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Transitive projective planes

Nick Gill∗

(Communicated by W. M. Kantor)

Abstract. A long-standing conjecture is that any transitive finite projective plane is Desarguesian.
We make a contribution towards a proof of this conjecture by showing that a group acting transi-
tively on the points of a non-Desarguesian projective planemust not contain any components.

1 Background definitions and main results

We say that a projective plane istransitive(respectivelyprimitive) if it admits an automor-
phism group which is transitive (respectively primitive) on points. Kantor [22] has proved
that a projective planeP of orderx admitting a point-primitive automorphism groupG is
Desarguesian andG ≥ PSL(3, x), or elsex2 + x + 1 is a prime andG is a regular or
Frobenius group of order dividing(x2 + x + 1)(x + 1) or (x2 + x + 1)x.

Kantor’s result, which depends upon the Classification of Finite Simple Groups, rep-
resents the strongest success in the pursuit of a proof to theconjecture mentioned in the
abstract. A corollary of Kantor’s result is that a group actsprimitively on the points of
a projective planeP if and only if it acts primitively on the lines ofP. We also know,
by a combinatorial argument of Block, that a group acts transitively on the points of a
projective planeP if and only if it acts transitively on the lines ofP [5].

Our primary result is the following:

Theorem A. Suppose thatG acts transitively on a projective planeP of orderx. Then
one of the following cases holds:

• P is Desarguesian,G ≥ PSL(3, x) and the action is2-transitive on points;
• G does not contain a component. In particular all minimal normal subgroups ofG

are elementary abelian.

∗This paper contains results from the author’s PhD thesis. I would like to thank my supervisor, Professor Jan
Saxl. Professor Bill Kantor has also given much helpful advice for which I am very grateful.
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Here acomponentC of a groupG is defined to be a subnormal quasi-simple subgroup
of G. We note that Theorem A implies that if an almost simple group(or almost quasi-
simple group)G acts transitively on the lines of a projective planeP of orderx thenP

is Desarguesian andG has soclePSL(3, x). Note that definitions for group theory terms
used here are provided in Section 4.

Theorem A also relates to two other results that already exist in the literature. The
first is Kantor’s result on primitive projective planes [22]which has already been men-
tioned and which is used in the proof of Theorem A; Theorem A can be thought of as a
generalization of Kantor’s result. The second is Ho’s result that a finite projective plane
admitting more than one abelian Singer group is Desarguesian [20, Theorem 1]; this re-
sult is implied by Theorem A and [20, Lemma 4.3 and Theorem 2] –details are given in
[16]. In fact [16] outlines a number of results about line-transitive projective planes that
follow from Theorem A.

Finally we note that all groups and sets that we consider in this paper are finite.

2 Overview of proof

To prove Theorem A we need to analyse many different possibletransitive group actions
on finite projective planes. The framework for our analysis of the transitive projective
planes will be given by results in [9] and [7]. The key theoremis the following:

Theorem 1. [7, Theorem 2]LetG act transitively on a projective planeP and letM be
a minimal normal subgroup ofG. ThenM is either abelian or simple.

In fact we are able to state our results more strongly by rewriting this result in terms
of components. Hence the theorem which will provide the framework for our analysis is
the following:

Theorem 2. Suppose thatG acts transitively on a projective planeP. ThenG contains
at most one component.

The proof of this theorem, which involves rewriting proofs of similar theorems from
[9] and [7], is given in Section 3. In Section 4 we give the basic lemmas and notation
which will be used throughout the remainder of the paper.

In the remaining sections we use Theorem 2 to examine the possible unique com-
ponents of a groupG acting transitively on a projective plane. Existing results in the
literature are generally limited to the case where the component is simple andG is almost
simple.

3 Framework results

We prove Theorem 2 which states that if a groupG acts transitively upon a projective
plane thenG contains at most one component. Our proof of Theorem 2 startswith some
preliminary results.
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Note first that ifC is a component ofG thenC◦ := 〈Cg : g ∈ G〉 ∼= C ◦ Cg1 ◦
· · · ◦Cgm is a normal subgroup ofG whereg1, . . . , gm ∈ G; furthermore, ifC andD are
components ofG with C notG-conjugate toD then[C, D] = 1 and so[C◦, D◦] = 1.

We need some information about the fixed points of automorphisms of a projective
planeP of orderx: If an automorphismg fixes at leastx points theng is calledquasicen-
tral andg fixesx+1, x+2 or x+

√
x+1 points [14, 4.1.7]. In the first two casesg fixes

a fan, namely a lineL and a pointα and all the points onL and all the lines incident with
α. The distinction between the two cases depends on whether ornot α lies onL. In the
third case the set of fixed points and fixed lines ofg forms a subplane ofP of order

√
x.

In addition we have the following lemma:

Lemma 3. [14, 3.1.2 and 4.1.6]LetP be a projective plane of orderx. If H is a group of
automorphisms ofP which does not fix(point-wise) a subplane ofP then the fixed set of
H lies inside a fan. If, on the other hand,H point-wise fixes a subplane of ordery then
eithery2 = x or y(y + 1) ≤ x − 2.

We are now ready to prove our first result which is very similarto [9, Theorem 3]:

Proposition 4. LetG be a transitive automorphism group of a projective planeP of order
greater than4. LetG have normal subgroupsM andN such thatMα 6= 1 andNα 6= 1
for some pointα. Then[N, M ] 6= 1.

Proof. Let M andN be two normal subgroups ofG such that there is a pointα so that
Mα 6= 1 andNα 6= 1 and[M, N ] = 1.

Consider the pointβ ∈ αN and letn ∈ N be such thatβ = αn. If m ∈ Mα, then
βm = αnm = αmn = β. ThusαN is fixed point-wise byMα. If β ∈ αN\{α} andL

is the line throughα andβ, thenMα fixesL set-wise. Thus there is a lineL throughα
which is fixed byMα andMα fixes at least two points. A similar result applies withN
replacingM .

Next we show that every line throughα is fixed either byMα or Nα. Assume that this
is false and letL be a line throughα which is fixed by neither. SinceG is line-transitive,
there is some pointβ such thatMβ fixesL. Now, since[M, N ] = 1, Nα acts on the set
of fixed lines ofMβ. Thus each image ofL under the action ofNα is a line throughα
fixed byMβ. SinceNα does not fixL, it follows thatMβ fixesα. However, this means
thatMβ = Mα and henceMα fixesL which is a contradiction to our assumption.

Thus, for one ofMα andNα, the number of lines throughα which are fixed must be
at leastk/2. Without loss of generality, this is true forNα. We now show that the set of
fixed points ofNα forms a subplane ofP. By the lemma above it is sufficient to prove that
NG(Nα) acts transitively on the set of lines fixed byNα; to show this we demonstrate
thatNL = Nα for any lineL fixed byNα.

Let L be any line throughα which is fixed byNα. Let m ∈ M such thatLm 6= L.
Then, since[M, N ] = 1, it follows thatLmNL = LNLm = Lm, that isNL fixesLm
and soNL fixesLm ∩ L = {β}, say. ThenNα ⊆ NL ⊆ Nβ, and sinceNα is conjugate
to Nβ , we obtainNα = NL.
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SinceN is normal inG, NG(NL) is transitive on the lines fixed byNL = Nα. Thus
the fixed set ofNα is a subplane ofP with line size at leastk/2. This is a contradiction
of the lemma above. 2

Corollary 5. Suppose thatG acts transitively on a projective planeP. Then all compo-
nents ofG are conjugate inG.

Proof. If P is Desarguesian thenG contains at most one component and the statement
holds.

By [14, 3.2.15] a non-Desarguesian projective plane has order at least9. Thus by the
previous theorem any two normal subgroupsM andN of G with Mα 6= 1 andNα 6= 1
for some pointα satisfy[N, M ] 6= 1.

Now suppose thatC andD are components ofG which are not conjugate inG. Then
C◦ andD◦ are distinct normal subgroups ofG. Note that any component contains an
involution and, since the number of points inP is odd, each involution must fix a point.
The theorem implies that[C◦, D◦] 6= 1. This is a contradiction. 2

We can now prove Theorem 2. Our method of proof is very similarto that of Camina
[7, Theorem 1]. First we state some preliminary results:

Lemma 6. [9, Theorem 1]Let P be a finite linear space and letG be a line-transitive
automorphism group ofP. LetN be a normal subgroup ofG. ThenN acts faithfully on
each of its point orbits.

Lemma 7. [21, XIII.13.1] LetA be an abelian automorphism group of a projective plane
of orderx. Then|A| ≤ x2 + x + 1.

