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Introduction

This study is concerned with the question of model selection and forecasting for time
series. First a general approach is presented, which can be applied in many different
settings. Then attention is focused on autoregressive processes and on state space
models, which build a very useful framework for the analysis of financial data. The
problem of modelling the financial time series is finally addressed and some practical

applications regarding the selection of the optimal forecasting model are shown.

Model selection is one of the most interesting topic in time series analysis. A
series of observations of a certain quantity {y;}._, has been collected: for example
the daily values of the NIKKEI stock index (see Figure 1). The aim of the researcher
is to construct a model which explains the evolution of y; over time and possibly
provides good forecasts of its future values. In general prediction is based on the past
observations and as soon as a new observation becomes available the model is checked

and eventually updated in order to optimise the forecasting performance.

The true data generating process is basically unknown and a very large number
of models exist which could be taken into consideration for a particular problem. As
a consequence in the first stage of model selection the practitioner, relying on his

experience and knowledge of the statistical and economic theory usually limits his



attention to few particular models, that may suit his purposes.
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Figure 1: NIKKEI stock index (upper plot) and the standardised returns (lower plot).

In particular the models of the ARMA class are able to capture many features of
economic time series (Liitkepohl (1993), Hamilton (1994), Hendry (1995) and Har-
vey (1992)) and are therfore very popular, although models which explicitly express
the time series as a sum of unobserved components, the so called structural models
(Harvey 1989) are also possible candidates. Nevertheless such models show very poor
performances if applied to financial time series (Gouriéroux (1997), Hafner (1998),
Bollerslev, Chou & Kroner (1992) and Engle (1995b)). Financial asset prices appear
to follow a random walk process and are therefore basically unpredictable. Their

growth rates, the returns are then modelled as a zero mean uncorrelated process, but



they exhibit a non-constant variance and a leptokurtic density if compared with the
standard normal one. To cope with these features the volatility models have been

proposed which express the conditional variance as a stochastic process itself.

Since the appearance of the first article on this topic by Engle (1995a) and the
introduction of the ARCH processes, the literature on volatility models has become
huge and many kind of processes have been developed to cope with the features of the
volatility of the financial time series: GARCH (Bollerslev 1995), EGARCH (Nelson
1995) and stochastic volatility (SV) models (Harvey, Ruiz & Shephard 1995) probably
represent the most famous and basic examples among them. Indeed, modelling and
predicting the volatility is of essential importance for the financial praxis, for example
in option prices (Hull & White (1987), Scott (1987), Johnson & Shanno (1987) and
Hérdle & Hafner (1997)), hedging (Feldmann (1998) and Gouriéroux (1997, Chapter
7)), portfolio analysis (Gouriéroux (1997, Chapter 9) and Hafner & Herwartz (1997))
and also for the appropriate construction of prediction intervals (see Figure 2 and

Bollerslev (1995)).

As far as the models of the ARMA class are concerned, the model selection is usu-
ally done by the minimisation of one or several criteria that have been developed for
this purpose: the Akaike, the Schwarz and the Hannan-Quinn criteria (see Liitkepohl
(1993, Chapter 4) and Basci & Zaman (1998) for a recent survey). These criteria are
constructed by taking into consideration a function of the estimated variance of the
innovations 6. The last two of them are consistent under quite general conditions of
ergodicity and stationarity, while the Akaike criterion minimises the one step forecast
error variance. If the aim of the researcher is to produce reliable forecasts, asymp-

totically consistence may not be so interesting and a criterion which minimises the
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Figure 2: Zoom of the forecast confidence bands for the NIKKEI stock index

forecast uncertainty may be preferable, nevertheless the Akaike criterion shows the
tendency of overestimating the true order in finite samples. This may lead to poor

forecasting because of the variability of the resulting estimator.

For these reasons another criterion will be analysed which is able to work under
general conditions and which can compare different modelling strategies. In practice
at each time point the forecast for the next period, based only on the past data, is
calculated, then the sum of the squared forecast error for each model is evaluated,
and the model, which minimises this sum, is selected. The idea underlying the con-
struction of this criterion is to adapt the cross validation principle to the context of

time series: for independent data only one observation is usually dropped, but for a



time series one has to leave out all the subsequent observations.

The motivation of this model selection strategy is very intuitive and heuristically
very easy to explain: the model which has shown in the past the best forecasting
results is chosen, because it is expected to provide good predictions in the future,
too. Unfortunately the theoretical properties of this criterion have not been derived
yet, and we are able to show only some, but very promising results on simulated and
real data. In any case the comparison of the out-of-sample forecast errors represents a
common practice for the evaluation of the forecasting ability among different models;
examples may be found in Franses & Dijk (1996) and in almost every issue of the

Journal of Forecasting.

In the first chapter the general framework of the regression for time series and
model selection is presented: the approach to this problem is derived from nonpara-
metric statistical theory and it stresses the lack of knowledge about the true model.
A model selection criterion, which focuses on the forecasting efficiency is defined for

the general case.

In the second chapter autoregressive processes are analysed; these processes are
very popular because they can approximate under general condition a wide class of
stochastic processes (Liitkepohl 1986), and they are very easy to estimate. Some
theoretical results about estimation forecast and model selection are shown and sim-

ulation results are presented which support our model selection strategy.

In the third chapter the wider class of state space models, which includes autore-

gressive processes as a special case, is considered; this kind of models is very useful



because it focuses on the concept of hidden process and therefore it applies to the
analysis of the volatility process. We present an extended version of the Kalman
filter algorithm (Chui & Chen (1998, Chapter 8), Singer (1998) and Elliot, Aggoun &
Moore (1995, Chapter 6)) which allows the recursive estimation of the state process
and of the parameters of a state space model, and therefore it provides an easy way
of constructing the sum of the square forecast errors, and selecting among different

ways of modelling the state process.

In the last chapter some practical application to real data is shown. Three mod-
elling strategies: EARCH, EGARCH and SV are applied to daily financial time series.
Consistently with the theory the EARCH model is usually outperformed. There is
no regular pattern in the relative performance of EGARCH and SV, so that one has

to distinguish from case to case.
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Chapter 1

The Regression Analysis of Time

Series

In this chapter the general regression model for time series is presented and the topics
of model selection, estimation and model checking are addressed. We particularly
focus on the question optimal model selection. As a solution of this problem we
present a criterion, which minimises the sum of the squared forecasting residuals; this
criterion is very general and it allows to choose the model with the best forecasting

performance among models of very different nature.

1.1 The general model

Consider the following equation:

ye = fi+ e, (1.1)

where the ¢, are errors with &, ~ (0, 0?) and:

E(yt|yt717yt727"' 7ytfn7"') :ft' (12)
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Obviously f; is not independent from the past errors e;_1, €4_s,..., but it is assumed

to be independent from the present and future errors ¢;, €/41,....

From equation (1.2) it can be derived that f; represents the optimal forecast for

y;. The expected forecast error is zero:

E(ye— fo) =E(fi+e— fi) =0,

and the forecast error variance is o2, which is the minimum attainable level of forecast
uncertainty:

E(ye— i)’ =E(fi+e— fi) =0
If f; is estimated the forecast becomes suboptimal and the forecast uncertainty is in
general larger. A further problem for the forecaster is that it is in general unknown
which model suits the process y; best, indeed many models may be consistent with the

general features of the process, but they may not all have the same forecasting ability.

Let ft be an estimated forecast, i.e. an estimator of f; which is based only on

the observations up to time ¢t — 1, then:
~\ 2 9 A 2
E(yt_ft> =0 +E<ft_ft> . (13)
The second term of the right side of equation (1.3) is the mean square error (MSE),

the additional forecast uncertainty due to the estimation. As usual the MSE can be

decomposed into squared bias and variance:
A\ 2 A\ 2 N N\ 2
E(fi-f) =(f-Bf) +B(fi-Ef) . (1.4)

In general the variance of the estimation tends to disappear with the sample size, but

this is usually not true for the bias.
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Model selection and estimation play a key role in the minimisation of the fore-
casting uncertainty. Indeed these two issues are deeply connected, because from one
side estimation implies a precise identification of the model, and from the other side

the estimation techniques may affect the model selection.

Suppose that f; can be identified up to a set of parameters ¢, so that (1.1) can

be rewritten equivalently in the following form:

Yr = fi(Y) + &

Then fi(1)) is defined as the true (parametric) model which underlines the data gen-
erating process of y;. In this case the estimation of f; is equivalent to the estimation
of the parameters of ¢). In particular many sets of parameters may exists which fulfil
the above equation, but for an efficient estimation one is interested in a set ¢*, whose
number of elements is finite and small, i.e. as small as possible and much smaller
than the number of observations. Therefore in this study, following a widespread

convention, we will refer to ¢* as the true model.

The true model is normally unknown and most of the literature on model selec-
tion actually focuses on the problem of the true model: the criteria of Schwarz and
Hannan-Quinn are probably the most famous examples of such a strategy. A deep
treatment of this topic can be found in almost any textbook on time series analysis;
for this study Harvey (1992), Liitkepohl (1993) and Hamilton (1994) were taken into

particular consideration.

Nevertheless another approach to the question of model selection is possible: one

can target not the true model, but the best approximation of the real process. This
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perspective is of particular interest when the true model is too large or too com-
plicated to be estimated, for example, when it is defined by an infinite number of
parameters. In particular we are interested in forecasting, and therefore we want to

select the model that minimises the mean square forecast error.

