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Introduction

In this work, we are going to study a mathematical model for chemotaxis. This
phenomenon is the oriented motion of organisms sensitive to a concentration gradient
of a chemical substance and appears in various biological processes. For instance, in the
case of an infection in the human body, white blood cells move to the source of inflamma-
tion, that is, to regions where the concentration of bacteria is high. Also, several animals
(e.g. insects and fish) are able to sense concentration gradients of given chemicals, so that
information can be conveyed between members of the species by exuding and sensing so-
called pheromones. Furthermore, chemotaxis is known to be responsible for aggregation
processes in the life cycle of certain unicellular organisms. The chemotactic behaviour
of these amoebae serves very well for studies of cell aggregation leading to generation of
form.

Mathematical models have been developed during recent years in order to predict
aggregation patterns of cells as well as to test different biological hypotheses trying to
explain chemotaxis. These models consist of two coupled non-linear partial differential
equations of reaction-diffusion type based on the Keller-Segel [22] model and have proved
to be of great mathematical interest in their own right. As a prototype, we state the
following system for U = U(t,z) and V = V (¢, z):

U = AU-VKUVYV)
V, = aAV — BV +6U (1)

on (0,7) x Q C IR x IR™ with homogeneous Neumann boundary conditions
v-VU=v-VV =0 on (0,7)x 09 (2)

(v is the unit outer normal at points of 9).) and initial conditions U (0, z) = Uy(z) and
V(0,z) = Vi(z) for all z € Q. x, a, B and ¢ are usually positive constants. (See Section
1.1 for details on the derivation of the model.)

The model describes the behaviour of the cellular slime molds Dictyostelium
discotdeum U moving towards regions of high concentration of the chemical substance
cAMP (cyclic adenosine monophosphate) V', which they themselves produce. In times
of shortage of food-supply, Dictyostelium discoideum cells appear that spontaneously
secrete cAMP. Neighbouring cells now also start exuding the chemical in response to
its increasing concentration. At the same time, the released cAMP is slowly destroyed
by an enzyme. The amoebae form migrating multi-cellular slugs and move in streams

towards the centre of highest concentration of cAMP. After a while, they come to a rest
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and erect themselves to a fruiting body, which aids the distribution of germinating spore
cells.

In system (1), the U-flux moves in the direction of the concentration gradient of
V. Therefore, chemotaxis can be viewed as a kind of negative drift as it appears for
instance in equations modeling reaction-diffusion processes of electrically charged species

in semiconductors, which can be written in a simplified form as

(u1)r = mAu — V(i V) + Ry
(ug)y = poAugs + V(uaVp) + Ry
—V(EeVy) = ug — uy,

where u; and uy are the densities of electrons and holes, respectively, and ¢ is the electro-
static potential. The p; are positive diffusion coefficients and the R; are reaction terms
depending on the carrier densities.! The latter model has a strong resemblance with
the whole system (1). The essential difference is that the production terms for each u;
in the Poisson equation has the same sign as the drift term in the respective continuity
equation, whereas, in our equations, the chemotactic term and the production term in
the V-equation are of opposite sign. This makes the chemotaxis-system more difficult
to handle mathematically, and blow-up (explosion of solutions in finite time) cannot be
excluded. In fact, the interaction of destabilizing chemotaxis and stabilizing diffusion
determines the solution behaviour in the chemotaxis-setting and it is crucial which effect
dominates.

In 1992, Jiager and Luckhaus [21] first studied the above system in a smooth domain

Q) C IR? after replacing the second equation by a stationary one, i.e.,

U, = AU-xV(UVYV)
0 = AV — BV +6U (3)

with homogeneous Neumann conditions and U(0) = U,. They showed global existence
of solutions U and V for a class of initial values U, and, under the assumption of radial
symmetry (2 = Bg(0)), existence of blow-up of solutions for large initial values Uj.

In 1994, Nagai [30] found conditions for blow-ups depending on the dimension n of the
ball 2 = Br(0). (Blow-up does not occur at all for n = 1, and for n = 2 only if ||Up||1(g)
is greater than a given threshold value or, equivalently, in the case of a fixed initial mass

of U, when the chemotactic coefficient  is sufficiently large.)

tFor more details on the semiconductor model see for example van Roosbroeck [38] or Gajewski and
Groger [10].



Nagai and Diaz [7] studied system (3) for a smooth Q without radial symmetry, but
under homogeneous Dirichlet boundary conditions, where the only stationary solution is
(U,V) = (0,0). In this case, they showed global existence of solutions and convergence
to the trivial solution as time ¢ tends to infinity.

However, one knows from a work by Schaaf [36], who investigated the bifurcation
behaviour of inhomogeneous steady states of chemotactic systems in one dimension, that
in the Neumann case, there are non-trivial stationary solutions.

There are some further works dealing with system (3) with (2) on a radially symmetric
domain in two dimensions, where the second equation can be reduced to an ordinary
differential equation: Mizutani and Nagai [28] proved convergence to trivial stationary
solutions, Herrero and Velazquez showed existence of d-distribution blow-ups in the disc
centre by inverting the A- operator’. In reference [18], the latter discussed, for the first
time, the system with an instationary V-equation, i.e., system (1). Also only in the case
of a disc, Nagai and Senba [31] replaced V' by ¢(V) in the first equation of (3) with
d(V)=VP (p>0)or¢(V)=logV.

In 1996, Gajewski and Zacharias [14] first found a Lyapunov function for the fully
instationary system (1) with (2). For a more general domain §2 with possible singularities,
they proved local existence and uniqueness of solutions. Moreover, they showed under
quite natural conditions on the coefficients of the system convergence to trivial and non-
trivial steady states, thus excluding blow-up in finite time. In the same year, Nagai, Senba
and Yoshida [32] found a Lyapunov function, closely related to the one by Gajewski and
Zacharias, and achieved estimates for the solutions U and V' of system (1) in the Bochner
space L>(0,00; L*®(2)), where they only considered a smooth domain. These authors
obtained their results on the grounds of a theorem of existence by Yagi [40] for the case
of a C?-domain in IR%.

We are going to study the fully instationary system (1) where the chemotactic coeffi-

cient x and the ¢ in the production term for V' are non-constant but of the form
$(V):=xS"(V) and 6&(V):=d5"(V). (4)

The function S is called the sensitivity function. It specifies the ability of the amoebae U
to sense the V-concentration and S’(V') denotes its first derivative with respect to V.

In biological literature (see Murray [29], Schaaf [36]) , one finds the following forms of
the sensitivity function:

1% &
SiV) = 1 S =,

S3(V) =log(V +¢),

fSee reference [19].



with constants ¢ > 1. The above references suggest a chemotactic coefficient x as in (4).
In addition, the coefficient ¢ in the production term for V' will in reality depend on the V-
concentration. Rather than treating a more general production term, we confine ourselves
to a case in which there exists a Lyapunov function for the system. Therefore, we assume
the same V-dependence of x and 6. (See Chapter 1 for a more detailed discussion.) We
can now write our system as follows:

U = AU-—xV({UVS(V))
V, = aAV — BV +6US' (V) (5)

in (0,7) x Q, with Neumann boundary conditions
v-VU=v-VV =0 on (0,T) x 09, (6)

and initial values U(0, z) = Up(x), V(0,2) = Vo(z). The system corresponds with general
mathematical models for chemotaxis stated (but never studied) in literature.’

Although the sensitivity functions introduce additional non-linearities into the system,
we will see that, at some stages, they facilitate proofs of higher regularity of the solutions.

We will treat a general bounded Lipschitz domain €2, so that techniques for smooth
domains cannot be applied. In the major part of this work, we will have to confine
ourselves to a two-dimensional setting, but, at some stages, we will obtain results for
higher dimensional domains.

Note that equations (1) are the special case of the direct measurement, where
S(V) = S5(V) = V in (5). To state results for this (less realistic) case, we will need
to require that € C IR? has a piecewise C%-boundary 0S) as in the work by Gajewski and
Zacharias [14].

Formulating our results, we will always state the properties required of the sensitivity
function S. The most general class of functions treated in this work will be the set

S ={SeC(RR):0<8(V), 0<S(V)<C forall V >0}.
For some results, we will also require S € C?(IR, IR) and
|S"(V) < ¢, (7)

for all V' > 0, with a positive C".
The main achievement of this work lies in the existence theorem of global solutions of

system (5) with (6) on a general two-dimensional Lipschitz domain for different natural

tSee for example Childress and Percus [5] or Stevens [37].
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classes of sensitivity functions. This result enables us to study the asymptotic solution
behaviour and we are able to prove convergence of the trajectories of the solutions to trivial
and non-trivial steady states under varying conditions on the data of the system. The
non-trivial stationary states seem to be of principle interest to us as their inhomogeneous
distribution of the species can be viewed as a starting position for the erection of a fruiting
body.

Furthermore, the work contains, for the first time, results for the fully instationary
chemotaxis-system (with or without sensitivity function) on higher dimensional domains.
In the following, we want to give a brief summary of all our results.

The biological background of chemotaxis as well as a detailed derivation of the model
used is described in Chapter 1. Furthermore, we will introduce some mathematical
notations in this chapter. Finally, our three kinds of specific sensitivity functions, i.e.,
the identity sensitivity function Sy, bounded sensitivity functions (as S; and S3) and the
logarithmic sensitivity function S3 will be shown to belong to the class S and to fulfill
additionally property (7).

In Chapter 2, we will prove the existence of a pair of solution (U,V) on a set
(0,T) x Q C IR x IR? for a general function S € S. Assuming additionally (7), we
can also show uniqueness and further regularity of the solution.

Also for a general S € S and in a possibly higher dimensional domain 2 C IR", we
will show in Chapter 3 that the function

F(U,V) = /Q {UlogU — XUS(V) + 25 (alVV I+ ﬂvz)} dz

is a Lyapunov function for system (5), (6). All terms in the function F' are bounded if
the key condition

eXSV)dr < exp (L VVI3, +X76 V1?2, —|—c>

is fulfilled with a positive constant c¢. From the boundedness of all terms in the Lya-
punov function, we can derive important a-priori-estimates, and the above inequality will
therefore be established in Section 3.2 for our three classes of specific sensitivity functions
under different conditions on the data of the problem.

In Chapter 4, we will prove for the three classes of specific sensitivity functions in a
two-dimensional domain €2 that the solutions are global. As we will see, one can show that
U € L*®(0,00; LP(Q2)) for all 1 < p < oo and V' € L*®(0,00; L>(R)) if S is bounded. For
So(V) = V, we need a slightly more regular domain 2 C IR? to obtain these estimates.



Furthermore, the result only holds for sufficiently small initial values of U.f  For the
logarithmic sensitivity function S3(V) = log(V + ¢), with ¢ > 1, we will prove that
U € L*0,T;L7(Q2)) forall 1 < p < oo and V € L*(0,T;L>*(R2)) for any T > 0,
which suffices to guarantee globality of the solution. In Section 4.4, we will replace the
V-equation in system (5) by the stationary one. We will prove that if all terms in the
Lyapunov function for this system are bounded, there exist time-independent estimates
of ||U|| 10,5220 and ||V||zes(o,r;n00()) for all T > 0 and with any function S € S.

We believe that a realistic mathematical model for chemotaxis should be able to
exclude blow-up of solutions in finite time. Thus, we do not agree with interpretations by
other authors!! that a d-distribution explosion at a point can be viewed as an approxima-
tion of the erection of the fruiting body. Although chemotactic effects are also known to
play a role in the fruiting body formation, the special form of our equations was chosen
to model solely the preceding aggregation process. Besides, it becomes more obvious that
one should not wish for explosion of solutions when considering examples for chemotaxis
other than the amoebae Dictyostelium discoideum, where an equivalent phenomenon of
generation of form is missing.

In Chapter 5, we will study the asymptotic behaviour of the solution and show its
convergence to a possibly non-trivial steady state. In Section 5.2, examples will be given
which demonstrate that, under different conditions on the coefficients of the system, this
steady state can be trivial, i.e., spatially constant, as well as non-trivial.

In the appendix, we have collected results which complement statements in the main
part. For example, we will need a higher dimensional existence theorem by Amann [1],
which will be shown to be applicable to our system of equations in Appendix A. We can
thus justify our results obtained for space dimensions n greater than 2 even though the
theorem is only valid for a smooth domain 2 C IR".

In Appendix B, we will prove a technical lemma and its corollary for functions in an
Orlicz space L®(2). Both results will be needed in Chapter 4 in order to show globality
of solutions for different sensitivity functions.

Finally, in Appendix C we will offer an additional motivation for the special form of
our system of equations. Starting from a three-species-system, where states of different

sensitivity of the amoebae are distinguished, we derive system (5).

tCompare with Gajewski and Zacharias [14], who showed time-dependent global estimates without

sensitivity function.
tfe.g. Nanjundiah [33], Herrero and Velazquez [19].
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Chapter 1

Biological and Mathematical

Background

In the following section we are going to describe the biological phenomenon of chemotaxis

and give a detailed derivation of our mathematical model.

1.1 The Model of Chemotaxis

Chemotaxis is the oriented motion of organisms sensitive to a concentration gradient
of a chemical substance. The phenomenon appears in various biological processes. For
instance, in the case of an infection in the human body, leukocytes (white blood cells) move
to the source of inflammation, that is, to regions where the concentration of bacteria is
high. Also, several animals (e.g. insects and fish) are able to sense concentration gradients
of given chemicals, so that information can be conveyed between members of the species
by exuding and sensing so-called pheromones.

Furthermore, chemotaxis is known to be responsible for aggregation processes in the
life cycle of certain unicellular organisms. The best-known example for this are the cellular
slime molds Dictyostelium discoideum. From the biological point of view, the chemotactic
behaviour of these amoebae seems to be ideal for studying interactions between cells
during morphogenesis (the generation of form), which is an important component in the
development of multi-cellular organisms.” We are going to give a brief description of the

rather simple stages in the life cycle of Dictyostelium discoideum.tt

tSee Nanjundiah [33].
tFor more details we refer to Martiel and Goldbeter [26], Nanjundiah [33], Savill and Hogeweg [35],
Vasieva et al. [39].
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Groups of free-living amoebae feed and divide until the food supply is exhausted.
The starving population then enters into a social phase. Cells appear that spontaneously
secrete pulses of the chemical cAMP (cyclic adenosine monophosphate). Neighbouring
cells now exude cAMP in response to the increase in concentration of the substance to a
threshold value. At the same time, the released cAMP is slowly destroyed by an enzyme
(phosphodiesterase), which is also produced by the cells. The amoebae form migrating
multi-cellular slugs and move in streams towards the forming mound of cells at the centre
of highest concentration of cAMP (streaming aggregation). After a while, they come to a
rest and erect themselves to a fruiting body of spore cells sitting atop a slender tapering
stalk which consists of dead cells. This aids the distribution of the cells and, given the
right conditions of moisture, temperature etc., the spores germinate, each one yielding an

amoeba and the cycle then repeats itself.

Figure 1.1: Chemotactic Aggregation of Slime Molds (Courtesy of P. C. Newell)

The stage we shall be concerned with is the aggregation phase, which is mediated
by positive chemotazis (movement up a concentration gradient), since the amoebae move
towards regions of high concentration of cAMP. Taking random migration (diffusion) of
both the amoebae and the chemical substance into account, one obtains the following
general mathematical model, where U = U(t,z) stands for the concentration of the
amoebae and V =V (¢, z) for cAMP:

Uy = V(DyVU) = V(Ux(V)VV) + f(U)
V, = V(DyVV)+g(U,V)

in (0,7) x © with initial conditions U (0, z) = Up(x) and V (0, z) = Vp(z).
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We assume that there is no interaction of the system with its environment via the
boundary of the domain €2, and thus use natural no-flux boundary conditions

v-VU=v-VV =0 on (0,T)x 0%,

where v is the unit outer normal at points of ). f and g are the production rates for the
two species, Dy and Dy their diffusion coefficients and x (V) is the chemotactic coefficient,
which determines the intensity of the flux in response to the chemical gradient.

As we only model the aggregation phase of the cells, we can neglect production and
mortality of the amoebae, so that we set f(U) = 0. For the generation term of the
attracting chemical substance, the authors Keller and Segel [22] presented in 1970 the
form g(U,V) = 6U — BV, with positive constants § and §. Here, dU stands for the
spontaneous production of V' by the amoebae U, which is taken to be proportional to
the U-concentration, and —3V describes the exponential decay in the activity of V. We
assume constant diffusion coefficients and take without loss of generality (w.l.o.g.) Dy =1
and write o := Dy << 1, as it is suggested by Stevens [37] that the diffusion of V is
considerably slower than that of U, which leads to stable aggregation centres. The model

then reads as follows:

U = AU-V(Ux(V)VV)
V, = aAV — BV +6U. (1.1)

In this system, the U-flux moves into the direction of the concentration gradient of
V. Therefore, chemotaxis can be viewed as a kind of negative drift as it appears for
instance in equations modeling reaction-diffusion processes of electrically charged species
in semiconductors. The interaction of destabilizing chemotaxis and stabilizing diffusion
determines the solution behaviour and it is crucial which effect dominates. In the U-
equation, this is reflected in the opposite signs of the two terms. The negative sign in
front of the chemotactic term makes the system more difficult to handle mathematically,
and blow-up cannot be excluded.

Biologists suggest setting x(V) = xS'(V) in (1.1), where S : IR — IR is a so-called
sensitivity function and S’ its first derivative. Since the first equation in (1.1) can now
be written as

U= AU — xV(UVS(V)),

one can see that, in this case, the amoebae U do not react directly to the concentration

gradient of V' but to the gradient of S(V'), which is biologically reasonable to assume.
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As stated in the Introduction, some mathematicians have dealt with equations where
a kind of sensitivity function is introduced into the U-equation. In our model, S will also
appear in the second equation.

It is obvious that, in a realistic setting, § will also depend on V. Since any response
of the cells (be it chemotactic reaction or production) is mediated through receptors at
the cell exterior,’ one can expect that, in a first approximation, x and § depend on V in
the same way, so that we set §(V) := 65'(V).

It can be seen from the forms of sensitivity functions treated in this work that this
is in accordance with the biological expectation of a fall-off in the V-production at high
concentrations of V. (See Nanjundiah [33].)

As suggested by its name, S stands for the ability of the cells U to sense the V-
concentration. In biological literature (see Murray [29], Schaaf [36]) , one finds the fol-

lowing forms of the sensitivity function:

v

S1(V) = oV (receptor kinetics)
V2
S (V) = Lo (cooperative binding)

S3(V) = log(V+c¢) (logarithmic sensitivity),

with constants ¢ > 1. In all three cases, the chemotactic effect decreases with increasing
concentration of V. For S; and S,, there is even a saturation point which cannot be
exceeded for V' tending to infinity.

