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Abstract

Velleman in [Velleman(1987)] proved the consistency of the existence of sim-
pli fied gap 2 morasses (equivalent to the concrete morasses defined by
Jensen) using a two stage forcing. We gave an essentially different proof
of the same result and fill up some details from the Velleman’s paper which
were not clear. In fact the proof uses a slightly simpler and different defin-
ition of gap two simplified morasses and of the forcing conditions. We have
eliminated the use of square-like sequences in the second stage, employing
instead a “guessing” procedure for requirement. With these steps we hope to
have laid the foundation for a future proof of gap n morasses in ZFC.
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Zusammenfassung

Velleman im [Velleman(1987)] beweist die Konsistenz der Existenz verein-
fachte Gap 2 Moraste (ein Begriff gleichwertig zu den urspriinglichen Mo-
rasten, geschafft von Jensen). Wir haben einen noch einfachen Begriff des
Morastes in der Dissertation vorgeschlagen, Details aufgefiillt und wesentlich
auch einen verschiedenen Beweis des Satzes erfunden und zwar in beide Stufe
des Forcingverfahrens. Wir benotigen auch keine Squarefunktionereihenfolge
(die ganz Kohérenzvoraussetzung fehlt aber ist linear und konfinal) sondern
ein erratendes Verfahren fiir Sequenze, das nicht fest ist und nicht die ganze
Kohérenzbedigung erfiillt wie bei Velleman. Wir hoffen, wir haben so einge-
legt die Basis fiir einen zukunftigen Beweis des allgemeines Falls n in ZFC.
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Chapter 1

Introduction

In the 70’s R. Jensen ([Jensen(1975)]) introduced the notion of gap 1 morass
to solve initially the gap 2 principle of model theory, a generalization of the
Lowenheim-Skolem theorem, namely given a structure of size k™% with a
first order predicate A of size k (a (kT1, k)-structure) for x regular cardinal
(greater than w) get a new (A™1, \)-structure for every regular cardinal A > &
elementary equivalent to the first one. These gap 1 morasses approximate a
structure of size k™t through strutures of size x* without increasing the size
of the predicate A. Gap 1 morasses have also a great field of applications,
they can be used to carry out constructions which could not be carry out
in ZFC alone, namely combinatoric problems like existence of Kurepa trees,
diamonds or squares notions in set theory (see [Velleman(1982)]), without
mention the problemas in topology or algebra.

Succesfully Jensen managed to prove the existence of gap 1 morasses in
L using strongly inner model features of L what is called now finestructure
and additionally solved the gap 2 principle ( in fact, morasses describe a
special section of the L-hierarchy, we could say overkilling the gap 2 principle
problem). So the existence of morasses is consistent with ZFC. Moreover they
can be added by forcing to ZFC but its existence is not provable in ZFC alone.

The next step was to consider the gap-3 principle i.e. consider now
(k1) k)-structures for k regular but already the definition of gap 2 morasses
introduced also by Jensen was quite intrincate, making very difficult already
to prove alone its existence. So many who wanted to used the advantages of
morasses and its applications left them to the very few morass “experts” and
very little advanced was done since then.

Looking for a principle which explained why so many statements provable
in L were also true in a forcing extension, for a special family of partial



orders, Velleman found a forcing principle equivalent to the concrete morasses
[Velleman(1982)]. In fact this forcing principle is a kind of Martin axiom,
from which Velleman took the esence of the morass and hence deduce its
simplified morass in [Velleman(1984a)] (of course a lot of work was done in
this direction before (see [Kanamori(1982)] and [Shelah and Stanley(1982)]).
So these simplified gap 1 morasses were equivalent to the original Jensen’s
definition but much simpler, more useful and clearer to understand the sort
of constructions for which morasses could be applied to.

In [Velleman(1984b)] Velleman also proves that the existence of simplified
gap 1 morass plus a weak form of square (a linear limit sequence of functions)
is equivalent to a Martin’s Axiomtype which allows to deduce many general-
izations of several combinatorial principles known to follow from the existence
of morasses. Simplified (k, 1) morasses with linear limits exist already in L
for k regular but not weakly compact [Donder(1985)].

Velleman in [Velleman(1987)] introduced also the simplified (x, 2) morass
(for k regular cardinal greater or equal than w), using the notion of simpli-
fied gap 1 morass. He proves there that this gap 2 simplified morasses is
consistence with ZFC using a two stage forcing. In the first step he added
a (neat) simplified (kT 1) morass with linear limits and in the second stage
the simplified gap 2 morass (in L Jensen’s morasses implies the existence of
neat morasses).

We gave an essentially different proof of the same result and fill up some
details from the Velleman’s paper ([Velleman(1987)]) which were not clear.
In fact the proof uses a slightly simpler and different definition of gap two
simplified morasses and of the forcing conditions in both stages. We have also
eliminated the use of square-like sequences in the second stage, employing
instead a “guessing” procedure for sequences which is not fixed and does
not satisfy the full coherence requirement and used a two family notion (the
identity and the “shift” function like in the first forcing stage) in the succesor
steps of the second forcing stage instead of an infinite family of left branching
embeddings.

Most of velleman’s paper as this work are devoted to provide enough
conditions to preserve cardinals in every forcing step (in fact we provide less
of these Velleman’s conditions). We have to garantize in deep the chain
conditions and enougn clousure in the two forcingstages. The four so called
amalgamation Lemmata garantize the compatibility of the conditions in the
second forcing step (to find a counterexample to the antichain) and some of
them to provide of course clousure. The first step ist quite easy to do so.



Let x be a regular cardinal greater or equal than w and M our ground
model such that satisfies 2<% = k and 2" = k™. These are necessary condi-
tions to prove k*-c.c. and k™ -c.c. of Py and of IP; respectively.

In the first step forcing P; we added a simplified (k, 1) morass with gaps
of size k,i.e. only defined for kp < k*. This morass will be fill up with the
second forcing. Since the first step forcing or also here called upper forcing
is quite simple we do not spend much time here, just note that there we
added the linear limits functions or what we called good sequences. The rolle
of these sequences is to garantize the x*-clousure of the lower forcing or
second step forcing Py. Let G a Pi-generic. Then in M [G] there is simplified
(k,1) morass with jumps of size k. M|G] still satisfies 2" = £ (a neccesary
condition to prove in the next stage forcing clousure).

In M[G] we define forcing Py. In the lower forcing Py the conditions are
small gap 2 morass segments plus an order preserving funtion F from the
lenght of the morass segment to the top k% (F depends on the condition),
since the rang(F') is not restricted to multiples of x, we will add new levels
to the simplified (kT,1) morass using an upward extension lemma, and the
transition functions C_ic, which are the functions which “connect” the level
lub F“¢ with F(C) i.e. where the function F' jumps (in Velleman they are
denote like F*(¢) and are unique, which is not our case), these connecting
functions do not have to be part of these linear limit sequence but finite
like in Velleman, they have to be in the range of F' but finite (F' is now an
embedding between piecewise simplified morass).

Let H be a generic subset of Py, then M [G][H] satifies there is a simplified
(K, 2) morass.

With these simplifications, different and complete proof we hope to have
laid the foundation for a future proof of gap n morasses in ZFC.



Chapter 2

Preliminaries

The following definitions and results are due to Jensen and can be found in
[Jensen(1987)].

Definition 1 Let f: o+1 — ¢'+1 an order preserving funtion. f is a shift
function of ¢ with split point o < @ iff f o =1id [ o and f(c+9) =¢+9
where ¢ =+ (p — o).

Definition 2 M = (¢, G) is a gap 1 S-premorass of lenght u (SPM) iff

1) o= (pa | @ < u) is a sequence of ordinals

2) Gis a set of triples f = {(«,|f],a) such that o < o' < p and |f| :
Yo+ 1— @ + 1 is order preserving.

Definition 3 If f = (o, |f|, o), we define d(f) = «, r(f) = «. We also
write: rng(f) = rng(|f|), dom(f) = dom(|f|) and f | X = |f| | X and we

set
Goor ={f €G [ d(f) =a, r(f) =2}
for a <o/ < p and Gy = {id}

Definition 4 Let M =(p,G) be a gap 1 SPM of lenght pn. M is a gap 1
S-morass segment (SMS) iff

1) Either ga,a+1 = {Zd} and Patl = Pa + 1; or else ga,a+1 = {Zda f};
where f is a shift function with split point o < @q.

2) If a < B <~ <p, then

gaﬁ:{f‘g | fegﬁ% gegaﬁ}



3) If lim(a) and g; € Gg,a(i = 0,1), then there are h,v,g;, h € Gya,
gi € Gg,y (i =0,1) sucht that g; = hg; (i=0,1).

4) Iflim(), then Ggo # 0 for § < a and

vo=J U 9%s

ﬂ<0¢ gegﬁa

Definition 5 M 1is called a neat gap 1 SMS of length p if and only if M
is a gap 1 SMS and Gu ov1 = {id, f} where f is a shift function for every
a < p. We say M splits at every o < p.

NOTE: The existence of neat SMS follows from the existence of SMS
(see [Velleman(1984a)]).

Definition 6 Let k > w be a reqular cardinal. A (k,1) S-morass (SM) !
is an SMS of length k + 1 such that @, = K+ and p, < Kk for a < k.

NOTE: This notion of simplified morass differs inessentially from Velle-
man’s in that we take our maps f € G as being defined on ¢, + 1 rather than
on @,. It is easy to convert one of Velleman’s morasses into one ours and
conversely. We made the change in order to facilitate the later development
of gap 2 morasses.

It follows trivially form the axioms that the sequence (p, | a < u) is
monotone.

Some basic facts about SMS:

Lemma 7 Let f, f' € Gao, v,V < @g. Iflubf“v = lubf'“V', then f | v =
R
Lemma 8 Let f, f' € Ggo such that f(pg) = f'(¢s). Then f = f'.

Lemma 9 Let f,f' € Gso such that f(v) = f'(V'), where v,V < @z or
v=v=ypg. Then f [ (v+1)=f [ +1).

A gap one S-morass consists of ordinal levels connected by order pre-
serving maps. The levels of a gap two S-morass will be gap one S-morass
segments connected by structures preserving embeddings. We define now the
notion of embedding precisely for S-morasses:

!The original Velleman’s definition is the following: for x regular cardinal (i.e. x could
be w) A C Py(k") is a (k,1) simplified morass iff A is a well founded, homogeneous,
locally small, directed locally, locally almost directed and which covers 7.



Definition 10 Let M = (¢, G), M’ = (¢, G") be SMS of length u, i’ respec-
tiwely. F is a embedding of M into M' (F: M — M') iff

1) F:puSUG — (/' US" UG such that Féu C ', F*S C S', F“G C G'.

