The Twistor Equation in Lorentzian Spin Geometry
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Zusammenfassung

Gegenstand dieser Arbeit ist die Untersuchung der Twistorgleichung in der Lorentzschen Spin-
Geometrie. Man betrachte zunéchst allgemein eine semi-Riemannsche Spin-Mannigfaltigkeit
(M;}, g) der Dimension n > 3 vom Index p mit fixierter Spin-Struktur. Uber My existiert
das Spinorbiindel S, welches ein 2lz]_dimensionales komplexes Vektorbiindel ist. Auf dem
Spinorbiindel S ist in natiirlicher Weise die kovariante Spinorableitung V° gegeben. Weiterhin
existiert auf dem Spinorbiindel die Clifford-Multiplikation p: TMy @ S — S.

Auf den glatten Spinorfeldern I'(S) wirkt nun der Twistor-Operator (auch genannt Penrose-
Operator) P, welcher definiert ist durch die Superposition von Spinorableitung und Projektion
auf den Kern der Clifford-Multiplikation

VS g proj*
P:T(S) Lo T(T"M ® 8) 2 T(TM ® S) "% T(kerp).

Der Twistor-Operator P ist ein konform kovarianter Differentialoperator erster Ordnung. Ein
Spinorfeld ¢ wird Twistor-Spinor genannt, falls ¢ im Kern des Twistor-Operators liegt (P = 0).
Diese Eigenschaft eines Spinorfeldes ¢ ist gleichbedeutend damit, dass ¢ die Twistorgleichung

1
V§(+EX-D¢:O fiir alle X € TM"

erfiillt. Twistor-Spinoren wurden von R. Penrose (siche [Pen67], [PR86]) im Rahmen der
allgemeinen Relativitatstheorie eingefithrt.  Spezielle Losungen der Twistorgleichung auf
semi-Riemannschen Spin-Mannigfaltigkeiten sind die sogenannten Killing-Spinoren, welche die
starkere Feldgleichung

Ve =AXyp fiiralle X € TM}

zur Killing-Zahl A € C erfiillen. In der Riemannschen Geometrie sind heutzutage eine Reihe
von Strukturresultaten und Beispielen fiir Twistor- und Killing-Spinoren bekannt.

Wir betrachten die Twistorgleichung im Rahmen der Lorentzschen Spin-Geometrie (Index p =
1). Folgende geometrische Fragestellungen sind fiir uns von Interesse:

1. Welche Klassen von Lorentzschen Spin-Geometrien lassen Losungen der Twistorgleichung
zu?

2. Wie stehen die Eigenschaften von Twistor-Spinoren in Beziehung zu den geometrischen
Strukturen, auf denen sie vorkommen?

Da die Twistorgleichung konform kovariant ist, ist es bei der Untersuchung dieser Fragestellungen
sinnvoll die konformen Transformationseigenschaften von Twistor-Spinoren zu beriicksichtigen.
Von besonderem Interesse sind dabei solche Losungen der Twistorgleichung, welche nicht
konform &quivalent zu Killing-Spinoren sind.

Losungen der Twistorgleichung sind fiir folgende Lorentzsche Spin-Geometrien wohl bekannt.
Es existieren parallele Spinoren auf den pp-Mannigfaltigkeiten. Eine pp-Mannigfaltigkeit



zeichnet sich aus durch die Existenz eines parallelen lichtartigen Vektorfeldes und die
Krimmungsbedingung trace(375)(4,6)RV ® RY an den Riemannschen Kriimmungstensor (vgl.
[EK62]). Weiterhin gibt es in ungerader Dimension die Klasse der Lorentzschen Einstein-
Sasaki-Mannigfaltigkeiten, welche als S'-Biindel {iber Kihler-Einstein-Mannigfaltigkeiten mit
negativer Skalarkriimmung konstruiert werden. Sie besitzen imaginédre Killing-Spinoren (siehe
[Kat99]). Dariiber hinaus kennt man in gerader Dimension die Klasse der Fefferman-Raume,
welche als S!'-Biindel iiber pseudokonvexen Spin-Mannigfaltigkeiten konstruiert werden. Die
Fefferman-Raume besitzen ebenfalls Twistor-Spinoren. Diese Twistor-Spinoren haben die
bemerkenswerte Eigenschaft, dass sie nicht konform &quivalent zu Killing-Spinoren sind (siehe
[Baum99al).

Es gibt nun einige charakteristische Groéflen, die bei der Untersuchung von Twistor-Spinoren
auf Lorentzschen Spin-Mannigfaltigkeiten eine niitzliche Rolle spielen. Als erstes ist dabei die
Léngenfunktion |¢|? eines Twistor-Spinors ¢ zu nennen. Weiterhin tritt das assoziierte Feld
(Dirac-Strom) V,, auf. Das assoziierte Feld V, ist nicht-trivial und konform (Ly,g = p - g).
Aus dem assoziierten Feld V,, erzeugt man den Twist w, A dw,, welcher eine 3-Form ist. Wir
beweisen die folgenden Integrabilitdtsbedingungen fiir Lorentzsche Spin-Mannigfaltigkeiten mit
Twistor-Spinoren:

Satz — (Abschnitt 4.1, Nr.5) Sei ¢ ein Twistor-Spinor mit lichtartigem Dirac-Strom V,,, so gilt
Vo1 C=0 (C Schouten- Weyl-Tensor),

Vo1 W=0 (W Weyl-Tensor).

Fiir Twistor-Spinoren ¢ mit trivialem Twist zeigen wir:

Satz— (Abschnitt 4.1, Nr.14) Sei ¢ ein Twistor-Spinor ohne Nullstelle mit lichtartigem
Dirac-Strom V,, ohne Tuwist, so ist ¢ lokal konform dquivalent zu einem parallelen Spinor.

In kleinen Dimensionen hat man folgende Strukturresultate fiir Lorentzsche Spin-
Mannigfaltigkeiten mit Twistor-Spinoren. Es ist bekannt, dass in der Dimension 4 Twistor-
Spinoren ohne ’Singularitdten’ nur auf den pp-Mannigfaltigkeiten und den Fefferman-Raumen
vorkommen (vgl. [Lew91]). In der Dimension 3 beweisen wir

Satz— (Abschnitt 4.2, Nr.8) Sei (M3, g) eine Lorentzsche Spin-3-Mannigfaltigheit mit
Twistor-Spinor ¢ ohne Nullstelle. Dann ist g lokal konform dquivalent zu einer pp-Metrik mit
parallelem Spinor.

In der Dimension 5 hat man die Klassifizierung

Satz— (Abschnitt 4.4, Nr.7) Sei ¢ ein Twistor-Spinor ohne Nullstelle auf einer nicht konform-
flachen Lorentzschen Spin-5-Mannigfaltigkeit (M7, g). Falls

(1) |¢|?> =0, so ist wy N dwy, = 0 und g ist lokal konform dquivalent zu einer pp-Metrik mit
parallelem Spinor,



(2) |¢* # 0 und wy A dwy, = 0, so ist g lokal konform dquivalent zu einer Produktmetrik der
Form —dt? + G mit parallelem Spinor, wobei § eine Ricci-flache Kihler 4-Metrik ist.

(3) |¢* # 0 und wy Adw, # 0, dann ist (M7, g) konform dquivalent zu einer Lorentz-Einstein-
Sasaki-Mannigfaltigkeit mit einem imagindren Killing-Spinor.

Von besonderem Interesse sind Losungen der Twistorgleichung mit Nullstellen. Solche Losungen
besitzen insbesondere die Eigenschaft, dass sie nicht konform &quivalent zu Killing-Spinoren
sind. Wir untersuchen die Gestalt der Nullstellenmenge von konformen Vektorfeldern und
Twistor-Spinoren auf Lorentzschen Mannigfaltigkeiten. Es wird bewiesen

Satz— (Abschnitt 3.3, Nr.2) Sei 0 £V ein konformes Vektorfeld auf einer zusammenhdngenden
Lorentz-Mannigfaltigkeit M mit der Eigenschaft VV (p) = 0 fir alle p € zero(V). Dann
ezistiert eine Umgebung U(p) von p in M]* und eine lichtartige Geodite ,, so dass

zero(V) NU(p) C Image(~y,) NU(p).

Fiir Twistor-Spinoren mit Nullstellen gilt der

Satz— (Abschnitt 3.4, Nr.3) Die Nullstellenmenge zero(yp) eines Twistor-Spinors ¢ auf einer
Lorentz-Spin-Mannigfaltigkeit (M7, g) ist abzdhlbare Vereinigung von isolierten Punkten und
isolierten lichtartigen Geoddten.

In den Dimensionen 3 und 4 kénnen wir zeigen, dass Twistor-Spinoren mit isolierten Nullstellen
nur auf konform-flachen Lorentzschen Spin-Mannigfaltigkeiten existieren. In den Dimensionen
n = 3,4 und 5 existieren Twistor-Spinoren mit Nullstellen in der Klasse der Einsteinschen
Spin-Mannigfaltigkeiten nur auf den Rdumen konstanten Schnittkrimmung (sieche Abschnitte
4.2, 4.3 und 4.4).

Weiterhin beschreiben wir eine Formulierung der Twistorgleichung im Kontext fast-Hermitischer
symmetrischer Geometrie und normaler Cartanscher Zusammenhénge (vgl. [CSS97]). Genauer
gesagt, wir formulieren die Twistorgleichung der semi-Riemannschen Spin-Geometrie als Paral-
lelitatsgleichung des kanonischen normalen Zusammenhangs der konformen Cartan-Geometrie
(siehe Abschnitt 2.3, Satz 2). Es wird dann tiber eine sogenannte Entwicklungsabbildung ¢
eine Holonomiedarstellung x der Fundamentalgruppe m; einer konform-flachen Mannigfaltigkeit
(Mg, g) in der konformen MGobiusgruppe realisiert. Die Formulierung der Twistorgleichung
als Parallelitatsgleichung ermoglicht mit Hilfe der Holonomiedarstellung s die Beschreibung
von konform-flachen semi-Riemannschen Spin-Mannigfaltigkeiten mit Twistor-Spinoren (siehe
Abschnitt 2.4, Satz 1).

Im fiinften und letzten Teil der Arbeit behandeln wir ein Thema, welches nicht im direkten
Zusammenhang zur Twistorgleichung steht. Wir diskutieren dort die Anwendung des Twistor-
raumes einer orientierten Lorenztschen 4-Mannigfaltigkeit in der Flachentheorie. Die Konstruk-
tion verlduft in etwa wie folgt. Der Twistorraum Z (M) der Lorentz-4-Mannigfaltigkeit M
kann definiert werden als Sphéarenbiindel bestehend aus den lichtartigen Richtungen im Tan-
gentialraum iiber M. Auf dem Twistorraum Z(M}) sind natiirliche fast-optische Strukturen



OT und O~ gegeben. Die fast-optische Struktur OF ist integrierbar ganau dann, wenn Mj
konform-flach ist, wahrend O~ nie integrierbar ist (sieche Abschnitt 5.3, Satz 1). Man betrachte
nun eine konform und raumartig immergierte Fliche N2 in M{. Die zweite Fundamentalform
der immergierten Fliche N? zerlegt sich in

II:g®(H++H7)+L++L,,

wobei H; und H_ die lichtartigen mittleren Kriimmungsvektoren bezeichnen. Die immergierte
Fliche N2 besitzt nun einen natiirlichen Gau-Lift in den Twistorraum Z(M;). Wir beweisen

Satz— (Abschnitt 5.7, Nr.1) Konform immergierte Riemannsche Flichen in Mj mit der
Eigenschaft H_ = 0 korrespondieren bijektiv zu nicht vertikalen, O~ -holomorphen komplexen
Kurven im Twistorraum Z(M).

Im folgenden wird dieses Resultat zur Untersuchung und Konstruktion spezieller isotrop-
stationdrer (H_ = 0) Flichen in den 4-dimensionalen Lorentzschen Raumformen R>3, 13 und
H'3 verwendet (siehe Abschnitt 5.7).

Wie auch immer, es gibt eine optisch-geometrische Interpretation der Twistorgleichung auf
Lorenztschen 4-Mannigfaltigkeiten im zugehoérigen Twistorraum. Dazu bezeichne (B,0)

das kanonische Linienbtindel mit natiirlicher fast-optischer Struktur tiber dem Twistoraum
(2(Mf),0").

Satz— (Abschnitt 5.4, Nr.1) Twistor-Spinoren auf Lorentzschen Spin-4-Mannigfaltigkeiten
korrespondieren bijektiv zu linearen holomorphen Schnitten im Linenbindel (B, Q) dber dem
Twistorraum (Z(M{),OF).
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0 Introduction

Let us consider a semi-Riemannian spin manifold (M, g) of dimension n > 3 and index p.
We denote by S the spinor bundle, which is a 2lz]_dimensional complex vector bundle over
M. On the spinor bundle S, there is given in a natural way the covariant spinor derivative
V5. Moreover, we denote by p : TM ® S — S the Clifford multiplication. There exist two
conformally covariant differential operators of first order acting on the spinor fields I'(S), the
Dirac operator D and the twistor operator (also called Penrose operator) P. The Dirac operator
is defined as the composition of the spinor derivative V° with the Clifford multiplication p

D:TS) LT M © ) 2 T(TM ® §) - T(S).

The Dirac operator is of particular importance both in theoretical physics and mathematics.
In the form that is given here its eigenvalue equation Dy = Ay generalizes the classical Dirac
equation, which has been introduced in 1928 by P.A.M. Dirac in order to give a relativistic quan-
tum mechanical description of a free spin-1/2 particle in the 4-dimensional Minkowski space R!»3.

Complementary to the Dirac operator, there is the twistor operator P, which is defined to be
the composition of the spinor derivative V¥ with the projection to the kernel of the Clifford
multiplication

vs * g projt
P:T(S) —T(IT"M®S)=2T(TM ®S) — T'(kerp).

The elements of the kernel of the twistor operator are called twistor spinors. Equivalently, a
spinor field ¢ is a twistor spinor if and only if it satisfies the conformally covariant twistor
equation

1
Ve + ~X Dp=0 forall X € TM

Twistor spinors were introduced by R. Penrose in General Relativity (see [Pen67], [PR86],
[NW84]). In Riemannian geometry, the twistor equation appeared first as integrability condition
for the natural almost complex structure of the twistor space of a 4-manifold (see [AHS78]).
In the second half of the 80th A. Lichnerowicz started a systematic investigation of twistor
spinors on Riemannian spin manifolds from the view point of conformal differential geometry.
Nowadays there are a lot of structure results and examples for manifolds with twistor spinors
in the Riemannian setting (see e.g. [Lic88], [Fri89], [BFGKI1], [Hab90] and [KR94]).

Special solutions of the twistor equation are the so-called Killing spinors ¢, which satisfy the
stronger spinor field equation (Killing equation)

Vie=AXp  forall X € TM]

and some Killing number A € C. Originally, the notion of Killing spinors came from mathe-
matical physics, where Killing spinors are used in the context of supergravity and superstring
theories (see e.g. [HPSW72], [DNP86], [AFOHS98]). In differential geometry, the interest
in Killing spinors started with the observation of Th. Friedrich in 1980 that a special kind
of Killing spinors realizes the limit case in the eigenvalue estimate of the Dirac operator



on compact Riemannian spin manifolds of positive scalar curvature. In the following time,
Killing spinors were intensively studied. The occuring geometric structures on Riemannian
spin manifolds admitting Killing spinors are basically known today (see [Bau89], [BFGK91],
[Bar93]). The description of these geometric structures is closely related to the holonomy
theory of Riemannian manifolds admitting parallel spinors via the method of warped-product
and cone constructions.

We investigate the twistor equation in the Lorentzian setting (index p = 1). The follwing
geometric questions are interesting for us.

(1) Which Lorentzian geometries admit solutions of the twistor equation?

(2) How the properties of twistor spinors are related to the geometric structures, where they
occur?

We list some examples of Lorentzian geometries, which admit twistor spinors. First, we mention
the class of pp-manifolds (pp = plane waves and parallel rays), which is known by physicists
in General Relativity for a long time (see [EK62], [Sch74]). The pp-metrics are distinguished
by the existence of a parallel null vector field and the condition trace(375)(476)Rv ®RY =0
for the Riemannian curvature tensor RY. The pp-manifolds admit parallel spinors. Secondly,
in odd dimensions there are the Lorentzian Einstein-Sasaki manifolds, which are related to
circle bundles over Kahler-Einstein manifolds with negative scalar curvature. The Lorentzian
Einstein-Saski manifolds admit imaginary Killing spinors (comp. [Boh98], [Kat99]). In even
dimensions, we have the class of Fefferman spaces with twistor spinors. The Fefferman spaces
are constructed as circle bundles over strictly pseudoconvex spin manifolds (comp. [Lew91],
[Bau99]).

Since twistor spinors are conformally invariant objects, it is natural to investigate their properties
under conformal transformations. The following question arises.

(3) Which Lorentzian geometries admit 'true’ solutions of the twistor equation in the sense
that a twistor spinor ¢ is not conformally related to solutions of the Killing equation?

There is a first result to this question. Namely, the twistor spinors on Fefferman spaces have the
property that they are not conformally equivalent to Killing spinors. Moreover, each twistor
spinor with a zero is a ’true’ solution of the twistor equation, since Killing spinors have no zeros.
This is the reason why the investigation of the zero set of a 'twistor’ is interesting in this context.

A useful technique for investigating the twistor equation and its related geometric structures
is that of the associated vector field (Dirac current) V., to a spinor ¢. For twistor spinors, the
associated vector field is conformal, i.e. the local flow consists of conformal transformations.
Moreover, an important characterization for the geometric structures admitting a twistor spinor
@ is the twist 3-form w, A dw, of the associated conformal field V,,. A further important char-
acterization of a twistor spinor ¢ is its lenght function |p|?. We will see that in low dimensions
a description of the occuring geometric structures on Lorentzian spin manifolds admitting a
twistor spinor without ’singularities’ can be done with the help of the corresponding twist and
the lenght function.



A different approach to the twistor equation on semi-Riemannian spin manifolds can be done
in the context of almost Hermitian symmetric geometry and normal Cartan connections. More
explicit, the twistor equation can be reformulated as parallelity equation with respect to the
normal conformal Cartan connection of conformal spin geometry. This formulation reflects the
conformal covariance of the twistor equation in the most natural manner. From this conformal
point of view the problem of describing the geometric structures admitting twistor spinors is
related to the holonomy theory of the normal conformal Cartan connection.

The thesis is organized in the following way. In section 1, we introduce the basic notations
and facts for the theory of twistor spinors in semi-Riemannian geometry. Moreover, we give a
short review over results for solutions of the twistor equation in Riemannian and Lorentzian
spin geometry. In section 2, we reformulate the twistor equation in the context of conformal
Cartan geometry (see Theorem 2.3.2). We apply this approach to the description of conformally
flat semi-Riemannan spin manifolds admitting twistor spinors (see Theorem 2.4.1). In the
third section we discuss the zero set of twistors spinors on Lorentzian spin manifolds. This
will be done in a more general way by investigating conformal vector fields. The main result
states that the zero set of a twistor spinor on a Lorentzian spin manifold consists of isolated
points and isolated lightlike geodesics (see Theorem 3.4.3). In section 4, we will discuss twistor
spinors, their associated conformal fields and structure results for the underlying Lorentzian
spin geometries in dependence of the characteristic properties consisting of the lenght function
and the twist. In particular, twistor spinors in the low dimensions 3,4 and 5 are studied. Our
main result says that in these small dimensions twistor spinors without ’singularities’ occur
only on the pp-manifolds, the Fefferman spaces and the Lorentz-Einstein-Sasaki manifolds (see
Theorems 4.2.3, 4.3.7 and 4.4.7).

The last section is concerned with a topic, which is not directly related to the twistor equation.
We will discuss an application of the Lorentzian twistor space construction to surface theory
in oriented Lorentzian 4-manifolds. The idea for this application is derived from similar
investigations in Riemannian twistor theory (comp. [Fri84], [ES85], [JR90]). In short, the
construction works as follows. The twistor space Z(M{) of a Lorentzian 4-space M is defined
to be the bundle of null directions in the tangent space and the twistor space Z(M{) is in a
natural way furnished with almost optical structures, which are related to almost CR-structures.
A spacelike immersed surface N? in the Lorentzian 4-space M; admits a Gauss lift to the
twistor space Z(M;i). The holomorphicity of this Gauss lift is related to certain curvature
conditions expressed in the second fundamental form of the immersed surface N2. We will
prove a correspondence between holomorphic curves in the twistor space and immersed surfaces
with null mean curvature vector (see Theorem 5.7.1). However, there exists an interpretation
of the twistor equation in the twistor space Z(M{) of a Lorentzian spin 4-manifold M; with
respect to the natural optical geometries.

Acknowledgment: I would like to thank Prof. H. Baum for many valuable discussions, her
support and her interest in my work.






1 Basic facts about twistor spinors

The first part of this section contains a short introduction to Clifford algebras, spin groups and
spinor representations. In the second part we will introduce the twistor equation for spinor
fields on semi-Riemannian spin manifolds. We will also present some general basic facts on
twistor spinors. In the last two parts we discuss the development of the investigations of the
twistor equation in Riemannian spin geometry and sum up what is known for the twistor
equation in Lorentzian spin geometry.

In the first place our work is concerned with the investigation of the twistor equation in
Lorentzian geometry. Nevertheless, the first two introductory parts treats the general case of
semi-Riemannian geometry with arbitrary index. For a detailed description of Clifford algebras
and spinor representations we refer to [Bau81] or [LM89]. For basic results on twistor spinors
we refer to [BFGK91] and [Bau0Oal.

1.1 Clifford algebras and spinor representations

Let RP? denote the (pseudo)-Euclidean space (R", (-, ), ) of dimension n = p + ¢ > 2, where
the scalar product (-, ), 4 of index p is given by

n
szyz + Z TilY; = Z‘Ei c LY.
=1

i=p+1

We denote by SO(p,q) the special orthogonal group of signature (p,q), which acts by
isometries on R”? and by SO*(p,q) we denote its identity component. Let Dy, be the
(n x n)-matrix in gl(n,R), whose (k,[)-entry is 1 and all other entries are 0. Then we denote
Ey; := —&1Dyj+erDyg;. The matrices {Ey| 1 < k <1 < n} form a basis of the Lie algebra so(p, q).

We denote by Cl, , the Clifford algebra of RP¢ and by C’lgq its complexification. The Clifford
algebras are multiplicatively generated by the standard basis (e1, ..., e,) of R” with the relations
eie; +eje; = —2<6Z‘, €j>pq -1.

In case that n = 2m is even the Clifford algebra CI7 , is isomorphic to the algebra C(2™) of
complex (2™ x 2™)-matrices. In case that n = 2m+1 is odd Cly, is isomorphic to C(2™)®C(2™).
Let E,T, g1 and g2 denote the (2 x 2)-matrices

10 0 —i i 0 0 i
s=(o1) (0 ) am(5h) me me(00)

We set
A if j<p
7(9)_{1 if j>p
If n = 2m then an isomorphism ®,,, : CI7 , — C(2") is given by
P ) = 7(2i—-1)-E®Q---QF TR T
pa(€2i-1) (2] ) X RLERORL R &

(j—1)—times

o . — 21V - FR---QF TR :--- T
pa(€2;) 72j) F® RER@pT® &

(j—1)—times

11



forj=1,---,m. If n =2m + 1 and ¢ > 0 an isomorphism ®,, : Cl
given by

Ppglej) = (Ppg-1(e)); Ppg-1(ej))
Q,q(en) = ) ((T® T, - T®---T).

C — C2™) B C2™) is

The spin group is realized in the Clifford algebra Ci, , as
Spin(p,q) = {z1-...- 29 € Clyy:x; € RPY, (z;,x;) = +1, | € N}
and its identity component is given by
Spint(p,q) = {z1-... 29 € Clyg:x; € RPY
(xj,xj) = £1, #{xj : (x;,2;) = 1} is even}.

We can identify the Lie algebra spin(p, ¢) with the subspace Span{ey - e; € Clp 4|k <1} in Cl, 4.
The smooth group homomorphism

At Spint(p,q) — SO*(p,q)
u — (2 € RPY s yzu~1 € RPY)
is a 2-fold covering map. For the differential A, : spin(p,q) — so(p,q) we have the relation

Ai(er - e)) = 2By,

For calculations the following notations are sometimes useful. Let u(v) := 7( ! ) for
v € {£1}. Then it holds

qu(v) = iu(—v), gou(v) = vu(—v) and Tu(v) = —vu(v).
The elements

w1, V) = () @ - @ u(vy) € @C?, v € {1},

form a basis of ®,,C? = (CQ[T].

A spinor representation pp, , on the spinor module A, , = c?? is defined by
®, if n=2m
Ppg = : e
projio®,, ifn=2m+1

It holds ppg(er - ... eam) = (=1)™™P T ® ---®T. If n = 2m is even then the Spin™(p,q)-
module A, ; can be decomposed into two irreducible representation spaces A}, and A, , which
are given by

A;Eq = {U c Ap,q : pp’q(el L €2m)U — :l:’im+p . ’U}
= Span{u(]/17 e ’I/m) : H:’;l V; = :l:l}

If n = 2m + 1 is odd the representation p, , is irreducible. The Clifford multiplication on the
spinor module A, ; is in even dimension n = 2m defined by

RPI X Apg — Dpy
(x,v) — oz v =Py () (v)

12



and in odd dimension n = 2m + 1 by

RPIX Dpg — DBpg
(x,v) = x-v = proji o ®p4(x)(v).

The Clifford multiplication of a spinor v by an arbitrary k-form w is defined as
w- v = Z €ip e Eiw(€iy, s €0 )€ e €y .
1< << <n
There exists a Spin™(p, ¢)-invariant, non-degenerate (indefinite for p # 0,n) Hermitian scalar

product (-,-)a on the spinor module A, ,, which is defined by

(v, WA = ip(pfl)/Z(el CoLepl, W), v, W E Ay,
[ﬁ] J—
where (z,2') = 3.2 2 - 2] is the standard Hermitian product on c?
(,-)a on A, , has the property

n

) The Hermitian product
(- v,w)a = (=1)P" v, 2 - w)a
for all z € R™ and v,w € A, ,.

It is important to know that there is a canonical way to obtain a vector from a spinor. With
the help of the Hermitian product ( -,- )o one assigns to a spinor v € A, the vector

n
=P E ei(v, e;v)ae; € RPI,
i=1

We denote the mapping v € A, , — x, € RP? by £. The map ¢ is Spin™ (p, ¢)-equivariant, i.e.
{(a-v) = Ma)l(v). The dual 1-form to the vector z, is given by w,(z) = P*1 - (v, zv)A.

1.2 Twistor spinors on semi-Riemannian manifolds

Let (M}',g) be a smooth space- and time-oriented semi-Riemannian manifold of dimension
n > 3 and signature (p,q), where we set ¢ := n-p. We denote by SO(M) the set of positive
space- and time-oriented orthonormal frames in the tangent space T'M;'. That means an element

s € SO(M) consists of a positive space- and time-oriented orthonormal basis (s1,...,s,) of
the tangent space T, M at some point x € M. The set SO(M) is in a natural way a smooth
SO™ (p, q)-principal bundle over M. In the following we will choose a frame (si,...,s,) in
such a way that the first p vectors (si,...,s,) are timelike.

A spin structure on a space- and time-oriented semi-Riemannian manifold (M}, g) is a
Spin™ (p, q)-reduction of the frame bundle SO(M). It is common to call a semi-Riemannian
manifold M spin if it admits a spin structure. For the rest of this section we assume M;’ to
be spin and we equip M} with a fixed spin structure (Spin(M), f), where Spin(M) denotes
the Spin™(p, q)-principal bundle over M and f denotes the reduction of Spin(M) to the frame
bundle SO(M). Then we have the spinor bundle

S = Spin(M) x,, , Ap g

13



over M;', which decomposes for n = 2m even to the bundle of positive and negative "half’
spinors S = ST @ S~

The Levi-Civita connection form on SO(M) lifts to Spin(M) and this lifted connection form
gives us a canonical derivative V° on the spinor bundle S, which is called the spinor derivative.
A spinor field ¢ € T'(S) satisfying V¥ = 0 is called parallel spinor (comp. [Wan89], [BK99] or
[Bry00]). The curvature tensor R of V¥ is locally given by
RS(X, Y)p = % . Z ELEL - RV(X, Y, Sk, 81)SkS1 - @
1<k<i<n

for ¢ € T'(S) and X,Y € I'(T M), where (s1,...,5,) denotes a local section in SO(M) and RY
denotes the Riemannian curvature tensor, which is defined by

RY(X,Y,Z,W)=g(VxVyZ - VyVxZ - VxyZ,W), XY, Z,W € T(TM).
The tangent vectors act on the spinor bundle S by Clifford multiplication

T T™M®S — S
(lg.2],[g,v]) — lg,z-v], g€ Spin(M)

and also the k-forms act on S by Clifford multiplication p : A¥M ® S — S. Furthermore, there

exists a non-degenerate (possibly indefinte) Hermitian product (-,-)s on the spinor bundle S
defined by

(o, )s = (v,w)a for ¢ =|[q,v], ¥ =[q,w] €S.

The Hermitian product (-, -)g satisfies the following properties:

(
<X907 ¢>S = (_1)p+1<30¢X¢>S
X(‘va>5 = <v§(907¢>5' + <§0, V§(¢>5’

There are two natural conformally covariant differential operators of first order, which act on
the spinor fields I'(S) over the semi-Riemannian spin manifold M,’, the Dirac operator D and
the twistor operator P. The Dirac operator is defined as the composition of the spinor derivative
V* with the Clifford multiplication s

D:T(S) Y (T M © S) 2 T(TM © S) - T(S).

Locally, the Dirac operator is given by

D(p:ZEisi-Viap for ¢ € T'(S),

i=1

where s = (s1,-- -, sp) is a local frame.

The twistor operator is the composition of the spinor derivative V° with the orthogonal projec-
tion projt onto the kernel of the Clifford multiplication

Vs * g proj*
P:T(S) —I(T"M @ S)=T(TM ® S) — T'(kerp).
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Locally, we have
= 1
S
Py = ;&Si ® (Vs,-@ + ESi . D(p).
1=
We define the main object of our interest.

Definition 1.2.1. — A spinor field ¢ € T'(S) in the kernel of P is called twistor spinor.

We denote the space of twistors spinors on a semi-Riemannian spin manifold (Ml?,g) by
T(M}}) = kerP. Alternatively, we can describe twistor spinors as follows.

Proposition 1.2.2. — (comp. [BFGK91]) For a spinor field ¢ € T'(S) the following conditions
are equivalent:

(1) ¢ is a twistor spinor.

(2) ¢ satisfies the so-called twistor equation

1
Vio+—-X-Dp=0  forall XeTM.
n

(8) X -Vyp+Y -V3ip=29(X,Y)Dp  forall X,Y € TM.

n

(4) There exists a spinor ¢ € I'(S) such that g(X, X)X - Vxp = 9 for all X € TM with
9(X, X) € {£1}.

Special solutions of the twistor equation are the Killing spinors, which satisfy the spinor field
equation

V}g(@:)\X-@ forall X € TM and some A € C\ 0.

This equation is called the Killing equation and the complex number A is called Killing number
of the Killing spinor ¢. The Killing number A is real or purely imaginary. Consequently, if A is
real and non-zero the Killing spinor ¢ is called real Killing spinor and, if A is purely imaginary
p is called imaginary Killing spinor. Killing spinors are exactly those twistor spinors, which
satisfy the eigenvalue equation Dy = —nA¢ for the Dirac operator (comp. [Hij86]).

There are some basic integrability conditions for twistor spinors on semi-Riemannian spin man-

ifolds, which we want to list here. Let us denote by R the scalar curvature and by Ric the Ricci
curvature of (M, g). By K we denote the Schouten tensor

1 R
K= — Ri
n—2 (2(n—1)9 RZC)

and by C' we denote the Schouten-Weyl tensor

C(X,Y) = (VxK)(Y) — (VyK)(X).
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Furthermore, let W denote the Weyl tensor, which is the traceless part of the Riemannian
curvature tensor RV on (M, g).

