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Abstract

This work is devoted to nonautonomous slow-fast systems of ordinary
differential equation without dichotomy. We are interested in the existence
of a slow integral manifold in order to eliminate the fast variables.

The peculiarity of the problem under consideration is that the right
hand side of the system depends on some parameter vector which can be
considered as a control to be determined in order to guarantee the existence
of an integral manifold consisting of canard trajectories. We call the vector
function as gluing function. We prove that under some conditions on the
right hand side of the system there exists a unique gluing function such
that the system has a slow integral manifold. We investigate the problems
of asymptotic expansions of the integral manifold and the gluing function,
and study their smoothness.

Keywords: integral manifolds, slow-fast systems, canard-trajectories,
missing dichotomy



Zusammenfassung

In der vorliegenden Arbeit betrachten wir ein System nichtautonomer

gewhnlicher Differentialgleichungen, das aus zwei gekoppelten Teilsystemen
besteht. Die Teilsysteme bestehen aus langsamen bzw. schnellen Variablen,
wobei die Zeitskalierung durch Multiplikation der rechten Seite eines Teil-
systems mit einem kleinen Faktor erzeugt wird.
Das Ziel unserer Untersuchungen besteht im Nachweis der Existenz einer
Integralmannigfaltigkeit, mit deren Hilfe die schnellen Variablen eliminiert
werden konnen. Dabei verzichten wir auf die iibliche Annahme einer Di-
chotomiebedingung und ersetzen diese durch die Hinzunahme eines zusatz-
lichen Steuervektors. Wir beweisen, dass unter gewissen Voraussetzun-
gen iiber die rechten Seiten der Teilsysteme ein eindeutiger Steuervektor
existiert, der die Existenz der gewiinschten Integralmannigfaltigkeit im-
pliziert. Das Prinzip des Nachweises einer solchen beschrankten Integral-
mannigfaltigkeit basiert auf dem Zusammenkleben von anziehenden und ab-
stossenden invarianten Mannigfaltigkeiten. In der Arbeit wird die Glattheit
dieser Mannigfaltigkeit sowie deren asymptotische Entwicklung nach dem
kleinen Parameter untersucht.

Schlagworter: Integralmannigfaltigkeiten, langsamen und schnellen Vari-
ablen, Canard-Trajektorien, fehlende Dichotomie
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Chapter 1

Introduction

Systems of differential equations with several time scales play an important
role in modelling of processes of different nature studied in mechanics [28],
reaction kinetics [6, 9], biophysics [26], modern technologies (e.g. dynam-
ics of semiconductor lasers [31, 32, 35]). There are many well developed
methods to study such systems including methods of the theory of singular
perturbations, geometric methods, asymptotic methods. They allow one
to study the problem of existence of solutions, longtime behavior of the
system [7, 11, 33, 38], the phenomenon of delayed loss of stability [18, 19],
existence of canard-type solutions [16], manifolds consisting of such solu-
tions and other problems.
In this work we restrict ourself to systems of the type

d

o= eflty,ze),

dt 11
dz (t ) (1.1)
dt - g 73/72757

where y € R", 2z € R?, € is a small positive parameter, f, g are sufficiently
smooth functions. The variable y is called a slow variable, the variable z is
a fast variable.

One of the effective tools to study such type of systems is the method
of integral manifolds. The method has been extensively developed by many
authors, see for example [3, 2, 5, 8, 10, 17, 20, 22, 34, 39].

Definition 1.1 A surface S. € R x R™ x R? is called an integral mani-
fold of the system (1.1) if any trajectory (t,y(t, €;yo, 20), 2(t,€; Y0, 20)) with
(to, Yo, 20) € Se belongs to S. for allt € R.

We are interested in the integral manifolds of the form z = h(t,y,¢).
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Thus, we can reduce the dimension of the system. Then, the dynamics of
the system on this manifold is described by the equation

dy

— = t,y, h(t .
dt Eff(,y, (7975)75)

Setting ¢ = 0 we get the degenerate problem

d

by _

dt

oo (1.2)
a - g<7y727 )

the manifold of equilibria of (1.2) is a solution of the equation

g(t7y’ Z? O) = O’ (1'3)

of the form z = ¢(t,y). Here y is considered as a parameter.
Assume that (1.3) has a root z = ¢(¢,y). Then by linearizing (1.1) in
the small neighbourhood of z = ¢(t,y) we obtain the system

d

d_th = €f(t7yvza€)7

g (1.4)
z ~

% = Bz+g<t7y7275)7

where
9 g( 73/7@( 7y)70)7

In the case (1.3) has multiple root the problem of existence of integral
manifolds is not well developed. We would like to mention [25], where some
cases of branching of integral manifolds have been studied.

Suppose that B in (1.4) is a constant matrix. Under the condition that
B is hyperbolic the problem of existence of the integral manifold for (1.4)
has been studied by many authors (see for example [5, 17, 23, 39]).

In the case that B = B(t,y), the uniformly exponential dichotomy as-
sumption implies the existence if the integral manifold we have to assume
that the linear problem Z = B(t)z possesses an exponential dichotomy
[10, 17, 34].

In the present work we consider the nonautonomous slow-fast system



y

- €f<t7y7 Z7 8)’
a (1.5)
il Bt)z+ g(t,y, z,a,¢),

in the case that the dichotomy assumption fails. More precisely, the matrix
B(t) has a pair of simple complex conjugate eigenvalues crossing the imag-
inary axis for increasing ¢t at some moment ¢ = t; from left to right, that
is the dichotomy conditions fails. We study the problem of existence of an
integral manifold, its asymptotics and smoothness.

The problem considered has an important feature compared to the case
when the dichotomy condition is valid: The system contains a parameter a,
in the simple case it is a vector, in more general case it is a function depend-
ing on the slow variables. This parameter we call gluing vector or gluing
function, respectively. We prove that the system has an integral manifold
z = h(t,y,e) for a unique a. The idea to use an additional parameter is
similar to the method of functionalization of parameter [13]. The use of
an additional parameter a to ensure the existence of integral manifolds and
canard solutions in the cases of the absence of dichotomy has been known
for some classes of singularly perturbed systems [6, 24, 27, 29].

The work is organized as follows. In chapter 2 we consider the system

dz

— = B)z+Z(t2) +a. (1.6)

where B is defined as
ot
o= (% ) s (L7)

and a is a gluing vector.

We prove the existence of the uniformly bounded solution of (1.6) for
a unique value of a. The proof is based on the gluing method: mainly,
with the help of the parameter a we glue together solutions bounded on
semiaxes. The results and methods of this chapter play an important role
in the further study of slow-fast systems.

In the rest of the work we consider the system

dy

= eY(t,y,z2,¢),
a (1.8)
- = B(t)z + Z(t,y, z,a(y,€),€) + a(y, ),



where ¢ is a small positive parameter, a(y,¢) is the gluing function, B(t)
is the matrix (1.7). We prove that under some conditions there exists a
unique function a(y,e) such that system (1.8) has the integral manifold
z = h(t,y,e), where h is a uniformly bounded function. This manifold is
attractive for ¢ < 0 and repulsive for ¢ > 0.

Chapter 4 is devoted to the study of asymptotic approximations of the
integral manifold and the gluing function. We derive an algorithm of find-
ing the coefficients of the approximations and estimate the error of approx-
imations. In the last chapter we give some differential properties of the
manifold.
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Chapter 2

Bounded solutions for
nonlinear systems

2.1 Problem statement

This chapter is devoted to the problem of existence of bounded solutions
for systems of the form

% = B(t)z+ Z(t, 2), (2.1)
where 2 € Q,, Q. :={z e R? : ||z|| < A}

In the case B(t) possesses an exponential dichotomy the problem of
existence of bounded solutions for (2.1) was extensively studied (see e.g.
[15, 21]).

In what follows we suppose that B(t) is the matrix

B(t) = ( ftﬁ ft ) - (2.2)

We note that the eigenvalues of B have negative real parts for ¢ < 0 and
positive ones for ¢ > 0.
Concerning the function Z(t, z) we suppose

(Ay). Z(t,y) is continuous on R x . and satisfies the following conditions

12 (¢, =)l
12(t, z) = Z(t, )]

M,

i (2.3)
pllz = Z|.

<
<

~J



Here and elsewhere, || - || denotes the Euclidean norm and the corre-
sponding norm of matrices.
Let W (t) be the matrix

cos Bt sinft
wit) = ( —sin Bt cos [t ) ' (2.4)

Then
a(t?—t2)

Vit ty) i=e" = W(t—to) (2.5)

is a fundamental matrix of the linear system

dz
== B(t)z. (2.6)

Here, z = 0 is the only bounded solution of (2.6). Other solutions satisfy

a(t?—13)

2@ = l[=(o)lle™ =

Since the matrix B(t) is stable for ¢ < 0 and unstable for ¢ > 0, this relation
shows that the behaviour of the trajectories of the system is similar to that,
typical for problems on delayed loss of stability.

From the assumption (A;) it follows that for any pair (¢o, zo) the Cauchy
problem for equation (2.1) with the initial condition z(¢y) = 2 has a unique
solution. This problem is equivalent to the integral equation

t
z(t) = V(t,ty) zo—i-/Vl(s,to)Z(s,z(s))ds , (2.7)
to
that can be rewritten as
t
Vit to)2(t) = 2 + /Vl(s,to)Z(s,z(s))ds. (2.8)
to

If there exists a bounded solution z(t) of (2.1), then from (2.8) it follows
that

IVt to)z(t)|| < ce™ 2 (2.9)

and we get
lim ||V 7(t,t0)2(¢)|| = 0. (2.10)

t—+o0



Since W (t —s) = W(t)W~(s), from (2.8) and (2.10) it follows that the
initial value zp has to fulfil the conditions

to

2 = / e )W(to —8)Z(s, 2(s))ds,

o0 (2.11)

.o / Rt )W(Ifo — 5)Z(s, 2(s))ds,

to

Substituting these formulas into (2.7) we get for a bounded solution of (2.1)

( t
a(t?2—s?
/e = )W(t—s)Z(s,z(s))ds, t<0
2(t) = Rl (2.12)
@ t2—s2
—/e = )W(t—s)Z(s,z(s))ds, t > 0.
\ t

From the condition of continuity of the bounded solution we get the

condition
—+oco

/ 75 WY(s)Z(s,2(s))ds =0 (2.13)

—0o0

on the function Z. It is clear that (2.13) is not fulfilled for arbitrary function
Z(t, z).

Let us consider some examples.

Example 2.1 Consider the system

d
d—j — B(t)z +a, (2.14)
where a = (a1, as)? is a parameter vector.

For system (2.14)

+oo
a(t27s2)

2H(t) = — / ez W(t—s)ads,

t



represents the solution bounded for ¢ > 0 and
t
a(t2752)
27 (t) = / ez W(t—s)ads,,

is the solution bounded for ¢t < 0.
Between these solutions there is a “step”

400
70452 2 _ 32
SO -0 = [ FWe-gads =T H o
«

Taking the vector a = 0 we can remove this step and “glue” these solutions.
Then under the condition that a = 0 system (2.14) has the solution z = 0
bounded for all ¢.

In this example the vector a plays a role of a control or “gluing” param-
eter: by changing the value of a we are able to “glue” together solutions
bounded on negative and positive semi-axes.

Example 2.2 Consider the system

dz
& = B(t)z + f(t) + a, (2.15)

where f(t) is continuous and bounded for all ¢ € R.
In order to have the uniformly bounded solution, we use (2.13) to get
the equation for determining the vector a and arrive at

“+oo

/ o5 W(s) (f(s) +a) ds = 0. (2.16)

— 00

Let us introduce the following notation

“+oo
—aSZ \/ 2 - 2
J = /e > W l(s)ds = T e I, (2.17)
Va

where [ is the identity matrix. From (2.16), we get

+0o0
ag = —J 1 / 75 W(s)f(s)ds.

10



Therefore system (2.15) with a = ay has a unique solution bounded for all
t. This solution is defined by

(¢
/ea(t;)W(t—s)(f(s)—l—ao) ds, t<0,
Z(t): _OOJroo

_ / e TW (= ) (f(s) +ag) ds, ¢ > 0.

\ t

For example, let us take in (2.15)
a=0(=0,
f(t) = (cost, 0)". (2.18)

Then

1/2 2 r
w=-S [ Wz = - (o)

and the bounded solution is defined by

( t

/e*f(f@)mo)ds L<0,

2

—/e*zwf(s)m())ds £>0.

Its graph is shown on Figure 1.

The idea of gluing attracting and repelling parts is applied in [6, 27] for
obtaining integral manifolds with variable attractivity and canard solutions.

Let us apply this approach to system (2.1). For this purpose we intro-
duce a gluing parameter into the system. Thus, we consider a system of the
form

dz
i B(t)z+ Z(t,z) + a. (2.19)

In the next section we establish conditions under which (2.19) has a
global uniformly bounded solution.

11
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Figure 2.1: The two components of the bounded solution.
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2.2 Existence of bounded solutions

We consider the system

d
d—j = B(t)z + Z(t,2) +a, (2.20)
where B(t) is defined by (2.2) and «a is a vector of parameters.

Theorem 2.3 Let the function Z(t,z) in the r.h.s. of (2.20) satisfy the
assumption (Ay). Let
V2

Wm + P2y < 1. (2.21)

Then there exists a unique vector a such that (2.20) has a global uniformly
bounded solution.

Generally, solutions of (2.20) exhibit the same type of behaviour as that
of (2.6). More precisely, the trajectory of system (2.20) starting for ¢ =
to < 0 at any initial point z, enters after a short time interval a small
neighbourhood of the uniformly bounded solution and stays in it until some
time ¢ = t*(tg, z9) > 0, where ¢t* increases with respect to |to|. For ¢ > |to|
the trajectory jumps away. This phenomenon is similar to the effect of
delayed loss of stability for singularly perturbed systems [18, 19, 30].

2.3 Proof of Theorem 2.3

Let H be the complete metric space of functions h(¢) mapping continuously
R into €2, satisfying the inequality

[A()]] < N, (2.22)
with N < A, and the uniform metric

p(h,h) = sup | h(t) — h(t)]].

teR

On the space H we define the operator 1" of the form

TSN ) 12 (s, h(s)) + ] ds, 20,
Th(t)=9 ' (2.23)

a(t2—s2)

[ ez W(t—s)[Z(s,h(s))+a]ds, t <O,

a<t2732)
2

13



with @ = a(h). The formula for a will be given below explicitly.

In the upper line of (2.23) there is an operator for the existence of the
bounded solution for ¢ > 0, and in the lower line there is an operator for
the existence of the bounded solution for t < 0. The vector a = a(h) is for
gluing these solutions. Following [6] we call a the gluing vector.

