Finally,
section 7 addresses the issue of risk measures for sequences, and develops a dynamic
programming equation for associated optimization problems.

2 Axioms of Conditional Risk Mappings

In order to construct dynamic models of risk we need to extend the concept of risk
functions. We proceed as follows. Let F; C F» be sigma algebras of subsets of a set
Q, and X} C X, be linear spaces of real valued functions ¢(w), w € 2, measurable
with respect to F; and Fy, respectively.

Definition 1 We say that a mapping p : Xy — X} is a conditional risk mapping f
the following properties hold:

(A1) Convexity: ift € [0,1] and X,Y € X,, then

1) + (1= )p(YV) = pltX + (1 - H)Y];
(A2) Monotonicity: if Y = X, then p(Y) = p(X);
(A3) Translation Equivariance: if Y € &} and X € X, then

p(X +Y) =p(X)+Y.
The inequalities in (A1) and (A2) are understood componentwise, i.e., Y = X
means that Y (w) > X (w) for every w € €. Of course, the above definition depends

on the choice of the spaces X7 and &5. To emphasize this, we sometimes write p 1%,
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for the conditional risk mapping. We show in section 4 that the concept of conditional
risk mappings is closely related to the classical notion of conditional expectation. This
provides the motivation for the use of the term conditional in the name of considered
risk mappings.

For w € (), we associate with p the function

pu(X) = [p(X)](w), X € Xs. (2.1)

Assumptions (A1) and (A2) mean that, for every w € Q, the function p,, : X> — R is
convex and monotone, respectively, and assumption (A3) implies that p,(X + a) =
pu(X)+a for any X € X, and a € R. That is, p,(-) satisfies the axioms of convex risk
functions, as given by Follmer and Schied [4] and analyzed in our earlier paper [13].
In particular, if the sigma algebra Fj is trivial, i.e., 73 = {0, Q}, then any function
X € A is constant over €2, and hence the space A} can be identified with R. In
that case p(-) becomes real valued and assumptions (A1)—(A3) become the axioms of
convex (real valued) risk functions.

We assume that with each space X, ¢ = 1,2, is associated a linear space ); of
signed finite measures on (€2, F;) such that Yy C Vs, and' [, [ X|d|u| < 400 for every
X € X, and p € Y;. Then we can define the scalar product (bilinear form)

(1, X) = /X(w) du(w), X € X, pe (2.2)

By Py, we denote the set of probability measures p € Y, ie., p € Py, it p is
nonnegative and u(Q2) = 1. We assume that X; and ); are paired locally convex
topological vector spaces. That is, &; and }; are equipped with respective topologies
which make them locally convex topological vector spaces and these topologies are
compatible with the scalar product (2.2), i.e., every linear continuous functional on
A; can be represented in the form (u, -) for some p € );, and every linear continuous
functional on ); can be represented in the form (-, X') for some X € A&;. In particular,
we can equip each space X; and ); with its weak topology induced by its paired space.
This will make X; and ); paired locally convex topological vector spaces provided that
for any X € X;\ {0} there exists u € ); such that (i, X') # 0, and for any p € Y;\ {0}
there exists X € A; such that (u, X) # 0.

A natural choice of X}, i = 1, 2, is the space of all bounded F;-measurable functions
X : Q) — R. In that case we can take )); to be the space of all signed finite measures on
(2, F;). Another possible choice is &; := L£,(§2, F;, i) for some positive (probability)
measure i on (£, F) and p € [1,4+00]. Note that since F; C Fo, [ is also a positive
measure on (€2, F;), and hence X} C &5. We can take then ); to be the linear space
of measures v absolutely continuous with respect to g and with density (Radon—
Nikodym derivative) h = dv/dp belonging to the space L£,(2, Fi, i), where ¢ > 1 is

'For a signed measure p we denote by |u| the corresponding total variation measure, i.e., || =
uT + p~ where = pt — p~ is the Jordan decomposition of p.



such that 1/p + 1/¢ = 1. In that case we identify }; with £,(£2, F;, ). Note that an
element h € L,(€, F;, t) is a class of functions which are equal each other for almost
every (a.e.) w € Q with respect to the measure . The space X; = L£,(Q, F;, i)
is a Banach space and, for p € [1,+00), Vi = L,(Q, F;, i) is its dual space of all
continuous linear functionals on &X;. When dealing with Banach spaces it is convenient
to equip X; and ), := X with the strong (norm) and weak* topologies, respectively.
If X, is a reflexive Banach space, i.e., X/ = A}, then &; and X*, both equipped with
strong topologies, form paired spaces.

We assume throughout the paper that the space &, is sufficiently large such that
the following assumption holds (recall that for X € X5, the notation X > 0 means
that X (w) >0 for all w € Q).

(C) If u € )y is not nonnegative, then there exists X € X, such that X = 0 and
(n, X) <0.

The above condition ensures that the cone of nonnegative valued functions in A5
and the cone of nonnegative measures in ), are dual to each other. We have that
a measure /4 is not nonnegative if u(A) < 0 for some A € F,. Therefore, condition
(C) holds, for example, if the space Xy contains all functions 14(-), A € F», where
la(w) =1forw e Aand I4(w) =0 for w ¢ A. For technical reasons we assume that
this property holds also for the space Aj.

(C") For every B € Fi, the function 1 belongs to the space Aj.