2) If (a,v) € S then F({a,v)) = (F(«a), Fo(v)), where F' | p: p —
and Fo : o +1 = @p,y +1 fora < p. (Here S = {{a,v) | v < va},
S ={ayv) [v <))

3) F*Gap C Grayrp)

4) Ifb € Gup, then F-b = F(b)-F, and rng(Fs-b) = rng(Fz) (rng(F(b)).
5) If b € G, a € Ga,, then F(a-b) = F(a) - F(b).

6) If Guwrs = {id}, then Gl pioyss = {id).

7) If a has split point o in M, then F(«) has split F, (o) in M'.

We set idy =ges the identical imbedding. If M =(¢, G) has length 1 and
p <, weset: M [’ = (o[ p,G 1), where:

ol = {pa|a<y)
G = {feg|r(f)<u}

We call M an initial segment of M’ iff M = M’ | length(M). If
F: M — M and M is an initial segment of M, we set: F' | M = F - idy;

Definition 11 Let M, M’ be SMS of length 0 + 1, 8’ + 1 respectively, where
M is an initial segment of M'. Let 0 < 0. F : M — M’ is called a shift of
M with split point o iff

1) FI1(0+1):0+1— 6 +1 is a shift with split point o
2) F | (M]o)=1idu.

3) Fo | 9o =9 | o for a g€ Gop and Fo(ps) = o

4) If o <a< (<0, then

F*Gap = Gr(ayr(s):

Velleman shows that for ¢ < 6, b € G, 4, there is exactly one shift f
with split point ¢ such that f, [ ¢, = b | ¢,. Its proof can be found in
[Velleman(1987)] or [Jensen(1987)].



Lemma 12 (Upward extension of embeddings Lemma) Let M be a
gap 1 SMS of length 0. Let F': oo +1 — @ + 1. Then there is exactly
one pair f, M’ such that f : M — M', length(M') =0, f |0 =1id, fo =F,
oM = and f* O%: O%/fora<ﬁ<9.

NOTE Using the upward extension of embeddings lemma 12 we can
garantize the existence of shift given a M SMS of length 6 and for every
b € G,9. This is a basic fact we will use in the construction of gap 2 S-
moraress.

Definition 13 By a gap two S-premorass (SPM) of length (\, p) we mean
a structure: M= (Mo, My) = (8, F),{p,G)) such that:

1) My is a gap 1 SMS of length p.
2) 0= (0, | o« < \) is an ordinal sequence

3)
> sup(fy + 1)

a<

4) Fis a set of triples f = (a,|f],a') such that o < o < X\ and

lfl: My ] (0 +1)— M | (O +1)

Definition 14 Let M= (M, M;) be a gap 2 SPM of length (A, u). Mis a
gap 2 S-morass segment (SMS) iff the following five conditions hold:

1) Either Foar1 = {id} and O0ny1 = 04 + 1, or else Fpar1 = {id, [},
where [ is a shift function with split point o < 0,.(In the later case o
is called the the split point of «).

2) If a < B <~y <A\, then
faﬁ:{f'g|f€:’rﬁ'ya ge-}taﬁ}

3) If im(a) and g; € Fpali = 0,1), then there are h,v,g., h € F,a,
g € Fpy (i =0,1) sucht that g; = hg; (i=0,1).

4) If im(«), then Fpo # O for < a and

9a: U U g“Qﬁ.

B<a g€EFga



5) If lim(a), v < 0, and

v e U U rng(g)

B<a g€Fga
then
(a)
o, +1= U U rng(gy)
B<a g€F3a
g(@)=v
(b)
6= U 96
B<a g€Fjga

g(v,7)=v,7

Definition 15 Mis called a neat gap 2 SMS of length (\, 1) if and only if
Mis a gap 2 SMS, Ge 1 = {id, b} for every ¢ < p and Fyop1 = {id, f}
where b is a split function for every ¢ < p and f is a split function for every
a < A\ respectively.

The following lemmas were proved by Jensen in [Jensen(1987)]

Lemma 16 Let f € Fgo, v < 0, n = lubf“v. There is f € Fpa such that
FIOM Tv)=f 1 (M | v), F(v) = n and F(85) < f(85). Moreover, there

is b € Gy ) such that bf, = f,.

Proof: By induction on a.

CASE 1. a = 0. Inmediately.

CASE 2. a = o/ +1. We observe that if the conclusion holds at 3,/ and
o, v, then it holds at (3, . Thus it suffices to prove it for § = «o'. But this
follows by the special form of F,/ .

CASE 3. lim(a). Pick h € F, ., fo € Fp, such that f = hfy and
n € rng(h) (this is possible by axioms (3) and (4) since n < 6,, hence
n = g(n') for some /' < a and g € Fpy o, but lim(a), so there is v > 3,3
such that for some h € F, , and fy € F3, f1 € Fp, and g = hfi, f = hfo,
son € rng(h) and f = hfy). Let h(n') = n. Then ' = lubfy“v and there
is fo € Fpy and by € Gy gy such that fo [ v = fo [ v, folv) = 7,
fo(s) < fo(05) and (fo)y = bo(fo)w- Set f = hfy and b= h(bo).

O



Lemma 17 Let f,v,n be as in lemma 16. There is f e Fsa such that
fIMyTv)y=f1 (M Tv)and f(v+6)=n+0 forv+3 <0s.

Lemma 18 Let f € Fpo, v < 05 such that f(v + ) = f(v) + 6 for all
v+0 <0z Then for allv <n < ( <0z we have

Grm).r) = [ Gne

Taking v = 0 in Lemma 17 we then get:
Lemma 19 idg, € Fp,
Velleman [Velleman(1987)] also proves:

Lemma 20 Let f € Fgo, v < g, n= f(v) =lub Jiv. Let T <n, be G,

Then there is { < v such that 7 < ( = f(¢) and b = f(b) - ¢ where b € Gz
cc Qﬂc.

Definition 21 Let k > w be reqular®. Mis a (k,2) S-morass (SM) iff Mis
a gap 2 SMS of length (k+ 1, kT + 1) with g+ = KTF, @0 < KT for a < K7,
0, =kt and 0, < K for a < k.

2Velleman'’s original definition allows x = w



Chapter 3

The first stage Py

We note however, that Lemma 16 was stated too weakly. A better statement
is

Lemma 22 Let f € Fpo, v < 03, n=Ilubf*v. There is f € Fpa such that
FUOM Tv)=f 1 (M [ v), F(v) =0 and F(85) < f(6). Moreover, there
is b € Gy jv) such that bf(c) = f(c) for allc € G, T <v and bf, = f,.

Note If { < ¢, and suppose M is a neat gap 2 SMS, then by Lemma 20

¢ € rng(f(c)) for some ¢ € G, 7 < v. Hence b | ¢, is uniquely determined.
Moreover, if o, € rng(c) for a ¢ € G,,, T < n, thus ¢, € rng(f(¢)) for a
¢ € G7,, T < v by Lemma 20. Hence b is uniquely determined in this case.
Similarly, b is uniquely determined if o, € rng(f,) since then f,(¢,) = ¢,
and b(p,) = bf(p,) = f.(p,). We could denote this b by f¥(v). If b is
not determined, b | ¢, is still determined and we could let f*(v) = that b
satisfying the above condition such that b(y,) = lub b“p,. However, we shall

make little use of this notation.

Definition 23 By a generalized shift we mean f: o+ 1 — ¢+ 1 such
that for some o < @ we have f [ 0 =id, f(c +&) =@+ €& foro+ & < .
(I.e. we drop the requirement: ¢ = lubf“p = f(P)).

Definition 24 By a generalized S-morass segment (GMS) we mean
a gap 1 SMS satisfying 1°), 2)- 4) of definition 4, where 1) is replaced by

1°) Either Goa+1 = {id} (hence por1 > o) or else Gy a1 = {id, b},
where b is a generalized shift with split point 0 < o (hence por1 >

Yo + (Pa —0)).

10
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Definition 25 If the length of M a gap 1 SMS is clear we write instead of
(o | C <) (Gec €< C <)), M =(p,G) .

Definition 26 Let M’ = (¢ | ¢" < /), (Gere | ¢ < & < W) be a 1 gap
SMS of length 1. By a stretched gap 1 GMS we mean M = ((¢c | ¢ €
I),(Hee | ¢ < &C, € € 1)) where I = Iy is a set of ordinals and letting
g : i — I be order preserving such that I = g“p/ and M = g(M') = ({@q(c) |
¢ <), <Hg(€’),g(C’) | &< <)) isalgap GMS.

Definition 27 P; = the upper part of our forcing (to add a (k*,1)- stretched
simplified morass) = the set of p = (u?, M?, B?) such that

1) M? = (P, HP) is a stretched GMS with Iy = {kp | p < @} for
some m = @P. We set: p? = k-1, I = {kp | p < st} (Hence
Iy =des Tnp = 10 (pp +1)).

2) 908 = 17 ()02) < ’%+7 |H§(| < "i+7 902)4,-,.; = 902) * K fOT C7£7£+ K € Ip'
Moreover, Hy ., = {id} unless { = k- p+ &, in which case Hg ., =
{id, d} where d has a split point.

8) B : ¢hy +1 — w** s order preserving and rng(BP) is a union of
intervals of the form [T - a, kT - a+v) for some v < KkT.

4) Let n = k-7, im(7) and 7 < [P. There is a sequence ((n;,b;) | i < T)
(T =1F) such that
(a) T < Kk andn; = k-7;, where (7j; | ¢ < T) is normal and sup, 7; = 7].
(b) bi € HY . such that bj; = bj_1 -b; € Hy fori<j<r.
(c) Ifbe HE,, & <mn, there is i <7 such that b=b; b forb e HE,.-
(d) If im(\) and A < 7, & < m, b € HE, , then there is i < A,
be Hgm such that b = b,y - b.

Note. We call any such ((n;,b;) | i < 7) a good sequence for n in P;.

Definition 28 The partial order on Py is defined by: p < q if and only if

1) P>,
2) M= MP | pf,
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3) (BP)™'-Bl€Ghy .

Lemma 29 Let p € Py. There is p' < p such that ¥’ = i + k.

Proof: It is enough to take y” = p? + k and BY D BP. Then B? =
BY -id

LT

O

We now show k-strategy completeness: let A; be dense open fori < § < k
in P; and p;y; € A, find a condition p such that p < p; for all i < ¢ and

pE ﬂi<5 A;.

Lemma 30 Let A; be strategically open sets in Py (i <0 < k) and p;11 € A;
such that pip1 < p; (i <6 < k). Then(),_s is dense i.e. for any q € Py there
is P € (;cs Ai such that p < p; for all i <.