Theorem 2. Suppose thatG acts transitively on a projective planeP. ThenG contains
at most one component.

Proof. By Corollary 5,P is non-Desarguesian of orderx and all components are conju-
gate inG. Let C be a component ofG and letC◦ be the normal closure ofC in G. Write
C◦ = C1 ◦ · · · ◦ Cm with eachCi isomorphic toC and suppose thatm ≥ 2.

Let D be a Sylow2-subgroup ofC◦. SinceP has an odd number of points there is a
pointα so thatD fixesα. Thus(Ci)α 6= 1 for 1 ≤ i ≤ m. SinceG acts transitively on
P this is true for all pointsα. Chooseα so that(C1)α has maximal order. Observe that
[C2, (C1)α] = 1 soαC2 consists of points fixed by(C1)α.

Now C◦ is faithful on all its point orbits by Lemma 6. This implies thatαC2 contains
at least 5 points asC2 is quasisimple and normal inC◦. The fixed set of(C1)α is either a
subplane or lies inside a fan. But, sinceC2 does not fix any point, we conclude that(C1)α

fixes a subplane whose order is at most
√

x.
We now show that for any lineL incident withα there is aj so that(Cj)α fixesL.

Choose a lineL incident withα. If (C1)α fixesL there is nothing to prove. We know that
there exists a line,L1, which is incident withα and is fixed by(C1)α. But G is transitive
on lines so there isg ∈ G with L1g = L. Thenβ = αg is incident withL and((C1)α)g

fixesL. But there existsj so that((C1)α)g = (Cj)β sinceg permutes the factorsCi. Let
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i 6= j. Then(Ci)α commutes with(Cj)β and so acts on the set of lines fixed by(Cj)β .
If (Ci)α fixesL then we have proved our claim. If not we see that(Cj)β fixes at least
two lines throughα and so fixesα. However((C1)α)g = (Cj)β so by the maximality of
(C1)α we have(Cj)α = (Cj)β and the claim is proved.

Let y be the order of the subplane fixed by(Ci)α. Thenm(y +1) ≥ x+1. If y =
√

x
then this implies thatm ≥ √

x. If y 6= √
x then Lemma 3 implies thaty(y + 1) ≤ x − 2.

Thusm ≥ y + 1 and som ≥
√

x + 1 >
√

x.
SinceC◦ has an abelian subgroup of order at least5m it follows from Lemma 7 that

x2 + x + 1 ≥ 5m ≥ 5
√

x. This has no solutions. 2

4 Basic results and notation

The notation outlined in this section will hold throughout the rest of the paper. We also
state here a number of basic results which will be used repeatedly throughout the paper.

4.1 Projective plane results. Consider a projective planeP of orderx with v = x2 +
x + 1 points and lines.

Lemma 8. [22, p. 33] Let G act transitively on a projective plane withGα a point-
stabilizer. If p1 is a prime≡ 2(3) then Gα contains some Sylowp1-subgroup ofG.
Moreover,Gα contains a subgroup of index at most3 in a Sylow3-subgroup ofG.

Forg an element ofG we writeng for the size of theG-conjugacy class ofg in G and
rg for the number of these conjugates lying in a point-stabilizerGα, for some fixed point
α in P. Furthermore,dg is the number of fixed points ofg. We will sometimes also write
rg(B) for the number ofG-conjugates ofg lying in a subgroupB of G, sorg = rg(Gα).

We know already that if an automorphismg fixes at leastx points theng is called
quasicentralandg fixesx + 1, x + 2 or x +

√
x + 1 points [14, 4.1.7]. Furthermore, if

an automorphism hasx + 1 or x + 2 fixed points then it is known as aperspectivityand
Wagner has proved that ifG contains a nontrivial perspectivity andG acts transitively on
P thenP is Desarguesian andG ≥ PSL(3, x) [34].

Now any involution is quasicentral ([14, 3.1.6]) and so all the groupsG that we con-
sider contain quasicentral automorphisms. By Wagner’s result we will be interested in
the situation whenx is a square, sayx = u2, and all quasicentral automorphisms, in
particular all involutions, haveu2 + u + 1 fixed points.

We will be particularly interested in properties of integers of the formu2 + u + 1
whereu is an integer.

Lemma 9. If x = u2 thenx2 + x + 1 = (u2 + u + 1)(u2 − u + 1), where(u2 + u +
1, u2 − u + 1) = 1.

Lemma 10. [27, p. 11]If u2 + u + 1 = pa
1 wherep1 is a prime, then eitherpa

1 = p1 or
pa
1 = 73.
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Lemma 11. [22, p. 33]If x = u2 andx2 + x + 1 = pam for a primep with a > 1, then
eitherm > 8pa or pa = u2 ± u + 1 = 73.

Lemma 12. Let x = u2 and letg be an involution acting on projective planeP with
u2 + u + 1 fixed points. Then

• ng

rg
= u2 − u + 1;

• dg = u2 + u + 1;
• v =

ng

rg
dg and(

ng

rg
, dg) = 1.

Proof. Count pairs of the form(α, g), whereα is a point andg is an involution fixingα,
in two different ways. Then|{(α, g) : αg = α}| = vrg = ngdg. We know already that
dg = u2 + u + 1 thus we must haveng

rg
= u2 − u + 1 and the result follows. 2

Lemma 13. Suppose thatg is an involution acting on projective planeP with u2 + u+ 1
fixed points. Ifng = 2cpam where(m, 2p) = 1 then the largest power ofp in v is less
than or equal tomax(pa, m + 2

√
m + 2).

Proof. If p|ng

rg
then clearly the highest power ofp dividing v dividespa. If not, then

u2 − u + 1 =
ng

rg
dividesm. Then the highest power ofp dividing v dividesdg =

u2 + u + 1 < (u2 − u + 1) + 2
√

u2 − u + 1 + 2. 2

It is in our exploitation of the last two results that our treatment will differ substantially
from that of Kantor in the primitive case. We will make use of the equalities outlined in
Lemma 12, takingg to be a member of a small conjugacy class of involutions.

4.2 Group theory results and notation. We begin with a general lemma which will
be useful throughout the chapter.

Lemma 14. Let C < A × B. Suppose|A| < |B : N | whereN is the largest proper
normal subgroup ofB. Then either:

• C ≤ A × B1 for B1 < B; or
• C = A1 × B for A1 ≤ A.

Proof. SupposeC 6≤ A × B1 for B1 < B. Then defineB1 = {(1, b) : (a, b) ∈ C} ∼= B
and observe that the projectionC → A, (a, b) 7→ a has kernelK = {(1, b) ∈ C} � B1.
But |B1 : K| ≤ |A| < |B : N | whereN is the largest proper normal subgroup ofB.
ThusK = B1 andC = A1 × B for someA1 ≤ A as required. 2

Now we want to show that a groupG with unique componentL cannot act transitively
on a projective planeP unless it contains a non-trivial perspectivity.

Recall thatL is a component ofG providedL is a subnormal quasi-simple subgroup
of G; a quasi-simplegroupC is one such thatC = C′ (C is equal to its commutator
subgroup) andC/Z(C) is simple. We also define analmost simplegroup to be a group
G such thatN � G ≤ Aut(N) whereN is a non-abelian simple group; an almost simple
group can also be thought of as a group withnon-abelian simple socle, the socleof a
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groupG being the product of the minimal normal subgroups ofG. For a fuller discussion
see [3].

We write H.G for an extension of a groupH by a groupG andH : G for a split
extension. An integern denotes a cyclic group of ordern, while [n] (respectively[qn])
denotes an arbitrary soluble group of ordern (respectivelyqn) andpn denotes an elemen-
tary abelian group of orderpn wherep is a prime. We write|H |p for the highest divisor
of |H | which is a power of a primep.

Put Lα = Gα ∩ L, the stabilizer of a pointα in the action ofL on P. In general,
we will setM to be a maximal subgroup of the componentL which containsLα. Define
L† := L/Z(L) andM † := M/(Z(L) ∩ M).

Write G = (L ◦ CG(L)).N whereN is a subgroup ofOutL. ThenG/CG(L) is an
almost simple group and we use results about the maximal subgroups of such groups:

WhenL† is a classical simple group we use the results of Aschbacher [1] as described
in Kleidman and Liebeck [23]. These results give information about the maximal sub-
groups of a groupL†.N where the simple socleL† is a classical group.