Proposition 1.2.8. — (comp. [BFGK91] and [Bau00a]) Let ¢ € T'(S) be a twistor spinor and
XY, ZeTM. Then

1 n
1) D?°p=-——R
(1) D¢ = —— Ry

(2) VDo = SK(X)- ¢

(3) W(Y,2Z) ¢=0
(4) W(Y,Z) - Dp=nC(Y,Z) ¢

(5) (VxW)(¥, 2) -9 = X -C(¥,2) - ¢ + (X 1 W(Y,2))- Dy

If (M, g) admits a Killing spinor the Ricci and the scalar curvature of M satisfy

Proposition 1.2.4. — (comp. [BFGK91] and [Bau0Oa]) Let ¢ € T'(S) be a Killing spinor to
the Killing number A € C. Then

(1) (Ric(X) —4X2(n—1)X) - =0
(2) R =4n(n —1)\? = const.

From (2) in Proposition 1.2.4, it follows that the Killing number A is real or purely imaginary,
as we already mentioned above.

Proposition 1.2.5. — (comp. [BFGKI1] and [Bau0O0Oa]) Let (M,', g) be an Einstein space. If
R #0 and ¢ is a twistor spinor on M,’ then ¢ is the sum of two Killing spinors to the Killing

numbers Ay = :I:% ,/ﬁ . In case that R =0, either ¢ or Dy is a parallel spinor.

We remark that in even dimension, if we split a Killing spinor ¢ into its half spinors ¢ and
@_ then the half spinors ¢4 and ¢_ are not Killing spinors, since Clifford multiplication by a
vector maps a positive half spinor to a negative half spinor and vice versa. Notice also that the
half spinors to a twistor spinor are again twistor spinors.

The basic property of the twistor equation is that it is conformally covariant. In more detail,
let g = € - g, where 0 € C°(M), be a conformally equivalent metric to g. Then there is a
natural bundle isomorphisms between the Spin™(p, q)-principal fibre bundles Spin(M,g) and
Spin(M, g) and we obtain a natural identification

U

PSR
=g — ¢

[q,v], q € Spin(M, g) ~ q € Spin(M, g)
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The following relations for the conformally changed objects hold:

Vig = e 7-Vip—-e 2 (X grad(e?) ¢+ g(X,grad(e?)) - )~

where X = ¢~ X. Obviously, ¢ € I'(S) is a twistor spinor on (M, g) if and only if eéggb eI(S)
is a twistor spinor with respect to g on M}'. We say that a twistor spinor ¢ on (M}, g) is

conformally equivalent to a Killing spinor if there exists a conformal factor €2 such that (f%"gé is
a Killing spinor with respect to g = €**g on M". In this case the Killing equation V3 (e273) =
AX - (e%"@) is equivalent to (comp. [Fri89])

2
=2 p + grad(e™7) - = ﬁe_”Dgo.

We introduce a further interpretation of the twistor equation. Let us consider the covariant
derivative VT¢ on the doubled spinor bundle S @ S defined by

v .= vk X .
S Y PSR ¢

Using the integrability condition (2) of Proposition 1.2.3 we obtain

Proposition 1.2.6. — (comp. [BFGK91] and [Bau00Oaj) A twistor spinor ¢ € T'(S) satisfies
vre ( DZ ) = 0. Conwversely, if ( 22 ) is VTC -parallel then ¢ is a twistor spinor and 1) = D.

Proposition 1.2.6 says that the twistor equation can be interpreted as parallelity equation on
the bundle S @ S with respect to the covariant derivative V7'¢. This interpretation respects the
conformal covariance of the twistor equation and gives a link to conformal Cartan geometry.
We will discuss this point of view of the twistor equation in detail in section 2. The curvature
of VI¢ on S @ S is

1 W(X,Y)-
RTC XY 2 S ; )
(X, )< y ) 2 ( W(X,Y) ¥ nC(X,Y)
With Proposition 1.2.6 we obtain

Proposition 1.2.7. — (comp. [BFGK91], [Bau00a]) The dimension of the space of twistor
spinors is conformally invariant and bounded by

dim(kerP) < 211 = 2. rang S =: d,,.

For each simply connected and conformally flat Lorentzian spin manifold the dimension of the
space of twistor spinors equals d,. The mazximal dimension d, can only occur if (M;},g) 18
conformally flat.
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A standard construction, which is very useful for the investigation of twistor spinors, is the
following. To each spinor field ¢ we can associate the vector field V,, = £(¢) by the condition

9(Vp, X) = iP e, Xp)g  for all X € TM.

Locally, the associated field is given by Vi, := "1 Y"1 | €:(p, s;p)as;. The definition of V,, is
conformally invariant, since

Vi, = i e(e373, 5 (€279)) gh = i el i P g (e75)
e ¢ i i

1
The twistor equation implies for the associated vector field of a spinor the following properties.

Proposition 1.2.8. — (comp. [Bau00a]) Let ¢ € T'(S) be a twistor spinor on M.

1 The wvector ﬁEld V 5 a CO’I’HO?mCLl ﬁ€ld, i.e. LV g = 2 div V - g, and the dive7gence
¥ ® n ¥
satisﬁes

div(V,) = —2 - b({p, Dg)s),

where b(f) denotes the real part of f if the index p of g is odd and the imaginary part of
f if the index p is even.

2) If ¢ is a real (imaginary) Killing spinor and p is even (odd) then V,, is a Killing vector
(2) If ¢ ginary g sp p g 9
field.

(3) If ¢ is a parallel spinor then Vy, is a parallel vector field.

(4) It holds for all p € zero(p):

Vop) =0, VVo(p) =0,  (divVe)(p) =0  and  d(divVy)(p) # 0.

1.3 The twistor equation in Riemannian geometry

We give in this part a short summary concerning the twistor equation on Riemannian spin
manifolds. The twistor equation in the Riemannian case has been systematically investigated,
since the second half of the 80th. Nowadays a lot of structure results and examples for manifolds
with twistor spinors in the Riemannian setting are known (see e.g. [Lic88], [Fri89], [Hab90],
[BFGK91], [KR94] and [KR97a]). However, when we discuss the twistor equation on Lorentzian
spin manifolds, we will see that methods and results for solving the twistor equation in both
geometries differ.

Let (M™, g) be a Riemannian spin manifold of dimension n > 3 with fixed spin structure
(Spin(M), f) and let S denote the spinor bundle over M™. The spinor bundle S is furnished
with the Hermitian product (-,-)g, which is here in the Riemannian case positive definite. It
holds that

(1) X - =0 for ¢(p) # 0 implies X(p) =0in p € M"
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(2) <X§07¢>S = _<S07 Xi/))s
(3) Re(Xp, Vo) = g(X,Y)|pf
for all spinor fields ¢, € I'(S) and vector fields X,Y € T'(T'M).

The associated vector field to a spinor ¢ € T'(S) is given by

VQO = ZZEKQO, 5i@>55i7

)

where (s1,...,5,) is a local frame. It is important to notice that V,, may vanish even if the
spinor ¢ is not trivial.

Let ¢ € T'(S) be a twistor spinor on (M™,g). On the space of twistor spinors 7 (M") exist a
quadratic form C' and a form @ of order four, which are defined by

Cy, == Re(Dy, ) and
n
Qo = lol’|Dgl” — (Re(Dp, ¢))* = > (Re(Dy, si))* > 0.
i=1
The functions C,, and @, are constant on M™ for every twistor spinor ¢ and we call them the
first integrals on 7 (M"™). Moreover, Cy, and @, are invariant under conformal change of the
metric g. Furthermore, we define for ¢ € 7(M")

Ly ={X-p:XeTM}CS
H, = dist*(ip, Ly)
Np(X) = Im(Xep,¢)
zero(p) ={p € M : p(p) = 0}.

We have the following results for twistor spinors. First, one can state that a Riemannian
3-manifold (M3, g) with a twistor spinor is conformally flat. A Riemannian 4-manifold with
a twistor spinor is self-dual, i.e. W_ = 0. A Riemannian manifold with Killing spinors
is an Einstein space. These are direct consequences of the integrability conditions (Propo-
sition 1.2.3 and 1.2.4). Using the solution of the Yamabe problem A. Lichnerowicz proved in 1988

Theorem 1.3.1. — ([Lic88]) Let (M"™,g) be a compact Riemannian spin manifold. There
exists a conformally equivalent metric § = e*°g of constant scalar curvature on M™ such that

kerP = Span{g € T'(S): ¢ is a Killing spinor on (M",g)}.

Theorem 1.3.1 means that on compact Riemannian manifolds the twistor equation can be re-
duced to the Killing equation. But this is not only true on compact manifolds. Moreover, it holds

Theorem 1.3.2. — (comp. [BFGK91]) Let ¢ be a twistor spinor on the Riemannian spin
manifold (M",q). The set zero(y) is discrete on M™ and (M"™ \ zero(y),§ = ﬁg) is an

Einstein manifold with non-negative scalar curvature R = 4(nn_1) (C2+Qy).
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(1) In case that R = 0, the spinor ﬁgb is parallel on (M"™ \ zero(v),q). In particular, if

zero(p) # 0 then R =0 and |—310|g5 is parallel on (M™ \ zero(p),§).

(2) In case that R > 0, the set zero(y) is empty and the twistor spinor ﬁcﬁ on (M™,g) is a
sum of Killing spinors.

Theorem 1.3.2 says that a Riemannian spin manifold (M",g) with a twistor spinor ¢, which
has no zeros, is conformally equivalent to an Einstein manifold, which admits a parallel or
a Killing spinor. In connection with this result we remember to the works, which describe
Riemannian geometries admitting parallel or Killing spinors. First, it was M.Y. Wang, who
classified the possibly holonomy groups of complete simply connected irreducible non-flat
Riemannian spin manifolds, which admit parallel spinors (see ([Wan89]). In 1993, Ch.
Béar obtained a description of the geometrical structure of all complete simply connected
Riemannian spin manifolds admitting real Killing spinors with the help of the cone construc-
tion and Wang’s holonomy classification (see [B&r93|, comp. [BFGK91]). The geometry of
Riemannian manifolds with imaginary Killing spinors has been described by H. Baum in [Bau89].

The next theorem gives an answer to the question when a single twistor spinor is conformally
equivalent to a Killing spinor.

Theorem 1.3.3. — ([Fri89]) Let (M™,g) be a Riemannian manifold of dimension n > 3
admitting a twistor spinor ¢.

(1) If zero(¢) = 0 and Cy, = Q, = 0 then ¢ is conformally equivalent to a parallel spinor.

(2) The twistor spinor ¢ is conformally equivalent to a real Killing spinor if and only if Cy, # 0

and Q, = 0.
(3) In case that Q, = 0 the twistor spinor ¢ is conformally equivalent to an imaginary Killing
spinor if and only if C, = 0, H, = 0 and :I:% = dk for some positive function k on

M™.
(4) In case that Q, # 0 the twistor spinor ¢ is conformally equivalent to an imaginary Killing

spinor if and only if

Cp, =0 and dist>(Dy, Ling(ip, Ly)) = 0.

Since parallel and Killing spinors have no zeros, the question is posed whether there exist
twistor spinors with zeros on complete, non-compact and non-conformally flat Riemannian spin
manifolds. A first result to this question is the following. The length function u = (¢, ¢)g of a
twistor spinor ¢ on an Einstein manifold (M", g) satisfies the PDE

_Au
n

Viu = g.

It is well-known that if a solution w of this PDE on an Einstein manifold has a zero then
(M™, g) is of constant sectional curvature (comp. [KR94]). Moreover, in 1994 W. Kiihnel and
H.-B. Rademacher proved
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Theorem 1.3.4. — ([KR94]) Let ¢ be a twistor spinor with zero on (M"™,g) such that the
associated field V., does not vanish. Then (M",g) is conformally flat.

The proof of Theorem 1.3.4 uses the observation that a Riemannian manifold (M™",g) with a
conformal vector field V', which has a zero in p € M such that VV(p) = 0, is conformally flat
in a neigborhood of p. Moreover, since the metric g is conformally equivalent to an Einstein
metric outside of the zero set, it follows from the analyticity of a Riemannian Einstein metric
that (M™,g) is everywhere conformally flat.

But later in 1996, W. Kiihnel and H.-B. Rademacher gave also the first example of a twistor
spinor with zero and vanishing associated vector field on a complete non-conformally flat mani-
fold. Namely, they generated a zero of a twistor spinor in the point at infinity of the conformal
completion of the Eguchi-Hanson metric in dimension 4. They also generalized this construction
to conformal completions of U(n)-invariant Ricci-flat K&hler metrics in dimension n = 2m (see
[KR96], citeKR97a). All these twistor spinors with zeros have the property that they are not
a sum of Killing spinors with respect to any metric in the conformal class of the completed metric.

1.4 The twistor equation in Lorentzian geometry

In the following we collect results on solutions of the twistor equation, which are characteristic
for the development of the theory of twistor spinors in Lorentzian spin geometry. Thereby, the
solutions of the twistor equation on Fefferman spaces, on Lorentzian Einstein-Sasaki spaces and
on pp-manifolds are of particular importance for us.

Let (M7, g) be a time- and space-oriented Lorentzian spin manifold of dimension n > 3 and
signature (—+-++...) with spin structure (Spin(M), f) and let S denote the spinor bundle. We
have on S the Hermitian product (-,-)g, which is indefinite with index 2l3]=1 The Hermitian
product (-,-)s and the Clifford multiplication have the properties:

(1) (Xe,¥)s = (¢, X)s

(2) Re(Xp,Yp)s=—g(X,Y) (. 0)s
(3) Im(Xop,9)s =0

(4)

The associated vector field V, to a spinor ¢ € I'(S), which is in the Lorentzian context also
called the Dirac current, is locally defined by

n
- Z gi{p, Sitp) 58
i=1

and V, satisfies g(V,,,V,) < 0. For n = 2m and ¢ = ¢4 + p_ € I'(ST & S7) we have
Vo =V, +V,_. Since (p,s1¢) = 0 if and only if ¢ = 0, it holds the remarkable property that
the zero sets of ¢ and V|, coincide:

X -p=0for p#0 implies | X|?:=¢(X,X)=0 and |¢|? := (p,¢)s = 0.

zero(p) = zero(V,).
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We denote the dual 1-form to Vi, by w,.

Let ¢ € I'(S) be a non-trivial twistor spinor on a Lorentzian spin manifold. Then the associated
vector field V, is a non-trvial conformal vector field on (M7, g) (see Proposition 1.2.8). Further
important characteristic data of a twistor spinor ¢ are its length function |¢|? and the 3-form
wy A dw,, which is called the twist of the associated field (comp. section 4).

In order to give a first example of twistor spinors in Lorentzian spin geometry and to illustrate
that new effects occur (compared to the Riemannian case) we consider parallel spinors in dimen-
sion 3. It is known that a Lorentzian 3-metric with a parallel spinor takes locally with respect
to suitable coordinates (z,y, z) the normal form

g=drody—dzodz+ f(y,2)dy?,

where f is an arbitrary function in the coordinates (y, z) (comp. e.g. [Bry00]). It is easy to see
2

that the metric g is flat if and only if % = 0 and g is conformally flat if and only if % =0.

Imposing the Einstein condition for g makes the curvature vanish identically. In particular,

this normal form shows that there exist parallel spinors on Lorentzian 3-manifolds, which are

neither conformally flat nor Einstein.

We start now with the presentation of the Fefferman spaces and its solutions of the twistor
equation. The construction that we explain here in short has been done by H. Baum in 1999
and is interesting for us, since one can look at the twistor spinors on the Fefferman spaces as
the first examples of ’true’ solutions of the twistor equation. For more details we refer to the
original work (see [Bau99)).

Let N2+ be a smooth oriented manifold of odd dimension 2m + 1. A CR-structure on N27+!
is a pair (H,J), where H is a subbundle of codimension 1 in the tangent bundle TN and
J : H — H is a complex structure on H, i.e. .J satisfies J2 = —id and the integrability condition

[JX,Y]+[X,JY] €T(H) and J(JX,Y]+[X,JY]) = [JX,JY]+[X,Y]=0.

Besides a CR-structur (H,J), we fix a pseudohermitian 1-form § € QY(N) on N?™*! with
Ol = 0. In case that the corresponding Levi-form Ly(X,Y) := df(X,JY) is positive
definite, the space (N?™+1 H, J, 0) is called a strictly pseudoconvex manifold. Then the tensor
go = Lg + 0 00 is a Riemannian metric on N?™*+! and there is a special metric covariant
derivative V" with torsion on (N?™*1 go), which is called the Tanaka-Webster connection (see
[Tan75], [WebT78]).

Now, let us assume that (N?™*1 H, .J #) is a strictly pseudoconvex spin manifold. The spin
structure of (N?™*1 gy) defines a square root of the canonical line bundle

AN = {u e COA™IN| X 1 w=0 forall X €Ty},

where Ty C C ® TN?™*! denotes the eigenspace of J to the eigenvalue —i. Then we denote
by (F?™*+2 71, N) the S'-principal fibre bundle associated to the square root of A™*ON. There
exists a unique connection A" in the S'-bundle F?™*2 which induces the Tanaka-Webster
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covariant derivative on the square root of A™*1ON. The Fefferman metric on F2" ! is defined
to be

8
hg =7 "Ly — 1
m

70 o Ag,
+ 2

where Ag := AW — 2'4(&7‘11)%*9 and RY is the Tanaka-Webster-scalar curvature. By definition,
the Fefferman metric hg is a Lorentzian metric and the conformal class [hg] does not depend on
the pseudohermitian form 6, but depends only on the CR-structure of N?"*+!. Moreover, the
Fefferman metric hgy is S'-invariant and the S'-fibres of (F2™*2 7, N) are lightlike with respect
to hg. The Lorentzian manifold (F?™2 hy) with its canonically induced spin structure is called
Fefferman space of the strictly pseudoconvex spin manifold (N?"+1 H, J,6). The Fefferman
metric was first discovered by C. Fefferman for the case of strictly pseudoconvex hypersurfaces

N C C™*L (see [Fef76]).
The Fefferman spaces admit the following twistoriel characterization.

Theorem 1.4.1. — ([Bau99]) Let (N*™*1 H, J,0) be a strictly pseudoconvex spin manifold
and let (F*™%2 hg) be its Fefferman space. Then there exist two linearly independent twistor
spinors @ on (F?™%2 hy) with the properties:

(1) Vi, is a regular lightlike Killing field
(2) Voo =0
(3) V‘S/wgp =icp, wherec € RNO0.

Conversely, let (B*™*2 h) be a Lorentzian spin manifold, which admits a non-trivial twistor
spinor satisfying the conditions (1), (2) and (3). Then there exists a strictly pseudoconvex
spin manifold (N*™*1 H, J,0) such that (B>"*2 h) is locally isometric to the Fefferman space
(F,hg) of (N?>™+1 H, J,0).

The second part of the proof of Theorem 1.4.1 is based on a geometric characterization of
Fefferman spaces given by Sparling (see [Spa85], [Gra87]). Let (B?*"*2 h) be a Lorentzian
manifold of dimension 2m + 2. If V is a regular lightlike Killing field on (B2™*2, h) such that

Viw=0, Vi1C=0 and K(V,V)=const <0,

then (B?™+2 h) is locally isometric to the Fefferman space of a strictly pseudoconvex manifold
(N?m+1 H J,0) of dimension 2m + 1. In the situation of Theorem 1.4.1 the associated field V,
of a twistor spinor ¢ satisfies Sparling’s caracterization conditions.

The interesting point of the solutions of the twistor equation on Fefferman spaces is that a
Fefferman space (F?™*2, h) is never conformally equivalent to an Einstein space and the twistor
spinors on (F?™+2 1) are not conformally equivalent to a sum of Killing spinors. In particular,
the twistor spinors ¢ have vanishing spinor norm |p|?> = 0 on F?™*2 but they do not have
zeros, and the twist w, A dw, of the associated vector fields V,, is not trivial. The twistor
spinors on Fefferman spaces are the only known examples with such properties.
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Next we present solutions of the Killing equation on Lorentzian Einstein-Sasaki manifolds in odd
dimensions n = 2m + 1. One can show that a Lorentzian spin manifold (M7", g) has imaginary
Killing spinors to the Killing number ¢A if and only if the cone

Cop (M) == (M x R, gc = (2Xt)%g — dt?)

over M{" admits parallel spinors. We describe the case of irreducible cone (C5, (M7'), gc) with
parallel spinor, which leads to Lorentzian Einstein-Sasaki structures on M.

A Lorentzian Sasaki manifold is a tripel (M, g,&), where g is a Lorentzian metric, the vector
field ¢ is timelike with g(§, &) = —1 and the tensor J := —V¢ : TM — TM satisfies

JH(X)=-X—g(X, 8¢ and (VxJ)(Y)=—g(X,Y)E+g(Y,0)X.

It is well-known that a manifold (M, g) has a Lorentzian Sasaki structure if and only if the
cone Cy (M) admits a pseudo-Riemannian Kéahler structure. Moreover, the Einstein condition
on a Lorentzian Sasaki manifold (M, g,§) is equivalent to the property that the cone C; (M) is
in addition Ricci-flat, i.e. the cone C; (M) has holonomy in SU(1,m).

There exists a twistoriel characterization of the Lorentzian Einstein-Sasaki manifolds.

Theorem 1.4.2. — (comp. [Kat99] and [Bau0Oa]) Let (M*™+1 g &) be a simply connected,
Lorentzian Einstein-Sasaki manifold. Then (M*™* g) is a spin manifold and there exists a
twistor spinor ¢ € I'(S) such that

(1) Vi, is a timelike Killing vector field with g(V,,,V,) = —1
(2) Vo-o=—¢p
(3) Vi, o = —3ip.

In particular, ¢ is an imaginary Killing spinor and V, = £. Conversely, let (M?™+1 g) be a
Lorentzian spin manifold with a twistor spinor satisfying (1), (2) and (3) then (M*™1 g, V,,)
is a Lorentzian Einstein-Sasaki manifold.

Lorentzian Einstein-Sasaki manifolds arise as S'-fibre bundles over Kihler manifolds with
negative scalar curvature. This S'-bundle construction provides an explicit way of constructing
the twistor spinors on Lorentzian Einstein-Sasaki manifolds in Theorem 1.4.2.

Finally, we want to mention some results on parallel spinors and real Killing spinors in
Lorentzian spin geometry.

It exists a complete classification of the geometries of simply connected, irreducible and non-
locally symmetric semi-Riemannian spin manifolds, which admit parallel spinors (see [BK99]).
But the list shows that there is no irreducible Lorentzian spin manifold with parallel spinors
and a classification of the possible holonomies of indecomposable non-irreducible manifolds
does not exist. However, in low dimensions the local normal forms of Lorentzian metrics with
parallel spinors are well studied (comp. [Bry00]).
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One class of Lorentzian spin manifolds with parallel spinors are the pp-manifolds (pp = plane
waves and parallel rays). A pp-manifold (M7, ¢) is distinguished by the properties that it admits
a parallel null vector field V' and that the Riemannian curvature tensor satisfies the condition

tT(375)(4’6)RV & Rv =0.

A local normal form for a pp-metric is given by
n
dry odxe + f(xa,..., xn)dx% + de?
i=3

A further class of Lorentzian spin manifols with parallel spinors is the following generalization
of pp-manifolds. Let (N", h) be a Riemannian manifold with holonomy in SU(m), Sp(m), G
or Spin(7) and let f: R x N — R be a smooth function. Then the Lorentzian manifold

M] :=R*x N, gusz = —2dtods+ f(s,z)ds* + hy

has parallel spinors. The metric g is Ricci-flat if and only if the functions f(s,:) : F' — R are
harmonic for all s € R.

In [Bau0OOb] all twistor spinors on Lorentzian symmetric spaces (M7, g) are explicitly described.
In particular, it is proven that if (M7, ¢g) is indecomposable and non-conformally flat then each
twistor spinor is parallel and dim 7 (M{") = %dim S. These Lorentzian symmetric spaces have
solvable transvection group and they are special pp-manifolds.

Lorentzian spin manifolds with real Killing spinors were investigated by Ch. Bohle in [Boh00].
It is proved there that a Lorentzian spin manifold with real Killing spinors is locally isometric
to a warped product of the form

Fxol:=(FxI, g=o?h+edt?), £ =+1,

where o > 0 is some warping function and F' is a Riemannian or Lorentzian spin manifold, which
admits parallel or Killing spinors. In particular, one can see from the warped product structure
that a Lorentzian spin manifold with real Killing spinor is in any case an Einstein space. There
exist also classifying results on complete Lorentzian spin manifolds with real Killing spinors
(comp. [Boh00] or [Bau0Oa]). The lenght function |¢[? : M{* — R of a real Killing spinor ¢ on
a complete Lorentzian spin manifold is always surjective.
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2 The twistor equation in conformal Cartan geometry

In 1.2 we introduced twistor spinors on a semi-Riemannian spin manifold (MI’}, g) as solutions
of the twistor equation

1
Ve + ~X Dp=0 forall X €T(TM).

In [PMT72] the twistor equation on a space-time was set in relation to a 'twistor connection’
on the vector bundle of ’local twistors’. It was H. Friedrich, who showed in [Fri77| that the
‘twistor connection’ on a 4-dimensional space-time is induced by the canonical normal Cartan
connection of conformal geometry. In the following we will work out this fact on arbitrary
semi-Riemannian spin manifolds. From the point of view that we describe here the solvability
of the twistor equation is related to the holonomy theory of the normal conformal Cartan
connection.

In the first part of this section we will recall the basic definitions of Cartan geometry and
we will introduce the development of a flat Cartan geometry and the corresponding holonomy
representation of the fundamental group of the base manifold. Then we will define almost
Hermitian symmetric structures and normal Cartan connections. In 2.2 we will discuss conformal
geometries of arbitrary signature, which belong to the class of Hermitian symmetric geometries.
In particular, we define the standard conformal spin spaces CP4. As we stated in 1.2, a spinor
field ¢ € T'(S) on a semi-Riemannian manifold is a "twistor’ if and only if

V§C< D > - ( —ZV%X)- }% > ( Do ) -

In 2.3 we will prove that the covariant derivative V7€ is induced by the normal Cartan con-

nection of conformal geometry. Once we have understood twistor spinors as parallel sections in
E=S5a&S, we are able to characterize conformally flat manifolds, which admit twistor spinors,
with the help of a development in the standard conformal spin space CP4. This will be done in
the last part.

2.1 Cartan geometry, normal Cartan connections and development

First, we recall the definition of Cartan geometry and define the development map of a flat
Cartan geometry. Then we give a brief summary of the construction of the canonical normal
Cartan connection on an almost Hermitian symmetric structure due to [CSS97].

We start with the definition of Klein geometry, which is a generalized concept for classical
geometries like Euclidean or affine geometry (comp. [Sha96]).

Definition 2.1.1. — A Klein geometry is a pair (G, H), where G is a Lie group and H is a
closed subgroup of G such that the homogenous space G/H, which is called the Klein model, is

connected.

EXAMPLE. Let Aff(n) denote the group of affine transformations on R™. Affine geometry is
the pair (Aff(n),Gl(n)) and its standard model is the affine n-space A™ = Aff(n)/Gl(n).
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A Cartan geometry on a C°°-manifold M is modeled on a Klein geometry (G, H). Let (g,b)
denote the pair of Lie algebras to (G, H).

Definition 2.1.2. — Let M be a C*°-manifold, (G,H) a Klein geometry and P — M an
H -principal fibre bundle. A g-valued 1-form w : TP — g, which satisfies the conditions

(1) w(A*) = A, where A* is the fundamental vector field on P corresponding to A € b

(2) Riw= Ad(a™Y)w

(3) wp: T,M — g is an isomorphism for each p € P,
is called a Cartan connection of type (G,H). The pair (P,w) is called a Cartan geometry on
M.

The third condition of Definition 2.1.2 implies dimP = dimG for a Cartan geometry (P,w) of
type (G, H) on M.

EXAMPLE. Let P := Aff(n) — A" be the GI(n)-principal fibre bundle of linear frames on the
affine n-space A" and denote by

n:TP — gl(n)

the standard connection on P with vanishing torsion and curvature. The canonical form 6 on
P is defined by

0: TP — R",
Xp — p_lﬂ*(Xp)» peP

where a linear frame p is viewed as a linear isomorphism p : R" — T7,(,)A" as usual. The 1-form
w=0+n:TP — R" & gl(n) = aff(n)

is a Cartan connection on P — A" of affine type (Aff(n),Gl(n)) and (P,w) is a Cartan
geometry on A”.

Cartan connections induce connections in the usual sense on an enlarged bundle. Let (P,w)
be a Cartan geometry on M of type (G, H). The enlarged bundle P := P xyg G — M is a
G-principal fibre bundle and the mapping

pE P [peleP

is a natural embedding of principal fibre bundles. The image of the Cartan connection w on P in
P can be uniquely extended to a g-valued 1-form @, which is a principal fibre bundle connection
on P. The g-valued 2-form

1
Q=dw+ i[w, W]
is the Cartan curvature of w on P. If the curvature form 2 of (P,w) vanishes, then the Cartan

geometry (P,w) is called flat. The curvature form Q = dw + %[(D,G)] of the corresponding
connection @ on P also vanishes in this case.

28



ExXAMPLE. Let (G, H) be a Klein geometry. Then G — G/H is an H-principal bundle and the
Maurer-Cartan form wg : TG — g defined by

X, €T,G — wg(Xy) =Ly (Xa) ceT,G=g¢g

is a Cartan connection on G. Since by the Maurer-Cartan equation
1
QG — de + 5[(")07“}0] = 07

the Cartan geometry (G,wg) on G/H is flat. There exists a canonical parallel section with
respect to wg in the enlarged principal fibre bundle G := G x g G:

a: G/H — G .

aH — J[a,a7!]

Let (P,w) be a flat Cartan geometry of type (G, H) on a connected and simply connected C*°-
manifold M. The enlarged G-principal fibre bundle P = P xy G is equipped with the flat
connection @. We fix a point p € P. Since @ is flat and M is connected and simply connected,
the parallel displacement on P defines in a unique way a G-equivariant C*°-map

Sp . P — G
with Sp(ﬁ) = ¢ and S;w(; = w. Moreover, there exists an element a € G for every C*°-map
0 : P — G with the property §*wg = @ such that

3 = La e} Sﬁ,

where L, denotes the left translation by a. The natural embedding of P in P gives rise to a
C*°-map defined by

op: P — G.
p — p(lpe))

This map dp is H-equivariant and, since w is the pullback of & on P, it holds wg o dd; = w. We
can conclude that d; : (P,w) — (G,wg) is a local isomorphism of Cartan geometries and every
local isomorphism § : (P,w) — (G,wq) is of the form L, o §; for some a € G. The induced map

M .
o5 M — G/H
of 65 on the base spaces is called a development map of M in the Klein model G/H.

Let M be a connected C*°-manifold with flat Cartan geometry (P,w). The universal covering
space M —— M is equipped with the flat Cartan geometry (P,&) := (n*P, m*w), which is the
pullback of (P,w) by 7. The fundamental group m1(M) acts on M by deck transformations
and these deck transformations preserve the Cartan geometry (P,d}). This induces a group
homomorphism

w: (M) — Aut(P,&)
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into the automorphism group of the Cartan geometry (P,&) on M. Let § : M — G/H be any
development defined as before. For each v € 71 (M) there exists a unique a, € G such that

dow(y) = La, 0.
This unique relation gives rise to the holonomy representation of the fundamental group

k m(M) — G.

v = Gy

The holonomy representations corresponding to different developments are conjugated in G.

We come now to the definition of almost Hermitian symmetric structures on a C'°°-manifold.
One particularity of these structures is that they admit a uniquely determined normal Cartan
connection. We will explain this in a short manner. The approach that we present here
is due to the detailed work [CSS97] on almost Hermitian symmetric structures and normal
Cartan connections. The important point for us is that conformal structures belong to the
class of almost Hermitian symmetric structures and, in particular, it exists a canonical nor-
mal conformal Cartan connection. We will discuss the conformal cases explicitly in the next part.

First remember that a Lie algebra g is called |1|-graded if

0=90-19900Pmn

is a direct sum of subspaces such that

96, 95] C Gitj for all 4,5 € {—1,0,1}.