Proof: : We can choose p < ¢ such that p € Ay and p; 11 € A; such that
pir1 < p; for all © < § by the density of A;. So if § is a successor ordinal we
are done. Let § be a limit ordinal and suppose that p;y1 < p; and p;11 € A;
for all i < §. Set D = |J,_srng(B?). Let B’ : ¢ — D be order preserving,
where ¢ is the type order of D. Set M? = |J,_s M". If M? = MP?' for some
i < 9, then p; < p; for all j < and we are done. Otherwise p is a GMS of
length 1 = lub;cs pP*. Set: b = o, o} = @)’ for i < j <. HE. = Hg for
§,¢elnu; (I={rp|p<r}). Wemust define B and H{ , for { € [N p.
Set BY = B', By , = (B)~"- B¥, G, = {Bf,-b|be Gg foran < &},

The only difficult in verifying that p is a condition extending all previous
ones is in verifying 4.d) in the definition 27 of condition of the first stage.
But if we use the same strategy to choose p, for limit ordinals A < J, then
this will not be a problem. Then p is a condition, p < p; for i < ¢ and
P € [V;es Ai (since A, is closed for all i < § and p;iy1 € A;).

OJ

(Note that ((m;, Bh ,) | i < 7) is a good sequence for sup,_.7; = p,
(n; | 4 < 7) normal, n; € I.)

We need one further extension lemma for Py.
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Lemma 31 Let § < x*+. There is p' < p such that § € rng(B"").

Proof: Assume 6 = kT3 +v (v < k%), 0 € rng(BP). By lemma 29 and
30 and the fact that b > P -k for 7 <n, we can get p’ < p such that

gozlp, —¢>vforall € < pP.

Suppose & & rng(BP), since otherwise nothing to prove.

CASE 1. k*3 € rng(B").
Let B” (y) = kT3. Then BY (y + &) = ktB+ Efor vy + € < gp/’jp,. Hence
§ = B (y + v). Contradiction.

CASE 2. k73 ¢ rng(B?).

Extend p' to ¢ with p? = p?' + &, ¢, = goi;,, - k. Let QZ’" v = {id, b}
where b has split point v = lub {¢ | BY (¢) < x* - 8}. Then B (y) > st - 3
and we set BY-b= B, BI(y+ &) =kt -+ & Then 6 = BI(y + ).

O

NOTE Using “shift” to mean generalized shift, many of the definitions
in the lemmas on SMS carry over to GMS - in particular

e The definition of “embedding” (definition 10).

e The definition of “f : M — M’ is a shift with split point ¢” (definition
11

e The upward extension of embeddings lemma (lemma 12).
Lemma 32 If 2% = k™, then P, satisfies the k™ -c.c.

Proof: : Suppose not. Let A be a maximal antichain of size k™. Since
2% = kT we can suppose that every condition in A is identical (since p? =
kP < kT and |G| < k for £ < ¢ < pP we have control on these components
of the condition p, there are at most x*, on the other hand to control the
sequences (o7 | ¢ < pP) we observe that since p? is a multiple of s less
than x* and for { < p?, ¢, is multiple of  less than k', we have at most
(k1)<" = (27)<" = kTt such sequences) except for the function BP. Define
(v; | 1 < k™) as follows: vy = k™. For each p € P; such that rng(B?) C v;,
pick g, < p such that g, <r € A for some r. Pick v;4; € (v, k™) such that
rng(B%) C v for all such p. For limit A set vy = sup, ;. Let v = v +.
Then cf(v) = k* and hence v is a multiple of k™ (since Kt < v < kKTT).
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There is a p € A such that rng(B?) € v, since otherwise |[A] < k. Let
U < @, the first ordinal such that BP(7) > v. By the way of the range of
each condition we have that B? [ 7 C v and even more [ubB?“V < v where
since ¢f(v) = k't and 7 < k1. Let p; identical to p and such that

B v = BP|D
B (v4n) = lub BPv+nforv+n < puw.
So, in particular rng(BP') C v. We can define a condition s such that
s < p,p1 as follows: p* = p? + K, 0,, =V and
Bs I~ ()O,up — BPI’
B*(pw +1n) = BP(V+n) whenever 7+ 1 < @,
B (ow+n+¢) = lub BT+ Cifv+n=puw
and @ + 10+ ¢ < Qs = Qup - K.
Then, since rng(BP') C v = sup,.,, V4, we have rng(BP') C v; for an i < k™
and there is ¢ < p; such that ¢ < r € A for some r and rng(B?) C v;41 C v.
Since s and ¢ are not in A they are compatible, i.e. there is a t € P

such that ¢ < s,¢q and p # r (since rng(B?) C v C v, rng(BP) € v and
rng(B?®) C rng(B®)). Contradiction.

0

Now let G be Pi-generic. Define a GMS M by:

Mt = M

peG
Pt = /{H_:Urng(Bp)
peG
Gpi = {B-b|peGandbedy,

M is then a (k*, kTT)-stretched morass.

NOTE Inductively we can prove:
Let kp < k™. There exist (Cix, Hex | A < p and lim(\)) such that

e ('nCk-Aisclubin k- A,
e type order(Cy)) < k,

o C,, =nNC., for n alimit point of T\
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e H, = (h,|n e C,y) such that

1) hﬁ € gn,ﬁ)\.
2) hyy = h;,l hy € Gy for n <0 < k.
3) and 7 a limit point of Cy and H, = (b, | 7' € Cy)

Lemma 33 (Uniqueness Lemma) Let M, M’ be gap 1 GMS’s of lenght
0+ 1, 0" + 1 respectively, where 0,0" are limit ordinals. Let g : M | 6 —
M’ 10" cofinally (i.e. supg“0 = 0'). There is at most one f D g such that
f:M— M and :

(%) For every v < @', c € Gy, there is 3 < 6 such that v < f(8) and

c=f(b)-¢ forabe Ggp, TE g;m).

Let fo, fi be two such completion of g. Set
¢ ={v < ¢y | v €rng(c) for some c € Gy and v < §'}

(1) Let v € . Thereis b € Gy for some G < 6 such that for some 7 < @2(5)
we have: f;(b)(7) =vfori=0,1and fo(b) [ (T+1)= fi(b) [ (T+1).
Proof (1). By () there are b;, 3;, v; such that b; € Gg, o (6; < ),
v; < 90;2(61') = gp’g(ﬁi) (since f; D gand §; < 0 fori =0,1), v; < go’g(ﬁi)
if v < ¢y (i =0,1), and f;(b;)(r;) = v. But there is a b € Ggy for a
B > By, f1 such that b; = b- b, b € Ga. 5. Hence fi(b;) = fi(b) - g(b)
and we can assume without lost of generality that Gy = #; = 3. Then
Vo, 1 < gp) if v < @py; hence by lemma 9 vy = 11 = U and fo(b) |
(T+1) = f1(0) T (T+1). If v = py, then vy = 11 = ¢} 5 and the same
conclusion holds.

O

(2) foo [ wo+1=fig [ pp+1
Proof. Let v < ¢y.

CASE 1. fyy(v)epfori=0ori=1.

Then foo(v) = fi(b)(§) for i = 0,1, where b € Ggyg, fo(b) [ T+ 1) =
fi(d) T v+ 1. Hence foo(v) € rngfop N rng(fo(b)) = rng(foo - b).
Hence £ = g5(¢), b(§) = v, and foo(v) = fo(b)gs() = f1(b)gs(§)

= (10 - 0)(&) = fro(v).
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CASE 2. fio(v) ¢ ¢ for i =0,1. Then fj(r) = @y for i = 0,1. Hence
V= Qg.

(3) fo(b) = f1(b) for b € Ggy, 5 < 6.
Proof. Set v = fo(b)(pg(s)). By (1) there is b’ such that f;(b')(7) = v
(i =0,1), 1/ € Gg, B < 5 < B and fy(¥) | (7 +1) = (V) | (7 +1).
We can assume without los of generality that b =0’ - b where b € Gg .
(If not, find V" € ggug, ﬁ < ﬁ/ < ﬂ// < 6 such that b = b"b (b S gﬁﬁ//)
and ¥ =" - 5/ (1_7/ & gg/ﬁ//)). Then :

fod) = folV/ 9(5)
= (fo0) 1 (@+1))-g(b)
= (AW) 1 @+1)-g(b)
= [it)-g(b)
= fi(b)

O

Definition 34 If f is as in the uniqueness lemma, we call it the good com-
pletion of g.

Definition 35 Let (S, <) be a directed set. A directed system is a pair
((M; 1€ 85),(fij | i <j)) where each M; is a structure for a fived language
L, and each f;; : M; — M; is an elementary embedding such that fi, = fix- fi;
fori < j <k (fy is the identity). A directed limit of such a system is a
structure M for L for which there are elmentary embeddings f; - M; — M
fori e S with f; = f; - fij for i < j, such that: for each x in the domain of
M, x € rng(f;) for somei € S.

NOTE In our cases the structures M; are quite simple, they are just
ordinals ¢ with the usual order (p, <), so the well foundness of the directed
system is almost trivial



Chapter 4

The lower forcing P

Let G be Py-generic. Let M = (o, H) = (¢up | p < 1), (Hipwp | P <
p < k) be the (kT,k1T) stretched morass given by G. We define forcing
conditions Py. Each p € Py will have the form:

p = <Mp7 Fp) dp) $p>7

where

(C1)

M?P = (M, M?) = (67, FP) (pP,GP)) is a gap 2 SMS with length
AP + 1 respectively, p? + 1 (with p? = 6%,). Moreover 6 = ¢f = 1 and
MP? is neat in the sense that M/ splits for i = 0,1 at every a < \? + 1
and ¢ < p? + 1 respectively. We will write 67 instead of 6%, to simplify
notation.

FP : P +1 — kT is order preserving and its range is a union of
intervals [kp,kp + 7) (T < k). Moreover, if kp + k € rng(FP?), then
kp € rng(FP) and kp + 1 € rng(F?). Moreover FP(0) = 0. We define

also F(y) = lubF“y and F () = F(y)* where §* = the smallest xp > §.

D, ={vy | F?(v) = kp for some p}

and

" .. —p
Dy ={vy| F?(v) = xp for a limit p and F"(y) < FP(vy)} € D?

(C3) d = (d¢ | ¢ € Dy), where d¢ € Hisy o) o)

Note We observe that we do not define F? at 67 as k*, i.e. 6P is not
necesarily in D, this will simplify our proof in the case of the extension
lemmas below and when we prove clousure for our last stage forcing.

17
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In order that p be a condition there must exist a stretched GMS Mf’ =
(@C 1 C e L) (GEc | € < CECE L) on T, = rng(F?) Urng(F') U {sp |
p < kt} and an embedding F? : MY — MY with F? | (» +1) = FP, F? is
defined as follows: .

By induction on v € D, we simultaneosly define M} [ (F?(y) + 1) and

FPI(y+1): M (v +1) — MP | (FP(y) + 1),

where by MP | § it means the restriction of M? to I, | § =ger (I, N6) U {xp |
p < kT}. We also define an auxiliary embedding

FO MY (1) = M T (U () + 1)

such that 7" | (MP | y) = F? | (MP | 7). In our notation we often ignore
the distinction between F? and F?, writing F é’ for Fg’ and FP(b) for FP(b)
where b € GP. Similarly we write Fﬁ, F"(b) for Ff-w), Fpm(b), when -y is
clear from the context. (Then F]Z = F{ for ¢ < v and F'(b) = FP(b) for
b € G, with ¢ <.