Let {y;}7_, be an observed time series, which fulfils the hypothesis underlying
equations (1.1) and (1.2), let 1) € ¥ be a set of parameters which identifies a possi-
ble approximation of f;, and let ¥ be the set of models among which the selection
takes place; furthermore define Y7 = [y, yr_1,... ,y1]" as the stacked vector of the
observations up to time 7. Then the optimal forecasting model minimises the MSE

due to the estimation:

7= arg z/l;IelepE (fT — fr(v, YT—1))2, (1.5)

where fT(w, Yr 1) represents the estimator of fr given ¢ and the observations up to

time 7" — 1.

Note that in the above definition the optimal model depends on the number of
observations which are used for the estimation, therefore, for different sample sizes
it is possible to have different optimal models: “the larger the sample size, the more
complicated the model can become”. Nevertheless it is assumed that the optimal model
remains constant over some subsamples, or equivalently, that it does not change as
fast as t. Under this assumption the definition of the optimal model can be also

stated in this form:

P = =argl 1nf Z ( — [l Vi 1)) : (1.6)

The concept of an optimal model is not so common in time series analysis, and

therefore it is worthwhile to discuss this idea it in more detail. A similar approach of
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modelling time series can be found in Lewis & Reinsel (1982), Liitkepohl (1986) and
Liitkepohl (1993), where the asymptotic properties are considered for the estimator
of a stationary autoregressive process of infinite order. Such a process can be only
approximated by a finite order autoregressive model. Under general conditions the
estimator for the approximated model is consistent if the fitted order p(T") tends to

infinity with the sample size T', but at a much slower rate: for example
p(IT)=TY" Vé§>3. (1.7)

Here, we are not able to derive asymptotic properties, nevertheless to allow some
statistical analysis of our procedure we have to demand a certain constancy of the
optimal model 7" !, Under this perspective the requirement expressed by equation

(1.6) is similar to the one in (1.7).

Simulation results for autoregressive processes sustain this assumption, but they
represent a specific example of a very simple process and therefore they do not have
any claim of generality. In the case of real data, and complex models this simplifying

assumption may not be fulfilled over large subsamples.

1.2 The general model selection criterion

The optimal loss function of equation (1.6) cannot be implemented directly because it
consists of an expectation and it contains the unknown quantity f;, which is precisely
what we want to estimate. For that reason we have to consider another expression,
whose characteristics are very similar to the ones of the sum of the MSE’s. The sum
of the squared forecasting errors represents a possible score function, whose dynamics

with respect to v are very similar to the one of (1.6). In that case the estimator of
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the optimal model is defined as follows:

T

1/;T = arg z/l;IeleI: Z (yt - ft(l/), Yt—1))2 . (1-8)
t=M

It is easy to see that the expectation of the sum of the squared forecasting errors

coincides with the sum of the MSE’s plus a constant.

Let us consider the score function and substitute (1.1) for y;:

S (0 hri0) =3 (o (- feri)) a9

t=M t=M

The right side of equation (1.9) can be decomposed as follows:

> (o (5 tnrin)) -

t=M
T

263 + QZ(ft ft@/)Ytl)>5t + Z(ft ft@Z)Ytl)> (1.10)

t=M
The first term on the right side of (1.10), Y., £2, does not influence the choice

of the model because it does not depend on . It is the same for any estimator.

Let’s consider now the expectation of the other two terms. Since ft(w,Yt,l) is

independent from ¢;, the cross term has zero expected value:

[22(1% filw Vi 1)st] —2E[ZT2( — fil,Yi)) Ee IfH] =0,

t=M

for that reason one can be confident that it essentially does not influence the model
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selection, provided that its variance is small in comparison with the last term. Indeed:

liM( - fiwYi) e ]

Z (ft - ft(@Z),Ylt—l)) €t + (fT - fT(@/),YT_l)) &] . (1.11)

Consider the expansion of expression on the right side of the above equation:

"> (fi = fitw.¥in) et] (1.12)
+8E Tl(ft ful,Yi ) e (fT—fT(w,YTl))sT] (1.13)
+4E _(fT — fr(v, YT—I)) 5T]2- (1.14)

Because of the independence of 7 from ft(T/), Y; 1) for any ¢ < T the term (1.13)
is zero:

T-1

[ ( ft (L 1)) €t (fT - fT(w, YT—1)> 5T] =

t=M
T—

—_

(ft — ft(T/), Ytﬂ)) ¢ (fT - fT(T/), YT71)> E5T|.7:T1] =0

t=M

For the expression (1.14) we obtain:

E [(fT — fr(t, YT—1)> E€T|-7:T—1] i
10°E [(fT — fr(, YT1))]2 :

E [(fT - fT(@Z), YT—I)) ST]Q

After recursively applying the decomposition (1.11) to the term (1.12), one obtains

the following expression for the variance of the cross term:

E lgi (ft _ ft(¢,n_1)> st] — 40%E IXT: ( — fule, Yoz 1))

t=M

2
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It can be seen that the variance of the cross term is proportional to the expectation
of the last term of the right side of equation (1.10), and therefore by the Chebyshev

inequality it holds for any positive A:

'

The magnitude of the cross term is with high probability much smaller than the

) 40°E (ft — filv, Ytl))2
> M| < 22 )

23" (- i) &
t=M

expectation of the last term. For these reasons we can say that the third term of
(1.10) is the one that essentially drives the dynamics of (1.8) with respect to v,
furthermore we know from the law of the large numbers for martingale (Jacod &

Shiryaev 1987) that a sum of random variables tends to coincide with its expectation:

S (fi- ﬁ(w,n_l)): I .
EX Ly (fi— £, Yi)

which is precisely the optimal score function. We may therefore expect that @@T from
equation (1.8) represents a good estimator for the optimal model 7" " defined in equa-

tion (1.6).

Note that while analysing the sum of the squared forecast error we have used the
fact that the estimated forecast is only based on past observations, and therefore is
independent from present and future errors. Similar results cannot be obtained if the
whole data set contributes to the estimation and the residual sum of square is then

computed.



Chapter 2
Autoregressive processes

In the first section of this chapter we briefly introduce the stochastic processes and
some related concepts. Our attention then focuses on autoregressive processes, which
posses the important property of approximating a wide class of stochastic processes.
In the second section we consider the estimation of the parameters of autoregressive
processes of unknown order. Finally the model selection algorithm is applied to the
choice of the optimal order of an autoregressive process and simulation results are

shown, which we interpret as evidence in favour of our algorithm.

2.1 Some basic concepts of time series analysis

Here some introductory ideas of time series analysis are briefly presented. In par-
ticular we take into consideration these results, which underline the importance of
autoregressive processes as a mean to approximate the wide class of stationary time
series. A deeper treatment of these topics can be found in Liitkepohl (1993) and
Hamilton (1994).
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A stochastic process is a function of two variables, a random variable 1, and a
time variable ¢t € T C R. The random variable y; is a measurable function defined on
the probability space (Q, F,P) where Q is the set of all possible events w, F is the
o-field and P is the probability measure. A stochastic process can be represented as

follows:

{ye(w); teT};

but for saving notation we will mostly use throughout the following study the stan-

dard notation: ;.

If we fix an elementary event w € € the function y;(w) becomes a deterministic
function of time and it is called a realization, a story of the process. On the other
hand if we fix a particular ¢ € T, then we obtain a random variable yz(w) which is

called a section of the process at time ¢.

A stochastic process can be univariate or multivariate, in discrete or continuous
time. It is called univariate if the generic section of the process is a random variable,
multivariate if the section of the process is a random vector. It is in discrete time if
T is a countable set such as Z or N. It is in continuous time if 7" is an uncountable

set such as R. In this study we focus our attention only on discrete time processes.

Let y; be a stochastic process, y; is called a weakly stationary process if:
Eyy=p VteT, (2.1)
and

By — ) (yen — 1) = vy(h) =v,(=h)  VteT,h=0,1,2,... (2.2)
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Condition (2.1) means that all y; have the same finite mean p and (2.2) requires that
the autocovariances 7,(h) of the process do not depend on ¢ but just on the time
period h the two variables y; and y;_; are apart. Few economic time series are sta-
tionary, but empirical applications show that they can be made stationary, at least

approximatively, by differencing.

The simplest form of stochastic process is probably represented by the white
noise process. Let &; be a stochastic process: &; is called white noise if E¢;, = 0,
Ee? =0}, Ecies =0Vt # s. A sequence of zero mean i.i.d. random variables is a
recurrent example of a white noise process, but independence and identical distribu-
tion are not necessary conditions. Indeed, financial returns (see Chapter 4) are often

modelled as uncorrelated but not independent, heteroskedastic white noise sequences.

The white noise process can be used to construct processes with more interesting
dynamics, such as the moving average process. Let i, be a stochastic process and
let £, be a white noise process. Then y, is called a moving average process of order ¢,

MA(q) if it can be written as follows:
Y= pter+ g .+ agE—g (2.3)

It is very easy to show that an MA process is stationary.

Moving average processes are often very useful in the analysis of other stationary
processes because of Wold’s Decomposition Theorem. According to this theorem
any stationary process y;, can be written as the sum of two uncorrelated processes d,

and z:

Y = dy + 24,
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where d; is a deterministic process and z; has an MA(oco) representation:

o
2 = E QL.
=0

Autoregressive processes, which have also been mentioned in the previous
chapter, represents a very popular way of modelling time series in empirical applica-
tions. Let y; be a stochastic process and let £, be a white noise process. Then y; is
called an autoregressive process of order p, AR(p) if it can be written in the following

form:
Yt = 90 + Glyt_1 +...+ gpyt—p + &¢. (24)

The persistence of the dynamics of an AR(p), is determined by the roots of its

characteristic polynomial. In particular, y; is stable if the following condition holds:
prp+...+92x2+91x+907é0 Vx| < 1.