We shall prove that the operator T maps the space H into itself and is
a contraction. The proof includes several steps. First, we show that the
function T'h is continuous, then we derive conditions under which Th € H
for any h € H. At the end we show that T is a contraction operator in
H. Therefore, there exists a unique fixed point of 7" in H. The fixed point
represents the solution of (2.20) bounded for all ¢ € R.

2.3.1 Continuity of the function Th

It is easy to check that Th is continuous for ¢t < 0 and ¢ > 0 for arbitrary
h € H. The continuity of Th at t = 0 is considered in the following lemma.

Lemma 2.4 For any function h € H there exist a unique vector a such
that the function T, h is continuous.

Proof.
The condition of continuity of the function 7,h at the point ¢ = 0 is
equivalent to the following condition

/ =5 W (8)[Z (s, h(s)) + al ds = 0. (2.24)

—00

Let us rewrite (2.24) in the form

Jl + Ja = O,
where J is defined by (2.17) and
+oo
Iy = /e W=1(s)Z (s, h(s)) ds.

The integral J; converges due to the assumption (A;) on the function Z.
Therefore, a := —J~1J;, that is

e /2a o —as?
_% =5 W (5)Z (5, h(s)) ds. (2.25)

—00

a =

14



It completes the proof.

For the following we need the next lemma.
Lemma 2.5 The following estimates are valid
lall < /2,
la —all < ”/*pp(h, h),
where a = P(h) and @ = P(h) for any h,h € H.

Proof. From (2.25) and the assumption (A;) it follows

+o0

a2

Jall < 1771 [ e
—00

For the difference between a and a we have

“+oo
la—all < 17 / ——
— 00

1 Z (s, h(s))| ds < 7M.

Z (s,h(s)) — Z (s,h(s)) || ds <

el /2 a2 —as? - 220 -
< —\/—\/ﬁ po| e 2 ||h(s) — h(s)|| ds < € /**up(h, h).

Thus,
_ 2 /90, 7
la —all < e”**up(h, h). (226)

This completes the proof of Lemma 2.5.

2.3.2 Existence of the bounded solution

Now we derive the conditions guaranteeing that T'h(t) maps H into itself.
Let t > 0. By the assumption (A;) and Lemma 2.5 we have

Tl < |52 0 (s h) 1+ ol ds < 20001+ 5,

t

—+00

Analogously, one sees that the same estimate holds for ¢ < 0. It means that
Th is uniformly bounded. Thus, under the condition

Vor

VM + %) < N

Ja
15



the function T'h belongs to the space H.
Under the assumption (A;) and Lemma 2.5 we obtain for ¢t > 0

+0o0
a(t2752)

ITh(t) — Th(t)]| < /6 = (I12(s, h(s)) = Z(s, ()| + lla — all) ds <

t

—+00
a(t?—s2) - 52 /20 - \Y% 2m B?/2a 7
< [ e = [up(h,h)+ € pp(h,h)]ds = Wﬂ(l +e” ") p(h, h).

t

The same estimate is valid for t < 0. Therefore,

— vV 27T 2 /200 -
p(Th.Th) < 7= u(1+ e’ 2 p(h, h),

and the condition (2.21) implies that T is a contraction in H. This completes
the proof of Theorem 2.3.

16



Chapter 3

Integral manifolds for slow-fast
systems

3.1 Problem statement

In this chapter we consider the system

d
Y= Y(tyze),

dt

d (3.1)
— = B(t)z+ Z(t,y, z,¢),

dt

where y e R", e € I, :={e € R:0<e <¢g < 1}, B(t) is the matrix
_f at B
B(t)_(—ﬁ at>’ a, 3> 0.
For ¢ = 0 we get the system

Yy = Yo,
dz (3.2)

— = B(t)z+ Z(t, v, 2,0).

dt

System (3.2) is a system of the same type as considered in chapter 2. Apply-
ing results of chapter 2 we can conclude that by adding a gluing parameter
into the system

Yy = Yo,

3.3
Z—j = B(t)Z‘f’Z(t,ymZ’avO)_’_a’ ( )

17



we can obtain a solution of the form z = h(¢;yo) where h is bounded for all
t € R. It is obvious that the value of a depends on yy. Moreover, taking
instead of yo any function y = y(¢,¢) we get that for the system
dz

= = B)z+ Z(ty(te),2,0.¢) +a, (3.4)
there exists a unique value of a such that (3.4) has a global uniformly
bounded solution z = h(t;y,e). It is obvious that the value of a is related
to the choice of y(t,e). Then, by taking different values of a we can “glue”
together the solutions bounded on semi-axes for different functions .

Therefore, in order to obtain an integral manifold we must take a as a
function depending on y and €. This means we consider the system

d

d—i = eY(t,y,z2,¢),

e (3.5)
o = B)z+Z(ty .z aly.e).e) +aly.e).

In the next section we establish the conditions under which systems of
the type (3.5) have an integral manifold z = h(t,y, €).

3.2 Assumptions. Notations
We consider a system of the type

y

== €Y(t,y,Z,€),
flli (3.6)
a = B(t)Z+Z<t,y,Z,a(y7€)7€)+a(y7€)7

where y € R", 2z € Q,, a € Q,, QU :={a € R? : ||a|]| < 6}, € € I, and B(t)
is the matrix

[ ot B
B(t) = ( 5 at)’ a, 3> 0. (3.7)
Concerning the functions Y, Z we suppose

(Hy). The function Y is continuous on R x R™ x €, x I, and satisfies for
teR, y,yeR" 2 ze(),, ee l, the inequalities:

1Y (t,y,z,e)ll < K, (3.8)

Yty 2,6) =Y (5, 2,8) < pllly =gl + 1z = =) (3.9)

18



(Hs). The function Z is continuous on R x R™ x Q, x Q, x I, and satisfy
fort e R, y,y e R", 2,2 € Q,,a,a € Q¢ € I, the inequalities:

1Z(t,y, z,a,¢)|| < M (e +ellz + ||2]]%) , (3.10)
\Z(t,y,z,a,¢) — Z(t,g,z,a,¢)|| <

D ((e+ellzll + 121%)My — gll + (¢ + 12Dz — 2] +ella —all) ,
(3.11)
where ||Z]| := max{||z[], || 2] }.

Here K, M, D, u, some positive numbers which will be specified below.
From (3.10) it follow that

Z(t,y,0,a,0) = 0.

Hence, for ¢ = 0, a = 0 system (3.6) coincides with the linear system
(2.6) and has the integral manifold z = 0, which attracts all trajectories for
t < 0 and repels them for ¢ > 0. Moreover, the trajectories of system (3.6)
starting for t = ¢y < 0 at any initial point after a short time interval enter
a small neighbourhood of the integral manifold z = 0 and stays in it until
some time ¢ = ¢t* > 0, where t* increases with respect to |ty|. For t > |ty| the
trajectory jumps away. This effect is similar to the phenomenon of delayed
loss of stability in the theory of singularly perturbed systems [4, 18, 30].
We call the manifolds with this property as the manifolds loosing their
attractivity in time.

Let F' be the complete metric space of continuous functions a mapping
R" x I., — €, satisfying the inequalities

la(y, )l < <L,

<
’ = ) (3.12)
la(y,e) —a(y,e)|l < ev|y—yl,

where e, < ¢, with the metric defined by

pla,a)=sup |la(y,e) —a(y,e)|.
yGR”,eGIEO

Let H be the complete metric space of continuous functions h mapping

R x R™ x I, into €1, satistfying the inequalities
[n(t, g, e) < eN,

1h(t,y,e) = h(t. 7.e)l < &lly =yl

for t € R,y,y € R", e € I,,, where N,§ are some positive numbers such

(3.13)
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that e N < A, with the metric
p(ha }_7’) = sup ‘|h(t7y7€) _}_L(t7y7€)|‘

teR, yeR™ g€l
The functions y(t, ), z = h(t,y(t,€), ) are the solution of (3.6) if they
satisfy system (3.6).
Consider the equation

dy
ds
From the conditions (3.9), (3.13) it follows

||Y(87 Y, h(S, y75>75) - Y(S, Y, h(S, Y, 5)75)” < N’(l + 5€)||y - g”

The function Y is uniformly bounded and Lipschitzian for all s € R,
y,y € R™ therefore the Cauchy problem for (3.14) with the initial con-
dition y(t) = yo has a global solution for all yo € R™. We denote the
solution by ®;.(yo, b, €).

The function z = h(t, ®s+(yo, h, €), €) is a uniformly bounded solution of
the equation

dz
I B(t)Z+Z(t7 q)s,t(ym h7 8)7 Z, CL(q)s,t(yO? h7 6)7 8)7 €)+a<q)s,t(y07 h7 6)7 8)7 E)'

dt
(3.15)

Therefore, applying results of chapter 2, the function z satisfies the integral
relation

eY (s,y,h(s,y,¢),¢). (3.14)

+o00 2 42
— [ TTW(E = 8)[Z () + a( ey, hue)e)] ds, t >0,
Atwe) =4 .
e F2W = 5) 1Z() + 0 (@yu(yo, hy2), )] ds, ¢ <0,
(3.16)
where

Z() = Z<Sa(I)S,t(y07h7€)aZva(q)s,t(y07h75)7€)a€)'

Taking instead of yo an arbitrary function y, from (3.16) we get that
the function h(t,y, e) describing the integral manifold satisfies the integral
equation

“+oo (12— 52
— [ M TEW(t = 8) [Z () + a(Dyyly, hie),e)] ds, t >0,
h(t,y,&) = t ! (12— 52)
[ e 2 W(t—3s)[Z()+a(Pss(y, h,e),e)] ds, t <O,

(3.17)
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here
Z ()= Z(8, Pss(y, hye), h(t, Pss(y, hy€),2),a(Ps(y, h,€),€),€).

On the other hand, if (3.17) has a solution satisfying (3.13) then it
represents an integral manifold of (3.6). Indeed, for any fixed ¢ € I, and
any point (o, Yo, z0) belonging to the integral manifold (2o = h(to, yo,¢))
equation (3.14) has a solution y(t,e) = 44, (yo, h,€). From (3.17) it follows
that z = h(t, 14, (Y0, h, €), €) is a solution of (3.15).

Thus, on the space H we define the operator T of the form

a(t2—s2)

“+o0o
- f € 2 W(t - S) [Z () + a( (bs,t(y? h7€)7 5)] dS, t > 07
(Th)(t7y7€) = t ¢ a(t2752)
[ ez W(t—3s)[Z()+a(Pss(y, h,e),e)] ds, t <O,
(3.18)
with a depending on h (this dependence will be described implicitly below),
and

Z() = Z (57 (I)s,t(ya h7 5)7 h’($7 (I)s,t(ya h7 5)7 5)7 G(‘bs,t(% h7 6)7 5)7 5) .

In the upper line in the definition of 7T there is an operator for the
existence of the bounded integral manifold for ¢ > 0, and in the lower line
there is an operator for the existence of the bounded integral manifold for
t < 0. The function a(y, ¢) is for gluing these manifolds.

The following statement is true.

Theorem 3.1 Let the functions Y, Z in the r.h.s. of (3.6) satisfy the as-
sumptions (Hy), (Hs). Then, there is an €* € I, such that for 0 < e < &*
there exists a function a € F such that system (3.6) has an integral manifold
z=h(t,y,e), he H.

If for sufficiently small € system (3.6) has an integral manifold z =
h(t,y,e) with h € H, then we know that for ¢ = 0 the integral manifold
z = 0 is attractive for t < 0 and repulsive for ¢ > 0. Therefore, it follows
from the continuous dependence of the trajectories of (3.6) on the parameter
e that also the integral manifold z = h(t,y,e) loses its attractivity for
increasing t.
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3.3 Proof of Theorem 3.1

The proof of Theorem 3.1 consists of several steps. First, we derive some
auxiliary results. Then, we prove that the operator 7' defined by (3.18)
maps the space H into itself and has a unique fixed point. We do it in the
following way. In the beginning we show that the element Th is continuous
for all t € R, and then that T'/h € H and the operator T is a contraction in
H.

3.3.1 Auxiliary estimates

At first, we derive a lemma describing the dependence of the solution
O, 4(y, h,e) of (3.14) on the initial value y and the function h € H.

Lemma 3.2 Let the function Y satisfy the assumption (Hy). Then the
following inequalities are valid
||(p87t(y7 h7 5) - (I)S,t(?L h7 6)” S ||y - g||€€u(1+6§)\s—t|7

- 1

|Ds.i(y, hye) — Py iy, h,e)]| < T gé.,p(h, h) (eau(1+s€)|s—t\ _ 1) :

where h,h € H.

Proof. By (3.14) it holds

S

Doy hie) = yte / Y (0, By oy By ), (0, By (s 0 €), 2), &),

t
s

q)s,t(gv h7 6) - g +€ / Y(T]) q)n,t(g7 h7 5)7 h(777 (Pn,t(ga h7 8)7 5>a 5)d77(7319)

t
s

(I)s,t(yailag) = ?/+€/Y(77>(Dn,t(%h>5)ah(n,¢n,t(y,h,€)>5)a5)d77-

t

Using (3.19) and inequalities (3.8), (3.9) and (3.13) we obtain for s > ¢

S

Hq)syt(gh h7€>_q)57t(g7 h,E)” S H?J—ZQH“‘/SHY(% (I)T],t<y7h7€)7h(n7 ®n,t(y>h7 8)78)55)

t

_Y(na q)n,t(ga ha 6)7 h(77> q)ﬂ,t(g7 h7 8)a 6)7 5) ||d77
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s

<lly— gl + / et (10 ey, 1) — (G b))

t

A, @y iy, ho€), ) = h(n, @y (g, hy), €)l) dn

S

<lly-wll+ /Su(l + )Py iy, by €) = P (g, hy )| dn.
t

Using the Gronwall-Bellman inequality we have
||(I)S7t(y7 h7 5) - (I)S,t(ga h7 8)” < ||y - g”es,u(1+6§)(s—t), s > t. (320)

For the difference ||®,(y, h,e) — ®,4(y, h, )| we get

S

104 (y. 1 €) = Ty, o) < /EIIY(n,CPn,t(y, h,€), h(n, ®n(y, h,€), €), €)

t

_Y(n, (I)n,t(ya Ba 5)7 B(U; (I)mt(ya B> E)a 5)7 5)||d77

s

< / e (1 -+ 2€) | @uly, b ) = By, b€ | + plh, ) )y

Using the Gronwall-Bellman inequality we obtain

1
1+ &€

H(I)S,t<y7 h7 6) - q)s,t(y7 B7g)|| < p(h7 B) (€€M(1+E£)(S_t) - 1) , 8 > t.

(3.21)
In the same way we get for s <t

1y(y, by e) — By (, by e)|| < |ly — gl =),

D4y, 7€) — Ty, by )| < p(h, ) (e — 1)

1+ 55
This completes the proof.

In the sequel, the error integral

erf(x

3\%

/ —2® Iy
0

will be used. In the next lemma we give some estimate for it.
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Lemma 3.3 For0 <z < % the following estimate is valid
e erf(z) < 1.