We will sometimes precede the structure of a subgroup of a projective group witĥ
which means that we are giving the structure of the pre-imagein the corresponding uni-
versal group (we call thishat notation). For a given elementg ∈ L we will often write
g∗ for an element in the corresponding universal group which projects ontog. The sym-
bol ∗ will also be used in a different way, with groups, e.g.P ∗

1 , to signal that a group is a
subgroup of a section ofL or L†. Write GF(q) for the finite field of sizeq.

We now prove a small result which will be very useful:

Lemma 15. Suppose thatG has a unique componentL andG acts transitively on the
set of points of a projective planeP. Then, except whenL = PΩ+(8, q), there exists
L ≤ H ≤ G such thatH/CH(L) ≤ ΓL andH acts transitively on the set of points ofP.
HereΓL is the full semilinear classical group associated withL.

Proof. The result is trivial except whenL† = PSL(n, q) while G/CG(L) contains an
inverse-transpose automorphism ofL and whenL = Sp(4, 2f) while G/CG(L) contains
a graph automorphism ofL. In both casesG contains a normal subgroupH of index 2
such thatH/CH(L) ≤ ΓL. Since we are acting on a set of odd order, any transitive action
of G induces a transitive action ofH as required. 2

Lemma 15 implies that, to prove Theorem A, it is enough to showthat the subgroupH
cannot act transitively upon a non-Desarguesian projective plane as this implies that the
same must hold forG. Thus, except whenL† = PΩ+(8, q), we assume thatG/CG(L) ≤
ΓL.

We will write M ∈ Ci to mean thatM † is in the i-th family of natural maximal
subgroups ofL† given by Kleidman and Liebeck [23]. WhenM is parabolic we will
write M = Pm to mean thatM is a maximal parabolic subgroup fixing a totally singular
subspaceW of dimensionm inside the natural classical geometryV of dimensionn.

WhenL† is an exceptional simple group we use different sources to find information
about maximal subgroupsM of L. WhenM is parabolic we refer to [10, 19, 18]. In
some other cases, the maximal subgroups are completely enumerated; in particular for
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L† = 2B2(q) [32], for L† = 2G2(q) [24, 35], forL† = G2(q) [24, 13], forL† = 2F ′
4(q)

[28, 12] and forL† = 3D4(q) [25].
In both classical and exceptional cases, we appeal to a result of Liebeck and Saxl [26]

and Kantor [22] which gives the maximal subgroups of odd index in an almost simple
group. In particular, when the socle is a finite simple classical group acting on a classical
geometryV , such a maximal subgroup either lies inC1 (stabilizers of totally singular or
non-singular subspaces) for characteristic2 or, when the characteristic is odd, lies inC1,
C2 (stabilizers of decompositions into subspaces of fixed dimension,V = ⊕t

i=1Vi) or C5

(stabilizers of subfields) or is in a small set of listed exceptions.
Finally, whenL† is a sporadic simple group we refer to [2] which, amongst many

other things, lists the maximal subgroups of odd index.
Our analysis becomes slightly simpler by using the following result of Camina and

Praeger which is a corollary of Lemma 6:

Lemma 16. [9, Corollary 1]LetN be an abelian normal subgroup of a groupG. Suppose
thatG acts line-transitively on a finite linear spaceP. ThenN acts semiregularly on the
points ofP.

In the case whereP is a projective plane we can apply Lemma 8. Thus ifL is a unique
component ofG thenZ(L) is normal inG and must have order only divisible by primes
congruent to1(3) or by3 to the first power. In the case whereL is a group of Lie type, for
instance, this implies thatL is simple unless it is isomorphic toE6(q), 2E6(q), U(n, q)
or PSL(n, q) for certainn.

4.3 Hypothesis. Finally we state our hypothesis for the rest of the paper:

Hypothesis. 1. Suppose thatG is a group with a unique componentL;
2. Suppose thatG acts transitively on a set of points of orderv = x2 + x + 1 where

x = u2, u ∈ Z, u ≥ 2;
3. Suppose that all involutions fixu2 + u + 1 points;
4. Suppose thatLα ≤ M whereM is a maximal subgroup ofL of odd index and that

v > |L : M |;
5. Except whenL† = PΩ+(8, q), suppose thatG/CG(L) ≤ ΓL;
6. Finally suppose thatZ(L) has order only divisible by primes congruent to1(3) or by

3 to the first power.

Throughout the rest of the paper we will setL† to be in a particular family of simple
groups and will prove the following result (which, in turn, implies Theorem A):

Result. If L 6= PSL(2, q), then our hypothesis leads to a contradiction. IfL = PSL(2, q),
then our hypothesis along with two extra suppositions(described in Section7) leads to a
contradiction.

This result is entirely group theoretic and makes no reference to the geometry of
projective planes. Note also that Lemmas 8 to 13 all apply under our hypothesis since
they depend only on the number of pointsx2 + x + 1.
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5 L† is alternating or sporadic

In this section we prove that, ifL† is alternating or sporadic, then the hypothesis in Sec-
tion 4.3 leads to a contradiction. This implies the following proposition:

Proposition 17. SupposeG has a unique componentL such thatL† is isomorphic to an
alternating group,An with n ≥ 5, or a sporadic simple group. ThenG does not act
transitively on a projective plane.

WhenL† is a sporadic simple group, the maximal subgroups ofL† of odd index are
given by Aschbacher [2]. Aschbacher’s list implies that anymaximal subgroupM of odd
index inL has index divisible by9 or by a prime congruent to2(3). SinceLα must lie in
such a maximal subgroup this contradicts Lemma 8.

Suppose thatL† ∼= An, the alternating group onn letters. Ifn 6= 6, 7 thenZ(L) ≤ 2
[30]; thus, by Lemma 16,L = L† = An. If n = 6, 7 then Z(L) ≤ 6 and so, by
Lemma 16,L = An or L = 3.An.

Assume for the moment thatn > 7 and soL = An. Let g ∈ L = An be a double
transposition. Thenng = n(n − 1)(n − 2)(n − 3)/8. Now An contains an abelian
subgroup,H , of size2⌊

n
2
⌋−1 which contains at least

⌊

n
2

⌋

(
⌊

n
2

⌋

− 1) L-conjugates ofg.
SinceH lies inside a Sylow2-subgroup ofL, we know thatH lies in Lα for some

pointα. We conclude that

ng

rg
≤ n(n − 1)(n − 2)(n − 3)

8
⌊

n
2

⌋

(
⌊

n
2

⌋

− 1)
.

Next we refer to Lemma 7 and observe that|H | ≤ v. Furthermore, foru > 2, we have

v < 2
(ng

rg

)2
. Hence

2⌊
n
2
⌋−1 ≤ 2

n2(n − 1)2(n − 2)2(n − 3)2

26
⌊

n
2

⌋2
(
⌊

n
2

⌋

− 1)2
.

Thus2⌊
n
2
⌋ < n4 andn ≤ 43. If u = 2 thenv = 21 and again we can conclude that

n ≤ 43. Now to examine the cases where7 < n ≤ 43 we use a method similar to that in
[8, Section 5].

Consider the usual permutation action ofL = An asAlt(Ω), acting on a setΩ of size
n. ThenLα contains a Sylowp-subgroup ofL for every primep ≡ 2(3) and a subgroup
of index 3 in a Sylow3-subgroup ofL.

Let Γ be the longest orbit ofLα in Ω. If 8 ≤ n ≤ 10 then, sinceLα contains a Sylow
2-group and a Sylow5-group ofL, LΓ

α must be primitive; if11 ≤ n ≤ 21 then the same
conclusion comes from the primes2 and11; if 22 ≤ n ≤ 33 then the same conclusion
comes from the primes2 and17; and if 34 ≤ n ≤ 43 then the same conclusion comes
from the primes2 and29. Now LΓ

α has odd index inAlt(Γ) and5 does not divide the
index. By [26] this means thatLΓ

α containsAlt(Γ).
For n ≥ 11, n 6= 39, we claim that|Γ| ≥ n − 2. This is proved using Lemma 8 for

each individual value ofn. We do not reproduce this here but consider, for instance, when
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n = 16: ThenLα contains elements with cycle type(11) and(8, 8) and so|Γ| = 16 ≥
n − 2.

Let us examine this case, wheren ≥ 11, n 6= 39. Consider again,g, a double transpo-
sition withng = n(n− 1)(n− 2)(n− 3)/8. Thenrg ≥ (n− 2)(n− 3)(n− 4)(n− 5)/8

and song

rg
≤ n(n−1)

(n−4)(n−5) < 3 for n ≥ 11. This is impossible.

