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Preface

In this thesis, we study the evolution of random discrete structures, an area of
research which was initiated by Erd&s and Rényi in 1959. By now, it has an immense
literature and is still very much alive.

One of the main motivations for their approach was the question of typical be-
haviour: suppose we are given a class of objects and are interested in whether they
have some property or not. The traditional “worst case” approach would be to re-
quire that all objects in this class have this property (or that an algorithm performs
well on all objects in this class). But in many circumstances it suffices to know
whether at least a high proportion or “almost all” objects have this property. Thus,
in probabilistic terms, the question is whether an object chosen at random from this
class is very likely to have this property (or whether an algorithm performs well on
average).

It turns out that there is a close connection between the above question and
the study of the ewvolution of random discrete structures. Such evolution processes
usually fit into the following general framework. Initially (say at time 0), we start
with a very simple structure (e.g. a graph on n vertices with no edges) and a set
of “building blocks” (e.g. the set of edges of the complete graph on n vertices). As
time increases, we randomly add (possibly subject to certain rules) more and more
elements from our set of building blocks. The process terminates when no more
blocks can be added. The basic question which we shall investigate is the following;:

For large instances (e.g. large values of n), what are the likely properties
of the random structure produced by the process at any given time?

One of the remarkable discoveries of Erdds and Rényi was the fact that such evo-
lution processes exhibit so-called threshold phenomena or phase transitions: given
some property, up to some critical time the random structure generated by that time
is very unlikely to have this property, whereas shortly afterwards, it is extremely
likely to have it. We shall see that in many cases, knowledge about these threshold
functions and the likely behaviour of an evolution process also tells us about the
typical properties of objects in a given class. This has consequences for instance for
the average case analysis of algorithms: the expected running time or performance
of an algorithm may be very sensitive to the input structure. For instance, a ran-
dom graph with n vertices and 0.49n edges can be optimally coloured in expected
polynomial time using a simple brute force approach, whereas the same brute force
method is expected to require exponentially many steps if the random graph has
0.51n edges.



ii PREFACE

Although this thesis is concerned with the evolution of random structures, the
results obtained can also be summarized according to the following keywords:

e Random greedy algorithms: we study the output of a random greedy algorithm
which, for a given graph H, produces a random H-free graph.

e Faxtremal results: improving on previous bounds, we prove the existence of
graphs with high girth and high chromatic number — they are thus both locally
sparse and globally complex.

e Asymptotic enumeration: we prove sharp asymptotic bounds on the number
of triangle-free graphs with n vertices and m edges for a large range of m —
while it is easy to count the number of elements in a class whose elements
can be generated by a series of independent decisions (like the total number of
graphs on n vertices), counting elements of classes defined by structural side
constraints (such as triangle-freeness) turns out to be more difficult.

e Probabilistic versions of “classical” theorems: we prove a probabilistic version
of Sperner’s theorem on finite sets — while classical results (like Sperner’s theo-
rem) apply to all objects in a given class, probabilistic theorems are concerned
with the “typical” behaviour of objects in a given class.

The thesis is organized as follows. In Chapter 1, we give a very brief introduction
to the theory of random graphs and introduce some of the definitions which we shall
need later on. We also outline some of the applications and connections of the topic
to other fields of research, such as the analysis of algorithms. In Chapter 2, we
then summarize the results obtained in this thesis and describe their relationship to
previous research. In many cases, we confine ourselves to stating only a special case
of the result or just describing it informally, postponing the detailed statement to
the appropriate chapter. In Chapter 3, we state some well-known large deviation
inequalities which we shall make frequent use of later on. The remaining chapters
are then devoted to the proofs of the results. In Chapter 4, we consider random
greedy H-free graphs, Chapter 5 deals with the evolution of random triangle-free
graphs, and Chapters 6 and 7 are concerned with random subsets of a finite set.

Chapter 4 of this thesis is joint work with Anusch Taraz [64], Chapter 5 is joint
work with Hans Jiirgen Promel and Anusch Taraz [63], and Chapter 6 is joint work
with Yoshi Kohayakawa and Bernd Kreuter [51]. The material in Chapter 7 is taken
from [62].

I am very grateful to Hans Jiirgen Prémel, my supervisor, and to Yoshi, Bernd,
and Anusch, for their collaboration and for fruitful discussions. I would also like to
thank my other collegues at the Humboldt-University for their help. I am indebted
to the “Graduiertenkolleg Algorithmische Diskrete Mathematik” for enabling me to
write this thesis by providing me with a scholarship. Finally, I would like to take this
opportunity to thank Daniela, my parents and my sister for their love and support.
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Chapter 1

Random graphs — an
introduction

1.1 Random graph evolution

This section contains a brief introduction to the theory of random graphs. We
will also give some definitions which will be used later on. For a more in-depth
introduction to random graphs and related topics, we refer the reader to the books [6,
8, 41] and the survey [44]. For graph theoretical terminology not defined here, we
refer the reader to the books [11, 20].

The study of the evolution of random graphs was initiated in a series of fundamen-
tal papers by Erdés and Rényi published in 19591961 (see e.g. the survey [45]). In
these papers, they introduced the so-called “binomial model” for a random graph.
Here a random graph G, on n vertices is obtained by including each edge with
probability p (independently of all other edges). There is also a “dynamic” descrip-
tion of G, ,, — to each edge of the complete graph on n vertices we assign a birthtime
which is uniformly distributed in the interval [0, 1] and which is independent of the
birthtimes of the other edges. Then G, , is the graph on n vertices whose edges are
those whose birthtime is at most p. We say that G, ;, has a given property Q almost
surely if the probability that G, ;, has Q tends to one as n tends to infinity.

The following paragraph — quoted from Diestel [20] — highlights a few of the stages
in the evolution of a random graph. It demonstrates that, while one cannot say very
much about the class of all graphs on n vertices which have some fixed density, one
can say a surprising amount about their likely properties.

Let us see then what happens if p is allowed to vary with n. Almost
immediately, a fascinating picture unfolds. For edge probabilities whose
order of magnitude lies below n™2, a random graph G p almost surely has
no edges at all. Asp grows, Gy, , acquires more and more structure: from
about p = \/nn~2 onwards, it almost surely has a component with more
than two vertices, these components grow into trees, and around p =n""!
the first cycles are born. Soon, some of these will have several crossing
chords, making the graph non-planar. At the same time, one component
outgrows the others, until it devours them around p = (logn)n~1, making

1



2 CHAPTER 1. RANDOM GRAPHS — AN INTRODUCTION

the graph connected. Hardly later, at p = (1 + ¢)(logn)n=t, our graph
almost surely has a Hamilton cycle!

As the above description indicates, one of the most striking facts about random
graphs is that their evolution exhibits phases of rapid change: for many graph
properties one can find a function ¢ = ¢(n) so that if p = p(n) is a little smaller
than ¢, then almost surely G, ; does not have this property, while if p is only a little
larger than ¢, then G, ;, has this property almost surely. More formally, we say that
t is a threshold function for a given property Q if the probability that G, , has Q
satisfies

N
reu ) {0120
Bollobas and Thomason [16] proved that every monotone property (i.e. one that is
preserved by adding edges) has a threshold function. However, there are properties
for which one can prove an even “sharper” threshold behaviour. Here we say that ¢
is a sharp threshold for a given property Q if for any fixed £ > 0, we have

0 ifp<(1—e)t
Pl Gnp has Q] — { 1 ifp> E1+5;t.
We say that a threshold is coarse if it is not sharp. For example, 1/n is a coarse
threshold function for the property that Gy, , contains a triangle, and (logn)/n is a
sharp threshold for the property that G, , is connected.

In Section 2.2 and Chapter 5 we will consider a slightly different but equally
natural model of random graphs. Let G(n,m) denote the set of all graphs with n
vertices and m edges and let G, ,, be a graph chosen uniformly at random from
G(n,m). We say that almost all graphs in G(n,m) have some property Q if the
proportion of graphs in G(n, m) which have Q tends to one if n — oco. Unsurprisingly,
it turns out that Gy, , and G, ,, are very likely to have similar properties if m is
close to p(;‘), the expected number of edges of G, .

Of course, besides G, ;, and G, ., there are many other models of random graphs —
for instance random directed graphs, random trees, random regular graphs, and ran-
dom subgraphs of the hypercube. We will consider two models for random triangle-
free graphs below.

Similarly, there are random models for many objects other than graphs: for
example random matrices, random partially ordered sets, and random hypergraphs.
In Chapters 6 and 7, we will consider a model for a random hypergraph (which can
be viewed also as a model for a random partially ordered set). The definitions of a
threshold function and terms like “almost surely” etc. carry over to these models in
the obvious way.

Finally, given two functions f = f(n) and g = g(n), we write f = o(g) if
f(n)/g(n) — 0 as n tends to infinity, and we write f = O(g) if there exists a
constant C' so that f(n)/g(n) < C for all n. We write f = O(g) if f = O(g) and
9=0(/).
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1.2 Applications and related fields

1.2.1 Extremal results

The application of random graphs to extremal problems actually predates the sys-
tematic study of the evolution of random graphs. For instance, a textbook ex-
ample of an application of the so-called “probabilistic method” (see e.g. Alon and
Spencer [6]), is the first exponential lower bound on the Ramsey number R(t,t),
which was proved by Erdés in 1947 [23]. He obtained this result by showing that,
if p = 1/2, then a random graph G,,, is likely to contain neither a large complete
subgraph nor a large independent set of vertices. (R(s,t) is defined to be the small-
est integer n so that every graph on n vertices contains either an independent set of
size s or a complete subgraph of size t.)

Another famous result — proved by Erdds in 1959 [24] — is that there are graphs
of arbitrarily large girth and arbitrarily large chromatic number. (The girth of a
graph is the length of its shortest cycle and its chromatic number is the minimum
number of colours needed to colour its vertices so that adjacent vertices receive
different colours.) He proved this by considering the likely properties of Gy, for p
a little smaller than n—'/. In Chapter 4, we give a proof of this result which yields
improved bounds on the possible values of the chromatic number for graphs with a
given number of vertices and given girth.

We now discuss some results obtained by the “nibble” method pioneered by Rodl.
Answering an old question of Erdds and Hanani, in 1985 Ro6dl [77] proved the exis-
tence of asymptotically “near-perfect” partial Steiner (¢, k,n)-systems (where k and
t < k are fixed). Here a partial Steiner (t,k,n)-system is a collection of k-sets (a
k-set is a k-element subset of {1,...,n}) so that every t-set is contained in at most
one k-set. For example, a partial Steiner (2,3, n)-system can be viewed as a collec-
tion of edge-disjoint triangles in the complete graph K,, on n vertices. A central
problem in design theory is to find partial Steiner systems which are as large as
possible. R6dl proved that there are partial Steiner (¢, k, n)-systems so that the pro-
portion of t-sets not contained in them (i.e. those which are not “packed” into some
k-set) tends to zero. This bound was improved and generalized by several authors,
including Pippenger and Spencer [65], Kahn [43], Grable [35], and Alon, Kim, and
Spencer [5]. However, it remains an important open question how well such systems
can be generated by random processes. A partial result in this direction was ob-
tained by Grable [34], who (improving on earlier results by Rodl and Thoma [78]
and Spencer [83]) showed that the following random greedy process almost surely
produces a partial Steiner (2,3, n)-system which contains all but at most p7/4+o(1)
edges: starting with the empty graph, repeatedly pick a triangle uniformly at ran-
dom from all triangles which are edge disjoint from all previously selected triangles,
until there are no more candidate triangles.

Finally, one of the most well-known applications of the nibble method is due
to Kim [47]. He applied it to solve a long outstanding problem in Ramsey theory
— that of determining the order of magnitude of the Ramsey number R(3,t¢). He
achieved this by proving that with nonzero probability, a suitable random greedy
process (see also Section 2.1) produces a triangle-free graph containing no “large”
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independent set. As a corollary, he also proved that there exist triangle-free graphs
whose chromatic number is very large indeed: for sufficiently large n, there is a
triangle-free graph whose chromatic number is at least (n/logn)/2/9, which (by
a result of Ajtai, Komlés, and Szemerédi [1]) is best possible up the value of the
constant factor.

For further results and details on the material of this section, we refer the reader
to the books [7, 6] and the surveys [10, 80].

1.2.2 Algorithms

While initially, the main applications of random graphs were to extremal graph
theory, in the meantime random graphs have become important as models for the
average case analysis of algorithms: one is interested in the likely performance of a
given algorithm on a random graph. As Frieze and McDiarmid put it in their survey
article [33]:

One attractive feature of average case analysis is that it banishes the pes-
simism of worst case analysis. NP-Completeness casts a much smaller
shadow. Problems like finding a Hamilton cycle may become tractable.
Of course, one can criticize the models as being unrealistic, but they are
probably no more so than the pathological examples used in the proofs
of NP-Completeness and the study of performance guarantees. Further-
more, the models can be close to those used in the empirical testing of
algorithms.

We illustrate this for the problem of graph colouring algorithms. Feige and Kil-
ian [30] proved that unless NP C ZPP, it is not possible to approximate the chromatic
number of a graph on n vertices in polynomial time within a ratio O(n'~¢) for any
fixed € > 0. On the other hand, results of Grimmett and McDiarmid [37] and Bol-
lobas [9] imply that if p is constant, then if one runs a simple greedy algorithm on
G p, almost surely the number of colours used will be about twice the chromatic
number of G,, , (analogous results are also known if p — 0). It is a major open ques-
tion (see e.g. [33, 46]) to determine whether there is a polynomial time algorithm
which needs significantly less colours. Although there are some results indicating
that such an algorithm might not exist (see Vu [92]), a result of Promel and Ste-
ger [67] shows that there are models of random graphs where a colouring algorithm
exists that is almost surely optimal: extending results by previous authors [90, 21],
they gave an algorithm whose (expected) running time is O(n?), and which almost
surely outputs an optimal colouring of a K,-free graph chosen uniformly at random
from the set of K-free graphs on n vertices. Their proof illustrates the use of struc-
tural results about the typical shape of objects in some class — it is based on the
fact that all but a tiny proportion of K-free graphs have a simple structure.

1.2.3 Random models for complex systems

Physicists have become increasingly interested in random models which capture
the dynamics of (typically large) complex systems. The strategy here is that an
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understanding of a simpler random model gives insight into the complex physical
system under consideration. For example, the well-known Ising model (see e.g. the
book by Grimmett [36]) is used to study the properties of ferromagnets. Related
to this is the field of percolation theory (see [36]), which is perhaps best described
as the study of permeability of random media. Note that Fill and Pemantle [31]
proved the analogue of Theorem 2.10 in the context of oriented bond percolation on
the hypercube (see the discussion at the beginning of Chapter 6).

Another example is the investigation of random models for large networks such as
that formed by the nervous system (where the vertices represent nerve cells and the
edges connecting them are the axons, see e.g. the book by Valiant [91]), the world
wide web (where the vertices represent websites and the edges connecting them
are links pointing from one page to another), or various social networks (where for
instance the vertices represent people and edges represent acquaintances).

One motivation for studying these models is that one hopes to gain information
about the spread of information or epidemics in such networks. In a paper that
sparked off considerable interest (see e.g. [3, 2, 48]), Strogatz and Watts [88] observed
that the networks mentioned above have several features in common, such as high
local connectivity and short average distance between two vertices, but low overall
density. They proposed a random model which captures some of these features and
investigated this model using numerical simulations. In [61], we show how classical
methods from the theory of random graphs can be applied to give some rigorous
asymptotic results about this model.
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Chapter 2

Summary of results

2.1 Random greedy H-free graphs

Chapter 4 is concerned with the study of a random greedy process, which, for any
fixed graph H, produces a random H-free graph.

The process is defined as follows. To each edge of the complete graph K,, on
n vertices assign a birthtime which is uniformly distributed in [0, 1] and where the
birthtimes of the edges are mutually independent. For p = 0 start with the empty
graph on n vertices. Now increase p gradually. Each time a new edge is born, add it
to the existing graph if this does not create a copy of H. Edges with equal birthtime
(which occur with probability zero) are considered in arbitrary order. Denote the
graph at time p by M, ,(H) and denote the final graph M, 1(H) by M, (H).

It is easily seen that M, (H) is a maximal H-free graph, i.e. an H-free graph to
which no edge can be added without creating a copy of H. The question now arises
what M, (H) looks like — in particular how many edges it is likely to have. Note
that the above process can also be interpreted as a “constrained” evolution process.
Due to the high dependence between the inclusion of different edges, it is harder to
analyse than the “standard” G, ,, model.

The above process was first studied by Ruciriski and Wormald [79] for the case
when the forbidden graph H is a star with d + 1 edges. They proved that in this
case M, (H) almost surely contains at most one vertex of degree d — 1, and that all
other vertices will have degree d. Thus if n is even, this provides an efficient way
of producing a d-regular graph. Recently, Steger and Wormald [87] showed that a
modification of the above process gives the same result even if d tends to infinity
like some small power of n. The case when H is a triangle was studied by Erdss,
Suen and Winkler [28] and Spencer [84].

Also, Kim [47] proved his celebrated lower bound on the Ramsey number R(3,t)
by studying a random greedy process (with forbidden triangles) similar to the one
defined above. Furthermore, as mentioned in Section 1.2.1, random greedy processes
have been proven to produce extremely efficient packings of small graphs in larger
graphs.

Consider what might happen in the above process if for instance H is a complete
graph K on s vertices. As for instance the complete (s — 1)-partite graph whose

7



8 CHAPTER 2. SUMMARY OF RESULTS

vertex classes have size as equal as possible (Fig. 2.1) shows, M, (K,) might have
as many as ©(n?) edges. On the other hand, there are families of maximal K,-free
graphs where the number of edges grows only linearly in the number of vertices. For
example, consider the graphs obtained from a K;_5 by adding arbitrarily many new
vertices which are adjacent to all vertices in the K, o but to none of the other new
vertices (Fig. 2.1). However, it turns out that the number of edges of M, (Kj) is

ZARS4D- 4/
.\y-\

S|

\»’
\‘?r"r"%{r//

Figure 2.1: Two maximal K5-free graphs: G shows that the final graph M,,(K5) produced
by the random greedy process might have as many as ©(n?) edges, while G’ shows that it
might have only O(n) edges.

likely to be far away from either of these two extremes. For any graph G, we write
e(G) for the number of edges of G.

Theorem 2.1 If H is a complete graph on s vertices, then almost surely
Cn2s/(s+1) < e(Mn(H)) < Cn2s/(s+1)(10g n)l/(sf2)’
for some constants ¢ and C depending on s.

The case when s = 3 in Theorem 2.1 is already due (with slightly better bounds) to
Erdés, Suen and Winkler [28] and Spencer [84]. The case when s = 4 (and the case
when ¢ = 4 in Theorem 2.2) were proven independently (with slightly weaker upper
bounds) by Bollobas and Riordan [15]. Up to the logarithmic factor, the s > 4 cases
solve a problem of Erdds, Suen, and Winkler (see [19]). For cycles, we obtain an
analogous result.

Theorem 2.2 If H is a cycle of length £, then almost surely
en?/U=D < o(M,(H)) < Cn*/Vlogn,
for some constants ¢ and C depending on £.

In fact, we will prove an analogous result (see Theorems 4.1 and 4.2) for the more
general case that H is strictly 2-balanced. This class of graphs will be defined in
Chapter 4. It contains, for example, complete graphs, cycles, and hypercubes.

The common idea of the proofs is that as long as p is not too large, a random
graph Gy, does not contain too many copies of H and thus G,,, and M, ,(H) will
have similar properties. (Note that G,, , may be identified with the graph consisting
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of those edges whose birthtimes are at most p.) Beyond some critical point, the
growth of M, ,(H) slows down very quickly. Quite naturally, the critical value of
p turns out to be the point at which an edge in G, ), has a small but constant
probability of being contained in a copy of H. We will prove our results by studying
the random graph G, ,(H) obtained from Gy, by deleting all edges which lie in a
copy of H, where p is suitably chosen (Fig. 2.2).

L °
Gnm (K3)
12 3 . °
SN 10 2 _
11 8 13 . .
1 9
4
G"Pz Mnm (K3) anz (K3)

Figure 2.2: The edges of G,, ,, are labelled according to the order of their birthtimes (where
p1 < p2). Note that Gy, p, 2 My, p, (K3) 2 Gy, p, (K3).

The proofs build upon ideas introduced in Spencer [81] and Krivelevich [55]. As a
simple application of the methods used in [55], we also obtain the following extremal
result.

Theorem 2.3 Given £ € N with £ > 3, there is a graph G on n vertices with girth
greater than £ and chromatic number

X(G) > en™ D [1og n,
where ¢ depends only on L.

For ¢ = 3, the logarithmic factor is improved by Kim [47], but for ¢ > 3, the above
theorem improves the best previously known exponent of 1/¢. The latter bound is
contained in the original proof of the existence of graphs with high girth and high
chromatic number due to Erdés [24]. Note that on the other hand, Kostochka (see
e.g. Jensen and Toft [42]) proved that for fixed ¢ > 3, the chromatic number of a
graph on n vertices and girth greater than ¢ is O(nQ/ (5*1)).

2.2 The evolution of triangle-free graphs

As we have outlined in Section 1.1, the evolution of the random graphs G, ,, and
G, has been the subject of much study. Intimately connected to this problem, but
much less understood, is the question of what happens if we restrict our attention to
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certain subclasses of graphs. In contrast to the random greedy approach outlined in
the previous section, here and in Chapter 5 we consider the “uniform” model for the
evolution of triangle-free graphs. We denote by 7 (n,m) the set of all triangle-free
graphs with n vertices and m edges. Information about the evolution and typical
structure of graphs in 7 (n,m) will also allow us to estimate |7 (n,m)|. Since by
definition ¢ )
s n,m
PG, is triangle-free ] G|’

this in turn gives a more complete picture of the evolution of graphs in G(n,m).

To see what results one might expect, we first recall some fundamental results on
triangle-free graphs. The first one was discovered by Mantel [60] as early as 1906. He
showed that a triangle-free graph on n vertices can have at most |n?/4| edges (and
thus 7 (n,m) is empty for m > [n?/4]). His proof also shows that any triangle-free
graph with |n?/4] edges must be bipartite (i.e. its vertices can be partitioned into
two sets, A and B, so that all edges have one endpoint in A and the other in B).
An analogous result for forbidding complete graphs of arbitrary size was proven by
Turdn [89] in 1941. The above results mark the beginning of extremal graph theory,
which by now has a vast literature (see also Section 1.2.1).

We now turn to random triangle-free graphs again. In 1976, Erdds, Kleitman and
Rothschild [26] proved that almost all triangle-free graphs are bipartite.

Thus one might think that the same result holds also for 7 (n,m). Indeed, the
following simple argument shows that this is certainly true if m/n — 0. Erdés and
Rényi proved that if m/n — 0, almost surely Gy, ,, is bipartite. Since every bipartite
graph is triangle-free, the same holds for graphs in 7 (n,m) if m/n — 0. However,
the following result by Promel and Steger [70] implies that this is not always the
case.

Theorem 2.4 (Promel and Steger [70]) There exist constants c1, ca, and c3 such
that

1 i m=o(n)

if m>cn

P[Gnm is bipartite | Gy is Ks-free] — < 0
’ ' and m<cyn

3/2

1 if m>czn/tlogn.

Note that the above probability equals the proportion of triangle-free graphs which
are bipartite. Promel and Steger conjectured that the function involving the n7/4
term could be replaced by a function growing like n?/2t°(1) | Recently, Luczak proved
a related result, which implies that n3/2 is the threshold for the property that almost
all graphs in 7 (n,m) are “almost” bipartite.

Theorem 2.5 (Luczak [59]) Given 6 > 0, there exists a constant C' > 0 so that
almost all triangle-free graphs with n vertices and m > Cn3/? edges can be made
bipartite by deleting at most dm edges.

In Chapter 5, we give a complete answer to the above problem by proving the
following sharp threshold for bipartiteness. Quite naturally, it turns out that this
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threshold is a little larger than that for “almost” bipartiteness. As in Theorem 2.4,
the main result is the second 1-statement.

Theorem 2.6 Let
ts = ts(n) = ? n?2, /log n.
Then for any e > 0,
1 if m=o(n)
P [ Gy is bipartite | G, ., is Kz-free] — { 0 if m>mn/2

andm < (1 —¢)t3
1 if m>(1+¢e)ts.

Independently, using methods based on those in [70], Steger [86] proved that the
second threshold for bipartiteness is ©(t3). The above results are summarized in
Figure 2.3.

almost bipartiteness —= !

Cn3/2 % n3/2 /logn |_n2/4J

m

Figure 2.3: The proportion of triangle-free graphs with n vertices and m edges which are
bipartite as n — oo

We emphasize that while the second threshold for bipartiteness is sharp, the first
one is coarse — the condition that m = o(n) cannot be weakened. The techniques
used in the proof of the second 1-statement of Theorem 2.6 (which are based on
large deviation inequalities) are quite different from those used in the proof of the
second 1-statement of Theorem 2.4 (which is proved by an extension of the Kleitman-
Rothschild method) and those used in the proof of Theorem 2.5 (which are based
on a sparse version of the Regularity Lemma of Szemerédi). Our techniques can
also be modified to obtain analogous results for odd cycles. The precise statement
is deferred to Chapter 5.

As indicated earlier, information about the typical structure of triangle-free graphs
allows us to determine asymptotically the number of graphs in 7 (n,m) for a large
range of m. The following theorem (whose proof is based on Corollaries 2.9 and 2.10
of Prémel and Steger [68]) provides a precise asymptotic estimate for the number
of bipartite graphs with sufficiently many edges. Together with Theorem 2.6, this
gives us the asymptotic for the number of graphs in 7 (n, m) for m > (1+¢)ts, which
improves on the bounds implied by Theorem 2.5 for these m.
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Theorem 2.7 Almost all bipartite graphs with n vertices and m > 20nlogn edges
have a bipartition where the size of the vertex classes differs by at most nlogmn/+/m.
Moreover, if m/n* — 0, the number of such graphs is

e ) (710)

If m/n? /> 0, the number of such graphs is

() ("))

For m = o(n*/®), the best bounds on |7 (n, m)| are due to Wormald [95]. If m/n*/? £
0 and if m is not large enough for Theorem 2.5 to apply, the best bounds are those
which follow from the results in Janson, Luczak and Rucinski [40].

2.3 Random subsets of a finite set

Finally, in Chapters 6 and 7 we turn from graphs to finite sets. While for a graph,
basic parameters to consider are for instance its chromatic number and its indepen-
dence number, the basic parameters of (partially ordered) finite sets are different —
we will consider the width and the length, which are defined below. By P(n) we
denote the set of all subsets of the integers {1,...,n} and we say that A C P(n)
is an antichain if A contains no distinct elements z and y so that = C y. For any
set @ C P(n), we say that the width of Q, denoted by width Q, is the size of the
largest antichain contained in Q. The following theorem, proved by Sperner in 1928,
is probably the most well-known result in extremal set theory (see e.g. the book by
Engel [22]).

Theorem 2.8 (Sperner [85])

n
widthP(n) = ( >
[n/2]
Moreover, this bound is achieved by the antichain containing all those elements of
P(n) which have cardinality |n/2].