Proof. For z < 1 the error integral can be approximated as [1]

\/5 2 (21‘2) >
flr) = Y22 [ 1
erf(z) = e x(+13 1.3.5 " ) \/‘ Z2n+1”
(3.22)
Since 0 < z < 1 3, we get
(222" 1 1

< < .

(2n+ DI = 27(2n + )11 — 2737
Thus, the series in (3.22) can be estimated by the geometric series Y o o=

For the geometric series we have

Therefore,

¢ erf(x) :gxz% < in:i <1

This completes the proof.

3.3.2 Continuity of the function Th at t =0

It is easy to check that the function T'h is continuous for ¢ < 0 and ¢ > 0
for any h € H. From the definition of the operator T' (3.18) it follows that
the continuity of Th at t = 0 is equivalent to the following equation

+oo
—as?
/6 2 W_l(s) [Z($7<D8,0(y7h75)7h('S)®8,0(y7h7€)75)aa(®8,0(yahae)ag)vg)

—00

+a(Ps0(y, h,e),e)] ds = 0. (3.23)

This equation will be used to determine the function a(y, €).
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We rewrite equation (3.23) in the form
Aa(y,e) = Qaly,e),

where the operators A and () are defined by

B2 /2a —as?
Aa(y,e) = —\/a\‘/ez— e W H(s)a(Peo(y, h,€), ) ds,
T

—0o0

“+o00
el /2 —as?
Quipe) =2 [ w20

— 00

here
Z() = Z(S’ @S,O(ya h) 8), h(S, ¢s,0(y7 h7 6), 6)7 a(@S,O(y7 h7 5)a 6)7 5)-

It is convenient to represent the operator A in the form A = I + R, where
I is the identity and R is defined by

+oo
el 120 —as?
Rafy2) = Y2 [ W @l 2).0) ~ aly s

— 00

The inequalities (3.8), (3.12) imply

a(®s0(y, hy€), ) — aly,)lds <

oo
2
ey/ael /2

R S—
o 2T

—00

7(152
e 2 v||Pso(y, h,e) —yllds <

—+o00 s
/e‘és /||Y(?7,¢>n,o(y,h,€),h(n,<I>n,o(y,h,€),€),€)Hdnds <
0 0

2221, /e /2
< L

R

+o00
_ 2e°Vae P / o V2K
- V27 N var
0
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2 @ . .
For W < 1 there exists the linear operator (I + R)™! and the

following inequality is true [14]

1
I+R)7 < : 3.24
||( ) ”— 1—82\/5652/204VK/\/E ( )
Let us introduce the operator P on the space F' by
Pa = (I + R)"'Qa. (3.25)

In the sequel we prove that the operator P maps F' into itself and is a
contraction. By (3.10), we get for @

B2 /2a oo Cs?
Quty o)) < Y22 [ e 20 as <

— 00

\/_6,32/204 o 70452 2
< Y e~ M(e+e||h|| + ||h]|*)ds < /22 M (e + 2N + £2N?).
m

Using the last inequality and the inequality (3.24), we obtain

—00

eMeP*22(1 4 eN + eN?)
1 —2\/2ef 200K ) \Jarr

[Pa(y,e)|| <

Under the condition ,
e2\/2uK el /2 <

< % (3.26)

the inequality
|Pa(y,e)|| < 2eMe” (1 + eN + eN?)

Is true.
By Lemma 3.2 and the inequality (3.11), it is easy to verify the estimate

||Qa’(y7€) o QCL(Z},ET)H <
52/20
ae _
< / D=5 (e -2l + 1) | 2aoly. &) = Bu(F. )+

+(6 + ||h||) ||h(37 (I)S,0<y7ha8)75) - h(87q)s,0(gv h75)75)||+
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+ella(@so(y, hy€), €) = a(Ps0(y, by €), €)[[] ds <

+o00
<£\/aeﬁ2/2aDS/ —os?

[ e
- V2r

cI)s,O(ya ha 8) - cbs,O(ﬂa ha g) HdS S

o0

#laps —as?
< N_i/— ly — yll/e 2=l —

w(l+ef) sds

_ 2% e”?pg
Vo Py -y /

where S =1+eN +eN?+e£(1+ N) +ev.
Using the error integral erf(\) it is possible to estimate the last integral:

+0o0 H T
1/20[ / e—c;s? €€M(1+8§)Sds _ ﬂ / GAQ—(%S—A)QdS =
Ve VT

9 +o0 9 [Al +o0
)\2—82 )\2_52 )\2_52
=— [ "% dsy = — |2 [ e dsy + [ et Tfidsy | <
ﬁ/ 1 ﬁ / 1 / 11 =
Y 0 [Al

<1+ 2eMerf(N),
where \ = W ep(l +€€). From Lemma 3.3 for A < 1/2 or

%5,u(1 +ef) <1, (3.27)

we get
Merf(|A]) < 1

Consequently,

JF
vaa / 55 1405 g < 3, (3.28)
VT J

Therefore, we obtain the estimate

1Qa(y, e) — Qa(g,€)|| < 32¢”/**DS|ly — 7.
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According to the definition of the operator P (3.25) and the inequalities
(3.24), (3.26) the following estimate is true

3ee”/?* DS
1 —e2y/2eP* 200K |\ Jar

Therefore, if the inequality (3.26) and the inequalities

[1Pa(y, e)—Pa(y,e)|| < ly=gll < 6ee”/**DS|ly—g].

OMe” (14 eN +eN?) < L, (3.29)
2

%eu(l +ef) <1, (3.30)

6e”/>*DS < v (3.31)

hold, then P maps F' into itself.

Now we derive conditions assuring P to be a contraction operator. At
first let us estimate the difference ||Qa — Qal|. Under the assumption (3.12)
we have

52/204 Cas? 9
1Qa(y. 2) — Qaly, )| < Y =% eDp(a, a)ds = e D™ p(a, a).

V2r

Consequently, by (3.24) and (3.25) we get

eDeP /2

1— 62\/5652/20‘1/K/\/047Tp

If ¢ is sufficiently small, then the condition

IPa(y, ) — Pa(y, )| < (a,a) < 2:De”/*p(a, a).

2eDe” /% < 1 (3.32)

holds. It means that P is contraction operator in F'. Therefore, the equation
a = Pa, which is equivalent to (3.23), possesses a unique solution in F'. Thus
we have proved

Lemma 3.4 Suppose the functions Y, Z in the r.h.s. of (3.6) satisfy (H,),
(Hz). Then there is € € 1., such that for all € € (0,¢*] and for any
function h € H there exists a function a € F' guaranteeing that the function
Th defined by (3.18) is continuous.
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Now we study the dependence of the fixed point a of P on h. Let a(y, €)
and a(y,¢) be the solutions of (3.23) corresponding to the functions h and
h respectively. Then we have

Aa = Qa or  (I+ R)a=Qa,
Aa = Qa or (I+ R)a=Qa,

where
+
B2 /2a
— ae s —_
Rafy.2) = Y2 [ W a2, 0) ~ aly. s
+oo
= \/aeﬁz/Qa 7&52 1
Qa(y,e) == ———=—=— [ e 2 W (s)Z()ds,
V2T
with

Z() = 2(87 @5,0(97 ]_17 E)a B(S, (PS,O(y? }_7'7 6)7 6)7 d(q)S,O(y7 B7 €>a 5)7 8)‘
After some elementary transformations we obtain
(I+R)(a—a)=Qa—Qa+(R— R)a

or

a—a=(I+R)[Qa—Qa+ (R— R)a. (3.33)

The expression in the square brackets will be estimated at first. By
inequalities (3.12), (3.13) and Lemma 3.2 we have

”Qa(ya 5) - Qd<y7 5)” S

+oo
B%/20. ) 2 - . _
ae —as
< YR D [ (et el a0 2) — aly )+

+(€ + ”BH)“h<S> qDS,O(ya ha 8)7€> - B(S, ®S,0(y> Ba 5)75)”+

Fella(@s0(y; hse),e) — (@, 0y, ﬁ7a>,a>||} ds <

70452

“+o0
#?/2a ) _
< —6\/a\€/Q_ /e 2 [(1+£N+5N2+£§(1+N)+5V>||<I>s,0(y, h,e)—®0(y, h,e)||+
T
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+(14 N)p(h, h) + p(a, a)] ds <

< sl {pw, @)+ (1+ N)p(h F)+

+oo

2\/55/ —a2 1 _
+ e 2 —— (05 _ 1) p(h, h)ds| <
or 1 +e§( )p(h, h)ds| <

0

< ee®/?p (p(a,a) + (1 + N+ i‘;) p(h, B)) ,

and

+o0
2
\/aeﬁ /2a 70452

P — e 2
V2T

—00

C_L<CI)S,0<y7 Ba 6)7 8) - a(q)s,O(y? h7 6)7 6) HdS <

I(R—R)a| <

2

+oo
#rea TP .
< \/ae 6781/”(1)570(]% h7 5) - (I)s,O(y7 h7 €)||d8 <

R

+00
3?20 —as h
< BARC T [ 0 )0 s <
V2r(1 + £€)

0

el /20y
S P
14 €
Then we get from (3.24), (3.33)

(h, ).

_ < geb’ /2
la(y,e) — a(y,e)| < e K o
+ (D(l + N)+ 3(%;”)) p(h, l_z)}.

From this inequality and the assumption (3.26) we obtain the following

result

[Dp(a, a)+

Lemma 3.5 Suppose the conditions in Lemma 3.4 hold and the inequality
(8.26) is valid. Then the following estimate is true

2eef’ /20 3(DS +v) _
o)) — | D1+N)+ ——= h,h). 34
plo0) < ey (D0 0+ 225D iy, 3
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3.3.3 Existence of the integral manifold

In this part we derive the conditions guaranteeing that Th(t,y, ) satisfies
the inequalities (3.13). For t > 0 we have

“+o00
(t2—s?)

ITh(t,y,2)l| < /ea 2 {HZ(-)H+Ha(‘1>s,t(y>h>€),€)!| ds <

t

ey 2
g\/—Q_a(M(lJraNJraN )+L).

The same estimate is valid for ¢ < 0. Therefore, Th is bounded for all ¢t € R.
In order to show the Lipschitz continuity of T'h we consider the difference
||Th(t’ Y, 8) - Th(ta Y, 8)”

||Th(t7 Y, E) - Th(t7 gv 5) || S

400
a(t2752)
S /6 2 |:HZ(Sa(I)s,t(yah75)7h(5a(bs,t(yahag)?g)aa(@i,t(y; h)aE)ag) -

t

—Z (5, @s4(7, 1), h(s, @se(Y, ), €), a(Pss (9, by €), €), €) |1+

@y, b 2), 2) — al®yoF, ), e)H] ds <

+o00
at2—52
< /e e {gD(l +eN +eN?)||®,,(y, hye) — Py (7, h, ) ||+
t

+eD(1+ N)||h(s, @si(y, h,e),e) — h(s, Ps+(y, h,e),€)||+

+(eD + 1)||a(Psi(y, h,e),e) — a(Ps (7, h, €), a)Hl ds <

“+o0o
o¢(t2

_2
< (DS +v) / e By oy, by ) — By u(G, B )| ds <

t

+oo
a(t2732)

<e(DS+v) / e 2 etIHEEY |y gl ds.

t
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Using the error integral erf(\) and Lemma 3.3 it is possible to estimate
the last integral

+o0 +o0

/ (2D et gy _ V2 / eV g (5 — ) <
= <
t \/_tl—)\
[t1—Al too
2
< % 2 / =N =1=0? g N / etV ==V g5 ) | =
0 [t1—=Al
5 3
_ V2 (ﬁ + Vet erf (|t —Ay)) < ﬁ,
\/a 2 vV 2c0

where \ = \/Lfaé,u(l + &£). The last inequality is valid since we can choose

¢ small enough such that A < %
Consequently, for t > 0 we get

_ 3er/ B
IThit,y.2) — Thit, 5. 2)ll < 2L (DS +v)lly 7.

V2a

The same is true for ¢ < 0.
Thus, under the assumptions of Lemma 3.4 and the following inequalities

VT )
or (M(1+eN+eN?)+L) <N, (3.35)
37

T maps H into itself.
Now we prove that T is a strictly contractive operator in H

||Th(t7 Y, 5) - Tﬁ(t Y, 5) “ S

+oo
a(t2752)
S /6 2 |:||Z(37(I)S,t(y7 h7€)7h(37(1)5,t(y7 h7€)a€)7a(q)s,t(yah7€)7€)75)_

t

_Z (87 (Ds,t(ya h: 5)7 77‘(87 (bs,t(ya B: 5)7 6)7 a(q)s,t(ya Ba 5)? 5)7 €) ”+

Ha(@su(y, he).€) — al(@si(y, hoe),e)||| ds <
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+o0
< / R (eD(1+eN +eN?)(||Psi(y, b e) — sy, by )|+
t
+eD(1 + N)||h(s, @4 (y, h,e),€) — h(s, Pss(y, h, ), €)|])+
b (U5 D)o@yl by 2),2) — alualy,h2),2)) ds <
e 2 2
< [ DS + ) — Bucly B+

t

+eD(1+ N)p(h,h) + (1 + eD)p(a,a)) ds <

VT

< T (eD(1 4 N)p(h,h) + (1 +eD)p(a,a)) +
¢
< %—i D(1+N)+ Qfﬁi/z(;ﬁ;zg) (D(l N)+ —3(? i :5”))
—3(f i ;”)} o(hT).
Under the conditions (3.32), (3.36) and the inequality
30 272D (1 30522)
3(?5 j_g’/)} (3.37)

T is a contraction operator in H.

Thus, we have proved that the operator T" has a unique fixed point in
the space H. This fixed point represents an integral manifold of the system
(3.6). It completes the proof of Theorem 3.1.
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3.3.4 Examples

Example 3.6 Consider the system

d

d_i = eY(t,y,z,¢€),

i (3.38)
o = B)z+ 2ty zaly.e).e) +aly.e),

where y € R", = f =1 and Z has the form
Z(t,y, z,a(y,€),e) = Z(t,e) = (ecost, 0)". (3.39)

The function Z satisfies the assumption (Hsy). Therefore, we can apply
the results of Theorem 3.1.
Using (3.23) we have the following equation for the function a(y, ¢)

+oo 2 +0o0 752
[ W s =~ [T W Z(s. s

o0 o0

Calculating the integral in the l.h.s we get

561/2

SICE !
a* = 5 / Q?W_l(S)Z(S,y)dS = — ( (1 + 6_2)70) .
m

Vor

Then, substituting a*(y, €) into (3.38) we obtain the system which has the
integral manifold z = h(t,y, ) given by

h(t,e) =< ~=

In this example the function Z does not depend on y. Therefore we get
that a does not depend on y, too.

