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Chapter 1

Introduction

1.1 Motivation

Spectral theory on compact Riemannian manifolds has been studied for a
long time and takes its roots in physical problems. A great number of im-
portant results has been obtained and this subject has a lot of ramifications.
One of the main objects of investigation in spectral theory are Laplace type
operators on a compact manifold, constructed from a Riemannian metric.
These operators are generalizations of the usual Laplace operator on R”.

To such an operator we can associate a sequence of numbers, called the
spectrum of this operator, each element of this sequence is an eigenvalue of
the operator. Spectral theory aims at understanding the structure of the
spectrum and its relations to the geometry and the topology of the manifold
we begin with. For example, from the spectrum of the Laplace operator we
can recover the dimension of the manifold, its volume and its Euler charac-
teristic.

Moreover, the spectrum determines an infinite number of local geometric
invariants, so that it was asked if it determines the manifold up to isometry.
This is the famous question "Can one hear the shape of a drum?" raised by
Kac [1966]. The answer to this question is negative and besides the original
counter-examples of Milnor [1964], there exist by now large families of non-
isometric isospectral manifolds (see for example Sunada [1985]). A related
subject which is developing very actively is spectral theory on manifolds
which are possibly singular (see for example Cheeger [1983]). In this case it
is not clear a priori how to define some analogue of the Laplace operator, but
once this is done, the spectral properties can be investigated.

Generalizing in another related direction, it is also possible to do spectral
theory on graphs. This is the study of what are now called "quantum graphs".



Geometrically, a quantum graph is a set of one-dimensional segments with
some end points identified. Each segment can be regarded as a segment in R
with the standard metric. We then define a Laplace operator on the graph
as follows. On each edge, it is the usual Laplace operator —d?/dz?, and we
have to specify some boundary conditions at the vertices in order to obtain
a self-adjoint operator. It is known that for generic finite quantum graphs,
the spectrum determines completely the graph (i.e the lengths of the edges
and the structure of the graph) Gutkin and Smilansky [2001], Kurasov and
Nowaczyk [2005].

One of the reasons why quantum graphs are important is that they are
supposed to model so-called "nano-structures'. These are mathematical mod-
els for physical systems in which several dimensions are too small for clas-
sical physics and too large for quantum physics (typically the characteristic
dimensions are a few nanometers). One hopes that the spectrum of the
"nano-structure", which is very difficult to compute in general, is related to
the spectrum of the corresponding quantum graph. Of course, this latter
is easier to get. This is an important open question and there are many
articles devoted to this problem (see the survey Kuchment [2002]). Some re-
sults concerning the behavior of the spectrum of a compact manifold which
is "shrinking to a graph" can be found in Exner and Post [2005].

In this work, we are interested in more general objects than quantum
graphs, the so-called "hybrid manifolds". Roughly speaking, a hybrid man-
ifold is a union of manifolds connected by segments. If the manifolds are
zero-dimensional, then we have a quantum graph. Such an object may be a
good model for molecular-type nano-structures consisting of manifolds con-
nected by nano-tubes. Of course, lots of questions arise when we use this
model: besides the typical spectral problems it is interesting to understand
how the spectral properties of a hybrid manifold are related to the properties
of the corresponding nano-structure.

1.2 Plan and principal results

In the second chapter we define a hybrid manifold as a topological space, and
find its Euler characteristic. Our next task will be to construct a Laplace
operator on a hybrid manifold. To do this, we first consider the operator
given by the direct sum of Laplace operators on the different parts of the
hybrid space. We restrict this operator by letting it act on functions which
vanish at the gluing points and finally take a self-adjoint extension of this
restriction.

It can be shown that any such self-adjoint extension is defined by some



boundary conditions, which describe how the different parts of our hybrid
manifold "interact" at a gluing point. A priori all these boundary conditions
are on the same footing, but it is possible that some of them will be preferred
if we consider our hybrid space as the limit of a sequence of nano-structures
(see Exner and Post [2005]). Nevertheless, we take all boundary conditions
into consideration and parametrize any self-adjoint extension by a certain
matrix describing the boundary conditions.

The spectral properties of the operators obtained in this way can be
studied using their resolvents or some function of it. In our approach we
consider the trace of the squared resolvent (taking the trace is a standard
procedure in spectral theory, but the resolvent itself is not trace class in
general, so we take into consideration the second power of the resolvent,
which is trace class) and construct its expansion as the spectral parameter
tends to oo. In fact, due to the singular structure of the hybrid space, this
expansion contains also powers of the logarithm of the spectral parameter.

In the third chapter we give a short review of the theory of self-adjoint
extensions of symmetric operators. In particular, we describe Krein’s theory
of self-adjoint extensions. This formalism is well suited to the description of
the resolvent of Laplace operators on a hybrid manifold. Indeed, it allows us
to express the resolvent of the Laplacian defined by some boundary conditions
through the resolvent of a fixed self-adjoint extension. In other words, all self-
adjoint extensions are parametrized be the matrix of boundary conditions and
one fixed self-adjoint extension. In our situation it is natural to choose this
fixed operator as the direct sum of the Neumann Laplacians on the segments
and the ordinary Laplacians on the manifolds constituting our hybrid space.
Moreover, it is relatively convenient to perform the necessary computations
for this operator.

In the Chapter 4 we find the expression for the trace of the second power
of the resolvent for any Laplace operator on a hybrid space:

Theorem 1. Consider the hybrid manifold H, consisting in manifolds M;
and N segments L;. Let S be a Laplace operator on i, corresponding to
the matriz A of boundary conditions. For z € C\ [0,00), denote by R(z) =
(S + 22)7t the resolvent of S. Then for large z and all ¢ > 0 there holds
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where agy, s the global k-th heat kernel coefficient on the m-th manifold M,,,
l; is the length of the segment L;, \;; are elements of A and F; = F(q;, gi, 2),
F' is the regular part of the Green function of the Laplacian on the manifold
to which q; belongs. Moreover, for allp > 1,

1 n _
F(z,z,2) = . ( 2y —Inz? + E Jan(z, @ > + Oz 721y,
7r

where a,(x,x) is the local n-th heat kernel coefficient on the manifold M to
which the point x belongs.

In Section 4.4, we will give the definition of a z-pseudoasymptotic ex-
pansion for a function, depending on z and Inz?. Using the formula for
the regular part of the Green function on the diagonal we will find the z-
pseudoasymptotic expansion of Tr R?(z) for large 2.

Theorem 2. Consider the hybrid manifold H, consisting in manifolds M;
and N segments L;, and consider a Laplace operator on H (corresponding to
boundary conditions determined by a matriz A, and disjoint with Dy). Sup-
pose also that for alli the coefficients \iyni+n do not vanish. Then the square
of the resolvent R(z), obtained in Theorem 4.4.1 has a z-pseudoasymptotic
expansion which has the form:
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The coefficients ¢, are rational functions and have the following expansions:
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where ag; is the k-th heat kernel coefficient for the manifold M;, Vol(M;)
and x(M;) are the volume and Euler characteristic of M;, l; is the length of
the segment L;, v is Euler’s constant and X’s are elements of the boundary
condition matriz A.

The coefficients in this expansion depend on topological and spectral
properties of the hybrid space and its components. The expansion is recur-
sive, but, unfortunately, we are not able to solve the recursion. Nevertheless,
with the help of the obtained formulas one can compute an arbitrarily large
number of the coefficients and find a general form of terms having some
special structure.

The inverse spectral theory is presented in Chapter 5. By inverse spectral
theory we mean the following problem: assume that we have an asymptotic
expansion of the squared resolvent of a Laplace operator on some hybrid
manifold. What kind of geometric and topological information about the
manifold can we extract from this expansion? The answer to this question
is given by the following theorems:

Theorem 3. Consider the expansion of the trace of the square of the resol-
vent of a Laplace operator on a hybrid manifold. The knowledge of TrR*
determines:

e whether this manifold is hybrid or "normal";
e the sum of the volumes of all manifolds taking part in the construction;

e the sum of the Euler characteristics of all manifolds;



o the number of segments used in this hybrid manifold;
e the sum of the lengths of these segments;
e the Fuler characteristic of the hybrid manifold.

One can also obtain information about the matrix of boundary conditions
if we have some additional information about the initial system:

Theorem 4. Consider the z-pseudoasymptotic expansion of the trace of the
square of the resolvent expansion. If we assume that we know the heat ker-
nel coefficients for all manifolds composing the hybrid manifold, and that the
coefficients \iyni+n are mutually distinct and nonzero, we can find the diag-
onal elements of the matrixz of boundary conditions A and the absolute values
of its non-diagonal elements up to permutation.

In Chapter 6, we study two degenerate cases of hybrid manifolds: on the
one hand a quantum graph and on the other hand a system of manifolds glued
together at some points (that is to say, we glue our manifolds with segments
of length zero). The direct and inverse spectral theory are considered in
these cases. We show that in these degenerate cases we obtain additional
information for the inverse spectral problem. In fact, in the case of a quantum
graph one has

Theorem 5. From the expansion of the trace of the square of the resolvent
of a Laplace operator on a quantum graph it is possible to find the number of
edges of the quantum graph, the sum of the lengths of all segments and the
matrix A of boundary conditions up to unitary transformation.

And in the case of a hybrid manifold without segments we have

Theorem 6. From the expansion of Tr R? for a Laplace operator on a system
of N glued manifolds it is possible to find the number of manifolds, the sum
of the volumes of all manifolds and the matriz A of boundary conditions up
to a unitary transformation.



Chapter 2

Hybrid manifolds

2.1 Definition of a hybrid manifold

The main object to be investigated is a so-called hybrid manifold. Let
us describe it from the topological point of view. Consider a set of M 2-
dimensional compact Riemannian manifolds M, ..., M), and a set of N seg-
ments Ly, ..., Ly. On each manifold M; we fix some points ¢;s, s =1,..., u;,
L >O,i:1,...,M.

First of all we consider the disjoint union of all initial elements: M; U
- UM, UL U---ULy. Then we construct a one-to-one correspondence
between the set of end points of all segments and the set of points ¢;s,s =
1,..., 5,0 = 1,..., M. The following natural condition on the number of
elements must be satisfied

M
=1

Finally, according to this correspondence, we glue each end of each seg-
ment to the corresponding point on one of the manifolds. The resulting
object is a topological space. We assume it to be path connected which im-
mediately implies that N > M — 1. One can also define a metric structure
on this space, but a metric tensor cannot be defined. It reflects the fact that
this object is not a manifold in the standard sense, but consists of parts of
different dimensions. Nevertheless we can give a

Definition 2.1.1. The topological space obtained by gluing the initial man-
ifolds and segments as described is called a hybrid manifold.

7



2.2 The Euler characteristic of hybrid mani-
folds

As for any topological space, we can define the FEuler characteristic for a
hybrid manifold. Let us recall some facts and definitions from algebraic
topology (see, for example Spanier [1981]).

Definition 2.2.1. Let X be a topological space. Denote by 3, the n—th
Betti number of X, i.e. the dimension of the n-th real homology group,
H,(X), of X. Assume that 3, is finite for all n. Then the Euler character-
istic x(X) is the alternating sum of the Betti numbers x(X) = > (—1)"3,.
n=0
Proposition 2.2.2. If two topological spaces X and Y have the same homo-
topy type then their homology groups are isomorphic, H,(X) = H,(Y), for
alln > 0.

Proposition 2.2.3. Let X be a topological space and A, B C X be such that
X = intA U intB then there is an exact sequence (the Mayer - Vietoris
sequence)

o= Hy(ANB) — Hy(A) @ Hy(B) — Ho\(X) — Hy_1(ANB) —

Proposition 2.2.4. For an oriented surface M, of genus g one has

R, ifk=0,2,
(M, B) = 2205 = (2.1)
g
0, k> 2.

It is interesting to find a relation between the Euler characteristic of a
hybrid manifold and that of the surface which one obtains by replacing all
segments in the hybrid manifold by thin tubes. The answer is provided by
the following theorems.

Theorem 2.2.5. The Fuler characteristic of a hybm’d manifold obtained from
M manifolds M; and N segments L; is equal to Z x(M;) — N.

The proof of the theorem requires some add1t10nal lemmas. In what
follows, we will say that M surfaces M;, + = 1,..., M, connected with the
help of M — 1 segments, form an open simple chain if for e =1,..., M — 1,
M; is connected to M, ., by exactly one segment.



Lemma 2.2.6. M surfaces M; of genus g; connected with the help of M —
1 segments in an open simple chain form a hybrid manifold whose Euler
characteristic is equal to 1 + M — > 2g;.

Proof. We start with the case of a hybrid manifold X consisting of two
surfaces and one segment. This topological space is the union of two parts A
and B, where A is the union of the first surface and the segment, and B is the
union of the second surface and the segment. Both A and B are homotopy
equivalent to a surface without segment, and the intersection D = AN B
is homotopy equivalent to a point. So the Mayer-Vietoris sequence can be
written as

Using the well-known facts that Hp(Y,R) = R if Y is path connected,
Hi(D) =0, k> 0, and the Propositions above, we can rewrite it, denoting
by g, and g, the genus of the surface A and B respectively, as

0—0—RO®R — Hy(X) — 0 — R¥ @R —
H(X) - R—-R&R—-R —0.

The exactness of this sequence implies that

R, if k=0,
R¥et200 - if fp =1,

H(XR) =4, (22)
0, it k> 2.

In the same way one can show that the procedure of "gluing" one surface
of genus g with the help of one segment to an open simple chain of surfaces,
denoted by Y, in such a way that the resulting object is also an open simple
chain, denoted by X, gives us the following:

HO(XuR) :HO(Y7R>:R7 HI(X7R):H1(Y7R)EBRzga
Hy(X,R) = Hy(Y,R) @ R.

By induction, we find that for an open simple chain of M manifolds the Euler
characteristic is equal to

X=1-> 25+ M (2.3)

[
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Lemma 2.2.7. Gluing a segment to a hybrid manifold reduces the Euler
characteristic by 1.

Proof. We will use again the Mayer-Vietoris exact sequence. We denote the
original hybrid manifold by Y, the segment by D, and the result of gluing
by X. So, topologically X =Y U D, and the intersection Y N D consists of
two gluing points. The exact sequence is

0 — Hy(YUD) — Ho(Y)®Hy(D) — Ha(X) — Hy(YUD) — Hy(Y)®H (D)

— H1(X) — Hy(YUD) — Ho(Y)® Ho(D) — Ho(X) — 0,

or
0—-000— Hy(Y)®0— Hy(X)—0— H ©0

- H(X) - ReR—-R®R —-R — 0.
Now we easily find

Ho(X,R) = Ho(Y,R); Hi(X,R)=H;(Y,R) ®R,
Hy(X,R) = Hy(Y,R).

and direct calculation of the Euler characteristic finishes the proof of the
lemma. [

Proof. This is now straightforward: the hybrid manifold composed of M
manifolds and N segments can be treated as a chain of M manifolds con-
nected by M — 1 segments and N — M + 1 additional segments. Then by
Lemmas 1 and 2,

X=1+M-2) g-(N-M+1)=2M-2> g-N=> xi—N
O

The following result allows us to compare the Euler characteristic of a
hybrid manifold H with the Euler characteristic of the surface S obtained by
gluing the manifolds constituting H with thin tubes instead of segments.