By introducing these sensitivity functions into system (1), we obtain the following pair

of non-linear partial differential equations:

U = AU —xV(UVS(V))
Vi = aAV =BV +6US'(V) (1.2)
with positive constants x, «, 8 and 9.
Note that the equations
U = AU —-xV(UVV)
Vi = aAV — BV +46U (1.3)
are the special case of the direct measurement, where S(V) = Sy(V) =V.

Equations (1.2) are a special case of more general systems for chemotaxis stated (but

never studied) in the following literature.

tSee Newell et al. [34], Devreotes and Zigmond [6].
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Childress and Percus [5] wrote down in 1981 the following general model although
they then proceeded to study the form (1.3).

U = VU V)VU - x(U,V)VV]
Vi = aAV —g(V)+ f(U,V) (1.4)

with the conditions
pU, V) > mw, x(UV)<xU, [f(UV)<6&U g(V)>gV. (1.5)

a, o, X0, 0o and go are positive constants.

In 1992, Stevens [37] derived system (1.4) as limit dynamics of a stochastic model
for chemotaxis, which is discrete in time, space and population size. In this system,
w(U, V) =po >0, g(V)= 38U, V)V and f(U,V) = §(U,V)U with x twice continuously
differentiable and § and § once continuously differentiable on IR? , all three being bounded
in IR, together with their derivatives.

Note that in our system, x(U,V) = xUS' (V) < xC'U, ¢g(V) = BV and
fU, V) = sUS' (V) < 6C'U, so that conditions (1.5) hold, and since all sensitivity
functions considered are infinitely often differentiable on IR, , the regularity properties
stated by Stevens are also fulfilled.

Martiel and Goldbeter [26] deal with a three-variable-system, where intra- and
extracellular cAMP-concentrations are distinguished. Assuming some of the reactions
to be very fast, the equation for intracellular cAMP can be eliminated. According to the
authors, the two-variable-system obtained in this manner is a good approximation of the
three-variable-system.

14



1.2 Mathematical Preliminaries

1.2.1 Notations

We are going to work in a bounded domain Q C IR? with a Lipschitz continuous
boundary 9. We denote by C*(Q2), for k& a non-negative integer, the usual spaces of
k-times continuously differentiable functions on Q and write C(Q) := C°(Q) and C*(Q)
for the space of infinitely often differentiable functions. By L?(2) and W1?(2) we denote
the Lebesgue spaces and Sobolev spaces of functions on 2, where H!(Q) := W12(Q).
LE (Q) stands for the positive cone in the Banach space L?(Q2), where 1 < p < oo. For
1 < p < o0, we write p' for its conjugate exponent satisfying % + ]7 = 1. (The value of é
is defined to be 0.)

For a general Banach space X, || - |x denotes its norm and X* its dual, and the
dual pairing between f € X* and g € X will be denoted by (f,g). Furthermore, we
write LP(0,7;X) (for T > 0 and 1 < p < oo) for the Banach space of all (equivalence
classes of) Bochner measurable functions f : (0,7) — X such that ||f(-)||x € L*(0,T).
Correspondingly, we denote by C([0,T]; X) the Banach space of continuous functions on
[0, 7] with values in X.

In the estimates of this work, we are going to write C' for possibly different constants
whose exact form has no importance.

We will study the following system of non-linear partial differential equations:

U, = AU—-xV({UVS(V))
V, = aAV — BV +6US'(V) (1.6)

in (0,7) x Q with positive constants x,a, 8 and §. The equations are complemented
by initial values U(0,z) = Up(x), V(0,z2) = Vy(x) for all z € 2 and the homogeneous

Neumann boundary conditions
v-VU=v-VV =0 on (0,T) x 01, (1.7)

where v is the unit outer normal at points of 0.
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Definition 1.1 A pair of functions (U, V') with

U € L0,T;H'(Q)NC(0,TL*(Q), U, € L*(0,T;(H'()")
V. e C(0,TLHY(Q), Vi € L*(0,T;L%(Q))

is called a (weak) solution of (1.6), (1.7) if the following identities hold
T T
| W tyds + [ [ (VU= xUVS(V)VH dzds = 0
0 o Jo
Y[ ViHdzds + /T/( VVVH + VH — 6US'(V)H) dz ds =
/0 /Q VHdxds AAC T ds =

for all H € L*(0,T; H*(Q)).

16
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1.2.2 Properties of the Sensitivity Functions

The various results of this work will be applicable to different classes of sensitivity

functions. The most general class of functions considered will be the set
S ={SeC(RR):0<8(V), 0<S(V)<C forall V >0}. (1.8)

At some stages, we will have to require additionally that S € S is twice continuously
differentiable and that
1S"(V)| < " (1.9)

for all V > 0.

We will not be able to prove global existence of solutions to system (1.6) with (1.7)
for all functions S € S which also satisfy (1.9), but will give three different proofs
for bounded sensitivity functions, the identical sensitivity function and the logarithmic
sensitivity function, respectively. In order to show that the members of these three classes
belong to S and fulfill (1.9), we are going to write down all the derivatives up to order 2
of these functions.

We have for the identity sensitivity function
So(V)=VvV >0, Sy(V) =1, Si(V) =0

for all V' > 0. For the bounded sensitivity functions S; and S, we calculate

V 1
frd > < ! = <
V) =13 cv - O 08V =Gy <h
V 2V 1
e — < ! RS ——
SQ(V) 1 + cV2 - 0’ 0 — SQ(V) (1 + CV2)2 — C’

and for their second derivatives

2c 2(1 — 3cV?)
STV = —=<2 SV = | ————2 2.
Finally, we have for the logarithmic sensitivity function
S(V)=log(V+¢) >0, 0<S(V)= <L jsry=—Lt <1
= C = —_ J—
3 & =0 U= Vte) —c 78 V+o2= e

17



Chapter 2

Local Existence and Uniqueness of

Solutions

Theorem 2.1 Let the sensitivity function S belong to the set S. For positive initial values
Uy € L2(Q) and Vy € L=(Q) N HY(Q), there exist a T > 0 and a corresponding (weak)
solution (U, V') of system (1.6), (1.7) with initial values U(0,z) = Up(z), V(0,2) = Vy(z)
for all x € Q satisfying

U e C([0,T]; L*(Q) N L*(0,T; H'(Q)), U € L*(0,T; (H'())"),

Ve C([0,T]; H' () N L=(0,T; L*(Q)), V; € L*(0,T; L*(2)).
U and V are both positive in the L?-sense.
Furthermore, we can show that V belongs to Li(t,T;W'P(Q)) for some p > 2 and

2
q> p2 and that U € L*(t,T,L*(Q2)) for any 0 <t < T. (The system has a smoothing

effect on the initial values.)

Assuming additionally that S € C?(IR, R) with |S"(V)| < C" for all V > 0, and if
Uy € L®(Q) and Vy € WP(Q) for some p > 2, we obtain U € L>(0,T; L*(Q)), and we
can show uniqueness of the solution.
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2.1 Proof of Existence and Regularity

For simplicity, we set w.l.o.g. x = 1 throughout the proof. (We can take S(V) := xS(V)

and § := — without changing any of the prerequisites.)
X
U
With W .= ) the system (1.6) is transformed to
e

weSW), = v(EESVIvw)

Vi = aAV - BV +55VS' (V)W (2.1)
on (0,7) x Q, with V(0) = V5 € L2(Q) N H'(Q) and W(0) = W, := 65{30) € L2 (Q) and
v-VW=v-VV =0 (2.2)

n (0,7) x 052
For appropriate 7' > 0 and K > 0, we define X := L?*(0,7T; L% (Q)), for a p > 2,
Vi = sgn(V)min{|V|, K} and the mapping Ax : X — X, by f — W = Agf, where
W is the solution of the first equation of the regularized system

(WesVi)), = v(eSVKIvw)
Vi = aAV — BV + 65V S (V) f (2.3)

on (0,7) x Q, with V(0) = V, W(0) = W, and the homogeneous Neumann boundary
conditions (2.2).

In the case of bounded sensitivity functions, we evidently do not need the cut-off
function for V. But as the proof is still correct, for simplicity, we will not present a
second one differing only in this technical detail.

(i) For all f € X, there exists a unique positive function V € L*(0,T; H (Q)) with
Vi, € L*(0,T; L*(Q)) which solves the second equation in (2.3) with v - VV = 0 on
(0,T) x 0N2. Furthermore, the mapping t — ||VV(t)||%2(Q) is absolutely continuous on
[0,T] and V € C([0,T); H'()).

By standard results, since Vo € H'(Q)," there exists for every Y € L%(0,T; H(f2)) a
unique solution V' € L?(0,T; H'(Q)) with V; € L?(0,T; L*(f2)) of the equation

Vi = aAV — BV + 650K 8" (V) f

tSee for example Ladyzenskaja, Solonnikov and Ural’ceva [24], Chapter ITI, Theorem 6.1 for the proof
with Dirichlet boundary conditions.
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and by a simple fixed point argument, there exists a unique V' with the same regularity
which solves the second equation of (2.3). One also knows that V' € C([0,T]; L*(2)) from
Gajewski, Groger and Zacharias [13], Chapter IV, Theorem 1.17.

It follows now from the equation that AV € L?(0,7T; L*(2)). We can therefore apply
Lemma 3.3 in Brézis [3], p. 73, and obtain the absolute continuity of ¢ — [[VV (t)||72(q
on [0,7T], so that V € C([0,T]; H*(Q2)).

To obtain the positivity of V', we test the equation with V'~ := max{—V, 0}:

/Q ViVods = —a / VVVV dz — § / VV-di+ § / SRS (V) V- dx

_ /|VV\da:+B/ da:-l—(S/ Vi) §'(V) fV~da
>

as f is positive almost everywhere. Formally differentiating ||V_(t)||%2(m with respect to
t leads us to

1d
VOB = 55 (@)= = [ ViV (dz <0

and we obtain after integration ||V~ (t)||z2(@) = 0 for all ¢ € [0,T].T As a consequence, it
follows that V = min{V, K'}.

(i1) For every f € X and the corresponding V' found in step (i), the first equation in
(2.3) has a unique solution W belonging to the space L*(0,T; H'(Q)) N L*°(0,T; L*(Q2))
with (WeSVK)), € L2(0,T; (H*(Q))*) and satisfying v- VW =0 on (0,T) x 0S.

This is shown by a modification of the proof of Theorem 4.1 in Chapter III, Ladyzenskaja
et al. [24]. As will be pointed out later, we need for our proof that the space dimension
n = 2, whereas the original theorem in [24], which deals with a linear equation, holds
independently of n.

We apply the Galerkin method to the equation

(W), = V(@VW), a=e5Vx),

Let {¢x},k € IN, be a complete orthonormal system in L?(Q2). We are looking for

approximations wy (¢, x) ZCN ) for the solution W, where the coefficients

t Approximating V'~ by a sequence of smooth functions, for which the time-derivative is well-defined,
and passing to the limit by the Dominated Convergence Theorem, we can justify the formal argument.
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ch(t) = /Q wp (t, x)Y(z)dz are determined through the equations

d 1k i Lopy —
aacN(t) + a'c}(t) + Ap(t)cy(t) =0 (2.4)

where & (0 / Wotpdx or, with Ay = (flkl + 5kla') ,

d
dtcN( ) =+ Akl( ) 0.Jr

This system of linear ordinary differential equations is uniquely solvable for every
N € IN (We have cy(t) = e 4'cy(0).), and we need to show that the wy are uniformly
bounded in L?(0,7; H'(Q)) N L*(0,T; L*(Q)). From the energy identity

((ewn)s, wn) + /Q a|Vwy [*dz = 0

1d 1
= 5o Qaw?vdx+/ﬂa|VwN|2dx+ é/ﬂa'w?\,dx =0
we obtain by integration from 0 to ¢:
1
3 / adex / / a|Vwy|*drds + = / / a'widrds = 0,

so that (Note that a > 1.)

: X : Q o ) /t /52 ’ ; /t /SZ s
— —  — 0 < —
5 /S;wN(t)dx 9 / € Od./lf 0 | 'LUN| dzds 2 Jo |a |de./,EdS

1., 9
< 5”“ ||L2(o,t;L2(Q)) ||wN||L2(o,t;L2(Q))
1
= §||al||L2(0,t;L2(Q))”wN”%“(O,t;L‘l(Q))' (2.5)

tNote that 1 < a < e5F), o/ = 3(VK)§"(Vi) (V)¢ € L*(0,T; L*(R)) and for the wx we have:

/(awN)twkdm + L(wn, ) =0forallk=1,.... N
Q

with L(wn,¥r) = / aVwnVipdz. Since
Q

i/ 3 (e (2) do = Lack (1) = a ek (®) + k()
7 QalzlcN H(@)di(2) dz = - (acy (t)) = aey a'cy

and

L(wn,r) = ZCN J¢u(z ZCN ), ¥r (7)),

we obtain (24) with Akl = ('@bkﬂﬁl)-
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We will write for simplicity
Zo = L(0, 4 L*(Q)) N L*(0,t; H'(Q))

and define the norm [[w]|%, , := (|[w[[}s(0 520 + lwlF 20010y ) for all w € Zo,.
By Gagliardo-Nirenberg’s (Here we need n = 2.), Holder’s and Young’s Inequality, we

estimate
4 t 4 ~2 ¢ 2 2
lonlso ey = [ lon(s)liads < € [ lun ()l llon ()l qds
< C?llwn |17 ooo,2 () 10N 17200, ()
< € (Jhwwll; + [l < C*uwl
= Nl Loo(0,t5L2(22)) NllL2(osHY () = WN 1 Zo,45

so that, taking the supremum over the interval [0, ¢], we get in (2.5)
”wN”%W(O,t;LZ(Q)) +2 ||VwN||%2(o,t;L2(n)) < ||€S(V°)W0||%2(Q) + C||“’||L2(0,t;L2(n)) ||wN||Zzo,t-
We estimate the left hand side from below:

||wN||%°°(0,t;L2(Q)) + 2||VwN||%2(0,t;L2(Q))

1 1
s ||wN||%°°(0,t;L2(Q)) + _||wN||%2(0,t;L2(Q)) + ||VwN||%2(0,t;L2(Q))
2 2t

v

1 . 1
2 min (L T) {“wN”%W(O,t;L?(Q)) + ||wN||%2(O,t;H1(Q))}

1
= 5 Ol

1
with C'(T) = min (1, T) We thus obtain

2 2C
||wN||2zo,t < @Hes%)wo”%z(n) + WHQI”L?(OJ;L?(Q))||wN||2Zo,t'
: c(T)
Let ¢ = ?; be so small that ||a'||z2(0,4,:02(0)) < 6 We then have
4
2 S(VO) 1A/ 1|2 _ 2
on, < G 1€ Wil = s Ul

We can now partition [0, 7] into finitely many intervals [ty 1,t;] for & = 1,..., s, where
to = 0 and t; = T, such that

@'l L2t taiz2()) <

c(T)
4C
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and consequently

4e5(K)

4
)wN(tkfl)”%?(Q) < (D) lwn (te—1)1Z20

2
||wN||Ztk_1,tk S C(T)

||eS(VK(tk71)

for k=1,...,s but

cC(T
1|2 a2y > % for k=1...5—1.

One has the following bound for the number s of intervals:

C(T) 2 s—1 s
-0 (52 < Wl smaron < 310 o vsran = I By
k=1 k=1

ie.,
~ 2
80 1112
s<i+t (@) 161 s

An iteration argument, using

lwonte-)720) < NwnlToogty st rirz@) < ||wN||2Ztk,2,tk,1’

yields the uniform estimate

lwnlz,» < C.

With the arguments of Ladyzenskaja et al. [24], Chapter III, Theorem 4.1, we now
obtain a solution W of the first equation in (2.3) with homogeneous Neumann boundary
conditions belonging to L?(0,T; H*(Q)) N L*(0,T; L*(2)) . It follows from the equation
itself that (WeS(Vx)), € L2(0,T; (H*(2))*).

(111) W > 0 almost everywhere in [0,T] x €.

Testing the first equation in (2.3) with W~ = max{—W, 0} gives
<(WeS(VK))t,W_> — / 6S(VK)|VW_|2d$
Q
so that formally (See the footnote in part (i) of this proof.)
d d
L w2V gy = & / WSV 2o=S(Vi) 4
dt/n( Jerttde = G JyW e !

= — 2(WeSV), W)
— [ (W eSSV S (Vi) (Vi)

— 9 / SV | TW [2dz — / (W )25V S (Vi) (Vi ).
Q Q
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Integration over (0,t¢), using W~(0) = 0 and Gagliardo-Nirenberg’s and Young’s
Inequality, yields

t
—(1\2,5(Vk) S(Vk) — 2
/QW (t)%e dx + 2/0 /Qe VW™ (s)|“dzds
t
| v (52D (Vie(9)) | (Vie)idods
0
t
SOC [V az@lIW () s
t
C [ IVl (VW ()2 + W (5) 122) W (3)l| (s

O [ @) (W) iy + 1) 177 () ey
+ 5||VW 72 0.522()

IN

IN

IN

IN

S(Vk)

If we choose € = 2, having in mind that e > 1, we obtain

t
W= ()22 < C/O (IVallZ2(@) + 1) W~ ()72 ds
for all ¢ € (0,T), and from Gronwall’s Lemma |[W~(¢)||7:q, = 0 follows, so that W (t)

belongs to L% (). Note that we have now also shown that A is well-defined.

