


4 Saturation and inversion of the all-optical Kerr effect

Figure 4.10: (a) Dispersion of the inversion intensity Iinv for argon (solid line). Dashed
line depicts the wavelength-dependent clamping intensity according to
Eq. (2.81). (b) Visualization of the dependence of the nonlinear refrac-
tive index ∆n(I, ω) of argon on wavelength ω and intensity I, calculated
according to Eqs. (4.1) and (4.58).

from Eq. 4.58 and Fig. 4.6 that the magnitude of the higher order Kerr coefficients de-
pends on the center wavelength of the irradiated laser beam. It therefore follows that the
IDRI and the inversion intensity exhibits dispersion, as shown in Fig. 4.10(a) and (b) for
argon. For comparison, the wavelength dependence of the clamping intensity for argon
is shown as dashed line in Fig. 4.10(a). The inversion intensity increases towards shorter
wavelength, and eventually exceeds the clamping intensity. Therefore, for wavelengths
below 600 nm, intensity clamping due to free electrons becomes increasingly relevant and
may regain its dominant role for the saturation of the nonlinear refractive index.
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5 Conclusions

In the present thesis, femtosecond filamentation was investigated. While the first part
of this work explores the self-compression both, theoretically and experimentally, and
reveals the physical mechanisms behind this remarkable phenomenon, the second part
affects the foundations of femtosecond filamentation and, moreover, those of nonlinear
optics at extreme intensities. A totally new approach for a theoretical prediction of the
magnitude of the higher-order nonlinear susceptibilties is presented, which is in exellent
agreement with recent experimental results [20].
In Chapter 3, filamentary self-compression is traced back to a self-pinching mechanism

which can be regarded as analogous to the z-pinch of magnetohydrodynamics [93, 94]. It
was shown that the interplay of purely spatial effects, i.e., Kerr self-focusing and plasma
defocusing can lead to a considerable dynamics of the temporal pulse profile, which
is related to the noninstantaneous nature of the plasma nonlinearity. This temporal
dynamics involves temporal splittings of the pulse, as substantiated by a simple analytical
model. Under suitable input pulse conditions, the plasma-induced pulse splitting may
introduce a split-isolation cycle that yields a few-cycle self-compressed pulse. Moreover,
the latter results revealed that the characteristic longitudinal structure of a filament,
with a strongly ionized zone followed by a nearly plasmaless, subdiffractive channel [2]
already appears in a purely spatial model, neglecting any temporal effects like dispersion
and self-steepening. This further corrobarates that the prevalent mechanisms behind
filamentary self-compression are of purely spatial nature.
In the postionization zone [113], it was shown that refocusing events, partially arrested

by GVD, can lead to a second split-isolation cycle which cascades the self-compression
mechanism and strongly increases the compression ratio. As both experimental and nu-
merical studies revealed [147], refocusing events can give rise to self-compressed few-cycle
pulses with characteristic temporal and spectral signatures evident in a spectrogram rep-
resentation. A further intriguing feature of femtosecond filaments is their ability to re-
store both, their spatial and temporal profile. The former was evidenced in [140], where
it was shown that a filament can self-restore its transverse spatial profile after hitting an
obscurant with a diameter of up to 2/3 of the filament core, and it is suggested that “The
replenishment of the pulse mainly proceeds from the nonlinear attractor responsible for
the formation of a spatial soliton modeling the filament core.”[140], a proposal which is
substantiated by showing that a time-averaged, approximate analogue of the underlying
dynamical equations indeed admits stable soliton solutions. Temporal self-restoration
has been theoretically predicted in [17, 18] by means of the impact of a thin window of
fused silica on the filamentary self-compressed pulse. In a typical experimental setup, the
self-compressed optical pulses leave the gas cell by traversing such a silica window. The
results presented in section 3.4. successfully evidenced these theoretical predictions, and
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revealed a strong impact of the longitudinal position of the exit window. In particular,
the measurements and numerical simulations also revealed that temporal self-restoration
may become ineffective for an unsuitably positioned gas cell. This is further corrobo-
rated by measurements with a window-less gas cell. These findings might be useful for
increasing the efficiency of filamentary self-compression in future experiments.
Finally, a possible shift of paradigm in the field of femtosecond filamentation and