Forn = 39 it turns out, using Lemma 8, that|Γ| ≥ 34. Thenng

rg
< 3 and this case is

excluded.
For n = 8 or 10, the same argument gives|Γ| = n and no action exists. Forn = 9,

|Γ| ≥ 5 and, referring to [26],Lα lies in an intransitive subgroup ofL and this contradicts
Lemma 8.

Now supposen ≤ 7. If n = 5 or 6 then Lemma 8 implies that|L : Lα| ≤ 3. This is
impossible since no subgroup of such small index exists inL. We are left withn = 7.

Whenn = 7 we know thatLα contains an element of order5. Examining [12] this
means thatM † = S5 or A6. In fact we must haveLα = S5 or A6. In both casesng

rg
is

not an integer. Thus all cases are excluded.

Remark. It is worth noting that we could prove Proposition 17 directly by appealing to
[17, Theorem 1] and then dealing with the cases wheren < 21.

6 L† = PSL(n, q), n > 3

In this section we assume thatn > 3 and prove that, ifL† = PSL(n, q), then the hypoth-
esis in Section 4.3 leads to a contradiction. This implies the following proposition:

Proposition 18. If G has a unique component such thatL† is isomorphic toPSL(n, q)
with n > 3, thenG does not act transitively on a projective plane.

ConsiderSL(n, q) acting naturally on a vector spaceV . Recall that atransvection, g∗

say, inSL(n, q) is an automorphism ofV such thatg∗ − I has rank 1 and square 0. We
now state the following preliminary result:

Lemma 19. LetC be a conjugacy classes of involutions inL corresponding to either

• diagonalizable involutions in the natural modular representation ofSL(n, q) with q
odd; or to

• the projective image of transvections inSL(n, q), whereq = 2a for some integera.

ThenC is invariant underΓL.

Proof. Consider the diagonalizable case first. We need to consider the actions by conju-
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gation of automorphisms ofSL(n, q) on a diagonal matrix,

g∗ =





















−1
. . .

−1
1

. . .
1





















.

Clearly a field automorphism will preserveg∗. Similarly an automorphism lying in
GL(n, q) of form,











1
. . .

1
a











wherea ∈ GF(q)∗, also preservesg∗. These generate the full outer automorphism group
of SL(n, q) in ΓL(n, q) and we are done. In the case where we have a transvection we
consider the actions by conjugation of automorphisms ofSL(n, q) on a matrix,

g∗ =













1 1 0 . . . 0

1
. . .

...
. . . 0

1













.

Clearly both field automorphisms and the automorphism inGL(n, q) exhibited above
preserveg∗ and we are done. 2

Much of the ensuing treatment will involve counting involutions g. We will take
care to ensure thatg is always of one of the two types in this lemma thus ensuring that
ng = rg(L) = |L : CL(g)| and rg = rg(Lα). Also, observe that we may exclude
PSL(4, 2) ∼= A8. We begin by restricting the family within whichM , a maximal sub-
group ofL containingLα, may lie:

6.1 Lα must lie in a parabolic subgroup. By Liebeck and Saxl [26], we know that
Lα lies inside a maximal subgroupM where

• for q odd,M ∈ C1, C2 or C5; or n = 4;
• for q even,M ∈ C1.

Lemma 20. Lα cannot lie inside a maximal subgroup from familiesCi, i > 1.
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Proof. We may assume thatq is odd. InSL(n, q), define

g∗ =















−1
−1

1
. . .

1















.

Theng∗ is centralized inSL(n, q) by (SL(2, q)×SL(n−2, q)).(q−1). Then the projective
image,g, of g∗ is an involution inL andng divides

q2(n−2)(qn−1 + · · · + q + 1)(qn−2 + · · · + q + 1)/(q + 1).

Examining the order of subgroupsM in C2 of C5 we find that|M |p ≤ q
1

4
(n−1)n and

hence|L : M |p ≥ q
1

4
(n−1)n. Sincen > 3, we know thatq2 divides the index of any

maximal subgroup inC2 or C5. In the case wheren = 4, the only maximal subgroups of
odd index which do not lie in familiesC1, C2 or C5 also have index divisible byq2. Hence
p ≥ 7 by Lemma 8. Then, by Lemma 13, the largest power ofp in v is q2(n−2).

Thus, forn > 4, q
1

2
n(n−1)−2(n−2) = q

1

2
(n2−5n+8) divides the order ofLα. We

therefore need to have12 (n2 − 5n + 8) ≤ 1
4 (n − 1)n and son < 7.

If n is 5 or 6, the only possibility that fits this inequality is whenM = NL(L(n, q0))
for q = q2

0 . But then|L : M | is even and so this case can be excluded. This possibility
can also be excluded whenn = 4. However whenn = 4 we also need to consider the
following further possibilities (note that whenn = 4 we can assume thatL = PSL(4, q)):

• M = (̂SL(2, q) × SL(2, q)).(q − 1).2. (Recall that we use hat notationˆto indicate
that we are giving the structure of the pre-image ofM in SL(4, q).) In this case|L :
M | = ng = 1

2q4(q2+1)(q2+q+1). Then we know that the maximum power ofp in v
is q4 henceLα contains Sylowp-subgroups ofM . However the index of a parabolic
subgroup inSL(2, q) is even, hence we must have(̂SL(2, q) × SL(2, q)).2 < Lα.

Then we know that for someα, Lα > ˆ
(

SL(2,q)
SL(2,q)

)

. SinceLα also contains

a Sylow2-subgroup ofPSL(4, q), this implies thatLα must contain the projective

image of

(

1
−1

1
−1

)

which is L-conjugate tog and sorg ≥ q2(q + 1)2. Thus

ng

rg
≤ 1

2q2(q2+1) andv ≤ q4(q2+1)(q2+q+1) and sov = 1
2q4(q2+1)(q2+q+1)

contradicting Lemma 11.
• M = L(4, q0).[

c
(q−1,4) (q0 − 1, 4)] wherec = (q− 1)/(q0 − 1, q−1

(q−1,4) )) andq = q3
0 .

Then|L : M | = (q12
0 (q8

0 + q4
0 +1)(q6

0 + q3
0 +1)(q4

0 + q2
0 + 1))/( c

(q−1,4) (q0 − 1, 4)).
Now we know thatp ≡ 1(3) and so the highest power of3 in c is 3. Then we have
9
∣

∣|L : M | which is impossible.
• M is of odd index but does not lie in familiesC1, C2 or C5. Examining [23, 26] we

find that there are two possibilities: EitherM ∈ C6 andM ∼= 24.A6 or M ∈ C8 and
M ∼= PGSp(4, q). In the former case,q6 divides|L : M | which is a contradiction.
In the latter case, sincep ≡ 1(3), we find that9 divides|L : M | which, again, is a
contradiction. 2
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Thus we assume from here on thatLα lies insideM ∈ C1. This means thatLα must
always lie inside a parabolic subgroup,Pm, which stabilizes a subspaceW of dimension
m in the natural vector space forG. We now seek to boundm.

6.2 Lα lies in Pm, m small. We begin by noting some preliminary facts which we
will use to establish which parabolic groupsPm are possible candidates to containLα. In
particular we will show thatm is small.

Lemma 21. SupposeLα lies insidePm. For r|
(

n
m

)

, r prime, there exists an integera
such that(1 + qa + · · · + qa(r−1)) divides|L : Pm| which, in turn, dividesv.

Corollary 22. SupposeLα lies insidePm.
• If p ≡ 1(3) then for each primer dividing

(

n
m

)

, we haver ≡ 1(3) or r = 3 and
9 6 |

(

n
m

)

.
• If p is odd then

(

n
m

)

is odd, and so eithern is odd, orn is even andm is even.
• If p = 2 then

(

n
m

)

6≡ 0(4).

Proof. We need only prove the final statement. Suppose4|
(

n
m

)

. Then either(q2 + 1)|v or
(q + 1)2|v. This means that eitherv is divisible by a prime congruent to2(3) or that9

∣

∣v.
Both of these are impossible. 2

Note that, since(n, q) 6= (4, 2), the smallest index of a parabolic subgroup in
PSL(n, q), n ≥ 4 is 31 ([23, table 5.2A]). Sincex is a square we know thatv ≥ 91
and sodg < 2

ng

rg
.

6.2.1 Casen odd, p odd. In this caseL contains the projective image,g, of

g∗ =











−1
. . .

−1
1











.

Thenng = qn−1(qn−1 + · · · + q + 1). Furthermore, sincen ≥ 4, g is conjugate inG
to the projective image,h, of at least one other diagonal matrix. Theng andh commute
and lie in an elementary abelian 2-group. SinceLα contains a Sylow 2-subgroup ofL,
we must haverg ≥ 2.

