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Abstract

Radiative corrections to low energy hadron production as measured at the ete™—
colliders DA®NE and VEPP-2M are investigated. The goal of this work is to provide
the theoretical condition for extracting hadronic cross sections undressed from QED
corrections from the measured data with a precision of per mill level. High preci-
sion hadronic data are required to reduce the theoretical error of the running fine
structure constant (s) and the muon anomalous magnetic moment a,, and therefore
represent a key to a possible discovery of “new physics”. Especially the channel of
charged pion pair production ete™ — wt7~ below 1GeV appears to be of great
importance. To this process the complete O(a) QED initial state, final state and
initial-final state interference corrections are calculated. Analytic formulae are given
for the virtual and for the real photon corrections. The total cross section (o), the
pion angular distribution (do/dcos®) and the 7"~ invariant mass distribution
(do/ds") are investigated in the regime of experimentally realistic kinematical cuts.
It is shown that in addition to the full O(a) corrections also the O(a?) and leading
log O(a®) photonic corrections as well as the contributions from IS ete™ pair pro-
duction have to be taken into account if at least per cent accuracy is required. For
the data analysis I focus on an inclusive treatment of all photons. The theoretical
error concerning this treatment of radiative corrections is then estimated to be 2
per mill for both the measurement of the total cross section and the 77~ invariant
mass distribution. In addition the model uncertainty due to the pion substructure
is discussed. To be able to extract the pion form factor from the experimental data
with the desired accuracy a dedicated Fortran program was written which allows to
take into account experimentally realistic kinematical cuts. Altogether the precision
of the theoretical prediction matches the requirements of low energy ete™ experi-
ments like the ones at DAPNE and VEPP-2M.
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Zusammenfassung

Strahlungskorrekturen zur Hadronproduktion bei niedrigen Energien, wie man sie
an den ete”-Beschleunigern DA®NE und VEPP-2M misst, werden untersucht. Ziel
dieser Arbeit ist es, die von QED-Korrekturen befreiten hadronischen Wirkungs-
querschnitte aus den hadronischen Daten mit einer Prézision auf Promille-Niveau
zu extrahieren.

Hadronische Prézisionsdaten werden benotigt, um den theoretischen Fehler zur
laufenden Feinstrukturkonstanten «(s) und zum anomalen magnetischen Moment
des Myons a, zu senken und sie stellen daher einen Schliissel zur mdéglichen Ent-
deckung “neuer Physik” dar. Insbesondere die Paarproduktion geladener Pionen
ete” — 7wt~ unterhalb einer Energie von 1GeV ist von grosser Wichtigkeit. Zu
diesem Prozess werden die vollstdndigen O(a)-QED-Korrekturen zum Anfangs-
zustand, Endzustand sowie die Interferenzkorrekturen berechnet. Analytische For-
meln zu den virtuellen und reellen photonischen Korrekturen werden angegeben.
Der totale Wirkungsquerschnitt (o), die Pion—Winkelverteilung (do/d cos©) und
die Invariantemasseverteilung des Pionpaars (do/ds’) werden fiir den Fall realisti-
scher kinematischer Schnitte untersucht. Es wird gezeigt, dass zusétzlich zu den
vollstéandigen O(a)-Korrekturen zusétzlich die photonischen Anfangszustandskor-
rekturen der Ordnung O(a?) und fiihrende Photonbeitrige der Ordnung O(a?) so-
wie Beitrige zur ete-Paarabstrahlung vom Anfangszustand beriicksichtigt werden
miissen wenn mindestens eine Genauigkeit auf Prozent—Niveau verlangt wird. Fiir
die Datenanalyse wird der Schwerpunkt auf eine inklusive Behandlung aller Pho-
tonen gelegt. Die Messung sowohl des totalen Wirkungsquerschnitts als auch der
7w~ —Invariantemasseverteilung betreffend wird der theoretische Fehler dieser Be-
handlung der Strahlungskorrekturen mit 2 Promille abgeschétzt. Ausserdem wird
die Modellunsicherheit als Folge der Pion—Substruktur diskutiert. Um den Formfak-
tor mit der gewiinschten Prézision aus den experimentellen Daten extrahieren zu
konnen, wurde ein auf diese Fragestellung zugeschnittenes Fortran-Programm ge-
schrieben, welches die Beriicksichtigung realistischer kinematischer Schnitte erlaubt.
Insgesamt erfiillt die Genauigkeit der theoretischen Vorhersagen die Erfordernisse
der Niedrigenergie—e™ e~ —Experimente wie diejenigen bei DA®NE oder VEPP-2M.

Schlagworter:
QED-Korrekturen, hadronische Wirkungsquerschnitte, DA®NE-Physik, Standard-
modell
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Chapter 1

Introduction and Motivation

The goal of high energy physics research is to understand nature on the most funda-
mental level. The questions to be answered are “what are the basic constituents of
matter?” and “what are the fundamental interactions that govern all processes in
nature?”. Thanks to the theoretical, experimental and technical progress through-
out the last century it became possible to test theoretical predictions in experiment
with increasing precision.

In 1949 Tomonaga, Schwinger and Feynman [1, 2, 3, 4, 5, 6] showed how to
extract meaningful physical predictions from quantum electrodynamics (QED). This
lead to very precise calculations of electromagnetic effects at subatomic scales like the
evaluation of the anomalous magnetic moment of the electron a. up to fourth order in
the electromagnetic fine structure constant « [7, 8]. Experimentally the theoretical
result was confirmed with an accuracy of one part in 10® [9]. The measured value
of a. currently provides the best determination of the fine structure constant! [11]:

o~ = 137.03599958(52) . (1.1)

Another variable which can be precisely evaluated as well as accurately measured
is the muon anomalous magnetic moment a,. Only recently, by an analysis of the
‘98 and ’99 data, taken at the E821 muon experiment at the Brookhaven National
Laboratory (BNL) [12], the experimental error of a, could be reduced by about a
factor 0.18 compared to the previous value from the muon experiment at CERN [13].
Averaging the results of the two experiments leads to the so far best experimental
value for the muon anomalous magnetic moment:
as™ = (1165920.23 £ 1.51) x 1077 . (1.2)

I

Although this is less accurate by about a factor 350 than the experimental value for
a., the measurement of a, appears to be much better suited for probing short dis-
tance effects. This is because for a, these effects are in general enhanced by a factor

!The best determination of o not depending on a. is coming from quantum Hall effect mea-
surements [10].



mz /m? ~ 40000 in respect to a. (m, and m, being the muon and electron mass).
This enhancement clearly overcompensates for the larger experimental error of a,,.
The present situation is going to be improved even further when the experimental
error is reduced to its target value? of 4 x 107!° which is more accurate than the
present theoretical value [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]:

aih — agED_I_al;ad_‘_a/vl/eak_l_aZEW
= (1165847.06 +0.03 + 68.03 4+ 1.1 + 1.51+0.04+?) x 107°
= (1165916.6+ 1.1) x 107 . (1.3)
In eq. (1.3) the contributions a2*”, aﬁad and alvjcak are due to the pure electromag-

netic, the strong® and the weak interaction, respectively. a,™™ corresponds to yet

unknown contributions from physics beyond the standard model. From the com-
parison of the experimental and theoretical value, given in eq. (1.2) and (1.3), one
finds that

1. the measurement of a,, is highly sensitive to QCD effects (for recent discussions
see e.g. [29, 30, 31)),

2. the theoretical error is dominated by the error of the hadronic contribution
which is of the same order as the complete electroweak contribution,

3. a? and azh do not agree within the given error when only taking standard
model contributions into account [a5" — a!' = (3.63 & 1.87) x 10~?], which is
evidence for new physics?,

4. the new physics effects appear to be about three times larger than the weak
interaction contributions.

Assuming that the deviation of ;" from the standard model value is due to a
true physical effect it is still possible to think of many different scenarios which
could be responsible for it. In the past the impact of supersymmetric models on
a, was discussed by several authors [36, 37, 38, 39, 40, 41, 42, 43, 44]. Recent
attempts to explain the data can be found e.g. in [32] and several other publications
like [45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55].

Clearly, to catch up with the increasing experimental precision, a reduction of
the theoretical error of a"® is absolutely mandatory. By far the dominant contribu-

m
tion to aﬁad (more than 97%) corresponds to the 2-loop vertex correction diagram

2This is expected to be achieved soon, when the E821 data of the 2000 run and the 2001 run
are included into the analysis.

3ahad contains the first and second order hadronic vacuum polarization contribution as well as
the contribution from light-by-light scattering.

4Hence the evidence for new physics is estimated to be a 20 effect which is smaller than the
estimated 2.6 o effect in [32]. This is because in eq. (1.3) the more conservative value for a2*d given
in [19] was taken while in [32] the value given in [33] was used (see also [34, 35]).



with a hadronic vacuum polarization insertion into the photon propagator, which
is shown in Fig. 1.1. Here the hadronic “blob” includes all quark contributions to
the photon propagator. Photonic vacuum polarization effects lead to a screening of
the electromagnetic charge. Hence the electromagnetic coupling strength becomes
a function of the energy scale. This can be expressed by a running effective fine
structure constant:

«

1—Aa(s)’ (14)

a(s) =

where /s is the invariant mass of the virtual photon. Aq is the sum of approximately
equal contributions from hadronic and leptonic vacuum polarization effects:

Aa(s) = Aaiep(s) + Aanaa(s) = —dma Re [IT(s) — IT,(0)] , (1.5)

IT(s) being the irreducible photon vacuum polarization which is defined via the
time-ordered current correlator function:

i / d O[T (2)70, (0)]0) = — (26" — "¢ )L, (%) (16)

Here j¥  is the electromagnetic current. The leptonic contribution Ay, can be
evaluated in a straight forward way by using perturbation theory. This is not possible
for the hadronic contribution Aay.q since perturbative QCD is not applicable at
low energies. Fortunately Aay.q can be related to the total cross section for hadron
production in ete~ collisions oy,q4(8) = o(eTe” — +* — hadrons), when taking
into account analyticity and unitarity® [56, 57]. Aap.q can then conveniently be
expressed in terms of a dispersion integral [58, 59]:

Aapaqg(s) = —g—SRe/ ds'— R(s)
4

s m2  S'(s'—s—ie)’

(1.7)

R(s) being the ete™ cross section for the production of a hadronic final state nor-
malized to the total cross section for muon pair production at the ete™ center of

mass energy ,/s:
o(ete” — v*(s) — hadrons)
o(ete” — y*(s) — ptp~)

R(s) = (1.8)
While the high energy tail of the dispersion integral (1.7) can be calculated within
perturbative QCD, at low s the cross section ratio R(s) has to be determined from
experimental data. Hence our knowledge of Aa(s) depends on precise measurements
of low energy hadronic cross sections.

5 Analyticity is a consequence of causality. It implies the dispersion relation which relates the
imaginary part of an analytic complex function to its real part. Unitarity implies the optical
theorem which here can be used to relate the total hadronic cross section to the imaginary part of
the hadronic vacuum polatization.
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Figure 1.1: leading contribution to a,

Also the hadronic contribution to a, corresponding to the Feynman diagram in
Fig. 1.1 can be expressed by a dispersion integral over the cross section ratio R(s),
although with a different kernel [57, 60, 18, 61, 33, 62]:

ghed() (O‘mﬂf /4 ~ g5 BOEE) (1.9)

# 3 52

2
Mo

In eq. (1.9) K(s) is a bounded function in s (0.63 < K(s) < 1 for 4m? < s < o).
Note that the integrand in (1.9) contains two powers of s in the denominator. It
is therefore strongly peaked for small energies. As a consequence most important
for the accurate evaluation of azad is the precise knowledge of low energy hadronic
cross sections which account for the major contribution to the dispersion integral
(see Table 1.1 which was taken from [62]). In fact more than 70 % of a;*" is related
to hadronic processes with center of mass energies below 1 GeV. This is mainly the
region of the p/w resonance. A more precise measurement of oy,,4 at low energies
would also reduce the theoretical error of the fine structure constant at the Z-boson
resonance (M %) This is necessary to get stronger constraints on the parameters
of the standard model.

Since cross sections at low energies cannot be obtained by using perturbative
QCD they have to be measured in e*e™ collision experiments. A recent update [19]
of a detailed analysis by Eidelman and Jegerlehner [18] includes new low energy
hadronic data from VEPP-2M [63, 64, 65] and BES II [66] which reduces the error
of aﬂ“ by about a factor® 2/3. Nonetheless the main task remains a more precise
determination of the cross section o(ete™ — p,w — w7 ~) for the production of a
charged pion pair via a p/w intermediate state”. Alemany, Davier and Hocker [61]
used additional data from 7 decays which can be related to the above cross section

6This is the error given in eq. (1.3).
TA recent analysis of four pion production which is important at energies above 1 GeV was
presented in [67].



channel dzad acc. channel dzad acc.
p,w — T 506 | 0.3% 37 4 10%
w— 3T 47 | ~ 1% KtK~ 41 |
é 0] | KoK, 1
atrmOn0 24 . ot 70 1.8
VI B 14 . rtr Tt ot~ | 0.5
atr ntn 7070 5| 10% pp 0.2
QGGV SESMJ/»(Z} 22
My, <E<My | 20
My < E <5

Table 1.1: Contribution to a;* = a}*@ x 10'° from exclusive hadronic channels
and the desired accuracy for the measurement of the corresponding hadronic cross

sections

by isospin symmetry. Isospin, however, is violated by the electromagnetic interac-
tion, leading to a systematic error which is hard to estimate. A precise theoretical
prediction of a,, therefore still has to be based on ete™ data. To reduce the error
of azh to a level which is comparable to what can be reached by the E821 experi-
ment one would have to measure oy,q(1/s < 1 GeV) with an accuracy of 0.3 %®[18].
The experiments best suited for this job appear to be the KLOE experiment at
the DA®NE collider in Frascati as well as the experiments SND and CMD-2 at the
VEPP-2M collider in Novosibirsk. While at VEPP-2M the hadronic data for the
different center of mass energies are taken via an energy scan [63], at the DA®NE
collider, which will be running on the ® resonance for the next few years [68, 69, 70],
the radiative return due to initial state radiation is used to measure op,q below the ®
peak (/s = 1.02GeV)?. Although by this method statistics is reduced by about two
orders of magnitude this handicap can be compensated by virtue of the high lumi-
nosity of the DA®NE collider'®. Furthermore, since at DA®NE the collision energy
is fixed at 1.02 GeV, the energy calibration has to be done only once which leads to a
reduction of the systematic error. One therefore can expect that op.a(v/s < 1GeV)
will be determined with the desired precision within the next few years.

Note that the hadronic cross section which is observed experimentally is not
the quantity that is needed for the dispersion integral (1.7) and (1.9) for which the

8 As an intermediate goal reaching a precision of 1% for center of mass energies /s < 1.4 GeV
could already reduce the theoretical error of aj*? substantially to about 7 x 10717,

9The radiative return phenomenon also allows to measure low energy cross sections at the
B-factories BABAR/SLAC and BELLE/KEK [71]. At higher energies R(s) measurements are
performed by the BES Collaboration at BEPC [72, 73]. Future plans attempt to remeasure R(s)
in the range My < Ecm < M,y (PEP-N project at SLAC).

0The design luminosity of DA®NE is L = 5 x 1032cm~2s~ 1. In December ‘00 a peak luminosity
of L = 1.8 x 103'ecm 257! could be reached. This value is expected to be improved even further
in the near future.



following definition has been adopted:

RGs) = oth(s)/ (1.10)

This is the undressed hadronic cross section

o\ (5) = Tnaa(s)(@/a(s))? (1.11)

in terms of the lowest order p-pair production cross section at s > mi [18]. The ob-
served cross section in contrast is distorted by radiative effects due to real and virtual
initial state (IS) and final state (F'S) photons. Hence the measured hadronic cross
sections have to be undressed from radiative corrections. Here IS bremsstrahlung
represents the dominant contribution which can easily account for an effect of several
percent, depending on the respective center of mass energy. But also F'S corrections
can lead to sizable contributions which can exceed 1% of the measured total cross
section. Concerning the measurement of the hadron invariant mass distribution
do/ds’ as done at DA®NE the contribution due to final state photons!! can exceed
10%.

Hence to reach the desired per mill accuracy for op.q(v/s < 1GeV) a careful
treatment of QED corrections is needed. This includes above all the complete cal-
culation of the massive O(«) corrections to the process ee™ — p,w — 7r7n~. In
addition higher order IS photonic corrections up to O(a?) and contributions from
initial state fermion pair production show significant effects in case of a radiative
return measurement of the invariant mass distribution of the hadronic final state
do/ds'. Thus they also have to be included into the analysis. Furthermore, bear-
ing in mind the experimental situation, realistic kinematical cuts have to be taken
into account. This can be done in the most flexible way by a dedicated computer
program by which the phase space integrations are carried out numerically.

At DA®NE the experimental analysis is currently based on events with a tagged
photon [74, 75, 76, 77, 78, 79]. This has the advantage that hereby the background
due to competing processes like ete™ — 7t7 7% can be reduced more easily. Fur-
thermore, by applying strong cuts to the angle between the tagged photon and
the final state pions, the contribution from FS corrections can be reduced consi-
derably. Through this the model dependence concerning the undressing procedure
can be reduced [76]. On the other hand, selecting events with a tagged photon re-
duces statistics considerably. More seriously, the complete initial state O(a?) QED
corrections are known only for the case that the radiated photons are treated in-
clusively [80]. Hence, concerning the undressing procedure, at present it appears to
be hardly possible to reach a higher precision than of percent level when using the
tagged photon method only.

' Note that, due to the non-perturbative behaviour of QCD at low energies, how to apply
radiative corrections to the hadronic final state is not determined in a non-ambiguous way by
theory. Hence there remains a residual model dependence concerning the procedure of undressing
the observed cross sections from radiative corrections which is due to the final state photons.



In contrast to previous investigations in the present analysis the emphasis is
laid on an inclusive treatment of all photons, including those that materialize into
anything non-hadronic. To reach the desired precision the complete massive O(«)
initial state, final state and initial-final state interference corrections to the produc-
tion channel ete™ — 7wt7~ are calculated. Taking furthermore into account the
photonic and IS fermion pair production contributions up to O(a?), the total cross
section o, the 777~ pair invariant mass distribution do/ds’ and the pion angular
distribution do /d cos 6 are then investigated for experimentally realistic kinematical
cuts. A strategy to extract the undressed hadronic cross section from the experimen-
tal data, which is needed for the dispersion integrals (1.7) and (1.9), is developed
and discussed. Finally the precision of this strategy is estimated, including a con-
sideration of the model uncertainty which is related to the non-perturbative QCD
effects of the 777~ final state.

The goal of this work is to provide the theoretical condition to extract the un-
dressed hadronic cross sections from the measured data at low energy hadronic
experiments like DA®NE and VEPP-2M with a precision at per mill level.



Chapter 2

Some Remarks about Radiative
Corrections

In the following the QED corrections to low energy hadron production in ete”
collisions will be considered. After a general model-independent treatment of the
initial state corrections I will focus on the production channel of a charged pion pair
(ete” — w7~ ). Analytic formulae for the complete massive O(«) corrections will
be presented. These include the real and virtual corrections to the final state as well
as the real and virtual interference corrections. The hadronic structure of the pions
will be parametrized by the pion form factor F,. The pion angular distribution
and cross sections with kinematical cuts are treated numerically, using the Fortran
program A¢pwDITE [81]. They will be considered in chapter 4.

When calculating QED corrections to scattering processes in perturbation the-
ory one usually has to deal with infrared (IR) divergent expressions (infinities that
appear in the limit of zero momentum) and ultraviolet (UV) divergent expressions
(infinities that appear in the limit of infinite momentum).

The IR divergences are due to the fact that the incoming and outgoing particles of
a scattering process are treated as asymptotically free states in perturbation theory.
Concerning electrically charged particles such free states are unphysical since the
field quanta of QED, the photons, are massless and therefore can have arbitrarily
small energies. An electrically charged particle is therefore always “dressed” by a
cloud of very low energy photons. For a given scattering process adding the real and
virtual photonic corrections cancels the IR poles which appear in both contributions.
These poles are a consequence of the artificial separation of real and virtual photonic
corrections in perturbation theory and it was proven that the cancellation happens
in each order of the perturbative expansion [82, 83]. Considering the exclusive
measurement of a real photon which is emitted from a charged particle, restricting
the real photon phase space to a small photon energy E, < A, a straightforward
calculation would lead to an IR divergent result in the limit A — 0 which is obviously
unphysical. This is the case for contributions of each order in the perturbative
expansion. There is, however, a systematic way of getting rid of this unphysical



behavior by adding contributions of all orders [83]. This leads to an exponentiation
of the in the limit A — 0 IR singular terms such that the observables are well
behaved for low photon energies.

In calculations of subleading corrections in perturbative QED we have to deal
with loop integrals which are UV divergent in four spacetime dimensions. To regu-
larize the UV divergences it is possible to introduce a formal UV cutoff, e.g. by
switching from 4 to 4—¢,, spacetime dimensions (dimensional regularization). Since
observables are finite quantities in four spacetime dimensions we need a procedure of
removing the UV cut off while keeping the observables finite. In renormalizable the-
ories this can be achieved by a redefinition of the parameters (charges and masses)
and fields, thus absorbing the UV cutoff by switching from bare to renormalized pa-
rameters and fields. Since QED is a renormalizable theory [1] it is possible to rewrite
the QED-Lagrangian in terms of renormalized fields and parameters by introducing
a finite number of renormalization constants which allow for a cancellation of the
UV divergences to each order of the perturbative expansion. For further details on
the renormalization procedure see e.g. [84, 85, 86, 87].

Consider now the process of low energy hadron production in an e*e™ collision
experiment. The dynamics of such a process is determined by a Lagrangian £ which
is the sum of an electron contribution L., a hadronic contribution £, and a pure
gauge contribution £,:

L = Lo+Ly+L,. (2.1)

The hadronic part of the Lagrangian depends on the specific hadronic channel under
consideration. The electron contribution and the pure gauge contribution read

Lo = P —ed) b —mepip + (Zy = 1) idh — (Zo — 1) metpi)

—(Z1 = 1) e o), (2:2)
1 1 1
£y = — PP = e @A~ (Za=1) {FuF™ (23

Here the Lagrangian is written in terms of the renormalized quantities like the
renormalized Dirac field of the electron v, the renormalized photon field A*, the
renormalized electron mass m, and the renormalized electromagnetic charge e. The
terms containing the renormalization constants Z; (i=0,1,2,3) - the counter terms
- lead to a cancellation of the UV divergences in the physical observables. Zj is
related to the photon self energy which after Dyson summation of the irreducible
photon self energy contributions leads to the running of the electromagnetic coupling
[a — a(s)]'. Zy, Z, and Z, are related to the electron self energy ¢ and the electron
vertex correction A, respectively.

To obtain the next to leading order (NLO) total cross section o, for the process
under consideration one has to take into account all contributions including one

'In fact the running of « is a consequence of the renormalization group equation.
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additional real or virtual photon. Hence the cross section can be written as the sum
of two terms, one corresponding to the virtual and the other to the real photon O(«)
corrections (F' is the flux factor):

1 , 1 .
To = [ dLivs Mo+ MiP+ 3 [dLips, M. (20

In eq. (2.4) M, is the Born amplitude, M is the sum of the amplitudes of all virtual
correction contributions (M; = ), My;, with the summation index ¢ running over
all 1-loop amplitudes) and M., is the lowest order amplitude for the process with
one additional photon in the final state. The integration measure dLips (dLips.)
corresponds to the Lorentz invariant phase space integrations.

Expanding the squared 1 loop amplitude yields

Mo+ MiP = [Mo]> + D 2Re(MoM;,) + O(a?) . (2.5)

Corrections of higher order can be neglected in a NLO calculation. Hence the NLO
differential cross section can be written as the sum of the 1-loop corrected Born
cross section and the lowest order cross section of the process with one additional
real photon in the final state:

do do do
— = (— | 1+ o)+ -=) - 2.6
(@), = (@),0-E0+ (&), =
As before the sum is taken over all virtual correction contributions corresponding
to all 1-loop Feynman diagrams, where
5, — ZReMoMi,) (2.7)
| Mol?
Note that there are additional NLO corrections coming from wave function renor-
malization of the fields corresponding to the in- and out-going particles (external
leg corrections). These corrections can also be written in the form of eq. (2.7) and
have to be included.