Theorem 2.2.8. The Euler characteristic of the surface S composed from M
manifolds M; with Euler characteristics x; and N tubes is equal to»_ x;—2N.

In other words, x(S) = x(H) — N.
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Proof. Let us compute the genus of this surface. As before we treat this
object as a chain of M manifolds connected with M — 1 tubes and then
'add" the remaining N — M + 1 tubes. The chain of manifolds has genus
> ¢; and each additional tube increases the genus by 1, because adding a
tube is just gluing a handelbody to our surface. Finally the genus of the
system is > g; + N — M + 1. Using the relation between genus and Euler
characteristic, we find

X=2-2> g —2(N-M+1)=2M—-2) g—-2N=>Y x;—2N.

]

2.3 Laplace operator on the hybrid manifold

Since the constructed object is not really a manifold, we cannot define
Laplace operators in the standard way. Nevertheless, we can define a self-
adjoint analogue of Laplace operators for hybrid manifolds. The idea (Pavlov
[1987]) is to take first a direct sum of Laplace operators on the initial parts
without taking any interaction into account (it means that we restrict some-
how the domain of the operators); this gives us a symmetric operator. Then
we can extend it to a self-adjoint one, depending on the choice of "boundary
conditions" at the gluing points.

We start with the definition of the Laplace operator on manifolds. Con-
sider on each M; the symmetric operator in L?*(M;) with domain C§°(M;)
defined in local coordinates by

~(Vgi(2)) " 0u(V/ gi(2)g!" ()0,

where ¢/ (z) is the inverse of the Riemannian metric g;,,(z) on M; and
gi(x) is the determinant of g; ., (x). The closure of each of these operators
in L?(M;) is a self-adjoint Laplace operator Ay, with domain D(Ayy,), the
second Sobolev space of M; (a function belongs to this space, if in each local
chart, the function as well as its first and second distributional derivatives
are square integrable). Note that we assume dimM; = 2, hence the Sobolev
Embedding Theorem implies that

D(Ay,) C CO(M,).
Denote by D; restriction of Ay, to the domain

D(DZ) = {f € D(AMZ) : f(qzs) = O, Qis € MZ', S = 1, e 7,“7,} (24)
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D; is a symmetric operator in L?(M;) with deficiency indices (u;, u1;) (recall
that y; is the number of marked points on M;). This fact follows from Lemma
4.2.3 below, see also [Geiler et al., 1995, Theorem 3|, [Briining and Geyler,
2003, Lemma 4].

We parametrize the segments L; by {z; € R : z; € [0,[;]}, where j =
1,..., N and denote by D7 the closure in L*(L;) of the operator —%QJQ_ defined

on Cg°(L;). Each operator Dj is a symmetric operator with deficiency indices
(2,2).
The operator D defined by

D=D ®---®&Dy®D;®---® Dy (2.5)

is a symmetric operator in L?(M;)@- - -®L*(L;)®- - @ L*(Ly) with deficiency
indices (4N,4N).

By considering different self-adjoint extensions of this symmetric oper-
ator we will obtain a description of different types of interactions between
the manifolds and the segments. There exist different ways to define self-
adjoint operators which will describe some non-trivial interaction on the hy-
brid space, i.e. will satisfy some boundary condition at the gluing points.

Definition 2.3.1. A Laplace operator H on a hybrid manifold is a self-
adjoint extension of the operator D.

Our aim is to construct suitable self-adjoint extensions of D to perform
spectral theory on the hybrid manifold. We will use Krein’s extension theory
which will allow us to describe all self-adjoint extensions of a symmetric
operator. This is reasonable, because we cannot say which of those extensions
(i.e. which boundary condition) is preferable. In the somewhat similar case
of the manifold obtained by replacing the edges by tubes and vertices by
balls in a quantum graph, it is known that the relative velocity of shrinking
tubes to segments can influence the boundary condition at the vertices for
the original graph (see [Exner and Post, 2005, Theorems 5.2, 6.2, 7.1, 8.1]).



Chapter 3

Self-adjoint extensions of
symmetric operators

In this section we will give a short introduction to the theory of self-adjoint
extension of symmetric operators. Of course, the subject is too rich to be
covered in all detail, so we restrict ourselves to give the basic definitions and
facts.

3.1 Definitions and preliminaries

We state some basics fact which can be found for example in [Reed and
Simon, 1980, Chapter X]. Let H be a Hilbert space with scalar product
(-,-) = (-,)n and let S be a linear operator with domain D(S). The set
gr(S) :={(z,Sz), x € D(S)} C HxH is called the graph of S. The operator
S is called closed if its graph is a closed set. An operator Sy is an extension
of S'if gr(S) C gr(5), i.e. if D(S1) D D(S) and Sz = Sz, Yo € D(S). We
denote by () and p(S) the spectrum and the resolvent set of S, respectively.
Assume that the domain of S is dense in H. Set

D(S*):={reH:TyeH (x,Sv) = (y,v) Yv € D(S)}.

In this notation, for each = € D(S*), set S*x = y. The operator S* defined
in this way on the domain D(S*) is called the adjoint of S. S is called
symmetric if S* is an extension of S and is called self-adjoint if S = S*.
For a symmetric operator S and z € C\ R set N, = Ker(S* — z); these
sets are called the deficiency subspaces. It is known [Reed and Simon, 1980,
Theorem X.1] that the dimension of N, does not vary as z lies in the upper
half-plane or in the lower half-plane. Put Ny = Ni;. The numbers ny =
dim N1 are called the deficiency indices of S (they can also be infinite).

13
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3.2 von Neumann theory of self-adjoint ex-
tensions

The classical theory of self-adjoint extensions goes back to von Neumann and

is presented in a number of textbooks on functional analysis. We give here

only the main facts, the details can be found, for example, in [Akhiezer and
Glazman, 1993, Chapter 8] or in [Reed and Simon, 1980, Chapter X].

Lemma 3.2.1 (Theorem on page 98 in Akhiezer and Glazman [1993]). For
a densely defined closed symmetric operator S, the domain of S* admits a
decomposition D(S*) = D(S) & N, @ N;, where z is any non-real number.

Proof. Clearly, we have the inclusion
D(S)e® N, & N;: C D(S™).
We will show that, conversely, each x € D(S*) can be represented in the form
r=x9+x,+ Tz
where z¢p € D(95), x, € N, and x; € N;. This representation would imply
S*r = Sxg+ zx, + Zus.

Let z € D(S*). We decompose S*x—zz into its components in the orthogonal
subspaces Ran(S — z) and N;:

S*r — zx = (Sxg — zx0) + (2 — 2)25.
By definition S*z; = Zz; and
S*(x—xg—x5) = 2(x — 19 — T5).
It means that © — zg — xs =z, € N, and
=0+, + Tz
To prove the uniqueness of this representation we suppose that
To+ T, +xz=0,

apply S* to both sides of this equation, multiply by 2z and substract one from
the other:
Sxo— zxg+ (2 — 2)x; = 0.

From the orthogonality of the summands we have (z — z)x; = 0. In the same
way we find (zZ — 2)z, = 0 and

To=z,=x5;=0.
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Lemma 3.2.2. Let S be a closed densely defined symmetric operator. For
any self-adjoint extension S of S and any z € p(S) there holds

D(S*) = D(8) @ N..

Proof. Let & € D(5*), and set xg := (S — 2)~1(S* — 2)z. Clearly, 2o € D(S).
For y = © — xy one has

(S* —2)y = (S* — 2)x — (S* — 2)(S — 2)7H(S* — 2)z
= (S*—2)z— (8 —2)(8 —2)7(S* — 2)z =0,

therefore, y € N,. 3
Now assume that for some 2 € p(S) one has zg + yo = 1 + y1 for some

xg,x1 € D(S) and yo,y1 € N,. Then zy — 1 = y; — yo € N, and we have
(S —2)(xg—x1) = (S — 2)(xg — 1) = 0.
As (S — 2) is invertible, one has zg = x1 and 3 = ¥;. O

Proposition 3.2.3 (Theorem X.2 in Reed and Simon [1980]). Let S be a
closed symmetric operator. The closed symmetric extensions of S are in one-
to-one correspondence with the set of partial isometries of N, into N_. If
U is such an isometry with initial space 1(U) C N, then the corresponding
closed symmetric extension S has domain

D(S) ={z+ 2.+ Uz, :x€D(S),z, € I(U)},

and

S(x+ay +Uzxy) = Sx+ iz, —iUx,.

The Cayley transform of S is the unique partially defined linear operator
Cs acting from Ran(S + i) to Ran(S — i) defined by the equality

Cs(S +i)(x) = (S —i)(z), xeD(S).

The operator Cg is isometric on its domain. Clearly, S is self-adjoint iff its
Cayley transform Cyg is unitary (global isometry of N, into N_), and S has
self-adjoint extensions iff Cs has unitary extensions.

Proposition 3.2.4. The self-adjoint extensions of a closed symmetric oper-
ator S are in one-to-one correspondence with the unitary operators from N,
to N_. The domain of a self-adjoint extension S corresponding to a unitary
operator U is D(S) = {z + z + Uz, : z € D(S),z4 € N.}. Moreover,
U= (C§|N_)_1. For x = g+ x4 + Uz, with xg € D(S) and x4 € N, there
holds Sz = Sxzo + iz, — iUz,

The von Neumann theory gives a complete description of all self-adjoint
extensions but the objects used are difficult to construct. We present below

some alternative approaches to self-adjoint extensions.
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3.3 Basic facts on linear relations

In many situations it is necessary to generalize the definition of a linear op-
erator in order to admit multivalued maps. Such generalizations are usually
called linear relations. Let us recall some basic facts in this context.

Any linear subspace of H @ H will be called a linear relation on ‘H. For
a linear relation A on H the sets

D(A) = {z € H: Ty € H with (z,y) € A)},
Ran(A) ={y € H: 3z € H with (z,y) € A)},
Ker(A) ={x € H: (2,0) € A}

will be called the domain, the range and the kernel of A, respectively. The
linear relations

A ={(z.y): (y,2) €A,
N = {(z1,22) 1 (z1,92) = (T2, 1) V(y1,92) € A}

are called inverse and adjoint to A, respectively. For a € C we put
o = {(z,09) : (x,9) € A}.
For two linear relations A, A” C 'H & H one can define their sum
N+ A ={(z.y +9"), (z,y) e N, (z,9") € A);

clearly, one has D(A’ + A”) = D(A’) N D(A”). The graph of any linear
operator L on H is a linear relation, which we denote by gr L. Clearly, if L
is invertible, then gr L= = (gr L)~!. For arbitrary linear operators L', L”
one has gr L' + gr L” = gr (L' + L"”). Therefore, the set of linear operators
is naturally embedded into the set of linear relations. In analogy with the
notion of closed operators, which is important in spectral theory, we can also
define closed linear relations, i.e. relations which are closed linear subspaces
in H ® H. In what follows we consider mostly closed linear relations.

A linear relation A on H is called symmetric if A C A* and is called
self-adjoint if A = A*. A linear operator L in H is symmetric (respectively,
self-adjoint), iff its graph is a symmetric (respectively, self-adjoint) linear
relation.

Proposition 3.3.1 (Theorem 3.1.4 in Gorbachuk and Gorbachuk [1984]).
There exists a one-to-one correspondence between self-adjoint linear relations
in H and unitary operators acting on H. For a given linear relation A in H
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there is a unique unitary operator Cy in 'H (called the Cayley transform of A)
such that the condition (x1,x3) € A is equivalent to (Ch—I)zy+i(Ca+1)z =
0. Conversely, this condition defines a self-adjoint linear relation for any
unitary operator C.

Clearly, the Cayley transform of a linear relation generalizes the notion
of the Cayley transform for linear operators. Indeed, assume that the linear
relation A is given by the graph of a closed symmetric operator S. Thus
the condition (z1,x2) € A means that z; is in the domain of S and that
x9 = Sx1. Moreover, the Cayley transform of A defined in the previous
proposition satisfies (Cy — I)zy + i(Cx + I)z; = 0, which can be written as

(CA — I)S.Z'l = —Z(CA -+ I)xl,

or

Cr(S +i)xy = (S —i)xy, x1 € D(S).

This is precisely the same relation which defines the Cayley transform Cy of
S, hence Cy = C.

3.4 Abstract boundary conditions

It is well known that, in a functional analytic sense, the definition of an
elliptic operator in a domain with boundary involves boundary conditions.
A similar approach can be used in more abstract situations, namely, for
the description of self-adjoint extensions with the help of abstract boundary
values and the symplectic language.

Definition 3.4.1. Let S be a densely defined closed symmetric linear oper-
ator acting on a Hilbert space H. Let I'1,['s be two linear mappings from
D(S*) into a Hilbert space G. The triple (G,I'1,I'9) is called a boundary value
space for S if

e for all z,y € D(S*)

(x,S™y) — (S™x,y) = (12, Tay) — (Taz, T'1y), (3.1)

e for any u,v € G there exists © € D(S*) such that

e =u, TIx=nv. (3.2)
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The construction of the boundary value space for a given operator S is not
a trivial problem. There is a standard procedure (described in the following
proposition) of such a construction, but the boundary value space which we
get is neither unique nor of practical use. The "right" choice usually comes
from the nature of the problem under consideration.

Proposition 3.4.2 (Theorem 3.1.5 in Gorbachuk and Gorbachuk [1984]). If
S has equal deficiency indices (n,n) then there exists a boundary value space
for this operator with dimG = n.

Proof. We give a proof for the sake of completeness. As we have already
noticed, D(S*) = D(S) & N_ & N, where the decomposition is orthogonal
relative to the graph inner product of D(S*):

<‘7;7 y>graph = <.I‘, y> + <S*l‘, S*y>

Denote by P_ and P, the orthogonal projectors of D(S*) on N_ and N, re-
spectively, with respect to the graph inner product. Since dim N_ = dim N,
there exists an isometric mapping U from N, to N_. Define G = N_
with metric induced from scalar product on H, and I'y = —iP_ +UP,,
'y = P_+ UP,. Let us check that the triple (G,T';,T's) is a boundary value
space for S.

In fact, if z,y € D(S*) then x = o+ P_x+ P,z and y = yo+ P_y+ Py,
where zg, 90 € D(S). Taking into account the fact that S is symmetric and
noting the equalities S*P, = iP, and S*P_ = —iP_, we obtain

<I7S*y> - <S*I7y> =2 (<P+I, P+y> - <P_JI7 P—y>) :
Due to isometry of U we have
(D1, Tay) — (Do, Try) = 2 (P, Poy) — (Pow, P_y)),

and we see that this triple satisfies the condition (3.4.1).