We say that Y is an Fj-step function if it can be represented in the form Y =
S K apllp,, where B, € Fy and By N B, = 0, if k # [. Clearly, if aj, > 0, then
the step function Y is nonnegative. By the above assumption (C’) we have that X
contains all Fi-step functions, and in particular all constant functions.

It is said that the conditional risk mapping p is positively homogeneous if

p(tX) =tp(X), forall X € Xy andt > 0. (2.3)
In that case p(0) = 0, and for any Y € X, we have that
p(Y) = p(0+Y) =p(0)+Y =Y,
and hence p[p(X)] = p(X) for any X € A.

3 Conjugate Duality of Conditional Risk Mappings

We say that the mapping p is lower semicontinuous if, for every w € €2, the corre-
sponding function p,, : Xy — R is lower semicontinuous (in the considered topology
of &3). With p,, is associated its conjugate function

o) == sup {1, X) = pu(X)}. (3.4)



We also use the notation p*(u,w) for the function pf(u) in order to emphasize that
it is a function of two variables, i.e., p* : Vo x  — R. It has the following properties:
for every w € Q the function p*(-,w) is convex and lower semicontinuous, and for any
i € Vs the function p*(u, -) is Fi-measurable. Note also that, since p,, is real valued,
it follows from (3.4) that p*(u,w) > —oo for any (u,w) € Vo x Q.

Recall that by Py, we denote the set of all probability measures on (€2, F5) which
are in ). With each w € Q we associate a set of probability measures Py, |r, (w) C Py,
as the set of all v € Py, such that for every B € F; it holds that

yBy =l tweb (3.5)
0, ifwé¢gB.

Note that w is fixed here and B varies in F;. Condition (3.5) simply means that for
every w and every B € F; we know whether B happened or not. In particular, if
Fi1 ={0,Q}, then Py, r, (w) = Py, for all w € Q.

We can now formulate the basic duality result for conditional risk mappings.

Theorem 1 Let p = Py, be a lower semicontinuous conditional risk mapping sat-
isfying assumptions (A1)—(A3). Then

po(X)= sup {(u,X)-p(pw)}, we Xe, (3.6)

ne Py2|.771 (OJ)

where Py, 7, (w) is the set of probability measures defined in (3.5), and p*(u,w) is
defined in (3.4). Conversely, suppose that a mapping p : Xy — X; can be represented
in form (3.6) for some p* : Yo x Q — R. Then p is lower semicontinuous and satisfies
conditions (A1)—(A3).

Proof. We have that if assumptions (A1)—(A3) hold, then p, is a convex risk
function. Since p,, is lower semicontinuous, it follows (by applying the Fenchel-Moreau
Theorem) that

pu(X) = sup {(u, X) —pL(1)}, X € X (3.7)
HE Py,
Conversely, if p,, can be represented in form (3.6) for some p}, then p is lower semi-
continuous and satisfies conditions (A1)—(A2). All these facts can be established by
applying verbatim the proof of Theorem 2 in [13] to the function p,. Therefore, the
only issue that needs to be clarified is the restriction of dom pf, to Py, z (w).
Let w € Q be fixed and let u, € dom pf,, and hence p} (p,) is finite. It follows
from (A3) that for any Y € &} we have

P (o) = ;1615 {<NwaX +Y) = pu(X + Y)}

= sup {<Nw7X> + (1, Y) — pu(X) — Y(‘”)}

XeXs

= po () + (o, Y) = Y (w).



Therefore (u,,Y) = Y(w) for all Y € &). Setting Y := 1p, where B € Fy, we
conclude that ji, € Py, 7 (w). It follows that dom pf, C Py, 7, (w).

To prove the converse we only need to verify assumption (A3). Suppose that (3.6)
holds true. Then every p,, € dom p; is an element of Py, |z (w). Let Y := S alp,,
be an Fi-step function. By assumption (C’) we have that Y € A}. Then

<Mw7 Y> = Zakﬂw(Bkz) = Y(w)'

Passing to the limit, we obtain (u,,Y) = Y (w) for every Fj-measurable Y. Therefore
(3.6) implies that for every Y € &) and all w € Q we have

X+ = s {( X +Y) - (w)}

KEPy,y | 7, (W)

= sup  {{u,X) = p" (W)} +Y(w).

HEPy, 7, ()

This is identical to (A3). §

Recall that the space X5 is said to be a lattice if for any X7, X5 € X5 the element
X1V X5, defined as

(X1 V X5](w) i=max {X;(w), Xo(w)}, weQ,

belongs to X5. For every X € X5 we can then define | X| € X, in a natural way, i.e.,
| X|(w) = | X(w)], w € Q. The space X, is a Banach lattice if it is a Banach space
and | X;| < |Xs| implies || X;| < || X2||. For example, every space Xy := L,(€2, F2, 1),
p € [1,+00], is a Banach lattice. We can remark here that the lower semicontinuity
of p follows from conditions (A1)-(A2), if X, has the structure of a Banach lattice.
Note that [p(X)](-) is a finite valued function, and hence p,,(X) is finite for all w € Q
and all X € X,. Direct application of [13, Proposition 1] yields the following result.

Proposition 1 Suppose that X5 is a Banach lattice and p : Xy — X; satisfies as-
sumptions (A1) and (A2). Then p,(-) is continuous for all w € €.