When integrating do/dS2 over the angles the real and virtual initial-final state
interference (IFS) correction contributions drop out which is a consequence of charge
conjugation invariance of the electromagnetic interaction. The NLO correction to
the total cross section is therefore determined by the correction factors d; corre-
sponding to the initial state (IS) and final state (F'S) corrections only. The same is
true for the invariant mass distribution do/ds’ of the hadronic final state. As we
will see later it can be written as

% = 00(5/) pini(sa 8/> + 00(5) pﬁn(57 5l> 5 (28)
where pini(s,s’) and pgn(s, s’) are the IS and FS radiator function corresponding to
the real and virtual IS and FS QED corrections, respectively. The form of eq. (2.8)
can be kept when higher order photonic corrections and IS pair production contri-
butions are included.



Chapter 3

Initial State Corrections to
eTe” — X

3.1 The Born Cross Section

The Born amplitude for the production of an arbitrary N-particle final state X in
ete™ collisions can be written as a Lorentz contraction of a vector current, corre-
sponding to the initial eTe™ state, with a final state rank 1 tensor H*:

Mo = U, (p2)(—1e7)us, (p1) H*(q) . (¢ =p1+p2) - (3.1)

In eq. (3.1) p1, po are the momenta and s;, sy are the spins of the initial state
electron e~ and positron e, respectively. H* corresponds to the final state X and
therefore depends on the final state masses my, ms ... my, the final state momenta
ki, ko ...ky and the final state spins ¢y, t5 ...ty. The total Born cross section is
then obtained by integrating the squared Born amplitude (which is summed over the
final spins and averaged over the initial spins) over the complete N-particle phase
space:

N
7(s) = 5o / H 27? b Om)'5 (= > k) AT (3.2)
€ i=1

with
4m?
s = ¢, B =4/1— se’ (3.3)
— 1
Ml = 7 D MoMj = B (q). (3.4)

81,82,t;
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In (3.4) the squared Born amplitude is written as a contraction of the Born initial
state tensor Egl, and the final state tensor F'* which are defined as

1 _ _ T
Bl = 120 a2 (m1e)us, (1)) [ (p2) (109 ), ()
5182
S
= 62 <p1up2u +p2uplu - ig;w) ’ (35)

F(q) = > H"q)H"(q). (3.6)

Integrating F'*” over the complete N-particle phase space leads to the integrated
final state tensor

F(q) = / H 27? sz (m)'90a = 3_ k) £ (q)
— ) W+B( )a"q”, (3.7)

which only depends on the sum of all final state momenta ¢ as well as on the
Lorentz invariant quantities s and the final state masses m; (i = 1...N). The
second equality is a consequence of Lorentz covariance. With these definitions the
Born cross section reads

1 , 1 s+ 2m?
w1 (q) = o
2503, 2503, 2503,

In eq. (3.8) gauge invariance has been used which implies the Ward identity:

A(s) tr (E%) = — A(s) . (3.8)

0'0(5> =

0 __
¢"ES, =0. (3.9)

Taking also for the final state tensor gauge invariance into account, F** becomes
transverse:

v v OolS 2556 v q#qV
WP (@) =0 = F"(q)=- (;g)m(qM —T)- (3.10)

This relation between the integrated final state tensor and the Born cross section
will be used when applying radiative corrections to the initial eTe™ state.
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3.2 Initial State Bremsstrahlung

et
,Y*
e_ /y

Consider now the case that a real photon v(k, ) is radiated off either the initial
state electron or the initial state positron (k is the photon momentum and A the
photon helicity). The corresponding amplitude reads (with ¢’ = ¢ — k = >_ k;)

(1 = f) +me

(p1 — k)% —m?2 + ie

My, = {oatpe)cien) |

U —1l1e 1 _(}62 _ k) + e —le U
# al)cier,) [ | Cendu o]
x € (k) H'(q) . (3.11)

Integrating the squared amplitude over the complete N + 1 particle phase space
leads to the related total cross section (with s’ = ¢'2):

4—n n—1 3 N
_ Mg / d "k d°k; 45(4) 2
o..(s) = - 2m)%0 — k- E k;) | M
'Yz( ) 25/66 (27T)n_12|k‘| (27T)32E|Z ( ) (q p ) ‘ 'Y‘

_ /~L1R / / dr- 1k d*q 5@ /
= , qg—q —k
250, (27)n—12|k| 24° ( )

N

/ H Phi omys® (g — 3 k) TV (3.12)
27T 32F; , ’ A )

where eq. (C.7) in App. C was used. Note that the integral over the photon mo-
mentum £ is IR divergent in n = 4 spacetime dimensions. To regularize the IR
divergence a soft photon cut off is introduced. Here this is achieved by dimensional
regularization, thus by switching from 4 to n = 4+ ¢, dimensions. As for the Born
case also the squared amplitude for initial state bremsstrahlung can be written as a
contraction of an initial state tensor E7, and the final state tensor F*” as defined
in eq. (3.6):

N

—2 1 ,
M= > MM = E) (). (3.13)

51,52,\,t

In contrast to the Born case the initial state tensor now includes the contribution
from the bremsstrahlung photon that is radiated by the initial state electron or
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positron:

i th— ) + me
E),, = 1 Z {USQ(p2)(_16'7M) ll(pl_k)z

517827)‘

+ Oy (p2)(—1e7,) ll( L et R } (—lew)usl(Pl)}

pa — k)2 —m?2 +ie

s matmmen) PR e o)

+ Ty (p2)(—1e7,) {1 (p;(_ﬁ 1;)_2 k_)n:?ﬂj:ie] (—1e'yy)u51(p1)}T

x e (k)er(k) . (3.14)

Again, as a consequence of gauge invariance, the initial state tensor obeys the Ward
identity:

q"El, = 0. (3.15)

Using the relation between the integrated final state tensor and the Born cross
section in eq. (3.10) it is possible to write the total cross section corresponding to
the process including one IS photon as a convolution integral:

o (s) = / ds'oo(s' ) pil(s, ') (3.16)

where

8(¢%—str (E™)  (3.17)

4—n / ; / dn_lk
pls) = §'Be(s) /(

s 5 +2m2 | @rrigk
is the regularized initial state radiator function. Note that p;,; does not contain
any information about the final state since only the trace of the initial state tensor

appears. It is therefore the same for any final state.
A straightforward calculation yields

— 2m? m?2 m?2
tr (B7) = —e*{ (s+2m? [ i - - — }
( u) { ( ) (plk)(pzk) (p1k>2 (pzk)2
1 1 pok pik
— 2(s — 3m? ——I——] +2m§{ }
( ) {plk Dok (p1k)?  (p2k)?
Dok p17€}
+ 2| = +— ) 3.18
{Plk Dok } ( )

The terms with two powers of the photon momentum & in the denominator become
singular in the limit n — 4 when integrating over the photon phase space. Since
these divergences occur in the soft photon limit,
/
s—s

2V/s

E, = — 0, (3.19)
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the convolution integral in eq. (3.16) is usually divided into a low energy part (£, <
A) which demands IR regularization and the rest (E, > A) which is IR finite for
n =4

Eo

A
ouls) = 245 { |4 ) puB) + [ 4B, () )
= afz_(s,A)%—ag(s,A). (3.20)

FEy is the maximum photon energy. A is the soft photon cut off energy, depending
on the choice where to draw the boundary between soft photons (£, < A) and hard
photons (E, > A), with the requirement that A is small, which means that

JO(E,Y =0) ~ 00( =A). (3.21)
The initial state radiator function can be written as the sum of two contributions:

pni(By) = phl(Ey) + plil (E5) (3.22)

(1)

where p; ! is the contribution with two powers of £ in the denominator. It is therefore

the dominant contribution to pi,; at low photon energies .. The E, integral over
pl(nll) becomes IR divergent for n — 4.

From eq. (3.21) follows that the soft photon correction factorizes. Thus the Born
cross section is multiplied by a soft photon correction factor:

05 (s,A) = oo(s) 5u(s, A) (3.23)
with
ni(5,A) = / ds' p (s, s)
soft
A"k [ s — 2m? m? m?
= " = <. ¢ 3.24
b /f 2R R k) kP (k) B

The index “soft” indicates that the integral is taken in the soft photon range 0 <
E, < A. Replacing the total cross section by the differential cross section (o —
da /dQ) the soft photon factor §7, stays the same. The calculation of the soft photon
integral which is presented in App. B. yields

— 2m? 1 .
65.(s,A) = % {{—1+ 5 sﬁme ]0g<1i—g )} (3.25)
2 A2 1+ﬁe)
X |—+lo +v5 + 2log 2 +—lo
|ﬁle g<47TILLIR) K s } 6 g(l_ﬂe
s—2m

21, L (140 s — 2m? 203,
B, 2% (1—66)_2 . L”(uﬁe)}'



16

To obtain the hard photon contribution ag the integral in eq. (3.17) has to be
calculated which yields the initial state radiator function piy;(s, s').

The integration can easily be carried out in the e*e™ center of mass system which
is the same as the laboratory system. Since the integral is finite in 4 dimensions no

regularization is required. The integration yields

a 1 §6.(8) s —2m? 1+ 6.
mi(s,s’) = — —= < 2 [1- €1
pini(, &) T SPe S+ 2m? S0, B 1= Be

s+ 2m? s—s 1 1+ 0.
SIS N (1| R

To lowest order the inclusive cross section corresponding to photon emission from
the initial state with E, > A therefore reads

s—24/sA
ol = / ds’ oo(s)pum(s, ') - (3.27)
s—2+/sEg

Concerning hadron production in ete™ collisions at DAPNE energies the electron
mass is much smaller than the center of mass energy (s > m?). In this limit the
initial state radiator function in eq. (3.26) becomes

a s2+5? s
Pini(s,8) = — ——— [log <m_§> — 1] : (3.28)

T s%(s—¢)

which agrees with eq. (9) in the paper by Bonneau and Martin [88].

3.3 The Vertex Correction

+

The amplitude corresponding to the initial state vertex correction can be written
in a similar form as the Born amplitude:

6 = B (p2) [—ieA,(6)] e, (1) HA(q) (3.29)
The vertex correction A, in (3.29) is given by the following 3-point integral:

M) = itiepnt ™ [ S S (=)0, (3.30)
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where the numerator N and the denominator D of the integrand read:

N = Fal=p2 + K+ me)yu(pr + § +me)y™, (3.31)
D = [(p+k)>—mi+ie| [(p — k) — m? +ie] [k* +ie] . (3.32)

The vertex correction in (3.30) corresponds to the renormalized Lagrangian L. given
in eq. (2.2). In (3.30) the 1-loop counter term [(Z; — 1))y, ] leads to a cancellation
of the UV divergence of the integral. Using the following identities for the gamma
matrices in n dimensions:

"y = 29", =m, (3.33)

and taking into account the on-shell conditions for the initial state electron and
positron, the numerator N can be simplified:

N =~ [4pip2 +4(p1 — pa)k + (n = 2)k*] — 4 (p1s — pay)
+ ey [Ame — 2(n — 2)] . (3:34)

A, can now be written as the sum of a contribution which is IR divergent in n =
4 dimensions (A/"), an IR and UV finite contribution (Af") and a contribution
containing the UV divergent integral as well as the counter term (A]"):

Ay = AJHA AL (3.35)

To regularize A, an IR cut off has to be introduced. As for the soft photon case
this is achieved by treating the IR divergent integral in n = 4 + ¢,; dimensions.
ALY on the other hand can be regularized by switching to n = 4 — &4, dimensions.
The contributions to the initial state vertex correction can then be written in terms
of the master integrals Isg, IS, and I?ﬁ [see App. A, eq. (A.50), eq. (A.68) and
eq. (A.73)]:

AT = i(—i€?) pa ™ yu(—Ap1p2) Iss(—p1, p2. k) (3.36)
A = i(—ie?) 4 [1u(pra — P2a) — (Pra — Do) Ve + AGpuame]

x Iy (—p1,p2, k), (3.37)
A= i(=ie?) 1Y (2= eov) [VaGas — 20uavs] T5r (—p1, D2, )

+ (2, - 1)V, (3.38)

As a consequence of Lorentz covariance and gauge invariance the vertex correction
contributions can be expressed as a linear combination of two rank-1 tensors. A,
can then be parametrized by the form factors F; and F5:

iy
2m,

AL = AMFE() — F¥(¢*), with = =IR, fin, UV . (3.39)
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Summing all three contributions yields

10,,q"
M@ = 2 File?) — 22 B | (3.40)
me
where
2 _ IR/ 2 fin/ 2 uvy 2
Fi(q) = F"(¢)+ F" () + FV (), (3.41)
B = B+ FEY (). (3.42)

When taking the classical limit, the form factors F} and F; appear to be related
to the coupling to an electric or a magnetic field. F; = G, and F} + F;, = G, are
therefore called the electric and magnetic form factor of the electron, respectively!.
The vertex correction to the Born amplitude can be written as a contraction of an
initial state tensor E,Y,f”er, corresponding to the initial state vertex correction with
the final state tensor F'*, given in (3.6):

1Y e Mol M (0)] = B (@) ) (3.43)

$1,52,t4

where

ertex S
E; e (q) = € { 2Re [F1(q)] (pmpzy + PP = G )

+Re [F2(q2)} ( qudv — S Guv ) } :

The tensor structure of EX,f’“m reflects gauge invariance:
¢FE = 0. (3.44)

The initial state vertex correction contribution to the total cross section oy, is ob-
tained by integration over the complete phase space, thus by replacing the final state
tensor by the integrated final state tensor and multiplying with the flux factor:

1 ertex v 1 1 v(Vertex
O-Vi(s) = 2855EXV ! FH (Q) = _g 8+2m2 00(5) tr [E,u(v ! )}
S
= { 2Re |:F1(C]2)} + 3Re [Fg(q2)} m } 0'0(5) . (345)

The form factor F; is of O(m?/s) and therefore can be neglected? The initial state
vertex correction tensor is then proportional to the Born initial state tensor:

By (q) = 2Re[Fi(¢*)] B, (q) - (3.46)

!Switching from the s-channel process to the t-channel process, Fy(t = 0) is exactly the anoma-
lous magnetic moment of the electron.

2 At the g — 2 experiments the t-channel process is measured, where the electron or muon inter-
acts with a classical magnetic field. The momentum transfer from the magnetic field is therefore
very small (t ~ 0). F3(t =0) = (g — 2)/2 then becomes an experimentally measurable quantity.
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Hence the initial state vertex correction is obtained simply by multiplying the dif-
ferential or total Born cross section by the factor 2ReF)(¢?). Inserting the results
of the master integrals given in App. B into eq. (3.36), (3.37), (3.38) and using the
Gordon decomposition,

Y oMY »
olpalalpn) = o) |2 - 20 ). (3.47

a straightforward calculation leads to the following results for the form factor con-
tributions:

IR( 2 _ QS—Qmi L o 1+6e .
) = T s {»SIR{ 10g<1—ﬁe o

o oo (75 =] e (F2) =

_ %log (ig) [log (1 _452) +210g(56)]

— log (1226) log (12_56) — 2L, (_12_66)

+ %ﬁ + 2mi log(ﬂe)}} , (3.48)
gy = 25, {log ng) —m} [1+ iﬂf] , (3.49)
) = -2 {bg(ifgz) —m] 25’;2 (3.50)
(¢ = % {log <Mi”_s) —log (1_Tﬁ2)

|

FV (%) = % ;"; [log <1ig) —m'] . (3.52)

Here FyV is given in the M.S scheme. Hence the counter term reads

(Z -0 = -2 {i +log(4m) + log (47,) — e — log (uif—s)} . (3.53)

4 | epy
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3.4 Self Energies

How to apply the 1-loop self energy corrections to the external legs can be seen
when the S-matrix element to the process ete™ — X is written as a function of the
on-shell-truncated, renormalized Green’s function in momentum space Gry, (see
e.g. [84]):

24N
(ki,...ky|S|p1,p2) = H(l — Y)Y Gk oy by pr,pe) - (3.54)
i=1
The running parameter ¢ corresponds to the two initial state and N final state
particles. For an external fermion (i = f) with momentum py, the term X} reads

o _ P

o5 } pymit (3.55)

where X/ (p;) is the renormalized irreducible self energy and m‘?h is the physical
mass of the fermion, defined as the pole of its propagator. Since only the 1-loop
corrections will be taken into account it is possible to neglect terms of O(a?), thus

1
(1-2D"12 = 14 5 I +0(?), (3.56)
mi' = my+0(a?), (3.57)

where my is the renormalized mass, corresponding to the renormalized Lagrangian
in eq. (2.2). 2, is the O(a) contribution to £{. Hence the amplitude corresponding
to the 1-loop initial state eTe™ self energy correction reads (with ¥/ = ¢, Z{a =29,
ms=me)

M,

7

= M35 (3.58)

The 1-loop self energy 3¢ is the sum of an UV divergent integral which is regularized
in n = 4 — e, dimensions and the 1-loop counter terms which contains the 1-loop
renormalization constants (Zy — 1) and (Z, — 1), The counter terms lead to a
cancellation of the UV divergences such that the result is finite:

ity = e [ @=nG ) +ome

x (?6) K ( ) / (271')" [(p + k;)2 — mg + ZE] [k’2 + ZE]
+ ime(ZO - 1>(1)1 + Z(ZZ - 1)(1)ﬁ

— —i [AP)1+ B
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where the functions A(p?) and B(p?) can be expressed in terms of the master inte-
grals Ing(p, k) and I3, (p.k), given in App. A.

A(p2) = —i€2 n me ]2S(p7 k) — Mg (ZO - 1)(1) ) (359)

B(p?) = —ie? (2—n) []gg(p,k)+]%§p’k)} —(Zy— 1)V . (3.60)

Inserting now the expression for Irs and I3, [eq. (A.18), (A.19)] and expanding in
eyy yields

«

2 1
1
- / dz log [p°z® — x (p* — m?) — ie] } —me (Zyg— 1)WY,
0
B(p*) = ez Ve + log (4mp®) — 1 (3.62)
4 | epy
1
- 2/ dz (1 —z) log [p°z® — x (p* — m?) — ze}} — (Zy— 1)V .
0
In the MS scheme the counter terms read
n @ 2 2 2
(Zo =)W = — ¢ =75 +log (4mp®) —log (1) ¢ (3.63)
T L Euv
1 o 2 2 2
(Zo 1) = —— ¢ — 1y, +log (4mp?) — log (u3) ¢ - (3.64)
4 | epv

The UV poles are canceled and A(p?) and B(p?) are therefore UV finite:

AP = L m, {1+/01dx log {pzﬁ_aj(ﬁ_mz)_“”, (3.65)

™ 2 MJ%TS
a (1 ! p2a? — z (p* —m?) —ie
B(p?) = —{——l—/d:cl—m log{ < ]} 3.66
) = {3+ [ara-0 - (3.0
¥¢ can now be expressed in terms of A(p?) and B(p?):
; IA(p?) OB(p?) ) )
M) = . 2me+ —55 . om? + B (m?) . (3.67)

The derivatives of A and B are IR divergent. They are regularized in n = 4 + ¢,
dimensions and can be expressed in terms of the derivatives of the corresponding
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2-point integrals that are presented in App. A [eq. (A.23), (A.24)]:

DA(p?) -y Olss(p, k)
—ie“(4d+¢ — =5 Me
(9]92 . ( IR) apz
_oal 1 1 42, 3
- S lm e () +a)) e
dB(p?) 9 [5[23(]?7 k) 0 <Pa]§v)}
— = 1e°2+enm) | —ms—+t 55
o |y ( Ry a2 op: \ p2

a 1 1 1 A7y
gL en() ) o
Together with
2 m?
B = — |l —= | -2 3.70
o) = o s ( 55 ) 2] (3.70)
the result for the initial state self energy correction becomes:

. a [ 1 1 1 m?2 1 m?
MY = 4= —1 = —14+ =1 = . 71
! T |€1R +27E+2 o8 (47TM?R) +4 Og( if_s)} (37 )

Hence the analytic results for the O(«) IS QED corrections are complete. IS correc-
tions of higher order will be considered together with the FS and IFS interference
corrections in chapter 4.



Chapter 4

Complete O(a) Corrections to

ete” — i

Consider now the production of a charged pion pair [e™ (p1)e™ (p2) — 7~ (k1)7 T (ko)]
which is the dominant hadronic channel for center of mass energies below 1 GeV.
Like any QED process pion pair production is always accompanied by the emission
of photons which can be either radiated off the initial e*e™ state or the final 7+7~
state. Here the major difficulty is how to apply radiative corrections to the final
state. Since perturbative QCD breaks down at low energies it is not possible to treat
the final state pions in terms of their constituent quarks. On the other hand hard
photons that participate in the scattering process can probe the pion sub structure.
Treating the pions as point-like particles by simply applying scalar QED is therefore
also not a solution to the problem. What makes things even more complicated is
the fact that the pion pair does not couple directly to the virtual photon but e.g. via
an intermediate p or w resonance which are highly non-perturbative phenomena.

Usually the 77~ data are represented in terms of the pion form factor Fj(s).
The absolute square of F,(s) can be expressed as the Born cross section including
photon vacuum polarization contributions devided by the lowest order cross section
for point-like pions which can be evaluated in scalar QED:

223
Tl i o) = T
ona(s) 3 s

|[Fe(s)]* = (4.1)

Here 3, = (1 — 4m?2/s)'/? is the pion velocity and F,(s) is the dressed form factor
which thus includes the photon vacuum polarization. To obtain the undressed form
factor Féo)(s) we can proceed as in eq. (1.11):

[EO ()P = [Fa(s)I? (a/a(s))? . (4.2)

The cross section ratio R(s) as defined in eq. (1.10) corresponding to pion pair
production can then be expressed in terms of the undressed form factor:

Ree(s) = 2 EO () (13
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To apply radiative corrections to the lowest order cross section the procedure will
be the following: first the QED corrections for pointlike pions will be considered.
These results can then be extended to the case of physical pions by multiplying
with a form factor; graphically: plus one, two or more virtual and/or real photons

attached in all ways to the charged lines.

Why can this procedure be trusted? There are two main points which convince
us that the model ambiguity of the FS radiation cannot be too large, although it is
hard to give a solid estimate of the uncertainty. The first point is that the FS QED
corrections are ultraviolet (UV) finite in our case. This is in contrast, for example, to
the weak leptonic decays of pseudo-scalar mesons, where the QED corrections to the
effective Fermi interaction depends on an UV cut-off, which in the SM corresponds
to a large logarithm which probes the short distance (SD) structure of the hadron.
There is no corresponding SD sensitivity in our case. This is confirmed by a recent
analysis of the radiative correction to the pion form factor at low energies within
the frame work of chiral perturbation theory [89]. In fact the correction does not
depend on any chiral low energy parameter, which would encode an eventual SD
ambiguity. The second important point is that the FS correction turns out to be
large (of order 10 %) in regions which are dominated by soft photon emission where
the treatment of the pions as point particles is actually justified. The question of
the model uncertainty will be discussed later in more detail.