(iv) For any R > 0 and T > 0 small enough, the mapping Ax sends the ball
B = {f e X: ||f||L2(07T;Lp(Q)) S R} into ZtS@lf

Testing the second equation with V; gives

B
2

(6
Vilzepazey + 5 (IVV Oz — 19Vllzz@) + 5 (IV Ol = Vol 22())

¢
S(VK) !
= 5/ /e S'(V) fVidxds

1
< "BV Fll 2o przp Vil 22 () < §(CR) ||Vt||2L2(o,t;L2(Q))a
ie.,
IVill 22072200y + s(%l;)aIIVV( Wiz < CUIVollm ) + CR?. (2.6)

On the other hand, testing the first equation with W shows

d

dt / W2eSVildy + 2 / VW 25V dg = — / WSO8 (Vie) (Vic)edx
Q Q Q

< es(K)C,”Vt”L?(Q)||W||%4(Q)

< C(IVillzz) + DIWZ20) + IVW122(0)-
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Integration over (0,t) leads to
t t
[ wWide — [ SOWd + [ VW Fagyds < C [ (Wil + DI [Fyds

t s
< C [ WVillay + ) [IW ) By + [ IVW @Iz ] ds

and by Gronwall’s Lemma and estimate (2.6) for ||Vi||z2(0,7:22(02))>

5(

t Vo)
||W(t)||%2(n)+/0 IVW (s)[1320pds < e 2 W0||L2 eXP( /(IIV%IILz +1)d5>
< K)||WO||2 (C(|IVol| g1)+CR?+t)
< CrefFel. o

Using Gagliardo-Nirenberg’s (Remember that p > 2.), Holder’s Inequality and (2.7), we
can further estimate

2(p—2)

T T 4
LW lEeds <o [ I )1V 9

o ([ W6 Ens) ” (/0T| Mios)

p

, = :
o[ 19w ws) ™ ([ I IRs)

T
+ C [ IW ()0
(27) p=2 2 2 2
CC,7 55 OR+T) s 3O (eT —1)» + CC1e“F (T — 1)

P

= CC’IeCR2e% (€ = 1) + CC1eF (ef = 1),

W I1Z2 0,710 (00)

IN

IN

so that ||W||L2(0,T;Lp(g)) S R if

p=2p 2 R2 2 R2 2
P — 1N < —CR d 1 _CR
e (e - 1) = 206,° and (e —1) < 200, ¢

(v) There exist a T > 0 and positive functions W € L*(0,T; H*(Q))NL>(0,T; L*(2))
and V € C([0,T); H(Q)) N L>(0,T; L®(Q)) with (WeSVx)), € L2(0,T; (H'(Q))*) and
V; € L*(0,T; L*(Q)), solving the following system

(WeS(VK))t - V(eS(VK)VW)
Vi = aAV =BV + 65V (VYW (2.8)
n (0,T) x Q with initial conditions W (0) = Wy € L*(Q), V(0) =V, € L>®(Q) N H(Q)

and homogeneous Neumann boundary conditions.
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We want to apply Schauder’s fixed point theorem to the mapping Ax. In order to
prove that Ag : X — X is continuous and compact, we will, in a first step, show
that the mapping f + V is Lipschitz continuous from the space L*(0,T;LP(Q)) to
L>(0,T; L*(2)) N L*(0, T; HY(Q)).

For f; and f, in L?(0,T; LP(Q2)) we obtain from part (%) of this proof corresponding
V1 and V5. Testing the equation for (V; — V3) with the difference (V3 — V4) itself yields

%% Q(Vl —Vo)tde = /Q(Vl = Va)i(Vi — Va)dz
= —a/‘VVl_VQ)|2d$_5/(‘/1_‘/2)2dx
+ 5/ sMik) gt (Vi) fi—e S(Vak) SI(VQ)fQ) (Vi — V) dz. (2.9)

And since the function V'~ ¢5(V&)S'(V/) is Lipschitz continuous, we can estimate

SIS V) i — VG (V) o < (508 (1) — e8RS (1)) £
+ |eS(V2K)S'(V2)(f1 — f2)]
< SO +C" |A] Vi - Val + €5C|fi - £,

so that we obtain after integrating equality (2.9) over [0, ]
¢
Vs~ Vo) 0y + IV~ Vol < C [ [ 1l (Vi Va)Pdds

t
+C [ [ 15~ bl Vi~ Vildods.

To the first term on the right hand side of this estimate, we apply Holder’s and the

Gagliardo-Nirenberg’s Inequality and continue by using Young’s Inequality:

t
IVi = Va)Ollzze) + Vi = Vallioo (@) < C/O £ () 2@l (Vi — V2) ()[4 ds

+ [0 [ 100 = RO (Vi = V) (s) dads

t
< C/ 1f1()z2 |(Ve = V2) ()l 2y | (Vi = V2) (5) [ 1oy ds
+//f1 £)? da:ds+C'//V1 V3)2(s)dzds
1
< C/O 1 + [ f1( 3)||L2(Q)) (Vi = Vo) (s)[IZ2ds + SV = VallZao,m ()

+ Cllfi - f2||%2(0,T;LP(Q))'

Finally, we obtain
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1
104 = Vo) OllEe@) + 5lVi = ValZam oy
t
< O [ (1 + IO @) 1V = Va)$)Expds + Cllf = Lllfaomiasoy

t 1
< C/O (1 + ||f1(5)||%2(9)) (Vi — ‘/2)(3)”%2(9) + §||V1 - ‘/2”%2(0,5;H1(Q)) ds
+ Cllfi - f2||%2(0,T;LP(Q))'

Here we are in a Gronwall constellation, so that Lipschitz continuity of the mapping
f € L*0,T;LP(Q)) — V € L*°(0,T; L*(Q)) N L*(0, T; H'(Q)) follows after taking the
supremum over [0, 7] on both sides:

1
Vi = Vollsoorszaiy  + §||V1 — VallZ2o,rsm )

T
< Ol = ooy oxe (€ [ (14 Wilfe) )
< Clfr = fllf2om;ir@) Xp [(T + ”fl“%?(O,T;LP(Q))) C]
< Cf = fallZ2m0@) - (2.10)

Now we can prove the claim of this part of the proof. Suppose there is a sequence of
functions f, € L?(0,T; LP(Q)) converging to an f € L?(0,T; LP(€))) as n — oco. We need
to show that the W, := Ak (f,) converge to W := Ak (f) in the same space. From estimate
(2.10) it follows that the corresponding V;, — V in L*°(0,T; L*(Q2)) N L*(0,T; H'(f2)),
where f — V.

From part (7i) of this proof we know that the sequence W, is uniformly bounded in
L?(0,T; H'(Q)). We want to use the fact that the embedding

{W:W e L*0,T; H(Q)), W, € L*(0, T; (W'?(Q))*)} — L*(0,T; L*(Q)) (2.11)

is compact! and we now first need to show that there exists a positive constant C(T') so
that ||Wy||r20,m;wie))+) < C(T') for the solution W of the first equation in (2.3). Then
we have a uniform estimate for the sequence W, in that space, too.

Testing the first equation with He=5(V%) for a H € L?(0, T; W*(Q)), we obtain

Wy, H) = (SVRW,, e 5V H)
= <(€S(VK)W)75, efS(VK)H> _ /(VK)tSI(VK)WHd.’E
Q

- - / SVOTIWY (¢ SVe) ) dar — / (Vie):S' (Vic)W Hdz
Q Q

- /Q VW(VH — HS'(Vi)VVi)da — /Q (Vie)eS' (Vi)W Hda

tSee Lions [25], Chapter I, Theorem 5.1.
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It follows that

T T
L mids < [ {IVW o (IV Al + 1 Hll =@ VV | 2(0)

+ OVl 2@ IW L2y | H [l ey} s
IVW | 22 0.102(0)) IV HI| L2 0,7:22(02))

IN

+C'||H||L2(0,T;L°°(Q))||VV||L°°(0,T;L2(Q)))
+C'\Vill 20,752 [IW || oo 0,522 ) | H || 220,752 (02)) -

Using the embeddings W'?(Q) — H'(Q) and W'P(Q) — L>(Q) for p > 2 and the
estimates obtained for W and V in step (iv), we finally get

T
/0 (Wi, H)|ds < CeT|| HI| 200w,

which demonstrates the alleged boundedness of W; in L?(0,T; (W*(£2))*).

It follows by reflexivity of these spaces that there exists a W such that a subsequence
W,, — W in L*0,T; H'(Q))

and
(Way), = W, in L2(0,T; (W'P(Q))*) as nj — oo.

Testing the equations for the W,,, with a function H € C*([0,T] x {2) that vanishes at
the endpoints of the interval [0, 7] gives

T T
| (WSO By at = — [ [ 5w, 9 Hdadt
0 t 0 Ja
We can pass to the limit ny — oo on both sides of this equality as follows
T T
Jy A Wosestou) st} de == [ [ Wa,eou Hudade
0 t 0 Ja
T -
— - / / WeS(Vio) H,dudt
0o Ja

= [{(e), ) e

and
T T ~
- / / SV W, VHdzrdt — — / /Q SV Hdwdt,
0 Q 0

so that we obtain

/0 T<(W65(VK))t,H> dt = — /O ! /Q SVOVIWY Hdadt, (2.12)
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for all H € L?(0,T; W?(Q)) by a density argument. From part (i) of the proof, we also
know that (WneS(V"K))t is uniformly bounded in L?(0,T; (H'(Q2))*) and we can assume
w.l.o.g. that (Wnkes (Vi 1< ))t converges weakly to a Y in that space. Via another density
argument, it then follows that (WeS(VK))t =Y € L*(0,T; (H'(2))*) and (2.12) holds for
all H € L2(0,T; HY(Q)).

From the uniqueness of the solution W of the first equation in (1.6) with (1.7), it
follows that W = W and we can deduce convergence of the whole sequence W,, — W in
L*(0,T; HY(Q)) and (W), — W, in L*(0,T; (W'(Q))*) as n — +oo. By compactness
of the embedding (2.11), we conclude that W,, — W in L?(0,T; LP(2)) and have thus
proven the claimed continuity of the mapping Ag.

Also by the compactness of the embedding (2.11), the image of the ball
B = {f € X : ||flleeorir) < R}, Ax(B), is compact, so that with Schauder’s
Theorem the existence of a fixed point W € B follows, which solves with the
corresponding V' system (2.8) with homogeneous Neumann boundary conditions.

The claimed regularities W € L2(0,T; H*(2)) N L>°(0,T; L?(2)) with (WeS(Vi)),
belonging to L*(0,T; (H'(2))*) and V € C([0,T]; H'()) with V; € L*(0,T; L*(2)) follow
from steps (i) - (iii).

Since e5(VK) §'(V) < e5K)C' | we have for the right hand side of the V-equation in (2.8):
SV S (VYW € L?(0,T; LP(R2)) for a p > 2, too, and it follows by standard results that
V e L®(0,T; L*(Q)).1

(vi) For a sufficiently small T > 0, we obtain ||V||reo,r5r000)) < K, so that Vg =V
and W and V' also solve (2.1) with (2.2).

The function U = WeSY) belongs to L*(0, T; HY(Q)) with U, € L(0,T; (H'())*) and
it follows that U € C([0,T]; L*(Q)). Furthermore, U is positive in the L?-sense and solves
system (1.6) with (1.7) together with V.

We have chosen K > ||Vpl|zeo(q)- Since the right hand side of the equation
Vi — aAV + BV = 65" (V)exSVw

is bounded by the L*(0,T; L?(Q))-function §C"eXE)W  we obtain by a comparison
theorem that ||V e (0,r3000(0)) < K, too, provided 7' > 0 is chosen small enough.

tIn the book by Ladyzenskaja et al. [24], Chapter III, Theorem 7.1, we find the proof of this result
for Dirichlet boundary conditions, which can be modified for equations with homogeneous Neumann
boundary conditions.

29



Hence, V (t) < K for all t € [0,T], so that Vx = V on this interval and the systems
(2.8) and (2.1) are equivalent.

Since U = We3(") and we have shown that the positive function e5(") belongs to the
spaces L?(0,T; H'(Q)) and L*®(0,T; L®()), the claimed regularity and positivity of U
follow from the properties of W. In part (iii), it was shown that U; = (We5(V)), belongs
to the space L2(0,T; (H'(Q))*).

(vit) If Uy € L®(2) and Vo € WHP(Q) for a p > 2, then |VV| € LY(0,T; LP(Q)) with
2
_p2 and it follows that U € L*°(0,T; L*(f2)).

q>
P

If we regard VS(V) as a simple coefficient in the first equation of (1.6), it follows from
Theorem 7.1, Chapter III in Ladyzenskaja et al. [24] that U € L*(0,7;L>(Q2)) if

IVS(V)| € L9(0,T; LP(R2)) forap > 2 and a g >

p2’ or equivalently,

2
IVV| € LY0,T; L(Q)) for p>2 and ¢ > —p2. (2.13)

Hence, let us prove (2.13). Extending V; to [0,T] by Vi(¢,z) := Vy(z) for all ¢t € [0,T7],
we define V := V' — Vj, and thus obtain the following equation
Vi— aAV + BV = aAVy — BV + 0S'(V + Vo)U =: f

with Vo = 0. The right hand side f of the equation is in L>(0,T; (W'¥(€))*). From a
parabolic regularity result by Groger [16], it follows that the mapping f — V is continuous
between the spaces LP(0, T; (W' (Q))*) and L?(0,T; W'?(Q)). According to a result by
Dore [8], it is then also continuous from LZ(0,T; (W'# (Q))*) to L1(0, T; W'»(Q)) for all
¢ > 1 and in particular for a ¢ > 2_p2 We conclude that V' € L1(0, T; W1?(Q)), so that
(2.13) holds. ’

(viii) Even without the further regularity of the initial values, we can show that
2
Vo€ Li(t, T;Wh(Q2)) for some p > 2 and a q > _;DQ and U € L*®(t,T; L*(Q2)) for
all 0<t<T.

On one hand, we have U € C([0,T]; L*(Q)) and V € C([0,T]; H'(R2)). On the other
hand, one concludes from U; € L%*(0,T; (H'(2))*) with an argument by Gajewski and
Groger (Theorem 2 in [9]) that tV; belongs to C([0,T]; L*(Q2)).

tU € C([0,T); L?(Q2)) follows by standard arguments from the fact that U € L2(0,T; H'(Q2)) and
U; € L?(0,T; (H'(Q))*), see e.g. Gajewski, Groger and Zacharias [13], Chapter IV, Theorem 1.17.
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In particular, we have —pV (t) + 06U (t)S"(V(t)) — Vi(t) € L*(2), for 0 < t < T, and
as V(t) is the (weak) solution of the problem

—aAV(t) = AV () + SUR)S' (VL) = Vi(t) on Q, ©v-VV =0 on dQ,

an elliptic regularity result by Groger [15] yields that V' (t) € W1P(Q) for some p > 2 since
L2(Q) C (WP (Q))*.

As in part (vii), we can now deduce that V belongs to L4(¢, T; WP (Q)) with ¢ > %
for any 0 < ¢t < T and it follows analogously that U € L*®(¢t,T; L*(2)). i O
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2.2 Proof of Uniqueness

Suppose there were two solutions (U, Vi) and (Us, V) of system (1.6) with the same

initial values (U;(0), V;(0)) =

Integrating the identity

a
dt

—  Unloglh + U logUs — (Uy + Us), log (

2U,

= Uy logU
1

+ U

(Uo, Vo) for i =1,2.

{U1(1<>gU1 — 1) + Uy(logUs — 1) — (Us + U>) (log (U1 ;’ U2> _ 1)}

U, + U2)
2

over (0,t) and using the equations for the U;, we obtain

/ {Ul(log Uy — 1) + Ug(log Uy —1)— (U + Uy) (log (Ul —; UQ) - 1)} (t)dx

- [ s

_ /0 /Q {VU1 XUIVS(Vl))VIog

+ (VU, —

B _/ot/QUlj-Ug
- _/ot/QUlj—Ug
- _//QUZ]:LU;JQ

- o
N 0 JaU; + U,

< —E/t/
o QU1+U2

+ (VU; — xU,VS(V3)) (U

(VU — U,V S(Va))Us V log %
2

// U,U,
2 QU1+U2

Note that we used log

2U;
U, + U,

xU2VS(V3))V log

&R
UV (s 7:)

+ Uy lo

2,
dzd
U + UQ] vas

20U,
U + U2

U+ U2 } dzxds

(VU — XU, VS(W)) ( 2V, — VU,
| (o )

VU, — VUl) dwds

Us

[(VUI - ><U1VS(V1))U2V log %
2

dxds

[ (log Y _ x(S(V;) — S(Vg))) V log %} dxds

Uz

2

—wiwn—mw»vméglmw

2

—fwwwn-awmﬂdms

S(Vi) — S(Va))|2dxds. (2.14)

as a test function in the above estimate. This comes down

to testing with a function like log U;. Strictly speaking, logU; does not belong to the
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test-space L%(0,T; H'(2)). Nevertheless, we can justify this test function by using, in a
first step, the admissible function log(U; + ¢) with a positive ¢ < 1 and then passing to
the limit ¢ — 0 by the Dominated Convergence Theorem.

To estimate the left hand side of inequality (2.14), we need the following result about
the function f(z) = z(logz — 1):

r+vy
2

£ =27 (S20) + 1) 2 (Ve - Vi) (2.15)

This is shown by setting z := L and calculating
)

( £_1> = (Vz-1)" = (\2;11)2 - (»2111)2 . (z_zl)z

= [ ([ <2 [ (75
= 4{zlogz — (z + 1)log(l + 2) + (1 + 2) log 2}

= 4{§(log:v —logy) — (%—i—y) [log(z +y) — logy] + xzylogQ}

= 4{£logx— (:L"_—I—y) log (:E_—i-y) +logy},
Y y 2

so that multiplying this last result by y gives (2.15).

To the right hand side of inequality (2.14) we can apply the arithmetic-geometric mean
inequality for U Us:

1 1
\/UlUQ < §(U1+U2) = UiU; < Z(U1+U2)2 (216)

and with (2.16) and (2.15) we go on calculating:

1
G0 = )l
X2 t 2
< gIIUl + UzIILoo<o,T;Loo<n)>/0 IV(S(V1) = S(Va))llz2(yds
t
< 0/0 1S' (Vi)Y (Vi = Va) + VVa(S' (Vi) = S'(V)) 320y ds

t t
< CE) [ IV = Va)liads + C(C")? [ [ VVa*(Vi = Vo) dads.

Using Holder’s Inequality and the embedding H'(2) — L%(Q), we obtain for the U;:
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ISRV GATOI S

i
O ([ 1905 = Vs + [/ 19V i al? g, as)
> (Q)

< ([ IV = Vallaayds + [ IVValloiayIVi = Vallinyds)

< C/O L+ IVVallZo@) (VL = VallZ2(@) + IV (Vi = Va)ll Lo ()ds.  (2.17)

IN

On the other hand, testing the equation for V; — V5 with (V; —V3), (and using the absolute
continuity of the mapping ¢ — [[VV (t)|72(q)) gives

/0 1Vi = Va)illzagoyds + IV (Vi = Vo) (D)lZ20) + 11 (Vi = V) (B)[IZ2(e)

t
:5//wwwo—mwwmm—wwms
0 JQ
t
< [ (EI0S01) = UaS' (V) ey + (Vi = VidillFagey) ds - (2.18)
by Young’s Inequality. Since
t t
|10 () = a8 (Vo) [Baqayds = [ 101(S'(V2) = S'(V2) + S'(Va) (U = Ua) sy

< //U2C" (Vi — V&) d:vds-l—// Vdxds

S A (e /0||v1—v&||m)ds+ () /0 JRCARAREE

C [ Wi = Vallsyds + € [ [ (0 + Gy (U7 = Oy deds

t
< O [ Vi Valldaoyds

t
+ C”Ul -+ U2||LOO(O,T;LOO(Q))/O ||\/U1 — \/U2||%2(Q)d8

inequality (2.18) becomes

IN

IV =V Ol + IV =12 O30
t
= QAQWa—¢immﬁWW—meQ@.(m@

Adding now inequality (2.17) to (2.19) we finally obtain

(/U = VU Oy + (Vi = Va) @)l + IV (Vi = Va) (D220

< ¢ [+l (I6/0 ~ VO Oy

Vi = Vo) oy + 19V — Vo) ()][32(e) ds.
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As

t q—2
/0(2+||VV2||%p(Q))dS < 2+t [VVallfaorsy < C),

we can conclude by Gronwall’s Lemma that

(/U = VU D22y + 1V = Vo) ()220 + IV (Vi = Vo) (8) 2200

so that U; = Uy and V; = V5 almost everywhere, and hence uniqueness follows.
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Chapter 3

A Lyapunov Function for the System

As we will obtain results on 2 C IR™ with n € IV possibly bigger than 2, we refer to a
theorem of existence by Amann [1] for smooth domains. We show in Appendix A that
this result can be applied to our system of equations so that studying solutions in higher

dimensions has a justification although we consider general Lipschitz domains.