If u,v € G we choose x € D(S*) such that © = xg+x_ 4z, where zg is an
arbitrary vector from D(S), - = 5-(iv—u) € N_and x4 = 5-U '(iv+u) €
Ny. One can easily see that I'yz = w and I's® = v, which finishes the
proof. O

Proposition 3.4.3 (Theorem 3.1.6 in Gorbachuk and Gorbachuk [1984]).
Let S be a densely defined closed symmetric operator with equal deficiency
indices and let (G,1'1,T'9) be a boundary value space. The self-adjoint exten-
sions of S are in one-to-one correspondence with self-adjoint linear relations
in G. The self-adjoint extension S™ corresponding to a self-adjoint linear
relation A is the restriction of the adjoint operator S* to the domain

D(SY) = {x € D(S*) : (T12,T9x) € A}. (3.3)



19

3.5 Krein formalism

A very powerful tool in the spectral theory of self-adjoint extensions is the
famous Krein formula, which we present in this subsection.

Suppose that S is a densely defined closed symmetric linear operator with
equal deficiency indices and that S is a fixed self-adjoint extension of S. For
z € p(Sp) denote the resolvent of Sy by Ry(z) = (Sop — z)~'. We need some
additional constructions to describe all self-adjoint extensions of S.

Definition 3.5.1. A Krein «y-field ~ of the pair (5, Sp) is an operator-valued
function from p(Sy) into the Banach space of linear bounded operators from
G to H, v: p(So) — L(G,H), such that

e 7(z) is a linear topological isomorphism from G to the deficiency space
N, of the operator S,

e for any 21, 22 € p(Sp) there holds

v(21) = 7(22)

= Ro(z1)7(22). (3.4)

A Krein Q-function corresponding to the pair (S, Sy) and a -field ~(z)
is a map from p(Sy) into L(G,G) with the property

Q(z1) — (Q(22))" = (21 — Z2)(V(22))"(21), 21,22 € p(S0). (3.5)

The ~-field and the Q-function are not defined uniquely. To see this, note
that (3.4) can be rewritten in the following way:

Y(21) = 7(22) + (21 — 22) Ro(21)7(22). (3.6)

Therefore, if we define 7(z3) as an arbitrary isomorphism between G and
N.,,, then v(z) extends uniquely to p(Sp). Moreover, as the resolvent is an
analytic function, formula (3.6) also shows us that v(z) is holomorphic in
p(So).

The @Q-function is defined up to a bounded self-adjoint summand. Taking
29 = z and z; = Z in (3.5) we conclude that Q(z) = (Q(z))* for any z € p(Sp).
Rewriting (3.5) as

Q(21) = Q(22) + (21 — 22)(v(22)) v (21),

we conclude that Q(z) is holomorphic in p(Sp).
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Now we are ready to formulate the main tool of this work: the Krein for-
mula. This formula was first obtained in [Krein and Langer, 1971, Theorem
5.1] and further discussed with some variations in [Derkach and Malamud,
1991, Section 2]. Of course this is not an exhaustive list of works dealing
with this formalism.

Theorem 3.5.2 (Krein resolvent formula). Let S be a symmetric operator
and let Sy be a fizved self-adjoint extension. There exists a one-to-one cor-
respondence between self-adjoint linear relations A in G and resolvents of
self-adjoint extensions S™ of S. More precisely, for any self-adjoint relation
A and any z € p(S) N p(Sy) the linear relation [Q(z) — A~ is the graph of
a certain bounded linear operator, and

R (2) = Ro(2) = 7(:)[Q(2) = A]7' (v(2))", (3.7)

where RM(2) is the resolvent of S*. The operators Sy and S* are disjoint
(i.e. D(SY)ND(Sy) = D(S)) iff A is a self-adjoint operator.

We will not give here the rather technical proof of this theorem. Instead,
in the next section we will prove a slightly modified version of this result (see
Theorem 3.6.1 below).

3.6 Boundary value space and Krein formula

The choice of y-field and )-function in the previous subsection contains a lot
of arbitrariness. It is useful to relate this choice with a boundary value space
for S, and we are going to describe now this relationship, see [Derkach and
Malamud, 1991, Section 1] for details. Assume that we have already chosen
a boundary value space (G,I'1,T's) of S. Clearly, the restriction of S* to the
set of elements z satisfying [I'1x = 0 is a self-adjoint extension of S; denote it
by Sy. Actually, for any self-adjoint extension of S there is a boundary value
space such that the extension is defined by the above equality.

For z € C\ R we denote by I';(2) the restriction of I'; to the deficiency
subspace N,. Then

Y(z) = (Ta(2) (3.8)

is a bijective bounded operator from G to the deficiency space N, of the
operator S, and satisfies condition (3.4). Moreover, this map has an analytic
continuation to p(Sp) and, therefore, is a Krein ~-field for the pair (S, Sp).
The operator

Q(z) =T'2(2) (3.9)
is a Q-function of the pair (S, Sy) corresponding to 7.
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Theorem 3.6.1 (Proposition 2 in Derkach and Malamud [1991]). Let S be a
symmetric operator with equal deficiency indices. Fiz a boundary value space
(G,I'1,Ty) of S and consider the ~y-field and the Q-function given by (3.8)
and (3.9) respectively. Denote by Sy the self-adjoint extension of S defined
by I't = 0. Let A be a self-adjoint linear relation in G.Then the resolvent of
the operator S™ defined in (3.3) is given by:

R (2) = Ro(2) = 1(2)[Q(2) = AIT'(7(2))", 2 € p(So) Np(S™).  (3.10)

We will prove this theorem along the lines kindly communicated to us by
K. Pankrashkin Pankrashkin [2005]. We begin with the following lemma:

Lemma 3.6.2. In the same notation as in Theorem 3.6.1, for any z € p(Sy)
we have

1. For any x € D(Sy) there holds (v(Z))*(So — z)x = I'ax.
2. Ker(Sh — 2) = v(2) Ker(Q(z) — A).
Proof. For the first assertion, we notice that for any y € G we have

(y, (1(2))"(So — 2)z) = (Y(2)y, (So — 2)x) = (V(2)y, S"x) — 2(7(Z)y, z)
= (S"(2)y, z) — 2(v(2)y, 7) + (T17(2)y, T2z) — (T2y(2)y, 12)
= ((S" = 2)v(2)y, z) + (y,[ax) = (y, a1),

which proves that I'yx = (v(2))*(So — 2)x.

To show the second assertion, we proceed as follows. Assume that x is
an element of Ker (A —Q(z)), which means that there exists y € G such that
(z,y) € A and y — Q(2)x = 0. This means that (z,Q(z)z) € A. Consider
the element h = 7(z)z, and notice that (S* — z)h = 0. Moreover we have
(T1h,Toh) = (x,Q(2)x) which is an element of A, so that h € D(S*) and
(SA — 2)h = 0. This implies the inclusion

v(z) Ker (Q(z) — A) C Ker(S" — 2).

Conversely, let h € Ker(S* — 2), z € p(Sp). Then also (S* — z)h = 0 and
there exists © € G with h = vy(2)z. Clearly,

(z,Q(x)) = (I'th,I'2h) € A,

so x € Ker (Q(z) — A). This finishes the proof of the lemma. ]
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Proof of Theorem 3.6.1. Let z € p(Sy) N p(S?*). Take any h € H and set
v = (S* — 2)7h; clearly, x € D(S*), and by Lemma 3.2.2 there exist
uniquely determined elements z, € D(Sy) and y, € N, with =z = z, + y..
There holds

h=(S*—2)x=(S"—2)z
= (8" = 2)x. + (5" = 2)y. = (5" — 2)a-

= (So — 2)x,
and z, = (Sy — z)"'h. Moreover, from I'yz, = 0 one has I''z = Tyy.,
Y. =(z)l'z, and
= (5" —2)7'"h=(Sy — 2) 'h +y(2)T1z. (3.11)

If we apply the operator I'y to both sides of the equality © = =, +~(2)'1x
we get ['ox = Tz, + Q(2)['1z and

Fox — Q(2)x = Doz, (3.12)

When h runs through the whole space H, then x, runs through D(S) and
the values I';x, cover the whole space G. At the same time x runs through
D(S™) and the values (I'yjz, Tor) cover the whole A. It follows then from
(3.12) that Ran (A — Q(z)) = G. On the other hand, by the second assertion
of Lemma 3.6.2 one has Ker (A — Q(z)) = 0 and 0 € p((A — Q(z))). From
(3.12) one obtains

Tz = (A —Q(2)) Tya.. (3.13)

By the first assertion of Lemma 3.6.2 there holds I'sx, = (v(2))*h. Sub-
stituting this equality into (3.13) and then into (3.11) one arrives at the
conclusion. O

3.7 Examples

3.7.1 Krein’s formula in terms of Green functions

In this section we discuss a realization of the Krein formula which will be
useful for applications. It is not the general case, but it is similar to the
situation concerned in this work. In [Geiler et al., 1995, Theorem 4] it was
shown that one can rewrite the Krein formula for the resolvents using Green
functions. As we will use intensively this form, it is useful to recall briefly
the corresponding machinery.
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Let M be a compact Riemannian manifold of dim < 3. We start from
the Laplacian Sy = A in L?(M). Fix a finite subset A of M and denote by
S the restriction of A to the domain

feDA): fla)=0 Vace A

This definition makes sense because the condition d < 3 and the Sobolev
imbedding theorem imply the inclusion D(A) C C°(M), so we can speak
about f(a) for any element f € D(A). S is a symmetric operator whose
self-adjoint extensions we are going to describe using the so-called Krein
formalism. Clearly, Sy is a self-adjoint extension of S.

Definition 3.7.1. Let T be a self-adjoint operator in L?(M). Assume that
for complex z with —2% € p(T) the operator (T'+2%)~! has an intergal kernel,
i.e. there exists a measurable function T'(x,y, z) such that

for all f € L*(M)(T + 2*) ' f(z) = /MT(a:,y,z)f(y) dy, a.e., (3.14)

then T'(z,y, z) is called the Green function of T.

Denote the Green function of Sy by Go(z,v,2). For each fixed z, —22 €
p(So), the function Gy(x,y,z) is in C*°(M x M \ {(z,z), x € M}), and for
each y € M the function Gg(-,y,z) belongs to L*(M). Moreover, for any
fixed pair (z,y) € M x M, x # y the function G(z,y, z) is holomorphic for
all z such that —2z% € p(Sp), [Briining and Geyler, 2005, Theorem 23].

Denote the number of elements in A by n and enumerate all points in A:
A={a;,i=1...n}.

Proposition 3.7.2 (Theorem 3 in Geiler et al. [1995]). The deficiency indices
of S are (n,n) and the deficiency subspaces N, of S are spanned by the
functions Gy(-,a,z), a € A.

To define a @-function we need an additional construction. Let us repre-
sent G as the sum of two terms,

G()(l',y,Z) = F(x,y) + R(l’,y, Z),

where
0, for d =1,
F(z,y) = —% log T(;’y), for d = 2,
m, fOI' d= 3,

is the standard singularity of the Green function, r(x,y) is the geodesic dis-
tance between the points x and y. The function R is then continuous in the
whole space M x M.

The Krein formula (3.7) can be rewritten now in terms of the Green
functions:
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Theorem 3.7.3 (Theorem 4 in Geiler et al. [1995]). For z with —z* € p(Sy)
define an n X n matriz by

{Qij(Z) = Golai,aj,2), 7] (3.15)

Qii(2) = R(a;, a4, 2), otherwise.

The Green function of the operator S® from Theorem 3.5.2 is given by the
ETPTESSION

GA($>y7 ) GO .Z' 'Y, % Z CTYO x y Ay 2 ( ) A]i_leU(aj7y>z)7 (316>

i,7=1

where A is a self-adjoint linear relation in C™.

As we will see later, this approach to the description of the self-adjoint
extensions of a symmetric operator is relatively easy to use and, if combined
with boundary value space techniques, provides a good description of these
extensions in terms of "boundary conditions".

3.7.2 Laplacian on a half-line

Now we will illustrate these techniques with the simplest example. Let us
consider the half-line [0, c0) parameterized by the coordinate x. Define the
operator S on [0,00) as the closure of the operator —% with initial domain
C5°(0, 00) in the Hilbert space L?(0, 00). This operator is obviously symmet-
ric, but not self-adjoint. In fact, let us find its deficiency indices. First of all
we should describe D(S*). According to the definition, f € D(S*) if there
exists h € L?(0,00) such that (f, Sg) = (h, g) for all g € D(S) and then we

define S*f = h. In our case, for all g € C§°(0, 00)

(f,Sg) = / f(x)g"(z) dzx —/ h(x)g(z) dx = (h, g). (3.17)

Then we have that —f” = h € L? in the distributional sense, which implies
D(S*) = W?2(0,00) and S*f = —f".
Now we can find Ny = Ker(S* —i):

—f"—if =0, f € D(S*) = W**(0, 00) = Ker(S* —1i) = Span{e™V7""},

and similarly for the space N_. So ny = dim N1 = 1 and the operator S has
deficiency indices (1,1).
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As the next step we define a boundary value space, namely operators
I'1,Ty : D(S*) — C satisfying the conditions of Definition 3.4.1. They can
be chosen as

L1 (f) = =f(0),  Ta(f) = f(0). (3.18)

In fact, for f,g € D(S*) = W22(0,00) we have f, g, f,¢ — 0 as  — +o0,
and then

(f,57g 2 = (S"f, 912 = f'(@)g()lg — f(2)g'(2)]g
= —f(0)9(0) + f(0)g'(0) = (I'1(f), P2(g))c2 — (I (g), To(f))c2. (3.19)

As we have seen before we can rewrite the Krein formula using the Green
function for one fixed self-adjoint extension, described by the condition I'y f =
0. In our case with the chosen boundary value space this condition takes the
form f’(0) = 0. It is the well-known Neumann boundary condition. The
Green function for the Neumann Laplacian (A + 22) on the half-line can be
found directly or with the help of the following formula

o1(z, 2)pa(y, 2)

w(g) , xXr Z Y,
G(x,y,2) = e1(y, 2)p2(z, 2) r<y
w0 Y

where 1 (z, 2), p2(x, z) are solutions of the equation —¢” + 2% = 0 with the
L? condition at infinity (z = 0o) and Neumann boundary condition at z = 0,
respectively and where w(z) is the Wronskian of these functions (it doesn’t
depend on x):

(p1<$, Z) 902(937 z)

w(z) = .
B =leiw2) eyl 2)

In any case, after some computations one finds that

e (@+y) 4 g—zla—yl
2z

Go(ac,y,z) - = (320)

The ~-field and ()-matrix can be found explicitly using their expression
in terms of the Green function:

e~

7(2)(€) = Go(x,0,2) € = —

s Q(z):Go(0,0,z):—%. (3.21)

z
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According to the Krein formula, the Green function (integral kernel of the
resolvent) of each self-adjoint extension of the operator S can be expressed
in terms of the Green function corresponding to the Neumann boundary
condition (denoted by Gy(z,y, 2)), the y-field, the @-matrix and some pa-
rameterization constant. Namely, each self-adjoint extension of S is defined
by the boundary condition I's(f) = AI';(f) where A € C, or, equivalently
f(0) + Af'(0) = 0. Using the explicit form of the 7-field and the @-matrix,

we find that the Green function for this self-adjoint operator has the form

G)\<33’, Y, Z) = Gg(ﬂ?, Y, Z) - GO(ma 07 Z) (GO(Oa Oa Z) - )\)71 G(07 Y, Z) =
o= @ty) | el N o ty)
2z Z(1+zA)

3.7.3 Laplacian on a segment

As we will see, this case has no principal difference with the case of a half-
line. Nevertheless, we will construct all necessary objects, because we will
use them later. On the segment [a,b] parameterized by the coordinate x
we define the operator S as the closure of the operator —% with domain
Cs°(a, b) in the Hilbert space L?(a,b).