maybe nonlinear optics as a whole, has been indicated in Chapter 4. A theoretical model
explaining the saturation and inversion behaviour of the IDRI was presented, based
on Kramers-Kronig relations for the nonlinear optical susceptibilities, cf. Eq. (4.58).
This model was originally developed to calculate the second-order Kerr coefficient n2 of
semiconductors [29, 30] and later applied to noble gases [B5]. In section 4.3, this model is
extended to yield more accurate predictions on the dispersion of n2 with wavelength. The
obtained results show excellent agreement with independent theoretical and experimental
data [B9]. Having benchmarked the Kramers-Kronig approach on the basis of the second-
order nonlinear refractive index, the method was generalized to calculate higher-order
Kerr terms, yielding favorable agreement with experimental measurements of Loriot et
al., [20, 21].
Nonlinear refraction may be understood to arise from virtual multiphoton transitions

from the ground state to an excited bound or continuum state and back to the ground
state. This sequence of transitions produces a phase-shift of the participating photons
which, on a macroscopic level, is responsible for the observed self-phase modulation due
to second- or higher order Kerr nonlinearities. As the employed ionization model [38]
disregards the existence of internal atomic resonances, the Kramers-Kronig approach of
Chapter 4 captures only the contribution of transitions between the ground and the con-
tinuum states to nonlinear refraction. An alternative approach to analyze the contribu-
tion of bound-continuum transitions to the IDRI was presented in Ref. [22]. In the latter
work, the IDRI of a simplified model system sometimes referred to as ’delta-Hydrogen’
was calculated. This system uses a delta function to approximate the atomic potential.
The latter potential only admits a single bound-state, such that in this model, simi-
lar to the approach employed here, only bound-continuum transitions contribute to the
nonlinear susceptibility. In fact, within the ’delta-Hydrogen’ model, the IDRI exhibits
qualitatively the same saturation and inversion behavior as that observed in [20, 21] and
the present thesis. Nevertheless, the authors of Ref. [22] argue, in support of the classical
model of filamentation, that in real atomic systems, virtual transitions between bound
states provide the dominant contribution to the IDRI, therefore masking the saturation
behavior due to the continuum transitions. In contrast, the remarkable agreement ob-
tained in section 4.3. of the second-order nonlinear refractive index n2k with independent
experimental and theoretical data, which is abesent in Ref. [22], indeed suggests that
transitions between the ground state and the continuum states provide a considerable
contribution to nonlinear refraction. Nevertheless, a future refinement of the model may
involve to augment the multiphoton cross-sections βK [cf. Eq. (4.55)] with terms which
take into account participating excited bound states, in order to account for multiphoton
transitions between bound states or resonance enhanced MPI.
An experiment to provide an indepedent test of the predictions of Loriot et al. was
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proposed in Ref. [23]. This involves measuring the yield of third compared to fifth-
harmonic generation in the gas under consideration. Indeed, according to the analysis of
Ref. [202], the experimental results of [203] for argon are in support of the higher-order
Kerr model.
These results strongly suggest to include a Kerr-based saturation mechanism into

future models of filament formation. Modeling of white-light propagation, however, may
turn out to be difficult because of the strong dispersion of the higher-order coefficients,
and methods for efficient modeling of dispersive nonlinearities may have to be found.
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A: The Nonlinear Schrödinger Equation