Thus ng

rg
≤ 1

2qn−1(qn−1 + · · · + q + 1), dg ≤ qn−1(qn−1 + · · · + q + 1) and

v ≤ 1
2q2n−2(qn−1 + · · · + q + 1)2. Now observe that

1

2
(qn−1 + · · · + q + 1)2 ≥ q2n−1 implies(qn − 1)2 ≥ 2q2n−1(q − 1)2,

henceq2n ≥ 2q2n−1(q − 1)2, which givesq ≥ 2(q − 1)2 andq < 3. We know thatq ≥ 3
hence1

2 (qn−1 + · · ·+ q + 1)2 < q2n−1 andv < q4n−3. But |L : Pm| > qm(n−m) hence,
for n ≥ 23, we havem ≤ 4. We use Corollary 22 to narrow down the possibilities:
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1. Forp ≡ 1(3) we find, by explicit calculation using Corollary 22, thatm ≤ 4 for all n.
In fact, checking smalln we find that ifm = 1, 2 thenn ≥ 7; if m = 3 thenn ≥ 39;
if m = 4 thenn > 70.

2. Forp 6≡ 1(3) then ng

rg
|3(qn−1 + · · · + q + 1). Hencedg < 3.qn and sov < 9q2n. For

n ≥ 11 this implies thatm ≤ 2.
Checking the cases wheren < 11 we find thatm ≤ 2 or (n, m) = (7, 3). This final
case will be dealt with along with other exceptional cases atthe end of Section 6.3.9.

6.2.2 Casen even,p odd. Note that in this case we must havem even andL contains
the projective image,g, of

g∗ =















−1
. . .

−1
1

1















.

Now ng = q2(n−2)(qn−2 + · · ·+ q2 +1)(qn−2 + · · ·+ q +1). Againrg ≥ 2 and song

rg
≤

1
2q2(n−2)(qn−2+ · · ·+q2+1)(qn−2+ · · ·+q+1). This givesdg ≤ q2(n−2)(qn−2+ · · ·+
q2+1)(qn−2+· · ·+q+1) and sov ≤ 1

2q4(n−2)(qn−2+· · ·+q2+1)2(qn−2+· · ·+q+1)2.
In a similar fashion to before we know that, forq ≥ 3 andn ≥ 4,

1

2
(qn−2 + · · · + q2 + 1)2(qn−2 + · · · + q + 1)2 < q4n−7

and sov < q8n−15. But |PSL(n, q) : Pm| > qm(n−m) hence, forn ≥ 70, we have
m ≤ 8. Once again we use Corollary 22 to narrow down the possibilities:

(1) Forp ≡ 1(3), we find thatn < 70 implies thatm = 2. In fact (n, m) = (14, 2),
(38, 2) or (62, 2).

(2) Forp 6≡ 1(3), ng

rg
|3(qn−2 + · · · + q2 + 1)(qn−2 + · · · + q + 1) < 3q2n−3. Thus

v < 9q4n−5. But |G : Pm| > qm(n−m). Thus forn ≥ 18 we must havem ≤ 4. For
n < 18, m ≤ 4 or (n, m) = (14, 6). This final case will be dealt with along with
other exceptional cases in Section 6.3.9.

6.2.3 Casep = 2. In this caseG contains the projective image,g, of

g∗ =















1 0 · · · 0 1
1 0

. . .
...

1 0
1















.

Hereg∗ is a transvection andng = (qn−1−1)(qn−1 + · · ·+q+1). Examining a Sylow-2
subgroup ofPSL(n, q) we see that it contains at least2(qn−1 − 1) L-conjugates ofg.
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SinceLα must contain one such Sylow 2-subgroup, we conclude thatrg ≥ 2(qn−1 − 1)
and song

rg
< 1

2 (qn−1 + · · · + q + 1). Sincedg < 2
ng

rg
, v < 1

2 (qn−1 + · · · + q + 1)2.

Also, sinceLα < Pm and|PSL(n, q) : Pm| > qm(n−m), we conclude that, forn ≥ 10,
m ≤ 2.

For n < 10, the fact that4 6 |
(

n
m

)

implies that(n, m) = (7, 3), (8, 4) or (9, 4) if
m > 2. We rule out these three possibilities in turn:

• (9, 4): This givesq4(9−4) > q2n which is a contradiction.
• (8, 4): In this case,(q4 + 1)

∣

∣|G : P4| which is impossible.
• (7, 3): In this case,|G : P3| = (q2 − q + 1)(q4 + · · · + q + 1)(q6 + · · · + q + 1) >

1
2 (q6 + · · · + q + 1)2 > v which is a contradiction.

Note that ifm = 2 andn ≡ 0, 1(4) then(q2 + 1)
∣

∣v which is impossible. Hence when
m = 2 we assume thatn ≡ 2, 3(4).

6.2.4 Cases to be examined.We now state those values ofm for which Lα < Pm

gives a potential transitive action ofG:

1. p = 2: m = 1 (n ≥ 5) or 2 (n ≥ 6);
2. p 6≡ 1(3), p odd:

• n odd:m = 1 (n ≥ 5), m = 2 (n ≥ 7) or (n, m) = (7, 3);
• n even:m = 2 (n ≥ 6), m = 4(n ≥ 12) or (n, m) = (14, 6);

3. p ≡ 1(3):
• n even:m = 2 (n = 14 or n ≥ 38), m = 4, 6, 8 (n > 70);
• n odd:m = 1, 2 (n ≥ 7), m = 3 (n ≥ 39), m = 4 (n > 70).

Remark. Note thatn = 4 is now done. We will assume thatn ≥ 5 from now on.

All that remains is to go through the listed cases one at a timeassuming thatLα lies
inside the givenPm and so|L : Pm| dividesv. We seek a contradiction. We begin
with a preliminary lemma and corollary which will be useful for counting the number of
involutions inLα:

Lemma 23. Suppose thatq is an odd prime power. Assume that the following two matri-
ces are involutions inSL(n, q), then they are conjugate inSL(n, q):

(

V X1

0 W

)

,

(

V 0
0 W

)

whereV ∈ GL(m, q), W ∈ GL(n − m, q) andX1 ∈ M(m × (n − m), q), the set ofm
byn − m matrices over the field ofq elements.

Proof. Since these matrices are involutions we must haveV X1 + X1W = 0. TakeX
such that2X = −X1W . ThenAX = X1 + XW and we find that:

(

I X
0 I

) (

V X1

0 W

)

=

(

V 0
0 W

) (

I X
0 I

)

. 2
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Corollary 24. Let q be odd and suppose thatLα lies inside a parabolic subgroup,Pm,
of L wherePm = Â : (B : C) with C = q − 1 and

A =

(

I M(m × (n − m), q)
I

)

, B =

(

SL(m, q)
SL(n − m, q)

)

.

Defineπ(Lα) to be equal to the following set:

{(

Y1

Y2

)

:

(

Y1 Z
Y2

)

∈ A : (B : C), for someZ ∈ M(m × (n − m), q)

}

,

the projection ofPm onto the Levi quotient restricted toLα. Now assume thatLα contains
an involutiong which is the projective image of an involution inSL(n, q), g∗ =

(

X1 Y
X2

)

.
Thenrg is greater than or equal to the number ofπ(Lα)-conjugates of the block

diagonal matrix
(

X1

X2

)

in π(Lα).

Recall that, in our statement of the corollary, we use hat notationˆto indicate that we
are giving the structure of the pre-image ofPm in SL(n, q). Note that in what follows we
will assume thatLα lies in a parabolic subgroup which isL-conjugate to one of the above
form. In fact, inPSL(n, q) wheren ≥ 3, there are two conjugacy classes of parabolic
subgroups. However, since these two classes are fused by a graph automorphism, our
method extends trivially to cover the other class.

6.3 Remaining cases.

6.3.1 Casep = 2, m = 1. Takeg∗ a transvection as before, withng = (qn−1 − 1)
(qn−1 + · · · + q + 1). Recall thatrg ≥ 2(qn−1 − 1) and song

rg
≤ 1

2 (qn−1 + · · ·+ q + 1)

and sov < 1
2 (qn−1 + · · · + q + 1)2.