This operator is symmetric but not self-adjoint. We describe D(S*) with
the same method as for the half-line. According to the definition, f € D(S*)
if there exists h € L?*(a,b) such that (f,Sg) = (h,g) for all g € D(S) and
then we define S*f = h. In our case for all g € C§°

b b
(1:89) == [ 1@)g"a)dz = [ hia)gla) dz = (hg).
Then we have that —f” = h € L? in the distributional sense, which implies
D(S*) = W??(a,b) and S*f = —f”. The next step is to find N, = Ker(S* —
i):

—f"—if =0, f € D(S*) = W?? = Ker(S* —i) = Span{e¥ ™, e V=],

and the same for the space N_. So ny = dim Ny = 2 and the operator S
has deficiency indices (2, 2).

A boundary value space, namely operators I';, 'y : D(S*) — C?, can be
chosen as
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This can be proved by showing that for f, g € D(S*)

<f S*g)z = (S°f,9)12 = f'(2)g(@)], — f(@)g (2)],
f'(b)g(b) — f'(a)g(a) + f(a)g'(a) — f(b)g'()
= (I(f): Ta(9)) ez = (F1(9), Ta(f)) e

We need also the Green function for the self-adjoint extension, described
by the condition I'; f = 0. For the case of the operator on the segment with
the chosen boundary value space this condition takes form f’(a) = f'(b) = 0.
It is the well-known Neumann boundary condition. The Green function for
the Neumann Laplacian on the segment can be found directly or with the
help of the following formula

p1(z, 2)pa(y, 2)

w(z> , xXr Z Y,
G(x,y,2) = e1(y, 2)p2(w, 2) <y
w0 Y

where ¢y (z, 2), p2(x, z) are solutions of the equation —¢” + 2% = 0 with the
Neumann boundary condition on the right (z = b) and the left boundary
(x = a) respectively and w(z) is the Wronskian of these functions.

In any case, after some computations one finds that

(ez(m—b) +6z(b—m))(ez(y—a) +ez(a—y))
QZ(ez(b—a) _ ez(a—b)) ’ -

(z(yb+eby)(zxa+ez(a$)) -
2Z(€z(b a) _ ez(a— b)) o XY

Go(z,y,2) = (3.22)

This expression can be rewritten in another form to make more obvious
the fact that some terms decay as z tends to infinity (we will use this property
later):

e ety=2) | p—zle—y] 4 p2(le—yl-2(-a) 4 o2(20-2-)
22(1 _ e2z(afb))

Go(z,y,2) = (3.23)

The ~v-field and @-matrix can be founexplicitlyly using this expression for
the Green function:

7(2) (517 52) = G0($a a, 2)51 + GU(I’ bv 2)627

_ (Go(a,a,z) Gola,b,2)
Q) = <G0(b, a,z) Go(b,b, z)> '
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And as we already see for this simple example, the explicit calculation of
G(z,y,z) with the help of formulas (3.7) or (3.16) gives a rather compli-
cated answer. But if one is interested in some specific question, for example
in spectral properties or in the asymptotic behavior of the resolvent, this
formula can give a desired answer.



Chapter 4

Spectral theory on hybrid
manifolds

4.1 History of the question

We have already seen how we can define a Laplace operator on a manifold
with the help of the Krein formula. This formula actually describes the re-
solvent of these operators. In order to do some spectral theory, it is therefore
natural to use the resolvents directly, rather than the operators themselves.
For a usual compact manifold there are two powerful instruments of spec-
tral theory (in fact they are equivalent): the heat kernel expansion and the
expansion of the trace of a suitable power of the resolvent. The simplest
construction i.e. the expansion of the trace of the resolvent does not exist if
the manifold has dimension at least two, because in this case the resolvent
is not in trace class. These two expansions are equivalent, more precisely,
Tr R? = Tr(A + 2%)72 can be obtained from e~2! with the Mellin transform.
It seems that in our situation the resolvent approach is more natural, as we
know the expression for the resolvent.

First of all let us recall the well-known result concerning the heat kernel
and resolvent expansion for compact smooth manifolds.

Definition 4.1.1. Let (M, g) be a Riemannian manifold with associated
Laplace operator A and heat semigroup e~*2, ¢ > 0. The heat kernel e(t, -, -)
of M is the integral kernel of e~**. Existence and construction are described
for example in Rosenberg [1997], chapter 3.

Theorem 4.1.2 (Rosenberg [1997], Propositions 3.23, 3.26, 3.29). Let (M™, g)
be a compact Riemannian manifold of dimension n. Then e(t,z,x) has the

29
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asymptotic expansion

e(t,z,z) ~ (4mt) "2 Zak(:v, z)t* t — 0+,
k=0

where ag(z, x) = 1,a1(z, x) = $S(x), where S(x) is the scalar curvature, and
moreover, all coefficients a;(x,x) are universal polynomial expressions in the
Riemannian curvature tensor at x and its covariant derivatives.

As an easy corollary, we get

Theorem 4.1.3. With the notation of the previous theorem, the trace of the
heat kernel has the following expansion ast — 0:

[e.9]

Tre 2 ~ (4mt) ™2 Z at”,

k=0

where ar, = [ ax(x, z) dvol(z).

M
Proposition 4.1.4 (Seeley [1967]). If dim M = 2, then R*(z) = (A+2?)72,
has the asymptotic expansion as z — oo : for all N > 0,

N
TeRe(e) = 0 ) o)

47T22k+2
k=0

where the coefficients ay are as in Theorem 4.1.35.
The first terms of this expansion reveal important geometric and topo-
logical characteristics of the surface:

Vol(M)  x(M)
A7 22 624

Tr R? ~ (4.1)

Our aim is to obtain some similar results for the resolvent of a Laplace
operator on a hybrid manifold.

4.2 Krein’s formula for a hybrid manifold

Let us recall the formula for the resolvent of a self-adjoint extension of the
symmetric operator as it was introduced in (3.7). This Krein formula says

R = Ry — v(2)[Q(z) — A] (v(2))7,
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where Ry is the resolvent of one fixed self-adjoint extension, v is a Krein -
field and @ is a Krein Q-matrix, A is the matrix representing the boundary
conditions in the points of gluing.

We want to apply this formula to the Laplace operator H on the hybrid
manifold defined in Section 2.3. In fact, the method of Section 3.7.1 will
be used with some modifications. First of all we need to define the Green
function for the differential operator on the hybrid manifold, then we will
use it to define the objects needed for the Krein formalism.

4.2.1 Boundary value space

It is clear that due to the special structure of the symmetric operator D on
the hybrid manifold (see 2.5) it is enough to choose boundary value spaces
for each component of the hybrid manifold and take their direct sum. We
start from the case of a segment and then consider a manifold.

In the case of the operator D defined on the segment [0, ;] we already
have proved the following result (see 3.7.3)

Proposition 4.2.1. The boundary value space for each of the operators D;
defined on the segment [0,(;] can be chosen as the operators

L1 (f) = (=100, f1(13)), - Ta(f) = (f(0), f(5))- (4.2)

with values in G = C2.

The case of a surface is more complicated. In fact, we need some ad-
ditional facts before we can construct an appropriate boundary value space
for the operator D; defined in (2.4). Let us fix the manifold M; =: M. As
before, denote by R = R; and G(z,y, 2) = G;(z,y, z) the resolvent and the
Green function of a Laplace operator on M. We denote by Ry and Gg the
resolvent and the Green function for the standard Laplacian on M.

If one studies the behavior of the Green function on a two-dimensional
manifold in a neighborhood of a fixed point ¢ € M; in case of fixed z € p(D,),
one can find (see for example [Avramidi, 1998, section I1.2]) that the following
Lemma holds:

Lemma 4.2.2. The Green function for the operator A on the manifold M;
has the following expansion near the point q;:
C(Q?,Q')
Go(z,qj, 2) = _TJ Inr(z,q;) + F(x,q5,2) + Pz, q;, 2), (4.3)
where c(x,q;) does not depend on z and is continuous with respect to x,
c(gj,q;) = 1, r(x,q;) is the geodesic distance between the points x and g;,
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F(x,q;,2) is continuous with respect to x, and the remainder P(x,q;,z) is
o(1) as x — q;. The functions F' and P are analytic functions of z in p(A).
As we know the domain of D* is

D(D*) =D(D)& N, & N_, (4.4)

and the result of the article [Geiler et al., 1995, Theorem 3|, analogous to
Proposition 3.7.2 describes the structure of the deficiency subspaces for the
operator D:

Lemma 4.2.3. The functions Gy(-, q;, z) form a basis for the deficiency sub-
space N, for z € C\R. The deficiency indices for the operator D are (p, 1),
where 1 1s the number of gluing points on this manifold M.

So we can decompose a function f(z) from D(D*) into the sum of a
function g(z) from D(D) and linear combination of the Green functions
G(x,q;, z), for any z ¢ R. We are interested in the behavior of this function
for x near g;. We know that g(x) € D(D;) is continuous at ¢;, and Lemma
4.2.2 describes the behavior of the Green functions. So we find that

f(@) = a;(f)(=c(z,q;) Inr(z, ;) + b;(f) + P(x), (4.5)

where a;(f),b;(f) € C, P(x,q;,%) = o(1) as x — ¢, and the function c is the
same as in Lemma 4.2.2. Now we have enough information to formulate

Proposition 4.2.4. The triple (C*,T'1,T'y), where the linear operators I'1, Ty
act from D(D*) into G = C* as follows

(4.6)

15 a boundary value space for the operator D on a manifold M with p marked
points.  The proof is straightforward but technical and can be found in
[Briining and Geyler, 2003, Lemma 5.

Taking into account the fact that the operator D has a direct sum struc-
ture (2.5) and using the two previous propositions we obtain

Theorem 4.2.5 (Theorem 1 in Briining and Geyler [2003]). For the opera-
tordefined as

D=Di®---&D;®D] & ®Dj

on the hybrid manifold consisting of M 2-dimensional compact Rieman-
nian manifolds M, ..., My and a set of N segments L1, ..., Ly, The triple
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((CM, Fl, F2> with

g:(C'u’l @...(C:U‘]VI@(C2N:C4N7
Fl = (F]-)Ml SPARE (Fl)MM D (FI)L1 D (Fl)LN7 (47)
Loy =To)a @ (T2)nmy, @ (T2)r, © -+ (T2) 1y,

where the boundary value spaces (I')y; for manifolds and (T')p for segments
were described in (4.2), (4.6), is a boundary value space.

4.2.2 Krein’s formula for the hybrid manifold

Here we formulate some results about Laplace operators and the Krein for-
mula on a hybrid manifold in terms of given boundary value space.

First of all, for application of the Krein theory we need to fix some self-
adjoint extension of the operator D (defined in 2.5). Due to Proposition
3.6.1, if for the boundary value space fixed in Theorem 4.2.5 we define the
self-adjoint operator Dy as the restriction of D* to Ker I'; then the resolvents
of self-adjoint extensions of D are described by the Krein formula (3.7).

In fact, this operator is the direct sum of the smooth Laplacians on each
manifold and the Neumann Laplacians D;V on each segment of the hybrid
space. For a segment, the condition I'y f = 0 takes the form f'(0) = f/(I) =0,
indeed the Neumann boundary condition. The condition I'; f = 0 is equiva-
lent to a;(f) =0 for f € D(Dy) on a manifold, and this means that we deal
with the class of functions f from D which have no singularity at the marked
points of the manifold, i.e. we take the smooth Laplacian on this manifold
as one fixed self-adjoint extension.

This choice of Dq gives us the possibility to use many known results for
the Laplacian on a smooth manifold. For example, we will use the heat
expansion for Dy. We denote by Ry and Gq the resolvent and the Green
function of Dy, i.e. the direct sum of the resolvents and Green functions for
each component.

Once we have chosen a boundary value space and fixed a self-adjoint
extension of D, we can construct the y-field and the -matrix, necessary for
the Krein formalism.

By [Geiler et al., 1995, Lemma 5] and Proposition 3.7.3 we can use the
Green function for the construction of the v-field and @)-matrix. We always
suppose that the boundary value space is chosen as in (4.7). We start from
the construction for each component of a hybrid manifold.

S

Proposition 4.2.6. For the pair of operators D;
[07 lj]

,D;V on the segment L; =
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the operator-valued function v5: p(DY) — L(G,H), G = C* defined by

7;(2)(5) = GN<x7 07 2)51 + GN(l'a lj> 2)52, 6 = (51?52) € C27 (48>

where GN(z,y, 2) is the Green function for the Laplacian on this segment
with Neumann boundary conditions, is a Krein ~y-field;
the operator-valued function from p(D}) to L(G,G) gien by

s GN(0,0,2) GM(0,1;,2)
Qile) = (GN(lj,o,a GN(lj,lj,zQ ’ (4.9)

is a Krein QQ-matriz for D5,

Proof. Using the exact form of the Green function obtained in (3.23) it is
easy to see that I';(y(2)) is the identity on G because of

_(GN);:(ma 0, Z)|x:0 = (GN);(i, lj, Z)|x:lj =1,

and, consequently, condition (3.8) is satisfied. The condition (3.9) Q =
['y(7(z)) is obvious in this case. So 7j(z) is the y-field and Q3 is the Q-
matrix. [l

The case of a manifold is similar to the considered one. We use once more
the chosen boundary value space and state

Proposition 4.2.7. For the pair of operators D;, Dy; on the manifold M;
with p; marked points
the operator-valued function v: p(D;) — L(G, H), G = C* defined by

Hi

1) = 3. Clr.ge )& €= (€11 6u) € T, (4.10)

k=1

where G(z,y, z) is the Green function for the Laplacian on M; and gy for
k=1,..., u; are the marked points, is a Krein vy-field;
the p; X p; matriz defining an operator-valued function from p(D;) into

L(G,G)

F(QiaQi7z)7 ZZ]?

Q(2)ij = ) )

G(QDQJ'VZ)’ Z#]a
where G(x,y, z) is the Green function for the Laplacian on M; and F is the
reqular part of this Green function near q;, as defined in Lemma 4.2.2,is a

Krein QQ-matriz.
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Proof. We should verify the conditions of Definition 3.5.1. But as we know
for the fixed boundary value space it is sufficient to verify the properties
(3.8), (3.9).