A stable AR process is also stationary, and is therefore invertible. Hence, it pos-

sesses an MA (o0o) representation.

The analysis of the roots of the characteristic polynomial is also interesting for

the MA process. If the following condition holds:
arl+ . e’ tar+1#0 Vx| <1,
the MA process is invertible and it possess an AR(oo) representation.
We can therefore conclude that almost any time series which is stationary, or can

be made stationary by differencing can be approximated by a finite autoregressive

process.
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2.2 The statistical analysis of AR processes

The various propositions and conditions listed in the previous section show how inter-
esting AR processes are from a statistical point of view: they can lead to parsimonious

approximations of stationary time series. Furthermore, they are very easy to estimate.

2.2.1 The least square estimator

Here, the least squares (LS) estimator of an autoregressive process will be analysed.

Consider equation (2.4) in a slightly different form:

Y =X,_1,-0 + ey, (2.5)
with x| . = [1 %-1... 5] and 6" = [0, 0,...0,]; suppose that p* is the true
(minimal) order and that we observe a realisation {y}~ | of the process (2.4). Then
the LS estimator for 0 is given by:

T -1 T
= ( Z xtlyp*xtT_Lp*> ( Z th,p*yt> ) (2-6)

t=p*+1 t=p*+1

and the error of the estimation is given by:
—1

T T
6, -0 = X x,. X -0
p* = t—1p* X1 p* t=1p*Yt
t=p*+1 t=p*+1
T -1 T
_ T T
= E Xi—1,p* thl,p* E Xi—1,p* (thl,p*e + St) -0
t=p*+1 t=p*+1
T -1 T
_ T
= E X¢—1,p* Xt—l,p* E Xt—1p€t | - (27)
t=p*+1 t=p*+1

An analogous result holds if we estimate any ép/ such that p' > p*:

b — 0= ( Z Xi—1,p Xy 1p> ( Z Xt—lyp’5t> : (2'8)

t=p'+1 t=p’'+1
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Note that whenever necessary we construct a conformable vector, whose auxil-
iary elements are neutral in an algebraic sense. In the previous case for example, the

dimension of @ is p'+1 and the last (p'+1) — (px+1) coefficients are set equal to zero.

In the standard regression analysis it is quite easy to derive the finite sample
properties of the LS estimator, but in the context of time series analysis only asymp-
totic properties can be derived. In particular the LS estimator is only asymptotically

unbiased.

Let plim (T‘l (ZtT:pH xt,l,pxttl,p>> =V be finite and nonsingular. Then under

general conditions (Hamilton 1994, Chapter 8), for p’ > p*, it holds that:
VT(0, — 0) -5 N(0,02V ). (2.9)

The above expression means that the LS estimator is asymptotically unbiased. One
can also see that the dimension of the covariance matrix is (p' + 1) x (p' + 1) so that
in general the estimation variance grows with the number of parameter to estimate.

The estimation error is on the contrary quite different if we estimate any épr/,
where p” is smaller than p*: implicitly all the coefficients 6;, for p” < i < p* are
restricted to zero. Define 8,» and 0_,» as the partitions of the vector of the true
parameters @, which consist of the first p” + 1 and the last (p* +1) — (p” + 1) elements

of @ respectively. Then the estimation error of @_, is trivially:

~

e_p” - e_p” — _e_p”. (210)

The last coefficients are simply not estimated. Define the partitions of x; : x;, and
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X,—p, like the partitions of 8. Then the estimation error of 8, is:

T
opu — 0,,// = E X¢—

t=p'"+1

t=p""+1

t=p""+1

T

t=p""+1

t=p""+1

t=p'"+1

Y x

-
Lp" X¢_1,pr E , Xi—1p7Yt | — Opr

t=p''+1

T T
Lp" X¢ 1 pr E , Xi—1,p" (Xt—l,p*o + 5t) — 6y

t=p''+1
-1

-
Lp" Xy g p

1,p" (Xll,p”epﬂ + Xll,fp”e—p” + 8t)> — epll

T T
Lp" Xp—1,p E ; Xeo1 (Xt—l,—p”e—p”) +

t=p''+1

l,p”x;r—l,p”> ( Z Xt—l,p”gt> . (211)

t=p'"+1

As far as the asymptotic properties of the LS estimator for p” < p* are concerned

it is straightforward to see that ép/: is not unbiased. The error expressed in (2.10)

is not a random variable and it never goes to zero. Yet it is possibly very small,

therefore it may happen that in finite samples the MSE due to p” is smaller than the

MSE due to p*.

2.3 A data-driven order selection algorithm

The previous section underlines how the choice of the order may influence the results

of the estimation. Here a Monte Carlo simulation concerning the choice of the opti-

mal order for AR processes is performed. The theory that we developed in Chapter

1 can be implemented very easily.
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If the parameters are known than the optimal one step forecast for y;,4 is

~ T
Ye+1)t = Xt,pop,

on the other hand if @, is unknown we have a suboptimal forecast with estimated

parameters:
gt+1|t = szet,pa
where the expression ét,p defines the estimator of 8, based only on the observations

up to time f.

The general model selection criterion defined in equation (1.5) minimises the fore-

cast uncertainty due to the estimation. In the case of the AR processes it becomes:
PPt = arg inrf[E(xtTp(O —0,)? with ITcCN. (2.12)
pE ’

The optimal order, p7” " is not necessarily constant over time. For moderate samples
a small order may be adequate, while for a large sample even a quite large order may

be estimated with great precision.

Nevertheless we assume that p;” " does not grow as fast as t, or equivalently that

it is constant over some subsamples:
PP = pﬁtﬂ = ... =pF =p¥ M <T. (2.13)

We define a function Z(p) analogous to the one in equation (1.6) such that:

T

opt __ . - — . T Y 2
py =arg inf 2(p) arg;ggt_ME(xt,p(G 0:))", (2.14)
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where ét,p is the running LS estimator of @, which uses only the observation up to

time ¢:
t -1 t
Ot,p = ( Z Xil,pxz‘Tl,p> ( Z Xil,p?/i) . (215)
i=p+1 i=p+1
It must be noted that the computation of (2.15) does not require a matrix inversion

at each step. Indeed one can update the estimator of 8, in a much simpler way:
Orp = 011+ (X1, X0 1) X (Y1 — X/p001) [y

where:
X! =
t,p Xp+1p Xpt+2p .-+ Xi—1p Xip|

and the inverse:

(XtTpXt,p)_l = (Xrt—[l,pXt—l,p)_l - (Xt—lil,pXt—lap)_lxtapx;l,—p(er—[l,pXt—l,p)_l/etv

and
_ T(vT -1
ep =1+ Xt,p(thl,pthlzp) Xt,p-

The above formulae represent the recursive least square, which can be interpreted as

a special case of the Kalman filter (see Chapter 3 and Harvey (1992, pagg. 98-100)).

As in the general case one cannot minimise Z(p) because it contains the unknown
quantity @ and the expected value operator. Instead we must use a function which
doesn’t contain unknown quantities other than p? !, and whose behaviour in p is very

similar to the one of Z(p). For that purpose a natural choice is represented by:

!

-1

S(p) = (ym — xzpéty ,

1
g
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which expresses the loss function of equation (1.8) for the case of AR processes. It

follows that the estimator of pJ?* is:
pr = arg inf S(p). (2.16)
pell

For those quantities the general theory developed in Chapter 1 holds, because we are
analysing a recursive estimator. Once more we want to underline the fact that the
optimal order p;” " may increase with the sample size, and obviously we are interested
in its value at the end of the sample, p‘j’f’t, because the final aim is to produce good
out of sample forecasts. It is clear that minimising S(p) for very large M increases
the risk of underestimating p7" *. But for small values of M one cannot appeal any
more to the low of the large numbers and the approximation of the behaviour of Z(p)

through S(p) stated in equation (1.15) is not very good.

2.3.1 Simulation results

The theoretical properties of the order selection criterion that we present have not
been developed yet, so that we have to evaluate its performances with the help of a
simulation study. Stationary AR(2) and AR(3) processes are taken into considera-
tion. For each process we simulate 100 realisations, and for different sample sizes we
analyse the performances of our order selection criterion. Particular attention is then

given the choice of M.

Let us consider the following stationary autoregressive processes:

Yy — 0-7yt71 — 0-12%72 + Et, (217)
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and
Y = 1'2yt71 - 0-47%—2 + 0.0Gyt,?, + Et, (218)

where £, ~ N(0,1).

Figures (2.1) and (2.2) show the empirical distributions of pr for (2.17) and (2.18)
respectively, with p™" = 1 and p™*® = 5. The values of pr have been computed
according to (2.16) and M = 2p™*® for any of the following sample sizes: T = 100,
T = 250, T = 500 and T" = 1000. The distributions show that the estimated optimal
order p is in general smaller or equal to the true order p*. Overfitting tends to be
avoided, because the estimation of further parameters (which are in fact zero) cannot
improve the forecasting performance, but it leads to a larger MSE. The estimator of
the optimal order tends to be lower than p*, in particular if some conditions are met,
such as small sample size, and small absolute value of the coefficients of the most
lagged values with respect to the ones of the most recent. The processes that we

have generated show exactly this feature: |6;] > |0 > |63], but this characteristic is

shared with many empirical series.

