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Introduction

On a smooth hypersurface X in P" =: Y, intersection cohomology
IH*(X,C) := H*(X,ICx(C)[-n + 1])
is ordinary cohomology with values in the constant sheaf
C=ICx(C)[-n+ 1].

It comes along with an interesting object: The primitive cohomology of mid-
dle dimension Hj~'(X). It is the proper cohomology of X, not coming from
the ambient projective space, and owes its existence to the fact that van-
ishing theorems for cohomology, like Kodaira vanishing, explicitly exclude
middle cohomology. At the same time, this failure makes the representation
of middle cohomology so challenging. Any cohomology theory is as good as
its vanishing theorems. On toric varieties and homogeneous spaces there is
Bott vanishing for middle cohomology:

HF (P, QP(1)) = 0; for k,1 >0

and this provides an instrument to attack even advanced questions concerning
the Hodge structure of the middle cohomology.
The idean of Clemens and Griffiths [CG80| was as follows: The usual

Poincare residue induces an exact sequence
0— Q) — Q) (log X) — Q%[-1] — 0

and, as all Gysin-maps H*2(X,Q%)(—=1) — HF(Y,Q3) are surjective, an
isomorphism between the pure Hodge structures

HE(Y, Q5 (log X)) =~ Hy~' (X, Q%) (1)

for all k.
To give an explicit description of these Hodge structures, Griffiths essen-
tially needs 4 ingredients
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(i) Rational forms with pole-order filtration As the inclusion of
the log-complex into the complex Q°(xX) of rational forms with poles only
along X is a quasi-isomorphism, which is filtered when we put the (standard)
stupid filtration on the log-complex and pole-filtration

PPO*(xX) :=(P(X) — P (2X) — ... = Q"((n —p+ 1)X))[—p],
=PP(Q°(xX) — PP(Q'(*X)) — ... — PP(Q"(xX)));
where PP(/(xX)) := Q/(1 + j — p) and zero for j —p <0

on Q°(xX). That is, log-forms and the de Rham complex of X can be
replaced as indicated in the following diagram

0 Q5 Q% (logX) ——  Q%[-1] —— 0
0 Q3 PYQS (xX) —— Q3 (xX)/Q% —— 0

and still induce the Deligne Hodge structure on the cohomology groups. (We
will therefore hereafter still denote the induced filtration by F.)
(ii) Bott vanishing For all r, the spectral sequences

EY =HIYY, PPOP(xX)) = HPTI(Y, P'Q°(xX))
induce isomorphisms
HE(Y, PO (+X)) = HE(D(Y, PTQ*(+X)), I(d))

for all . Since there is no non-middle primitive cohomology, the I'(d)-
complex is exact, away from

H"(Y,P7Q%(+X)) = (Y, PrQ"(xX))/dT (Y, P Q" (xX)).

(iii) Rational top-forms Let CY := C"*' — {0}, ¢: CY — P" :=Y be
the cone over Y, E := > x;0; the Eulerfield on CY. It characterizes those
forms in Q2 (xCX); CX := ¢ !(X), that are induced from ¢ via

¢ Y (xX) = (ker L Nkerig) C ¢* Q% (xX) = kerip C Oy (x CX);
As the Koszul-complex (Q%, (*CX),ig) is exact for any cycle
w € T(Y, PPO"(x X)),
there is a polynomial A € C[x,...,x,] such that
aav



where dV := dxg A ... Ndx, and F denotes the homogeneous equation of X.
Now Lgw = 0iff A is homogeneous with deg A = (n+1—p)-deg F—(n+1)
so that if we put Q :=1gdV,

AQ)

w= Fn+1-p '

Similarly, every n — 1-form n € T'(Y,PPQ""1(xX)) is of the type ig ZF(jflfi;
deg G; = (n — p)d — n, hence every boundary-cycle is of the form
dT] —dZEW = —ZEdW

Fntl-p

=n—p modulo term of lower pole order .

But the pole filtration induces the Hodge filtration, therefore this is already
the proof of
Theorem (Griffiths-calculus, [CG80]|). Let X = V. (F) be a smooth hyper-
surface in Y := P". Then H*(Y — X) ~ Hy Y(X)(~1) =: H as Hodge
structure and there is an isomorphism of vector spaces
Clzo, ..., znl/(Fo, -, F)dmt1-p)—n—1 — GrP H,
A — AQ

Fn+27p

X = V,(F) is smooth so that P" is covered by the complements of the
vanishing loci of the derivatives F; := 8%1.}7’ of F. In a long calculation in the

Cech complex of this ’Jacobi cover’

they proved
Theorem (pairing, [CG80]). Let

AS) n
0= (Y, PR (X))
BQ
G = T © LY, PO (+X)[n])
represent classes in FP"'Hy (X)), F"PHp 1(X).

Then
(=1)"Pp!  ABSQ

where 4y : H" 1 Q%) — H"(P", Q") is the Gysin map.

iU 3 = cH"(J,Q),




Regarding the relative situation of a family of hypersurfaces

X C SxP"
! !
S = S

they furthermore obtained the following

(iv) Description of the H'(X,Ox)-action on Grp H If S is a double
point S ~ Spec(k[e]/(e?) and 6 = ks(Z) € H'(X,Oy) the Kodaira-Spencer
class of X — S, T € H°(P", O(deg(X))) a lift of # in the normal bundle
sequence (which exists because the deformation is embedded) and [a] =
[+22+] € Grh(H) as above, then

i.e. Gry'(— U#) is given by multiplication with T/F on Grp H.

Equipped with the tools i) —iv), Carlson and Griffiths were able to prove
a global Torelli theorem. For this they calculated the Yukawa coupling asso-
ciated to a family of hypersurfaces

X C SxP"
! !
S = S

over a smooth base: Via the Kodaira-Spencer map ks : ©g — Rlﬂ'*@)qs,
the tangent sheaf of the base space acts on the Hodge bundle H" ! :=
R”_lmQ;dS in such a way that w — ks X; U... Uks X, Uw defines a mod-
ule structure over the symmetric algebra S"'(0g) of ©g for Grr H, that is
Grrp 'H is a Higgs bundle on S. Via the pairing on the middle cohomology,
this structure comes along with a natural tensor S" 10¢ ® m,0Q" — Og

(X1 X)) Q@w— (ks X7 U...Uks X, Uw) ,

the famous Yukawa coupling. The Torelli theorem says that in many cases
the variety can be reconstructed from its Yukawa coupling.

This calculus was generalized to (quasi-) smooth complete intersections
in Toric varieties. It is still the central tool in curve counting considerations
of toric mirror symmetry associated to families of Calabi-Yau threefolds.

Here we come to the geometrical motivation for my work. It grew out
of an attempt to calculate Yukawa couplings for new families of Calabi-Yau
threefolds, which are not complete intersections: Small resolutions of nodal
quintics X in PY One soon misses the embedding as hypersurface to get
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a description of the middle cohomology. Blowing up the nodes will give a
normal crossing divisor, but does not lead to satisfying representations of the
cohomology via Leray Spectral sequence. The difference to the smooth case
is that cohomology of coherent sheaves on smooth projective varieties is local
cohomology at the usolated singularity defined by its affine cone. Apparently
global questions have their local equivalent and are therefore well understood.
The cone over a nodal variety is no longer an isolated singularity; it has a
global invariant, the defect of the linear system of the nodes. The direct
method via blow up and Leray spectral sequence leads to trouble with this
phenomenon.

The method for unwinding the problem is to ignore the resolutions and
stay with the singular space X but to calculate another cohomology: The
intersection cohomology of X. A posteriori it will turn out that the co-
homology of the small resolution and the intersection cohomology are both
isomorphic to Gry¥ H*(P* — X)(1). For families of singular varieties, it has
the further advantage that there is no need for a simultaneous resolution.
This is a problem for small resolutions and a general problem: Some no-
tions of equisingular deformations contain additional data for a simultaneous
simplicial resolution. But the apriory motivation for the use of intersection
cohomology in our context is that it fulfills self duality:

If X is singular, there is no pairing on the cohomology groups

H*(X,Cx) = H*(Y,i.Cx)
at all. The reason is that i,Cx[n — 1] = 4,i*Cy[n — 1] as constructible
sheaf is not self dual. This means the following: In the derived category of
constructible sheaves on Y, as we will see, there is the dualizing functor I :

A — RHom(A, Cy[2n]) such that for any complex of constructible sheaves
A, the pairing induced from the natural evaluation map

HH(Y, A) x H™(Y,D(A)) — H2(Y,C) ~ C
is nondegenerate. In this setting, we can expect a pairing of the cohomology
groups of A only if A is self dual, i.e. naturally isomorphic to D(A).
For A = 4,i*(Cy), there is a comparison morphism to its dual: the fun-
damental class cx)y of X in Y, going from 7,i*(Cy) to
D(i,i*Cy[n —1]) = i,i'Cy[n + 1]

(which is RI'y (Cy[n+1]). But it is an isomorphism only in the smooth case.

Vil



In this sense, Carlson and Griffiths calculated the second row in

2oJ

H*1(X,C) x H"Y(X,C) H**(Y,C)

d®cx |y
wocxr | H
H(Y,4,i*Cy[n — 1]) x HY(Y,i,i'Cy[n +1]) —— H(Y,Cy[2n])

and could profit from the fact that the fundamental class was an isomorphism.

In general, the self-dual constructible sheaf complex on X, which is iso-
morphic to Cx[n — 1] on the smooth locus, is the intersection complex ICy,
whose cohomology is the intersection cohomology. Our aim is to provide
theorems, which allow an analog of the Griffiths calculus in the singular case
for the intersection cohomology. The main issues are

1. Find an analog description of i, ICx by means of a mixed Hodge com-
plex, which allows a presentation of middle primitive intersection co-
homology by global n-forms.

2. Even if there is no Jacobi-cover of Y: Use Verdier duality to calculate
the product on the middle cohomology.

For this goal, we follow the ideas of M. Saito [Sai88], [Sai89a], [Sai90b]
and review the category of differential complexes Db((’)y, Diff) of complexes
of Oy-modules with differential operators as morphisms. It is isomorphic
to the derived category of right Dy-modules and equipped with a duality
functor, preserving Oy-coherence. This is the category in which one can
describe in a conceptional way the Verdier dual for any constructible sheaf
complex given by the de Rham complex of any Dy-module, or by the log
complex of a normal crossing divisor. We use it to construct a naive Verdier
dual A of A :=P°Q*(xX)/Q* for later use in the calculation of the pairing.

In the case of isolated homogeneous singularities, we prove the following
theorem

Proposition. Let

e Y be a projective manifold,

o X a locally homogeneous Cartier divisor with only isolated singularities
and affine complement,

[ ]
0 ;m < —1
. Q° ;m=0
Wi (5 (+X)) = . S
Tan-1(Q%(xX)) 5 m=1
O3 (xX) cm > 2,

viil



Q(q—-p+1)X) ; p<gq

PPQL (xX) :=
* v(+X) {0 , else

Then
(W, P, 5" Qy, 2 (xX)); j: (Y =X)=Y,

s a mized Hodge complex calculating the Deligne MHS on the cohomology of
Y — X.
Moreover, Gry Q5 (xX) = ICx(C) and (P,ICx((Q)), Gr; Q% (xX)[n]) is a

Hodge complex inducing a pure Hodge structure on the intersection cohomol-
0gy.

As an application we obtain a result on K. Saito’s log complex:

Proposition (log comparison). Let X be an isolated homogeneous singular-
ity. Then

o O*(log X) = 7«20 (xX) if Kg has no global section.

o O*(log X) C Q*(xX) is quis iff the exceptional locus has no primitive
cohomology. In this case, it is filtered quis.

We obtain an explicit formula for the cup product on the intersection
cohomology:

Proposition (pairing). Let X be as above. Then
e any class in

FPIH"(Y|X) = FP~ ' THp (X)),
Fr Pt IHY(Y|X) = F*PIHp H(X)

can be represented by global sections

‘- % € I'(Y, PP 1 (Q" (+X)[n]),
g = 1191_? e DY, P P re (" (+X)[n]) .

(—1)"7pl  ABQ

aUpB = € HM(Y, 71 LI*(Q")) = H(Y,Q").

X



The last three chapters are devoted to the study of nodal hypersurfaces, in
particular nodal quintics in P4. First, using M. Saito’s theory of mixed Hodge
modules [Sai90b|, we derive explicit descriptions of the middle intersection
cohomology groups.

In a case study, we give a result on the non-existence of a projective small
resolution of the family of tangent hyperplane sections to the WEg-invariant
quintic in P°.

Finally, we give some known facts on deformation theory and describe
the Kodaira-Spencer map for families of nodal quintics. Together with the
description of the pairing above and an explicit trace morphism, we can give
a simple expression for the Yukawa coupling for families of nodal quintics
over an Artinian scheme.
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Chapter 1

Riemann-Hilbert Correspondence

The central object of the calculations in the introduction was Q3 (*X'), which
is (a shift of) the de Rham complex of the Dy-module O(xX). In order to
generalize the results above to singular hypersurfaces, we first need to re-
call some basic theorems and notations about Dy-modules and constructible
sheaves. For further details, we refer to [Bjo79], [Bjo93], [Bor87|, [Meb89|
and |Pha79].

1.1 Regular Holonomic Complexes of Dy-Mo-
dules

1.1.1 Analytic Case

Let Y be a complex manifold and denote by Dy C Homc(Oy, Oy) the sheaf
of rings of differential operators on Y. The natural filtration of Dy by
the order of a differential operator with Gr Dy = Sym Oy has the property
that if 7 : Ty — Y is the (analytic) cotangent bundle, Or«y) is a flat
7! Gr Dy-algebra.

Definition 1.1.1. A sheaf of left-modules over Dy (“Dy-module”) M is
holonomsic if, in a neighborhood of any point y € Y, there is a filtration
Fo(M) of M making it a filtered sheaf of modules over the filtered sheaf of
rings Dy (“filtered D-module”), such that all Gr (M) are Oy -coherent (“good
filtration”) and there is an j depending on y such that

for all i € N.



Char(M) := supp(Gr" (M) ®, 1 ¢ p, Or+y) C T
is a Lagrangian subvariety of the cotangentbundel Ty of Y, which turns out

to be independent of the particular choice of the good filtration F.

Recall the definitions of cohomology with tempered support: Dy-modules
form an abelian category M(Dy) so one can form its derived category D"(Dy)
of bounded complexes. Let M € M(Dy) and Z be a closed subset of Y with
idealsheaf I.

Definition 1.1.2.

Liyiz(M) := hTm)HOHlOY(]k7 M?®);

Ly (M) = hTm> Homo, (Oy /I1*, M)

These carry a natural structure of Dy-module, and with these [';y, and L'
are left exact functors from M(Dy) to itself.

Definition 1.1.3.

Hiyi2(M®) = H* RLyy (M*)
HFZ}(M.) =H" RE[Z](M.)

Example 1.1.4. Let X = V(zy,...,z.) be a complete intersection, M* an
Dy -injective resolution of a complex of Dy-modules M®, then (z1,...,z.)F

and (¥, ..., 2F) define cofinal sequences of ideals, hence

» e

lim Homo, (K(2f, ..., 25)e, M*)
k

15 a complex of D-modules, quasi-isomorphic to

lim Homo, (K(2f, ..., 25)e, I*) = RL | (M*)

k
because 1° is injective as Oy-module also and K(2¥, ... 2¥), is a locally free
resolution of Oy /{2F,... 2%} (i.e. the standard spectral sequence converging

to RL|;(M*®) considered as the Oy-module

lim RHomo, (K(2f, ..., 25)., M*)
k

degenerates).



In the same way, since K(2F, ..., 28)e>1 is a Oy-free resolution of (2}, ... zF)[1],

? e

Catg(D(21))imt,.ocs M®) := lim Homo, (K(2F,. .., 28)as1, M*)[-1]
k

realizes M (xX) and can be considered as the subcomplex of the ordinary
Cech complex of forms with only poles at all V(z;). The exact sequences
of complezes 0 — (K(2F,...,28)0 — (K(2F,...,2%)e = K(2k, ..., 2F) 1 — 0
for all k € N induce an exact sequence of their limits, which represents the
exact triangle

M(+X)[=1] — RIyq(M) — M 2

Remark 1.1.5. Frequently we will use the notation M*(xZ) for L'(zy(M?*).

To introduce the concept of regularity, we need first the notion of the de
Rham complex of a complex of D-modules:

Definition 1.1.6. DR(M*) := Q% (M*)[n] € D"(Cy)

Definition 1.1.7. A coherent Dy-module M is regular iff DR( RLy,;(M)) =
Rj,j*(DR(M)) € D"(Cy) for all closed analytic subsets Z; where j : (Y —
Z) —Y s the inclusion of the complement. M is said to be regular holo-
nomic, iff it is reqular and holonomic.

Definition 1.1.8. A complex M* € D"(Dy) is called regular (regular
holonomic) if DR( RLjy 5 (M*)) = Rj.j* DR(M?®) € D®(Cy) for all j as
above; that is if all cohomology sheaves are reqular (and holonomic).

The conditions to be regular, holonomic or regular holonomic define
abelian subcategories of M(Dy) and D"(Dy).