Clearly, if p : X5 — X is positively homogeneous, then the corresponding function
P is also positively homogeneous. Therefore, if p = Py, 15 & positively homoge-
neous, lower semicontinuous, conditional risk mapping, then p*(-,w) is the indicator
function of a closed convex set A(w) C Py, (w), and hence

pu(X) = sup (, X), weQ, Xea,. (3.8)
peEA(w)

We view w — A(w) as a multifunction from €2 into the set Py, of probability measures,
on (€, %), which are included in )». Formula (3.8) extends to conditional risk
mappings the risk envelope representation derived in [1, 11, 13].

The property of positive homogeneity can be strengthened substantially.
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Proposition 2 Let p = pa,x, be a positively homogeneous, lower semicontinuous
conditional risk mapping. Suppose that for any B € F, and X € X, it holds that
15X € X5. Then for any nonnegative Fi-step function Y and X € Xs, we have that
YX e X, and

p(YX) = Y p(X). (3.9)

Proof. Consider a set B € F; and any X € X;. It follows from (3.8) that

pu(X) = SEF){<M,113X>+<M,]10\BX)}, w € . (3.10)
peA(w

If w € B then (3.5) implies that x(Q\ B) =0 for all 4 € A(w), and the second term
in the right hand side of (3.10) vanishes, and hence

pu(X) = sup (u, 1pX) = p,(1pX). (3.11)
pEA(W)

By a similar argument we also obtain that p,(1pX) = 0 for w ¢ B. Thus
p(15X) = Tsp(X). (3.12)

Consider now a nonnegative Fi-step function Y := Zszl aplp,. Then YX =
Zszl apllp, X € Ay, and it follows from (3.12) that for w € By, the following chain of
equations holds true:

pu(YX) =1, (w)pu, (Y X) = pu(1p,Y X) = pu(on1p, X).
Using positive homogeneity and (3.12) again, we obtain that
po(YX) = arpo(15,X) = ap,(X), if w € By.

This means that
K
P (YX) =3 anly, (W)pu(X) = Y(@)pu(X), we Q.
k=1

This completes the proof. g

Remark 1 In order to pass in (3.9) from step functions to general functions Y €
X; we need some additional assumptions about the spaces involved. For example,
consider &; := L,(Q, F;, i), ¢ = 1,2, where fi is a probability measure on (€2, ) and
p € [1,+400). Then for any Fi-step function ¥ and X € X,, we have that Y X € X,.
Moreover, the set of Fj-step functions is dense in &}. Hence by “passing to the limit
operation” and using Proposition 1 we obtain that (3.9) holds for any Y € &} and
X € AX,, provided that Y X € A.



4 Conditional Expectation Representation

In this section we discuss relations between conditional risk mappings and conditional
expectations.

Definition 2 We say that a multifunction M : Q = Py, is weakly* Fi-measurable
if for every X € Xy the multifunction Mx : Q2 = R, defined as

Mx(w) = {(n, X) 1 p € M(w)},

is JFy-measurable. We say that a selection u, € M(w) is weakly* Fi-measurable if
for every X € Xy the function w — {(u,, X) is Fi-measurable.

The multifunction w — A(w), associated with representation (3.8), is weakly*
Fi-measurable. Indeed,

Ax(w) = [ - pw(—X),pw(X)},

and hence Fi-measurability of Ax(-) follows from the fact that p(X) € X;. In the
sequel, whenever speaking about measurability of multifunctions and their selections,
we shall mean weak* measurability.

By Theorem 1 we have that, for every w € ), any measure v € A(w) satisfies
condition (3.5). Therefore, if p, = u(w) is a selection of A(w), then

[()](A) = 14(-), forall A e Fy. (4.1)
Moreover, if u(w) is weakly* Fj-measurable, then [u()](A) is Fi-measurable.

Example 1 Consider p(X) := E[X|F;], X € Xy, where the conditional expectation
is taken with respect to a probability measure i on (2, F). It is assumed here that
this conditional expectation is well defined for every X € A, and the space X is
large enough such that it contains E[X|F] for all X € A,. Note that the function
E[X|F1](-) is defined up to a set of fi-measure zero, i.e., two versions of E[X|F;](-)
can be different on a set of ji-measure zero. The conditional expectation mapping p
satisfies assumptions (A1)—(A3) and is a linear mapping. Representation (3.8) holds
with A(w) = {u(w)} being a singleton and p, = pu(w) being a probability measure
on (£, F3). By the definition of the conditional expectation we have that E[X|F;]
is Fi-measurable, and hence p,, is weakly* Fi-measurable. Considering X = 14 for
A € F,, we see that

po(A) = E[1a| 7] (w) = [E(A[F)] (), (4.2)

that is, p(-) is the conditional probability of i with respect to Fi (see, e.g., Billingsley
13, pp. 430-431]). Clearly it satisfies (3.5).