Then it is known that the map go — gl(g—1) is the inclusion of a subalgebra and the Killing
form of g identifies g; as a go-module with the dual of g_; (see [Och70]).

Let G be a connected and semisimple Lie group with |1|-graded Lie algebra g = g_1®goDg1. We
denote by B the closed (parabolic) subgroup of G corresponding to the Lie subalgebra b = go@g1
in g. Then there are uniquely defined closed subgroups By and B; in B with Lie algebras gg
resp. gi. The exponential map to g; is a diffeomorphism onto B; and Bjp is a normal vector
subgroup in B. Moreover, the group B is the semidirect product of its subgroups By and B;
(see [Och70] and [CSS97]):

B:Bo>431 and BO%B/Bl.

Let us consider now a Lie group G’, which is not necessarily connected and is a covering group
of G with covering map X : G’ — G. There exists a uniquely defined closed subgroup B’ of G’
such that the restriction N'|p : B’ — B C G is a group covering and G'/B’ = G/B. The Lie
group B’ is isomorphic to the semidirect product Bj) x B;, where B is a closed subgroup of
B’, which covers By, and By = expg; is the simply connected normal vector subgroup in B’
generated by the Lie algebra g;. Such a pair (G, B') is called a Hermitian symmetric geometry
and the corresponding Klein model G’/B’ is a Hermitian symmetric space.
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Definition 2.1.3. — Let (G, B) be a Hermitian symmetric geometry, let M be a C*°-manifold
of dimension n = dimg_1 and let B(M) — M be a B-principal fibre bundle on M equipped with
a 1-form

0=0_1®0)Q (B(M),g—1 go)
such that
(1) 0_1(X) =0 if and only if X € TB(M) is vertical
(2) 0p(A*+ B*)=A forall A€ gy and B € g1

(3) Ri0 = Ad(b=1)0 for allb € B, where Ad means the restriction of the adjoint action to the
vector space g_1 D go-

The form 0 is called the soldering form and (B(M),0) is called an almost Hermitian symmetric
structure on M of type (G, B).

We use the following convention. Let P, and P» be principal fibre bundles over a base space M
with structure groups Gy resp. Go. If A : P, — P» is a principal fibre bundle morphism over the
idenity of M associated to a homomorphism A : G; — G3, which is a covering of a subgroup in
(9, then we call the bundle P; a G1-reduction of Ps.

A (G, B)-structure (B(M),60) defined as above may be understood as a ’second order
structure’ on M (comp. [CSS97] I1.1.8.), whereas the induced By-principal fibre bundle
By(M) := B(M)/B; with induced soldering form 6_; is a By-reduction of the first order
frame bundle GI™M (M) on M. There is also a way of constructing a (G, B)-structure from
a By-reduction of GI"(M). This inverse process is called the first prolongation of a first
order structure (comp. [CSS97] II.1.). But it is not true in general that an almost Hermitian
symmetric structrue (B(M), 0) is uniquely determined by its first order reduction By(M), since
By(M) need not contain any geometric information. This happens in the case of projective
geometry, where the first order reduction By(M) is isomorphic to the linear frame bundle
GIM (M) itself (comp. [CSS97] I1.1.9. or [Kob72], p. 143).

Let (B(M),0) be an almost Hermitian symmetric structure and By(M) its first order reduction.
There exist Bp-equivariant sections o € I'(Bo(M); B(M)). For such a section o the induced
1-form

00 = o"0_1 + o0y

is a Cartan connection and the gg-valued component %6 is a connection on By(M). Moreover,
there exists a uniquely defined Cartan connection w” = 6_; + 6y + w{ on B(M) satisfying
w(f’TO'(B()(M)) =0 (See [08897] 1.3. and H.1.7.).

The curvature function v € C*°(B(M),g"; ® g*; ® g) of an arbitrary Cartan connection w on
B(M) is defined by

v(u)(X,Y) = Quw 1(X),w ' (V) (u), X,Y €g_1, uc B(M).
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The map ad : go — gl(g—1) is injective and therefore the gg-valued component vy of v can be
viewed as a function on B(M) with values in g*; ® g* ; ® g* ; ® g7.

Definition 2.1.4. — (1) An admissable connection
w=w-1+wtw € Ql(B(M),g)

on an almost Hermitian symmetric structure (B(M),0) is a Cartan connection with w_1 = 0_;
and wg = Oy.

(2) A normal Cartan connection w € QY(B(M),g) is an admissable connection, which satisfies

dimg_j

trug(X,Y) == Y wles X)(V)(e') =0,

i=1

where e; is a basis of g_1 and €' denotes the dual basis of g1.

Two admissable Cartan connections w and @ on (B(M),0) differ only in the g;-component and
it exists a deformation tensor I' € C*°(B(M), g* ; ® g1) such that

@—WZFOQ,L

The tensor I" on B(M) is always the pullback of a tensor on the base space M (see [CSS97]
1.3.10.).

It is known that on every almost Hermitian symmetric structure (B(M),6) — M (except some
very low dimensional cases), there exists a canonical normal Cartan connection wy ([CSS97]
II. 2. and [Kob72]). Moreover, for every Bp-equivariant section o € I'(Bo(M); B(M)) the
difference between the admissable connection w? and the canonical Cartan connection wpy is
described by the deformation tensor I'° and this tensor I' can be expressed by a universal
formula in terms of the curvature tensor of the connection c*fy on By(M). Notice that if the
canonical Cartan connection wy on B(M) is flat then the Cartan geometry (B(M),wn) — M
is locally isomorphic to the model (G,wqg) — G/B.

2.2 The conformal spin spaces C?? and Cpa

After we have defined Klein geometries in general, we present in this part the standard models
of conformal (spin) geometry. We introduce these models first in a geometric manner and then
give the group-theoretical description.

We denote by RPY := (R™, (-,-)pq),n > 3 and p € {0,...,n}, ¢ := n — p, the n-dimensional
Euclidean space of index p with scalar product

P n
(z,Y)pq = — Zl"zyz + Z ZiYi-
i=1

i=p+1
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Remember that Cl,, denotes the Clifford algebra of RP, Spin(p,q) denotes the spin group
and A : Spin(p,q) — SO(p, q) is the canonical two-fold group covering.

By RPFLAHL = (R™"*2 (. .), 41 4+1) We denote the pseudo-Euclidean space of dimension n + 2
and index p + 1, but this time equipped with the scalar product

p n
(T, Y)p+1,g+1 = T0Yn+1 + Tn1Yo — Z TiYi + Z ZiYi-
=1 i=p+1

Notice that we use for this scalar product the round brackets (:,-)p41,4+1. Furthermore, we
define the space

Q" = {[z] € P""*(R)| = € RFMFIN {0}, (2,2)p41,611 = 0,

which is a regular quadric in the projective space P"*2(R). The regular quadric QP9 is two-
fold covered by the set QP of time-oriented null directions in RPT14+1 and the space QP is
embedded in RPTLATL by

i Qp1 < RpThLatl

)

Ry 2z —y/—— 2
<mal‘>n+2

where (-,-),12 is the usual Euclidean scalar product. One can see that the space Qp’q is
homeomorphic to SP x S9, since the image i(Qp7q) is the Carthesian product of the unit spheres
in the semi-Riemannian product RPT1La+1 o ROP+1 5 Re+1.0. Notice that Q%™ is not connected
and QL”_I is not simply connected.

We denote by ¢ the conformal structure on QP9 that arises from the induced metric i* (-, ) p4 1,41
This conformal structure ¢ is flat, since the induced metric is conformally flat. The flat conformal
structure ¢ projects to a flat conformal structure ¢ on the quadric QP4. For p # 0,n we denote
the arising conformal spaces by

CP9:= (QM,¢) and P — (Qp,q’ é).
In case that p = 0 we use the notation
C«O,n _ CO,n — (QO,n7 C),

since QO’" is not connected. The conformally flat space CP¢ is the conformal compactification of
RP? and is called the (pseudo)-Mobius sphere of dimension n and index p (comp. e.g. [Sch97]).
The space CP4 is a conformal spin manifold, since the normal bundle of i(QP?) in RP+1La+1
admits a globally defined orthonormal frame field (comp. 2.4). We call the model CP4 the
conformal spin space of dimension n and index p. The space CP¢ is not in general conformally
spin (comp. 2.4).

We want to describe the models CP4 as homogenous spaces. Let us denote

SO(p+1,q+1):p#0,n

GSO(p,q) ::{ So+(p_|_ lL,g+1):p=0,n"
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The group GSO(p,q) acts naturally on CP9 through its embedding in RPT1¢+1 This action
is conformal, orientation-preserving and transitive. With respect to some point e € CP? the
isotropy group of the GSO(p, ¢)-action on CP? is the subgroup

a

al s b
B80G.)={( " 4 ¢ )A€ 500 acRsE®))

of GSO(p,q), where r = —aAl, 4s* with I, , := ( _OI” 1(3; ) and b = —5(s*,5"),4, and it holds

Cra = GSO(p,q)/BSO(p,q). The kernel of the linear isotropy representation of BSO(p, q) on
the tangent space T,CP-? is the vector group

1 s b 1
Bapea)i={ (0 1 ) €GSOG.) |5 € B0 =5 (675,

which is a normal subgroup of BSO(p, q). The group BSO(p,q)/Bi(p,q) is isomorphic to the
conformal group C'SO(p, q) := R4+ x SO(p, q), which is embedded in GSO(p, q) by

ic: CSO(p,q) — GSO(p,q) .
a”t 0 0

aA »—>< 0 A 0)

0 0 a

The Lie algebra so(p + 1, + 1) is semisimple and |1|-graded

50<p+17q+1):g—1@90@917

0 0 0
g_l;:{<l 0 0>]leR”},
0 —lI*Iq O
—a 0 O
go;:{< 0o A 0)‘A€50(p,q>,CLER},
0 0 a

0 0 §
g1 = {< 0 —1Ipq5* ) | seR" }
0 0

The subalgebra gy @ g; is the Lie algebra of BSO(p, q), the subalgebra g is the Lie algebra of
Bi(p,q) and go = cso(p,q). With the definitions in 2.1 we see that (GSO(p,q), BSO(p,q)) is
a Hermitian symmetric geometry and CP4 = GSO(p,q)/BSO(p, q) is a Hermitian symmetric
space for every dimension n and index p. In particular, it holds that the go-modules g_; and gy
are dual to each other with respect to the Killing form on so(p + 1,¢ + 1) and that

where

OO w

BSO(p,q) = CSO(p,q) x B1(p,q)

is a semidirect product.
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Since the model CP7 is conformally spin, it is useful to give a spin description of the Hermitian
symmetric geometry (GSO(p, q), BSO(p, q)). We denote

Spin(p+1,g+1):p#0,n

GSpin(p, ) ::{ Spint(p+1,q+1):p=0,n"

The group GSpin(p,q) acts on CP4 via the canonical group-covering \ : GSpin(p,q) —
GSO(p, q). There exists a uniquely defined closed subgroup BSpin(p, q) of GSpin(p,q), which
covers BSO(p, q) in GSO(p, q) by A, such that

CP1 =~ GSpin(p,q)/BSpin(p, q).

The pair (GSpin(p,q), BSpin(p,q)) is a Hermitian symmetric geometry. There is a uniquely
defined embedding

ics : CSpin(p, q) — GSpin(p, q)

of the conformal spin group C'Spin(p,q) := Ry x Spin(p, q) such that X oi.s =i. 0o X. Then we
have

BSpin(p, q) = CSpin(p,q) x Bi(p, q),

where in this case Bj(p, ¢) should be understood as the simply connected normal vector subgroup
in BSpin(p,q) corresponding to the subalgebra A 'g; C spin(p + 1,q + 1). The differential of A
is given by

Aot spin(p+1,g+1) — so(p+1,q+1),
0 0o 0
3 i1 fi — ( e 0 0 >
0 —ejlpq O
0 0o 0
sfofi = < €i 0 0 >
0 —ejlpq O
0 —eilpg O
sfofi = < 0 0 & >
0o 0 0
X 1 0 0
§f0fn+1 = < (O] 8 (1]>
Sfifi = Eij

where {f; :4=0,...,n 4 1} denotes the standard basis of R"*2, {e; : i = 1,...,n} denotes the
standard basis of R” and Ej; is the standard basis of so(p, ¢). It holds

)‘*_1<g—1) = Span{fn—‘rlfi i1= 17“'7”}7
M lgo) = Span{fifi} ®Rfofas1 = cspin(p, q),
)\*_l(gl) = Span{fofi 1= 1,...,77,}.
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2.3 Twistor spinors and the normal conformal Cartan connection

It is well-known that a twistor spinor ¢ € I'(S) on a semi-Riemannian spin manifold (M}, g)
may be interpreted as a parallel section in the two-fold spinor bundle S @& S with respect
to a certain covariant derivative V7'C (comp. [BFGK91] and 1.2). It was already proved in
[Fri77] that on a space-time the 'twistor connection’ is induced by the canonical normal Cartan
connection of conformal geometry. We give here a prove of this fact on semi-Riemannian spin
manifolds with arbitrary signature using our approach to normal Cartan connections due to
[CSS97].

Let (M™, c) be an oriented C*°-manifold of dimension n > 3 with conformal structure ¢ of index
p, that is a class of conformally equivalent (pseudo)-Riemannian metrics with index p on M™.
The conformal structure ¢ is equivalently described by the conformal frame bundle CSO(M),
which is a C'SO(p, q)-principal fibre subbundle of the first order linear frame bundle Gl(l)(M ).
The first order conformal structure C'SO(M) gives rise via the canonical first prolongation to
the almost Hermitian symmetric structure (BSO(M), 8) of type (GSO(p, q), BSO(p,q)), where
the soldering form 6 has no torsion, i.e.

T :=df_1 — [0_1,00] = 0.

This implies that BSO(M) is a subbundle of the second order frame bundle GI® (M) over
M and @ is the restriction of the canonical form on GI® (M) (comp. [CSS97], 1.6.2., IL.1.).
On the other hand, let BSO(M) be a BSO(p, q)-subbundle of GI®)(M) over a C*-manifold
M and 6 the restriction of the canonical soldering form to BSO(M). Then the induced
CSO(p, q)-principal fibre bundle BSO(M)/Bj(p,q) can be interpreted in a natural way as a
subbundle of GIM (M) (comp. [CSS97] 1.3.). This leads to

Definition 2.3.1. — (1) A conformal structure of index p on an oriented C°*°-manifold
M™ of dimension n > 3 is an almost Hermitian symmetric structure (BSO(M),0) of type
(GSO(p,q), BSO(p,q)), whose soldering form 6 has vanishing torsion.

(2) A conformal spin structure on M™ of index p is a BSpin(p, q)-reduction (BSpin(M), f) of
a conformal structure (BSO(M),8), i.e. it holds

f()-Aa)=f(l-a) forall 1 € BSpin(M) and a € BSpin(p,q),
(

where f : BSpin(M) — BSO(M) is a two-fold covering map. The 1-form f*0 is the soldering
form on BSpin(M).

A conformal spin structure (BSpin(M), f) on M™ in the sense of Definition 2.3.1 induces a
C Spin(p, q)-reduction of the first order conformal frame bundle CSO(M):

CSpin(M) := BSpin(M)/Bi1(p,q) ~— CSO(M),

where f’ is induced by f.

For the rest of this section we assume (M™,c) to be a conformal spin manifold of dimension
n > 3 and index p and by (BSpin(M), f) we denote a fixed conformal spin structure on M.
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We want to define conformal spinor bundles on (M™,¢). Let A,, = Cl3] denote the standard
(complex) spinor module with Spin(p, ¢)-action

p:Spin(p,q) X Dpg — Apg
and Clifford multiplication
piRPTQ A g — Apy.

Let us consider the spinor module Ay 441 and the null vectors fo, for1 € RPTHITL We denote
by

Ann(fo) ={ve€Appig41| fo-v=0} and
Ann(fat1) = {v € Apriger | fasr-v =0}

the annulation spaces in Ap, 1 441 with respect to Clifford multiplication by fo resp. f,4+1. Since
every spinor v € A,41 441 decomposes to fow + fiw for some w € Apiq 441 and

zfi = —fix for all x € RP? 2 Span{fi,..., fo} CRPTHITL i c{0,n+1},

we can conclude that the annulation spaces Ann(fy) and Ann(f,1) are isomorphic to A, , as
Spin(p, q)-representations:

Ap-f—l,q-f—l‘Spin(p,q) = Ann(fny1) ® Ann(fo) = Apqg® Apg.
We fix an isomorphism
a: Ann(fy) — AV

of Spin(p, q)-representations and define a corresponding isomorphism [ by

B: Ann(fuy1) — Dpg -
v —Ta(fy)
n

Then it holds

5(%fn+1 cr-a N (u) =1z u for all z € RP? and we Ay,

a3 fo-x- B (u) =

3

U for all z € RP? and u € A, ,.

I3
8

Let
GSpin(M) := BSpin(M) X gspin(p,q) GSPin(p, q)

denote the enlarged GSpin(p, q)-principal fibre bundle. We define the vector space bundles
E = GSpin(M) x, Apr1441  and T = GSpin(M) x o, RFTLIT

over (M", ¢). On BSO(M) exists a canonical normal Cartan connection (comp. [CSS97] 1.6.3.,
[Kob72]), which we denote by wyc. The canonical normal Cartan connection on BSpin(M) is
then given by

wnes = ffwne.
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Furthermore, we have the connection wycs on the enlarged bundle GSpin(M) and this
connection induces a derivative V¥ on the conformal spinor bundle E.

It is known that in conformal geometry there exists a bijective correspondence between
CSO(p, q)-equivariant sections in I'(CSO(M); BSO(M)) and torsion-free connections (Weyl
structures) on the conformal frame bundle CSO(M). Let us fix a metric ¢ in the conformal
class ¢ on M"™. With (Spin(M, g), f') we denote the corresponding semi-Riemannian spin struc-
ture on (M, g). The usual spinor bundle on (M, g) is here denoted by

59 := Spin(M, g) x, Dpq

and V° denotes the spinor derivative on S9. The Levi-Civita connection to g on the bundle of
orthonormal frames SO(M, g) induces a torsion free connection wy on the CSpin(p, ¢)-principal
bundle C'Spin(M). But then exists a uniquely determined C'Spin(p, ¢)-equivariant section o9 €
I'(CSpin(M); BSpin(M)) such that

.
a7 o f 0y = wy,

where f*fj is the go-valued component of the soldering form f*6 on BSpin(M) (comp. [CSS97]
I1.1.7.). It holds

wyes =w”’ =T o f*0_4,

where w?’ = f*0 + w‘l’g is the admissible connection to the section o9 and I'?’ is the pullback of
the Schouten tensor

g
Ko — B Riew
n—2\2(n-1)

to BSpin(M) (comp. [CSS97] 1.6.4.).

With the help of the section g9 to g € ¢ we are able to reduce the structure group of the bundles
E and T to Spin(p,q):

Spin(M, 9) X poicsspinpg Dorlatl = E,

[1,] — [[09(1), ¢], 0]
Spin(M, g) X xopoicslspinipa) pHLg+l  ~ T
1, 2] — [[09(1), ¢, 2]

There are canonical sections ¢§ and ¢7 41 in the bundle T" — M with respect to g, which are
defined by

(D) :=lo?()e], fo] ~ and Gy (w(D)) = [[07(D).¢], fara], 1€ Spin(M,g).
Then we have a decomposition of the bundle E into the annulation spaces
E = Ann( gﬂ) fast Ann(gg),

[o?(1), €], 0] = [lo?(), e, foraw] & [[07(1), €], fow]
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where v = f, 1w + fow € Apy1,4+1, and we denote by
projl : E — Ann(¢Y), i€ {0,n+ 1},
the projections onto the annulation spaces. Moreover, there is the isomorphism
I . E = SI@s9 .
[o?(D),e], 0] = [, B(far1w)] & [l e fow)]

After we have defined the appropriate bundles and isomorphisms, we can explain how the twistor
equation is related to the normal conformal Cartan connection wycg on a conformal spin man-
ifold (M",c). Remember that ¢ € I'(S) is a twistor spinor on (M}, g) if and only if (see
Proposition 1.2.6)

TC ¥ _ V}g(g =X % _
(5 )= (gvim. &8 ) (5 ) =0

Theorem 2.3.2. — Let i) € T'(E) be a spinor field on (M™,c) and let g be a metric in the
conformal class ¢ on M™. The spinor field ¢ is parallel with respect to the normal conformal
Cartan connection (VEy =0) if and only if

o= B oprojé () € ker(PY)  and D = &9 o projf ().

PROOF. It is
¥ = [lo?(1), €], ] + [[07(1), €], w]

for some functions v : M — Ann(fy) and w: M — Ann(fp+1). Let
0o/ :UC M — Spin(M,g)

be a local section and let us denote
flodd(z) = (s1(x),...,sn(x)) € SO(M,g) for €U and

0¢:=0%099:U — GSpin(M).

Remember that 09 o f*f is the principal connection on CSpin(M), which is induced by the
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Levi-Civita connection to g on CSO(M). We have locally

PI(VEY) = @Y% d(v+w) + ps ownes © dot(X) (v + w)]
= ®I[p% dv+ pso [0y o do(X)v] + DI[o%, dw + p. o [0y o do®(X)w]
+ D900 puo [0y 0 do"(X)v] — ®[0%, pu o T o f*0_1 0 do(X)uw]

VY (D9 0 projd, (¥)) + 9[e°, %fnJrl : (Z eig(X, s:)fi) - U]>

@ ( (@9 o projd (v)) + ®9[o —*fo Z&g )s Si fz) ])

1 .
= (TR @ oot () + X0 oproif(w))
n .
( (®9 o projy J()) — §K(X) - pY opr0]i+1(¢)> .
It follows that V£ ¥¥ = 0 if and only if
1
V}q(g (®9 oprojfb_i_l(w)) + EX - ®9 o proji(¢) =0 and
. n .
VY (@9 0 projl (1)) — SK(X) - @7 oproj](v) =0.
With Proposition 1.2.6 we can conclude that Vv = 0 if and only if

9 o projy 1 (1) € ker(P9) and DI(®9 o progy (1)) = B9 o progg ().

2.4 Twistor spinors on conformally flat manifolds

In 2.2 we introduced the conformal spin spaces CP4 and described them as homogenous spaces
CP1 = GSO(p,q)/BSO(p, q) = GSpin(p,q)/BSpin(p, q).

In the following we explicitly describe the space of twistor spinors on the models CPa. After we

have done this, we will classify conformally flat spin manifolds admitting twistor spinors with
the help of a development and its corresponding holonomy representation.

Let Waspin(p,q) = w—1 Dwo ©wi be the Maurer-Cartan form of G'Spin(p, q). The canonical form
on the model GSpin(p,q) — CPa is

Ocspin(p.g) = W—1 + wo
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and Wgspin(p,q) 18 the flat normal Cartan connection on the Hermitian symmetric space

(GSpin(p, ), Ocspin(p,g) — CP4. The enlarged GSpin(p, q)-principal fibre bundle on CPa s
given by

G Spin(p, q) = GSpin(p, @) X BSpin(p,g) GSPIN(P, ).

The bundle GSpin(p,q) is equipped with the induced flat connection Wggpin(p,q)- We have a
canonical parallel section v in GSpin(p,q) — CP given by

v(a- BSpin(p,q)) = [a,a”"],  a € GSpin(p,q).

The parallel sections in the spinor bundle E' = GSpin(p, q) X Gspin(p,q) Dp+1,4+1 On CP4 are given
by

Uu(a- BSpin(p,q)) = [[a,a™"],v],  a € GSpin(p,q),

for arbitrary v € Api14+1. Let g € ¢ be a conformally flat metric on Qp’q and o9 :
CSpin(CP?) — GSpin(p, q) the corresponding CSpin(p, q)-equivariant section. It is

Yo(n(1)) = [[09(1), €], (a?()) ™" -v]  for I € CSpin(CPY)
and the parallel section 1), induces a twistor spinor on (Qp’q, g), which is given by
po(m(l) = [l,Boprojl  (a?(D) " - v)l, 1€ Spin(Q", ).

Since the bundle E — CP4 is globally trivializable by parallel sections, we can conclude that
the space of twistor spinors on CP¢ has maximal dimension 2{z/11.

There is another way of constructing twistor spinors on cra , which we also want to describe
here. In general, let (M"2P+L h;) be a semi-Riemannian spin manifold of dimension n + 2
and index p + 1 with spin structure (Spin(M™ 2P+ f). Furthermore, let (F, hs) be a semi-
Riemannian manifold of dimension n and index p and let i : F}} — M ”+2’p+lpbe an isometric
embedding such that the normal bundle NFJ of F' in M n+2.p+1 can be trivialized by a global
orthonormal frame field. Under these assumptions the spin structure (Spin(M"™+2PT1) f) on
M"™t2P+1 induces in a natural way a spin structure on F}, which we denote by (Spin(F})), f).
Let us denote the spinor bundles on M™*+2P+1 and F,' by SM resp. S and let ({p,nr1) be any
global orthonormal frame field in NF}'. The restricted spinor bundle SM|r on F, decomposes
to the annulation spaces

SM|p = Ann(Co + ¢nt1) ® Ann(Go — Cut1)

(comp. 2.3). Each of these annulation spaces is isomorphic to the spinor bundle SF on Fy, ie.
we have an isomorphism

SM|p = sF g St
Let o € T'(SM) be a spinor field on M"+2P+! and

olr = o1 ® p2 € T(ST @ 7).
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The spinor derivatives VM and V" are related by
1 1
VX¢lr = Vi1 ® Vi +[5(VX ) G- ¢ = 5(VX ) - Gugr -

1
+§9(V¥Cn+1a o) - Cnr1 - Co - ¢ for all X € TF)
F

(comp. [BFGK91] for a similar formula in codimension 1).

We can apply this formula to the embedding
i Qp’q - (Rn+2a (- '>p+1,q+1) .

Ry z —y/—— 2
(T, )n2

Notice that we furnish R"*2 here with the usual scalar product (-,)p41,4+1. There is a natural

A

globally defined orthonormal frame field on the normal bundle of Q™9 in R"*2, which is given
by

Colz) = (x0,...,2p,0,...,0) and

Cori(z) = (0,...,0,2p41,..., Tnt1) for x € R"*2.

Let py(x) := 2 -v, v € Apti1,441. The spinor field ¢, is a twistor spinor in the spinor bundle
R™2 x Apy1 g1 on (R2 ()01 441). We denote

Polgpa = Por ® vy € T(Ann(Go + 1) & Ann(Go — C1))-
It holds
g(VE 0, Gnr1) = 0,
V§n+2Co = (z0,...,2p,0,...,0) = projrX,
VRHHQLH =(0,...,0,Zps1,- .., Tny1) =: projsX

for all X = (xg,...,Tnt1) € Ti(Qp’q) and

(CO + Cn+1)(x> ) SOU‘QAP,Q =T ’U‘QAP,Q =0 for all x € i(QAp’q)'
We obtain ¢,, = 0 and

n+2 P> 1 . 1 .
VX eulgre = VX u + [GproirX Go- pu = 5projsX - Gur gl
QPJI

p,a 1
= V¥ +5X G|
Qp,q

This shows that g(X, X)X - Vg%p’qgovl is independent for X € TQP4 with || X||? = £1 and we
can conclude that

Pur € T(Ann(Co + Cupr)) = T(S9™)
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is a twistor spinor on Q7 for any v € Apt1 g41-

In 2.1 we introduced in general the notations of development and holonomy representation for
flat Cartan geometries. Let (M™, ¢) be an oriented and conformally flat manifold with canonical
normal Cartan geometry (BSO(M),w). Let (M, &) denote the universal covering space of (M, c)
with induced flat conformal structure ¢. The manifold (M ,€) is conformally spin. Then we have
a development

5: GSpin(M) — GSpin(p,q)
| |
5: GSOM) — GSO(p,q)
~ ! !
M . M N Cpa

and a corresponding holonomy representation
kT (M) — GSO(p, q)

of the fundamental group of M"™ into the automorphism group GSO(p,q) of
(GSO(p,q),waso(p,g))- The manifold (M",c) is conformally spin if and only if x admits
a lift

R m (M) — GSpin(p, q)

with respect to A : GSpin(p,q) — GSO(p,q). The set of conformal spin structures on (M, c)
corresponds bijectively to the set of lifts of the holonomy representation x (comp. [Bau81]).

Theorem 2.4.1. — Let (M™,c) be a conformally flat spin manifold with development § and
holonomy representation k and let

i mi (M) — GSpin(p, q)

be a lift of k, which defines a spin structure fz on (M,c). Let V. C Apiq1 41 be the mazimal
subspace, on which the representation k acts trivially. Then every v € V gives rise to a twistor
spinor @, on (M,c, fz). In particular, the space T (M™, c, fz) of twistor spinors on (M,c, f)
and the space V have the same dimension.

PROOF. Let 6M : (M , E~) — (P be the development, which induces the holonomy representation
k. The development 6 lifts to a bundle morphism

§M . E(M, &) — E(CP9)

of the conformal spinor bundles. Let v € V' be arbitrary, ¢, the corresponding parallel section
in E(CP%) and let @, be the parallel section in E(M,é) such that 62 (%,) = . Since &
acts trivially on V', the parallel section @, projects to a parallel section ¢, := m.@, in E(M, ¢, fz).

Conversely, let ¢ be a parallel section in ]E:’(M7 ¢, fz) and @ its lift to E(M, ¢). Then, it exists
a unique spinor v € V such that 1, = 6M($). The fact that parallel sections in E(M,c, fz)
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correspond bijectively to twistor spinors on (M, ¢, fz) proves the theorem. O

It is well-known that a twistor spinor on the Riemannian sphere COn = S™ has at most one
zero (comp. [Lic88]). This observation leads to the following corollary of Theorem 2.4.1, which
is a result of W. Kiihnel and H.-B. Rademacher, proved in [KR97¢]:

Corollary 2.4.2. — Let (M™,g) be an oriented conformally flat Riemannian spin manifold
with holonomy representation

k:m (M) — SOT(n+2,1).
Then (M, g) admits a twistor spinor with zero if and only if the following conditions are satisfied:
(1) The holonomy representation K fizes a point p € Con = gn.
(2) The linear holonomy representation ks, in p € Con s orthogonal:

Kyp 2 T (M) — SO(n).

(3) The linear holonomy representation k., has a lift
Ryp : T (M) — Spin(n)
with respect to .

(4) The representation R, acts trivially on a non-trivial subspace V' of the spinor module A p,.

ExXaAMPLE A. We construct the twistor spinors on the Mobius spheres CP? for 1 < p < n—1. The
two-fold covering space CP'? of CP*? is simply connected and consequently, it holds 71 (CP?) = Zs.
The corresponding holonomy representation is given by

kK: Zo —SO(p+1,q+1).

+1 — £
Let
1 .
v = §(fo — fot1) i o (fo+ fut1) € Spin(p+1,¢ +1).
It holds A(y) = —I,+2. The holonomy representation x admits a lift to Spin(p+1,¢+ 1) if and

only if v2 = 1, which is equivalent to the condition
n=2mod4, k=1mod?2 or n=2mod 4, k=0 mod 2.

If this condition is satisfied then there are two conformal spin structures on CP4, which are
characterized by the following two lifts of the holonomy representations

Fg Zo — Spin(p+ 1,9+ 1),
{1,-1} — {17}
F_ : Zo — Spin(p+1,q+1).

{1,-1} — {L—}
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Moreover, the spinor module A, 441 splits into a positive and a negative part

A+ -
Aptig+1 = Byt g1 BB g

It holds

VA gt C A g and Y AL AT
We define

Vi = {v+yw:ve A;;rl,qﬂ} C Aptirg+1 and

Vo = {o—quive At 0} CApgn

The spaces V and V_ are the eigenspaces of 7 to the eigenvalues 1 resp. —1, i.e. Ky acts trivially
on V., whereas £_ acts trivially on V_. Since dim¢ V4 = dim¢ V_ = %dim(c Aptig+1 = olz1 it
follows that on (CP4, fz, ) and (CP9, fz_) there exist 2l2] linearly independent twistor spinors.
This is one half of the maximal dimension d,,.

ExaMPLE B. In the Lorentzian case, when p = 1, it holds
) (C«l,nfl) -7 and Hl(él,nfl?Z) = Zo.