The hadronic contribution to the Lagrangian £, = L, [see eq. (2.1)] is now
taken to be the gauge invariant, renormalized QED Lagrangian of charged point-
like particles which correspond to the complex scalar field ®:

L. = (0,)(0"®*) —ie(9*0,P — 03I, P*) A" + €°g,, PP*A* A — m2D* P
+ (25 = 1)(0,9)(0"*) — (2™ — 1)ie(9*0,P — O, D*)A*
+ (27— 1)erg, 00 AP A — (Z) — 1)mPd P . (4.4)

From eq. (4.4) follows that the pions can couple via two different vertices to the
electromagnetic field. The Feynman rules for the vertices are the following:

1. Write —ie(p+ p')* for a negatively charged pion with the incoming momentum p
and the outgoing momentum p’ which couples to a photon via a triple vertex,

2. Write 2ie?g,, for a pion which couples via a quartic vertex to a photon'.

IThe factor 2 for the vertex is a consequence of the fact that the photon field is a real field.
Therefore two identical Wick contractions with external photon operators have to be taken into
account when deriving the Feynman rules. In addition there is a factor ¢ which has to be taken
into account if the pion propagator is also multiplied with .
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Initial State Corrections
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Final State Corrections
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Interference Corrections
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Figure 4.1: Virtual and real O(«a) QED corrections to the process ete™ — wtn™.
The dots stand for the remaining real photon initial-final state interference diagrams.
1

In Fig. 4.1 the Feynman diagrams corresponding to the real and virtual O(a) QED
corrections are given. If the pions were point-like scalar particles one could calculate
the radiative corrections in a more or less straightforward way by using the above
Feynman rules. To take into account the non-perturbative QCD effects we use the
pion form factor F,. A typical parameterization for F} is the Gounaris Sakurai
parameterization [90] (for other parameterizations see e.g. [91, 92]). In fact the pion
form factor can be “parametrized” in a more model independent way by exploiting
analyticity, unitarity and constraints from chiral perturbation theory together with
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information from 77 scattering data and by combining |F,(s)|?> data in both the
space-like and the time-like region [93, 94, 95, 96, 30].

It is the aim to extract F from experimental data by undressing the experimen-
tally observed cross sections from radiative corrections. Using the usual procedure
of unfolding the QED corrections leads to a model dependence for the results which
can be estimated by a comparison of different form factor parameterizations. Later
it will be shown that for the radiative return measurement of the pion pair invariant
mass distribution do/ds’ one can avoid the choice of a specific form factor parame-
terization. In fact F,(s’) can be evaluated directly from the experimental data.

Why is the above form factor ansatz a reasonable one to parametrize the extended
structure of the strongly interacting bound state pion? First of all it leads to the
right long range behavior if F(0) = 1 which corresponds to pure scalar QED. It
also allows for a consistent treatment of radiative corrections under the condition
that one should not think of a form factor as being related to a pion vertex but to
the Born amplitude (factorization)?:

Mo(s)eTe™ = atn7] = ME™(s) x Fy(s) . (4.5)

MP?™ is the Born amplitude for point-like pions, obtained from scalar QED. For
higher order virtual plus soft photon corrections the amplitudes can then be written
as

S

. 2
Muas) = Bows X ME(5) Fols) + (remms = 72 ) L (a0)

The factor 6, is again calculated in scalar QED. “terms— m?/s” stands for terms
which lead to extra contributions to the observables which are of O(m?/s). These
can safely be neglected. Clearly the renormalization procedure of scalar QED can
then be applied and the cancellation of infrared divergences is also achieved.

4.1 The Born Cross Section

Recall the Born amplitude for the production of a hadronic final state as given in
eq. (3.1):

MO = 2752(292)(_16,}/;1)1%1(pl) HM(Q) . (47)

Using the Feynman rules of scalar QED the tensor H* corresponding to the 77w~
final state can be determined:

(g = L gy (48)

20ften the pion form factor is regarded to be related to the yn 7~ triple vertex which would
modify the Feynman rules in such a way that the triple vertex of scalar QED is multiplied by
F.. This automatically leads to the right Born amplitude M. However, a consistent and non-
ambiguous treatment of the radiative corrections would then be difficult. One should therefore
think of the pion form factor as being related to the Born amplitude and not to a vertex.



27

Note that in eq. (4.8) the form factor is defined to be the function that multiplies
the tensor corresponding to pointlike scalar particles. Referring to eq. (3.4) the
squared matrix element can then be written as the contraction of the Born initial
state tensor E}), with the final state tensor F* which was defined in eq. (3.6):

— 9
‘M0| = EguFW(Q) ) (49>
where

e*| Fx(s)|*

F™(q) 2

(kY — k) (kY — K3) (4.10)
The integrated final state tensor F* is then obtained by integrating over the com-
plete 777~ phase space [see eq. (3.7)]. The integration can easily be carried out in
the 7t7~ center of mass system (CMS) which here coincides with the laboratory
system. This yields

Fr(s) = / (2:)?]’{:21E1 (2?)55E2 (27T)25(q — k1 —ky) F*™(q) ,

| Fx(s)* m . q"¢
—WE@(S) (9“ _T) ) (4.11)
where f,(s) = 1—47:’% (4.12)

By comparing (4.11) with (3.10) and neglecting the electron mass (s > m?) one can
immediately read off the total Born cross section:

™ a?B3(s)
S

N Fe(s)]* 7

25(27)2 6 |Ex(s)]* - (4.13)

Ba(s) =

O'(](S)

The total cross section oy(s) can of course also be obtained by integration of the
angular distribution (taken in the CMS),

do\  _ Bel) . @’6R(s)
(d_Q)O = 16n2s [Molens = %o |Fr(s)]” sin”© . (4.14)

In eq. (4.14) © is the scattering angle of the pion in respect to the ete™ beam axis
in the CMS.

4.2 Hard Photon Radiation

Consider now the real photon corrections to pion pair production, thus the brems
strahlung process e~ (p1)e™ (p2) — 7 (k1)7" (k2)v(k). Since the pions are electrically
charged, in addition to the radiation by the initial state electron or positron also the
radiation by the final state pions has to be taken into account. The bremsstrahlung
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amplitude therefore is the sum of the initial state radiation amplitude and the final
state radiation amplitude:

My = My +M,, . (4.15)
The initial state radiation amplitude M., is given in eq. (3.11), where for the final
state rank 1 tensor one has to put the tensor corresponding to the 7" 7~ final state
(with ¢/ = k1 + ko):

() = _eF”;/qlz)(ky—kg). (4.16)

A photon which is radiated by the final state pions can either couple via a triple
vertex to the positively or the negatively charged pion or it can couple via a quartic
vertex to the pion final state [see Fig. (4.1)]. Using the Feynman rules as discussed
before, the final state bremsstrahlung amplitude is determined to be (see also [97]):

_ g -
My, = o)) (4 L) BT @
q* + 1€
with the final state radiation tensor
. ki — ke — k), (—2ko — k)
T(T() — 2 ( 1 2 [4
ve e { 2ok
(k1 — ko + k) (2k1 + k),

— 29, 4.18
Uerk Jvp (4.18)

To obtain the observable quantities, one has to take the absolute square of the
amplitude given in (4.15):

1 — 2 2
72 M = MG = M T+ MO MG Mo MG+ M [ (4.19)
51,52,A
In eq. (4.19) the squared amplitude has been averaged over the initial eTe™ spins

and summed over the real photon helicities. The contributions mz, |./\/lﬁ,f|2 and
My M+ M, M, correspond to the IS, the F'S and the IFS interference O(«) real
photon corrections, respectively. Taking the expressions for the IS and F'S radiation
amplitudes from eq. (3.11) and (4.17) yields

{tr

+tr

_ 12\@@'2)\2(_9@/)(% (R — k) %
k + me ﬁl % + Me
oo ] (B + me) vy { ok }%']

b 2;&p+kme] o(P1 4 M) {%jz—fizme] %l]

M -
[
o |

- { ﬁz+k+me] N [151 éé+me}%,}
o |

2pok —2pk

e R e b R YD

t
“+tr [ ok

—2pok
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_ 1 é° 19\ Tk /
MM, = 1@ @) (g )k = k) X
(i — ks — k)" (=2ky —k)y | (ki — ko + )" ki + )y
{ 2ok * ik 2y %
P — K+ me
{tr [(]52 — Me) Yy [W Yp(P1 + Me) Y
- + _I_ me
e | (o = oy | BT ] (4.21)
—2p2k’
_ 1 66 2 %/ 19 o0 w W
M“/fMikYi - EWF”((I VEZ(q7) (=g ) (ki — kb ) X
(k1 — ko — k)" (—2ko — k), | (ki — ks + k)P 2k + k),
{ Dhok * Skrk 2y §

{tr [(pg — me)Vu(Pr + me) vy [ﬁl _fpjkme} W]

+t1 | (P2 — me)Vu(Pr + me) v % Yo | ¢ s (4.22)
| =akd)

6

—2 & /
|M'Yf| Z?|Fﬂ(q2)|2(_9pp)
(ky — ko — k)"(=2ky — k), (k1 — ko + k)*(2ky + k),
-2 2
{ Dok * Derk 9 |~
(k1 — kg — k) (=2ky — k) (k1 — ko + E)¥ (2ky + k) :
— 24",
{ Dok * Derk 9 | %
tr [(P2 = me) (1 + me) ] - (4.23)

The calculation of the traces has been carried out by the symbolic manipulation
program FORM [98]. Analytic results for the total cross section o and the pion pair
invariant mass distribution do/ds’ have been obtained by tensor integration (see
App. C). For this purpose the matrix element corresponding to the IS, FS and IFS
interference corrections is written as a contraction of an initial state tensor E7, _
with a final state tensor FF7 (x = ini, fin, int), respectively:

S . v
|M“/i E;erljr(pﬁlupgv k* y D1 Qk) Elrlu (kiL7 ]{?5) )

Q%G(M%M:f) = ELIST(p/fapg> kuapl,Qk) FW/ (k‘lila kga kl,Qk) 3

int

INVERL v..T
‘M’Yf| = EEBT(plllupgv k#) Ff%fn (kilv ]{75, k1,2k> : (424)

As shown in App. C the 3-particle phase space integration can then be written as
two subsequent 2-particle phase space integrations, followed by an integration over
the invariant mass of the pion pair s’ [see eq. (C.7)].
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The final state tensor FF7 can then be integrated over the pion momenta
in the 7t7~ center of mass system, leading to a tensor FE”7(q*, k*) which after
contraction with the initial state tensor Ej, . can easily be integrated over the
remaining 2-particle phase space:

do 1 d3k d3q
54 . k _ / Em F/JV...T 42
(ds’)x 2s / (2m)32k0 (27)3q"° (g 7) p.. T , (4.25)

with

fp,l/...T(qy, /{7“) _ / d3/{51 dsk‘z 54((]/ — k- /{22) rveT (4.26)
v ’ (27)32KY (27)32kY v

The calculation of the tensor integrals in (4.26) has again been carried out by a
FORM program, where the results of the master integrals which are given in App. C
were used. Due to the fact that the electromagnetic interaction is invariant under
charge conjugation (Furry’s theorem), in pure QED there is no IFS interference
contribution to the pion pair invariant mass distribution do/ds’ and the total cross
section o. Thus the IFS interference is purely antisymmetric and therefore only
contributes to the angular distribution do/dS). The invariant mass distribution can
therefore be written as the sum of an IS contribution and a F'S contribution:

(3—0) = pui(s.5") o0(s') + (s, ) 00s) (1.27)

The initial state radiator function pi,(s,s’) is defined in eq. (3.26). It does not
depend on the final state particles. The final state radiator function pgy (s, s’) on the
other hand does of course depend on the 777~ final state. The calculation leads to
a rather compact expression:

N 200 §B(s) 1 s’ —2m?2 N (=52
prn(s,8') = T 5B.(s) s—¢ [_1 W Lr(s') + m} ’ (4.28)
with
/ 2
L.(s) = log (%) o Ba(sV)) = 41— 4;7)” . (4.29)

Since the integration over s" yields an IR divergent result, as before in eq. (3.20) the
real photon correction is split into an IR finite hard photon part and a soft photon
part which is IR divergent in 4 dimensions but can be regularized by switching to
n = 4+ €, dimensions. Then the regularized total cross section for the production
of a charged pion pair plus an additional real photon reads

oy(s) = oo(s) [0(s, A) + 0y (5, )]

s—2+/sA
+ /4 ds" [pmi(s, 8)o0(s') + pan(s, s")oo(s)]. (4.30)

m2
What still remains to be calculated is therefore the soft photon final state correction
factor 65 (s, A).
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4.3 Soft Photon Final State Radiation
Y «/\4</V /\/\<
b) c)

To determine the final state soft photon correction factor 03 (s, A) the contribu-

—

tions of [M,, | becoming IR divergent when integrating over the phase space in four
spacetime dimensions, have to be extracted. These are the terms with two powers
of the photon momentum k in the denominator:

— — [ s—2m2 m2 m2
|M'Yf|IR |M0| [(klk)(kgk) - (k’lk)2 - (k‘gk‘)2:| (431)

Thus the final state soft photon correction factor is obtained by integrating over the
soft photon phase space. The integral is regularized in n = 4 + ¢,, dimensions:

A"k s — 2m? m? m:
65 (s,A) = € 4_"/ = { W Unk?  (hak } 2
(s, 4) = € sort 2K (2m)r1 [ (kak)(kok) — (kak)® (kok)? 42

The index “soft” indicates that the integral is taken in the soft photon region
(0 < E, < A). So the only difference to the initial state soft photon bremsstrahlung
is the replacement of the electron mass by the pion mass:

1+ 2 1+ 8,
55 (s,A) = %{[_H ;ﬁfﬂ 10g<1fgw)} (4.33)

2 A? ) ] 1 (1 + ﬁw)
— +1lo 4+, +2log2| + — lo
|th & <47T,U?R e 8 B 8 1 — B

1+ 102<1+ﬁn>_1+ﬁ3r Li < 206 )}
4ﬁ7r & 1_ﬁw ﬁﬂ ? 1+ﬁ7r ‘

Analogous to the IS case the F'S soft photon factor in eq. (4.33) is the same for the
angular distribution (do/dS?) since we are dealing with a neutral current process for
which the IS and FS corrections decouple. The IS and FS corrections therefore do
not depend on the pion scattering angle.

X

4.4 Soft Photon Initial-Final State Interference

As for the cases of IS and FS radiation we can obtain the IF'S interference soft photon
contribution by extracting the terms with two powers of the photon momentum k&
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in the denominator of the corresponding expressions in eq. (4.21) and (4.22):

. 1 1 —
M., M +e? U { + ] M 4.34
MO o) I

1 —
M, M = —*T { + ] M 4.35
Mo M ) K

with

U = —u—i—mg—l—mi = 2p1]€1 = 2p2]€2, (436)
T = —t+m?>+m2 = 2piky = 2poky (4.37)
s+t+u = 2m’+2m2 . (4.38)

Also the interference correction can be written as a regularized (n = 4 + ;) cor-

rection factor 87 (¢,u, A) which multiplies the Born angular distribution. &7, is

1
antisymmetric which is a consequence of charge conjugation invariance. As noted
before the IF'S interference correction therefore does not contribute to the soft pho-
ton correction of the total cross section and the pion pair invariant mass distributions

but only to the angular distribution (do/dS2):

do
S —_— p—
/dQ o0 (t,u, A) (dQ)O 0. (4.39)

From eq. (4.34) and (4.35) one can immediately read off the soft photon correction
factor in the form of a regularized integral over the photon momentum k:

65 (t,u,A) = 62,u4_"/ ﬂ {U {¥
soft 2|k|(27)n1 (p1k) (kK1)

o) T (o * e ) 0

In eq. (4.40) again the index “soft” indicates that the integral is taken in the soft
photon region 0 < E, < A. The calculation of the soft photon integral is presented

_|_
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in App. B and leads to the following result:

55 (t,u,A) = 9{ v 1
T L/ Au, mg, m3)

< |2, 41 A +2log?2| — F(u)
e T log { 3 og u

IR Mg

—{u,U —-t,T}
@ —u 4+ m? 2

~ & 2log (4 Mn) | 2
Wao<s>{ Og(_ng) me

+log (7:; )] — F(u)+ F(t) } (4.41)

IR

A(u,mz,mz>]

Au, m, m3)

with (z = u, t)

T
—
Nak

Il

[Fk0) = Ji2) = [7 (k) + F3(ma) = f5 (ks 2) = fi (i, 1)
+ fy(Ra, k2) + fi (Ko, k1) + f1 (K1, Ka) + f3 (K2, K1) — f5 (K3, k1)
+ f5(Kka, k2) — f5 (K3, ka) — f5 (K1, k3) — f5 (Ko, k3) + f5 (Ka, k3) |, (4.42)

where f7 (i = 1...6) are combinations of logarithms and dilogarithms:

fin) = 3 log’lb, - ]—%logQ[a—n], (1.43)
fin) = glog’ln - 1——log[ ~b, (1.44)
x - i 7]2) i _bx—a
fstmm) = Lz{b —m)( a—ﬁz)]+L2< a—772)
+ Liy <: —771) + log(b, — 1) log (%__:22) , (4.45)

fi(m,m) = Lip {Ez - Z)(?(?; _ Zi” L <_Zx—_n?)

— Liy < bs —a ) + log(a — ny) log (bx — 772) : (4.46)

by — 2 a— 1.
b, — . a—
fE(n,me) = logln —n2]log ( 772) + Liy ( e )
a =173 n — N2
~ Li (bx _”2) , (4.47)
n — N2
— b, . —a
FE(m ) = logln — m]log (”2 ) L (”2 )
e —a T — M

~ Lis <’72 - b“‘) , (4.48)

T2 — M
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@ = Ba(s), by = ﬂe+2,/—§, (4.49)

1 2 2
r+m, —m; * )x(x,m2,m2)] . (4.50)
/ ST |: e s e K

with

HLQ(LU) = —1+

k3a(z) = 1+ \/—1—sx [—x +m2 —m2 + )\(x,mg,m?r)] : (4.51)
MA,B,C) = A>+ B*+(C?—-2AB —2AC - 2BC . (4.52)

For the second equality in eq. (4.41) the high energy approximation s > m? was
used.

4.5 Final State Vertex Correction
-
’Y*
7T+
a) b) c)

The amplitude of the final state vertex correction M7” can be written in a similar
form as the initial state vertex correction amplitude in eq. (3.29):

T — . —1 .
MT = Oo(—iey,)u (m) X [—zeA’(‘ﬂ(qz)} : (4.53)
with Al = A+ AL (4.54)

In (4.54) A}’ corresponds to the vertex correction diagram a) in which the virtual
photon couples via two triple photon-pion vertices. Al corresponds to the diagrams
b) and ¢) in which the virtual photon couples via a triple and a quartic photon-pion
vertex. Let’s first consider diagram a). Applying the Feynman rules leads to the
following 3-point integral (n =4 + ¢,5):

AP) = i(—ie)ut

y / Ak (K — kb + 25M) (2k10 + ko) (—2k5 + E©)
2m)" [(k1 + k)2 — m2 + de] (ks — k)2 — m2 + ie] [k2 + ie]
+ (K= k(2 — 1) (4.55)

which corresponds to the renormalized Lagrangian in eq. (4.4). The 1-loop counter

(mt)

term which is the term oc (Z;" — 1)) cancels the UV divergence of the integral.
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As for the case of the initial state vertex correction one can write A}’ as a sum of an
IR divergent, an IR and UV finite and an UV divergent contribution. Compared to
to the fermionic case there is an additional contribution, the 2-point function (A4, )
which seems to be IR finite but UV divergent:

A = A

trn T Aby, AL, AL (4.56)

tuv top *

Ai‘z is a consequence of the cancellation of two powers of k£ in the numerator of the
1ntegrand against the photon propagator k2 in the denominator, leaving just two
pion propagators.
The IR divergent contribution to A} can be expressed in the form of the master
integral I3¢ which is given in App. A, eq. (A.50):
AP

tIr

= —2i(—ie)? (K} — kY)(s — 2m2)i(—ie)?Iss(k, —ki, ko) . (4.57)

Like for the initial state vertex correction one can express the contributions to Agr) in
terms of electromagnetic form factors. The IR divergent contribution then becomes

tIr

A = Fii(e®) (k) — k) (4.58)

with the regularized IR form factor

—2m2 1 1 - ,
f(ljr)(qz) 2 % {; {—log (1 i_gﬂ) —I—m}

) e (2)

~ o (155) o () s

_ log( ;ﬁfﬂ)log<1z_ﬁfw)—2h2 (—12_6?”)

T §W2—|—27rilog(ﬂﬂ)}}. (4.59)

The IR and UV finite contribution to A‘(‘W) in terms of the master integral I3, reads
(see App. A)

Ai;n = —A(s— 2m72r)i(_ie>2 15y (k, =k, ko)
+ 2(kY — B (kra — koo )i(—ie)? 1S, (k, —ky, ky) . (4.60)

Using the solution of the master integral given in eq. (A.68) also allows us to express
A} in terms of a form factor:

A, = Fign(@®) (B — k), (4.61)
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where the finite form factor reads

; a 3s—8m?2 1+ 6, ,
Flﬁ(7r)(q2) = o T sB. llog (1 —57r> - m} . (4.62)

The UV divergent contribution is the sum of the regularized UV divergent contri-
bution to the integral and the counter term:

Al/«

tuv

Aky — ko)ai(—ie)? i Igh(k, —kq, ko)
+ (K — k(2 — 1)) (4.63)

Inserting the solution for 155 [see eq. (A.73)] and choosing as before the MS scheme
determines the 1-loop renormalization constant:

2 Ay
(z™_pm = ¢ [——I—log( Wf”v) —%s] : (4.64)

41 | epy s

The UV form factor in the MS scheme then reads
2 2
Uv a Hirs I ﬁn
= — <1 HEELLA 3—1 — T
= g Qs (M) +3 e ()

_ 98, [log Gf? ) —m’]} . (4.65)

It will now be shown that the 2-point integral contribution

dk R WYY
— ()2 ,A-n 1 2 4.66
i(=ie)” / @) [(k1 + k)2 — m2 + i) [(ks — k)2 — m2 + ie] (4.66)

AN

top

vanishes. To see this, substitute k = P + k»:

oy o [ AP 2P 4 gt
Au — _ 2 4 n/
w, = =) p @m)" [(P+q)? — m2 + i€e] [P2 — m2 + ie]

= i(—ie)? pt " | Tima” + 2T (4.67)

I / dnp 1
) e (P mE i [P - m i
;. n/2

1
o n . 1—2+4n/2
L r (2 - 5) /0 dz [¢°z(x — 1) + m2 — ie] e (4.68)

. / d"p pr
2(m) (2m)™ [(P 4+ q)? — m2 +i€] [P? — m2 + i€]

1
= — r (2 — —) q”/o dz z [¢*x(z — 1) + m2 — ie] ~2Hn/Z .(4.69)
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Here Feynman parameters were used to write Ay, in the form of eq. (A.7). Then
eq. (A.8) and (A.9) were applied. The UV divergence is regularized in n = 4 — e,
dimensions, leading to

im2—euv/2 Euv
Il(w)qu +2.,Z.5(7r)j| - qu (27‘[‘)4_—5UV T (7>

1
X / dz (1 —2z) [¢z(z — 1) + m2 — ie] —eov/2 (4.70)
0
Consider now the integral in (4.70) and substitute v = x — 1/2:
1
/ dz (1 —2z) [¢Pz(x — 1) + m2 — i€ eov/?
0

1/2
~ / duu {g? [u? — B2} = 0. (4.71)
~1/2

Thus the integral vanishes because the integrand is odd under the interchange u <
—u and the integration interval is symmetric around w = 0. Therefore, as already
remarked above, the 2-point contribution to the 3-point function also vanishes:

Al = 0. (4.72)

tap

This has to be the case since this contribution would have been proportional to ¢*
and therefore would have spoiled gauge invariance. Having calculated all contribu-
tions to A}, what remains is the calculation of the contributions corresponding to
diagram b) and ¢) which contain the quartic vertices. The sum of both diagrams in
terms of the master integrals Iog and I, reads (n =4 — e,,)

A = 20t [2hg(—k, k)R + I8, (ki k) — 2Los(k, —ko ) kY
— I8 (k, —ka)] + (K — k) (2 — 1) (4.73)

Using the results given in App. A, eq. (A.16) and (A.17) yields

in"/? ny [ q—24n
Ls(=ki2), k) = o r (2 — 5)/0 dx [mfer —ze} 2tn/2 , (4.74)
7;7'('”/2 n 1 .
Iy (=ki), k) = 2 r (2 - 5) k:’f(z)/o dr x [m2a® — ie] 2ni2 (4.75)
Inserting (4.74) and (4.75) into (4.73) and expanding in ¢, leads to
3a 2 9
Ay = i {5 — Ye + log(dmpg, )

1
—%/ dz(2 — z)log [m2a® — ie] + (Z{™ — 1)(1)} (ky — ko)*
0

= qu(w) (k1 — ka2)", (4.76)



38

where

3« - 7
Fa = 1 {log (n;”;) +§} (4.77)

™

is the quartic form factor in the M.S scheme. The corresponding M S renormalization
constant reads

. 3a [ 2 drpi?
(Z{ q) 1)(1) — _Oé |i_ _|_1()g (%) —’yE:| . (478)

4T |epy s
Adding the contribution of eq. (4.64) then yields
(ZM -0 = (ZI — O 4z — 1)) (4.79)

2 47
- @ {—+log< W';LUV) —”YE} :
21 ey Hars

4.6 Pion Self Energy

The calculation of the pion pair self energy corrections (which are needed for the
wave function renormalization of the fields corresponding to the final state pions) is
similar to the calculation of the initial state self energy corrections (see the previous
chapter). Recalling eq. (3.54), allows us to write the FS self energy amplitude as

X (p?)