Condition (3.8) is equivalent to I'1(v(z)(§)) = £. From the definition of
a; we easily conclude that a;(G(x, g, 2)) = d;x and

Py (E) = {an(> Gl i ), I =1, pas)

Hi
={> 0wl 1=1,... i} =¢&
k=1

The condition (3.9) @@ = I's(y(z)) is proved in the same way because of
bi(G(z,q;,2)) = Qij. So, y(z) is the y-field and @ is the Q-matrix. O

Applying these Propositions to each component of the hybrid manifold
and taking the direct sum, we obtain

Theorem 4.2.8. For a hybrid manifold consisting of 2-dimensional compact
Riemannian manifolds My, ..., My, and a set of segments Ly, ..., Ly and its
boundary value space chosen as in Theorem 4.2.5, the operator-valued func-
tions, defines as:

V(2) =1 (2) ® - -y (2) D71, (2) B -1, (2),
Q(2) = Qu, (2) & - Qury (2) ® QL (2) B -+ QF (2),
where the v-field and the Q-matrix for each component of the hybrid manifold

are defined in Propositions 4.2.6, 4.2.7, are Krein y-field and Q-matriz for
the operator D.

(4.11)

Theorem 4.2.9. The Laplace operators on the hybrid space, disjoint with the
operator Dy, are in one-to-one correspondence with the Hermaitian 4N x 4N -
matrices A\, i.e. for each such matrixz there exists a self-adjoint extension of
D defined by the boundary condition

[ox = ATz, x € D(D?),
for the boundary value space fixed in Theorem 4.2.5.

Proof. This is a direct consequence of Theorem 3.4.3 while any Hermitian A
defines a self-adjoint linear relation. ]

From this theorem and Krein’s formula (3.7) we now derive the main tool
in our spectral analysis of hybrid Laplace operators:
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Theorem 4.2.10. The resolvent R of any Laplace operator disjoint with
Dy and corresponding to the the Hermitian matriz A, can be written as

R*(2) = Ro(2) = 1(2)[Q(2) = A]7' (1(2))",

where Ry is the resolvent of Dy and v(z) and Q(z) were defined in Theorem
4.2.8,

Remark. Let us notice that we consider Hermitian matrices A (which define
the self-adjoint operators A in Theorem 3.5.2) and, therefore, all obtained
self-adjoint extensions of D are disjoint with Dy. In fact, it is natural to
restrict ourselves to more special classes of matrices. As we know, this matrix
defines the relation between some characteristics (such as f, f',a;(f),...) of
a function from D(D*) in a neighborhood of the gluing points. It is natural to
suppose that such characteristics are "local’, i.e. that their values in one point
cannot influence the values in another point. For example, if we consider the
first row of the matrix A we see that these elements are coefficients relating

b1 (f) with a;(f) and f'(¢;) fori=1,..., N:

bi(f) = Z Aiai(f) + Z Mo (@)

The described "locality condition" means that in fact b (f) depends only on
a1 (f) and f’(q1), i.e. only from local characteristics of the function at the
point ¢;. We see that under this assumption only A;; and A; y41 are non-
zero in the first row. A a consequence, the matrix A has the following block
structure:

)\171 0 0 )‘1,N+1 0 0
0 )\272 0 0 )\2,N+2 0
R 0 Ay 0 0 Anan
AN41,1 0 0 ANtin+1 0 0
0 AN+22 0 0 AN+2,N+2 0
0 0 Ao, N 0 0 AoN 2N

Note also that Ayji; = A\ v and Ay € R due to the Hermitian structure of
A.

4.3 The resolvent expansion

As mentioned before, we try to compute asymptotically the trace of the
square of the resolvent of a Laplace operator on a hybrid space. This is now
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possible with the help of Theorem 4.2.10. The matrix A is fixed during the
rest of this section so we do not specify the dependence on A. First of all we
prove the following technical lemma:

Lemma 4.3.1. For the Green function, i.e. the integral kernel of the operator
(A + 2271 on a compact manifold M, one has

1
/G(x,u, 2)G(u,y, z) du = —gG;(%y, z).

M

Proof. For the resolvent of A we have

0
0z

and it is enough to rewrite this identity in terms of the operator kernels,
noting that G is analytic in z [Briining and Geyler, 2005, Theorem 23]. The
identity holds for all x,y € M because of the continuity of the Green function
outside the diagonal [Briining and Geyler, 2005, Theorem 23], and [Briining
and Geyler, 2005, Proposition 6]. ]

—(A+z ) T= 22(A+ 22)_2,

Now we have all the necessary tools for the computation of Tr R?.

4.3.1 Computation of Tr R?

Let us start with the computation of Tr R? using Theorem 4.2.10. We denote
the linear operator v(2)[Q(z) — A]7*(y(2))* by A(z). Then we obtain

Tr R*(2) = Tr R3(2) — Tr(Ro(2)A(2)) — Tr(A(2)Ro(2)) + Tr A%(2).

We recall that the resolvent Ry is the direct sum of the resolvents of the or-
dinary Laplacians on the manifolds M; (denoted by Ry ;) and the resolvents
for the Neumann Laplacians on the segments L; (denoted by Ry ;) forming
the hybrid manifold. According to the definition of the Green function for
the self-adjoint operator A on a compact manifold M we can represent the
resolvent as an integral operator (under the notation dy here and in what
follows we understand the volume form dvol(y) on the manifold):

(A + 2271 f(z) = / Gz, y, =

This representation holds for all f € L*(M), and since D(A) C C(M) and
the continuity of the map z — [,, G(z,y,2)f(y)dy for all f € L*(M) hold
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also for all z € M, see [Briining and Geyler, 2005, Theorem 23]. This
representation allows us to find the trace of R ), on any of the manifolds
M;, using Lemma 4.3.1:

R (2 //GM (,u, )Gy, (u,y, 2) f(y) dy du
Tr B2, (2 //GquzGM(uxz)dxdu——/ L)z, ) da.

For the Laplacian on a segment L; = [0,l;] with Neumann boundary

conditions we have the exact formula (3.22) for the Green function and we
find

1 0 1 2(x—l1j)z -2z —2xz
TYRS,Lj(Z)——/—_< L Lk )dm
0

e (2 — Lz) + e MF(— 1+ 122%) + 2+ Uz
4(1 — e~2h7)24

The linear operator A(z) can be also rewritten as an integral operator as
follows. Denote the entries of the 2N x 2N matrix [Q(z) — A]™! by ¢;(2).
Using the expression for y(z) obtained in (4.8), (4.10) and the fact that
G(z,y,2) = G(y,x, z), we get:

A(2)f(y) = 1(2)[Q(z) = AT (v(2) " f(y) =
Z/CU (v, @i, 2) f(u)G(qj, u, z) du.

The integral here is in fact the sum of the integrals over manifolds and
segments. Using these integral representations of the operators A and Ry,
we calculate the remaining terms of Tr R? as follows:

Ro(2)A(2) f(x) = Z cij(2) / / G(z,y,2)G(y, ¢, 2) f(w)G(g;, u, z) dy du.
2
This operator has the integral kernel

K(z,t,2) Z% / (z,y,2)G(y, 4, 2)G(g;, 1, 2) dy,
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hence

TrRO ZCU // x, Y,z y Qiy/Z)G(ijrvz) dl'dy,
or, using Lemma 4.3.1,

T Ra(2)4G) = 5 S enle) [ ( [ 6o 16,0090 ) Gl 2) o

1,7
1
3 ete) [ ([ G620 6oz dy
%.J
1 L,
(2]

L,
/ —gGZ(qp Y, Z)G(y7 qi, Z) dy)

1 / /
=~ CU(Z) / (G(Qj,$,Z)GZ(l’,qi,Z) + Gz(Qj7$7Z)G(x>qivz)) dx

_ 1 cij(z)/(G(qjax>z)G(“77ql'vz))lz dz

4z =
Zc” ( G(q5, 9,2 )>

_ ‘ZC 2(95,92) G704, 4, 2)
K 823 822 '

Let us now find Tr A%(z). We will use the same method and represent
the operator A%(z) as an integral operator:

/

(61 = 3 ete) [ Gl 2)Gay . 2)AG) 1) du

= S @) [ 662 [ Gl Gl ) ) dy

0.k,

— Z C’Lj Ck:l /G(ﬁ, i, Z)G(y7 qk, Z>G<Qj7ya Z)G(QZa u, Z)f(U) du dy

i,7,k,l
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Now we find:

Tr A%(z) = Z ¢ij(2) ckl(z)/G(x,qi,z)G(ql,x,z)G(y,qk,z)G(qj,y,z) dy dx

i’j’k7l

1 ) ,
- @ Z CZ](Z) ckl(z)Gz(QMin Z)Gz(q],(ﬂg,Z)

i7j7k7l
Summarizing the results obtained, we state

Theorem 4.3.2. Consider a hybrid manifold H, consisting of the mani-
folds M; and the segments L;, and a Laplace operator (corresponding to the
boundary conditions determined by a matriz A, and disjoint with Dy) on H.
Then the following formula for the trace of the square of the resolvent of this
operator holds:

2N
1 G;(Q’a%az) G/z/z(qvth)
Tr R*(2) = — / EGIZ(LL’, x,z)dx + 2 Z cij(2) < 8Jz3 — 8]22
e i,7=1
1 2N
_’_E Z CZ]<Z) Ckl(Z)Glz(qlaQ’MZ)G/z(QJ)q]CaZ)
i,5,k,l=1

Here G(x,y, z) is the Green function of Sy on the hybrid manifold and the
entries of the matriz [Q(z) — A]™' are denoted by ¢;j(2)1<i j<on-

4.3.2 The asymptotic expansion

The result of Theorem 4.3.2 is given in terms of the Green functions for
the Laplacians on the smooth parts of the hybrid manifold. But using it in
applications is practically impossible for two reasons: first of all, inverting
the 2N x 2N matrix Q(z) — A can be difficult, and secondly, the explicit
computation of the Green function is almost never possible. Nevertheless,
there are ways to get some simplifications if we restrict attention to large z.
As we will see below, the special structure of the matrix (Q(z) — A) allows
us to find its inverse asymptotically as z — oo. Likewise, one can use the
representation of Ry as an asymptotic series in powers of z (analog of heat
kernel expansion). Thus we may attempt to generalize (4.1) to the case of
hybrid manifolds.
For further calculations the following lemma is crucial.

Lemma 4.3.3. Let M be a compact two-dimensional manifold and fix some
distinct points q; and q; on it. For the Green function of the Laplace operator
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on M and for |z| large enough, z ¢ Z. = {z € C: |argz| < €}, one has the
estimates

|G (g, g5, 2)] = O(e™“H),
|G (g, g5, 2)] = O(e™ ),
|G” (qMQJ)ZM = O(G_C|Z|)7

zZZ

where C' is some positive constant.

Proof. The first estimate is a direct consequence of [Hormander, 1969, Propo-
sition 4.8], which asserts that for two distinct points x and y we have

o Cr(zy)lz]

G(z,y,2)| < C (4.12)

r(@,y)l2|’
where r(z, y) is the geodesic distance between x and y and C'is some positive
constant.

Now we turn to the proof of the second estimate. For this fix some small
0 < e < r(g;,qj)/2 so that the geodesic balls B(g;, ) and B(qg;, €) are disjoint.
Using Lemma 4.3.1 we can write

Gl (g a5,2)| < 212] / 1Glas, u, 2)|1Gu, 45, 2)| du
M

—21:|[ [ Gl .26, 5.2)
M\ (B(qi,e)UB(gj,€))

s [ GG Al det [ 1616l g,2) o
B(gi.€) B(

qj 75)
Due to 4.12, the first integral in the last inequality is easily seen to decay
exponentially as z goes to infinity. It remains to estimate the second one (as
the reasoning is similar for the third one). By 4.12 we have

e—Ca\z|

[ taualcg i< e [ (Gl
B(qi.e) 8’2‘ B(qi.e)

Using the z—asymptotic expansion of G near the diagonal [Avramidi, 1998,
Formula (38)], we see that fB(%a) |G (u, q;, z)|du = O(1). This proves the
desired estimate for G”,. For G”

zz)

the proof is similar. O

Thus, if the points x and y do not coincide, the Green function G(z,v, 2),
as well as its derivatives G’ (x,y, z) and G, (z,y, z) decay exponentially as z
tends to infinity.
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In the statement of Theorem 4.3.2 the terms G(g;, ¢;, 2) appear, where
the distance between the points ¢; and g; is fixed by the configuration of our
hybrid space. Hence all terms of such type for non-coinciding points ¢; # ¢;
are exponentially small as z — 0o, so we need to consider only the terms
G(¢i, ¢i, 2). Using this observation and performing calculations similar to the
proof of Theorem 4.3.2, but neglecting terms of exponential small order of z
we prove

Theorem 4.3.4. With R as in Theorem 4.53.2 we have the following asymp-
totic relation for some positive constant ¢, as z — o0

Tr R*(z) = —/%G;(x,x,z) dr + 22%(2) (GZ(q“q“Z) — GZZ(q“q“Z))
i=1

823 822
H
L
+@ Z cij(2) ¢ji(2) G (i, i, 2) G (45, G5, 2) + O(e™%).
ij=1

4.3.3 Matrix formula

The result of Theorem 4.3.2 can be rewritten in a compact matrix-form. Let
us denote by G, the diagonal matrix with entries G’(¢;, ¢;, z). Denote also
by G”. the diagonal matrix with entries G”,(g;, ¢;, z). This is a slight abuse
of notation, since G’, and G, are also well defined operators; it will be clear
from the context what is meant by this notation. Then it is easy to see that
Theorem 4.3.4 can be formulated as follows.

Theorem 4.3.5. We have the following asymptotic relation as z — oo:

G (x,z,z 1 " _
TrR2(z):—/%dx—@Tr(Gm[Q—A] Y
H

1 1
T T(CLIQ - AT + 5 T (GLIQ — AT+ 0(e™™).

Proof. The proof is trivial - we need just to notice that in the matrix sense

2N

Z Ci; (Z)G/(Qw qis Z) =Tr (Glz [Q - A}il) )
i,j=1

2N

7 i) ilz) Gllai i, 2) Gl 45 %) =
i,5,k,1=1

Tr (GL[Q-ATGLQ—A]T).
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]

Now we need only to compute the inverse matrix ) — A, and fortunately,
this is possible in this approximation.

4.3.4 Asymptotic representation of [Q(z) — A]™!

Let us recall that under the natural "locality" conditions discussed in the
Remark after the Statement of Theorem 4.2.10, the matrix A is a Hermitian
matrix consisting of four diagonal blocs

A ( (M) (iiew) )
(Aiirn)  (Mignien)

As we have already shown in Theorem 4.2.8 the matrix Q(z) has the form

@i 0 ... 0 O
0 Qs .. 0 0
0 .. 0 Qu 0
o .. 0 0 G

where @); is the @-matrix for the i-th manifold M; in the hybrid manifold,
for example

F(Qlanaz) G<q17Qu1az)
Oy =
G<qM17QI72) F(q,ul?qunz)

and G = (Gy,) is an N x N-matrix consisting of the Green functions (denoted
by Gs) for the Neumann Laplacian on the segments:
Gs(qr,qi,z) if gx and ¢ belong to the same segment,
Gl = { 0 otherwise.