Example 3.7 Consider system (3.38) under the assumption that y € R
and the function Z has the form

€CoStcosy

Z(t,y, 2, a(y,€),€) = ( 0 ) : (3.40)
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The function Z satisfies the conditions of the Theorem 3.1. Therefore, there
exist a unique function a(y, ¢), a € F, such that this system has an integral
manifold z = h(t,y,e), h € H.

From equation (3.23) for a we have

—+00
61/2 9 (861/2

T
a*(y,e) = ~ e Z(s,y)ds = — (1+e7?)cos y,O) :

Substituting a*(y,e) into the system we get the integral manifold z =
h(t,y,e) given by

2

t2—s
/GZ(Z(s,y,a) +a(y,2))ds <0,

h(ta Z/,E) = _cxjroo
2

t27s
—/62(Z(S,y76)+a*(y,e))ds t>0.

\ t

35



Chapter 4

Asymptotic approximations

The method of integral manifolds is a very effective tool for studying the
qualitative problems of differential equations. Therefore, the problem of
finding the function describing the integral manifold is important. Usually,
this function can not be found in explicit form. There are many papers
devoted to the problem of approximation of solutions and integral manifolds
(see e.g. [15, 34, 37, 36]).

In this chapter we will show that under the assumption that Y and
Z in the r. h. s. of (3.6) are sufficiently smooth, the integral manifold
z = h(t,y,¢) and the gluing function a(y,e) can be represented in the form

h(t,y,e) = Z e'hi(t,y),

>0

a(y,e) = > aily),

>0

(4.1)

where h;, a; are continuous and uniformly bounded functions. In what fol-
lows we will establish an algorithm of finding the coefficients h;, a;, and then
we shall estimate the error of the approximations.

In order to find the functions h; and a; we substitute (4.1) into equations
(3.6).
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d .
_y = 5Y(t7yazgzhi(tay)a5)

dt i>0
0 i i
120 120 >0
Bt)Zaihi(t,y) + ty,Zah t,y), Zsaz Z&?az
i>0 i>0 i>0 i>0

In addition to (H;), (Hs) we suppose that the functions Y and Z in the r.
h. s. of (3.6) have continuous, uniformly bounded and globally Lipschitzian
partial derivatives with respect to vy, z,a, e of order k. Then, the function
Y can be represented as

Y<t) Y, Z 5ihi7 5) = Y(t7 Y, ho, O>+

>0

oY (t,y, hg,0 oY (t,y, hgy,0
8( (7% 0 )_'_ (7y7 05 )h1>+

Oe 0z

82 (t Y, h070) aY(t,y, h070)
+§ ( Oe? 2 0z

agy(t7ya ho,O) 2 GQY(ta%hO;O)
2 ..
- S hl) +

ho+

LY (t ,h,O
t » Y, ho, +Z y 0 h +Z€ZY t , Y, ho,...,hz‘_l). (43)

i>1 i>1

In the same way for the function Z we obtain

ty,ZEh ty Z€a2 (t y7h07a070)+
>0 >0
8Zty,h,a,0) 0Z(t,y, ho, ao,0)
+) € { 020 T, + 8@0 O ;| + (4.4)
i>1

+ ZEZZZ(t, Y, h07 R hi—la g, - - . 7a7l—1>-

i>1

Substituting (4.3)—(4.4) into equation (4.2) we get the following equation
8h 8h

Z €|:Y(t7y7 h0>0)+

>0
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,OY (t ,h,
+Z y 4 h"‘ZgZYty,ho,...,hi_l)]:

1>1 1>1
= B(t) Z gihi + Z(ta Y, hOa Qy, O>+
i>0

82 14 ' Y, h07a0a0) aZ(t7y7 h07a070)
+y ¢ [ hi + 5 a;| +

i>1
+ Zélzz(t7 Y, hO? RN hi*lu ag, - - - 7ai71)~
i>1
Letting ¢ = 0 we have
Oho
ot

Under the inequalities (3.10) and (3.11)—(3.13) and from the definitions of
the spaces H, F' we have

= B(t)ho + Z(t,y, ho, ao, 0) + ao(y).

ho(t,y) =0, ao(y) =0,
8Z(t,y,0,0,0) _0 8Z(t,y,0,0, 0) _ 0 (4-5)
0z S oa o

Equating the coefficients corresponding to the same powers of € we get

8Z<t7 Y, h'07 ao, 0)

ohy  Oh
S Y (19,0,0) = B(t)h + o +a(y),

ot oy

or by (4.5) we obtain

Ohy
e B(t)h, +

0Z(t,y,0,0,0)
Oe

+ a1 (y).

From this equation we can find the function h,(t,y) as the solution bounded
for all t € R

( +oo
a(t2—s2 0Zt 000
—/e 7 )W(t—s)< (’gge’ - )—I—al(y))ds, t>0,
hl(tvy): i
a(t?2—s? aZt 000
/e 7 )W(t—s)< (’?gg’ ’ )—i-al(y))ds, t <0,
\ —

(4.6)
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where the function a;(y) can be found from the condition that hy(t,y) is
continuous at ¢ = 0

“+o00

/ e%gW’l(s) <8Z(t’ %’80’ 0.0) + al(y)> ds = 0. (4.7)

—00

For a; we have the following equation

+oo oo
=os® o2 dZ(t,y,0,0,0
/6 2 W—l(s)al(y)dsz_/e S W_l(s) (7yaa€a ) )ds,
or
T 07(t,4.0.0,0)
Jal(y):—/e‘és W*l(s) » Y, U, U, dS’
Oe
where N
o 2 2 —62/206
J = /e W (s)ds = YL,
Va
where [ is the identity matrix. Then
o 0Z(t,y,0,0,0
s
a1(y)——J_1/6 > Wi(s) (’%76’ ’ )ds. (4.8)

Comparing the functions multiplied by £ we get

8h0 8Y(t, Yy, ho, O) 8h0

dy 0z ot oy

ohy Ol

— Y(t,y, ho,0
at +ay (7y7 0 )+

}/1 (ta Y, hO) =

- B(t)h2 + Z2<t7y7 h07 hla agp, al) + a2<y)‘

Under the equalities (4.5) we can write

Oh Oh
a_; + a_yly(tv Y, 07 0) = B(t)hQ + ZQ(tv Y, 07 hla 07 al) + a?(y)‘ (49)

The function hs(t,y) can be found as the uniformly bounded solution of
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( o0
at2752 ah/
— / e ¢ 2 >W(t— 3) (ZQ(t,y,O, hl,O,Gl) - a—IY(t,y,O,O)
Y

t

+as(y))ds, t=>0,

hZ(tvy) = t 8h
a(t?—s2
/ G%W@ - S) (Z2(t7 Y, 07 h’l? 07 al) - a_IY(t7 Y, 07 O)
Y
\ +as(y))ds, t <0,

where the function as(y) is defined from the condition of continuity ho(t, y)
at t =20

+oo
0h

/ 6728 Wﬁl(s) <Z2(t>y7 0, hh 0, al) - a_yy(ta Y, 0, O) + a2(y)) ds = 0.

—0o0

Thus, we obtain the equation for determining as

+oo
a2 oh
ag(y>=—J‘1/e > Wl(s) (Zz(t,y,o,hl,o,al)—8—;Y<t,y,o,0>> ds.

—00

For ¢ in the k-th power we have

8hk_2 8Y(t, Yy, 0, 0)
dy 0z

Ohy, ~ Ohy—
ko 9

—_— Y(t,v,0,0
at ay (7y77)+

= B(t)hk + Zk(tv Y, 07 hla SRR h’k‘—17 O, agy ... 7ak—1) + ak(y)
(4.10)
The function hg(t,y) can be found as a solution of equation (4.10) bounded
for all t € R

( +o0
a(t?—s?
_/e ( 5 )W(t—s)(Zk(t,y,(),hl,...,hk,l,(),al,...,ak,l)
t
_a}gcy*1Y(t7y7O,O) ..t ak(y)> d57 t> 07
hk(tay) = t
a(t2752)
/e = W(t—s)(Zi(t,y,0,h1,...,hg_1,0,a1,...,a5_1)+
- Ohy—
\ ~ Y (1,9,0,0) — .+ a(y)) ds, £<0,
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where ax(y) is defined from the condition of continuity of hx(t,y) at t =0

—+00

—&32
/ e 2 Wi(s) <Zk(t, v,0,h1, ... hi_1,0,a1,. .., a51)—
Ohy_
— =k 1Y(t,y,O,O)—...%—CLk(y)) ds =0,
dy
or
+oo
—(152
ak(y) - _J_l / e 2 W_1(8> (Zk(t’ Y, 07 h17 CII) hk—la 07 Ay, ... 7ak—1)

Ohy_1
Ay
Thus, we obtained the recurrent formulas for the coefficients h;, a;. Let
us introduce the following notations

Y(t,y,0,0) — .. ) ds.

Hi(t,y,¢) Ze hi(t,y), Ax(y,e Zg a;(y (4.11)

=1

Then the question arises: What is the error of approximations (4.11)7 In
what follows we shall prove the following statement

Theorem 4.1 Let the conditions of Theorem 3.1 hold and let the functions
Y, Z in r. h. s. of system (3.6) have continuous and uniformly bounded
partial derivatives with respect to y,z,a,e up to the order k + 1. Then
the integral manifold z = h(t,y,€) of system (3.6) and the gluing function
a(y,e) can be represented in the form

2(ty,e) = Z "hi(t,y) + O(F),

k
= lai(y) + O,
1=0

where h; and a; are bounded and Lipschitz continuous functions.

41



4.1 Proof of Theorem 4.1

The boundedness and Lipschitz continuity of h;, a; follow from the defini-
tions of these functions. We put

z = Hp+u,

(4.12)
a = A+,

u and v are the remainder terms. Substituting (4.12) into (3.6) we get

d
d—i =eY(t,y, Hi + u,e),
dH d
d_tk + d_itt = B(1)Hy + B(t)u + Z(t,y, Hy + u, Ay +v,€) + Ay + v.

From the properties of the functions Hy, Ay we obtain the system

dy

= 6?(?5,@},16,5),
a ) (4.13)
= = Bu+Z(tyu vy e),e) +v(y.e),

where

Y<t7 Yy, u, 5) = Y<t7 Y, Hk + u, 6)7
Z(t,y,u,v,g) - Z(tayaHk —|—U,Ak—|—1},€) - Z(tayaHkaAlmg)
_+€k+1¢%t7y7h07'"7hk7a07"'7ak%
with ¢ uniformly bounded
H¢%t7yah07~"7hk7a07---aak)H S;(l

From the definition it follows that the functions 17, 7 are continuous on
R xR"xQ, xI,, RxR"xQ,xQ,x I, respectively, and satisfy for

€0 09

teRy,y e R"u,ueN,,v,ve€Q, € I, the inequalities

1Y (t,y,u,e)|| < K, (4.14)

1Y (ty,u,8) =Y (t,9,0,6)|| < pully — gl + pllu — al], (4.15)
1Z(t,y,u,0,0)|| < 1Z(t,y, Hitu, Atv,e)— Z(t,y, Hy, Ay, )|+ |l ol| <
< Dy (ellull + elloll + llull® + 1), (4.16)

IZ(t,y,u,v,€) — Z(t,5,5,0,¢)|| <
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Dy ((z +elfull + @)y — g1l + (e + @) llu — all + o= oll),  (4.17)

where ||u|| := max{||u||, ||z|/}. These inequalities, except (4.16), are analo-
gous to (3.8)-(3.11). Thus, system (4.13) is a system of the same type as
(3.6).

In order to prove Theorem 4.1 we shall show that there is a function
v(y,e), [[v(y,e)|| < e¥lq such that system (4.13) possesses an integral
manifold u = g(t,y,¢), |lg(t,y,)|]| < e*1p, where ¢,p are some positive
number.

We shall use the same approach as in the previous sections.

Let us consider the complete metric space V' of functions v, continuous
on R" x I, satisfying the inequalities

lo(y,e)ll <&, Nu(y,e) —v(@,e)ll < esxlly —gll. (4.18)

with the metric defined by

p(v,0) = sup |jv(y,e) —o(y,e)|
yeR" e€l;,

and the complete metric space G of functions g, continuous on R x R™ x I,
satisfying the inequalities

t < k+1
Il < )

fort e R,y,y € R", e € I, with the metric

p(g,9) = sup  |lg(t,y,e) —g(t,y,e)|.
teRyeR" €l

The aim is to prove that there exists a function v € V guaranteeing that
the modified system (4.13) has an integral manifold v = g(¢,y,¢), where
g €. B

We define on GG the operator T' of the form

(Tg)(tay75) = t a(t g2 ~
f ez W(t—s) [Z(-)%—v(\lfsﬂg(y,g,e),s)] ds, t <0,

with v depending on g € GG, and
Z() = Z (5, 9,4(y,9,€), 9(5, Ues(y, g,€), ), 0( Vs 1(y, g,),€), €) .
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Here U, ,(y, g,¢) is the solution of the initial value problem for any given
function g € G

dy S
o = Y(sv.0.9), (4.20)
() =y

As it was done in the Section 3.3 we shall show that for every g € G' we
can define a unique function v(y, ) such that T'g is continuous, and then
we shall show that the operator T maps the space G into itself and has a
fixed point. The fixed point represents an integral manifold of (4.13).

4.1.1 Continuity of fg at t =0

It is obvious that T g is continuous for ¢ < 0 and t > 0 for any g € G.
Consider the following equation

—+o00

/e“?QW(—s) [Z(-) +v(x1/5,0(y,g,g),g)] ds = 0 (4.21)

— 00

with respect to a function v(y,¢). This equation is obtained from the con-

dition of continuity of fg(t, y,e) at t = 0. In the same way as in Section
3.3.2, we shall prove that there exists a unique function v € V' such that
the element T'¢g is continuous.

In the sequel we shall use the following Lemma which describes the
depends of the solution W, (y, g,¢) of (4.20) on the initial value y and the
function g € G.

Lemma 4.2 The following inequalities are valid

||\Ijs,t<y7g7€) - ‘Ijs,t(g7g76)|| S ||?J - gHeE(#l_‘—ewu)‘s_t'a

g K G) (esrmatermls—
\IJS y9,€) — \I}S 9, € S - ) 65 e -1).
Vs (y, g,¢) (. 3.9 m +5Wﬂ(g 9) ( )

The proof is the same as it was for Lemma 3.2.