Since for all @ C P(n), the width of Q is at most that of P(n), Theorem 2.8 gives an
upper bound on the width of any subset of P(n). But what happens if we consider
“typical” (i.e. random) subsets of P(n)? We obtain such a random subset P(n, p) by
selecting each element of P(n) with probability p independently of all other elements.
If we order the elements of P(n, p) by inclusion, we may regard P(n, p) as a random
partially ordered set. This model was first considered by Rényi [75] in 1961, who,
answering a question of Erdés, obtained the threshold for the property that P(n,p) is
not an antichain itself. In Chapters 6 and 7, we will discuss further related results on
P(n,p) by several authors, including Kreuter [54] and Kohayakawa and Kreuter [50].
In Chapter 6 we will also discuss other models of random partially ordered sets (see
e.g. Brightwell [17] and Promel, Steger, and Taraz [72]). In Chapter 7 we will prove
that if p is sufficiently large, then the following probabilistic analogue of Sperner’s
theorem holds:
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Theorem 2.9 If pn/logn — oo, then almost surely we have

width P(n,p) = (1 + O(l))p(LnZL%).

Moreover, almost surely this bound is achieved by the antichain containing all those
elements of P(n,p) which have cardinality [n/2].

Up to the logarithmic factor, this answers a question of Kohayakawa and Kreuter [50]
— in Section 7.1 we will show that the assertion of Theorem 2.9 does not hold if
pn # oo. In fact (see Theorem 7.1), we give asymptotic bounds on the width of
P(n,p) for the entire range of p. Surprisingly, it turns out that the key to proving
these results is to investigate the structure and length of chains in P(n,p). Here a
chain is a subset C of P(n) with the property that for all pairs of elements x and
y of C, we either have x C y or y C x. The length of a chain is the number of its
elements minus one and the length of a set @ C P(n), denoted by length Q, is equal
to the length of the longest chain contained in Q. Thus one immediately sees that
the length of P(n) is equal to n. Rényi’s result, mentioned above, then gives the
threshold for the appearance of a chain of length one in P(n,p). Combined with
the results of Kreuter [54], we obtain bounds on the length of P(n,p) for the entire
range of p.

Let us give a very rough sketch of the evolution of P(n,p). For very small p,
P(n,p) is an antichain. As p increases, so do the length and width of P(n,p).
However, P(n,p) “looks” less and less like an antichain — the ratio of the width of
P(n,p) to the number of elements in P(n,p) is steadily decreasing. Indeed, shortly
after the appearance of a chain of length k£ in P(n,p), almost surely the width
of P(n,p) will be not much more than the number of elements of P(n,p) whose
cardinality is between (1 — 1/k)n/2 and (1 4 1/k)n/2, i.e. the n/k levels of P(n,p)
which lie “in the middle”. A (nearly) largest antichain can be obtained by choosing
nearly all elements of P(n,p) contained in these n/k levels (Fig. 2.4).

A ]

P T
lengthv length > n — 2
~ k—n/k 0 0 pn/logn — oo

Figure 2.4: A nearly largest antichain 4 can almost surely be obtained by choosing nearly
all elements of P(n,p) in the middle region.

The following theorem gives a detailed picture of the final stage of the evolution
of the length of P(n,p):
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Theorem 2.10 Let ¢ > e be a given constant. Define p(n) = ¢/n. Let n = n(c)
satisfy n = e“ Y and 0 < n < 1. Then

P[length P(n,p) =n—2] — (1 —n)?,
P[length P(n,p)=n—3] — 2n(1 —n),
P[length P(n,p)=n—4] — n°.

We remark that 7 is the extinction probability of a branching process whose family
size has Poisson distribution with parameter ¢, and thus n — 0 as ¢ — oo. Also, note
that since P(n) contains only a single element of cardinality zero and of cardinality
n, almost surely we have that length P(n,p) < n — 1 as long as p — 0.

Using the idea of double-counting chains first introduced in the elegant proof
of Sperner’s theorem due to Lubell [57] — we can then apply a technical lemma on
the typical structure of chains in P(n, p), used in the proof of Theorem 2.10, as the
main tool in the proof of Theorem 2.9. It seems rather surprising that even for the
case when p = 1/2, no argument which would yield a direct proof of Theorem 2.9 is
known.

We remark that while — as in G}, , — the inclusion of elements in P(n,p) is inde-
pendent, what makes it more difficult to study P(n,p) than G, is its “nonhomo-
geneity”: for instance, it turns out that the length of P(n,p) is influenced to a large
extent by those elements in P(n,p) whose cardinalities are very small or very large,
while to give bounds on the width of P(n,p), it suffices to consider those elements
whose cardinalities are not too large and not too small.



Chapter 3

Inequalities

In this chapter, we introduce some well-known large deviation inequalities. We will
make use of them several times in the subsequent chapters in order to show that
the probability that the value of some random variable X is far from its expected
value E[X] is small. In fact, a common feature of the proofs of the main results of
Chapters 4, 5 and 7 is that the inequalities in Section 3.2 below (or some related
inequalities) are essential ingredients. These related inequalities will be introduced
at the appropriate places in the proofs (see Sections 4.2 and 7.2).

For later reference, we also state two simple estimates for binomial coefficients.
Suppose that 7 < j+r < i. Then

grf=ien < (1 3\ < (F7TY /(P < omiri, .
¢ —<1 z‘—r) —<j /()= 3.1

The proof of (3.1) is elementary. The following crude estimate follows from Stirling’s
formula (see page 4 of [8]). For all j <, we have

()

3.1 Chernoff bounds — independent summands

Suppose that X = Zf\; 1 Xi, where the X; are independent 0-1-variables with P[.X; =
1] =p  and P[X; = 0] = 1 — p’ for all 7. In other words, X is binomially distributed
with parameters N and p/, and its expected value is E[X] = Np'. Then for any
4 >0,

o O*EX]/2, (3.3)

b

P[X < (1 — 6)E[X]]

IN

E{X]

PIX > (1 + )E[X]] < (e5 (1+8)~0+9) (3.4)

Proofs can be found (for instance) in [6] and [41]. Here and elsewhere, we write e
for the Euler number. All logarithms are base e.

15
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3.2 Summands with limited dependence

The following large deviation inequalities for the case when X is the sum of depen-
dent summands are due to Janson, Luczak, and Rucinski [40] (see also [39] or [6]).

Let {I;}ic7 be independent 0-1-variables where J is an arbitrary index set. For
every subset « of 7, let I, = Hie o Li- Let S be a collection of subsets of J and set

X=Xs=) I.
a€eS

Furthermore set p = E[X] and let

A=AS) =) ElII,
a~f3

where the sum is over all ordered pairs («, 8) of elements of S so that N g # 0 and
a # (. Then

P[X = 0] < exp {—u + %} : (3.5)

If A > p, then we have




Chapter 4

Random greedy H-free graphs

4.1 Results

The main result of this chapter is Theorem 4.2, which gives an upper bound on
the number of edges in the graph M, (H) when H is strictly 2-balanced. Recall
from Section 2.1 that M, (H) is the graph produced by the following random greedy
process: To each edge of the complete graph K, on n vertices assign a birthtime
which is uniformly distributed in [0, 1] and where the birthtimes of the edges are
mutually independent. For p = 0 start with the empty graph on n vertices. Now
increase p gradually. Each time a new edge is born, add it to the existing graph
if this does not create a copy of H. Edges with equal birthtime (which occur with
probability zero) are considered in arbitrary order. Denote the graph at time p by
M, ,(H) and denote the final graph M, 1(H) by M, (H).

To be able to state our results, we first recall the following standard definitions.
Given a graph G, e(G) denotes the number of edges in G and v(G) denotes the
number of vertices. We say that G is strictly 2-balanced if v(G) > 3 and e(G) > 3
and if for all proper subgraphs G’ of G with v(G’) > 3 we have

e(G)—1 _ e(G") -1
W@ =2 oG =2

Furthermore, we say that a graph G is balanced if e(G)/v(G) > e(G")/v(G") for all
subgraphs G’ of G. We remark that strictly 2-balanced graphs are balanced, and it is
easily seen that cycles, complete graphs, and the complete r-partite graph K. ; are
strictly 2-balanced, whereas trees and disconnected graphs are not. Another example
of a strictly 2-balanced graph is the d-dimensional cube (for d > 2). This fact may
easily be derived from a lemma proven in Chung et al. [18], which states that every
subgraph of the d-dimensional cube with v’ vertices has at most (v'logy v")/2 edges.

Throughout this chapter, H denotes the forbidden graph and if there is no danger
of confusion, we will write e = e(H) and v = v(H). For any graph G, let A(G)
denote the maximum degree of G.

The following lower bound on the number of edges in M, (H) is easily proved,
while the main result is the upper bound.

17
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Theorem 4.1 Suppose that H is balanced. Then there exists a constant ¢ = ¢(H)
so that almost surely M, (H) has average degree at least

_v=2

cn e—1,

Theorem 4.2 Suppose that H is strictly 2-balanced. Then there exists a constant
C = C(H) so that almost surely My (H) has mazimum degree at most

Cn'=et (log n)Y/ (A1),

The proofs of Theorems 4.1 and 4.2 easily generalize to forbidding a bounded number
of strictly 2-balanced graphs. If the family of forbidden graphs is H, we define the
random maximal H-free graph M,,(H) analogously to M, (H). We state the following
theorem separately, as we shall give only a sketch of its proof.

Theorem 4.3 Given s € N and a family of strictly 2-balanced graphs H = {Hy, Hy,
.., Hg_1} which is ordered so that

€(H0) —1 < e(Hl) —1

e(Hs—1) — 1
U(HO)fQ_v(H1)72S'”< :

- U(Hsfl) -2’

then almost surely M, (H) has average degree at least

_v(Hp)—2
cn e(Hp)—1

and maximum degree at most

CnlHEY=1 (log n)1/(AH)-1)

for some constants ¢ and C depending on H.

As a special case this answers (up to the factor of logn again) a problem of Erdés,
Suen, and Winkler listed in [19], namely:

Corollary 4.4 Let 'H be the set of all cycles of length up to ¢. Then almost
surely Mp(H) has average degree at least en Y and mazimum degree at most
Cnt/Dlogn for some constants ¢ and C depending on (.

It is easily seen that the proofs yield error bounds which decay like O(n~°) for
any fixed constant c. Also, since birthtimes are distinct with probability one, we also
obtain corresponding results for the processes where instead of random birthtimes
we are given a random permutation of the edge set of the K,.

We have made no attempt to optimize the constants involved in our results, as we
believe that none of them give the correct order of magnitude. Indeed, Kim’s proof of
the lower bound on R(3,t) in [47] shows that the average degree of the final random
maximal triangle-free graph in a similar process is almost surely of order v/nlogn.
The result of Kim is obtained through an extremely sophisticated application of
the so-called “nibble method” introduced by Rodl. It is likely that these techniques
could be applied to improve our results, but in view of the complexity of Kim’s proof,
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closing the gap between the upper and lower bounds even for triangles seems to be
a formidable task indeed. More generally, concerning cycles, we believe that in fact,
the number of edges of M, (C;) may be almost surely of order n®/(“=1(logn)¥/ (=1,
Note that for odd ¢, in the next chapter we will prove that this is exactly the (second)
threshold for bipartiteness in Cy-free graphs.

Note that if one interprets the birthtimes of the edges as edge weights (which are
uniformly and independently distributed in [0, 1]), then the random greedy algorithm
which forbids the set of all cycles produces a minimum spanning tree of the complete
graph K,,. The (almost sure) weight of this tree was determined by Frieze [32], and
other properties of this tree were considered by Aldous [4].

Finally, it is worth pointing out that Erdds, Suen and Winkler [28] proved that
if one forbids the set of all odd cycles, then the graph obtained from the corre-
sponding random greedy process almost surely has ©(n?) edges. On the other hand,
Theorem 4.3 implies that if we forbid only all odd cycles up to length ¢ (where ¢
is fixed and odd) the resulting graph almost surely has far fewer edges — namely
nlt1/(€=1)+o(1)

This chapter is organized as follows. In Section 4.2, we introduce some large
deviation inequalities which we shall need in the proofs. In Section 4.3, we prove
Theorem 2.3. In Section 4.4, we prove Theorem 4.1. In Section 4.5, we illustrate
the ideas and techniques involved in the proof of Theorem 4.2 by proving the special
case when the forbidden graph is a K4. In Section 4.6, we then prove Theorem 4.2.
In Section 4.7 we show how the proof of Theorem 4.2 may be modified to prove
Theorem 4.3. In the final section, we discuss the open problem of forbidding an
arbitrary graph H.

4.2 Tools and notation

Let G, be the graph which has as its edges all those edges whose birthtime is at
most p and let G, ,(H) be the subgraph of G, that is obtained by deleting all
edges of G, that lie in a copy of H. We emphasize the immediate but important
fact that the edge set of Gy, ,(H) is contained in that of M, ,(H). Thus

Gnp(H) C M, ,(H) C Gy p. (4.1)

For a graph G, the vertex set of G is denoted by V(G). Furthermore we shall omit
floors and ceilings throughout, as these will not affect the proof. Also, we shall
always assume that n is sufficiently large for our estimates to hold.

We shall make use of two bounds on the number of disjoint subgraphs of a random
graph. A slightly more general form of these inequalities, together with their proofs,
may be found in Chapter 8 of [6].

Let S be a set of subsets of the edge set of the complete graph K,, on n vertices
and for a € S let I, be the corresponding indicator variable which equals one if and
only if the edges of o are contained in the random graph G, . Let X = " oI,
and p = E[X]. As in Section 3.2, define

A= Z E[Iaja’}a

a~ao!
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where the summation is over all ordered pairs a ~ o’ in S.

Let Y denote the size of a largest edge disjoint family of elements of S in G, .
Erdés and Tetali [29] proved the following simple but very useful upper tail bound
on Y. (It is also proved in Chapter 8 of [6] and is a special case of Lemma 2.46
in [41].) For every k € N,

PlY > k] < (%)k (4.2)

We will also need a lower tail bound on Y. Let 7 = max,es E[I,] and

= E[l./].
v=max ) Bllu]
o ~a

Then Lemma 4.2 in Chapter 8 of [6] states that for any s € N,

w A
P[Y:s]ggexp{—u—l—su—km}. (4.3)

Thus for every € > 0,

A s
Py < (-ap sen st ol 5 e
2(1—n) <o

exp{ﬁ—i—(l—a)w/} >y %e_“

s<(1-e)p

IN

A
- exp{m e —€)W}P[P <(1- oyl

where P is a Poisson random variable with mean p. But Theorem A.15 in [6] states
that

P[P < (1 —e)y] < e 1/2

which implies that

PlY < (1 —¢)u] < exp {(1 — ) + ﬁ — 52M/2} . (4.4)

The above derivation of (4.4) from (4.3) is taken from [55], we have included it here
for completeness.

Alternatively, we could have applied the following inequality, which follows from
Talagrand’s inequality using the same argument as in the proof of inequality (2.43)
in Janson, Luczak, and Ruciniski [41]. For ¢ > 0 and some constant v depending
only on the maximum number of edges of an element in S, we have

P(|Y —E[Y]| > t] < 4/ Y1+,
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4.3 Graphs with large girth

The idea of the proof is to show that deleting some maximal collection of edge-
disjoint cycles from G, ,, where p is suitably chosen, yields a graph with no large
independent sets. An analogous idea was used by Krivelevich [55] to give lower
bounds on Ramsey numbers.

Proof of Theorem 2.3. Let p = con™P, where 8 = (¢ —2)/(¢ —1). Let G, be
the graph obtained from G, , by deleting some maximal collection of edge-disjoint
cycles of length at most ¢. Thus Gﬁ%p has girth greater than ¢. The theorem will
follow if we can show that almost surely G’n’p has no independent set T' of size t,
where t = |T'| = Cn®logn, where C is some sufficiently large constant depending on
¢ (see below). So for given T, let Y denote the number of edges in G, with both
endpoints in 7. Note that Y is binomially distributed with mean u = E[Y] = (4)p.
Hence a simple Chernoff tail estimate (e.g. Theorem A.13 in [6] with a = E[Y'|/2 or

Theorem 2.1 in [41] with ¢ = E[Y']/2) yields
P[Y < p/2] <e M5,

Let X’ be the number of cycles in Gy, of length at most ¢ with at least one edge
in 7 and let Y’ be the maximum number of edge-disjoint cycles in Gy, , of length
at most ¢ with at least one edge in T. Then the number of edges of G%ﬁp which lie
in T is at least Y — (Y, so we are done if we can find a sufficiently sharp upper
tail bound on Y’. If we choose the constant ¢y sufficiently small, then whatever the
value of C' we have that

l
E[X'] <Y 0/ 7%p) < (#2nf7?p! < p/(edle’’?).
j=3

Now denote by S the set of all cycles of length at most ¢ with at least one edge in
T and apply inequality (4.2) to see that

84€E[X/] >N/(4é) S ef,u/S‘

Pl > /0] < (S

Putting the above together, the probability that G;L,p has an independent set of size
t is at most

(?) 2e—u/8 < 2etlogn—u/8 — 26t(logn—(t—1)p/16)’

which tends to zero provided that C' is sufficiently large. O

4.4 Theorem 4.1 — the lower bound

The lower bound is an immediate consequence of the following well-known result of
Erdés and Rényi (see Theorem 4.2 in Chapter 4 of [6] or Theorem 3.4 and Remarks
3.7 and 3.8 in [41]) which we state here in a form convenient to us.



22 CHAPTER 4. RANDOM GREEDY H-FREE GRAPHS

Theorem 4.5 (Erdés and Rényi) Let H be a balanced graph and let X denote the
number of copies of H in G, . If pn?H)/eH) _ 6 then almost surely X < 2E[X].

Proof of Theorem 4.1. Let p = con~=2/(e=1) where ¢y satisfies cg_l e = 1/8, which
is certainly large enough to be able to apply Theorem 4.5. Clearly, e(G,,,) — eX
is a lower bound for the number of edges in G,, ,(H) and thus also in M, ,(H) or
M, (H). But, crudely,

eE[X] <en'p < enQpCS_l = pn?/8,

and the result follows. O

4.5 Forbidding a K, — the upper bound

To illustrate the ideas and techniques involved in the proof of Theorem 4.2, we now
give a detailed proof of Theorem 4.2 for the case when the forbidden graph H is Kjy.
Let p = n=2/5/4 and let

t = 10*n3/°\/log n. (4.5)

Suppose that we have a vertex y in the final random greedy graph M,,(K,) whose
degree is at least t. Consider any set T" of vertices which are adjacent to y in M, (Ky).
Since M, (K4) contains no copy of Ky and since M, ,(Ky) C M, (K4), the graph
M, ,(K4) constructed by the random greedy process up to time p contains no copy
of a Ky, the subgraph of M,, ,(K4) induced by T is triangle-free. By (4.1), it follows
that the subgraph of G, ,(K4) induced by T' is also triangle-free. Thus it suffices
to prove that almost surely , for all T C V(K,,) of size t, G, ,(K4)[T] contains a
triangle since this would imply that almost surely , M,,(K4) has maximum degree
less than ¢, as stated in Theorem 4.2.

Given an edge f in K, and k € N we say that a sequence Hy, ..., Hy of copies of
Ky forms a (k, f)-cluster in K, if they all contain f and have the property that for
all 7 with 1 <1 <k, H; contains an edge which is not contained in any of the other
H; with j <. Let A denote the event that G,, , does not contain a (logn, f)-cluster
for any edge f. Below, we will prove that P[A] — 1. Also, we will prove that for
any fixed T' C V(K,,) with |T'| = ¢, we have

P{Gp(K4)[T] is K3-free} N Al < n™%, (4.6)

These two results imply that the probability that there exists a set of ¢ vertices
which is triangle-free in G, ,(K4) is at most

P[A°] + (?)P[{Gn,p(m)m is Ks-free} N A] < o(1) +n'n 2 =o(1),

which proves the theorem.
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It remains to prove that P[.A] — 1 and (4.6). First we consider P[A]. For a fixed
edge f in K, and k € N with k£ < logn, let Z;,  denote the number of (k, f)-clusters
in Gy, . Clearly, a (1, f)-cluster is a copy of a K4 containing f, and thus

E[Zyf] <np®=4Pp<e™. (4.7)

Note that every (k+ 1, f)-cluster can be viewed as the union of a (k, f)-cluster Cy, ¢
and a (1, f)-cluster which is not contained in Cy . Fix some (k, f)-cluster Cy s
and let 73y ¢, , denote the number of those (1, f)-clusters in Gy, which are not
contained in Cy, . By separately considering those (1, f)-clusters having zero, one,
or two vertices which are not contained in Cy, ¢, we have (recalling k& < logn)

]E[Zl,f,c,c,f | Cr.f € Gpp) < (’)(ka) -+ (’)(knp3) +n?p’ = o(1) + 475 <74,

Thus, if we let 3 ; denote the sum over all (k, f)-clusters in K,,, we have

ElZki1s] <Y Y PUCky € Gup}N{Crs C Gy}l
Cr,f C1,ZCk, s

=Y PlChs C GuplElZ1 ey, | Chp C Gyl
Ch,s

< Z P[Ck’f - Gn,p] et = E[Zkﬁf] e
Ch,s

Together with (4.7) this shows that E[Z;, ] < e 4% and thus that E[Zjog, ] < n %
Summing over all edges of the complete graph, we have that

P[A]] < <Z> nt = o(1).

Now we prove (4.6), which is done in two steps. In the first step, we show that p is
sufficiently large to ensure that with sufficiently high probability, T" contains a large
set of edge-disjoint triangles in Gy, . In the second step, we will then show that p is
sufficiently small to ensure that if A holds, then with sufficiently high probability,
at least one of these triangles is also contained in Gy, ,(K4)[T].

Turning to the first step, let X denote the number of triangles in Gy, ,[T] and let
u = E[X]. Note that

2 3
p= <§>p3 (4.5) (1+7§(1))t (104n3/5 \/@) (n—2/5/4> > 10%tlogn.  (4.8)

Let Y denote the size of a largest family of edge-disjoint triangles in Gy, ,[T]. We
want to use (4.4) to give a lower bound on Y. Thus, let S be the set of triples of
edges forming a triangle in K,[T]. A, as defined in Section 4.2, is then the expected
number of ordered pairs of triangles in Gy, ,[T] having exactly an edge in common.
Thus

A =0 (t'p°) = O (utp®) < pn™ /70 = o(p).

Also, v is the expected number of triangles in G, ,[T] containing an edge of a fixed
triangle and thus v < 3tp? = n~1/5+°(1) = o(1). 7 is the probability that a fixed
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triangle is contained in Gy, ,[T] and thus n = p* = o(1). Thus by (4.4), with ¢ = 1/2,
we have

(4.8)
P[Y < p/2] < e~(Heln/8 "<

n=3t, (4.9)
Now we turn to the second step. We define an auxiliary graph Gk, on G, ,, as follows.
Let 8" C S be the lexicographically first set of edge-disjoint triangles in G, ,[T] of
maximum size (i.e. |§’| =Y). We say that a subgraph of K, is a 1-cluster if it is
the union of a K3 in T and a K4 which share at least an edge. For each triangle
in &’ which has an edge in common with a K4 in G, pick the lexicographically
first of these K4’s and let the 1-cluster which is the union of the triangle and this
K4 be a vertex of Gk,. Two (distinct) vertices in Gk, are joined by an edge if the
corresponding 1-clusters share at least an edge. Since the number of vertices of Gk,
is equal to the number of elements of S’ which share at least an edge with a Ky in
G, p, (4.6) will then follow if we can show that if A holds, then the probability that
Gk, has |S'| =Y vertices is sufficiently small.

To bound the number of vertices of Gi,, we will use the fact that for any graph
G, we have v(G) < a(G) + 2A(G)v(G), where a(G) denotes the size of a largest
independent set of vertices in G, and v(G) denotes the size of a largest induced
matching in G.

First we bound A(Gg, ). For this, we will use the fact that any collection of size 6k
of 1-clusters where the K4’s all contain a fixed edge f must contain a (k, f)-cluster.
(To see this, consider the 1-clusters as given in a sequence Fi, ..., Fg; and denote by
e; the (lexicographically first) edge in F; that is shared by the K3 and the K4. Now
for each ¢ (in increasing order) delete those Fj with j > ¢ from the current sequence
for which e; lies H;, provided F; was not previously deleted. Since the triangles in
different Fj are edge-disjoint and e(K4) = 6, a subsequence containing at least k of
the F; remains, and it is clear that for each such F; the edge e; is not contained in
the Ky of any of the Fj in that subsequence with j < i.) Also a I-cluster has at
most 8 edges. So if A holds, we have A(Gk,) < 48logn.

Next we bound a(Gg,). Let X; denote the number of 1-clusters in Gy, and let
u1 = E[X1]. A 1-cluster is either the union of a K3 in T and a K4 which have
exactly an edge in common, or a K4 with at least three vertices in 1. Thus

t t
p < <3> n’p® + <3> np’ = p (n’p® +np’) = p (4’5 +0(n Y 5)) < 1/80.
Let Y7 denote the size of a largest family of edge-disjoint 1-clusters in G, ,. Note
that a(Gg,) < Y7. Then we have

(4.2) (4.8)
Plo(Gre,) > p/8] <P[Y1 > /8] < (e/10)"/8 <8 < =5,

Now we bound v(Gg,). The details of the argument we give here are tailored
towards the K4 case and thus slightly different than in the general case. Let G be
the set of graphs G4, ..., G4 which are shown in Figure 1. We say that a copy of G;
in K, is a T-copy of G if the black vertices are all contained in 7" (the white vertices
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$ K KB

Figure 4.1: Minimal structures in a 2-cluster

are allowed to be anywhere). Let Xg denote the number of T-copies of graphs in G
in G, , and let py = E[Xg]. Then

We say that a 2-cluster is the union of two 1-clusters which share at least an edge
and which have been obtained from two edge-disjoint triangles in 7. Let Y5 denote
the size of a largest family of edge-disjoint 2-clusters in G, , and let Y5 denote the
size of a largest family in G, , of edge-disjoint T-copies of graphs from G. Now one
may check that every 2-cluster must contain a T-copy of a graph from G. Thus
Y> < Y. Also note that v(Gk,) < Ya. Let yo = 11/(20001og n). Then

(4.2) Y2 (4.10) (4.8)

PG > w] <Py > ] < (92)7 02 o 1w
Y2

Since for i = 1, 2, P{Y; > y;} NA] < P[Y; > y;], we have thus proved that if .4 holds,

then with probability at least 1—2n7=3 we have v(Gy,) < u/8+2 (48logn)ys < p/4.

Combining this with (4.9), this implies (4.6).

4.6 Theorem 4.2 — the upper bound

Let H be the forbidden graph, and suppose that H is strictly 2-balanced. Let x be a
vertex of maximum degree in H, and let I'(z) denote the neighbourhood of z in H.
Let H\z be the subgraph of H induced by V(H)\{z}. Let Hp(,) be the subgraph
of H\z induced by I'(z). We may assume that H\xz contains an edge (and thus also
that A(H) > 1), since otherwise H is a star, and hence not strictly 2-balanced.