Let us note that the family of conditional risk mappings is closed under the oper-
ation of taking maximum. That is, let p¥ = Py V €L, be a family of conditional
risk mappings satisfying assumptions (A1)—-(A3). Suppose, further, that for every
X € X, the function

[p(X)](+) := sup[p"(X)](-) (4.3)

vel

belongs to the space X}, and hence p maps X, into A). It is then straightforward to
verify that the max-function p also satisfies assumptions (A1)—(A3). Moreover, if p”,
v € I, are lower semicontinuous, then p is also lower semicontinuous. In particular,
let p(X) :=E,[X|F], v € Z, where Z is a family of probability measures on (2, F3).
Suppose that the corresponding max-function p is well defined, i.e., p maps X5 into A .
Then p is a lower semicontinuous positively homogeneous conditional risk mapping.
We show now that, under certain regularity conditions, the converse is also true, i.e.,
a positively homogeneous conditional risk mapping can be represented as maximum
of a family of conditional expectations.

Let u, € A(w) be a weakly* Fj-measurable selection. We associate with p(w) =
1, the following operator:

Qu(1)](A) = / o(A)dv(w), VeV, A€ (4.4)

Q

It is not difficult to verify that, for every v € )s, the right hand side of (4.4) defines a
finite signed measure on (€2, F3). In particular, if Ay, As, ..., is a sequence of disjoint
Fo-measurable sets and A := A; U Ay U ..., then by the Lebesgue Theorem,

S{uw(A) dv(w) = JZZ- o (Ai) dv (w) = Ziguw(fli) dv(w).

We make the following assumption for a considered, weakly™ F;-measurable, selection
po € A(w): (1) if v € Vs, then Q,(v) € Vs. The above assumption is not implied by
the definition (4.4) and should be verified in a particular application. It is straight-
forward to verify that if v is a probability measure, then Q,(v) is also a probability
measure. Therefore, under the above assumption (i), the operator Q, maps Py, into
itself.

A probability measure 7 € Py, is called a fized point of Q,, if Q,(7) = v. This
means that

/uw(A) dv(w) = v(A) for any A € F. (4.5)
Q

Proposition 3 Let p, € A(w) be a weakly" Fi-measurable selection and v € Py,
be a fized point of the operator Q,, defined in (4.4). Then u(-) is the conditional
probability of v with respect to F;.



Proof. Let A € F,. By the weak® Fj-measurability of u(-), we have that [u(-)](A)
is Fi-measurable. Therefore, we only need to verify that the following equation holds
(see, e.g., Billingsley [3, p. 430]):

/uw(A) dv(w) =v(ANS), for all S € F; and A € F. (4.6)
S

We have that p,(A) = pw(ANS) 4+ pw(A\S) and py,(A\ S) < (2 S). Since
O\ S € Fy, it follows by (4.1) that 1, (2\S) = 0 for all w € S. Hence p,,(A\S) =0,
for any w € S. Consequently,

[mydste) = [ nians) o)

S Q

Substituting this to (4.5) we obtain (4.6). 1

There are classical results ensuring existence of a fixed point. For example, we
can use Kakutani’s Fixed Point Theorem. Recall that A5 and ), are paired locally
convex topological vector spaces. We have that the set Py, is convex. Let us make
the following assumption related to the operator Q,, defined in (4.4), associated with
a weakly* Fj-measurable selection p, € A(w).

(K) The set Py, is compact and, for every weakly* Fj-measurable selection p,, €
A(w), the operator Q,, maps Py, into itself and is continuous (or, more generally,
has a closed graph) in the considered topology of the space )s.

By Kakutani’s Theorem we have that, under the above assumption (K), the
operator Q, has a fixed point 7 € Py,. Assumption (K) holds, for example, if
Xo = L,(Q, Fo, n) and Yo = L,(Q, Fa, 1), with p € (1, +00), and Xy, Vs are equipped
with their respective weak topologies. Another case where assumption (K) holds, by
Prohorov’s Theorem, if €2 is a compact metric space, F is its Borel sigma algebra
and )» is equipped with the corresponding weak topology. Note that although as-
sumption (K) ensures the existence of a fixed point, it does not imply that such a
fixed point is unique.

Corollary 1 Suppose that representation (3.8) holds, A(w) = {1} is a singleton for
every w € Q, and assumption (K) is satisfied. Then there exists v € Py,, satisfying
equation (4.5), such that u,, is the conditional probability of v with respect to Fi, and

p() = B[],

Recall that &; and ); are assumed to be paired locally convex topological vector
spaces. It is said that X is separable if it has a countable dense subset.
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Lemma 1 Suppose that the space Xy is separable and the representation (3.8) holds.
Then there exists a countable family p'), i € N, of weakly* Fi-measurable selections

of A(w) such that ‘
[p(X)](w) = sup (g, X) (4.7)

ieN
forall X € Xy and w € Q2.

Proof. Let €5 | 0 be a sequence of positive numbers and and { X, },en be a dense
subset of A,. For every k,n € N consider the multifunction

Myn(w) == {v € AW) : (v, X,,) > [p(X,)] (w) —&x} -

This multifunction is weakly* Fj-measurable and nonempty valued. Since X} is sepa-
rable, the multifunction M;,,(+) admits a weakly* JFj-measurable selection p*"(-) (see
[5]). By the definition of My, we have then that

(" (w), Xa) = [p(Xn)] (W) — e

for all k,n € N and w € Q. Since p,(-) is lower semicontinuous for every w € €, it
follows that

v

sup(*"(w), X)

[P(X)](w), we

Because of (3.8) we also have that

[p(X)](w) = S;lf(uk’”(W),X% w e €.

Thus representation (4.7) follows with u := p*"(w), i = (k,n) € N x N.