Definition 1.1.9. Let RH(Dy) denote the abelian category of reqular holo-
nomic Dy-modules, D RH(Dy)) its derived category of bounded complezes
and Dy, (Dy) the category of complexes of Dy -modules with reqular holonomic
cohomology sheaves.

There are natural functors RH(Dy) — DPRH(Dy)) — DY (Dy), the
later is frequently called the ‘realization functor’ real.

Example 1.1.10. [t is easy to see that for M to be regular, it suffices that
DR(RL}y 7 (M)) = Rj.j"(DR(M)) € DP(Cy) for all divisors Z.
Hence the fact that Q°*(xX)[n] = DR(O(*xX)) calculates the cohomology of

the complement of X for all divisors X [Gro66] just expresses the regularity
Of Oy.



1.1.2 Algebraic Case

A complex algebraic variety is a complex variety Y*" which is the as-
sociated complex variety of some reduced scheme Y of finite type over C.
The inclusion ¢ : Y* — Y is continuous and for any Oy-module M, there
is the associated analytic object M := p*(M) = Oy an ®p, M*® on Y?".
Comparison of M with M 2% := o~1(M) leads to the famous

Theorem (GAGA, [Ser56|, [Gro71|). Let Y denote a smooth proper scheme
over Spec(C), M a coherent sheaf on'Y, then H*(Y? M) = H*(Y, M).

Dy is the sheaf of rings of differential operators with polynomial coeffi-
cients. M* € D®(Dy) is holonomic iff the associated analytic object (MEm)e
is. If Y is affine, then M is regular iff there is an embedding j : Y — Y in
some smooth projective scheme Y such that Oy e ®o_ 0. (M?®) is regular on
Yan

If Y is not affine, then M* is regular if it is locally regular, i.e. everywhere

in affine charts in the sense above (cf. [Bor87]|, [Meb04]).

1.2 Constructible Complexes of Sheaves

For M* holonomic, the de Rham complex of M*®
DR(M®) := Q3. (M*)[n] € D*(Cy)

will fulfill a constructibility condition, which we now explain.

Let Y be a complex (algebraic) variety. An (algebraic) stratification
of Y is a finite partition Y = U;Y; of Y into locally closed smooth (alge-
braic) sub-varieties, called the strata such that the closure of any stratum
is an union of strata. Let k be any field of characteristic zero. A com-
plex of sheaves of k-vector-spaces K on Y is said to be (algebraic)
k-constructible if there exists a (algebraic) stratification such that all co-
homology sheaves H'(K) are (algebraic) k-constructible sheaves, i.c.
locally constant on each (algebraic) stratum in the analytic topology with
finite dimensional stalks.

In both (analytic/algebraic) settings, we consider the fully triangulated
sub-category

D¢ (ky) C D®(ky),

whose objects are bounded (algebraic) C-constructible sheaf complexes. If
Constr(ky) is the abelian category of all k-constructible sheaves, we have
natural functors

Constr(ky) — DP(Constr(ky)) — DP(ky)

4



DP(Constr(ky)) and DP(ky) are equipped with the dualizing complex Dy
and the associated Verdier duality functor

D := RHomg, (—,Dy) .

All we need to know about D and the functor f' for a morphism of varieties
defined over k, f : X — Y, are the following properties:

e Verdier duality f'is by definition the right adjoint of the functor of
sections with proper support fi ~ Lf, on the derived category:

Rf.RHom(A, f'B) = RHom(f,A, B).

e Functoriality f'Dy = Dx. (In particular Dy = o'(ky); o : Y — pt.)

e Dy = Cy[2n] if Y is a smooth complex variety of complex dimension
n.

1.3 Riemann-Hilbert Correspondence

First of all, the DR-functor constitutes a correspondence between complexes
of regular holonomic Dy-modules and complexes of sheaves of constructible
sheaves:

DR : D" RH(Dy ) — D"(Constr(Cy))

As it is a correspondence, DRRH(Y)) C D’(Cy) must be an abelian sub-
category of the latter such that DP(Constr(Cy)) = D°(DRRH(Dy))). It
turns out that it is NOT the category of constructible sheaves Constr(Cy)
that one might expect at first glance, and hence gives rise to a definition: The
image DRRH(Dy)) is the category of C- perverse sheaves on Y of middle
perversity, which we denote by Perv(Cy).

N.B. 1.3.1. A perverse sheaf is not a sheaf, but a sheaf complex.
There is a notion of k-perverse sheaf for any field k with char(k) = 0:

Definition 1.3.2. A k-constructible complexr K on'Y is a k-perverse sheaf
if for all i € Z one has support conditions

dim(supp(H'(K))),  dim(supp(H'(D(K)))) < —i.

Theorem 1.3.3. Let Y be an algebraic variety. For any field k of char-
acteristic zero, the k-perverse sheaves on'Y form an abelian, artinian and
noetherian full subcategory Perv(ky) of DP(ky) [BBJSS].

3



So far we have explained the correspondence between the columns of

RH(Dy) DR, Perv(Cy)

| |
DPRH(Dy) —2- DP(Constr(Cy)) ——— D Perv(Cy)
given by DR. Applying the DR-functor more generally to complexes of (apri-
ori non regular holonomic) analytic D-modules with regular holonomic coho-
mology, one obtains complexes of C-modules with constructible cohomology;

in this way, the correspondence above extends to the Riemann-Hilbert
correspondence, weak form

Theorem 1.3.4. The DR-functor induces the following equivalences of sub-
categories and cohomology functors

RH(Dy) —25 Perv(Cy)

d d
b DR b
D”RH(Dy) —— D" Perv(Cy)

real real

DR

D} (Dy) ——  D{(Cy)

HE PHF

RH(Dy) -5  Perv(Cy)

Corollary 1.3.5. For M* € DY (Dy), there are natural isomorphisms

DR(Hfz (M*)) =PH™ RL,(DR(M®)) =: "Hz (DR(M*)),
DR(Hfy 7 (M*)) =PH"Rj.j"(DR(M?)).

Here, i.e. over C, PH* could be defined by this correspondence and ex-
tends the natural cohomology functor of D”(Perv(Cy)). The adequate lan-
guage to define perverse sheaves and the functors PH* for arbitrary fields
of characteristic zero (and arbitrary perversities) by support-conditions as
above, is the formalism of t-structures on triangulated categories, which can
be found in [BBJ83|, [Dim04].

The full and precise statement in these terms is [Meb89]

6



Theorem 1.3.6 (Riemann-Hilbert correspondence). Consider the triangu-
lated category D% (Dy), endowed with the natural t-structure, and the tri-
angulated category DE(CY), endowed with the middle perversity t-structure.
Then the de Rham functor

DR: Dy, (Dy) = D2(Cy); M Q3 (M)n]

s t-exact and establishes an equivalence of categories, which commutes with
duality and the siz standard operators, which are f., f*, fi, f* for a morphism
of smooth varieties f : X — Y and the nearby-cycle functor and vanishing-
cycle functor v, .

Note that in this generality, the perverse cohomology functor is given
by the truncation functors of the perverse t-structure by PH* := ProP72% o
(—)[k]. Let us conclude with a remark on Riemann Hilbert correspondence
and GAGA:

Remark 1.3.7 (GAGA). Complexes of analytic Dy-modules, which un-
derly algebraic Dy-modules, correspond to algebraic C-constructible sheaf-
complezes.

In the algebraic setup, the realization functors real in remark 1.5.4 are
isomorphisms, i.e. DY(Cyug) can be considered as D®(Perv(Cyag)) (and

hence as DP(Constr(Cyax))).

1.4 Intersection Cohomology

Recall from the previous section that Perv(ky ) is artinian and noetherian for
any field k of characteristic zero. In particular, every perverse sheaf has a
finite composition series and thus the question arises: what are the simple
objects?

Let V' be an irreducible smooth locally closed subvariety of Y, d := dim V/,
X =V and L a local system of k-vectorspaces on V corresponding to an
irreducible representation of 71 (V). Then L[d] is a simple perverse sheaf on
V' and we denote by

ICx(L, V) := Pj,L[d]

= Im(*jL[d] — ?j.L[d]) € Perv(kx) ;

(where Pj; = PHO(j1), Pj. = PH°(j.),7 : V — X) its intermediary ex-
tension to X. The result will be a simple perverse sheaf on X. The same
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is true for i, (ICx(V, L)) € Perv(ky); i : X — Y by the t-exactness of i,. In
fact, any simple perverse sheaf on Y can be obtained in this way!

These intersection cohomology sheaves are characterized among the
perverse sheaves by the additional support conditions

dim(supp(H*(K))), dim(supp(H'(D(K))) < —i for i > —d.
Given an explicit analytic or algebraic stratification of Y,

Y°=Y)oY!'D. D (Y™ =)

such that the strata S¢:= Y\ Y™ are empty or smooth of complex codi-
mension ¢ and S° dense with V' = X NSY one can represent i, (ICx(V, L)) €
Perv(ky) in terms of the inclusions of the complements U, := Y%\ Y

Jn+1

Up=0)CU, - "C U =Y), VEY
as

= (T<—1Jn+1 +) © (T<—2jn «) © -+ 0 (T<on1j1 ) (il v, (L[d])) -
(1.1)

Definition 1.4.1. For any irreducible variety X, the intersection complex
ICx (Xyeg, k) is denoted simply by ICx (k); Xyeg the smooth locus of X.

In particular if X is smooth, then ICx (k) = kx[dim X] so that the following
definition is a generalization of the ordinary sheaf cohomology with values in
]CX:

Definition 1.4.2 (intersection cohomology).

HY(X, k) := HY(X, ICx(k)[dimc(X)])



Chapter 2

Verdier-Duality

2.1 Self-Duality

By Verdier-duality (cf. p. 5),
id € H°(X, RHom(a'kp, a'ky)) = H° RHom(awa'ky, K) = HY(X, Dx)Y

corresponds to a morphism tr : H2(X,Dx) — k such that for any complex
A, the composition

HY(X, A) x Ext; (A, Dy) —<— HO(X, kx[2d]) —2 &

HY(X, A) x H9(X,D(4)) — HX,Dy) ——ob
defines a nondegenerate pairing (d = dim X).

If A is self-dual, i.e. naturally isomorphic to D(A), we get a cup-product
pairing on the cohomology groups of A. The prototype of this situation is, of
course, Poincare duality on a smooth subvariety X C Y, where A = i,Cx/[d],
Dy = Cy[2d] and DA = H% %(C[d]). The identification A ~ D(A) in this
case is the Thom class, which is cup product with the fundamental class of
X in T(Y, H%%(C)) [Ive86].

A simple observation guaranties that this self-duality goes over to the
intersection complex of an arbitrary variety X: If U is the regular locus of
X, D(ICx) must be a simple constructible sheaf complex such that D(ICx)|U
is naturally isomorphic to ICx (U) by the above, hence it must coincide with
P (DICx)|U) = ?ji.(ICx |U) = ICx. In particular, there is a pairing on
the intersection cohomology groups as above and our overall goal will be
to calculate it explicitly. The first step is now to elaborate an appropriate
explicit form of the isomorphism between ICy and D(ICx) induced from the
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Thom class, this requires some more conceptional work on duality operations
on de Rham complexes.

2.2 Differential Operators as Morphisms

Let us start with an example for motivation:

Example 2.2.1. If X is smooth or a normal crossing divisor on a smooth va-
riety Y, Q% (log X)[n] and DR(O(xX)) = Q% (xX)[n] are two representatives
of j.j*Cy[n] € DP(Cy).

The Verdier dual of j,j*Cy[n] € D2(Cy) is j15*Cy[n], and is represented
by the de Rham complex of the dual Dy -module of O(xX),

RHomp, (O(xX),Q"[n] ® Dy).

The sheaves in the Verdier dual of the log-complex RHomc, (2°(log X ), Q°*[2n])
are neither coherent as Oy -modules, nor have a structure as Dy modules at
all, and a complex like RHome,, (2°(log X), Q"[n]) is not defined because the
log-complez is not an element of the derived category of M(QOy) as the dif-
ferentials are not Oy -linear.

Nevertheless, there is a representative of the Verdier-dual with Oy -coherent
sheaves of the expected form: The dual complex

Dj.j*Cy[n] = jij*Cy[n] = Cone(Cy[n] — i,i*Cy[n])

is given in terms of differential forms explicitly as ker(Q3 — Q%) € DP(Cy),
which is represented by (an injective resolution of) the sheaves of kernels
O (log X)(—X), with differential induced from the inclusion in Q5. And

this is indeed the complex with sheaves
0} (log X)(—X) = Home, (2" ?(log X), Q"[n])

and differentials adjoint to those of the log-complexr. The pairing to 2"[n] is
likewise given by wedge product or evaluation.

The aim of this chapter is to present the ideas of M. Saito [Sai88|, [Sai89a),
[Sai90b]| and to introduce the category of differential complexes D®(Oy-, Diff)
of complexes of Oy-modules with differential operators as morphisms. This
category will be isomorphic to the derived category of Dy-modules and is
equipped with a duality functor, preserving Oy-coherence. For convenience,
he uses the category M(Dy) of right Dy-modules and its bounded derived
category Db(Dg’/), which are equivalent to the appropriate categories of left-
modules.

10



D"(Oy, Diff) is the category in which one can describe in a conceptional
way the Verdier dual for any constructible sheaf complex given by the de
Rham complex of any Dy-module, or by the log complex of a normal crossing
divisor.

First of all, we need the notion of a differential operator between Oy-
modules: Let A denote the ideal-sheaf of the diagonal in Y x Y and for each
k € N, let 7, 7 denote the projection of A, := Spec(Oyxy /(A1) to the
first and second factor, and let

P*(L) == w3 (L)

be the module of k-jets in L.
Reflection at the diagonal induces C-linear isomorphisms

-1 -1
m L — 7wy L,
oc: mL — 7L

and thereby an Oy-linear isomorphism
Wl*W;(L) = Wl*(oAk ®”;10Y 772_1([/)
~0o ﬂ-l*(oAk ®7T;10y 771_1(_[/)
i.e.
PH(L) =PHOy)® L ;
where P*(Oy) is locally isomorphic to Sym=F(Q'). Moreover, o induces the
universal differential operator Dy of order £ € N on an Oy-module L:
DL,k = 0 O adj
Dpj: L% my,mi(L) -2 mumi(L) = PH(L) .

Definition 2.2.2. Let L, L' be Oy-modules. A differential operator P
of order k€N, from L to L’ is a map that factorizes over Dy, followed
by an Oy -linear morphism P from P*(L) to L.
For k € N let
Fy Diff (L, L")

denote the group of differential operators of order k from L to L' and

Hompig(L, ') = | ] F; Diff(L, L)

k>0

denote the group of differential operators from L to L.

11



Example 2.2.3. Let A" = SpecClzy,...,x,] and P = Zf]\:e GI% be a
differential operator of oder k in the usual sense.

We have
PFO = Clxy, . oy Tpy Y1y -+, Yn)/{dxy, . .. ,dxn>k+1;
where dx; == vy; — x;, which as Opn-module is free with basis
B:= (d$1)|1|gk 5

where doy = dwx;, - ... -dwx;, for I =1q,...,19.
Let (6[)u|§k denote the dual basis to B and define P := Z\kn:o ar0y.
Then, for all f € Clxy,...,z,),

Donslf(0) = f0) = Y o @)y

by Taylor expansion, hence P(f) = P(Do,. ,(f(z))) € Fi Diff (O, O).

Definition 2.2.4 ([Sai89al). For O-modules L, L', Saito defines the sheaf
of differential morphisms Hompiz(L, L") from L to L' to be the image
of the (injective) map

HOmpg/ (L (29 Dy, L, X Dy) — Hom@X (L, L/)

Differential operators are differential morphisms of finite order in the
following sense: By definition a differential operator of order k£ is a global
section of

Homo(P¥(L), L') = Homo(L @ P¥(0O), L))
= Home (L, Home (P*(0), L))
= HOm(g(L, L, & FkDy) s

which is contained in
Hom@(L, L/ X Dy) = Homp% (L X Dy, L/ &® Dy)
= HomDig(L, L/) .

Definition 2.2.5. [Sai89a/

o M(Oy, Diff)! is the category of Oy-modules with differential operators
as morphisms and D®(Oy, Diff)! the derived category of bounded com-
plezes in M(Oy, Diff)/.
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e M(Oy, Diff) is the category of Oy-modules with differential morphisms
as morphisms and Db((’)y,Diff) the derived category of bounded com-
plexes in M(Oy, Diff).

The functor
DR ' : M(Oy,Diff) — M(D%); L L @0, Dy = Hompg(Oy, L)
will induce an equivalence of categories between M(Oy, Diff) and its image
M;(Dy) :={M|M = L ®o, Dy for some Oy — module L} C M(Dy)

which is a full sub-category of the abelian category M(D5 ) of right Dy-
modules, called the category of induced Dy-modules.