As it was done in Section 3.3.2 equation (4.21) can be represented in the
form

(I+ Ry(y,e) = Qu(y,e),
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where [ is the identity operator, and R and @ are given by the relations

B2 /2a P 2
~ Qe —as
Buly,e) = YO [ o5 W (9 o(Wao(y. 9. ), €) — o(y, £)]ds,

V2r

— 00

(4.22)

~ e /2a - 2 ~
Qu(y,e) == —\/_W e 2z W (s)Z(-)ds, (4.23)

—00

here

Z() = Zv(sa \Ijs,O(ya g, 6)7 g<87 \Ijs,ﬂ(ya g, 5)7 5)7 U(\I’s,o(% g, 5)7 5)7 E)'

The inequalities (4.14), (4.15) imply

\/5652/20‘ e _as?
W e 2 5%H\I]3,0(y7g75) - deS <

—0o0

|Ru(y, )| <

282\/_66 /2(1
V2T

/”Y 777 s,0 y g,€ ) 9(777 \Ijs,O(yagaE)ag))HdndS S

< 52\/§eﬁ 12005
- var '
2/2a . . S
For W < 1 there exists the linear operator (I + R)™! and the
following inequality is true

1

I+R)7Y < . 4.24
||( ) ” — 1—82\/5662/204%K/\/ﬁ ( )

We introduce the operator PonV by
Pv=(I+R)"'Qu. (4.25)

In the sequel we prove that the operator P maps V into itself and is a

contraction.
For @) we get from (4.16), (4.23)

7&82

+oo
A \/aefBQ/za/
vy, e)l| £ ——— e 2
Qo) < =
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Z()ds <




< €B2/2a€k+1D1(1 + &g +€p+€k+1p )
Using the last inequality and (4.24), we obtain
eFH1ef* 20D (1 + eq + ep + e T1p?)

1 —e2y/2eP° /20K /\/Jar

[Po(y, )|l <

Under the condition
£21/2e5° /20 3 ¢ - 1
var -2’

(4.26)

the estimate
|Pu(y,e)|| < 26" Dy (1 + eq +ep + 51p?)

Is true.
From the inequalities (4.17)-(4.19) and Lemma 4.2 it follows

||©U(y7 5) - @U(gu 5)” S
+oo

ael/t s~
= oL /6 ? Z(S7\I/s,0(yvgv€)ag(37\Ils,0<y;976),8),2](\1/8’0(ng75)75>7€)_

—00

_Z(Sa \DS,O(ga g, 6)7 g(S, \Ijs,()(ga g, 6)7 5)’ U(\IJ&O(ga g, 5)7 5)7 E)”dS S
—+00

2
< ev/ae® 2D, / —as? 2k+1, 2

e 2 (1+Mp+ P2 4 ey(1 4 e¥p) + e30) x
- V2m

o0

H‘I/s,(](yagag) - @570(y,g,€)|‘d8 S

+oo
2 BQ/QQD S —as?
< eV/ae = 191 /e 2 65(*‘1+5W)3ds||y—§||, (4.27)

where S; = 1+ &(1 + p)(y + Fp) + ese.
Under the condition

%5(#1 +eyp) <1, (4.28)

the integral in (4.27) can be estimated due to Lemma 3.3

“+o0
_”204 / 6"552 eflmitern)s jo < 3
VT -

0
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Consequently, we obtain
1Qu(y, e) — Qu(g, e)|| < 3ee™/** Dy S|y — gl. (4.29)
Thus, by (4.24), (4.25), (4.29) we have

g DS
— e
T 1 —e2y/2eB20 0K )/ 2m o=

1Pu(y. e)—Pu(y,e) P2 DS ly=gll.

For sufficiently small € the inequality (4.26) and the inequalities

2¢7 /2D (1 4 ep + eq + e71p?) < ¢, (4.30)
2
N
6”22 Dy S) < 3 (4.32)

hold, therefore P maps V into itself.
Now we derive conditions assuring P to be a contraction operator in V.
For the difference ||Quv — Qu|| by (4.17), (4.23) we have

B?/2a 2
~ ~ ae —as 2
|Qu(y,e) —Qu(y,e)| < va e 2 eDyp(v,7)ds = ee® /**Dyp(v, D).

V271

Consequently, for Pv — P we get

€€ﬁ2/2aD1

1— 52\/5652/2a%K/\/047rp

| Pu(y, e)—Pu(y,e)|| < (v,0) < 2e”72* Dy p(v, D).

If 2 Dy e /2 < 1 holds then P is a contraction operator in V. Therefore,
the equation v = Pv, which is equivalent to (4.21), has a unique solution in
V. Thus, we have proved

Lemma 4.3 Suppose the functions SN/, Z are continuous on R x R™ x Q, x
I,, RxR" xQ, x Q, x I,,respectively, and satisfy the conditions (4.14)-
(4.17). Then for sufficiently small ¢ € I, there exists a unique function
v € V guaranteeing that the function fg 18 continuous.

Now we derive some auxiliary estimates which we shall use in estimating
the Lipschitz constant for the function Th. Let v(y,e) and o(y,e) be the
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solutions of (4.21) corresponding to the functions g and g respectively. Then
we have B B
(I + R)v = Qu,

(1 +}_§)@ = QU,

where

“+oo
= e /2 —s?
Boly,e) = YO [ oS W () [6(Tao(y,5.2), ) — 0y, 2)lds,

Ver

—0o0

“+o00
2
~_ \/&66 /20 —as?

V2

—0o
here

Z() = Z(Sa \PS,O(ya ga 6)7 g<87 \IIS,O(yv gv 5)7 8), T)(\IJS,O(y7 g7 8)7 5)7 6)'
After some elementary transformations we obtain
v—v=(I+R) Qv — Qv+ (R— R (4.33)

The expression in the square brackets will be estimated at first. By
(4.16)-(4.18) we have

1Qu(y, e) — Qu(y, )| <
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+oo
2
\/aeﬁ /2a —as

R [ Dl el + 19,9 - Va5 )]

+D1( + gD llg (s, Yso(y, g.€),€) — (s, ¥so(y, g,€), )|

+5D1||U(\Ps,0(y) g, 5)a 5) - @(\DS,O(y7 g? 6)7 8)||:| ds

IN

+o0
eD P2 /20 os?
=Dyyac” 7 e 2 {(1 + ey + 2?4 ey (1 4 eFp) + e3¢) x
V2

—00

||\Ijs,0(yaga E) - \Ils,O(yvga E)H + (1 + Ekp)p(gvg) + p(’U,U):| dS

IA

IN

eD1e” 1% [p(v,7) + (1 + €*p)p(g. 7))

+oo
B?/2a ,
+€D151\/a€ e%ézL(ea(’“ﬁW)S —1)p(g, g)ds

V2T J [+ evp

2 35
ee? /2D, (p(v, v) + <1 +ekpp 2218 ) p(g,g)) ,
M1+ EYH

IN

and

= = Vaet
(R =R)v|| < ——F=— [ e

|1_J<\Ils,0(y7 ga 5)7 8) - E(Qs,O(yv g, 5)7 €)HdS

+o00o
ey/ael 2 —o?
—~—— [ e
V2
2er/ae 12 3¢ e
/ ez e s (g, g)ds

V2 (1 + eyp)

0

IN

|\Ijs70(y7 g, 5) - \Ij570<y7 g? €)HdS

IN

3ee? /254,

<
M1+ e

p(9,9).

Thus, we get by (4.33)

geP?/2a

1-— 82\/5662/26“%}{/\/047(

oy, e) — (.2 < [D1p<v, o)+
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3u(DyS; + %)) _ }
Dy (1 +¢&* St L4 .
+< 1(14+¢"p) + P p(9,9)

From this inequality it follows

Lemma 4.4 Suppose the conditions of Lemma 4.3 and the inequality (4.26)
are valid. Then the following estimate is true

3u(D1 S, +
D1(1+€kp)—0——'u< 19 + %)
1+ eyp

2eeP?/2
v) <

) p(9,9). (4.34)

4.1.2 Order of the approximation

In this section we estimate the order of approximation (4.12). To do this we

derive conditions under which the operator 7" maps the space G into itself
and is a contraction. By (4.16) for ¢ > 0 we have

+o0

~ a(t2752) ~
ITg(t,y, )|l < /6 2 {||Z(')||+||U(‘I’s,t(y,g,€),€)|| ds <

t

VT k1,2
< X MY D1+ ep+eqg+ e +q).
\/% ( 1( D q p) Q)

The same estimate is true for ¢ < 0. Iherefore, we have that Th is bounded.
To prove the Lipschitz continuity of T'h consider the difference || T'g(t, y,c) —
Tg(t,y,e)||. Then by (4.17) and Lemma 4.2 for ¢t > 0 we get

ITg(t,y,e) — Tg(t,g.2)| <
+o0o
a(t27s2) ~
< / e 2 [HZ (8, Ws1(y,9,€),9(5, Vs 1(y, g,€),€),v(Vsi(y,9,€),€),€)

t

_Z (57 ‘Ijs,t(gu g, 5)7 g<57 \Ils,t(ga g, 8)7 5)7 U(\Ij&t(g: g, 5)7 5)7 6) ||

+||U<\118,t(y7 9, 6)7 5) - U<\Ils,t(g7 g, 5)7 5)”] ds
“+00

e t2—s2
< / e (eD1(1+ " p+ ¥ p” + ev(1 + £p))

t

+ 5%(5D1 + 1)) ||\I;s,t<yugu 5) - qjs,t(gugu €)||d8

20



“+oo
(t2—s?)

< =(DiSy + ) / TNy, g,2) — Var(d g, )|ds

t

—+00

« t2—s2
<e(DiSi+50) [ T ey s

t

Under the condition (4.28), using the error integral erf(\) and Lemma
3.3 the last integral can be estimated

—+00 “+o00

/ ea(tEQ‘SQ)es(uﬁsw)(sft)ds — Q / e(tlf’\)zf(slﬁ‘)zd(& - <
«Q
t t1—A
[t1=Al oo
< V21, / AP A2 g 3 / el N N (5 — ) | =
Ja
0 [t1—=Al

— % (@ + Ve N erf(|t; — >\|)) < 3\/%.

Consequently, for t > 0 we get

3e/m
V2a

Analogously, one sees that the same estimate is valid for ¢ < 0.
Thus, if the inequalities
VLS

~—(q+ D:(1 +ep+eq+etp?) <p, (4.35)

V2a

3\/—\/2_%@151 +3) <~ (4.36)

hold then T maps G into itself.
Now we prove that T" is a contraction operator in the space G. According
to the inequalities (4.17)-(4.19) and Lemmas 4.2, 4.4 we get

||j:‘g(t7ya€) - j:g(tvyag)u S
+o0
a(t2752) ~
/ € 2 |:HZ (57 qjs,t(yvgvg)mg(sa ‘Ds,t(y>g>5)a5)7U(‘I’s,t(y,g,€),€),€) -

t

o1



_Z (37 \Ils,t(ya gv 6)7 g(sv \Ijs,t(ya ga 6)7 5)7 T)(\I/s,t(ya ga 5)7 E), 6)“ +

+ [v(Ws4(y, g,€),€) — v(\Ifs,t(y,g,E),e)ll} ds <

(i 2
< / 2T (eD1(1 4" p 4+ e Hp* + eq(1+ ") + e30) + £32) X

t
||‘1]s,t<y7 9, 8) - \IIs,t(ya ga €)Hd8+

+ﬁ ((1 +eDy)p(v,0) +eDy (14 £p)p(g, g)) <
<

V2a
eV

28’ /2

k
Dy(1+¢&p)+ (1 +¢eDy) [~ 2:077%D, X

- 2«

3u(Dy Sy + %))} _
Di(1 +ekp) + 2L L9)+
< 1(1+e"p) PRy r(9,9)

“+oo

/ e@ (es(u1+ew)(s—t) — 1) p(g,g)ds <
t

+€[L(D151 + %)
M1+ EVH
26,82/2a

1-— 2€D1€ﬁ2/2a

eVT
V2a

< Di(1+&*p) + (1 +eDy)

(Dl(l +e'p) + M)

M1+ EVH

3ep(Dy St + %)} 0(9,9)
(1 +eyp) ’
Taking into account the relations (4.35), (4.36) and the inequality

eV
V2a

2e8° /2

Dy(1 +&F 1+e¢eD
1(I+ep)+(1+e 1)1—25D1652/2°‘

<D1<1+6’“p) +W)

[+ evp

3 DuS + %)] <1 (4.37)

(11 +evp)

we can conclude that T is a contraction operator in (G. Therefore the
operator T has a fixed point in the space GG. This fixed point represents an
integral manifold of system (4.13). This completes the proof of the Theorem
4.1.
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Example 4.5 Consider the system

d

d_i = 5Y(t, y? 27 g)’

le 2

- = tz1 + 29 + (21)° + ecostcosy + a1 (y, €), (4.38)
dz _ +tz0 + as(y, €)

a Z1 Z9 T a2\Y, €),

where y € R, 2z = (21, 29)7, a = (a1, a2).
We shall look for the integral manifold z = h(t,y,¢), h = (h', h*)T and
the function a(y, ¢) in the form

h’i(tvyu g) = hz)(tv y) + 6h11<t7y) + 62hé(t7 y) +

i i i i . (4.39)
a'(y,e) = ah(y) +eai(y) +eas(y) +---, i=1,2.
Substituting the expansions (4.39) into (4.38) and equating the coefhi-
cients we get the equations for the determinig the functions h], '
From the definition of the spaces H, F' we get

J

ho = 0, ap = 0.

Then, equating the coefficients with ¢ we get

dhy 1 2

= th} 4+ h? + costcosy + aj,
dcgg (4.40)
= = —hy +th} +af.

The function hy = (hi, h?)T is the uniformly bounded solution of this equa-
tion (see (4.6)) and a;(y) is defined from the condition of continuity of
hi(t,y) at t =0 (4.7)

+oo

/ e WL (s) (Z1(s,y) + a1 (y)) ds = 0. (4.41)

—00

From equation (4.41) we get

ai(y) == — \/g/e > Zi(s,y)ds = — <%/2(1+6_2)003y,0>T. (4.42)
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Thus the function a = eaj(y) is the first order approximation of the
gluing function.
Substituting aj(y) into (4.40) we get the system

@ = B(t)h + Zi(t,y) + ai(y). (4.43)

The function h; is a uniformly bounded solution of this system, and is
given by

( t
/ “TIW(E — 8) (Zu(s,y, bty y), ) + al(y)) ds ¢ <0,
h;(t7y>: _Oj»oo

- / eFEW (= 5) (Zu(s,y, (L), €) + ai(y))ds ¢ > 0.

\ t

(4.44)
Thus, the function z = ehj(t,y) is the first-order approximation of the
integral manifold of (4.38).
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Chapter 5

Smoothness of the integral
manifold

This chapter is devoted to the problem of smoothness of the integral mani-
fold of system (3.6) and the gluing function. We shall study the dependence
of the existence of the partial derivatives of the function h(t,y, ) represent-
ing the integral manifold and the function a(y, ) on the smoothness of the
functions in the r. h. s. of (3.6). To this end, we consider the subspaces
of the spaces H, F' of smooth functions and show that the restrictions of
the operators T', P defined in Sections 3.2, 3.3.2, map these subspaces into
themselves and are contractions.