Theorem 3.1 If S € C*(IR, IR), then

PUO.VO) = [ {U©10gU@) = UOSV0) + 55TV O + BV (1))} do
(3.1)
is a Lyapunov function for the system (1.6), (1.7).
Proof: We formally differentiate F' with respect to t:

d

FFU@®). V() = /Ut(t)[logU(t)—XS(V(t))]dfv + /QUt(t)dx

#x [, |5 HITVOF + SVORO - UOS 040

Testing the first equation in (1.6) with [logU — xS(V')] and 1, respectively, gives
/ UllogU — xS(V)|dz = — / VU — UxS(V))V(logU — xS(V))da
Q
= — | U®IVilogU(®) = xS(V(®)]de

and
/Q U, (t)dz = 0.

(Remember that we justified testing with log U in the proof of uniqueness in Chapter 2.)
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By the absolute continuity of the mapping ¢ +— ||VV(t)||%2(Q), using the V —equation,
we can write

[ TvoPd = [ {-Svavie) +vos v - 32 i

so that we obtain

d
SPU), V(D) =~ / Ut)|VlogU(t) — xS(V(1)]Pdz — X / Vi(t)2dz < 0,
Q
i.e., F' decreases along solution trajectories. a

Remark: The function F' is very similar to the Lyapunov function for the semiconductor
equations found by Gajewski and Groger [12]

1 2
U(uy, ug, p) = /Q 5(5|Vg0|2 + kp?)dz + Z/Quf[ui(logui —1) + 1]dz.
i=1

But whereas ¥ is always bounded from below (z(logxz — 1) > C), our Lyapunov function
F could tend to —oo

The following proposition shows that a solution to system (1.6), (1.7) ceases to exist
in finite time if the Lyapunov function F' becomes —oo for a finite ¢3. This is because we
can find a p > 1 (but close to 1) such that the LP-norm of the function U will explode
at this point of the time scale. The proof requires sublinearity of the sensitivity function,

that is, there must be positive constants ¢; and ¢y such that
S(V) < a1V +e (3.2)
for all V' > 0. Note that all sensitivity functions S € S are sublinear.

Proposition 3.2 Let us consider a Lipschitz domain 2 C IR"™ and let S satisfy condition
(8.2). If there exists a solution (U,V) of system (1.6), (1.7) such that the Lyapunov
function F(U(t),V(t)) — —oo fort — ty, for a ty € (0,00], then

U (t)\/logU(t)|| 1) —> +00 ast—1ty ifn=2

so that
U@ ||lLr) — +o0  for every p > 1

and

2
N\U@)||te) —> 400 ast —1ty for every p> n—f? if n > 2.
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1
Proof: On one hand, zlogz attains its minimum at x = —, so that
e

[ v@oguy > -2,

PUOVE) = [ {u@10s00) - xUOSV©) + 2 @VVO)F + 81 $)") | da

_ %_ x [ V@S ®)dz = CIVOlline, (3:3)

>

On the other hand, if n = 2, we can use the Trudinger Inequality (See for instance Kufner
et al. [23], Remark 5.7.9 (v).), by which

Vlizs@ = ClVIm@),
()

where ® is the Young function ®(t) = e” — 1. Applying the extended Holder Inequality
for Young functions (B.4), sublinearity of S and Young’s Inequality to the second term
on the right hand side of (3.3) gives

2]

FU®, V) 2 - = xXW0Olpeq)llSVE)a@q) + CIVO)IPs
(3.2) 0 )
> - |?| — CIlUO oo (||V(t))||L§,(Q) + 1) +ClIV ()28
€] 5
Z T ClIU® o) — C-

U(t) is the Young function that is complementary to ®(t). One can show that it is
asymptotically equal to t4/logt, so that we obtain for n = 2

[U)\logU(t)[|7:) = — C [1+ F(U(t),V(t))] — +oo ast — to.

Since

[U\1log Ul < ClUlogUlli@) < CllU]Lr(ey
by the continuous embedding LP(Q)) < L®() for every p > 1 with the Young function
®(t) = (1+1)log(1+1) —t, we have proven blow-up of every LP-norm of U with p > 1.

, 2
If n > 2, we use the Sobolev Embedding Theorem H'(Q) < LF (Q2) for all p’ < - 112

2
(It then follows that the conjugate exponent p > %) and the usual Holder Inequality
n

tSee Section B.1 in Appendix B for more information on Orlicz spaces.

38



to obtain from (3.3)

Q _
FOOVE) >~ @Il ST + CIVO g
(3.2) Q0 _
2 B ) amer (1V 0D ey + 1) + CIV Ol
Q)

> — B U@ e - C.
Hence, for n > 2:

U200 > — C L+ FU®1), V()] — +oo

2
as t — to for all p > n as claimed. O
n-+ 2

As we will want to study at a later stage the long time behaviour of a solution of system

(1.6), (1.7) we are interested in finding conditions ensuring the boundedness of F'. This
is the principal aim of the next section.
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3.1 A-priori-Estimates

In the following, let S belong to the class S introduced in Section 1.2.2. (Note that all

results obtained up to now in this chapter are valid for the functions in S.)

Lemma 3.3 We have for the solutions of (1.6), (1.7):
U@ @) = 10ollLre)
and there exists a constant C > 0, depending only on ||Usl| 110y and ||Vo||11 ) such that
V@)l < C.

Proof: Since U and V are positive, we obtain the assertions by testing both equations
with H = 1, respectively:

& [ Uiz =0 = U@z = Vol o) (3.4)
and from J
—/ V(t)de = —5/ Vdr + 5/ US'(V)dz
dt Ja Q Q
we get
VOlow = Wallooe ™+ [ [ U(s)S'(V(s))dads
(3.4) ) B
< |Vallzio) +CI”U°”L1(Q)B(1 —e )
Cl
< Vol +—||Uo||L1 < C
by the formula of variation of the constant. O

In the next lemma we give a technical condition with which we can ensure boundedness

of the Lyapunov function F' and all its terms.

Lemma 3.4 If there exists a positive constant ¢ such that the inequality

aS(V)d < (L vV |2 + L VI " ) 55
€ r < exp c .
b 20Ol Y M@ 5T oy 1220 (3.5)

holds with a = x, then the Lyapunov function F' is bounded from below and there exists a
C > 0, independent of t, such that

IF(U#), V()| < C forall t>0. (3.6)
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If we can choose a > x in (3.5), then we have additionally
/ Ul(t Ydz < C forallt>0 (3.7)
and the boundedness of all terms in F follows.

Proof: Suppose inequality (3.5) holds for an a, which will be determined later on. For
M

fixed t € (0,7), we set 1(z) := —e V@D where M = |U(t)||11(0) = ||Uo|11() and
1

pi= foeVEdy. As —log(x) is a convex function, we know from Jensen’s inequality
that
U 1 U
= —]og/ UM dac </ (—logg) de: M/QUlogEda:,

0 < / U(log U — log ¥)da
Q

= /U(logU—logM+logu—aS(V))dac
0

so that

/Q UlogUdz + M (log s — log M) — a/Q US(V)dz
2 [ UlogUdz — Mlog M — a/ US(V)da
+Mloge+ = VV [y + ||V||L2 + Me.

It follows that

(a=x) [ UDS(V(©)dz < FUE), V() +M(log 7 +0)

< F(Uy, V) + M(logM +c)<C
with a positive constant C' and we obtain
~M(log— +¢) < F(U(t), V() < €
by choosing a = x. Furthermore, it is clear, that if a > x, estimate (3.7) also holds:
C

a—X

< <
0 /Q UGSV (E)de <
and it follows that

[ {v@os00) + X @vvnl + 8v@)h}de < ¢+ x [ UBSV @) < C,
so that all terms in F' are bounded. (Remember that UlogU > —é.) a
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Corollary 3.5 Since

X 2 / 1 _ 2 =—iF
< [Vedo + [ UN(logU = xS(V)Pde = —ZF(U,V),

it follows from Lemma 3.4, that
X/tv 2, d UV (o0 U — xSV 2deds < F(Us. Vi) — FU.V) < C
X s + [ [ UIV (08U~ xS(V)Pdads < P Vo)~ FUV) <

whenever the Lyapunov function is bounded from below, where the constant C' does not
depend on .

If additionally (3.7) holds, i.e., if all terms in the Lyapunov function are bounded,
then ||V (¢)|| g1 and [|U(t) log U(t)||11(q) are bounded independently of .

Remark: In general, we cannot exclude the possibility that particular terms in F' become
unbounded even if the whole Lyapunov function is bounded. If we can bound the term

US(V), however, boundedness of all terms in F' follows.
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3.2 Specific Sensitivity Functions

All three specific sensitivity functions we consider belong to the class S as was shown in
Section 1.2.2, so that (3.1) is a Lyapunov function for each S. In the following, we will
show under different conditions that inequality (3.5) is valid in the three cases, that is,
that F' stays bounded for all times.

Proposition 3.6 If S is bounded, then the Lyapunov function F(U(t),V (t)) and all its
terms are bounded independently of t > 0.

Proof: Here, inequality (3.5) holds trivially for every a > x:

fers s < i) < 091 < exp 20 IV + 2o VI +)
and the assertion follows from Lemma 3.4. O

Proposition 3.7 For S(V) = log(V + ¢), all terms in the Lyapunov function F are
bounded for all x < oo if n =2. If n > 2, then (3.6) holds for x < 2" fx < 20 then
(3.7) is also true.

Proof: For1 <a <

(If n =2,a < 00.), we have with an arbitrary € > 0
n —_—

/QeaS(V)dgC = /Q(V—i-C)“dﬂf = C(||V||“La(9)+1) < C(||V|| (Q)”V”Ll +1)
CL(ITV I8y + V%) VG +1]
C (Vv ||V||““ Y+ VIl +1)

C([[Vollzr(e )(IIVVllm(n) )
g||VV||2“9 +C,

INIA L IA

1—YHYm
%T and Young’s Inequality. For

by the Gagliardo-Nirenberg Inequality with 8 = m
2

the last exponent we calculate

(a—1)2n

2a0 =
1+12

< 4(a—-1).

Since we can choose € > 0 so small that

4(a—1) < X 2
I (25||Uo||L1(n)x )

tNote that we need here the condition for a.
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for all z € [0, +00), we get

“WVdz < (7;@ V|2 ) C
e r < exp 2 +

Xo 2
exp | ————||VV||720en0 + C'| ,
p (26”L%HL%Q)” “L(Q) )

i.e., (3.5) holds and the assertions follow. O

In order to deal with S(V) = V, we need a Trudinger-Moser-type inequality, which
only holds in two dimensions and for a more regular 2. Hence, we consider here the case
of a bounded, finitely connected domain Q C IR* with boundary 0£2. We assume that 05
is piecewise C? with a finite number of vertices with non-vanishing interior angles. Let 6
be the minimum interior angle at the vertices of €.

We quote the following lemma from Gajewski and Zacharias [14], where a result by
Chang and Yang [4] was generalized.

Lemma 3.8 There exists a constant ¢()) such that we have

20v?
dz < (2
/Qe z < c(Q)
1
for all v € H(Q) with spatial mean v = @/ vdr=0 and / Vol*dz < 1.
Q Q

Proposition 3.9 Let Q C IR?. Its boundary 09 be piecewise C? with a finite number of
vertices with non-vanishing interior angles. Let 6 be the minimum interior angle at the

vertices of €.

In the case of the identity sensitivity function S(V') =V, the estimates (3.6) and (3.7)

46
hold if M = ||Upl|L1() < 5—;. (If equality holds, estimate (3.6) remains true.)

Proof: Since

aV < al|lV-V|+aV

a

—1 2
([ ra) - (V)
0(Q|VV| da) V= VPG ([ IVVPdr) + g Vi)

IN

we obtain by Lemma 3.8 the following Trudinger-Moser-Inequality
a2
‘/; e“"(&t < C(S)) exp <E§§||‘7‘/+|%2(Q) + C?(a,S),||Y/||L1(Q)))
for all positive V € H(Q).
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Now, it is possible to ch o with & < 2% irandonlyif X < X
‘i ; ith — if and only if <=
ow, it is possible to choose an a > x with o7 < s Y99 = a5

40«
which is equivalent to M < S It is obvious that a can be chosen to be strictly greater
X

46
than x if and only if M < 5—a. Thus, the assertion of the proposition holds. O
X

X«
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Chapter 4
Global Existence of Solutions

In this chapter, we will show that the solution (U, V) of system (1.6), (1.7) in a two-
dimensional domain Q C IR? is global if all terms appearing in the Lyapunov function are
bounded.

Unfortunately, we are not able to show this result for a general S € S§. Nor can
the arguments be carried over to the three-dimensional case due to dimension-dependent
estimates (essentially Galiardo-Nirenberg’s Inequality).

As we have to argue for all three classes of specific sensitivity functions in a different

way, the result will be shown in the following sections for each class separately.

Theorem 4.1 We consider the system

U, = AU-xV({UVS(V))
V, = aAV — BV +6US'(V) (4.1)

in (0,T) x Q C IR x IR?, with homogeneous Neumann boundary conditions
v-VU=v-VV =0 (4.2)

on (0,T) x 00 and initial conditions Uy € L>®(Q2), Vo € WHP(Q) for some p > 2, where
the sensitivity function S is either bounded or S(V) =V or S(V) =log(V +¢), ¢ > 1.
If the Lyapunov function F(U,V) of this system and all its terms are bounded, then the
solution (U, V') of (4.1) is global in time.

In case the sensitivity function S is bounded or if S(V) = V, we obtain for every

1 < p< oo a constant C' such that

Uz 0,00:z0(02)) + |V || Loo0,00520002)) < C.
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If S(V) = log(V + c¢), then there exist constants C > 0 and r > 2, independent of T,
such that
1U |z o,75220)) + 1V [0y < CeT (4.3)

and
Ul 015000y < Cexp(pCe©™") (4.4)

for all T > 0 and every 2 < p < <.
In case x < 1, the exponential time-dependence for V in (4.3) can be improved to a

polynomial dependence.

Remark: As we have seen in Section 3.2, in two space dimensions, we need an additional
condition to ensure boundedness of all terms in the Lyapunov function only in the case
of the identical sensitivity function. But since globality of solutions is impossible if the
Lyapunov function is unbounded on a finite interval (See Proposition 3.2.) and the a-
priori-estimates obtained from the boundedness of all terms in F' are essential to all three
proofs, we have formulated Theorem 4.1 with this general condition.
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4.1 Bounded Sensitivity Functions

Proposition 4.2 Let Q be a Lipschitz domain in IR*. If S(V) is bounded, then there
exists a positive constant K, independent of T > 0, such that for every 1 < p < oo we
have for the solution U of the first equation in (4.1) with homogeneous Neumann boundary

conditions
Ul oo o,520(0)) < KP.