Then /D\ﬁ_l extends to an equivalence
DR ' : D*(Oy,Diff) — DP(D%);
as every right Dy-module M has a standard resolution
M ®¢, A*Oy ®0, Dy € D"(Oy,Diff)

and for any complex of Dy-modules M*® /D\P/{(M‘) is a complex of M(Oy, Diff)
because the differential of M*® is Dy- hence Oy-linear, and can be considered
a differential operator of order 0 and that of DR(M?Y) is of order 1.

The inverse is given explicitly by

DR : D*(D%) — D°(Oy,Diff); M* — M*® ®0p, A*Oy .
He proves moreover that
Proposition 2.2.6. [Sai89a/
DR : D"(D%)/ — DP(Oy, Diff)
s an equivalence of categories.

Recall that D2, (D%) (resp. DP,; (D)) are the categories of complexes of

coh
right Dy-modules with coherent (resp. holonomic) cohomology sheaves. By

the equivalences above, one can define

Definition 2.2.7. [Sai89a/
—1
Deon(Oy, Diff) := DR (Do (D)),

. Nfl fo)
D1 (Oy, Diff)! := DR ( Dy (D%))
and similarly for D2, (Oy, Diff) and D},,(Oy, Diff).

coh
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For L* € D2, (Oy, Diff)/, M* € D2, (Dy), the dual is defined by

coh coh
DL* = Hom{.;(L*, DR(K?)) € (D2, (Oy, Diff)7)°P
DM*® = Homi,(DR(M*®), K3) € D2, (Dy) .

This definition of the dual of a complex of Dy-modules with coherent
cohomology coincides with the classical one:

Proposition 2.2.8. [Sai89a] For M* € D2, (D$.), the natural morphism

coh

DM* — RHomp, (DR DR(M*),DR K%)= RHomp, (M*,w[dy]@0, Dy)
1S a quasi-isomorphism.
Theorem 2.2.9 ([Sai89a]). Let Y be a complex manifold. Let

For : D} ,(Oy, Diff)Y — DP(Cy)
be the forgetful functor. Put

DR := For o DR : DP (Dy) — DE(Cy).
Then for L* € D},,(Oy, Diff)! | the natural morphism
DL* = Hom{yq(L*, DR(KY.))

— Home, (For(L*), For o DR(K?)) = RHome, (For(L*), Cy[2dy])
= DFor(L*)

s an isomorphism in D'g((Cy), 1.e. we get a natural equivalence

ForoD =D oFor: D}, (Oy,Diff)) — D2(Cy)°P .

2.3 Verdier- versus Serre-Duality

By the last theorem if E* is a complex in D?(Y, k) (i.e. with only k-linear
differentials) such that each EP is locally Oy-free of finite rank and the dif-
ferentials are given by differential operators (for example E* = P*Q®(xX)),
then the vertical maps below

HF(E®) x Extc"(E*,Q%[2n]) —— H(Q*[2n])

T T (2.1)

H*(E*) x H *Hompg (E*, DR(K?)) —— HO(Q"[n])
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are isomorphisms. For Y smooth projective, we want to work out precisely
how Verdier- and Serre-duality are related in that case:

Hompse(E*, DR(KY)) = Homp, (E* @0, Dy, DR(K}) ®o, Dy)
= Homp, (E' ®o, Dy,0°* ® K ®o, DY)
= ©°* ® Homp, (E* ®o, Dy, Ky ®0, Dy)
= DR(Homp, (E* ®0, Dy, Ky ®o0, Dy))
= DR(RHomp, (E* ® Dy, 2"[n] ®o, Dy))

represents the DR-complex of the dual Dy-module of the induced right Dy-
module E* ® Dy. Moreover for all &,

Hom‘%y (Ek ®0Y Dy, K;/ ®@Y Dy) = Hom@Y (Ek, K;/ ®@Y Dy)
= Homoy (Ekv OY) ® (K)./ ®OY DY)

which, as complex of Dy-modules, is an injective resolution of the single
Dy -module
HOTTLOY (Ekv OY) ® (Qn[n] Qoy DY)7

which is nothing but
HO’ITL@Y (Ek, Qr [TL]) ®@Y Dy

because E* is locally free, whose /ﬁ—CompleX is quasi-isomorph to the single
sheaf Homo, (E*, Q"[n]).

All together, we get that there is a natural quasi-isomorphism given by
inclusion between D(E®) = Hompig(E*, DR(KY)) and the complex *E® with
sheaves

'EP := Home, (E"*,Q"[n]) ,

and differentials transposed to those of E*°.

Of course because DR(K ) is a Oy-injective resolution of Q°*[2n], the map
from theorem 2.2.9 is merely the map D(E®) — Euxtc(E*®, Q%[2n]) given by in-
clusion of sub-complexes Q" [n] — Q°[2n] followed by the forgetful map. That
this map must be an isomorphism is now a consequence from the existence
of the natural Yoneda-pairings on both rows in (2.1). They are compatible
with those stupid filtrations on the double complexes above with associated
Ei-terms

EYY = HYRHomf.(E*, Q°[2n])
and

EY? = H'Homo (E™ P, Q"[n])
respectively in the sense that if A,, B,, C, are the E,-terms occurring in one
of these rows,
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1. for each r,p,q,p’, ¢’ there is a bilinear pairing

Vi / !
.- AP 4 % RBP4 p+p’ atq
c AP 1 BP Ct

Y

which satisfies

T (g b)) = dP Ua) - b+ (—1)PHa - dP 7D,

2. the pairing on level r 4+ 1 coincides with the pairing induced on the
cohomology of level r |

3. the Yoneda pairing on the abutment
A" x B™ — ™t

where (A", B™, C™*™) is either (H"(E*®), Ext{(E*,Q°[2n])) or
(H™(E*),H™(E*, Q"t[n])) rsp., is compatible with the stupid filtrations
in the sense that

FP(A™) x FIB™ — FPHa(Cc™+ny) |

4. the induced pairing on the associated graded objects
Grh(A™) x Grl B™ — Grig?(Cc™)
coincides with the pairings on the E-term.

The pairing on the E;-terms of the second row (i.e. the case D = Q"[n]) in
diagram (2.1) on page 14 is just Serre duality by definition, which is non-
degenerate. That means, (B, d;) = Hom((A1,d;), k) are dual complexes of
finite dimensional vector-spaces (it follows from the definition of the Yoneda-
pairing that the differentials are indeed adjoint) so that the Es-term inherits
a non-degenerate pairing which goes over by induction to the E_.-terms by
the regularity of the complexes.

But then between the E.-term in (2.1) the arrows in vertical direction
must be isomorphisms, as it is true for the right hand side and the first factor
on the left hand side. Again by induction and regularity, the same is true for
the abutments.
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Chapter 3

Local Considerations

31 Aand A

So far we know in the smooth case,

i,i'Cy[n + 1] = (Q° — Q°(log X))[n]
= (2° = 0°(+X))[n]

and for all p for the filtrations induced from stupid filtration and pole filtra-
tion

(FP(Q%) — FP(@*(log X)) [n] C (PP(Q°) — PP(Q%(+X))) [n]

are quis, in particular P%(Q® — Q*(xX))[n] = i,#'Cy[n+1] as a constructible
sheaf-complex.

Definition 3.1.1. For X an arbitrary hypersurface, let

A:=P%Q* — Q*(xX))[n]
D(X) s o s (4 1)X)

_ T T [n+1]

QO — ... —_— Qn

with induced filtration, i.e. PP(A) = ( PY(Q*) — P°(Q*(xX)))[n] for p < 0

and
Qo Qrtl(X) Q" ((n - p)X)
PP(A) = (T T T ) [n]

0o Qp+1 Qn
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A natural idea to define a 'dual filtration’ P on the Verdier dual D(B) =
Hompig (B, DR(KYy)) of any filtered complex (B, P) would be to force

PPD(B) = {p € D(B)|p(P*?(B)) C P*(DR(Ky))) Vk}
= {peD(B)|p(P"?(B)) c P"(DR(Ky)) = 0}
— D(B/P" P B) .

One possibility to develop this idea consequently would be to study a fil-
tered version of the derived category DP(Oy,Diff) with filtered objects and
all morphisms strict (to make filtered modules with filtered morphisms an
abelian category and the filtered derived category the derived category of it).
But pole-filtration apriori does not induce strict filtration on global cohomol-
ogy groups: This indicates that either pole filtration would not exist in such
a category, or there is no direct image functor f,. Therefore, we leave it with
pole-filtration on complexes, not classes of complexes.

Definition 3.1.2.

O(—X) QO((—n — 1)X)
A= J l n] , (3.1)
On 0o

For the individual complex A representing D(A) = Hompig (A, f)\ﬁ(Ky)),

the rule above leads to a filtration on A because the candidate for PP(A),

D(A/PP=PFLA) = D(((PY(2°) — PY(Q*(xX)))/(PP(2*) — PP(Q*(xX)))) [n])

20(X) = QP2 ((n —p + 1)X) Q" ((n +1)X)

=n(| | | 1 [m))
Qe QM H2(X) 2"((p— 1)X)
2" (-X) = Q" =2((~n+p—1)X) 20((~n ~ 1)X)

= | l L
o Q=2 (=X) (1 ~p)X)

is represented by a sub-complex of g, which we take as definition for
PP(A). Vice-versa D(A, P) = (A, P) gives back the original filtration on A
by the analogous calculation.

Lemma 3.1.3. Let X C Y be an arbitrary hypersurface. The cup-product
with the fundamental-class cx)y € T'(Y, Hx(Cy)) defines a global morphism

A=A compatible with the filtrations such that locally

~. 27T7;Cx‘y

Cone(Grh) = Cone (Gr{’)(A)) — Gr’{,(D(A))) = K*(df/f) ® N*?[n]
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as a complex of sheaves, where f is a local equation of X in'Y and K*(df/f)
denotes the Koszul cochain-complex of df /f € Qi @ N = (Oy @ N71)* (¢f.

p. 78),
(Ix/I%)*7" k<1
NF={ 0Oy k=0
((Ix /T sk >1;

with Ix the ideal sheaf of X inY.
Proof. For all s € Z and differential forms w,

d(w - [*) = fPdw+ (=s)df [ A (- ) = (=s) - df/f A (- )
modulo terms of lower pole-order. Hence if we define isomorphisms

QOkJIQk@Nl—)Qk@NZ

(=1 —1)! 1<0
Vel =41 k=
(—)EDI 1) 1>0

there is a commutative diagram

(@ N1-P d d QP ® NO) L”) (Pl N d d Qr ® Nn—P)
@0,1—7)T tﬂp,oT <Pp+1,1T %n,,w,—pT
(@0 & N1 arf A o ® N) _A/f @+ @ N L NN V7 S © N"P)

The first row is the cone of df /f : Gri(A)[—n] — Gr%(A)[—n], the second is
K*(df/f) ® N'7P. This is the claim. O

Corollary 3.1.4. If X is a smooth hypersurface of a smooth n-dim variety
Y

;

o A=1i,i*Cy[n], A=i.i'Cyn],
® Cxy: A—Aisa filtered quasi-isomorphism.

e The induced filtration on the cohomology groups of A is the Deligne
Hodge filtration on. H" ""*(X,Cx) = H*(Y,i,i*Cy[n — 1]).
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Proof. Locally, from the commutativity of

(f gof oo

oz "'fazn

I
(fl"'fn)J/ df/fl
Ox — Ox ,

we see that K(f1,..., fn) is the Koszul-complex of a regular sequence on Ox
generating the unit ideal, hence exact as a sequence of Ox-modules. N'77 is
locally free on X, therefore globally

Cone(Grp(cxjy)) =0 € D"(Cy),

which is equivalent to Grp(cx|y) being quis. Because P is regular on A and
D(A), this says cx|y is filtered quis.
Moreover, for all p € Z,

HFGr(A) = HE(K(fr, .. fo) ® N'P[n))
ker(df /f : " ® Ox — Q"1 @ N)
== @O0x/df N ' =ik  k=p
0 ; else |

so that by induction P?(A), P?(A) as sheaf-complexes on Y both represent
i,.PPQ%[n — 1] C i.Q%[n — 1],

whose global cohomology is PP H""'"*(X Cx) by definition. H

3.2 Calculus

Definition 3.2.1. For any subset S of Y = P, denote by CS := 771(9)
the cone over S, where m : (C"*! — {0}) — P" is the canonical projection.

If £:=5] zi% denotes the Fulerfield on CY, we can characterize with
it p-forms on CY, which are induced from ¢, as follows:

78 (d) = (ker(Lp — d - id) Nkerig) C 70 = kerig C QP

Geometrically Lg(w) = 0 means w is constant along the fibers of 7. In the
algebraic category, the Eigenspace decomposition of the action of Lg gives
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the grading on QF, if we let z;, dz; be of degree 1 (this can be extended to
all tensor-powers by deg(s2) := (—1)). The formulan above yields

QY (d) = mo(kerig N (W )(a))s

when Qf,y-) ) denotes the summand of degree d with respect to this grading.

In this sense if Fy, . .., F,. are homogeneous polynomials of degrees deg F; =
d;, for all k € N, (FF, ..., F¥) defines a global section of m, 7~ @; Oy (kd;) =
@;0y (kd;). Let (eg,...,e,) be a free basis of OQH and consider the Koszul
cochain-complex of sheaves

K(FY, ... ,.FF)* =(A'Op ™ (k(d - 1)), D= Fe;)

as defined on page 73. Mapping ¢; to ﬁei yields an isomorphism of the latter
to '

(A'ZIO?/—H(ICXz‘)a C = Z e); X; =V, (X;) .

If X, :=V.(F), D(F;) =Y —-X;,i=0,...,n, M* a complex of Oy-modules
and

r

K(Fy,...,F)* = lim Ko(F§, ..., FF)*
k

then

—

K(Fo, ..., Fr)‘zl[l} QR M*
is via the evaluation

ev : E Mijgowiiy€ig N - - N €3, = (g -+ G = Mg, )

i0+++ig

isomorphic to the sub-complex of the ordinary algebraic alternating Cech
sheaf-complex for the cover [[D,(F;) of Y — V,.(Fp, ..., F,), consisting of
section with only poles along the X; := V. (F;) (in particular ev exchanges
Koszul- and Cech-differential).
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Lemma 3.2.2. Let (Fy,..., F,) € I'(Y,®;0y(kd;)). Then there is an exact
sequence

0— K(F,...,F)*(+Xo) = K(Fy,...,F)= 1] — K(Fy, ..., F,)*=' 1] — 0.

Proof. By definition,

k

K(EF, ..., F*) 1 = (K(FF, ... FR)o(=k(d—1)) =% K(FF, ..., F*) 1)

n n

= (K(FF, ..., F"o(—kXo) — K(FF, ..., FF)es1)
so that there is an exact sequence
0— K(FF, ..., F") sy = K(EF, ... FF sy — K(FF, ..., F*)(=kXo)[1] — 0,
or dually
0— K(FF, ..., F")(kXo) 1] — K(FF, ..., F5)*=t S K(FF, ... F")*= — 0.

n

If we take the direct limit, which is an exact functor, and shift by one, we
get the claim. O]

In view of the associated analytic varieties, we are interested in the fol-
lowing special case: Let X =V, (F(zo,...,2,)) be a hypersurface with iso-
lated singularities at ¥ =V, (Fo, ..., F,); F; := 8‘9 F'. Choose homogeneous
coordinates zg, ..., 2, such that V,(z)NX = () on CY and let f; be the
homogenization of F; wrt. zj.

Over D, (z), homogenization defines an isomorphism of the sheaf se-
quence from the previous lemma to

0= K(f1,..., f) :X0)[=1]" — K(for- .., fu)*2 1] = K(fi, ..., fn)"2'1] — 0.

By the regularity of the sequence (f1,..., fa),
K(fi,-- fa) = Riy(Oy)

and because the Koszul complex is locally free, for any complex M* of quasi-
coherent Oy-modules, K(f1,..., f,) ® M*(xXo) = Rx,p. (o) Rz (M*®). But
this is homotopic to zero because ¥ C Xy = V. (Fyp), hence

H R (fo, - -, fa) 2 1] @0y M® = HK(f1,. .., £2)*2 (1] @0, M
H[Z\D+ (20) ](M.) :

This expresses that (tempered) Cech cohomology on D (z) is independent
of the cover chosen, as it should be. With the same argument for the other
D, (z;), we have shown
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Lemma 3.2.3. Let X = V. (F) be a hypersurface with isolated singulam’ties,
(20, - .., 2n) homogeneous coordinates such that Vi(z;) N X are smooth, F; :=
8 —F, E the singular locus of X and M® a complex of quasi-coherent Oy -
modules Then

K(Fy, ..., F)[1]**° @ M* = Ry (M®) .

3.3 Super-Calculus

If F is a homogeneous polynomial, 7—dF/F € Q% (*CX)/Q® represents the
fundamental class of CX = V(F) — {O} in CY = Spec Clz, ..., 2, — {0}
dF/F fulfils

Lg(dF/F) =0, ip(dF/F) =deg(X)-1=0 mod(Q*)
and thereby defines a global section in
D(CY,n 1 (Q3 (+X)/Q%)) = T(Y, Q5 (+X) /Q°);

X =V, (F) C Y = P which we still denote by dF/F. Of course, in
D.(z) C Y :=P" dF/F = df/f; f the homogenization wrt. z; of F so
dF'/F represents the fundamental class of X in the projective space Y.