Then we suppose thatLα = Â.B.C ≤ P1 = [̂qn−1] : (SL(n − 1, q).(q − 1)). Since
Lα contains a Sylow2-subgroup ofL, A = [qn−1] with B ≤ SL(n− 1, q), C ≤ (q − 1).
Now |L : P1| = qn−1 + · · ·+ q +1 and thus| SL(n−1, q) : B| < 1

2 (qn−1 + · · ·+ q +1).
We know thatB contains a Sylow2-subgroup ofSL(n− 1, q) and so we are in one of the
following situations:

• B ≤ P ∗
m1

, a parabolic subgroup ofSL(n − 1, q). For n ≥ 5 andm1 ≥ 2 observe
that | SL(n − 1, q) : P ∗

m1
| > q2(n−3) > 1

2 (qn−1 + · · · + q + 1) which is impossible.
Thusm1 = 1 andB < [qn−2] : GL(n − 2, q). In this case(qn−1 + · · · + q + 1) ·
(qn−2 + · · ·+q+1) dividesv andB = [qn−2] : B∗

1 where|GL(n−2, q) : B∗
1 | < q.

ThusB > B∗
1 > SL(n − 2, q).

• B = SL(n − 1, q).

Consider the second situation first. We know thatπ(Lα) contains
(

1
SL(n−1,q)

)

for
someα, and we also know that the projective images of the followingmatrices are conju-
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gate in the groupL:

g∗ =















1 0 · · · 0 1
1 0

. . .
...

1 0
1















, h∗ =



















1
1 0 · · · 0 1

1 0
. . .

...
1 0

1



















.

Thus, by Corollary 24,rg ≥ rg (̂ SL(n− 1, q)) ≥ (qn−2 − 1)(qn−2 + · · · + q + 1). This
implies thatng

rg
< q(q + 1) andv ≤ q4 + q2 + 1. This is a contradiction forn ≥ 5.

Thus we assume that we are in the first situation. The same argument though implies
that rg ≥ rg (̂ SL(n − 2, q)) ≥ (qn−3 − 1)(qn−3 + · · · + q + 1). This implies that
ng

rg
< (q2 +1)2 and song

rg
≤ q4 + q2 +1. This means thatv ≤ q8 +4q6 +7q4 +6q2 +3.

We know that(qn−1 + · · · + q + 1)(qn−2 + · · · + q + 1)|v which gives a contradiction
for n ≥ 6.

For n = 5 we find that(q3 + q2 + q + 1)|v hence(q2 + 1)|v which implies that a
primep1 ≡ 2(3) dividesv which is a contradiction.

6.3.2 Casep = 2, m = 2. We assume here thatn ≥ 6 andLα ≤ P2
∼= [̂q2(n−2)] :

(SL(2, q) × SL(n − 2, q)).(q − 1). Now P2 has index(qn−1 + · · · + q + 1)(qn−2 +
· · · + q + 1)/(q + 1). We know, as before, thatv < 1

2 (qn−1 + · · · + q + 1)2 hence
|P2 : Lα| < q(q + 1). Now observe thatSL(n − 2, q) does not have a subgroup of
index less thanq(q + 1) henceLα > SL(n − 2, q). As for m = 1, this implies that
v ≤ q8 + 4q6 + 7q4 + 6q2 + 3. This must be greater than the index ofP2 and so we must
haven = 6.

In fact when we examinen = 6 we find that, to satisfy the bound, we must have
q = 2. Explicit calculation ofng, rg and|L : P2| excludes this possibility.

Remark. From here on we assume thatp is odd andn ≥ 5.

6.3.3 Casep odd, p 6≡ 1(3), n odd, m=1. For the next two cases takeg as before
for p odd andn odd with ng = qn−1(qn−1 + · · · + q + 1). We suppose thatLα =
Â.B.C < P1 = [̂qn−1] : (SL(n − 1, q).(q − 1)). HereA ≤ [qn−1], B ≤ SL(n − 1, q)
andC ≤ q − 1. Note that|L : P1| = qn−1 + · · · + q + 1.

Suppose first thatp 6= 3. Thenng

rg
|qn−1+· · ·+q+1 and sov < 2(qn−1+· · ·+q+1)2.

Then|P1 : Lα| < 2(qn−1 + · · · + q + 1). Now Lα contains a Sylow-p subgroup ofL
sincep ≡ 2(3). HenceB either lies in a parabolic subgroup,P ∗

m1
, of SL(n − 1, q) or

B = SL(n − 1, q).
Observe that ifm1 is odd then| SL(n − 1, q) : P ∗

m1
| is even. Thus we must assume

thatm1 is even, in which case| SL(n− 1, q) : P ∗
m1

| > q2(n−3) > 2(qn−1 + · · ·+ q + 1)
for n ≥ 6. This is a contradiction. Forn = 5, P ∗

2 also has even index inSL(4, q) so
can be excluded. Hence we assume thatB = SL(n − 1, q) and|C| is even. We know

that, for someα, π(Lα) contains
(

±1
SL(n−1,q).2

)

. Thus, appealing to Corollary 24, we
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conclude thatrg ≥ rg (̂ SL(n−1, q).2) ≥ qn−2(qn−2+ · · ·+q+1) and song

rg
< q(q+1).

This means thatv ≤ q4 + q2 + 1 which is a contradiction forn ≥ 5.
We are left with the case wherep = 3. Now Lα contains a group of index3 in a

Sylow-3 subgroup ofL and|L : Lα| is odd. HenceB either lies in a parabolic subgroup,
P ∗

m1
of SL(n − 1, q) or B = SL(n − 1, q). The case whereB = SL(n − 1, q) is ruled

out exactly as forp 6= 3.
Let B ≤ P ∗

m1
< SL(n− 1, q) and suppose thatn ≥ 8. Thenv > q7 + · · · + q + 1 >

1333 andng

rg
> 31. This, combined with the fact thatng

rg
≤ 3(qn−1 + · · ·+ q +1), means

thatv < 12(qn−1 + · · · + q + 1)2.
Now B lies inP ∗

m1
and som1 must be even. Then| SL(n−1, q) : P ∗

m1
| > q2(n−3) >

12(qn−1 + · · · + q + 1) for n ≥ 8 which is a contradiction. We are left withn = 5 or 7.
If n = 5 then we exclude it as forp 6= 3.

Forn = 7, we know thatdg < 2
ng

rg
≤ 6(q6 + · · ·+ q + 1) and sov < 18(q6 + · · · +

q + 1)2. Thus we require thatq2(7−3) < | SL(n − 1, q) : P ∗
m1

| < 18(q6 + · · · + q + 1).
This is impossible forq ≥ 9.

Whenq = 3 we find thatng

rg
|3(q6 + · · · + q + 1) = 3279. Now ng

rg
= u2 − u + 1 for

some integeru and song

rg
≤ q6 + · · · + q + 1 and we refer to the case wherep 6= 3.

Remark. Note that we have now covered all possible cases wheren = 5 and we assume
thatn ≥ 6 from here on.

6.3.4 Casep odd, p 6≡ 1(3), n odd, m = 2. In this caseLα = Â.B.C ≤ P2
∼=

[̂q2(n−2)] : (SL(2, q)×SL(n−2, q)).(q−1) whereA ≤ [qn−1], B ≤ SL(2, q)×SL(n−
2, q) andC ≤ q − 1. Now |L : P2| = (qn−3 + · · · + q2 + 1)(qn−1 + · · · + q + 1).

Now we know thatng

rg
|3(qn−1 + · · · + q + 1). Thusv < 12(qn−1 + · · · + q + 1)2

and hence|P2 : Lα| < 12(q + 1)2. If (n, q) 6= (7, 3) then no subgroup ofSL(n − 2, q)
has index less than12(q + 1)2 unless(n, q) = (7, 3). If (n, q) = (7, 3) then the only
subgroups ofSL(5, q) with indices less than12(3 + 1)2 are the parabolic subgroups.
These have indices inSL(5, q) divisible by11 and so can be excluded. This implies that
in all casesB = B∗ × SL(n − 2, q) for B∗ some subgroup ofSL(2, q).

Now B = B∗ × SL(n − 2, q) implies thatπ(Lα) ≥ SL(n − 2, q).2 and so, by
Corollary 24,rg > rg (̂ SL(n− 2, q)) > qn−3(qn−3 + · · ·+ q + 1) and ng

rg
< q2(q2 + 1)

and sov < q8 + q4 + 1. This gives a contradiction forn ≥ 7.

6.3.5 Casep odd,p 6≡ 1(3), n even,m = 2. For the next two cases, takeg as earlier
for p odd andn even. Thenng = q2(n−2)(qn−2 + · · ·+ q + 1)(qn−2 + · · ·+ q2 + 1). As
in the previous case,Lα = Â.B.C ≤ P2

∼= [̂q2(n−2)] : (SL(2, q)×SL(n−2, q)).(q−1)
whereA ≤ [q2(n−2)], B ≤ (SL(2, q) × SL(n − 2, q)), C ≤ q − 1 andπ(Lα) = B̂.C.
Now P2 has index inL, (qn−2 + · · · + q2 + 1)(qn−2 + · · · + q + 1).