Proof: Let ex5(V) < C,. (Note that C, > 1.)
As we want to demonstrate the exact dependence on p of the bound for U in the space
L>°(0,T; LP(£2)), we are going to distinguish scrupulously between the different constants

in the estimates of this proof.
W.lo.g., we take x = 1 throughout the proof. (We can define S(V) := xS(V) and

6= —.)
X
We will show by induction for all p = 2% with k € IN U {0} that

U ()l| ey < K for all ¢ € [0, 7). (4.5)
For k£ =0, i.e., p =1, this is true if
U@ = 1Tollrr(0) < K.
Now let p = 2¥ > 2 and suppose that (4.5) holds for p = 28" = b

p—1
Testing the first equation of (4.1), (4.2) with p ( S(V)> gives

U \*! S(v U U\
p/Q Uy (m) dx—l—p/ﬂe Vv (es(v)> \% (es(v)) dx =01 (4.6)

We calculate for the two terms separately:

UNY d UV U\
_— - = - (V) _ S(V) ot
[V (wm) =5 ) () @Vaer -0 [ () VS WIVida

and

U U \?!
S(V) .
?Le V(&WJV(¢M> dm“p/ ‘V<am>

U VU UVS(V)
t S(V) =5V - — -
Note that e”'"/'V (es(v)> =e (es(v) -5(V) ) =VU-UVS(V).
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: U \:

Inserting this into (4.6) gives

d 4(p—1
— / W2esVgy 4 AP—1 / SVIVW e = —(p—1) / W25 (V)eSMVida
dt Ja P Q Q

(p—1)C'C. [ W*Vildz < pC'CAW [y IVill ez
Pclce”W”Hl(Q)||W||L2(Q)||Vt||L2(Q)

PCIC([[Wl[r2) + [[VW [ L2@) IW || z2() Vil 220
POCIW oy IVillooey + =2 9W [

INIA

IA

p’p
3p—14

PCLC|IW 720y IVill L2 +
+(C1Cep)2||W||%2(n)||Vt||%2(n)a

+ (ClCe)2||W||%2(Q)||Vt||%2(9)

3p—4

IN

IVW 220

applying Hélder’s, Gagliardo-Nirenberg’s and Young’s Inequality. Since 1 < %), we

obtain
d
= [ WSV |9V gy < IW sy (CrCelVillzzay + (C1CanIVilRgey)- (47)

By Gagliardo-Nirenberg’s, Poincaré’s and Young’s Inequality, we have, using the inductive

assumption in the last step:

Co (IVW 320y + W )" 11W 22y
Co (IIVW |2 [1W [l o) + W (310

IWIZ2 )

IN

VAN

< VW L2y + CslW 71 o
< ”VW”%?(Q) + C3||U||i%(n)
P2
< ”VWH%?(Q) + C3K > (4.8)
2
On the other hand, since (1 — cp||V;||L2(Q)) >0,
1 (CiC.p)?
CCapllVillio < 2+ CCP e, (4.9)
. p( UNT (U . PP U N2 U\
We have VIV = ¢ (55 ) V(59 VW=7 \swm)  [Viesw)| -
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Estimating the left hand side of (4.7) by (4.8) and using (4.9) on the right hand side, one
obtains

d 3 1 2
= [ WA WVds < Wy (OO Vil - 5 ) + CaK s

3 1 02
= S(CCP  WVilliaey [ Wodo =5 [ Wiz + Cakc

3 1 i
(5CCpPIVilliawy = 507 ) [ W25 da + Gy

IN

3 1
since 1 < e5V) < (C,. Putting ¢(s) := (—(C’lC’ep)2||V}||%2(Q) — f)’ we can apply a

variant of Gronwall’s Lemma: With g(¢ / W2(t, z)e’ V&) gz, the last inequality can
be written as ,
g(t) < @)g(t) +CsK'7. (4.10)

t

Defining now h(t) := g(t) e~ Jo#)s e calculate
t d t d 410) + d
WD) = (1) e o708 — (1) plr) e BB T Oy ¢l
Integrating this last inequality, we obtain
IJ2 t E] d ]J2 t s d
h(t) < h(0)+CsK'7 / eI H G (0) + Oy / o Iy enangy
0 0
so that
t s
g(t) — efot‘p(s)dsh(t) < efotw(s)dsg(o) + C3K§ef0tcp(s)ds/ effo (p(T)des,
0
ie
/ W2()eSVWdz < elo et / W2eSWdy + el 00 K / b Jy esds g
Q 0

From the boundedness of the Lyapunov function ' we know (see Conclusion 3.5) that V;
is bounded in L?(0,T; L?(f2)) independently of 7" > 0, so that

¢ t
| es)ds < CalpCe)? = 5 < CalpCo)?.
0 2C,
On the other hand,
t , t .
/ e Jo s g < / e2Ce dr = 2C, (eﬁ - 1) )
0 0

Since o
2 _S(W _
[weede = [ coamds < [, Ude < 19] 100l

90



we finally obtain
2 2
J W@ Ve < IO Ul + 0 O 2C (1 75
< CyelarC)? 4 0y Ca0C O K

It follows that if K > ||Up||1(q) is chosen sufficiently big, that is, if

G0, < K = CetOerOw < o G0N or < LKV < K

so that
CseCapCe)” < lce—(p—l)Kp
and if
C4C? L1 Ca(pCe)? p? _Ca(pCe)? 1p? 12 1.2

Cee™*cC, < §K2 = Cge* P CP < Cf eV OV < WK2 < §K2,

so that , 1
06604(1)@)206[{% < Ece—(p—l)sz,

we obtain

2
I, < cr /Q W25 dg < CP~ (05604@06)2 + CseCMCeVCeK%)

< lez_i_leQ:Kp?_
- 2 2
Extracting the p-th root gives (4.5). O

Conclusion 4.3 Since S’(V) < (', the right hand side US'(V) of the equation for V is
in L*>°(0,7; L?(R2)) for a p > 2 and it follows by standard arguments that V is bounded
in L*°(0,7; L*(2)) independently of T > 0. (See the remark at the end of part (vi) of
the proof of Theorem 2.1.)

From the a-priori-estimates obtained in Section 3.1 (Corollary 3.5), we know that the
estimate for V in L*(0,T; H'(2)) neither depends on T > 0, so that we have proven
the same regularity for the solutions U(t) and V (¢), for almost all ¢ € (0,00), as we had
for the initial values. Therefore, we can, step by step, extend the interval of existence to
(0,00), and thus obtain global solutions. Furthermore, the norm estimates are valid on

the whole positive real line, and Theorem 4.1 is proven for bounded sensitivity functions.

Remark: By the smoothing effect of the system proved in step (viii) of the proof of

Theorem 2.1, we have automatically global uniqueness of the extended solution.
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4.2 The Identity Sensitivity Function

We are going to prove Theorem 4.1 for the identity sensitivity function S(V) =V.

As in the case of bounded sensitivity functions in Section 4.1, we will use a Moser-
type argument in order to bound increasing LP-norms of U(¢) independently of the time
t, which has not been accomplished up to now for a general Lipschitz domain.! Here we

will need, however, an additional technical lemma proven in Appendix B.

Proposition 4.4 Let Q C IR? be a Lipschitz domain. If all terms in the Lyapunov
function F are bounded, then there exists for every 1 < p < oo a positive constant
C = C(p), but independent of T, such that

||U||LOO(O’T;LP(Q)) S C fO’f‘ all T Z 0. (4.11)

Proof: We will show inequality (4.11) for all p = 2F with £ = 0, 1,2, ... by induction.
For k = 0, the assertion holds. (See Lemma 3.3.)
Now let p > 2 (k > 1) and suppose, (4.11) holds for 2=t = 2. Unlike the situation in
Section 4.1, we do not have eXV < C, so that we have to modify the proof of Proposition

4.2. Here, we multiply the first equation by pUP~! and integration over ) leads to

d
_ /4 -1 217p—2 — -1 p—1
dt/QU dx + (p )p/QWU|U dx = (p )px/QU VUVVdzx,

2
or, with W := U3 (Note that we have VIV = gU%—1VU — VW[ = %U”‘Q\VU\Q.),

d 4p—1
LWy + LW ey = (= Dx [ VVV0P)da
-1
- u{—ﬁ/ VUPda:+5/ U”“dm—/ VtU”dx}, (4.12)
! Q Q Q
. ) .. 2(p+1) . )
by using the second equation. Setting p := , the equality can be written for W
p
only as follows:
d 4p—1
IO+ Wi,
-1 "
_ (—1x {—,3/ VW2dx+5/ W”d:c—/ V;Wde}
! Q Q Q
-1 "
< % {5||W||I£ﬁ(n) _/QVtWde}- (4.13)

We will treat the last two terms separately.

tSee Gajewski and Zacharias [14] for time-dependent estimates or Nagai et al. [32] for the case of a

smooth domain.
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If p=2 (k =1), then p = 3 and we apply Lemma B.1 from Appendix B with r =1
and ¢ = p = 3 to obtain

X0

U1 o

5||VU||%2(Q)”U10g Ullpio) + 5||U||%1(Q)”U10g Ullzio) + &)U 210
ell[VUIIZ2 ) + Cle1) = el VW72 + Clen),

X0
00 e

IN A

where we used that ||UlogUl||11(q) < C by the boundedness of all terms in the Lyapunov
function. (See Corollary 3.5.)
If p >4 (k> 2), then we can use the Gagliardo-Nirenberg Inequality and with the

inductive assumption

X0 . . 5 .

;IIWII’;;(Q) < CIW g IWllie < C (IIVWII’iz(IQ) + IIWII’Ll(IQ)) Wiz
—p

L5 (@)

(»

< C(INWlagoy + 1015 ) W0IE < CIVW Il + Co

Since p > 4 we have

2p+1 2
2<p= (p; )=2+5g

and there exists a 1 < ¢ < 2 such that ¢(p—1) = 2. (For the conjugate exponent, we then

< 3,

DO | Ot

have 2 < ¢' = < 4.) Applying Young’s Inequality, we obtain for any 0 < &; < 1:

3—p

X0 p
E”W”Lﬁ(ﬂ)

IN

D— ]- ]_ ]_ !
CIVWIiGa(a) +Co < el IVW ) + 5 =7CT +Co
€1
< 61||VW||%2(Q)+61_401+02 = €1||VW||%2(Q)+C(61).

The second term is treated as in Section 4.1: we apply Hoélder’s, Gagliardo-Nirenberg’s

and Young’s Inequality:

_Bx / VW2 da
o Q

IN

BX

X iwde < O Vil IW s

C Vil o) (IIVW | 22y + W || L2e)) [IW || L2
|| VW |72y + Cle2) IVillZ2() + IVell2@) W 11720

1
Al TW sy + (CENVillaey + 3 ) 17 e

IN A

IN

Inserting these estimates into (4.13) gives
d 2 4 2 2 1 2
2 W Ol + =D —e1 =& IVWlz ) < { Cle) IVillze) + 5 ) W llz2@) +Cler)-
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4 1

We choose €1 and &5 so small that (p — 1)[— — e; — €3] > 1 (Note that the - behave like
p i

p.) and with

Wiz < CUVWIZL@lWIEig) + 1Wlie)?
< VW L0y + ClIW i) < IVW 720y + C

we obtain J )
ZIW @) < (CIVilEa@ — 5 ) IW @ 2y + C

1
Setting here ¢(t) :== C (||Vt(t) ||%2(Q) — 5), we obtain by the Gronwall-type inequality used
in the proof of Proposition 4.2

t s
W (¢ 22 < efot p(s)ds WO 22 + efot go(s)dso e—fo (p(T)des
L2(2) L2()
0
and with the information V; € L2(0,T; L?(f2)),
_t
TNy = W Oli2@) < C 1Uolliny + CA—e"2) < C([Uslffeiy+1) < C

so that (4.11) follows. O

Conclusion 4.5 As in Conclusion 4.3, we can conclude from Proposition 4.4 that V'
belongs to L>°(0,7; L*°(£2)), bounded independently of T', since U € L*(0,T; L?(£2)) for
a p > 1. Globality of the solution and therewith

||U||L°°(0,oo;LP(Q)) + ||V||L°°(0,00;L°°(Q)) <C

for all 1 < p < oo follows analogously. Moreover, the extension of the solution is unique.

(See the remark after Conclusion 4.3.)
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4.3 The Logarithmic Sensitivity Function

Since the arguments applied in Sections 4.1 and 4.2 cannot be used for the logarithmic
sensitivity function, we will not be able to obtain time-independent estimates for all global
solutions (U, V) of system (4.1), (4.2).

The first step to prove Theorem 4.1 for the logarithmic sensitivity function will consist
in finding (time-dependent) bounds for the L?(0, T; L*(2))-norm of US'(V).

In order to do so, we will first prove three results for more general sensitivity functions
fulfilling certain convexity and concavity conditions, respectively. These results will be
applied to the logarithmic function in Proposition 4.9.

Lemma 4.6 Let S € S and suppose that x < 1.

If all the terms in the Lyapunov function F(U,V) for system (4.1) are bounded and
if the sensitivity function is twice continuously differentiable and fulfills the condition
S"(V)+ (S"(V))? <0 for all V > 0, then there exists a positive constant C, independent
of T > 0, such that

D=

||V\/ﬁ||L2(O,T;L2(Q)) S C(]. + T) . (414)

Proof: Obviously, the integral

T
/ / UV (logU — xS(V))[2dzds. (4.15)
o Jo
is positive for all T" > 0.
Using that V(logU) = vu and VVU = U we can rewrite the integral in the
g g U Wik g

following way:
T T T
/0 /QU|V(logU S(V))[2dwds 4/0 /Q|v\/ﬁ| dzds QX/O /QVUVS(V)d:cds
T
2 2
+x /0 /QU|VS(V)| dxds
T
- x2/ /[U\VV\?(S'(V))2 — VUVS(V)]dads
0 Q
T T
—x@2=x) /0 /Q VUVS(V)dzds + 4(2 - x) /0 IVVT 220 ds

T
— 41— ) /0 IVVT |3y ds (4.16)

We know that / U; dx = 0 and by the first equation of (4.1) tested with log U, we obtain
Q
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d
%/QUlogUdm = /QUtlogde + /QUt dr = /QUtlogde
_— / UVS(V)V logUdz — / VUV log Udz
Q Q
- X/ VUVS(V)d:v—4/ VAU [2dz,
Q Q
so that
T T
_ X(z—x)/o /QVUVS(V)dxds + 4(2—X)/0 IVVT |22y ds
—(2-y) ( [ uogUtds — [ U, logUodx). (4.17)
Q Q

On the other hand, testing the second equation in (4.1) with US'(V) gives

1

- /Q Vi + BV — sUS'(VUS'(V)dz = — / V(US (V) VVde

- —/ Us"(v VV|2dx—/ VUVS(V)dz,
and hence
T

_ 2 — ! ! ! 2

X /0 /Q VUVS(V)dads / / VUS'(V) + BVUS'(V) = §(US'(V))?} dads

1
+x /0 /Q U|VV[28"(V)dxds. (4.18)

Inserting (4.17) and (4.18), identity (4.16) becomes

/OT [ UV (ogU — xS(V))[drds = x* /T [ UINVEIS (V) + "(V)ldrds

+ X / / (VUS'(V) + BVUS' (V) = §(US'(V))*} dads
- (2—-x) </Q U(t)log U (t)dx _/QUO logUodx)
41—y /OT IVVT 20y ds- (4.19)

Using now the positivity of the left hand side and the condition S”(V) + (S'(V))? < 0,
we obtain the estimate

2x* 3

4(1 - X)/O ||V\/ﬁ||%2(n)d5 < ||V;5||L2 0,1;22(0)) T W”VH%%O,T;LZ(Q))

oo
+ (2=x) ([U(T)logU(T)|| (@) + [|[Us log Vo[ L1 (s))
¢ (”VtH%Z(O,T;Lz(Q)) + T”V“%OO(O,T;LZ(Q))

+1|U Tog Ul (0,11 ()

C(1+71), (4.20)

IN

IN
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where we used in the last step the a-priori-estimates from Corollary 3.5. Since y < 1,
estimate (4.14) is proven. O

Lemma 4.7 Let S € S and suppose that x > 1.

If all the terms in the Lyapunov function F(U,V) are bounded and if the sensitivity
function S € C?(IR, R) and fulfills the condition S"(V) + (S'(V))?> > 0 for all V > 0,
then there exists a constant C' such that for all T > 0

||V\/U||L2(O,T;L2(Q)) S C(l‘}‘T)% (421)

Proof: From the boundedness of the Lyapunov function (see Corollary 3.5) we know that
the integral, whose positivity was used in the proof of Lemma 4.6, is also bounded from
above: .

/0 /QU|V(logU —\S(V))|?dzds < C

for all T > 0.
Using now identity (4.19), the assumed property S”(V) + (S'(V))? > 0 of the sensi-
tivity function and the a-priori-estimates (See again Corollary 3.5.), we obtain
C = =Ix=2[([U@®)logU(#)]lL10) + IUolog Us| 1))
— C(6 a, B, 0)IVillZ20,rz200)) — 261U S (V)[Z2(0752200)
T 2
+40x=1) [ IVVT s
— C = 26C"|U|[72(0:22(50)

T
+A(x— 1)/0 IVVT 320 ds. (4.22)

v

By Corollary B.2 from Appendix B we infer that

T
200U 720.m;22(0)) < (X—l)/o IVVUIZ20mi2pds + C6,x,C") T,

so that we have shown
||V\/ﬁ||%2(O,T;L2(Q)) < C(1+T),

which gives the claim. (Note that we used x > 1 in the last step.) a

Remarks:

1. The conditions for the sensitivity functions in Lemma 4.6 and Lemma 4.7 are equivalent

SV

to requiring that e5(") be concave or convex, respectively, since

dd—V? (5V) = SIS (V) + (S'(V))?).
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2. For our treatment of the logarithmic sensitivity function S(V') = log(V +c¢) we still need
a result for the case x = 1. As in Lemma 4.6, we could use the positivity of the integral
/t/ U|V (logU — xS(V)) |*dzds and equality (4.19).

° I-?owever, we will now prove a more general result, which is applicable to sensitivity

functions for which eX*(V) is concave.

Lemma 4.8 Let S € S be twice continuously differentiable. If all the terms in the
Lyapunov function for system (4.1) are bounded and if the sensitivity function fulfills the
condition S"(V)+ x(S'(V))? <0, then there ezists a positive constant C, independent of
T, such that

N1US" (V) |z2 05220y < C(1+ T)%

for all T > 0.
Proof: Testing the first equation with S(V') gives
_ 2
/Q US(V) do = /Q VUVS(V) dz + x /Q UIVS(V)2dz
- —/ S'(V\VUVV dz + x/ U(S'(V))2|VV|2da
Q Q
= — [ VWS ()VVdz + [ UNVES"(V) +x(S'(V))}da
_ 1 : B : [ T YPUPNENY
- a/QUS (V)Vidz + a/QUS (V)Vdz — a/QU (S'(V))2dz
+ [ UIVVEIS"(V) + x(S'(V))?lda,
where we used the second equation in the last step. Since
d ’
/Q US(V) do = = /Q US(V)de — /Q US'(V)V; dz,
we now obtain by Holder’s and Young’s Inequality
i/ US(V) de = (1+1)/ US'(V)Vide + @/ US'(V)Vda
dt Ja o’ Ja ! o Ja

- g/QW(S’(V))de +/QU|VV|2[S”(V) +x(S'(V))*dz

IN

0
C(a,8) Villz2(q) + Cle, 8,6) IVIZ2() — % IUS' (V)220

+ [ UIDVEIS"(V) + x(S' (V) ]de.
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Using now the hypothesis on S, integration from 0 to 7" yields:
[u@svwde < [ UoS(Woda +C (Iillzsorasmy + IV IEqrsa)
6 T 2 ! 2
—o= | [ U8 V() da

And with the estimates obtained with the Lyapunov function (See Corollary 3.5.), we find

0
%”US,(V)”%P(O,T;L%Q)) < /Q UopS(Vo)dz + C ( IVill 2202200y + ||V||%2(0,T;L2(n)))
< G+ C ( IVill 220,752 () + T||V||%°°(O,T;L2(Q)))
< C(1+T),
with C' independent of 7. O

Proposition 4.9 Let S(V) = log(V + ¢). We can bound the solution U of the first
equation in (4.1) in the space L?(0,T; L*(Q)) as follows

1
Ul z20,22(0)) < C(1+T)2,

if x # 1.
For x =1, we still have

=

||US,(V)||L2(O,T;L2(Q)) S C(]_ + T) .
The constant C in both estimates does not depend on the time T > 0.

Proof: We know that all the terms in the Lyapunov function are bounded for all x in
the case of the logarithmic sensitivity function. (See Proposition 3.7.)

Also, e3") is obviously both concave and convex for S(V) = log(V + ¢) (See the first
remark after Lemma 4.7.) and we have

1 1

S' V) + (5'(V))* = (log(V + )" + ((log(V + O))* =~ + g2 =

Hence, we can apply Lemma 4.7 if ¥ > 1 and Lemma 4.6 if x < 1 in order to obtain
||V\/ﬁ||%2(o,T;L2(Q)) <C(1+T7).
Now, we can use Corollary B.2 with k = 1 to conclude that
r 2 T 2
/0 U Bayds < /0 IVVT |22 qyds + CT < C(1+T).
For y =1, we apply Lemma 4.8, and the claim follows. O
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Proposition 4.10 Let S be the logarithmic sensitivity function. There exists a constant
C, which is independent of the time T > 0, and an exponent r > 2 such that we have the
following estimate for the solution (U,V') of system (4.1), (4.2):

WUz o.miz2)) + WV |zeoorseeo)y < CeCT".