We are going to study the associated morphism on Y

dF/F :K(Fy,...,F,)*2' 1] ® A - K(Fy,...,F,)*>' 1] ® A

using natural filtrations PP(K(Fy, ..., F,)*2 [1]®A) = K(Fy, ..., F,)*2' 1]
PPA for A and similarly for A.
For all p € Z,

(K(Fy, ..., F,)*2 1]@Cone(Grb (dF/F))) = @; ;K(Fy, ..., F,) ™ @QL NI ~P)
is as Ox-module isomorphic to
Ky * = A" (03(d — 1) ®0, Cone(Gry ((dF/F))) ,

where e;, dx; anti-commute and are in degree 1.
K} *® is a sheaf of bi-graded 2* ® Ox- super-algebras with Ox-linear

differentials iF IF
i i+l g
F K J Kp ], o = ? Ao’

C’:K;j—>K;j+1, a— CAaq; C:Zei.
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Hence 4 and C' are homogeneous of bi-degree (1 0) and (0 1) and anti-

commute so that
KI; = tot(KIj °) (3.2)

is a complex with differential (C' + 9€) of degree one.
Endo, (K}) is a sheaf of graded super-Lie-algebras with bracket

(X, Y] :=XoY — (-1)*Yo X

for homogeneous endomorphisms X, Y wrt. the grading as single complex.
We have the usual properties and identities

o [X.Y]=—(-D)*[y,X].

o (X, [V, Z]] = [[X,Y], Z] + (=) [V, [X, Z]].

o [X)YoZ]=[X,Y]oZ+ (-1)XYY o [X, Z].

e Graded Ox-derivations form a sub-Lie-algebra.

With the variables e; of our Koszul version of the Cech complex, there is
the possibility to describe endomorphisms of K as follows:

Notation 3.3.1. e Let (8%1 . %) be the dual basis of (eq,...,ey,).

o Write % for the contraction operator i% € Endgi (K;) and similarly

o write v for the contraction 1 = o  with the vectorfield Fik% € 0(Xy)

Fy, (?zk
(cf. (3.3.4))
Definition 3.3.2.
H = ka o eki € End,! (K?)
- dey Ox\"*p

5 P -
E = zk:eka_ek € Auty, (K3)), operating as (i + 1) on all summands K 7.

Lemma 3.3.3.



Proof.

=0

. dF 0
= 2ligg ol

i 0

Definition 3.3.4.
©:=—[H,C]=> ey € (Y, End " '(K* *) CT(Y, End’(K*)).
k
Proposition 3.3.5. Leti : X — (Y = P") be the inclusion of a hypersurface

with isolated singularities at X C Y, | 1Y — X — Y the inclusion of the
complement of ¥ and A as in (3.1.1).

Then dF/F : RLyy1(A) — RLyyy (DA) is filtered quis, if we let
PP(RLyyyy(A)) = K(Fp, ..., F,)*2'[1] @ PP(A))

and similarly for A = DA be the be the induced filtrations.

Proof. For all p, at any stalk (K}), at y € Y is a free Oy,-module of finite
rank, which as complex possesses a zero homotopic automorphism

E—-0©=|[dF/F+C),H:

Modulo maximal ideal of y, £ — © is the Jordan decomposition of an au-
tomorphism so that by Nakayama lemman it is an automorphism of the
stalk. ]

3.4 (Quasi-)Homogeneous Case

! From Riemann-Hilbert correspondence we know that

H*(Y, Q°(xX)) = H*(Y, j.j*Cy) = H*(U,Cyp);

L Although intensively studied here, pole-filtration and Hodge-filtration do not conicide
in general, cf. [DSWOT].
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where (as always) j. = Rj., ke N, U =Y — X, j: U — X. If we define for
all p € Z, the pole-filtration PPQ4(xX) := Q°*((p + 1)X), it induces filtration
on the cohomology groups by

PP(H*(U)) := Im (H*(Y, PPQ*(xX)) — H*(Y, Q*(xX))) .
Note that we have an exact sequence
0— Q°[n] — P°Q%[n] - A —0

compatible with the filtrations on Q° (stupid filtration) and A, which we
introduced. In what follows, we want to compare the induced filtration
on H¥(U,C) with the usual one, occurring in the standard mixed Hodge-
structure

(F per, W, H*(U,Qp)) on H*(U,C). The latter was defined choosing an em-
bedded resolution of singularities 7 : (17, D) — (Y, X), obtained by blowing
up successively smooth sub-varieties contained in the singular locus such
that D is a normal crossing divisor [Hir64]. Then U =Y — X =Y — D and
H*(U, Cy) = H*(Y, Q*(log D))).

Definition 3.4.1 (|Del71]). Let U be smooth quasi-projective scheme and Y
a smooth projective compactification such that D :=Y — U is a divisor with
normal crossings on Y .

Fpaf2®(log D) := Q*=P(log D)

W,.0%(log D) := Q" (log D) A QP~™

FpeH*(U,Cy) := Im (Hk(?, 20 (log D)) — H(Y, Q*(log D)))

o W(k), H*(U,Cy) :=H*Y, W,,_.Q*(log D))

It is a theorem that the induced filtrations are independent of the choices
made and give (Fpe, W(k), H*(U,Q)) the structure of a mixed Hodge struc-
ture (cf. appendix). In general, the following relation between the two fil-
trations is known:

Theorem 3.4.2 (|[DD90]). Let Y be proper and smooth, X C Y a divisor.
Then for all p and q € Z,
Fpa(H(U,C)) C PPH(U,C)) .
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Definition 3.4.3. An analytic hypersurface X of a smooth manifold Y of
dimension n is locally quasi-homogeneous if for each point x € X there

erist good charts, i.e. local analytic coordinates (V;(x1,...x,)) centered
at x and weights wq,...,w, € N, with respect to which X NV s given
by a polynomial f(x1,...,x,) which is quasi-homogeneous, i.e. homogeneous
when the variable x; is considered to have degree w; fori=1,...,n.

If all weights are positive, we call X locally strict quasi-homogeneous
and locally homogeneous if they are all equal to 1.

Around smooth points the quasi-homogeneity condition is trivially fulfilled.
Extending ideas of [HM98|, [CJINMM96a|, we will show the following
theorem:

Theorem 3.4.4. Let Y be proper and smooth, X C Y a locally homoge-
neous divisor with isolated singularities. Then for n := dimY, the canonical
morphism

Ten1Q*(+X) = 7 1RoL(Q° (+D))

respects pole filtration and Deligne filtration respectively such that
PP(IH"(Y|X,C)) ~ F,,,(IH" (Y] X, C))

forallpeY.
Fquipped with this filtration and together with the canonical lattice, TH" (Y| X)
forms a pure Hodge structure of weight n+1, isomorphic to the Deligne Hodge

structure Gry',; H™(U), which in turn is isomorphic to H"~'(X)(—1) if X is
the blow-up of X in the singular points.

Remark 3.4.5. If X is a nodal threefold, X a small resolution of X, then
moreover

TH"(V|X) ~ H"}(X)(-1)
as a Hodge structure.

Proposition 3.4.6. We have Ey degeneracy of the spectral sequence associ-
ated to ¥, abutting to the global hypercohomologies. For the spectral sequence
abutting to the local hypercohomologies, we will even have Eq-degeneration.

On'Y, away from the singularities of X, 7<,,_1Q°* (%X ) — 7<,_1R0.(Q°(xD))
is clearly a filtered quism. Now let = be an isolated singularity of X. Ge-
ometrically we can interpret our assumptions as follows: There is a quasi-
homogeneous polynomial f € C[zy,...,x,] defining a cone V(f) in all of
C", smooth away from its vertex at the origin and a biholomorphic map ¢
from V onto some open set U C C" such that VN X = ¢ }(V(F)) and

27



o(x) = 0. We can assume U is an open polycylinder centered at zero. The
pair (C", V(f)) is then a deformation retract of the pair (U, UNV (f). Hence,
H*(S,C), Hy(;(S, C) and Hfy, (S, C) are the same for S = U, C" and all k.
For the purpose of cohomological calculations, we are able to enter the alge-
braic category again: We are now reduced to the case

XCcY=A"

is given by a quasi-homogeneous polynomial with positive weights.
Let us fix some notations for the rest of this section:

Notation 3.4.7. Fiz weights (w1, ..., w,) € N.
o Let E:=)", wixi% denote the FEulerfield with weights w; on Y.
e The Lie-derivative Lg defines an endomorphism of the sheaves Q2 and
OF (X)) for all p.
Let QO 4, (5 (+X))@) denote the Eigenspace ker(Lg — d - id), of Lg
ford e Z.

o [For a Oz-module M on an algebraic variety Z we introduced the sheaves
M& M on Z2 (cf. p.4). We will omit the superscript alg/an in
every statement that addresses both sheaves on Z3".

Definition 3.4.8 (Saito, K. [Sai80]).
DP(log X) ={w € PP (xX)|w, dw € Q*(X)}
Proposition 3.4.9. Let X = V(f) C C" be defined by a quasi-homogeneous
polynomial f,
B e {Q°*,Q%(log X), Q% (xX)},
B € {Q°*,Q%(log X), Q*(xX), Q% (log X)/Q°*, Q°*(xX)/Q°},
then

(i) Forw € B there is an unique local expansion in weighted homogeneous
terms

w = ZwiEBﬁn N > 0;
i=—N
with w; € (B™) ) and w; € (B &) if f is strictly quasi-homogeneous
(i.e. positive weights). In particular w — wy defines a projector B —
Bo) and if we set

FL(B) := {w|w; = 0 fori < ¢},

we get an erhausting filtration on B.
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(it) The inclusion By C B are filtered quis wrt. the pole-filtration (stupid
filtration rsp.)

(iii) B¥& C B™, is filtered quis (wrt. pole-filtration (stupid filtration rsp.))
if fis strictly quasi-homogeneous.

Proof. Ad (i): In both algebraic/analytic settings, B is the direct limit
(union) of the FI(B™) and for finite pole-order the first claim is clear: If
w € FIY(B™), then write wy = # -1, with n holomorphic. By absolute
convergence, we can reorder the power series expansion of 7 into to an unique
expansion 7 = >~ 1;, with 7; quasi-homogeneous of weight 7. This yields
th§ existence of an expansion w = Y ° d(g+1) Wi S claimed, which must be
unique.
Ad (i7): For all k and p, the map H* FPBy) — HFFP B s

- injective because given a class [wy| in the kernel, i.e. wy = do, by the
uniqueness of the expansion in quasi-homogeneous terms, then w =
(do)o. And because, in addition, the differential of the complex d is
homogeneous of degree zero ([Lg,d] = 0), then (do)y = d(op).

- surjective: Given a cyclew = > 7\ wy, then dwy, = 0 for all k and the
homogeneity condition Lgw, = d o igwr = k - w; means for the terms
with k£ # 0, w, = %diEwk is exact so that

[e.9]

1
w=wy+ d(z ;wz) :
i#0

where the latter converges because for i >= 0, |1w;| < |w;| and there
are only finitely many ¢ < 0. By a cone construction, or 5-lemma, the
result follows for a quotient complex B too.

Ad (iii): Clear, because all inclusions in B8 > (B8), = (B™)) C B™
are equivalences up to homotopy. ]

Example 3.4.10. Even in the smooth case, i.e. X = V(x1), homogeneous
wrt. the Eulerfield E = ina%w the previous proposition is instructive:
Then

1
(Q.(logx)an)(o) = <17 %dﬂﬂl/%ﬁca

Jfrom which one can read off that the weight filtration W, coincides with T<p,
and n particular is defined over Q.
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Definition 3.4.11 (cf. (3.1.10.1) in [Del71]). For a normal crossing divisor
D=DyU...UD

the pole-filtration on the meromorphic p-forms with poles along the compo-
nents of D, QP(xD), is defined as

!
PIUQP(xD)) = Z Z P((p—q;+1)D;); where

Proposition ((3.1.11), [Del70]).
(Q*(log D), F pe) C (Q°(xD), P)
s a filtered quasi-isomorphism.
For later use, we give a variant:

Proposition 3.4.12 (and definition). Let D be a normal crossing divisor,
locally given as = V(z1,...2)) C U C C". and E = V(z,...2), X =
V(zka1,---,21) a decomposition D = X + E. Define

W,,,QP(xD)
N=ny,..mZ ane€Oy s.th.
R _ N 1 l 3 N U
T {w = 2vpane2dz Qny.omy =0 when  (8{iln; < 0}) >m

i.e. mazimal m components of D in polar locus of each summand.

—

o O*(log E)(xX) := Q*(log E)®Q:(>|<)~(), with W- and P-filtration induced
from the inclusion Q°*(log E)(xX) — Q°*(xD).

Then Q(log E)(xX) C QP(xD) is a bi-filtered quasi-isomorphism.

Proof. For 1 < i < k, E; :== ;% € O(logV(z;) = (Q'(logV(z1))" is a
logarithmic vectorfield acting on

PlogV(zy,...,2:)(*V (zit1,. .. 21))

and
QP(log V (w1, oy xi1))(xV (25, ... 21))
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respecting the filtration W. As above, expansion in Lg,-homogeneous terms
shows that

FO(QP(log V (1, ..., 2i01))(¥V (2, ... 2))
C P(logV(xr,...,xi1)) ¥V (2, ... 21))

is a filtered quasi-isomorphic subcomplex, but
F%i(Qp(log V(zy, .o xin)(«V (2.0 21))

is already QP(log V' (z1,...,2;))(*V (2ix1,. .. 21)).
The result follows by induction on i € {1,..., k}. ]

Corollary 3.4.13. With the notations above,

Definition 3.4.14. For p € N, let

2P (log f) :=ker ig C QP(log X),
QP(xf) :==ker ig C QP(xX).

A key observation is that for any rational form w,

d d
deg(f)-w:iE(—f/\w)+—f/\iEw .
f f
It follows that for B € {Q°(log X),Q°*(xX)}, the complexes (B,ir) and

(B, ﬂ) are split-exact. In particular, one has decompositions

f
PlogX) = Qr(log f)@ L A (log f) = Q(log f) ® Q' (log f)
PHX) = ) oL AP () ~ OP(xf) & P (xf)

(3.3)
compatible with F' i because % and ig are Fg-homogeneous endomorphisms
of degree 0.

From now on, we assume X is locally homogeneous, i.e. (wy,...,w,)
= (1,...,1). The Hironaka resolution of singularities for an isolated homo-

geneous singularity x is simply the blow up o : (17, XU E) — (Y, X); with
center x, exceptional locus E and X the (smooth) direct transform of X:
Definition 3.4.15. e Let X = V(f) C Y := Spec Clzy,...,z,] be the

zero locus of a homogeneous polynomial f such that X has an isolated
stngularity at zero.
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e E be the projective space E := ProjClyy, ..., yn].

o Q = Proj(Clyr,...,ual/{(f(y))). Q can be identified with the smooth
subvariety

where
}7 = V((ilflyj _x]yz)z j) C P(O,...,O,l,...,l)
. = ProjClzy,..., %0, y1, -, Yn]
= A" x F.

As for i # j, we have x; = x]Z_: € Of/mD(yj)’

U =Y N D)), (x;—,..., —,...,—)
(< )y

.....

is an algebraic atlas (of bundle charts for m as in the next item).

o Y can be identified with the bundle V(Op(1)) := Spec(Sym(Og(1))).

Y1.--Yn

( )
The embedding in E x A™ is the one associated to OF ~ —  Og(1)
and applying V. The modification map o and the bundle projection

T=m901:Y — F

onto E are given by

o For any subset S C E, let CS := 77 (S) denote the closed cone of S.

CS is indeed the closure of CS ~ o~ 'CS C Y, with C taken as in
definition 3.2.1, p.20.

e X =V(0y(1)=CQcCY, olg X — X is the blow up of X with

exceptional locus Q).

e The C*-action on CE ¢ CE = Y extends to Y (with fiz-locus the
exceptional locus E of o). We denote its generating vectorfield by Eu-
lerfield E (and hope there is no confusion with the exceptional locus

E).
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e Let D:= XUFE and define morphisms i,j,?,} as in the diagram

D'yl yv_D
Ll
X —Yy <2 v-X

Remark 3.4.16. o Together with the Eulerfield, the filtration Fg extends
to a filtration Fz on forms on Y.

e In a bundle chart (U, (x;y1,...,yn-1)) for m (like the U; above) the

action ist- (p,p1,---,0n) = (P, D1, .-, Pn), hence E = :Ea%.

Lemma 3.4.17. 1. Q%(logE)/w*Q}g is globally generated by a section

d;.', which maps to

2mi - ey € (Y, Q% (log B)/QL).

2. W %’w defines an isomorphism
*()® dl'. *()® .
T QL (—E)[—1](—1) ~ . AT QR(—E)[—1](-1) C Q°.
3w Cg”.'w defines an isomorphism
* ()@ dl’. *()® ) * .
T Qy[—1](—1) ~ ; AT QL[—1](—1) ~ Q?(logE)/W (Q%).