We know, by Lemma 14, that one of the following must hold:

• B ≤ (SL(2, q) × B1) for someB1 < SL(n − 2, q);
• B = (B2 × SL(n − 2, q)) for someB2 ≤ SL(2, q).



Transitive projective planes 493

Consider the second possibility first. As previously, Corollary 24 implies thatrg ≥
rg (̂ SL(n − 2, q)) ≥ q2(n−4)(qn−4 + · · · + q + 1)(qn−4 + · · · + q2 + 1). Then ng

rg
≤

q4(q2 + 1)2 andv ≤ q18 which is a contradiction forn > 11. We will need to consider
n = 6, 8, 10.

We turn to the first possibility above. We know thatng

rg
|3(qn−2 + · · ·+ q +1)(qn−2 +

· · · + q2 + 1). This implies thatv < 9(qn−2 + · · · + q + 1)3(qn−2 + · · · + q2 + 1) and
so |P2 : Lα| < 9(qn−2 + · · · + q + 1)2. Thus we must haveB1 lying inside a parabolic
subgroup,P ∗

m1
, in SL(n − 2, q) with | SL(n − 2, q) : P ∗

m1
| < 9(qn−2 + · · · + q + 1)2.

We know thatm1 must be even. Ifm1 ≥ 4 then we know that| SL(n − 2, q) : P ∗
m1

| >

q4(n−2−4) which is a contradiction forn ≥ 12. Thusn − 2 ≤ 8 in which casem1 = 4
is not allowed and so this can also be excluded. Thus we must have m1 = 2. However
we know that

(

n
2

)

is odd and son ≡ 2(4), hencen − 2 ≡ 0(4), hence
(

n−2
2

)

is even and
| SL(n − 2, q) : P ∗

2 | is even by Lemma 21. We may exclude this possibility.
We are left with the possibility thatn = 6, 8 or 10 andB = B2 × SL(n − 2, q) for

someB2 ≤ SL(2, q).
Observe first thatA.B.C/A acts on the non-identity elements ofA by conjugation.

SinceB = B2 × SL(n− 2, q), this action has orbits of size divisible byqn−2 − 1. When
p = 3, qn−2 − 1 does not divideq2(n−2)/3 − 1 hence in all cases we may assume that
A = [q2(n−2)].

Then, for someα, A : B (or its transpose) has the following form and contains the
following conjugate ofg∗:

h∗ =















I2×2

−I2×2

1
. . .

1















∈
(

B2 A
SL(n − 2, q)

)

.

Observe that|A : CA(h∗)| = q4. Thusrg ≥ q4rg (̂ SL(n − 2, q)) ≥ q2n−4(qn−4 +
· · · + q + 1)(qn−4 + · · · + q2 + 1). Thus ng

rg
≤ (q2 + 1)2. In fact we may assume that

ng

rg
≤ q4 + q2 + 1 and sodg ≤ q4 + 3q2 + 3 andv ≤ (q4 + q2 + 1)(q4 + 3q2 + 3).

Now |L : P2| = (qn−2+· · ·+q2+1)(qn−2+· · ·+q+1) > (q4+q2+1)(q4+3q2+3)
for n ≥ 6, q ≥ 3. This is a contradiction.

Remark. Observe that we have now completed the case wheren = 6. We assume that
n ≥ 7 from now on.

6.3.6 Casep odd, p 6≡ 1(3), n even,m = 4. Let n ≥ 12 for this case. Similarly to
the previous case,Lα = Â.B.C ≤ P4

∼= [̂q4(n−4)] : (SL(4, q) × SL(n − 4, q)).(q − 1)
whereA ≤ [q4(n−4)], B ≤ (SL(4, q) × SL(n − 4, q)), C ≤ q − 1 andπ(Lα) = B̂.C.

As before,ng = q2(n−2)(qn−2+ · · ·+q+1)(qn−2+ · · ·+q2+1) and song

rg
|3(qn−2+

· · ·+ q +1)(qn−2 + · · ·+ q2 +1). This implies thatv < 9(qn−2 + · · ·+ q +1)3(qn−2 +
· · · + q2 + 1). Then we have

|L : P4||P4 : Lα| < 9(qn−2 + · · · + q + 1)3(qn−2 + · · · + q2 + 1)
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Since9(qn−2+· · ·+q+1)3(qn−2+· · ·+q2+1) < q4n−4 we must have|P4 : Lα| < q12.
We know, by Lemma 14, that one of the following must hold:

• B ≤ (SL(2, q) × B1) for someB1 < SL(n − 4, q). In this case| SL(n − 4, q) :
B1| < q12. For n ≥ 12 this implies thatB1 lies in the parabolic subgroupP ∗

1 of
SL(n − 4, q). But this has even index and so can be excluded.

• B = (B2 × SL(n − 4, q)) for someB2 ≤ SL(4, q).

Thus the second possibility must hold. As before Corollary 24 implies thatrg ≥
rg (̂ SL(n − 4, q)) ≥ q2(n−6)(qn−6 + · · · + q + 1)(qn−6 + · · · + q2 + 1). Then ng

rg
<

q8(q4 + 1)2 and

dg <
ng

rg
+ 2

√

ng

rg
+ 2 < (q8 + q4 + 3)q4(q4 + 1)

giving v ≤ q12(q4 + 1)3(q8 + q4 + 3) which is a contradiction forn ≥ 12.

6.3.7 Casep odd, p ≡ 1(3), n even,m = 2, 4, 6 or 8. We will take g to be the
projective image of,

g∗ =















−1
. . .

−1
1

1















.

Thenng = q2(n−2)(qn−2+· · ·+q2+1)(qn−2+· · ·+q+1) and we know thatv < q8n−15.
Recall that whenm = 2 we may assume thatn = 14 or n ≥ 38, otherwisen > 70.

Let Lα = Â.B.C ≤ Pm
∼= [̂q2(n−m)] : (SL(m, q) × SL(n − m, q)).(q − 1) where

A ≤ [qm(n−m)], B ≤ (SL(m, q) × SL(n − m, q)), C ≤ q − 1 andπ(Lα) = B̂.C. Note
that|L : Pm| > qm(n−m) and so|Pm : Lα| < q8n−15−mn+m2

.
There are two possibilities forB, by Lemma 14:

• B = (B2×SL(n−m, q)) for someB2 ≤ SL(m, q). Then Corollary 24 implies that
rg ≥ rg (̂ SL(n−m, q)) ≥ q2(n−m−2)(qn−m−2+· · ·+q+1)(qn−m−2+· · ·+q2+1).
Thenng

rg
≤ q2m(qm +1)2 andv ≤ q8m+3 Thus we needm(n−m) < 8m+3 which

implies thatm > n−8
2 which is a contradiction.

• B ≤ (SL(m, q) × B1) for someB1 < SL(n − m, q). By Liebeck and Saxl [26],
the projective image ofB1 in PSL(n − m, q) must lie in familiesC1, C2 or C5.
The latter two possibilities imply thatn(n − 1)/4 < 8n − 15 − mn + m2, hence
n2− (33−m)n+(60−m2) < 0 andn < 33−m, which yieldsn = 14 andm = 2.
We examine the remaining situation withn = 14, m = 2. Then one subgroup
in C2 has index less thanq8n−15−mn+m2

= q6n−11, namely the projective image of
Q2

∼= (SL(6, q)×SL(6, q)).(q−1).2 which has even index inPSL(12, q). Similarly
the only subgroup inC5 with index less thanq6n−11 is NPSL(12,q)(PSL(12, q0))
whereq = q2

0 . This also has even index inPSL(12, q) and so can be excluded.
ThusB1 lies in a parabolic subgroupP ∗

m1
of SL(n − m, q). Sincen − m is even,

we must havem1 even to havei := | SL(n − m, q) : P ∗
m1

| odd. Observe that
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qm1(n−m−m1) < i < q8n−15−mn+m2

. Suppose first thatm + m1 ≥ 10. The upper
and lower bounds fori imply that(10− m)(n− 10) < 8n− 15− mn + m2, hence
2n < m2 − 10m + 85, which implies thatn < 35 andm = 2. We examine the
remaining situation withn < 35, m = 2. Referring to Corollary 22 the only value of
n less than 35 for whichP2 has admissible index isn = 14. But in this casem1 = 8
is too large to define a parabolic group inSL(12, q). This case is excluded. Thus we
assume thatm + m1 ≤ 8 andm ≤ 6. We split into cases:

– Suppose thatm = 6 and som1 = 2. Then|L : P6| odd implies that
(

n
6

)

is odd
and hencen ≡ 2(4). However this implies that

(

n−6
2

)

is even and soi is even
which is impossible.