We now define a generalized notion of the (non)-independence of a set. Let H
and x be chosen as above. Suppose we are given a graph G together with a subset T’
of its vertices and a vertex y € V(G)\T. Then we say that (T,y) is (H, x)-extendible
in G if G contains a copy of H\z, which we call an extension (of (T,y) in G), so
that Hp(,) is contained in 7" and all other vertices are contained in V(G)\{T U{y}}.
In other words, if y is connected to all vertices of T and (T, y) is (H,x)-extendible,
then y may be extended to a copy of H where x is mapped to y, the neighbours of
x are mapped into T, and all other vertices are mapped outside 7' U {y}. Thus for
example (T',y) is (K3, x)-extendible in G if and only if 7' is not an independent set



26 CHAPTER 4. RANDOM GREEDY H-FREE GRAPHS

in G. (T,y) is (K4, z)-extendible in G if and only if 7' contains a triangle, and (7', y)
is (Cy, x)-extendible in G if and only if G contains a path on ¢ — 1 vertices whose
endvertices are contained in 7" and whose remaining vertices are not in 7'U {y}.
Finally, let S = S7,, denote the set of all extensions of (T,y) in K. Let

B=w-2)/(e-1)
and note that 0 < § < 1. Let
t = Cn'=P (logn)/(AE)-1) (4.11)

where C' is some sufficiently large constant (see Proposition 4.9 below) depending
only on H. Also let p = con™?, where ¢ satisfies 6871 e? =1/100. So t = pntto®)

and
n?"2p1 = 1/(100€%). (4.12)

The proof of Theorem 4.2 relies on Lemmas 4.6 and 4.7. Lemma 4.6 asserts that
almost surely the copies of H in G, ;, do not cluster too much. Lemma 4.7 implies
that for the above choice of ¢ and p, almost surely any set of size ¢ will be extendible
in Gy, ,(H), and thus in M, ,(H). Given an edge f in K, and k € N we say that a
sequence Hy, ..., Hy of copies of H forms a (k, f, H)-cluster in K, if they all contain
f and have the property that for all ¢ with 1 < ¢ < k, H; contains an edge which is
not contained in any of the other H; with j < i. Let A denote the event that G,
does not contain a (logn, f, H)-cluster for any edge f.

Lemma 4.6 A holds almost surely .

We defer the proof of this lemma, and first show how it may be used to prove the
theorem. Given a subset T of vertices of K, with |T| =t and a vertex y € V(K,)\T,
let Xz(zry be the number of extensions of (7', y) in M,,,(H), let Xz denote their
number in Gy, ,(H), and let X denote their number in G,, ,. Let p = E[Xg]. (We
will suppress the dependence of our random variables on 7" and y throughout). Note
that by (4.1), we have

Xom) < Xum < Xa-

The second (and main) ingredient in the proof of the upper bound is the following
lemma.

Lemma 4.7 For a fized pair (T, y) as above, we have
P{ Xy =0} N A <n™%,
provided n is sufficiently large.

The proof of this lemma is also deferred to the end of this section.

Proof of Theorem 4.2 (modulo Lemmas 4.6 and 4.7). Suppose we have a vertex y
in M,,(H) whose degree is at least t. Let T be a set of neighbours of y with |T'| = .
As M, (H) contains no copies of H and M, ,(H) C M,(H), M,,(H) contains no
copies of H, and so (7,y) is not extendible in M, ,(H). But since Xy gy > Xy,
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Lemma 4.7 tells us that this happens with probability tending to zero: there are
(very crudely) at most n'*! choices for (7',y) and thus the probability that there
exists a pair (T',y) which is not extendible is at most

1 —P[A] +nftin=2

Applying Lemma 4.6 completes the proof of the theorem. O

We now prove Lemma 4.6 and Lemma 4.7. In the proofs we will repeatedly make
use of the following three propositions. Throughout, for a graph F', we write Zp for
the number of copies of F' in Gy, .

Proposition 4.8 There exists a constant § > 0, depending only on H, so that for
any proper subgraph H' of H with e(H') > 1 and v(H') > 3, we have

E[ZH/] > n2+6+o(1)p _ nHO(l)E[ZH}.
Moreover, E[Zg] < n’p/(100€?).
Proof. Let

) v(H') =2
o= min —_
H'CH,e(H)>2 e(H') — 1

3, (4.13)

where the minimum is over all proper subgraphs H’ of H with e(H’) > 2. Note that
the fact that H is strictly 2-balanced implies that 0 < § < 1.

Let H' be a proper subgraph of H with e(H') > 1 and v(H’) > 3. First suppose
that e(H') = 1. Then for some sufficiently small constant ¢ > 0, we have

E[Zg/] > en®@)p > en?op.

Now suppose that e(H') > 1. Then for some sufficiently small constant ¢ > 0, we
have (recalling that p = cyn™"?)

E[Zy] > enH)peH)

= Cn2p (n(v<H/)—2)/(e(H’)_1)p>e(H/)—l
e(H'Y—1

> Cn2p <n5+ﬁcon_ﬁ) (H")

> cey n2+6p‘

The right hand side and the “moreover” part follow from the fact that for some
constant ¢ < 1, we have

ElZir] = (1 + o(1)¢n*p" “Z (1 + o(1))c'np/ (100%),

where the o(1) term is negative. 0

For the remainder of this section we fix ¢ as in (4.13). Let
co = min{d, 5,1 — 5}, (4.14)

and note that co < 1. Recall that p is the expected number of extensions of (7, y)
in Gy, p-
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Proposition 4.9
2

w> tlogn.
Moreover, p = n1+0(1)p.

Proof. For some sufficiently small ¢; depending on H, we have

poo=ISIpEAe (415)
> optBUD) (g g )p A1 - A(H)
(4.11)
> qCPH) ylogn (n—t—1)""2pc !

(4.12) ¢y CAEH)-1 <n —t— 1>”_2
= ————tlogn (| ——— )

= 4.16
100e2 ( )

Recalling that A(H) > 1 and ¢t = o(n), the assertion then follows if we choose C
sufficiently large. The proof of the “moreover” part is similar. O

The following proposition will imply that intersecting copies of H will typically
only have an edge in common.

Proposition 4.10 Given a copy F' of a subgraph in K,, with e(F') = O(logn) and a
proper subgraph H' of H with e(H') > 1, let Zynp_ g denote the number of copies
of H in Gy p UF so that their intersection with F is isomorphic to H'. If H' is an
edge, then

e(F)
B Z ]| < .
[ HﬂF—H] = 100e
If H' is not an edge, then
E[Z}ynp—pr] <m0,

Proof. Suppose first that H' is an edge. Thus there are e(F") possibilities for choosing
H' in F and e possibilities for choosing H' in H. Thus in this case

g g (412) e(F)
Bl Ztnp—p] < e(F)en pel < 100e”

Now suppose that H’ is not an edge. Then

@ (e(F)e<H’>]E[ZH])
ElZu]

B Zpinp—gr) = O (e(I) et (pe=elil) ) —
The result now follows from Proposition 4.8. O

Proof of Lemma 4.6. Let Zy, 5 g denote the number of (k, f, H)-clusters in G, 5. By
applying Proposition 4.10 with F' = f, we have,

E[Z1, 1] < 1/(100e) <e ™. (4.17)
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Note that every (k+1, f, H)-cluster can be viewed as the union of a (k, f, H)-cluster
C,s and a (1, f, H)-cluster which is not contained in Cj s. For a fixed (k. f, H)-
cluster C 5 in K, (with k& < logn), the expected number of (1, f, H)-clusters in
Gpnp U Cy,r intersecting Cy, ¢ only in f is at most

en’2p=1 2V 1 /(100¢).

By Proposition 4.10, the expected number of (1, f, H)-clusters in G, U Cj ¢ in-
tersecting Cy ¢ in some proper subgraph H’ of H which is not an edge is at most
n—0to() | Let Zy,f,¢, ; denote the number of (1, f, H)-clusters in Gy, , which are not
contained in C}, r. Then by the above,

ElZ1,5.C s | Crof © Gnypl < 1/(99€) < e 4.

Thus, if we let ch ; denote the sum over all (k, f, H)-clusters in K,,, we have

ElZis1p1] < D PlChy C Gupl ElZ1sc, s | Crg C Gyl
CkJ

<D PlCrys C Guple™
Ckhf

= E[Zk,f,H} 674.

Together with (4.17) this shows that E[Zy ;] < e %% and thus that E[Ziogn, 11] <
n~%. Summing over all edges of the complete graph, the result now follows. O

It now remains to prove Lemma 4.7. To this end, we first show that for our choice
of p and of the size of T, there should be many edge-disjoint extensions of (T, y) in
Gp,p for a fixed pair (T, y). The next lemma will be the key towards proving this
fact.

Lemma 4.11 Consider a given copy F of a graph with at most 3e edges in K,.
Let Z;UH\I denote the number of extensions in G, U F' having at least an edge in
common with F' and which are not contained in F'. Then

Ef }k«“uH\x] < n= 0o,

Proof. The main problem is that we have to take care of how many vertices of the
intersection of an extension and F' lie in 7. Fix a proper subgraph H’ of H\z.
Let Z};, denote the number of those copies of H' in G, for which the vertices
corresponding to vertices in V(H') N T'(x) are contained in T and the vertices not
corresponding to vertices in V(H') N T'(z) do not lie in T. Let ¢ = |V(H')NT(z)|.
Then the expected number of extensions in Gy, , U I’ whose intersection with F' is
H' (and thus exactly ¢ vertices of the intersection are contained in T') is

O (tA<H)—¢ v~ AH)-1-(u(H')~¢) pefA(Hre(H'))
4.15 _ —(v(H"— —e(H'
(=)O(ut ¢ = WH)=9) (H))

= O (u/ElZ}y))
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Let Y, denote the summation over all subgraphs H' of H\z. Then by the above,

BZpumne = ¥ oy (4.1
-

Since t = ntto@p,
E[Z] =0 (E[ZH’](t/n)¢> = E[Zp |p?n°Y = E[Zpry,)n 100,

where H' U z is the subgraph of H obtained from H' by adding a vertex z and
connecting it to those vertices of H' that are contained in I'(z). Since H' is a proper
subgraph of H\z containing at least one edge, H' U x is a proper subgraph of H
which is not an edge. Proposition 4.8 then implies that E[Zg,] > n?T0t°Wp and
thus that E[Z%,] > n!*0+°(Myp. Combining this with equation (4.18), and recalling
that u = n'T°Mp (Proposition 4.9), we have

* H —d+o(1)
E| FUH\I] < nlti+to()p <n TR

O

Let Y be the maximum number of edge-disjoint extensions of (T,y) in G, , and
recall that p is the expected number of extensions of (T, y) in Gy, p.

Lemma 4.12 For n sufficiently large,
PlY < p/2] <n3t

Proof. We shall apply inequality (4.4) to S, the set of extensions of (7,y) in K,,. In
order to be able to do this, we will apply Lemma 4.11 to show that 7, v and A (as
defined in Section 4.2) are sufficiently small.

We first consider A. Since the extensions are symmetric (more formally, for all
a, o € S there is an automorphism of the underlying probability space which sends
the event I, to I,/), we have A = pA*, where for some fixed a € S,

A" =" Ellw |l = 1].
o'~
But, defining Z:;UH\a:
observe that A* = E[Z” | H\
o(1). Thus A = o(p).
We now bound v. Fix some o € S again. Note that, since o/ C Gy, certainly
implies that o/ C Gy, U« , we have

as in Lemma 4.11 (with a playing the role of F'), one may
], and thus by Lemma 4.11, we have A* < np~0+o(l) —

v=3" Ellu] < EZim,)

a’~a

Thus by Lemma 4.11 again, we have v < n=9t°(1) = o(1).
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Finally, since an extension contains at least an edge, we have n = E[[,] =
p¢AUH) = 5(1), and thus

4.4
IP;[Y < 'u/2] (g) e—(1+0(1))u/8 < n—3t’
where the final inequality follows from Proposition 4.9. O

We now show that at least some of the extensions which are present in G, , are
also present in G,, ,(H). In what follows, we will say that a graph G C K, can be
obtained by merging two graphs G; and Go if G; and G2 share at least an edge and
if G = G1 U Gy. We say that a subgraph F' of K, is a 1-cluster E'U Hy if it can
be obtained by merging an extension E with a copy H; of H. A subgraph F' of K,
is a 2-cluster if it can be obtained by merging two 1-clusters F1 U Hy and Fy U Ho
where E7 and Fs are edge-disjoint extensions. We say that a 2-cluster is a minimal
2-cluster if it contains no 2-cluster as a proper subgraph.

For a =1, 2, let Y, be the maximum size of a family of pairwise edge-disjoint a-
clusters in Gy, . Let Y3 denote the maximum size of a family of pairwise edge-disjoint
minimal 2-clusters in G, ,. Note that since every 2-cluster contains a minimal 2-
cluster, we have Yj = Y. Let p; denote the expected number of 1-clusters in G,
and let po denote the expected number of minimal 2-clusters in Gy, ;. Let y1 = p/8
and yo = p1/(20€% logn).

Lemma 4.13
P[Y; > y1] < n™3.

Proof. Fix an extension F' in K, and consider a subgraph H’ (which contains at
least an edge) of H\z. As in Proposition 4.10, let Z};~p_j, denote the number of
copies of H in Gy, U F whose intersection with F' is isomorphic to H'. Then, since
a l-cluster is the union of an extension and a copy of H sharing at least an edge, we
have
p1 < p Z ElZunp-m);
H'CH\z

where the summation is over all subgraphs H' of H\z with e(H’) > 1. Thus Propo-
sition 4.10 implies that

i < (1/100 + n—5+0(1>) < 11/80. (4.19)

Combining this with inequality (4.2), we have

Y1
P[Y; > ] < <%> <o M8,
Y1

The result now follows from Proposition 4.9. O

Lemma 4.14
P[Ys > yo] <
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Proof. We will actually show that P[Yy > y5] < n~3, which implies the lemma by
our previous observation that YJ = Y2. We first show that

po < pn 2o, (4.20)

where c¢g is defined as in (4.14). To this end, note that a (minimal) 2-cluster may
be obtained from a 1-cluster F; by first merging I with a copy Hs of H (call the
resulting graph an augmented 1-cluster), and then merging the augmented 1-cluster
with an extension E. Write us = pf + pf, where pl, denotes the expected number
of minimal 2-clusters where the extension FE is not contained in the augmented 1-
cluster and pj denotes the expected number of minimal 2-clusters where it is (see
Fig. 4.6). First we bound pf. By (4.19), the expected number of 1-clusters is O(u).
We claim that also the expected number of augmented 1-clusters is O(u). Indeed,
the expected number of augmented 1-clusters with Hy C Fj is certainly O(u). So
consider those with Hy ¢ Fj. Since a 1-cluster has less than 2e edges, applying
Proposition 4.10 to all proper subgraphs H' of H (with the 1-cluster playing the
role of F' in the statement of the proposition) shows that the expected number
of augmented 1-clusters is also O(u). Thus by Lemma 4.11 (with the augmented
1-cluster playing the role of F' in the statement of the lemma), we have
:u/2 < un_6+0(1).

It remains to estimate pj. Unfortunately, in this case we cannot use Lemma 4.11
(since here we have £ C F'), so we have to work harder. Note that the augmented
1-clusters are obtained by merging a 1-cluster F; (which by definition must contain
a copy Hj of H) with a copy Hy of H which may be contained in Fj.

Figure 4.2: Minimal 2-clusters when H = Ky: the one on the left illustrates the estimation
of ph and the one on the right illustrates the estimation of pf for the case when Hy € Fj.

Suppose first that Hy ¢ Fy. By definition of uf, the augmented 1-cluster must
contain the extension E. Since we are considering only minimal 2-clusters, the
extension F must be edge-disjoint from H7, otherwise F; U E would already be a
2-cluster. As Ho ¢ Fi, this would contradict minimality. Thus £ C Hs. Now
V(H2)\V(F) contains only a single vertex z (which is the same vertex as in the
definition of an extension) and so the fact that E is edge-disjoint from H; implies
that = € F} and that Fi N Hy consists only of edges running between x and E and
hence is a star with 7 edges, where 1 < ¢ < A(H). Since for the extension £ the
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vertices belonging to I'g, () must be contained in 7', the vertices of F which are
adjacent to the centre x must be mapped to 7', while the remaining v — A(H) — 1
vertices of E can be mapped anywhere. Since by (4.19), the expected number of
1-clusters is O(u), the contribution to pf from the case Hy € Fj is thus

A(H)
Z O (M tA(H)—inv—A(H)—lpe—i) ] (421)

=1

Now consider the case when Ho C Fj. Then the minimal 2-cluster is actually a
1-cluster containing two edge-disjoint extensions. (This can occur e.g. if H is a
triangle and Fj is a triangle in 7'.) Such a minimal 2-cluster can be obtained by
merging an extension E with a copy Hi of H which contains an extension. Again,
by the edge-disjointness of the extensions the intersection £ N H; is a star with at
most A(H) edges. As the expected number of extensions is u, arguing as above
but starting from the extension E rather than the 1-cluster Fi, we find that the
contribution to p4 from this case is also

A(H)
Z 1, (M tA(H)—inv—A(H)—lpe—i> _ (4.22)

i=1

Using the facts that A(H) > 1 and that g = n't°Mp = tn°M) (see Proposi-
tion 4.9), (4.21) and (4.22) imply that

(4.12) R
L Z o, (M tA(H)—znl—A(H)pl—z)
i=1

A(H)
< Mno(l) Z floip A= < uno(l) <n—,8 +n—(1—ﬁ)) ’
=1

where the first summand comes from the case i = 1 and the second one from the
case i = A(H) (note that if A(H) > 2 the terms with 1 < ¢ < A(H) are dominated
by the ones with ¢ = 1 and ¢ = A(H)). Thus (4.20) follows by the definition of ¢y
in (4.14).

Combining inequalities (4.2) and (4.20) this time, we have

Y2
P[YVy > 1] < (eﬂ)
Y2

< n7(1+o(1))02,u/(2062 logn)

< (o))t

)

where the last line follows by Proposition 4.9. O

Proof of Lemma 4.7. Let 8" C S be the lexicographically first set of edge-disjoint
extensions in G, of maximum size (so that |S’| =Y). We now define an auxiliary
graph Gy on G,,, as follows. For each extension in &’ which has an edge in common
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with a copy of H in G, , (and thus lies in a 1-cluster), pick the lexicographically
first of these copies of H and let the 1-cluster which is the union of the extension
and this copy of H be a vertex of Gg. Two (distinct) vertices are connected by an
edge if the 1-clusters have at least an edge in common. Since the number of vertices
of Gy is equal to the number of elements of &’ which share at least an edge with
a copy of H, the lemma will then follow if the probability that Gy has |S'| =Y
vertices is sufficiently small.

To bound the number of vertices of Gp, we will use the fact that for any graph
G, we have v(G) < a(G) + 2A(G)Y(G), where a(G) denotes the size of a largest
independent set of vertices in G and (G) denotes the size of a largest induced
matching in G.

First we bound A(Gpr). For this, we will use the fact that any collection of size ek
of 1-clusters where the copies of H all contain a fixed edge f must contain a (k, f, H)-
cluster. (To see this, consider the 1-clusters as given in a sequence Fi, ..., F, where
F;, = E; U H; is obtained by merging an extension E; with a copy H; of H. Also
denote by e; the (lexicographically first) edge in F; N H;. For each ¢ (in increasing
order) delete those F; with j > i from the current sequence for which e; lies H;,
provided F; was not previously deleted. Since the F; are edge-disjoint, a subsequence
F containing at least k£ of the F; remains, and for each F; € F the edge e; is not
contained in any of the H; with j < i and Fj € F.) Also, a 1-cluster has at most 2e
edges. So if A holds, we have A(Gy) < 2e%logn.

Furthermore, it is easily verified that the definitions of Y7, Ys, and Gy imply that
a(Gg) <Y and y(Gg) < Ya. By Lemmas 4.13 and 4.14, P[{Y, > y, }NA] < P[Y, >
Ya] < n73 for a = 1, 2. Thus if A holds, with probability at least 1 — 2n=3 our
auxiliary graph has at most

y1 + 2 (2e*logn)ya < (1/8 +4/20)u < 2u/5 (4.23)
vertices. On the other hand, by Lemma 4.12, we have
PH{Y < u/2} N Al <PIY < p/2] <n 3. (4.24)

Since X¢(my) = Y — v(Ga), this completes the proof of the lemma. O

4.7 Forbidding several strictly 2-balanced graphs

Here we indicate how the proofs of Sections 4.4 and 4.6 can easily be modified in
order to establish Theorem 4.3. Denote by v; and e; the number of vertices and
edges of H; respectively and let 5 = (vg — 2)/(ep — 1).

For the lower bound, denote by X; the number of copies of H; in G, ;, and let
X = Zf;é e; X;. Let p = con P, where ¢ satisfies maxi{cgrlei} = 8%,. Then an
upper bound on E[X], very similarly to the proof of Theorem 4.1, implies the result.

As for the proof of the upper bound, let p = cyn~?, where ¢y now satisfies

max{cfi Tege;} =
(2

100s°
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In the definitions of (H, z)-extendible, extension, X sy, Xy and X we substi-
tute Hy for H. Instead of (k, f, H)-clusters we consider (k, f, H)-clusters, where a
(k, f, H)-cluster is now the union of k copies H',... , H* of possibly different ele-
ments in H which all contain the edge f and which have the property that for all
i with 1 < i < k, H' contains an edge which is not contained in any of the other
H7 with j < i. It is then clear that the theorem follows from Lemmas 4.6 and 4.7
as before. In the proof of (the analogue of) Lemma 4.7 and within this proof Lem-
mas 4.13 and 4.14 in particular, the definition of a cluster is modified as follows:
a 1-cluster is obtained by merging an extension and a copy of a graph in H. A
2-cluster is again obtained by merging two 1-clusters, where we require disjointness
of the extensions as before. Now it suffices to check (4.19) and (4.20).

With regard to (4.19), the main contribution again is from the case when each
copy of an element H; of H has exactly an edge in common with the extension.
Note that each H; contributes pun'i=2p“~lege;, which is less than u/(100s) due to
the choice of p. Hence the same bound as in (4.19) holds. (4.20) is also proven using
the same arguments as in Section 4.6.

4.8 Forbidding an arbitrary subgraph — an open ques-
tion

We remark that lower bounds on e(M,,(H)) when H is an arbitrary graph may be
obtained by choosing p so that approximately half of the edges of G, ;, lie in a copy
of H. Deleting these edges as in Section 4.4 yields the lower bound. This value of
p may be determined using the methods introduced by Spencer in [81]. We do not
give any details however, as there are graphs for which the lower bounds obtained
in this way are far from tight, as the example in the following paragraph will show.

Concerning upper bounds on the number of edges in M,,(H), we have seen that
if H is strictly 2-balanced, then e(M,,(H)) is not much larger that e(G,, ), where p
was chosen so that the number of copies of H in G, is roughly e(G,, ;). However,
this is not true in general, as the following example shows. Let H be the graph which
is obtained from K, by adding a new vertex and joining it to one of the vertices
of the K4. Then it is easily seen that almost surely e(M, (H)) equals e(M,(Ky)).
(Indeed, suppose not and consider the first edge which is admitted in one process
and not in the other.) The proof of Theorem 4.2 implies that e(M,(K4)) is almost
surely close to e(Gy,,) for p = n~2/5. However the number of copies of H in Gy is
close to e(G, ) only if p is close to n=1/2.

Alternatively, one might think that for all graphs H with v(H) > 3 and e(H) > 2,
for any € > 0 almost surely we have

n271/m2(H)78 < 6(Mn(H)) < n271/m2(H)+6, (4‘25)
where for a graph H with v(H) > 3 and e(H) > 2 its 2-density mo(H) is defined by
/ N
mo(H) = max elf) — 1

- mcH, oH)>2v(H') — 2

The following example shows that this too need not be true. Furthermore, it shows
that e(M,(H)) need not necessarily be concentrated on a single interval. Let H be
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the disjoint union of a triangle and a cycle of length four. Then with probability
bounded away from zero, a triangle appears in the random greedy process before a
four-cycle, and thus one may check that the proof of Theorem 4.2 shows that in this
case, almost surely e(M,,(H)) will be close to n*/3. With probability bounded away
from zero, it will be the other way round, and then almost surely e(M,,(H)) will be
close to n/2. Thus it appears to be impossible to give good bounds on e(M,,(H)) in
general. Nevertheless, we conjecture that for an arbitrary graph H with v(H) > 3
and any £ > 0, almost surely we have

G(Mn(H)) < n2—1/m2(H)+8_



Chapter 5

The evolution of triangle-free
graphs

5.1 Results

The main result of this chapter is the following theorem, which gives a “double
threshold” for the property that almost all Cy-free graphs are bipartite (for fixed
odd /). Note that Theorem 2.6 is exactly the case ¢ = 3.

Theorem 5.1 Given an odd integer £, let

0 i 1/(e-1)

Then for all € > 0,

1 if m=o(n)
PG, is bipartite] if m>n/2
2 - — 0 u -
PG is Co-free] and m < (1 —e)ty
1 'Lf m > (1 -+ E)tg.

As already mentioned in Section 2.2, Erdés, Kleitman and Rothschild [26] proved
that almost all triangle-free graphs are bipartite. This was extended by Lamken
and Rothschild [56], who proved that for an odd integer ¢, almost all Cy-free graphs
are bipartite. Promel and Steger [66] generalized this further by determining the
class of forbidden subgraphs for which an analogous result holds: they are those
graphs whose chromatic number is at least three and whose chromatic number can
be decreased by deleting an edge.

We will now briefly mention some results related to the ¢ = 3 case of Theorem 5.1.
Firstly, a result of Bollobas (see Chapter X of Bollobéas [8] or Spencer [82]) implies

that
n3 1/2
m > <7 log(wn))

is a necessary and sufficient condition for G, ,, to have diameter two almost surely,
where w is some function tending to infinity arbitrarily slowly. The proof of the

37
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latter also shows that the threshold function for the property that almost surely
every edge of Gy, lies on a triangle is ©(t3).

Secondly, to prove his lower bound on the Ramsey number R(3,s), Kim [47]
showed that there exists a triangle-free graph whose independent sets have size
O(ts/n). This graph is certainly “far from being bipartite” and since the neighbour-
hood of every vertex in a triangle-free graph is an independent set, it thus has O(t3)
edges (see also Section 1.2.1).

Furthermore, it is worth noting that Theorems 2.5 and 2.6 have a deterministic
analogue: Erdés et al. [25] proved that a graph in 7 (n, m) must exhibit bipartite-like
behaviour (i.e. it contains a large induced bipartite graph) if and only if m/ n3/% —
0o. (Recall that 7 (n,m) denotes the set of triangle-free graphs with n vertices and
m edges).