There is commutative diagram (x)

0 — 70y —— Q% —Z Q) (-B)[-1] — 0
H . |
0 — 7Qy —— Q(logE) —2— 7w Qy[-1]  —— 0
| |
Op(-1] — Qp-1]

4 7 () (- E) = 7 (Q3(Q))
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Proof. 1. If d is the m-relative (i.e. 7~ 'Op-linear) differential, d'x—x _dm o
d(zi/zj) _ 0

T/ zi/wj

2. On every U;, f-djx; — f-x; defines a natural isomorphism ¢; : €

1

Y|E

Oy (—E). djz; = d|2-x; = Z2djz; so that the ¢; glue to a global isomorphism.

Therefore the local lifts of the given morphism defined by composition of
dl’i

X

AT (—B)[-1(U) — (Q)(U) — (9,,)(U)

glue to a global isomorphism df" AT QE(—E)[-1] — Q.
3. is analog.
4. is clear.
5. follows from Op(—FE) ~ Op(Q). O

Lemma 3.4.18. Lei

o = a*% e I'(Q*(log D)), m := deg(f),

e ¢: Q3 (log E)(xX) — Q3 (log E)(xX)/Q® be the canonical projection,

[ ]
h: mQp(xQ) — Q% (log E)(xX) .
w — %'y ANw

Then

0 —— 7" QL(HQ) —— Q;(ng)(*)?) -7 Q%(logE)(*)?)/w*Q;E(*Q) -0

] o]

QL (+Q)[-1] QL (+Q)[-1]

commutes, that is %> = degl(f)a*(%) € O (log E)(+X) /7" Q5(xQ);

dxe
Te 7

(i1) ig is an inverse of
(iii)) s :==hoig
(a) is a semi-split of q,

(b) is a split ¢ on the subcomplex of homogeneous form of degree zero
wrt. Lg,

(¢) is compatible with the Hodge and weight filtration on Q*(log D) C
Q2 (log E)(*X) and hence
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(d) defines a split of MHS on the level of cohomology groups.

Proof. (i) We have to show that y A w = m% A w modulo 7°Q%(xQ) for
w € Q% (*Q). This follows from 7|y, = df(x/xz)/f(x/xz) + mdz;/ ;.

ii) For w € 7*(Q*(*Q)) = kerip, we have ig%s Aw = w.
( ) ( ’ Te

(iii) (a) Follows from the commutativity in (7).

(b) We need to show that s = hoig super commutes with the differen-
tials. h is multiplication with a closed form and igd = —dig, when
the Lie-derivative vanishes.

(c) is clear.

(d) sis a split of
0 — 7 Qp(log Q))0) — 2°(log D)) — (£2*(log D) /7" (log @)) o) — 0
compatible with the filtrations.
Moreover, the k-th hyper-cohomology group of

Q" (log D) /7" (log Q))o) = = A 72 (l0g Q) oy (—1) 1]

is (B, 2 (log Q) (—1)[~1).

For k # 1, this coincides with HE(E, C(—2)[—2]), a shift of the pure
Hodge structure on the primitive cohomology of Q.

Hence for all k, the MHS

(w<k),F,Hk(s7,Q°(1ogD))) = HYE-Q,C)oH" E—Q,C(-1)[-1])

is a direct sum of pure Hodge structures.
O

Proposition 3.4.19.
Hk:(y'an7 FPQ'(*X)an)m — Fpﬂk:(yan7 Q'(*X)an)x

— FPHF(Y,Q°(x(D)))

= FPHM(E - Q,C) @ FPHA(E — Q,C(-1)[-1])
(weights k + 1,k + 2)

FP'HP2(Q,C) s k=n—1
PRI (Q,C) s k=n
C i k=0,1andp=0

0 ; else.
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Hereby Hy~2(Q, C) denotes the n — 2-th primitive cohomology of Q C E wrt.
to the polarization Og(1).

In particular, we have Ey degeneracy EY 4 = HPTI(Ya Grl Q°(x X)) =
Eo of the spectral sequence associated to the filtration F abutting to the hyper-
cohomology sheaves.

Proof. We already know that H*(FPQ®(xX) @), = H*(Y, FPQ*(xX)) and this
is the k-th cohomology of the complex of groups (I'(Y, FPQ°*(xX)),T'(d)) by
the (Y, —)-acyclicity of Q'(kX) for all [, k > 0 (Bott vanishing).

Similarly for the normal crossing divisor D := )?UE, U=Y-X= }7—D,
the morphism j : U < Y is affine, hence

0 = H¥U, Q) = H*(Y, Rj.Q") = HF (Y, R".0"); k > 0.

But in the algebraic category R"j,QP = QP(xD) that means that QP(xD) is
(Y, —)-acyclic for all p and H*(U,C) = (I'(Y,Q*(xD)),T'(d)).
Nevertheless, the canonical map

[(Y,Q3(+X)) = T(Y,QL(xD));  wr— o'w

seems apriori not to respect the pole filtration. N
If we tensor the whole diagram () with the flat sheaf Oy (*X), we get

(k)
0 —— T (QL(Q) —— QLX)  —— T(OQLHQ)(-E)[-1] —— 0

| ! l

0 —— T (QL(+Q)) —— QL (og B)(xX) —— 7 (Qp(xQ))[-1] —— 0

! L

Q-] —— QuGQ)[-1] .

Now we make use of the fact that projecting w € T'(Y, FPQ!(xX)) to its
homogeneous component wy on Y does not change the cohomology class on
both sides of the pullback morphism. Indeed, in degree zero, the pullback
defines a morphism

LY, FPQ5 (+X) () — DY, FPQ3-(log E)(+X) o)) ,
which is an isomorphism and respects the filtrations: For this, note that
0— O (xf) = O (xX) — Q' (xf) — 0

is exact for all p so that by induction on p for the cohomology with support in
the maximal ideal m corresponding to {0}, H? (. (xf)) = H. (4. (xf)) =0
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so that QF (xf) — L.I*Q} (xf) is an isomorphism. In particular QF (xf)q) =
7 H QL (xQ)) (Griffiths calculus).
Now check that

D(Y, 77 'FPQy (xQ)) —— (Y, FPQS (log E)(xX) o)) ‘5 (Y, 7 'FPQS, (+Q)(—1)[-1])

H [ |

LY, FPQY (xf)0) ———  T(Y, FPQS (xX) (o)) —E .y, FPQS (+£)(=1)[~1(0))

(zeroes on both sides omitted) commutes, so o* is as claimed on the degree
zero part. ~ _

By lemma 3.4.12, Q% (log E)(*X) C Q*(x(E + X)) is (bi-)filtered quis,
so we will have shown that the pullback map is a quasi-isomorphism, once
we know that all PPQY (log £)(xX) () are I'(Y, —)-acyclic (ie. I' = RI'). But
this we can read off from the exact sequence above also, since

HA(Y, 7 (Q5(1Q)) ) = HA (Y, 771 (Q5(1Q)) = HY(E, Q5(1Q))) = 0
vanish for k,1 > 0. O
Corollary 3.4.20. With D := X + E in the notation as above,

0 — Q(+X) —— Q(logB)(xX) —— = AQ*(+X)[-1] —

J H |

0 —— Wi Q*(+D) ——  WyQL(xD) ——  Gry’ Q*(xD) ——

induces isomorphisms between the global cohomology groups in the columns.
In particular Grzv(k) H*(Y — X) =0 for all k € N.

Proof. The morphism at 1 in diagram (k) is a quasi-isomorphism, as one sees
going over to the degree zero subcomplex of sections constant in the fibers
of m. Therefore, Q% (xQ)(—FE) has all global hyper-cohomology sheaves zero
so that the first row above and the protagonist of the previous proposition
are term to term bi-filtered quasi-isomorph. ]

Remark 3.4.21. Wrt. 7, we have globally trivialized the direct image sheaves
of the Hopf-fibration restricted to Y — X : The long exact sequence associaled

to (x)@0O(xX) can be considered as an explicit split of the long exact sequence
of the (Wang-type) Leray spectral sequence for R,

- HF (1< R, Q2 (log E)(X)) H¥ (721 R Q% (log E) (X)) H* (G R, Q2 (log E)) - - -

H H H

-~ HRT QS (xQ)) Hk(Rﬂ*Q;N,(log E))

H H H

--H*¥(E - Q,0C) - H*(Y — X,C) _ HFY(E - Q,C)(—1)---

HF (2o A7 Q3 (+Q) (- 1)[-1]) -



Definition 3.4.22.

0 rm < —1
Q° :m=20
W, (3 (xX)) := ’
BER= L @pex) w1
Q3 (xX) ;m > 2,

where T<_n,—1(2 (xX)) is the subcomplez of forms which are locally exact in
degree n (cf. Appendiz).

Note that the notions ’locally exact’ and ’locally closed’ differ if there is
no Poincare lemma.

Proposition 3.4.23. Let M be a projective manifold, N a strict quasi-
homogeneous Cartier divisor with only isolated singularities and affine com-

plement.
Then with P and W locally defined as above,

(W, P, 5" Qur, 8 (+N)); j: (M = N)— M
s @ mized Hodge complex calculating the Deligne MHS on the cohomology of
M — N.

Proof. Of course 7<,,—1(23,(*xN)) represents 7<,,_1J.j*Cys in the derived cat-

egory because all Q% (xN) are direct limits of coherent sheaves (in particular

W, is already defined over Q). Using good charts centered in a singular point

s, we can locally reduce to the homogeneous case V(f) C C" as above.
With the last corollary, we proved therefore that

C, = Im(Ro,WoQ3,(xD)) — R, Q3 (D)),
= Im(WoQ3,(*N)) — RU*Q;\?(*D))S

and

Wi (@23, (+N)) = 7<n-1(Q3(+N))
= R0, (Q%(xN))
= RU*(ng;\Z(*D» .

By definition

Wy (823, (V) = Q3 (+N)
= R@(Wgﬂh(*ﬁ))
— R (% (+D))ln])
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Proposition 3.4.19 assures the compatibility of the filtration F. Hence
(W, F, g™ Qur, Q*(xN))
induces the same filtrations on the cohomology of M — N as
(W,F,}J*QM,Q;W(*D)) ;
thus defining a mixed Hodge complex. ]

Let us give an application of lemma 3.4.18 to the theory of logarithmic
forms:

Corollary 3.4.24 (log comparison). Let X be an isolated homogeneous sin-
gularity. Then

o (*(log X) = 7<_oQ°(xX) if Kg has no global section.

e O%(log X) C Q*(xX) is quis iff the exceptional locus has no primitive
cohomology. In this case, it 1s filtered quis.

Proof. As [.1"Q*(log X) = L.I*Q*(xX) = Q°*(xX), we can compare Q°*(log X)
and [, [*Q2*(xX) via the spectral sequence

EL 9 = R (P (log X)), = H™P Gri(Q°(xX))..

(Recall that Gr' Q°*(log X) is QP(log X)[—p] and not QP.)
By proposition 3.4.19, the pE; = ¢ E, table is

[ n 0 Hyp™? H{™? 0 0 |
n—1 0 Hy™™® Hy"™™ 0
1 0 0 0 Hp 2t Hp ' o
0 C C 0 0 Hp—20 Hp20
L qg/p |0 1 2 n—1 n |

with Hf ¢ := Hf 9(Q, C). Because the log complex is reflexive [Sai80], it has
depth of at least two, thus the the lower row is I'(Y,2°*(log X)) and this
already proves the claim. ]
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Chapter 4

Global Considerations

4.1 Mixed Hodge Structures

Notation 4.1.1. Throughout this chapter, let

e X CY = P" be a Cartier divisor with locally homogeneous isolated
singularities at X C X.

Let o : (?,D) — (Y, X)) be the resolution of singularities obtained by
blowing up X3,

X the (smooth) direct transform of X,

o [ =U,sE; the exceptional divisor of o,

Q = Usex Qs the exceptional divisor of o,

D the divisor with normal crossings X UE.

Define morphisms i,j,?,; as in the diagram

i

(Y - D)
l
(Y - X)

Uw.z

- - Y
l

MM — O

X D
Loel
X X

cC Y

Us.

C

andletk : X =Y, [: (Y -X) =Y.

On the intersection cohomology of X, primitive cohomology wrt. a hy-
perplane section H of X is defined as

IH§(X) :=ker ((H U —) : IH§(X) — [H} (X))

40



and fulfills Lefschetz decomposition and is part of an sly(C) action as in the
smooth case (“Kaehler package for intersection cohomology”). The question
of Griffiths calculus is whether we can relate primitive intersection cohomol-
ogy with rational forms on Y with poles along X and calculate the intersec-
tion pairing on the middle cohomology.

Proposition 4.1.2. Let (W,F, L, H) := (W,F, j.7*Qy, Q*(xX))[n] be the
mized Hodge complex defined as in the last chapter but shifted n places to the
left.

Then

0 — WoL —— WL —— Gr}NL — 0

|

0 —— W()L —_— WQL —_— WQL/W()L — 0

Grgv L — Gr;]v L

s term-wise quasi-isomorphic to

_ (1]
TS—nL —_— Tg_lL E—— 7‘21 n’TS_lL —

H

T<pnl —— L —— 7

>1-n] (1]

~

GrVL —— Gi°L,

T

[1] (1]
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which is

ICy(Q) —— ICyx(Q) —— i, ICx(Q) —1

Qvlnl —— J.J*Qyln] — @i (@y[n+1])
(4.1)

S - 507

(1] [1]

where 1Cy |z == 7<_17.7°Qy [n].

S is a perverse sheaf with zero dimensional support, therefore it is (quasi-
isomorph to) a complex S® concentrated in degree n. S™ is a skyscraper sheaf
supported at ¥ and stalk at s € ¥ isomorphic to H" ' ( E; — Q,, C)(—1).

So equals S in the deriwed category; the isomorphism from S™ to Sj =
Hy2(Q, Q)(—2) is the residue on E along Q.

Proof. We have
Wi Qy[n] = 7<_njj*Qy[n] = Gr;" 1.5*Qy[n] = (R%.5*Qy) [n] = Qy[n]

W15, Qy[n] = 775,57 Qy [n]
Wai.j*Qy[n] = j.j"Qy[n]

by definition and S, Sy are as claimed by proposition 3.4.19, so that
WoL/WoL = i,i'Qn + 1]

by the existence of an exact triangle

il

ii'Q[n] — Q[n] — j.5*Q[n] = .

For the assertion on the intersection cohomology, consider the algebraic
stratification

Y'=Y)o(Y'=)=---=(Y"=%) D (Y" =0)

of Y. The strata S* := Y*\ Y**1 are empty or smooth of complex codimen-
sion k and S° is dense in Y with X — ¥ = X N 5% By formula (1.1) on page
8if Up := YO\ Y%, jii1: Uy — Upy1, the inclusion

i+(ICx(Q)) = (T<—1Jnt1 «)0(T<—2n «)0 - -0(T<—n-11 +)(i[x-5,(Qx_s[n—1])),
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and this is 7« 1 (i|x_»,Qx_x[n — 1]) = 7« 1L1*i.3'Qx[n + 1].
Because Y is smooth, only R%(1,Qy_x) = Qy and R**(,Qy_x) = Qyx
differ from zero among the sheaves R¥(1,Qy_x) and therefore

Grg(l*l*@y[n]) = Rn(l*(@y,z;) =0 R
so that there is an exact triangle

Tgfll*l*(@[n] — Tgfll*l*j*j*@{n] — Tgfll*l*i*l-!(@[n + 1] —1]> s

which can be identified with

ICy (Q) — ICyx(Q) — i, ICx(Q) & . (4.2)

Here we used the relation j,7* = [,.[*j,7", which is a standard fact because
for any constructible sheaf complex C,

G C = LI C — kbt B

is an exact triangle and £'j,C = 0 because supp(j.C) NX = 0. O
Proposition 4.1.3. ICyx(Q) ~ Pl j.5* ICy(Q).

Proof. The intermediary extension G := [,,JF of a perverse sheaf F on Y — X
is characterized by [BBJ83]

*Gg = I'F
PH™E*G = 0 m >0
PH™E'G = 0 m <0
so that the claim follows from five-lemman and (4.2). O

Remark 4.1.4. S ~ L.k’ ICy x[1].
Proof. Applying k.k' to (4.2) gives an exact triangle

kK ICy x (Qn]) — bk (.5 Qy) — H 5

which proves the claim by the fact that £'j, = 0. O

Definition 4.1.5. Let F be a field of characteristic zero. In analogy to the
definition of intersection cohomology groups, let us introduce for q € Z

IHYY|X,F) := HY(Y, 4. ICy x (F)[—n]) ,

In case F = Q, we will also write IH' (Y| X).
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With this notion, we have long exact sequences of groups
= HHY) — THA(Y|X) — TH*(X) — - --
and
= HNY) - HNY - X) — HEP'(Y) — -
associated to diagram (4.1).

Lemma 4.1.6. The morphisms

IH"(X,Q) — H*"(Y,Q); (Gysin map i)
HY?(Y,Q) — H*(Y,Q); keN,

associated to the distinguished triangles in (4.2) are surjective.

Proof. By (4.1) it is enough to show the surjectivety of i;. The absolute
fundamental-class cx € H*(Y,Q) of X in Y is the image in absolute coho-
mology of cxy € H% (Y, Q).