As expected, the optimal order tends to coincide with the true order for increasing
sample size. We see indeed that p tends to p* if the number of observations is large
enough, this seems to confirm that the true order p* represent an upper bound for

the optimal order p°P!.
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Figure 2.1: Empirical density of p for the process (2.17) for different sample sizes,
M — 2pma1‘
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Figure 2.2: Empirical density of p for the process (2.18) for different sample sizes,
M — 2pma1‘
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To gain a better feeling of the efficiency of pr, the estimator of the optimal order
py !, we have to compare the estimated order with the optimal order. The latter
cannot be computed explicitely and therefore Monte Carlo simulations are needed.
We perform 100 realisations, each time generating 500 observations of the following

AR(3) process:
Yy = 1+ 1-6,%—1 - 0-74?Jt—2 + 0-105yt—3 + Et, (219)

where £, ~ N(0,1). The optimal order pf’%c (Figure 2.3 upper plot) can be therefore
calculated as the minimising argument of the mean among all realisations at a specific

time ¢:

100
opt

Pivic = arggrellg 100t (x;t(w) (0 — ép7t>>2 : (2.20)

w=1
here the index w is related to the particular realisation of the process and the subscript
MC stands for Monte Carlo. One can see that the optimal order is 2 for £ < 100, and
3 for t 2 100. In a neighbourhood of ¢ = 100 it is not clear if the optimal is order 2 or
3. Certainly 100 realisations are not enough to distinguish exactly at which point the
optimal order changes from 2 to 3, but it is also possible that over a certain interval
the values of the risk of order 2 is equal or at least very similar to the value of the

risk of order 3, so that one is indifferent between the two orders.

Now we want to consider the implication of the choice of the interval M for the

estimation of p{”*. We consider the Monte Carlo version of formula (2.14):

100

T
. 2
P&’%c — arg;rellg Eae(p) = arg inf 1007 ; Z <X;It(w) (0 - Gp,t)> : (2.21)

pell =M w=1
The four lower plots of figure (2.3) show the values of pgfj fvfc according to the above

formula, for different values of M. The sample size starts with 7" = 50 and then
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increases with steps of 50. It can be seen that all these plots give a good approx-
imation of the upper plot, because the optimal order is indeed constant over some
intervals. Nevertheless some problems may arise if one chooses a value M too small
in comparison to the sample size. In that case the the spring from p = 2, to p = 3

may happen with some delay and the optimal order may be underestimated.

To analyse the efficiency of the order selection criterion the following index of risk

is constructed:

10071 Yy o0 (XTA (w) (9 - "@,t))Z

p(UJ),t (222)

Enc(P?)
where the numerator represents the average of the square errors of each realisation,
and p/(c:) is the estimated order for that realisation y;(w) according to equation (2.16).
In practice the index (2.22) represents the ratio between the Monte Carlo MSE ob-

tained with an estimated optimal order and the Monte Carlo MSE obtained under

the knowledge of the optimal order.

Beginning of the interval

Sample size M=T|M=T[M=T|M=Z|M=Z|M=ZL|m=L
T =50 1.5393 | 1.2905 | 1.1381 | 1.1087 | 1.1037 - -

T =100 1.2669 | 1.1367 | 1.0516 | 1.0439 | 1.0349 | 1.0335 | 1.0406
T =150 1.0735 | 1.0313 | 1.0515 | 1.0396 | 1.0352 | 1.0312 | 1.0248
T =200 1.2041 | 1.0427 | 1.0418 | 1.0484 | 1.0372 | 1.0302 | 1.0311
T = 250 1.1768 | 1.0542 | 1.0395 | 1.0042 | 1.0291 | 1.0265 | 1.0346
T = 300 1.1434 | 1.0780 | 1.0493 | 1.0287 | 0.9921 | 1.0036 | 1.0100
T = 350 1.2108 | 1.1149 | 1.0573 | 1.0427 | 1.0158 | 1.0065 | 1.0064
T = 400 1.2251 | 1.1459 | 1.1207 | 1.0750 | 1.0553 | 1.0178 | 1.0008
T = 450 1.2907 | 1.1332 | 1.0905 | 1.0638 | 1.0382 | 1.0168 | 1.0141
T = 500 1.2733 | 1.1512 | 1.0736 | 1.0760 | 1.0441 | 1.0327 | 1.0216

Table 2.1: Risk Ratios
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Table (2.1) shows the values of the index (2.22) for different M and different sam-
ple sizes ! . For falling M one can see a clear convergence toward 1, which means that
the risk due to the knowledge of the optimal order and the risk which arises from the

estimation of the order eventually tend to coincide.

One has to bare in mind that if the value of M is too small the optimal order is
underestimated. Nonetheless the values of the risk are very small even for relatively
large values of M like: M = L and M = %; so that for T < 200, any M between

2 8

and % can be a good choice. For T > 200 smaller values of M can also be chosen.

The analysis of the simulation results leads to positive conclusions: the algorithm
works well for AR processes, the optimal order is on the average detected, and the
loss efficiency which arises from the estimation order (compared with the case when
the optimal order is known) is quite small. We do not observe a big sensitivity to
varying the values of M. Anyway the risk of underfitting the optimal order cannot
be excluded, but in practical application this risk can be reduced by comparing the

results for different values of M.

!Note that for the pair (T = 300, M = %) the value of the index is smaller than one, this does
not certainly mean that the estimated order is more efficient than the optimal order, actually this
value is due to the fact that 100 realisation are not really enough to perform a perfect Monte Carlo
simulation, nevertheless the general interpretation of the results is not undermined by that fact.
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Figure 2.3: The values of p* for the process (2.19) computed by Monte Carlo ac-
cording to formulae (2.20) the first, and (2.21) the last four



Chapter 3

State space models

In this chapter we introduce the class of the state space models, which can be re-
garded as a generalisation of the models considered so far. In particular we analyse
two examples of such models, which are very similar to two popular models of finan-
cial econometrics, namely the EGARCH model and the stochastic volatility model
(SV).

The Kalman filter, an extremely useful tool in the analysis of state space models,
is briefly introduced along with the problem of adaptive parameter identification. A
nice solution to this problem is offered by the extended Kalman filter (EKF), which
provides at the same time an estimate of the hidden process and of the parameters. We
obtain once again a series of estimates which are only based on the past observations
and therefore we can evaluate the sum of the squared forecasting residuals and select

among different models.
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3.1 State space models

State space models are essentially characterised by the fact that an observed pro-
cess depends on an unobserved, hidden, state process. Such models are very
common in engineering and physics (Elliot et al. (1995) and Chui & Chen (1998)),
but they seem to enjoy less popularity in econometrics, although many of the models
which are commonly used such as AR, ARMA, and their multivariate homologue
VAR, VARMA, Co-integrated and structural time series models can be put in state
space form (Liitkepohl (1993, Chapter 4), Harvey (1989) and Aoki (1990)). Actually
the shortage of data represents sometimes a constraint for very complex modelling,
but in the recent years the increasing availability of high-frequency financial data has
created much favourable conditions for the development of state space models at least
in financial econometrics. The work of Singer (1998) shows many applications of such

models and filtering algorithms for problems of empirical finance.

The general linear state space model is a system of two equations which are

called the measurement and the state equation, respectively.

= Az, + Bix; +v
{Yt tZ¢ tXt ¢ (3‘1)

z: = Cizi 1+ Dixy +wy,

where:
e {y;}/_, is the observable output sequence,
e {z,}], is the hidden state process sequence,

o {x;}I_, is the observable, or deterministic input sequence which may also include

lagged values of y; ,

e {v,;}/_, is the observation noise sequence,
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T . .
e {w;};_, is the system noise sequence,

e Ay, By, Cy, Dy are the system matrices, which can be time varying and dependent

on lagged values of y;, but they are seen as deterministic and fixed at time ¢

° EvtvtT = (; and Ewtth = R, are the covariances of the errors; just like the

system matrices they don’t have to be time homogeneous.

The main problem in the statistical analysis of state space models is the estima-
tion of the state process {z;};_,. Let z,; be the estimator of z; given the observations
up to time 5. We can distinguish three cases: if j = ¢t we have the filtered estimate
zy);, if 7 <t we have the predicted estimate z,; and if j > ¢ we have the smoothed

estimate 2;); of z,.

As in the case of the autoregressive processes our aim is to compare the sum of the
squared forecasting errors and for that reason we are going to focus on the filtering
and prediction problem, the smoothing problem being for our purposes not so inter-
esting. Furthermore, we are not going to analyse these problems in full generality
but only with the help of two simple examples which suit very well the subsequent
study of financial time series. Generalisations to more complex model are possible
and, at least in theory, relatively straightforward. Nevertheless one must bare in mind
that the need of a parsimonious parametrisation doesn’t allow the complexity of the

models to grow at any desired extent.

Now we consider two simple examples of state space models which we are going to
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analyse later in detail. The first example is represented by the ARMA (1,1) model:
Y =V + YY1+ U+ OUp; (3.2)

a possible state space representation takes the form:
Yo = Ztu (3.3)
e = VHaz a1+ By,

where the state z; 1= v+ yy,—1 + ¢v4_1 is a deterministic process of the past observa-

tions, and a = —¢ and 8 = v + ¢.

The second example of state space model is a first order autoregressive process
(state) which is observed with an error, AR(1) plus noise:

= +
{ Yt 2t T Uy (3‘4)

2z = v+0z 1+ w.

This is a much more typical example of a state space model, because the state vector

follows an autonomous stochastic process and we have two white noise sequences.