Clearly, in the range of the O-statement of Theorem 5.1 almost every graph in
7 (n,m) has chromatic number at least three. Our next result improves this bound
as long as m is not too close to n or t3 (analogous results hold also for the case
of arbitrary odd ¢). Note that before Erdés proved his result on the existence of
graphs of arbitrarily high girth and arbitrarily high chromatic number, Zykov [96]
(and independently several others) already proved that there are triangle-free graphs
of arbitrarily high chromatic number. Theorem 5.2 is then a strong form of this result
— it implies that almost all triangle-free graphs with n vertices and m edges have
high chromatic number, provided that m lies in a certain range.

Theorem 5.2 If m = O(n®/*), then almost all graphs in T (n,m) have chromatic
number at least

m
—_—. 5.1
2nlog(2m/n) (5-1)
If n/* < m = o(n®/?), then almost all graphs in T (n,m) have chromatic number at
least

n3/2

—_—. 5.2
9mlogn (52)

Note that the bound (5.1) is useless unless m > 40n, say. Substituting m = no/4
in (5.1) we obtain that for such m, the chromatic number of almost all graphs in
T (n,m) is at least n'/*t°() We also remark that with more detailed analysis, the
proof shows that the constant in (5.1) as well as the exponent of the logn-factor
in (5.2) can be reduced. Note that for m = O(n®/*), the bounds are of the same
order of magnitude as those which are known for G, ,, where p = m/ (g) In fact,
Luczak [58] proved that if pn — oo, then the chromatic number of G, , is almost
surely

pn
2log(pn)”

This chapter is organized as follows. In Section 5.2, we sketch the proof of the
second 1-statement of the ¢ = 3 case of Theorem 5.1. In Section 5.3, we prove
Theorem 2.7, giving tight asymptotic bounds on the number of bipartite graphs with
n vertices and m edges for a wide range of m. Furthermore, we prove some facts

(1+0(1))
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about bipartite graphs which we shall need in Sections 5.4 and 5.5. In Section 5.4,
we prove the O-statement of the ¢ = 3 case of Theorem 5.1. Sections 5.5-5.7 are
devoted to the proof of the second 1-statement of the ¢ = 3 case of Theorem 5.1. In
Section 5.8, we show how the proof of the ¢ = 3 case may be extended to yield a proof
of the general case of Theorem 5.1. Finally, in Section 5.9, we prove Theorem 5.2.

5.2 Sketch of the proof of the triangle-free case

In this section, we outline the proof of the second 1-statement of the ¢ = 3 case
of Theorem 5.1. We stress that most of the notions and statements are only made
precise in the later sections. In contrast to [70] and [59], the main tool used in
our proof of the second 1-statement are the correlation inequalities (3.5) and (3.6),
which are from Janson, Luczak and Ruciriski [40]. In [40], these were applied to
give an exponential upper bound on the probability that a random graph G, ,
(and thus Gy, ,,) is H-free for some fixed graph H, where G, , denotes a random
graph with n vertices and edge probability p. For m > t3 and H a triangle, the
bound obtained in this way is asymptotically about e ™/ (note that e'/? ~ 1.12).
However, the probability that a random graph G, ,, is bipartite (see Corollary 5.5)
is asymptotically only about 27™. Roughly speaking, the reason for the gap between
the two bounds is that the variance of the number of triangles in G, , is too large.

The outline of our approach is as follows. We say that a graph is k-bipartite
if k£ is the minimal number of edges that have to be deleted to make it bipartite.
In Lemma 5.9 we show that the ratio of k-bipartite graphs in G(n,m) to bipartite
graphs in G(n,m) is at most f(k), where the function f(k) is not much larger than
(m) Since every graph is k-bipartite for some k < m/2, we would thus be done if

k
we could show that for all £ with 1 <k < m/2,

1
P[Gipy i Ks-free | Gy is k-bipartite] < k;); (3{). (5.3)
Indeed, (5.3) would imply that
m/2
P(Gm is Ka-free] =Y " P[Gpm is Ks-free | Gy is k-bip.| P[Gpm is k-bip.]
k=0

) PGy, m is k-bip.]

< P[Gj,m is bipartite] + Z %

k>1
= (14 0(1))P[G}, 1, is bipartite].

In other words, the hope would be that by conditioning on the number of edges
needed to make G, ,, bipartite, one can reduce the variance of the number of trian-
gles and thus obtain the desired result.

We now illustrate this idea for the case when k£ = 1. In Proposition 5.6 we show
that the 1-bipartite graphs outnumber the bipartite graphs by a factor of about m.
Now consider a random graph chosen as follows. Fix an almost equitable bipartition
into classes A and B, where a = |A| = |n/2| and b = |B| = [n/2]. Fix one edge e
with both endpoints in A, and include the edges between A and B independently at
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random with probability p = (m — 1)/(ab) ~ 4m/n?. What is the probability that
the edge e can be extended to a triangle using a vertex in B? For each vertex in
B the probability that there is a triangle extension using this vertex is p?. But the
triangle extensions are independent and thus the probability that the edge has no
extensions is

> 1/m if m<(1—¢)ts

< 1/m if m>(1+¢)ts.

Here we write f(n) < g(n) if f(n)/g(n) — 0 and f(n) ~ g(n) if f(n)/g(n) — 1.
Note that this does not yet imply (5.3) for k = 1, as the probability model is different.
We will also encounter this problem later on, where we will usually prove results in
some binomial probability model like the one described above, as these have the
advantage of greater independence and tractability, and then use some technical
arguments to show that essentially these results are true for the corresponding k-
bipartite graphs in G(n, m).

When k£ > 1, we can no longer assume independence between extensions, so we
apply the correlation inequalities (3.5) and (3.6). As in the case k = 1, we fix
some vertex bipartition A, B of the set of n vertices, and fix some graphs G4 and
G g, where the vertex set of G4 is A and that of Gg is B and where these graphs
together have k edges. We then apply the correlation inequalities to the bipartite
graph between A and B with edge probability p ~ (m — k)/(ab).

However, this yields good upper bounds on the probability that such a graph
is triangle-free only if G4 and Gp are close to being regular graphs, as otherwise
the variance of the number of triangles is too large. Thus we classify all possible
pairs (G4,Gp) according to how far they are from being regular. This is done
by considering the size of the “torsos” — the largest subgraphs of G4 and Gp of
sensible maximum degree, see Section 5.5. In Lemma 5.9 we prove that the further
the pair (G4, Gp) is from being regular, the less k-bipartite graphs there are whose
subgraphs induced by A and B equal G4 and Gg. Accordingly, the bounds which
we need on the probability that such a graph is triangle-free are allowed to get larger
the more irregular G4 and/or Gp are. This tradeoff is modelled by the function
f(k,r) introduced in Section 5.5. Thus we can show in the proofs of Lemmas 5.13
and 5.14 that the correlation inequalities are strong enough to cope with moderately
irregular graphs too.

However, this scheme does break down when G4 or Gp is much too far from
being regular. We deal with these graphs in Section 5.7, where we will make use
of the fact that there are not too many such graphs. Surprisingly, it also turns out
that we can actually take advantage of the strong irregularity of G4, say. Namely,
it implies that G 4 contains many vertices of high degree (see Proposition 5.8). It is
easily seen that for any k-bipartite graph and any = € A, the degree da(z) of z in A
is at most the degree dp(z) in B. This fact implies that A contains many vertices
x with large neighbourhood I'g(z) in B. We then show (see Lemma 5.18) that with
high probability at least half of these neighbourhoods “expand”, in the sense that
almost all vertices in A are adjacent to some vertex in I'g(z), i.e. [Ta(T'p(z))| ~ a.
But then the whole graph will contain a triangle unless T'4(T'g(z)) and T 4(z) are
disjoint, which happens very rarely, since the former set is so large (see the proof of
Lemma 5.15).

(1-p*)’ ~ e~P* o gm8m?/n {
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Finally, we should mention that our methods fail if £ > dm, where ¢ is some small
constant, as we can then no longer control the variance of the number of triangles.
Fortunately however, the result of Luczak (Theorem 2.5) means that we can ignore
this case. Our methods also fail if m/n? /4 0. However, this case is already covered
in Theorem 2.4 by Promel and Steger, so we can ignore this possibility too.

For clarity, we will often omit floors and ceilings whenever this does not affect
the proof. We will assume throughout that n is sufficiently large for our estimates
to hold.

5.3 Counting bipartite graphs

In this section we prove Theorem 2.7 and some facts about bipartite graphs which
we will need later on. Similar results are also implicit in Promel and Steger [68]. As
the proofs are short, we include them here for completeness.
First we need some definitions. We say that a bipartite graph with n vertices and

m edges together with an admissible bipartition of its vertex set is a two-coloured
graph. We denote the number of these by Col2, ,, and the number of bipartite
graphs by Bip,, ,,. We say that a vertex bipartition is almost equitable if the sizes
of the vertex classes differ by at most 7, where

~ n(log n)l/4

- 7
We denote by ZeAq’ p the sum over all almost equitable bipartitions of n vertices and
denote by a and b the size of the corresponding vertex classes. For a fixed bipartition
with vertex classes A and B, we call any bipartite graph with vertex classes A and
B an AB-graph. In what follows, we shall make the following inequality (see page 5
of [8]). For 0 <n <1/2,

1—n>e 47 (5.4)

Lemma 5.3 For m > 20nlogn,

Col2, e = (14 o(1)) f: (jj)

A,B

Proof. By inequality (3.1), the number of two-coloured graphs not counted by the

above sum is
/2l —z)([n x
3 (an _x) <(L /2] 275( /2] + ))

x>T/2

n 2l —
<<Ln/2j> > (L o 2)

>T7/2

(L) e

x>T7/2
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The result now follows from the fact that the last line is o(.) of the number of 2-
coloured graphs with partition size as equal as possible. O

Lemma 5.4 Suppose that m > 20nlogn. Fiz an almost equitable bipartition with
vertex classes A and B. The probability that an AB-graph with m edges chosen
uniformly at random is disconnected is o(1/m?).

Proof. Let a = |A| and b = |B|. Let )_ ., denote the sum over all ordered pairs of
integers a’ and & with ' + % > 1 and o’ < a/2 and ¥ < b/2. Then the probability
that a random AB-graph as above is disconnected is at most

agb: (;z/) <1(:/> <a’b’ + (a —ma’)(b - b’)>/<j3>

LAY ab—d'(b—V)—b(a—d) ab
< S (G
(?%D Z exp {a/ (logn - %(b - b’)) +0 (logn - %(a — a’))}
a’\b/
< Z exp {—a'm/(4a) — b'm/(4b)} .
a’\b

Corollary 5.5 For m > 20nlogn,

Bip, = (1+00) > (1), (5.5

m
A,B

Moreover, almost all bipartite graphs with n vertices and m edges are uniquely two-
colourable.

Proof. Certainly Bip,, ,,, < Col2,, . To prove the lower bound, note that a bipartite
graph is uniquely two-colourable exactly when it is connected. But by Lemma 5.4,
the proportion of two-coloured graphs on n vertices and m edges which do not
correspond to a uniquely two-colourable graph is o(1), with room to spare. Hence
the result now follows by Lemma 5.3. O

Proof of Theorem 2.7. Note that Corollary 5.5 immediately implies the first part of
Theorem 2.7. To prove the “moreover” part, note that Corollary 5.5 states that it
suffices to count the number of 2-coloured graphs with an almost equitable biparti-
tion.
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First assume that m = o(n?). Then the upper bound on the number of these
follows from the proof of Lemma 5.3, using the fact that

T/2 /2 )
Ze*‘lmx /m* = (1+o0(1 ))/0 e~ 4ma/n g (5.6)
2(logn) 1/4 )
= (1+4o0(1) \/_/ e W2y,
=(1+o0(l)—==/7/2.

\/%

Here we substituted u = zv/8m/n to obtain the density function for the normal
distribution. To prove the lower bound, we proceed in the same way as in the proof
of the upper bound, except that we now make use of the following two inequalities.
Fix some ¢ with 0 < § < 1 and suppose that x < 7. Then firstly we have (for
m = o(n?) and using (|n/2| —z)([n/2] +z) > |n?/4] — 2® — z) that

2

((Ln/zJ _ngnm —}—x))/(LnZALJ) 5 <1_ Ln2/4jn_1x2_a;)x ta

(5.4)
>

e—4(1+5)m($2 +x)/n?

> (1 . 6)e—4(1+6)mw2/n2

b

and secondly we have

(i) )/ () = v = (=) =10

Here the last inequality follows since m > 20n log n implies that 7 = o (v/n).

If m/n? 4 0, for the upper bound it suffices to note that (5.6) still holds with
the 1+ o(1) factor replaced by a sufficiently large constant. For the lower bound, it
suffices to note that the number of 2-coloured graphs whose bipartition is as equal
as possible is already sufficiently large. O

5.4 Proof of the O-statement of the triangle case

We now consider those m which are below the threshold for bipartiteness, but which
are not covered by Theorem 2.4. First observe that the case when n/2 < m < ¢in,
where ¢; is some fixed constant, follows from results of Erdés and Rényi. Indeed,
they showed that in this range, the probability that a random graph G,, ,, is triangle-
free is bounded away from zero (see e.g. Chapter IV in [8]). On the other hand, they
noted that for m > n/2, the probability that G, ., is bipartite tends to zero (see
page 57 of [27]). So to prove the O-statement of the ¢ = 3 case of Theorem 5.1, by
Theorem 2.4 it suffices to consider those m with 20nlogn < m < (1 — ¢)t3, where
without loss of generality we will assume that ¢ < 1076,

A (2,1)-coloured graph is a graph together with a two-colouring of its vertex set
with the property that there is exactly one edge which lies within a colour class
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and a (2, 1)-colourable graph is one which can be (2, 1)-coloured. Let Bip:{;n denote

the number of (2, 1)-colourable graphs on n vertices with m edges, and let Col2;’[y}n
denote the number of (2, 1)-coloured graphs on n vertices with m edges. Recall that
Bip,, ,,, denotes the number of bipartite graphs on n vertices with m edges.

Throughout, » , 5 denotes the sum over all bipartitions of n vertices, and we
write a = |A| and b = |B|.

Proposition 5.6 If 20nlogn < m = o(n?), then
Col2; ], = (1+ o(1))m Bip,, .

= (%) () ()

mzaa—l +b(b—1) (ab
2AB ab—m+1 m

)

—a +o(1))m;3 (:f) (5.7)

The last line follows by separately considering those bipartitions which are almost
equitable and those which are not. Then the proof of Lemma 5.3 shows that the
contribution of the latter is o(1) of that of the almost equitable ones. Now Corol-
lary 5.5 implies the result. O

Proof.

Proposition 5.7 If 20nlogn < m = o(n?), then the ratio of the number of (2,1)-
coloured graphs which do not correspond to a uniquely (2, 1)-colourable graph to the
number of bipartite graphs tends to zero.

Proof. Consider the set C of (2,1)-coloured graphs which do not correspond to a
uniquely (2, 1)-colourable graph. The subset of C where the corresponding (2, 1)-
colourable graph is in fact bipartite contains o(Bip,, ,,) elements by the “moreover”
part of Corollary 5.5.

Now consider the subset of C where the corresponding (2, 1)-colourable graph is
not bipartite. Then it is easy to see that either the bipartite subgraph obtained by
deleting the edge in the colour class is not uniquely two-colourable or that there
exists an edge e between A and B so that deleting this edge and the one within the
colour class yields a bipartite graph which is not uniquely two-colourable. Lemma 5.4
now implies that the number of elements of C where this happens, and where the
vertex bipartition into A and B is almost equitable, is 0(C012;’; m/m). Since the
proof of Lemma 5.3 shows that the number of (2, 1)-coloured graphs with a vertex
bipartition which is not almost equitable is also 0(00122 m/m), the assertion now
follows from Proposition 5.6 (since it implies that we may replace the o(COIQZ}n /m)
by o(Bip,,,,,)-

O

Proof of the 0-statement of Theorem 5.1 for £ = 3. As remarked at the beginning of
this section, we may assume that 20nlogn < m < (1—¢)ts. Fix an almost equitable
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bipartition into classes A and B, fix an edge e in A and let p = (1+¢2)4m/n?. Then
the probability that a random AB-graph with edge probability p forms no triangle
together with the edge e is

(

(1-p?)’ B

o @ Hpb & (—(1+e%)?8m?/n?

= V.

Note that my > (1 — &)tge~(17€8(t3)*/n* _, o The same result holds if we fix an
edge in B. Now (3.3) implies that the number of edges in the bipartite graph is less
than m — 1 with probability at most e~ = o(1/m), for some constant ¢ depending
only on £. Since the probability of being triangle-free is monotone decreasing with
m, this implies that the probability that an AB-graph, with m — 1 edges chosen
uniformly at random, forms no triangle together with e is certainly at least v/2.
Thus as in the proof of (5.7), the number of (2, 1)-coloured graphs not containing a
triangle is at least

i (maf 1> (<(21> + (g>> g = +o(1))gmi <i€>

The result now follows from Proposition 5.7 and the fact that vm — oo. O

5.5 Counting almost bipartite graphs

In this section, we reduce the proof of the second 1-statement of the £ = 3 case of
Theorem 5.1 to proving that certain graphs (which are close to being bipartite) are
triangle-free with sufficiently high probability. Throughout this section, we assume
that m > (1 + €)t3, where without loss of generality, we assume that ¢ < 1076.

As a preliminary step, we partition the set of graphs with m edges and n vertices.
Given any graph G, one of its vertices x and a set of its vertices S, we denote by
dg(z) the number of neighbours of z in S. Given a bipartition of the vertices of G
into A and B, we say that the bipartite subgraph spanned by A and B dominates the
graphs induced by A and B if for each vertex x € A we have d4(z) < dp(x) and for
each vertex y € B we have dp(y) < da(y). We now say that a (ka, kp, A, B)-graph
is a graph together with a vertex bipartition into classes A and B so that the graph
spanned by A contains exactly k4 edges and that the one spanned by B contains
exactly kp edges, and furthermore that the bipartite graph spanned by A and B
dominates the graph induced by A and B.

We say that a graph G is (ka, kB, A, B)-bipartite if it forms a (k4, kp, A, B)-graph
together with the bipartition into A and B. We say that a graph G is k-bipartite
if k£ is the minimal number of edges needed to make it bipartite. Note that, for
k = ka + kp, every k-bipartite graph is (ka, kg, A, B)-bipartite for some A, B, but
that the converse is not necessarily true. Note also that a (0,0, A, B)-bipartite graph
is bipartite. We will usually write (ka, kp) instead of (ka,kp, A, B). Let a = |A]
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and b = |B| again. We will refer to the subgraph of a (k4, kp)-graph induced by A
as its ka-graph. Equipped with these definitions, we can now write

m/2
P(Gm is Ka-free] <Y >~ PGy is Ks-free and (ka,kp)-bip.].  (5.8)
A,B ka+kp=0

Recall that the sum ) a,p is over all bipartitions of n vertices. We do not have
equality in (5.8) since a graph may well be (ka, kp)-bipartite for several different
pairs (ka,kp). On the other hand, note that for a fixed bipartition into A and B,
there is a one-to-one correspondence between (k4, kp)-graphs and (k4, kp)-bipartite
graphs.

Now we classify the (k4, kp)-bipartite graphs according to the properties of the
subgraphs induced by A and B. For all » > 0, let

hay=(1—e)ka,

let .
e*m
Dy=—""
47 nlog(m/ka)’
and define 74 by
4loglog(m/ky)
1—e)4 = : :
=™ = " log(m/ka) )

We denote by T’y a largest spanning subgraph of the k4-graph of maximum degree
at most D4 and call it the torso of the ka-graph. For 1 < r < r4, we say that a k4-
graph is a k4 ,-graph if its torso has more than k4, and at most k4,1 edges. Note
that since D4 is larger than the average degree of a k4-graph, a regular k4-graph is
a ka1-graph and is equal to its torso. A graph has a small torso if it is “far” from
being regular. Thus in a sense, the parameter r measures how far a k4-graph is from
being a regular graph. Furthermore note that if k4 < (1+¢)D4, then any k4-graph
is a ka,1-graph. We call a ka-graph a ka ,,-graph if it is not a k4 ,-graph for any
r <r4. We define kp,, Dp, T and rp similarly and then extend these definitions
to kp-graphs, (k4, kp)-bipartite graphs and (k4, kp)-graphs in the obvious way.

For later reference, we note the main consequences of our definitions in the fol-
lowing proposition.

Proposition 5.8 For 1 <r < ry, consider a ka,-graph and one of its torsos, Ta
say. Then A contains a set S, which has at most

- 2kA,'r71
g = &=

o (5.10)

vertices, so that each edge not in T4 is adjacent to a vertex in S. Moreover, the
number of ka-graphs is at most

(Z) (kA al:Am1> (;@f%)) (5.11)
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We call the set S a spine of the k4 ,-graph (corresponding to T4). In what follows,
we will often use the fact that (crudely) for a > n/4,

ka ka 8ka  8kalog(m/ka)
< <-< =
e2m ~ e2nDylog(m/ka) — a — nDy etm

V2]

. (5.12)

In some cases it will suffice to use that the right hand inequality in turn implies that
s/a<1/16 and sloga < ka. (5.13)

Note also that s > 1.

Proof of Proposition 5.8. Since by definition T4 has at most k4 ,_1 edges and has
maximal degree D 4, there are at most s vertices in A whose degree in T4 is exactly
Dy4. Let S be the set of these vertices. Every edge not contained in 74 has at
least one endvertex in S, since otherwise it would have been included in T4 by the
edge-maximality of T4. To prove (5.11), note that the above implies that every
k4 ,-graph can be constructed by first choosing the vertices of S, then kg — k4,1
edges with at least one vertex in S, and then the remaining edges. O

For k > 1, let
f(k?, 1) — eklog(20m/k)‘

Here and below for convenience we interpret klogm/k as zero if k = 0. For 1 <r <

T4, let
f(k‘,T) _ e(1+82)(176)r’1klog(m/k) _ e(1+e2)k,~,110g(m/k).

Lemma 5.9 Ifa, b>n/4, m = o(n?), and ka + kp < e’m,
]P[Gn,m 18 (kAJj ) kB,T‘Q)_bip'] S f(kAv Tl) f(kBa T?) P[Gn,m 18 (0/ 07 A7 B)_blp]

Proof. Consider the case r; = rp = 1 first. We bound the number of (ka 1, kB 1)-
bipartite graphs by the total number of (k4, kp)-bipartite graphs. Since the colour
classes are fixed, the ratio of (k4, kp)-bipartite graphs to (0,0, A, B)-bipartite graphs

may be bounded by
(ED () i)/ ()

(a®/2)F1 (02 /2)*  (ab)m—ts—kp _m!
kA! kB! (m—kA—kB)! (ab)m

= (k;;nkB> (a®/2)ka (b2 /2)5 : 1

ab— m) ka+kp

() )"
< f(ka,1) f(kp,1). (5.15)

Here (5.15) follows from (5.14) since for the multinomial coefficient we have

(7 )= (M) (") < (PY () 2 () ()

<
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Now (5.15) follows by substituting this into (5.14) and using a, b > n/4.

Now we turn to the case 1 > 1 and ro = 1. For simplicity, let £ = k4 and
k' =kar 1. By (5.11), the ratio of the number of (k4 ,,,kp,1)-bipartite graphs to
(0,0, A, B)-bipartite graphs may be bounded by

=IO 2
2 e (), (5)/(0)

. (as)k—k’ a2k k!
< f(kv 1)f(k371)a (k—k,)' W (a2/4)k

Fk, 1) f(kp, 1) a® 8F (S)kk : (5.17)

VAN

where in the last line we used k!/((k — k')!k'!) < 2%. Now use (5.12) and also the
fact that sloga <k (see (5.13)) to see that (5.17) is at most

(k1) f(kp, 1) (8e)* exp {(’f — k)log <M> }

etm

(
< f(kp.,1) exp {2kloglog(m/k) + k" log(m/k)}
= f(k,r)f(kp,1) exp {2k log log(m/k) — 2K’ log(m/k)}
< f(k,Tl)f(kB, 1). (5.18)

In the last line we used the fact that r; < r4 and (5.9) imply that k/k" is not too
large.

Now one may use (5.18) to prove the general case when r1 > 1 and 9 > 1 in the
same way. O

We now prove a lemma and a corollary which we shall need in Sections 5.6 and 5.7.
They will imply that the bound of Lemma 5.9 is not too far from the truth. The
proof of Lemma 5.10 implies that it also holds with A replaced by B. For each k4,
let ] denote the largest r1 so that the class of k4, -graphs is nonempty, and for
kp. define r5 similarly.

Lemma 5.10 Suppose that a > n/4, ka < e°m, and r1 < ri. With probability at

least (f(ka, 7“1))_262, a ka ., -graph chosen uniformly at random has mazimum degree
at most m/n.

The probability bound in the lemma is far from best possible, but it suffices for our
purposes.

Proof. The case r; = 1 is straightforward. Indeed, we are immediately done if
ka < m/n. If not, consider a kj-graph chosen uniformly at random and for a
fixed vertex x in A, let X denote the degree of x in this random graph. Then
E[X]| = 2ka/a < D4/2 and moreover, for 0 < j < a,

i () W),
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In other words, X is hypergeometrically distributed. Thus we can apply Theo-
rem 2.10. in [41], which says that the Chernoff bounds (3.3) and (3.4) hold also
for such X. Let Z denote the number of vertices of degree at least D4. Then
applying (3.4) with (1 + 6)E[X] = D4 shows that

P[Z > 0] <E[Z] < aP[X > D] < an”4 — 0,

for some fixed n < 1. Thus almost all k4-graphs have maximum degree at most D 4.
Any such graph is a k4 1-graph and since D4 < m/n, the statement follows.

Now consider the case when r; > 1. Note that this implies that k4 > (14 ¢)D 4.
As before, we write k = k4 and k¥’ = ka,,—1 for simplicity. First we prove a lower
bound on the number of k4, -graphs with maximum degree at most m/n. Fix a
set S” of s’ = [e2k//D 4] vertices in A. Let H; be the set of all graphs with exactly
k— (1 —¢e?)k" edges such that each of its edges has one vertex in S’ and the other in
A\S’. Let H) be the set of graphs in H; where the vertices in S’ all have degree at
least D4 and at most m/n, and where the vertices in A\S’ all have degree at most
D4/2. Consider a graph chosen uniformly at random from H;. Then the expected
degree of a vertex in S’ is (k — (1 — £2)k’)/s’, and it is easily seen that

k—(1—e®)k kDs _m g2 (5:9) m

< < = < m

s 2k T n(l—g)ralog(m/k) T 2n

The expected degree of a vertex in A\S’ is at most k/|A\S’| < Dy4/4. Similarly
to the case when 1 = 1, by counting the expected number of vertices of too large
or too small degree, one sees that |H)| = (14 o(1))|H1|. Now let Hz be the set of
all graphs with vertex set A\S” and exactly (1 — )k’ edges, and let H} be the set
of all graphs in Hs with maximum degree at most D4/2. Again, one can show as
before that |H5| = (1 + o(1))|Hz|. It is easily seen that all graphs which are the
union of a graph in H} and one in H), are k4 ,,-graphs — any torso of such a graph is
constructed by taking all edges from the graph in H/, and by taking, for each vertex
x € 8, D4 of the edges adjacent to x in the graph in H). Thus the above implies
that the number of ky4 ,,-graphs (with maximum degree at most m/n) is at least

/ / a—s’
y "= (1 1 s'(a — ') ( 2 ) ) 1
il = 1o, 5 (D2 (5.19)
The result now follows by comparing this lower bound with the upper bound on

the number of k4, -graphs in (5.11). The calculation is similar to the proof of the
second part of Lemma 5.9. Note that s’ > &2s/2.

v /(). (D)

(1 ) /(1)
>a7% (e2/4)F (25’ Ja)=H 27F

O (80 (25/a)

> (k/m)352k’/2’

(14¢/2)Ds <
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where the last line follows since (5.9) implies that & < k" log(m/k)/loglog(m/k) and
furthermore by (5.12) we have that e2s/a > k/m. 0

Corollary 5.11 Suppose that |a—b| < &%n and that ka+kp < e®m. The number of
(kar,kB,ry)-graphs is at least (1 + o) (f(ka,r)f(kp,r2))"2%" multiplied with the
product of the number of ka ., -graphs, the number of kg ,,-graphs and the number
of AB-graphs with mi1 = m — ks — kg edges.