Ms, = M2 with o = 5

(4.80)

p2=m2

(™ is the irreducible 1-loop pion self energy which can be written in terms of the
functions A™ (p?) and B™ (p?):
d"k 2p+Ek),(2p+ k)"

. E(TK’) 2 — 4—n/ - 2/
=) e (ie) 2r)" [(p + k)2 — m2 + ie[k2 + ie]
+i(Z" — 1)Pm?2 4 i(Zy - 1)p?

= —i [AD(p*) + BO(p)p*] . (4.81)

with
AD @) = —ieLig(m2) — (Z{™ — )m? | (4.82)
BOG?) = —die? |Ls(p k) + PP R pm o g

p2
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The integrals 15, Irs and I3, are again given in App A [eq. (A.12), (A.18), (A.19)].
In the MS scheme the counter terms that cancel the UV divergences read

- o 2
(Z§ ) _ M = o {6— — 7 + log (47p®) — log (,ulzws)} , (4.84)
uv
x o 2
(ZM — 1) = o {6— — v + log (4mp®) — log (,ulzws)} : (4.85)
uv

This leaves the following UV finite expressions:

(m) (.2 _ g Hirs 2
A = 2 [1“0%(%)] | (1.56)
1 2,.2 2 2\ _ s
B = —& / dz (1 — ) log {px :C(p2 ) “] . (4.87)
v 0 lu’m

Since A™ does not depend on the momentum p, only B(™ contributes to the external
leg self energy correction:

OB™ (p?)

ZY) = Bm(”ﬁ)“’ op?

m2 . (4.88)

s

p2=m2

ZY) is UV finite but IR divergent. It is regularized in n = 4 + ¢, dimensions. Here
eq. (A.23) and (A.24) of App. A are used. This yields

9B™ () _ g2 | k) 9 (paliy(p k)
op? P Op? op? P2
al 1 T,
n 7Tm2 {51R 2[ e +10g< m2 )4—3}}7 (489
2
I35
8)

Inserting eq. (4.90) and (4.89) into eq. (4.8
correction in the MS scheme:

11 A 2
s = 2o (M) g (22)]1. o
T €IR 2 m7r IU’MS

4.7 'The Box Diagrams

finally yields the pion self energy

The Feynman diagrams shown above correspond to the 1-loop IF'S interference cor-
rections. Let us first consider the diagrams with four vertices, where the initial
ete” state is connected to the final 777~ state by the two photons (k) and ~({),
k and [ being the 4-momenta of the photons. The convention will be the following:
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!
e+—<—<r\j(\)/\,o— 7r+ —— ——— ——
v(k) _
e ——e N — T R —— R —
a) b) c)

the photon (k) is connected to the initial state electron e~ and the photon ~(l) is
connected to the initial state positron e*. For the two different topologies of the box
diagrams the labels “a)” and “b)” will be used, as shown in the figure above. Thus
for box a) the photon ~y(k) is connected to the negatively charged pion 7~ and the
photon (1) is connected to the positively charged pion 7. In the case of box b) the
photon (k) is connected to 7% and the photon () is connected to 7~. The loop
momentum is chosen to flow anti-clockwise. Again the master integrals which are
derived in App. A will be used. The following abbreviations for the box propagator
terms will be used:

D, = (pi—k?-—m2+ic , i=1,2, (4.92)
Dy, = (kj—k)>—m2+ic , j=12, (4.93)
Dy = Kk +ie , D, := (q—k)*>+ie. (4.94)

For the numerators of the box integrals N, and N, corresponding to the diagrams
a) and b) we obtain

Ny = Vs, (p2)(f1 — o — F)(Pr — K+ mx) (2K — Kus, (p1) (4.95)
Np = Us,(p2) (1 — Ko+ F)(Pr — § + mz) (K — 2K2)us, (p1) - (4.96)
This allows us to write the amplitudes of box a) and box b) in a compact way:
_ d"k N, b)
Mgy = et gt / ( . 1,97
® s (27T)n DkDpquDkl(z) ( )

N, and N, can be transformed into a more convenient form by applying the anti-
commutation relations of the v matrices and by using the on-shell conditions for the
external pions:
No = Jo(2U + Dp, + Di) = j1ak® (2U + Dp,) — 23, k% , (4.98)
Ny = —jo (2T + Dy, + Di) = j1ak® (2T + Dp,) + 255,6%, (4.99)

where the following definitions have been used:

Jo = Usy(p2)(F1 — K2)us, (p1)
Jia = Usy(P2)Valls; (1)
)
)

(4.100)
(4.101)
J3a = Usy(P2)(Fr = K2)vakrus (pr) (4.102)
(4.103)
(4.104)

.j204 7782(]92)(%1 - %2 Vak2u81( ) )
U = 2piki, T =2piks, u= (p—k)’, t = (p—ks)”.
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The box amplitudes can now be expressed in terms of the scalar and rank-1-tensor
3-point functions and 4-point functions which are presented in App. A:

M, = €' Fy(s) {QUj0]4S(kap17Q7 k1) = 2[Ujra + 3ol 13y (K, p1, ¢, k1)

+ olas(k 0, k) + Jolas(pr, 4, k1) = a5y (Kya ki) (4.105)
My, = €' Fy(s) {_2TjOI4S(k7p1>Qa k) — 2 [Thia — 35 15y (K, p1. 4, k2)

— JoTas(k,q, ka) = Joss(pr, 4, ko) = jial (ks a,k2) } (4.106)

Let us now define the T' matrix element:
TJI”);H = Ty + T]If)z' = —i (Mg +M,) , (4.107)

where the indices ¢ and f correspond to the initial eTe™ state and the final 77~
state, respectively. Then the correction factor dy,, which corresponds to the sum of
the diagrams a) and b) can be related to the T matrix element in the following way:

TP, Opor = 2Re [Tf,+ T3] . with TP = —iM,, (4.108)

M, being the Born amplitude given in (4.7). The box amplitudes given in (4.105)
and (4.106) are IR divergent but UV finite in four dimensions, the IR divergent
contribution being proportional to the scalar 4-point integral Isg. It is therefore
useful to write dy,, as the sum of an IR divergent part which is regularized in 4+¢,,
dimensions and a finite part:

Sbor = Ol 4 ofn (4.109)

box box

Then the IR divergent correction factor can be related to the IR divergent contri-
bution of the 7" matrix elements:

SIE = oRe [T}’;m + TR (4.110)

with
T4 = 4+ 8rasU Lis(k,pr,q. ki) Tf | (4.111)
TJIZ;:IR = —8nrasT [43(]{,’7])1, q, k‘g) T})Z . (4112)

Using the solution of the real part of the scalar four point integral I,s in App. A,
eq. (A.82) then leads to the IR divergent box correction factor:

2 U 2 Ay
SIR = 2% (—) l—— +log (M) —%s} . (4.113)
T T €Ir s

Later, when adding the contribution from the IFS interference correction, the IR
pole in eq. (4.113) is going to cancel.



What remains is the evaluation of the finite contribution &fi»
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- LThe rank 1 tensor

integrals I, and I}, in eq. (4.105) and (4.106) can be expressed in terms of the scalar
integrals by using the method of tensor reduction, as shown in App. C. Then, after
some algebra, the amplitudes M, and M, can be transformed into the following

form:

Ma = 64 FW(S) j(] {2U14S(k7p17q7 kl)

S
|:§I3S(kv q, kl) + I2S(k7 q) - ]2S(q7 kl)]

1 2

+ U2 —Us T Sm% |:U(U - mw)[SI4S(k7pla q, kl) - 2]3S(k7p17 kl)]
(2U2 —Us + Sm72r)I3S(k7pla Q)
(U +mE)(s — 20)Tss (k. b)| } , (4.114)
M, = —¢' Fr(s) jo {27745(]{?,1717(17 k2)
S

- T |:§I3S(kv q, k:2) + I2S(k7 q) - ]2S(q7 k2)]

1 2
T s o) [T(T —my)[slus(k,p1, ¢, k2) — 2I35(k, p1, k2)]
+ (2T2 - TS + Sm72r)I3S(k7pla Q)
b (=T +m2)(s — 2T) sk, q, /@)]}. (4.115)

The calculation of the master integrals is presented in App. A. Some additional
manipulation finally leads to the following box diagram correction factor:

5box

2 —m? 2 4 4?
e (55) [ () )
m t—mz EIr s

1 s? u—t[ (W) + er(t) + o+ ]
— a(u) +c Ce + Cr
dut—mi| s L !

u _; t [Cl(w - cl(t)} }} : (4.116)
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with (z = u, t)

2 —
5 (152 (52 e (12)

— Li, (—112 + log (i%) lo Gtg:)} (4.118)
1 2
e = ;log’ (%)ﬂ% (4.119)

Obviously the box correction factor dy,, is an antisymmetric function in the polar
angle © in the CMS. Hence, like the real photon IFS interference correction also the
box correction drops out due to C-symmetry when the differential cross section is
integrated over the angles.

Finally let’s consider the triangular box diagram shown in Fig. ¢). Using the
Feynman rules allows us to write the corresponding amplitude as

— 46t d'k Vs, (D2) (4 me)us, (p1)
Mo == / (2m)* [(p1 — k)% — m2 + ie][k? + i€][(q¢ — k)% + i€]

= —464 [me @82 (p2)u81 (pl) [3S(k> Q7pl)

+ Usy (P2)vutts (1) Ly (b, g, 1) | - (4.120)

The solution for the scalar integral I35(k,p1,q) is given in eq. (A.61). The rank 1
tensor integral I4,, (k, p1, ¢) can be solved by using the following tensor ansatz:

Ly (k,piq) = fod"+ fo 0t (4.121)

From gauge invariance it follows that no terms oc f, can contribute to M.. On
the other hand the terms o f,, lead to contributions o< m. when using the on-
shell condition for the initial state electron. Therefore the contributions from the
triangular box diagram are o m?/s. Hence, since s > m?, the triangular box
diagram can be neglected completely.

4.8 Results and Discussion

Collecting the results for the real and virtual QED corrections allows us to evaluate
precision observables which are relevant for low energy hadronic experiments like at
DA®NE and VEPP-2M. As we will see when adding the soft and virtual contribu-

tions the IR poles are going to cancel and the parameters u,, and pu,, are going to
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drop out. Adding then the hard photon contribution leads also to a cancellation of
the terms containing the soft photon energy cut off A. The NLO total cross section
can now be written as the sum of the Born cross section multiplied by a correction
factor which contains the IS and FS soft plus virtual corrections d;,; and dg, and the
convolution integrals corresponding to the hard IS and F'S photons:

o(s) = oo[l+ dmi(A) + dan(A)]

s—24/sA s—24/sA
+ / ds' oo(s") pini(s, s") + 00(5)/ ds' pan(s,s’) . (4.122)
4

2 2
mz 4”n‘rr

The hard photon IS and FS radiator functions pi,; and pg, are given in eq. (3.26)
and (4.28). They are written now in a somewhat different way® (2 = s'/s):

pini(svsl) - 1 |:Sijr{i(l)(s75/) + BG(S):| ’ (4123)
s 1—2z
o) =+ [fs )+ BT (4.124)
s 1—2z
with the definitions
S ¢y = O LR
O (5,8) = —— (142 {log <m2) 1} , (4.125)
~ 2av Br(s")
H / _ o
5ﬁn(575) - T (1 Z) ﬂ§(5> ) (4126>

By = 2 e (2) 1] wazn

) 2058.(8) [14BE), (145
B, (s,s") = = 55.(5) {2@(5’) 1g<1—ﬁw(s’)) 1]. (4.128)

The IS and FS state soft plus virtual corrections d;,; and dg, are obtained by taking
the sum of the self energy-, vertex- and soft photon contributions which were pre-
sented in the previous sections. Thus the IS soft plus virtual O(«) correction factor

3The conventions are similar to those in [80].
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becomes

Simi(A) = 2Re[F]%(s,e:r)] + 2Re [S1(er)] + 6
2Re [F1(s)] + 2Re [F7V (s)]

1+ 2 1+ 5. 4A?
{5 e ()] e ()
_ _ 32
() () ()
2

2ﬁe 1 - ﬁe [
20
2 (1 + ﬁe)

)
; log(lz%fe) ( 5) v
log (27/;) Be(s) + 65750 (s) . (4.129)

(s,\,e1r)

+

ST

I
G

2
2L e _2
- ( 26e) 3”]
)

12

For the last line in (4.129) the high energy approximation (s > m?) was taken
(which of course is a good approximation for the considered DA®NE energies), with

B 2
5 W) = % {—2 + % + glog (%)} . (4.130)

The FS soft plus virtual O(a) correction factor is the sum of the FS electromagnetic
form factor F; corresponding to the FS vertex correction, the 777~ external leg self
energy corrections and the F'S soft photon contribution:

+ 2Re [Fi7 ()] + 2Re [F1Y(s)] + 2Re [Ff(ﬂ)(s)]
= log (\2//;) Br(s' = 5) +045(s) (4.131)

with the definition

w0 = 2 () ()
o) () [ (5
2 8 m?r 2/67r 1_67r
1+ B:
+ loel ”)] “Og( 25, ) ( 25, )
+2Li2<12f;7r> + 2Lis (— 25?) —% 2}} (4.132)
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Vs [GeV] O(a) FS
contribution
0.3 3.6
0.4 1.2
0.5 0.9
0.6 0.9
0.76 0.7
0.9 0.4
1.02 0.3

Table 4.1: Contribution of O(«) FS corrections to the total cross section (in%).

To obtain the total cross section o(s) the convolution integrals in eq. (4.122) have
to be evaluated. This can be done easily by numerical integration. The next to next
to leading order (NNLO) contributions to the total cross section ¢ account for in
average less than 3 per mill (at most 1%, at /s = 1.02 the contribution is 2 per
mill). The results are plotted in Fig. 4.2. In Table 4.1 the contribution of the O(«)
F'S corrections for different center of mass energies is shown. Here the pion form
factor parameterization by Gounaris and Sakurai [90] was used:

Ay — Aym? , 2
Fi(s) = il S WE Y AT G(s), (4.133)
A1+A2%+f(5> S_mw_l_zmwrw
where
1y, s 1, NG 833
1) = 5 (e = 5) g ot tow [ 1 )| =7

For \/s < m, + m,, only the real part of G(s) is kept. The second term accounts for
the p — w—interference. The factor G(s) incorporates the effect of the p —w inelastic
channels. The parameters are M = 1.2GeV, ' = 0.15GeV [99] and n = 0.22, A, =
0.29 GeV?, Ay = —2.3, A3 = —0.012, A, = 1.84 [17]. Using the form factor given in
the paper by Kiihn and Santamaria [91] does not change the results substantially.
Although it can be hardly recognized directly from Fig. 4.2, the FS contributions
are not marginal for energies below the p resonance peak which is at 0.76 GeV.
Taking the high energy limit in (4.122) provides a good cross check for the F'S
correction results. Carrying out the s’ integration for s — oo and adding this result
to the high energy virtual and soft photon FS corrections leads to an expression
in which the s dependence drops out. This has to be the case according to the
Kinoshita-Lee-Nauenberg theorem [100, 101] which requires the collinear logarithms
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T T Iy
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Figure 4.2: Total cross section o(s) as a function of the center of mass energy. The
solid line corresponds to o(s) as given in eq. (4.122). The dotted line corresponds to
the Born cross section. The dot-dashed line corresponds to the Born cross section
with O(«) IS corrections.

to cancel. In addition all terms proportional to 72 drop out. Defining

s—24/sA
Ogn(A) +/ ds’ pan(s,s’)
4

mz

n(s) = g : (4.134)

one can write the total cross section with only O(«) FS corrections in the following
compact way:

oinls) = [1+0()>] ao(s) - (4.135)

The function 7(s) is given by [102, 103, 34]
1 + 62 . 1 - 67r . 1 - 67r
- ) 4L iy [ -7
") B { N (Hm TR,

— 3log (14‘23 ) log(ij?) — 2log(6,) log (1j§w)}

175 1468, 31+
+ —l—(1+6§)2—2] log(l_ﬁw)+§ 7 (4.136)
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and provides a good measure for the dependence of the observables on the pion
mass. Neglecting the pion mass is obviously equivalent to taking the high energy
limit. In this limit we observe:

n(is —o0) = 3. (4.137)

Our result in (4.137) agrees with the result obtained by Schwinger [102] but disagrees
with that in [97] for which in this limit the terms oc 72 do not drop out. In Fig. 4.3
n(s) is plotted as a function of the center of mass energy. It can be realized that for
energies below 1 GeV the pion mass leads to a considerable enhancement of the F'S
corrections. Regarding the desired precision, ignoring the pion mass would therefore
lead to wrong results.

Close to threshold for pion pair production (s ~ 4m?2) the Coulomb forces be-
tween the two final state pions play an important role. In this limit the factor 7(s)
becomes singular [n(s) — 72/23,] which means that the O(a) result for the FS
correction cannot be trusted anymore. Since these singularities are known to all
orders of perturbation theory one can resum these contribution, which leads to an
exponentiation [102]:

oan(s) = oo (1—1—7}(5)%—%) Z—O‘

X l1 —exp <—2—j)} o (4.138)

Above a center of mass energy of /s = 0.3 GeV the exponentiated correction to
the Born cross section deviates from the non-exponentiated correction less than 1
%.

At the DA®NE collider not the total cross section but the pion pair invariant
mass distribution do/ds’ is measured. As we will see, to reach the desired precision
also the IS O(a?) [80] and the leading log O(a?) [104] photonic corrections as well as
the contributions from initial state fermion pair production [80, 105, 106, 107] (see
Fig. 17) have to be taken into account. Among the latter only e™e™ pair production
is numerically relevant. The F'S corrections are given to O(«) where the pion masses
are kept everywhere. Yennie-Frautschi-Suura resummation [82, 83| was applied to
the IS and F'S soft photon contributions. We then obtain (z = s'/s):

do do do
b - - 4.1
dSl (dsl) ini * <d8,) fin ’ ( 39)
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3 Il Il
0.0 0.5 15 2.0

1.0
sqrt(s) [GeV]

Figure 4.3: The FS correction factor 7(s) as a function of the squared center of mass
energy s [see (4.134-4.137)].

ot
o+ o .
i

b)

Figure 4.4: Initial state fermion pair production. Diagram a) shows an example of a
non-singlet contribution, f* f~ being a fermion pair which is radiated off the initial
state electron or positron. For f = e also singlet contributions like diagram b) have
to be taken into account.

(), = “H{laro)

X Be(s)[1 — 2771 4 61 (s, s')} , (4.140)
(j_) - “0§8>{[1+sgn+3<5>]
X By(s,s') [1 — 25071 L 68 (s, s’)} : (4.141)

having used the definitions in eq. (4.125), (4.126), (4.127), (4.128), (4.130) (4.131)
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S.V.—i-S( ( )+5V+S(2 ( >+5V+S(3 (5), (4142)

mi1 mi1 mi1

(%)2 [Li (g - %2) +Le (—11—2 - %w +3¢(3 ))} (4.143)

a3 3 9 7T2 8
(2) -1 |55 - 5+ 500 (4.144)
i (5,5") + 0 (5,8) + 8 (s, 8') + 0 (s, )
o (s,5') | (4.145)
<g>2 L |~ L+= 210 z(1+2z2)(—2lo (1_Z)+logz

Ry el IR & 2
5 1+ 22/,
5~ 5} + L. [i (L12(1 — z) +log zlog(1l — 2)
7 1
§logz—§log2z) +(1+2)

1. 72 z

Zlog z+410g(1—z)—§ logz+7+§ + ..., (4.146)
ay? L1 ( 21 15 ,
<;> (L—1)° = {—?+Z(1—z)+2(1+z)[ﬂ

11
61log®(1 — 2) + 3Liy(1 — z)} +3logz | — — 6 + §z
2 1—2 2
7 4 7

2 _— - — j— J—

log z( 5t 1T 22) 6log(l —2)(5+ 2)
4

6log zlog(1l — z) (3— 1-, +3z)} (4.147)

mi1

0s — 5 = dmev/5) | 37 4 55 4 61 (4.148)
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The O(a?) corrections (4.144), (4.147) and (4.152) are taken from [104] and [106, 107]
respectively. The dots in (4.144), (4.146), (4.150) and (4.151) correspond to O(a?)
contributions which do not contain any log(s/m?) terms and can be neglected safely.
Fig. 4.5 shows the pion pair invariant mass distributions do/ds’ with radiative
corrections normalized to do/ds’ with only O(«) IS corrections (/s = 1.02 GeV).
In Table 4.2 the contribution from IS O(a?) and FS O(a) photonic corrections are
shown for different center of mass energies.
The following points can be recognized:

W

1. The FS corrections (dotted line) are quite large, especially in the region of soft
photons as well as for very hard photons;

2. The O(a?) IS effects are considerable;
3. The FS and IS contributions compensate each other significantly for large s’.

Fig. 4.6 shows do/ds’ for different center of mass energies /s. Going to smaller
center of mass energies the O(a?) IS corrections become smaller and smaller. On the
other hand the F'S contributions remain considerably large. Interestingly, for the ¢
resonance energy (1/s = 1.02 GeV) both the O(a?) IS and the O(«) FS contributions
are large. Quantitatively this is shown in Table 4.2. The resummation of the O(a?)
IS soft photon logarithms [see (4.140)] gives a contribution smaller than 5 per mill for
s’ below the p resonance peak and smaller than 3 per mill above it. The resummation
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Figure 4.5: Pion pair invariant mass distributions (do/ds’) with radiative correc-
tions, normalized to do/ds’ with only O(«a) IS corrections. The thick line shows the
case when up to O(a?) IS and O(a) FS contributions (excluding IS pair produc-
tion) are taken into account and appropriately resummed [see (4.139-4.141)]. The
thin solid line shows the same but this time without resummation. The dotted
line corresponds to the O(a) FS corrections (together with O(«) IS corrections).
For the long-dashed and the dot-dashed lines only the resummed IS O(a?) and the
resummed IS O(«) radiative corrections are taken into account, respectively.

of F'S soft photon logarithms [see (4.141)] changes the complete results only slightly
(less than 0.5 per mill). To reduce the theoretical error to a few per mill one also has
to include the contributions from initial state eTe™ pair production [80, 105, 106,
107], given in (4.148) and (4.152). In Table 4.3 and 4.4 the O(a?) and leading O(a?)
pair production contributions to do/ds’ for different hadronic energies are presented.
What is remarkable is the very large singlet contribution [see Fig. 17b)] in the region
of low hadronic energies which amounts about 8 per cent for Vs’ = 0.3 GeV. Since
these effects are related to ete™ pairs which are mainly emitted collinearly to the
beam axis they escape detection and therefore have to be included into the data
analysis. Hence when unfolding the data from radiative corrections also these effects
have to be subtracted. The leading contribution from O(a?) pair production appears
to be less than 1 per mill which gives us a good estimate about the precision we
can expect. Also the leading log O(a?) IS photon correction [104], which is given in
(4.144) and (4.147) is taken into account. The contribution can be of the order of
4 per mill for hadronic energies below the p resonance peak, as shown in Table 4.5.

The total cross section o(s) can be obtained by integrating do/ds’ in eq. (4.139)
over s’ numerically. The perturbative precision is now better than of per mill level
which is more accurate than the O(«) result in eq. (4.122).
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Figure 4.6: Pion pair invariant mass distributions (do/ds’) for different center of
mass energies /s = 0.6,0.76,0.9,1.0,1.02 GeV. The solid lines stands for the “com-
plete” cross section, including O(a?) IS and O(«) FS corrections [see eq. (4.139-
4.141)]. The dotted lines give the results when the O(a?) IS corrections are ne-
glected. The dot-dashed lines correspond to the case when the O(«) FS contribution

is neglected.