Remark 2 Under the assumptions of Lemma 1, we can also write the following
representation
[p(X)](w) = sup (u(w), X), (4.8)
p()EA()

where the supremum is taken over all weakly* Fj-measurable selections p(w) € A(w).

Theorem 2 Let p = pu,x, be a positively homogeneous, lower semicontinuous, con-
ditional risk mapping. Suppose that the space X is separable and assumption (K) is
satisfied. Then there exists a countable family V' € Py,, i € N, of probability measures
such that

pu(s) = szlelgE,,[ | A](w), we (4.9)

Proof. By Theorem 1 we have here that representation (3.8) holds. The assertion
then follows by Lemma 1 together with Proposition 3 and Kakutani’s Fixed Point
Theorem.

11



Remark 3 Assuming that the representation (4.9) holds, we have that for any ¥ €
X1, Y = 0,and X € A, such that Y.X € A5,

po(YX) = supE,i [YX|F](w) = V(w) sup E,i [X|F ] (w) = YV (w)pu(X), we.
i€N ieN
That is, under the assumptions of Theorem 2, the result of Proposition 2 (i.e., equation
(3.9)) holds for a general function Y € X; (compare with Remark 1).

5 Iterated Risk Mappings

Let Fi C F5 C F3 be sigma algebras, X} C Xy C A3 be respective spaces of mea-
surable functions, with dual spaces Y; C Vo C )3, and let Py - X3 — Xy and
Py, - Xy — X be conditional risk mappings. (For any inclusion like Xy C A3, we
assume that the topology of X5 is induced by the topology of X3.) Then it can be
easily verified that the composite mapping Py, X3 — A1, defined by

pX3\X1 = ng\Xl © pX3|X27 (5.1)

is also a conditional risk mapping.
Suppose that both conditional risk mappings at the right hand side of (5.1) are
positively homogeneous and lower semicontinuous. We have then

[onp,\xz(X)](‘;’) = sup (us, X), X €A;, 0 €, (5.2)
p2€A2(®)

[pqu (Y)](w) = sup (u1,Y), YeX, weQ, (5.3)
p1€AL(w)

with the multifunctions A, : Q = Py, and A; : Q2 =2 Py, having closed convex values
and weakly* measurable with respect to F, and JFj, correspondingly. In order to
analyze composition (5.1) it is convenient to consider weakly* measurable selections
wi(+) of the multifunctions A;(-), i = 1, 2.

Proposition 4 Suppose that the space X3 is separable, and Py 2, and P, ix, OTE POS-

itively homogeneous, lower semicontinuous and satisfy conditions (A1)—(A3). Then
the conditional risk mapping Py, COT be represented in the form

P @) = sup  sup [ 1a@). X) dp @), (5.4)
p1€AL(w) p2(-)€A2(") O

where the second sup operation at the right hand side of (5.4) is taken with respect to
weakly® Fo-measurable selections s (@) € Az(@).
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Proof. By (5.2) and (5.3) we have that, for every w € Q,

[Py (X)) (W) = sup / sup  (ptg, X) dpn (@)

p1€A; (w) A p2€A2 (&)

By Lemma 1 (see Remark 2), we also have that

sup (po, X) = sup (u2(w),X), (5.5)
p2€A2(@) p2(-)€A2(")

where the supremum in the right hand side of (5.5) is taken over all weakly* Fo-
measurable selections ps(w) € As(@). Consequently

[Py, (X)] (W) = sup / sup  (pa(@), X) dp (@). (5.6)
mEAL(w) J  pa(-)EA2()
Q
Similarly to the proof of Lemma 1, we can now interchange the integral and ‘sup’

operators at the right hand side of (5.6), and hence (5.4) follows. 1

Remark 4 By Lemma 1 we have that actually it suffices to take the second supre-
mum at the right hand side of (5.4) with respect to a countable number of weakly*
Fo-measurable selections ps(w) € Ay(©).

Representation (5.4) means that p,, . can be written in form (3.8) with the set
A(w) is formed by all measures p € )5 representable in the form

1) = [ @) ($) dm(@), S € 7 (5.7)

where p(+) € As(+) is a weakly* Fr-measurable selection and py € A;(w). We denote
the multifunction A by A; o A,.

Consider now a sequence of sigma algebras (a filtration) F;, C Fy C -+ C Fr,
with F; = {0,Q} and Fr = F. We define linear (locally convex topological vector)
spaces X7 C --- C Xp of real valued functions on {2 such that all functions in X, are
Fi-measurable. We also introduce the corresponding paired spaces YV, C ... C Yr of
measures, t = 1,...,7T. Let Pajy s L =2, ,T', be conditional risk mappings. Note
that since F; = {0, Q}, the space A} is formed by constant over € functions and can
be identified with R, and hence p,, . is an (unconditional) risk function.

With the above sequence of conditional risk mappings we associate the following
(unconditional) risk functions

Pt = Pagia, O O Pa vy O Py, 0 U= 2,...,T. (5.8)

The recursive application of Proposition 4 renders the following result.
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Theorem 3 Let Pryiiie t=1,...,T — 1, be positively homogeneous, lower semi-
continuous, conditional risk mappings. Suppose that the spaces Xy, t = 2,....T, are
separable. Then for every X € X;, t=2,...,T,

p(X) = sup  (u,X), (5.9)
pEA0--0 A 1

where each A; : 0 = Py, is weakly” F.-measurable and such that

e (X)) = sup (1, X). (5.10)

HEA- (w)

[Ps,
Note that we always have (A; o Ay) o A3 = A; o (A 0 A3) and therefore there is no
ambiguity in the notation A; o---0o A;_;.