Proof. We count only those (ka, kB, )-graphs where the AB-graph has minimum
degree at least m/n and where its k4, -graph and its kp ,-graph have maximum
degree at most m/n. In an AB-graph with m; edges chosen uniformly at random,
the vertices in A have average degree mi/a > (1 —€)2m/n and the vertices in B
have average degree m1/b > (1 — &)2m/n. Thus, by counting the expected number
of vertices of degree at most m/n, one easily sees that almost all AB-graphs with m;
edges have minimum degree at least m/n. By Lemma 5.10, the proportion of kg4 ,, -
)—262

graphs with maximum degree m/n is at least f(ka,r; and also the proportion

of kp r,-graphs with maximum degree m/n is at least f(kp, 7"2)_252. O

Lemma 5.12 The ratio of the number of (ka, kp)-bipartite graphs with ka + kp <
e5m, |a—b| > e?n, and m edges to the total number of bipartite graphs with m edges
tends to zero as n tends to infinity.

Proof. The proof is similar to the first part of the proof of Lemma 5.9. The number
of (ka, kp)-bipartite graphs as above is certainly at most

()

= m (A —et/n?/a), o (|n2/4]
n n2(kA kgp) m—ka—kp
DY (kA;kB> ' 2/, ( m )

ka+kp>0

- katimso \FATEB ([n?/4] — m)raths
(5.16) (Ln2/4J> 265m m—ebm e'm n2(katkp)
< 2" (e/e”) (1-¢*/4) —
m km%;;zo (n2/5)kA+kB
m 2
<2"m? {(5e2/€10)65 (1- 64/4)1765} <Lnn{4J>

Since (1—&%/4)17" < ¢="/8, the term in the curly brackets is strictly less than one.

The result now follows since the total number of bipartite graphs with m edges is
2

at least (L"W&J). 0

Lemma 5.9 and Lemma 5.12 will enable us to deduce the ¢ = 3 case of Theorem 5.1
once we have proven the following three lemmas. In each of the following lemmas,
we assume that |a — b| < &?n, ka + kp < zsgism, m = o(n?), r1 <rf, and ro <71}
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Lemma 5.13 Ifry <74 and f(ka,r1) > f(kp,72), then

2

]P[Gn,m 18 K3—f7”66 | Gn,m 18 (kA,m’ kB,rz)'bipartite] S (f(kAaTl))ilia .

Lemma 5.14 If ri <r4 and ro < rp, then

2

]P[Gn,m 8 Kg—free | Gn,m 18 (kA,rl-, kB,rg)‘bZ'p-] S (f(kAarl)f(kB7T2))_1_E .
Lemma 5.15 Ifry =14 and f(ka,r1) > (f(kp,72))° *2 , then
]P)[Gn,m 18 K3—f7‘ee | Gn,m 18 (kA,ru kB,m)'bipartitd S (f(kA7 Tl))74/82 .

Below, we will use the fact that the proofs of Lemmas 5.13 and 5.15 imply that they
also hold with A and B etc. interchanged. Proof of the second 1-statement of the
¢ = 3 case of Theorem 5.1 (modulo Lemmas 5.13, 5.1/ and 5.15). We will assume
that m = o(n?), since the result was proven already by Promel and Steger [70] for
larger m. Furthermore, by Theorem 2.5 by Luczak [59] we have that

PGy, m is Ks-free]
<(1+40(1))P[Gr m is K3-free and k-bipartite for some k < e m ], (5.20)

where without loss of generality we assume that ¢ < 1079, Since every k-bipartite
graph is (k4. kB ,)-bipartite for some A, B, r, r2, and some k4 and kp adding
up to k, (5.20) is at most (see also (5.8))

’I"l ,’1“2

(1+o(1 Z Z Z Gn,m is (kar, , kB r,)-bipartite] x

A,Bka+kp=0r1,r2>1
X PGy, m is Ks-free | Gy is (kary, kB r, )-bipartite]. (5.21)

Let ZZ 5 denote the sum over all bipartitions with |a — b| < ?n. By applying
Lemma 5.12 and then Lemma 5.9, one sees that (5.21) is at most

7‘1,7"2

(1+o(1)){ [G.m is bipartite] +Z Z Z f(kasr1) f(kp,T2) ¥

A,B ka+kp=1 r1,r2>1

XP[Gp m is Ka-free | Gy is (kar s kB ro )-bip.] P[Gp m is (0,0, A, B)-bip.]
(5.22)

For those summands with r1 < r4 and ro < rp we now apply Lemma 5.14. If
r1 =714 and ro = rg we apply Lemma 5.15 if f(ka,7r1) > f(kp,72) and Lemma 5.15
with A replaced by B otherwise. For those summands with 71 = 74 and ro <
rp we apply Lemma 5.13 with A replaced by B if f(ka,r) < f(kB,r2)52/2 and
otherwise Lemma 5.15. Similarly, if 1y < r4 and ro = rp, we apply Lemma 5.13 if
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flkp, o) < f(kA,T1)52/2 and otherwise Lemma 5.15, with A replaced by B. Thus
we see that (5.22) is (crudely) at most

(1+ 0(1)){]P’[Gn,m is bipartite| +

rl ,’f‘2

+Z]P’ nm 15 (0,0, A, B)-bip.] Z > (flkar)f kB,rQ))—€2/3}.

A,B ka+kp=1 r1,r2>1

Since it is easily checked that the double sum is o(1), an application of Lemma 5.3
and Corollary 5.5 now completes the proof. O

5.6 Large torsos — Poisson behaviour

This section is devoted to the proofs of Lemmas 5.13 and 5.14. Let
mi=m-—ka—kp

and note that m; > (1 —&®)m

Lemma 5.16 Suppose that |a — b| < e%n, ka + kg < e°m, and that r1 < ra. Fiz a
kA -graph Gz and a kp,,-graph Gp. Let

(1-— 62)m1‘

p= ab

Consider a random graph Ga , G p Which is obtained by setting Ga, . plA] = Ga,
GagaceplBl = Gp and including the edges between A and B with probability p
independently. Then the probability that Gg , Gg.,p 1S triangle-free is at most

(f(ka,r)) 10

Lemma 5.17 If in addition to the conditions of the previous lemma, we also have
ro < 1B, then the probability that Gg, cg,p 15 triangle-free is at most

n= (f(kA,Tl)f(kB,Tz))_l_4€2 .

Before we prove Lemmas 5.16 and 5.17, we show how they imply Lemmas 5.13
and 5.14 respectively.

Proof of Lemma 5.14. We first transform from the binomial Gg, gp-model to
one with a fixed number of edges. Fix a k4, -graph G4 and a kp ,,-graph Gp. Let
GaG,,Gp,mi be arandom graph chosen like Gg, G5 p, but with the difference that the
AB-graph is chosen uniformly at random from the set of all AB-graphs with exactly
m1 edges. Alternatively, one may view Gg, Gy m; as a random graph obtained by
picking a graph Gy, p, in G(n, m) uniformly at random, conditional on Gy, [A] = G4
and Gym[B] = Gp. Let Gg,.G5.m, be the set of such graphs.
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By the Chernoff bound (3.4), the probability that in Gg, Gz p, the AB-graph has
more than m1 edges is at most e~ for some constant ¢ depending only on €. The
probability of being triangle-free is monotone decreasing with my, and thus

—cmy

PlGG,Gpm 18 Ks-free] <P[Ga, cpp is Ks-free] + e

<Pl
< PGG,cppis Ks-free] + 7

< 2n. (5.23)
In the second inequality we used that k is small compared to mi; and the last
inequality follows from Lemma 5.17.

Let A denote the event that a (kar,, kB, )-graph (chosen uniformly at random)
is triangle-free. Also, for every pair G4,Gp (where G4 is a kg, -graph and Gp is
a kpr,-graph), let Fg, ¢, denote the event that a random (ka,,,kp,,)-graph G
satisfies G[A] = G4 and G[B] = Gp. Let D¢, ¢, denote the event that G, ¢pm:
is a (ka,r,,kBr,)-graph. Note that Dg, g5 is exactly the event that the AB-graph
in Gg,,Gg,m dominates G4 and Gp. For fixed A and B, there is a one-to-one
correspondence between (k4 ,kBr,)-graphs and (ka,,,kp,r,)-bipartite graphs in
G(n,m). This implies that it makes sense to consider the events defined above in
the uniform probability measure on G(n,m). Also note that it implies that P[A] is
exactly the probability we are aiming to bound. Then

PlA] = Y PA| FoucslPlFancs)
Ga,Gp

= Y PlGa,apm is Ks-free | Da, ap PlFa, 0]
Ga,GB

< Z PlGa,.Gpm is Ks-free]

P
IED[DGA,GB} [FGAyGB]

Ga,GB

< 2 Z ]P[]:GAaGB]
N IED[DGA GB} .
Ga,GB ’

But P[Dg, | is exactly the number of graphs in G(n,m) dominating G4 and
Gp divided by |Gg,.Ggm.|- On the other hand, P[Fg, ¢, is exactly the num-
ber of graphs in G(n,m) dominating G4 and Gp divided by the total number of
(kar, kB, )-graphs. Thus, writing #{ka,,, kB, } for the number of these, Corol-
lary 5.11 implies that

2

‘gGA,GB,ml | 2e
PlA] < 2n GA%B T <21+ o(D)(f (has o) (k. 12)*

as required. O

The proof of Lemma 5.13 is the same (except that in the end, we use the assump-
tion that f(ka,7m1) > f(kp,72)), and is therefore omitted.

The large deviation inequalities stated in Section 3.2 will be an essential ingredient
in the proofs of Lemmas 5.16 and 5.17.
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Proof of Lemma 5.16. The proof here is similar to that of Lemma 5.17. It is simpli-
fied by the fact that we count only triangles with an edge in A. Thus we can ignore
all terms involving kp ., . O

Proof of Lemma 5.17. Fix torsos T4 and Tg of G4 and G and consider the setting
of Section 3.2. In our case, J is the set of edges between A and B, and S consists
of all those pairs of adjacent edges xz’, yz’ between A and B so that xy is contained
either in Ty or Tg. Thus X is the number of triangles in Gg, Gz, With one edge
in a torso and the opposite vertex in the opposite vertex class. For any a € S, we
have E[I,] = p?. Certainly G, Gp.p is triangle-free only if X is zero. Furthermore,
we have

p=E[X] > (bkay, + akpr,)p? > (kap + kB,,,g)”(l%gz)pQ (5.24)
> (kag + kB,m)g(l_n—mez, (5.25)
and
A= Z Z]P’[xz', v, 22 € Go,app) + Z 8Plzx’, vy, yz' € Ga,.appl
zyyz 2 zy,z'y’
Here ny,yz denotes the sum over the set of ordered pairs of edges in the torsos

T4 and Tg which are adjacent. Note that the number of summands is at most
kar—1Da + kBry—1DpB. Zmy’m,y, denotes the sum over the set of pairs of edges
with zy in T4 and 2y’ in T. The number of summands here is k4, —1kpr,—1 <
ko —1nDp. The factor 8 is due to the fact that there are 8 possible ways of
extending two given opposite edges into two ordered adjacent triangles. Without
loss of generality we will assume in the remainder of the proof that k4 > kp (which
implies that D4 > Dp). Thus

A=(> n+ > 8|p*<(kap-1Da+kpp-1Dp+ 8k _1Dp)np®
Y, Yz zy,x'y’
5 (5:24)
Sg(kA,rl + kB,TQ)DAnp < 25uD pp. (5.26)
Furthermore note that by Lemma 5.16 (with A replaced by B) we may assume that
2

€
log f(ka,r1) > 5} log f(kp,T2). (5.27)
Suppose first that A > p. Crudely, we have
2 (5.26) (5.24) log(m/k4) 4m
L L np nlog(m/ka
2> > T > o A T
2A T 50Dap ~ (kar + ki) 101D, = "7 102¢*m  n

4 (5.27)
> E—Qlogf(kA,Tl) > (14 4e*)(log f(ka,r1) + log f(kg,72)),

and so we are done by correlation inequality (3.6) in this case. So henceforth assume
that A < p. Thus by correlation inequality (3.5) we will be done whenever we can
show that

1/2 > (1+4e%)(log f(ka,r1) + log f(kp,r2)).
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Now consider the case when k4 > n=3¢*/16p, This implies

(5.25)
poo> kan (-1 +e)%log(n®?) > kap, 1log(n®?)

8 8
> kA,r1—1€—2 log(m/ka) > m log f(ka,r1)
(5.27) )
> 2(1+4€ )(logf(kA,Tl)+10gf(k'B,'I"2))-
So henceforth assume that ks < n=3"/16m. Now suppose additionally that m < 3ts.
Then
A (5260  95¢% 4 9-16(t3)?
A 2etm  dm a9 1607 000 (5.28)
,u nlog(m/k4) n? 3e2n3logn

On the other hand, we have that, using m > (1 4 €)t3 in the first line and m < 3t3
in the third line,

(5.25) 2\5 2 3/2
po = (kagy +kpypy)(1—e%)°(14 €)% log(n”?)
> (142001e2) (ka1 + kB 1) log(n®/?)
> (1+2000e%)(log f(ka,m1) +log f(kp.72)), (5.29)

Hence in this case, inequality (5.28) and correlation inequality (3.5) give the desired
result.
If m > 3ts, using (5.25), it is straightforward to check that this implies

p > 4(log f(ka,r1) +log f(kB,72)).

Since we assumed that A < p, we are again done by correlation inequality (3.5) as
observed above. O

We remark that the only place in the entire proof where we made essential use of
the condition m > (1 + €)t3 was to prove (5.29) when k4 + kp is small. The larger
ka + kp is, the more the condition on m can be relaxed. Indeed, the proof can be
extended to show that for any fixed &, § > 0, if ky < n3/2=0 and

m> (1 +€)\/T§n3/2 (logn _ glog k0>1/2 —(1+e) ((n/2)3 log (ns/z/ko))1/27
(5.30)

then almost all graphs in 7 (n,m) can be made bipartite by deleting at most kg
edges.

5.7 Small torsos — expanding neighbourhoods

The aim of this section is to prove Lemma 5.15. Its proof hinges on the fact that in
a (kay,, kBr,)-graph, sufficiently large sets in B will have neighbourhoods of size
almost |A| in A with very large probability. We first prove this in a more tractable
probability model (Lemma 5.18).
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Let k = k4 and let A’ be a given subset of A with |A'| > a — s, where s =
2ka,r,—1/Da as in (5.10). Consider a random A’ B-graph with edge probability py =
mo/(ab), where mg > m/4. We say that a set V C B ezpands if its neighbourhood
I'4/(V) in A’ contains at least a — y vertices, where

y = a/1log" <" (m/k). (5.31)

Note that this definition makes sense, since one may check (using k/m < &5~ and
e < 107%) that s < y/2. Furthermore we let
6

o em
A7 40nloglog(m/k)

For a sequence V1, ..., V) of subsets of B we define its total weight to be equal to

h
> IVl
i=1

Lemma 5.18 Consider the setting of the previous paragraph. Given h < k, for
1 < i < h let v; satisfy v; > D'y. Furthermore, suppose that Z?:l v; > k/4. Let
Vi,..., Vi with |V;| = v; be chosen uniformly and independently at random in B.
Then

P[the expanding V; have total weight at most k/8] < f(k,rA)_18/82.
In later calculations we shall make use of the fact that
)
log f(k,ra) < S—leoglog(m/k). (5.32)

The basic idea of the proof of this lemma is based on that of Lemma 11 in Ko-
hayakawa, Luczak and Rodl [52]. Consider selecting b’ subsets W; of B sequentially.
Inductively, we now define whether some W; is useful or not. For ¢ > 1, let U; be
the set of useful W; with j < i and let

j: W]-eui

We then say that W; is useful if at least one of the following holds.

/ . /I b
® |u1| > Yy, where Yy = M.

o WAUj. w0 Wil > [Wil/2.
Otherwise call it not useful. Thus in particular, Wy is always useful.

Lemma 5.15,) Given W < k and a sequence of integers w; > 0 with 1 < i < h/, sup-
pose that Z?:l w; > k/8. Let Wy, ..., Wy with |W;| = w; be sets chosen uniformly
and independently at random in B. Then

P[the useful W; have total weight at most k/16] < f(k, TA)—19/€2_
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Proof. Fix ¢ > 1 and let

2e

(log4000/54 (m/k:) ) —|Wil/2
ni = .

Then for any fixed u* and ¢, we claim that
P[W; is not useful | u; = u*] < ;. (5.33)

Indeed, if u* > 3/, this follows immediately from the definition. If u* < 3/, we apply
the Chernoff bound (3.4), with X = [W; N{J;. W,el, W;l, p' = u*/b, N = |W;|, and

146 = b/(2u*), noting that the right hand side of (3.4) is at most ((1+8)/e)~ 1+ONP'
Since the event that W; is useful depends only on u;, (5.33) in turn implies that for
any event A depending only on W1, ..., W;_1, we have

P[W; is not useful | A] < n;.

Thus for any fixed subsequence S of the W; which has total weight at least k/16,
the probability that none of the sets in § are useful is at most

4000/ —k/32 (5.32)
H n < (log (m/k)> < 2_kf(k,TA)_19/E2.

) 2e
i: W;eS

Now note that if the useful W; have total weight at most k/16, then there must exist
a subsequence S of the W, which has total weight at least £/16 and where each Wj
in S is not useful. Multiplying by 2" < 2% (to account for all possible choices of S)
yields the result. O

Corolla/ry 5.20 Given h' < k and a sequence of integers w; with 1 < i < I/, suppose
that S w; > k/8. Let Wi, ..., Wy with |W;| = w; be sets chosen uniformly and
independently at random in B. Let

u=min {k/16, y'} .

Then with probability at least 1 — f(k, TA)_19/82 there exist (after relabelling) disjoint
sets W{',..., W}, of total weight at least u/2 so that W' C W; and |W/'| > |W;|/2
for all 1.

Proof. By the previous lemma, with sufficiently high probability the sequence W =
(W1,...,Wy) contains a sequence U = (Uy,...,Up+) of useful sets of total weight
at least k/16. If k/16 < ¢/, set h” = h*. Otherwise, let h” be the smallest number
satisfying

h//

JUusl >
j=1
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For each i < h”, let W/ = U;\ U;;ll U; and observe that by the definition of “useful”,
the W/ have the desired properties. O

Proof of Lemma 5.18. First we calculate the probability that a fixed subsequence
Wi, ..., Wy (of total weight at least k/8) of the sequence of sets Vi,...,V} contains
no expanding sets. By the previous corollary, we may condition on the fact that the
W; contain a sequence W{’,... W}/, of sets as in the statement of that corollary.
Also, for o' = |A',

!/

P[W! is not expanding] < ( @ >(1 _ )@ (WY

But the definition of y in (5.31) and the fact that o’ > a — y/2 imply that y < da’/2.

Thus
W)~ (o) = ()= )
p— / S S .
a—y a' = (a—y) y y
Hence we have, using a’ > a — y/2 again and (3.2),

exp{y(log(ea/y) — po|W/'|/2)}

<
2 exp{y((400/=4)(1 + log log(m k) — po|W"|/2)}
< exp{—ypo|W/|/4},

where we used in the last line that |[W/| > D/, /2. The disjointness of the W/’ then
implies that

P[W/ is not expanding]
&

P[none of the W/ expand] <  e~"ro/ 2 < omuym/(2ab)

(5.31) ———_wm
< e 25b10g200/% (m/k)

_ km _ m
<  max {e 29510100/ (m/k) | @ 2510g4400/s4(m/k)}

(5.32)
< f(kyra) 1O

In the last line we used the fact that k/m < e 7 and € < 1076, Thus in particular
P [none of the W; expand] < f(k,rA)*19/€2_

As in the proof of Lemma 5.19, the result now follows if we sum over all possibilities
of choosing W’ and thus multiplying the above probability by 2" < 2F. O

Now we derive Lemma 5.15 from Lemma 5.18. For convenience let k = k4 and
k' =ka,, 1 again. We say that a k4, ,-graph G4 is friendly if with probability at
least f(k,rA)_6/52 it is dominated by an AB-graph with m; = m — k — kp edges
chosen uniformly at random.

For a given set S C A, we let A’ = A\S’. We say that a vertex z expands if

Fa(I'p(z)) > a—y.

We say that a set of vertices expands well if each of its vertices expands.
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Lemma 5.21 Fiz a friendly ka,,,-graph G and choose an AB-graph uniformly
at random from the set of AB-graphs with my edges dominating G 4. Let S be the
lexicographically first spine of Ga. With probability at least 1 — f(k‘,’I"A)_ll/82, S
contains a well-expanding set S’ with

> da(z) > k/8. (5.34)

z€eS’!

Proof. By Proposition 5.8, the vertices of S are adjacent to at least k — k' > k/2
edges of G4. Recall also that |S| < s = 2k'/Dy4. Thus the average degree in G4 of
the vertices in S is at least

k (5;0) Dy (5.9) em
2s — 5(1—¢)"a  20nloglog(m/k)

=2D),. (5.35)

Let S’ be the subset of S which contains all those vertices whose degree in G4
is at least D’y. Then by (5.35), the vertices in S\S” can be adjacent to at most
|S\S'| D"y < sD'y < k/4 edges in G4, and thus the vertices in S’ are still adjacent
to at least k/4 edges in G 4. For any AB-graph with m; edges, let

Sp = Z dB(.T)
zeS’

and let s’ = |S’|. Note that by definition, we have sp < s’b. Then the proportion of
AB-graphs with sp > m1/2 is at most

() ")/ Co)

<m1> (s'b)*% (ab)™ —*2

SB (ab/2)m
(5.13)
S 4m1 (Sl/a)sB S 477711 S 27m

(5.32)
< fkyra)T18

Since for any two events D and &£, one has P[D|] < P[D]/P[£], by the definition of
“friendly”, the above implies that the proportion of AB-graphs as in the statement
of the Lemma with sp > my/2 is at most f(k,r4)"'2/¢*. Now consider some fixed
sequence of degrees dp(x) for all z € S, where we require that dg(z) > da(z) and
sp <my/2. Let P, s denote the probability measure on the set of all AB-graphs
where the S’ B-graph is uniformly chosen from all S’ B-graphs which conform to the
above degree sequence and the A’B-graph is uniformly chosen from the set of all
A’ B-graphs with my edges, where

mgzm—k—kB—SB.

Note that mgo > m/4. Correspondingly, let P,, ¢ denote the probability measure
on the set of all AB-graphs where we choose the S’ B-graph as above and where the
A’ B-graph has edge probability ps, where po = mgy/(ab). Let S” denote the set of
expanding vertices in S’. The lemma will follow once we have shown that

Py s Z da(zr) < k/8 | AB-graph dominates G 4] < me(k,rA)fw/EZ. (5.36)
zesS”
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But by definition, the left hand side can be bounded by

Py Z da(z) < k/8] / P, s/ [AB-graph dominates G 4]
zeS”

< P,z Y dalx) < k/8] £(k,r4)".
zeS"

Furthermore, the proof of Pittel’s inequality (see pages 4 and 35 of [8]) implies that

Py Y da(z) < k/8] (5.37)
xeS"
(n?/4]\ n2 /4] —m
> ( ey Py (1 — po) /4 =m2p, eZS”CllA ) < k/8]

> —Pm,s[ ), da(z) <k/8].
xz€S”

Write S = {z1,...,2,}. To bound (5.37) from above, we apply Lemma 5.18 with
A" = A\S', h = |5 < k and where for all i, the V; are subsets of I'g(z;) of
size exactly da(x;), chosen uniformly at random in T'g(z;). Recall that dp(z;) >
da(x;) > D'y and ) .o dp(x) > k/4. Furthermore note that the definition of
P,,.s implies that the sets I'g(x) are independently and uniformly distributed in B.
This in turn implies that the V; are then also uniformly distributed in B. Thus the
conditions of Lemma 5.18 are satisfied and inequality (5.36) follows. O

Given a friendly k4, ,-graph G4, we say that a kg ,,-graph Gp is friendly with
respect to G 4 if with probability at least f(k,r4) %/ * it is dominated by an AB-
graph chosen uniformly at random from the set of AB-graphs with m; edges dom-
inating G4. In this case, we say that G4 and Gp form a friendly pair and that
any (kayr,,kBr,)-graph G with G[A] = G4 and G[B] = Gp is friendly. Other-
wise we call it an unfriendly pair and call any corresponding (ka,, kg, )-graph G
unfriendly.

Corollary 5.22 Choose a friendly (ka,r,,kB,r,)-graph uniformly at random and let
S be the lexicographically first spine of the ka, ,-graph. With probability at least
— f(k,rA)_5/52, S contains a well-expanding set S” with

> da(z) > k/8. (5.38)

zeS”

Proof. Fix a friendly pair G4 and Gg. Consider choosing an AB-graph uniformly
at random from the set of AB graphs with m; edges dominating G4. Let D be
the event that it also dominates Gg. Let £ be the event that S contains a set S”
satisfying (5.38). Let £ be the event £, conditional on D and note that we are done
once we have shown that P[E] < f(k,r4)~%<". But P[€'] = P[€ | D] < P[€]/P[D),
and thus we are done by Lemma 5.21 O

Note that the reason why we introduced the notion of a dominating AB-graph in
the definition of a (ka,,,kp,,)-graph was that it makes it easier to prove a result
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like Corollary 5.22 — if for instance the AB-graph is chosen uniformly at random
from the set of AB-graphs with mi edges and if S is a fixed set of vertices in A with
|S| < &3s, then one may check that even the probability that S is isolated is larger
than f(k, TA)*5/€2. Finally, we are in a position to deal with (k4 ,,, kB r,)-graphs.
Proof of Lemma 5.15. We first consider the (ka,,,kBr,)-graphs which are un-
friendly. Denoting the sum over all unfriendly pairs by Zg;f G the number of
these is

unf

Z |Gap: Gap is an AB-graph with m; edges dominating G4 and Gg]|.