We assume M? | (FP(6) 4+ 1), FP | (MP ] 6+ 1), 7" to be defined for
6 € D, N~ (hence if 7 is a limit point of D,, MY | F'(v), FP | (M? | 7)
are defined). In the course of the construction we shall to impose additional
requirements to (C4) and (C5), whithout which p cannot be a condition (we
use them to prove that F? is well defined in G?). We shall inductively verify
for v € D,:

(I1) H,, C G’gﬁ for n < 7 < FP(«) such that n, 7 are multiple of k.

(I2) Let b € GF_ for n < 7 < « such that b(p,) < @, in M{. Then
Fp(b)(@Fp(n)) < QZFP(T).

(I3) Let b € GF_ for n < 7 < v such that b(p,) < ¢, in M{. Then
Fp(b)(SZFP(n)) < OFP (1)

CASE 1. v = minD. Then v = 0 since F'(0) = 0. Then Fryl: MY ]
1 — M? 11 is the identity.

CASE 2. v immediately succeeds d in D). Then v =0 + § where § > 1
and F'(y) = FP(0) + & FP @b +1 — {b%p(& + 1 is given. By the extension
of embedding lemma (lemma 12) we have:

e a stretched gap 1 SMS M’ on I' = [F?(5), F' (7)].
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An F' : MY T [6,~] — M’ such that F§ = Ff, F'(6 +n) = F?(§) + 1,
and

g;«“(é)+y,F(5)+n =F “g(5+u,5+n-
for 6 + v <0 +n <~. These are unique. We then set

Prnsyrn = Prv(syer for FP(8) +v < F' (7).
Gr. =G, for FP(§) <n <t <F'(y).

g% = the set of ¢- b with ¢ € Q},p(é)ﬁ, be gfin((;) forv < FP(0) <1 <
Fo ().

Fg,, =Fg, foré+v <.
P
P =F

FP(b) = F'(b) forbe Gh . 0 <n<v<di+§=1.

FP(b) = F'(b) for b € Gype, << 6+E& =7

Nowlet be G, T<d<n <0+ & =7 Weset:
o FP(b) = FP(d)-F?(c) forb=d-c, whered € G; , c € GZ; and n < 0+,

o F'(b) = F?(d) - F’(c), where d, ¢ as above and = § + £ = 7.

We must show that these definitions are independent of the choice of d, c.
Let b =dy - ¢ = d; - ¢; where dy, ¢y and dy, ¢, are as above. We use the

Lemma 36 (Fact) Leta: ¢, +1 — ¢, + 1 in My and a(e,) = ¢,. Then
w, = lub a“p,.

This is a general fact about gap 1 neat SMS and is proven by induction

CASE 1. ¢;(p;) = s for i =0, 1.
Then co = ¢y [ (pr +1) =c¢1 | (or + 1) = 1. Since d;(vs) = b(e,) for

i=0,1, we conclude dg =dy | (ps + 1) =dy [ (ps + 1) = d;.

O
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CASE 2. ¢;(p,) < s for i =0, 1.

Let v; = ¢;(¢,). Then d;(v;) = b(¢,) for i = 0,1. Hence vy = v; = v and
co = c1 = c. By (I12) F?(c)(Pr(r) = v < @5. Since FP(d;)(0) = FP(b)(Pr(r))
fori = 0,1 we have F?(dy) [ v+1 = FP(dy) | v+1, where rng(F?(c)) C v+1.
Hence FP(dy) - FP(c) = F?(dy) - F?(c).

OJ

CASE 3. The above fail. Let e.g. cy(¢;) = v < ¢, and ¢1(p;) = ¢
Pick £ > v, £ < ¢, such that £ € rng(c;). This is possible by the above fact.
Let € = ¢i(a) and set € = cy(a). Then & < v < €, but dy(€) = di(€) = b(a).
Contradiction!

OJ

This shows that FP(b) is uniquely defined for b € G.,,, n < d +& = 7.
The uniqueness of Fp(b) is proven similarly using (I13).

We have constructed FP | (M | 7) and 7 We must still, however,
verify (12) for 7 < v and (I3) for 7 < . We verify (12). Let 7 be the least
counterexample. Then n < 7. Let b € GI' - be a counterexample.

CASE 1. There is a p < 7 such that n < p and ¢(yp,) < ¢, for a pair
¢,d such that ¢ : ¢, — ¢,, d: ¢, = @, in M{ and b = d-c. Then v =4
FP()(Pn(y)) < Pro(p): Py the minimality of n. But then FP(b)(H%y ) =
FP(d)(FP()(Pn(yy) = FP(d) (V) < FP(d)(Pn(y) < Ppw(ry- Contradiction.

CASE 2. Case 1 fails. Then 7 = p+ 1, b = d - ¢, where ¢ : ¢, — ¢,
d: ¢, — p; in Mi and c(py) = ¢,. Let G& = {id, a} where a has split point
o. Then d = id,, and b(yp,) = ¢, < ¢,. Hence §§p(p)pr(T) = {id, F(a)},
where idps () prey) = FP(id,,) and FP(a) has split point FF(c). Let v/ =
FP(c)(@pa(y)- Then v/ < G, and FP(0) (@) = idpy(V') < pppy =
FP(a)(s(,)- Contradiction.

The verification of (I3) is similar.

We now define @;T for FP(y) = FP(8) + k < 7, 7 multiple of &, n €
(I, 0 (F"(y) + 1)) or n multiple of x. If n < F'(v), set:

S ~ . )
G =0 idm) Foy €1 € € G, )0 0 € gy -
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Otherwise: N
ggﬂ— = Hn,T-
NOTE. If F*(6) = n+ &, Hpys) oy = {id,d}, where d has a split
point 0. We know, in this case, that F?P(d) + 1 € I, but we need a further
requirement to ensure that (I1) holds:

(C4) Let F?(0) = n+ . Then G§; | = {id,d’}, where d' has split point o’
and
Hrrs),re )+ = 10d, d},

where d has split point o = FY(0") (= opes)!).

This ensures that d € §§:p(5) Fr ()4 since d = idpp(s)41,rr(5)4x - FP(d').
It remains only to define F? and F?(b) for b : p¢ — ¢, in M. Recall that
df € Hpo() po(y)> where in this case fp(fy) = FP(6) + k. Set

. |
dy = & - idgr ) oy

=P~ Ap .
(Hence d, € QFPM’FP(W)). Set:
=P TP
FP = d -F
FP(b) d - F'(b)forbe GF .7 <~

This completes the definition of M? | (FP(y) + 1), FP | (MP | v+ 1) in
case 2. (The verification of 12, I3 for 7 = ~ is trivial by the way we defined
Gro (P () and in a similar way if lim(v) since in this case F' (7) is a multiple
of k and pr('y),fp(“/)+l€ = {Zd}) N

NOTE. Ez = idpr(,) poy) i FP(y) = FP(7). This holds in particular if
FP(y) = FP(0) + k.

CASE 3. lim(y) for v € D,. Then F'(v) is a multiple of x and Fr |
(MP | ~): MP |~ — MP | F'(v) cofinally. We require

(C5) FP | (MP ] ~) has a good completion for lim(v) in D,.

We let 77 be this completion. We then define QN%’J for F'(y) < 7, 7
multiple of k by

Gh.={b-clce ng(v) and b € Hzr ()}
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for n < F'(y) < 7. Otherwise set
@’7’,7 =H,, for F'(y) <.

Note that F” (7) + x = FP(v) and E: = db - idgr ) Foy)- We set

BT
P TP
FP(b) d, - F(b) forbe Gl , and 7 < 7.

This completes the definition of M? | (F'(y) +1), F? | (MP | v+1) and

7 for v € D,.

We note that these are always defined as long as (C1)- (C5) hold. Finally,
if v = max D, < 6P, then FP(y+ &) = FP(y) + £ and we define MP, Fr =
FP | (7 + 1) just as Mf I FP(y), Fr () were defined in the case that ~
immediately succeedds § in D,, (here too we need (C4) if FP(v) = v + k).

It remains to specify s”:

(C6) s” = (s¢ | ¢ € Dy) and sf = ((s¢;,0,) | i < 77) where:

o 77 <k

® s/, € Her ,po() where (dci | i < 7f) is a normal function converg-
ing to F?(().

° 620 <F'(C) < (520 + k and rng(sco) C rng(de).

o Let & < FP((), & a multiple of k, b € He pr(¢). There is i such that
b= sy, bforabe Hesp

e Either 5’57”1 = kp for a limit p or else 55”1 = 5p7i + K.

We now define the partial ordering of Py:
Definition 37 Let p,q € Py. p < q if and only if the following hold:
o 0P > 09, P > pf MY 07+ 1=DM{ and MY | p9+1= M .
o rng(F?) C rng(FP) and
F% = (FP)~t. F1 ¢ Fraaw

o If Fo?(¥) = v (hence Fi(D) < FP(v)), then

dF = (&)™ - df € Hio Fow)
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e For all but finitely many v € Dy: If F®(7) = v and F'(v) > F'(9),
then dy = F?(d) for some d € FP.
o Let FP(V) =v € D;. Let
5%,1' < Fp(’/) < 5g,i+1

then 7 = 7} — i, s, = s%.,; for some i >0, all j > 0 and F'v) <
g+ K.

NOTE By the definition of <p, if we write f for F'%, since rng(F") C
rng(FP): for &,¢ € rng(F') Urng(F9)

° PL=¢¢
~q P
® Gee € Gec

o for ¢ < p? (F9)¢ = (FP)y) - fe.



Chapter 5

Properties of the lower forcing
Po

Definition 38 Letp € Py, ( € D,, p' = (MP?, F',d',s') is the reduction of
p at C if and only if:

1) F'1C=Fr¢ F(C+n)=F(Q)+n for(+n<om
2) s, =s, for v <, otherwise undefined.

3) d, =d, for v <, otherwise undefined.

It is easily proved that p has exactly one reduction at ¢ € D,,.

Definition 39 P, = the set of p € Py such that FP({) = ( where ( =
maxD,.

Hence FP({ +v) = ( +v for ( +v < 6P and if p/ is the reduction of p at
7 € D,, then p/ € P, for an n < F (7).
Before proceeding we need some preliminary definitions:

Definition 40 Let M be a gap 1 GMS of length 0. Let I = [a,[3) be an
interval in 0 (i.e. a« < B <80). M | I is the stretched GMS on I defined by:
P = oM GUIT = GM fora <y <6 <.