Nevertheless, the matrix Q(z) — A is too complicated to find its inverse
explicitly. But letting z — oo and applying Lemma 4.3.3 the situation im-
proves radically! More precisely, all non-diagonal terms of Q)(z) are either
zero or of type G(gi,q;,%2), ¢ # j, and decay exponentially as z tends to
infinity. Therefore, we can write Q(z) = Qu(z) + Q(2), where Q(z) is ex-
ponentially small as z goes to infinity, and the leading order approximation
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Qa4(2) to Q(z) is given by

Flq1,q1,2) .. 0 0 0

B 0 .. Flan,qn,2) 0 0

Qd(z) o 0 0 Gs(Qlanuz) 0
0 0 0 .. Gy(anv,an,2)

Then Q(z) — A to first order, i.e. Q4(2) — A, consists of four diagonal N x N
blocs:

[F(qlv di, Z) - )\1,1] {_)\i,iJ’,N] ‘
—A= SV ,i=1...N.
2 ( [—Aiitn] (Gs(gis iy 2) — >‘i+N,i+N]> '

The inverse matrix can be found using the Frobenius formula for a block
matrix consisting of matrices A, B, C, D:

(& 5) = (i e "Bt

Applying this to the matrix Q,(2z) — A, we obtain its inverse as four N x N
diagonal blocks

Qi) = A7 = (5 1)

where the N x N-matrices U, W,V are defined as

Gi — NigNitN

Ui‘ = s Uz = Oa i .7
(Fi = Xii)(Gi = Ny nvian) — [Aiirn |2 ! 7
Aii+N e
I/I/’L"L' — 2 5 Wz == O7 2 ,
(Fi = Xii)(Gi = Aigvign) = [Niirn [? ’ 7

Fi— N o

V= : Vij=0,1#J.

(F; = Xii)(Gi — Aignyign) — | Niien]?
Here again F; denotes F'(¢;, ¢;, z) and G; denotes G4(q;, ¢;, ). From this, we
deduce:

Lemma 4.3.6. With the notation above, we have

[Q(2) = A7 = [Qa(2) = A] ™ + O(e™),

for some positive constant c.
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Proof. First, we write

[Q(z) = A" = [Qa(2) + Q(2) = Al
= [Qa(z) — A1+ [Qu(z) — A 7'Q(2)] .

Assume for the moment that we are able to prove that [Qq(z) —A]™' = O(2?).
As Q(z) decays exponentially fast for large z, the product [Q4(z) — A]71Q(2)
will then also be exponentially small. By using the Neuman series to compute
(14 [Qa(2) — A]7'Q(2)] ", we see that this term is of the form 14 O(e™%),
and this immediately implies the conclusion of the Lemma. Now it remains
to prove that [Q4(z) — A]™' = O(2?). By the computations done before the
statement of the Lemma, we have to show that the terms U;, W;; and Vj;
have the order O(z2?%). This follows easily from the following two facts. First,
using the explicit form of G; = G4(g;, g, z) obtained in equation 3.23, we
get G; ~ 1/z as z goes to infinity. Next, by [Avramidi, 1998, Formula (38)]
(see also the appendix) we have F; = ¢’lnz + O(1) for some nonvanishing
constant ¢’. This finishes the proof of the Lemma. ]

This form of the matrix [Q(z) — A]~! allows us to get the following result.

Theorem 4.3.7. As z tends to infinity we have for some positive constant ¢

Tr R*(z) = — / —GZ(IQ;J;’Z) dx
H

1 (F)LAG = Aignvien) + (Gi)Z(Fi — Aig)
422 i (Fi = M) (Gi = Nigninn) — | Aiit v [?
1 (F) (G — Nignian) + (G)L(F — Nij)
423 = (F; = i) (Gi = Aignviirn) = [Aiien[?
1 Z (F)(Gi = Nignaen))” + 2(F) (G Niien? + (Go)L(Fy = Ni))?
(Fi = Xii)(Gs — Nign,ian) — [N n]?)?
+O(67CZ>

Proof. Due to the special structure of the matrices G’ and G” it is easy to
find the traces Tr (G”, [Q — A]™Y), Tr (G [Q — A]™*) and Tr (G, [Q — A]71)°.
We recall that these matrices are diagonal:

f_(FL 0 v (FZ 0
“=( ) =T a)
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Moreover, both matrices G’ and G” decay exponentially as z goes to infinity.
To see this, we use the explicit expression of the Green function of a segment
found in equation 3.23 to estimate G, and G”_, and [Avramidi, 1998, Formula

zz)?

(38)] to estimate I} and F!. . By Lemma 4.3.6, it follows that

_ F'U F'"W s
GH[Q - A] t= (GHW G”V) + O(e )7

, . (FU FW .
102" = (G gy ) + O

and

, L (F'U? + F'GW  (FUW + F'GWV )
(G'R-A)" = (e7),

F'GWU + (GYV?WV  F'GW?+ (G'V)?

where U, V, W are diagonal matrices forming the approximating matrix for
[Q — A]7L. So, using their diagonal form, we have

Tr (GL[Q — A7) = Te(F"U + G"V) + O(e ™)

N

_ Z (F3)7(Gi — Nignign) + (Gi)L (Fr — Aiy)
i=1 (F: = Aia)(Gi — /\i—l-N,i—f—N) — [ Aiien]?
T (GLIQ — ™) = THFU + GV) + Ofe )

al F) (G — Nign,ien) + (Gi)L(F — Nig
_Z( )% ( ) + (Ga)( )

B i=1 (Fz - )\z,z)(Gz - )\i—i-N,i—}—N) - |)\i,i+N|2
Tr (G [Q — A7) = Tr((F'U)? + F'G\W + F'GWP + (G'V)?) + O(e)
_ i (F)2(Gi = Aiewinen))® + 2(F)L(G) L iien [ + (G (F: — Ni))?
— ((Fi = Xia)(Gi = Migwvigw) — [ n]?)?
+0(e™%).

+ O(e™ %),

+ O(G—CZ>’

Substituting this in Theorem 4.3.5 finishes the proof. m

This theorem describes the large spectral parameter asymptotic of the
trace of the second power of the resolvent for a Laplace operator through the
Green functions of the manifolds and segments forming the hybrid manifold.
In the next section, we will write this expansion in terms of heat kernel
coefficients for the manifolds forming the hybrid manifold.



47

4.4 Resolvent expansion in terms of heat ker-
nel coefficients

In this section we will use the results obtained by Avramidi [Avramidi, 1998,
Section I1.2] (see Appendix). In this work he has shown that the Green
function for a compact Riemannian manifold has the following form near the
diagonal:

G = Gsing 4 Gnonfanal + Gred

where each term (singular, non-analytic or regular with respect to to the
geodesic distance o between two arguments of the Green function) can be
expanded in powers of the geodesic distance. If the dimension of the manifold
is equal to 2, for the operator A + 22 on the manifold M;, the regularized
Green function on the diagonal asymptotically is (we denoted it by F'(z, z, 2))
[Avramidi, 1998, Formula (38)]: for all N > 1,

F(z,z,2) =Gz, x,2)

Here a,;(x, x) is the n-th heat kernel coefficient on the i-th manifold, ¢ (z) =
4T (2), v = —(1) = 0.577... is Euler’s constant.

We need also the Green function for segments as a series in powers of z.
Now, if we look at the exact form of this function for the segment [a, b] (3.23)

ez($+y_2b) + e_z‘x_y‘ _|_ ez(‘x_yl_Q(b_a)) + eZ(QG_x_y)
22(1 — e22(a—h))

G(z,y,2) =

we can see that as z — oo if x,y € [a, b] this expression can be simplified as

€—z|x—y| +ez(a}+y—2b) +€z(2a—az—y)
2z

G(z,y,2) = +0(e™”)
for some constant c.

In our previous notation G; = G(q;, ¢;, z) where g; is one of the end points
of the segment. And as we can see, for all ¢; these expressions are the same
and do not depend on the segment length:

1
G;=G(a,a,z) = G(b,b,z) = 2 + O(e™ ).
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To complete the expression of the trace in terms of heat kernel coefficients,
we need to consider the term [ % dz. In fact, this term consists of two

H

types of integrals: over the manifolds and over the segments. As we already
know ((4.1.4)), for manifolds the following expansion holds as z — oo: for
allg >0

G (z,x,2) ) L T(k+1) —2(g+2)
_/dezTrRo(z):;W—i—O(z q )’
o —

where Ry is the resolvent of the Laplace operator on this manifold and a;’s
are heat kernel coefficients for it. The integral over segments can be easily
computed in this approximation, using the exact form of the Green function:

G/
_/ "(x,x, 2) d
2z
[a,0]

/ 1 1 + eQz(x—b) + eQz(a—x) / 4 I N 1
= — —_— x‘ — —_—
2z 2z ; 423 224

[a,b]

where [ is the length of this segment.
Now, taking all these facts together, we can write

Theorem 4.4.1. For large z and all ¢ > 0 there holds

GTCERD 9) SN o] (LR

m=1 k=0 J

_i (F)L(E = Mawarn) + 3(F = M)
422 (F Aii) (2 = Nignien) — |>\”+N|
_i_i _>\1+N2+N)_ZL2( ‘_/\zz)

423 _)\ )( - H—NH—N) |)\”+N|

N EN: ((Fi)Q)Q(% — Xirnitn)? = Z(E)L N n P+ 5 (F — Aii)®
P 422((F; = Nia) (5 = Miewvien) — [Aiien]?)?
+O(272(q+2))7
where ag,y, is the global k-th heat kernel coefficient on the m-th manifold M,,,
l; is the length of the segment L;, \;; are elements of A and F; = F(¢;, i, 2).
Moreover, for allp > 1,

F(z,z,2) = yp ( 2y — In 2 —1—2 an LY ) + Oz~ 2P+,
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where a,(x,x) is the local n-th heat kernel coefficient on the manifold M to
which the point x belongs.
To proceed we need the following

Lemma 4.4.2. Suppose that the function f = f(z,Inz?) has the following
expansion for large z

N
f(z,In2?%) = Z#I;ZQ) +0 <z]\}+1) )

n=0

where ¢, (In 2?) = g:((llnz )) are rational functions inln 2 and deg P, < deg Q,,.

Then this expansion is unique and satisfies the property % =0 (anﬂ)
(we will call such an expansion z-pseudoasymptotic).

Proof. First, we notice that if P and @) are two polynoms with deg P <

deg @, then P(lnz ; = O(1) for large z. Therefore, we obtain that %}ﬂﬁ) =

O(znlﬂ) Now suppose that there exists another expansion of f with the
same properties but with other coefficients d,,:

N
f(z,In2%) = Z%Iizz) +0 (ﬁ) .

n=0

Subtracting it from first one we obtain
1
co(ln 2%) — do(In 2*) = O (;) & 2(co(In2?) — do(In 2%)) = O(1),

But c¢o(In 2%) — dy(In 2?) is a rational function in Inz?, so that its product
with z has to go to infinity as z goes to infinity, unless it is identically zero.
Hence we get ¢y = dy. By an immediate induction on n, we show similarly
that we will always obtain z(c,(In z?) — d,(In 2%)) = O(1) and consequently
the uniqueness of the expansion. ]

Let us remark now that if a function f possesses a z-pseudoasymptotic
expansion, then each coefficient ¢, can be uniquely expanded as a Inz%-
asymptotic series: ¢,(Inz?) = Zk o oy + O (lnz?—KH , for some con-
stants c,p.

Theorem 4.4.3. Consider the hybrid manifold H, consisting in manifolds
M; and N segments L;, and consider a Laplace operator on H (corresponding
to boundary conditions determined by a matriz A, and disjoint with Dy ). Sup-
pose also that for alli the coefficients \iyni+n do not vanish. Then the square
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of the resolvent R(z), obtained in Theorem 4.4.1 has a z-pseudoasymptotic
expansion which has the form:

TR (z) = S Vol(M, ) >l

422 423
In 22 In 22 In 22 In 22 1
c4(rzz)+c5(lzz)+cﬁ(12z)+07(n72)+0(_8)
z z z z z

The coefficients c,, are rational functions and have the following In z%-expansions:

2ix(Mi) N N

= 6 + 4 + In 22
N 1—2y— AT N + 47T Xiitn |2 1
+ 1+N i+N O < . ) 7
Py In? 22 In” 22
i 3 Y 37 Aign] 1
cs = S _Of AN 7
’ i AN NN i1 >‘?+N,i+N In 22 In? 22
Q24 2a1i)\§+N7i+N + 87T’)\i,i+N|2 1
Z +Z)\2 Z A3 In 22 + 0 122 )
i=1 T tNi+N i=1 i+N,i+N n-z
N N

5 n 157\ i N | ( 1 )
=) g VRt — |
4)‘§+N i+N i1 Af+N i In2° In? 22
where ay; is the k-th heat kernel coefficient for the manifold M;, Vol(M;)
and x(M;) are the volume and Euler characteristic of M;, l; is the length of

the segment L;, v is Euler’s constant and \’s are elements of the boundary
condition matrix A.

Proof. Substituting F'(z,x, z) into the expression in Theorem 4.4.1 we see
that the In z%-part of Tr R? depends on z and In z? in the following way:

N lnz k
+ +O
TrR? =) D lzf = (ZKH) 1
nz2)?2 el In 22
N (1 26) 01 +Zk 03 +O<ZK+1)

+ZD2 a2 o 2
i=1 <68+1n2’2—|— = +Zk 175 +O(ZK+1)>

+ O(e—cz)’

for some constants Dy, Dy, d',d", ¢, e".
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Consider the first fraction:

an +Zk 0 k +O(ZK+1)
d//

d'0/+1n22+1n22 +Zk’ 1 2k +O(ZK+1)
S oz—z’i+0(m)

ln(ZQBdg) (1 + lnzzd” + Zk 1

zln(22e

+O0())

For large z the last term in the denominator can be expanded as

//
2k In( z2e 0)

K

-1
In 22 d 1
1+ ————== b+ 0
( * Zln(zzedt)) * ; 2k ln(ZQedO) * <2K+1))

B g In*! 1
=1 +Z In*?(22e d" zl +0 (2L+1> ’

for some constant g; and non-negative powers s, s5. On can see also that
s1 < $9. Multiplying both series in powers of z in the expression for the first
fraction we obtain an expansion of type

L g, In"(2%) L o lnz 1
In® (z2e% ) 2! +0 ZL+1 Z L+l )

=0 l=

Py(In 22)

A which are rational in ln 22. There still

with coefficients ¢;(In 2%) =
holds deg P, < deg ;.

The second fraction can be considered in the same way and we obtain
the same structure of the expansion. We have proved that Tr R? has a z-
pseudoasymptotic expansion. In order to find the coefficients ¢; we should
perform the procedure described above more thoroughly and summarize the
coefficients over all gluing points. We find that the first non-zero coefficient
is ¢4 and

B Z z+Nz+N NieNian (14 2y + In 2% 4+ 4w ) ;) — 47| A ]?)
,+N2+N(2'y + In 22 + 471')\1',1') - 47T|)\i,i+N|2)2

It can be expanded in powers of In 22, which gives us

N |>\1 z+N|
N 1 =2y —4nr);; +dm—— 1
) = . n Nig Nt N +0 ;
Inz Z In? 22 In® 22

One can compute in the same way further coefficients and their expansion
in powers of In 22, but it requires complicated computations and we do not
write them here. ]
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Chapter 5

Inverse spectral theory of
hybrid manifolds

Before we state the results concerning the inverse spectral problem on hybrid
manifolds we should state some additional results. Let us first note that the
formula for the Tr R? obtained in Theorem 4.4.1 depends on the heat kernel
coefficients for the smooth parts of the hybrid manifold, and it is well known
that heat kernel coefficients are recursive. The recursivity of the coefficients
in the expansion of Tr R? follows as well. But as series inversion is required,
we cannot obtain this recursive formula in an explicit way. Nevertheless, it
is possible to find the formula for some terms in this expansion.