6 Examples of Conditional Risk Mappings

In this section we discuss some examples of conditional risk mappings which can be
considered as natural extensions of the corresponding examples of (real valued) risk
functions (see [13]). We use the framework and notation of section 2, and take i to
be a probability measure on (€2, F;). Unless stated otherwise, all expectations and
probability statements in this section are made with respect to ji.

Example 2 Let &; := £,(Q,F;, i) and V; = L,(Q, Fi, i), @ = 1,2, for some p €
[1,4+00). Consider

p(X) = E[X|F] + cop(X|F), X € X, (6.1)

where ¢ > 0 and o,(-|F1) is the conditional upper semi-deviation:
» 1/p
o(X|7) = (B[ (X —EX|A) [A]) (6.2)

If the sigma algebra Fi is trivial, then E[-|F;] = E[] and 0,(X|F;) becomes the
upper semi-deviation of X of order p. Thus p is the conditional counterpart of the
mean-semideviation models of [6, 7].

Let us show that for ¢ € [0, 1], the above mapping p satisfies assumptions (Al)-
(A3). Assumption (A3) can be verified directly. That is, if Y € &} and X € Aj,
then

pX +Y) —E[XJrY\}"l]+C<E[(X+Y—E[X+y‘]_—1])i‘}_1])1/1)

1/p
= E[X|A] +Y +c(E[(X ~EXIA), | A]) 7 = p(X) +.
In order to verify assumptions (Al) and (A2) consider function p, defined in (2.1).

For w € 2 we can write
E[|FA](w) =E. [, (6.3)
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where p(w) = p, is the conditional probability of i with respect to F; (see Exam-
ple 1). Therefore, for any X € X, and w € ,

p(X) =B, [X] + (B, [(x - B, [x)]) " (6.4)

We have that ju,, € Py, |7 (w) and its (conditional probability) density f, = du./dp
has the following properties: f, € Ys, f, > 0, for any A € F», the function w —

i) 4 Jodji is Fi-measurable and, moreover, for any B € Fi, the following equality holds
[ [ fo(@) dp(©) dis(w) = @(AN B).
B A

We see that for a fixed w the function p,(X) is identical with the risk function
analyzed in [13, Example 2]; the conditional measure p, plays the role of the prob-
ability measure. It follows from the analysis in [13] that, for ¢ € [0, 1], the function
pw(+) satisfies assumptions (A1) and (A2). Moreover, the representation

Puw (X) = SUPye g+ fQ VX dp,
holds with

A = {7: 1+ h— [hduy: [h9dp, <, hé()}.
Q Q
Since du,, = f.,dp, we conclude that the representation (3.8) follows with

Alw) = {g €Ny g=fo(l+h—E[fh]), h € cBy(w), h = o}, (6.5)

where

By(w) :=={h € Yo : E[hf,] < 1}.

Example 3 Let X; := £1(Q, F;, 1) and V; := Loo(Q, Fi, 1), i = 1,2. For constants
€1 > 0 and g9 > 0, consider

p(X) :=E[X|F]+ (X|F), X €A, (6.6)
where
[@(X|F1)] (w) == Jnf E{e1[Z — X4+ + &2[X — Z)1| A} (w). (6.7)

It is straightforward to verify that assumption (A3) holds here. Indeed, for X € X
and Y € X we have

[D(X +Y[F)](w) = Jnf E{ei[(Z -Y) = X1 + & X — (Z = V)4 | F1}(w).

By making change of variables Z — Z — Y, we obtain that ®(X + Y|F;) = &(X|F),
and hence assumption (A3) follows.
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Because of (6.3), we can write, as in the previous example, that
pul(X) =B [X] + jnf B, {s1[7 = X], +=lX — 7)1} (6.8)
= E[f.X]+ jnf E{e1[fZ = LX) +&lfX - LZ1}, (69)

where f, = du,/dp is the conditional density. We can continue now in a way similar
to the analysis of Example 3 in [13]. We have that

]E{gl[fwz - wa]—i- + 52[wa - wa]—i-} - :;l,/\lzl]E[h(fWX - wa)L (610)
where
M = {h €EVy:—e1 < h(w) <eg, ae we Q} (6.11)

By substituting the right hand side of (6.10) into (6.9), we obtain
pu(X) =E[f,X] + inf sup E[h(wa - fwz)]
ZeX1 pe M
Since the set M is compact in the weak* topology of V,, we can interchange the ‘inf’
and ‘sup’ operators in the right hand side of the above equation. Also we have that

{ 0, if E[hfw’fl] =0,

—o00, otherwise.

inf E|hf,Z] = Zig)fﬁ]E[ZE[hfwu-“l]] =

ZeX,
We obtain that
pu(X) = E[f.X] + sup {E[hf,X]: h € M, E[hf,|F:] =0}.

It follows that for ; € (0,1] and e > 0, assumptions (A1) and (A2) are satisfied,
and representation (3.8) holds with

Aw)={gedr:g=(1+h)fs, he M, E[hf,|F] =0}, (6.12)
where M is defined in (6.11).