The NLSE (2.73) describes the self-focusing of optical beams in a nonlinear Kerr medium,
a phenomenon which is embedded into the more general context of wave collapse and
self-focusing [70]. Therefore, both from a physical and functional analytic point of
view, it is worthwhile to study a generalized NLSE in one longitudinal dimension η
(the propagation direction) and D transverse dimensions parametrized by (ξ1, ..., ξD)
according to

i∂ηψ +
D∑
j=1

∂2

∂ξ2
j

ψ(η; ~ξ) + |ψ|2σψ = 0 (1)

As the existence of stable, localized structures of wave energy is of considerable interest
from the viewpoint of technological applications, a good deal of the mathematical theory
on the NLSE is devoted to the existence of standing wave solutions of the form

Φ(η, ~ξ) = R(~ξ)eiλη. (2)

Given that the standing wave solution is stable under infinitesimal perturbations, it is
also referred to as soliton solution of the NLSE. Inserting Eq. (2) into the NLSE (1), one
obtains the PDE

D∑
j=1

∂2

∂ξ2
j

R− λR+ |R|2σR = 0. (3)

For σ = D = 1, the latter equation can be solved analytically, yielding

Rλ(ξ) =
√

2λ
cosh(

√
λξ)

. (4)

This is the well known fundamental soliton of the NLSE, which has found widespread
applications in nonlinear fiber optics [61, 204]. A stability criterion for stationary states
of the NLSE under infinitesimal perturbations has been derived in Refs. [205–208]. In-
troducing the soliton mass

N(λ) =
∫
dDξ|Rλ(~ξ)|2, (5)

117



A: The Nonlinear Schrödinger Equation

stable ground states exist whenever

d

dλ
N(λ) > 0. (6)

This condition for the existence of stable solitons is also known as Vakhitov-Kolokolov
criterion. It can be shown that it is equivalent to the condition σD < 2, which specifies
the so-called subcritical case, while Dσ = 2 and Dσ > 2 are referred to as critical and
supercritical cases. The critical case is of special relevance for the physics of intense
optical beams. Letting D = 2 and σ = 1, it can be shown that the ground-state solution
R0,λ to Eq. (3) is a continuous, positive function with no nodes. Furthermore, it is
radially symmetric, R0,λ = R0,λ(ρ), where ρ =

√
ξ2

1 + ξ2
2 . The class of solutions R0,λ to

Eq. (3) for arbitrary λ can be generated from the solution R0,1 for λ = 1 by means of
the scale transformation

R0,λ(ρ) =
√
λR0,1(

√
λρ). (7)

From this scaling property it is straightforward to conclude that in the critical case,
the mass of the ground-state N(λ) = 2π

∫
dρρR2

0,λ(ρ) is independent of λ, i.e., N(λ) =
N(1). Therefore, it follows from the Vakhitov-Kolokolov criterion (6) that the ground-
state solution R0 is unstable, and it can be shown that for any ε > 0, there exists
an initial condition φ(0, ~ξ) of the NLSE close to R0 with ||φ − R0|| < ε such that the
amplitude of φ(η, ~ξ) blows up at finite distance ηc, i.e., limη→ηc φ(η, ~ξ) =∞. Moreover,
the groundstate mass N0 = ‖R0,1‖2 provides a lower bound for the threshold mass
required to observe finite-distance blowup: any initial datum φ with ‖φ‖2 < N0 evolves
into a globally defined solution to the NLSE and does not blow up. Therefore, a necessary
condition for blow up is provided by

||φ2|| > N0 (8)

The ground state R0,1 is also known as the Townes mode [71]. It was obtained by
numerically solving Eq. (3) for D = 2 and σ = 1, leading to N0 ≈ 11.69. In the
latter reference, the Townes mode is discussed in the context of optical self-focusing
and self-trapping of optical beams in a self-generated waveguide. Indeed, the paraxial
wave equation (2.73) in a self-focusing nonlinear Kerr medium with n(I) = n0 + n2I is
recovered after the substitutions 4z0η → z, w0(ξ1, ξ2) → (x, y) and √c2ψ → E , where
c2 = λ2/(8π2n0n2w

2
0). Adopting the above results to optical self-focusing, it is found

that in analogy to Eq. (8), self-focusing and blow up at the critical distance provided
by the Marburger formula (2.76) is possible only under the necessary condition that the
optical power P of the input beam exceeds the critical power Pcr = N0λ

2/(8π2n0n2),
cf. Eq. (2.75).