To simplify notation in this section, we will use the following convention.
If the function f = f(z,Inz?) has a z-pseudoasymptotic expansion with
coefficients ¢, (In 2?), we noticed before the statement of Theorem 4.4.3 that

each ¢,(In 2?) can be expanded as ¢,(In 22) = S°8 Wy + 0 (W),
for some constants c¢,,;. We will then write

= Cnk
! Z 2 (In 22)F

n,k=0

5.1 First terms in the resolvent expansion.

Lemma 5.1.1. Fiz some integer n > 4 and consider the coefficient c,, which
appears in Theorem 4.4.5. The coefficient ¢, has an expansion in In(z?).

53
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Moreover, the first term of this expansion has the following form:

>2ix(M;) N
i v — 4-
6 1 "TF
N
2k —1
N =%k 41 k>
Z4>‘z2—]f-;erz+N
Th+1) < 2k
E u‘FZT, n=2k+2k>1.
i am 4)\1+NH—N

Proof. The fact, that the coefficients ¢, has an expansion in In(2%) was ob-
served before the statement of Theorem 4.4.3. The terms in ¢4 and the first
term in ¢, for even n arise from the expansions of the second power of the
resolvents for all manifolds and segments. The other terms require some
calculation. Let us look once more at the expression in Theorem 4.4.1 and

. . 1
analyze it more carefully. As we can see the expansion of Fon ()P

always has Inz? in the denominator, i.e. for some non-zero constants k”
one has the z-pseudoasymptotic expansion

1 4 - K
i — Z S N
Di )\/L'J’,N’iJrN In 22 St z”(ln Z2>m+1

where we denote (Fz — )\172)(% — >\i+N,i+N) — |>\7j,i+N|2) by Dz In the corre-
sponding numerators we have terms of type F/, F and F;. Their expansions
as z — oo are: for all p > 1

1 ni — —
Fi(z,z,2) = yy (27 In 2? —1—2 n)a xx>+0(z -2y

Fl(a,z,2) = -1 Z QnF(n)am-(x,x) O,

’ 27z 4 z2ntl

Z 2n—|— ( )am'<x7$) —|—O(272p74>.

1"
F ($ Z, Z 47‘(’22n+2

2722

It is clear now that the first terms in the expansion of ¢, (i.e. terms without
In 2% can appear only in terms containing F;. All other terms will contain
this logarithm in denominator. Moreover, only the part ﬂ in F; plays a
role.

The same arguments are valid for the last summand whose denominator
contains (In 2?)?, and consequently we should take only the term (F; — \;;)?
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into account. Finally, we try to find the terms containing only powers of z
in
—2F = F; | (Fi— A\ig)?
425Di 426(Dz)2

First of all let us treat the denominator more carefully

1
1 4 1 =K
e (e we p
D;  Aignjien In 22 AipNieN L= 2 Inz?

4 o0 0 k”
N—ﬂ- <1+n2(—+nz n 11122 m+1)’

)\1+N,1+N In 22 Z>\'L+N 1+N

with some coefficients k!, k!, whose explicit expressions are not important
now.

Then we see that in
logarithm) are

-3 4 N 1 —1In 2?2
425 )\i+N’i+N In 22 - (Z>\1+N Z‘+N)n 47

— U Z Zn+5)\n+1

i+N,i+N

—3F;

D the terms containing only powers of z (without

Performing the same reasoning we find that

1 (471’)2 nd n+1 k”
D" (AitNign In 22)2 (Z 2n A\ Z n(In 22 m+1> :

7 i+N,i+N _

The only term which cancels this logarithm in (F; — \;;)? is laz . And the
contribution to the "pure" polynomial part in z is

1 (47)? = n+1 (Inz?)? 1 & n+1
1.6 2 Z ' 1 Z

6 o 2 2 6\nt2
426 (Nignipn In2?)? <= 20\ oy (47) 4 2NN N

Finally, we find (not taking into account those which arise from the ex-
pansion of Ry)

+1 +3
4 Z s \ntl Ty Z n+6n n+2 =7 Z HH:L 1
AP Zn O\ AP

i+N,i+N i+N,i+N i+N,i+N

Collecting the terms with the same power of z we prove the lemma. ]
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The next result requires more complicated calculations of the same na-
ture, so we just state the main steps of its proof.

Lemma 5.1.2. Fiz some integer n > 4 and consider the coefficient ¢, which
appears in Theorem 4.4.3. The second term of the expansion of ¢, has the
following form.:

, n=2k+1,k>1;

7(n —4)(n — 2)|\iisn|?
Z ( )( ) Aiitn]

i—1 >‘?+J§f ey I z?
N N
— D) Niian]? (14 1)!
yo T D= DPiienl | gl Py s
i=1 )\H—N i+N ln z i=1 In z

Proof. The idea is the same as before: one can obtain the terms of this form
only from specific terms in the expansion. Due to the special structure of
the denominator we have terms of type 1’; (2 and terms % and the fact
that in the numerator only the terms with F; contain a logarithm, allows us
to restrict our calculation to some specific terms.

We need as before the expansion of i but up to the second power of In 22

and the expansion of 1 Dz Up to the thlrd power. To simplify the expressions
we denote the followmg quantity by W;

)\i+N,i+N Z/\z'-i-N,i-i—N
1 (= 1)ay,
+ 11— —) -
( ZNifNi+N ; z2n

and state that up to the second power of In 2?

1 s > 1 "
zjw‘f—f———E:(—f—f—)

)‘H-N,H—N In 22 — Z)\z—i-N,z—l—N
n=0

00 n—1
i 47TVVi2 Zn< '14 )

>\i+N,i+N In* 22 =1 Z>‘1+N,Z+N

and up to the third power

1 1672 n

2 2 2
D; >\Z+N1+N In” 22 — (2)‘i+Ni+N>

n—1
(o]

472 W; —-1)
T el

2 2 n
Alp N,y 07 2% = (At i)
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Then the terms we are looking for appear in

1 <—Fi”(§ — Aignin)  3(F = Aiy) L F(; — )\i+N,i+N)>

D, 422 425 423

and in

1 (F; — Nig)?
D? 426 '

Expanding and summing these expressions we find that the terms con-
taining the first power of logarithm in the denominator can be arranged in
two sums as in the statement of the Lemma. O

In the same way but using much more complicated calculations we can
get the following result whose proof we omit.

Lemma 5.1.3. In Theorem 4.4.3 the terms with In® 2% in the denominator
of the ¢, are (we do not separate the different powers of z in order to not
complicate the expression):

1 1 2y 47y ~=(2n+ 1)(n —1)lay,

~2n+4

272 = n(n + 2) = 2(n + D)nlay,
=7) Z -7 Z »2n+4
n=1

22 \4; = n(n? — 1) N (n+Dnlay  47X3 = n+1
7 _4 )\Z n 31
+ ; ()" A2 ; Tonid T W nZ:O ()"

o0 o0

(= 1)ay, (k+ Dklag, 72 (= (n— 1)la,; k(k+2)
+Z 22n Z 22k+4 + 24)\” Z 22n Z (Z)\h)k

n=1 k=1

22020 + Dnlay o= 1 2 2nla,; = 1+ 2k
+Z »2n Z (Z/\lz)k + Z »2n Z (ZAli)k)>’

5.2 Inverse spectral data

We consider now the inverse spectral problem, i.e. the question "Which
information about the initial system can one obtain using the expansion of
the second power of the resolvent?'. As we will see, it is possible to find
some geometric characteristics of the system and some information about
the operator on it.



o8

Theorem 5.2.1. Consider the expansion of the trace of the square of the
resolvent as in the Theorem 4.4.3. The knowledge of TrR* determines:

e whether this manifold is hybrid or "normal”;

the sum of the volumes of all manifolds taking part in the construction,

the sum of the Euler characteristics of all manifolds;

the number of segments used in this hybrid manifold;

the sum of the lengths of these segments;

the Euler characteristic of the hybrid manifold.

Proof. The presence of log z2-type terms is a criteria of singularity. If in the
expansion of TrR? there are no such terms, this means that the considered
manifold is a "normal" manifold without any singular points. Indeed, the
log-terms appear only from the singularities of the Green function (and not
its derivatives) at the points of gluing.

The coefficient of 272 is equal to 2. VolM;

+— and provides us with the sum of
the volumes of all manifolds.

L.
Lj J
4

The coefficient of 273 is equal to and provides us with the sum of
the lengths of all segments.

Considering the term of type m we find the number N of all segments.
4

is equal to 2x(Mi) % and gives as the sum of the

The coefficient of 2~ o
Euler characteristics of all manifolds since we already know the number N.
As it was shown in Theorem 2.2.5 the Euler characteristic of the hybrid

manifold is equal to > x(M;) — N and is easy to find now. O

The results obtained in this work do not let us find the volume of each
manifold and the length of each segment separately. But it can be possible to
find these quantities with the use of scattering theory Kurasov and Nowaczyk
[2005]. The resolvent expansion provides us also with some information about
how we glue the segments to the manifold in the hybrid space. Namely, we
can obtain some information about the matrix of boundary conditions which
defines the Laplace operator on the hybrid space.

Theorem 5.2.2. Consider the z-pseudoasymptotic expansion of the trace of
the square of the resolvent expansion of type 4.4.3. If we assume that we know
the heat kernel coefficients for all manifolds composing the hybrid manifold,
and that the coefficients N\ixni+n are mutually distinct and nonzero, we can
find the diagonal elements of the matriz of boundary conditions A and the
absolute values of its non-diagonal elements up to permutation.
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Proof. As it was shown in Lemma 5.1.1 the first terms in asymptotic expan-
sion of ¢,, are of the following form:

X (M; N
6 4
N
2k — 1
ZT’ n:2k+1,k>1,
i=1 4)\2+N i+N
N
JT(k+1) 2k
y otk l) +Y e ne Rkl
4\
M; i+ N,i+N
Consider z; = m, 1 =1,---,N. Taking the first N coefficients of
powers of z starting from z° and denoting them by d,.4, n = 1,--- , N we

obtain N equations which have the following structure
n+4 Z SC

To find the solution of such a system we find the following symmetric poly-
nomials in terms of ¢, using a well-known recursive procedure:

Slle—i‘"'—i‘l’]\[,
So = x1x9 + X123+ -+ + X223+ ...,

Sg = T172T3 + T1XToxy + -+ + ToX3X4y —+ ... s

SN = X1T2...ITN.

Due to the Vieta Theorem we state now that x1,...zy are the roots of the
equation

eV — SN SN R Sy =0

and can be found up to permutation because we assume that they are mu-
tually distinct.

If we substitute the obtained values of A\;; y ;4 in the expression obtained
in Lemma 5.1.2 we obtain a system of linear equations for |\; ;x| and can
find them.

As soon as we have found these elements, the result of Lemma 5.1.3 give
us a system of linear equations for );; and we can also find them. The
Theorem is proved. O
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Chapter 6

Degenerated cases

6.1 Quantum graph

Our hybrid manifold in this case is a system of N segments L; parameterized
by {x; € R:z; € [0,1;]}, where j = 1,..., N. We consider the disjoint union
Ly - U Ly and construct the topological space from this space by gluing
the end points 0 and [/; of each segments L; to one of the other end points.
There are no independency conditions in this case, i.e. no restriction on the
structure of the graph. Two or more segments can be glued in the same
vertex.

Let us enumerate all ends of the segments by qi,...,qn. Taking the
direct sum of the Laplace operator on those segments and appling the exten-
sion theory we obtain a symmetric operator with deficiency indices (2N, 2N)
as for a general hybrid manifold. As we have already shown, a boundary
value space for one segment [0,!] can be chosen as

Ly (f) = (=f0), f/(1); - Ta(f) = (£(0), (1))

And as z tend to oo the Q-matrix is asymptotically

— % 0 O(e=
Q) =1, 1) F0E™)

1
z

We construct the direct sum of all such boundary value spaces, and ob-
tain a diagonal @-matrix for the whole system (@ = %I , where [ is the
identity matrix). As before, A denotes the matrix of boundary conditions
[o(f) = AT'1(f). The resolvent of each self-adjoint operator on the obtained
space defined by A can be expressed with the help of the Krein formula in
terms of Green functions G(z,y, z) for the segments with Neumann boundary
condition (I'y = 0) and the matrices @, A.

61
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We note that
1 0 1 0

R*(z) = —gg(Ro(Z) — A(2)) = Rj(2) + gaA(Z%

where A(z) = v(2)[Q(z) — A]71(7(2))*. The first term was already discussed
before and we try to simplify the second one in order to have some additional
information for the inverse problem in this case.

As it was already shown, Tr A(z) = 52 TrQ'[Q — A]™. Note that if we
conjugate A with a unitary transformation U, this does not change Tr A due
to the diagonal structure of Q:

—1
ﬁQ@—UMFW*:—ﬁé{E—ww”}
z z

=TrU(QQ - AU =TrQ'[Q — A"
We suppose then that the matrix A is a diagonal 2N x 2N matrix with &

non-zero eigenvalues Ay, ..., \g. It is easy to find [Q — A]™! in this case:
1y 0 0 0 0 0\
0 e 0 0 0 O
IR 0 1-X 0 0 0 e
@=AT=1 9 o To oz o of TOET)
0 0 0 0O --- 0
0 0 0 0 0 =z

And finally we have

and
1
ﬂﬁ:ﬂ%+7ﬁm@
z

, — > WD Vel
_ Z l] N 2N k + Z (n + 3) 21:1 )\z + O(efcz)

423 224 244 4z t5

n=0

. k=N & D o
_ Zl] k + Z (n+ 3) Zzzl 7 + 0(6_62).

423 + 224 4z +5

n=0

We have proved the following
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Theorem 6.1.1. Consider the hybrid manifold consisted only of N segments
and a Laplace S operator on it, defined by a matriz A of boundary conditions
(possibly degenerate, with k non-zero eigenvalues). Then the expansion of
the square of the resolvent of S in terms of z as z tends to infinity is

. _ o k’ —n—1
TI'R2 _ Zl] k N+Z (’I’L+3) Zzzl/\z +O(€_CZ).

423 + 224 — 4zn+5

Considering the inverse spectral problem for this case we state

Theorem 6.1.2. From the expansion above it is possible to find the num-
ber, the sum of the lengthes of all segments, and the matriz A of boundary
conditions up to a unitary transformation.

Proof. Tt is easy to see that in the case when the matrix A is degenerate we
cannot find its size directly from this expansion. Nevertheless this is possible
if we use the following proposition

Proposition 6.1.3. Consider a hermitian matriz A (possibly degenerate) of
an unknown even size 2N x2N . Suppose that we know the following functions
of its non-zero eigenvalues: Zle A" for all natural numbers n and the
difference between the half-size of the matriz and the number of non-zero
eigenvalues (i.e N — k). Then we can find the size of A and the matriz itself
up to a unitary transformations.