3.2 The Kalman Filter

Consider the system (3.1). If the parameter of the system matrices and the covari-
ances of the errors are known, we can estimate the state process through the Kalman
filter, a powerful algorithm attributable to R. E. Kalman (1960), which solves the

recursive estimation problem for discrete dynamical systems.

Suppose that the errors w; and v; are uncorrelated and that some prior informa-
tion is available so that one can set the following initial conditions: zg the estimate

of zg and Pyjo = E(zo —2Z0)0) (2o —iU‘O)T, the initial MSE matrix. Suppose furthermore
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that the initial state z, is uncorrelated with any of the future errors. Then the best

linear minimum variance estimator z,, may be generated recursively by:

;

Py = OtTPt—1|t—10t + Ry

Gy = Pt|t—1AtT(AtPt\t—1AtT + Q)

Py = (I-GiA) Py (3.5)
Ziji1 = Cizgoap—1 + Dixy

Zys = Zyy + Gy — Bixy — Ay 1),

\

where by the best linear minimum variance property it is implied that:
® z;; is a linear combination of the past and present values of y;, and
o E(zy — z;)? is minimal with respect to any other linear combination.

It is worth noting that the above results do not require any particular distribu-
tional assumption and they are also valid for nonstationary systems. The Kalman
filter is optimal if normality holds, otherwise it remains the best among all linear

estimators.

3.2.1 The extended Kalman filter

Unfortunately the linear Kalman filter cannot be directly implemented if some of the
parameters of the process are unknown. The usual solution to this problem consists
in estimating first the unknown parameters and run in a second stage the Kalman
filter (Harvey 1989), but this approach is not good for our purpose. We want to
consider the forecasting performance of a model and for that reason we cannot first
estimate the parameters with the whole data set and then make in-sample forecast.
We have to find an algorithm which at the same time updates the estimate of the
state vector and of the parameters. An acceptable solution to this problem is given

by the extended Kalman filter (EKF).
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Consider the following nonlinear system:

{Yt = fi(z:) + vy (3.6)

zy = gi(zi—1) + Wy,

where f;(+) and g;(-) are vector valued functions and the subscript ¢ indicates further-

more that they can be time varying.

Obtaining an optimal filter for a model of this kind is, in general, not possible;
however an approximate filter can be obtained by linearising an then applying a
modification of the usual Kalman filter. Suppose that f;(-) and g,(-) are sufficiently
smooth so that they can be approximated by a first order Taylor expansion:

~ Oft(Z¢4—1 ~
fi(ze) =~ fi(zye) + [ft(ai;‘:)] (2 — Zyjs-1)

. dg: (2 .
gi(ze) =~ gu(Zye) + [%ﬂt)] (20 — Zy),

where:

aft(it\tfl) L aft(zt) 89t(it\t) L agt(zt)
[ 0z ]_{ Ltittl and [ 0z, }_{ 0z, :|Ztitt

3zt

The linear approximation of model (3.6) follows straightforwardly:

Oft(Zy)4— . LYACTR R
yr = [7}%(3;‘: 1)] zZ; + {ft(zt\tq) - [7}%(3;‘; 1)] Zt\tfl} + vy
Ogt—1(Zi—1)t—1) . 8gt(3 _11-1) ] »
0zt 1 Zy— + gt—l(ztfl\tfl) T bz Zi_1)t—1 + Wy,

Q

Zy

where the Jacobi matrices and the expressions in braces are known and deterministic
at each time . Now we can easily apply the Kalman filter recursion described in
(3.5), with the exception that the predictors for z; and y, given z,_;;,_; are Zy;_ =

gt—l(it71|t71) and y; ;1 = ft(it\tq) respectively.
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The EKF algorithm can be summarised by the following equations:

( Bt (2416 89t (2t 110-1)] |

Py = M5 e [252] + R

it\tfl = gt(itq\tq)

Ofe(ze1)] |
Go = By [%] 3.7
< o)) p Bfi(ai—1)] " o (3.7)
Bt He=1 | ™ og, + Q1
Ofe (2

Pt|t = |I-G; [M#‘ttl)“ Pt|t71

([ Zit = Zy 1+ Gilys — il 1))

3.2.2 Parameter identification

The EKF is also very useful if some of the parameters in the system matrices of the
general linear model (3.1) are unknown. In that case, these unknown parameters
are treated as stochastic processes. The model becomes nonlinear and the EKF can
be applied to estimate the state process and the parameters (Chui & Chen (1998,
Chapter 8) and Singer (1998)).

Let’s consider once again our simple examples of state space models: the ARMA(1,1)
(3.3) and the AR(1) plus error (3.4). Suppose that apart form the observed process
{y¢}L_,, we know only the variances of the two noise sequences {v;}’_; and {w;}/_,;
the parameters v, a, 3, and 0 are unknown and therefore one has to consider them

has stochastic processes.

Estimation of the ARMA (1,1)

Consider the ARMA(1,1) model (3.3), and suppose that the parameters are unknown.
Now make the technical assumption that the parameters follow a stochastic process:

a random walk. In this case the ARMA(1,1) model may be written in the following
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state space form:

) L
2t
Qg
v = [1 0 0 0] + o,
Bt
v
IS a T (3.8)
2t Vp 4+ 121 + Bio1Yi 0
o oy e
t _ t—1 n 1t 7
Bt Btfl €2¢
L _Vt_ i Vi1 i _€3t_

The above system is nonlinear because of the term a;_;2;_1, so that for the estimation
of z;, ay and f; one can apply the EKF (3.7). As usual one has to set some initial

values for Zoo, dojo, Bojo, Yojo and Fyp. Then the recursive estimation of the state
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process according to (3.7) is implemented as follows:

/ - - — -

Zijt—1 Vp1je—1 + Qy_1jp—124-1jt—1 + Bt—1|t—1yt—1\t—1
1| Ag1)t-1
Bt\t—l N Bt—l\t—l
_ﬁt\tq_ L Vi-1jt-1 ) 4
Qp1)t—1 Ze—1t—1 Y1 1
Pt\tfl = ! ! ’ ! Ptfl\tfl
0 0 1 0
i 0 0 0 1_
600 00 0 o o0 0 0 |
Ziqj—1 1 00 N 0 Var(ey) 0 0
w1 0 10 0 0 Var(ey) 0
1 o001 [0 o0 0 Var(es)|
1] [ 1] 1
0 0
G, = Py [1 0 0 0] Py + Var(v;)
0 0
_0_ L _0_ N
Py = (I —Gy [1 0 0 0]) Py
2|t Ztt—1
@t\t = &t|t—1 + Gy (?Jt - ﬁt—ut—l - &t—1|t—12t—1|t—1 - Bt—l\t—lyt—lhf—l)
Bt\t Bt\tfl

(3.9)
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Estimation of the AR(1) plus noise

The estimation technique for the AR(1) plus noise can be derived in an analogous
way. First one has to consider the nonlinear system:

;

<t
v = [1 0 o] o, + o,
{ . (3.10)
2t Vi1 + 01211 Wy
0, = 01 + e s
L Vi—1 €at

where the nonlinearity arises because of the term 6;_;2;_;. Then one has to set some

starting values for Z, éo|0, Vojo and Ppjo, and finally one can run the EKF:

( Ztjt—1 Vi_tje—1 + ét—1|t—1§t—1\t—1
ét|t71 = étfl\tfl
Vijt—1 i Vi—1)t-1
_ét—l\t—l Zi—1)i—1 1
Py = 0 1 0 Pi—1—1
|0 0 1
0, 101 0 0 Var(w;) 0 0
Zip—r 10| + 0 Var(ey;) 0
< 1 01 0 0 Var(ey) (3.11)
1 1 -
Gy = By |0 [1 0 0] Py—1 |0 + Var(v)
0 0
Py = (I-G;|1 0 0]) Py
2|t Ztjt—1
ét|t = ét|t—1 + Gy (?Jt — Vg 1j—1 — ét—1\t—12t—1|t—1>
L [P Vgt 1
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3.3 Optimising the filter

The EKF is a very flexible tool, because it allows a real time, recursive, explicit
estimation of the state process and of the parameter values of models like
(3.3) and (3.4) and therefore recursive forecasts of the observed process, furthermore
simulation results in Chui & Chen (1998) show that it can take in account parameter

changes.

The drawback is that one has to choose many starting values: for the state process
Zoj0, for the parameters ¢y and Bmg, or ég‘o and for Pyo. Furthermore a value for
the variances of the innovations of the parameters e;; must be chosen; and finally the

variances of innovation v; and w; are supposed to be known.

Usually the starting values are chosen according to some prior information. They
may express the unconditional expectation of the process, if only a very limited
amount of prior information is available. Otherwise they are derived from the past
experience of the researcher; the initial MSE matrix Fyo expresses the degree of un-
certainty about the starting values: the larger the MSE, the greater the uncertainty

about the parameters.

The choice of the variances of the innovation of the parameters Var(e;), is of es-
sential importance for the EKF. In fact these values act as a weight which evaluates
the deviation of the predicted estimate ¢, from the actual realization of the ob-
served process ;. Therefore, if those variances are too large the parameter estimation
is too noisy, but if they are too small the recursive estimator converges too slowly

toward the true value of the parameter.
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In conclusion, if we fix the initial conditions in a wrong way the filtering algorithm
works badly and produces very poor forecasts. For that reason, we must find a way

of selecting good starting values.