Since
alZ Xt ealX — 2 =a(Z+ (1 -p) X ~ 2], - X),

where p 1= e3/(e1 + €2), we have that

p(X) = (1 — 81)E[X|JT1] + €1CV@RX2|X1 [X], (613)
where
CV@R 2, [X](w) == Zig)f(l E{Z+ (1 —-p)'[X - Z]4|F} (). (6.14)

Clearly, for e; = 1 we have that p(-) = CV@QRy,x,[-]. By the above analysis we
obtain that for p € (0,1), CVQR,x,[-] is a positively homogeneous, continuous risk
mapping. If 7y = {0, Q}, then CV@R x|, [ -] becomes the Conditional Value at Risk
function analyzed in [10, 11, 14]. For a nontrivial 77, the measure CVQRy, |y, was
analyzed in [9].
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7 Multistage risk optimization problems

In order to construct risk models for multistage decision problems, we first introduce
recursive risk models for sequences.

As in section 5, consider a sequence of sigma algebras F; C F» C --- C Fr, with
Fi ={0,Q} and Fr = F, and let X} C --- C Xr be a corresponding sequence of
linear spaces of F;-measurable functions, ¢ = 1,...,T. Let px,x,_, : & — X1 be
conditional risk mappings. Denote X := X} x Xy x- - -xXpand X = (X1, Xy, ..., X7),
where X; € X, t =1,...,T, and define a function p : X — R as follows:

p(X) :X1+pX2|X1 |:X2+pX3‘X2<X3+ ( )
7.1

R PXr_1|X7_2 [XT—l + Pxp|Xr_y (XT)]>] .

Note that since F; = {0}, 2}, the space X; can be identified with R, and hence p(X)
is real valued. Note also that by assumption (A3), we have

X1+ pagixr_ (X7) = pagine_, (Xro1 + Xo).
Applying this formula for t =T, T — 1,...,2 we obtain the equation:
p(X) = pr( X5+ ...+ X7), (7.2)

where, similarly to (5.8),
Pti= Payiey © O Poyy,_ 0 =2, vy I

Since each conditional risk mapping pu,|x,_, satisfies (A1)—(A3), it follows that the
function pp satisfies (A1)—(A3) as well. Moreover, if conditional risk mappings px,|x,_,
are positively homogeneous, then p is positively homogeneous. Assuming further
that the spaces &; are separable and pyx,|x,_, are lower semicontinuous, we obtain by
Theorem 3 that the following representation holds true

p(X) =supE,[X; + ... + X7], (7.3)

neEA

where the set A := Aj o... 0o Ap_q is given by the composition of the multifunctions
A Q= Py, 7=1,...,T — 1, defined in equation (5.10) of Theorem 3.

It may be of interest to discuss the difference between our approach and a construc-
tion in Artzner et al [2]. In [2] an adapted sequence {X,}, t =1,..., T, is viewed as
a measurable function on a new measurable space (0, F'), with Q' = Q x {1,...,T},
and with the sigma-field F’ generated by sets of form B; x {t}, for all B; € F; and
t =1,...,T. Then representation (7.3), for some set A, can be derived from axioms
of coherent risk measures of [1]. In our setting these axioms correspond to the as-
sumptions (A1)—(A3) for the trivial sigma algebra F; = {0, 0}, and to the positive
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homogeneity of the (unconditional) risk function p(X). Our approach is via axioms
of conditional risk mappings, which allows for a specific analysis of the structure of
the set A.

In applications, we frequently deal with random outcomes X; € &, resulting from
decisions z; in some stochastic system. In order to model this situation, we introduce
linear spaces Z; of F,-measurable functions® Z;, : 0 — R™ and consider functions
fi :R" xQ — R, t=1,..,T. With functions f; we associate mappings F; : Z, — X}
defined as follows

[Fi(Z)](w) = fi(Zy(w),w), Zi€ 2, we

We assume that the functions fi(z;,w) are random lower semicontinuous®, and that
the mappings F; are well defined, i.e., for every Z, € Z; the function f;(Z(-),")
belongs to the space A;, t = 1,...,7. We say that the mapping F; is convex if
[Fy()] (w) is convex for all w € Q. Then for every conditional risk mapping p,x, ;.
satisfying (A1)-(A3), we have that pu,x,_,(Fi(-)) is convex in the sense that the
function [px,x,_, (Fi(+))] (w) is convex for every w € . This follows by assumptions
(A1) and (A2) and can be shown in the same way as in [13, Proposition 2].
Let Z =2, X Zy x --- X Zp, and let F': Z — X be defined as

F(Z) = (Fl(Zl), ey FT(ZT))

With the risk function p, defined in (7.1), and the mapping F' we can associate the
function

V(Z) = p(F(2)) = Fi\(Z1) + pay x, [F2(Z2) + P, (Fa(ZB) + -

Tt Pxr X, [FT—l(ZT—l) + Pxr| Xy (FT(ZT))]H :

As discussed above, by the recursive application of [13, Proposition 2], it can be easily
shown that (-) is a convex function. Also by using (7.2) and (7.3) we can write

W(Z) = pr(Fi(Z1) + Fo(Zs) + -+ - + Fr(Zr))
= SUP/Q LF1(Z1) + fo(Za(w), w).. + fr(Zr(w), w)] du(w).

neA

Suppose that we are given F;-measurable multifunctions G, : R™ ™ t-1 x ) =
R™. We define the set

S={ZeZ:Zw)eG(Zi(w),....2(w),w), weQ, t=1,...,T},

2Note that since JF; is trivial, the space Z; coincides with R™ and elements Z; € Z; are ni-
dimensional vectors.