Definition 41 Let f : M — M', where M,M' are gap 1 GMS. Let I = [«, [3)
be an interval in length(M). f I M : M | I — M’ is defined by: f 1= f

where f'(v) = f(v), [, = fy for v € I and f'(b) = f(b) for b € %,
a<y<di<p.

24
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Definition 42 Let M, M’ be stretched gap 1 GMS on I = [, 8), I' = [/, 7')
respectively. Let f: M — M'. f, M’ are determined by o/, o, M, b if and
only if:

e f—d=pF—aand fla+n)=a"+n forn<f—a.
o v=pN . b=farpatl—p+1

o Gl = F4Gs fora <y <é < B

By the extension of embedding lemma 12 if o’ € On and b : p, — @ is
order preserving, there is exactly one pair (f, M’) determined by o/, ¢, M,
b. It is easily seen that:

FACT: If f : M — M’ is determined by o/, o, M,b and f' : M' —
M" is determined by o”, ', M’ ¥’ then f'- f : M — M" is determined by
o o MY - b

By the remarks at the end of Chapter 3, we also have:

FACT : If M= (M, M) is a gap 2 neat SMS and f € F,5, a < § <
¢, + 1 such that f(a+n) = f(o) +nforn < f—a, then f | [a,3) : My |
[ix,ﬂ) — M; | [f(@),g) is determined by f(a), ¢f@), M1 I [, f), fa (where
B=fla)+(8-a).

Lemma 43 (First amalgamation lemma) Let p € Py, p € D, and
F"(u) < FP(u). Let p' be the reduction of p at p. Let p/ € Py and q € Py
such that ¢ < p'. There is an r € Py such that r < q,p.

NOTE: The lemma 43 can be improved to:

Lemma 44 Letp € Py, i € Dy, F’(u) < FP(p). Let p' be the reduction of
p at p. Let p' € Py and let g € Py such that ¢ < p'. There is r € P(¢y such
that r < q,p and for FP(u) = Fr(i)/), F (W) € [r,7 + &) and d, = db,.

We first devise a trivial extension ¢ < ¢ such that #7 > 07 and F? |
(07 +1) = F7 | (67 + 1) (For this take A\ = X\ + 1, F\, \» = {id, f}
with split point 0 and f; = id. Then set F? | (69 4+ n) = F9(69) + n for
01+ <09 =672, Set 59 = 5%, d7 = d9). We now define:
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e M" = the extension of MY with \" = X/ +1 = X +2, F,,,, = {id, g}
with split point 1 = FP*7 (i) and gz = id; g (in fact 1= FP'(u) since
FOT(09+1) = F9).

o |7 r@q/ :Fq’ req', FT(Hq’+n) :Fp<u+n) for M+n§9p, Fr(eql—{—
(0P — ) +n) = FP(OP) 41 for 0 + (0P —p) +n <09 +609 —1=0".

o sl =s{, dl=d for (<0

o Let 1<, pu4n<6°. Weset: d’, =d",, (noting that ' (07 +n) =

— 09" +n ptn
F(p+mn), Fr(07 4+n) = FP(u+mn)).

o Let p' € Pi;y. Then ¢’ € Py CIf 7 < F'(p) , then F7(67) = F?(u) and
we set;: d"q, =dp. It 97 ¢ D* then € Dy and we set: s;,, = sb.

o If 7 = F'(u), then p is a limit point of D, (otherwise F?(u) = kp +
and rp + 1 € rng(F?); hence kp =7 < F© ( )). Hence

T= sup F?(v)
yEDpNu

is a limit in {xkp | p < w*}. Hence HY ., = {id}, where Fr(97) =
T4+ Kk = FP(u). Set dyy = db. 1t 07 € D, then pu € Dy and we set

sy = sh. [Note that in both cases, if i € D* then o7 , = (5 7.

This defines r. We first prove:

Claim 1: r € P().

(C1)-(C3) and (C6) are trivial. By induction on y € D, we prove the
existence of M" | (F*(y) 4+ 1), F* | (y+ 1), F (y) and verify (C4) at § < v
and (C5H) at ~.

Recall that ¢ € Py, 7 < FP(u) (hence ¢ € Py). Let FI(7) = 7,
then F9(7) = 7 and hence F"(7) = 7 since F" | #9 = F? | #7 and
T <01 < 7. For ~ < 7 we then have F" [ v +1 = F? [ v+ 1. Hence
My T (F"(y) +1) = M{ | Fi(y) + 1, F" [ (y+1) = F7 ] (y+1) and

=T are given. Now let § = 97 . Then 0 is the 1mmed1ate successor

of 7 in D, and F"(0) = F*(y), F'(0) = F* (). Thus " = 7" = F¢©
is given. Note that if f = I3k I'[7,0], then
fiMET[F 0 — MY T [+ (60 —7)]

is determined by
T, @1, MY [ [7.6], F7
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We then have F" | [T,0) = 7 I [7,0) and we define gfw forn < v €

I, N (0 +1) as usual. Finally, since dj € Hz. g p(), We again set
dyg = dy - idﬁ(e)ﬁr(&)
and

Fy =
Fr(b) =

(b).

This defines I | §+1. The verification of (C4), (C5) for v € D,N(041)
is trivial, since then v € D, and ¢ is a condition. C5 is not appliable to 6,
since # immediately succeeds 7 in D,. We do, however, have (C4) for 6 =7
if 7 =1+ kK, since ¢ is a condition.

We now define F" | v + 1, ]T/[/f I F7 () + 1, ' for ~v € D, such that
v > 6. At the same time we shall verify (C4) for § < v and (C5) at v. We
first note the following facts:

SRS
-

1) Let f = FP'7 [ [u,67), 0 = f(6%), fi = f(u). Then f, M{ | [fi,6] are
determined by:
fi, o5 MY T (1, 07], f.

2) MY | [7,0) = M | [i,0] = Mj | [1,0). Let 77, = {id, g} and let

0 =07 = g(fi). Then g | [i,0], M" | [0,g(0)] are determined by: 0,
gog/, Mfl [ [, 0], gn = id (in particylar, if 6* = g(0), then g | [1, 0],
M7 | [0,0%] are determined by 0, ¢f , M{ | [it,0], gi = id). It follows
easily.

3) g-f T [w0F], M | [0,0%] are determined by: 6, gpg/, MY T [, 0P,
gﬁf,u = fu'
Note that:

4) Flof, =FI' =TF,.

Using these facts we prove by induction on v € D, \ pu:
a) M{ [ F' () 4+ 1 exists.
b) M{ I FP(y) + 1 exists.

¢) My [ [FP(u), FP(7)] = M | [FP(n), F'(7)).



£) Frog-f1lw~]=FrT[un).

g) Let v immediate succeeds § > p in D,,. (Hence gf(v) immediate suc-
ceeds ¢gf(d) in D,) Them (C4) holds at ¢gf(J) with F".

h) Let v be a limit point of D,, v > p. (Hence ¢gf(7) is a limit point of
D, since D, N[0,0*] = gf“D, N [u, 0] where 0* = gf(67)). Then (C5)
holds at v with F".

Proof: R R R

CASE 1. v = . Trivial since F" [ (u+1)=F7 [ (u+1)=F?] (u+1)
and ¢ is a condition.

CASE 2. v > p immediate succeeds 6 in D,. Then ¢f(y) immediate

succeeds gf(9) > 6 in D,. We can then define M” F'(gf(y), F FOO) 4y

the usual way with: 7“7 [ [g£(5), of ()], M 1 [F(9(5)), F (9 (7))
are determined by :

F'(gf(9)), @rrigpsy, Mi gf(d),gf ()],

and I Since Fy .5 (g9f)s = Fy and FTgf(6) = FP(6) by (f) (induction
hypothesis), and @, ;5 = 35%10(5) by (d), it follows that 70 I [6,7], M{ i
[F?(8), F'(7)] are determined by: FP(6), Crosy: M 1 [6,7], Fy. Hence
v - = - ()
M [ [P0, F ()] = MY L [F2(u) F' () and T g f ) =
O [ [, 7] (a), (c), (e) follows easily. If F?(0) = n—+ k, we must prove (g).
This, however, follows easily from the fact that (C4) holds at § with FP.
We have: F"(gf(y)) = FP(vy) = FP(6) + K by (e). But d;., =df €

. Hence L_Z;f = d zde ) Fo(y) = E Q’" since

P
Fr(y),F?(v) M) Fr(9f ()

by definition F"(gf(v)) = Fp( ).

We then de_ﬁpne Fly = dgf(v) Fgf 5 (hence F7; - (gf)y = Fgf(v)
(9f)y = d, - F, = FF). For b € G ;). n < gf( ), we set: F"(b) =
Ep F'(b). In particular if 7 = n, then n = gf(1) for an 7 < ~ and
be Gy o o) = 9f"Gy, .. Hence if b = gf(V'), we have F"(b) = FP(V'). This
defines MT FF™(gf(y)) + 1, F" | gf(y) + 1. It is trivial that (b), (d), (f)
hold at ~.
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CASE 3. v is a limit point in D), \ u. We are then given Er I'gf(7), since

gf(7) is a limit point in D, \ . We are also given M{ FE(gf(y) = M) |
FP(v). We must find a good completion of
FrLgf(): My T gf(y) = Mj [ F?(7)

with respect to MI | F'(y) + 1 (where 5;“?,(7) is the set of d - ¢ such that
c € gy, forann < F"(y) and 7 is a multiple of x and d € ,Qvgfp(v)). We
define such a completion F” setting:

1) F' I gf(y)=F 1gf(7)

2) Let ¢ < ©yry)- Then ¢ =b(C) forab € Gyy o «(y» where n > p. Hence
b=gf(b), where b € gr . Set:

(it is easily established that this definition is independent of the choice
of b)
3) Let b € Gy (). Then b = d - c where ¢ € G, g5, d € g;“f(p%gf(w and
9f(p) > 0. But then d = gf(d) for a d € G&_. Set
F'(b) = F?(d) - F"(c).

(Again, the independence of the choice of d, ¢ is easily established using
the fact that ~ is a limit point of D,.)

)

Using the fact that s a good completion of

FP [y M{ 1y — MY ] F(7),
it follows easily that F”’ is the (unique) good completion of F"gf(~y). We set
FYO) _ B i completes Case 3.
0J

Hence we have define M{ ¢+ 1, b I gf(C) + 1, where p € Py and
FP(¢) = ¢. We complete the definition of F" as usual with:

F™ 1 [gf(Q), (67)], M; [[C.F"(67)]
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is determined by:

¢ @ M7 T[gf(0:07], Flrey
Note that if §* = g f(67), then E” | [gf(C),0°], My | [¢, F"(6*)] is determined
by:

¢ @ MY T19f(C).0°), Fly.

Hence F" - gf = FP. We use this to establish (C4) for § = ¢f(C) in the case
that ¢ is a successor multiple of . It follows that r € P¢).