Proof. Let us first of all consider the diagonal matrix A with entries A; ' for
non-zero eigenvalues of A. Then we know Tr A" for all natural numbers n.
We use the following formula to find the eigenvalue of A with the greatest
absolute value:

In Tr A2"
I | Apae| = lim ————
n—oo 277,

We use only the trace of even powers of A to assure the existence of the
logarithm. As soon as we have found the greatest eigenvalue, we can subtract
it in the corresponding power from the trace: Tr A?" — |\,4.|*" and repeat
the procedure. In this way, we obtain all the eigenvalues of A up to sign.

We will now find the sign of each eigenvalue using the trace of the odd
powers of A. Let us rewrite it as

Tr A2n+1 _ Zcip\i‘an’

i
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where ¢; = £1. We can find the number

T A2n+1
im Y —d

n— o0 \)\maxl Al = |

In fact, we know also the number of eigenvalues with the absolute value
| Amaz| (denote it by kpaz). This information is sufficient to find the number
of positive (k,) and negative (k_) eigenvalues:

{ k+ s kmllx — ]{]+ = (kmaw + dmax)/Qv ko= (kma:p - dma:p)/2

k—i— —k_ = dmax

We know now that A has k, eigenvalues \,,,, and k_ eigenvalues —\,,q.-
Subtracting the corresponding powers of +\,,,, from the traces of the odd
powers of A and iterating the procedure, we find all eigenvalues of A and the
number of them.

The non-zero eigenvalues of the matrix A are inverse to the eigenvalues of
A. Due to the additional information about the difference between half-size
of the matrix and the number of non-zero eigenvalues we can find also the
size 2NN of the matrix A. Using that all other eigenvalues are zero we prove
the proposition. O

Coming back to the proof of the theorem we see that due to the proposi-
tion 6.1.3 we find the size of A, what gives us the number of segments, A itself
up to a unitary transformation, and the summary length of the segments from
the term of order z73. O

It is also obvious that using only the information obtained from the ex-
pansion of Tr R? for large spectral parameter we cannot find the separate
length of each segment. There are some other methods allowing to do this
(see Gutkin and Smilansky [2001],Kostrykin and Schrader [2000]).
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6.2 Manifolds without segments

In this case we consider a system of M compact Riemannian manifolds
M...My; of dimension 2. On each manifold M; we fix p; points ¢, s =
1,...,p; so that >, p; is an even number 2N. First of all we construct the
disjoint union of these manifolds. Then we glue these manifolds together
by identifying two points ¢’ and ¢” from two different manifolds. More pre-
cisely we identify N pairs of points (¢}, ¢j),j = 1,..., N, with the following
conditions: ¢ € M,,,qj € Mq,;¢j,d; € {1,..., K} and ¢; # d;.

In order to construct Laplace operators we perform the same steps as for
a general hybrid manifold and obtain a symmetric operator with deficiency
indices (2N, 2N). Now we should choose a boundary value space. To simplify
the further calculation we choose it in the following particular way: as before
for each point ¢ we take T'*(f) = a(f,q),T?(f) = b(f,q); for the complete
system

Fl(f) = (a(f,q’l),...,a(f,q’K),a(f,qi’),...,a(f,qx,)),

L2(f) = (0(fs ), b(F aie), O(fo ), - OO aR)) -
As z — oo the @Q-matrix asymptotically is a diagonal matrix

Faq, 41, 2) 0 0

F(dy,dy,2) s
@) F(q!,q!, =) +0(™)
0 0 Fqy, dn» 2)

and denoting F(q., ¢}, z) by F(¢;) and F(q/,q!, =) by F(q!) we can write this
in the block-matrix form

_(IF(g)] 0] ooy
Q(Z)—( 0 [F(qg')])+0( ), 1,....N.

Performing calculation similar to the general case we state

Theorem 6.2.1. Consider the hybrid manifold obtained by the gluing of M
two-dimensional manifolds in N points and a Laplace operator on it defined
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by a matriz of the boundary conditions. The following expansion holds:
2 CLkZ k? + 1
TR =20 Tyt i

DI  Neasson) PPl — Ao
422 =\ ﬂ)(F(q;,) - >\i+N,'L'+N) - |>\i,i+N|2

=1
n F (q{-)z(F (qi) — Nisnvien) + F(@),(F — Nig)
423(F(q§) - )\”)(F(q;/) - )\i+N,i+N) — |)\i,i+N|2
NOACARK

F(q) = Niynirn)® + 2F(q). F(q))2 i v |

2

422 (F(qi) — Nia) (F(q) — Nigwvisn) — |>\z',z'+N|2)

F(d") 2F / _)\”2

N (F(g/))*(Flg) = M) o),
422 <(F(q:) - )\”)(F(C];I) - )‘i—i—N,z‘—I—N) - |)\i,z‘+N| )

where for all p > 1

F(q;) = F(q;, ¢, 2) = ( 2y — In 22 +Z C;’;nqqu)> O,
A "noon an qzqu) —2p—2
F(qi)—F(qi,qi,Z)—4 ( 2y — In 22 +Z >+O(z )

One can see that this expression is rather difficult to analyze. It is why
we recalculate Tr R? in some other form to proceed with the inverse spectral
problem. We write

R(2) =~ (Rolz) — A(2)) = Bi() + oo oo A(2)

220z 0 ’

where A(z) = v(2)[Q(z) — A]7'(v(2))*, and try to simplify the second term
in order to have some additional information about the inverse problem.

As z — o0, the matrix (Q — A)™' = (I — Q7'A)"'Q~! can be expanded
as a series Y ((Q7'A)"Q ™! because all entries of Q! are of order O(:13).
And if we look now for the trace Tr A as an integral operator, we see that
TrA(z) = = Tr Q. 3" Q(z) " 'A™. First of all we perform a change of
variables which allows us to simplify the calculations.

As we know, for all p > 1

1 an qz,ql _9p_2
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we change the variable u = ze” and rewrite F; in this new variable:

1
F(qi,qi,u) = o (—lnu2 + Z

u32> +O0(ur2),
=1

where b,; = I'(n)a,(q;, ¢:)e*™. Now we will find the inverse matrix Q~*(u).
As in our case (@ is asymptotically a diagonal matrix, we can use a similar rea-
soning to the one in the proof of Lemma 4.3.6 to write the u-pseudoasymptotic
expansion of the diagonal entries of Q7'

In u? « w2 In u?

» -1
@i = (1 ~ 4 O u2>‘1))

4m Cnik
~ — — - v
In u? Z w2k (In u2)k+1’
k

n,k=

for some coefficients ¢,;, independent of u. We also rewrite )’ in this new
coordinate

Q)i = 1 Z 2nl'(n)an(qi, ¢;) L Oz %) =

z 21z 4 z2n+l1

P
eV i

27U y2n+l
n=1

+ O(u™7%),

where d,,; = 2nT'(n)a, (g, ¢;)/(47).

And now
TrA(u) = —— Tr Z Q(u) "tA™)
0 0o 0o n+1
. Tr A™ e’ i Z dm 47 Z Clik
B = 2z \2mu ! Inw? = w?k(Inu?)*H '

We are looking for a term containing Inu? with the lowest power of u. Such
a term is of the form
(—=1)" i (4m)me® Tr A®
(In u2)n+1y2 ’

it is obvious that all the other terms containing Inu? have a higher power of
u.
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0 _ ¢ 0 du

After differentiation (using 5 & = £ -9

) such a term gives us

e’ 0 <(—1)”H(47T)"62'7TrA”> ,
e

2u du (In w?)t+iy?
_(=D)"(4m)me Tr A"(n + 1) N (—1)"(4m)"e Tr A™
(In u2)n+2y4 (Inu2)"+ 1l

And now, if we gather together the terms with the same power of Inu?
for different n’s we obtain
(_1)k(47r)k—2€4’y

(In u?)kut

(k=1 TrA* 2 —4r Tr A, k> 1,

Ne*

In w2u?’ k=1

We see now that if we look for the terms containing Inu? and u* in the
asymptotic expansion of Tr R%, we can extract the following values:

N, N —dnTrA, ... (k—1)TeA*? —4xTr AT .
and recursively find also Tr A™ for all natural number n.

Theorem 6.2.2. From the expansion of Tr R? for the Laplace operator on a
system of N glued manifolds it is possible to find the number of manifolds, the
sum of the volumes of all manifolds and the matriz A of boundary conditions
up to a unitary transformation.

Proof. The number of the manifolds and the summary volumes can be found
from the terms of order 272 and 2%, and the information about Tr A" pro-
vides us with the eigenvalues of A (see proposition 6.1.3). ]
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Appendix

Here we will give some details from the results of Avramidi Avramidi [1998]
concerning the expansion of the Green function for the Laplace operator near
the diagonal for large spectral parameter. The technique is similar to the one
used for the expansion of the heat kernel for small time values. However the
result is an expansion, using not only the coefficients a, of the heat kernel
expansion, but also some generalization of them, being in some sense "the
analytical continuation" of a;, to the whole complex plane. Note also that
there seems to be a sign error in the main formula 7.5 of Avramidi [1998],
which we correct here.

Let us take the Laplacian A on a d-dimensional manifold M. We consider
the operator F' = A+ 2% and the heat kernel U(t) = e~f" defined by the heat
equation

9 :
<§+F> U(z,2',t) =0,

with initial condition:

lim | Uz, 2’ t)f(z')dz = f(x), a.e.

t—0
M
for all f € L*(M). For any t > 0 the heat kernel is a smooth analytic
bounded function on M.
For further computations we suppose that x and 2" are close together. As
a first step we factorise out the semi-classical factor

1
(drt)ir2

_r2(za))

AY2(z 2 Ve~ 5 Qz, 2, 1),

Uz, 2’ t) =

69
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where r(x,2’) is the distance between z and 2/, and A(x,2’) is the so-called
Van Vleck-Morette determinant. As we are interested finally in the Green
function on the diagonal it is worth noting that A(z,z) = 1 and therefore
it does not play any important role for us. We can define also the so-called
world function

o=o(x,2) =r*(z,2")/2
and rewrite the exponential therm as 0 = e~ -
The heat equation can be rewritten as an equation on Q(x,z’,t), as well
as boundary conditions. See the article Avramidi [1998] for more details.

Then it can be shown that the function €2 satisfies the following asymptotic
conditions: for any a > 0 and N > 0 when ¢ goes to 0 or co we have

lim ¢° (%) ' Q(t) = 0. (7.1)

We consider now the Mellin transform of (¢)

[e.9]

t797MQ(t) dt

0

where the integral converges in {f¢q < 0} due to the properties (7.1). Inte-
grating by parts allows us to obtain for 8¢ < N where N > 0

iy N
b AN Q(t) dt
a7 q+N/ ( 8t> (t) dt,
0

and conclude that b, can be defined in the whole complex plane by analytic
continuation.

It can be also found that the functions b, have the following values at the
positive integer points ¢ =k, k =0,1,2,...

b = (—%)Nmmt:o

and the following asymptotic property: for any N > 0 and Rq < N

lim T(—q+ N)b, = 0. (7.2)

lg|—o0
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Inverting the Mellin transform we write

c+io00
1
Q(t — tT(—q)b, d )
=55 | *TCOhs (73)

for some constant ¢ < 0. Deforming the contour of integration and using the
properties of b, we obtain

N—1 ( t) 1 cN+i00
Q(t) = A be + i / t'T'(—q)by dg,
k=0 cN —ioco

where ¢y € (N — 1, N). The fact that the integral here is of order O(t") as
t — 0 gives us the asymptotic expansion of {2(¢) in this limit:

A~y <‘k?
k=0 ’

Comparing this expansion with the standard one for the heat kernel

[e.o]

1

— a
4t k(@
k=0

U(z,x,t) ~

we find that the the coefficients b (i.e. b, in the integer points) are related
to the heat kernel coefficients ay,(A + 22) and aj, = ai(A) by

—1)*n!
b, = (—1)kk'ak(A + 22) _ szﬂnfk)&k.

The definition of €2 provides us now with a partial differential equation
on b, together with initial conditions. The solution has the form

c+1i00
1 ~
by= ———— | T(=p)D(p—q)z2Pb,d
0= ST (—q) / (—=p)T'(p —q)= p dp,

for Rg < ¢ < 0 where Bp = bp|,—0. Deforming the contour of integration we
get for some integer N > 1 and for g < N — 1

-1 cn+ioco

[(q+ 1)z2@=h 1 / (o -
b, = by + ——— @PT(—p)T(p — q)by d
0= 2 Mg —k+ D) % T 2 (=g z (=p)T'(p — @)by dp,

cN —100
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where ¢y € (N — 1, N).
Using the view 7.3 of 2 we can write the Green function of the operator
A+ 2% as

1 oz,z/
Gz, 2/, 2) :/TﬂAl/Q(m,x’)e_ 5 >Q(x,x’,t) dt

[e's) c+ioo

1 o(x,2’) 1
= [ A2 Ne 2t —/th— bydq | dt
/ (e, a)e "5 | (~a)bydg
0 c—100

o(z,z’)

1
:—Al/Q(a:,a:’)T / I'(—q)b, /e_ 2 971 dt | dg

where ¢ < —1/2. We recall here that we consider the two-dimensional
situation and in this case the integrand has double poles at the points ¢ =
0,1,2,.... Moving the contour of integration to the right we obtain an
expansion of the Green function in powers of o.

G = Gnon—anal + Gres

In general we have also some singular part which is polynomial in powers
of (¢)~'/2, but for dimension 2 it is equal to zero.
These two terms can be calculated using the Cauchy theorem:

—_

“= _% log (%) " - (k1!)2 (%)kb’“

B
Il

1

122, 2") «— o\ k
- 4(7r7 )Z(kll)Z (3) (b 20k + 1)by)

k=0

Cn+1i00

A2z 2') 1 o\4
Lrwr) 2N 1 (=q)%, d
+ 4 27 / (2> (=a)"0q dg.

Cn—100
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where n — 1 < ¢, <n and ¥(2) = £T'(2). If we let now n — co we obtain

non—ana A1/2('r7 LE/) g > 1 o\Fk
¢ l““___TET_‘bg(§>2;(kn2(5) e, (7.4)
AL/2 00
G~ — i$:z Z; k, (3> (b — 2¢(k + 1)by) . (7.5)

As we are interested only in the expansion of the Green function on the
diagonal z = x’ we can rewrite the regular part of the Green function as

1 /
G~ —— (b — 20 (Db

Using the form of b,, obtained before, one find that

lnz +Z n+1b )’

nZQn

We want to note that from the definition of b, on can see that
b, = by|.=0 = (—1)"nla,.

where a,,’s are the usual heat kernel expansion coefficients for the Laplacian.
That allows us to rewrite

o0

['(n)a,(x,x)
2 )
by =1Inz _;—22” ,

and the regular part of Green function on the diagonal as

We use this computation in Section 4.3.3.
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