3Random lower semicontinuous functions are also called normal integrands (see Definition 14.27
in [12, p.676]).
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and consider the problem

Min ¢:(Z). (7.4)

We shall derive a dynamic programming equation for this problem.

In order to accomplish that, we need some mild technical assumptions. We assume
that the spaces &, are solid in the sense that for every two elements X, X € X, and
every Fi-measurable function X; satisfying X(-) < X;(-) < X(-), the function X;
is an element of A;. For example, the spaces £,(2, F:, i), p € [1,400] are solid.
Furthermore, we assume that there exist elements X, € X; such that for all Z € §
we have Fy(Z;) = X,, t=1,...,T.

We introduce the notation

Z[l,t] = (Zl, . .,Zt), t= 1, ,T

If Z,(-) = % is a constant function, we write (Z}1¢1], 2¢) for Z}; 5. Problem (7.4) can
be written in a more explicit form as follows:

Min Min ... Min F(Zy) + Fo(Zs) + -+ -+ Fr(Zr)|. 7.5

21€6: 72()e62(%1,)  2r()EGr (Zn 1) ()r) prlB(2) + B(2) r(Zr)]. (79)
Consider the minimization with respect to Zr in the above problem. Since the func-
tion pr is monotone in the sense of (A2), and Zr is required to be only Fr-measurable,
we can carry out this minimization inside the argument. We obtain the following for-
mulation

Min  Min ... Min pr[Fi(Z1) + Fo(Zs) + - - -
Z1€G1 Z(-)€G2(Z1,)  Zr-1()€GT—1(Z[1,r—2)(+)")
R FT—l(ZT—l) + mf fT(ZT, )] .

zr€Gr(Zn,r—1)(),)

Note that because of F;-measurability of Gr and random lower semicontinuity of

fr(-,+), the pointwise infimum nf.reor (211 (@)w) fr(zr,w) is Fr-measurable (e.g.,

Rockafellar and Wets [12, Theorem 14.37]), and bounded because of the assumption

that Xr is solid. Consequently this infimum (as a function of w) is an element of Xr.
Using the fact that

Pt = Ptflopxttha t:27"'7T7

we can re-write the last problem as follows:

Min  Min ... Min pT_l[Fl(Zl)+F2(Z2)—|—---
Z1€G1 Z3(-)€G2(Z1,)  Zr-1(:)€GT—1(Zp,m—2)(),) (7 6)
et Fp oy (Zr) + ( inf z)]
T 1( T 1) pXTIXT—l 270 €G7(Z1,7-1)()5) fT( T )
Define
Zinr_1) = [ inf z,-] 7.7
Yr(Znr-1)) = Parlxe_. zTeGT(Z[l,T_l](-),-)fT( T °) (7.7)
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Note that, as it was discussed above, the pointwise infimum in the right hand side of
(7.7) is an element of Ap. Therefore we can evaluate px,|x, , at this element. Thus
Yr(Zpr-1)) € Xp—y and it can appear in the argument of pp_; in (7.6). We obtain
the formulation

Min  Min ... Min pr—1[Fi(Z1) + Fo(Zs) + - - -
Z1€G1 Z2()€G2(Z1,)  Zr-1()€GT-1(Z11,7—2)(),")

s FTfl(ZTfl) + wT(Z[LT—l])] :

Formally setting v741(Zj1,77) = 0, and proceeding in this way for 7' — 1,7 - 2,...,1
we can recursively define the sequence of functions

0 Za) = o g ot )+ B 210} | 09

20€Gt(Z[1,e-11()

t =T,T—1,...,1. We always have that the infima above are elements of the
spaces X;, because the spaces X; are solid. Consequently, 1,(Z}1,-1)) € X;—; and the
recursion can continue. Obviously, ¢; is the optimal value of problem (7.4).

We can interpret functions ¢, as cost-to-go functions and equations (7.8) as dy-
namic programming equations, for the risk optimization problem (7.4). We can also
write these functions in the form:

Zi11-11) = inf inf
Vel Zpa-y) 2:00€G Zia () 2 ()eG (Zaa1y(),)

<pXt\Xt_1 ©:::0 pXT\XT_l) [E(Zt) + -4 FT(ZT)}

Suppose now that the conditional risk mappings px,|x,_, are lower semicontinuous
and positively homogeneous. Then it follows from (3.8) that there exists convex closed
sets Ai(w) C Py, |7, (w) such that

[pXt|Xt—1(Xt)] (w) = Sup Em [XtL RS Q) Xt S Xt~
€A (w)

Substitution into (7.8) yields, for t =T,7 —1,...,1,

[ Zo)) = s B | it () + e 20l )

e €A (w) 20€Gt(Z1,¢—1](w),w)
(7.9)

The dynamic programming equation (7.9) provides a framework for extending the
theory of multistage stochastic optimization problems to risk functions.

In the special case when &X; = L£,(Q, F, 1), p € [1,400), we can identify the
measures y; with their densities hy € £,(€2, F, j1). We can observe that they form a
process adapted to the filtration {F;}.
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