O

Claim 2. r < p. R R
Proof: . By the above, (F")™" - F? = gf € F;
tions in the definition of < are easily verified.

- Lhe remainig condi-

O

Claim 3. » <g¢.

Proof: . (Fr)™!. F1 = idxayr € Fropr-

Lemma 45 (Second amalgamation lemma) Let p € P). Let p € Dj,
let p’ the reduction of p at p. Let ¢ < p' such that q € P@ﬁi) and there s

b= F(b) such that EZ = Sz,i +b. Then there is v € Py such that r < p,q.

Then p' € P@Z,o)‘ Assume 7 > 0, since otherwise nothing to prove, by
the first amalgamation lemma 43. As before, find a trivial ¢’ < ¢ such that
67 > 69, Fad = idyq o (Where N =X\ +1)and ¢ € P(), where § = 0}, .
We now define r:

o M" = (M, M]) extends M with \" = M +1, Fy ,, = {id, g}, where
g has split point i = FP9(u) = FP7 () and gz is defined as follows:
Let b as above. Then 32 =s,;-b=d-c-b, where d € Hsyp rr(u),
rng(d) C rng(s) 1), and ¢ € Hssy,. For ¢ we have one of the two
cases:

CASE 1. ¢ =idss4 (0 not a succesor multiple of k).
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CASE 2. § = n + &, ,Qvgﬁﬂ = {id, e}, where e has split point ¢ and
¢ = idsy151r - € In this case FU(0 +1) = FI(§+ 1) = § + 1 and

§,3+1 = {id, e}, where € has split point 7 and F(7) = F?(7) =0 (i.e
Fi(e) =e).

;) 7 A . A I L=
Set V' = ' - b, where ¢ = id5 4 in case 1 and ¢ = idg, oo - € In case 2.
. _
We set: gz =0 € G5 g0

This defines M". We define further:

o FT [ 97 = F9 | 97 FT(07 +n) = FP(u+n) for p+n < 67 and
otherwise F" (67 + (0% — p) +n) = F?(6°) + 1.

! ! /
o s, =51, d =dl forv <0?.

o Let 1 <n, u+n<0P. We set

r _ P
09 +n T du+n’
r _ P
Seql +n SN""’]'
We now define dy,, sp, by

r A:Sp

® S T Switi

where i is the i such that § = J7 ;.
e di, = d, where d,c,¢,c are as above (in the definition of M").
This defines r.

Let § = 69. We define F" | (8 +1) by F" | § = F7 | 6; F"(0) = FP(p);
I8 :E-Fg:EFg',whereE:Eg:d-idfq/(a) _and d =dj. Fora € g,

we set: F"(a) =d- F7(a). This gives:

o+

1) Take again f = F?'9, then
Fg(9f) = Fg-V-fu
= d-idpy g, Iy V- o
= d-idpy gy s Fy b o

now, if ¢’ = ids , (case 1) and since Fg/ . =F7 (id54) - ngl = ids pa' (g) -

ng/. So in case 1, we have
Fy - (9f)n = d-idpgsin isprg) - Fy -y
= d-idysy, - Fq’(g) ) Fg’ fa
- d'c'b'Fg'fm
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similarly if ¢’ = idj, | oo - € (case 2), since in this case

Fg - (9f)u = d-idpyg)5en - s po o) F3ql+1 b fy
= d-ids150n - F7(2)- F(Si’/ b £
= d-idsirg4n e F7(D)- Fg - fu
= d-idsy154k-€°b- Fg - fu
= d-cb-F{f,

Hence in any case

Fy-(9f) = d,-F (where F7(ji) = p)

T
= P
= d,-F,
— R
2) Let a € G2 ,. Then
F(gf(a) = d-F"(gf(a))
d-F7 (- f(a)) since g is a shift embedd.
d-c-b-F?(f(a)) similar as above
— o~y
= d, F? (a)
P TP
= d, - F(a)
= FP(a).

The rest of the proof is a virtual repetition of lemma 43.

Definition 46 p <. q if and only if (p < q and p,q € P().

Lemma 47 (Extension lemma) Let p € P, FP(() = C.
a) Letd < (+ k. Thereis a g <¢ p such that 6 € rng(F?).

b) Letv e rng(FP), 6 < @b. There is ¢ <) p such that 6 € rng(F),)
where FI(V') = v.
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¢) Letv,T € rng(FP), b e GP_. There is q <(¢) p such that b = FI(l')
for some V.

Proof: Induction on (, using the amalgamation lemma.
We first proof (a). Suppose not. Let § be the least counterexample (for

apec P(C))'

CASE 1. § > (. Then ¢ > FP?(6?). By repeated split we can extend M7
to an M| such that 6" > §. There is then an obvious p’ < p, p’ € P(¢) such
that F? | 0P + 1 = FP, FP' (6P +n) = FP(6P) +n. Hence § € rng(F?).

OJ

CASE 2. § < FP(7) + k for a7 < (. Let £ = the least ¢ € D, such that
¢ > 7. (then & < ¢, where FP(¢) = (). Let p' be the reduct of p at &. Then
P’ € Py, where v < FP(1) < v+ k. Hence 0 < v + & and there is ¢ <, p/
such that § € rng(F?). Using the first amalgamation Lemma, let r < ¢,p
such that r € P(). Then 0 € rng(F").

O

CASE 3. The above fail. Then F ({) 4 xled < ¢ and ¢ = p for a limit p,
since kp + K € rng(FP) implies that kp € rng(F?). We can assume without
lost of generality that § = kp’ for some p’, since otherwise kp < § < kp+k for
some p and by the minimality of § there is p’ <¢ p such that xp € rng(FP')
and Case 2 would apply to p/. Clearly § > " (¢). Consider s? = <S§z’ |1 <

¢
Tz>

CASE 3.1 6%’1, = kp for a limit p, where § < (5%2, Let p’ the reduction of
D at_z. Clearly, there is p” = (MP, F",d",s") such that F" | (=Fr ¢,
F'"(C+n) = (5%. +mn,dl =db, s! = sP for v < (. Then p’ € IP’((;%) and
p’ is the reduction of p” at ¢ and since F'(¢) < F'() + r < § < ¢ then
¢ € Dy,. Hence by the first amalgamation Lemma there is ¢ € IP)((;%J y such
that ¢ < p/,p”. By induction hypothesis (c) there is ¢ g(;% ¢ such that
b € rng(F?), where 3%3 = S%Z, -b. Hence there is r € P() such that » < ¢',p
by the second amalgamation lemma. But then 5%’2. € rng(F")and 6%, > 0.
Hence Case 2 applies at r. Contradiction.

OJ
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CASE 3.2 Case 3.1 fails.
Let 67’2, <6< c%’H = 52’ +r (if 0 < 52)] then j must be a succesor

since hm( ) implies (5%’ ;@ multiple of x limit). By the minimality of § there

is p’ <¢ p such that 5%’72, +1 € rng(F?). Hence § = &% since otherwise

Citl’
Case 2 would apply to p'. Clearly Fp “C C 6, since otherwise Case 2 would
apply to p’. Hence 5%’0 = 5%’2, and (57’] = 5C2+3 = 5p + k- j for j < w, where

(= 5% + kw. Hence we may assume without lost of generality:

5” <6= 52’1,
5%1, = 520 + ki and 5?0 + 1 € rng(F?). We obtain a contradiction by
constructing r <. p such that § € rng(F"). Let p’ be the reduction of p at
C. Then p' € P,y where v = 5%’0. Let H, s = {id, f}, where f has split point
o. Note that g5 = ¢, - K. Let(}<907-afor an a < K.

Pick p” <, p" such that v + o € rng(F"”). Thus, since ¢, — 3 = ¢, for
B < ¢ and since we split a many times, we have @7;1& > ¢ - a. Hence
o < wwia and by induction hypothesis (b) there is py <, p” such that
o € rng(F2y,), where F™(5) = 7. Let F$ia(_) = 0. Then @ < ppro. Since
M7’ is a gap neat 1 SMS, there is b € G{',, such that @ € rng(b [ o). But
wo = 1. Hence b(()) = 7. Now split M}° at 0, getting M’ = (M}, M) with
N = 041, F, = {id, g} using go : 1 — ¢} as b. Since G = {id, h} with
split point 0, we have gé‘ﬁ;ﬁml = {id, h'}, where b/ = g(h) has split point
g0(0) =7. Form ¢ < p” by setting:

M =M' F9 ] @gro = FPo | gro FI(P +n) = § + n for 6P° +n < 01.
(Hence D, = D, U {6}). Set dI = db°, s = sP for v < . Since § =
¥+ K = F1(6™), we have djy,, € Fys; hence df, = id and dys, = idg(ge) 5.
In order to show that ¢ is a condition we must verify (C4) at §. We have:

Fo (0) = Fypo (id740,0m0 (7))
= I71,(0) = o (since F™(idyia5+6) = idyraqy+p)-
Hence
F 9qpo (6) = depo Fy 670 (E)
= dGPO F, 51?0 (5)
= depo( )

= O'7

where @ is the split point of A’ and o is the split point of f. (Hence
Qgpoﬂpoﬂ = {id, '} and H,s = {id, f}, where F9(6?) = §.) Thus q € Py,
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q<p. Letd, = SH i+1 - b. By induction hypothesis there is ¢’ <; ¢ such that
b= F9(b) for some b. Hence by the first amalgamation lemma (lemma 43)

there is r € P(¢) such that r < ¢’,p. Hence ¢ € rng(F"). Contradiction.
O

Proof: (c)

Let FP(v,T) = (v,7). We prove the statement by induction on 7. So
suppose the statement true for every n < 7.

CASE 1. F'(7) = F*(7)

CASE 1.1 7 =n+ 1. Then F?(7) = F?(n) + 1 and we can write b = e - d
for some d € QVF,,(W) and e € ng Fop+l = {id,c} where ¢ is a shift
function. By induction hypothesis there is r < p such that d = F"(d')
and it is also true that e = FP(e’) for some ¢’ € Gy ., (by lemma 18), so
b=F"(e) - F'(d)=F"(¢-d).

CASE 1.2. 1lim(7). So FP : MP | 7 — MP | 7 is cofinal and we can
consider its good completion F? : M} | (T+1) — Mf I (T + 1), hence there
is ) < 7 such that v < FP(n) and b = FP(V/)-eforae € gfpr(n) and b’ € G/ _.
By induction hypothesis there is ¢ < p such that e = F'(¢’) and we are done.
Note that the case FP(F) = F (T) = _p is included here since it must be
lim(7) (and lim(p)!) but not the case F'(7) < FP(F) = kp.

CASE 2. F'(7) < FP(T) = 7. Hence 7 = kp. Let p’ be the reduct of p at
7 so p' € Py for some (' < 7 =F(7 )<T<C

CASE 2.1. There is ' € G, , such that b = &V (if T = k(p+ 1) where
are in this case since do = idpr(r . and G2, = {idy . }).