We shall use the induction principle. First, we prove the existence of the
first derivatives. Then we show that under some assumptions it is possible
to prove the existence of further derivatives.

5.1 Existence of the first derivative

5.1.1 Assumptions

Here and elsewhere f, denotes the function

_9f
oz

We suppose that the functions Y, Z in the r.h.s. of (3.6) satisfy the
assumptions (H;), (Hz), and have first derivatives with respect to y, z,a
that are continuous on R x R" x @, x I.;, R x R" x Q, x Q, x I, and
satisfy for t e R, y,y e R", 2,2 € Q,,a,a € Q,, ¢ € I, the inequalities:

J
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Hijt(tayazag) o Yx(t>ga 2>5>H S (Hy - gH + HZ - 2”) )
1Zy(t,y, 2 0,)| < D (e +ellz]l + 1)
12:(t,y, 2,a,¢)[| < D(e+lzll), (5:2)
HZa(t7y7 z,a,g)H S 5D
||Zx(t7y7 2, CL,E) - Zﬂv(t7g7 Z,a, E)H < Dl (”y - g” + ||Z - 2” + ||CL - ?%)3)
where ||Z|| := max{||z||,||Z||}, and f, = %, x is a placeholder.

In what what follows we use the following inequality

n n 1/2
i=1 i=1

This inequality is obtained from the Holder inequality

n n n 1/p
E uv; < E u? E o? :
=1 =1 =1

by taking p =2, v; = 1.
We consider the subspace F) € F of functions a(y,¢) differentiable
with respect to y, satisfying the inequalities

lay, (y, )|l < el

||ayi(y7€> - ayi(g75)|| < l2||y - g”: t=1,...,n
Setting v = /nly, v1 = /nl;, we get

lay(y, )

< ev,
lay(y,€) —ay(y, )| < wnlly—yl.

(5.4)

We equip the space ') with the generalized metric d(a, a) = col (p(a, a), p(ay, a,)),
where p(ay, a,) is defined by

play, ay) = max  sup lay,(y,€) — ay(y, )|
SUISN yeR el
Then FOM is a complete metric space [12].
Let H be the subspace of H consisting of functions h(t,y,¢) that have
continuous partial derivatives with respect to y satisfying for t € R,y,y €
R", e € I,, the inequalities
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&ny,

. (5.5)
nolly —gll,i=1,...,n,

td
IA A

thi(tay7€) - h‘ (

with the generalized metric d(h,
is defined by

p(hyjly) = Inax sup ||hyi(t7y’6) - Byi(t7y7€)||'

1<z<n teR yeRn 56150

=

>
S~—

Il

col (p<h7 77’)7 p(hy7 By))7 where p(hy7 By)

From the inequalities (5.5) it follows

th(t,y,€)H S 857 (56)
||hy<t7y7€)_hy(tvga€)” < €1||y_g||

In what follows we use the notation <I>£ iy, he) = M

Let us find the partial derivative with respect to y; of the element Th.
The functions Z(t,y, z,a(y,¢),¢) and a(y, ) depend continuously on y and
under our assumptions there exist continuous derivatives of Z and a with

respect to y. Moreover, the integrals

—+00

h= [ TEWE 92,0+ 2 O hy(s,Bacly ), )

t

+Z4 () ay(q)s,t(y? h,e), 6) + ay( CI)S,t(ya h, 5)7 € )] (I)glt) (y, h, 5) ds,

t

L= [ e TIWE=5)2,0) 4 2. O hyfs. Busly h.0). )

—00

+Z4 (+) ay(q)s,t(y7 h,e),€) + ay( (I)s,t(ya h,e),e)] (I)g,lt) (y, h,e)ds,

converge uniformly with respect to y. Therefore, we can write

—fe W(t—8)[Z, () + Z. () hy(5, @y (y, By ), )
+Z (+) ay (<I>S71t((yl3 h,e),e) + ay( Psi(y, h,e),e)] x

aa'Th(tyyﬁ): t St(y,h,s)ds, t>0,

v Jw W(t—58)[Z, () + Z. () hy(s, s 4(y, by 2), )

+Z ( ) (q)s,t(y> h> 8>7€) + ay(CDS’t(y?h,g),g)] X
O (y, hye)ds, t <0,

(

o7



where

FC) =1 (5, Ps(y, hye), h(s, ©su(y, b €)€), a(Psr(y, h,€), €), €) .

In the sequel we show that the element T'h together with %Th(t, Y, €)

belong to the space HM and the operator T is a contraction in H®. There-
fore, %Th(t, y, €) represents the partial derivative of the integral manifold
z = h(t,y,e) with respect to y.

5.1.2 Auxiliary estimates

From the definition of the functions ®,,(y, h,¢), it follows CIDS)(y, h,e) can
be represented in the form

S

o) (y,he) =ei+e / Y, () + Y2 () hy(n, @y, hye), )] @) (y, by e) d,

t

where f(-) = f(n, ®y.(y, h,€), h(n, @, (y, h,€),€),€) and e; is a vector which
has 7th component equals to 1 and all other components are 0. Then, the
following results are valid.

Lemma 5.1 Let the inequalities (5.1) be valid. Then for the norm of
CID(I)(y, h,e) we have the following estimate

s,t

HCI)(l)(ya h,5)|| < peh(1tet)|s—t|

st

Proof. For s >t we have

s

1952 (g hee)ll - < 1+€/H|Yy(')H+HYz(‘)Hth(*)H] 1932 (y, b, )l

t

< 1+eu(1+e£)/||<1>§3(y,h,5)|ldn-
t

In the same way we can estimate the norm for s < ¢t. Then, using the
Gronwall-Bellman inequality we obtain the result.
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Lemma 5.2 Under the conditions (5.1), the following estimates are valid
1250 (. h.€) = 23 (@ by e)| <
ly =9l 2 Leg)]s— -
< Mg Il 1+¢ + eau( +e€)|s—t| _ 1 €2au(1+a£)|s t|’
||(I)st(y7h 6) q)glg(y7 7176)” S
1

(1 4 £€) Kl Jrlgg (Ml(l +€€) + pé ) ( ep(l+ed)|s—t| _ 1)

4 1L+ 6)) pl, B) +pap(hy, by)] (et 1) o<,

Proof. The proof is similar to the proof of Lemma 3.2. Using the
inequalities (5.1) and Lemma 5.1, we obtain for the difference |]<I>§12 (y,h,e)—

®) (G, hye)| for s > t
108 (y, h,e) — @) (g, h,e)|| <

s

. / 1Y, (1, @iy s ), 1, By, s ), ), )

t
—Y, (0, (7. h2), h(n, @y (7, by 2), ), ) |42 (7, b o) |
HYy (0, @y o7, 1o €), (1, @y (7, ha2), ), ) 1R (y, b €) — @) (5, )|
Yz (0, ©yi(y, hy ), h(n, @44y, by €),€), €)
—Y. (0, @yt (5, 1, ), B0, @y (5, 1) 2), 2) | X
by (0, @y, hye). )| 05 (y, b ) |
HIY= (1, @G, b ), (1, By (5 €), €), )| %
1y (1, @y ), €) = oy (1, By (3. ), ) | [ @ (3, 1 )|
HIY2 (07, @3t (5, 2y €), B, By oG, Do) €))%
2y (1, @5 0, 2), ) 1041 (9, B 2) — @41} (5, B, 2)]) |

S

gs/[(ul(l—l—e{) + péy) 200y g

t

+ 1+ 20|90 (9, b 2) — @15, o)l | dy
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Using the Gronwall-Bellman inequality we have

128 (y, h,e) — @57, b, )| <
|y — 9l (1 2eu(1 -
< W=l a2 eh (14O (5=t) _ 1) 2en(+e8)(s—t) (57

For the difference H@St)(y, h,e) — @St)(y,fz,e)H we get from (5.1) and
Lemma 5.1

s

198 (y, b e)— @) (y, h2)|| < /s[HYy(n,%t(y, h,e), h(n, @ya(y, ho),e),¢)
t
—Y, (0, @y (y, 7€), B0, @y (y, By ), 2), ) 1R (y, B 2) |
Yy (0, @y, ), B0, @iy, i), €), ) 198 (5, ) — @) (y, b, ) |
HIY= (7, @y, b ), h(n, Byly, b 2), ). )
—Y.(1, ©pa(F, b, €), h(n, Ppa(y, hy€),€),€)|| x
hy (0, @y, b)) @51 (1, €|

Yo (n, ®; (y; h), h(n, @pa(y, hoe),€),€) || x

by (0, @y, by €), €) — Ty (0, @y, B ), €)1 @5 (3, )|
Y2 (0, @y (y, by €), h(n, yuly, hoe), €), €)%

1oy (1, @il P 2), )1 @0y, ) = @)y, B, 2] i <

S

<e / (a1 + 6 + 162) @y h€) — Dy )|

t

+ (14 2€)p(h, h) + pp(hy, b)) eI
(14 )[04y, by ) — @)y, B, o)l ] dy <
/ |
<o [ (G om0 = 1) (1 26+ )
t

Fan(1+20)) o1, 1) + ol ) )50
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+u(1+ )[04 (y, hye) — D) (y, b, 8)\!} dn.

Applying the Gronwall-Bellman inequality we obtain

_ 1 1
[0 .2) — {20 B )] < - [( (1a(1+ 262 4 i)

(I+ef) [\1+¢&€
(es0F=OE=D 1) 4 1y (1 + €€)) p(h, h) + pp(hy, hy)] x
(eau(l—i-af)(s—t) _ 1) oH(1+e€)(s—t) (5.8)

In the same way we get for s <t

198 (y, hye) — @) (5, h,e)|| <

nt

ly — ¥l 2 1 - 2ep(1 -
< N7 I 14+ 26)% + e=r(1+e)(t=s) _ 1) g2en(lted)(t=5) (59
< 0T (1 (1 + €6)* + &) ( ) (5.9)

- 1
19 (y, h,e) — @) (y, h,e)|| <

uﬂ+&ﬂ(u¥ﬁm“+%f+%ﬂx

(65“(1+€5)(t_8) — 1) 4 pa(1 +€€)) p(h, h) + pp(hy, hy)] X
(esH1Fe0(t=9) _ 1) gop(1+=0)(t=s), (5.10)

This completes the proof of the lemma.

5.1.3 Continuity of the function 8(?/Th at t =0

In what follows we show that under the condition (5.1)-(5.2) the operator P
defined in Section 3.3.2 maps FM into itself and is a contraction. Namely,
the function a,(y,e) satisfies conditions (5.4), and the function a(y,e) to-
gether with its derivative a,(y, €) belong to the space F(1).

From the condition of continuity of a%T h at t = 0 we obtain the follow-
ing equation to determine the function a,(y, )

—+o00

/ EWN($) [Zy() + Zo(Yhy (s, Byo(y, by €), €)

—00

+ Za()ay(Pyo(y, hy€), &) + ay(®s0(y, hy€),€)] B (y, hye) = 0. (5.11)
Here f() = f(S, (I)s,O(yv h’v 5)7 h(37 (I)S,O(ya hv 5)7 5)7 a(q)s,[)(yv hv 5)7 5)’ 6)'
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Let us introduce the following operators

9 Ra(ye)

R(l)ay(y,g) = (9
Yi

+
B /2a o2
= [ W) [a (ol 2). 00002 - )] s

+o00
0 el /2 Cas?
QWay,(y,e) = 8y‘Qa(y,5) = _\/_W e T Wl(s) [Z,()+

+ ZZ(')hy(87 (I)&U(yv hv 5)7 5) + Za(')ay((DS,U(y’ hv 5)7 5)] (I)g,l(% (y, ha 6)d8.

Then equation (5.11) can be rewritten in the form
(I + R(l))ay(y7 6) = Q(l)ay(y7 6)7

where [ is the identity.
The inequalities (5.1)-(5.3), (5.4) imply

2 +oo
\/566 /2 —as? 1
vl e (R CR TSR (L OAAE]

—00

Hay(y, <)) ds

2 /9 +oo
eﬁeﬁ / aV 7o¢s2

1B Way,(y. )l <

< e 2 65M(1+55)‘3| +1)ds
< or ( )
2 B2 /2c 2 2
< evertin  BUVITI [ o setngs,

cve _—
\ 2T
0

The last integral can be estimated using the error integral (Lemma 3.3).
Hence, we have
2
IR, (y,e)]| < deve™.
If 4eve®/2* < 1, then there exists the operator (I + R™M)~! and we have

1

T depoP iz (5.12)

17+ RO) Y| <
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We introduce the operator P() by
PWa, = (I+ RM)~'QWq, (5.13)

In the sequel we shall show that PMa, satisfies the condition (5.4) and P®
is a contraction on the space F(!). To do this let us estimate QWMa,. By
(5.3) and Lemmas 5.1, 5.2 we have

+o0o
2
\/aeﬁ /2a 7@32
2

-_— e
V2T

— 00

1QWay(y. )l < W2y O+ 1Z=C Ay (s, Pso(y, by €), )1+

H Za | lay(@soly, hye), )] |84 (y, by e)|ds

+oo
B2/20. ) —as?
< s\/_ozc;\/Q_ [(1+N+eN?)+e£(1+N)+ev] / o5 een(1+ed)lsl g
T

< 3ee?/22 g,

where S =1+eN +eN? +e£(1+ N) +ev.
Using the estimates on (1 + RM)~" and QM) we obtain

3eDSel? /2

(1) e
1PWay (g0l < T

Under the condition

deve P < 2 (5.14)

N | —

the inequality
2
[P, (y. )] < 62e/*DS

holds.
By the inequalities (5.2) and Lemmas 3.2, 5.1, 5.2, it is easy to verify
the estimate

1QWay(y.€) = QWay(7,)|| <

+
< Jae 12
V2T

— 00

1@s.0(y, by €) — Dyo(T, by o) || @9y, &) |

+eD(1+=N +eN? 4+ (1 + N) +2v) [0 (y, h,2) = B0 (7, b, o)l | ds

—as?
2

e [(Di(1+e§+ev)’ +eD(&G(1+ N) +vy)) x
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C
< (301014 eg e+ 0 g, (5.15)

where (] is some constant depending on D, Dy, N, &, &, v,v1. Thus, by
(5.12), (5.14), (5.15) it holds

1Py y.) = POay(g.2)]| < (D11 -+ 26 + v)e”2 4 C1 )y — gl
(5.16)

If we choose ¢ sufficiently small then we have
6ee” /DS < v,

6D1<1 + Eg + 51/)2662/2(1 + 501 S 12}

and the function a,(y, €) satisfies the conditions (5.4). Therefore, the oper-
ator P maps F(! into itself.