An important analytical tool for the mathematical analysis of self-focusing and blow up
is provided by the so-called virial identity. Introducing the variance V and Hamiltonian
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H of the wavefield ψ according to

V =
∫
|~ξ|2|ψ|2d2ξ (9)

H =
∫
d2ξ

(
|~∇ψ|2 − 1

2 |ψ|
4
)
, (10)

it is found that any solution to the NLSE 1 satisfies

∂2
ηV = 8H. (11)

Here, only the case (D = 2, σ = 1) is considered. As stationary solutions to the NLSE
have constant variance, it immediately follows from the virial identity that H = 0.
Therefore, in critical dimension D = 2, σ = 1, the Townes mode is a zero-energy
solution of the NLSE. Using the virial identity, an estimate for the critical power can be
obtained. As a trial function, a Gaussian beam of waist Π(η) and optical power P̃ in
dimensionless units, is chosen according to

ψ(η, ~ξ) =

√
P̃

π%2(η) exp
(
− ρ2

2Π2(η) + i
1
4

Πη(η)ρ2

Π(η)
)

(12)

Inserting this ansatz into the virial identity 11 yields an ordinary differential equation
that governs the evolution of the beam waist Π,

1
4Π3(η) d

2

dη2 Π(η) = 1− P̃

P̃cr
(13)

For linear diffraction, the right hand side of this equation is equal to unity. However, for
optical beams with a power exceeding the critical power P̃cr, the right-hand ride reverses
the sign compared to linear theory, and the beam waist eventually contracts to zero,
yielding an intensity blow-up at some finite distance η∗. The evolution equation for the
beam waist can be solved analytically, and reverting to physical units, the solution is
given by Eq. (3.11) of section 3.11, with a critical power approximated by means of the
variational approach according to

Pcr = λ2

2πn0n2
, (14)
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The FORTRAN90 code implementing a numerical integration scheme for the set of
equations (2.55,2.56) was kindly provided by Stefan Skupin (MPIPKS) and Luc Bergé
(CEA-DAM). The code uses a split-step pseudospectral method [209] to integrate the
envelope equation (2.55), which can be represented as

−i∂zÊ = L(ω)E +N (Ê , ω) (15)

where the operator L given by

L(ω) = Lr(ω) +D(ω) (16)

subsumes the linear optical effects. It can further be decomposed into a contribution
D(ω) (Eq. 2.59) modeling temporal dispersion and a radial part Lr,

Lr(ω) = 1
2k0

T̂−1(ω)1
r
∂rr∂r (17)

which models linear diffraction within the paraxial approximation, including space-time
focusing effects. Here, T̂ = 1 + ω/ω0 is the frequency domain representation of the
operator T, Eq. (2.57). The nonlinear propagation effects are contained in N (Ê , ω),
which is given by

N (Ê , ω) = i
ω0
c
n2T̂ (ω)F

[
|E|2E

]
(ω)− i k0

2ρc
T̂−1(ω)F [ρ(E)E ] (ω)

−σ2F [ρE ] (ω)−F
[
UiW (I)(ρnt − ρ)

2I E
]

(ω) (18)

The applied pseudospectral method numerically integrates Eq. (2.55), obtaining the
envelope Ê(r, ω, z0+∆z) from given initial datum Ê(r, z0, ω), by first advancing the initial
datum along a distance ∆z/2 according to the equation obtained by setting N ≡ 0 in
Eq. (15). Formally, the solution to the corresponding linear evolution equation may be
written