Proof:
(1) Using U itself as test function for the first equation in (4.1), we obtain

5 (10O e~ 10lay) = [ [ 5 (50%6)) dods = [ W), UCs))ds
- /0 t /Q NUVS(V)VU — | VU 2|dxds. (4.23)

We apply Holder’s Inequality to the first term on the right hand side, where the coefficients

fulfill

1 1.1

11
r p 2
x [ [ U9s)VUdrds < xC' [ 0@ VV6) @ VU6 sy ds - (420
By Gagliardo-Nirenberg’s Inequality, we have
1Vl < CIU |0l
< Oy (10130 + 19020 )
= C (IVll20) + 101y IV U325y )
so that estimate (4.24) becomes
x [ [Uvsw)VUdnds < ¢ [ (106 IVV ) lmoIVU) e
U)oy |9V Mo IVU )20y )
< Cleve) [ (IVVEIE + 19V ) 5) [UG) s ds
+ e ten) [ VU s, (4.25)

where we used twice Young’s Inequality in the last step. Choosing £; +¢&9 < 1, we obtain
from (4.23)

tNote that this condition is equivalent to

!

2p 2p

p—2 2—p'’

so that W' (Q) — L7(Q) and L™ () is the greatest Lebesgue space, that is, the space with the smallest
exponent, still contained in the dual of W#' (Q).
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t
(IO = Wollfaw) < [ (1422 = 1) IVUCs) [xyds
t
+C | (IVV s + 1YV ($)Eae)) 10 ()70 ds
0

t
< O [ (IVV) ey + 19V raqe) U)oy

N | =

It follows now by Gronwall’s Inequality and after taking the supremum over ¢ € [0,7] on
both sides of the inequality that

T
0wty < WalEsayexo (€ [ 19V Oy + IWVNm] ds) . (126)

Thus, we need to control the right hand side of (4.26) to obtain a bound for U in the
space L°°(0,T; L?(Q)). In order to do so, we will use the following parabolic regularity
result by Groger [16]. The function V := V — Vj solves the problem

V. — aAV + BV = aAVy — Vo + 6US'(V + ;) in (0,7) x © (4.27)

with vanishing initial value V; = 0. Using the information that Vy € W'(Q) for a p > 2,
we obtain from reference [16]

IVVIlsoris@)y < ClladVo = BVo + 6US'(V + Vo)l ogorywra’ ()-)

C (IVoll ooy + 1US' (V)| poo.swor o))

C (T Vol ooy + 1US' V)l oo zwrr ey
C (14T +US V) llsairson @)

IN A

IN

In the terminology of Dore [8], this means that there is LP-regularity on the interval [0, T]
for problem (4.27). He shows in [8], Theorem 4.2, that LP-regularity for one p implies
LP-regularity for any 1 < p < oo, so that in particular

T ~
LIV lEamds < IV sy + OT

2
< C (1 +T+||U SI(V)||L2(O,T;(W1’p'(9))*))

and

IA

IVV 5 0.0y + CT
< C (1 +T+ ||US,(V)||LT(0,T;(W1”"(Q))*))

T
| IVV©)lzaqeds

T
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From the embedding of L™ (Q) into (W ())*' | we thus obtain

[ VO + IVV )] ds < € (14T + 1S M llnrariay)’
+C(1+T+|US
C(1+T+|US'(V
+ C(1+ T +IUS' V) oz )

V)”L’“ 0,T; LT'(Q)))

2
22073222

IN

)
(
)
v

1 7 6 1 2
By interpolation, we find with — =1-0+_-=1-- < 9:2(1_ _> =

T 2 2 ! r

! T !
[0Sy =, WS Vs

C/THU(S)S’( V()i 11U ()8 (V () 7y ds

O NI Dy [, TGS VDI
= C||U||L°°0TL1 Q))”USI( )||L2(0,T;L2(Q))
< ClUS' WM220m120)-

IN

IN

Using the last two estimates, it follows from Proposition 4.9 that

T
LIV ey + 1NVl ds < OO+ T +1US V) xaraomy)

Prop.4.9

< CO+T +(1+7T))
< CcO1+1M,
so that inequality (4.26) becomes

Ul oo qorsrzgny < Ce“™.

(i) We have shown in part (i) of this proof that the right hand side of the equation for
V in (4.1) is bounded in the space L>(0,T; L?(Q2)). We can therefore conclude that

”V“LOO(O,T;LOO(Q)) SC”U”LOO(O’T;LQ(Q)) S CeCTT,

which completes the proof. O

tSee the footnote at the beginning of this proof.

62



Proposition 4.11 The solution (U, V') of system (4.1), (4.2) with the logarithmic sensi-
tivity function S(V) = log(V + ¢) is global.

Proof: As in step (viii) of the proof of Theorem 2.1, we can show that the pair
(U(T),V(T)) € L=(Q2) x W'P(Q) for a p > 2, so that we can extend the solution by
the same theorem up to a 77 > T and this extension is unique.

This procedure can be repeated and from existence on [0, 7;,_1] one infers existence on
[0, T;,] for a sequence T'< Ty < ... <T,,_1 < T, for all n € IN.

Suppose that T, — Ty, < +00 as n — +oc. From the estimates obtained in
Proposition 4.10 we know that

Uz 0Tmawizz@) + IV Loo(0,Tmanizooq)) < CeCTmaz)"

so that T),,, can be taken as a new starting point for an extension of the interval of
existence (We have excluded explosion in T},,, < 4+00.) and it follows that the solution
(U, V) exists for all times. O

In case x < 1, we can improve the 7T-dependence of the estimates with the following

proposition.

.. ) U U ,
Proposition 4.12 Suppose x < 1. Defining W := ST~ (V F ox’ we can rewrite

system (4.1) in the following way

WV +ce)%) = VIV +c)*VIV)

V, = aAV —BV 45—

Trgie (4.28)

Now, there ezist positive constants C and vy such that we have for the solution (W, V) of
the system (4.28)

Wl Loo(0,1502(0)) + ||V || 2o 0,75200 () < C(1+T)7,

for every T > 0.

v U
exSV) (V4 ¢)x

Proof: The equivalence between systems (4.1) and (4.28) with W =

is obvious.
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(i) We have for the solution W of the first equation in (4.28) with homogeneous

Neumann boundary conditions
W w2 + IVW L2002y < CA+T)7,

where C' and v are independent of the time T'.
We set ¢ := (V + ¢)X. We showed in Proposition 4.10 that V' belongs to the space
L>(0,T; L>*(Q2)) so that ¢ € L>(0,T; L>(£2)) follows. Moreover, because of x < 1,

Vi
D071 - 1 DVill o rirzan = X || ————
Iillzorazay = XUV +0% Wil va+@@w)p

< Villeeorizz@)y < C, (4.29)
by the a-priori-estimate obtained for V; from the boundedness of the Lyapunov function

(Corollary 3.5), where C' does not depend on 7.
Testing the first equation in (4.28) with W gives:

(W), W) + /Q SIVW|?dz = 0,
which is because of

s fowrds = S [ e+ @WLw) = (@) W) — 5 [ g2

equivalent to
th/ ¢W2dx+/ VW Pde = —= /thde

and by integration from 0 to ¢ we obtain:

%/g@bW%ﬂﬁZ-F/(f/ﬂWVW\?dxds: —%/Ot/Q%WQdiCdSa

so that (Note that ¢ > 1.)
/QW2(t)dx + Q/Ot/Q|VW|2dxds < Q/Q(Vb—i-c)XWQ(O)dx + /Ot/ﬂthQda:ds
< 2(||Vo||Loo(Q)+C)X/QW2(0)d£U + el 20,22 @) W2l 20 4222
= Co [ WAO0)dz + il W ao sy (4:30)
We will write for simplicity
Zo = L>(0,¢ L*(Q)) N L*(0,t; H'(Q))
and define the norm ||w||2ZO,t = (||w||%oo(0,t;Lz(Q)) + ||Vw||%2(0,t;L2(Q))) for all w € Z.
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We know that

||W||%2(0,T;L2(Q)) =

2

U

eXS(V)

_ < U Zeorzzy < C(L+T),
L2(0,T;L2(%2))

for x #1, and if x =1,

IWIIZ2 075220

2 2

U
eSV)

U

V' + 2oz
= [US Mi20mri2@)y < CAL+T),

L2(0,T5L%(92))

by Proposition 4.9. Hence, we can apply the Gagliardo-Nirenberg Inequality to obtain

t t
IWltsoemay = [ IWOllisads < € [ W) I IW(5) [inds

t
Cr [ W () 320y (W () 320y + VW ()32 ) s

0
Cl||W||%°°(0,t;L2(Q)) (“W“%?(O,t;L?(Q)) + ||VW||%2(O,t;L2(Q)))
CrlIW 1 Z20,z50200) W 200 0,6522(0)

Cy
o (||W||4L°°(0,t;L2(Q)) + ||VW||%2(o,t;L2(Q)))

Cy
Co(1 + D)W |Zeo(0,02(0y) + ?”W”éo,t

INIA

+

IN

c
< CBO+T?+ (1) W, (4.31)

so that taking the supremum over (0,t) in (4.30) yields

W Z, <

<

IN

<

CO||W(0)||%2(Q) + ||¢t||L2(0,t;L2(Q)) ”W”%‘l(o,t;L“(Q))

G \?
CollW Oy + (5 +1) el zrosazan W,
+C2 (1 + T) vl L20,1L2())

CollW (0)122() + Cllvell 20,52 IW 12, + Co(1 + D)0l 20,1522

COHW(O)”%Z(Q) + é||¢t||L2(0,t;L2(Q))||W||2,zo,t +C(1+T)

1
by (4.29). Now, let ¢t = t; be so small that |[¢||2(0,;02(0)) < Yol We then have

W%, < 2(CollW(0)lI72(q) +C(1+T)). (4.32)

Step by step, we can partition [0, 7] into finitely many intervals [tx_1,%] for k =1, ..., s,
where tg = 0 and ¢, = T such that

||wt||L2(tk—1;tk§L2(Q)) < o=
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and consequently
Wiz, . <2 [2 [V (1) + PWA 1 )da + 001+ ) (4.33)
for k =1,...,s. On the other hand, we can choose the partition of [0, 7] such that
1
||wt||L2(tk_1,tk;L2(Q)) Z E for k= 1, ey S — 1,

so that one has the following bound for the number s of intervals:

1 2 s—1 s
(=1 (35) < X Wil aren < X 108lae oy = WilEariazoy
k=1 k=1

ie.,
s < 1+ (40|l 2002y < C-

We will now show by induction that

3\(k—1)
Wy ey < WIS, . < C+1)E) (4.34)
For k = 1, the estimate is true since
IW 12 o 15200) < W%, < CA+T)
and because of equation (4.32).
Let us assume that
3\ (k—2)
W12 eyt ooy < WIS, . < c+T)E)
As by standard results on parabolic equations,
[V (Er-)llze@) £ CERIWI Lo os ti-rsr2@) < ClIW llzoo(testim iz,
we calculate with inequality (4.33):
IW ooty tsz2()) < ||W||22tk_l,tk
< 2[201V () @) + MW (tr-1)l[Z2(0) + 1+ T)]
x(é)(k‘z) X (g)(k—2) N
< 4({CQ+T)2\2 +cX)CA+T)\2 +2C(1+4+7T)
(k—2) (k~2)
< C{(1+T)(§+1)(%) +1+1)3) +(1+T)}
(k=1)
< ca+1)®)
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and (4.34) is proven.
Finally, we get the following time-independent estimate

S S 3\ (k—1)
Wi, < SIWE, .. < Sca+n))
k=1 k=1

)(S*l)

(VY

< Yea+n® <soa+1)

1/3 (s—1)
and our claim follows with v = 3 (5) )

(i) It now follows for the solution V' of the second equation of system (4.28) that
IV [ Lo 0,100 () < C(1+T)".
We have shown for the right hand side of the linear equation for V' in (4.28) that
16W | oo (0,7522(0)) < 6C (1 +T)7

and it follows by standard arguments as in Ladyzenskaja et al. [24] that ||V|| e (0,1;100(0))

depends Lipschitz continuously on ||W{|es(0,r;12(02))- O

Remark: If we had homogeneous Dirichlet boundary conditions, we would obtain time-
independent estimates for the solution (U, V') of system (4.1).

Proof: In the case of homogeneous Dirichlet boundary conditions, we could use the plain
L?-norm of VW instead of the full H'-norm of W in Gagliardo-Nirenberg’s Inequality, so
that (4.31) in the proof of Theorem 4.12 would become

IN

t
”W”%“(O,t;L‘i(Q)) 01/0 ”W(S)”%Z(Q)”VW(S)||%2(Q)d8

CillWII 0,620 I VW 720 4512 ()

Cy

o <||W||4L°°(O,t;L2(Q)) + ||VW||iz(o,t;L2(Q)))
Cl 4
7||W||Z0’t'

IN

IN

It would follow that

IWlZ,, < CollWO)Fa) + Cllellzoszzn Wi,
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Partitioning now the interval [0, 7 into [0, 1], ..., [ts—1, 7] in such a manner that

1
||wt||L2(tk_1,tk;L2(Q)) S % fOI‘ k= 1, .y S

and

1
el Lo 1 sz 2 @) = %, for k=1,...,5s—1,

we would finally obtain
W%, < C

and consequently ||V||zeo(o,r5z0()) < C, where the constant C' would not depend on the
time T'. O

Conclusion 4.13 By Proposition 4.10, claim (4.3) has been proven. Furthermore, we

have shown that
S = (V 4+ o)X < ([Vilzsomizmiay + €)% < (Ce + )X =: C..

To bound U in L*(0,T; LP(R2)) for 2 < p < oo, we can now apply the argument for

bounded sensitivity functions (Section 4.1): As in the proof of Proposition 4.2, we obtain
/ W2 ()eSVOdz < CeC2wCe)’ +Cgec“’(pCe)2C’eK%2,
o <

b . . 2 .
where K7 is the bound for ”U”Loo(o,T;L%(Q))' To obtain [[U(t)[[7sq) < K*, we require
that [|Ugl|pie) < K, Ce%202 0, < %K and Cye®C(C, < %K%, which means that K
has to behave like €73 j.e., K = C exp(Cef™"), and hence

|U]| oo (0.7500(0)) < C exp(pCe®™)

for all 2 < p < oo. Thus, estimate (4.4) holds, too. Proposition 4.12 shows that if x < 1,

the estimates can be improved in the following way:
[Wlzeeorir2@) + IVIzeorie@) < CAL+T)7,
from which we can also deduce
U || Loe0,7520(0)) < Cexp(pC(1 + T)%)

for all 1 < p < oo. We have thus proven Theorem 4.1 completely for the logarithmic

sensitivity function.
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4.4 Stationary Equation for V with a General Sensi-
tivity Function
In this section we want to deal with the following system of equations:

U = AU—xV(UVS(V))
0 = AV — BV +6US'(V) (4.35)

in (0,7) x Q C IR x IR?. The solution (U, V) is subject to the homogeneous Neumann
boundary conditions (4.2) and the initial condition U(0, z) = Uy(z) € L?*(2).

We will demonstrate that the assumption of a stationary equation for the chemical
substance V' simplifies the mathematical treatment considerably, so that, in this situation,
we can prove time-independent bounds for V' in the space L*°(0,7; L*°(2)) and for U in
L>®(0,T; L*(2)) for a very general sensitivity function S. (Note that this suffices to
prolong the solution to the whole half line (0, +oc) and thus obtain a global solution.)
First of all, note that the proof of Theorem 2.1 can be modified without any problem so
that we obtain existence and uniqueness of a pair of positive solutions (U, V') for system
(4.35) satisfying

U e C([0,T); L*(2) N L*(0,T5 H'(Q)), Uy € L*(0, T3 (H'())"),

V € C([0,T); HY(Q)) N L0, T; W?(Q)).

with a p > 2.
Secondly, the function

POO,V) = [ {U©)108U@) — UGSV 0) + 25 (el TV (O + BV (1))} do
is a Lyapunov function for system (4.35), too, as we can easily verify that
LR V@) = ~ [ U)losl(t) ~ xSVH)]Pdz < 0,

for all ¢ > 0.
Moreover, we obtain the same exponential condition as in Section 3.1, Lemma 3.4 to

ensure boundedness of F' and all its terms, respectively.

The next proposition shows that boundedness of all terms in F' entails immediately
the existence of a time-independent bound for the function V' in L*°(0,T; L*°(2)). The
proof of the second part of the proposition follows the lines of a proof by Gajewski and

Groger [11] applied to the system of semiconductor equations.
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Proposition 4.14 Let S € §. If all the terms in the Lyapunov function F are bounded,
then there exists a constant C, which is independent of the time T > 0, such that we have
the following estimate for the solution (U,V') of system (4.35):

||V||L°°(O,T;L°°(Q)) + ||U||L°°(0,T;L2(Q)) < C

Proof:
(i) Since U log U is bounded independently of 7" in L>®(0,7; L'(£2)), we have for the right
hand side of the V-equation

US'(V)1log(US'(V)) < C'(|UlogU|+ UlogC")

and it follows that ||US'(V)1og(US'(V))||reeo,rsrr)y < C, ie., US'(V) belongs to the
Orlicz space L®(£2). (See Appendix B, Section B.1.) We can therefore deduce from a
result by Groger [17] for linear elliptic equations that

IVIlzerize@) < O”USI(V)”L‘X’(O,T;L‘I’(Q)) < C,

where the constant C' does not depend on T > 0.

(11) Let Z := (U — K)" with a constant K > e, which will be chosen later on. Testing
the first equation in (4.35) with the function €*Z, we obtain

1

t
2t 2 2 2s 2
S (1200w — 1Z0)Fw) = [ e [ 2%(s)duds

trod /1 t
= /0 /Q I <§ZZ(S)GQS> dxds — /0 % /Q 7Z?(s)dzds
t t
= / e*(Zy, Z)ds = / e*(Uy, Z)ds
0 0
t
- / e / NUVS(V)VZ — VUV Z]dads
0 Q
t
- / e / NUVS(VIVZ — |V Z|?]dzds. (4.36)
0 Q
(Note that once again we can only formally deal with Z;. See the footnote in part (i) of
the proof of existence in Chapter 2.)
We first want to treat the first term on the right hand side of (4.36), which originates
from the chemotactic drift term in the equation. By an elliptic regularity result by Groger

[15] we have
IVV ey < ClU| s @)
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We can apply Holder’s Inequality to the term we are concerned with, where the coefficients

fulfill
1 1 1

r p 2
We are here in the same situation as in the proof of Proposition 4.10. Remember that
L' (Q) — (WH'(Q))*.