This implies that two conformal spin structures exist on Ctn=1 The natural one is induced
by the embedding i of Clr=1 in R*22+1 and admits a space of twistor spinors of maximal
dimension. On the other side, it can be shown that the space Ct7=1 furnished with the non-
natural’ conformal spin structure admits no twistor spinors.
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3 Zeros of conformal vector fields and twistor spinors in
Lorentzian geometry

In this section we ask for the shape of the zero set of a twistor spinor on a Lorentzian spin
manifold. To solve this problem we investigate the associated conformal vector fields of twistor
spinors with zeros. Twistor spinors with zeros are 'true’ solutions of the twistor equation and
the associated conformal fields are essential.

3.1 Some preliminary remarks on essential conformal vector fields

Let (M, g) be a semi-Riemannian manifold of dimension n > 3. A vector field V € I'(T'M) is
called conformal if the Lie derivative of the metric g in direction of V satisfies

Lyg=2a-g

for some C'*°-function a on M,'. In particular, Killing vector fields on (M}, g) are conformal.
A conformal vector field V is called essential if V' is not a Killing vector field with respect to
any metric § in the conformal class [g] on M. Locally, every conformal vector field V' without
zeros is a Killing vector field with respect to some conformally changed metric §. Hence, in
order to get informations on essential conformal vector fields, it is necessary to investigate the
behaviour of conformal fields and curvature properties of the underlying manifold in the near
of the set zero(V).

Essential conformal fields on a Riemannian manifold have been investigated by Obata, Lelong-
Ferrand and Alekseevskii (see e.g. [LF71], [Oba70] and [Ale72]). In general, a conformal trans-
formation f on (M™, g) with fixed point p € M™ admits the following local expansion in geodesic
coordinates around p (comp. [Ale72]):

1
f@) = Az + (@, ) Az = Sz, 7)€ + o(a?),
where A = df (p), & = grad(2)\)(p) and f*g = e**g. Using this expansion formula one can prove
that if an essential conformal field V' is complete, i.e. there exists a one-parameter group ®)
of essential conformal transformations on (M",g), then (M™,g) is globally conformal to the
Euclidean space R™ or to the standard sphere S™ (see [Ale72], [Yos76]).

Conformal maps and conformal vector fields were also intensively studied in pseudo-Riemannian
geometry, especially in General Relativity. We mention here some papers and results concerning
conformal vector fields with zeros. W. Kiihnel and H.-B. Rademacher investigated conformal
gradient fields on pseudo-Riemannian manifolds in [KR95] and [KR97b]. A conformal gradient
field with a zero is an essential conformal field. They proved that the zero set of a conformal
gradient field is discrete and the manifold is conformally flat in a neighborhood of a zero. They
also obtained global results for pseudo-Riemannian manifolds admitting conformal gradient
fields with zeros.

In general, the zero set of a conformal vector field on a pseudo-Riemannian manifold (M;}, g) is
neither discrete nor a submanifold. But in case that a conformal vector field V' is linearizable,
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the connected components of zero(V') are submanifolds of (M}, g). A homethetic field V' is al-
ways linearizable. The connected components of zero(V') are then totally geodesic submanifolds
and if V' is not a Killing vector field they are even totally isotropic submanifolds. Several results
on the question when an algebra of conformal fields on a space-time reduces to an algebra of
homothetic fields or when a single conformal field is linearizable can be found in [Hal90], [HS91]
and [HCB97|. For these problems the algebraic properties of the Weyl tensor W and the confor-
mal 2-form F = dwy, wy := g(V,-), in a zero of the conformal vector field V play an import role.

Now, let us consider a semi-Riemannian spin manifold (M;‘, g), which admits a twistor spinor
¢ € I'(S). The associted conformal vector field V,, has the properties:

(1) zero(V,) C zero(p) and
(2) VV,(p) =0 for all p e zero(yp).

In case that Vi, is not trivial and admits a zero in p € M the property VV,(p) = 0 implies that
V., is an essential conformal field. But this property also implies that V,, is neither a gradient
field nor a linearizable field.

On a Riemannian spin manifold (M™,g) the zero set of a twistor spinor is always discrete.
However, W. Kiihnel and H.-B. Rademacher proved in [KR94] using the expansion formula of
Alekseevskii on essential conformal fields that a Riemannian spin manifold (M™, g) admitting a
twistor spinor with zero, whose associated conformal field does not vanish, is conformally flat
(see Theorem 1.3.4).

On a Lorentzian spin manifold (M7, g) it holds in general
zero(V,,) = zero(yp)

for the zero set of a twistor spinor ¢ and its associated conformal field V,,. This fact is a
special feature of Lorentzian spin geometry. We will investigate in the following the zero
set of conformal fields on arbitrary curved Lorentzian manifolds, which satisfy the condition
VV,(p) =0 for all p € zero(yp). Our main result states (see Theorem 3.3.2):

The zero set of a conformal vector field V. on a Lorentzian manifold satisfying the condition
VV,(p) =0 for all p € zero(yp) lies locally on a single lightlike smooth geodesic.

However, in the Lorentzian setting the only known examples of such conformal vector fields
with zeros live on conformally flat spaces.

EXAMPLE. Every conformal vector field on the (pseudo)-Euclidean space RP? := (R", (-, )pq)
of index p is of the form (see [Sch97])

V(z) = 2(x,b)pqr — (2, 2)pqb+ Az +wx + ¢,
where b,c € RP? X\ € R and w € o(n, k). A conformal vector field of the form

W(x) = 2(x,b)p qx — (x,x)pqb, bFDO0,
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is essential, since W (0) =0 and VW (0) = 0. It is
zero(W) = (b* N LP9) U {0},

where LP? := {z € RPY|(x,x)pq = 0, x # 0} is the lightcone in RPY. Let A, , be the usual
complex spinor module. The twistor spinors on RP”:? are given by

)=z -v+w, v,wedl,,,
and the associated conformal field to a twistor spinor 1 (z) = x - v with a zero in the origin is
n
Vo = 2(x, by)p gt — (T, 2)pgbvs by = —(—i)Pt! Zaj (v,ejv)a€5.
j=1
Let us consider the Lorentzian case. There are three kinds of conformal vector fields of the form
Wb(x) = 2<1’, b)l,n—lx - <x7x>1,n—1b7 b 7é 0,

on the Minkowski space RU"~! corresponding to the causal character of the vector b. In case
that b = by is a spacelike vector the zero set

zero(Wy,) = (b n LYYy u {0} = Lt LU {0}

is not a submanifold of R%™~1. Tt holds Wj, (0) = 0, VW, (0) = 0 and VW,,_(x) # 0 for all
x € zero(Wy,)\{0}. In case that b = b; is a timelike vector we have

zero(Wp,) = {0} and VW, (0)=0.

In the third case, when b = b; is lightlike, the zero set is identical to the lightlike straight line
R - b in RV~ and it holds VW, (z) = 0 for all o € zero(Wy,) = R - b;. Let

Vo(z) = 2(x, by)1n—12 — (2, 2)1 n—1by, by := Zq(v, e;v) ALy,

be the associated conformal field to the twistor spinor ¢, (z) =z -v, v € Ay -1, on R We
know that the map

0 Ay — JTi={r e R N (z,2)1, 1 <0, (z,e1)101 > 0}

v +— by,
is surjective, i.e. up to a sign every conformal field V on R»"~! satisfying the property

VV(p) =0 for all pe€ zero(V)

is associated to a twistor spinor ¢ =z -v, v € Ay 1.
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3.2 Some properties of the lightcones in Lorentzian geometry

We will prove in this part three propositions on elementary properties of lightcones in a
Lorentzian manifold. The propositions will later enable us to prove our result on the shape
of the zero set of conformal vector fields. We will use in the following some notations and
facts concerning causality properties in Lorentzian geometry, which can be found in a detailed
manner in [BEE96].

Let RV~ := (R™, (, )1,,—1) be the n-dimensional Minkowski space. We denote by
Ly = dr e RV (2,2)1, 1 =0, x # 0} c RV!

the set of lightlike vectors in the Minkowski space R!"~! and we call L'"~! the lightcone
of Rb*~1. The lightcone L» 1 is a submanifold in RM~1 of codimension 1. The tangent
space ;L' at every point | € L™~ ! is lightlike that means the restriction of the metric
(-, )1n—1 to T,L}™~1 is degenerate. The line R-{ is the only totally lightlike subspace in T; L1~ L.

Let (M7, g), n > 3, be a n-dimensional Lorentzian manifold. Let L, denote the lightcone in the
tangent space T, M{" at p € M{* and let

exp, : Dp C T, M{* — M7

be the exponential map in the point p € M{', where D,, is the maximal domain of definition,
which is an open starshaped neighborhood of the origin 0 € T,,M. We define the lightcone £,
at p € M7 to be set

Ly, := exp,(DyN Ly) C MY,

i.e. L, is exactly the set of points that can be connected with p by a smooth lightlike geodesic.
In general, £, is not a submanifold of M7".

A convex set U in M7 is an open set, which has the property that for any two points p,q € U
a unique C*°-geodesic 7p,(t) exists such that

Yq(0) =p,  we(1)=gq and  ,([0,1]) C U.

We remember that every point in a Lorentzian (semi-Riemannian) manifold admits a convex
neighborhood. The quadratic distance function

M.uxu — R
(:a) = gll? = 9(754(0),75,(0))

is a well defined and smooth function on the convex set U. On a time-oriented open set U
a causal vector 0 # v € TU, g(v,v) < 0, is either future directed (1-vector) or past directed
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(l-vector). We define the following subsets of a time-oriented convex set U C M{* to p € U:

It(p,U) = {qeU: ||')/1’Dq||2 <0, 7,(0) a T —vector}
I~(p,U) {geU: ||7]'3q||2 <0, 'y]’Jq(O) a | —vector}
FHp.U) = {g€ U [yl <0, 1,(0) a 1 —vector} U {p}
J(0,U) = {g€U:|lyl* <0, 7,(0) a | —vector} U {p}
EPU+ = {qeU:|p,l* =0, 7,(0) T —vector}
£, = {g€U:|lyll* =0, 7,(0) | —vector}
Vo= cUuch

The sets I (p,U) and I~ (p,U) are open and it holds (comp. [BEE96]):

JE(p,U) = cy(I*(p,U))
LV = (I (p,U)) ~ {p}
LY c L£,nU.

Notice that if ¢ € I (p,U) then J*(q,U) C It(p,U) and if ¢ € J*(p,U) then I (q,U) C
It(p,U) (see [Pen72]). Furthermore, since U is convex, there exists an open set V,, C T, M such
that exp,, : V;, — U is a diffeomorphism. Then it holds

Eg = exp,(Vp N Ly)

and Lg is a submanifold in M7 of codimension 1. From the Gauss lemma it follows that the
induced symmetric bilinear form of g on Tﬁg is degenerate in every point [ € Cg .

In the following we denote by I'm<y the image of a smooth curve «y in M]'. Here is the first of
the announced propositions.

Proposition 3.2.1. — Let U C M be convex and p,q € U, p # q. For the intersection
qu = Eg N Egj of the lightcones to p and q one of the following assertions is true:

U _
(1) qu - ®7
(2) LY, #0, [|[,l1* # 0 and LY, is a (n — 2)-dimensional spacelike submanifold of M,

(3) LY #0, |v,lI* =0 and LY, = Imy,q NU s a 1-dimensional, totally lightlike submanifold
of M.

PROOF. Suppose that LY, # ) and ||v),[|> # 0. Then we have

Ao (1) (1) for all 1€ LY,
i.e. the two vectors are not parallel, which implies

(1) ¢ [LY  forall e L)
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Hence, the submanifolds Lg and Egj in M[* are transversal and qu is a (n — 2)-dimensional
submanifold in M7'. The tangent space T;(L5,) = Ti(LY) NTi(LY) is spacelike for every | € L.

Suppose now that qu # 0 and ||y, /> = 0. Obviously, it holds Im~yp, NU C qu and we observe
that in a convex set on a Lorentzian manifold there are never lightlike triangles, which means
that if p, ¢, € U and ||7,,||1> = |7, = [|7}.|* = 0, then r € Imy,g N U. We can conclude that
Imryp, NU = qu holds. O

Proposition 3.2.2. — Let p € M{". Then ezists a neighborhood U(p) of p contained in a
convex set U with the property that

U
Lo #0 for all q,r € U(p).

PROOF. Let U be a time-oriented convex neighborhood of p € M. It is a well-known fact that
in an arbitrary neighborhood V' (p) of p in U, there exist points u,v € V(p) such that the open
set (lu,v))y := It (u,U) NI~ (v,U) is a neighborhood of p in V(p):

p € (lu,vjuy cV(p) cU

(see [Giin88] p.15 or [Fri75]). So let V(p) C int(U) be a relative compact neighborhood
of p and a,b € V(p) such that p € (la,b])y C V(p). We show that the neighborhood
U(p) := (|a,b|)y C U has the desired property.

First, suppose that ¢, € (Ja,b|)y and ||7},.[> > 0. We consider the geodesic vg. It holds
741> > 0 and ||y, [|*> < 0. For continuity reasons it follows the existence of ¢ € [0,1],

b= vg(t), with [ |12
H*y%rg(f)qHQ = 0. It follows 7,;(f) € £L..

= 0. Furthermore, for the same reasons one can find ¢ € [0, 1] such that

Suppose now that ¢,7 € (|a,bl)v, |7,,/I* < 0 and ~/,.(0) a T-vector. The set cly(({|a,r|)v) C U
is compact. Let v : 1, qU — U be an arbitrary maximal lightlike T-geodesic in U with 4(0) = q.
Since ¢ € I (a,U) and v4(t) € JT(q,U) for every t € IV NR,, it holds

Iy NRy) € It (a,U).

The set fyq(Ig N Ry) is not contained in a compact subset of U and therefore, it exists a
t € IV NRy with v,(t) ¢ J~(r,U) and H*yq’wq(t)HQ > 0. But then also ¢ € IJ N Ry exists such
/ 2 . . . U

that H’qu(,g)H = 0, which implies £, # 0.

Obviously, it is LY. # 0 for ¢,r € (|a,b|)y with [4,,[|* = 0. O

Proposition 8.2.3. — Let N' C M7 be a 1-dimensional, spacelike submanifold. Then an open
set Uy C M7 exists with the property that for every point r € Uy there are lightlike vectors

vp ffw, € T,M  with exp,(v.),exp,(w,) € N.
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This proposition is not true in general for a lightlike, 1-dimensional submanifold N* ¢ M?. To
prove it we need some preparation.

Lemma 3.2.4. — Let U C M} be a time-oriented convex set, r € U and a,b,c € LU points
in the lightcone of the past such that

sl IGell®  and |17 > 0.
Then there exists in every neighborhood U(r) of r a point 7 € U(r) such that

a,be I (7F,U) and c¢J (F,U)UJT(F,U).

Proor. Itisr € LY =LYV N Eg NLY # 0. For every 7 € Egbc the lightlike vectors

abc
Yor(1), 7+ (1)  and  4L:(1) € T M7
are not pairwise parallel by assumption and thus they are linearly independent. It follows
T L, = Span{y:(1), v )} ¢ (v (1) F = ToLY

and the submanifolds £ and LY, of M7 are transversal. Hence, £Y  is a submanifold in £Y,
of codimension 1. This implies the existence of a C>®-curve a : (—4,8) — LY, C M} with
a(0) = r and o/(0) ¢ T,LY, i.e. the curve « intersects the lightcone LY at the point 7. Then
there must be ¢ # 0 such that ¢ ¢ J~(a(f),U) U J*(a(f),U). Since a(t) € LY, we can find a
point 7 € I'*(a(t),U) in the near of a(#) such that ¢ ¢ J= (7, U) U J¥(7,U) and a,b € I~ (7,U).
By construction the point 7 can be chosen arbitrary close to r. |

We use the following notation. Let a,b,r € U points in a convex set such that
# ({a,b}NI"(r,U)) =1
# ({a,0} N (I~ (,U)UT*(r,U)) ) = 1.

Then we call » € U an (a, b)-separating point in U.

Lemma 3.2.5. — Let U C M7 be a time-oriented convez set, r € U and ay,a2,by,be € I (r,U)
such that

95,17 >0 for all x,y € {a1,a2,b1,b2}, x#y.

Then there exists a point s € U, which separates the pairs (a1, az) and (by,ba) in U.

PRrOOF. We consider the geodesic 7q,,. There are real numbers t,,, t5, and t,, € (0,1) such that

U-

T € E’Yalr(ta:)

for all x € {ag,b1,b2}.

In case that one of the numbers ¢,,,t;, and t;, is greater then the others, it obviously exists
t < max{ta,,t, ,ts, } such that for # := v,,,(f) the condition

#( {al,ag,bl,bg} ﬁI*(f,u) ) = #( {al,a2,b1,b2} N (Jf(f, u) U J+(f, u) ) =3
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is satisfied. By Lemma 3.2.4 we can also find a point ¥ € U, which satisfies this condition for
the case when t,, = t5, = t5,. In case that two of the numbers ¢,,,%,, and ¢, are equal and
greater then the third, Lemma 3.2.4 is all the more applicable. Altogether, we have in any case
a point 7 € U such that after eventually changing the notation

ay,by,bp € I7(7,U) and a2¢J_(F,U)UJ+('F,U).

With the same procedure as before applied to the points {aj,b;,bo} and the geodesic 74,7, it
follows the existence of a point s € U such that

ai,by € I"(s,U) and by ¢ J (s,U)UJV(s,U) or
ai,by € I7(s,U) and by ¢ J (s,U)UJV(s,U).
Obviously, the point s can be chosen such that as ¢ J~(s,U) U JT(s,U) is still satisfied. O
PROOF OF PROPOSITION 3.2.3. Let U C M7* be a convex set and s € U C M7" such that
N'NI~(s,U) #0.

Since N! is spacelike, there is a spacelike C*®-curve « : (—=1,1) — NN I~ (s,U). An easy
consideration shows that there are real numbers 1, to, t3 and t4 € (—1,1) with t; < to < t3 < ty4,
such that

H’Y&(t1)a(t2)”27 |’71/X(t3)a(t4)H2 >0 and
IV I? >0 for all & € a([t1, t2]), y € a([ts, ta]).

From Lemma 3.2.5 it follows the existence of a point § € U, which separates the pairs
(a(t1), (t2)) and (a(t3),a(ts)) in U. Moreover, there is a neighborhood Uy of § such that
every point § € Uy separates these pairs in U. This shows for every § € Uy the existence of
points

UERS Eg_ N a([t17t2]) and Ys € Eg_ N a([t37t4])‘
Since ||, > > 0, it follows +%, (0) ¥ 74, (0). O

3.3 The zero set of a conformal vector field

Let (M7, g), n > 3, be a n-dimensional Lorentzian manifold and let V' € I'(T'M}") be a conformal
vector field, i.e. it holds

Lyg=2a-g

for some function a € C*°(M7"). A conformal vector field V on a connected Lorentzian manifold
M7 is uniquely determined by the values of

Vizo), VV(z,), «afzo) and do(z,)
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at some point z, € M7'. In particular, if V' vanishes on an open set in a connected manifold
M7 then V =0. Let " : AY C R x M} — M denote the maximal local flow of the conformal
vector field V, i.e. for every point p € M{" the map

o (p) =@V (t,p), tel==A"N(Rx{p})

is the maximal integral curve of the field V through p € M7. In case that the flow ®" is defined
on an open subset W C M} for all t € (—¢,¢), € > 0, the mapping

oY W — @Y (W) C M}

is a conformal diffeomorphism for every ¢ € (—¢,¢). The zero set of the conformal vector field
V is denoted by zero(V'). The property VV (p) = 0 in p € zero(V) for a conformal vector field
V implies that

d®) (p) =id|p,n  for all t € I,

Lemma 3.3.1. — Let V be a conformal vector field on a Lorentzian manifold M{" and p € M7
a zero of V. with VV(p) = 0. For every point ¢ € L, and every lightlike smooth geodesic
7 :[0,1] = M7, 4(0) = p, ¥(1) = g, it holds

Vig) || (1) e T,M  or  V(g)=0.

PRrOOF. Let W, be an open neighborhood of the compact set v([0,1]) C M} and ¢ > 0
such that the flow ®} on W, is defined for every ¢t € (—¢,¢). Because ®} : W, — M7 is a
conformal transformation for ¢ € (—¢,¢), every C>®-curve 7; := ®} o7y : [0,1] — M7 is a lightlike
pregeodesic in M{" with ~;(0) = p. Since

d®} (p) =id|r,m  forall t € (—¢,e),

it holds ~;(0) = +/(0) for all t € (—¢,¢), which implies the existence of a smooth function
A:(—e,e) — R with

@) (q) = (1) = exp,(A(t)7'(0)).

It follows V(q) = %}tzo ®Y (q) = N (0)y/(1). O

REMARK. Let us call a point ¢ € M7 lightlike conjugated to p € M]* if there exist lightlike
C*°-geodesics

% [0,1] = MP" with (0) =p, (1) =¢q  for i=12,

such that v{(1) } 75(1). Then we denote by lc(p) the set of lightlike conjugated points to p in
M7 Lemma 3.3.1 implies that if p € M[' is a zero of a conformal vector field V on M{* with
VV(p) = 0 then

le(p) C zero(V).

With the results of 3.2 we can prove
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Theorem 3.3.2. — Let 0 £V be a conformal vector field on a connected Lorentzian manifold
M7 with the property VV (p) = 0 for all p € zero(V'). Then there exists for every p € zero(V)
a neighborhood U(p) C M7 and a lightlike C*-geodesic v, such that

zero(V)NU(p) C Imy, NU(p).

PROOF. From Proposition 3.3.2 it follows the existence of a neighborhood U(p) of p, which is
contained in a convex set U, such that

U
Ly #0 for all ¢,r € U(p).

Suppose that there are points ¢, € zero(V) N U(p) with [|7/,[|* # 0. Then we have
V() k(1) forallle £l

and by Lemma 3.3.1 it follows V() = 0 for all [ € L'([{T. Proposition 3.2.1 says that Eg]T C zero(V)
is a spacelike submanifold of M[*. In particular, a spacelike curve in Eng exists. But then
Proposition 3.2.3 together with Lemma 3.3.1 shows the existence of an open set Uy, C zero(V).
This is not possible, since we have assumed that M7 is connected and V' # 0. We can conclude
that

H’y(/]rH2 =0 for all ¢, € zero(V)NU(p).

We mentioned already that lightlike triangles do not exist in a convex subset of a Lorentzian
manifold. Hence, the set zero(V) N U(p) must be contained in the image of a single lightlike
C°°-geodesic 7. 0

On the Minkowski space R1""~! we know from the explicit form of the conformal vector fields
given in the beginning of this section that the zero set of a conformal vector field V' with

VV(p)=0 for all p € zero(V)

is a lightlike straight line or a single point. The statement of Theorem 3.2.2 for arbitrary
curved Lorentzian manifolds is a bit weeker, since it could happen that a zero of a conformal
vector field of the considered form does not lie on a lightlike geodesic, where the conformal field
vanishes, but also is not isolated in the zero set.

We can prove a more global version of Theorem 3.3.2.

Theorem 3.3.3. — Let M7 be a connected Lorentzian manifold and V € T'(T' M) a conformal
vector field. If p,q € zero(V') exist with lightlike tangent vectors v, € TyM, vq € Ty(M) such
that

(1) rg(dexp,(vp)) = rg(dexp,(vq)) = n
(2) 7= exp,(vpy) = exp,(vy) € M7

d d
(3) & ‘t:l exp, tup ff % ‘t:l exp, tvg
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then the conformal vector field V' vanishes identically.

PrROOF. The three assumptions imply the existence of neighborhoods V,, C T, M of v, and
Vyq CTyM of v, such that

L1:=exp,(V,NL,) and L3:=exp,(VyN L)

are transversal submanifolds of codimension 1 in M7{'. Hence, W), := L1 N Ly is a spacelike
submanifold of M{'. With the same arguments as in the proof of Theorem 3.3.2 we can conclude
that V' =0 on M. a

3.4 The zero set of a twistor spinor

A twistor spinor ¢ on a Lorentzian spin manifold (M7, g) induces the conformal vector field V,,
on M7, which is locally defined by

n

VQO = Z €i<§0; Si90>53i7

%

where (s1,...,Sy,) is a local orthonormal frame on M. We mentioned already the following two
important properties of V,,. It holds

(1) zero(Vy,) = zero(y) and
(2) VV,(p) =0 forall p € zero(V,,).

We want to apply the results of 3.3 to twistor spinors and its zero sets. Let us consider a smooth
geodesic (t) on a Lorentzian spin manifold M{* admitting a twistor spinor ¢ € I'(S). We denote
by I'm~y the image of the geodesic v in M{'. Let p € Im~y. The set U, := expp(Dp) C Mj'is a
time-orientable neighborhood of I'm~y in M{'. Furthermore, let {fi(t) : i =1,...,7}, r = olz],
be a parallel translated basis field of S along the geodesic (), i.e.

Vs/fiz() for all i € {1,...,r}.
We choose on U, a time-orientation and define the functions

ui(t) = (p(y(D), fily(®))s  forie{l,....r}.

It holds
o = W) =(V3e fi)s = =~ Dg, fi)s,
d?u; 1 1
> = V() =—=(V5(y Do), fi)s = —=(v - K(®)e, fi)s
dt n 2
1 .
= —§<¢,K(7')-7'fi)g foralli e {1,...,r}.
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For the vector function U (t) := : we obtain the linear differential equation system
ur(t)
1
U'=—--C-U,
2
where C(t) € (r,C) is the complex matrix function of the endomorphisms

~

5€ 8y — K() -7 (t)s € Sy with respect to the basis {f;(t) :i=1,...,7}.

Lemma 3.4.1. — Let M} be a Lorentzian spin manifold, ¢ € I'(S) a twistor spinor on M},
p € zero(p) and v,(t) a C*®-geodesic on M{" with v,(0) = p.
(1) If 7,(0) - Do(p) = 0 then Imry, C zero(p).
(2) If v,(0) - Do(p) # 0 then there exists a neighborhood U(p) of p with
zero(g) N Imyp (U (p) = {p}.
PROOF. Let us consider the second order ODE

1—
U'=—-=C-U
2

with initial conditions U(0) = 0 and u;(0) = —2X(v/(0) - D(p), fi)s for the functions

n

wi(t) == (p(y(t)), fi(y(t)))s with respect to a parallel frame {f;(¢)}. If 4/(0) - Do(p) = 0 then

U(0) = U’(0) = 0, which implies that U = 0 on Im~,. If 4/(0) - De(p) # 0 then U’(0) # 0 and

p € zero(y) is isolated on the geodesic . O

Definition 3.4.2. — Let M{* be a Lorentzian spin manifold, ¢ € I'(S) a twistor spinor and
Wi{teR: tv, € D} — My, v, € T,M,

a mazimal geodesic such that Imry, C zero(yp). Then the set Imy, is called a zero set geodesic

of v.

Obviously, the image Im~y of a maximal C°°-geodesic v in M{" is a zero set geodesic to a twistor
spinor ¢ # 0 if and only if there exists a point p € Im~y N zero(y) with 7' - Dy(p) = 0.

Theorem 3.4.3. — Let M}' be a connected Lorentzian spin manifold and 0 # ¢ € T'(S) a
twistor spinor on M7
(1) Every zero set geodesic to ¢ in M7 is a totally lightlike, 1-dimensional submanifold of M7*.
(2) Every zero set geodesic Im~y of ¢ is isolated, i.e. there exists an open set U(7y) such that

zero(p) NU(v) = Imn.

(3) The set zero(yp) is the countable union of isolated points and isolated zero set geodesics:

zero(p) = | Imy; U [ {pi}-

1EN 1EN
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PROOF. By Theorem 3.3.2, it exists a time-oriented neighborhood U (p) of p € zero(y) and a
C*°°-geodesic vy, with

zero(p) NU(p) = zero(Vy,) NU(p) C Imryy,

where V,, is the associated conformal field to ¢. Moreover, from Lemma 3.4.1 it follows the
existence of an open neighborhood U(p) C U(p) of p with

zero(p)NU(p) = Imy,NU(p) or
zero(p) NU(p) = {p}.
This proves that every zero set geodesic Im~y of ¢ is a submanifold in M{* and Imy is isolated.

In particular, the third assertion follows with the second countability axiom.

It remains to prove that a zero set geodesic is lightlike. So let us assume that I'm is a zero set
geodesic. It holds 7/ - Dp(p) = 0 and Dp(p) # 0 for p € Im#y. This implies ||7/]|?> = 0. O

One should notice that Theorem 3.4.3 is not a direct consequence of Lemma 3.4.1, which is
proved only by using spinor calculus, since we also used Theorem 3.3.2 for conformal vector fields.

For arbitrary vectors X,Y € T),M{* the mapping
seS, — XY -seS,

is a complex linear endomorphism. Let w € S, be an eigenspinor of X - Y to the eigenvalue
¢ # 0. We have

9(X, X)g(Y,Y)

XY w=cw, YX w= w=(—c—29(X,Y))w and

c= _Q(Xv Y) + \/g(X7 Y)2 _g(XvX)g(Y7Y) cC.

If there is in addition a spinor v € S, with XYv = 0, then ¢g(X,X)g(Y,Y) = 0. Hence, the
endomorphism XY € End(S,), X,Y € T,M, has at most the eigenvalues

cy = —g(X,)Y)+/g(X,Y)?2 - g(X, X)g(Y,Y),
- = —g(X,Y)—\/g(X,Y)Q—g(X,X)g(KY).

Moreover, the endomorphism X -Y € End(S),) has no positive eigenvalues if and only if
g(X7Y)2_g<X7X)g(Y7Y)<O or
IX[1* - [IY]* >0, ¢(X,Y)>0.

Proposition 3.4.4. — Let M] be a Lorentzian spin manifold with VRic = 0, ¢ € I'(S) a
non-trivial twistor spinor on M{', p € zero(y) and ~,(t) a C*-geodesic with v,(0) = p and

Yp - Dop(p) # 0. If
9 K1) = 9 p) - 9(K (), K (7)) <0 or

IVl 1K (y)II? >0, g(vy, K (7)) =0,
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then Im~y, N zero(p) = {p}.

PRrROOF. Let {fi(t) :i=1,...,7} be a parallel basis field along v,(t). From VRic = 0 it follows
that the scalar curvature R is constant and therefore VK = 0. Then

Yol K (V) fis fids = 0,

i.e. the matrix function C(t) = C is constant and it exists a parallel eigenspinor field s(¢) on
I'm~y, such that the function us(t) := (p(7p(%), s(t))s # 0 satisfies

dPug(t)  1_
a2z 2ot

where ¢ € C is a constant eigenvalue of C'. Hence, the function ug is of the form

us(t) = A - <6V‘5” - e‘V‘é"t), A#0.

If ug(t) = 0 for t # 0 then y/—3¢ € iR and thus ¢ > 0. But K(v,)7, has no positive eigenvalues
and therefore, such a t # 0 does not exist. O

Proposition 3.4.5. — Let M{" be a Lorentzian Einstein spin manifold, 0 # ¢ € I'(S) a twistor
spinor on M7, p € zero(p) and y,(t) a C*-geodesic with v,(0) = p and v, - De(p) # 0.

(1) If g(vp, ) - R <0 then zero(p) N Imy, = {p}.
(2) If g(vp, ) - R >0 then

n-m R-g(v, )
zero(p) N Imy, = {vp(T)ln € N}, d= Wili’

i.e. the zero set is periodic on Imyp.