A possible solution to this problem is to consider the initial conditions as param-
eters that have to be estimated. For that purpose, we can apply the theory that we
developed in Chapter 1: we compare the forecasting ability of the estimates under
different sets of initial conditions. For any value of the observed process y; we have a
predicted estimate which is based only on the observation up to time £ — 1 and there-
fore we can analyse the squared forecasting residuals, namely for the ARMA(1,1)

model:
T

N 2
E (yt — V-1 — 1411 — Btfl\tflyt—l) )

t=M

and for AR(1) plus noise model:

T . 2
E <yt — Vi1 — 9t71|tflzt71|t71) .

t=M
These two expressions are specific examples of the loss function in (1.8), whose min-
imisation represents our model selection criterion, and therefore we can identify the

optimal set of starting staring values which leads to the best forecasting performance.

Obviously if we face a real data set we don’t know the underlying true model, but
the analysis of the sum of the squared forecasting residuals provides a useful tool for
selecting, not only among different orders or among different sets of starting values
but also among different models. Indeed, we are now able to evaluate which model

produces the best forecasting performance.



Chapter 4
Volatility models

This chapter is concerned with the question of model selection for volatility mod-
els. The Strategy of optimal model selection is applied to three volatility, models,
exponential-ARCH (EARCH), EGARCH and stochastic volatility SV, with which the

volatility of daily financial time series for different sample sizes is predicted.

4.1 Stylised facts of financial time series

Financial price series { P} | such as stocks, exchange rates or price indices are gen-
erally modelled both in financial theory and in financial econometrics as a martingale

process (Gouriéroux 1997, pagg. 83-90), which means that:
E(Pt+1|Pt) — Pt; V t (41)

The above relationship is connected to the hypothesis of efficiency of the financial
markets and implies that the best forecast of the future price at date ¢ is the current

price P;.
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Figure 4.1: NIKKEI stock index (upper plot) and the standardised returns (lower
plot).
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Most of the empirical work on financial time series does not focus on the prices,

but on their growth rates, i.e. the returns:
Tt :lnPt—lnPt_l, (42)

which, under the hypothesis of efficiency, are modelled by a zero mean uncorrelated

process, a white noise.

Although uncorrelated, the returns show dependency in higher moments. In par-
ticular the variance of r; does not appear to be constant. Indeed, one can observe the
so called clustering effect : large changes in the return tend to be followed by large
changes of either sign and vice versa. Furthermore the distribution of the returns

shows a very high kurtosis if compared with the standard normal distribution.

The daily NIKKEI stock index (from 01.01.1980 to 30.12.1988) is considered as a
graphical example. For comparison with the standard normal distribution the stan-
dardised residuals, i.e. centred and divided by the sample standard deviation, are
plotted. In the lower plot of Figure 4.1 the clustering effect may be appreciated,
while Figure 4.3 shows the empirical density of the standardised returns against the
empirical density of the realisation of a standard normal random variable of the same
sample size (4868). It can easily be seen that the density of the returns is much more

fat tailed (leptokurtic) than the standard normal density.

The observation of the sample autocorrelations (Hafner 1998) gives a further in-
sight in the stylised fact of the financial time series and underlines the fact that the
financial returns are not independent. In particular the autocorrelation function of a

transformation of the returns from R to R, such as the absolute value of the returns,
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the squared, or the log-squared returns, appears to be highly significant even for very
high lags (see Figure 4.2). The behaviour of these autocorrelation functions is deeply
connected with the volatility clustering effect and it leads to the conclusion that an

heteroskedastic process is required to model the returns of financial time series.



CHAPTER 4. VOLATILITY MODELS 48

absolute returns ACF

Y*E-2

0 50 100 150 200
X
squared returns ACF

Y*E-2

Y*E-2
{

0 50 100 150 200

Figure 4.2: Autocorrelations of the absolute values of the returns, of the squared and
of the log-squared returns of the NIKKEI stock index.
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Figure 4.3: Empirical densities of a standard normal sample (dotted) and of the
standardised returns of the NIKKEI stock index (straight line).
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4.2 Volatility models

Many processes have been proposed which can reproduce the characteristics of volatil-
ity clustering and leptokurtosis of the financial time series (see Bollerslev et al. (1992)
and Engle (1995b) for a collection of the most famous articles about that topic
and Gouriéroux (1997) for a focus on the implication for the financial theory and
praxis). In particular, the most famous among them are: the ARCH model (autore-
gressive conditional heteroscedasticity), the GARCH model (generalised ARCH), the
EGARCH model (exponential GARCH) and the stochastic volatility model.

In this study we want to analyse the forecasting performances of three volatility
models and select the one which shows the best forecasting ability. For the application
the model selection algorithm developed in the previous chapters models with additive
errors are preferable. Therefore, we focus on the log-volatility. Consider the following

representation of the returns:
Tt = Ot€t, (4.3)

where o, is a positive valued process which represents the standard deviation at time
t and g4 ~ N(0,1) is a standard Gaussian white noise. Furthermore, o; is supposed

to be independent from the present and future errors.

The distribution assumption is quite strong, but is required to identify the volatil-
ity, because expected value and variance of the log-squared innovations: Ine?, are

needed. Under the normality assumption these quantities are:

71.2

Elne? ~ —1.27 and Varlne] ~ 5

Nevertheless this assumption is not inconsistent with the leptokurtosis of the return,
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because it implies only conditional normality.

After squaring and taking the natural logarithms we obtain the following linear
model:

Inr; =1Ino} +Ine;,
or equivalently:
Yo = hi + v (4.4)
where
y, = Inr?, hi:=Ino} + Elne} and v :=1Ine} — Elnel.

The variable h; represents, up to a constant, the volatility process that we want
to predict, and equation (4.4) can be interpreted as the observation equation of a
state space model. The true state process is unknown and we consider three possible
modelling assumptions whose characteristics are consistent with the stylised facts of

the financial returns: volatility clustering and leptokurtosis.

4.2.1 Exponential-ARCH

The first model which is analysed is an exponential version of the ARCH model:
EARCH, where the volatility is a deterministic processes of the past realisations of

the returns.

hy = v+ Biye—1 + ...+ Bplr—p (4.5)

Equation (4.5) is very similar to the original ARCH modelling philosophy, where the

focus is set directly on the variance and on the squared returns:

ol =v+ B ..+ ﬁthpr-
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Both perspectives have their own advantages and disadvantages, in particular the
ARCH model does not need particular distribution assumptions, but it requires con-
strained estimation techniques to guarantee the positiveness of the parameters and

of the volatility process.

ARCH represents the first attempt of modelling the volatility dynamics of financial
time series (Engle 1995a). This kind of modelling is in general not very parsimonious
because it usually demands a very high number of lags. Actually, the observation
of the autocorrelation function provides some empirical evidence of the fact that the
volatility process is smooth and very persistent. Therefore, a modelling strategy which
only relies on the past realisations of the returns will require a quite large order. On
the other hand, there are some advantages because equations (4.4) and (4.5) can be
summarised in an autoregressive process in ¥; so that least square may be used for
estimation. For the lag selection, the theory developed in Chapter 2 can be easily

implemented.

4.2.2 EGARCH

A more parsimonious representation can be gained if one considers the generalised
version of the ARCH process (Bollerslev 1995), where the actual value of the volatility
depends not only on the past realisations of the returns, but also on its own past
realisation and therefore it can express much more persistent dynamics. In fact, under
stationarity condition a generalised ARCH has an infinite ARCH representation. In
particular we consider the following EGARCH(1,1), where equation (4.6) together
with equation (4.4) expresses the state space representation of the ARMA(1,1) that
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we have seen in equations (3.2) and (3.3):
ht =V -+ Oéht,I + Bytfl. (46)

The EGARCH model was first proposed by Nelson (1995) in a slightly more general
framework; he assumes for the €, a generalised error distribution, which includes the
normal distribution as a special case, and in his model the log-volatility does not

depend on the log squared returns but on a function of the errors:
g(er) = agy + b(|ee| — E &),

allowing therefore for asymmetry in the volatility process. The estimation of the pa-

rameters is usually performed with maximum likelihood.

In principle, asymmetry could be easily introduced also in our version of the
EGARCH model. On the other hand, for our model selection technique we need to
perform the estimation at each date ¢t and therefore an estimator which require a
numerical optimisation such as maximum likelihood does not seem to be the most
suitable choice. Actually, equation (4.6) is not essentially different from the original
EGARCH model and has the advantage of allowing the implementation of the ex-
tended Kalman filter which was introduced in the previous chapter in equation (3.8)

and (3.9).

4.2.3 Stochastic volatility (SV)

The last model that we want to consider differs from the ARCH family in a particular

aspect, i.e. the volatility follows an autonomous stochastic process:

ht =V + eht,1 + Wt, (47)
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The stochastic volatility model has become increasingly popular in recent years and it
represents the rival model class to the ARCH models. It has the nice feature of being
the natural discrete-time version of the continuous-time models which are commonly
used in the framework of mathematical finance and stochastic analysis of derivatives.
Its drawback consists in the more complicated estimation techniques which are needed

to estimate its parameters.

In the first article on this theme Harvey et al. (1995) proposed quasi-maximum
likelihood, and in the recent years many publications have appeared, which con-
sider more efficient algorithms, such as: indirect inference (Monfardini 1996), Monte
Carlo Markov Chain (Jacquier, Polson & Rossi 1994), simulated maximum likelihood

(Danielsson 1994) and simulated method of moments (Gouriéroux 1997, pagg 82-83).