Let us estimate the difference ||QWa,(y,e) — QWa,(y,¢)||. By the in-
equalities (5.2), (5.3), and Lemmas 5.1, 5.2 we have

1QWay(y,e) — QWay(y, )| < e [Dy (1 + €€ + ev) pla, a)

+ eDp(ay, a,)] eIl gs
< 3¢”/2[Dy (1 + € + ev) p(a,a) + eDp(ay, a,)]
Then by (5.12)-(5.14) it holds

|PWay (y, €)— PVay (5, )| < 67722 [Dy (1 + =€ + ev) pla, ) + =Dplay, )]
Under the estimate (3.32) in Section 3.3.2 we have
d (Pa, Pa) < Ud(a,a),

where U is the matrix

U 2e De*/2e 0
T\ 662Dy (14 ev 4 e€) 6eDe 2 )

For sufficiently small € the spectral radius of U is less than 1, therefore P
is a contraction operator in F'M) [12].
Thus we have proved
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Lemma 5.3 Suppose the conditions of Lemma 3.2 are valid and the func-
tions Y, Z in the r. h. s. of (3.6) have continuous and bounded partial
derivatives with respect to y that satisfy the conditions (5.1)-(5.3). Then
for sufficiently small e the gluing function a(y, <) belongs to the space FV.

Now we study the dependence of the fixed point a of the operator P
defined in (3.25) on h. This relation we shall need later in the proof of the
fact that T is strictly contractive in HY. Let a(y,¢) and a(y,e) be the
solutions of (3.23) corresponding to the functions h and h respectively. The
difference ||a(y, €) —a(y, €)|| has been estimated (Lemma 3.5). In the sequel
we estimate the difference between first derivatives a,(y,¢), a,(y,e). We
have (I + RW)a, = QWa,, and (I + RMV)a, = QWa,, where

_ay(% Ef)ei]dS,

+oo
\/aeﬁQ/Qa —a52 _ =

—00

Q(l)(_ly(y, 8) =

+ Zo(Yhy (5, ®e0(y, 7€), €) + Za(-)ay (@ 0(y, hye), )] ©3(y, b, e)ds.

Here
Z() = Z(S, (I)S,O(y7 ]_17 5), B(S, (PS,O(y? B? 5)7 5)7 d(@S,O(y7 B7 8)’ 6)7 5)‘

After some elementary transformations we obtain

(I +RY)(ay —ay) = QWa, = QWa, + (R — RM)a,
or
ay —a, = (I + R(1)>_1[Q(1)ay - Q(l)ay + (R(l) - Rm)%]‘

The expression in the square brackets will be estimated at first. By
applying (5.1)-(5.6) and Lemmas 3.2, 3.5, 5.2 we have

1QWa(y. e) — QWay(y, )|l <

e /2 o —as?
o Vol [((Dy(1 + € + ev)(p(h, B) + pla, @)

=~ € >
V2T

—00
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+eD((1+ N)p(hy, hy) + play. a,))
+ (Di(1+e€+ev)®* +eD(&G(1+ N) + 1)) %
1D40(y, ) — B0y, b 2)) 1949y, by 2|
+eD (146N +eN? +£(1+ N) +ev) [0 (y, h,e) — @) (y, h, g>\|] ds

)P(hzﬁ hy)+

D _
< 3¢ /20 <(D1 + — 4+ eCy)p(h,h) +eD(1+ N +

1+¢& 1+ &€

+eDp(ay, ) );

I(RY — RM)ay || <

+oo
e /20 —as? B
< —*Fm 5 (19a0(y. b €) = Duoly, b NI, b, )]

—00

]| @)(y, h,2) — (. <)) ds

< et ([ hh) + ——p(hyhy) ) .
—36 ((1+€£+€C3 p( ) )+1+5§p( Y y)
Combining the last estimates and (5.12), (5.14), we get

D+, -
h,h
1+5§ +EC4)p( ) >+

||ay(y,5) - dy(y,e)H < 6/ <(D1 +

DS +1
14 &€

From the last inequality we get

+e(D(1+N)+ )p(hy, hy) + eDp(a,, ay)) :

Lemma 5.4 Under the conditions of Lemma 5.3 the following estimate is
true

6D6ﬁ2/2a D1 + 14
a,) < ———— | (D Cy)p(h, h
p(a?ﬁay) -1 —6€D€’32/2a <( 1+ 1_’_65 +e€ 4)p( ’ )+

DS +1 -
1+ a6 )P(hyahy)> )

where a,(y,€) and a,(y,e) are the partial derivatives with respect to y of the
solutions of (3.23) corresponding to the functions h and h respectively.

+e(D(1+N)+
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5.1.4 Existence of the first derivative

Now we derive conditions guaranteeing that the operator 7" maps H) into
itself. For this purpose we show that the element 831_ Th(t,y,e) satisfies the
conditions (5.6). By applying (5.2), (5.4), (5.6) and Lemma 5.1 we have for
t>0

12
ayi

Th(t,y,e)|| <

+o0o
a(t2752)
< [ IOIHIZON 5, Burl 2 NHIZa O 02,2,

t

(@4 ey By ), s>||} 100 (g, b, )] ds

400
«@ 2752
<e / “TD (L+eN+eN? + (1 + N) +ev +v) eIHEgg

t

“+00
a(t2732)

Sz—:D(S—H/)/e 7 et g,

t

Using the error integral we finally have

0 N3
v <3 VT _
HayiTh(t,y,a)H < 3\/%8D(S +v)

This means that the derivative a%Th(t, y,€) is uniformly bounded.
For the difference ||6%Z_Th(t,y,5) - a%iTh(t,gj,E)H it follows from (5.2),
(5.3), (5.4), (5.6)

12
Jy

Th(t7 Y, 5) - aa

i Yi

Th(t,g,e)|| <

< /e““22‘82’ [(Di(1+e€ +ev)® +eD(&(1+ N) + ) + 1) X

t

@0 i(y, hye) — @i (7, by o) ||| @) (y, by €)]|

+eD(S + 1)@ (3, h,2) — @) (5, h,2)] ] ds.
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Applying Lemmas 3.2, 5.1, 5.2 and the error integral we have

0 0 3D\/7
Th(t,y,e) — —Th(t,y,e)|| <
Ha% (t,y.¢€) o (t, 7.6l (\/ﬁ
where C5 is a constant depending on D, D1, &, &, i, 11, N. This inequality
gives us that a%_Th(t, y, €) is Lipschitz continuous with respect to y.

For sufficiently small € the inequalities

3 VT (DS +v) <t (5.17)

V2a

3D/
V2«
hold. Then the element a%T h(t,y,e) satisfies conditions (5.6). Therefore,

T maps HY into itself.
Now we prove that T is a contraction operator in H. By apply-
ing (5.2)-(5.6) and Lemmas 3.2, 5.1, 5.2 we can estimate the difference

+eC5)lly = 9l

+ 805 < 51 (518)

H%Th(t?y,g) — %Tﬁ(t,y,a)” as follows
+oo
0 0 .- a(t?—s?) -
ay,Th(t,y,&‘) = 3y,Th(t,y,8) < [ e = [(Di(1+e&+ev)(ph, h)
1 7 p

+p(a,a)) + eD(1 + N)p(hy, h,) + (D + 1)p(ay, a,)
+ (D1(1+ €€ + ev)® + eD& (L + N) + v1(eD + 1)) x
@405, 1 2) = @sly. b)) 194 (9, B )] ] s

< (06 + 507)p(h, ]_l) + €ng(hy, By)

Using the results of Section 3.3.3 for p(Th,Th), from the definition of
the generalized metric d (Th, Th) we have

d (Th,Th) < Uyd(h, h),

where U; is a matrix

U — eC 0
r= 06 + 507 608 ’

and C is the constant defined in (3.37). For sufficiently small £ spectral
radius of this matrix is less than 1. Thus, T is a contraction operator in
H®W . This means that the fixed point of the operator 7', that represents an
integral manifold of system (3.6), has first derivatives with respect to the
components of y. Therefore, we can formulate the following result
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Theorem 5.5 Suppose that conditions of Theorem 3.1 are valid and the
functions Y, Z have first derivatives with respect to y, z,a, continuous on
RxR"xQ, x I, and RxR" xQ, xQ, x I, respectively, and that satisfy
the inequalities (5.1)-(5.3). Then for sufficiently small € the gluing function
a(y,e) € FY and the integral manifold z = h(t,y,) € HY

5.2 Higher derivatives

In this section we shall study the dependence of the existence of the higher
derivatives of the integral manifold z = h(t,y,e) and the gluing function
a(y,e) on the number of derivatives of the functions in the right hand side.

We use the induction principle. The base of induction is established in
the previous section.

5.2.1 Assumptions
Let us introduce the following notation

04 P (1, 2, ¢)

Y(OCVB) t’y7 276 = )
( ) Ayt .. Qyan 2 925"

ala|+\ﬁ|+|~/lz(,§7 Y, 2, a,¢)
Ayt .. Qyan 027 9252007 0a?’
’Oé| =ap+ ..t g, |ﬁ| :ﬁ1+ﬁ27 h/’ =M+ 72,
_Olln(t,y,e)
COyTt .. Oy
8|G|¢)s,t(ya ha 5)
dyi* ... 0ygn

where «, (3, 7, o are multi-indices.

We assume that the functions Y, Z in the right hand side of (3.6) have
continuous partial derivatives with respect to y, z,a up to the order r, and
in addition to (5.1)-(5.3) the following inequalities are valid for all y, y € R™,
z2,2€8,, a,a € (),

Z(a,ﬁ,'y) (ta Y, z,a, 6) =

h(t,y, ) , lol=0o1+ ...+ o,

<1>§f’t)(y7h,€)= L lol=o01+... +o,,

Y@ (t,y, 2, e)|| < Kap), (5.19)

YO (t,y, 2, )=Y (1,5, 2,)| < o (Ily =gl + 12 = 2[1) » |al+]8] <,
(5.20)
1ZBD(ty, 2, a,€) || < Miag), (5.21)
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||Z(Oé7577)(t7y727a75> - Z(aﬁ’w(ta@ 276—”78)” <

_ _ _ 5.22
< Diasoy (ly =3l £ 1z — 2l +lla—al), lal+ 18]+ <r &2

with Ko, g), th(a,8)s M(a,8.7) D(a,8,y) SOMe positive numbers.

Consider the subspace F'") of the space F. The subspace F") consists
of functions having r continuous and bounded derivatives with respect to
the components of y with the following properties

la®(y, )]

<
- 523
1 (y,6) = a®@ ) < wely—al, 1<kl <r (5.23)

We define on F() the generalized metric

d(avd) :Col(p(a,d),p(ay,dy),...,p(a 5 ))7
where

p(a®,a®) =max sup [la®(y,e) —a® (g, )], [k =1,....r,
yeR" e€l;

and max being taken with respect to all partial derivatives of order k. Then
F) is a complete metric space.

Let us consider the space H™). This space is a subspace of the space H
consisting of the functions h(t, y, ) having continuous and bounded deriva-
tives with respect to y of order r with the following properties

IK®)(t,y, )|
Hh(k) (ta Y, 5) - h(k) <t7 Y, 5)”

Nk:7

5.24
ely—gl, 1<@<r O

<
<

We equip the space H") with the generalized metric

d(h, h) = col(p(h, h), p(hy, ), ..., p(h"), BD)),

p(h(k)uﬁ(k)) = max sup ||h(k)(t7y78) _E(k)(t7y7€)||7 |k| = 17"'7T'
teR,yeR™ e€l.,

Then H™) is a complete metric space.

Suppose that under our assumptions the integral manifold h(t,y,e) and
the gluing function a(y, €) have partial derivatives up to the order r — 1 that
are continuous on R x R™ x I, R" x I, respectively, satisfying conditions

(5.23)-(5.24) for all |k| < r—1. The aim is to show that under assumptions
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(5.19)-(5.22) there exist the derivatives of order r continuous on the same
domains, satisfying (5.23)-(5.24), too. It means that the operators P, T
map the spaces F'"), H") into themselves.

It is easy to show that the following equality is valid

aT

e Th(t,y,2) =
I

=9 e T W(t=s) [(Z,() + Z.()hy(5) + Za(-)ay (o) + ay(0)) 27 (y, hye)

T+ (Z OB () + Za()al) (0) + () TT OV + D Glaspan ()] ds

where
Z() =7 (57 (I)S,t(ya h7 5)7 h’($7 (I)s,t(ya ha 5)7 5)7 &<(I)s,t<y7 h‘a 5)7 5)7 5) 9

h(x) = h(s, ®s.(y, h,€),e), a(o) =a(Pst(y, h,e),€),

and the sum of the functions G434 contains derivatives of Z, h, a, ® only
up to the order » — 1. Indeed, all the functions under the integral de-
pend continuously on y and under our assumptions there exist continuous
derivatives of Z and a with respect to y. Moreover, the integrals converge
uniformly with respect to y.

We have to show that the element

67‘

———FTh(t
oyt ... 0yl (t.y.€)

is continuous for all ¢ € R and satisfies conditions (5.24). Then we show
that the operator T is a contraction in the space H.

5.2.2 Auxiliary estimates

) and show that

In this section we prove the existence of the derivatives @ ;

the following estimates are valid
18 (y, h, )| < Cpesthrntireels=tl (5.25)

198 (5, b e) = B (. By e) | < 01

s,t
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2k k
<E:Q%M—yﬂ+2)%%@mﬂmO€W“%“”>,IMST,®2®

j=1 =0

where R0 = h.

The proof is due to mathematical induction. The existence of the first
derivative and the corresponding estimates have been established in the
Section 5.1.2. Suppose that the function ®,,(y, h,e) has partial derivatives
with respect to the components of the vector y up to the order r — 1, and
the conditions (5.25)-(5.26) are valid. Then from (3.19) it follows that the

vector <1>§”2 (y, h,e) can be represented in the form
B0y h2) =< [ [0 + Yol (9] 8000, )
t
+ Y:(-)R:(n) + Pr(n)] dn, (5.27)
where
f() = f(777 (Dn,t(y7 h7 5)7 h(?’], (I)n,t(ya ha 5)7 6), 5)7
h(*) = h(n’ q)n,t(y7 h7 6)7 5)'

The function R, consists of the sum of the products

B T oW,

H CI)(I) = H aiyq)ﬁvt(y7 h? 5):

is the product of the first derivatives of the function ®,,(y, h,e) with the
number of components equals to r, and the function P, consists of the deriva-
tives with respect to y of the functions Y (¢, vy, z,€), h(t,y,e) and @, ,(y, h,€)
up to the order r — 1.