PRrROOF. On an Einstein space the Schouten tensor K equals W}L)id and therefore

, Reg(vn)

The first assertion is a special case of Theorem 3.4.4. If g(fy:;, fy]'j) - R > 0 then the solution of

v B9y ) e
dn(n—1) : ’

is given by

R- /o~
U = sin(dt) - U'(0), d= ,/M.
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This proves the second assertion. O

There is an easy consequence of Proposition 3.4.5. Let M be a Lorentzian Einstein spin
manifold admitting a twistor spinor ¢ # 0 and let p, ¢ € zero(y) be zeros, which do not lie on a
common zero set geodesic of ¢. By Proposition 3.4.5 there are no isolated zeros in the lightcones
L, and L,. Moreover, zero set geodesics can not intersect. It follows that the intersection £,NL,
of the lightcones to p and ¢ must be empty:

LyNLy=10.
ExaMPLE. The even-dimensional pseudosphere
gh2n=1.— {z € R1’2"|<x, T)19n = 1}

is a totally umbilic hypersurface in R1?”. The spin structure on R2" induces via the canonical
embedding a spin structure on S%2"~!. The zero set of a twistor spinor ¢ on R?" is empty,
a single point or a lightlike straight line. The restriction ¢|g1,2.-1 to the totally umbilic hyper-
surface S12"~1 of a twistor spinor ¢ on R?" is again a twistor spinor (comp. e.g. [Bau0OOb])
and the zero set zero(p|gi2n—1) = zero(p) N S1?"~1 is also empty, a single point or a lightlike
geodesic (that is a straight line in S127~1 c R12"). We consider now a twistor spinor ¢|g1.2n-1
on SH2"~1 with ey € zero(p|g11) and the spacelike geodesic v(t) = cos(t)es + sin(t)es. It is

d:\/%:%andinfact we have
Ten

v(t) € zero(p|gr2n—1) if and only if t=2mr-n = —

This is in accordance with Proposition 3.4.5. Let us consider now the universal covering
7.8t ghl

with induced metric gg , and induced spin structure. The space Sl s geodesically complete
and conformally flat. Every twistor spinor ¢ on S! is induced by a twistor spinor ¢|g1,1 on
S11 via the condition

(@) = ¢lg11.

If p|g11 on S admits a zero or a zero set geodesic, then ¢ on Sb1 admits infinitely many zeros
or zero set geodesics. The product R x S™! with metric dt @ gg11 is a geodesically complete
and conformally flat Lorentzian spin manifold of dimension 3. The space of twistor spinors on
R x S has maximal dimension 4. Every twistor spinor ¢ on S™! can be extended to a twistor
spinor 1 on R x Sb! such that ¢|{0}X§1’1 = ¢ (comp. [BFGK91]). The space R x Sb! is an
example of a geodesically complete Lorentzian spin manifold of dimension 3 that admits twistor
spinors with infinitely many zero set geodesics.
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4 Further investigations of the twistor equation in Lorentzian
spin geometry

In 1.4 we presented in short the important facts and results for twistor spinors in Lorentzian

spin geometry, which have been worked out in the last years. Building upon these works, we

will go on here to investigate the twistor equation in Lorentzian spin geometry. The essential

ingredients to our investigations are the characteristic data of a twistor spinor ¢ consisting

of the length function (p,¢)s, the associated conformal field V,, its corresponding twist
wy A dw, € Q3(M) and the spinor field V,, - ¢.

In the first part of this section, we establish some results on twistor spinors ¢ in arbitrary
dimension for the case when the twist w, A dw, of the associated field vanishes and the lenght
function |p|? has no singularities. In the following parts we discuss the twistor equation in the
low dimensions n = 3,4 and 5. It turns out that we can describe the Lorentzian metrics in
dimension 3 and 5, which admit twistor spinors ¢ without ’singularities’. The classification of
half spinors without ’singularities’ in dimension 4 has been done already by J. Lewandowski
in [Lew91]. Nevertheless, we will recall this classification result and will extend the theory in
dimension 4. Moreover, in dimension n = 3,4 and 5 we can prove some statements on twistor
spinors with zeros.

4.1 Twistor spinors in arbitrary dimension

We start with some calculations in the spinor module A;,_; concerning the relation between
spinors and its associated vectors.

Lemma 4.1.1. — Let 0 # v € Ay 1, n >3, be a spinor and let x, = — Y ;- €;(v,e;v)ae; €
RV be its associated vector.

(1) The set £(Aq1,—1) of associated vectors coincides with the set of future-directed causal
vectors

Jr={zerR"™ 1 (2,2)1,-1 <0 and (x,e1)1,n—1 < 0}.

(2) If ||zo||* = 0 then z, - v =0 and (v,v)a = 0.
(8) If 2, - v = 6v for some § € C then § = (v,v)a € R and — (4, T)1,n—1 = (V,V)A.

(4) If y - v = dv for some 0 # y € R4"! and § € R then the vectors y and x, are parallel.

PROOF. (1) Let v = a ® ( (1) ) €A1 = ®[%} C? with (a,a) = 1. Tt is

w(1)=(1) w(1)=(1) = 7(1)-(%)
(comp. 1.1), which yields (v1,ejv1)a = +1 and

(v1,e;v1)a =0 for all ie€{2,...,n}.
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It follows that ¢(v1) = e1. Now, let vo = a ® ( _i ) Then

n(2)=(2) w(2)=(1) ma (1)=(7),

which implies that ¢(vy) € R(e; + e3). The spin group Spin™(1,n — 1) acts transitively on the
future-directed timelike unit vectors and also on the future-directed lightcone. Moreover, it
holds (v, e1v)a > 0 and £(v - sv) = |[v]|?A(s) o £(v) for all v € Ay ,,—1, s € Spint(1,n — 1) and
v € C. These properties show that for all z € J* there exist s € Spin*(1,n — 1) and v € C
such that z = £(v - sv1) or x = (v - sv).

(2) It is sufficent to prove that z,-v = 0 for the case that x, = e; +e2. To show this we calculate
the inverse image £~!(R(e1 + e3)). Let

v = E Aeyoem - WEL, o Em), Qey,..em € C,
(e1,em)e{£1}™

where m = [%], be an arbitrary spinor represented in the standard basis of Aj 1 (comp. 1.1).
It holds

e1 v = — Zaah_u,gm “U(E1y .y —Em) and
€9V = Z&“m gy e W(EL, o, —Em).
We obtain
<U7 61U>A = Z |a‘517--~75m’2 and <U7 €2U>A = Z —Em - |a517--~a5m|2'
Obviously, it is xz, € R(e1 + e2) if and only if (v,e;v) = —(v,eqv). The latter condition is

equivalent to
Qey,oemn1—1 =10 for all (e1,...,em—1) € {:l:l}m_l.

We can conclude that a spinor v with ¢(v) € R(e; + e2) has the form
vza@(i), a€®(C2.
m—1
Obviously, it holds (v,v)a = 0 and

(el+ez)-v:a®<(igl+gg)( —t‘ )) =0.

To prove the formulas in (3), it is sufficient to handle the cases when z, = e; and z, = e; + ea.
The case when z, = e + es is already proved. So let us assume that z, = e;. Then

Ty v = v and 1= (v,e1v) = (v, v),

which implies that § = (v,v) and —(xy, z,) = (v,v)2. With the equivariance property £(v - sv) =
|V|?A(s) o £(v) we can conclude that the formulas in (3) hold, whenever z, - v = v for some
deC.
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(4) Again, it is sufficient to consider the cases y = e; and y = e; + ey. First, we assume that
e1 v = £v. Then

(v,e;v)A = (e1v, e;e1vV)A = — (v, V) A for all i€{2,...,n}.

This shows that =, € R(e1). If (e; + e2) - v = 0. Then (v,e;v)a = —(v, e2v)a and this already
implies x, € R(e1 + €2). O

Remember that the Clifford multiplication of a spinor v by an arbitrary k-form w is defined as
W v = Z iy oo Eipw(€iy, s €0 )€ e €y .
1< <<t <n
Lemma 4.1.2. — Let 0 # v € Aq1,-1 be a spinor such that ||z,||> = 0 and let n € A be a
2-form with n-v =0 then z, 1 n=0.

PROOF. Since ||z,[|*> = 0, we may assume without loss of generality that x, = e1 +ea. Moreover,
in this case we know from the proof of Lemma 4.1.1 that the spinor v has the form

1 m—1

- 2

v—a®<_i), a€®(C.
i=1

Since (e1 + e3) - v = 0, we have

1 n
0=n-v = —n(e,er)eres-v+ 3 Zn(el +eg,ej)(—e1 +ez)ej v
7=3
+ Z n(e;, ej)eie; - v.
3<i<j<n
It holds

(—e1 +ea)e; v = —2(ej-a)®(1>

€1eg v = —U

1
eiej-v = (eiej-a)®<_l.>.

Since Re <Z3<i<j<n n(ei, ej)eie; - a, a) = 0 (positive definite scalar product), there exists no
0 # 0 € R such that

Z n(ei, e;)eie; - a = da.

3<i<j<n

We can conclude that n(eq,e2) = 0 and n(eq + e2,e;) = 0 for all j € {3,--- ,n}, which implies
that (e; +e2) 1 n=0. O
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We introduce a second indefinite Spin™ (1, n—1)-invariant Hermitian product (-, )2 on the spinor
module Ay ,,_1, which is defined by

i n(n—1)
2

(v, whg :=1 (eg ... epv,w)

for v,w € Ay p—1 (see [Kat99]). With respect to the Hermitian product (-,-)2 we define an
associated vector

n
ty =1 - E i (v, ejv)oe; € RV
i=1

to v € Ay,—1. The dual 1-form of ¢, is given by wy, () = i(v,zv)2. It is a straight forward
calculation to see that the Hermitian product (-,-)e and the associated vectors ¢, have the
following properties:

Lemma 4.1.3. — (1) (x-v,w)s = (=1)" (v, 2 -w)s for all x € RL"L,
(2) The product (-,-)o is indefinite with index 213171,
(3) If n = 2m + 1 is odd then (v,w)y = (—1)" (v, w)A.
(4) If n = 2m is even then
(vyw)s = (=1)™i- (vy —v_,wp +W_)A and
(v,0) g = (=)™ 2 Im(vy,v_)a,
where v = vy +v_ and w = wy + w—_ are the decompositions into the half spinors.

(5) If n = 2m then t, = (=1)"(xy, — o_) for v =vy +v_. The map v — t, is surjective
onto R4 It may happen that t, = 0 for v # 0.

Now, let (M7, g) be a smooth space- and time-oriented Lorentzian spin manifold of dimension
n with spin structure (Spin(M), f). The spinor bundle

S = Spin(M) Xy, .1 A1t

is furnished with the Hermitian product (-,-)s. Moreover, we have the Hermitian product (-, -)o
on S, which is induced by the Spin™(1,n — 1)-invariant product (-,-)o on the spinor module
A1 p—1. The Hermitian products satisfy the properties:

(Xo,)s = (0, XY)s

Re(Xp,Yo)s = —g(X,Y)- Relp,0)s = —g(X,Y) - |g|?
Im(Xyp,0)s = 0
(Xo, )2 = (1" (g, Xep)o
()2 = (=)™ (pr — Py + )5
(psp)a = (=)™ 2Im(py, 0 )s.
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To each spinor field we can associate the vector field (Dirac current) V,, via the condition
gV, X) = —(p,X¢)s. Remember that V,, = V,, +V,_ for ¢ = o4 +o_ € I'(ST & S7).
Moreover, in even dimensions we have the vector field W, to ¢ € I'(S), which is defined by

g(We, X) = i{p, X)a.

It holds W, = (=1)"(V,,, — V,,_). So it may happen that W,, vanishes even if ¢ € I'(S) is not
trivial.

We will need the following little useful lemma for twistor spinors on Lorentzian spin manifolds.

Lemma 4.1.4. — Let ¢ be a twistor spinor on (M7, g) and a : M — C a complez function. If
a- ¢ € ker(P) is a twistor spinor then a = const.

PROOF. Assume that a - ¢ is a twistor spinor. Let (s1,...,$,) be an orthonormal basis with
g(s1,s1) = —1 in an arbitrary point p € M{" \ zero(y). From Proposition 1.2.2 it follows that
—s1(a)s1 - = si(a)s; - ¢ for all i = 2,...,n. But this implies that —si(a)s1 = s;(a)s; for all
i =2,...,n. Obviously, the latter condition is possible only if X (a) = 0 for all X € T,M. Since
the set M{" \ zero(y) is dense in M]', we can conclude that a is constant on M} O

We stated in Proposition 1.2.3 basic integrability conditions for semi-Riemannian spin manifolds
admitting twistor spinor. Here is a further integrability condition in case of a Lorentzian spin
manifold.

Proposition 4.1.5. — Let ¢ € I'(S) be a twistor spinor with lightlike Dirac current V., on
(M}, g). Then Vi, 12 W =0.

PrOOF. From Proposition 1.2.3 we know that W(n) - ¢ = 0 for all 2-forms n on M{" and
from Lemma 4.1.2 we know that V,, 1 W(n) = 0 for all n € A?MJ', which means that
W(X,Y,V,,Z)=0forall X,Y and Z € TM. O

REMARK. It is also well-known that V, 1 C' =0, in case that ¢ is a twistor spinor on (M7, g)
(comp. [Bau99]).

Proposition 4.1.6. — Let ¢ € ker(P) be a twistor spinor on (M7, g) with |[V,||*> = 0 and
zero(y) = 0. Then the integral curves of V,, are lightlike pregeodesics.

PROOF. Let p € M{" be arbitrary and let s = (s ...,sy) be a local frame, which is parallel in
p € M. We calculate in p € M7

Vv,Vo = V(=2 €i(p, s 9)si)
=28V, 8 p)si — D €@, si - Vv, 0)si
i€V Do, si- p)si+ = 2 i, 8V - Do)si

_%<D(p7 ()0> ' Zz gig(vlpa Si)si - %(‘pa DgO) ' Z'L gig(VQOv Si)si
= —%Re(Dgp, ©) V.
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This shows that the integral curves of V, are pregeodesics. O

On the conformally covariant kernel 7 (M7') = ker(P) of the twistor operator P on a connected
Lorentzian spin manifold (M7, g), there exist a quadratic form C and a form A of order four
defined by

Cp :=Im(De, ¢)
Ay = oD’ + > e - (Re(Dy , si))” .
i=1
(comp. 1.3 and [BFGK91]). Let K, denote the real subspace of S defined by
K, := Spanpg{X - | X € TM} =TM - ¢.

In case that |¢|? # 0 the bilinear form Re(-,-)s on K, is non-degenerate and we have a unique
decomposition of Dy into Dy = 1) + ¢ such that ¢ € K, and Re(t,v;) = 0. Then it holds
Ay = |1 |*. We set

n
T, = —n-gradigl’ = 2- 3" - Re(Dg. si - ¢)s:.
=1

Proposition 4.1.7. — Let ¢ € I'(S) be a twistor spinor on (M7, g). Then
(1) Cy, and Ay, are constant on M{'.

(2) The constants Cy, and A, are conformally invariant, i.e. if § = €2*°g is a conformally
equivalent metric to g on My" then Copopag = Cyp and Aop2s = Ay

. 2
(3) iCy -+ |pl? Dy + 5T, - 9| = 0*(Ay = C2).
(4) If ¢ is a Killing spinor to the real Killing number X then
Co=0 and A, =n* - (lo/* +9(V,,V,,)) .
(5) If ¢ is an imaginary Killing spinor then

Cyp = —nIm - |p|? and Ay = —n?\2 - |t

PRrOOF. (1) It holds for all X € TM
VxC, = Im(VxDy,p)+Im{Dp,Vxp)
1
= Im(gL(X) o, ) — Im(Dy, ~X Dy) =0,
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VxAy = 2Re(Vxp,¢)|Do|* +2|p*Re(Vx Dy, Do)

+2. Z € - Re(NxDyp,s; - @) - Re(Dg, s; - ©)
i=1

423 - Re(Dy, s; - Vx o) - Re(Dp, s; - )
=1

2
= ——Re(Dyp, X - @) | Dl + n|p*Re(L(X) - ¢, Dy)

+n Y€ - Re(L(X) - @, 5+ ¢) - Re(Dep, s; - )
=1
2 n
—— i Re(Dy, siX - Dyp) - Re{(Dyp, s; -
n;‘i Re(Dy, 5;X - D) - Re(Dip, s - )

=~ 2Re(Dg, X )| Dl + nlgRe(L(X) - 0, D)
~nloPRe(Dip, L(X) - ¢) + - |Dgf?Re(Dip, X - 9) = 0.
(2) We have
D(e”/?3) = /(Do + Sgrad(e”) - §) = pL +p.
where p € K /25 = K, and Re(py,p)g = 0. It follows
Im(D(e7/2p),e"/%¢)g = Im{e™"/*(Dp+ Sgrad(e”) - ¢),e35) g

In case that |¢|? # 0 we choose p € M with |p(p)|? # 0. Since K o025 = Ko, it holds

pilp) =e %01 (p)
and then
Aporpg = Aporog(p) =1e73(0)% 1pL ()%
= o)) - e T YL(p)P = A,

In case that |¢|? = 0, it holds A, = Aoy =0, since 0 = VxRe(p, ) = —
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(3) We calculate that
2

n
= Cllel® + 1¢l'IDel® — ¢I? ) ea(Re(Dep, 5a0))?

a=1

—2C3|0l” + ||*Re(Dy, Ty, - )

. 1
iCpip + || Dy + 5Te ¢

n
= —Clel® + [ol'IDel* + 206> Y calRe(Dp, 5a0))?

a=1
_|90‘2 Z fa(Re<D907 3&90>)2
a=1
= ’90’2(1490 - Cf;)-
The formulas in (4) and (5) for C, and A, in case that ¢ is a Killing spinor to the Killing
number \ follow easily with Dy = —nA - ¢. O

REMARK. The property that a twistor spinor ¢ is conformally equivalent to a parallel spinor is
equivalent to the existence of a function o on M]* such that

2
grad(e ) -p=—e 7Dy
n
(see 1.2). In case that |¢|? # 0 this condition is equivalent to

2
gradlel* - o = ~|p|*De.
If ¢ is parallel then C, and A, are zero. On the other hand, if C, = A, = 0 then

2
n 2
= ’I@IQDw — —grad|e* - ¢| |

1
2

= ||¢>Dp + =T, -

0=lel"Dy + 5T - 5

which does not imply that grad|pl® - ¢ = %|<p|2D<p, i.e. it does not follow that ¢ has
to be conformally equivalent to a parallel spinor. For example, a real Killing spinor ¢
on a complete Lorentzian spin manifold M7 has the property, that its lenght function
u = {(p,p) : M]» — R is surjective (see 1.4). Then locally in any point of the level set {u = 0}
the real Killing spinor ¢ can not be conformally equivalent to a parallel spinor. But outside of
the level set {u = 0} the real Killing spinor may be conformally equivalent to a parallel spinor
(at least in dimensions 3 and 5; see 4.2, 4.4 and Proposition 4.1.16), which implies A, = C, = 0.

Remember that in the Riemannian case the converse conclusion is true. A twistor spinor ¢
without zeros and Q, = C, = 0 is conformally equivalent to a parallel spinor (see Theorem
1.3.3). This is useful to know, since then a twistor spinor with a zero has to be conformally
equivalent to a parallel spinor outside of the zero set. In the Lorentzian case this argument
does not count when we are looking for twistor spinors with zeros.

Proposition 4.1.8. — Let (M}, g) be a Lorentzian spin manifold, which admits a twistor
spinor p € T'(S) with |¢|* = 1. Then (M}, g) is an Einstein manifold with scalar curvature
4(n—1
R = _M .A@'
n
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PROOF. It holds Re(Dy, X) = 0 for all X € T'M, since |p|> = const. Then we have

~59(K(X).Y)[el = Re(VxDe,Y -¢) = XRe(Dg,Y - ¢) = Re(Dp, Vx(Y - ¢))

1
= —Re(Dyp,Y -Vxp) = ERe(Dgo,YX - Dyp)

1
= ——g(X,Y)Dgl.

It follows for the Schouten tensor K(X) = % ‘fp‘ff - X, ie. (M7, g) is Einstein and
4(n —1) |Dyp|? 4(n—1
po Am-DIDeE ),
no el n

|

REMARK. A Lorentzian spin manifold admitting a real Killing spinor is always an Einstein
space (see [Boh00] and 1.4). In case that ¢ is an imaginary Killing spinor on (M7, g) the lenght
function |p|? is constant by Proposition 4.1.7 (5). We can conclude with Proposition 4.1.8
that if (M7, g) is not Einstein, but ¢ is a Killing spinor on M7, then the Killing number A is
imaginary and |¢|? = 0.

Corollary 4.1.9. — Let (M7, g) be a Lorentzian spin manifold with twistor spinor ¢ and let
N, :={xz € M : |p(z)]*> = 0}. Then (M”\Ncp,ﬁ - g) is an Finstein manifold with scalar

curvature R = 74(nn_1) - A,

PRrROOF. The set N, is closed in M{" and ]e”/2g5|% = const # 0 on M{"\N,. Now, we can apply
the previous Proposition 4.1.8. |

REMARK. (1) In connection with Proposition 1.2.5, the Corollary 4.1.9 reduces the twistor
equation for spinor fields with A, # 0 and nowhere vanishing spinor norm to the Killing
equation. Hence, in order to find solutions of the twistor equation, which are not confor-
mally related to Killing spinor, one should investigate twistor spinor with vanishing spinor norm.

(2) It is known that on even-dimensional Fefferman spaces there exist twistor spinors. These
twistor spinors have vanishing lenght. It turns out that a Fefferman space is (locally) never
conformally equivalent to an Einstein space and the occuring twistor spinors are neither
conformally equivalent to Killing spinors nor to a sum of Killing spinors (comp. 1.4, 4.3 and
[Bau99]).

The Dirac current V,, of a twistor spinor ¢ is a very useful object for the investigation of twistor
spinors in Lorentzian spin geometry. An important characteristic property of V, is its twist
(comp. [Lew91]). The twist of a vector field V € T'(T'M) is defined to be the 3-form

wy A dwy,

where wy denotes the dual 1-form to V.
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Lemma 4.1.10. — Let V' be a vector field on (M7, g) without zeros. The following conditions
are equivalent:

(1) The twist of V vanishes, i.e. wy A dwy = 0.
(2) There exist locally functions f and X such that V = X grad(f).

(3) The vector field V is hypersurface orthogonal, i.e. the smooth distribution V& C TM of
codimension 1 is integrable.

The Lemma 4.1.10 is a direct consequence of the Frobenius’ Theorem.

Lemma 4.1.11. — Let V be a conformal vector field without zeros and with the property
IVI?=0 or |[V||? # 0 on (MP,g). If wy Adwy = 0 then there exists locally a function o on
M7 such that V' is parallel with respect to the metric g = e . g.

PROOF. Assume that ||[V[|? # 0 on MJ. We choose j = m g. Then g(V,V) =+1 and V
is a Killing vector field with respect to g. Since V is also hypersurface orthogonal, we can find

locally coordinates (z1,...,%,) such that V = 8%1 and
VL—Scm{a i1 =2 n}
=Spandg - ri=2,.. 0}

Locally in the coordinates (z1,...,xy), it holds M(:Ul) = :I:a%l = 4V. Then we have

~ — 1
+3(VxV,)Y) = Hess(z1)(X,Y) = §LV§(X, Y)=0
for all X,Y € TM7, i.e. V is parallel.

In case that ||V||? = 0, we can find locally a conformally changed metric § such that V = gfﬁz/d( f)
for some local function f on M7* (Lemma 4.1.10 (3)). Obviously, a conformal lightlike gradient
field V satisfies

- din
v =W
n
2 div(V

0=xgv,v) = 20 5x,v)
for all X € TM, where JZVU(V) .= tr(VV) denotes the divergence of V with respect to §. These
formulas imply that div(V) =0 and VxV = 0. O
Lemma 4.1.12. — Let ¢ be a twistor spinor with Vi, - ¢ = 6 - ¢ for some real function o on

(M7, g). Then the spinor ¢ is parallel if and only if Vi, is parallel.

PROOF. It is clear that if ¢ is parallel then V, is parallel. On the other hand, assume that V,, is
parallel and V,,-¢ = 6 -¢ for some real smooth function 6. Then the function 6 = £,/—g(V,,, V)
has to be constant. Consider the subbundle

Rs:={peS: V,-¢p=06-9} CS.
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Locally on a suitable subset U C M, let us choose a spinor frame field of Rs, which we denote
by {%U}z‘:l,.“,r, where r = 2[2]. We have

Vi(ch “p) = Vi - Vi‘P =0 V?{%

which implies that V¢ = Y7 a;(X) - 9V for some functions a; : TU C TM — R. Moreover,
we may assume without loss of generality that there exists a local orthonormal frame s on U
such that V,, = s1 or V,, = 51 + s2. Since ¢ is a twistor spinor, there exists a unique spinor field
a such that

a=g(X, X)X Vxp=g(X,X) Zaz(X)X -y

for all X € TM with || X||? = £1. Tt follows

Zai(sl)slwg =— Zai(sj)sjzpf] for all j € {2,...,n}.

7 7

In case that Vi, = s1 we have 6 # 0 and

Vgo (Z ai(51)31¢g> =4- Zai(sl)slwiU S R(g,

i

Ve (Z az’(Sj)SﬂDzU) =-6- Zai(sj)sj%{] ¢ Rs

for j =2,...,n. In case that V, = s1 + s2 we have = 0,

Vo (Z ai(sl)slw?> =2 Zai(sl)w? and V, (Z CLi(Sj)Sji/JiU> =0

)

for all j € {3,...,n}. This implies in both cases >, a;(s1)s19%Y = 0. Since {e;vY}iz1, . is a
set of linearly independent spinors fields for all j € {1,...,n}, we can conclude a;(s;) = 0 for
alli € {1,...,7} and j € {1,...,n}. Hence, V3¢ =0 for all X € TM. O

Proposition 4.1.13. — Let ¢ be a twistor spinor without zeros such that |p|> # 0 or |¢|?> =0,
we N dwy, = 0 and Vi, - @ = § - ¢ for some real function 6 on (M7, g). Then ¢ is locally

conformally equivalent to a parallel spinor.

PROOF. From Lemma 4.1.1 (3) we know that ||[V[|> # 0 or ||[V]|> = 0. Then we can apply
Lemma 4.1.11 and Lemma 4.1.12 to complete the proof. O

Moreover, with Lemma 4.1.1 (2) we obtain

Corollary 4.1.14. — Let ¢ be a twistor spinor without zeros such that Vi, is lightlike and
non-twisting. Then the twistor spinor ¢ is locally conformally equivalent to a parallel spinor.
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We want to prove further consequences of Proposition 4.1.13 concerning Killing spinors. First,
we prove that a real Killing spinor has always vanishing twist, i.e. w, A dw, = 0. Let ¢ € I'(S)
be an arbitrary spinor field without zeros and let V, be its associated vector field. It holds
wy(X) = —(p, X¢)g and
dwy(X,Y) = —X(p,Yo) +Y(p, Xo) + (o, [X,Y]p)
= —(Vxp,Y - 9) —(p,Y - Vxp) + (Vyp, X - ) + (¢, X - Vyyp)
= —2Re(Vxp,Y -¢)+2Re(Vyp, X - ).

Then we have for the twist
We A dwsﬂ(Xa Ya Z) = <(/77 X<p> : [R€<VZ(Pa Y90> - Re<vY907 Z@)]
+(, Y¢) - [Re(Vx@, Zo) — Re(V 20, X )]
(@, Zo) - [Re(Vyp, X o) — Re(Vxp,Y)].

Moreover, in even dimensions we calculate for the conformal field W, = (—=1)™(V,,

V_) that

L

dww, (X, Y) = =2Im(Vxp,Y )2 + 2Im(Vyp, Xp)2 and

ww, Ndww, (X,Y,Z) = i (o, Xp)a-[Im(Vzp,Y)o — Im(Vyp, Zp)s]
+i- (o, Y)o - [Im(Vxp, Zp)a — Im(V 70, X )2]
+i-(p, Zp)2 - [Im(Vyp, Xp)o — Im(Vxp, Y ).

Lemma 4.1.15. — Let ¢ be a Killing spinor on (M7, g) to the Killing number .
(1) If X is real then wy, A dw, = 0.

(2) If n = 2m and X is imaginary then ww, Adwy, = 0, i.e. W, is conformal and non-twisting.

Obviously, the Lemma 4.1.15 follows from the above formulas for the twist of the associated
vector fields by inserting the Killing equation.

Proposition 4.1.16. — Let ¢ be a real Killing spinor and V, - = 0 - for some real function
d#0 on (M7, g). Then ¢ is locally conformally equivalent to a parallel spinor.

The proof uses Proposition 4.1.13 and Lemma 4.1.15. Notice that if ¢ is a real Killing spinor
on (M}, g) with V,, - ¢ for some real function § then zero(§) = zero|p|? is a hypersurface in
M}, since grad|p|? = —2AV, # 0. Around a point of this hypersurface a real Killing spinor is
not conformally equivalent to a parallel spinor.

REMARK. (1) We mentioned already that a twistor spinor ¢ is conformally equivalent to a
parallel spinor if and only if grad(e™7) - ¢ = %e*"D(p for some function o. In case that ¢ is a

real Killing spinor this condition is equivalent to

grad(e ) -p=—=2Xe 7 - .
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It is clear, that we can not find a solution for o in this equation, if Vi, - ¢ # 0 - ¢ for any real
function 4. On the other hand, if V, - ¢ = 0 - ¢ for § # 0 then we showed above that this
equation admits locally a solution o.

(2) We will see later that in the small dimension n = 3 and 5 the condition V,, - ¢ = d¢p is no
restriction to a spinor field ¢ € I'(S).

(3) Similar to Proposition 4.1.13, one can prove that a twistor spinor ¢ with
W, * >0, ww, Ndww, =0 and W, -p =1idp

for some real function § is locally conformally equivalent to a parallel spinor. In particular,
if  is an imaginary Killing spinor with [p|> = 0 and W,, - ¢ = idp for some § # 0 then ¢
is conformally equivalent to a parallel spinor. Obviously, an imaginary Killing spinor ¢ with
lo|? # 0 can not satisfy W, - ¢ = idyp for any real function 6, since A, # 0 and hence, ¢ is not
conformally equivalent to a parallel spinor.

4.2 Twistor equation in dimension 3

Let (M3, g) be a 3-dimensional Lorentzian manifold. The Riemannian curvature tensor RV
decomposes to RY = ¢ * K, where * denotes the Kulkarni-Nomizu product and the Schouten
tensor satisfies K = %g — Ric. Therefore, the curvature of M3 is completely determined by the
Ricci curvature. The Weyl tensor W, which is the traceless part of RV, vanishes identically.
The Lorentzian 3-manifold M; is Einstein if and only if M; has constant sectional curvature
and M3 is conformally flat if and only if the Schouten-Weyl tensor C' vanishes.

Before we start to investigate the twistor equation on a Lorentzian spin 3-manifold, we discuss the
standard model. Let R>! := (R3,(-,-)21) be the 3-dimensional Minkowski space with signature
(+——) and let (ey, 2, e3) denote the standard basis in R*!. Notice that this convention for the
signature is different then before. The reason for this choice of the signature is the following.
The Clifford algebra C; of R%! is isomorphic to R(2) @ R(2) (comp. [LMS89]), where R(2)
denotes the real (2 x 2)-matrices. We obtain a real Clifford representation ® : Cy; — R(2) given
by

0 1 0 -1 1 0
o= % o). @e)i=( 0 3)  and  ee)i=(4 %)
The spin group Spint(2,1) is mapped by ® isomorphically to SI(2,R). Then we have the
real spinor module Agl = R? with a natural real Clifford action on it given by ®. The usual
complex spinor module Aj 1 is equal to the complexification C ® Aﬂil. Notice that the Clifford
algebra (' 2 to the space RY? with signature (— 4 +) admits no real representation.
The Spin™ (2, 1)-invariant Hermitian product on Ay is given by

(3. (st (1)) = -ite—a

Obviously, for 0 # v,w € Aﬂil, it holds (v, w)a = 0 if and only if v and w are parallel. The

75



associated vectors to the real spinors are given by the mapping
I Aﬂil —  RZL
a? +b?
UZ(Z) l—><b2—a2)
—2ab
Let LT denote the cone of future-directed lightlike vectors in R?!. It holds
[£(v)]|? =0 and l(v) = ¢(w) if and only if v =tw

for all real spinors v, w € Agl. Therefore, the map ¢ : Aﬂil\() — L is a two-fold covering of the
lightcone LT = R x S!. Moreover, it holds

l(v)-v=0 for all v € A5

and the 1-dimensional lightlike subspace R - £(v) of R>! consists of all vectors, which annihilate
the spinor v.