Ga,GB

We crudely bound the number of summands by the product of the total number of
ka ., -graphs and kp ,,-graphs. By definition, each summand is at most the number
of AB-graphs multiplied by f(k‘,’I"A)_G/E2. Comparing the resulting upper bound
with the lower bound on the total number of (ka,,, kB, )-graphs in Corollary 5.11,
one readily sees that the probability that a (kar,,kBr,)-graph (chosen uniformly
at random) is unfriendly is at most

(1+ 0(1))f (k,ma) "2 f(kp, )% < f(k,ra) %"+,

where the final inequality comes from our assumption made in the statement of the
lemma.

Thus it suffices to show that the probability that a friendly (ka,,,kB,r,)-graph
is triangle-free is at most 2f(k,rA)_5/52. For a (ka,,,kBr,)-graph G, let S be the
lexicographically first spine in G[A]. We say that the AB-graph in G is S-good
if S contains a well-expanding subset S” satisfying (5.38). By Corollary 5.22, the
probability that in a friendly (kar,, kB r, )-graph, the AB-graph is not S-good is at
most f(k,ra) /.

Now suppose that in a friendly (ka,,,kBr,)-graph the AB-graph is S-good.
Consider first a fixed set S” in A and a fixed AB-graph which is S-good (for some
S containing S”) for at least one ka,,-graph and so that S” is well expanding
and satisfies (5.38). Write S” = {z1,...,zs}. But then, for a vertex x; € S”,
there are at most y possibilities for neighbours of x; in A which do not produce
a triangle together with the AB-graph. For 1 < i < s”, let da(z;) be a sequence
of nonnegative integers satistying d4(z;) < y and adding up to exactly d4, where
da > k/8. Let Zd“ denote the sum over all such sequences. Thus, similarly to
the proof of Proposition 5.8, the number of kj4 ,,-graphs not producing a triangle
together with the AB-graph is at most

e 8 B (00) (o) ()

da=k/8

oy s" sa (a)
< Z y 2
<3 ()G u)(®)

(B ()
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In the second line we used (s” —1 times) the fact that Z?—o (%) = (") In the
=0 \j j

third line we used s” < s and that the largest summand is the one with d4 = k/8.

Now let #{kp,r2} denote the total number of kp,,-graphs. By (5.13) there are

at most » t/_, (;’) < s(‘;) choices for S”. Thus the above implies that the total

number of triangle-free friendly (ka ,,,kp,r,)-graphs where the AB-graph is S-good

for some S is at most )
a a
8<)U#{k3,7"2}< >
S miq

Similarly as in the “unfriendly” case, we compare this with a lower bound on the
total number of friendly (ka,,,kB r,)-graphs where the AB-graph is S-good. To
this end, note that all k4 , ,-graphs with maximum degree at most m/n are friendly.
Indeed, this follows since (as already noted in the proof of Corollary 5.11) almost all
AB-graphs with m; edges have minimum degree at least m/n. This also implies that
any kp r,-graph with maximum degree at most m/n forms a friendly pair together
with any k4, ,-graph with maximum degree at most m/n. Furthermore, note that by
Corollary 5.22, certainly almost all AB-graphs with m; edges dominating a friendly
pair are S-good. Together with (5.19), the proof of Corollary 5.22 then shows that
the number of friendly (ka,,,kp,r,)-graphs where the AB-graph is S-good is at
least

(1 + o) HL [ Hb (ks v} (ki 2) (b)

mi
Thus the probability that a random friendly (ka,,,ks,r,)-graph where the AB-
graph is S-good is triangle-free is at most

e/, 5 )

(5.13) —e2Vk!
<t U (sa)2) 0= (62/4) TR o g )2

/ / (1752)]6/7]‘3 a2 _(1_82)kl k 2
<48 k/8 7k/8—k' 2k [ SG a” 2
< a*k (sy)* (sa) ™A o2 () . i) S EBoT)
<a* k2" (a/(25))FF 2% (y/a)*/® 3 f(kp,70)%". (5.40)

Now use that sloga < k (see (5.13)), that by (5.10), a/s < m/k, and furthermore
that &’ <k, to see that (5.40) is at most

k(m/k)=F (12e)* (y/a)*/3 f (kp, 72)*
(5.9)

< exp {k <5 log log(m/k) + log(12e) + %log(y/a)> } Fkp, )%

(5.31) 4
<" oxp { = Sortogog(on/0) | (ko)

(5.32) —6/e? 2¢?
< f(k’ TA) f(ka TQ)

< flhyra)™,

where in the last line we used the assumption made in the statement of the lemma.
O
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5.8 0Odd cycles

5.8.1 The sparse case: m/n?> — 0

The proof of the general case of Theorem 5.1 is quite similar to the one for triangles.
However, some of the details are more complicated, which is the reason for presenting
a sketch of the necessary modifications to the proof of the triangle case separately.
We assume without loss of generality that ¢ < 1079 /¢2.

First consider the proof of the O-statement. For n/2 < m < ¢;n, where ¢; is fixed,
the probability that a random graph G, ,,, is C-free is bounded away from zero, so for
these m, we may apply the same reasoning as for triangles. If c;n < m < 20nlogn,
the result follows immediately by noting that the number of bipartite graphs on n
vertices and m edges is at most 2”(“‘;/‘“), whereas the following special case of a
more general result of Promel and Steger (see [69]) shows that the number of C-free
graphs on n vertices and m edges is much larger. We omit the calculations, since
they are very similar to the ones for the triangle case in [70]. Let X, denote the
number of ¢-cycles in Gy, . (Note that E[X,] = ©(m’/n’)).

Theorem 5.23 (Promel and Steger [69]) If m = o(n'T/¢=1), then there exists a
positive constant ¢ so that

PGy ts Cp-free] > o CBlXe],

So assume that 20nlogn < m < (1 —&)t;. As in the case of triangles, we
fix an almost equitable bipartition into classes A and B, fix an edge e in A and
consider a random AB graph with edge probability p = (1 + £2)4m/n?. Note that
a=(14+0(1))b= (14 o0(1))n/2. We need a lower bound on the probability that
the union of such an AB-graph and e contains no ¢-cycle. But the existence of such
cycles is positively correlated, and thus the FKG-inequality (see e.g. Theorem 2.12
in [41]) implies that this probability is at least

Vy.

<1 _ p€—1) (1+o(1)(n/2)*? (5;1) o—(L+e2p! (/202 _

By the definition of ¢y, we have myy, > (1 — E)tge*(lfe)(tf)eflg/”)e — 00, and the rest
of the proof goes through as before.

To prove the second 1-statement, we will make use of Theorem 5.24 below.
Luczak [59] proved that it follows from a well-known probabilistic conjecture (see
also [41]). Roughly speaking, this conjecture asserts that for a fixed graph H, only
a superexponentially small proportion of a certain class of graphs F is not H-free.
For odd cycles, this conjecture was proven by Kreuter [53] for a smaller class of
graphs (which was sufficient for his purposes). However, by adapting the notion of
an (¢ — 2)-expanding set which is used later on in this section, one can show that all
but a superexponentially small proportion of the graphs in F have a subgraph which
is almost as large as the original graph and which satisfies the Kreuter’s additional
conditions, and which implies Theorem 5.24.

Theorem 5.24 Given § > 0, there exists a constant C > 0 so that almost all Cy-
free graphs with n vertices and Cnt/(=1) < m < n?/C edges can be made bipartite
by deleting at most dm edges.
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The proof of the second 1-statement is then the same as for triangles, except that
of course we have to prove Lemmas 5.13, 5.14 and 5.15 for /-cycles. Lemmas 5.13
and 5.14 are derived from Lemmas 5.16 and 5.17 as before. We now show how to
modify the proof of Lemma 5.16 so that it applies to ¢-cycles instead of triangles. S
is now the set of those paths on ¢ — 1 edges (where the edges all have one endpoint
in A and one in B) which form an /-cycle together with some edge in 7'y or Tp.
Thus X now counts the number of /-cycles in Gg, gz,p With one edge contained in
some torso and the others in the AB-graph. Then, similarly to (5.24), we have

= (kg +kpy,)(1—%)n/2) 2

One difference is that A now counts the expected number of pairs of /-cycles with at
least an edge in common, where the edges in the torso are not necessarily adjacent.

Thus
-2
A= Z Z E[Xe,e’ ,i]'

e,e’ i=1

Here 3°, ., denotes the sum over all pairs of edges {e,e'} in T4 UTp and X
denotes the number of ordered pairs of paths «, @ € S in Gg, Gp,p s0 that aUe
and o/ Ue’ are f-cycles and so that a and o/ have exactly i common edges. Now note
that if & and o’ have i common edges, they must have at least i+ 1 common vertices.
Thus one can show that the fact that pn — oo implies that the contribution from
those terms with 7 > 1 is o(1) of those with ¢ = 1. Distinguishing between the cases
where e and ¢’ have an endvertex in common or not as in the derivation of (5.26),
one may now check that (assuming without loss of generality that k4 > kp as before
and also with the same summation as before)

A< (14 8)1)2(21)1< Z (n/2)2(€*2)71 + Z 8€(n/2)2(62)2>

TY,Yyz zy,x'y’
< 250puD gnt3pt2,

Using this, it is easily checked that % > ;%log f(ka,rm1) as before. In the fi-
nal case analysis, we now distinguish whether k4 /m < n e t/EU-1) and whether
(m/ty)=1 < 9. The analogue of (5.28) is then that A/u < 10002, One can com-
pensate this by showing that (using e < 1076/¢2) in (5.29) the term 20002 can be
replaced by 2000¢¢2.

The proof of Lemma 5.15 is also similar, except that instead of Lemma 5.18 we
need a lemma which is concerned with (¢ — 2)-ezpanding sets instead of expanding
sets. As in Lemma 5.18, in what follows, we are given a vertex bipartition into A
and B and a subset A’ C A with |A’| > a—s. We then consider a random (bipartite)
A’ B-graph with edge probability pg = mg/(ab), where mg > m/4. We say that a
set V C B is (¢ — 2)-expanding if its (¢ — 2)th neighbourhood

T (CpTa)22(V)

contains at least a — y vertices. Thus we are done if we can prove
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Lemma 5.25 Consider the setting above. Given h <k, for 1 <i < h let v; satisfy
v; > D'y. Furthermore, suppose that Z?:l v; > k/4. Let Vi, ..., V} with |V| = v; be
chosen uniformly and independently at random in B. Then

P[the (¢ — 2)-expanding V; have total weight at most k/8] < f(k,TA)_18/62.

To prove this, we need an auxiliary lemma. For 1 <d </ —1, let

W — Eﬁtg d
¢~ \ 8onloglog(m/k))

Note that w; = D’,/ and that wg < n'="/E=D+e(D) if § < ¢ — 2. Let

u' =min {k/32,y'/2} .

Lemma 5.26 Letd with2 < d < {—2 be an integer. Let W1 g_1,... Wy q—1 be dis-
joint sets, all in the same vertex class, satisfying |W; 41| > wq—1 and Zfil Wid1>
!

u'. Consider an A'B-graph with edge probability py > po/l. Then with probability
at least 1 — f(k,rA)*lg/EZ, there exist (after relabelling) disjoint Wi 4,..., Whr 4,
satisfying |Wi g > wa, Y00, Wi g >/, and Wy g C T(Wi g 1).

The idea of the proof is similar to that of Lemma 5.19 and Corollary 5.20. The
details are more complicated, but on the other hand, there is more room to spare in
the calculations.

Proof of Lemma 5.26. Since o' = |A’| and b = | B| are approximately equal, without
loss of generality we may assume that the W; 4_; are contained in B. Let W/, =
I'(Wj 4—1). Inductively, we now define a notion called d-usefulness. For all i, let’L{Ld
be the set of those W]’ 4 With j < which are d-useful and let

U; = ‘ U Wj,d|. (5.41)
J: Wj,q€U; q

Then we say that W/, is d-useful if at least one of the following two possibilities
hold.

o |u;| >ad'/2.
o Wi AU;. W, ety g Wid

Now let W' = W, s g W; 4. Then the probability that I/I/Z-” g is d-useful is equal
to one if [W’| > a’/2. So suppose that |W’| < a’/2. Suppose also that p,|W; 41| < 4.
Then for a vertex x € A'\W’, we have

> B[ W ,[]/2°.

P i=PBlo ¢ Wig) = (L= p)™sa1] < (1 pg W1V

Wi a— Wi a— Wi a—
Sl_pel d=1l (| Pl Wia] Sl_pe\ 1]
4 8 8
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Here we used that for 7j < 1, we have (1 —7) <175+ (74)?/2. Furthermore, for
any x, y € A’ with « # y, the events that « € W/ ; and y € W/ ; are independent.
Thus |W/ ,\W’| is binomially distributed with mean

(Wi \W'[] = [A\W'|(1 = p) > a'pel Wia—1/2". (5.42)

On the other hand, E[|W] ,|] = a/(1 —p') < a'pe|W; a—1]. Indeed, the second inequal-
ity is trivial if 1 < pg|W; 41| < 4. If pe|W; g—1| < 1, the second inequality follows
from the fact that for 75 < 1, we have (1 —7)7 > 1 — 7j.

Thus by applying the Chernoff bound (3.3) with § = 1/2, we have

P[W/ , is not useful | |[W'| < a/2] < exp {—a'pg|Wi,d_1|/27} .

Now consider the case pg|W;4—1| > 4. If W/, is not useful, the trivial inequality
E[|W; ;1] < o’ implies that there must be a set V of at least a’/4 vertices in A’ which
are not adjacent to any vertices in W; 4_;. Since there are at most 29 choices for
V', in this case we have

P[W! , is not useful | [W'| < a//2] < 2%(1 — py)Waa-l/4
< (e/z)—pea'|Wi,d71|/4
< e~ Ped' [Wia1|/8

Thus for any fixed subsequence Wy_1 of the W; ;1 which has total weight at least
u//2, the probability that none of the corresponding neighbouring sets W/ , are d-
useful is at most

exp{ a > a/dei,d—l\/Q?} < exp {—a'pou//(2°0)}

e Wi g 1€EWq 1
< 2K f ke, rg) 1 (5.43)

where we used that ¢ < 1076/¢2 to get rid of the 1/¢ factor in the exponent. The de-
tails of the intermediate calculations are similar to those of the proof of Lemma, 5.18.

Now note that if those W; 41 whose neighbouring sets WZ.C 4 are useful have to-
tal weight at most u’/2, then there must exist a subsequence Wy_1 of the W; 4_1
which has total weight at least u/2 and where none of W} ; which correspond to
some W g_1 € Wy_1 is useful. Multiplying by 2" < 2%, (5.43) implies that with
probability at least 1 — f(k,r A)—19/ 52, no such subsequence W; ; exists, and so the
W; a—1 whose neighbouring sets W/ ; are useful have total weight at least u’/2.

Let W) be the set of these useful W/ ;. Without loss of generality, assume that
the sets are numbered so that W/ = {W{Vd, cors Wi g} for some " < R, Let
Wi = {W] ,....,W,. ;}, where h* = h" if upm < a//2 (where u; is defined as
in (5.41)), and otherwise A* is the smallest number satisfying

h*
| U Wil >d /2
i=1
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Suppose that W/ contains a set Wj{’d so that pe|W; 41| > 4 for this j. Then
B[/ )] = &/(1 — p) Wit > &/(1 — e plWsasl) > /(1 — 674 > 25y

So setting h” =1 and Wy 4 = W]’ , satisfies the requirements of the lemma. So we
may assume that py|W; 41| < 4 for all i < h*. We claim that in this case, the sets in
W/ have total weight at least 2°u’ and satisfy W4l > 25wy for all i < h*. Indeed,
inequality (5.42) implies that

B[ Wi 4l > BI[W \W'|] > a'ppwg_1/2* > 2°wg.

Similarly, E[|W/ ;|] > 27|W; 4_1|, and so the claim follows from the fact that those
Wi 4—1 whose neighbouring sets W ; are useful have total weight at least u'/2 and
from the definition of d-usefulness. Now we choose disjoint W; 4 from the I/VZ{d in
W satisfying the assertion of the lemma as in the proof of Corollary 5.20. O

Proof of Lemma 5.25. This is similar to the proof of Lemma 5.18. Again, we first
calculate the probability that a fixed subsequence W = (W1, ..., Wy/) of total weight
at least k/8 of the sequence of sets Vi,...,V} contains no (¢ — 2)-expanding sets.
Since for all 4, |W;|/2 > D', /2 > w1, an application of Corollary 5.20 tells us that
with probability at least 1 — f(k,r A)719/ 52, we can find a sequence of sets satisfying
the conditions of Lemma 5.26 with d = 2. Now define p; by (1 — pe)e =1—pp and
note that an A’ B-graph with edge probability py can be considered as the union of
¢ independent A’ B-graphs with edge probability p;. Note also that p; > po/f. Now
apply Lemma 5.26 with d = 2 to the sets obtained from Corollary 5.20 and the first
of the £ random A’ B-graphs with edge probability p,. Then with probability at least
1— f(k,rA)*lg/g, we obtain sets W; o which satisfy the conditions of Lemma 5.26
for d = 3. Now continue this process, until after ¢ — 3 applications of Lemma 5.26,
with probability at least 1 — (¢ — 2)f(k,r4)"'%/*, we have a sequence of disjoint sets
Wi _o,...,Wpr_o as in the assertion of Lemma 5.26 for d = ¢ — 2. The remainder
of the proof is now the same as that of Lemma 5.18, except that we consider a
random A’B-graph with edge probability p, again. For all ¢ with 1 < i < b we
have (using W; p—o > wy_2)

/

]P[ |FA/(WZ"£_2)| <a-— y] < < a )(1 — pg)(a’*(afy))\Wu,ﬂ
a—y

< exp{—ype| Wi r—2|/4}.

The disjointness of the W; y_o then implies that

Pl () {IPa(Wie—a)| <a— y}] <e P/t < fll,ry)719%"
1<i<h’

Putting the above together, the probability that in the union of the above graphs
(and thus in the random A’B-graph with edge probability pg) none of the W;
is (¢ — 2)-expanding is at most (f(k,r4)"2%¢>. Now note that if the (¢ — 2)-
expanding V; have total weight at most k/8, then there must exist a subsequence

W = (W1,...,Wy) of the V;, where the W; have total weight at least k/8 and where
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each W is not (¢ — 2)-expanding. The result now follows if we sum over all possi-
bilities of choosing W and thus multiplying the above probability by 2" < 2F. O

5.8.2 The dense case: m/n* /4 0

In this section, we show how one can deduce the result of Theorem 5.1 for the case
when m /n? £ 0 from the results and techniques in Lamken and Rothschild [56] and
Promel and Steger [70]. The proof will proceed by induction on ¢ and n. For this
section only, all logarithms are base 2.

Let F,,m(Cr) denote the set of Cy-free graph with n vertices and m edges and let
Fom(l) = |Fnm(Cy)|. Recall that Bip,, ,, denotes the number of bipartite graphs
with n vertices and m edges. Note that for sufficiently large n and if e < m/4,

—1)2 (3.1) 2/4 _ An3/4
Bipnﬂ,mfeS?n_l <(n D /4> < eTm/mgn (n /4= 4n > (5.44)

m—e - m—e

Let A(n,m) denote the set of graphs in F,, ,,(C;) which contain a vertex of degree
less than 4n3/4,

Let B(n,m) denote the set of graphs in F, ,,(Cp) which contain a set @ of size
V/n such that [I'(Q)] < n/2 — n¥/4.

Let £(n,m) denote the set of graphs in F,, ,,(C¢) which are not contained in
A(n,m) or B(n,m) and which contain a cycle of length ¢ — 2.

Lemma 5.27
an3/4 1

A m)| < 27N By (0).
e=0

Proof. Construct all graphs in A(n, m) as follows. First choose a vertex v (for which
there are n = 218" possibilities). For all 0 < e < 4n3/* then choose a Cy-free graph
with m —e edges on the remaining vertices (for which there are £}, 1 ,,,—(¢) choices).
Finally, choose the e neighbours of v (for which there are (”gl) < 4n?/"logn choices).

O

Lemma 5.28 For n > 10/,

n/2 —n3/*
e

E(n,m)| <n(n—1)*3 > (

e=4n3/4

>Fn—1,m—e(€)' (545)

Proof. All graphs in £(n,m) are obtained as follows: first choose a vertex v (n
possibilities). Then for all e > 4n3/%, chose a Cy-free graph with n — 1 vertices
and m — e edges (for which there are F),_ ;,,—.(¢) choices). Then connect v to two
vertices a and b which are joined by a path P on ¢ — 4 vertices in order to form an
(¢ — 2)-cycle ((n — 1)? choices), and then choose the remaining neighbours of v. If
v has a neighbour in I'(a), one may verify (see the proof of Lemma 3 in [56]) that
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the set of possible neighbours of v (i.e. those which can be connected to v without
producing an ¢-cycle) is at most

n— (|0(a)| =€) = (IDTB)| —£) < n— (4n®* —0) = (n/2 —n®/* — 1) < nj2 —n®*.

One obtains the same bound if v has a neighbour in I'(b), and a smaller one if v is
not adjacent to I'(a) UT'(b). Thus for each e, there are 3(n — 1)2("/2;"3/4) choices

for the neighbourhood of v, which implies the result. O
Let
n
9 _ 3/4
Cn,m — 9glognty/n logn Z <TL/ n >Fn_1,m_e(€) (5.46)
e=0 €

and note that Lemma 5.28 implies that |E(n, m)| < C,, .
The following theorem now immediately implies the m/n? /4 0 case of Theo-
rem 5.1.

Theorem 5.29 For any odd ¢ and any € > 0, there exist constants a > 0, a' > 0
and ¢ > 0, so that for alln € N and all 0 < m < (g), we have

Fun(€) < (14 (€= 2))(2 + g + b)) BiDy s (5.47)
where
Inm = a2~ vVm 4 Q(Q_W) en®/?logn
and

B = a/27 V1 4 2n o m,

Proof. Without loss of generality, assume that ¢ < 1/10. The proof is by induction
on ¢ (actually on k = (¢ —1)/2). Choose the constants a and ¢ to be the same
as those in Theorem 2.13 in [70]. For ¢ = 3, the assertion of Theorem 5.29 is then
weaker than Theorem 2.13 in [70], so we may assume that £ is an odd integer greater
than three and that (5.47) holds for all odd cycles whose length is smaller than £.

Obviously, for all n and 0 < m < (g) we have

Fom(0) < |A(n,m)| + |B(n,m)| + |E(n,m)| + Fym(l — 2).
(5.46)

< JA(n,m)| + |B(n,m)| + Cpm + Fpm(€ — 2).
In their proof of Theorem 2.13, Prémel and Steger showed that
|B(n,m)| + Crm < GnmBiby, - (5.48)

(In their case, C,, ,, was actually a bound on the size of a different class of graphs

see Lemma 2.6 in [70] but they did not use this fact in their bounds on Cy, ;,.)
Thus, combining (5.48) with our induction hypothesis, we know that for all n and
all0 <m < (g),

Fom(0) < |A(n,m)| + (14 (€ = 3)(€ + gn.m + hn,m)BiDy, - (5.49)
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Thus it suffices to prove that for all n and all 0 < m < (g), we have
|A(n,m)| < (€ + hn,m)Bipy, - (5.50)

We prove (5.50) by induction on n. Choose ng sufficiently large so that for all n > ny,
we have

(i) n/logn > 32n*® and n > 10¢;

)
(i) gnm < 1if m > n?/logn;
(iii) (5.44) holds;

)

(iv) the proportion of bipartite graphs with n vertices and m edges which have a

vertex of degree less than 4n3/4 is at most /2 if m > n?/°;

(v) Fom(€) < (1+4¢/2)Bip,, ,, for all m with n® <m < n?/logn.

The proof that the condition (iv) can be satisfied is elementary, and therefore omit-
ted. The fact that the condition (v) can be satisfied follows from the result on the
m/n? — 0 case proven in the previous chapter. Choose a’ (in the definition of hy, ;)
sufficiently large so that (5.50) is true for all n < ny. Now assume that we are given
n € N and that (5.50) holds for n — 1 (and for all possible values of m). We will
show that it then also holds for n and all 0 < m < (g)

Suppose first that m < n%/5. Then

(31) mn2/4 n2 4 n2 4
) < e"2/4—m< n{ ) < egm( ni > < eQmBipmm < hnmBiD,, -

(3)
A <
m
So we may assume that m > n%5. If we also have m < n?/logn, then (iv), (v) and
the fact that F, ,,,(¢) > Bip,, ,, imply that [A(n,m)| < eBip,, ,.
So suppose that m > n?/logn. Recall that in this case 9n,m < 1. Using this,
substituting the induction hypothesis (5.50) for n — 1 into (5.49) tells us that (5.47)
holds for n — 1. Thus, if e < 4n3/4,

Fn—l,m—e(g) < (2 +e+ Ehn—l,m—e)Bipn—Lm—e
< a4 (a’ 4o 6*(’“)) Biby, 1

1) 274 _ An3/4
A0 (al + 2n11/6—(m—4n3/4)> e—m/n on (TL /4 dn )

m—e
274 _ An3/4
/@) on (n /4 —4n )

5

VAR'S

m—e

To estimate |A(n,m)|, we shall make use of the following elementary inequality. For
0 <v <k <u, we have

20002 0)0-(0) e

e
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Then by Lemma 5.27, we have

4nB/t—1
Amm)] < 22 N (0)
e=0
a1, o 3/4
5n3/41 _ /(2 ) n /4—4TL
< 9bn ogn,—m nhn,an Z ( o
e=0
(5.51) 3/4 _ n?/4
< 95n logne m/(2n) hn,m 2n< ,n,i )
2
< em/Un g ogn(T /1Y
< , m
Inequality (5.50) now follows from Theorem 2.7. O

5.9 Proof of Theorem 5.2

Throughout this section, we set p =m/(5). Using the fact that x(G) > n/a(G) for
any graph G on n vertices, Theorem 5.2 will follow immediately from the following
lemma (for a graph G, a(G) denotes the number of vertices in the largest set of
independent vertices in G).

Lemma 5.30 If p = O(n=3/%), then
Pla(Grm) = Slog(np) | G is Ks-free] = o(1)). (5.52)
p

If n=3/* < p=o(n=/?), then
Pla(Gpm) > 4pn®?logn | Gn,m is Ks-free] = o(1). (5.53)

To prove Lemma 5.30, we shall need Pittel’s inequality (see page 35 in [8]), which
states that if Q is any property and 0 < p =m/(5) < 1, then

P[Gpm has Q] < 3ymP[G,, ), has Q). (5.54)

The proof of Lemma 5.30 now uses the fact that, for suitable choices of parame-
ters, the probability that there is a “large” independent set in G, ;, is much smaller
than the probability that G/, ,, is triangle-free.