IN

XC'NU N 19V oIV Z ] 2o
ClIU N U |
0||U||Lr||U||L~(m||vznm<m

C (12l + K120 (121l 0y + KI2]) IV Z] 220y

C (12l + K) (12| ey + K) IV 2] 120 (4.37)

X /Q UVS(V)V Zdz

IN

VAN VAN

IN

By Gagliardo-Nirenberg’s Inequality, we have

1200 < CIZOIE @I Z@
< 12050 (1200 0) + IV 20Ol 0))
< CIZWO Nz + CIZO oIV 20 a0

and
1 1
120 < € (120l + 1201w TZOl i)

respectively. Inserting these estimates into (4.37), we can go on calculating as follows
x [UvsW)vzds < € (120 + 12000 IV 202 + K)
% (1201 0) + 1ZONF: @ IV Z0) ) + K) IV Zll20
= {1200y + 2KNZ Doy + K
1205 ||VZ<t>||i2<m + KnZ(t)ni&m)||VZ<t>||iz<m
2O IVZON ey +ENZ0 5 IV 2O
+ ||Z(t)||L1(Q)||VZ(t)||L2(Q)} IVZ(®)]2(0)

Using Young’s Inequality three times, we obtain
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X/QUVS(V)Vde < (ClZWl@ +er +e2+e3) [VZE) 320

12010 + 2K Z 0Ny + )’

C_’Z_ 1+ 3\
+ = (120155 + KIZO) 5 o))
€2

027" 1+% % 2r
+ 5= (12013 + K120l
3

(ClIZWzro) +e1+e2+23) IVZ(E)]F20)
+ C(K), (4.38)

IN

where we used in the last step that
120w < I0V@e@ + Kl2| < ).

Gagliardo-Nirenberg’s Inequality can be applied once more to the second term on the left
hand side of inequality (4.36):

t t
| e 1Z(5) s < € [ 12Ol Z0)]lmods

< / e (CIZW) 310y + CNZOl0@) V2D |12(y) ds
< { )nz >||%1m)+s4||vz<t>||%2(m}ds

< / ¢ {Cles, K) + eal VZ() 220y } ds. (4.39)

0

Applying now (4.38) and (4.39) to equality (4.36), choosing the ¢; such that the sum

€1+ex+e3+e4 < 3’ we obtain

1
E(e”IIZ(t)IIiz(m — 120)l720)

t _
/0 & {(CI1Z()llsray + &1 +e2 + e +e1— 1) [VZ(D)|220)
+ C(K)}ds

/Ot o2 { <é||Z(t)||L1(Q> — %) IVZ(#)||320) + C(K)} ds  (4.40)

IN

IN

In order to determine the value of K, we first look at the following estimate. (Remember
that log K > 1.)
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/Q U(#)logU(t)|dz > / U(t)log Ut)dz > / U(t)(logU(t) — 1)dz

{zeQ:U(t,z)>K} {ze:U(t,z)>K}
> / Ut)(log K — 1)dz > (log K — 1) / (U(t) - K)dz
{reQ:U(t,z)>K} {zeQ:U(t,x)>K}
= (logK —1) [(U(t) - K)*do = (1og K = DIIZ(®)ll130)- (441)
{zeQ:U(t,x)>K}
This shows that if we choose K such that
(logK —1) = 2C sup |U( )logU(t)|dx, (4.42)
t€[0,T]
then it follows from (4.41) that
1
(log K = D Z() || < /Q|U(t) logU(t)|dx < %(logK— 1),
ie.,
~ 1
ClZz®)[rr@ < 3
for all ¢ € [0, T]. Thus, (4.40) becomes
1 b oo
2 (12052 — 120)72m) < /0 e*C(K)ds
1 1
= 3 (e*—1)C(K) < 5 €1O(K). (4.43)
Finally, we obtain for the function U
W@ = [[U0)-K+KPde < [ [(U®) - K)* + K]do
< NZWON2 ) + K21
(443 )
< e 7Z20)lz2 () + C(K)
= /(UO—K)2da: + O(K)
{ze:Up(z)>K}
< e / Ulde + C(K)
{ze:Up(z)>K}
< e MUl + C(K). (4.44)

Since ||Ulog Ul|| o (0,501 (q2)) is bounded independently of 7" > 0, it follows from definition

(4.42) that K does not depend on the time T, either:

K = exp <2C’ sup [ |U(t) logU(t)|d:r+1> < C,

te[0,7] /€2

and the claimed estimate for U has thus been proved by estimate (4.44).
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Chapter 5

Asymptotic Behaviour

5.1 Convergence to a Steady State

In this section, we are going to investigate the behaviour for ¢ — 400 of a weak solution
(U(t,x),V(t,z)) of system (1.6), (1.7) in the sense of Definition 1.1. We will consider
sensitivity functions S € S.

For n = 2, the existence of such a pair of weak solutions was proven in Chapter 2. For
n > 2, we again refer to the existence theorem by Amann [1] for smooth domains, which
we discuss in Appendix A.

We will show for the class S of sensitivity functions convergence of a subsequence
(U(tx), V (tx)) with ¢, — +oo to a possibly non-trivial steady state (U*,V*).

Theorem 5.1 Let Q C IR? be a Lipschitz domain and S € S. If we have a global solution
(U, V) of system (1.6), (1.7) for which all terms in the Lyapunov function F(U,V) are
bounded, then there exist a sequence t, — 400, a function V* and a constant W* such
that

)

* - 1
V(ty) — V* in H (Q), V)

— W* in LP(Q)) forall 1 <p< 0,

Uty) — U* == WSV in LP(Q) for all 1<p< oo

and
F(U(tg),V(ty)) — F(U*,V*) as tp — +o0.
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Furthermore, the limit function U* has the form

|Uol|L2(y €5V

U = s

and V* solves the following boundary value problem

|Uollz () X5V
Joex5V)dz

—aAV* + BV = §U*S' (V) = 6 sV (5.1)

mn Q with v-VV* =0 on 0.

Ult,z)

Proof: Let us define W(t,z) := SV
e L

(i) There exists a sequence ty — +o0o, t, € IRy, such that Vi(t;) — 0 in L*(Q),
V(ty) = V*in HY(Q) and W (tg) = W* in LP(Q) for all 1 < p < co.

We have

_ 2
CIVVIW|* < 45V | VVW|? = A XgVS(V)) =U|V(logU — xS(V))[>.  (5.2)

Let us define the functional I(t) = ¢([|[Vi(t)[172q) + IV W ()|72(q))- From (5.2) and
Corollary 3.5, we have

[ Vi) sy + 19T Gle)ds < ©

for all ¢ > 0, so that
t
/ I(s)ds < Ct for allt > 0.
0

Therefore, there exists a sequence t; — +o0o, such that I(t;) < 2C for all #,.1  We
therefore deduce that as ¢, — +o0

Vi) 1720y + IVVW @72 — 0.

With the a-priori-estimates from the Lyapunov function (See Corollary 3.5 in Section 3.1.)
we additionally know that ||V (t4)|| g1y < C for all ¢, so that there exists a V* such that

tIf there existed a to > 0 with I(t) > 2C for all ¢t > t4, then it would follow that

t t
Ct > / I(s)ds > / I(s)ds > 2C(t — o),
0 to

i.e., 2tg > t for all t > ty, which is impossible.
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V(ty) — V*in HY(Q). (If necessary, here and later we pass to a subsequence of {V (tx)}.)

Also, we have
W@l = VW@l + 19V W (0017200
= W@l + 19y W @)l
< U@ lzs@) + IV YW (@) 20
= Uollua) + VYW )20y <
and the existence of a W* follows with \/m — W+ in HY(Q).
Because of ||V\/m||p(g) — 0, we even have strong convergence

VW (ty) — VW* in HY(Q) as t; — +oo with VVIW* =0,
and by the compact embedding of H'(2) into L?(Q),

W (ty) — W* = const. in LP(Q) for all 1 < p < oc.

(i) We also have eXSVt) — exSV) in [P(Q) as t), — +oo for all 1 < p < oo,

From the Trudinger-Moser Inequality (which can be shown to hold on a general Lipschitz
domain by extension of the functions to a smooth set if necessary), we have an estimate

of the form
1€V 1oy < C(IV 120y, p)

for all V € H*(Q2) and all 1 < p < oo. Since the sequence {V(#;)} is uniformly bounded
in H'(), it therefore follows that {eXS(V(®%))} is uniformly bounded in every LP(2). We

use

| XSV (tm) _ oxS(V* (@), XS’(V(x))eXs(W’”))\V( ) — V*(z)|

S XCI(GXS(V(tk’x)) + eXS )‘V( ) V* (‘,‘E)"

IN

where V(z) is an intermediate value between V (s, z) and V*(z), and we obtain
1
p

XSV ) — xSV L0 = ( / XSV t2) _ XS(V* (@) P
Q
< XC'( [ (@S0 4 @SV (4, 2) - V()P )
Q
< XC'C ([5G oy + (|5 | ) IV (t) = V7 lzov(ey

S CHV(tk)—V*”LMJ(Q) — 0
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Thus, eXS(Vt) — exS(V*) in LP(Q) for all 1 < p < co.
(iii) The remaining assertions in the theorem hold.

The convergence of the {U(t)} follows from

U (tg) — WreXSVD)|p

LP(Q) < C/ ‘W tk, eXS(V(tkaz))_W(tk’x)exS(V*(z)”p
+|W(t rc)eXS(V*(wD—W (2)eXS0” |”}dx
L -
C ||VV('[J1€)||LZ]J ||eXS(V(tk) exS ||L2p

+ O [[W(te) - W*”L?p(ﬂ xS

C ([lexs0 ) — xS0

IN

IN

LZP(Q)

o+ W (te) = W[ 20()

IN

— 0

for all 1 < 2p < oo, so that U(ty) — U™ in every LP(€2).
Passing to the limit ¢, — 400 in the weak formulation of the V-equation,’ one obtains

the stationary equation (5.1). Since on one hand

1U* |2y = [[W*eX5)

LyQ) — W*/ GXS(V*(w))dm
Q
and on the other hand ||U*||z1(q) = ||Us||L1(), we obtain

1Uol| 210
Jo eX5V)dz’

1Uol|r2() X5V

W= Jo eV dz

ie, U*=

Finally, testing the difference of the equations for the V(t;) and V* with (V(¢;) — V*)
yields the strong convergence of the sequence {V ()} to V* in H'(f2) and the values of
F' converge as well. O

Remark: We can generalize Theorem 5.1 to higher dimensions. Let us consider the case
n = 3. By the continuous embedding of H'(2) into LP(Q) for 1 < p < 6, we obtain in
the proof of the theorem strong convergence of the sequence {V (t;)} to V* in L%(Q) and
W (ty) — W* in L3(Q).

tNote that by continuity of S’(V) we have pointwise convergence of S'(V (t,)) — S'(V*) and it follows
by the Dominated Convergence Theorem that S'(V(tx)) — S"(V*) in every LP(Q).
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If the sensitivity function is bounded, eX*V) is globally Lipschitz continuous so that
we obtain eXS(V(t)) — exS(V*) in [P(Q) for 1 < p < 6 and we still get

U (t) — W*exS(7))|2

* 2
12(9) < C’/ (th, @ eXS(V(tk;l‘))_eXS(V (m))]) da

+ C/ W (tg, x) (x)]exS(V*(w)))Q dx

< C ||W<tk>||Ls<m||e><5<v<tk>> — eXSOI|2 0
+ C |W(tk) - W*”%a(n)”@XS(V*) 7o)
< O[SV — XSV o+ W () — W30y

— 0,

i.e., we have U(ty) — U* in L?(Q) as well as the other results of the theorem.

If S(V) = S3(V) = log(V + ¢) (and x < 6), then (V(tx) + ¢)¥ — (V* + ¢)X
in the space L%(Q) and W(t;) — W* in L3(Q), so that we have convergence of the
Uty) = W(te)(V(tg) + ¢)X for p < % in case xy < 4. The rest of the theorem follows,

too.
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5.2 Trivial and Non-trivial Steady States

In this section, we will, in analogy to results by Gajewski and Zacharias in [14] for the
equations without sensitivity function, study examples of solutions tending to trivial and
non-trivial steady states, respectively.

On one hand, we will find conditions on the data of the problem which ensure con-
vergence of the solution to the trivial constant state (1,Cy) where the constant Cy is
such that SCy = §5'(Cy). (W.lo.g. we will assume here that ||Upl|1q) = €], so that

Co = 71Vollzsy = 1)

On the other hand, we will give an example for the logarithmic sensitivity function
log(V + ¢), ¢ > 1, where the limit steady state (U*,V*) found in Section 5.1 is non-
constant, i.e., different from the trivial constant solution (1, Cy ), provided the chemotactic

coefficient as well as the production rate are large.

Proposition 5.2 Let Q C IR? be a Lipschitz domain. Let the sensitivity function
S € S be twice continuously differentiable and satisfy the conditions —xS"(V) <1
and S"(V) < —yx (S"(V))? foravy>1+ %. If the chemotactic coefficient x and the
coefficient § in the production term for V are sufficiently small, then we obtain conver-
gence of the solution (U(t),V (t)) of system (1.6) with (1.7) to the trivial constant steady
state (1,Cy) with BCy = 6S'(Cy) in the space L*(Q) x L?(Q) as t — oc.

Proof: Let us define the functional

!

RU®.VO) = [ {U@)105U@) - x(U@) - DSV 0) + 5(V(0) - Cv) o (53)

We will show that under (smallness) conditions on the parameters of the system there
exists a constant b > 0, such that

CEWU, V) < -DEU), V() (5.4)

If we differentiate F,(U(t),V(t)) with respect to t, using the equations (1.6) with (1.7)
2
VUl = 4|VVU? as well as 3Cy = §S'(Cy), we obtain

and the relation

tNote that as a consequence of this estimate, F, (U, V) is a second Lyapunov function for system (1.6)
with (1.7).
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FPOY) - | {U10gU =xS(V)) + V(1 =U)S'(V) + (V = Cy)Vi}da

(1.6)

= —/Q{U\V(logU ~XS(V)* + aVVVx(1-U)S'(V)+V]}dz
— [[(BV = US' (V) (x(1 = U)S'(V) + (V = Cy))ds
- —4/Q\v\/ﬁ\2dx + 2X/QVUVS(V)dx—XZ/QU|VS(V)|2d:c
+ xa /Q UIVVES"(V)dz + xa /Q VUVS(V)dz
- a/Q IVVR(xS"(V) +1)dz — ﬁ/Q(V — Cy)2dz
4 /Q (S'(Cy) — US'(V))(V — Cy)da
—x /Q (BV — BCy + 8S'(Cy) — SUS'(V))(1 — U)S'(V)dz
- —4/Q|V\FU|2d:c + X(2+a)/QVUVS(V)dx
+x [ UIVVI(@S"(V) = x(S'(V))")da
—a/ﬂ YV (xS"(V) + 1)dz — ,B/Q(V—CV)de
=6 [ [(S(Cv) =SV = Cv) + SIV)A=U)V = Cy)]da
—x/ BV = Cv)(1 = U)S'(V)da

X8 [ 1'(Cv) = S'(V) + S/ (V)(1 = U)](1 = U)S'(V)da,

We are going to use the conditions required of the sensitivity function —xS”(V) < 1 and

S"(V) < —xv(S"(V))2. Moreover, we apply Young’s Inequality to the second term on the
right hand side where we write VUV S(V) as ZV\/%?\/ﬁVS(V) with an &; > 0.
d 2(2 2EUIVS(V)|?

—F(U,V) < —4/ VYU 2dz + / (8—1|V\/ﬁ|2 L 2@+ aXUIVS[)| )dz

dt €1

—X/U\VS VIPa+ands - 8 [ (V—Cy)ds
=6 [ [(S(Cy) =SV = Cv) + SIV)A=U)V = Cy)]do
—x [ BV = (L= U)S'(V)da

—x8 [[[S'(Cy) = §'(V) + 5'(V) (1 = U))(1 = 1) S'(V)da,

Note that with v > 1+ e

1 it is possible to choose €; < 8 such that the coefficient
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2(2 2
1+ay— % > 0, and it follows that 4 — 62—1 =: g5 > 0. Using Young’s Inequality
three more timles, we obtain
d
I NUAGRESEE /Q VU 2z
! ! iY@l
- (#0755 - X XEE) [ cvpas
2 2 2 Q
oC’  xpC'  xéc'c” 9
— -1 . :
+<2+2+ ) [W=1)de (5.5)

We also need the following estimate:
1
U = 1|72 < E”V\/U”%Q(Q) (5.6)

with a positive constant k. In order to prove (5.6), we remind that, by the continuous
Sobolev Embedding W1 (2) < L?(2), there exists a C' > 0 such that

||U||%2(Q) < é(”Uzn%l(Q) + ||Uy||%1(9))

for all U € Wh1(Q) with vanishing spatial mean value. Therefore, we can calculate for

our function U
U = 1|72 < é(||Uz||%1(n) + ||Uy||%1(9))

= 40 (IVTWDlliney + IVOWD) s a)
< A0 [VVT Baqy < ACIQL [VVT e,

1 ~
which is (5.6) with = 4C'92|. Using (5.6) in estimate (5.5), we finally obtain

d oC"  xpC'  xsC'C" 9

oC"  xpC'  xsC'C"
_ _ n = _ _ 2
(ﬁ oC 5 5 9 )/Q(V Cv) dx

It is obvious that we can choose x and  so small that

50" xBC! X6C'C"
<52k— > _xﬁ2 —X2 ) — b >0 (5.7)
and 5C' yBC! x8CIC"
(5—50"—7—"52 X 5 ) = b, >0. (5.8)
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Besides, because of/ Udz = |9,
o

. X/Q(U— DS(V)dz = — X/ (U —1)(S(V) - S(Cy))dz
< x / V2dz + (C')? / (V = Cy)2da
< X/ Vdr + K/ (V — Oy)2dx, (5.9)

with any K > (C')2. For the /(U — 1)*dx-term we need that
Q

/ UlogUdz < / (U — 1)%dz, (5.10)
Q Q
which follows from

R(U) = (U—-12?=U(logU —1)—=1 > 0 (5.11)

for all U > 0. To prove estimate (5.11), consider that h(1) = A(0) = lim A(U) = 0.