Let us consider the complex spinor module Ag ;. It holds
(v 41w, e;(v+1w))a = (v, e;V)A + (W, ;W) A

and therefore,
(v +iw) = L(v) + L(w) for all v,w € Ay ;.

This shows £(Ag;) = JT. If x-v =0 for 0 # 2 € R*! and 0 # v € Ay then
v=c-uvg and r €R-L(vg)

for some ¢ € C and vg € A3 ;. Moreover, it holds £(v) - v = i(v,v)av for all v € Ag ;.

Let (M3, g) be a time- and space-oriented Lorentzian spin manifold of dimension 3 with signature
(+ — —). By the discussion above, it is clear that there exists a real spinor bundle S* over M}
such that the usual spinor bundle S is isomorphic to the complexification C ® S®. In other
words, S admits a real structure and we can take the real and imaginary parts of the spinor
bundle:

ReS = ImS = S*.

Let V, = £(¢p) be the associated vector field to a spinor field ¢ € I'(S). We have ||V,||? = 0 and
Vy - ¢ = 0 for all real spinors ¢ € I'(S®) and V,, = Vgep + Vimy, for all complex spinor fields
p eI'(9).

We will now investigate the twistor equation on a 3-dimensional Lorentzian spin manifold
(M3, g). So, let ¢ € T'(S) be a complex twistor spinor. Since

(V90) Re.tm = Vo Ore.1m and (X - ©)Re,tm = X - QRe,Im
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for all X € TM, it is clear that the real and imaginary parts of a twistor spinor ¢ are real
solutions of the twistor equation. Notice once again that we have chosen the signature (+ — —)
for the Lorentzian spin manifold (M5, g) and also that a real Killing spinor on (M5, g) is an
imaginary Killing spinor on (M}, —g) and vice versa.

From the general integrability conditions for a Lorentzian spin manifold with twistor spinor ¢
(see Proposition 1.2.3), we know that
CY,Z)- =0 forall Y, Z e TM
and if p(p) # 0 in p € M then
C(Y,Z) e R-Vy(p) for all Y, Z € T, M.
Let 7 (M3) = ker(P) denote the space of twistor spinors on M;.

Proposition 4.2.1. — Let (M3}, g) be a Lorentzian spin 3-manifold. If dimT (M3) > 1 then
M3 is conformally flat.

PROOF. Suppose that dimT (M;) > 1 and let o1, p2 € T'(S*) be two linearly independent real
twistor spinors. Then we know from Lemma 4.1.4 that the open set M := M} ~ {x € M} :
v1(x)|lp2(x)} is dense in M. Moreover,

CY,Z)- 01 =C(Y,Z)-p2=0 forallY,Z eTM

and Vi, V,,, are not parallel on M. But then we can conclude C'= 0 on M and, since M is
dense in M}, we know that C' vanishes everywhere on M3, i

REMARK. If ¢ € T'(S) is a complex twistor spinor such that ¢, and ¢, € ['(S®) are linearly
independent, then M; is conformally flat. For example, if M; admits an imaginary Killing
spinor then M3 has constant sectional curvature (comp. 1.4).

For the relation between real twistor spinors and conformal null vector fields we can prove the
following result.

Theorem 4.2.2. — Let (M3, g) be a Lorentzian spin 3-manifold.
(1) If o € T(S®) is a twistor spinor then V,, is a conformal null vector field.

(2) Let V be a conformal null vector field on (M5, g) with V(p) # 0 in p € M. There exists
locally around p € M3 up to a sign a unique real twistor spinor ¢ with Vo=V.

PRrROOF. The first assertion is known from the general theory. So, let V be a conformal null
vector field with V(p) # 0 in p € M. Then there exists a neighborhood U(p) of p in M} and a
smooth spinor field ¢ on U(p) with V,, =V, which is unique up to a sign. We calculate
Ag(X)Y) = (Lvg)(X,Y)
= i{p, VxY-90) —iX(p,Y) +i{p, Vy X-0) — 1Y (0, Xp)
—2i(p,Y - VX + X - Vi)
= —4ig(X,Y) (¢, X - VX¢) = 2i{p, XY (X - Vo - Y - Vi)
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for all X, Y € TM with || X||? = ||[Y]|? = 1. It follows
{0, XY (X - V& =Y - Vig)) =t g(X,Y)

for some function ¢. But then the function ¢ must be zero. Hence, we have
(Lvg)(X,Y) = —4ig(X,Y)(p,X - Vi¢) = —4ig(X,Y)(p,Y - Vi)

and consequently, (¢, X - V}g(cp -Y. Végp) = 0. It follows that the real spinor X - V*}gp -Y- Vf,cp
is parallel to the spinors p and Y X - ¢ for all X, Y with || X||? = ||Y||?> = 1. This is only possible
if

X V5e-Y -Vyp=0 forall X,Y with | X|?=|Y|*>=1,

which implies that ¢ is a twistor spinor. O

REMARK. There is no general correspondence between complex twistor spinors and causal (here:
spacelike or lightlike) conformal vector fields on M;. This is clear from the following observation.
A Lorentz metric of the form

o1 = X ol 0 s, iy >0,

i<j

posses the spacelike Killing field 8%1. The metric gy is not conformally flat in general. But a

twistor spinor ¢ with V,, = 6%1 is not a real twistor spinor and therefore, if g; admits such a
twistor spinor ¢, the metric g would be conformally flat. We can conclude that in general
there belongs no twistor spinor to 8%1.

We are now going to classify Lorentzian metrics in dimension 3, which admit twistor spinors
without zeros.

Theorem 4.2.3. — Let (M}, g) be a Lorentzian spin 3-manifold with real twistor spinor
p € I(S®). There exists for every point p & zero(p) an open neighborhood U(p) and a function
o :U(P) — R such that e?/?>¢ € L(S®|y(p)) is parallel with respect to § = €* - g.

PROOF. Let ¢ be a real twistor spinor. It holds g(V,,,V,,) = 0 and
(Lv,9)(X,Y) = g(Vx Ve, V) + g(X, Vy V) = h- g(X,Y)
for some function h on M;. Furthermore, we have
dwe(X,Y) = g(VxVy,Y) —g(VyVy, X) =h-g(XY) = 29(X, VyVp)

and dwy, (Vi X) = h - g(Vy,, X). Let us choose X,Y € T, M for an arbitrary x € M such that
Span{X,Y,Vy(x)} = T,M and ¢g(X,V,) = 0. Then

wo N dwy, (Y, X, V) = we(Y) - dwo (X, V,) = h-wy(Y) - g(V, X) =0,

ie. wyAdw, =0on M. In case that p(p) # 0, we can apply Proposition 4.1.13, since V,,-¢ = 0.0
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EXAMPLE. Let us consider R*! with the twistor spinor

o= (o) =( )

We define o := —In(x +y) on R*' < {z € R*! : 21 + 29 = 0}. Notice that zero(p) C {r € R>!:
r1+ X2 = 0}. It is

grad(c) = zlim (6%2 — 6%1) and Dy = ( _g ) .
It follows
_ 3grad(e”?)

5 oo ¢ = Doy,

—;gmd(a) i

which implies that ¢ =« ( (1) ) is parallel on R>! < {z € R?>! : 21 + 5 = 0} with respect to

1

P (dz? — dx2 — dx3).

g= 620<'7 )21 = ( 2

Notice that g is again the flat Minkowski metric in dimension 3.

It is well-known that a normal form of a Lorentzian 3-metric with parallel spinor is given by
g=drody—dzodz+ f(y,z)dy?,

where f is an arbitrary function in the coordinates (y,z) (comp. [Bry00]). Notice that the
metric ¢ is flat if and only if ((327{2 = 0 and g is conformally flat if and only if % =0. A
normal form of a metric with real Killing spinor is given by

g = —4e*®dy o (B(x,y)dx + dz) — da?,
where B is an arbitrary function in (z,y).

In case that ¢ € I'(S) is a complex twistor spinor on M; with ¢(p) # 0 for p € M}, we can
conclude that there exist coordinates (x,y, z) around p and a function o such that

g=¢"(dx - dy — dzodz+ f(y,2)dy?)
and the real part Rep or the imaginary part I'me is conformally equivalent to a parallel spinor.

For the rest of this part, we want to discuss the zeros of a twistor spinor. We have to confess
just in the beginning that we are not able to solve the twistor equation completely in this case.

Proposition 4.2.4. — Let (M3, g) be a Lorentzian spin 3-manifold.
(1) If M3 admits a twistor spinor @ with an isolated zero then M3 is conformally flat.

(2) Let o be a real twistor spinor on M. Then the set zero(p) consists of isolated lightlike
geodesics.
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PROOF. In general, it is known that if v,(t) is a geodesic through p € zero(p) on M} and
75(0) - Dp(p) = 0 then I'mage(pp) C zero(p) (see Lemma 3.4.1). Assume that p is an isolated
zero. It follows that Dy(p) # 0 is not annihilated by any tangent vector. This means that Dy
is not a real spinor field. But then it holds dim7 (M3}) > 1, and we can conclude that M; is
conformally flat. Since every real spinor 1 is annihilated by Vi, Lemma 3.4.1 implies also the
second assertion of the proposition. O

Lemma 4.2.5. — Let ¢ € T'(S®) be a real twistor spinor on M} and let V,, be its associated
conformal null field. If there exists an 1-dimensional subbundle T C TM3 such that V,, € T'(T)
then ¢ admits no zero.

PROOF. Suppose that V, # 0 is a section in a 1-dimensional subbundle 7' C T'M. Then we can
choose locally coordinates (x,y,z) in an arbitrary point p € M7 such that Vo=1Ff a% for some
function f. The metric g has locally the form

g=Adrody+ Bdrodz+ Cdyody+ Ddyodz+ Edzodz.

Without loss of generality we may assume that A(p) # 0. The field V,, is also a conformal field
with respect to the conformally changed metric

1 . _ . .
g=dxody+ Bdrodz+ Cdyody+ Ddyodz+ FEdz o dz.

974

The property that Vi, is conformal is equivalent to
(L, 0) (e a) = 0
(edp sy = 5=
el 2y = 22 5%~ s
(qu,é)(a%, a%) = %g f+ % =\C
a2y = 2% Uy L
ity = 2 5 g

Suppose now that V,, vanishes in p, i.e. f(p) = 0. It holds

of  ~o8f oC of -0f -~0f 9D

S S T - —+B—-D—+—-f=0.

oy Cﬁx + ox F=0 and 0z + y Oz + Ox F=0
These equations show that the function f vanishes on the integral curves to

0 ~ 0 0 - 0 - 0

Z _0oZ 2 . BZ _ D=

dy C@m and 0z + oy ox

through p € zero(V,). But the set zero(V,,) consists of isolated points or 1-dimensional sub-
manifolds (see Theorem 3.4.3). This leads to a contradiction and we conclude that zero(yp) =
zero(V,) = 0. 0
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Proposition 4.2.6. — Let ¢ be a twistor spinor on M} with a zero in p € M3 then C(p) = 0.

PROOF. Suppose that C(p) # 0. It holds
9(C(X,Y),C(Z,W))=0 for all X,Y,Z and W € T(M; \ zero(y)).

This implies that g(C(X,Y),C(Z,W)) = 0 on M}. Hence, C defines a lightlike distribution T
in a neighborhood of p € M3, where C' does not vanish. Since C' is smooth, the distribution T
is smooth and V,, € I'(T"). But then the field V,, has no zero by Lemma 4.2.5. Hence, ¢ has no
zero in p, which is a contradiction. O

The standard example of a twistor spinor with zero is given by ¢, =z - v, v € Ag 1, on the flat
Minkowski space R%1.

REMARK. (1) We sketch the construction of a twistor spinor with zeros on a non-conformally
flat manifold. For this, let us consider a Lorentzian 3-metric g of the form

g=drody—dzodz+ f(y,z)dy o dy
on R3 with
0 # supp(f) C Cp := {(z,y,2) €R> : y* + 22 < 1}.

The metric ¢ has the property that it is flat on R3\ C,, and non-conformally flat on the cylinder
C,. Moreover, the metric g admits a parallel spinor .

Consider now the flat metric (-,-)21 on R?! with a real twistor spinor of the form ¢, = z - v,
v € A3. The twistor spinor ¢, has zeros and outside of the zero set it is (locally) conformally
equivalent to a parallel spinor. It is not difficult to show that there exists an open subset
U C R>! with zero(p,) NU # ) and a conformally changed metric h = €27(-,-)o; on U such
that it is possible to glue on (U, iL) a non-conformally flat cylinder C with parallel spinor v of
the above described form in the way that the twistor spinors ¢, and v fit smoothly together on
U U C. The resulting twistor spinor on U U C admits zeros and lives on a non-conformally flat
manifold. Of course, this construction of a twistor spinor with zero has the property that the
manifold is still conformally flat in a neigborhood of the zero set.

(2) We are not able to construct a Lorentzian metric admitting a twistor spinor with a zero
such that the Lorentzian metric is not conformally flat in the near of the zero. It is not clear
whether such a twistor spinor with zero exists or not. In particular, we do not have a complete
classification of Lorentzian 3-metrics, which admit twistor spinors.

4.3 Twistor equation in dimension 4

Let R®! := (R%, (-,-)31) be the 4-dimensional Minkowski space with signature (+ — ——)! The
Clifford algebra C3 1 of R is isomorphic to R(4) and consequently, we have a real representation
¢ : C37 — R(4) given by

e =(
L

@(es) =



where K = ( 0 (1) ) and L = ( é _01 ) In particular, we obtain a real representation of

1
Spin™(3,1) on the real spinor module Af; = R*. Moreover, the spin group Spin*(3,1) is
isomorphic to SI(2,C). Hence, there is a Spin™ (3, 1)-equivariant complex structure defined by
JA = e1€9e364

on Aﬂil and the spinor module A]:,}il is isomorphic to C2. Notice that J2 is not C31-equivariant.
The usual complex spinor module Az ; is equal to the complexification (C®AD§71 and it decomposes
to

The real Spin*(3,1)-representation spaces Aﬂ?il, A;;l and Ag, are isomorphic:

R ~ + ~ —
A3,1 = A?;,l = Ag,.
v - v4iJP o v—iJR

Notice that C31 acts on Ag,, but not on A{{l or Ag,.

The Spin™ (3, 1)-invariant Hermitian product (-,-)a on Ag is defined by

a1 c1
a C . — — 7 7

(| o || & |)a=—i(bicr — b2tz — ardy + azdy).
bo ds

The associated vector to a real spinor is given by the map

) R 3,1
0 AS,l — R

ay la1 +iaz|? + |b1 + iba|?

az _ \a1+ia2\2— ‘bl -‘r’ibg‘z

v by = L(v) 2Re[(a1 + iaz) (b1 — ibo)]

ba —2Im[(a1 + ia2) (b1 — b2)]

It holds £(v) = f(exp(tJ?) -v) and £(v) -v = 0 for all v € Az, and t € R, ie. the map
£: A5~ 0— LT to the lightcone is a S L_fibration and we have the identification

Alternatively, we can identify (R, (-,-)31) with (H2(C),det), the space of Hermitian symmetric
(2 x 2)-matrices. The action of Spin™*(3,1) on R3! = Hy(C) is then given by

A-x=AzA", A€ Spin™(3,1), x € Hy(C).

Moreover, it holds ¢(v) = 2vv* € Hy(C) (comp. [Bry00]).

Let (Mj,g) be a Lorentzian 4-manifold. The Riemannian curvature tensor RV decomposes
to RY = W @ g« K, where K = %(%g — Ric) is the Shouten tensor. The Weyl tensor W is
the tracefree part of the Riemannian curvature tensor RY. The Lorentzian manifold Mj is
conformally flat if and only if W = 0.

82



Now, let (M, g) be a time-oriented Lorentzian spin 4-manifold with metric tensor g of signature
(+———). Then we have the real spinor bundle S®, which is furnished with the complex structure
J induced by J2 on Agl, and the usual complex spinor bundle S = C ® S®. Furthermore, we
have the associated vector field V,, = ¢(¢) to a spinor field ¢ € T'(S). If ¢ € I'(S*) then
Vo - = 0. For a complex spinor ¢, it holds

Vgo = VRecp + ‘/}mcp-

The image ¢(S) coincides with the set of positive oriented causal (here: spacelike or lightlike)
vectors in TMj.

Let ¢ € T'(S®) be a real twistor spinor on (M, g) then the associated vector field V,, is null and
it annihilates the Weyl tensor

Vo 1 W =0,

(comp. [Bau99] and Proposition 4.1.5), i.e. M is pointwise of Petrov type N or conformally
flat. In case that W, # 0 for p € M} the vector V,,(p) is called a 4-principal null vector in
TM{ (comp. [ON95] and [Bes87]). It is also well-known that W, = 0 if p(p) =0 in p € M. As
in dimension 3, if ¢ € I'(S) is a complex twistor spinor then Rep and Imy € T'(S®) are real
twistor spinors on M. Moreover, if ¢ € I'(S®) is a real twistor spinor on Mj then Jyp € T'(S®)
is also a real twistor spinor and ¢, Jp are C-linearly independent. Let 7 (M) denote the space
of complex twistor spinors on Mf.

Theorem 4.3.1. — Let (Mf,g) be a Lorentzian spin 4-manifold.
(1) The dimension of T(M3) is always even.

(2) If dimT (M3) > 2 then My is conformally flat.

PROOF. The first assertion follows, since ST and S~ are isomorphic as real vector bundles. It
remains to prove the second assertion. So let oy, and a3 € T(M{l) be linear independent
complex twistor spinors. Then we can find linearly independent real twistor spinors (1, G2 and
B3 € T(S®) on M{. Let us denote

Z := zero(f1) U zero(f2) U zero(33).

The set M{ \ Z is dense in M{}. Now suppose that W (p) # 0 for some p € M. There exists
a neighborhood U(p) of p with W|y(,y # 0 and the vectors Vj, (), Vp,(z) and Vg, (z) are 4-
principal null vectors for all x € U(p) \ Z. Hence, these vectors are parallel and this implies

ﬂz = (a+ Jb)ﬂl and ,63 = (C+ Jd)ﬂl

for some real functions a,b,c and d on U(p) \ Z. But since (1,2 and [33 are twistor spinors,
it follows from a slightly different version of Lemma 4.1.4 that the functions a,b,c and d are
constant and this implies

B2, B3 € Spanc{ i, JG1}.
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This is a contradiction and we can conclude that W = 0 on M. O
REMARK. (1) If M{ is simply connected then dim 7 (M) = 0,2, 8.

(2) Let ¢ € T'(S) be an imaginary Killing spinor on M{. Then one can show that
{Rep, J(Rep), Imp, J(Imp)} is a set of C-linearly independent twistor spinors, which implies
that M} is conformally flat. Moreover, since M is Einstein, it follows that M has constant
sectional curvature (comp. 1.4). Similar, if ¢ € T'(S) is a twistor spinor with (p, @) # 0 on M},
again we can show that the set {Rey, Imep, J(Rep), J(Imy)} is C-linearly independent and
M3 has to be be conformally flat.

(3) If p € T'(S®) is a real Killing spinor then Jp € T'(S®) is not a Killing spinor in general, since
JX # X J for some X € TM.

Corollary 4.3.2. — Let M{ be Ricci-flat and non-flat. If o is a twistor spinor on M{ then o
1s parallel.

PRrROOF. Let ¢ be a twistor spinor on M{l. Then
dime T (M) =2 and T (M} = Spanc{e, Jo}.

Suppose that Dy # 0 then the spinor field Dy is parallel and Dy = (a+bJ)p for some constants
a,beC. It is

0=VyDp=(a+bJ)V3yp  forall X € TM,

ie. V}q{go = 0 for all X € TM, which is a contradiction to Dy # 0. We conclude that Dy =0
and ¢ is parallel. O

Corollary 4.3.3. — Let M{l be a Lorentzian Finstein spin 4-space. If Mf admits a twistor
spinor @ with zero(y) # () then M{ has constant sectional curvature.

PROOF. Since M is Einstein and ¢ has a zero, the spinor Dy is a non-trivial twistor spinor
with Dp(p) # 0 for all p € zero(¢). This shows that the twistor spinors ¢, Jo and Dy are
linearly independent. Therefore, M is conformally flat. O

We want to recall now the well-known description of Lorentzian spin 4-manifolds admitting
twistor spinors without zeros in case that the twist of the associated vector fields has no
singularities. The main classification result is Theorem 4.3.7 below, which has been proved
by J. Lewandowski in 1991 (see [Lew91]). The occuring classes of Lorentzian metrics are the
pp-manifolds and the Fefferman spaces (comp. 1.4). We shortly characterize these two classes
of Lorentzian metrics in dimension 4. We start with the standard pp-manifolds.

Proposition 4.3.4. — (comp. [EK62], [Lew91] and [Bau00Oa]) Each 4-dimensional Lorentzian
spin manifold admitting parallel spinors is locally isometric to a standard pp-manifold (R4,gf),
where gy has the form

g5 = —2dwy o dwy + f (w2, 3, 34)das + daj + dj.
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Conversely, every simply connected standard pp-manifold admits parallel spinors.

REMARK. The class of pp-manifolds has been considered also in [Sch74]. It is proved there that
a Lorentzian 4-metric with totally isotropic (i.e. lightlike) Ricci tensor admitting a lightlike
parallel vector field is a standard pp-metric of the form given in Proposition 4.3.4.

Before we characterize the class of Fefferman 4-metrics, we establish the following lemma, which
helps to make the situtation more clear.

Lemma 4.3.5. — Let V be a conformal null vector field on (M, g).
(1) The field V is geodesic, i.e. the integral curves of V are pregeodesics.

(2) The field V is shear-free, i.e. Ly I9 =0, where 119 is the almost complex structure on the
screen space V=V - R, which is induced by the conformal class [g].

(3) If the field V is twisting, i.e. wy A dwy # 0, then the rotation dwy is non-degenerate on
the screen space V- /V -R.

PROOF. It holds for all X € V+
g(VvV, X) = —g(V,Vy X) = —g(V, [V, X]) = —Lvg(V, X) = Ag(V, X) = 0,
which implies that ViV = p -V for some real function p and the integral curves to V are

pregeodesics. This together with the fact, that V' is conformal, also implies that V' is shear-free.

Assume now that dwy is degenerate on V1 /V - R. We choose for arbitrary p € M} vectors
W, X,Y € T,M{ such that Span{X,Y,V} = V+ and Span{W, X,Y,V} = TM{. Then we have
wy Adwy (X,Y,V) =0 and

wy Ndwy (W, V, X) =71 -dwy(V,X)=7r-g([V,X],V) =0 =wy Adwy (W, V)Y)
for some real function r. Moreover, since dwy (X,Y) = 0, it holds wy A dwy (W, X,Y) =0, i.e.

V has no twist. O

Proposition 4.3.6. — (comp. [Spa85], [NP0OO]) A Lorentzian metric g on a 4-dimensional
manifold M* is a Fefferman metric if and only if the following conditions are satisfied.

(1) There exists a 4-principal null vector field V. on (M{,g). In particular, the metric g has
Petrov type N.

(2) The field V is a conformal null vector field, which is geodesic, shear-free and twisting, i.e.
wy A dwy # 0.

REMARK. A Fefferman space is (locally) never conformally equivalent to an Einstein space.
Here is the classification result due to J. Lewandowski.

Theorem 4.3.7. — (comp. [Lew91] and [BauOOa]) Let ¢ € T'(S®) be a real twistor spinor
without zeros on a spacetime (M, g).
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(1) If wy A dwy = 0 then (M7, g) is locally conformally equivalent to a pp-manifold and the
spinor @ s locally conformally equivalent to a parallel spinor.

(2) If wy A dwy, # 0 then (M, g) is locally conformally equivalent to a Fefferman space. On
the other hand, there exist locally solutions of the twistor equation on each 4-dimensional
Fefferman space.

Originally, Theorem 4.3.7 was stated for complex half spinors. We have formulated it here
for real spinors. Notice also that by Lemma 4.3.5 the assumption that V,, is twisting implies
already that the rotation dw, is non-degenerate. So there is no further natural distinction in
the class of Fefferman 4-metrics.

REMARK. (1) For every twistor spinor ¢ on a Feffermann space (M, g) holds (p, ) = 0 and ¢
is neither conformally equivalent to a Killing spinor nor to a sum of Killing spinors.

(2) If ¢ is a real Killing spinor on a spacetime (M, g) with signature (+ — ——) then the
twist wy, A dw, must vanish identically, since there are no Killing spinors on Fefferman spaces.
Moreover, Theorem 4.3.7 says that ¢ is locally conformally equivalent to a parallel spinor. This
means that an imaginary Killing spinor in signature (— + ++) (!) is always locally conformally
equivalent to a parallel spinor.

In dimension 3, we have seen that conformal null vector fields and real twistor spinors
correspond to each other. Here, we have

Theorem 4.3.8. — (comp. [Lew91]) Let (Mi,g) be a spacetime with a conformal 4-principal
null vector field V. without zeros. If wy Adwy =0 or wy Adwy # 0 everywhere on (M7, g) then
there exists locally a twistor spinor ¢ € T'(S®) on (M{,g) such that V =V,,.

PROOF. In case that the twist wy A dwy = 0 is identically zero the field V is locally parallel
with respect to a conformally equivalent metric § (Lemma 4.1.11). Then, it holds

ViRV=0 and V1W=0

and this implies V' 1 g * K = 0. From this property, it follows that the Ricci tensor Ric is
totally isotropic, i.e. Ric maps only to lightlike tangent vectors. We can conclude that (M3, §)
is locally a pp-manifold (comp. [Sch74]) and there exists locally a twistor spinor ¢ such that
Vi, =V (Proposition 4.3.4).

In case that the twist vanishes nowhere on M{, we know by the characterization in Proposition
4.3.6 that (M, g) is locally conformally equivalent to a Fefferman space. Again, we can
conclude that there exists locally a twistor spinor ¢ with V, = V. a

We want to remark that there are no classification results for twistor spinors ¢ on a spacetime
(Mf, g) in case that the twist w, A dw,, is not identically zero, but vanishes somewhere on M{l.
The only known examples of twistor spinors with zeros live on manifolds, which are conformally
flat in a neighborhood of the zero set.
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Proposition 4.3.9. — Let (M, g) be a Lorentzian spin 4-manifold.

(1) Let ¢ be a real twistor spinor on M{ . Then the set zero(p) consists of isolated lightlike
geodesics.

(2) If M{ admits a twistor spinor @ with an isolated zero then My is conformally flat.
PROOF. (1) If ¢ is a real twistor spinor and p € zero(y¢) then Dy(p) # 0 is real and annihilated
by Vpe(p), which implies that p € M} lies on a zero set geodesic.

(2) If ¢ is a twistor spinor with isolated zero then ¢ is a complex spinor and the set
{Reyp, J(Rep), Imp, J(Imp)} consists of linearly independent twistor spinors. O

4.4 Twistor equation in dimension 5

The basic observation in 5-dimensional Lorentzian spin geometry is the existence of a quater-
nionic structure on the spinor module. So let H denote the quaternionic numbers and let 4, j, k
denote the imaginary units in H. The space H? is identified with C* by

m = C
Z1
()~ | %
az 22
w2
where a, = z, + w,, - j for p = 1,2. Associated to this identification we have the embedding
ic: H(2) < C(4) .
Zuv  —Wuo
(apo)pp=12 < wl;v 2#5 )u,vzl,z
Let RY* := (R (-,-)14) be the 5-dimensional Minkowski space with the usual signature (— +

+ + +)! Tt is convenient to identify the Minkowski space R with the set { ( 5 :Z ) € H(2) :
a € R ,b € H} furnished with the scalar product

(( 5 :Z )7( F :Z >>1,4=—ac—|—Re(bJ).
The quadratic form r to (-,-)1,4 on H(2) is given by
r(% :Z):det(% :Z):—a2+|b\2.

The Clifford algebra Cj 4 of RY* is isomorphic to H(2) @ H(2) (comp. [LMS89], [Bry00]). An
explicit quaternionic Clifford representation ® : C 4 — H(2) is given by

D(eyq) = ( 0 g ) and D(es) =

0

0

k

1) and is realized in H(2) as the set of matrices
1

0 -1

) and A* is the conjugate transpose to
A.
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The complex spinor modul A; 4 = C* admits a C1 4-equivariant quaternionic structure, where
the actions of C1 4 and Spin™(1,4) on Ay 4 are given by ic o ®. For simplicity, we identify A; 4
with H2. The action of Spin™(1,4) on the Minkowski 5-space R1* C H(2) is given by

Spint(1,4) x R — R,
(A, z) — ArA~! € H(2)
On A4 we have the Spin™ (1, 4)-invariant product
(v,w)a, =V Qu, v,w € Ay g = H?

which takes values in H, and we use the notation H'! 2 (Ay 4, (-,-)a,). Moreover, we have the
quadratic form

a(5)=((5). (5 Daw=lalP =2 for v={) €A

and it holds (zv,w)a, = (v, zw)A,, since 2*Q = Qz for all z € R'*. Notice that the real part
of the product (-,-)a, is equal to the real part of the usual Hermitian product (-,-)a on the
complex spinor modul Ay 4.
The associated vector x, to v € A4 is defined by the map
£ A174 — R1’4 .
2 B2 —2ab
v = ( g > —> 27)’(}*@ - Q(’U) . .[2 - ( |a| Qbﬁl | —(\a|21\b|2) >
It holds

l(v) = — Z&(U,GWMMQ,

1e)II* = =(lal” = b1*)* = —q(v)
L(v)-v=2gqv) v and
L(v) =L(v-p) for all p e S3 C H.

The orbits of the Spin™(1,4)-action on Aj 4 \ 0 consists of the level sets of the length function
q:A14~0— R (comp. [Bry00]). So, for every spinor v € Aj 4~ 0 an A € Spin*t(1,4) exists
such that

Av:<1> if q(v) =0,

Av:(g) if gv)=r*€R or

sz(?) if g(v)=-r2€R.
1

as v = 7“< u )a for some uniquely determined r € Ry and a,¢ € S® C H and we have the

identifications

L(HY) = (H~0) x S 2R, x §% x 5.
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The mapping
g L(Hb) —  LT®RM)

ail
1Y -« . .
vzr( )a = L)=r] an |, a = a1 + a12i + as1j + agk € S°,
a1
a2

is surjective. Moreover, this map is a S>-fibration over the lightcone L*(RY) = R, x S3. It

holds
(H)=even o(2)=e(1)=e

5_1(61+62):{<2)|a653}253 and

E‘l(el):{(8)|a€53}u{(2)|a633}.

Notice that dime(v-H) = 2 for all 0 # v € H2. The spinors v and v - j are C-linear independent.

We search now for the annihilators of a spinor in the 2-forms. Let
w = Zz-:isjwijef A e’; e A?
i<j

be a 2-form and let v = ( } ) € L(HY!). Then

B . . . .
v () ) ( ) (4w ()
. L L . .
—l—uJ24( j->+w25( k)+w34(k)+w35(,;)+w45(2)-
It follows that w - v = 0 if and only if
wig =wss =wss =wgs =0 and w1z +wez = wia + w2 =wis +wzs =0,

which is equivalent to say that w has the form

5
w=(—e]+e3)A Zaie* for some a; € R.

i
i=3

In case that v = ( (1) ), it holds w - v = 0 if and only if

w2 = w13 =wig = w5 =0 and W93 — W45 = W5 — W34 = wog + w35 = 0,
which is equivalent to

w = a-(e5Nes+ejNet)+b-(e5Net+esNe))+ce-(e5Ne; —esNer)
for some a, b, c € R. Moreover, it holds w - ( (1) ) = 0 if and only if

w = a-(e5Nes—ejNes)+b-(e5Nes—esNey)+c-(e5Nes+esNes).

for some a, b, c € R. These expressions for the annihilators in the 2-forms show

Lemma 4.4.1. — Let w € A% be a 2-form and 0 # v,u € A 4.
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(1) If w-v =0 then £(v) 1 w=0.

(2) Ifw-v=w-u=0 and v,u are H-linear independent then w = 0.

Let (M7,g) be a time-oriented Lorentzian spin 5-manifold with metric tensor g of usual
signature (— + + + +). Let S denote the complex spinor bundle over M7. The spinor bundle
admits a quaternionic structure, i.e. there exists an H-multiplication from the right on S. In
particular, we have a multiplication of a spinor ¢ € S with the imaginary units 4, j, k. Moreover,
let L(S) denote the bundle of lightcones in S with respect to the natural product (-,-)s, on S.