Nevertheless all these methods are not very suitable for our purposes because they
require numerical simulations and optimisation techniques and we need to perform
the estimation at each date t, therefore they would lead to a huge computational
effort. For this reason we rely, as for the EGARCH model, on the extended Kalman
filter. Our estimation technique may be criticised because Kalman filter type algo-
rithms are optimal only if the errors v; and w; are normally distributed, and here it
is precisely not the case. Indeed, v; = Ine? is very far from being normal (for the
same reason the quasi-maximum likelihood is quite unpopular), but there are some
advantages: the estimator is flexible as far as forecasting is concerned, because at each
step it produces an out of sample forecast. It takes into account parameter changes
(Chui & Chen 1998, pagg. 124-28). Furthermore because of the rich availability of

financial data the question of efficiency loses some of its importance.
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4.3 Empirical evidence

In this section we compare the forecasting performances of the three modelling strate-
gies, which have been presented above: EARCH(p), EGARCH and SV. The following

data sets are taken into consideration:

e Japanese-Yen/US-Dollar exchange rate, from 02.01.1986-28.8.1998, daily.

ECU/US-Dollar exchange rate, from 01.01.1980-30.12.1998, daily.

Standard and Poor 500 composite price index, from 01.01.1980-30.12.1988,

daily.

o NIKKEI 225 stock average price index, from 01.01.1980-30.12.1988, daily.

Volkswagen stock price, from 01.01.1980-30.12.1988, daily.

To enable the comparison of the results, only the first 3000 observations of each
data set are taken into consideration for the model selection. Furthermore the

NIKKEI data set is used again as a graphical example.

4.3.1 The problem of missing observations

The analysis of real data has some specific problems. In particular, as far as the
models for the log-volatility are concerned it may happen that two successive prices
are equal, so that the return becomes zero, and the relative the log-squared return

sample {y;}L, := {Inr?}L_, have some missing observations.

In this study the problem is solved in two different ways: for the computation of the

autocorrelations, of the LS estimator for the EARCH model and for the determination
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of the initial conditions, the missing observations are substituted by the minimum real
value attained by the {y;}7_,, so that we obtain an adjusted sample {y;}_ . For the
estimation of the EGARCH and SV models the missing are treated in the framework
of the Kalman Filter (Harvey 1992, pag. 95), which enables to solve the problem by
skipping the updating equations. Thus, following the notation of the general model

(3.5), if y; is not available:

Zijt = Zy|t—1 and Pt\t = Pt|t—1-

As far as the model selection criterion is concerned:

T

Z (yt - ft(T/),Kl))27

t=M
these summands, where the value y; is a missing observation, are omitted. In the

computation of the forecasts no problems arise for the SV model because:
Je(, Y1) = a1 + O—ajp—1hi—1je— SV forecast,

does not require any value of y;; the EGARCH and EARCH models on the other

hand contain values of y;:

ft(T/), Yi1) = Deapa+ &tfl\tfliltflhtfl + Bt71|t71yt EGARCH forecast
ft(@/}, Yio1) = Vi_1jt—1 + Bl,t—l\t—lyt—l +...+ Bp,t—l\t—lyt—p EARCH(p) forecast.

Therefore in the case of a missing observation the value of y; is substituted by its own

forecast.
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4.3.2 Model selection in practice

The theoretical consideration about the selection of the optimal model, presented
in Chapter 1, are now implemented in a practical example. We recall the general

definition of the estimator of the optimal model:
. T . 2
Y= argdi}el\fptz]\:/[ (Z/t — fi(¥, YLl)) .

In the specific context of the volatility models that we have introduced the set ¥
includes the EARCH(p) models, with p between p™" = 1 and p™** = 14 and the
EGARCH and SV models, which in the framework of the extended Kalman filter,
require some initial values. These initial values do not differ conceptually from the
order of the EARCH(p) process. In both cases, the selection of the order, or the selec-
tion of the initial values completely defines the outcome of the estimation. Therefore
in practice we select between the EARCH(p) models, with p € [1,14], and the SV
and EGARCH models for different sets of initial values.

For EGARCH and the SV model a grid search is made to select good initial con-
ditions; in particular the values listed in Table 4.1 are common to any data set, while
Table 4.2 contains the specific initial conditions. We remark that the analysis of
the data has shown that moderate changes in the values of the initial conditions do

not lead to substantial changes in the forecasting performance, at least in the long run.
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Ey,
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Pojo diag(Vary,, Varey, ...)
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Table 4.1: Common initial conditions

EGARCH | agpo = 0.84 By = 0.015 vpp = —1.6
Yen/Dollar SV B0 — 0.91 vy — —1

EGARCH | ago = 0.84 fopp = 0.015 v = —1.55
ECU /Dollar SV o — 0.91 190 — —1

EGARCH | agjo = 0.8 Byp = 0.019 19 = —1.9
Standard and Poor SV B0 — 0.92 10 — —0.89

EGARCH | agpo = 0.8 By = 0.019 vp0 = —1.8
NIRKREL SV Bojo = 0.92 vop = —0.89

EGARCH | ago = 0.77 Bopp = 0.02 10 = —1.76
Volkswagen SV Boj = 0.91 10 = —0.81

Table 4.2: Specific initial conditions

58



CHAPTER 4. VOLATILITY MODELS 59

For each data set the value of the sum of the squared forecast errors is computed
for three different sample sizes: 500, 1000 and 3000 observations and for three differ-
ent values of M: %, % and %.

The Tables 4.3, 4.4, 4.5, 4.6 and 4.7 contain the results of the model selection for
each data set: the performances of the EARCH(p), with the estimated optimal order,
and of the SV and EGARCH models, relative to the initial conditions listed in Tables

4.1 and 4.2, are presented.

The results are among all data sets qualitative very similar and provide good
evidence of the fact that the EARCH(p) modelling strategy is outperformed by the
EGARCH and SV models. It remains competitive only for moderate sample sizes
(T =500 and 7" = 1000) and only for the Standard and Poor, and for the ECU/US-
Dollar exchange rate data sets. For all other data sets the SV and EGARCH models

forecast much better, in particular for large samples (T = 3000).

This result is consistent with the established theory which suggests that modelling
the volatility as a process which depends only on the past realisations of the returns
leads in general to very high orders and is therefore inefficient because it requires

many parameters to be estimated.

Nevertheless it must be noted that the estimator of the EGARCH and SV model
enjoys an advantage in comparison to the estimator of the EARCH(p) model: the
EKF can deal with nonstationary time series and time varying parameters, while the
ordinary LS is based on the assumption of time homogeneity. This assumption is in

fact quite restrictive for large samples. Therefore it is probable that an EARCH model
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which allows for time varying parameters could show better forecasting performances.

Comparing the performances of the EGARCH and of the SV models leads to the
conclusion that these two models are practically equivalent, at least as far as one step
forecasting is concerned. Indeed, the values of the criterion sometimes are almost
identical. Therefore, for practical application, it can be suggested to consider the

predictions of any of these models.

The behaviour of the criterion with respect to the value of M deserves a final
remark. First it can be seen that comparing the results for different values of M
provides a useful and practical approach to a robust choice of the optimal model.
Moreover, we actually find out that different starting points do not influences too
much the relative values of the criterion, at least in the data sets that we analysed, so
that we can be confident that the assumptions, which underline our model selection

strategy represent a good approximation of reality.
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Yen/Dollar exchange rate 01.01.1980-28.06.1991

Beginning of the interval
Sample size M — % V- % V= %

EARCH(8) 1276.9 | EARCH(8) 1604.6 | EARCH(8) 1816.6
T = 500 EGARCH 1239 | EGARCH 1567.8 | EGARCH 1772.9
SV 1247.6 | SV 1570.4 | SV 1772.9

EARCH(8) 2233.1 | EARCH(8) 3122.4 | EARCH(8) 3510
T =1000 | EGARCH 2106 | EGARCH 2954.8 | EGARCH 3344.5
SV 2103.4 | SV 2963.9 | SV 3350.5
EARCH(8) 6102.7 | EARCH(8) 8284.9 | EARCH(8) 9490.2

T =3000 | EGARCH 5899.4 | EGARCH 7936.4 | EGARCH 8977
SV 5876.4 | SV 7892 | SV 8932.1

Table 4.3: Model selection for the Japanese Yen/US-Dollar exchange rate

ECU/US-Dollar exchange rate 01.01.1980-28.06.1991

Beginning of the interval

Sample size VT M= % V= %

EARCH(9) 1162.9 | EARCH(9) 1581.5 | EARCH(9) 1752.3

T =500 EGARCH 1131.3 | EGARCH 1535.7 | EGARCH  1684.7
SV 1124.5 | SV 1519 SV 1662
EARCH(9) 1978.5 | EARCH(9) 2698.3 | EARCH(9) 3141.3

T =1000 | EGARCH 1999.7 | EGARCH 2656.8 | EGARCH 3124.5
SV 1997.6 | SV 2659.5 | SV 3116.6
EARCH(9) 7055.7 | EARCH(9) 9470.2 | EARCH(9) 10333

T =3000 | EGARCH 7008 EGARCH 9310.6 | EGARCH 10195
SV 7010.8 | SV 9307.5 | SV 10188

Table 4.4: Model selection for the ECU/US-Dollar exchange rate
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Standard and Poor composite 02.01.1986-02.07.1997
Beginning of the interval
Sample size M= % M — % M= %

EARCH(4) 1266.5 | EARCH(4) 1640.8 | EARCH(4) 1765.8

T =500 EGARCH 1284.7 | EGARCH  1626.7 | EGARCH  1726.2
SV 1278.5 | SV 1630.1 | SV 1733
EARCH(5) 2451.5 | EARCH(8) 3233.8 | EARCH(8) 3737.1