Of course cy|x = deg(X) - H # 0 (H, the class of a hyperplane in Y) and
as 7, fulfills module relations

aUn(B) =i(i"(@)UB)  Ya e H'(Y),B e IH (X).

We see that 7, is given by “cup-product with the fundamental class”, i.e. for
all [:

deg(X)-H' = H ' Uecx = H™' U i(expy) =1 (CXD/ U i*(Hl’l))

is in the image of 7;, which proves the surjectivety over Q.

As this is equivalent (dual) to the injectivity of i* : H*"*(Y") — H?"*(X)
and the Lefschetz operator cxU factors over TH¥(X) — H*2(Y) — IH*2(X),
we indeed get that THE(X) = keri,. O

Proposition 4.1.7. The mized Hodge complex (W, P, L, H) from proposition
4.1.2 induces, for all k, mized Hodge structures on H*(U), H%(Y) and pure
Hodge structures on TH*(Y|X) = TH; (X)) (—1) and TH*(X).

Proof. The mixed Hodge structure on H*(U) is of course the one from (W,
P, L, H).

Let (‘W,‘P,‘L,*H) = (Wlwo(m: P| wotm) Wo(L), Wo(H)). For the in-
clusion

i: (‘"W,P,*L,"H) — (W, P, L, H),
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there is a mixed Hodge complex Cone(i) given by the filtrations

W,, Cone(ig)? := ‘W, 1 (‘L)' @ W, (L)?
P? Cone(ic)? := ‘PY(‘H)P™ @ PI(H)?

on the ordinary cones of L and H. This mixed Hodge complex induces a
mixed Hodge structure on H*(Cone((WoL — WL)[1]) = H% (Y) for all k.

Similarly (W|w,(m), Plwocry, Wo(L), Wo(H)) is by definition a MHC in-
ducing a MHS on Hx (Y') such that the cone of the inclusion ¢ of (‘W, ‘P, ‘L, ‘H)
into it gives a MHC for the intersection cohomology.

Indeed, it is pure (HC) because Coneig = Gr})’ L and induces a pure
Hodge structure on all intersection cohomology groups.

By the last lemma, IH*(Y|X) = kerd, = IHE"}(X)(—1) is pure of weight
kE+1. O

4.2 The Pairing

Thus, we have for m <n — 2, n+ 1 < m commuting isomorphisms

IH™" N Y]X) —— TH(X)
| H
H™(U)  —— HE(Y),
and the diagram with exact rows and columns
0 0
IH"(Y|X) —— IH(X)
H'(U) == HY(Y)
H" —  HI
IH" N Y|X) —— IHp(X)
0 0,
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where we denote by H% (V) := ker(H% (Y) — HF(Y)) the putative primi-
tive cohomology with support. Of course it does not belong to an sloC repre-
sentation, nor it is self dual, etc.

We can read off from this the well known following theorem

Proposition 4.2.1 (Lefschetz theorem for intersection cohomology for a
divisor with isolated singularities in P"). THS(X) = 0 for |k — dim(X)| > 1.

Proof. Indeed we do not need the local quasi-homogeneity for this, the ana-
log sheaf H is still perverse with zero dimensional support and hence con-
centrated in degree n.

As U is affine, IHJ'(X) = H™(U) = 0 for m > n. Selfduality of
intersection cohomology implies vanishing for m < n — 2. [

Let us take a closer look at the middle primitive cohomology:

Lemma 4.2.2.
GrP ' THp (X)) = Grh H"W, (H) = H" Grb, W, (H)

Proof. For notation we refer to the appendix, which is based on |Del71],
|Del74], [PS99] and [BDIC96|. On H"(H ), for each m the spectral sequence
starting with

WET T =H" G H

abuts to GrY H™(H), which is a pure Hodge structure of weight ¢. Tt
degenerates at Fo = E.

This means Grm?) H"(H) is a pure Hodge structure of weight n + 1,
which we can calculate by the cohomology of

Wrn—2 n+l Wrn—1 n+l W(n 0 n+1
_ d
H'GryYH — H*GrVH & H""'Gry H

in the middle. Grgv H = WyH and by the long exact sequence associated to

WoH — W, H — GV i Y,
which we already studied, we see that kerd; = H* W, H = IH ' (X)(-1).
Moreover, H" ! Gry H = H" 'S = 0 because S is perverse with zero

dimensional support.
By the E; degeneracy of pEP ¢ and 'L EP 9, this is the claim. O
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With proposition 3.4.19, we proved E; degeneracy for spectral sequence
pE; abutting to the local cohomology sheaves. We have

H* Gl H = Gib HY H;
H* Grk Gry H = Gk H* Gr, H;
this means in particular that the truncation functor 7 and Grp commute.
Lemma 4.2.3. There are the following identities:
GaWoH — GAW,H — coamg U
I | |
1]

T« nGEH — 7« Gy H — 21" ;GibH — |
where 721" Grb H = 7« _11,0* G} i,i'H equals
Te L1 G2 Q* (X)) = 7 K(Fy, ..., F,)[1]"2° @ Gr Q*(xX)/Q*))

Thus, we can apply our calculus for global calculations. The first step is

Proposition 4.2.4. Any class in PP TH"(Y|X(C)) or PP~ TH; ' (X(C)) can
be represented by a global n-form
AQ
o

= Frn—p+l € F<Y’ Qn(n -pt 1))7 Ae C[an S 7l‘n](nfp+1)dfnfla

d=deg(F), Q=ipdV, dV =dug A--- A dz,.

Proof. We have

T<n PP (xX)
= ((X) = @7 2X) - Q" ((n — p)X) — d2"H((n — p) X)),

which are acyclic sheaves except for dQ2"~!((n — p)X) by Bott vanishing.
This means, the E; spectral sequence for the stupid filtration on this
complex has E{ 9 = 0 for all p,q, such that p+ ¢ < n and ¢ > 0. Hence
PPIH" (Y X (C)) = T(Y, d2 ((n — p)X)/dT (Y, 2 ((n — p) X).
As PPTH"(Y|X(C)) = PP~ TH) (X, C) we get precisely the intersection
classes in this way. O

The prototype in the smooth case of the following calculation is in Carlson
and Griffiths article |CG80| from 1979. Given a € I'(Y, Q" ((n—p+1)X), B €
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I'(Y, Q"(pX) representing primitive forms in Gr% ™' H2~1(X), Gr™” HI (X))
respectively, they used the Jacobi cover

J = (D+(E))z:0 TL;

geoey

of Y = P, given by the derivatives F; := %iF of a defining equation F' of
X to reduce the pole-order of the representatives step by step and received
their representatives in the log complex and their residues in I:In_p(J, Qg(_l)
and H'~'(J, Q7).

After that, they calculated the cup product ResaURes 5 € I:In_l(Q}_l)
and received that, up to a constant factor

ABQ

ir(Resa URes f) = o
v F)

ev H"(J,QF)

represents the product.

We want to perform the analog calculation, but without Jacobi cover, log
forms and Kaehler differential on X. Instead we work with A and A. Please
recall the setting in proposition 3.3.5. There we have seen that % A — A
where A’ := K(FO, L) ® A A= K(FO, ..., F,) ® Ais a filtered quasi-
isomorphism. Assume we had a fixed inverse Res. By the natural pairing on
A x A — Dy = Q°[2n] induced from wedge product QP (kX) x Q" P(—k) —
" as in the smooth case, we get a morphism

Tg_lzz{/ X Tg_lAl — ]D)y .
Under the corresponding map
T A = D(1<1A); a— (,a)

T<_1 A’ gets identified with Dr<_ A’ = Dre [ I*A = 721I*A.
We can hence calculate the pairing via

ev

HO(Y, T<—1 Grp A/) X ]Extoc(TS,1 Grp AV,,Dy) HO(Y, Tsflﬁ(Fo, ..., Fn) ® Grp Dy))

iaxres | [

HO(Y, 7<_1 Grp A") x HO(X, 7<_1 Grp A') = HO(Q™[n])

using this naive pairing. Recall the notations from lemma 3.1.3, definition
3.3.4 and equation (3.2) on page 24.

Definition 4.2.5. Let 'K} := Cone (G (dF/F) — K3) denote the augmen-
tation of K.

48



Proposition 4.2.6. !
dF .
Dexp(©) = exp(@)? € Endc("K*)

Proof. First of all, from the formula © = Y e v, we get that © operates on
the augmentation. From the basic identities for the bracket, it follows that
in Endc(“K;) we have

[@7 C] =0,

dF
= [Z €L Uk, 7] = C7

hence by induction also [OF, 4€] = kCO*! Vk € N so that

dF
[exp(©), ] = Cexp(®).

O

Lemma 4.2.7. Lel

AQ "
Ca = Cm - F(Y, Tg_l(Q (*X)[n])’ A€ R(nprrl)dfnfl-
represent a class in H"7<_1 Rl 5y, Grp A.
Then on
ResCa := —-Ca € H'(r<1RLjyyy) Grp A),
fulfills dF'/ F(Res Ca) = Cav, where
dF/F : 7= _1RL gy Grp A — 72 {RL 5y Grp A .
Proof. 1t is enough to show that C'a and C@ = 9" =Ca define the same

classes on the cone K' For this we consider the relatlon
dF/F Na =0,
on the augmented cone 'K: From the last proposition it follows that

0= exp(©)dF/Fa
= Dexp(0)a

n

o — oF
ZCHOMLD(Z]{:—)OH-CO&,

1<')K; shall denote K3 and 'K at the same time.
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which is the desired relation in the non augmented complex K.
The same argument applied locally implies that if « is locally exact, then
% Cais. Therefore —C’a can be considered as element of 7<_1RL 5y GrP A
Wthh maps to Ca under dF/F.

Proposition 4.2.8 (pairing). Let

DY PP (@ (X))
8= T & DY P (@) )

represent classes in
PPIH"(Y|X) = PP U IHp H(X), PPHIHY(Y|X)=P" ?IH} '(X).
Then

(=1)"Ppl  ABQ
n—p Fy-...F,

aUp = € HM(Y, 71 LI (Q")) = H™(Y, Q")

Proof. The product must factorize over G’ ' THI 1 (X) x Gry PIH 1 (X),
so we send a to Ca € Grp, A" and 3 to C’?L 0 as dlscussed above and have to
interpret the expression

AQ " BY)
CFn —p+1 Ucnl Fp’
Here the cup product is given by ordering the monomials in the e; and us-
ing the usual first p-face right g-face formula defined via Whitney diagonal
approximation, i.e. the standard cup product for simplicial modules.
Calculating in the augmented complex, we see
e"BQ) B _O"

B . dF ertl
S e
Fr F 'n+1!
B . dF ortl
Fr = F 41!
€o

deg(F) - ¢
— v/ . .l AL A2
Fp FO Fn

|V
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and hence

AQ " B AQ deg(F) - Beg A -+ Ney,
CFWH Y CH Fr CFHH Y FrFy ... F,
€o €En
— deg(F)ABQ-2 A oo p 22
eg(F) 2 7

If we lift this expression back to H"(Y,7<_K(Fy, ..., F,,)[1]°2°Q"), we get
an element, representing 3 because of the isomorphy

PPIH"(Y|X) = PP THp (X)),

Besides: Another way to interpret this lift is that it performs the natural
isomorphism H" (X, wy) = Ext" Oy, Ext' (Ox, Q")) = Ext"(Oy, Q") =

H" (Y, Q™).
Finally compare this class with the de Rham complex by formula (3.1), to
get, the factor %;!pp! ]

To describe a trace morphism, we need a generator of
H™(Y, 7«1 LI (Q") 5 C.

There is a natural candidate

L (AR AR HOQ
) P\ R F, )~ @iy F-...-F,
62
H=det(F;); F;=-2F
6( ]) J 8%261’]

It depends on the local multiplicity of H if w := % HQFn is locally exact, i.e.

defines an intersection cohomology class of Tg_ll*lg(Qn».

dd—1)F (d—1)F --- F,
e S
g : : : :

has in D(xy) the homogenization

dd-1)f (d=1)fr - fu
d=Dfi  fir - fin



so that for example at a node s at zero in D(xy), the restriction of w is

hdzy/zo A ... A dx,/xg
Joroiio fa ’

which is homogeneous wrt. the local Eulerfield £ = "7 | xi/xoﬁa/xo with
degree (2+n) —(n+1)=1+#0! So

1 - w|p(ay) = d(15w|D(xy))

is locally exact and gives an intersection class, indeed (see [HM98][1.6.] that
the decomposition by L holds for cycles).
If it is everywhere defined, it is nonzero because

1 1 dF; dF;
Q; = % Zdlog(FZ/Fj)ez VAN €; = % Z( Fl - ?])6Z A €;
1<j 1<J
is the first Chern class of Oy (d — 1), hence
1 €o €n Un
HO— AN N—=—=( ;) =d—-1)"#0

and defines a trace morphism.
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Chapter 5

Nodal Varieties

5.1 Hodge Filtration

In the case of isolated quasi-homogeneous singularities, everything can be
made very explicitly. For example if locally X = V(f), f homogeneous and
the degree does not equal the dimension of the ambient space, Ly|x is just
the sub Dy-module of the sheaf of meromorphic functions, generated by 1/ f;
taken this Dy-module modulo holomorphic functions, one gets Lx. That is

Ly|X = DyOy(X) CO(*X)
Lx = DyOy(X)/O CO(*X)/O

Remember that Ly is simple, so for the latter, one only has to check that
1/f is a section of Lx C O(xX)/O at all. For this, we can check if [ :=1/f
passes the “Vilonen test”:

Proposition (Vilonen test [Vil85]). | € (Oy(xX)/Oy)s, s € X belongs to

(Lx)s if and only
/l -hdV =0
gl

for dV =dxzy A -+ Adxy,, h holomorphic and all classes v € H, (B — s).
This condition is of course equivalent to the condition that
hldV € 7,19 (xX)/Q°

for all holomorphic h.

In the case of a node, we can assume f =Y " 27, for n > 3, we see that
hldV is homogeneous wrt. L of degree > 1 for all h, hence has no local
residue and passes the Vilonen test.
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Example 5.1.1. Let f = 37 a? describe a node in C*, E = 3} ;% .
Let E = P3 be the exceptional locus of the blow up of C* at s. For any
v € Hp(B — s), we can assume v = 9T(n) is the boundary of a tubular
neighborhood of a cycle n in H,,_1(F). Then
dv. 1 [fdf  igdV

LT

[ igdV
=T
0
And this is not zero for all v because by ib}%v generates H" H(E — Q); Q =
Vi(f) C E. Taking h = f*2, we see 1/f* & Lx for k > 2. Nevertheless,
dV
=0
5 f*

for all k # 2, so we see that
0 (Lx) & 7<-1(Q°(xX)/Q*n])

The construction of the good filtration on O(xX) and Lx making them
mixed Hodge modules was done in [Sai96| !. We extract from this paper the
explicit filtration in case of our main interest, namely the case of a nodal
hypersurface:

Proposition 5.1.2 (special cases of thm 0.7, 0.8 in [Sai96|). Let X be a
nodal hypersurface in a smooth n-dim manifold Y, m := |n| (the biggest
integer not bigger than n/2 ("off-round’)). Then

_ JOxv((p+1)X) p+1<m
F06X) = FpomDy -Oy(mX) p+1>m

) Ov(p+1)X)/0O p+1<m
E,(0(:X)/0) = Fpmi1Dy - (Oy(mX)/O) p+1>m
Pl (Ly)  — Oy((p+1)X)/O p+1<m-—1

Fp—m+2DY' (Oy((m—l)X)/O) p—|—1 zm—l
Forp <0, F,(Lx) =F,(0Oy(X)/O) =F,(0O(xX)) = 0.
Corollary 5.1.3. Ly|x = Dy - Oy(X) and

b ~_ JOy((p+1)X) p<m-—2
PRI Fpomi2Dy -Oy(m—1)X) p>m—2

'In the notation of [Sai9%] M = Lx,FM =F[1]Lx; M' = O(xX); M" = O(xX)/O
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Proof. Morphisms of mixed Hodge modules are strict, therefore F,Lyx =
7 (F[~1],Lx) is as claimed; 7 : L/ y — L¥ the canonical projection. [

Corollary 5.1.4. If n =dimY, Z is the ideal-sheaf of the nodes, m = |n|,
then

Oy ((p +1)X) p+1<m
F,(O(xX)) - Ipﬂ_m((p LX) pal>m
F(0(X)/0) = (O P+1X)/O0  prlsm

P (p+1)X)/O p+1>m
Oyv((p+1)X)/O prlsm—1
Fl-1,(Lx) = {Z((p+1)X)/0O ptl=m-—1

P2 (p+ 1D)X)/O p+1>m—1 and n odd

Proof. * In analytic charts, we may assume, X = V(f), f = >/ a?. We
show on induction on ¢ > 0 that

F,Dy-f™ =729 m=|n].

The inclusion “C” being clear, for this we have to show that z*f~™79 ¢
Z9f~™=4 belongs to the left-hand side if |a| = ¢, where a = (aq,...,a,).
Here we may assume a; # 1 for all ¢ and ¢ > 1 because the assertion is easy
otherwise. Then we have z* = 2?2° for some 1.