Ê(r, z + ∆z/2, ω) = ei
∆z
2 Lr(ω)ei

∆z
2 D(ω)Ê(r, z, ω) (19)

as the operators Lr(ω) and D(ω) commute with each other. While a solution to the
purely dispersive part of the evolution equation is readily obtained by multiplication of
the initial datum with the phase factor exp(i∆zD(ω)/2), the action of the radial operator
exp(i∆zLr(ω)/2 is approximated numerically by using a finite-difference, implicit Crank-
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B: Numerical method

Nicholson scheme [210] with transparent boundary conditions in r [211].
The linearly evolved initial datum is then further propagated along a distance ∆z

according to the nonlinear equation obtained by letting L = 0 in Eq. (15). The nonlinear
integration step is performed using a Runge-Kutta method. However, in the frequency
domain, terms nonlinear in the envelope correspond to multifold convolutions, which
can only be performed at large computational cost. Therefore, prior to performing
the nonlinear step, the Fast Fourier Transform method (FFT) is applied on Ê(r, ω, z)
to obtain the time-domain representation of the envelope E(r, z, t), which enables a
straightforward computation of the nonlinear terms. The aliasing error introduced by
this procedure is controlled by applying a low-pass filter on Ê in the frequency domain.
Furthermore, usage of the FFT implies imposing periodic boundary conditions on the
envelope both in the time and frequency domain.
A repeated linear propagation step along a distance ∆z/2 completes the integra-

tion scheme, yielding the electric field envelope E(r, z + ∆z, t) from an initial envelope
E(r, z, t), subject to the full propagation model Eq. (15).
The numerical computations are parallelized using the Message Passing Interface

(MPI) libraries and executed on the WIAS blade cluster euler (Hewlett-Packard
CP3000BL). The cluster consists of 32 blades of the type HP BL460c and 16 blades
of type HP BL2x220c. Each blade is equipped with two INTEL Xeon5430/2666 Quad
Core processors and provides 16 GB of RAM. In order to implement an efficient paral-
lelization of the employed pseudospectral method, the two-dimensional numerical grid
has to be distributed among the compute nodes. It is assumed that the discretized r
and t coordinates label columns and rows of the grid, respectively. Then, the conduction
of the FFT requires each compute node to store entire columns, while for the applica-
tion of the Crank-Nicholson method, each node has to store entire rows. Therefore, the
distribution of the grid among the compute nodes has to be transposed repeatedly. An
efficient method to perform the necessary data exchange between the nodes is described
in [212].
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C: Characterization of ultrashort few-cycle
pulses

Figure 1: Schematic representation of a experimental SPIDER setup. Two mutually
delayed copies of the pulse to be characterized are subject to sum frequency
generation (SFG) in a χ(2)-crystal with a third, chirped copy of the pulse in a
Type-II phase matching geometry.

Spectral phase interferometry for direct electric field reconstruction (SPIDER) [135]
is an interferometric method to characterize the spectral phase of ultrashort few-cycle
optical pulses. The spectral phase φ(ω) is defined as the phase of the electric field E(t)
in the frequency domain, i.e., as the argument of the Fourier transform Ê(ω) of E(t),

Ê(ω) = |Ê(ω)|eiφ(ω). (20)

In principle, the spectral phase of an optical pulse can be reconstructed by means of
the Takeda algorithm, from the interference signal generated by two spectrally sheared
replica of the pulse. In practice, the spectrally sheared replica are generated by frequency
up-conversion in a χ(2) medium, see Fig. (1). To this purpose, a thin glass plate is used as
an etalon. The front and back reflex off the etalon provides two copies of the pulse with
mutual temporal delay ∆τ . In addition, the fraction of the pulse transmitted through
the glass plate is sent through a dispersive medium, e.g., BK7 glass. The acquired
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C: Characterization of ultrashort few-cycle pulses