To a spinor field ¢ € I'(S) we have the associated vector field V,, = £(¢) and, it holds
Voo =(p,0) - for all ¢ € I'(9).
In particular, V,, - ¢ = 0 for all p € I'(L(S5)).

Let ¢ be an arbitrary twistor spinor on M?. Then W(n) - ¢ = 0 for all n € A2M7. Moreover,
from Lemma 4.4.1 it follows that V,, & W = 0 on M7 even if V., is not lightlike (comp.
Proposition 4.1.5). As in dimension n = 3 and 4, we are able to give the upper bound of the
dimension of the space 7 (M7), when M? is not conformally flat.

Proposition 4.4.2. — Let (M7, g) be a Lorentzian spin 5-manifold.

(1) Let o € T(S) be a twistor spinor and let a : MY — H be a quaternionic function. Then
p-a €T(S) is a twistor spinor if and only if a is constant.

(2) The dimension of T(M?) is even.

(3) If dim T (M7?) > 2 then M7 is conformally flat.

PROOF. (1) Let ¢ be a twistor spinor and let a : M7 — H be a quaternionic function. The
spinor ¢ - a € I'(S) is a twistor spinor if and only if

1
9(X, X)X - pX(a) = — g gi - sipsi(a) for all X € TM7 with || X||? = £1,
n =
(2

where (s1,...,s5) denotes a local frame. Notice that the right hand side does not depend on X
and that

Span{X prX € TMir)v 2 7& 0} = S’M{’\zero(@)'
This shows that the above condition is equivalent to X (a) = 0 for all X € T'M, i.e. a is constant.

(2) Let {¢y: 1 =1,...,s} be a set of H-linear independent twistor spinors such that 7 (M?) =
Spang{p;}. Then the set of twistor spinors {¢;, ;-7 : [ =1,...,s} is C-linear independent and

T (M7) = Spanc{ee, pe- 7}
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(3) Assume that dimg 7 (M7) > 2. Then there exist twistor spinors ¢, € I'(S) such that the
set

M :={z € M : Aa € H with ¢(z) = (z) - a}
is dense in M. It holds
Wmn)-o=W(n) - -v=0 for all n € A>M
and with Lemma 4.4.1, it follows W = 0 on M. We can conclude that W = 0 on M. O

REMARK. If ¢ € I'(S) is a Killing spinor then ¢ - j € I'(.9) is also a Killing spinor to the same
Killing number.

Corollary 4.4.3. — Let (M?,g) be a Lorentzian Einstein spin 5-manifold.
(1) If ¢ € T(M?) then Dp = ¢ - a for some a € H or My has constant sectional curvature.
(2) If o € T(M?) and zero(p) # 0 then M} has constant sectional curvature.

(3) If M7 is non-flat and Ricci-flat then every twistor spinor on MY is parallel.

PROOF. (1) Since ]\415 is Einstein and ¢ is a twistor spinor, Dy is a twistor spinor. In case that
M7} has not constant sectional curvature, it must be Dy € Spany{¢}.

(2) If p € T(M7?) has a zero then Dy ¢ Spang{p}. Hence, M? has constant sectional curvature.

(3) It holds Dy = ¢ - a for some a € H. Suppose that V3¢ # 0. Then Dy = ¢ - a is parallel,
which is obviously impossible. O

REMARK. All together we have proved that in dimension n = 3,4 and 5 a twistor spinor with
zero on a Lorentzian Einstein space exists only if the space has constant sectional curvature.
We remember that in the Riemannian setting this statement is true in every dimension.

We give now a classification of Lorentzian 5-metrics, which admit twistor spinors without ’sin-
gularities’. We start with the parallel spinors. It is well-known that if (Mf, g) admits a parallel
spinor then the following two types of Lorentzian 5-metrics can occur (comp. [Bry00]). For the
first, if ¢ € T'(S) is parallel and (g, ) # 0 then g has locally the form g = —dt? + g, where g is
a Ricci-flat Kahler metric on a Riemannian 4-manifold. The associated vector field to ¢ is %,
which is a timelike unit field. Secondly, if ¢ is parallel and (p, ) = 0 then there exist locally
coordinates

(z,s,7) : U — R x ImH x R,
in which the metric g has the form

g=dsods—2drodx— (1+2f(z,s))da?,
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where f is an arbitrary function of (x, s). These are the pp-metrics (comp. 1.4). The associated
vector field V,, is lightlike in this case. Conversely, on every metric of the two given classes a
parallel spinor exists. By Proposition 4.1.13 we obtain

Proposition 4.4.4. — Let p € T'(S) be a twistor spinor on (M7, g) without zeros such that
lo|> = 0 or |¢|?> # 0 and with vanishing twist wy ANdwy, = 0. Then g is locally conformally
equivalent to

(1) a Riemannian product of the form —dt®> + g, where g is a Ricci-flat Kéihler 4-metric, or

(2) a pp-metric of the form dsods — 2dr o dx — (1 + 2f(z, s))dx?.

We remember to Theorem 1.4.2 (comp. [Kat99]), which says that a simply connected Lorentzian
Einstein-Sasaki 5-manifold admits an imaginary Killing spinor. On the other hand, let ¢ € T'(.5)
be an imaginary Killing spinor with (¢, ¢) # 0. Then, it holds

—9(Vip, Vio) = (g, 005 = const, Vo ={(p,0)s-¢ and Vi p=ilp, A€ER,

and (M7, g) is a Lorentzian Einstein-Sasaki 5-manifold.

Proposition 4.4.5. — Let ¢ € T'(S) be a twistor spinor with (p,p) # 0 on a non-conformally
flat Lorentzian spin 5-manifold (M7, g). There occur ezactly two cases:
(1) The twist of Vi, satisfies wy, A dw, # 0 on M7, the spinor field I%’\ ¢ € I(S) is an

imaginary Killing spinor with respect to the metric g = I;\‘l g on M7 and (M7,3) is an

Finstein-Sasaki 5-manifold.

o )

(2) The twist of V,, satisfies w, Ndw, = 0 and the spinor W{‘-gb is parallel on (M7,§ =

PrOOF. By Proposition 1.2.5 and Corollary 4.4.3 we know that only one of the following cases
can occur. The spinor ﬁ - € T'(S) is with respect to (M?, ﬁ - q)

(a) a parallel spinor,

(b) a Killing spinor or

(¢) a sum of Killing spinors to different Killing numbers \; and A_.

We consider the case (¢). Suppose ﬁ - @ = 1y + 9_ is a sum of non-trivial Killing spinors.
Then the spinor fields ¥4, %4 - j,9%_ and ¥_ - j are C-linearly independent Killing spinors. That
means dim7 (M7) > 2, which is in contradiction to the assumptions.

Hence, ﬁ - ¢ is parallel or a Killing spinor. But the spinor norm of a real Killing spinor is

never constant. We can conclude that ﬁ - ¢ is parallel and then w, A dw, = 0 or L5
is an imaginary Killing spinor on an Einstein-Sasaki manifold, which implies that w, Adw, # 0.0

It remains the case of Lorentzian 5-metrics admitting a twistor spinor ¢ with (p,¢) = 0 and
wy A dwy, # 0. In even dimensions we have such solutions of the twistor equation on the
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Fefferman spaces. But here we can prove

Lemma 4.4.6. — If p € T'(S) is a twistor spinor without zeros on (M7, g) such that (p,p) =0
then the twist w, A dw, vanishes.

PROOF. Let ¢ € T'(L(S)) be a twistor spinor without zeros. Since Spin™(1,4) acts transitively
on L(HY1), we can find locally for every point p € M7 a section § : U(p) C M7 — Spin(M7) such

that the twistor spinor ¢ is locally given as ¢ = [3, ( 1 )] The map s := fos: U(p) — SO(M})

is a local frame on M}. We denote by 6 the dual frame to s. Furthermore, let w denote the
Levi-Civita connection form on the frame bundle SO(M7). We have

wods= E wij-Eij,
1<j

where F;; is the standard basis of the Lie algebra so(1,4) and w;; := €;69(Vs;, s;) are the local
connection components. We calculate for the twist with respect to the frame s

we Ndw, = (—wa3(s2) +wiz(s2) +wiz(s1) — waz(s1)) - 01 A2 A3
+(—waa(s2) + wi4(s2) +wia(s1) — waa(s1)) - 01 Ao A Oy
And now we calculate the conditions on the connection components w;;, which arise from the

twistor equation for ¢. The calculation is straight forward and at the end we have the following
linear conditions on the components w;;:

wi2(83) = —ws3a(81) = —w35(s5) = was(s2) — wiz(s2) = wis(s1) — waz(s1),

w34(s3) = wi2(84) = —was(s5) = waa(s2) — wi4(s2) = wia(s1) — was(s1),

wa5(81) = was(82) = was(83) = w35(84) = waa(ss) =0,

w15(84) — was(84) = wia(ss) — waa(ss) =0,

w35(83) = was(84) = wi2(85) = was(s2) — wis(s2) = wi5(s1) — was(s1),

wa3(s3) — w13(83) = waa(s4) — wia(84) = was(s5) — wi5(85) = —wia(s2) = —wi2(s1),
w24 (s3) —w14(83) = wiz(sa) — w2s(s4) = —w3a(s1) = —w3a(s2) =0 and

w15(83) — was(83) = was(ss) — wi3(ss) = was(s2) = wss(s1) = 0.

From the first two lines one can see that these conditions imply already that the twist w, A dw,,
of the associated field V,, vanishes identically. O

Altogether, we have

Theorem 4.4.7. — Let ¢ € T(S) be a twistor spinor without zeros such that |o|> = 0 or
l¢|? # 0 on a non-conformally flat Lorentzian 5-manifold (M7, g). Then

(1) the twist w, A dw, vanishes identically on M3, ¢ is locally conformally equivalent to a
parallel spinor and the metric g has up to a conformal factor a local form given as in
Proposition 4.4.4 or
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(2) the twist satisfies w, N\ dw, # 0 everywhere on M3, the spinor ¢ is conformally equivalent
to an imaginary Killing spinor and (M?, g) is conformally equivalent to an Einstein-Sasaki
manifold.

We remark that there is no complete description of Lorentzian 5-metrics admitting twistor
spinors ¢ with zeros or singularities in the spinor norm |¢|?.
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5 Twistoriel construction of spacelike surfaces in Lorenztian 4-
manifolds

This section is concerned with the investigation of spacelike surfaces in Lorentzian 4-manifolds
with the aid of a so-called twistor construction in 4-dimensional Lorentzian geometry. The idea
to this comes from Riemannian twistor theory and its well-known application to the theory
of surfaces in Riemannian 4-spaces. The topic on surface theory, that we present here, is not
directly related to the twistor equation. However, the twistor space of a Lorentzian 4-manifold
provides an interpretation of the twistor equation in terms of optical geometry (see 5.4).

5.1 Some preliminary remarks on twistor theory

We start with a short description of the Riemannian twistor construction. Let (M*%,g) be an
oriented 4-dimensional Riemannian manifold. The tangent space at every point of the manifold
M* is isometric to the Euclidean 4-space R*. The set of complex structures on R* can be
identified with the homogenous space GL(4,R)/GL(2,C). There are two kinds of orthogonal
complex structures on R*:

Ay = {J € SO(4)| 3 A€ SOW) with J = A7 (F ) ) A} and

A_:={J € SO4)| 3 A€ SO4) with J = A~* ( v, ) Al

where J, := < (1) Bl ) € R(2). Both sets Ay and A_ of orthogonal complex structures are

naturally identified with the homogenous space SO(4)/U(2), which is the 2-sphere S?. We
choose the set A_ and define the twistor space A_(M*) of M* due to Atiyah/Hitchin/Singer
[AHST78] as the associated fibre bundle

A_(M4) = SO(M4) XSO(4) A_ = SO(M4) X50(4) 52

over M* consisting of orthogonal complex structures on TM*. Thereby, SO(M*) denotes the
bundle of positive oriented orthonormal frames on M?*. The twistor space A_(M?*) admits
two natural almost complex structures J; and Js. The almost complex structure .J, is never
integrable. The almost complex structure J; is integrable if and only if the Riemannian
4-manifold M* is self-dual. In [AHST78] it is pointed out that the twistor equation on a
Riemannian spin manifold appears as integrability condition for the almost complex structure
J1. In particular, twistor spinors may be interpreted as holomorphic sections in the canonical
line bundle B over the twistor space A_(M?).

Let us consider a conformal immersion f : N> — M* of a Riemannian surface N? into the
Riemannian 4-space M*. Every oriented 2-plane V2 in the oriented Euclidean four-space R*
gives naturally rise to an orthogonal complex structure on R*, which is the rotation around the
angle § in positive direction on V' and negative direction on V1 and which is an element of the
set A_. The image df (7,,N) of the tangent space at every point n € N is an oriented 2-plane
in the Euclidean vector space Tt(,)M. Hence, the 2-plane df (T, V) in Ty, M 4 corresponds
uniquely to an element J,, in the fibre of the twistor space A_ (M%) over the point f(n). This
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gives rise to a natural lift of the immersion f to the twistor space A_ (M*):

A_ (M)
v N — 'A—(M4)7 Vf
n — In /! !
f:N — M4

J. Eells and S. Salamon studied this ’Gauss’ lift in [ES85] and proved the following relation for
minimal surfaces.

Theorem.Conformally immersed minimal surfaces in a Riemannian 4-space M* correspond
bijectively to non-vertical Jo-holomorphic curves in the twistor space A_(M*) over M*.

In particular, the lift of a conformally immersed surface to the twistor space is horizontal if
and only if the immersed surface is superminimal (comp. [Fri84]). This means that in the case
of a self-dual Riemannian 4-space M*, superminimal surfaces can be constructed by horizontal
holomorphic curves in the twistor space, which is a complex manifold. Those constructions of
superminimal surfaces have been done by Th. Friedrich in [Fri84] and [Fri97]. By the way, a
well-known result is obtained, which says that a superminimal surface in the Euclidean 4-space
has locally the form

C — CxC=R*,
z — (2,f(2)

where f is a holomorphic function. Using the twistor space P3(C) of the sphere S*, R. Bryant
proved in [Bry82] the global result that every Riemannian surface admits a conformal super-
minimal immersion into S*. The twistor method finds also applications in semi-Riemannian
geometry. G.R. Jensen and M. Rigoli constructed in [JRI0] the reflector space of a neutral
4-space and applied this construction to the theory of immersed neutral surfaces.

The idea of twistor theory in the context of Lorentzian geometry is as follows. The twistor space
Z (M) of an oriented Lorentzian 4-manifold M is defined to be the bundle of null directions
in the tangent space TM over M; (comp. [Nur96))

Z(M}) == SO(M}) xg001,3) Q;

where @ is the space of null directions in the Minkowski space R!3. Instead of almost complex
structures, the twistor space Z(M;) admits natural almost optical structures, which are related
to CR-structures (see 5.2).

Let us consider a conformal immersion f : N? — M;j of a Riemannian surface N? into an
oriented Lorentzian 4-space Mf. In every point f(n) € Mf of the immersed surface, there exists
an ordered pair of normal null directions on the tangent space df (T, N) to the surface in M.
By choosing one of these normal null directions, we obtain a natural lift of the immersion f to
the bundle of null directions Z (M)

Z(My)
/ !
f:N? - M}
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Similar as in 4-dimensional Riemannian geometry, spacelike surfaces in Mj with special
assumptions on the extrinsic geometry can be characterized and constructed by holomorphic
curves in the almost optical manifold Z(M{).

5.2 Optical geometry and CR-geometry

We recall in this part some basic facts about CR-geometry, optical geometry and the relation
between them. Optical geometry was first introduced in relativistic theories by A. Trautman
(see [Tra85], [Nur96]).

We start with the definition of CR-structures (comp. [Jac90]):

Definition 5.2.1. — Let M?"~! be a (2n — 1)-dimensional C*-manifold.

(1) A pair (H,J), where H C TM is a smooth distribution of codimension 1 on M and
J : H — H is a smooth bundle isomorphism on H with J> = —id, is called almost CR-
structure on M1,

(2) An almost CR-structure (H,.J) on M?"~! is said to be integrable if and only if the Nijenhuis
tensor N of J on H wvanishes, i.e.

JX,Y]+[X,JY]e(H)  and
N(X,Y) = J(X,JY] + [JX,Y]) - [JX, JY] +[X,Y] = 0
for all X, Y € T(H). In this case we call (M, H,J) a CR-manifold.

(3) A C*®-map f between two almost CR-manifolds (M,H,J) and (M,H,J) is called a
CR-map if and only if df(H) C H and df o J = J o df.

EXAMPLE. Let (N3,h) be a 3-dimensional, oriented Riemannian manifold. The unit sphere
bundle of N3 is given by

S*(TN) := SO(N) x50(3) S* = SO(N) xs0(3) SO(3)/SO(2) C TN,

where SO(N) denotes the SO(3)-principal fibre bundle of orthonormal frames on N. Let 7 :
S%(TN) — N denote the natural projection. The Levi-Civita connection of (N3, h) decomposes
the tangent bundle T'S?(TN) into a horizontal and a vertical part:

TS*(TN)=T"S*(TN)® T"S?(TN).

On S2(T'N), it exists a natural smooth distribution H5*(TN) ¢ T.S2(TN) of codimension 1 given
in a point [ € S%2(TN) by

HON) — 7 (R = TV SA(TN) @ (TS (TN) N (RED)).

Let J5” denote the standard SO(3)-invariant complex structure on S?. It exists a natural
complex structure on the distribution HS* (TN ), which is pointwise defined by
2
JlS (T'N) _ 71—;1 oJjom, + [8]71 o JSQ o [S],
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where [s] denotes the identification of a fibre with S? by an orthonormal frame s and 7, 1 o Jj o,
is the horizontal lift of the orthogonal complex structure J; on (Rl)* C Ty )N, which is the

rotation around the angle 3 in positive direction. This CR-structure (HSQ(TN ),J52(TN )) on

S2(TN) is always integrable. Furthermore, the unit sphere bundle together with its natural
CR-structure is conformally invariant.

We continue with the definition of almost optical structures:

Definition 5.2.2. — (comp. [Nur96]) Let M>*" be a 2n-dimensional C*-manifold.
(1) A triple O = (K, L, J) consisting of subbundles KL and L in TM such that
KcCL, dim K =1, dimL =2n—-1

and an almost complex structure J : L/K — L/K, J* = —id, on the quotient bundle L/K,
is called an almost optical structure on M>™.

(2) An almost optical structure O = (K, L,J) on M>*" is said to be integrable if and only if
the following two conditions are satisfied:

(4)
D(K),T(L)] c (L) and ®*J=J  forallkeI(K),

where ®F denotes the flow of the field k to the time t. This condition means that
locally in every point m € M the almost optical structure O may be pushed down
to an almost CR-structure (H™, J™) on a locally induced quotient manifold Uy, [~
where U,, C M 1is a suitable neighborhood of m € M and two points ui,us € Uy,
are ~*-related if and only if both belong to the same integral curve of the distribution
Klu,, -

(B) The locally induced CR-structures (H™,J™) are integrable in every point m € M.

(3) AC®-map f: M — M between two almost optical manifolds (M, K, L, J) and (M,K, L, J)

is called an optical map if and only if
df(K)c K, df(L)c L and dfoJ=.Jodf.
It is instantly clear from the definition that optical structures are closely related to CR-
structures. We point this out by the following facts:

(1) An almost CR-manifold (N2"~1 H,.J) gives rise to a canonical almost optical structure
on the manifold M := R x N. This almost optical structure on M is defined by

KM .=TR, LM :=TRe®H and JM==Jj. M/KM =y - M /KM =N,
(2) If an almost optical structure (K, L, J) on M satisfies condition (A), the locally induced
almost CR-structure on U, /~*, m € M, is given by
H"™ :=7(L) and J":=m,0Jo 7?;1,

where 7 : U, — Um/wlC is the natural projection. The open neighborhood U,, C M of
m € M may be chosen in such a way that (U, K|u,.,L|u,,, J|v,,) is optically equivalent
toR x Uy, /N’C with the induced almost optical structure given as above.
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(3) Let N?"~! be a submanifold of codimension 1 in the almost optical manifold (M?", K, £, J)
such that

It follows that HY := TN N L|y is a distribution in TN with codimension 1. The dis-
tribution HY is naturally identified with the restricted bundle £/K|y and J induces an
almost complex structure JV on HY. The pair (H",JV) is a naturally induced almost
CR-structure on N2"~1. We say that (N, HY,JV) is an almost CR-submanifold of the
almost optical manifold (M, K, L, J). If (K, L, J) satisfies condition (A), the almost CR-
structure (K, JN) in m € N C M is locally equivalent to the naturally induced almost
CR-structure (H™, J™) on the quotient manifold U,,/~* in the point {m} € U,,/~".

(4) An 1-dimensional distribution K on a manifold M is called regular if there is a smooth
differentiable structure on the quotient set M/~X such that 7 : M — M/~K is a C°°-
submersion. If (M, K, £, J) is an optical manifold with regular distribution K, the quotient
manifold M /N’C admits globally a natural CR-structure.

After we have defined CR- and optical manifolds, we want to consider mappings between them
and define for this an appropriate notion of holomorphicity.

Definition 5.2.3. — Let (P,J) denote an almost complex manifold, (N, H™,J™) an almost
CR-manifold and (M, KM, LM JM) an almost optical manifold.

(1) A C®-map f: P — N is called holomorphic if df(TP) C HN and df o J* = JN o df.

(2) A C®-map g : P — M is called holomorphic if dg(TP) c LM, dg(TP) N KM = 0 and
7odgoJP =JMof odg, where 7t : L — L/K is the natural projection.

(3) A C®-map h: N — M is called holomorphic if dh(HY) c LM, dh(HN)NKM = 0 and
fodhoJVN =JM o odf.

With the same notations as in the definition, we have

Proposition 5.2.4. —

(1) If the mappings f : P — N and h : N — M are holomorphic, the map g := hof: P — M
s also holomorphic.

(2) Let (KM, LM JMY on M satisfy condition (A) and let k € T(KM) be a vector field on M.
If the flow ®F of k is defined on (—¢,€) x U, where € > 0 and U C M is an open subset,
and if g : P — M is holomorphic, then the map

ge = oglgiwy g (U)CP—M
is holomorphic for every t € (—e,€).

The proof of this is obvious. The second part of the proposition says that the deformation of a
holomorphic map by an arbitrary smooth flow along the distribution X is still holomorphic.
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5.3 The twistor space of a Lorentzian manifold M}

The twistor space of an oriented Lorentzian 4-manifold (M, g) can be defined as the fibre
bundle of null directions in the tangent space TM{ (comp. [Nur96]). We give here an equivalent
definition of the Lorentzian twistor space as bundle of positive projective spinors on M.
The twistor space admits natural almost optical structures. The integrability, the conformal
invariance and the underlying CR-hypersurfaces of these optical structures are investigated. At
the end of this part, we discuss explicitly the twistor space of the Minkowski space R'3, the
pseudosphere S'3 and the pseudohyperbolic space H'3.

We start with the description of the fibre type of the twistor bundle. Let
Q:={R-vePR):v#0, (v,0)13=0}

denote the set of null directions in R'3. The space Q is a submanifold of the projective space
P3(R). There are several characterizations of the space Q. For the first, @ may be written as
homogenous space, since the Lorentzian group SO(1, 3) acts in a natural way transitively on Q.
Let H be the isotropy group of the natural SO(1,3)-action in 0 :=R - (e; + e2) € Q. It holds

Q= S0(1,3)/H.
The Lie algebra § of the isotropy group H is given by
b = Span{Era, E13 + Eaz, E14 + Eog, Esa},

where {F;; : i < j} denotes the standard basis in o(1,3). It is o(1,3) = m @ b, where
m = Span{FE13 — Eas, E14 — Ea4} is the complement to b in o(1,3). This decomposition of the
Lie algebra o(1, 3) is not reductive.

The space @ of null directions in R"3 is also naturally identified with the set of positive projective
spinors. For this let Afg = (2 be the standard Spin(1,3)-module of positive half spinors. A
spinor 0 # v € Af3 induces the R-linear map

0: RV — At
r = x-v

The kernel ker(?) of this mapping is a null direction in R'? and the map

L P(AJr) — Q
[v] —  ker(0), wve€ v

is bijective and SO(1, 3)-equivariant. The natural complex structure JZ(A") on P(AT) 2 P1(C)
is invariant by the natural SO(1, 3)-action and is given on m = T,,P by

JPAD By — Byy) = —(Brg — Bag) and  JPA) (B — Eyy) = Eyg — Ens.

Every unit timelike vector 7' € RY3, (T, T); 3 = —1, gives an identification of the space of null
directions Q and the 2-sphere S?(T+) 2 S? in the orthogonal complement T+ = R3:

L Q >~ S2(Th)
R(T +s) — s
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The twistor space of a 4-dimensional oriented Lorentzian manifold (M, g) is defined to be the
positive projective spinor bundle

Z(M{) == P(S*) = SO(M{) xs001,3 P(AY).

Let 7 : Z(M{) — M{ denote the natural projection. We may interpret the twistor bundle also
as the bundle of null directions in T M}

Z(M}) = SO(M7) xs0(1,3) Q-

The tangent space T'Z (Mf) decomposes with respect to the Levi-Civita connection of M{l in a
vertical and a horizontal part:

TZMY) =TV Z(M) ® THZ(M).

On the twistor space Z(Mj), there are given two natural almost optical structures OF =
(K, L,J%) and O~ = (K, L, J~). We define them pointwise as follows. Let [¢] € Z(M{) be an
arbitrary positive projective spinor. For a suitable orthonormal basis s = (s1,...,54) € SO(M)
we may write [¢)] = [s,R(e; + e2)]. To [1)] € Z(M{), it corresponds the orthogonal optical
structure O = (K Wl LWl g [w]) on the tangent space Ty [y M, which is defined by

KW = R(s1 + s2), LW = Span{si + sa, s3, 54},
JW(s3 + KWy = s, + K and  JW(sy + K¥) = —s3 + KV,

The almost optical structure OF = (K, £, J") is given in Tjy Z(M) by

O[—l—p] =1 toOMon, —[s] o JP(A) o [s],

where ;1 o Ol o 7, denotes the horizontal lift of the optical structure O¥! in TrupM to

T [% Z(M). The almost optical structure O~ is given in T}, Z(M) by

o0-

W = o OWon, +[s] 7 o JP(B) o [s].

Theorem 5.3.1. — (comp. [Nur96] and [Lei98]) Let M} be an oriented Lorentzian 4-manifold
and let Z(M{) be its twistor space.

(1) The almost optical structure OF is integrable in p € Z(My) if and only if p is a principal
null direction in TM; (comp. [ON95)).

(2) The almost optical structure OF on Z(M{) is integrable if and only if Mi is conformally
flat.

(8) The almost optical structure O~ does not satisfy condition (A) and is never integrable.
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We want to consider the conformal invariance of the twistor space Z(M;i) with its almost
optical structures. For this, let § = e?*g, where p : M{l — R is a smooth function, be a
conformally equivalent metric to g on Mi. The twistor spaces Z(M{, g) and Z(M{,g) are
naturally identified, since the null directions in TM{ are conformally invariant.

Theorem 5.3.2. — Let (M{,g) be an oriented Lorentzian 4-manifold and let § = e* g be a
conformally equivalent metric to g. The corresponding almost optical structures OF and O on
Z(M3}) are equal.

PROOF. The distribution K is the lightlike geodesic spray of the Lorentzian manifold M{. The
lightlike geodesic spray is conformally invariant. It follows that the optical flag L C £L C TZ(M)
is conformally invariant. It remains to show that the almost complex structures J* and J* on
the screen space L/ are equal. On the vertical part this is clear by definition. To prove it on
the horizontal part, let

s = (s1,52,83,584) : U C M — SO(M,g)

be a local frame and denote by § = e s the conformally changed frame in SO(M,g). In
the trivialization U x SO(1,3)/H of Z(Mj) induced by s, the horizontal lift s of s; to U x
SO(1,3)/H is given by

Ery — Egy

H + g(Vs,(s1 + s2), 54)#157.

Fi3—F
sfl =i + g(Vs,(s1 + s2), 53)u

For the conformal change of the Levi-Civita connection holds (comp. [Bes87])
VxY = VxY +dp(X)Y +dp(Y)X — g(X,Y)grad(p).

For the horizontal lift Eff of §; with respect to the connection V, we have

Eq3 — FEas
2

By — Eoy
2

§it=e?-(si" + [g9((s1+52)(p) - i, 53) — g(s3(p) - si, 51 + 52)] H

+ [g((s1 4 52)(p) - 86, 54) — g(s4(p) - 50,51 + 52)] H)
and we see that
JTE +K) =5 +K=T0"6E +K), JEI+K)=-3]+K=7"E+K),
ie. JT and JT are equal on the horizontal part of £/K. 0

The proof also shows that the almost optical structure O~ is not conformally invariant.

We are now interested in the underlying CR-hypersurfaces of (Z(M{),O%). Let T € I'(TM),
g(T,T) = —1, be a timelike unit vector field on M{. The choice of such a field T is equivalent
to a SO(3)-reduction SO7(M3) of the frame bundle SO(M{) over M;. The twistor bundle may
then be written as

Z(M) = SOrp(M) x50(3) Q = SO (M) xg0(3) 5.
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The twistor fibre 7=1(m) over a point m € M is identified via T, € T,, M with the sphere
S%(Tt) C T4, i.e. we can think of the twistor bundle as the bundle of 2-dimensional unit

m?

spheres, which are orthogonal to the timelike vector field 7" € I'(T'M).

Let us consider an oriented spacelike hypersurface P? in M{l, i.e. the restriction g|p is positive
definite. There is a unique timelike unit normal field 7" on P such that (7', s9, s3,84) is positive
oriented on M if (sg,53,54) € SO(P). The field T induces a SO(3)-reduction of the restricted
frame bundle SO(M)|p and we have a natural identification

v Z(M)|p = SO(P) XSO(3) 52
of the restricted twistor bundle and the unit sphere bundle over P3. The restriction Z(M)|p
is a submanifold of codimension 1 in Z(M3) and obviously, it holds

T(Z(M)|p) N K = {0},

It follows that the almost optical structure O induces an almost CR-structure (H,.J") on
Z(M})|p (comp. 5.2).

Theorem 5.3.8. — Let M} be an oriented Lorentzian 4-manifold and let P3 be an oriented
spacelike hypersurface of M.

(1) The almost CR-structure (H,JT) on the restricted twistor bundle Z(M{)|p is always in-
tegrable.

(2) The CR-structure (H,J%) on Z(M{)|p and the natural CR-structure (HS"(TP), J5*(TP))
on the unit sphere bundle S*(TP) are equivalent under the identification ¥ if and only if
P3 is a totally umbilic hypersurface in M.

PrROOF. First, we compare the CR-structure (’HSQ(TP), JSQ(TP)) and the almost CR-structure
(H,J*) on Z(M)|p = S?(TP). To every point n € P C M, it exists an open neighborhood
U C M and a local frame

s = (s1,52,83,84) : U C M — SO(M)

such that T' = s; on U N P and (sg,s3,54) : U NP — SO(P) is an orthonormal frame. An
arbitrary point p € Z(M)|pny may be written as [s - A,R(e; + e3)] for some A € SO(3). We
have

U(p) = U (R(sy + (5- A)g)) = (s- A)g € S*(TP)
and it holds
L SQ
7o(Hy) = (RTn() © R(sny) - A)2) " = Span{(sn(p) - A, (2 - Ak = 7 (M) ).

It follows W, (H,) = Higm for every p € Z(M)|p. A local frame s as above induces trivial-

izations of Z(M)|p and S%(TP):
Z(M)|prv S*TN)|pru

! !
(PAU)x SO(L,3)/H = (PNU)xSO3)/SO(2).

12
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The horizontal lifts of s;, i = 2, 3,4, with respect to the Levi-Civita connection on P are given
in the trivialization of S?(T'P)|ynp by

t~H = 8; — g(VsiSQ, 83)E23SO(2) — g(VsiSQ, S4)E24SO(2).