Now consider

O (a0t y = ((b; + 1) f — (m+ q — V) fy)abf "0

forall j=1,...,n.

Adding this over j, we see that 2°f~™ %! belongs to the left-hand side
because [b] +n —2(m+q—1) =n —2m — g < 0. So the assertion follows,
as O;(wx? f~mFa=D) = (b; + Db f~m 9+ — (m 4 ¢ — 1)z f "1, O

Putting all things together, we get the following result:

Proposition 5.1.5. Let X be a nodal hypersurface of degree k in'Y = P",
U:=Y —X. Then

(R/J)(n—pt1)k—n-1 P>n—m

G H*(U) =
’ {([/‘])(anrl)knl p=n—m

2This trick originates from a mail from M. Saito.
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where
J = (0F,...,0,F) C R:=Clxg,...,x,

denotes the Jacobi ideal and I = (I : m§) C R is the saturation of J, i.e.
the ideal of the lines in A" (C) corresponding to the nodes (in particular
Iy =H(Y,Z(d)) for all d € Z).

Proof. By proposition 3.4 and corollary 5.1.4
FPH"(U) = T(Y, Q"( F,,_,0(xX)))/dU(Y, Q" ( F,_, 10(xX))).
To unify the notation, put I* := R, ZF := Oy for k < 0 so that
F,0(+X) =7 (¢ + 1)X) forall g.
For n > n —m, every
w e T (Y, Q"F,_ ,0(xX))) =T, I"*""Q"((n —p+1)X)))

can be written as

AdV

mv Ac ([n7p+1im)(n—p+1)k:—n—l - R(n—p+1)k—n—1 )

w = ZE
thus there is a surjective map
(") e pithn-1 — Grp H'(Y — X))

Every n € T(Y, Q" Y(F,,_, 10(xX))) = T(Y,Z"P~™Q" ! ((n — p)X))) is of
the type

. ZGldajZ n—p—m
ZEW§G1' € (I"P") n—p)k—n -

Hence every boundary-cycle in this group is of the form
Gidz® Gidx!
myztﬁEZQ——;z-:zEdZ%ﬁjfl

Fnep
CTaG0 S GO FQ

Frn—p (77, B p) JFrn—p+1

For p >n—m F,0(xX) = O(n —m+ 1)X, hence

S 0,60
2o
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is a section in I'(Y, FP™Q"(xX)) so that

d=—(n—p) = ¢ Gy - x)

1.e.

AdV
Frn—p+l
is zero in Grp H"(Y — X) iff A € Jin—pi1yp—n—1.

w:iE

Proposition 5.1.6.

C* p=(Mn-m+1)
0 else

@) - {

where Y denotes the singular locus.

Proof. Clear, as F),Ly|x = F,O(xX) for p < m—1, for p = m—1 we have the
inclusion in the direction “¢.” | and H"(Q) ~ Cyx has only one-dimensional
stalks. u

Proposition 5.1.7. Let X = V(F) be a nodal hypersurface of degree k in
Y =P" U:=Y — X. Then
(R/J)(n—pt1)k—n-1 P>n—m+1
G2 ' THEH(X) = < (1)) et p=n—m+1
(I/J)(m—l—l)k—n—l bp=n—m
Proof. By the exact sequence

0 — Gr2 ' THPY(X) — Gl H"(U,C) — G2 H (Y, Q)

and the proposition above, we see that we are ready for p #n —m + 1.
In the remaining case, we have to study

ro"(mX) — s T (mX) /I (mX)
Fm=m IHPL(X) = H'tot T r<dn_1ﬁ
ro™((m—-1)X) —— 0

Hence w € I'Q"F,,_1O(xX) defines a class in this double complex iff g(w) = 0,
i.e. precisely if w € I'Q" Fp,_1(Ly|x) = TZQ"(mX)[n] = I'r<_1Q"(mX)[n],
7 the idealsheaf of the singular locus. In the same way as above, one deduces
that Gry "™ THY (X)) = (I/J)mk—n_1. O
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5.2 Nodal Hypersurfaces in P*

Let X be a nodal hypersurface in P* and 7X — X a small resolution of X,
which replaces each node by a copy of P!. Although X may be not Kaehler,
it is Moisheson with a dominant and generically finite map from a projective
variety (e.g. the blow up X = X xy X of X at the nodes). It is known
that than there is a functorial Hodge structure on the cohomology of X such
that H*(X) is a sub-Hodge structure of H*(X), and HP(X) ~ H(X, %)
In particular _
H3(X) = H3(X)
as a Hodge structure because they have the same dimension |[Wer87]
Let hP? := dim H??, d := h'! — 1. Because h' = h?2 = 0, we have

M3(X)| 0 1

V)P a _ 0 h! Q(X) h? 2(X> 0

(h(X) )p . 0 [RIX) R X)) o0
1 0 0 | AO(X)

If X, denotes a smooth hypersurface of the same degree than X and s
the number of nodes, than for the topological Euler characteristics of X; and
X we have the relation

X(Xe) — X(X) = —2s.

This reflects that each vanishing cycle ~ S* gets replaced by an S°.
As a consequence the Hodgenumbers of X can be expressed by those of
X;: Recall that

x| 0 0 1
0 RNy 1 0
pq —
(h‘(Xt) )p q 0 1 h2 1(Xt) 0
1 0 0 | R(X,)

by the Lefschetz theorem for smooth hypersurfaces. Hence
—2s = x(X,) — x(X) = 2 — 202 1(X,) + 20 1(X) — 2h* 1(X).

Altogether we get that the Hodgenumbers of X are expressible in terms of
the Hodgenumbers of X;, s and d := h?*(X) — 1:

PYX)=hYX,)—s+d
hO(X) = h?O(X,) .

The relation to intersection cohomology is as follows:
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Lemma 5.2.1. Let 7 : X — X be a small resolution of a nodal 3-fold. Then
RW*CX = ICX .

Proof. Let k : L — X denote the inclusion of the m-exceptional locus, j :
X — L — X the inclusion of the complement.
Pushing down the distinguished triangle

kRE'Cy — C4 — Rj.j*Cy
we get that
Rm.Csy = 7<sRm.Ryj.jJ°Cy

because R'm,C4 = 0 for [ > dimg L = 2 and R'm.kRE'Cy = Rlm, RI',C40
for k& < codimg L = 4. Substituting Rm,j.j°C¢ = Rjs.j5Cx, where jy :
X — % — X is the inclusion of the complement of the nodes, we get the
claim. ]

So intersection cohomology is the cohomology of the small resolution.

Lemma 5.2.2. Let X denote a small resolution of X, X the blowup of X in
the nodes (“big resolution”). Then H*(X) has an Hodge structure such that

H?(X) = H*(X) = Gri¥ HY(Y — X)(1).

Proof. H*X is a sub-Hodge structure of HFX. Big- and small resolution
have the same 3rd Betti number [Werner| so indeed H*(X) = H?(X).
Let Y be the blowup of Y, then we have a sequence of MHS

HY(Y) — HY(Y — X) — H3(X)(=1) — 0,
hence GrYY HY(Y — X) = H}(X)(—1) as claimed. 0

In particular H3(X) = IH?*(X) are indeed isomorphic Hodge structures,
where the latter Hodge structure is the one defined by mixed Hodge modules.
In this way, we know that Gr%(TH?(X)) ~ I'/Jaaeg x5 = H'(2%) by the last
chapters. This particular fact can still be obtained in elementary way:

Proposition 5.2.3. HI(Q?X) >~ I/ J3deg x5
Proof. Let k := deg X. From the exact sequence
HYOx (k —5) — HOy @ O(k — 5)x — HI(2k — 5)
— 1‘11@)( & u})g — H1@y & O)((Qk’ — 5)

=I/Jk—s) =0
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we get Hl@X R wxy =~ [(Qk—5)/J(2k—5) X R/<F> = [(2k_5)/J(2k_5).

All there is to show is that H'Ox ® wy = Hlﬁiz. Let 7 : X — X
be the canonical projection. Of course Q?X = O ® Twx. Once we know
that m.0; = Ox and RIW*@X = 0, we are done, applying Leray spectral
sequence.

For the vanishing of Rlﬁ*GX, recall that X — X locally looks like A=
Spec SOZ, (1) — A, A some affine quadric cone with vertex z. The bundle

projection p : A — P! yields a presentation

0 — O4pm — 04 —— pPOp —— 0

| | |

0 —— p*Ofm(—l) — O — p'Om(2) — 0,

from which the vanishing follows.
7.0 ¢ = Ox gets clear, considering the blow down A— A

pir

Hpi(4,0;) — HY(A,0;) —— H(U,05) — Hp(0y)

| 2 70 |

pir

Ha(04) —— H(A4,0,) —— H(U,0y5) —— H(0,):
where U := A—P!. Alllocal cohomologies involved in this diagram vanish be-

cause depthp: © ; = codim(P') = 2 and depth, © 4 = depth, Hom(Q%, Ox) >
2. This is the claim. O

Now as we know that ©x = Rm.(0y), it is easy to derive that d, defined

as h?2(X) —1 is the defect of the linear system of forms of degree 2 deg X — 5
going through the nodes, d = h' (Y, I) = W' (X, I):
The short exact sequence

0—Ix/I3¥ - QA ®0x — Q% —0

induces morphisms of spectral sequences Ef ¢ = HPExt?(—, wx ); wx = Ox(k—
5) which glue the long exact sequence associated to

O—>@X®W)(—>@y®wx—>o_x(2k‘—5)—>0
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and the long exact sequence of the Ext(—,wx)-groups:

0 0

I I

Ext'(Q} ® Ox,wx) —— Ext!(NY,wx) —— Ext?(Q,wx) ——— Ext?(QY ® Ox,wx)
N ——

=0 1—dim
H'Oy ® wyx — HYT@2k-5) —— H0x®wx —— H?2Oy ® wy
N———— S — N——— N————

=0 d H20% ~H3QS,
HOCE _ Hogxtl(Qﬁ(,wX)
Ext®(Q} ® Ox,wx) —— Ext®(NV,wx) —— Ext'(QY,wx) — 0
| S ——
=R/J
HOOy @ wyx - HYI2k-5) — H'OxQuxy — H'Oy @ wx
—— N——r
=I/J(2k—a) =0
0 0 0

This covers well with the result of the preceding chapters, namely the
isomorphy

Grp IH*(X) = Grp(IH'(Y|X)(1)))

~ ((I®/K)ua—s), (I/J)@a-s), (I/J)@i-s), Ras))
C Grp HY(Y — X)(1) ;

where I is the saturation of I? and K the kernel of the map I((i,))) —

Gry H*(Y — X). Of course the first two summands are not at all explicit.

This gets better if we restrict to quintics in P*. One reason is that the

deformation functor of a quintic is unobstructed. Therefore we make a short

excursion on deformation theory.

5.3 Functors of Artin Rings

Definition 5.3.1. For a scheme X with isolated singularities 3, let Dx|s de-
note the functor of equisingular deformations of X, which associates to
an Artinian Ring A (or likewise its spectrum) the set of all flat deformations
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of X over Spec(A), which are formally locally trivial. Le. the completion of
each local ring is isomorphic to the base change by A — C.

One might express this as an exact sequence of functors of pointed sets

« — Dx;z — Dx — [[ Dx. . (5.1)

SEX

where Dx s denotes the deformations of the germ X, s.

Moreover if DY is the usual functor of embedded deformations of X in
Y, i.e. D%(S) is the set of flat

U — &
>-.<

»n —— X

let D}/(‘E(S) be the subset of those deformations, which map to Dxx(S) under

the forgetful map DY — Dx i.e. the associated functor D§I2 15 defined by
fibered product

Y
DX|E

l !

Dxsy —— Dx ,

— Dx

and shall be denoted the functor of embedded equisingular deforma-
tions.

Let X =V(F)CY =P", Ix := (F). Recall there is a correspondence

I'(X,N) =Homy(Ix,Ox) —
o = V(F+ep(F)).

The inverse is given by the homomorphism from the right upper corner to
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the left bottom corner induced from the splitting of the middle row in

0 0 0
0 —— eIy —— Iy Iy 0
0 —— €Oy —— Oyl Oy 0
0 —— €Oy — Ox Ox 0
SRR

or, which is the same, the map ¢ : Ix — Ox;h(z) — —%H(m,e) for some
lift H(z,€) of h(z) to Zx, which is well defined by flatness.

Proposition 5.3.2. Let J be the Jacobian ideal sheaf of X CY onY. Then
['(X,J ® N) C I'(X,N) corresponds to infinitesimal equisingular deforma-
tions of X, in the sense that D}le((C[e]) =T'(X,J ®N).

Proof. We have to discuss the tangent map of the forgetful functor DY —
Dx. For this let us first review the correspondence between Ext (Q%, Ox)
and Dx(D); D := Spec(Cle]):

The data (X — D) define an extension 0 — 7*Qp — Qx — Qxp — 0 in
Ext}Y(QX‘D, Ox) because 7*Qp = Oxde. Moreover Qyp = Qx ®o, Ox and
hence the class above corresponds 1 :1to 0 — Ox — Qxy ® Ox — Qx — 0
in EXti((Qx, Ox) = EXt;(QX ®0X Ogg, Ox)

On the other hand, an arbitrary extension 0 — Oy — * — Q% — 0 in
Ext (Qx, Ox) defines by pullback with d : Ox — Q% a sheaf Oy:

0 Ox Ox Ox 0
N
0 Ox * 0L 0

This sheaves carries a canonical structure as a sheaf of C[e]-algebras such
that with this D-scheme structure * = Q» ® Ox.
Now consider for o € I'NV the section

§(0) :=lo: L, — Ox] € H' (Hom(L.,Ox),d") = Ext'(Qx, Ox),
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where (Li - L) is the projective resolution of Qx, given by (I/I2 — QL ®
Ox) itself. The Yoneda picture for this map is

0 — I/[? — RN 00x — QL —— 0

g d |

0 — Ox —— * — QL —— 0.

Everything commutes if we take 2y ® Ox for x so that the image class is
reconstructed from the forgetful data X — ID. Hence 0 realizes the forgetful
map from D% (D) to Dx (D), which is the tangent map we want.

o induces locally everywhere the trivial class of H'(Hom(L.,Ox),d*) iff
locally o = d*(6) for some local section of 6 of (Oy ® Oy) iff c € T'(J ® N)!
This can be seen in the Yoneda Picture also: On the locus where 6 is defined,
@ — 6 splits the extension:

0 — L1y — Lo — QL — 0
le /0 | Jo—0 ||
0 — Ox — =« — Q}( — 0.

Vice versa, the image of o under the forgetful map is in Dx (D) iff the second
row above locally has a retract r : * — Ox. But then o = d*(¢*(r)) =0 €
HY (Hom(L.,Ox)) and 0 € T'(J ® N).

Together this demonstrates that the tangent maps o of the forgetful func-
tors DY — Dy, or D}E‘Z — Dy, respectively, coincide with the usual con-
necting morphisms induced from Ry, applied to 0 — I/I* — O, @ Ox —
QL — 0, or Ry applied to 0 - Ox — Oy @ Ox — J ® N — 0 rsp. and fit
into the following diagram

Fgl'tl(Qx, Ox) —— FgItl(Qx, Ox)

P@}/@OX — I'N —_— Eth(QX,Ox)

roy®0x — I(J®N) —— H'(Ox)

O

Proposition 5.3.3. Let X be a nodal 3-fold and choose a small resolution
m: X — X of X.
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o There is a natural injection of D¢ in Dxs.
o If X is a nodal quintic in P*, then Dy, Dx and Dx s are unobstructed.

Proof. Let p: X — S'in D4 (S) and choose an open affine cover (U;);er of X.
The vanishing of R} (Ox) induces that for each U;, the induced deformation
Z;li of UZ = U, (which makes sense, since the underlying space is still
Ui), has the property that I'Oy, is flat over S, hence U; := Spec(I'Oy,) is a
deformation of U; over S such that Z/A{Z and U; are isomorphic away from the
singularities (we refer to [Wah76| for details). In particular, the affine sets Uf;
glue to a scheme X := (U;e;U;)/~, flat over S, with special fiber X. Hence
every deformation of X blows down to a deformation of X in Dxs.

Moreover, the induced map of functors D¢ — Dx|x is injective because
RL(©4) = 0|Wah76]. I believe, the surjectivity can be shown as well, but this
is still open. An equivalence D¢ ~ Dxs» would imply the unobstructedness
of DX|Z:

The unobstructedness for Dy follows (without Kaehler assumption) from
T! lifting [Ran92|, for Dx , this is classical and for Dy it follows from the
latter, together with the abstract T lifting property [Kaw92, theorem 4]. [J

Let D := SpecCle] and G € T'(Y,J ® N) correspond to the
X:=(V(F+eG)CY xD) e Dy

and v € H'(X,0x) be the image of G under §. Because any third co-
homology is primitive and isomorphic to a subspace of H*(U), we can de-
fine the Kodaira-Spencer map ks on the middle primitive cohomology as
ks = Gry'(V), where V is the connecting morphism

V:HAQ (xX) — H (Q°(xX)[—1]de) = H'Q*(xX)
associated to
0— Q*(xX)[—1]de — Q*(xX) — Q*(xX) — 0
restricted to forms in H'r<_1Q°(xX).