Vs [GeV] O(a?) IS O(a) FS
contribution | contribution
0.3 4.3 11.5
0.4 4.4 4.3
0.5 4.0 3.2
0.6 3.4 2.0
0.7 2.2 0.9
0.76 1.2 0.7
0.8 0.2 1.2
0.9 — 3.6 5.5
0.95 — 6.9 10.1
1.0 — 15.3 16.6

Table 4.2: Contribution of O(a?) IS and O(a) FS corrections to do/ds’ (in %),

Vs = 1.02 GeV.

We now consider the IFS interference corrections (see Fig. 4.1) which modify the



Vs' [GeV] | O(a?) IS pp Singlet
contribution | contribution

0.3 79.1 74.9
0.4 36.3 31.9
0.5 16.6 12.2
0.6 8.3 4.0
0.7 4.8 0.76
0.76 3.9 —0.01
0.8 3.4 —0.24
0.9 2.7 —0.27
1.0 1.2 0.06

Table 4.3: O(a?) contribution from IS pair production to do/ds’ (in per mill).
In the second column only the singlet contribution (including singlet-non-singlet
interference) is shown.

Vs [GeV] | O(a®) IS pp Singlet
contribution | contribution
0.3 — 0.87 — 1.27
0.4 — 0.45 — 0.82
0.5 —0.18 — 0.48
0.6 — 0.07 —0.27
0.7 — 0.09 —0.15
0.76 — 0.15 — 0.10
0.8 — 0.21 — 0.07
0.9 —0.43 — 0.03
1.0 —0.72 — 0.001

Table 4.4: O(a?) IS pair production contribution to do/ds’ (in per mill).

angular distribution. To O(«) we can write:

do B dog doy,
(d_Q) = (d—Q) 1+ 0)] + (d—Q) (A),
where the correction factor 0 is the sum of the virtual plus soft photon IS, FS and
IF'S interference correction factors:
0(A) = mi(A) + dan(A) + i (A) . (4.156)

doy, /dS) is the hard photon contribution which is calculated numerically. d;,;(A) and
din(A) are given in (4.129) and (4.131). iy (A) is obtained by summing the box



96

Vs [GeV] | O(a®) 1S
contribution
0.3 3.9
0.4 4.3
0.5 4.2
0.6 3.8
0.7 3.0
0.76 2.4
0.8 1.8
0.9 0.3
1.0 0.6

Table 4.5: O(a?) leading log IS photon contribution to do/ds’ (in per mill).

contribution given in eq. (4.116) to the IFS interference soft photon contribution
given in eq. (4.41). It can be written in the following, compact way:

Ot = 2a lo 7—u+m72r lo 4—A2
int — T g _t“‘m%— g S

+ 1 il u_t[ (u) + 1 (1) + +c}
- cq(u Ceo -
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From (4.157) it can be seen immediately that d;, is antisymmetric, thus it changes

sign under the exchange t < u [t(u) = (p1 — k2(1))?]. This is actually required by
charge conjugation invariance.

ds/dcos(q) [nb]

Born+IS+FS
—— complete 0(a)
——- Bornonly

O Il Il Il
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Figure 4.7: =~ angular distribution for /s = 1.02 GeV. The solid line, corresponding
to the complete O(«) corrections, is not symmetric as a consequence of the IFS
interference corrections. Both the tree level distribution and the distribution with
only IS and FS corrections are symmetric.

Table 4.6 shows the IF'S interference contribution to the pion angular distribution
(Fig. 4.7). One can recognize, that with an angular cut between the pion momentum
and the beam axis of 20° < © < 160° this is not bigger than 5.6 %. The importance
of the interference contribution can be enhanced by tagging the photon and imposing
a strong cut on the angle between the photon momentum and the beam axis [76] (see
Fig. 4.9 and 4.8). By such a strong cut scenario the IS brems strahlung contribution
which is dominated by photons emitted collinearly to the beam axis is reduced
dramatically. This seems to be the only way to tackle the imaginary part of the
pion form factor.
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cos © daflgjg s /oot | RS interference
—1.0 0.99/ 1.46 47.5
—0.99 2.95/3.33 12.9
—0.94 11.12/11.74 5.6
0.6 | 44.03/44.97 2.1
—-0.2 59.91/60.3 0.6
0. 61.76/ 61.76 0.0
0.2 59.91/ 59.53 —0.6
0.6 | 44.03/43.09 2.1
0.94 11.12/10.49 —5.6
0.99 2.95/2.56 —13.2
1.0 0.99/ 0.52 —47.5

Table 4.6: Contribution of the interference terms (in %) to the differential cross
section (corresponding to the solid and dotted line in Fig. 4.7).

The results presented so far have been obtained by the dedicated Fortran pro-
gram A@pwDITE . It generates cross sections with the option of kinematical cuts
as needed by experiment. As shown before, the O(a?) IS (photonic and IS pair
production) contributions to do/ds’ are considerable and even O(a?) leading log
contributions should be included. Analytical formulae for the full O(a?) IS correc-
tions with cuts have not been calculated so far. At this stage we therefore rely on
the complete results without cuts do (™)) /ds’ as given in (4.139) with the following
approximation®:

do(compl)

d (compl) ( ds’ ) d (o)
(“7) ~ no cuts ( 7 ) . (4.158)
cuts cuts

ds’ (daw) ) ds'
ds’
no cuts

do(® /ds' is the differential cross section to O(a). See Fig. 4.10 for an example. In
the limit s’ — s the above approximation is exact since then the radiated photons
are soft. In principle we can expect that away from this limit the situation is
different since the contribution from a second hard photon could distort the angular
distribution of the pions. The distortion however remains below 1 per mill for
s’ > 0.3 GeV? and an angular cut between the pion momenta and the beam axis of
less than 30 degrees®.

In the case of a tagged photon the FS corrections can be reduced by applying
strong cuts between the photon and the final state particles. See Fig. 4.11 for such a

4For an exact treatment we would need the analytic expression for the angular distribution at
O(a?).
®We thank S. Jadach for help in checking this with a dedicated MC program based on [108].



60

ds/dcos(q) [nb]

cos(q)

Figure 4.8: Lowest order 7~ angular distribution for the case of a tagged photon.
The angular cut between the photon momentum and the beam axis is chosen such
that only photons in the angular range 60° < 6., < 120° are detected. The difference
between the solid and dotted line is due to an additional cut between the tagged
photon and the pions 7° < 0., < 173° (solid line). This cut was also applied to the
remaining dashed and dot-dashed line. The curves correspond to different values for
the minimal photon energy A. The solid and the dotted line correspond to A = 0.01
GeV, the dashed line to A = 0.02 GeV and the dot-dashed line to A = 0.03 GeV.

s’ Set A Set B set A — set B
all no FS all no FS all no FS
0.8 [ 11.994 | 9.981 | 18.231 | 16.121 | 6.237 | 6.140
0.85 | 12.252 | 9.494 | 18.201 | 15.313 | 5.949 | 5.819
0.9 | 14.212 | 10.168 | 20.615 | 16.384 | 6.403 | 6.216

Table 4.7: do/ds' in [nb/GeV?], for some values of s’. The FS contribution for
a strong cut scenario (SetA-SetB) is shown. It is 1.6 %, 2.2 %, 2.9 % for s’ =
0.8, 0.85, 0.9 GeV?, respectively.

strong cut scenario at the ¢ peak. It can be seen that the strong cuts reduce the FS
contribution considerably. However, as shown in Table 4.7, the F'S contribution still
amounts up to a few per cent. Although the presented results are based on an O(«)
calculation (a similar approximation as the one given in (4.158) is not possible) it is
highly unprobable that the situation will improve if O(a?) corrections are included.

Finally a few remarks about the A¢pwDITE program. To check the numerical
accuracy, the four dimensional phase space integration has been carried out numer-
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Figure 4.9: An example of event selection by photon tagging at DA®NE . In the blind
zone (|0] < 7°) all particles escape detection. The angular range 7° < |0 < 20° is
covered by the QCAL electromagnetic calorimeter which can detect photons at low
angles. To suppress the contribution from FS radiation the pions with a scattering
angle |©| < 30° are excluded from the analysis.

140

120

100 -

80

60 -

ds/ds’ [nb/GeV?]

40 r

" e 30° cuts for p and p”

—— without cuts
20

o L
03 05 07 09
s' [GeV?]

Figure 4.10: Pion pair invariant mass distribution with an angular cut 30° < © <
150° between the 7 momenta and the beam axis, 1/s = 1.02 GeV.

ically to obtain the total cross section without cuts (see Table 4.8). This is then
compared to the total cross section obtained from (4.122) by one-dimensional inte-
gration (Table 4.9). We observe excellent agreement. Table 4.9 and Table 4.8 in
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Figure 4.11: Pion pair invariant mass distribution do/ds’ for the case of a tagged
photon. Set A corresponds to a 7° angular cut between the photon momentum
and the beam axis and a 30° cut between the 7* momenta and the beam axis.
For set B the pion cuts are the same but the photon cut is now 20°. Taking the
difference (SetA-SetB) the photon is restricted to a region well separated from the
pion momenta. The solid lines correspond to the complete cross section (Born plus
IS and FS bremsstrahlung), for the dotted lines F'S bremsstrahlung is neglected.

A [GeV] | o [nb] | do [nb]
0.1 94.907 | 0.0095
0.01 99.123 | 0.0104
0.001 99.394 | 0.0129

0.0001 | 99.420 | 0.0157
107° 99.422 | 0.0210
10-¢ 99.422 | 0.0255
1077 99.422 | 0.0303
1078 99.421 | 0.0357
1079 99.422 | 0.0418
10719 1 99.421 | 0.0493

Table 4.8: Cut-off dependence of the total cross section o obtained from 4-
dimensional numerical integration, /s = 1.02 GeV. do is the absolute numerical
error to o.

addition show the total cross section as a function of the soft photon energy cut-off
A. For values of A < 107* GeV we get stable cut-off-independent results.



A [GeV] o [nb] do [nb]
0.1 94.909344406421 | 2-107°
0.01 99.126309344279 | 210~
0.001 | 99.396403660854 | 2-107*

0.0001 | 99.422466900996 | 3-10~°
107° | 99.425064117054 | 6-107°
1076 | 99.425323747942 | 7-107°
1077 | 99.425349708976 | 7-10~?
107% | 99.425352318987 | 1-1078
1072 | 99.425352327085 | 1-1078
1071 | 99.425352168781 | 1-10°8
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Table 4.9: Cut-off dependence of the total cross section ¢ obtained from 1-
dimensional numerical integration, /s = 1.02 GeV. do is the absolute error to

o



Chapter 5

The Unfolding Procedure

As explained before the goal of measuring hadronic cross sections is to extract the
undressed cross section ratio R(s) [see eq. (1.10)] from the experimental data which is
needed for the dispersion integrals (1.7) and (1.9). Concerning pion pair production
this means that we have to subtract the vacuum polarization effects according to
eq. (4.2) which yields the undressed form factor FWO); graphically:

7 7
7 7

However, before we can do this we have to subtract the IS and FS QED correc-
tions from the observed cross section to determine the dressed pion form factor Fj.
At the DA®NE collider the 77~ invariant mass distribution is measured which

may be written in the form
do do
— — 1
<d8,)int " (d‘sl)ﬁn ’ (5 )

do _(dr)
ds'  \ ds i

(d_g> = Nii(s, 8) [Fr(s)* x

with

ds’
/ dcos©., dcos O, dp,- Z ‘Mﬁﬁmt
cuts
© = Nin(s, s") 2Re [F (VX (s) x
ds’ . - int\S, S xS i
/ dcos©, dcosO,- do,- Z Mf)nolmt M) point
cuts

A
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<@)ﬁn = Nin(s,8") | Fa(s)? x

/ dcosO., dcosO - dp,- Z |M§Eint|2 7
cuts )\

where the N;(s, s’)’s are appropriate normalization factors. ©,- is the 7~ production
angle and ©, the angle between the emitted photon and the 7~ in the center of mass
system of the 77~ pair. Cuts in the laboratory system may be implemented easiest
by first performing a boost from the center of mass system of the pion pair to the
laboratory system. If the integration over ©,- is performed with symmetric cuts in
the acceptance angles ©,+ in the laboratory frame, the interference term drops out
due to C-invariance and we are left with the IS and FS terms only. Photons are
assumed to be treated fully inclusively, i.e., we integrate over the complete photon
phase space and thus obtain:

do do point
(@) = 150 ()
sym—cut ini, sym—cut

¢ IR (j—“) 52)

fin, sym—cut

and hence we may resolve for the pion form factor as

ne2 _ ; d_(f
|F7T(S )| - (da )point { (dsl)sym—cut

ds’ /ini, sym—cut

do point
R oF (5) . (5.3
ds’ fin, sym—cut

This is a remarkable equation since it tells us that the inclusive pion pair invariant
mass spectrum allows us to get the pion form factor unfolded from photon radiation
directly as for fixed s and a given s’ the photon energy is determined. The point cross
sections are assumed to be given by theory (scalar QED) and do/ds’ is the observed
experimental pion-pair spectral function. In spite of the fact that both terms on the
r.h.s. of (5.3) are of O(«) the second one can be treated as a correction because the
IS radiation dominates in comparison to the FS radiation. We observe that in the
determination of |F,(s")|* via the radiative return mechanism the to be subtracted
FS radiation only depends on | Fr(s)|* at the fixed energy s = M7. Note that we also
benefit from the fact that [Fr(MZ)[* is small in comparison to |F(s")|* in the most
relevant region around the p peak. Below about 600 MeV, however, |F(s')|? drops
below |Fr(M3)|* and a precise and model independent determination of F, becomes
more difficult. Note that because of the 1/s? enhancement in the dispersion integral

(1.9) the low energy tail is not unimportant as a contribution to azad.
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Having extracted Fj(s) by eq. (5.3) from the data we can evaluate R(s) via
eq. (4.2) and (1.10) which gives us the leading hadronic photon self energy contri-
bution to the running fine structure constant o(s) and to the muon anomaly a,, by
eq. (1.7) and (1.9). However we can do better. The above procedure only yields the
hadronic contributions corresponding to the irreducible hadronic vacuum polariza-
tion. Aiming at increasing precision we would like to include photonic corrections to
the hadronic 1-particle-irreducible blob: This can be achieved by adding the inclu-

y
Nhad v + 1&' + .-

sive F'S photonic contribution to the undressed form factor, leading to the modified
form factor

FO () = [FO(s)? (1+n()2) . (5.4)

n(s) being the correction factor given in eq. (4.134). The corresponding O(«)
contribution to the anomalous magnetic moment of the muon (1.7) is 5“*@];'“‘ =
(38.6 + 1.0) x 10~ [81], which compares to (46.0 + 0.5 + 9.0) x 107! estimated
in [30] (see also [34]).

Note that adding the inclusive FS photonic contribution at the end obviously
does not mean that we do not have to consider FS radiation at all since on an
event basis it is not possible to distinguish between photons which are radiated
off the initial state from final state photons. As we have seen the FS corrections
can contribute more than 10% to the pion spectral function do/ds’ whereas the
integrated F'S correction contribution stays below 1 %.

The following procedure is advocated: Try to measure the pion pair invariant
mass spectrum do /ds’ in a fully inclusive manner, counting all events 7 7=, 7777,
7t Tyy, mtnTete, mtrTeTe v ... as much as possible, imposing C-symmetric
angular cuts on the }):)roduction angles of the charged pions. Determine the bare
pion form factor F” via eq. (4.139), (4.158), (5.3) and (4.2). Finally add the
inclusive F'S corrections as shown in eq. (5.4).

This allows us to obtain the improved cross section ratio being analogous to
eq. (4.3):

3
RY)(s) = leﬁ)(S)\Q 7 (5.5)
This is the quantity which can be inserted into the dispersion integrals (1.7) and
(1.9). In contrast to the radiative return scenario for a measurement of the total
cross section o the only way to extract the pion form factor from the data appears
to be by iteration from a comparison of the observed spectrum to the radiatively
corrected theoretical prediction in terms of the bare pion form factor.
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Recall that in eq. (5.3) the IS and FS spectral function for point-like scalar par-
ticles with C'-symmetric cuts are needed which have to be supplied by theory. This
can be achieved by the A¢pwDITE program. A¢@pwDITE carries out the 3-particle
phase space integration corresponding to the process ete™ — 77~ numerically.
Here the central object is the 4-fold differential cross section (see App. C)

do
ds'd cos 0,d cos - dpr—

(5.6)

¢, and 0.~ being now the polar angle of the photon- and the 7~ -momentum in
respect to the beam axis respectively and ¢,- being the 7~ azimuthal angle. All an-
gles can be chosen in the laboratory system which leads to a non-trivial phase space
volume!. Since the A¢pwDITE program carries out the integrations numerically it
is possible to integrate over any sub space of the 4-dimensional phase space volume.
This allows us to apply any kind of kinematical cuts. In the A¢pwDITE program
this option is realized by a convolution with dedicated Heavyside ©-functions. More
generally the 4-fold differential cross section in eq. (5.6) can be convoluted with
arbitrary functions f(s', 6., 0.—, ¢.—) corresponding e.g. to the detector acceptance.

Following our inclusive strategy the photon angle 6., is integrated out. Integrating
the remaining angles while applying C-symmetric cuts on the pion momenta leads
to the desired point-like spectral functions that are needed in eq. (5.3). As discussed
in the last chapter by including higher order effects using eq. (4.158) the theoretical
uncertainty can be reduced to per mill level.

To summarize we can state that we have all ingredients to extract Rgr)(s) with
per mill precision from the experimental data. Here the A¢pwDITE program can be
a very useful tool.

!'Note that the 4-momenta of the five particles participating in the scattering process can all be
expressed in terms of the five kinematical variables s, s, 6., 6,- and ¢, -.



Chapter 6

Final Remarks and Outlook

Experimental data on pion pair production in low energy e*e™ collisions of percent
level accuracy will be available soon from Frascati and from Novosibirsk. That is
why theoretical calculations of at least an accuracy of the same order are needed.
Analytic and numerical results have been presented which should allow us to reach
the desired accuracy for the appropriate observables. It appears to be recommend-
able to look at the 7"7~ invariant mass spectrum in an inclusive way for what
concerns the accompanying photon radiation and eTe™ pairs. We observed that
O(a) massive FS corrections as well as O(a?) IS photonic and eTe™ pair production
corrections have to be taken into account. Also the resummation of higher order soft
photon logarithms and leading O(a?) IS photonic and pair production contributions
may be necessary.

Under the condition that pion-pair acceptance cuts are applied in a C—symmetric
way and hence the IFS correction drops out, the inclusive pion—pair distribution
do/ds' is of the form (4.139)

do

@ = UO(S/) pini(sa 8/) + 00(5) pfin(sa 5/> 9 (61)

which we may solve for o((s’) [alternative form of (5.3)]:

1
ouls) = - L = o)l ) (62)
At DADPNE s is fixed at s = M q% and hence the FS radiation factor multiplies the
fixed pion—pair cross—section og(s = Mé) at the ¢. The FS subtraction term in
(6.2) is an at most 10% correction of the first and leading term for 0.3 GeV < /s’ <
0.95GeV (in the p resonance region the contribution is of the order of 1%), although
both terms are formally of the same order O(«).

Such a measurement should be complementary to the photon tagging method?,
which is not yet as well under control as the inclusive pion mass spectrum. Since

IFor recent progress see [109)].
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the process ee™ — pt ™ is theoretically very well under control but the separation
of 77~ and puTp~ states is quite non-trivial, experimentally one actually should
perform an inclusive measurement also with respect to muon pair production and
then subtract the theoretical pu*u~ cross section. At least this could provide an
important cross check for the particle identification procedure.

Apart from the fact that it might be desirable to have available a full O(a?)
calculation for the differential cross section, the main limitation of our approach lies
in applying scalar QED to the pions generalized to an arbitrary pion form factor.

There are strong indications that the treatment of point-like pions together with
its generalization to extended pions modeled by a form factor provides a reliable
framework for extracting the pion form factor from the data. The sensitivity to
the quark structure is minimized for the relevant observables by the fact that the
QED radiative corrections are ultraviolet finite and hence no large renormalization
group log’s show up. Furthermore, the region s’ < s exhibiting large F'S corrections
corresponds to the soft photon regime where our generalized scalar QED treatment
of the photonic corrections is reliable. However, the fact that the corrections which
could be sensitive to the hadronic compositeness are small in the region where hard
photons are involved does not mean that uncertainties are small at low s’. The
reason is that for small s’ the emitted photons are hard and therefore can probe
the substructure of the pions. One therefore can question the applicability of scalar
QED when treating FS radiation in this region. At the same time it is the region
where |Fy.(s)|* drops below |F(MZ)|* which enhances the FS contribution in (5.3).
The uncertainty in the F'S correction term carries over to the extracted form factor.

It should be mentioned that the fact that we have to include FS corrections
according to (5.4) does not reduce the sensitivity to the details of the emission
of photons by hadrons, because the FS correction one has to subtract [see (5.3)] is
different from what one has to add at the end. The first reflects the photon spectrum
locally the second is an integral over the photon phase space.

As a crude estimate of the uncertainty related to the pion substructure we replace
the pions by fermions of the same charge and mass 2. Hence in (6.2) in stead of py;,
we take the fermion final state radiator function

a 1+ 82 ﬂﬂ(s’) s 1
T s—s [:(s) s+2m2 { Br(s")

1+ B:(s") 8 — 8 + 2m?2
1 1—4dm; ————
0g<1—@r() M2 g
4s'm

- 1—4}. (6.3)

pgn(‘S? 8/)

X

52 4+ 5’2

In the soft photon region we have p}cm(s’ S S) = prin(s’ S s) which reflects the
correct long range behavior. For the extraction of the pion form factor we observe

2We cannot just replace the pions by the quarks produced in first place because the wrong net
charge would not allow to match the proper long distance limit.
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deviations of the fermionic from the scalar approach of less than 0.1 % for energies
above 560 MeV. For v/s' > 420 MeV the deviation is less than 1 %. At lower energies
the difference between both approaches becomes larger since the radiated photons
become harder: at v/s' = 360 MeV we observe a deviation of 2%, at v/s' = 300 MeV
of 6.5 % which is of the same order as the complete F'S contribution in this region.
Concerning the determination of a"* we obtain a difference between the fermionic
and the scalar approach of about 2(7) per mill if we restrict the analysis to a region
where /s’ > 420 (300) MeV. The guesstimate looks reasonable because the such
obtained uncertainty goes to zero in the classical limit (s’ — s) and becomes of the
order of the FS radiation itself in the hard photon limit. Note that the increasing
uncertainty for low energies v/s’ here is a consequence of the radiative return method
since in this region the emitted photons are necessarily hard.

The error due to the missing FS O(a?) and IS O(a?) corrections (including
IS pair production contributions) is estimated to be not more than 1 per mill,
respectively. Concerning the QED corrections we therefore estimate the accuracy to
be at the 2 per mill level. On top of the perturbative uncertainty we have to take into
account the hadronic uncertainty discussed in the previous paragraph. Altogether
the precision of the theoretical prediction matches the requirements of low energy
ete” experiments like the ones going on at DA®NE or VEPP-2M.