Since ¢’ < ¢ by induction hypothesis there is ¢ € Py such that ¢ < p/
and b’ € rng(F?). Let r < ¢q,p as in Lemma 43, so if F"(1y) = FP?(7T), then
(' <7 <7 <4k where 7y = F (7). Let V/ = Fi(by) = F" - F9"(by). So
b € rng(F"). Take by = F7(by) € QFW | For(e . Since r < g and ¢q € P,
there is (; < 79 such that F"(¢;) = ¢’ and there is no v € [(1,7) such that
v € D, (if there were such a v then ¢’ < F"(y) = sv < F (1) < {' + &
which is impossible). So F"(¢, +n) = F (G +1) = ¢ +nif G +n1 < 7.
Now since FP'(7) = F'(7) < FP(T) = 7 = F"(7),then FP"(7) < 7,. But
since ¢! = F"(¢,) < F¥(F) we have also that ¢; < FP"(7). So F"(FP" (7)) =
F'(FP"(7)). Hence F (FP"(7)) = 7" and F (idpy 'r7ym) = 177y We define

b* = Z-delT(?),TO . b17
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SO

Fr(b*) - Fr(ide’r(?),fo +b1)
= Fr(idFP’T(F),TO) 'FT@I)
= idy s, - F (by)
= ddy g, - U
But then

Fr(p) =

3

F(bY)
Cidg g, - F (by)
. b’

| AR

3

SN~V

CASE 2.2. 7 = p for lim(p) and for all V' € G} , (b # d’ ). We use
in this the sequence s2 = (s2; | i < o). By the properties of the sequence
there is i < oZ such that b = sZ; - ' for some V' € 5’;5?1_. By (a) there is
q <(¢) p such that 62, € rng(F?). Let 02, = F'(5). We have now two cases.
Let Fi(1") = 7.

CASE 2.2.1 F'(7') = F4(r') = 7. As Case 1.

CASE 2.2.2 F'(7) < Fi(') = kp for lim(p). Since ¢ < p for some
j =i, 02, < F(7) < 02 ;41 (since 02, € rng(F7) then F'(7) > 62;). But
(5%- = 53_,70 and 5$’j+1 = 527]. + k. Hence 5%- € rng(?q). On the other hand
since 7 > i we are allowed to write b = s%j by ( S$7; = S7j - s7,ij) and since

s, o = st and rng(s!, ) C rng(dl) = rng(dy.) we can write % = d, - c for
some ¢ € G Iy So b=d. -c-b; and we can proceed as before.
7,70 T
O
Proof: (b)

By induction on v. If v = 0 then ¢? =1 so § = 0, but F?(0) = 0 implies
that F{j =id so ¢ € rng(FP?).

CASE 1. v > 0 and v # k(p + 1) (v can be kp for limit p). Then we
have that ¢ = [J{b"¢} | n < v, b€ ’QV%”V} (if v = kp for limit p by the
property (d)(iv) of the upper forcing P; satisfies it or by the basic extension
lemma 12 the new segment of morasses is also neat). So § = b(r) for some
b e 5511, for some n < v and 7 < @h . Now we get a ¢ <) p such that

n € rng(F?) (by (a)) and such that b € (fjg’y By induction hypothesis and
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(c) there is r <() ¢ such that 7 = F},(7') for some 7" < ¢}, such that
Fr(n') = n and b = F"(b) where b € Gy, such that F"(n',v') = (n,v). So

6 =b(r) = F"(b)(F} (7)) = F, -b(7"). So 6 € rng(F%) and F" (V') = v.

CASE 2. v = k(p+ 1) Since 0 < @y(p41) = Prp - & then there is n < &
such that 0 < ¢ -7n. Now since k(p + 1) € rng(FP), we have also that
kp € rng(F?). Let FP((') = k(p+1).

We build first a condition p’ <.y p such that N = AP 4+ 1 (this
is possible since n < k) and then using the reduct of p’ at ¢’ and the first
extension lemma (lemma 43) we get a condition r such that kp+n € rng(F")
(hence F' (¢') > kp + n where Fi(¢") = k(p+ 1)) and 90%7-(<,) > Pty =
©P,-m >0 s0d=1id(5) where id € g%(g,m(pﬂ)

We define p’ by induction and such that \* = A\? + 7 + 1. We add new
levels to p one at a time. Suppose A’ + 7 has been chosen for some 7 < 7.
To add level A\’ +7 41 we use in this case the basic extension lemma 12 with
Frtratr+1 = {id, b} and b is a split function such that b(¢) = Oxryr + ¢ and
by = id. So 09,4+ = bo(0p) = bp(0) = 0 and hence g, ,+r =T - ©g,,-

If 7 is a limit ordinal we take the union, i.e.

and we can proceed as before.

Ororr = sup{brwy; | i < 7},

Porp,, = sup{ey |1 < Orwyr},

Ge oy, = HGei | € <i < Oy},

and
fa,)\P—I—T :U{fa,ﬁ | o <ﬁ< )‘p+7}

We have still to define F¥'. F¥ | 6 = FP FP (g 4+ 1) = F'(6?) + 7 for
0P +7 < 0¥ Let q be the reduct of p’ at ¢’ where F? (¢') = F?({') = k(p+1),
so F9 [ ¢ = FP | ¢ and FUC +4) = F°(¢') +i for (' +i < 6”. Since
kp € rng(FP) C rng(FP), there is € < @7 such that FP(£) = FP'(€) = kp, so
for £ +7 < 07 = 07 in fact FU(é+7) = kp+7. Note that E4+1 < P41 < O
so kp + 1 € rng(F9). Also note that if § + 7 < 09, then F{,, (id) = id,
F{(0) = 0, and id(0) = 0. From the definition of embedding it follows that
FZ . (0) = 0. Thus if o¢y, = 0, then 0,4, = 0. Since there is an increasing
n- sequence of ordinals 7 such that o.;, = 0, it follows that goqfq (6 > Prph)-
Using lemma 43 there is 7 € P¢ such that » < ¢,p’. But then 6 = i¢d(d) where

1d € ff(c/),n(pﬂ) and we can proceed as before.
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Lemma 48 (Third amalgamation Lemma) Let p € Py, u € D, and
F"(u) < FP(u). Let p' be the reduction of p at p. Let ¢ < p' such that
F(07) < FP(u) = n where p' € Py (so F'(u) < FP(u) and 7 < F'(1)).
There is r € P¢) such that r < p,q.

Proof: : If n = k(p+ 1) then xp € rng(F?) and ¢,p € P(.,). Hence
the first amalgamation lemma applies. Now let 1 be a limit multiple of x.
Then p € Dj. Let 6 = 4, , > F9(67). There is p; such that M? =M?,
FPrl = FP | p, FP"(u+v) =0 + v. Moreover p is the reduction of p; at
p. Hence there is ¢’ € P(s) such that ¢ < pi,q. Let EZ = s}, - b and pick
¢ < 4q, ¢ € Py such that b = F9(b) for some b. Then ¢’ < ¢ < p’ and hence
¢, p satisfy the assumption of the second amalgamation Lemma 45. Hence
there is r € P(¢) such that » < ¢/, p.

]
Lemma 49 If 2<% = k, then Py satisfies the k™ -c.c.

Proof: : Suppose not. Let A be a maximal antichain of size k™, since
2<% = K we can suppose that every p € A is identical except for the function
F? (since \? < k and |F] 5| < k for @ < 3 < AP we have control on these
components of the condition p, there are at most x, on the other hand since
(0o | @ < AP)) and AP is less than k, we have at most K<F = 2<% = g
such sequences). Define (v; | i < k) as follows: 1y = k. For each p € Py
such that rng(F?) C v;, pick ¢, < p such that ¢, < r € A for some r.
Pick v;11 € (v, k) such that rng(F%) C vy for all such p. For limit A
set vy = sup;., V. Let v = v,. Then cf(r) = k, hence v is a multiple
of k. There is a p € A such that rng(F?) € v, since otherwise |A| < k.
By the extension lemma 47 there is p’ < p such that v € rng(F?"). Hence
Fp,(ﬁ) < v where FP'(7) = v, since ¢f(v) = k. But then 7 € D,. Let p;
be the reduction of p" at . Then, since rng(F?') C v = sup,.,, v;, we have
rng(FP') C v; for an i < k and there is ¢ < p; such that ¢ < r € A for some r
and rng(F?) C v;11 C v. By the third amalgamation lemma there is s < ¢, p.
But then r|p since p € A and ¢ < r € A such that r # p. Contradiction.

O



Chapter 6

The Statement

The task now is to prove that no cardinal are collapsed in the second stage
forcing. Velleman has proved that this stage has the x™-c.c., so every cardinal
> kT is not collapsed. We do it proving like Velleman that the entire forcing
iteration is (k,00)-distributive. So a condition p consists of pairs (p1,p2),
where p; is a condition for the first stage and p; IF “py is a condition for
IP,”. Since the first stage is x-closed, we may extend p; to completely
determine p, in the ground model, so we may suppose all components of
po are determined. We may also assume that pP! is a limit multiple of &,
PPt = k- Pt ef (1) = k and P > F2(092) (for all conditions).

Let p be a forcing condition, o < k, and for each a < o, D,, is a dense open
set. We will construct a descending sequence (p,, | @ < o) such that py = p
and poy1 € D, for all & < o. Clearly then p, < p and p, € ([{Ds | @ < 0}
as required. As usual, when discussing the components of p, we we use a
superscript « instead of p,,.

6.1 Swuccesor case

Let po = p. Now suppose p, has been chosen and we wish to choose p, 1.
First choose ¢ < p, such that ¢ € D, and ¢ € P¢). Recall that there

may be finitely many v, € D, such that E(ja ¢ rng(F?). Since there is
0 < i, < 7 such that Ej‘a = 8y, € for some e € Gpa(, 15, choose

Va,la
Pat+1 < ¢ such that Faﬂ(yaﬂ) > 0y ;. (using the extension lemma 47 a),
where Fo" (v,y1) = F*(vy) = kp for some v,y < 67 such that p® <

Fa+1(9a+1) and p® € rng(Fo*) (if u® < ¢ + k apply lemma 47 a), if not
apply the following fact:

39
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Fact For = kp > ( + k for p limit ordinal there is an r < ¢ such that
w € rng(Fr).
Proof: We define r as follows: \" = X7 41, let F" be

Fr1(0+1) = F?
Fr0+1+v) = p*+viorv<fi

We split M{ at 0 to get Mg, let § = 07, define Frar = {id, h}, where
h(v) =0+4v,s0 0" =269, we take hg = idog and dj, | € Geyppr as id. If we
call i/ = 6 + 1 then r € P,y and since F' (1/) < F"(i/') then y/ € D}. So we
must still define s, = s7,. Let (b; | i < k) be a good sequence for p in M,
bi : 0y = Qui, (i | @ < k) is normal (without lost of generality 7; a multiple
of k) and
o= Jbi"ps:
1<K
Ifbeg,, forn<p,thenb=10b;-cforani <=k, c€G,,,. Define

7y = idciny = bi-c

for an 7 < k. Set

oy = 00=¢
6;4—1 = Ti+j
82/70 - idc»,ull
Swirt = birg (7 >0)).