Proof of Lemma 5.30. First note that for any r = r(n) with r — oo,
Pla(Gpyp) > 1] < (”) (1 =)&) < (en/r)re P —1/2 = o~ (1+o(1)o,
r

where for convenience we write

¢ = r(pr/2 —log(n/r)).
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Then by Theorem 5.23 and Pittel’s inequality (5.54), there is a constant ¢ > 0 so
that

Pla(Grm) > 7]
PG, is K3-free]
< 3VmP[a(Gp) > 7] eFXs]
< 3y/m e~ (o) (@—cE[X5])

Pla(Gnm) > 7| Gpom is K3-free] <

(Recall that X3 denotes the number of triangles in Gy, ,,.) Thus to prove (5.52),
it suffices to prove that if r = %log(np) and p = O(n=3/4), then ¢ > 4logn and
¢/E[X3] > 2¢c. Note that our choice of r implies that log(1/p) = (1 + o(1))logr.
This in turn implies that pr/4 = (1 4 o(1)) log(n/r) and thus that

6 = (L+ oU)pr?/4 = 5 (log(np))? = 41og .

Also

¢ p (4 > 6
ey = @ o)t (S1ostu)) s = (1+o(1)

as required.
The case when n=3/% < p = o(n1/?) is dealt with in a similar way. Indeed,
setting r = 4pn®/2logn gives pr/4 > log(n/r) (with room to spare) and thus

¢ > pr2/a = (pn)3+°M) > 4logn.

Also, we have

% — (14 o) (4?10 n)’ ngip?) = (1+0(1))24(log n)? > 2,

as required. O



Chapter 6

The length of random subsets of
a finite set

As outlined in Section 2.3, in this chapter we will study the length of a random
subset P(n,p) of P(n). Recall that P(n,p) is obtained by selecting the elements of
P(n) independently with probability p, and that if we order the elements of P(n, p)
by inclusion, we obtain a random partially ordered set (also called a poset).

Brightwell [17] gives an overview of other models of random posets. The uniform
model was first investigated by Kleitman and Rothschild, who in [49] asymptotically
determined the number and typical structure of partially ordered sets on n points.
Recently, Promel, Steger, and Taraz [73, 71| gave an asymptotic for the number of
partially ordered sets on n points with fixed density, thus solving an open prob-
lem of Dhar, Kleitman, and Rothschild. As another example, several authors (see
e.g. Bollobds and Brightwell [12]) studied the length of the random poset generated
by picking n random points in the k-dimensional hypercube. However this model,
although superficially similar to ours, produces different results and requires other
proof techniques, whereas the proofs of this chapter are based on the techniques
developed by Fill and Pemantle [31], where they prove the analogue of Theorem 6.4
in the context of oriented bond percolation on the hypercube (see also the remark
after Lemma 6.7). Our methods are also related to those used in the past to investi-
gate the diameter and other parameters of random subgraphs of the n-dimensional
hypercube (see e.g. Bollobds, Kohayakawa and Luczak [13, 14]).

As described in Section 2.3, the first result on P(n, p) is due to Rényi [75]. In [74,
76], he also proved results on P(n, p) which have applications in information theory.
Weber (see e.g. [93, 94]) was motivated by the fact that P(n,p) can be viewed as
a random Boolean function on n variables and established asymptotic bounds on
the likely number of conjunctions which are needed to represent such a function in
disjunctive normal form. More recent results on P(n, p) were proven by Kohayakawa
and Kreuter [50] (see Corollary 7.2) and Kreuter [54].

Throughout, we refer to the subset P;(n) C P(n) whose elements have cardinality
t as the tth level of P(n). The tth level of P(n,p) is defined in the same way. The
(Hamming) distance dg(z,y) of =, y € P(n) is given by |(z \ y) U (v \ z)|.

This chapter is organized as follows. In the next section, we state our main results,
namely Theorems 6.1 and 6.4. Our main technical tool, Lemma 6.7, is stated and

73
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proved in Section 6.2. Theorems 6.1 and 6.4 are then proved in Sections 6.3 and 6.4.

6.1 Results

Amongst others, Kreuter [54] proved that the length of P(n,p) is constant when p
decreases exponentially. The following theorem tells us about the length of P(n,p)
when p decays at a rate slower than exponential:

Theorem 6.1 Let k = k(n) < n—1 be an integer valued function tending to infinity.
Then

0 if p(k+1)"* =0,

1 if p(k+1)"*(k/n)? — oco. (6.1)

P[length P(n,p) >k—1] — {

At the end of Section 6.2 we indicate how one may remove the factor (k/n)? at the
expense of more extensive calculations. One consequence of Theorem 6.1 is that
when viewed as a poset, P(n,p) is in a sense close to being a ranked poset. More
precisely, given a constant v with 0 < v < 1 and an element = € P,,,(n,p) one can
apply Theorem 6.1 to P(vn) to obtain bounds on the length of the longest chain in
P(n,p) whose maximal element is .

Another immediate corollary of the above theorem is that when p decreases poly-
nomially in n, the degree of the polynomial turns out to be the average distance
between two elements of a typical maximum chain.

Corollary 6.2 Let r > 1 be a fized constant. Then

0 if pn” —0

n
P {lengthp(n,p)z; —2} —>{ 1 if pn" — oo, (6.2)

We remark that the above threshold could be sharpened slightly by the use of branch-
ing processes and indicate how this may be done at the end of the final section.
Another immediate corollary of Theorem 6.1 is the following asymptotic formula for
the length of P(n, p).

Corollary 6.3 If ¢" = o(p) for any 0 < c <1 and p= O(1/n), then almost surely

n

length P(n, p) = (1 + o(1)) log 1/p

(logn —loglog1/p). (6.3)

The following theorem (which we stated already in Section 2.3) improves Corol-
lary 6.2 for the special case when r = 1 and gives a detailed picture of the final stage
of the evolution of the length of P(n,p).

Theorem 6.4 Let ¢ > e be a given constant. Define p(n) = ¢/n. Let n = n(c)
satisfy n = e~ and 0 < n < 1. Then

Pl[length P(n,p)=n—2] — (1 — 77)2,
P[length P(n,p)=n—3] — 2n(1 —n),
P[length P(n,p)=n—4] — n°.
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Recall that 7 is the extinction probability of a branching process whose family size
has Poisson distribution with parameter c¢. Since the top and bottom levels of P(n)
contain only a single element, almost surely we have that length P(n,p) <n — 1 as
long as p — 0. Finally, the following proposition shows that the previous theorem is
essentially best possible in the sense that if ¢ < e, then P(n,p) becomes significantly
shorter. Indeed, if p = p(n) = ¢/n, Theorem 6.1 and Proposition 6.5 imply that,
very crudely, almost surely we have

=0(1) ifc>e

6.4
— 00. ife<e (6:4)

n — length P(n, p) {

Proposition 6.5 Let ¢ < e be a given constant. Define p(n) = ¢/n. Then almost
surely
log(e/c
length P(n,p) < (1 - log(e/c) n
3logn
Proof. Let
1
_[oate/e) T
3logn
For Q C P(n) denote by Y (Q) the number of (n — a)-element chains in Q. A chain
on n—a elements corresponds to an ordered partition of [n] into n —a nonempty sets.
To bound the number of those, first choose n — a elements, one for each partition
class. There are (n),—, = n!/a! ways of doing this. Then order the remaining a
elements and distribute them among the n — a classes, with (n —a)? possibilities for
this second step. Hence by Stirling’s formula

Y(P(n)) < nnl = O™ /2 (/o))
Thus the expected value of Y =Y (P(n,p)) is
E[Y] = 0“2 (n/e)"p" ") = O(n*" /% (c/e)" ") = o(1)

by the definition of a. O

6.2 Regular chains

The aim of this section is to prove Lemma 6.7 below. This lemma implies that the
number of certain “regular” chains is not too far from its expected value provided
that p is large enough. Once we have this result, Theorem 6.1 will follow immediately,
while we still have to do some additional work for Theorem 6.4. These “regular”
chains are defined as follows: suppose x, y € P(n) are given with x C y. Given any
r and k, we say (z1,...,zy) is an (z,y, 7, k)-chain if x C 1 C --- C xp C y with the
additional condition that |z;| = |z| + [ir] for all 7. Since r and k are always related
in what follows, (z,y,r, k)-chains are simply referred to as (z,y, r)-chains.
Throughout this section we assume that z € Pi(n) and y € Pp_4(n) for some
fixed integer t. Also k, the number of elements in a chain, is a given integer function
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of n with £ < n — 2t — 1. As a measure of the average distance between two chain
elements we define

{ 1 if k=n—2t—1
L

n—2t—1)/(k+1) if k <n—2t—1. (6.5)

The extra minus one in the fraction is a technical artifice to ensure that P, (n, p)
is large enough even when r is not an integer and i is close to k. We separate the
two cases since we want to achieve the best possible result when r = 1. Now, for
given m € N, let

m+1 fk=n—-2t—1

w(m):{ [(m+Dr|+1 if k<n—2t—1. (6.6)

Writing zp = = and zj4; = y, the Hamming distance between chain elements z;
and x;; with j/ > j is then at most ¥(j" — j — 1). We shall often make use of the
fact that ¥(j') — ¢¥(j5) < (' — j)r + 1. Finally we assume that

e T
= d(0)! 6.7
plon) = (O (g ) (©.7)
with d = d(n) > 1. The following form of Stirling’s formula (valid for all n > 0) will
suffice for our purposes:
n\n n\n
= ! -
\/ﬁ(e) <n.<3\/ﬁ<e> .
Let S be a family of subsets of P(n) (in what follows, S will usually consist of

various chains in P(n)) and define Xs to be the number of elements of S in P(n, p)
as in Section 3.2. Also define A(S) as in Section 3.2.

(6.8)

Proposition 6.6 Lett € N, z € Pi(n) and y € Py—t(n) with x C y be given. Let
S =S8(x,y,r) be the set of all (x,y,r)-chains in P(n). Then

lim E[Xs| = oc.

n—oo

Proof. Let Ry, = |S| denote the number of (x,y, r)-chains in P(n). By definition of
r and ¥ we have

n—2t
= <[ﬂa[2ﬂ—[ﬂ,...,n—Qt_UWO (6.9)
(n —2t)!
> DO

Thus

B p 68 (n—2t N )
sl =rt S () e e
no 2\

() w o

>
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The result now follows by Stirling’s formula (noting that ((0)/r)¥©® is bounded by
some constant) and the fact that (n — 2t)/r — cc. 0

Lemma 6.7 Lett € N, z € Pi(n) and y € Pp_t(n) with x C y be given. Let
S = S(z,y,r) be the set of all (z,y,r)-chains in P(n). Then

provided n is large enough.

There are several results on random subgraphs of the hypercube which rely on a
similar lemma, essentially giving bounds on the number of pairs of various kinds of
paths in the hypercube. In fact, case (a) of the proof of Lemma 6.7 is similar to
Lemma 2.2 in Fill and Pemantle [31], but is sketched for completeness. However, in
general their bounds do not apply to our model (even for the simplest case r = 1)
owing to the differences in the geometry of the paths involved.

Proof of Lemma 6.7. Consider any ordered pair («, 3) of (x,y, r)-chains with a ~ (.
Let i = i(«r, B) = | N B] be the number of common elements. Note that 0 < i < k.

A disjoint interval «y is a subset of a \ 8 with the property that, whenever we
have w, w’ € v, v € o, and w C v C w’, we must have v € v. We then let [ be
the maximum cardinality (or size) of a disjoint interval and let s be the number of
disjoint intervals. Note that 0 <l <k —iand 0 <s <k —1.

Now write }_, ; , for the sum over all ordered pairs of (z,y,7)-chains o and 8 with
i(a, B) =1, l(a, ﬁ) =1, and s(a, 3) = s. Let

Ais =Y E[l,1g]

i,l,s

and define A;, A, and A;s similarly. We can then write A = A(S) as

k—1 k—i k—i k—i
A=) "A; where A;j=> Ay=> Aj and Aj=)» Ay, (6.10)
1=1 =1 s=1 =1

Let now ¢, [ and s > 0 with ¢ +1 < k and 7 + s < k be given. Then an admissible
(1,1, s)-configuration is a set A C [k] with |A| = i such that the longest interval of
consecutive elements in [k]\ A contains exactly [ elements and such that the number
of intervals of consecutive elements is exactly s. The set of all admissible (4,1, s)-
configurations, denoted 4;;5, corresponds to the possible intersection patterns of two
(x,y,r)-chains (indeed, the configurations give the positions in which two chains may
intersect). Let Cys = |Ais|. Let Cy = >, Cis, Cis = Y ; Cys, and C; = >, Cy.
Note the trivial bounds C;;, < Cy < C; < (’:)

Now we investigate the number of ways in which a given configuration can be
extended. Let i, [ and s be given and let o« = (17 C x9 C -+ C z) be a fixed (z,y,7)-
chain and A € A;;s. Let E(A) be the number of possible extensions corresponding
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to the intersection pattern given by A: ie., E(A) is the number of § that are
(x,y,r)-chains in P(n) with a N @ = {x;: i € A}. Let

E;s = max E(A).
ils Acd, ( )
This time, define F; = maxs F;s and E;s = max; ;. To estimate Fj, note that
each disjoint interval, between z; and z;» with j' > j say, contributes a factor of

5] = [4r]
(((] +Dr] — [jr],.... [4'r] — [(5" — 1)r-|>- (6.11)

By the log-convexity of factorials, F(A) is then maximized if A has as few disjoint
intervals as possible and if as many of these intervals as possible have maximum size.
Instead of bounding FEj;s directly, it turns out to be more convenient to consider
E;1s/ Ry, where Ry is defined to be the number of (x,y,r)-chains in P(n) as in the
proof of Proposition 6.6. This has the advantage that some of the factorials involving
[r] and |r] cancel straightaway. The same also applies to E;; and Ej,: for instance,
the above argument and the formula for R; given in the proof of Proposition 6.6
imply that

Ey _ ¢0)r1 :

e < mqﬁ(l)!d)(k—z—l)!. (6.12)
Indeed, note that we must have at least one disjoint interval of size [ and that in
the worst case, all the remaining disjoint vertices are contained in a single disjoint
interval of size k — i — [. Furthermore, for each disjoint interval of size I’, the I’ +1
factorials in the denominator of (6.11) will cancel with the corresponding factorials
in (6.9). We remark that the above inequality also shows that one may interpret
E;;/ Ry as an upper bound on the fraction of all (z,y, 1)-chains whose intersection
with a given (z,y,r)-chain is an admissible (7, [)-configuration.

For notational convenience let d;5 = Ay /E[Xs]? and define the §; etc. similarly.

Recalling that E[Xs] = Ry, p¥, we have

Ajrs < Ry p**= Cys Eys < Cits Eis

Oils = < < .
P EXs]? E[Xs]? Ry, p'

(6.13)

We will bound the d;;; by applying different estimates for different ranges of 7, [ and
s. To fix these ranges we need to define the following constants:

A=1/40 and p=1/40e. (6.14)

Choose k > 0 sufficiently small so that
(1-=N1+r)?<1. (6.15)

Choose ¢ > 0 sufficiently small so that

(e/o)* (1 = NP1+ k) < 1. (6.16)
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Finally choose Iy € N large so that for any [ > [,
4e\ 7 Ir(1 "
2 <7€> <1 and @)V0-D < <M> . (6.17)
e

We assume that n is large enough whenever needed. We also make use of the
following inequality, which follows from Stirling’s formula (6.8) and the definition of
r and p in (6.5) and (6.7):

P (n —2t)! = divkr <(/€—|—1)7‘> . (6.18)

(a) i < Ak.

It turns out that the only significant contribution of A;;; to A comes from the case
when i is small and [ = k — ¢ (which implies that s = 1): in the case (al), when
[ is small, we have only a trivial bound on the number of configurations but this
is compensated by the fact that, in this case, the number of extensions is severely
limited. In the case (a2), when [ is large, the situation is reversed. Overall this
allows us to show that ¢; is a constant multiple of the worst case contribution 9d; j_;.

(al) Il < k — 4.
We have Zf:_fi 1< C; < (’f) and by (6.12),

E; < P(0)!

R = (n—ap VAN

Thus, using 7 > 1 and A = 1/40, we have

E; 0)! . k — 47)! . k
Z CizR—kl < %T/J(k —1)! %w(?ﬂ)! (z)

)
< % bk — 1) (7((k(ii21§r)3 ?) "
< g (255)
= (:f(—og)' wlk =9ty

(42) 1> k - 4i.

As there are k — [ + 1 choices for picking the position of the lowest disjoint interval

of length [ and at most (k;lzl) choices for picking the remaining elements we have

ci<(k—z+1)(k;_lzl>. (6.19)
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Define M;; to be the product of the right-hand sides of inequalities (6.19) and (6.12).
Thus Cj; E;; /Ry, < M. Furthermore, since r > 1,

Mi,l—|—1> k—1 k—i1-—1 (I+1)r T
Myy “k—=1l+1k—1-1\(k—i—1+2)r

3.

k—i—1 k—4z’>11—4>\_
“k—i—14+2 4 T3 4\

Since 377 377 = 3/2, the total contribution of the M; for | > k —4i is at most 3/2
times that of the maximum term [ = k — 1.
Putting both (al) and (a2) together gives

p(0)

'§2(¢+1)m

Dk — ).

But n — 2t —¢(k — i) > ir and ¢ < \k imply that

Pk —1)!
(n —2t)!

. e\ i
5 < 2(i+1)d~ (%) < 2i+1) (%) ,

where the second line follows since the fraction in brackets is less than 1/2. Thus,
using this time that d > 1,

1\ 72 8
E < - -1 <=
. 61_2<<1 2d> 1>_d
1<i<Ak

< ((1—2X)(n — 2t))7".

Thus

(b) Ak < i < (1 p)k.

(b1) I < Io.

We have Cj; < (]:) < 2k, To estimate E;;/ Ry, note that chain elements in the
intersection which lie at either end of a disjoint stretch have distance at most ¢ (1).
Thus for each disjoint interval (of size [ say) we have a contribution of a factor of
(1)) < ¥(0)! (2¢(1))!". Using the fact that there are k — i disjoint vertices and at
most ¢ + 1 disjoint intervals yields the following bound:

. i+1 , i .
< 2 @)t < 2O @ua) e,

Hence, by inequality (6.18), and noting (crudely) that (k+1)"/* < (k+1)" < eP*",
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we have

_ $(0)Y (k—i+1)r ok
dir < P — 201 (29(1) 2

ok o (k—i+1)r '

kr
1 {2+ e(lg+1)e2\”
d k

<L
=R

IN

In the last line we used the fact that & — oo.
(b2) 1 > .

Fix a chain a and any configuration with parameters 7, [, and s. Denote the size of
the disjoint intervals by [;, for 1 < j < s. Then there are at most

—(s—1) H w(l])|
j=1

(z,y, 1)-chains which meet « exactly at the i chosen points. However, this product
is maximized if we have as many disjoint intervals of size [ as possible, say ¢ of them.
The remaining disjoint vertices will be distributed among one interval of size [, with
1 <1<, and s —q— 1 unit size intervals. Then noting that gl +I1+(s—q—1) =k —i
and s — g — 1 < s gives

Eils < 77b(0)!ii(871)
R, — (n— 2t)!

(L)L () (1)1

Now use | < k —i < (1 — Ak and the definition of  in (6.17) to obtain

Eys 32 B(0) e \"H [lr(14k)\*Or der \*"
Ry, — S \n—2t e I+ 1)r

<v0r (+25) @=xa+atr (3

n — 2t

N

By the definition of p in (6.7), and again crudely estimating (k +1)"/% < (k+1)" <
(1 + k)PP, we have

k s
1 kr 46
s 3 Cn 090 ()

When bounding C};s we distinguish two cases. First suppose that s < ok. Note that
any admissible configuration may be defined in the following way: we first fix the
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lowest point of each of the s disjoint intervals. (’;) is a crude bound on the number
of choices. This first step fixes the positions of at least s — 1 common vertices, since
unless a disjoint interval is right at the top, it must obviously be below a common
vertex. We now fix a configuration uniquely by successively adding a further i — s
common vertices on top of the existing common intervals. In other words, we are
now drawing i — s + 1 elements (with replacement) from a set of s distinct elements,

giving us
s+(i—s+1)—1\ i
i—s+1 C\s—1
choices on the second step. Thus
k i (32 fek\® [ e \* ek\ % e\ 20k
Ckb S S - S — S (—) .
] s—1 S s—1 S o

For s > ok we just use the trivial bound Cj, < 2. Plugging in and using (6.16)
and (6.17) this yields

1 e\ 2o* 2\ pkr NEAY
5il§a > p (=N +r)P+ > 2 (T)
1<s<ok ok<s<k
1 4e\ "
< kBt R2k (=
—d ( ’ <l0> >
1
<5 (6.20)

There are at most (H:) ways of choosing the relative order of i common vertices
and the s disjoint intervals. We now fix the size of the intervals, by distributing
the k£ — i — s remaining “disjoint” vertices among the s disjoint intervals. We are
choosing these elements (with replacement) from s “urns”, giving at most (lz:z:i)

possibilities for this step. Hence, by applying Stirling’s inequality and then that
i+s<kandm ™ <3(m+1)""™ for all m >0,

1+ s kE—i—-1
Cisg( s ><k—i—s>
< ei+8)\° (k—i\F7 [k—i—s\*"¢* e\
- s e e s—1

< 316 (2_5> (k —i)F = (k — i — s + 15)~ (k=0 (6.21)

Similarly to case (b2), but without the constraint on the size of the longest disjoint
interval, the extremal configuration for given s is now attained if we have s—1 disjoint
intervals of unit size and one interval containing all the other disjoint vertices. Thus

Eis _ 4(0)1~7Y , .
R = Wlb(k—z — s+ 1)lp(1)!

3 (0) <(k—i—s—|—15)r>¢(k—i—s+1)+1/2
<
~ (n—2t)!

(4r) (s,

e
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The second line follows by Stirling’s formula (6.8). By the definition of h, the fact
that (k—i —s+15) < 33(k — i), and inequality (6.18), we now have

Lis <—34 (k—i)32(k+1)" x
Ript — dvk
P(k—i) : P(k—i)—(s=1)r
e k—i—s+15)r s—1)r
. <<k+1>r> (=) (r) ™

(kg2 (k—izst15 k=) 5e (s=Lr
df (k 4 1)1=1/(k=it+1) k—i—s+15

310( i k—i—s+ 15\ Be sl (6.22)
d\/’ k k—i—s+15 ' '

The last line follows since one may check that both of the bracketed terms in the
second line are smaller than one. Combining inequalities (6.21) and (6.22), we have

30 27.\ S o\ ki
5, < 3 k 72,)4 3e“k k—1 .
dvk 52 k

It is easily verified that for fixed k and i, the expression ¢(s) = (3e?k/s?)” is
maximized at s = V3k if i < k — 3k and is maximized at s =k —7if 1 > k — 3k.
Thus if ¢ < k — v/3k, we have

30 _ 30
bis < 3—(k 7i)4e2\/§pk—z < 3_k4(pe)2\/§7

~avk ~avk
and if ¢ > k — V2k, we have

30 2 N\ k—i
5is < 3 —(k—i)* <3i> .
dVk k—1

Putting both the above together, we have

30
Yooac< ;—\/E > B+ Yk (;i)
(1—p)k<i<k (1—p)k<i<k—/3k k—V/3k<i<k
30
6( ,n2)\V3k 1
SN (K + ) < oo

where K is some fixed constant.
Summing up the bounds in (a)—(c) now gives the desired result:
A 8 1 1 9
—+k — <=
E[Xs]? d + dk? dk1/4 —d

O

We remark that the above result is best possible up to a constant factor. This
may be seen by noting that the contribution to A/E[Xs]? of those pairs of chains
which have only the lowest element in common is asymptotically equal to 1/ed.
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In the previous section, we mentioned that the threshold in Theorem 6.1 could
be tightened by a factor of (n/k)?: this can be done by considering not just (z,y, r)-
chains (where the level of the ith element z; is fixed at |x;| = |z|+ [ir]), but allowing
the level of z; to deviate from this by a factor of \/r. The calculations are then more
cumbersome, but the techniques of this section still apply.

Finally, we state a slight variant of the previous lemma, which will be needed in
Chapter 7, the difference being that the regular chains under consideration are now
“squeezed”: let k be given as before and let m = m(n) and m = m(n) be given
integer functions which are o(n). In the definitions of r, ¥, and p in (6.5), (6.6),
and (6.7) respectively, replace the term 2t by m + m. Thus, for instance,

1 lf k:n—mfmfl
“{ (n—m—m—1)/(k+1) i k<n-m—m-1 (6.23)

Then we say that (z1 C --- C x) is an [m, m, 7]-chain if |x;| = m + [ir] for all i.

Lemma 6.8 Let S be the set of all [m,m,r]-chains in P(n). Then for large enough
n, and

p(n) > d1(0)! <(nmme)(k+1)w> | (6.24)
where d = d(n) > 1, we have
A(S) < SEIXST (6.25)

The proof of Lemma, 6.7 goes through as before: we may first of all assume without
loss of generality that m > mm; it turns out that the only difference arises when
bounding the number of extensions: in the extremal configuration the largest disjoint
interval is now situated at the bottom, which contributes an extra factor of at most
((1) + m)pm, to the numerator of the Fj;/Ry. Similarly, the second largest interval
contributes an extra factor of at most (¢ (l) + m)m. This is compensated by the
additional ()47 in the denominator. In fact the only reason for stating Lemma 6.8
separately was to avoid additional notation in the previous lemma and its proof.

We further remark that the above bound on A(S) is only required in Chapter 7.
For the purposes of this chapter, it would have been slightly more convenient to
bound E[X2] directly instead of A(S).

6.3 Proof of Theorem 6.1

The technically difficult part in the proof of Theorem 6.1 has been dealt with in
Lemma 6.7, and hence this theorem may now be proved easily.

Proof of Theorem 6.1. For the first part assume that p (k—}—l)"/k — 0. Let Yy be the
number of k-element chains in P(n,p). The number of k-element chains in P(n) is
at most (k+1)". To see this, note that we may associate with each k-element chain «
a (k+1)-colouring of {1,...,n} as follows. Suppose o = (z1 C x2--- C xy). Assign
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colour 1 to all elements in z1, colour j to all elements in z; \ z;_; for 1 < j <k and
colour k+1 to [n]\zx. Hence

P[Y;, > 0] < E[Vi] < (k+1)"p* = o(1),

which implies the first statement.

To prove the second statement, suppose p (k+1)"/k(k/n)2 — 00. Let r be given
by (6.5). It is easily checked that this implies that p satisfies (6.7) with d = d(n) —
00. Now let S be the set of (0, [n],7)-chains, so that Xgs is the number of (0, [n], r)-
chains in P(n,p). Since Var[Xs| < A(S) + E[Xs] (see e.g. [6]), the desired result
follows immediately from Chebyshev’s inequality after applying Proposition 6.6 and
Lemma 6.7 with ¢ = 0. O

6.4 Proof of Theorem 6.4

We shall use some results on branching processes in the proof of Theorem 6.4 to “am-
plify” the results of the previous section. This is a natural approach also exploited
in [31]. We first present a few basic concepts and some notation.