Appendix A

Loop Integrals

The calculation of the relevant 1-loop integrals in dimensional regularization will be
presented. The following notation for the scalar (S), rank 1 tensor (V') and rank 2
tensor (7T') r-point integrals in n dimensions is used:

d"k 1
I = pt" Al
rs(ar,as ... ay) 1 /(%)n Dy D,,...D, (A1)
d"k k
e T A2
TV(CLl; CL2 a ) /’L / (27T)TL DCLl Da2 PPN Da,r ’ ( )
'k kakﬁ
I a) = 4—”/ A.
o (an,az .. .ay) H (27)" Doy Da, ... Dy, ' (4.5
where the inverse propagators are defined as
Dy, = (pi—k)P?—ml+ic , i=12, (A-4)
Diy = (k=R =mi+ic , j=12, (8.5)
Di = K ie . Dy = (q—k)*+ic. (4.6)

They correspond to the internal electron-, pion- and photon lines respectively. The
parameter yp is the usual mass parameter in dimensional regularization. For the
subsequent calculation the solutions of the following kind of integrals are needed:
d"k 1, k* B kY
[ISvI\l;vI’flﬁy] :/ [ — ] Na s
(2m)" (k? + 2kK — m? + ie)

which can be calculated in Euclidean space for the relevant cases. A straight forward
calculation yields

(A7)

) /2 r (a — ﬂ)
Is(K,m?* a) = (m? + K% —ie)™otn/2 ___2/ = (A8)
(=1) (2m) I'(c)
I\/j(Kvm2va) = —K* ]S(K>m27a)7 (Ag)
1 2L K%
(K, m% a) = To(K,m’a) |[KPKY — = g TE 2800 (A 10)

_ n+2
2 o 5

See e.g. [84, 110].
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A.1 The Integral with 1 Propagator

The most simple 1-loop integral only contains one propagator:

d"k 1
Lig(m?%) = p*™" / : All
lS(mA) H (27'[')” (PA + k)g — mi + je ( )

It can immediately be solved by applying eq. (A.8). The UV divergence is regularized
in n =4 — g, dimensions (i = ). An expansion in €, then yields

i 2 4y
Lis(m?%) = 672 [5 —vr +log < mijv) + 1} m? . (A.12)

A.2 Integrals with 2 Propagators

Consider the 2-point integrals that are needed for the external leg self energy cor-
rections:

o dk 1

Ls(Pak) = p* /Wma (A.13)
A
X Ak ke

B(Pak) = it [ (A14)
A

where the inverse propagators are defined as:
Dp, = (Pa+k)* —m? +ie . (A.15)

By using Feynman parameters the integrals in eq. (A.13) and (A.14) can be brought
into the standard form of (A.7). Applying eq. (A.8) and (A.9) yields

1 Z',n.n/Z
Ls(Py, k) = ,u4_"/ dr Ts(x Py, x(P; —m?%),2) = u*™" 2n)" (A.16)
0
1
< T(2-0) /0 de [ P2 — o (P2 —m?) —id 2
' 2 2 s 1T
B(Pak) = [ do ToaPaa(Pi—md)2) = <t (A17)
1
x T <2— g) PX/O dr x [2°P% — x (P —m?) —ie]_2+n/2.

The 2-point functions in eq. (A.16) and (A.17) are UV divergent in 4 dimensions.
Taking n =4 — ey (4 = pyyv) and expanding the factors in front of the integral in
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the parameter ¢, leads to the following expressions:

] 2
Ls(Pa, k) = 672 L 7E+log(47r,uw)] ,
uv

X / dv [2*P% — x(P3 —m?) — ie] TeviZ T (ALLS)
0
X i T2
uv

1
X / dr x [2* P — z(P; — m%) — ie] “euviZ L (AL19)
0

For the calculation of the external leg corrections the on-shell derivatives of the 2-
point integrals with respect to P% are needed (m 4 being the physical mass). They are
UV finite but include IR divergent contributions which are regularized in n = 44¢,,
dimensions. Hence, with €, — —¢,5, flyy — [,z We obtain

0I5 (Pa, k)
0P

/i EIR 2
= 1o {—1 + - [—%3 + 10g(47r,um)}}

2_, 2
Pi=m3y

1
% m22+61R / dr (xEIR _$_1+EIR) , (A.QO)
0

1 €rn 9
S T {—1 + == [ —Yr +10g(47r,um)}}

2 _
Pi=miy

0 ([ Panlsy,
or; \ P?

1
o [l sy
0

The integrals in eq. (A.20) and (A.21) just have the form of the Euler beta function,
which is defined as
L(m)T'(n)

B(m,n) = /de "Nl —2)" Tt = Tim+n) (A.22)

['(x) being the gamma function. Applying eq. (A.22), expanding (A.20) and (A.21)
in €, and neglecting terms of O(g,z), yields

0lr5(Pa, k) I
api Pi:m?é N m 167T2

1 A 42
S —{ 7E+log< W’R)+2H , (A.23)

€r 2 m?

0 [ PilS,

— = . A.24
oP} < Pi )12 o 327?2 (A.24)
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A.3 Integrals with 3 Propagators

For the vertex correction diagrams and the box diagrams the following 3-point in-
tegrals have to be calculated:

Iss(k,—p1,p2) , Iy (k,—p1,p2) , I57 (k, —p1,p2) |
I3S(k7p17q) ) [3S(p17q7 kl,?) ) ]3S(k7QJ kl,?) ) [Z?V(kJQ7 k1,2) . (A25>

Taking into account that I3s(p1, ¢, k12) = I3s(p2, k, ka1) only leaves the five master
integrals Iss(k, Pa, Pg), Iss(k, Pa, q), I8y (k, Pa, q), 1§, (k, —p1, p2) and I57 (k, —p1, p) -

A.3.1 The Integral I55(k, P4, Pp)

The following scalar integral will now be calculated:

d"k 1

Lis(k, Py, Pg) = p*™" A.26
33( y LA, B) 2 / (271')” DkDPADPB ’ ( )

with Dp,, = (Pap—k)>—m’p+ic,
Pfx,B = mi,B . (A.27)
Using again Feynman parameters allows to write I35(k, Pa, Pg) in the standard form

of eq. (A.7):
d"k 2
Iz3s(k, Pa, Pp) = / dx/ / y (A.28)
with A = xyDA+y1—mDB+(1— )Dk

k? + 2y[z(Pg — P4) — Pglk + ic . (A.29)

Applying eq. (A.8) then leads to

d"k 1 "/ o\ —34+n/2 L (3 - 2)
- = _ —3+n/2 2
/ (2m)n A3 Z(27r)" (K7) re3) (A.30)
with K? = y’[2*tap — x(tap + mp —m?y) +mp] —ie, (A.31)
tap = (Pa—Pp)’, tap=Re(tap) +ic. (A.32)

The scalar integral I3s(k, P4, Pp) is IR divergent in four dimensions. It therefore
has to be regularized by switching to n = 4+¢,, dimensions. Hence inserting (A.30)
into (A.28) yields

24 2 1
I (k P P ) _ —€IR —17 + IR/ F 1 o 6]1:{, d _1+EIR (A 33)
35\, "A, I'B H (27T)4+5IR 92 o vy .

1
X / dr [m} — x(tap + my —m3) + a’tap — ie] Hrem/2
0
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Using again the Euler beta function,

PWMew) _ 1y o,y (A34)

1
dyy 'Tr = B(l,e,) = =
/0 vy (1,€1r) C(14+¢€r) e

and expanding the IR divergent integral in ¢, leads to

imrn R (1- ) / gy
(2m)tern 27 Jo

= ! {—; + log(47r,ufR) - ’}/E:| + 0(511%) . (A35>

3272 IR

The z-integral remains to be calculated. Since it is IR finite it can safely be expanded
in €;5:

1
I, = / dr [m% — x(tap +m% — m%) + 2*tap —ic] P (A36)
0

1 P14 log(tag) e [, log[P(x)] }
_ = 4+ = dpr ——2= A.37
tap {/0 P(z) 2 /o P(z) ( )
2 2 2 -
with P(z) = o — g ABEMB 7MWy | My 1€ (A.38)
tAB tAB tAB
Let us now factorize the polynomial P(x):
) 1

P(z) = (x—x1)(v —x2) with x5 = 3 (ca £ Bas) , (A.39)

+ 2 02 Mt 2 m2
CaB = AB +Mmp —my  Bup = \/ ( AB, My, mB) (:l:)% . (A40)

taB laB

Here one has to be careful with the +ie terms. The equation P(z) = 0 does not have
a solution for the values 0 < z < 1 if t45 is taken to be the u or ¢ channel variable
since then t4p = t(u) < 0. On the other hand tap = Re(tap) + i€ of course holds
for positive as well as for negative values of Re(t4p). Therefore we have to take
Bap + i€ for the s-channel integral (t4p = s) and B4p — i€ for the u- and ¢-channel
integral [tap = t(u)]. These two distinct cases are denoted by “£”. One can now
rewrite the z-integral as:

I = ;{[H%l@g(m)} /Oldx[ Lo } (A41)

tap(ry — xg) T—T, X — Ty

= /01 . {log(x @) | loglr—as) logle — 1) log(x - xz)} } |

2 r — I r — I r — To T — T

Let us define

" 2,2 1
cpa = 2B +ZA 4 ,  which implies 3 (cap+cpa) = 1. (A42)
B
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This allows us to write the integrals in a compact form. We find the following
solutions:

! 1 1 B cap + Bas cBa + Bap
dx — = —|log| ———— | +log| —————
0 rT—T T — T cpa — Pas cap — Pan
+ 2 (A.43)
L' log(z — ) 1 cga — BaB 1 cap + Bap
dp 28T D2 (CBATPABY 02 (CABTTPAB
/OI z— 1 zog( 2 ) 20g< 2 )
2
:i:mlog(AB—gﬁAB)—l—%, (A.44)
L log(z — x9) 1 cpa + Bas 1 caB — Ban
dp 28T T2) D2 (BATPABY 202 (CAB T PAB
/OI c— 1, zog( 2 ) zog( 2 )
AB — Bap s
F 7ilog 5 + 5 (A.45)

b olog(r — @) cpA — Bas cpa + BB
dr ———> = log | ——F— | log | —7——
0 T — Ty 2 2BaB

— log (Bap)log <CABQB_%) + Li, (— ABQﬁ_AfAB)
+Li <—M) T tinlo <M) (A.46)
’ 204p 6 & 232, 5 .

/1 " log(z —x3) _ log (CAB — ﬁAB) log (CAB + ﬁAB)
0 T — 1 2 2BaB

+ log (Bap)log (M) — Li, (_M)

2BaB 2648
. cpA — Bap 2 (CAB + 5,43)
L Ly (—CBATPABY LT o ((ABTPAB N ) gy
: ( T ) 6 T mlos\ o, (A47)

A straight forward calculation then yields

/1 i {log(l’ — 1) n log(z —x5) log(z —a1) log(z — I2)}

Tr — T Tr — T T — T2 Tr — T2

= o (sm) [os (Be%) )]

oo [CAB T BB | (can — Pap
*\ 28as *\ 20us

— 4
— 4L, —M + -7 £ 4milog(Bap) ¢ + (cap < cga) . (A.48)
2648 3
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This finally leads to the general solution of the scalar 3-point function:

Ls(k, Pa.Pg) = —— ¥{i{—log(w)im’]

1672 tafaB | €1 cap — BaB

1 cap + Bap . Amp?,
o (i) 7 s () -
1 cap + Bap g — Bip

~ log (CAB + 5AB) log (CAB - 5AB)
20aB 20ap

— 2
— 2Li, (—M) + =%+ 2mi log(ﬁAB)} + (cap — cBa) -
2648 3

The scalar 3-point integral corresponding to the initial state vertex correction can
be obtained from eq. (A.49) by making the replacements P4 = —pi, P = po,
mp = ma = m,. This leads to (tap = s, Bap = Be, Cap = Cpa = 1):

Iss(k, —p1,p2) = _#s; {gi {—log (11_?3) —l—m’]
e () o [ () o
2
g (ig) {log (1 466) +2log<ﬁe>}
1 1+ﬁ6 1 _ﬁe
— log 53, log 25

— 2Li, <— Lo ﬁe) + ng + 2mi log(ﬁe)}} + O(e1z) (A.50)

2.

The scalar 3-point integral I35(k, —ki, ko) corresponding to the pion vertex correc-
tion can be obtained from eq. (A.50) simply by replacing (3. by (.

Also the integrals I3s(k,p1, k12) and Iss(pi, g, k12) can now easily be obtained
from eq. (A.49). Consider first I35(k, p1, k1). Then we have

pPa = pi, P = ki, ma = me,
tAB = U"‘Zf, mp = Mgz,
u~+m? —m? u—m?+m?
CAp = ————————, (g = ———————,
U U
2 2 2
uUu—m u+ms m .
Bap = — T+ - — — e, (A.51)

—m2
u u—m2 u
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Neglecting the electron mass where possible then leads to the following solution:

i1 2 dmrpi? v
Is(kopi ki) = oo [~ +log (== ) =71
BS( » P1s 1) 167T2U{|: 51R+ Og< U ) ,}/E} o8 (memﬂ)
1 u—m?2 1 m? 1 m;
L grog2 (e Ly (L2 _ L e (L
2{30g( u ) 20g< u) 20g< U)
2 —m2 2 2
—2log (2= ) log (L) o, (——2= ) T UL (A 59

The integral I35(k, p1, k2) can be obtained by replacing in eq. (A.52) u by t and U
by T. Making in I35(k,p1, k1) and I35(k, p1, k2) the combined replacements p; —
pa, k1 — ko does not change these integrals. Since in addition Iss(pi,q, ki2) =
I3s(p2, k, ka1), the only remaining scalar master integral to be calculated is the
integral I3s(k,q, P).

A.3.2 The Integral I3s(k,q, P) and IS, (k,q, P)

Let us finally consider the scalar 3-point integral:
d*k 1
Iss(k,q, P) =
as(k.q, P) / (2m)A (P — k)2 — m? + i€][k% + i€][(q¢ — k)? + i€
with Pio+Po=q,¢=s, PP=P=m?,

B = +\1—4m?/s.

As before, by using Feynman parameters one can transform the integral into the
form of eq. (A.8). Hence, with

, (A.53)

A = B4 2y(aP; — )k +y(1 — x)s +ic (A.54)
the scalar integral can be written as

! ! d*k 1
I35(k,q, P) = d dy 2 —_—
35( 4, ) /0 T /(; Yy 2y / (27’(’)4 A3

in? 1 log [%] +am
= — d : A.
(2m)* /0 s(1 —x) + x2m? (4.35)
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Now only the z-integration remains to be carried out. Using

! log 22 2. (1=-p (143
[ i e = _ﬁ[L< 2 )‘L‘2< 2 )]

L LT (A.56)
s 3
! log (1 — ) 1T 1+4 , 1-3
[ sy = %[L”<‘1—ﬁ)‘L12<‘1+ﬁ)]
1
~ < log (%) , (A.57)

! 1 1 1+6Y\ 1 s
/0 da s(1—x) +a2m?2 ﬁlog <ﬂ) s log (W) ’ (4.58)

finally yields

—im? 1 . 1-— 1+
Ls(k,q, P) = 2L [2L12 (Tﬁ) 9L, (76)
1

12

F og? () + = — imlog (%)] (A59)

“~" here corresponds to the case that s > m?, which is true if m = m, for the
considered cases. If on the other hand pions are considered the pion mass has to be
kept. Hence

— 2 —

]3S(k?,q,k1’2) = MT L [21412 (1 Qﬁﬂ) —2L12 (1_"2ﬁ7r)
() (55
—log (mi%) log<1t§:)+mlog<1i—§:>] , (A.60)

it 11 s w2 S
[35(]{5,(],]31,2) = (27.[.)4 |:§ 10g2 <_) + E - IOg (W):| . (A61)

2
e e

The rank-1 tensor integral can be obtained using tensor reduction, by making the
following general tensor ansatz:

18,(k,q,P) = C,q"+Cp P (A.62)
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By contracting eq. (A.62) successively with ¢, and P, one can detetermine the
constants as functions of scalar 3-point and 2-point integrals:

2m2 [35(]{7,(],P) + I2S(k7q> - I2S(Q7 P)

c, = ——F ez : (A.63)
25k, q) — 21hs(q, P) + slss(k, q, P
Cp = 25(k, q) 25(8%2 ) 3s(k,q, P) ' (A.64)

A.3.3 The integrals IS, (—p1,p2, k) and I??Tﬁ(—pl,pg,k)

For the initial state vertex correction the (in four dimensions) IR and UV finite rank-
1 tensor integral and the UV divergent rank-2 tensor integral have to be calculated.
Feynman parameters are again used to write the integrals in the form of eq. (A.9)
and (A.10). Although these integrals can also be solved by using tensor reduction
it appears to be more convenient to solve them directly. Using the expression in
eq. (A.29) with Py = —p; and P4 = ps we obtain

A = K+ 2y(zq — po)k +ic . (A.65)

Since the integral ISy, (—p1, p2, k) is IR and UV finite no IR or UV regulator has to
be introduced. The calculation can be carried out in four dimensions (n = 4):

o Ak Kk~
I3V(_p1ap2ak) = / dl’/ dy2 / 4 A3
xq* —p3
= d d
(27r)4/ :c/ Y m2 —z(l —x)s —ie
_ i’ _/ g — py
(2m)* s Jo x2—x+m?g—ie
_oart 11 a/ld r
N (27’(’)4 S 1 — X9 d 0 v r — T r — To
! 1 1
—pg‘/ dx ( — )] ,(A.66)
0 r — I T — T

where the variables 1 and x5 in eq (A.39) (cap = cga = 1) have been used:

=g+ (Btid] , m=g -G tid] (A.67)

Carrying out the simple integrations in eq. (A.66) yields

_im2
Iy (=p1,pa, k) = (2:;4 S;e [p7 — p5] {bg (ig) —m] . (A68)
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For the UV divergent integral I. ?‘3‘7@ (—p1, p2, k) an UV-regulator has to be introduced
which is done by dimensional regularization (n = 4 — ey). The integral can be
written in a similar way as IS, (—pi1,p2, k) in (A.66):

. dnk kakﬁ
I3Q@(_p17p27 / dﬂf/ dy 2y/ n

—_— "/2F 3__ — n
= (;77: /dx/ dy2y ? (zq — p2)2—ie} /2
2(a_ oy (.8 _ B 1a5y($q—P2)2—i6
x |y” (zq —pz)(xq —p2>—§g 5 n

2

—jm2—euv/2 Euy 1
= T (1) [ gy
e T (1455 [ o

! (zq* —p3) (2d° —py)  jos .
X / dx ( R ) 9 [(zq — pa)’ — ie] ov/? (A.69)
0 (rq —p2)” — e Euv

+ O(epy)

The integrations can be carried out easily:

1
1 1
dy y' v = 1270y = : A.70
/0 vy 2 —¢eyy 2 —eyv ( )
L (zg™ —pg) (xqﬁ —py ) q°q° 1+ 32
[ o) il 1
0 (xq — p2)” — i€ $ 2.

e (55) -1}

o, B o, B
D1Dy + Doy 1+ B L
+7Sﬂe {log ( T 56) m} J(A.71)

The remaining integral contains the UV divergent contribution of Ig‘f . Expanding
in £, therefore leads to a pole term o 1/eyy:

af 1 e af 1
_ g_ dr [(:Eq _ p2)2 _ Z€j| uv/2 _ _g_ dz { 1— gﬂ |: log(s)
Euv Jo Euv Jo 2
1 1
+log (z — x1) + log (z — x2) | } = —gaﬁ{—+—{—log(s)+2
Eov 2

_10g<1—463) _ 3 {log(ijg:) —m'H} . (AT2)
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Inserting the results into eq. (A.69) leads to the result:
2 1 1 4
IR (—pr,pak) = o8 g™ — 4 < llog (— ) — s +3
ST( P1, D2, )) 2(271')4{9 . + 9 og S YE +
1—3? 1 . ,
— log ( 466) — Be [log(ljge) —WZ:H}
A PR N G A N
S 2ﬁe s 1- ﬁe

o, 0 a, B
Db FPaPy {log (1 i ﬁe) - m’] } . (A.73)

sﬁe 1- ﬁe

A.4 Integrals with 4 Propagators

A.4.1 The Scalar Box

Cutcosky’s rule and the dispersion relation will now be used to solve the scalar 4-
point functions Is(k, p1, q, kl(Q)) (see also [111]). The two photon lines are cut, lead-
ing to the subprocesses e~ (p1)et (p2) — 71(1{:)72(1) and 7 (k)7 (ko) — y1(k)y2(0).
They correspond to the amplitudes T ? and T . f , ). where a and b are the labels for

the two different box diagram topologles as defined in chapter 4 [iT]?i(b) = M)
Multiplying the amplitude that corresponds to the subprocess ete™ — ~v with the
complex conjugated amplitude of the process 777~ — v yields:

Na
O et el (A.74)
Z D p1 D k1(2)
The numerators of the box mtegrals N, and Ny are given in eq. (4.95) and (4.96). The
photon spins A\; have been summed over. Note that the two photon propagators have
disappeared now. Cutkosky’s rule relates the imaginary part of the box amplitude
to the phase-space-integrated expression in eq. (A.74):

4—n
SmTy = %/dlzips(k,l) ZTMT;:f, (A.75)
Ai

) ) dn_lk‘ dn—ll e
with  dLips(k,l) = — — 2m)"6" (g —1—k) . (A.76)
2| k| (2m )=t 2|1} (2m)"—1
The momenta k and [ are the photon momenta of the subprocess final states. Simi-
larily for the scalar box integrals we can write

4—n
. Hin , 1
ml-ilis(hpra i) = 22 [ dLips(hd) 5—p—
® 2 DP1Dk1(2)
4—n8n/2—2
IR
8(16m)"/2-1T (5 — 1)
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For the last equality the integration was carried out in the ete™ CMS. The functions
Jap) are defined as

1 _ 2\n/2-2
Juwy = 4 / o [* A=) 1+ewloe?) ooy (as)

27T —1 Dplel(Z) S
_ 2 2 3 2
with Jy(z) = 8 r+m: +mi 4+ Az, m2,m2) t rest
Az, m2,m2) —x 4+ m2+m2 — \/A(z,m2,m2)
16 ur
Ji(u(t)) =~ ) log ( (m) ) + rest . (A.79)

Here 'rest’ corresponds to terms that are multiplied by ¢,; and vanish in the limit
e, — 0 even after dispersion integration. Hence

g—1t+err/2 1 U(T)
log
s U(T) MMy

X [1 - % <1og(4w$R) - %)] . (A80)

The real part is obtained by applying the dispersion relation. Only the following
integral is needed:

Sm[—ihs(k} b1, 4, k1(2))]

1 00 S/—1+£IR/2 11 2
— [ A S = ——— | = +log(s) —i A1
7T/0 i — WS[€IR+Og(S> m} + OCm),  (A8])
leading to
. 1 1 U(T)
—l — 1
Re[—ilys(k,p1,q, ki2))] S7%s U(T) og (memw)
2 A7
X {—— +log( W’um) —%s} . (A.82)
€Ir S

A.4.2 The Rank 1 Tensor Box

The rank 1 tensor box will be solved by using tensor reduction. Making the substi-
tution k = p; + K leads to

[fv(k‘ml, q, kl) = p(ff43(k,p1, q, k‘l) + va(Pb k‘l) with (A-83)
d"K K
« ]{7 = 4—n
Ttk = 0 [ g {Kpr+332+idvﬁ-—m%+id

1
[%—Kﬂwﬂm—h+KPﬂ@+M}'
It is now apparent that due to momentum conservation the following symmetries
hold:

145(7?,291,61, ]ﬁ) = 145(747; —P2,4, —/f2) ) (A-84>
JJLXV(pla kl) = JZ?V(_p% _kZ) . (A85)
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Let us choose a set of three linear independent 4 vectors:

q = pmtpe, P =pi—p2, P =k —ka, (A.86)
with P, = ¢P. =0, PP, =t—u, (A.87)

P = s, Pp2 = —s+4m§, P,? = —s+4m72r.