From the definitions of the functions R, and P, and from the assump-
tions (5.19), (5.20) it follows that

1R, ()] < W eermelni, (5.29)
| P} < el (5.29)

where U,., T, are some positive numbers depending on the constants K4 g), f(a,8);
la| + |B] < r — 1. Then we have

where

S

100 (y, h,e)|| < e / (1Y, |+ Y21y 1D 12T+ Y2l R+ 1] dn

t
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Se/( (1+€6)[|D) (y, hy )| + (W, + T)erriFln- f')dn

Applying the Gronwall-Bellman inequality we get

98 b, o)) < ST L) entriarettecnt < g gontratsetenn,

p(l 4+ €€)
(5.30)

Let us estimate the difference R, — R,. In what follows the bar aboye
the function denotes that we consider the function depending on y and h.
Let us denote by ¢; the ith component in the product ] dM . Then we get

IR T 6= TGl <
i=1 =1
< |[p" — h) H IGil| + 1R Z 16 = Gill H 1651l H G

Jj=i+1
< (&lly — gl + p(h), D) + 7N, || &V — (”H) erulltedlia—],

Therefore

1R () =R ()| < C (& lly — gll + p(h®, A7) + N[ @D — W) e=rnit+eln=,
(5.31)
In order to have the estimate for the difference P,(n) — P,(n) we rewrite
the functions under the integral in the r. h. s. of (5.27) in the form
y (@h) | Hglzl v,. Here 6, is the pth component of the product k(%)

and v, is the gth component of the product of o)

p1 poa@
Hyaﬁ H@ qu HGPH@(]H <
p= p=1 qg=1

p1 q1
a _(0‘1/6)
<Y =V T 100 [T lval
p=1 q=1
— (@) p1 ~ k P q1
+[[Y ] [(Z 16, = 0l TT 61 T ] H%H) 11 1wl
p=1 p=1 p=k q=1
P1 q1 k D1
+ 1116, (Z log = Tl TT el T ] H%H)] :
p=1 q=1 q=1 p=k
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From the last relation and from (5.25), (5.26) we obtain

2r T
1P () = Pr(m)ll <D [Cfélly — gl + > CEp(h®, BD) | esartretn=t,

j=1 =0

(5.32)

Under the inequalities (5.31),(5.32) for the difference ||®(") — 5(7")]\ we
have

s

o -3 <= [

t

Yy =Yyl + 1Yz = Yalllhy | + 1Yy — Ryll) 207

+ (Yl + 1Yy ) |2 — &
Y. = YR+ YRy = Bl + ([P = Prl] dn

s

S / [((p2(1 + €8) + p&)[|® — @ + (1(1 + £€) + p2)p(h, b)) |2

t
+u(1+ )]0 — |
+z(p(h, B) + €)@ — |ttt

2r T
2 (c;uy ol 2 O, h@)) e@'“““@'“'] i
j=1 =0

Under Lemma 3.2 and the inequality (5.30) we get

B — B < esnltedls—tl

2r

2 (Cf||y -yl + i CV (R, ﬁ(i)))] esin(1+e)ls—t| (5.33)
1=0

Jj=1

where 7, C7" are some constants depending on K (4 g), f(a3. This com-
pletes the proof.

5.2.3 Smoothness of the function a(y, ¢)
For any fixed h € H™ we consider the following equation

—+o00

/ 6_0532 W—l(S) [(Zy() + Zz()hy(*) + Za(')ay(o) + ay(o)) (D(r)(y’ h, €>

—00
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T+ (ZOR () + Za()al) (0) + al () [TOW + D Gapes | ds = 0.

This equation represents the condition of continuity of the element

ak
oYt ... Oykn

n

Th(t,y,e)

at the point ¢ = 0. We can rewrite this equation in the form
(I + R(r))a(r) = QMg
where I is the identity, and R and Q) defined by

r) (r 87‘
R( )CL( )(y7€) = WRa(y,a) —
IR n

2 /90, +0
_ \/a%sﬂ 6_6;32 W_l(s) (a(r)( o y7h 5 H(I)(l) )He’> ds,
T

87‘
dyy*...0ym

QMa" (y,e) = Qaly,e) =

662/2a g2
_ V—\/_ eEW ) [(Z, () + Zo(Vhy (%) + Za(-)ay (o)

—0o0

+,(0)) By, 1, )+ (Z (0 (5) + Zo()a ) (0) [T+ Grasan] ds.

From the assumptions (5.19)-(5.22), and using the error integral we can
write the following estimate

—+00
52/206 2
ae —as
IRV (y,2)] g—fm 5 (Ja) (TT e +1) ) ds

—00

+
B /e L,

<
T V27

— 00

70452

e 3 (el 1 1) ds < 4672,

If 4¢%*/2 L, < 1 the operator (I+ R()~! exists and the following inequality

1s true 1
I+ RO <y <2 (534)

75



By (5.2), (5.4), (5.6), (5.19)-(5.22) for Q™ we have

2 +oo
Vaed 2,
V2T

— 00

1R a®(y, o) <

+(1Zy 1l + N Z: Al + 1 Zallllay | + llay ) 12

FIZIEONTT IR + 3 1Garsssll] ds

Vaete
< e 2 (_DQ(LT + N, )ecrui+et)ls—t|

T Vo

+ (Dy(1+e€+ev)+ev+ C’G)e€(r+1)u(1+66)ls—t\> ds
< (eCaLy + C2 +2CP),

where C%

r,1

C’,% do not depend on L.
On the space F") we can introduce the operator P

PWa"(y,e) = (I + RD)QMa(y, e).
From (5.34), (5.35) it follows
||P(T)a(r)(ya5)|| < 2(07?1 + 5032)-

This implies that PMa") (y, ¢) is uniformly bounded.
For the difference [|QMa™ — QMa™)||

+oo
\/aeﬁz/Qa 7&52

—O(S2 r
™5 [1ZalIa” ) TT @)

(5.35)

Q7 (w,2) = QU (w,2) | < Y [ e [(12, - 7,1+

HIZ: = Z:N byl + 1 Z: MRy = Byl + 1120 = Zallllay || + (| Zallllay — ayll+
lay = ay D 1971 + (1Zy | + 1 Z: My | + 1 Zallllay | + llayll) |9 — &

+ (1Z: = ZNA N+ N ZA = RN + 1 Za = Za|llla® |

+ 11 Zallla® —a®[) [T 12

+ (IZB1 + 11 Zallla™]) (Z le® — @) TTIe®IT] H@“)H)

+ |Gaspiy — Ga+ﬁ+v|u ds
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< ((eCavi + Cro)lly — 4l + C2op(h ) + - -+ eCrop(RT) )Y
+ Ogap(aa EL) +eeet 60:,ap(a(r)a a(r))) ) (536)

where h(®) = h, a® = a, and C,q does not depend on v;. So, if we put
h = h and @ = a then we have

1P a®(y, ) = PYa" (g, )|l < Crolly — 3l

This inequality implies that P a("(y, ) is Lipschitzian with respect to y.
Thus, for sufficiently small € the inequalities

2(eC, Ly + C2 +2C%) < Ly,

EOaVk + CT,Q S Vi

are valid, then the element a()(y, ¢) satisfies the conditions (5.23).
Then, if in (5.36) we put § =y and h = h, we get

1PDaD (y,e) = PPa (y,e)|| < C)ypla,a@) + ...+ eCl p(a,a).
Then on the space F) for the operator P we have the following estimate
d(Pa(y,e), Pa(y,¢e)) < Ud(a,a), (5.37)

where U is the matrix

6eel°/22DS 0 0 ... 0

C’l,aO 5012@ 0 0

v=| ., . e, 0
. . ... 0

o, c, ¢z, ... eCr,

For sufficiently small € the spectral radius of U is less then 1. Therefore, the
operator P is a contraction operator on the space F("). It means that for
any h € H™ there exists a unique function a € F) such that the function
Th is continuous.

If in (5.36) we put ¥ =y, @ = a we obtain the inequality which will be
useful in the sequel

p(a",a") < (kelly = gll + k2o h) + .+ ek (AT RO)

5.38
Ko@)+ 4+ Rt p(atrD a3
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5.2.4 Smoothness of the integral manifold

In this section we show that the operator 7" maps H") into itself and is
a contraction. Consider the case t > 0. Under the conditions (5.1)-(5.4),
(5.19)-(5.24), Lemmas 3.2, 5.1, 5.2 and the estimates (5.25), (5.26), (5.38),
we get
LTh(t ) <
Hﬁy?...@y;‘f el =

“+oo

< /ea(tQQSZ) (U2 O+ 12O Ay GOl + 11Za O ay ()] + lay(e)]]) x

t

127y, b )|+ (IZ-ONIRS GOl + 1 Za ) @)l + @) TT 121

—+o00

~ ~ « t2—s2 —
+ > Gasail] ds < (2CWN, +C) / T U0 s < cCuN, + O,

t

where C_’,ﬁyT does not depend on N,.. The last inequality gives us the bound-

. . ar
edness of the derivative mTh(t, Y, €).

a" a" -
—Th(t,y,¢) — =————=—Th(t,7,¢)|| <
H@yl ...0ym ( ) Oyi'...0ym ( )l

+o0
< /6‘8 [(12y = Zyll + 112- = Z:lly 1+ 12011y = oyl + 1| Za = Zallllay |

H|Zalllay = ayll + la, — ) 12|
+Z I+ N ZM A+ 1 Zallllay ||+ llay [) |27 — &
—Z A ") _ o 7 e
+ (12 = ZAP N + 1 Z: R = RPN+ 120 = Zallllay” |l

+ 1 Zalllaf? — a7 1) [T 1191
F(1Z 1+ 1Zala ) (3 1@ = @I TTIe I TT1841)
+|| (Z G(Oé+ﬁ+7) _ ZG(CM—{-B—F'}/)) ||dS

< (& + Con)lly = Gl + Crpp(hy ) + -+ €CLyp(h), W), (5.39)

with C). 7 not depending on e.
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If we put h = h then we get

o o

————Th(t,y,¢) — =————Th(t,7,¢)|| < (¢Cp& +Cor)|ly — 7,
|7 Tt9:9) = g Th:9:9) < (€Cuée+ Crr)ly =

that is (%Tl‘?—raymTh(t, y, ) is Lipschitzian with respect to y.
oy
Thus, under the inequalities

5Cth+ér,T < Nra
(€Ch£r+CT,T> S fr,
the function ByrlaﬁTh(t,y,e) satisfies conditions (5.24). It means that
1 --OYn

the operator 7' maps the space H™ into itself.
If in (5.39) we put y = § we get

o o

. — Y ¢ — ————Tht < C%.p(h,h
Hay;l o 83/72” ( 7y7€) ay? B ay;;n ( 7y78)” — r,Tp< ) )+

et C:’Tp(h(r), B(T))‘
Therefore, for the operator T' on the space H™ we obtain
d(Th,Th) < Ud(h,h),

where U is the matrix

600 0 0 Ce 0
) CYp eCtp 0 ... 0
U= CS,T 021,T E022,T 0
. . . . 0

Clr Clp Cip ... eCip

For sufficiently small ¢ the spectral radius of U is less then 1. It means that
T is a contraction operator in H"). Therefore, the fixed point of it has r
continuous and bounded partial derivatives with respect to y.

Thus, we have showed that the following theorem is true.

Theorem 5.6 Let the conditions of the Theorems 3.1, 5.5 are satisfied and
the functions Y,Z in the r. h. s. of (3.6) have partial derivatives with
respect to y up to the order r that are continuous on R x R™ x 2, x I,
RXR™xQ, xQ, x I, respectively, and satisfy the conditions (5.19)-(5.22).
Then the integral manifold h(t,y, <) of system (3.6) belongs to H™ and the
gluing function a(y, <) belongs to F7),
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Appendix A

Contraction operator in metric
spaces

In this Appendix we present some results from the theory of generalized
metric spaces. We state some theorems on contraction operators in metric
spaces which can be found in [12, 14].

Definition A.1 A metric space is a pair (X, p) which consists of the space
X and the function p(x1,xs), p: X? — [0;+00) and satisfies the following
conditions for all xq,xq,1x3 € X

[ p($1,$2) = 0 zﬁxl = T2,
. 0(331,952) = p(w2,71);
o p(x1,72) < p(21,23) + p(T3, T2).

Usually, the metric space is designates by X without mentioning the
distance function p. An example of a metric space is the space H defined
on p. 20 with p<h'7 h) = SuptER,yER",sefgo ‘|h(t7 Y 5) o h(t7 Y, 5)”

In a metric space we can do analysis since the fundamental operation of
analysis, that of finding limits of a sequence, becomes meaningful. If {x,}
is a sequence in the metric space X, we say that x, converges to xy and
ro = lim x,, if

lim p(z,,z9) = 0.

n—oo

We say that {z,} is a Cauchy sequence if, given any ¢, there exists an N
such that
p(Tpm, n) < e for m,n > N. (1.1)
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If (1.1) holds, it follows that {x,} is a Cauchy sequence, but the converse is
not necessarily true, for there may be gaps in the space. A metric space X
is called a complete metric space if any fundamental sequence {x,}, z, € X
is convergent in X.

It is a classical result that the space H is a complete metric space (see
e.g. [14]).

An operator A mapping a metric space X into itself is said to be con-
tinuous at a point xy in X if for any € > 0 there exists a 6 > 0 such that
p(x,x0) < & implies p(Azx, Azy) < €.

A continuous operator A defined on a complete metric space X is called
a contraction operator if the following inequality valid

p(Azy1, Arg) < qp(z1,22),

with
q <1

Theorem A.2 (Fixed point theorem) Let the operator A maps the space
X into itself and be a contraction operator. Then the equation

r = Ax
has a unique solution in the space X.

Consider the Banach space E. The notion of partial ordering is one of
the form of algebraic structure of the space. We say that E is partially
ordered if for some pairs e, e € E there is an ordering relation e; < es
which is reflexive, proper and transitive, that is

e ¢, <e foralle €F,
o ¢ < ey and ey < ey imply e = e,
o ¢; < ey and ey < ez imply e < es.
In the case E is linear as well as partially ordered, we should say
e1 < ey implies e; +a < ey +a for all a € F,

e1 < ey implies ae; < aey for all a > 0.

In this case F has a positive cone ET, defined as the set of all elements
e € E such that 0 < e. This positive cone is invariant under addition and
multiplication by positive scalars. It contains 0, the neutral element, usually
referred as the zero element.
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Definition A.3 The pair (X, p) is called a generalized metric space if for
any pair x,,15 € X there exists a map p : X?> — E7T that satisfies the
following properties for all x1,x9, 23 € X

o p(x1,22) >0, p(x1,22) = 0 iff x1 = @95
L4 0(3717-1'2) - P<$2a xl);
o p(1,22) < p(1,23) + p(T3, T2).

Consider an operator A mapping the space X into itself. The operator A
satisfies the generalized Lipschitz condition if the following inequality holds

p(Azy, Azy) < Bp(x1,12), (1.2)
where B is a positive defined operator on the space F.

Theorem A.4 Let the space X be complete with respect to the metric
p(x1,22). Let the operator A maps the space X into itself and satisfies con-
dition (1.2) where B is a positive defined operator with the spectral radius
less then 1. Then the equation

r = Ax
has a unique solution in the space X.

The proof of this theorem can be found in [12].
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