frequency chirp stretches the pulse temporally and maps its frequency content into the
time domain. Subsequently, the chirped pulse and the two copropagating copies of the
pulse are subject to sum frequency generation in a χ(2) medium. In the experiments of
section 3.4., a BBO crystal under Type-II phase matching conditions was used. As the
chirped pulse is sufficiently long, the SFG process may be described by resulting from
the interaction of a short pulse with a monochromatic wave, giving rise to a frequency
up-conversion of the short pulses. However, due to the frequency chirp of the stretched
pulse and the temporal delay between the short pulses, each of them is upconverted
with a slightly different respective frequency. The SPIDER signal thus consists of two
spectrally sheared pulses with a frequency offset ∆ω that is determined by the delay ∆τ
and the GDD of the chirped pulse. In the frequency domain, it is given by

S(ω) =
∣∣Ê(ω − ω0)ei(ω−ω0)∆τ + Ê(ω − ω0 −∆ω)

∣∣2. (21)

With the polar decomposition Eq. (20), this may be evaluated to give

S(ω) =
∣∣Ê(ω′)

∣∣2 +
∣∣Ê(ω′ −∆ω)

∣∣2 + 2
∣∣Ê(ω′)Ê(ω′ −∆ω)

∣∣×
× cos

(
φ(ω′)− φ(ω′ −∆ω) + φref(ω′)

)
, (22)

with a linear reference phase φref = ω′∆τ . Experimentally, the SPIDER signal S(ω) is
obtained by analyzing the copropagating spectrally sheared pulses with a spectrograph.
This gives rise to a characteristic fringe pattern, as displayed in Fig. 3.18(a). A close
inspection of Eq. (22) reveals that (for nontrivial spectral phase) the fringe spacing is
not constant along ω. In fact, the phase of the cosine in Eq. (22) consists of a linear
contribution ω′∆τ plus a phase modulation due to the presence of the finite difference

θ(ω′) = φ(ω′)− φ(ω′ −∆ω). (23)

By analyzing the modulation of the fringe spacing and after subtracting the linear ref-
erence phase φref = ω′∆τ , the group delay of the pulse is obtained, where it is assumed
that

θ(ω′) ≈ ∆ω∂φ(ω′)
∂ω′

. (24)

The necessary phase demodulation can, e.g., be obtained by using the Takeda algorithm
[213] or wavelet based demodulation strategies [214, 215].

The reference phase φref can, in principle, be obtained without further measurement
by calculating the delay ∆τ from the thickness of the glass etalon. In practice, however,
the spectral phases of copropagating pulses do not coincide exactly, as the pulse result-
ing from the back reflex of the etalon is subject to additional dispersive shaping while
traversing the etalon. Therefore, under experimental conditions, the reference phase is
quasi-linear, φref(ω′) = ω′∆τ+ξ(ω′), with a small deviation ξ(ω′) which accounts for the
dispersive effects within the SPIDER apparatus. To minimize this effect, the reference
phase can be measured by screening off the chirped pulse and changing the orientation of
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the nonlinear crystal to achieve Type I phase matching. This enables the copropagating
pulses to generate a second harmonic signal within the BBO crystal. The SHG signal
is subsequently recorded by a spectrograph and the resulting fringe pattern is demodu-
lated, in analogy to the demodulation of the SPIDER signal. This procedure yields the
required reference phase φref , which is subtracted from the demodulated SPIDER phase
to yield the group delay of the input pulse. The spectral phase can finally be obtained
by integrating Eq. (24),

φ(ω′) = 1
∆ω

∫
dω′θ(ω′) + C0 (25)

As the SPIDER method does not provide experimental means to determine the integra-
tion constant C0, the electric field is determined up to a constant phase shift, cf. (20).
Therefore, SPIDER is a technique to determine the envelope of an ultrashort pulse and
is insensitive to an offset between the carrier signal and the envelope.
While SPIDER is an interferometric method, the XFROG method is non-interfero-

metric. It relies on the generation of a cross-correlation signal generated by focusing the
test pulse E(t) to be characterized and a well-characterized reference pulse Eref(t) into
a χ(2) medium, e.g., a BBO crystal. Furthermore, a delay stage is used to introduce a
variable temporal delay τ of the reference pulse w. r. t. the test pulse. The electric field
of the cross-correlation signal detected behind the BBO crystal is then given by