Note that under the transformation (pq, k1) < (—p2, —k2) being equivalent to the
combined transformation
q— ¢ , P,—- P , B — P (A.88)

all possible scalars that can be formed by contracting two 4-vectors are invariant.
As a consequence the integrals Jg, (p1, k1(2)) cannot have a contribution proportional
to ¢*. One can therefore make the following general ansatz:

"k —py +k*
Jiv(pr, k1) = = ap, P¢ Py A.89
4V(p1’ 1) /(27-[-)71 DkDpquDkl ap, Ip +ap, Iy ( )
Using the following identities
1 1
Po(—pr+ k) = —2m?—D, + §Dq - §Dk , (A.90)
+t— 1 1
Pio(—p1 + k) = _STU — Dy, + §Dq + §Dk , (A.91)

and contracting eq. (A.89) successively with P,, and Py, yields the following two
equations for ap, and ap,:

ap,(—sB2) + ap,(t —u) = —2m? Lig(k1) — I3s(k, q, k1)
+ Isg(k,p1, ki) (A.92)
ary (0 =) +an(=s5) =~ Lig() — Is(k,p1,)
+ Iis(k,p1, k1) | (A.93)
which have the following solution:
ar, = sk — )5+ — )

2= =
—2I35(k, p1, k1) (B2 +t — u) + 235 (k, p1, q)(t — )

+ 213S(k7 q, kl)sﬂ?r} ’ (A94>
1 1
ap, = —5 (t — u)2 — 5257% []45(]{?1)5(8 +t— U,)
+2]35(k:7 q, kl)(t - U) - 2[35'(]{:7]91’ kl)(s +1t— U)
+ 2L5(k,p1,q)s] - (A.95)

Here the electron mass has been neglected where possible. I}, is now expressed
in terms of the scalar integrals that have been calculated before. Thus all relevant
integrals have been calculated.



Appendix B

The Soft Photon Integrals

ine) int
calculated in dimensional regularization (n = 4+¢,;). They are IR divergent in the

limit €, — O.
The IS soft photon correction factor reads [see eq. (3.24)]:

A1k s — 2m2 m2 m2
5ism‘ s,A) = ¢ ?_4/ = [ ° - € — € ] . (B.1
(s A) = i’ | R et ke k) - B

The soft photon integral in eq. (B.1) is IR divergent for n = 4 and is therefore
regularized by using dimensional regularization, thus by switching from 4 to n =
4 4 ¢, dimensions. We can now write the integral in polar coordinates:

dn—lk A 4—n oL
/ NN M;l;n :/ #_ d|k’| |k‘|n_2/d9n_1 s (BQ)
soft 2|E| (27)n 1 o 2lk|(2m)n1

The IS, FS and IFS soft photon correction factors 62 5}?m and 07, are going to be

with the angular contribution

2m T T T
/dQn_l = / dgb/ d@l sin 91/ d92 sin2 92/ d@n_g sin"_3 en_g
0 0 0 0
+1
= /dQn_g/ dcosB,_5 (1 — cos® Hn_g)"/2_2 ) (B.3)
—1

In the CMS the integrand is only depending on one polar angle which will be iden-
tified with the photon polar angle (6,,—3 = 6,). The relevant scalar products are

- \/S
mk = \k\%(l — fecosb,) , (B.4)

- \/S
pok = |k|§(1 + . cosb,,) . (B.5)

The integral over df2,,_5 has the following solution:
27Tn/2—1

dQy_ 9= ———, B.6
/ T I(n/2-1) (B-6)
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which allows us to write the phase space integration as an integration over the
absolute of the photon 3-momentum and an integration over one polar angle:

n—1 9 n/2—1 1 L.
[ = mo [ s AR
2|k|(2m)n—1 I'(n/2-1) ) 2(2m)"

+1
X / dcosf., (1 —cos®.,)"/*% . (B.7)

1

Thus in dimensional regularization the soft photon factor becomes

60 (s, N, er) = € 2mltens? /A p d)k| [k|**+em
mi\2r 4ty F(l +51R/2) 0 2(271-)34-6112
2 2

— 29m?
s—2mg me2_ mez] (BS)
(p1k)(p2k) — (p1k)* (p2F)
First the (IR finite) angular integral will be calculated. For this we expand in €,,
(c =cosb,):

+1
X / dcos B, (1 — cos®f.)*rr/? {
-1

. £
(1—c)m/2 = 14 % log(1 — ¢®) + O(2,)

= 1+ % [log(l —c) + log(1 + c)] +O(e?7,) . (B.9)

Using the method of Feynman parameters for the first term in the soft photon
integral leads to:

— 2 _ 2 1
s—2m; 4(s ﬁ2m6) / i 1 2’ (B.10)
(p1k)(p2k) slkl2 Jo o [+ (1 —22)8.d]
2 4 m? 1
m? _ = = Me SR — (B.11)
(p1F) k2 s [1 = Bed]
2 4 m? 1
me 2 - _,—% FOEE— (B12)
(pak) K2 5 [1+ B
Therefore the integrations are of the form:
1 1 1 log(1 4 ¢)
dc —— d dc ——— | B.13
Lty [ e (19)
which have the following the solutions:
d = B.14
e (B

o log(1 + 21og2 1 1 1
/ de og 62) _ -8 5 — ———log <ﬂ) : (B.15)
1 (14 nc) L—n? nl¥Fn Iy
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For the first term of the soft photon integral, containing both p; and p,, we have
n = (1—2x)83.. This yields:

! — 2m? 2(s — 2m?)
dcosf., (1 — cos®f.,)c1r/? i € = ——<
] deost D R T i

Pe 2 1 1 1+
dn { —— [1 log?2] —e;p —— — log [ —— ) + . (B.16
X/—Be n{l—nz L+emlog2] —em 75 5 Og<1—n)} (B.16)

The first integral in (B.16) is easy to calculate and yields

Be
/+ dn 2 —210g<1+ﬁ6). (B.17)

o L=mt 1—=Fe

For the second integration it is convenient to make the substitution

1+n u—1
11— T a1 (B.18)

u

leading to

/We p log (ﬂ) 1 /1Be P +1 log(u) /ng J
_ T = — U — —— = u
s =) T 2 s Mu—1 !

1+8e
—Be log(u) _ 203, 1. o (140
— =2L =1 . B.1
/1 d”) I—u 12(1+56)+20g -7, (B.19)

With these results we arrive at

! —2m?  4(s —2m?) 1+ 4
dcosf. (1 — cos? 6. )rr/2 5 € = —° { lo ( e)
/—1 v { ") (p1k)(p2k) s0.|k|? E\1- De

€IRr 1+ 5. 1 1+ 5. . 203,
+ - {2log(2)log <1 —5e) — ilog2 <1 —5e> — 2Lis <1+5e>] } )

The remaining angular integrals in eq. (B.16) yield

—~

B.20)

1 , p m2
dcosf., (1 —cos* @, )18/ —°
/_1 Y ( “/) (pl,Zk)2

2 EIr 1 1+ﬁe
:@ {14—7 [210g2—Elog<1_ﬁe)}} . (B.21)
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Collecting the solutions for all three angular integrations finally leads to

2 2 2

+1 —2m m m
dcosf., (1 — cos?0.,)1r/? [ i ¢ — c - — a }
[, deose D R k) kR (poh)?

4 s — 2m? 14 3. €rr
== - —1 © 1 1 —21 2
|k:|2H L) °g<1—6e)H + 55 2os?]

+€ﬂ ilo 1+ 6. _$—2m§1102 1+ 5.
> 15 *\1-5 . 2 2 \1-4

s—2m? _. 23,
ey ()] o

What remains is the evaluation of the (in four spacetime dimensions) IR divergent
part of the soft photon correction factor being a consequence of the integration over
|E| in eq. (B.2). It can be solved by using now the definition of the Euler beta
function:

1
B(m,n) = / dr 2™ (1 — )" = ———~2 . (B.23)
0
We then find

A 1
/ dlE| [k|71Fem = (A)Fn / da x~ e
0 0

= [1+¢emlog(A) +O(€?R):| D(en)l(1)

L(14¢e:5r)

IR

For the last equality in (B.24) the expansion in £, has been carried out. Expanding
also the remaining factors in e, and inserting the results into eq. (B.8) finally yields

S o« s—2m§ 1+ﬁe
5ini(S’A) - { |:_1 + Sﬁe log (1 - ﬁe):|

A? 1 1+66)
+ v+ 2log2| + — lo B.25
(4M?R) ! g ] 5. % (1 — e (B.25)

s=2m2 1 ,[(1+0. s—2m? . 23,
— — log -2 is
366 2 1-— ﬁe Sﬁe 1+ 6@

Since the final state soft photon integral is obtained by replacing p; and py by kq
and ko respectively, replacing m,. by m, and [, by 3, immediately yields the final
state correction factor:

X
|
+
<)
o3

(8, A, me — My, B — Br) . (B.26)
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Consider now the soft photon IFS correction factor [U = piky, T = piko, u =

(pr = k1)* t = (p1 — ka)?]:

PLENN / &'k {U{ LR
M L 2R @t U Lok (k) (pak) (kak)

! [@1@1(1@1«) " <p2k>1<k1k>} }

n/2—1,4—n d‘k”k|n3
o 9 T Hir 2 n/2—2
- 20 foth [ i [ ot 1oty

U T
{(plk)(klk) - (plk)(k;zk;)} ' (B.27)

Let us begin with the calculation of the integral containing p; and k. It is convenient
to rewrite the corresponding integrand in the following way:

1 1 1 .
(pik)(kak) / datpoay Wit Pae=api+(1=a)ky, (B2§)

In the center of mass system (p; + p> = 0) we get

NG

Ph, = 9 Ph, = a®m?+ (1 —a)*m2 + a(l — a)2pik,
2 . |P12(l‘ o 1 N % 2 9 _ 92 9 _ k, B
e = P03z [@®m? + (1 - a)*m? + a(1 — a)2pikz] . (B.29)
(P12a) S

Let us choose now Ppa, to point in the z-direction and k in the  — z-plane, forming
the angle ., with the z-axis (n = 4+ ¢z, ¢ = cosf,). This yields

1 (1- C2)n/2—2 _ n/2 2
d = d
/_1 ‘ (p1k)(k2k) s|k:|2 / / 1= Buoac)? (1- 512a0)
B 14 =2 ]og(1 — ¢?)
B s|k:|2 / da/ (1= Braac)®> 7 (B:30)
! 1
/ dc 1= Frm0)? = _61% (B.31)

1 log(1 — ¢?) _ 4log(2) 1 2 (1"‘61%)
/_1 . (1 N 612&0)2 B 1 - 6122a 512(1 1- 6%2a log 1— 612(1 ' (B32>

With the definition

t —m? + m? A(t, m2,m2
o ST AT
’ 2t 2t

(B.33)

we can write

- %(a —a)a—ay) . (B.34)
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This allows us to solve the first of the two integrals in (B.31) and (B.32). With

1 s 1 1 1
1-8%,  4a —a\a—a a—ay
1 1
- i ( - ) , (B.35)
A/A(t,m2,m2) \a—a1 a—a

a simple integration yields

—t+m2 +m2 + /A, m2, m2)

_t+mg +m72r - )\(t,mg,m%)

/ a2 i 1 (B.36)
a = 0g . :

0 I ﬁ%&z 4 )\(tymgamgr)

Before evaluating the second integration over a let us calculate the remaining angular-

independent integral in (B.27) (n =4+ ¢,5):

a2t A dl kR 12 A2
' — l 1 . B.37
T(n/2—1) /0 2mn1 162 L,R LRy } (B-37)

IR

Note that the calculation of the second integral in (B.27) (with p; and ky in the
denominator of the integrand) is analogous to the previous calculation. Collecting
the results finally leads to the IFS correction factor:

55 —9[i+ +10(A2 )H v
m T L€ e & Amps, A(u, m?,m2)

—u+m?+m2 + /A u, m2, m2)

—u+m2 +m2 — \/A(u, m2,m2)

x log [1 + €rn log(2)}

—%F(u)} — (WU —t,T)

2 2 A2
i) (et ()
- 7 €Ir TR

— F(u) + F(t) } , (B.38)

[2
3|2
—N
[\
s}
(0]
VR
Lld
g
313
SIS

where the function F(x) (z = u,t) is the IR finite expression

F(z) = (B.39)

g 1da 1 2 lo |:1 —|—ﬂ12a($)]
s Jo Braa() 1 = By, () 1 — Bioa(z)]

To solve this integral let us define:

4 4 _ 2 2
A = __f+i€ ’ B:_(x m; +m3)
S S

+ie , C = 3. (B.40)
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We can then make the following substitutions:

Bioa(r) = VAa® —Ba+C = —VAa+z

2 -C VAZ2—-Bz+VAC
— = - , a = . B41
¢ 2VAz— B Br2a (@) 2v/Az—B ( )

Defining further

B
= —— —ie , 219 = nEt/n?—1Fie,
n /A 1,2 n n
234 = K12 = —14+nEt\/1+n?—c+ie
= -1+ [—x—l—mi—mi:l: )x(:c,mz,m?r)],
—Ssx
256 = /a374:1+ni\/1+n2—0—ie
1
= 14+ [— +m2 —m2 44\ ,mg,mﬁ], B.42
— [ ENTENTES (.42
leads to
1z 2)(2—2)
/612a - 5 )
=
1(z—23)(z— 2 1 (z—2z5)(z — 2
1_'_6120, = _( 3)( 4) ) 1_6120, = __( 5)( 6)7
2 z—n 2 z—=n
1 a
da = +— fiz dz ,

VA z—1
2(a=0) = VC = B,

Ha=1) = VAT BFIC+VA = B, +2 —%. (B.43)

We finally arrive at the following expression for F(z):

F(x):/fewﬁdﬁ{{ (N SRR S 1}

R — R1 R — R9 KR — R3 KR — Ryg
X {log(l@ — K1) + log(k — ko) —log(ks — k) — log(k — /<;4)] } . (B.44)

This leads to a sum of different log’s and dilog’s. One has to keep in mind that



K3 > K4 > K1 > Ko, With k; = k;(x) (x = u,t) we obtain

P = ([ = A0 = i) + folon) = G 20) = ale )

with

+
+

f3(26, 24) + fa(24, 23) + fa(23, 26) + faza, 26) — f5(25, 23)
f5(25, 24) — f(25, 26) — fo(23, 25) — fo(24, 25) + fs(26, 25)

[fl(fﬁ) — fi(k2) = fi(ka) + fa(k3) — f3(k1, K2) — f3(ka, K1)
f3(Ka, K2) + fa(ka, k1) + fa(k1, ka) + fa(ka, k1) — f5(Ks, K1)
)

N———
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_|_
- Fala w2) = fol a) = folra s) = folra, k3) + folria, ) | (B.45)

fi(n)
f2(n)

f3(7717772>

f4(771,772)

f5(771’ 772)

f6(7l1,772)

HLQ(LU) =

H374 (JZ‘) =

AA,B,C) =

1

1
= Zlog%[b—n] — =log%[a —
5 108 [b—n] 5 log la—n],

1 1
= §log2[n —a] — 510g2[77 — b,

B e A =

b— b—
+ Li2( )+log(b—771)log< 772) ,
b—m a — 12

g e e ey

b— b—
_ Lig( a)+log(a—n1)log< 772),
b—n a— 12
bh— _
— log[m—nz]log< n2)+Li2<a 772)
a — T2 m—1mn
= Lig(b_m),
m— 12
_b _
= log[nz—m]log(m )+Li2<n2 a)
2 —a e — M
—b
_ Li2(n2 )7
N2 — T
x
A e
1

-1+ [—x—i—mi—mi:l:\/)\(:c,mg,m?r)] ,
—sx
1
I+ Warr [—x +m2 —m2 + \/)\(x,mg,mfr)] :

A2+ B>+ (C? —2AB —2AC — 2BC .

(B.46)

(B.47)

(B.48)

(B.49)

(B.50)

(B.51)

(B.52)
(B.53)

(B.54)

(B.55)



Appendix C

Phase-Space Integration

The phase-space integration corresponding to a 3-particle final state as needed for
the numerical integration procedure of the A¢pwDITE program will be considered.
Let us begin with the 2-particle phase-space integration.

C.1 2-Particle Phase-Space

Consider a scattering process leading to a 2-particle final state with the 4-momenta
ki and ko (¢ = ki + ko, s = ¢°) which are chosen in the center of mass system of
particle 1 and 2:

ki = Ei(1, By sin 6,0, By cosf) , ky = Eo(1, —Fsin 6,0, — 5 cosb) ,

2

q:\/g(l,0,0,0), with ﬁlgz 1——27
’ El,?

For the subsequent phases-pace calculations it is convenient to use a Lorentz-invariant
expression for the velocities 31 2. Using energy and momentum conservation,

Ei+Ey=vs, Ef—EfB=0, (C.1)
a straight forward calculation yields

1,2 2/s Ers ) 1.2 5 72\/5

and Ma, b, c) = a* + b* + ¢* — 2ab — 2ac — 2bc .

(C.2)
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Using this Lorentz invariant expression for (3 » we obtain for the two particle phase-
space integral

By Py
d’k

_ /2E11 d'ky (k2 —m2) 04 (g— k1 — k) ...
>k

= /2E1 6(¢° — 2kig +mi —m3) ...

112
/d\kl\ |2k£1?| dQ (s — 2¢/sEy +m3 —m3) ...
1

B El 1 Vs omi-mj
o El V A(Sam2am2>
= 617/d97 851 2/d9.... (C.3)

Here 2 is the solid angle of particle 1 in a center of mass system of particle 1 and
particle 2. For equal masses (m; = my = m) we get

Ms,m?, m?) = s(s —4m?), B, = By, =/5/2,

2
B = By = 1_4m’
S
dgkldkg 1 4m?
Mg —ky—ky)--==/1—— [dQ.... (C4
— /2E12E2 4=k~ k)= / (C.4)

C.2 3- and 4-Particle Phase-Space

The 3-particle phase-space integration is needed e.g. for #¥7~ pair production in-
cluding one radiated photon. ki, ko can then be identified with the momenta of the
two pions, k3 = k with the momentum of the bremsstrahlung photon. It turns out
to be useful to express the 3-particle phase-space integral

Bk, BPky Pk
Phy — g =y — ko — ks) ... .
hs /2E1 5E, 2E, 0% (q — k1 — kg — k3) (C.5)

in terms of two Lorentz-invariant 2-particle phase-space integrations and a subse-
quent integration over the invariant mass of the sub-system of particle 1 and 2,
s19 = ¢y = (k1 + kp)?. We can easily obtain such an expression by inserting the
following identities

= /d4ql2 54(Q12 - kl - kz) and 1= /d5’12 5(812 — q%z) (C6)
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into eq. (C.5). This yields

Bk dPky d3k
Phy = / 2E11 2E22 2E§ d4q12 dsio 54(6112 — k1 —k2) 6(s12 — Q%2)

X54(q—k1—k2—k3)

o ks dPqra 5t
= /d812/2E3 QQ?Q (q qi12 k3)
By PBly
X /2E1 2E2 ) (qlg—k‘l ]{52) e (C?)

The phase-space integrations can now conveniently be carried out in the center of
mass system of the corresponding 2-particle sub-systems.

The procedure of dividing up the phase-space integrals into subsequent 2-particle
phase-space integrations can be generalized to arbitrary n-particle final states. Let
us finally give the result for the 4-particle phase space:

Phy

ks dPky dPPky dPky
B /2E1 2F5 2F; 2E45(Q—k‘1—k52—k:3_/{;4)

d? q12 d? q34 54
= d812 / d834/ (q — (12 — Q34>
/ 2 ?2 2(134

dk‘ldk‘g4 dk‘gdk‘44
/2E1 2B, O W2~k = k) /2E3 o, O (1= ks = k) o (C8)

where ¢;; = k; + k; and s;; = ¢

2
i

C.3 A 2— 3 process

Consider now the scattering of two particles into a 3-particle final state [a1(p1) +
as(p2) — as(ps) + as(ps) + as(ps)]. Here we assume that the initial state particles a;
and ay have equal masses (m; = my) which is true for ete -collision experiments.

C.3.1 Li-frame: p; pointing up

Let us define the laboratory system L; to be the center of mass system of the
initial state particles a; and as (p) + p2 = 0) with the momentum pj of particle a,
pointing into the positive z-direction. Using eq. (C.2) we obtain the corresponding
4-momenta of a; and as:

pit = (Vs/2,0.0pm) . pyt = (V5/2,0,0,—pp1) . where  (C.9)
(s, m2, m?
ppr = (2\/5 1), S:q2, qu1+p1:(\/g>07070) (ClO)
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The momentum p3 of particle as is chosen in the x-z plane:

p§1 = (\/pp3 4+ m3,pp3 sin9f3,0,pp3 cos@1L3), where (C.11)

)\(S S45 77L§) 2
p— ? ? = = C-12
bp3 2\/5 ,  S45 Qys s Qa5 = P4+ D5, ( )

@i = (\/pp3+ 515, —ppssin 075, 0, —pps cos Of) . (C.13)

Another interesting frame will be the CMS system of particle 4 and 5 (denoted by
). Here the spatial components of ¢45 vanish:

qZ5 = (\/ S45, 07 07 O) . (014)

We will now try to find a Lorentz transformation from the laboratory frame L to
the *-frame:

as = (gt — g p) (C.15)
as = @5 +n [(v= D) — a6 ] (C.16)

7 is a unit vector pointing into the boost direction and 3 and v = (1 — 32)~'/2 are
the usual boost parameters. From a comparison of eq. (C.16) and eq. (C.14) follows
immediately that 7 has to be parallel to ¢iz'. Hence

—L1 1

gk = —npps = —ﬁgf , ﬁ:(sinéfg,o,coséfg), (C.17)

pp3 = {—(7—1)pp3—\/pp§+84576} , (C.18)

leading to

V/PP3 + 845 ’ V545

which are Lorentz invariant functions of ss5. As a check, inserting these results into
eq. (C.15) leads to

/ 2

qgg‘ = \/Su5 . (C.20)
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The Lorentz transformation is now determined and the momenta that are known in
the laboratory frame can easily be transformed into the *-frame:

o= (g — pp13 cos 01@,) , (C.21)
pio= puta [(v=1)(Ap) —piyf ]

= (0,0,pp1) + (sin B3, 0, cos 0f3) { (y — 1) cos Of5pp; — ?75] ,(C.22)
Py = ( % + pp1 3 cos Ok, ) , (C.23)
Py = patn [ (y=1)(p2) —pyyB8 ] = (0,0, —ppi)

+ (sinf{3,0,cos0f) { —(y — 1) cos Oyppy — §7ﬁ] : (C.24)

Py = 7 (\/pp§+m§—ppsﬁ) , (C.25)
P = fy {ppg—\/ppéﬂLm%W]
= (sinf%,0,cosfs) [ppg—\/ppgijg 76} . (C.26)

This Lorentz boost can be written as a 4 x 4 matrix:

Y —sin {373 0 — cos 0373
u | —sindEys 1+ (y—1)sin®0 0 (v —1)sinf5 cos by
Ay, = 0 0 ] 0 (C.27)
—cosOkyB (v —1)sinfcosfy 0 14 (y—1)cos® b
The inverse boost (from the *-frame back to the L;-frame) is given by
g sin 07373 0 cos 01373
e | osin@hyB 1+ (y—1)sin?0 0 (y—1)sin6k cos 0k
(A", = 0 0 . . (C.28)

cos 0B (v —1)sinfhcosffy 0 1+ (v —1)cos? 0k

In a next step the vectors in the *-frame are turned around the y axis by the angle 1,
(this frame will be denoted by ¢). As a result p3 is now pointing into the z-direction.
The corresponding rotation matrix is given by

1 0 0 0
0 cosf, 0 —sinbL

AL, = 0 0 13 1 0 13 (C.29)
0 +sinffy 0 cosfh
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and its inverse reads

1 0 0 0

_ 0 cosff 0 +sinbh
AV 13 13
(Azhy, = | o s 9 e . (C.30)
0 —sinf 0 cosbh
The combined transformation Az is defined as
v —sinfiy8 0 —cosbizyf
0 cos % 0 —sinfk
Ay, =M A0 = | 0 0 (C.31)
—yB  ysinfy 0 ycosbh
and its inverse reads
7L ’ L 0 P L
e | sinfpyB  cosbiy 0 ysinbig
(A1), = J N (C.32)

cos0fy3 —sinfh 0 ~ycosbhy

C.3.2 Ls-frame: p3 pointing up

Now p3 is chosen to point into the positive z-direction while the initial state momenta
are now chosen in the x-z plane. Let us call this the Ls-frame. This laboratory frame
can be obtained from the Li-frame by the rotation Ay around the y axis:

pr® = (Vs/2,—ppisindis, 0, pp; cosby) |
p2L3 = (\/E/Q,pplsinefg,o,—pplcoselLS)’

Py’ = (\/pp§+m§,0,0,pp3) gy = (\/pp§+845,0,07 —pps) . (C.33)

This coordinate system appears to be much easier since the boost direction is now the
z axis [0 = (0,0,1)]. B and ~y are the same as before. Now we can boost immediately
from the laboratory system to the c-frame without any additional rotation. The
boost is given by

¥ 00 —p
Ay, = 8 (1) (1) 8 (C.34)
B 00
Its inverse reads
v 00 +98
o I B (©35)
+y8 0 0 ~
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Hence the momenta in the c-frame are related to the corresponding momenta in the
Ls-frame in the following way:

P = N = (A7) (©:36)

v

Obviously the rotation A, followed by the boost A4 is just the Lorentz transformation
Agi

Ay A5, = A5, = Ay AT, (C.37)

C.3.3 Phase-Space Integration

At first we will focus on two inertial systems: the Ls-frame and the c-frame which
can be reached from the Ls-frame by the Lorentz boost A4. In both frames pj3 is
pointing into the z-direction and the vectors p; and py are in the z-z plane. In the
c-frame we have

qZS = (\/ 845a07070) )

Py = (\/ pp3 4+ m3, ppasin 05, cos Psa, ppa sin 05, sin ¢4, ppa cos 05,) |
ps = s —Di, (C.38)

where

(845, mﬁ, m%)
2./545

Note that the azimuthal angles are not altered by the Lorentz boost Ay (¢S, = ¢%,).
In a 2 — 3 process we have four non-trivial phase-space integrations corresponding to
four phase-space variables. They are chosen to be! sy5, 05, 0% and ¢34. The strategy
will be the following: as shown before [see eq. (C.5)] the 3-particle phase-space
integral is divided up into two 2-particle phase-space integrals and one integration
over S45. Then suitable coordinate systems are chosen which are the center of mass

(C.39)

PpPs =

'For experimental purposes it is convenient to choose all angles in the laboratory system. The
convention is the following: QZLj and 6f; is the angle between the momenta p; and pj; of particle a;
and a; in the laboratory system and the center of mass system respectively.
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systems of the 2-particle sub-systems (L3 and ¢):

g = / d3p3 p4 d3p5
2732 E; (27 )32E, (27 )°2E;

( 54]91‘1‘272 D3 — D14 — Ps) |M|

_ / /d3p3dq454 )
27'(' 5F 845 2E3 2E45 b3 445

d? yZ d? D5 s
2F, 2F5

1 —2
= W/ds45f,\/dcosﬁf3/d9§4 M|,

)\ 2 )\ 2 2
with F = 4/s5pp, fr = v (5’8‘945’7”3) v <5485’m4’m5). (C.40)
S S45

— 2
(C_I45 — P4 —ps) |M|

In a next step the boost A;' has to be applied to transform particle 4 from the
c-frame to the-L3 frame. Recall that all integration angles are wanted the L3 frame.
Since pi* = A;'p§ is still a function of 65,, one has to express 65, in terms of 6,
which is the angle between pf® and pi® (remember that ¢%, = ¢%,). Then we can
replace d5, by dQZ;:

/ Qe = / depy d cos 0%, = / ddu1 5 008054 s, (C.41)

L
934

Using the expression for A;' in eq. (C.35) and p§ in eq. (C.38) yields

pr = (yA/pp3 + Mm% + vBpp4 cos 05, ppa sin 05, cos Paq, (C.42)
Pppasin O, sin dga, 01/ ppi + mj + yppa cos 03,) .