Proposition 5.3.4 (Kodaira-Spencer map). Let X be a nodal 3-fold in' Y =
P4 o = [AL] € G2 IHY(Y|X) = Gr¥s ' TH3(X) a primitive intersection

F5—p
cohomology class, then

ks(v)(@) = [(p — 5) ] € Gy THG(X).
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Proof. Va equals d, applied to a lift of a and taken modulo terms of higher
order wrt. F. Hence we have

AQ AQ

F5r d((F + eG)G—P)
GAQde
= (p - 5) [6—p

because A does not depend on e. The result ks(v)(a) = (p — 5)S22 lies

indeed in 7<_1Q2°(xX) because G is a section of the ideal sheaf of the nodes
I=J. O

5.4 Nodal Quintics in P*

As mentioned in the introduction if M is a Calabi Yau manifold (i.e. 3-
dimensional projective manifold with Q3, = O);) and w a generator of
H°(M,Q3,), one considers the normalized Yukawa coupling, defined as the
map

YC : SPHY(Oy) — 0P (M)
X1 Xo - X3 — ks(Xp) oks(X3) oks(X3)(w) Uw .

If X is a small resolution of a nodal quintic in P*, X may not be projective
i.e. Calabi Yau, nevertheless it has trivial canonical sheaf so that the tensor
above is defined.

Moreover H'©; ~ H'(Ox) and H3(X) = IH?(X) as Hodge structures
so that it can be expressed entirely in terms of X. As a consequence of the
formula for the Kodaira Spencer map and the pairing, we can state

Corollary 5.4.1. Let X, X5, X35 € H'(Ox), which is naturally isomorphic
to H(J ® N)/Js = I/Jis). Considering the X; in the latter way, the
Yukawa coupling by the section w = ResQ/F, followed by the Gysin map
IH*(X) — H*QY. is given by

S3I)Js— TH®(X)

Xy Xy Xy o [aeXall
Fy---F,
Proof. Indeed we have
X1 X5 X350 Q
iy (ks(X7) o ks(X3) o ks(X3)(w) Uw) = i (Res(lG—;M?’)) U Res(F)>
XX X500
- Fy---Fy
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in HA(Y, 7<_11,1"Q%) = HA(Y, Q). 0

Corollary 5.4.2. If X is a nodal quintic in P* such that the Yukawa coupling
s nonzero. Then there is an isomorphism

Grp [H*(X) = Grp(IH*(Y|X)(1)
~ ((IP/K) sy, (IP/(I* 0 ) oy, (I D)), Reoy) -

Proof. By a theorem of Griffiths [BG83], iterated application of H'(O) to
a generator of F*(IH*(X)) generates F*(IH*(X)). If the Yukawa coupling is
nonzero, it generates all of IH*(X)).

As we have seen, the action of an element of H'(©x) on the generator
Q/F =1 € R is given by multiplication with A/F for some A € I(5. Hence
we get that Gry " IH*(X)) is a quotient of (I*/K)py, k=0,...,3.

It remains to show that (12/(12N J))0) ~ Gr' IH*(X)). We know that
I/ Jaoy ~ Gr'! IH?(X) by the canonical map so that the kernel of the surjective
map Ity — Gr' TH*(X) must be 17, N Jao). O

As a conjecture, the middle intersection cohomology should be isomorphic
to a subquotient of the Rees algebra C[tI], namely C[tIxs)|/tJx(5); where
Ix =1/(F).

One indication for this conjecture is that it would be in analogy to the
smooth case, as the middle intersection cohomology equals the middle coho-
mology of the big resolution X which is given by BiprojC[tIx].

The other indication is that in the case of the Hunt-Straten quintic (c.f.
next chapter) the predictions of the formulan above are confirmed by a com-
puter calculation performed with the computer program Macaulay2 [GS].

Maybe this relation between middle primitive intersection cohomology of
a nodal variety and the Rees algebra of the ideal of the nodes is a fruitful
object for further investigation [LV04].

5.5 The Hunt-Straten Quintic

It is a delicate question if a given nodal 3-fold has a projective small resolution
or not. A bit aside from the main theme of this text, we will study this
question for a special family of nodal quintics.

In [Hun96] Bruce Hunt threats a 4-dimensional quintic 75 in P5 which is
singular along a configuration of 120 lines. It is the unique quintic, invariant
under the standard action of the W(Eq) as reflection group on P°. The
singular locus of the [5 is a configuration of 120 lines, and the singularities
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are “transversal type A;” away from the intersection of these lines, i.e. a
general hyperplane section of I5 will have 120 nodes.

He discusses this 5-dim family of generic hyperplanesections parametrized
by (some open set of) the dual P° and the 4-dim family of tangent hyper-
planesections parametrized by (some open set of ) the dual variety of I5, which
are families of 120 rsp. 121-nodal (120 + 1 tangent node) quintics in P*. He
states implicitly that both families are versal.

These families wouldn’t be of interest if they were not versal. Neverthe-
less is only a computer result that they are indeed, which I checked with
Macaulay?2 |GS], calculating the dimension of

HI(X,I(l())) = (HEH(R, <<F17 cee 7F4> : m;)))(lo) )

it X = I°NV,(Xy), Vi(z) a tangent hyperplane and R = C[zy, . .., x,/(zo)
the homogeneous coordinate ring of the hyperplane. This is possible because
I is rational and Bruce Hunt gave an explicit birational map from P* onto
I°, so on can randomly choose a smooth point on I°, calculate its tangent
hyperplane H = V. (zy), restrict the equation to it and calculate the defect
d = dim H2 (R, I)1o, where R is the homogeneous coordinate ring of H and
I the ideal of the lines corresponding to the nodes.

Namely one needs that the Hodge numbers of the small resolutions are
h'Q% = h'(0x) = 4 = dim I5 in the tangent and h'* = 5 in the generic case.
The versality then follows from a diagram chase. In particular, the defects are
the same, this is, what we need here: Let T be a tangent hyperplanesection
of I with 121 nodes, G a generic one (with 120 nodes) then

d(T) = d(G) = 24.

Blow down in 7' the exceptional line L over the tangent 121%¢ node to
receive a variety 7" with only one node and small resolution 7 — 7. A small
resolution G of G can be considered a smoothing, i.e. smooth deformation
-or Milnor fiber-, of T".

Therefore it exists by an 'Mayer-Vietoris argument’ as in [Wer87|

e an exact sequence

0 — HyT — HyT' — Hy(L) — HoT — Hy(T') — 0

e and an isomorphism Hy(T") ~ Hy(G).

~ ~ ~ ~

It follows ho(T") = ho(G) = 1 +d(G) = 1 +d(T) = hyo(T). Hence i, :

A

Hy(L) — HoT' is zero, i.e. L is a zerohomotopic curve, which could not be

A

if T" were a Kahler manifold. In particular T is not Calabi Yau.
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Appendix

Basic Facts and Notations

Complexes Let A be an abelian category. A chain complex of objects
in A is a sequence of objects indexed by Z and homomorphisms

Coi=(--- 20 0 B0
with the property dy o di; = 0 for all k.
Similar a cochain complex is a sequence

C-;:(...‘ﬁ kd_k>...)

such that d* o d*~1 = 0.
There is a conversion from chain complexes to cochain complexes and vice
versa given by

(O = Cy dF i=d_jy
(Co)y i= C7F dy := dF!

and shift operators

commuting with conversion.

A homomorphism ¢ : A* — B*® of chain complexes is a sequence of morphism
(o : A¥ — BF)icz commuting with the differentials. A homomorphism ¢ is
called quasi-isomorphism if is induces isomorphisms on the cohomology

H*(C*) := ker d*/ Im d**

for all £k € Z. There is the usual notion of exact sequences of complexes
and a long exact sequence of cohomology groups associated to a short exact
sequence of complexes.
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A sequence of morphisms o = (0}, : B¥ — A*) is called a semisplit of ¢ if
p oo =1id and split, if ¢ is furthermore a morphism of complexes.

Given a homomorphism ¢ : A* — B®, one can form Cone(y) the cone
of ¢, the unique complex such that the canonical inclusion and projection
morphisms give an short exact sequence of complexes

0 — B[-1]* — Cone(p) — A* — 0
with connecting morphism equal to ¢. Cone(y) is often denoted by Cone(A® —

B*).
If C* is a cochain complex, we define new cochain complexes

C* ifk<q+1
(7<gC*)F = {Imd?™ ifk=q+1
0 iftk>q+1
0 if £k <q
(TZ‘JC")k ‘= (C®)7<q10*) = { cokerd? if k=gq
C* if k>q

There are also dual notions

(C*k if k< gq
(T<,C*) == < kerd? ifk=q
L0 if £k >q
(0 ifk<qg—1
(779C°) := S coimd?™t  ifk=qg—1
Cc* ifk>q—1

\

with the property that 7<,C* — 7<,C* and 729C* — 721C* are quasi-
isomorphisms.

These functors determine truncation functors on the derived category. For
example if Y is a smooth complex variety of complex dimension n, and
A® € D?(Cy) is a constructible sheaf complex,

D(7<4A%[n]) := RHom(7<,A%[n], C[2n])
= 72 “RHom(r<,A%[n], C[2n])
= 7= ""RHom(A°®[n], C[2n])
= 72 IDA%[n] .
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Filtrations A decreasing filtration F = F*C* indexed by Z of a complex
C* is a family of sub-objects (= object + monomorphism)

. DFPCE S FPICE. ..

for all k& such that @*FPC* C FPC*'. F is called regular if () F'C* = 0
and J, FPC® = C°®. F is called bi-regular if I induces a finite filtration on
each component C*. A morphism f between filtered objects A, B is strict
if fFPA = Im(f) NFPB. f is a filtered quasi-isomorphism if Grp(f) is a
quasi-isomorphism. A morphism f between complexes with two bi-regular
filtrations W and F is called bi-filtered quasi-isomorphism if Gryw Grr(f) is
a quasi-isomorphism.

If F is a decreasing filtration of C', then F(k) is the filtration with F(k)?C :=
FEPC of C. Gi¥, O := FPC/FFTC.

If W is an increasing filtration of C, then W (k) is the filtration with W(k),,C :=
W, nC of C. Gr¥ C :=W,,C/W,,_,C.

Hodge theory A rational Hodge structure (HS) of weight m is a triple
(F, L, H) consisting of

- an n-dimensional C-vectorspace H,

- an n dimensional Q sub-vectorspace (“lattice”) L, such that R - L is

totally real and hence defines an involution (),

- a filtration F on H such that F* and F~ are m-opposed, meaning H =
Bprq=mH? ¢ (the Hodge decomposition) and H? ¢ = 0 for p+q = m+1;
where H? 1 := FP’H NF?H are complex subspaces of H.

If (F, L, H) is a Hodge structure of weight m, ( F, L, H)(k) := (F[—k], (2mi)*-
L, H) is a Hodge structure of weight m — 2k (“Tate twist”).

A morphism of HS is a morphism compatible with F. It turns out that
such morphisms are automatically strict and that Hodge structures form an

abelian category.
A rational mixed Hodge structure (MHS) is a quadruple (W,F, L, H) of

- n-dimensional C-vectorspace H,

an decreasing filtration F*H on H,

an n dimensional QQ sub-vectorspace (“lattice”) L,

an increasing filtration W,L on L
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such that for each m, F induces a pure Hodge structure of (F, Gr)® L, Gry H)
weight m.

A morphism of MHS is a morphism compatible with W and F. With such,
MHS is an abelian category.

A Q-Hodge complex of sheaves of weight m (HC) on a complex manifold
Y is a triple (F, L, H) consisting of

- A bounded below complex H of sheaves of C-vectorspaces with finite
dimensional hyper-cohomology groups.

- A bounded below complex of sheaves L of Q-vectorspaces with a com-
parison quasi-isomorphism L ® C = H.

- A decreasing filtration F on H
such that
pEL = HP(Grh H) = HPTH

degenerates at Ey, i.e. E; = E,, and (H*F,H*L, H*H) form a pure Hodge
structure of weight k + m for all k.
A mixed Q-Hodge complex (MHC) of sheaves on a complex manifold Y is
a triple ( W, F, L, H) consisting of

A bounded below complex H of sheaves of C-vectorspaces with finite
dimensional hyper-cohomology groups.

A bounded below complex of sheaves L of Q-vectorspaces with a com-
parison quasi-isomorphism L ® C = H.

A decreasing filtration F on H,

- An increasing filtration W on L

such that (Gr)' F,Gr)y L, Gr\Y H) is a Hodge complex of weight m for all m.
It follows that the shifted weight filtration W(k) on H*(L), defined by

W (k) H*(L) := Im(H*(W,,_L) — H*(L))

together with F induce a MHS (W(k), F, H*(L), HF(H)).
By definition, the spectral sequence ['E, starting at

?EI; q._ Hp—l-tI(GrpF Gl"m H) = HPHY Grm H

degenerates at E;, and one can show by this that the sequence gE, starting
at
pE] = HPYY(Grh H) = HPTH
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still degenerates at E;. Moreover, the canonical spectral sequence for the
increasing filtration W, denoted by WE, with

WET .= HT(Gr W L) = HIT L

degenerates at Eo, as well as the spectral sequences XVE with
YE! =1 (GrY, Gy H) = HY G H

for all p.
That means, the subquotient of H¥(L), which is pure of weight m, is

CrWVO HE(L) = GV, HF(L)
— Ek—m m

= ker dm,k/ Im dm-l—l,k—l )
where d,, j, is the differential of the E;-term
WEllcfm m A,k WElleferl m
HF GrYY (L) —— HF' G, (L) .

The morphism d,, j, is the connecting morphism from the long exact sequence
of global hyper-cohomology groups associated to

0— Gry , L — W L/Wp_j_oL — Gr\_, L — 0.

Gl GriyWH* (Y, L) = WV EE™™ = ker ‘dyy o/ Tm ‘g1 -1

with ‘d,, , associated to
0— GrYY , Grh(L) — Wy xL/ W,y g9 Grh(L) — Gr¥_, Grh(L) — 0.

In all of the cases above, the filtration F is referred to as the Hodge filtration,
W as the weight filtration.

Koszul complex Let Y be a variety, M a locally free Oy module of
rank 7 and v € M* := Homp, (M, Oy).

K(Oz). — (AT’(M)i—”‘>AT_1(M)—>"‘—>AO(M))
K(a)® = (A°(M*) 2% AY(M*) — -+ — AT(M))
= HOHI(K.(OZ),OY[T])
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are the Koszul (co-) chain-complezes of a. The Koszul complex is self-dual
in the sense that K(«)e = Hom(K(«)s, A"M]r]).

If Y =P"and given s; € Oy (d;); i =1,...,r, we consider a := (s1,...,58,) €
M for M := ®]_, Oy (—s;) and write K(sq,...,;)s for K(a)s, K(s1,...,5,)°
for K(«)®.

Fundamental class If Y is a topological manifold, let orx denote the
orientation sheaf associated to the pre-sheaf (U — HJI(U k). By the
vanishing H*Dy = 0,k # 0 there are quasi-isomorphisms Dy = H "Dy =
Ory.

A Q-orientation -if it exists- is a quism Q = ory. On smooth complex
varieties Y there is a natural Q-orientation, hence Dy = Q[dimg Y| and
for any closed subvariety X, Dx = i'Q[dimg Y], by the functoriality of the
dualizing complex. Hence there is the canonical isomorphism (“Thom class”)
(Tz1g : Qz,ep — 1'Qx[2¢]) € [(Zreg, R*“i'Qy). Cup-product by 7y,,, induces

the Thom isomorphism H* X, =~ H];’;ri

Definition (Borel Moore homology [Ive86]). HEM(Z, Q) :=H7(Z,Dy)

}/éingX .

If Z is embedded in an n-dim smooth variety X, by Verdier duality, for H,
the cohomology with compact support,

HM(X,Q) = HY(X)Y = HY (V)

like usual homology in the smooth case.

Now let X be a local complete intersection in Y of pure codimy (X) =: c.
By a depth argument, it is known that HY%(Y) = 0, p < 2¢, or, which
is the same, HEM(X, Q) =0, p > 2c Tt follows first that the canonical
isomorphism (“Thom class”)

(TX . QXreg L Z'Qx[2c]) € F(X regs RQCi!Qy)

extends uniquely to an element of I'(X,i,R*I'Qy) = I'(H%(X, Q), (like in-
tegration of 2 dim X-forms over 2 dim X-cycles does not depend on higher
codimensional sets) and second that the latter group equals H3 (X, Q) as the
local to global spectral sequence degenerates.

In other words, the isomorphism Qx,,, [2dim X] — Dx,,, extends uniquely
to a morphism on X, hence to a global section of H~24mX(DDy) which is an
element cx|y € H_QdimX(DX).

Definition (fundamental class of a subvariety X C Y).
Cxly € H%E(Xa Q) = HQBn]\i[Z:(X)
Its image in absolute cohomology will be denoted cx € H*(X,Q).
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