U—0
For U > 1, we have

KU) = 2(U—1)—logU = 2(U—1)—/1U%

U
> 2(U—1)—/ dit = U—1 > 0,
1

so that A(U) > h(1) =0 for all U > 1.
1
F0r0<U<1wesetW:ﬁandseethat

1 1w
h(U) h(W> WQ(W ogW =W +1) = o [ logs ds > 0

for W > 1 and we have shown (5.11) and thus (5.10) for all U > 0.
With (5.9) and (5.10) we can go on calculating as follows

_ < . _ - = —_
th*(U, V) < 5 Q(U 1)%dx 2 B (V Cy)’dx
bl 2 2 2
2XZX/Q(U 1)%dx —K/V Cy)?dz
b1 b2 2
< - —= - = —
< 5 /QUlogUdac 25 ﬁ/Q(V Cy)“dz

_ 2(’_;( (X2/Q(U —1)%ds + K/Q(V - C’V)2d:1:)

zb—;c {= UlogU +x(U = 1)S(V) = B(V — Cv)?} da
b2
- ZR(UV)

IN

IN
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b by b
if K is chosen so large that EQ is smaller than X_IQ’ EQ and b;.
Thus, we have proven estimate (5.4) under the smallness conditions for x and ¢ (5.7)
by
d (5. ith b= —.
and (5.8) wi 5K

By Gronwall’s Lemma, it now follows that

[ Ulogdr — x [(U(1) = DSV W) + LIV~ ol
F(U®), V() < e™F.(Uy, Vo).

Similarly to (5.9), we can estimate
—x [UO-DSWdz = —x [ (U®) = DSV) = S(C))da

> — L VO = Ol = XCVIUE) = U

> — LIV ~ vl — X(CVIVE ogUH) 110
where we applied again (5.10) in the last step, and we obtain under the additional small-
ness condition x < ol the existence of a positive constant C such that

N g UM + {IVE) ~ Colfaey < "R V). (512)

In the next step we will need that

|IU = 1|ge@y < |[UlogUl|z1()- (5.13)
This follows from

o(|lU-1]) = A+ |U-1))log(1+|U—1|)—|U —1|
< U(logU —1)+1=: f(U), (5.14)

since / Udr = |Q|. (See also Section B.1.)
Q
For U > 1, we obviously have ®(|U — 1|) = ®(U — 1) = f(U). Therefore, let us show
(5.14) for 0 < U < 1. In that case, we calculate

O(|U-1]) = ®(1-U) = (2-0U)log(2-U) —14U =:g(U).

Since ¢g(1) = f(1), (5.14) is true if f'(U) < ¢'(U) for all 0 < U < 1. Differentiating f
and g yields that this condition is equivalent to

logU < — log(2—-U) <= log(U(2-0U)) < 0,
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which is always true since U(2 —U) =1 — (1 — U)? < 1 and (5.14) is proven.
Finally, inserting (5.13) into (5.12) gives

- 1 -
CllU(t) = 1|ge@) + Z”V(t) - Cv||%2(n) < e "F(Up, Vo),
which yields the claimed convergence. O

Proposition 5.3 Consider system (1.6), (1.7) with S(V) = log(V +¢), ¢ > 1, in the
two-dimensional domain Q = {(z1,22) : 0 < 21 < a, 0 < x9 < b}. Let

Up(z1,22) = Vo(m1,20) = 1 + cos% (5.15)

for (z1,xs) € Q.

There exist (sufficiently large) coefficients x,0 and B, such that the solution (U, V)
of system (1.6), (1.7) will tend to a non-constant steady state (U*,V*) in the sense of
Theorem 5.1.

Proof: From Theorem 4.1 we know that the solution (U(t),V(¢)) of system (1.6) is
global for the initial values given in (5.15). Furthermore, a subsequence (U(t),V (tx))
convergences by Theorem 5.1 to a steady state (U*,V*) satisfying

. ULy 5
U e (5.16)
and
—aAV* + BV* = §U*S' (V™). (5.17)
Since

b ra a
[Tl 2@ =/ / <1+cosw—xl) dr, = ab+ bsin =% = ab = |,
0 J0 a a |o

we obtain by (5.16) and (5.17) for the trivial, i.e., constant steady state (Cy,Cy) that
Cy =1 and that Cy satisfies the relation

BCy = 6S'(Cy).

It follows for the logarithmic sensitivity function that

Cy )

C2+c¢Cy = — = —, 5.18
Vv |4 S (CV) ,B ( )
so that we calculate
c c2 90
Cv——§+ Z+B (519)

84



Hence, the value of the Lyapunov function
PU®,V®) = [ {U@)105U(0) ~ UGS ) + 2@ VV O + BV (1))} do

at the point (1,CYy) is
F(1,Cy) = X/Q l;%C‘Q, — log(Cy + c)] dx

(5.18) yab % (% —-c Cv> — log(Cy + c)]

- g—g Cv — log(Cv + C)]

2
1
2
[ 2 2
G19) o ab %—%(—g+ CZ+%> —log(§+ CZ+%>]
1
2

B Be [z 6 c 2 0
+4—5—% Z+B_10g<§+ Z"‘B)] (5'20)

Now, we are going to determine the value of F(Uy,Vp). Integral calculations, involving

= xab

principally trigonometric relations, show that

b ra
/ UglogUpdr = / / (1 + cos @) log (1 + cos @) dx1dzs
Q 0o Jo a a

b 7
% (1 + cosy)log(l+cosy) dy = ab(l —log?2)
0

and

b ra
—x/ UpS(Vp)dx = —X/ / (1 + cos 7r_a:1> log (1 + ¢+ cos W—xl> dx1dzs
Q 0o Jo a a

= _x_ab/ (14 cosy)log(1 + ¢ + cosy)dy
m Jo

1 Ve +2
= —Xab<1+c—\/02+20+log +C+26 + c).

(One can show that

/ (1 —+ COS y) log(b + cos y)dy =T lb — \/lﬂj + IOg <%>‘|
0
for b > 1.)

Finally

;%I;/OW (asinQy—l—ﬁ(l +2cosy+6052y)) dy

xab [ am?
- 4—5<7+35>
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Inserting the last three equalities into F'(Up, V5), we obtain
FUo Vo) = [ {Uhlogly—xUoS(V) + X(@lWVl + V) b do

2 3 1 Ve +2
= abx(f{?Q+4—§—1—c+\/02—|—20—10g +c+20 + c)
a

+ ab (1 —log2) (5.21)

We will now show, that for big values of x,é and
F(Uo, %) < F(l, Cv) (522)

By (5.20) and (5.21), inequality (5.22) is equivalent to

ﬂ + aﬂ-Q + % _ /3_02 + @ g_}_é +10 E+ C_2+é
X 4002 " a0 46 " 25\4 T3 8\27Va1 73
3 1 V2 +2
< §+c—\/02+2c+10g +C+2c iy (5.23)

One can choose the parameters of the problem such that (5.23) is satisfied.
Suppose for instance that 6 = 38 and ¢ = 1. Under these assumptions, (5.23) reduces
to the condition

1 —log?2 om? 7 2++3 1 /13 1 13
< - —V3+1 — /= —log|=+4/—] ~0.09
Y B2 <3 V3+log = 6V 4 Og(2+ 4) ’

so that (5.22) is fulfilled provided x and ¢ are chosen sufficiently large.

Since we know that the values of the Lyapunov function F' decrease along the evolution
of the solution (U, V'), this proves that the limit steady state (U*, V*) cannot be equal to
the trivial stationary state (1,Cy ), so that we must have convergence of the solution to a

non-constant stationary state. O

Remark: The example, which proves the existence of a non-trivial stationary solution,
was chosen to be one-dimensional for simplicity. However, we know that by continuity we

obtain the same situation in a neighbourhood of the initial values (5.15).
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Appendix A

Existence Theorem in Higher

Dimensions

As our proof of existence in Section 2.1 only holds in two space dimensions but we have
also discussed properties of solutions for n > 2, we are going to demonstrate that our
system fits into a more general set of equations, for which Amann [1] proves existence of
solutions in IR".

So, let Q C IR" be a smooth domain with boundary 9. Setting w := (U,V) € IR?

we can write our chemotaxis equations (1.6), (1.7) in the following form:
ow+ A(w)w = f(w) in (0,T)x
Bw = 0 on (0,7) x 09 (A1)
w(0,:) = (U, Vp) in Q,
where the operators A and B from D (a non-empty open subset of IR?) to L(IR?) are
defined as
A(n) == —0;(a;x(n)Opw)
with
an(My1,y2) = an()(y, 1) = (Y1 = mS' (n)y2, o),
ai2(n)(y1,92) = a21(n)(y1,92) == (0,0),

for all y € IR%, n € Dy and
B(n)w = v/ a;(n)0pw.

The production rate is

f(n) = (0,0mS" (n2) — Bnp).
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The operators A and B and the right hand side f possess the regularity required in
Amann [1], Section 14 and we can apply Theorem 14.6: There exists a classical solution
w of (A.1), that is,

w € C([0,T) x Q, Do) NCY*((0,T) x Q, IR?)

and w satisfies (A.1) pointwise.

As all our sensitivity functions are infinitely often differentiable, the coefficients a;; are
in C*°(Dy, L(IR?)) and f € C*°(IR?). It now follows from Corollary 14.7 in [1] that w is in
C>=((0,T) x Q, IR?).
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Appendix B

A Technical Lemma

Lemma B.1 Q C IR? be a Lipschitz-domain. Let r =1 orr =2 and 1 +1 < g < 400.
Then, for anye > 0, there exists a positive constant kq, depending on € such that ki — +00
as € — 0, and

lwllfaqy < e IVwllibg) lwlogw]” [l + ¢ llwllfq) o log [w]” [l
+hki(e) 1wz
holds for any w € H' ().

Proof: Consider a number N > 1 and the function

0 for |s| <N
h(s) =19 2(|s|— N) for N <|s|<2N
|s] for 2N < |s|
Then, on one hand,
| ol = @)y = [ olde + [ N |u])ds
Qn{|w|<N} QN{N<|w|<2N}
< / w|tde < / (2N) @) |w|"dz
an{lwl<2n} an{lwl<2n}
= 2N) w7 - (B.1)
and
Ih@)lize = [ 2(wl-Nyde + [ fulds
QN{N<|w|<2N} Qn{|w|>2N}
< / w|rde < (logN’")_l/|w|’"log|w|’"dx
on{jw/>N} Q
= (log N")"H|w" log |w|" |21 (- (B.2)
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On the other hand, the H'-norm of h(w) can be estimated as follows:
1h@)llm@ = (IVA@W) 72 + [1hw)|Fxg)” = (IF () Vollzq) + 1Aw)]7aw)
1
< (4190l + lllEae)’ <2 e, (B3)

Using (B.1) and the Gagliardo-Nirenberg Inequality in the second estimation and (B.2)
and (B.3) in the third, we obtain

[l < 2T w] = (W)L + 1Aw)|q)
< 2CVEN) ) |w|[f ) + 20IC [[Aw)][$h g 1hw)[5rq
< (AN D ][y + 20 20Ol ) (log N7) 7 |w' log [w]" || 1oy
< (AN) D w70

+80C (V]S + ol S5 (log N) o og [l [13(s-

|-
Choosing now N" := exp 5 gives

q T 8l-HC - q-r) r r
[wlzo) = |47exp | — lllfr oy + & IVl llwlog [w]” ||y
e [|wll{6) " log [w]” 1)
sle-1) v
which is the claim of the lemma with k() = |4" exp 5 : O

Remark: The Lemma is a generalization of a result by Biler et al. [2], where on a smooth
Q) C IR? it was shown that for every € > 0 there exists a constant C. such that

lwlizs@ < ellwllfllwlogwlll@ + Cellwllii),

for all w € H'(Q).
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B.1 Corollary for Functions in the Orlicz Space L%()

We want to apply Lemma B.1 to a function U in the Orlicz space L*®(Q2) for the Young
function ®(s) = (1 + s)log(1 + s) — s. Before doing so, we will sum up the definition of
the space as well as its needed properties.

We will work with the following functions, which are complementary in the sense of
Young;:

O(s) = (1+s)log(l+s)—s fors>0
V() = e —t-1 <= Z.—,> for t > 0.

i=2 v

For 2 C IR?, a bounded Lipschitz domain, we define the Orlicz spaces corresponding to

® and VU, respectively:
L*(Q) == {g € L'() : |9l o) < +oo},
LY(Q) :={h e L'(Q) : Al ¥ ) < +oc},
where the norms are defined in the following way
lgllzey = sup { / ghdzx| : / U(|h(x)])dz < 1} ,
heL¥(Q) Q Q

T inf{k >0: [ (%|h(z)|) < 1}.

For p > 1, we have L?(Q) < e Q) <4 I (2). Moreover, we want to use that
L*(Q) = {g€ L'(Q) : gloglg| € L'(Q)}.
In order to show this relation, we will need that
L*(Q) = {ge L'(Q) : 2(lg(-)]) € L'}, T
e, L*(Q) = {ge LYDQ): glog(1+]g|) € L}(Q)}. Suppose now that g € L*(2). Since
lglloglgl < |g|log(1 + |g]),

1
by the monotonicity of the logarithm, and since |g|log|g| is bounded from below by ——,

e
it follows that

1
lgloglgll < lgllog(1+lgl) + -,

tSee Kufner, John and Fuéik [23].
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so that we obtain glog |g| € L'(Q).
Let now g € L*(Q2) with glog|g| € L*(2). From

log(1+[g]) < loglg| + 1,

if |g| > 1, and
lg/log(lg| +1) < log2,

if 0 < |g| <1, we obtain

lg|log(1+|g]) < |gloglgl| + |g|+ log2.

Hence glog(1l + |g|) € L'(2) follows.
Furthermore, we are going to use the extended Holder Inequality for general comple-

mentary Young functions ® and U

s

for all g € L2(Q), f € L¥().
For more details on Orlicz spaces see Kufner, John and Fuéik [23].

< ||9||L<'I'>(Q)||f||L‘i'(Q) (B.4)

Corollary B.2 If U belongs to the Orlicz space L®()), then there exists for every k > 0
a constant C = C(k, ||UlogUl||r1(q)), such that

U720y < & ||V\/ﬁ||%2(n) + C.
Proof: Applying Lemma B.1 with » = 2 and ¢ = 4 yields for any ¢ > 0

Wiz < & IVwllizg lw*logw? o) + & Wl q) lw*logw® |liq)

+ ku(e) lwlli2q)-
Taking w = VU and using that
Ul < C(“U]OgU”Ll(Q) —1—1) < C
by U € L®(Q), we obtain

U320 < & IVVUIZ 2 llUlogUllpy ey + ellUllyey 1T log Ullpe) + k1 (e) [1U]21(g)
< ¢ C(|UlogUllpy) [VVU |22y + Cle).

Choosing ¢ < k C(||[UlogUl|;1)~! , gives the assertion. O
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Appendix C

Reduction of a Three-Species-System

to a Two-Species-System

Inspired by an argument by Merz [27], which was applied to electro-reaction-diffusion
equations as for instance the semiconductor equations (see also Hiinlich and Glitzky [20]),
we want to give another motivation for the form of the production term §US’(V) in our
system of equations (1.6). Starting from a three-species-system, distinguishing between
two states of different sensitivity the amoebae can assume, we will derive system (1.6)
under the condition of fast exchange between these states. Still being forced to make
different assumptions in the line of the argument, we do not present the discussion as a
rigorous explanation but simply as an offer of additional motivation. At any rate, the
argument makes clear once more that the equations of chemotaxis and semiconductor
equations are special cases of a more general system of equations, admitting positive and
negative values for the coefficient in the drift term, and that both systems can be treated
in a similar manner.

We will start from a three-species-system where we distinguish between two possible
states U; and U, for the amoebae, in which the cells react less and more sensitively,
respectively, to the concentration of the chemical substance V. Assuming that the
amoebae can change from one state to the other, we have to add reaction terms to the

equations, which will be chosen to be of the form
R := (1) [U1Q1(V) = koUsQa (V)] for i=1,2.

The k; are positive reaction coefficients and the V-dependence of the functions (); will be
specified at a later stage.
Assuming that the differing sensitivity of the cells in the states U; and U, is reflected

in their chemotactic behaviour as well as in their inclination to produce the chemical V/,
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we model the phenomenon as follows

(Ul)t = AUl — V(X1U1VV) -+ R1
(UZ)t = AUQ - V(XQUQVV) + R2
‘/t = O!AV—BV+5(X1U1 +X2U2) (Cl)

in (0,7) x €, where 0 < x; < x2 are the constant chemotactic coefficients for the two
possible states of sensitivity for the amoebae and all other coefficients are positive

constants, too. We again take homogeneous Neumann boundary conditions:
v-VU = v-VUy, = v-VV = 0 on (0,T) x 0.

Assuming now that the oscillation of the amoebae between the two states U; and U, is
significantly faster than the remaining processes, this exchange reaction can be assumed
to attain an equilibrium, so that the reaction terms R; vanish for 7 = 1,2, and we can

consider the sum of the amoebae

U := U1 + UQ. (02)
k V
From R; = 0, we obtain the relation Uy = Q(V)U;, where we have set Q(V) = %IEV;’
22
so that we obtain via (C.2) by U =U; + Uy = Ui (1 + Q(V)) that
U QV)U
U, = —— d Uy, = ————. C.3
P Trw) MY TP T 14 (C3)

Adding the first two equations in system (C.1) and using the relations (C.2) and (C.3),

we obtain

i = s [ ) )

X1 XZQ(V)
aAV—ﬁV+5U<1+Q(V) + 1+Q(V)>'

We see that we have obtained a system with the same function of V' both in the chemo-

Vi (C4)

tactic and in the V-production term. In our system (1.6) we wrote x.S’(V') in that place.
To obtain here this form of the function for different sensitivity functions, where y would
have to be an intermediate chemotactic coefficient for the cells x; < x < x2, we only have
to choose Q(V) appropriately.

Let us assume that the amoebae are insensitive to the V-concentration in the state
Ui, that is, that xy; = 0 and @1(V) = k;. Taking the logarithmic sensitivity function
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S3(V) =log(V + 1), we then would like to have

ky
X _ o0eQW) _ Q) | ke
Vil 1+Q(V) R ki + Qa(V)
(V)

so that we need to require

Q(V) = ky [%(1 +V) - 1] .

v
For the bounded sensitivity function Sy (V') = oy Ve need

k1x2 _ X
kit @Q(V) — (1+V)

and therefore obtain

QuV) =k [%(Hvy_ 1] |

Note that, in both cases, Q2(V) > 0 for all V' > 0.
Admitting additionally a positive x1, we are able to derive a greater variety of possible

sensitivity functions.
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