EX(t, τ) = E(t)Eref(t− τ). (26)

When the XFROG signal is analyzed with a spectrograph, the spectral intensity of the
XFROG signal provides the XFROG trace,

IX(ω, τ) =
∣∣∣∣
∞∫
−∞

dtEX(t, τ)eiωτ
∣∣∣∣2. (27)
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D: Symbols and conventions

Rez Real part of z
Imz Imaginary part of z
∂x,

∂
∂x

partial differentiation with respect to x
~∇ Nabla operator ∇ = ∂x~ex + ∂y~ey + ∂z~ez
~ex unit vector in x direction
~r position vector ~r = x~ex + y~ey + z~ez
∆ Laplace operator ∆ = ∂2

x + ∂2
y + ∂2

z

∆⊥ transverse Laplacian ∆⊥ = ∂2
x + ∂2

y

δ(x) Delta distribution,
∫
dxδ(x)f(x) = f(0)

Θ(x) Heaviside function Θ(x) =
{

1, ifx > 0
0, ifx < 0

sgn(x) sign function sgn(x) =


1, ifx > 0
0, ifx = 0
−1, ifx < 0

Ĝ(ω) = F [G](ω) Fourier transform, Ĝ(ω) = 1
2π
∫
G(t)eiωtdt

G(t) = F−1[Ĝ](t) Inverse Fourier transform, G(t) =
∫
Ĝ(ω)e−iωtdω.

H[f ](ω) Hilbert transform, H[f ](ω) = − 1
πP

∞∫
−∞

f(Ω)
Ω−ωdΩ

ε0 vacuum permittivity ε0 = 8.854187817× 10−12 As/Vm
µ0 vacuum permeability µ0 = 4π × 10−7 Vs/Am
ε relative permittivity
ω frequency
ω0 center frequency
c velocity of light in vacuum, c = 299792458m/s
~k wavevector ~k = kx~ex + ky~ey + kz~ez

k(ω) norm of wavevector, k(ω) =
√
k2
x + k2

y + k2
z = n(ω)ω/c

k0 wave number at center frequency ω0, k0 = k(ω0)
n(ω) refractive index at frequency ω
n0 refractive index n(ω0) at center frequency ω0
α(ω) absorption coefficient at frequency ω
α0 absorption coefficient α(ω0) at center frequency ω0
n2k 2k-th order Kerr coefficient
σK cross section for K-photon ionization
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βK nonlinear coefficient for K-photon absorption
w0 beam waist
tp pulse duration
Pcr critical power for self-focusing, Pcr ≈ λ2/2πn0n2
n(I) Intensity dependent refractive index, n(I) =

∑
k≥0 n2kI

k

∆n(I) Nonlinearly induced refractive index change, ∆n(I) = n(I)− n0
∆α(I) Nonlinearly induced change of absorption, ∆α(I) = α(I)− α0
βn n-th order dispersion coefficient at center frequency ω0, βn = ∂nωk(ω)

∣∣
ω0

ρ0 neutral density
IDRI Intensity dependent refractive index
FWHM Full Width Half Maximum
NLSE Nonlinear Schrödinger Equation
NEE Nonlinear Envelope Equation
SVEA Slowly Varying Envelope Approximation
SEWA Slowly Evolving Wave Approximation
GVD Group Velocity Dispersion
TOD Third Order Dispersion
MPI Multiphoton Ionization
MPA Multiphoton Absorption
HT Hilbert Transform
FFT Fast Fourier Transform
TDSE Time Dependent Schrödinger Equation
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