O

Take por1 = 7. Observe that for i < «, u' € rng(F**). Additionally,
according to the following cases p,y1 is such that:

CASE A.1. If for all v, € Dy and such that F*9(v,) =gy v € D} and
F'(v) > F*(va), then d,, = F(d) for some d € G%. Then take p,i1 = .
We observe here that in this case if

—a+1
Opi SF (Vag1) <0y i1

where v = 1,41 and i =1, > 0

CASE A.2. If there are finite v} € D7 for k < j, such that FPe(v}) = v
and F'(v) > F" (vF) for 0 < k < j, but ﬁfg ¢ rng(F?). Using the extension
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lemma 47 finite times we choose p,i1 < ¢ such that for all 0 < k < j,,
dlofg € rng(Ft).

NOTE In any case we have got a a 4 1-sequence 7, for £ < « such that

50

vo,lo

SEF (1) <yppy S0 S0, S F (k1) <0y, <0

- Kokt 1 _ +1 50
where v, € Dj is such that F"*"'(v,) = vpyy . Hence 6,77, o = 6, , for
some [, < 70

12N

. —a+1
Now since rng(s,ﬁ“ﬁho) C rng(dgt!) = rng(d, ), we can suppose that
«a _ oa+l _ 0 _ pa+2(:a a a+2 : a+1 _
Dia = Spmii0 = Sy, = FO3(8041) for some 8,41 € GO (since s, o =
—a—+1
dy,., - cand
Gotl
cE ga —a+1
o o (Vag1)
a+1 a+1 ~otl a+2 at+l
and 6,7 o € rng(F*™), we get that c, d;/aﬂ € rng(F*%), so s; o =
sy, = F*7(3,)). In a similar way since u* € rng(F**') for i < a, we can

suppose that B;; = (BY)™' - B' : ¢, — ¢, is in rng(F**), i.e. there are
function b;; such that B;; = F*t(b;;) for i < j < a.

6.2 Limit case

Suppose lim(a)) and we have already chosen pg for all § < a. It is enough to
considere the case o = w.

Suppose p; has been chosen for all + < w. We have now to define p¥, i.e
the level A*, F“ and F¢\. for e < A,

We let \* = sup{\’ | i < w}. Now from the descending sequence of
conditions (p; | i < w) we have the sequence of functions (F" : 6" + 1 —
kT +1 |7 < w) such that if i < j then FV = Fo f for some f € ff{j,)\i which
we will call Fj; (actually fis (F7)~'- F": 60"+ 1 — 67 + 1), we consider the
related directed system (0, F}; | i < j < w) and its direct limit

(04 Fip | 0" +1— 6°) = dir im(0"'+1,F;; 11 < j < w)

where 6% = | J{F;,“0" +1:i < w} = sup{Fi,(6") | i <w}.
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6.2.1 n<o”

Define from this limit a function F* : % +1 — k*: for n < 0 then there is
i € w such that n € rang(F,,) so n = F;,(§) for some ¢ < #'. Define
F2(n) =aes F'(8) < K7,

and we define:

F2(0%) =aep F(6%).
It is not difficult to prove that it is indeep a function. By definition it
holds F* = Fv . F}, i.e. for every i € w, F'“ extends F".
In a similar way we are able to define F}¥ for n < 6 since n = Fi,(1') for
some i < w and some 1’ < 6" and using the expression

Fl, = FY - (Fiu)y
More exactly, since 6% = [ J{Fi,“0" + 1 : i < w} we define for n < 6
Xy =aer {{i,0) : Fuu(n') = n}
and
n; = that ' such that (i,7') € X,
for 3In'(i,n') € X,
X, = {i:n; exists }

i.e. X, is theset of i <w such that F(n;) = F*(n). We can check easily that
<(g0f7,_, (F)) 1< j <w,i,j € X;) is a directed system, so now we considere
its direct limit (), (Fiw)

n | ony — $y) where

Pn = U{<Fiw)n§ “9077; KES 777}7
and define then ¢y =4.r ¢, for n < 6%
We define also Gg; for £ < ¢ < 6, if b; € Gf. .. and such that F;,(&,G) =
(€,¢) then

Ger =der {(Fiw)e, - bi - (Fw)gl ti€ Xeand b; € G},

and if we define Fi,(b;) =ger (Fiw)c, - bi - (Fm)gil for b; € ggl@_ then for b € G¢;,
Fe(b) = Fi(b;) for i € X¢ i.e. Fi,(¢;) = ( since

Fe(b) = F*((Fu)g -bi- (Fu)g')
— PP - (Fu)e, - (Fu)g))
= Fw(Ew(bz))

= Fi(b).
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Now we define for n < 6, Fi : ¢ — P () if v < ¢y there is i < w
such that n = Fi, ('), v = (Fi)y(7) and 7 < 6" then

F) = F((Fu)y(®)

and we have now to define 3
d,
and B
F*(b)

for b€ G¢, for v e (F*)'({k-p|p < r'}):

CASE L. F¥(v) = k- (p+1).
Since G, g,y = {id}, d, =id ., and define F(b) = F*(b).

CASE 2. F¥(v) = kp for lim(p).
If F°(v) = F(v) then d, = ids ()5 a0d define F°(b) = F(b).

CASE 3. d, for v € D..
Let v < 6 and let v = F " (v).

Lemma 50 Then v = sup{F (v;) | i <w, Fi(y;) = F*(v)}.

It is clear that sup{?(ui) i <w, Fi(v;) = F({)} < ~. Let now § < v
then there is { < v, i < w such that 0 < F(§) = F'(&) < F¥(v) = F'()
for £ < 1;) 506 < F (1) and hence v < sup{F (1) | i < w, Fi(v;) = F*(C)}.

0
and hence writing p for po, 0,y = 0y ¢ and 7/ = 7.

Lemma 51 If v < F¥(v), then v = &L, for some limit ordinal n < 7} .

By the way we chose the sequence p; and the normality of the function
{07 14 < 7P} where FP(vy) = kp = F¥(v), take n = sup{l; | i < w} <78

hence 8%, = sup{d; ;, | i <w} (recall that the function is normal).

O
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By the way we chose the succesor extension p,+1 and the above lemma we

have that F~(v) = 03, =des 625. We define in this case d,, = s, =ey 5.

Let F“(b) = F'(b;) for some i < w, since 3; = s, ;- ¢ for some j < 7 and

some ¢ € G ()50 o We define
1):%y,j
Fo(b) = (s50) 7" - (s, 5) - ¢~ F (by),
then
Fe(b) = d,-F(b)

= Szu/},o ) (Szu/},o)_l (Sgo,j) - C ?(bz)

= (s ;) ¢ F(b),

= d,, - F'(by)

Similarly we can define F‘g in such a way that
and the rest we define it as follows for v € Dy,

w

T, = Ty —7
w _ 0
6V7j - 61’077)+J’
w 0
Sv = Su

Note that s;; =gef (sf;j,o)*l - 81,0 for i < j < wis a directed sytem
which directed system is the same s;, (i.e 530777) and moreover since sfjho =
FiT(3;) = FY(Fiy1.,(5)) for some §; € G if we call Fiiy,(8;) = 7 we
have that s;; = F“(7;;) and (7; | i < w) is also a directed system such that
its directed system 7, satisfies F*(7;;,) = Si.
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6.2.2 n=0"
We have first to define @g..
Since

< Mi _ Fi—&—l((i—&-l) <f¢+1(9i+1) < M‘+1 _ Fi+2(Ci+2) < Fi+2(9¢+2) <
we can suppose that B;; = F/™ (by;) = F*(Fjy1.(bi;)) where by : 0p, i) —
OF, () 18t € =aer Fir1,(bi), then e;; € G (i (cr) et (Puw, €iw) be
the direct limit of (e;;, vr, () | # <w) and (Pu, Biw | © < w) the direct limit
of (¢, Bij | i < j <w) (all of them are directed systems), we define

Pow  =def @w
Pue  =def @w

since 0¥ = sup{Fi,(0") | i < w} = sup{Fi,(¢") | i < w} and e;; : Yp (1) —
©F,. (). And since By, = F“(ey,), define F, using the relation:

Fgf" CCiw = Biw : F;)‘w(gz)

Define i = sup{y’ | i < w}. So F¥(6*) = F(8*) = p*.
By the way we have also defined an embedding Fj,, we let F, € F} ..
In general for v < A\“ we let

e = {f-g:Fi<wly<Nge ]:,iAi, and F' = F¥ . f)}.
and for ¢ < 6“:
Ggo = {€iw blbe Ge¢.F,(ci) for some ¢ < w such that ¢ < Fi,(¢H}

Since F¥(6*) = F (6) = p* we define dg. = id.
Let H be Po-generic over M[G]. In M|G][H], define a simplified (k,2)-
morass M by:

Mir = |JMm
peH
0, = K" = Urng(Fp)
peH
For = {FP-f|3peH, )\p>aandf€fg)\p}fora</<.
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We have to check that for every i < w there is a unique embedding f such
that F* = F* . f. We put f € Fy, ..

We have also to check that p“ is a condition extending p; for all i < w.
For all i < w we check that:

1) 6> 0%, p® > pi, M@ 10+ 1= M and M | ' + 1 = M.

e )\ > ). Since we define \* = sup{\’ : i < w}. 6 > 6" and
pe >t

e 0! =0 for a < \'. Trivial

. gp‘f:(péforggﬁi.
If ¢ < 6" then ¢ = Fj,(¢;) for some ¢; < 67, but also ¢ = g(v) for
some g € Fy,, and we can stablish an order preserving function
between ¢ and ¢¢. Indeep, since

or = J{beet €< begl)
and .
w¢ = | {(Fw)g ¢l Fiu(G) = ¢

we can stablish a bijection using the properties of neatness and
the way we built each extension.

o Gy =Gl for £ < (<0
By above, if b € G, then b : pf — ¢, but ¢ = ¢ and ¢¢ = @} so
b € G¢ . Similar in the other way, using the fact that ¢ = Fj,(¢;)
so Fj, € .7-“;2
o Fuy=Figfora< <A
2) We defined Fy,. such that F'" = F¥ - f, so rng(F") C rng(F¥).

3) For every i < w and for every v; € D,,: if Fiu(v;) = v and F'(v) >
F'(1;), then E; = F¥(d) for some d € F* (by the way we chose the
extension of each condition).

So we have proved that for 1 < w, p, < p;.

Lemma 52 In M[G][H] there is a simplified (k,2)-morass.
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