(2

Let sfl denote the horizontal lift of s;, i = 2, 3,4, with respect to the Levi-Civita connection on
M3. Tt holds

t5h = W(s8") + g(Vsy51,53) B2z SO(2) + g(Visy51, 54) E2450(2),
tH — \I/*(Sf) + g(V53$1, S4)E23SO(2) + g(V5431, S4)E24SO(2)

and the almost complex structure J* on H is given on H>*(TP) in TS%(TP) via the identification
U by

JT () = ti = 29(Vy51, 54) Ea3SO(2) + (9(Vsgs1,83) — 9(Viy51, 84)) E2450(2),
JT () = 2 4 29(Vsy51, 84) F2450(2) + (9(Vsy51, 83) — 9(Vs, 51, 54)) E23SO(2),
J+(E2350(2)) = E24SO(2), and J+(E24SO(2)) = —E2350(2).

The calculation of the corresponding Nijenhuis tensor shows that the almost CR-structure
(H,J") on Z(M)|p = S*(TP) is integrable.

Moreover, the above formulas show that J* and .J S*(TP) on HS*(TP) are identical if and only if

9(Vsys1,83) = g(Vg,s1,51) and  g(Vs,s1,54) =0

for every orthonormal basis (s2,s3,s4) on P. But this condition just means that the second
fundamental form II of P3 in M{l looks like II = g ® H, where H is the mean curvature, i.e.
the hypersurface P3 in M{ is totally umbilic. |

The almost CR-structure on the restriction Z(M)|p of the twistor bundle to a spacelike oriented
hypersurface P that is induced by the almost optical structure O~ on Z(M{) is never integrable.

REMARK. The twistor bundle Z(M3}) on M{ can also be identified with the bundle P(S™)
of negative projective spinors. The naturally induced almost optical structures on P(S™) are
anti-holomorphic to O and O~ on Z(M{) = P(ST) (comp. [Lei98]) and the results on P(S+)
in this section carry over to the bundle P(S™).

EXAMPLE A. The twistor space Z(RY?) of the Minkowski space RY? with optical structure O
Let RY3 be the flat Minkowski space. The twistor space Z(R!3) of R is given as

R3S x P(AT) = RS x Q ~ RYSBxSO(1,3)/H = RYS xS?
(z,[v]) = (z ker(d)) = (z,R(e1 +5)) < (z, AH) = ()
= (2, R[A - (e1 + e2)])
Let e; denote the standard basis in T,R"? = R and let e/ = (ey,. .., e4)- A be the orthonormal

basis transformed by A € SO(1,3). The optical structure O on Z(RM?) is given in [¢)] =
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(v, AH) € Z(RY3) by
Ky =R(ef +e8), Ly = Span{eft +ef,ef, ef},  TT|pv zmusy = —JPA),
J+(6§4 + ’C[Tﬁ]) = ef + ’C[l/)] and J+(€f + K:[w]) = —634 + K[w].

The twistor space (Z(RY3),O%) is optically diffeomorphic to R x (R x $?) with the optical
structure

(TR,TR D HSQ(T]R@)’ JSQ(TR3)),

where (R3 x §2, H5*(T®%)  JS*(T®%)) ig the unit sphere bundle over the Euclidean space R3 with
the natural induced CR-structure (comp. 5.2).

ExXAMPLE B. The twistor space Z(S13) of the pseudosphere S'3 with optical structure OF
The hypersurface

Sb3 .= {z e RM: (x,x)14 =1}

in RV with the induced metric is an oriented Lorentzian 4-space of constant sectional curvature
1 and is called the 4-dimensional pseudosphere (comp. [ON83]). The pseudosphere S'3 =
S0O(1,4)/50(1, 3) is a symmetric space, where we choose the embedding

t: SO(1,3) — SO(1,4)
Ain 0 Ay
(4i;)  +— < 0 1 0 >

for the isotropy group SO(1,3). The twistor space Z(S'?) is given as homogenous space by
SO(1,4)/H and Z(S'?) is diffeomorphic to

R x S3(TS%) =R x SO(4)/SO(2) =R x §% x §2,
where S?(T'S3) =2 SO(4)/SO(2) is the unit sphere bundle over the sphere S® = SO(4)/SO(3).

The optical structure OF = (K, £, J7) on Z(S13) is SO(1, 4)-equivariant and is given as follows.
The Lie algebra o(1,4) = Span{E;; : 1 <i < j <5} decomposes to

o(l,4) =meh oo,

where 0(1,3) = m@bh and b = Span{FE12, Fa3, Ea4, Eo5}. The subspace b is Ad(H )-invariant and
there exists an Ad(H )-equivariant optical structure (¢, 1, .J) on b defined by

t.= R(—Elg + Egg), [:= Spcm{E24, E25} @e, and
J(Eos+¢) = Eos + ¢, J(Fas +8) = —FEay + ¢t

The twistor bundle Z(S%3) splits into a horizontal and a vertical part, where the horizontal
bundle is given by

THSO(1,4)/H = SO(1,4) X aq(r) b.
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The distributions K and £ of the optical structure O are defined by

K=S80(1,4) xaqumy t and L= (TVSO(1,4)/H) & (SO(1,4) X agem) 1).

o~

The complex structure J* : L/K — L/K is given on the vertical part by J¥|pv s 4)/m

— JP(A") and on the horizontal part by

JH([AL+¢€) =[A, J(I+¥)], Ae€SO(1,4), el

The distribution K is regular on Z(S%3) and the underlying CR-manifold of (Z(S%3),0%) is
equivalent to the unit sphere bundle of S® with natural CR-structure. We describe this CR-
structure on SO(4)/S0(2) = S*(T'S3). Let {E;;} be the standard basis in o(4),

L SO(2) —  SO(4)
( cost —sint ) N exptE34

sint cost

the embedding of SO(2) and let a := Span{FE\3, E14, Ea3, F24} be a subspace of o(4). The
subspace a is Ad(SO(2))-invariant and the linear map J : a — a given by

J(E13) = B, J(Ea23) = FEa, J(Ew)=—E13 and J(Fa) = —FE»3

is an Ad(SO(2))-equivariant complex structure on a.  The canonical CR-structure on
S0O(4)/S0(2) is given by

JSQ(TS3): HSQ(TS3) N HSQ(TS3) )

SA(TS3) _
H SO(4) X ad(so(2)) 9 [A,a) — [A,Ja], a€a

ExAMPLE C. The twistor space Z(H"3) with optical structure OF
The hypersurface

HY = {2 e R*: (z,2)93 =1}

in R%? with the induced metric is an oriented Lorentzian 4-manifold of constant sectional cur-
vature —1 and is called the 4-dimensional pseudohyperbolic space. The pseudohyperbolic space
H3 2= 50(2,3)/S0(1,3) is a symmetric space, where we choose the embedding

t: SO(1,3) — SO(2,3).
A= (o4)
The twistor space Z(H"3) is given as homogenous space by SO(2,3)/H and is diffeomorphic to
St x SH(TH3) = S* x SOT(1,3)/S0(2) = St x R x S,

where S?(TH?®) = SO*(1,3)/SO(2) is the unit sphere bundle over the hyperbolic space
H3 2> S0%(1,3)/50(3).
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The optical structure Ot = (K,L£,J%) on Z(H'3) is SO(2,3)-equivariant. We describe O
as follows. The Lie algebra of SO(2,3) splits into 0(2,3) = m @ h @ b, where the subspace
b = Span{E12, E13, E14, F15} is Ad(H)-invariant. The subspaces

t:=R(E2 + Er3), [:= Span{FE1s + Eh3 Ea, Ei5}
of b and the complex structure J : [/¢ — [/¢ given by
J(Euu+€¢ =Eis+t and J(Eis+8) =—-Eiu+t

form together an Ad(H )-equivariant optical structure (¥, [,.J) on b. The optical structure Ot on
Z(H'3) = 50(2,3)/H is then given by

K :=80(2,3) X gqumy &, L:=(TVSO(2,3)/H) ® (SO(2,3) X aq(r) 1),
T lrvsopsya = —JPED and  JH(A1+14) = [A,J(1+ )],
where [A, 1 +¢] € LNTHSO(2,3)/H.

The locally induced CR-structures of O are equivalent to the natural CR-structure on the unit
sphere bundle of H3. We describe this CR-structure on SO*(1,3)/S0(2) = S?(TH?). Let

v SO(2) — SO™(1,3)
I 0
A e ( re )
be the embedding of SO(2) in SO™(1,3). The pair (a,.J) defined by

a := Span{E3, E14, E23, Fa4} C 0(1,3),

J(Er3) = B, J(Bw)=—Ei3, J(E3)=FEy and J(E2)=—FE
is an Ad(SO(2))-equivariant CR-structure on Span{E13, E14, Ea3, Ea4, F34} C 0(1,3). The CR-~
structure (H52(TH3), J52(TH3)) is then given by
JSQ(TH3) . HSQ(TH3) _ HSQ(THS) )

S%H(TH3) _ +
H SO™(1,3) Xad(s0(2)) & [A,a]  — [AJa], a€a

5.4 Optical-geometric interpretation of the twistor equation

We proved in [Lei98] an optical-geometric interpretation of the twistor equation on a Lorentzian
spin 4-manifold. We briefly recall this result for the twistor equation here. Let (S*)* denote the
dual spinor bundle to ST. The bundle (ST)* \ 0 without the zero section is in a natural way a
C*-principal fibre bundle over the twistor space Z(Mj) with respect to the natural projection

T (ST)*~0 — Z(M).
& — kerc(§)
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To the principal fibre bundle (ST)* \ 0, we can associate the canonical line bundle B over the
twistor space Z(M3), which is defined by

B = ((ST)* < 0) xc- C.

The line bundle B admits a natural almost optical structure OE such that the projection to
(Z(M}),0%) is a holomorphic map. We observe that there exists a bijective correspondence
between spinor fields I'(S*) and linear sections I'1;,(Z(M4); B) in the following way. Let ¢ €
I'(ST) be a spinor field. The function

g: (ST~ 0 — C
& = &)

on (ST)* < 0 is linear and, in particular, 1/3 is C*-equivariant. That means 1& corresponds to a
linear section in the line bundle B. A twistor spinor ¢ € I'(ST) interpreted as linear section in
the bundle B can be characterized in the following way.

Theorem 5.4.1. — (see [Lei98]) Let ¢ € T'(S) be a spinor field on a Lorentzian spin
4-manifold M{. Then ¢ is a twistor spinor (p € ker(P)) if and only if the corresponding linear

section ¢ € Tpin(Z(M3); B) is holomorphic with respect to the almost optical structures OF
and O
B

Notice that different then in the Riemannian case the existence of a twistor spinor is not an
integrability condition for the almost optical structure OF on the twistor space Z(M3).

5.5 Spacelike immersed surfaces

We study the second fundamental form of a spacelike immersed surface in a Lorentzian 4-space.
Let (M{, g) be an oriented Lorentzian 4-space and let f : N2 — M be an isometric immersion
of an oriented Riemannian 2-manifold (N2, k). A local Darboux frame on N? is a map

82(81,...,84)ZUCN—MSO(M)’N

such that (s3,s4) is locally a positive oriented orthonormal frame in TN. Let TNt denote
the normal bundle of the immersion f in TMj. The metric g on TMj induces a metric h* of
signature (1,1) on TN+. The normal bundle splits into a positive and a negative line bundle
of lightlike normal vectors, TN+ = TN f; @ TN=, where these line bundles over N are locally
defined by

TNi— =R(s1 +s2) and TN*: = R(s1 — s2)

with respect to a Darboux frame s. The second fundamental form of the immersion f is defined
to be the normal part of the Levi-Civita connection V on M}

I(X,Y)=NVxY, X,Y eI(TN).

Let hf; = €a9(Vs;85,54), o € {1,2}, 1,7 € {3,4}, denote the components of II with respect to
a Darboux frame s. The mean curvature vector H of the isometric immersion f is given by

H = §trll = 59"hsq = Hy + H-

S92 — Sl)a

hl Jrhl +h2 +h2 7h1 7h1 +h2 +h2
33 44 33 44 33 44 33 44
1 (s1+ s2) + Y (
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where H_ € TN+ and Hy € TN}, Let t i= =% e Co T*M. Tt is

II = h®H + Rel[(3(—his+hl, —his+h3,)+i(hi, +h3,)) tot] ® (s1+ s2)
+ Re[(3(hds — hiy — b33+ h3,) +i(—=hl, + h3,)) - tot] @ (s2— s1)
= h®H, 4+ h®H_+L,+L_,

where L_ € Sym*(TN) ® TNt and Ly € Sym*(TN) ® TN are symmetric 2-forms with
values in the normal null line bundles.

Definition 5.5.1. — Let f : N> — M} be a spacelike immersion of an oriented surface, i.e.
the induced metric h := f*g is positive definite on N?. We call the spacelike immersion f

null-stationary < H_ =0
null-umbilic< L_ =0
isotropic< H_=L_ =0
stationary < H =0

totally umbilic Ly = L_ = 0.

REMARK.

(1) If we change the orientation on N2, the null line bundles TN and TNt switch. A
null-stationary (null-umbilic) surface satisfies then Hy =0 (L4 = 0).

(2) Let us consider a spacelike immersion f : N 2 — M} and let § := e*g be a conformally
equivalent metric to g on M{. Denote by II the second fundamental form of the isometric
immersion f : (N, f*g) — (M, g). The comparison of the covariant derivatives V and V
yields

II=1I—-g®Ngradp= f*§[e - (H - Ngradp)| + Ly + L_.

This shows that the vanishing of the components Ly and L_ is invariant under conformal
change of the metric g on M{l. In particular, the property of a spacelike immersion to be
totally umbilic is conformally invariant, whereas the stationary condition is not conformally
invariant.

5.6 Holomorphic Gauss lifts of spacelike immersed surfaces

We define now the Gauss lift of a conformally spacelike immersed surface to the twistor space
and relate geometric properties of the conformal immersion to the holomorphicity of its Gauss
lift.

Let (N2, J%) be a Riemannian surface and let f : N2> — M be a conformal spacelike immersion
into an oriented Lorentzian 4-manifold, i.e. the complex structure JV is orthogonal with respect
to the induced metric f*g on N. We have the positive line bundle T'IV i on N, where the space
T, Nt is for every n € N a null direction in TM{, i.e. an element of the twistor space Z(M}).
We define the Gauss lift v7 of f into the twistor space Z(M{) by

Z(M)
v N — Z(M) Vf
no— TnN_ﬁ ’ / i)
f*N - M



Definition 5.6.1. — Let f : N> — M{ be a conformal spacelike immersion of a Riemannian
surface into an oriented Lorentzian 4-space. The immersion f is called

O*-holomorphic if ~;: (N,JVN) — (Z(M),O%) is holomorphic or
O~ -holomorphic if ¢ : (N, JN) — (Z(M),07) is holomorphic.

The conformal immersion f : N> — M is called horizontal if the lift vf to Z(M}) is horizontal,
i.e. dyp(T,N) C Tﬁn)Z(M) for alln € N.

That a conformal spacelike immersion f : N? — M{l is horizontal means that the parallel
displacement of a positive normal null vector along an arbitrary curve on N2 in Mj remains a
positive normal null vector.

Let us consider the differential of the lift 7. The horizontal part d'y]{{ is simply the horizontal
lift of df. For the vertical part dv}/ holds

—Wi4 — w24

5 (Evg — Eog)H,

where w;; := g(VMs;, s;) are the connections forms of the Levi-Civita connection on M} with
respect to a local Darboux frame s. From this formula we obtain by a direct calculation

Proposition 5.6.2. — Let f : N> — M be a conformal immersion. The following relations
hold:

(1) f is O~ -holomorphic < H_ =0 & f is null-stationary
(2) f is OF-holomorphic & L_ =0 & [ is null-umbilic
(8) f is horizontal & H_ =L_=0< f is isotropic

REMARK. Surfaces in a Riemannian 4-manifold, that have a horizontal Gauss lift to the Rie-
mannian twistor space, are called superminimal surfaces, since they satisfy a stronger curvature
condition then minimality. In this sense we could say that isotropic surfaces in M are super-
null-stationary.

5.7 Twistoriel construction of spacelike surfaces

The Proposition 5.6.2 of the previous part relates geometric properties of a conformally and
spacelike immersed surface to the holomorphicity of its Gauss lift. In the following the recon-
struction of null-stationary and null-umbilic surfaces in Lorentzian 4-spaces from holomorphic
curves in the Lorentzian twistor space is established. We give also a local description of
null-umbilic surfaces in conformally flat Lorentzian 4-spaces. Moreover, we describe isotropic
surfaces in the Lorentzian space forms RY3, %3 and H'3.

Theorem 5.7.1. — Let (N2, JV) be a Riemannian surface and let M} be an oriented Lorentzian
4-manifold.
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(1) If v : (N2, JN) — (Z(M),07) is a holomorphic map into the twistor space over Mi such
that dy # 0 on N and v is non-vertical, that means dy(T,,N) ¢ TX(”)Z(M) foralln € N,
then the projection

f::7ro'y:N2—>M{1

is a conformal spacelike tmmersion with H_ = 0. In particular, there is a bijective cor-
respondence between O~ -holomorphic, non-vertical curves in Z(M{l) and conformally im-
mersed null-stationary surfaces in M.

(2) There is a bijective correspondence between Ot -holomorphic, non-vertical curves in Z (M)
and conformally immersed surfaces in Mi with L_ = 0.

PRrROOF. We prove only the first statement, since the proof of the second statement works in the
same way. Let v : (N, JV) — (Z(M),0~) be a non-vertical, holomorphic curve with dy # 0 on
N. Obviously, the projected map f := 7o~ is an immersion. It is dy(T'N) C £ and it follows

T (dy(T,N)) c L™ for all n € N.
Moreover, it is # o dy o JN = J~ o & o dvy, which means that
progy o df o JN =" opr oy odf : T,N — L"™/KY®™  for all n € N,

where pr,) L LV(”)/ K7™ is the natural projection. J7(™ is orthogonal with respect
to gy and therefore the immersion f : N 2 — M} is conformal. The Gauss lift s of the
immersion f = mo~ is equal to the original map + and we can apply Proposition 5.6.2 to obtain
that f is a null-stationary immersion. O

Parts of this theorem can also be found in [Bob98]. Similar, it can be proved that there
is a bijective correspondence between conformally immersed totally umbilic surfaces in a
Riemannian 3-manifold P? and non-vertical, holomorphic curves in the unit sphere bundle

(52(1713)7 HSQ(TP)7 JSQ(TP))_

One way to obtain holomorphic curves in an almost optical manifold is to construct holomorphic
curves in a CR-hypersurface. For example, if P3 C M is an oriented spacelike hypersurface
in a Lorentzian 4-manifold then the unit sphere bundle S?(TP) with CR-structure (H,.JT)
is a CR-hypersurface in (Z(M),O") (Theorem 5.3.3). A non-vertical, holomorphic curve in
(S?(TP),H,J") is then a non-vertical, holomorphic curve in (Z(M),O") and projects to a
null-umbilic immersed surface in M.

The existence of a holomorphic curve in an integrable optical manifold gives rise to a whole
family of holomorphic curves. This is the idea to

Corollary 5.7.2. — Let M} be an oriented conformally flat Lorentzian j-manifold and let
k € T(K) be a vector field in the distribution K on the twistor space Z(M{). If f : N* — M is
a conformally immersed Riemannian surface with L_ = 0 then the map

ft ;:wo@fo*}/f:NQ—)M{l,
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where ®F denotes the flow of the field k, is at least locally for small t € R a conformally
immersed surface in M} with L_ = 0.

PrROOF. If f : N2 — M} is a conformally immersed surface with L_ = 0 then the Gauss lift
v (N, IY) = (2(M),07)

is holomorphic. Since M} is conformally flat, O on Z(M{) is integrable and therefore
®f 0y : (N, JY) = (2(M),07)

is locally and for small ¢ € R a non-vertical, holomorphic map (Proposition 5.2.4), which
projects to a null-umbilic immersed surface in M. O

Corollary 5.7.2 may be interpreted as follows. Let N? be an oriented spacelike surface in M.
The normal bundle TN+ over N? in M{l decomposes to the bundle of positive and negative
normal null directions on the surface N2 in Mj. Every positive normal null vector on N? defines
a geodesic that intersects the surface N2. We call such a geodesic through N? positive normal
null. The distribution K on Z(M{) is the lightlike geodesic spray of M. Hence, Corollary 5.7.2
says that a smooth bijective deformation of a null-umbilic surface N2 along its positive normal
null geodesics is also null-umbilic.

In case that the integral curves to k € I'(K) on Z(M{) are complete, the map f; = m o ®F o v,
in Corollary 5.7.2 is defined for every ¢t € R. But it may happen that the holomorphic curve
®F o vy in Z(M{) is not any more a non-vertical curve for some t € R, i.e. the deformation f;
is not in general an immersion for every ¢ € R.

Corollary 5.7.3. — Let M} be conformally flat. _Every null-umbilic surface N? in M} is
locally a deformation of a totally umbilic surface N2 in M} along the positive normal null
geodesics on N2.

PROOF. Since M{l is conformally flat, there exists a hypersphere segment P3, C M{ in every
point m € M{. So let n € N? be arbitrary and let P3 be a hypersphere segment in n. Then
an open neighborhood U C N? of n € N? exists such that every positive normal null geodesic
through U intersects the hypersphere P3. Moreover, we can find a vector field k, which is tangen-
tial to the positive normal null geodesics through U, and a neighborhood U C U of n such that
N? .= F (U) € P3 for some t; > 0 and such that the map ®F : U — ®F(U) is a diffeomorphism
for every t € [0,1]. Since N? is null-umbilic, it follows that N2 is totally umbilic in P3. This

implies that N2 is even totally umbilic in M7 and the open set U c N2 is a deformation of N2.0

There is no analogous version of Corollary 5.7.2 for null-stationary surfaces, sine the almost
optical structure O~ on Z(M{) does not satisfy condition (A). However, we will prove at the
end of this section an analogous version of Corollary 5.7.2 and Corollary 5.7.3 for isotropic
surfaces in case that M{ has constant sectional curvature!

EXAMPLE A. Null-umbilic surfaces and isotropic surfaces in the Minkowski space R!3

Let us consider the flat Minkowski space RY3. The closed totally umbilic spacelike hypersurfaces
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in R3 are isometric embeddings of the Euclidean or hyperbolic 3-space. We choose the totally
geodesic embedding

P} =R} < RS
(y17y2ay3) — (anlay%?/?))

The closed totally umbilic surfaces in the Euclidean 3-space R? are isometric embeddings of the
2-sphere or the Euclidean plane.

The embedding
j: S2 < RL3
(yi,y2,93) — (0,y1,92,93), vi+yi+yi=1

is totally umbilic. The null vector field

o o o d
—_ —_ — 4 ya—— e T(TRY3/ o
g g -ty - € ( lics2))

is positive normal to the surface j(S?) C RY3. The positive normal null geodesics intersecting
the sphere j(S?) are given by

Vape)(t) = (tta,th,tc), tER, a®+b>+c” =1

Every deformation of the surface j(S?) C R along the positive normal null geodesics has the
form
I 52 — RLS,
y=(ny2u3) = (A Ay, Az, Ays)
where \(y) is a smooth function on S2. If A # 0 is a positive or negative function then the map
Jx is a conformal embedding. By Corollary 5.7.2; it follows that those conformal embeddings of
52 are null-umbilic surfaces in RY3. Since the Gauss lift of the embedding j is not horizontal,

the embedding j, has no horizontal Gauss lift for any function A # 0 and the surface j)(S?) is
nowhere isotropic in R'3. In case that A(y) = 0 for some y € S?, the map 7, is not an immersion.

The isometric embedding

i (R2a<'>'>) — (R1’3a<'>'>1,3)
(21,22) — (0,0,Zl,ZQ)

of the Euclidean plan is totally geodesic. The positive normal null geodesics intersecting the
plane i(R?) are given by

Vap)(t) = (t,t,a,b), teR.

Every surface that is a deformation of i(R?) C R'3 along the positive normal null geodesics on
i(R?) has the form

ir: R* o RS,
(z1,22) — (A(z1,22), M(21, 22), 21, 22)
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where A(z1,29) is a smooth function on R2. The embedding iy is isometric and iy(R?) is a
null-umbilic surface in RM? for every function A on R2. By calculating the second fundamental
form of iy into R1® we obtain

'61+€2
2

I={,)® ( AP\ ) + Ly.

That means an embedding of the form ¢ is even isotropic.

Let f: N? — RY3 be an arbitrary conformal null-umbilic immersion of a connected Riemannian
surface N2. It follows from Corollary 5.7.3 that the immersion f has locally the form jy or
iy up to an isometry of R (comp. [Elg96]). Furthermore, the subset of N2, on which f is
isotropic, is open and closed, i.e. the immersion f is globally isotropic or only null-umbilic. In
case that the immersion f is only null-umbilic, it can be locally deformated along the normal
null geodesics to a unique point in RY3.

The fact that every complete lightlike geodesic in R'3 intersects the hyperplane P? C R'3 in a
single point gives rise to a uniquely defined smooth map

f/ . N2 N P3 o R3’

n = Tp

where 7, is the intersection point of the positive normal null geodesic through f(n) with the
hyperplane P? C R'3. If f is isotropic then the map f’ is an immersion. In case that f is only
null-umbilic, it may happen that f’ has singularities. Since the inverse image of a singularity
of f'is closed, it follows that f’ has to be already constant on N?2. Because two null geodesics
in R3 have at most one intersection point, we can find another totally geodesic hypersurface
P’ = R3 ¢ R such that the unique deformation of f into P’ = R? is an immersion. Hence, we
obtain in any case a smooth deformation f’': N2> — R? of the null-umbilic immersion f, which
is by Corollary 5.7.2 conformal and totally umbilic. Moreover, the immersion f is isotropic
if and only if the induced immersion f’ into R3 is totally geodesic. In this case the induced
metric f/*((-,-)1,3) on N? is flat, whereas if f’ is not totally geodesic the metric f'*({-,-)13) on
N? has positive constant sectional curvature. We can conclude that in the class of compact
Riemannian surfaces only the sphere S? admits a conformal null-umbilic immersion into R,
Such an immersion has the form jy : S? — R'3 up to an isometry of R3. Moreover, since
the only complete flat Riemannian 2-manifold that admits a totally geodesic immersion into
R3 is the plan R?, it follows that there exists no isotropic conformal immersion of a compact
Riemannian surface into R'3.

The property that a surface is null-umbilic is independent of the conformal class of the ambient
Lorentzian 4-space. Hence, the immersions of the form i) and j) describe locally every
null-umbilic surface in a conformally flat Lorentzian 4-space.

EXAMPLE B. Null-umbilic surfaces and isotropic surfaces in the pseudosphere S*3
Let S3 be the pseudoshere. The image of the isometric embedding
L: S3 Cc R? — Sb3 cRrM
(y1,y2,53,91) = (0,91, 92,3, 94)
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is a totally geodesic spacelike hypersurface in S'3. Every closed totally umbilic surface in S? is
up to an isometry of S? the image of a conformal embedding of the form

je 52 — 53 CR4L

(y17y2>y3) = (07v1—02'y17vl—Cz'y2>v1—C2‘y3)a CER, |C|<1

Only the surface i(S?) := j°(S?) C S? is totally geodesic.
Every deformation of the embedding j¢ : S? < S along its positive normal null geodesics has
the form

J)C\ S? s 51,37
y=(ny2ys) = AAWI=E+e, (VI =)

where A\ : S — R is an arbitrary smooth function. The map Js 5?2 — S§13 is a conformal
embedding if ¢ =0 or A\ # 7”(?"’2 on S2. Those embedded surfaces are null-umbilic in S'3. The

embedding
ix:=jv: §% — Sb3cRrlA
y — ANy, =1

is isometric for every smooth function A on S2. Let

sp: Sy e S13 ¢ y3 =1}
y = (Y1,Y2,Y3, Y4, Ys5)
l=l2-1

_2
THz[2 (z1, 72, 2 , T3, T4)

RLO\ 3
ﬁ(yla Y2,Y4, 95)

Tr = (361,9027903,304)

T 1 lnz

denote the stereographic projection in (0,0,1,0,0) € S'3. We set p = In
e P-Xosp. It holds

1+Hx||2 and \ :

sp~to i5 R? — Sb3

~ ~ 2 —1
(21722) = 1+Z%+32 ()\ )‘ 21722) = ()‘7 A7y37y473/5)7

where y2 + y3 + y2 = 1, i.e. the stereographic projection sp maps the surface iy(5?) in S13 to
the surface 5 (R?) in RY3. We can use this to calculate the second fundamental form II of the
isometric embedding iy : S < S™3. It holds

T = g52®[e*2ﬂ(H—Ngmd(p))] + Ly
100 0
= A5\ +2) — L.
g ® [ + ] <8$1 * 8562) + +
This proves that iy : $% — S'3 is an isotropic embedding into 513, The embeddings of the
form j§, ¢ # 0, are never isotropic. If A is a spherical function to the eigenvalue —2 of the

Laplace operator AS? on 52, the surface i 5\(52) C 813 is stationary and null-umbilic.

Let f: N?> — S13 be an arbitrary conformal null-umbilic immersion. Again, the immersion f
can be deformated along its normal null geodesics to a conformal totally umbilic immersion
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f': N? — 83. The immersion f is isotropic if and only if the corresponding immersion f is
totally geodesic. The induced metric f’ *(gs 1’3) on N? has positive constant sectional curvature.
We can conclude that in the class of compact Riemannian surfaces only the sphere S? admits a
conformal null-umbilic immersion into S'3. The sphere S? admits even isotropic embeddings
into 13,

ExaMPLE C. Null-umbilic surfaces and isotropic surfaces in the pseudohyperbolic space H'3
Let us consider the pseudohyperbolic 4-space
HY? = {z e R??: (x,x)93 =—1} C RS,
The isometric embedding
L H3 c RS — H3 cRr23
(Y1,92,93,94) +—  (¥1,0,92,93,94), w1 >0, |ly] =1

is a spacelike totally geodesic hypersurface in H'3. Up to an isometry of H?, every closed totally
umbilic surface in H? has one of the following forms:

Y 52 — H3,
(21,22,23) +— (,V/—1-21,V/c2—1-29,V/c2—1-23), c>1
i H? — H3.

(21,22,23) — (21,0, 22,23)

The deformations of the surfaces j(S?) C H'? and i(H?) C H%? along its positive normal null
geodesics look as follows:

I 52 (N Hl’?’,
z2=(21,22,23) — AW —1+¢,(V2—14+X)-2), c¢>1
iy H? — H3,

(21,22,23) — (21, A, 22, 23)

where A(z) is a smooth function on S? resp. H?. The map jy is a conformal null-umbilic
embedding for every function A\ # —@ on S? and the map iy is an isometric null-umbilic
embedding for every function A on H?. For the second fundamental form of the isometric
embedding 7y, we calculate

- 1/ 0 0
I = ¢f* [AH2A—2)\}-7 2+ %) 4L
g ® 2 83}2 + 8%’3 + +
i.e. the embeddings of the form i) are isotropic, whereas the embeddings j are only null-
umbilic. The only compact Riemannian surface that admits a conformal null-umbilic immersion
into H'3 is the sphere S? and there is no isotropic immersion of a compact Riemannian surface

into H13.

The discussion of the isotropic surfaces in the space forms R, S13 and H'3 proves the
following analogous result to Corollary 5.7.2 and 5.7.3:

Theorem 5.7.4. — Let M{(k) be an oriented Lorentzian 4-manifold with constant sectional
curvature k.
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1) Ewvery smooth deformation of an isotropic surface N2 in M (k) along the positive normal
Y P 1 g p
null geodesics of N? remains isotropic.

(2) Every isotropic surface in My (k) is locally a smooth deformation of a totally geodesic
surface N? in Mf(k:) along the positive normal null geodesics on N2.

Remember that the property of a surface to be null-stationary is not a conformal invariant of
the ambient Lorentzian manifold. In particular, a stereographic projection does not map every
null-stationary surface again into such one. It is remarkable that Theorem 5.7.4 holds, although
the almost optical structure O~ on Z(M{(k)) is not integrable. Theorem 5.7.4 is not true for
arbitrary conformally flat Lorentzian manifolds.
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