We can now determine the polar angle 6%, in the laboratory system as a function of
the corresponding polar angle in the c-frame:

(3°): _ VBV PP +mi + yppa cos b5, (C.43)

L __
cos b = Izsd 2 2 2 2 e 2]
4 [pp4(1 — cos053) + (vB\/pp; + mj + ypps cos b5,) }

What is actually needed is cos 65, as a function of cosf,. So the above equation
has to be inverted leading to a quadratic equation in cos 65, which has the solution
—v23+/pp2 + m3(1 — cos? 0%))

ppa[y2(1 — cos? 6%) + cos? 934]

1/2
cos” 03 [ppi — v*B*mi(1 — cos® 05)]
pp; [7?(1 — cos? 0%,) + cos? 9?%4]2 .

C
cos 05,

(C.44)
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The difficulty is now to decide when the plus sign and when the minus sign in front
of the square root has to be applied. In fact there are two different cases:

1. cos 6%, is running from —1 to 1 when cos#5, is running from —1 to 1. This is
true when the parameter

numy = 31/ pp3 +m3 + vypps > 0 . (C.45)

2. cos Bk, is running from —1 to —1 when cos 65, is running from —1 to 1 with an
intermediate maximum at

cosfL, = cosfk = — 1 - Pri (C.46)

which is always < 0. This is the case when

num; = yB\/ppi+mi+ypps < 0. (C.47)

Eq. (C.46) can be obtained by demanding

eL
m 0, (C.48)
0 cos 05,
which yields
cosbs, = PP with |G| > N (C.49)

2

B/ ppi +m3 v/ ppi + mi

From num, < 0 follows that 3 < 0. Hence

e — (C.50)

Vppi +mj

It may be checked that —pp2 + ¥2B3%*m? > 0. Inserting now the expression for
cos 034 in eq. (C.49) into eq. (C.43) and using the above relations yields the
expression for cos 0%, in eq. (C.46).

Note that if y5+/pp2 + m2 +~vpps = 0 then cos 0%, = 0 and if v3+/pp2 + m2 +
vpps > 0 (case 1) then cosff, € R and is therefore not defined. This is
consistent with the expectation since only for case 2 an intermediate maximum
exists.

For case 1 cos 65, is a monotonous function of cos 6% with cos 05,(cos 0%, = +1) = £1.
Therefore the second term in eq. (C.44) has to flip sign when going from cos 6%, = —1
to +1. Since that term vanishes for cos 6%, = 0 this has to be the point of the flip.
Hence the =+ sign has to be replaced by —1 + 20(cos 6%,) where © is the Heavyside
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step function. Equivalently one overall term cos 6%, can be pulled outside the square
root bracket leading to

—v28/pp3 + mi(1 — cos® 0%,)

ppa[¥2(1 — cos? 05,) + cos? %]

1/2
N COS%[ pp; — 723*m3(1 — cos® 6%) ]2] _

C
cos 05,

212 2 oL 2oL (0‘51)
ppy [7 (1 — cos 934) + cos? 03,

For case 2 cosf, is not an ordinary function of cos®f, since then eq. (C.43)
cannot simply be inverted. Now to a given laboratory angle there exist two different
center of mass angles corresponding to the cases + and — in eq. (C.44). When
integrating a function f(cos65,) we get

1 cosé§4 1
/ dcosts, f(cosbsy,) = (/ +/ . >d0089§4 f(cos6s,)
-1 -1 cos 05,
cos 04 dcosOl\ !
_ L 34 _
= /_1 d cos b3, <80080§4)_ f(—)

-1 LN\ —1
+ / d cos 0%, (8008 034) f(+)
c +

0s §§4 d cos 0§4
os 05 dcos L\ ! dcosbL\ !
= d cos 0% — — || =2 C.52
/_1 05734 { [(0008 9§4) / - (0008 65, / . { )
where '+’ and '—’ correspond to the signs in eq. (C.44) for cos5,. For case 2 the

boost from the c-frame to the laboratory system produces a momentum flip for a
particle flying in boost direction in the c-frame. As a consequence in the laboratory
frame a part of the angular phase-space is empty. Note that for massless particles
only case 1 exists which simplifies the situation a lot.

To obtain the Jacobian A corresponding to the boost from the c-frame to the
Ls-frame it is more convenient to use eq. (C.43) rather than eq. (C.44) since the
expression for the Jacobian in terms of cosfg, is much shorter than in terms of
cos 0%, (the relationship between cos @5, and cos 6%, is known anyway):

C
AC 8(308034: 1
k dcos @k, Ocosby
O cos 05,

3/2

2
[ppi(l — cos? 605,) + (pp4 cos 05, + B+\/pp; + mﬁ) }
= . (C.53)

Ypp3 (pp4 + B/ ppi + mj cos 9§4>

Until now the calculation has been completely general. No masses for the final state
particles a1, as and as have been assumed. Now we choose particle 4 and 5 to have
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equal masses (e.g. ay = 7, a5 = 77) and particle 3 is assumed to be massless
(e.g. a3 =y). The lower and the upper limit of the s45 integral in eq. (C.40) is then
4m? and s respectively. Let us now define the function

fcut = @ [545 — lCut(845)] X @ [ucut(545) — 845]
X H{@ [cos 0;; + cut(cos 6;;)] x © [cut(cos ;) — cos 02-]-]} (C.54)
i#]

which is 0 if |cos#;;| > cut(f;;) (for any i,7 € {1,2,3,4,5}) or s45 < lcut(sys) or
S45 > ucut(sys) and 1 otherwise. Hence by convoluting the phase-space integration
with f., allows us to apply arbitrary kinematical cuts. We can then write the cross
section (with cuts) as

1 /s 1 . 27
o = ds f,\/ dcosf / do
(2m)*F 4m? e -1 v 0 o

1
X / d cos 0%, {fcut O©(numy) 2W2 + O(—num,)

1

%)(cos 0%, — cos 05) [ (A5 TMI” feus)— = (A5 TMT fow) ] } . (C.55)

As before the indices '—” and "+’ correspond to the cases '—’ and '+’ in eq. (C.44) re-
spectively. Rotating the Ls-momenta by applying A;* [see eq. (C.30)] brings us from
the Ls-frame to the Li-frame with the momentum p) pointing into the z-direction.
Since the Jacobian of a rotation is 1 ([ dcosfsddss -+ = [dcosbiadguy...) we
only have to express the Ls-variables in terms of the L-variables:

cosf, = sinfiysin@f cos ¢ty + cos i cos 01, (C.56)
. [sin 6, sin ¢k,
¢34 = arcsin [W (657)

Eq. (C.55) is just the expression which is needed to obtain the differential cross
sections or the total cross section with arbitrary kinematical cuts as discussed in
chapter 4.

C.4 Tensor Integration

In eq. (4.24) the squared matrix elements corresponding to the real photon IS, F'S
and IFS interference corrections to the process e~ (p1) +e™(p2) — 7 (k1) 7t (k2)y(k)
were written as contractions of two tensors respectively: an initial state tensor E,,, -
containing the initial state momenta p‘i2 and the scalar products p; 2k and a final
state tensor F*7 containing the final state momenta k{', and the scalar products
kiok. If we are only interested in the total cross section o or the spectral function
do/ds' (s = q?, ¢ = ki + k) without angular cuts, it appears to be convenient
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to use tensor integration for the evaluation of the phase space integral. For this
purpose the 3-particle phase space integral is written in the form of eq. (C.7):

d3k d3’ ,
7 = 27T5F/ /2E 240 Mg =k —d) (C.58)
dgk’ld k‘g 4 —2
/2E32E45q_k1 kz) [ M
. 4m?
with F = 4vspp1 = 258., Be:=1/1— ol

Now we proceed in two steps: first we integrate F*'7 over the momenta k; and
ks in the 7t 7~ center of mass system where we use a frame in which the photon
momentum & is pointing into z-direction. This frame will be denoted by CMS.
Then we contract the integrated tensor F#7 with the initial state tensor F,, -
and carry out the remaining integration over the photon angle in the laboratory
system L. Since we want to integrate over the momenta k; and ko completely the
integration over the azimuthal angle becomes trivial, leading to an overall factor
2m. What remains is the integration over the polar angle 6, between the negatively
charged pion and the photon in the CMS. We can therefore write [see eq. (C.40)]

_ S_S//d’/d 9/ deosb, [M[, (C.59)
g = 16(471‘)3 32 S . COS ~ oS COS U s .
2
with . = B.(s) = 1—42?”.

Thus we have two different Lorentz frames in which the phase space integrations
are carried out. The first frame denoted by L is the laboratory system which is the
center of mass system of the initial state electron and positron, with the electron
momentum p; pointing into the positive z-direction. The photon momentum is
chosen in the x-z-plane forming an angle 6., with the z-axis:

S
L: q = p1+p2 = (\/g707070>7 p1 = i(laoaoaﬁe)-

2
A(s,8,0)  s—¢
k = 1,siné.,0 o = = . (C.60
ppy (1,5in6,,0,co80,) .  pp, NG NG (C.60)
The second frame (CMS) is the center of mass system of the two pions with the
photon flying in the direction of the positive z-axis and the pion momenta in the
x-z-plane with the polar angle 6:

CMS: ¢ = (Vs,0,0,0), k = pp, (1,0,0,1),
/
ky = f(l,ﬁ;sinemo,ﬁ;coseﬂ),

Py = PPy (v —8) . (C.61)
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Here § and v = 1/4/(1 — (3?) are the boost variables for the Lorentz transformation
v —sinf,y8 0 —cost,yB

0 cos 0 0 —sind
oo gl gl
(Aa) v 0 0 1 0 (662)
—yB  ~sinf, 0 ~ycosb,
of a 4-vector from the L- to the CMS-frame [see eq. (C.19)]:
g o= b s=s VPRt s
/P2 + 8 s+s Vs 24/ 55’
s s—s
= DDyc = DPDy ; = 2\/; . (063)

Consider now the integration of the final state tensor over the pion pair 2-particle
phase space:

v Bk &3k o
Fr / 2E; QEj 54 (¢ —Fy — ko) FMT(KY Ky Rk, kok) . (C.64)

Obviously F#*7 can be written as the sum over tensors of the following kind:

o A3k, &3k T
-7 = / 2E; 2Ej — k1 — k) k‘1(2 kl(Z k‘l(z) f(kik, kok)

Bk
_ / 2E1 8(5 — 2k1d) Ky Ry - gy F ks k) lacr s - (C.65)

Note that the integral in eq. (C.65) is an integral with a Lorentz-invariant measure
over a Lorentz-covariant tensor. Therefore the solution also has to be a Lorentz
covariant tensor. Since the integrand only depends on the momenta k', ¢* and k*,
where k' is integrated over, it is obvious that the solution of this integral can only
be a linear combination of tensors containing ¢, ¢'* and k*:

T = e g T e g% T4 . e kKT (C.66)

Later we will prove that this is in fact the correct ansatz.

As discussed before the integration over the final state tensor is carried out in the
CMS. We now have to integrate tensors of different rank in the momentum &/ over
the cosine of the CMS polar angle cos 6. In the following useful master integrals are
presented which can be used in a FORM program that carries out the integration
automatically. We have the scalar integrals

1 1
S = /dcosﬁﬂm, Sy /dcos@ (klk:)

1 kik
Sg = /dcosﬁrm, S4 = /dCOSHW@,
k 2

)
o (k1K) ._/ kik
Sy = /dcos@r ok Se¢ = | dcosl, T )? - (C.67)
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The necessary rank-1 tensor master integrals read

R O S S 1
Vi = d cos e Vy = [ dcos " Tok)?

kﬁ
e 1
Vi o= /dcose,r () (C.68)

The necessary rank-2 tensor master integrals read

KikY KkY
T = - e W = / s
i /dcos@ VIR d cos 0 (oak)?
T = /dcos@ ikt : (C.69)
3 " (kyk) (kok)

Note that the above rank-2 tensor integrals are symmetric under the exchange of
Lorentz indices which makes the integration easier since such integrals can be writ-
ten as a linear combination of just four linear independent rank-2 tensors. All other
necessary integrals can be written as linear combinations of the fundamental inte-
grals listed above. As in the interference case the tensor integrals can be written as
linear combinations of tensors only containing the momenta ¢’ and k:

VE = w C_I,” + ag k',

V& = by "+ by kM

Vi = a q" + ok,

T = g™+ dag "+ dy (VR4 R+ kR

T = eg" +exqtq" + ey (q/“k” + k;“q’”> + ek kY

T = f1g" + f2q"q" + f (q'“k” + k“q'”) + fik"E” (C.70)

By successively contracting the above equations with the corresponding linear in-
dependent covariant tensors we obtain a system of linear equations which allows us
to determine the respective constants. First let us give the solution of the scalar
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integrals:
2 8 2
S = ——— L, S = = = ,
' PP VS B 2 o2 s (1-B2) pp2, m2
4 1
Sy = — L Sy =2 |-1+—=—L
’ p2. s [ T ”}’
2
55 = ppﬁ,c\/; |i—3+6—/L;T:| s
9 1 ,
S5 = 5 i g
PPV (1= 32) e
_ 2\/?2 {1— T%L;] ,
pp“/cmﬂ Sﬂw
1 /
with I, — 1og(1fgz) . (C.71)

Proceeding as described above, to obtain the rank-1 tensor integrals we have to solve
the following three linear equation systems:

~

a15'+a2\/;ppﬁ,c = %Sl , al\/;ppﬁ,c =2 (C.72)
/
bis + boVs'ppy. = 8552, biVs'ppy. = S (C.73)
/
a8 4 coVs'ppy, = %Sg, aVs'ppy. = S (C.74)
The solutions are
2 L 1y Vs, ()
a; = , Gy = — — PPy V'S , .
1 pp_yC\/? 2 2pp?yc L Yc 1
| B by = —— 1 [28, —pp \/?S] (C.76)
1 = = —a , b= — 1 2| -
pprcVs 2 2pp3.. L h
Sl Sl 1 [
= = —a; , C = — 251 — pp \/;S] C.77
1 o5 5 2 22 | 1 e 3 ( )
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For the rank-2 tensor integrals we get the following three linear equation systems:

4d, +dy s’ +d3 2pp, V'S =m2S,
dl S/ +d2 5,2 +d3 QSlpp’yc\/? +d4 pp%cs/ = 8,2/4 Sl (678)
dy ppyo Vs +da 8'pp NS +ds pp?ws’ — 4
dy pp3. = Vs'ppse
4eq +ey 8 +e3 Qppvcx/g =m2S,
ep s +eq §2 +e3 25'pp Vs +es pp3.s = s2/4 S, (C.79)
€1 PPy Vs tez s'ppy Vs +es ppl s = 5'/25 '
€9 pp?/cs’ =2
4f1 +fa s +f3 227}?«/0\/; =m2S;
fis +fr5? +f3 28'Dpre V'S +fa Ppicsl =57/4 53 (C.80)
SLppse Vs +fo Sppy Vs +fs pp2.s = /25
2 _
f2 pp3.s =54
The solutions for the constants are
Vs om?
i = — + 51,
2ppy e 2
1 ay
dy = —= = —,
Vs 2
1 s m?2
dg = - - \/_ +—7T51 = _d1d27
VS | 2Py 2
1 "+ 2m2 3 !
4 = — |2 mig, 3V (C.81)
pp3. 4 2 ppye
1 m? 1 Vs
ey = —2+—7T52——\/7 St
pp5. 2 2 ppae
2
€y = R, = 2 dg s
PP~e S
1 3 PPyo 2
es = — + m2 Sy — Vs S|
P2V [PDye 2
1 | s 4 2m? 3 3 Vs
€4 = ) 1 z SQ 5 5 \/_ Sl y (082)
PP, 2. 2ppye
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1 54 m2 1 \/_

fi = -+t 5 S1,
' P2, 2 2 70 2pp,,
S.
f2 = 24 ; = S4 dg,
PP5c S
1 3 Sy PP o
fz = — [ +529m2 S5 — Vs Sy,
p2 N Lppe 2 2
1 |s+2m? 3 S 3\7
fi = — Si+— S-S5 . (C.83)
s, 4 PP, 2 2ppy.

We will now write some other necessary tensor integrals as linear combinations of
the master integrals presented above:

Ky ) Ky /
/dcos@— = q“Sl—Vf‘,/dCOSQ = gt S, -V},

ok (k)2
/dcos@ hiky v — T /dcos@ ik vy e
klk = q 1 1 > (kflkf) 2 2
/dcos@ ks = ¢V V) - T, (C.84)
" (k1k) (ko) 3 3

Note that the tensor integration method can easily be extended to other scattering
processes also with more final state particles. The above results can also be used for
fermion pair production in QED. If we want to consider parity-violating processes
like fermion pair production in electroweak theory, in addition we have to take
integrals over e-tensors into account (6, — 60y):

/dcosef (lzl’kf“)’(k “;ky = T(a,q .k, ), (C.85)
[ acost, (’221’23’(’;22‘;“ = TPe(d Bk ) (C.36)
/dcosef % = e(Vo,q', p,v) (C.87)
/dcosef % = e(V3,q, 1, v), (C.88)
/dcosﬁf %,,u,) = e(Vi, ¢, p,v), (C.89)

(v, k
dcosef% = (Vi k, i, v) (C.90)

[aeosty TEELL — Sl ko) (Vakr) (€91
/ klvk u, v )

dcosOy 7k = Sie(d k,pu,v)—e(Vi,k,pv).  (C92)
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The tensor integration method was also used in [112] to obtain the real photon
IF'S interference contribution to the spectral function of fermion pair production.
Making the exchange k; <= ko does not change all the integrals discussed above.

We will show now that the solution of the tensor integrals can always be written
in the form of eq. (C.66) which means that no contribution from possible linear
independent tensors have been forgotten. Recall eq. (C.65). From Lorentz invariance
and Lorentz covariance follows that the solution for [#”7 has to be true in any
coordinate system. It is therefore possible to choose the CMS (¢’ = 0). In addition
El will be chosen to point into the positive z-direction. The momentum k can always
be chosen in the z-z plane, forming the angle 6, with Elz

\/g

¢" = Vs(1,0,0,0), k' = 5 (1.0,0,6.) ,
k' = ppy(1,—siné,,0,cosb,) . (C.93)

Since ky = ¢’ — k1, the integrand in eq. (C.65) can be written as a covariant tensor
containing only ¢’ and k;. In the CMS the integral is then of the form:

T / deosOr q"...q k] .. K] f(kik)
CMS

’ /

- q“...qp/ deosy kT .. K f(kik) . (C.94)
CMS

Thus, since in the CMS by definition ¢’ does not depend on any angles, it can be
pulled in front of the integral. This leaves us an integral over a tensor only containing
the momentum kY. Therefore it is sufficient to prove that the tensor-ansatz (C.66)
is correct for integrals of the following type:

Jher = / deosOy k' KT flkk) . (C.95)
CMS

Note that this integral is now symmetric under the exchange of Lorentz indices.
Obviously if the ansatz in eq. (C.66) is correct we can now make the ansatz to write
the integral in eq. (C.95) as a linear combination of all linear independent, covariant
tensors of the same rank as J**7, containing the metric tensor ¢g"* as well as ¢'* and
k* which are symmetric under the exchange of Lorentz indices:

JHT TH-T . with
T = a1 g™ ... ¢°T+ .. ... +an, K" KT (0'96)

To prove that this is really the most general ansatz let us assume that there are
additional tensor contributions that have to be taken into account, containing an
arbitrary 4-vector A* which cannot be written as a linear combination of ¢'# and
k*. Hence A* is also independent of the angular integration. For our choice of the
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coordinate system also the scalar products Ak} and Q,/inl do not depend on the
angular integration. Let us now make the modified ansatz:

- T'umq—(q,'u,ku) —FT“"'T(q,“’k“,A“) , (097)

where T#7 is the additional contribution, depending on A*. If in eq. (C.96) the
ansatz is correct this additional contribution has to vanish. Contracting eq. (C.97)
successively with A, and g, leads to the following two equations:

Ak .
q,—kiq}gﬂ---f = A (T +TH7) (C.98)

g J" T = g (T + TH-TY (C.99)
In eq. (C.98) it was used that the scalar products A,k;" and g,k are not affected

by the angular integration. Multiplying now eq. (C.99) by Ak;/¢’'k; and subtracting
(C.99) from (C.98) yields:

Ak ~
(Au—q/—];q;) (TH7 +TH7) = 0. (C.100)

Since A* was assumed to be linear independent of ¢* eq. (C.100) can only be valid
if
JHT = (), (C.101)

which is obviously in general not the case. Hence a necessary condition for the
modified ansatz in eq. (C.97) to be correct is

Aky
which is in contradiction to the assumption that A is linear independent of ¢*.

This finally proves that the tensor-ansatz in eq. (C.66) is indeed the correct ansatz
and no additional linear independent tensors contribute to the tensor integral. [J
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