T =1000 | EGARCH 2433.4 | EGARCH  3238.9 | EGARCH  3732.2
SV 2443.4 | SV 3238.9 | SV 3724.6
EARCH(10) 8149.8 | EARCH(8) 10514 | EARCH(8) 11707

T =3000 | EGARCH 7964.4 | EGARCH 10323 | EGARCH 11537
SV 7980.3 | SV 10365 | SV 11594

Table 4.5: Model selection for the Standard and Poor index
NIKKEI index 01.01.1980-28.06.1991
Beginning of the interval
Sample size M= % M= % M= %

EARCH(9) 1634.2 | EARCH(9) 1932.1 | EARCH(9) 2254

T = 500 EGARCH 1465.5 | EGARCH 1771.3 | EGARCH 2114.7
SV 1447.4 | SV 1745.6 | SV 2044
EARCH(9) 2852 EARCH(9) 3953.4 | EARCH(9) 4486

T =1000 | EGARCH 2435.1 | EGARCH 3389.8 | EGARCH 3390.2
SV 2452.9 | SV 3384.3 | SV 3890.4
EARCH(10) 9208.6 | EARCH(10) 11862 | EARCH(10) 13207

T =3000 | EGARCH 7661.3 | EGARCH 9962.4 | EGARCH 11106
SV 7528.2 | SV 9837.5 | SV 10207

Table 4.6: Model selection for the NIKKEI index
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Volkswagen stock price 01.01.1980-28.06.1991

Sample size

Beginning of the interval

M=1 M=1 M=T
EARCH(4) 736.59 | EARCH(4) 1042.6 | EARCH(4) 1255.9
T =500 | EGARCH 633.43 | EGARCH 930.27 | EGARCH  1100.7
SV 634.76 | SV 930.99 | SV 1055.2
EARCH(4) 1823.7 | EARCH(4) 2296.3 | EARCH(4) 2560.2
T =1000 | EGARCH 1693.4 | EGARCH 2081.7 | EGARCH 2314.6
SV 1690.9 | SV 2077.9 | SV 2312.1
EARCH(9) 6647.3 | EARCH(8) 8520.4 | EARCH(8) 9490.2
T =3000 | EGARCH 6167.7 | EGARCH 7901.9 | EGARCH 8738.1
SV 6116.8 | SV 7845.2 | SV 8679.4

Table 4.7: Model selection for the Volkswagen stock prices
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4.3.3 A graphical example: the NIKKEI stock index

Here the plots of the estimation for the EGARCH and SV models for the NIKKEI
data set are presented. The analysis of the graphical output underlines the similarities
in the behaviour of these models. The plots of the forecasted volatility (Figure 4.4)
and the ones of the autocorrelation of the forecast error (Figure 4.7) are almost iden-
tical for both models. The observation of the ACF is also very interesting because
we see that the residuals have not been fully whitened by the estimators, so that
EGARCH and SV models of higher order could eventually improve the forecasting

performance.

The plots of the recursive estimates of the parameters are also presented in Fig-
ures 4.6 and 4.5. One must be careful when interpreting those figures, because the
extended Kalman filter may give a excellent estimate of the volatility h;, even when
the parameters are time varying. However the estimate of the parameters may not
be so good (Chui & Chen 1998, pagg. 124-128). Indeed, one can see a shift in the
volatility level from the plot of the returns (Figure 4.1), where more or less after the
2500th the average deviations from the mean becomes larger. This assumption is
confirmed by the plots of the volatility (Figure 4.4) and also by the estimates of the
intercept, which recognises very quickly the change point. Actually not only the inter-
cept has an adjustment, but also the other parameters. Nevertheless it is not clear if
this happens because an adjustment is needed, or because of the correlation between
the estimators. We can conclude that, as far as the parameters are concerned, the
extended Kalman filter provides a very flexible estimation technique. On the other

hand, this flexibility leads to a certain variability of the estimator.
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Figure 4.4: Forecasted log-volatility of the returns of the NIKKEI stock index
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Figure 4.5: Estimations of the parameters of the stochastic volatility model for the
NIKKEI stock index



CHAPTER 4. VOLATILITY MODELS 67

egarch-alpha

-
L0
<
o
aH

0.75+Y*E-2

X*E3

egarch-beta

0.02+Y*E-2

X*E3

egarch-intercept

-1.785+Y*E-2
1
1
I

Figure 4.6: Estimations of the parameters of the EGARCH model for the NIKKEI
stock index
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Figure 4.7: Autocorrelations of the log-squared returns minus the forecasted
volatility for the NIKKEI stock index
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4.3.4 Forecast confidence bands

One possible application of the volatility models consists in building confidence fore-
cast bands. Recall the three basic equations which describe our model for a financial
asset: (4.1), (4.2) and (4.3). Under these assumptions, the best forecast of the price
(or for the log-price) at time ¢, is the price (the log price) at time ¢—1. Let us consider

the log-prices, in this case the forecast error is:
In P, —In P, | = 045,

the expected forecast error is zero, and the forecast error variance is o?. Keeping the
assumption that £, has a standard normal distribution, one can construct confidence

intervals for In P, for example a 95% forecast interval:
ln P,y — 1.9604, In P,_y + 1.960y] ,
or equivalently for the prices:

[P;—1/ exp(1.960;), P,—1 exp(1.960¢)] .

The actual value of 0; is unknown, but in the previous sections we have analysed
some methods for the forecasting of the volatility. In particular, we have focused on
the log-volatility h;, and we have considered some forecasting methods, so that at
each point time we are able to produce a forecast for the next period. If Bt|t_1 is the

forecast of the log-volatility for time ¢, the forecast for the standard deviation is:

O/\—t‘t—l = \/exp (iLt‘t—l + 127),

and the estimated confidence interval becomes:

[Pi_1/ exp(1.9664; 1), Pi_1exp(1.9664;1)] .
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For each data set we compute the value of the forecast bands for the SV and EGARCH
model. Table 4.8 shows the ratio of the number of points which lay outside the con-
fidence bands, divided by the total number of observations. All these ratio are very
close to 0.05, which represents the theoretical value which is reached under optimal

conditions, so that the results are very satisfactory.

It is interesting to see that the empirical frequency with which the observations
lay outside the confidence bands is always a bit larger than the theoretical one. More
than 5% of the observations lay outside the confidence bands, which means that they
are in general a little too narrow, so that one can presume a small downward bias in
the estimates of the volatility. This bias may be due to the fact that the distribution
of Ine? = v; is not symmetric and presents a negative skewness, not only if & is

normally distributed, but for very general distribution assumptions.

The confidence bands for the NIKKEI stock index are displayed in Figure 4.8.
The data have been zoomed to make observation possible. One can clearly recognise
how the confidence bands is wider or narrower to adapt to the periods of high and

low variance.
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Empirical alpha for the confidence bands

EGARCH | 0.08073

NIKKEL SV 0.07765

EGARCH | 0.06840

ECU/US-Dollar

SV 0.06820
EGARCH | 0.07452
Yen/US-Dollar SV 0.07361

EGARCH | 0.05710
SV 0.05731

Volkswagen

EGARCH | 0.08011

Standard and Poor gV 0.08463

Table 4.8: Frequence of the observations which do not lie within the confidence bands
relative to the whole sample



72

CHAPTER 4. VOLATILITY MODELS

SV confidence bands

LEEYN

SV cgnfidence baqu

X*E3

EGARCH confidence bands

EFSA RCH cqnfi dence bgnds

va«A

X*E3

Figure 4.8: Zoom of the forecast confidence bands for the NIKKEI stock index



Conclusion

In this study a new approach to model selection was proposed. The basic idea un-
derlying this approach is that the true data generating process is unknown and in
practice cannot be recovered. Therefore, one needs an approximation of the true
process which satisfies some optimality criterion. In particular, the focus is set on
one-step-forecasting and on the minimisation of the forecast uncertainty, which is a
relevant concern for practical applications. The optimal model is defined as the one
which minimises the mean square forecast error, while the estimator of the optimal

model is the one that minimises the sum of the square forecast errors.

This model selection strategy appears to be easy to implement, and allows for
the comparison of very different models without requiring strong assumptions such
as stationarity. Simulation results for autoregressive processes and a practical ap-
plication on financial data are very satisfactory. In particular the choice of M (the
starting point for the summation of the square forecasting residuals) appears to have
no strong influence on the results, and the simple comparison of the values of the
criterion for some values of M, is sufficient in casting eventual doubts about which
model to select. Unfortunately only very few results about the theoretical properties
of the model selection criterion could be presented and this topic deserves further

investigation.



CHAPTER 4. VOLATILITY MODELS 74

In a practical application three models for the volatility of financial time series
were compared: EARCH(p), EGARCH and SV. The EARCH(p) model is outper-
formed by the other two in particular for large samples. Nevertheless it must be
noted that the estimation technique for the EGARCH and SV model accounts for pa-
rameter changes, while the one for the EARCH (p) model does not. Therefore it would
be interesting to make a further comparison with an EARCH(p) model which allows
for time varying parameters. The performances of the EGARCH and SV models are
very similar, so that any of these models may be recommended. Nevertheless some in-
teresting questions remains open, concerning the behaviour of other estimators, larger
orders for the SV and EGARCH models, and in particular the applicability of these

techniques for a real problem of the financial praxis, such as option pricing or hedging.
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