Let X be a nonnegative integer valued random variable. A Galton- Watson
branching process with family size X is a discrete Markov chain (X;);¢, with the
following properties: at time t = 0 we have one “ancestor”, so we set Xy = 1. For
t > 1 define X; to be the sum of X; ; independent random variables, each having
the same distribution as X (see e.g. [38] for details). As we shall only be concerned
with the case when X has Poisson distribution with parameter ¢, in what follows
(X¢)22, will always refer to a branching process with this property. Let n be the
extinction probability of this process:

n =n(c) = P[X; = 0 for some ¢]. (6.26)

A basic result in branching process theory says that if ¢ > 1 then 7 is the (unique)
root of s = E[s¥] = ¢“1 in 0 < 5 < 1. Another basic result (see [38] again) is
that for any constant k > 0, we have

lim P[X, = k] = 0. (6.27)

We now define branching processes in P(n). Consider any = € P(n) at level m, say.
An wpward z-process (Z{)} 23" = (Z]'(z));=;" is defined by letting 7 denote the
number of z € P,,14(n,p) that are connected to x via an (z, z, 1)-chain in P(n,p).
A downward y-process is defined similarly. For simplicity, we will henceforth call an
(z,y,1)-chain an zy-chain.

The following proposition will help us determine the number of descendants we
will need at each end to link the “top” and “bottom” of P(n,p):

Proposition 6.9 For any given ¢ > e define n = n(c) as in (6.26). Given 0< &<
1—mn, there exists a = a(c,e) € N with (43/44)" < e satisfying the following: for
a binomially distributed random variable Z ~ Bin([2a/(1 —n—¢)],1 —n —¢), we
have P|Z < a] < e.
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Proof. Certainly P[Z > a] < P[|Z — E[Z]| > a]. Thus the result follows from the
Chernoff bounds in Section 3.1. O

For positive integers m and n with n > 2m, denote by Py, —m(n,p) the family
of all sets from P(n, p) of cardinality at least m and at most n —m. Let X C P,,(n)
and Y C Pp_m(n) be given. We say that X and Y can be linked if there are x € X
and y € Y such that there is an zy-chain contained in P41 p—m—1(n,p).

Lemma 6.10 Lete >0, ¢ > e and m € N be given. Let p = ¢/n and define n = n(c)
as in (6.26). Let a = a(c,€) be as in Proposition 6.9. Let

b=1[2a/(1—-m—¢)].

Furthermore let X C Pp,(n) with | X| =b and Y C Pp_pm(n) with |Y|=bandx Cy
forany x € X and y € Y be given. Then for large enough n

P[X andY can be linked] > 1 — ¢.

Lemma, 6.7 implies that a single pair z C y is linked with probability bounded away
from zero. Hence, to prove Lemma 6.10, we would like to consider several pairs
at the same time to ensure that with arbitrarily high probability we can find at
least one that is linked by a chain. The following lemma tells us that this is indeed
possible, provided the elements at each level are far enough apart.

Given z, y € P(n) with = C y, denote by P* the subset of P(n) consisting of all
elements (including = and y) which are both subset of y and superset of x.

Lemma 6.11 Let t, h € N be given. Suppose that x1, xo € Py(n) and y1, y2 €
Pn—t(n) are such that x1 C y1, 2 C Y2, dg(x1,22) > h and dg(y1,y2) > h. Then
the proportion of all x1y1-chains that meet P*2Y2 4s at most 2e~"2 provided n is
large enough.

Proof. Let £ = x1 Uxo and y = y; Ny2. Then one may easily verify that P*1¥ N
Pr2Y2 = PTY, Furthermore T has cardinality at least ¢ + h and y has cardinality at
most n — (¢t + h). The crucial observation now is that any x;y;-chain which meets
Pr2¥2 must be contained in P*Y U P, Indeed, suppose an z1yi-chain contains a
z € P*2¥2, Then all elements in that chain below z are contained in P*¥ and all
elements above z are contained in P*¥!. It follows that any x1y;-chain which meets
Pr2v2 intersects (P™1Y U P™1) N Py, (n). However, the fraction of such chains
among all z1y;-chains is at most

‘(P-’Klg U 'P"fyl) N PLn/QJ (n)| n—2t—nh n— 2t (3.1) o /2
Pon AP () (un - 2t)/2J>/ (un - 2t)/2J> =2

and the lemma follows. O

We are now ready to prove the Lemma 6.10. In what follows, we will make use
of the following form of the second moment inequality:
E[Xs]?
E[XE]

P[Xs=0]<1- (6.28)
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A proof of this elementary inequality may be found in [§].

Proof of Lemma 6.10. Let a be as in Proposition 6.9 and set h = log4a. For
each z € X consider the upward z-branching process. For each such process the
probability of survival during the next h steps is at least 1 —n —&. We may assume
that n is large enough to ensure that the probability that these processes intersect is
at most . Thus, by the definition of b in Lemma 6.10 and by Proposition 6.9, with
probability at least 1 — 2e there are a processes which survive until level m + h. Pick
one descendant x; € P,,,5(n) of each, where 1 < i < a. Let X' = {z1,...,24}. Note
that we may find X C X, X = {Z1,...,%,}, so that there is an z;x;-chain in P(n, p)
for all 4. Analogously, with probability 1 — 2¢, we may find a set Y’ = {y1,--+,Ya}
with V' ¢ Prn—m—n(n) and which is linked to Y in a similar way. Now assume that
n is large enough to ensure that with probability at least 1 — & these branching
processes have the following property: (z;\@;) N (z;\z;) = 0 for all pairs ¢ # j, and
similarly for the y;. The latter implies that dg(x;,2;) > 2h and dg(y;,y;) > 2h for
i#7j.

Now let S; be the set of xz;y;-chains and let 7; C S; be the set of z;y;-chains not
meeting J;,; P*%. We let Y; = X, and Y, = Xz, where the notation is as in
Section 3.2. (Thus Y; denotes the number of x;y;-chains in P(n,p) and Y; denotes
the number of such chains not meeting (J;; P*%.) We also let A; = A(S;) and
A; = A(7;), using the notation of Section 3.2 again. Note that Proposition 6.6
certainly implies that E[Y;] < E[Y;]?. Thus by the definition of As, and Lemma 6.7
(with t =m + h and d = 1) we have

E[Y;’] < A; +ElY;] + E[Y;]* < 11E[Y;*.

Now Y; <Y; implies that E[Y; 2] < E[Y;?]. But since 2aexp(—h) < 1/2, Lemma 6.11
shows that E[Y;'] > E[Y;]/2. Altogether this implies that

EY]? _ EY? _ 1

2 7

B2~ AEY?] T 4

Thus applying in turn the independence of the Yi’, the second moment inequal-
ity (6.28), and the definition of a in Proposition 6.9, we have (for n sufficiently

large ’
ge) ) ) e
Ny =0 :HP{Y;/:O]§<E> <e
=1 =1

and the lemma follows. O

P

In the remainder of this section we shall define (X}*)}", as the Markov chain of an
upward (-process and (Y;*)}, as that of a downward [n]-process. We need a final
preparation for the proof of Theorem 6.4:

Proposition 6.12 For a given ¢ > e define n = n(c) as in (6.26) and let p = ¢/n.
Let 0 < e <1 —mn and b € N be given. Then there exist mgy, ng € N so that for
m € {mg,mo+ 1} and all n > ng, we have

PIXL =0 > n-—c (6.20)
PX" >b > 1-n—c. (6.30)
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Proof. Let (X )5°_ be a Poisson branching process with parameter c. Note that
P[X,, = 0] 1 n. Thus by (6.27) there is an mg such that for m € {mg, mo + 1} we
have

P[X,, = 0]
P[X,, <b| Xy > 0]

77_5/27

>
< g/2

It is straightforward to show that for fixed m, the random variables X, tend to X,,
in distribution as n — oo. This implies that (6.29) and (6.30) hold for sufficiently
large n. O

Proof of Theorem 6.4. Let € > 0 be given. We now fix an a = a(c, €) satisfying the
conditions in Proposition 6.9 and let b = [2a/(1—n—¢)]. Then we fix mg = mg(b, ¢)
as in Proposition 6.12 and let m = mg + 1. We set n large enough to satisfy all
the requirements below. Consider the branching processes (X7')jr, and (Y*)i,
defined earlier. We will distinguish several cases according to their (non)-extinction
during the first m generations. Note that almost surely P(n,p) contains neither
the bottom element () nor the top element [n]. For the remainder of the proof we
will condition on this event. Thus a necessary condition for the length of P(n,p)
to equal n — 2 is that X' > 0 and Y,! > 0. By Proposition 6.12 this happens
with probability (1 —n)? + O(g). But the same proposition also tells us that in
this case with probability 1 — & we have sets X C Pp,(n,p) and Y C P,_m(n,p)
with | X| = |Y'| = b whose elements are the descendants of the respective branching
processes. As m and b are fixed, with probability 1 — ¢ each element of X will
be contained in every element of Y. Since the event that X and Y can be linked
depends only on P41, n—m—1(n,p), Lemma 6.10 then implies that

Pllength P(n,p) = n — 2] = (1 —n)? + O(e).

Now consider the case when X/, = 0 and Y, > 0, which by Proposition 6.12 occurs
with probability n(1 —n) + O(g). Since we are assuming that (), [n] ¢ P(n,p), in
this case the length of P(n,p) is at most n — 3. Let k satisfy (n + &)* < & and let
x; = {i} for i = 1,...,k. For each z;, consider the upward x;-branching process.
Note that with probability 1 — e these branching processes are disjoint up to level
m, i.e., x} # !, whenever i # j, x; C x}, x; C 2, and x, 2; € P1_;»(n,p). Another
application of Proposition 6.12 tells us that with probability 1 — & at least one of
the branching processes has (at least) b descendants in P, (n,p). This time we pick
any X' C Pp,(n,p) with |X’| = b from the set of descendants of this branching
process and we pick any Y C P,,_,,(n,p) as above. Again it is easy to see that
with probability close to one, X’ and Y satisfy the requirements of Lemma 6.10 and
thus in this case P(n,p) has length exactly n — 3. By symmetry the same applies if
X' >0 and Y,? = 0 and thus, putting all of the above together, we have

Pllength P(n,p) =n — 3] = 2n(1 —n) + O(e).

Finally suppose that X = 0 and Y,” = 0, which occurs with probability n? + O(e).
As above, with sufficiently high probability one can find suitable X' C P, (n,p)
and Y’ C P,,_(n, p) by considering k branching processes starting in Pi(n,p) and
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Ppn_1(n,p), respectively, so that in this case Lemma 6.10 implies that P(n,p) has
length n — 4. O

We remark that it is easy to strengthen Corollary 6.2 by replacing the condition
pn” — 0 by pn” < ¢ for some ¢ depending only on the constant r. The methods of
this section would also enable us to replace the condition pn” — oo by pn” > C' for
some C depending only on r. However, the analysis is rather cumbersome if r is not
an integer, so we have chosen to omit it.



90 CHAPTER 6. THE LENGTH OF RANDOM SUBSETS OF A FINITE SET



Chapter 7

The width of random subsets of
a finite set

7.1 Results

The main result of this chapter is the following general theorem, which gives upper
and lower bounds on the width of P(n,p) for any given p. Note that it contains
the main part of Theorem 2.9 as a special case (corresponding to r = s = 1). The
“moreover” part of Theorem 2.9 follows from the fact that by Chernoff inequalities
in Section 3.1, the number of elements of P(n, p) whose cardinality is [n/2] is almost
surely sharply concentrated about its expected value p(LnT/LQ j)'

Theorem 7.1 Given p = p(n), let r = r(n) be an integer function which is large
enough to satisfy

P (E)r/logn—m)o (7.1)
r
Then almost surely we have
n
widthP(n,p) < (1+0(1)) p < )
—r/2<j<r/2 Ln/2J T
If p— 0, let s = s(n) > 1 be an integer function which is small enough to satisfy

n

P (-)S_l 0. (7.2)

S

If p A0, let s=1. Then almost surely we have

width P(n,p) > (1 +o(1)) p T,
. /2;<5 /2< [n/2] +J>

The upper bound in Theorem 7.1 will be obtained by a double counting argument
applied to chains in P(n,p), following the elegant proof of Sperner’s theorem by
Lubell [57, 6]. To make this argument work, we make heavy use of Lemma 6.8, which

91
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implies that condition (7.1) essentially guarantees the existence of many chains in
P(n,p) whose cardinalities are close to n/r.

The lower bound is obtained simply by showing that the expected number of
relations between the elements contained in

A= U Plny2)+5(1,p)

—5/2<j<5/2

is small, where 5 = (14 0(1))s. (Recall that we write P;(n, p) for the set of all those
elements of P(n,p) which have cardinality ¢ and call it the tth level of P(n,p).)
This implies that for given p we may always find an antichain A in P(n,p) which
has at least (1 + o(1))|A’| elements, by discarding from A’ any elements which are
contained in another element of A’.

How good are the bounds in Theorem 7.17 Suppose r is a minimal integer function
satisfying (7.1) in the sense that r satisfies (7.1) but r —1 does not. Similarly suppose
s is a maximal integer function satisfying (7.2) in the sense that s satisfies (7.2) but
s+ 1 does not. Then it is easily checked that 0 < r — s <1, and thus the width of
P(n,p) is determined up to a factor of 14+1/r. If r — oo, or equivalently, if p decays
faster than any polynomial in n, this gives matching (up to first order) upper and
lower bounds on the width of P(n, p):

Corollary 7.2 Given p = p(n), let r = r(n) be defined by p = (r/n)". Then almost
surely we have

width P(n,p) = (1 4+ O(1/r) +o(1)) p Y _ <W” )

—r/2<j<r/2 2J Tt

Using quite different methods, Corollary 7.2 was also obtained by Kohayakawa and
Kreuter [50] if r is of the form r = ¢y/n, for any constant ¢ > 0. Observe that this
is an especially interesting period in the evolution of P(n,p): Corollary 7.2 implies
that

width P(n,p) {0 ifr/yn—0 (7.3)

|P(n,p)| 1 ifr/y/n— .

If r = o(y/n) however, the matching argument used in [50] provides no further
information beyond (7.3) about the width of P(n,p).

Finally, we point out that it would be very interesting to know whether the
condition pn/logn — oo in Theorem 2.9 could be replaced by pn — oo. The
following proposition shows that the latter condition is certainly necessary (similar
remarks hold also for the factor logn in Theorem 7.1).

Proposition 7.3 Suppose p = ¢/n where ¢ > 0 is a fized constant. Then

widthP(n,p) > (1 + e~/ + o(l))p<m72J>.

Proof. Consider the bipartite graph whose vertex classes are Vi = P|;, 9 (n,p) and
Va2 = Plnj2)+1(n,p), with an edge between v1 € Vi and vg € Vo if v1 C va. The
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probability that a vertex vy € V5 is isolated is equal to (1 — p)l"/21+1 Let Z be the
number of isolated vertices in V5. Then

E[Z] = (1 +o0(1))e™/*E[|V3]] = (1 + 0(1))6_6/21’({717%) '

Using Chebyshev’s inequality, it is easily verified that almost surely 7 = (1 +
0(1))E[Z]. The union of V; and the isolated vertices in V5 is thus almost surely
an antichain whose size satisfies the requirements. O

The remainder of this chapter is organized as follows: in Section 7.2 we derive
properties of “regular” chains in P(n,p), which will enable us to prove Theorem 7.1
in Section 7.3.

7.2 The chain cover

To prove the upper bound in Theorem 7.1 we need a covering of P(n, p) with chains
which is well behaved in the sense that for most elements a € P(n,p), the number
of chains meeting a is large and very close to its expected value. It turns out that a
cover whose chain elements are equally spaced and sufficiently far apart will do: we
will use Lemma 6.8, which gives sufficient conditions on p and the average distance
r between chain elements for the desired concentration result to hold. We shall then
deduce two corollaries which will be of crucial importance in the proof of the main
theorem.

The chain cover of P(n) is defined as follows. Given integer functions r = r(n)
and 7 = j(n) so that 7 is o(n) and j <, let

n—1 if r=1
k:{ In/r| =2 if r>1. (7.4)

We remark that it is straightforward to check that this is consistent with (6.23),
setting m = j and m = n—1— (|n/r] — 1)r — j. We say that (z1 C --- C =)
is a [j,r]-chain if |x;| = j + i¢r for all i. Lemma 6.8 then immediately implies the
following;:

Corollary 7.4 Let € > 0 be given. Suppose that

p(n) (%)r/logn — 00. (7.5)

Let S be the set of [j,r]-chains in P(n) and let Xs denote the number of [j,r]-chains
in P(n,p). Then

P[Xs > (1 +¢)E[Xs]] = o(1/r).

Proof. 1t is easily checked that if p satisfies (7.5), then it also satisfies (6.7) with
d = rlogn, say (note that ¥(0) < (r 4+ 1)!). A straightforward application of of a
weak form of Stirling’s formula (i.e. that n! > (n/e)") yields that, for large enough
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n, we have
n
E[Xs| = b
[Xs] <j+r,r,...,r,n—kr—j>p
- (n)n—kr d*(r + 1)k
—\e (G+7r)j(n—Fkr—j)!
n\ n—kr d
>(2)" T~ _ >, (7.6)
e (G+7r)i(n—Fkr—j
The result now follows immediately from Chebyshev’s inequality using the fact that
Var [Xs] < A(S) + E[Xs]. For a proof of the latter inequality see e.g. [6]. 0

To obtain our second corollary of Lemma 6.8, we need the following version of
Janson’s inequality (for a proof see e.g. [39]). Consider the setting of Section 3.2.
Then given 7 > 0, we have

T2 2
P[Xs < (1 - 7)E[Xs]] < exp (—2<E[XE]”+(1( 8))) . (7.7)

Let X, denote the number of [j,r]-chains (for any j < r) which meet a and which
are contained in P(n,p)U{a}. Suppressing the dependence on 7, let P7(n) be the set
of elements in P(n) which intersect some [, 7]-chain. In other words, P7(n) consists
of every rth level of P(n), starting with the (j + r)th.

Corollary 7.5 Let € > 0 be given and fix a € P(n) with n/3 < |a| < 2n/3. Then if
p satisfies (7.5) and n is sufficiently large, we have

P[X, < (1-¢)E[X,]] <2n2

Proof. This time we apply Lemma 6.8 not to the whole of P(n) but to P(|a|) and
P(n — |a|) separately, with

d(n) i—g log 1. (7.8)

Consider P(|a|) first: fix j < 7 so that a € P/(n). Then let m’ =0, m' = j — 1, and
K = M%J — 1. Let &1 be the set of all chains (z1 D 22 D -+- D xp) in P(lal) with
|z;| = |a| —ir for all i. Let X, be the number of such chains in P(n,p). Similarly
to (7.6) in the proof of the previous corollary, for large enough n we have

|al

E[Xs,] = ( >pk’ > d(n).

N N e |

It is also easily checked that if p(n) satisfies (7.5), then p(|a|) satisfies (6.7) with n
replaced by |a|; k, m, and ™ replaced by k', m/, and ™’ respectively; but keeping
r(n) as before and d(n) as in (7.8). Thus the conclusion (6.25) of Lemma 6.8 holds
for the set S; and d(n) as in (7.8). Now apply Janson’s inequality (7.7) to obtain

P[Xs, < (1 —7)E[Xs,]] < e T 420 = p=47°/%,
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For P(n — |a|) we define Sy similarly and apply Janson’s inequality in the same way.
Note that X, = X5, Xs,. By independence we then have

P[X, < (1 -e)E[X,]] = P[X5 Xs, < (1 - €)E[Xs, |E[Xs,]]
<) P[Xs, <V1-eEXs,)]]
i=1,2
Since v/1 —e <1 —¢/2, the proof now follows by setting 7 = £/2. O

Finally, let PJ,:(n) be a level of P7(n) which is closest to the middle and thus
contains the most elements.

Proposition 7.6 Suppose that for some j, we have a € PI(n) and furthermore that
a' € Piaz(n). Then E[X,] > E[X].

|al n— lal ko1
E[X,] = ,
[ Xl <j+r,7‘,...,r ..., —kr —3j P

and the result follows by the log-convexity of factorials. O

Proof.

7.3 Proof of Theorem 7.1

With the results of the previous section at hand, the proof of the upper bound of
Theorem 7.1 proceeds as follows: first we show that we may assume that P(n,p)
does not contain many more “regular” chains than we would expect. Now suppose
we have a large antichain A in P(n,p). Since A intersects any chain at most once,
this means that A (and thus P(n,p)) contains many “bad” elements in the sense
that these elements lie in fewer “regular” chains than one would expect. But again
this is extremely unlikely.

Proof of Theorem 7.1. We first prove the lower bound. As remarked at the beginning
of this chapter, the case s = 1 follows immediately from the Chernoff inequalities in
Section 3.1. So suppose that p and s satisfy (7.2), where p — 0. Since the assertion
implies that almost surely width P(n,p) > (14 0(1))|P(n,p)| whenever s//n — oo,
we may also assume that s = o(n). Thus one may define s < s so that s = (1+0(1))s
and

p§2< o )8_1 0. (7.9)

s—1

Now consider the expected number of edges E[| F(G)|] in the s-partite graph G whose
vertex classes are Vj = P, 2|1 (n, p) for all j satisfying 5/2 < j < 5/2, with an edge
between v; € V; and v; € Vj for ¢ # j if v; C vj or v; C v;. Then Stirling’s formula
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and our assumption (7.9) on 3 imply that

sle@l= X (L) ()P

—5/2<0<'<5/2

S )

—5/2<0</<5/2

<o) (773)
— <p<tn72J>> '

This proves the lower bound since it implies that an antichain of the required size
may be obtained by picking any maximal independent set in G.

We now prove the upper bound. Suppose first that p and r satisfy (7.5), so that
we may apply Corollaries 7.4 and 7.5. Furthermore note that we may assume that
r = O(y/n). Indeed, if this is not the case, then a simple application of Stirling’s
formula tells us that in that case Theorem 7.1 just states that the width of P(n,p)
is almost surely at most (1+0(1))|P(n,p)|, which is of course trivial. Thus, defining
Piraz(n,p) = Phaz(n) N P(n,p), another application of Stirling’s formula implies
that we may assume that

E[|Phae(n.9)] = pIPhae(n)] = p2"/n, (7.10)
which will be convenient later on. For given € > 0 define the event
n
A. = ¢ 3 an antichain A C P(n,p) with [A] > (1 +¢)p Z (L y )
—r/2<j<r/2

For all 7 with 0 < j < r define the event

AL = {P(n,p) contains an antichain A with |A’| > (1 + )E[|PI,,.(n.p)|]},
where A7 is defined by 47 = AN P’(n). Given €1, v > 0, our goal is to show that

P[A.,] < 3v for large enough n. Clearly, if A., holds, then we must have AZ, for
some j. Thus,

PlA,] <P |JAL | <D P[A]. (7.11)

Fix some j and let X be equal to the number of [j, r]-chains contained in P(n,p).
Set €9 = £1/5 and define the event

B, = {X < (1 +&2)E[X]}.
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Then for large enough n, Corollary 7.4 implies that

P[AL] =P [AL NB,] +P[AL NB]
< P [‘Aé N BEZ] +P [ng]
<P[AL NB.,] +v/r
Now define the event
Cerey = {P(n,p) contains an antichain A with |47 > (1 + 1)E[|PJ,,.(n,p)|]

and Y X, < (1 +52)E[X]}.
acAJ

Note that »°,c 4; Xq < X implies that
P AL NB.,| <P[C.,c,].

For a given £ > 0 we say that a € P(n) is e-bad if X, < (1 —e)E[X,]. Setting
Pi(n,p) = P/(n) N P(n,p), we then let Y. be the number of e-bad elements in
PI(n,p). Define

De, = {Ye, 2 2B [P (n.p)[]} -

It is in the proof of the following claim that we will apply the double counting
argument that Lubell used in his proof of Sperner’s theorem.

Claim. We have C.,., C D.,, and hence P[C;,.,| < P[D,,].
Proof. Suppose to the contrary that C. ., N D¢, holds and consider an antichain A
guaranteed by C.,.,. Since we assumed that D, is false, it follows that

[{a € AJ: a is not ea-bad}| > (1 + &1 — &2)E [|737jmx(n,p)|] .

The crucial point now is that, by double counting chains in P7(n,p),
- Y
a€Pihag (n,p)

and furthermore X, is independent of the event that a € P(n,p). Thus, by linearity
of expectation, we have (for any a’ € P}az(n))

E[X] =E [llpgnaw(np)” E[Xa’] .
Combining all this with Proposition 7.6, we have that (again for any o’ € Plros (n))

Z Xo> (1+e1—e2)E ([Pl (n.p)]] (1 —e2)E[Xy]
acAJ

= (1 +e1 —e2)(1 — e2)E[X]

> (1 + 2e9)E[X],
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since 2 = €1/5. But this contradicts the definition of C; .,. O

Thus it remains to show that P [D,,| is small. But Corollary 7.5 tells us that if
n/3 < |a| < 2n/3, then

E[[Phaz(n,
Pla € P(n) is ep-bad] < 202 < =2 [[Piaz(n p)I]

7.12
< o Al (712

The last inequality follows from our assumption that » = O(y/n), which gives the
lower bound (7.10) on E[|Plaz (n, p)|]. Inequality (7.12) immediately yields an upper
bound on the expected number of bad elements in P7(n,p). Indeed, writing Zi;
for the sum over a € P(n) with n/3 < |a] < 2n/3 and writing >, for the sum
over a € P(n) with |a|] <n/3 or |a| > 2n/3, we have

E[Yz,]= Y pPlaiserbadl < Y pPlais ex-bad]
a€Pi(n) a€P(n)

< Z;p]P’ [a is eo-bad] + Z;lp

2V B (1P ()] -

<
r
In the last line we made use of the fact that the bottom and top third of P(n)

contain (very crudely) at most 2"/n* elements. Markov’s inequality now implies
that P[D.,| < P[Y., > £-E[Y,,]] < 2v/r, and thus

P[AL] <P[C.ep] +v/r <P[D.,] +v/r < 3v/r,

as required. By (7.11), this completes the proof of Theorem 7.1 except for the fact
that for the proof we assumed that p and r satisfy (7.5) instead of the original
condition (7.1) in the statement of Theorem 7.1. This can be remedied immediately
however, by noting that if p and r satisfy (7.1), then one may find an integer function
r’ > r with ' = (1 4+ o(1))r so that p and r’ satisfy (7.5). 0

Note that the methods of Section 7.2 show that if pn — oo, then almost surely the
fraction of elements in P(n,p) that are e-bad tends to zero for any € > 0. However,
for our argument to work, we need the number of e-bad elements in P(n,p) to be
much less than the size of the middle level of P(n,p), which is the reason why we
need the additional logn factor.

Finally, we remark that by weighting the elements a € P(n) according to the
number of [j, 7]-chains meeting a, the above proof may easily be modified to yield
probabilistic versions of the LYM-inequality (see [6]). The following result is the
analogue of Theorem 2.9.

Theorem 7.7 Let € > 0 be given. Suppose that pn/logn — oo and that A C
P(n,p) is an antichain with en < |a| < (1 —¢e)n for all a € A. Then almost surely

< (1+o0(1))p.

—
[
~—
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Note that it is necessary to impose some condition on |a|, since for instance if p is
not much larger than the above threshold, the proof of Proposition 7.3 shows that
almost surely one may pick an antichain consisting of all elements in the first level
and almost all of the elements in the second level of P(n,p), and whose weight is

(24 o(1))p.
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