– Suppose thatm = 4 and som1 ≤ 4. Recall that, by Corollary 22,5 does
not divide

(

n
4

)

hencen ≡ 4(5). However this implies that5 divides
(

n−4
m1

)

which implies, by Lemma 21, thati is divisible by a primep1 ≡ 2(3) which is
impossible.

– Suppose thatm = 2 and som1 ≤ 6. We excludem1 = 2 or 6 in the same way
as we excludedm1 = 2 for m = 6. We excludem1 = 4 in the same way as we
excludedm1 = 4 for m = 4. Hence we are done.

6.3.8 Casep odd, p ≡ 1(3), n odd, m = 1, 2, 3 or 4. We will take g to be the
projective image of,

g∗ =











−1
. . .

−1
1











.

Thenng = qn−1(qn−1 + · · · + q + 1) and we know thatv < q4n−3. Furthermore, by
Lemma 13, we know that|v|p ≤ qn−1. Recall that, form = 1 or 2, we haven = 7 or
n ≥ 13, for m = 3 we haven ≥ 39 and form = 4 we haven > 70.

Then, in this case,Lα = Â.B.C ≤ Pm = [̂qn−m] : (SL(n − m, q).(q − 1))
whereA ≤ [qn−m], B ≤ SL(n − m, q), C ≤ q − 1 andπ(Lα) = B̂.C. Note that
|L : Pm| > qm(n−m) and so| SL(n − m, q) : B| < q4n−3−mn+m2

.
There are two possibilities forB, by Lemma 14:

• B = (B2×SL(n−m, q)) for someB2 ≤ SL(m, q). We know that2 ≤ C and so, by
Corollary 24,rg ≥ rg (̂ SL(n−m, q).2) ≥ qn−m−1(qn−m−1 + · · ·+ q + 1). Hence
ng

rg
< qm(qm + 1) andv ≤ q4m + q2m + 1. Thus we havem(n − m) < 4m + 1,

hencem2 + (4 − n)m + 1 > 0 andm > n − 5. This is a contradiction.
• B ≤ (SL(m, q)×B1) for someB1 < SL(n−m, q). By Liebeck and Saxl [26], the

projective image ofB1 in PSL(n − m, q) must lie in a subgroupM of PSL(m, q)
from familiesC1, C2 or C5. The latter two possibilities imply that,n(n − 1)/4 <
4n−3−mn+m2, hencen2−(17−4m)n+(12−4m2) < 0 andn < 17−2m. This
implies that eitherm = 2 andn = 7 or m = 1 andn = 7, 13. In fact, whenm = 1
andn = 13 the initial inequality is not satisfied and this possibilitycan be excluded.
Whenm = 2 andn = 7, the only possibility is ifB1 ≤ M = NL5(q)(L5(q0)) where
q = q2

0 . But | SL(n− 2, q) : M | is even here and can be excluded. Whenm = 1 and
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n = 7 we must haveM a subgroup ofSL(6, q) in C2 orC5 and| SL(6, q) : M | < q19.
The only such subgroups areM = (̂SL(3, q))2.(q−1).2 andM = NL(6,q)(L(6, q0))
whereq = q2

0 . Both of these subgroups have even index inSL(6, q) and henceB1

does not lie inside such anM .
ThusB1 lies in a parabolic subgroup,P ∗

m1
of SL(n − m, q). Write i := | SL(n −

m, q) : P ∗
m1

| and observe thatqm1(n−m−m1) < i < q4n−3−mn+m2

. Suppose first
thatm + m1 ≥ 5. The upper and lower bounds fori imply that

(5 − m)(n − 5) < 4n − 3 − mn + m2 , hencen < m2 − 5m + 28.

This implies thatn < 24 and eitherm = 1 or m = 2. These cases imply that
m1 ≥ 3. Now for i to be divisible only by primes congruent to1(3) or by 3 but not
9, we must have

(

n−m
m1

)

divisible only by primes congruent to1(3) or by3 but not9
and hencen − m ≥ 39 which is a contradiction.
Thusm + m1 ≤ 4 andm ≤ 3. Note that ifm is odd thenm1 must be even sincei
is odd implies that

(

n−m
m1

)

is odd. This excludesm = 3 and ensures that, form = 1,
m1 = 2.
Observe some facts about the remaining cases:

– Suppose thatm = 1 andm1 = 2. We must haven ≥ 39 to ensure thatn and
(

n−1
2

)

are divisible only by primes congruent to1(3) or by 3 but not9. Then
we haveB1 ≤ P ∗

2
∼= [q2(n−3)] : (SL(2, q) × SL(n − 3, q)).(q − 1) and, since

| SL(n − 1, q) : P ∗
2 | > q2(n−3), then|P ∗

2 : B1| < qn+4.
– Suppose thatm = 2. If n = 7 thenB1 lies inside a parabolic subgroup of

SL(5, q). But 5 divides
(

5
j

)

for j = 1, 2 which is not allowed. Thusn ≥ 39

as this is the next smallest number with allowable divisors of
(

n
2

)

. Consider
m1 = 2. Since

(

n
2

)

is odd we must haven ≡ 3(4) and so
(

n−2
2

)

is even which
is a contradiction. Hencem1 = 1 andB1 ≤ P ∗

1
∼= [qn−3] : SL(n−3, q).(q−1).

Now | SL(n − 2, q) : P ∗
1 | ≥ qn−3 and so|P ∗

1 : B1| < qn+4.
Now the only subgroup ofSL(n − 3, q) in C1, C2 or C5 with index less thanqn+4

is a parabolic subgroupP ∗
1 which has even index. Thus, form = 1 and m =

2, B1 ≥ SL(n − 3, q).2 and so, by Corollary 24,rg ≥ rg (̂ SL(n − 3, q).2) ≥
qn−4(qn−4 + · · · + q + 1). Henceng

rg
< q3(q3 + 1) andv ≤ q12 + q6 + 1 which is

a contradiction.

6.3.9 Exceptional cases.We have deferred two cases in the process of our proof.
Firstly we need to consider the possibility thatn = 7, p 6≡ 1(3) is odd andLα ≤ P3,
a parabolic subgroup stabilizing a3-dimensional subspace in the vector space forG. We
exclude this possibility as follows:

Refer to Section 6.2.1 whennp is odd and suppose thatLα < P3. In this case
ng

rg
|3(q6 + · · · + q + 1) and |L : P3| = (q6 + · · · + q + 1)(q6 + q4 + q3 + q2 + 1).

Thusv > q12 and ng

rg
> q5 ≥ 243.

Suppose first thatng

rg
< q6 + · · ·+q+1. Thenu2−u+1 =

ng

rg
≤ 3

5 (q6 + · · ·+q+1)

andu2 + u + 1 = dg < q6 + q4 + q3 + q2 + 1 sinceng

rg
> 243. Thusv < |L : P3| which

is a contradiction.
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Then consider the case whereng

rg
≥ q6 + · · · + q + 1. We must havev ≥ 3(q6 +

· · · + q + 1)(q6 + q4 + q3 + q2 + 1). Suppose thatng

rg
= q6 + · · · + q + 1. Then our

lower bound onv implies thatdg ≥ 3(q6 + q4 + q3 + q2 +1) > 2
ng

rg
which is impossible.

The only other possibility is thatng

rg
= 3(q6 + · · · + q + 1) = u2 − u + 1. But then

u2 + u + 1 = dg < 7(q6 + q4 + q3 + q2 + 1) which again is impossible forq ≥ 7. For
q = 3, 5 we find that3(q6 + · · · + q + 1) 6= u2 − u + 1 for integeru and so these cases
can be excluded.

The second possibility that we need to consider is whenn = 14, p 6≡ 1(3) is odd and
Lα ≤ P6, a parabolic subgroup stabilizing a6-dimensional subspace in the vector space
for G. We exclude this possibility as follows:

Refer to Section 6.2.2 whenn is even andp is odd and observe thatv < 9q51 and
ng < q49. Furthermore

Lα ≤ P6 = [̂q48] : (SL(6, q) × SL(8, q)).(q − 1)

which has index greater thanq48. Thus|P6 : Lα| < 9q3. Now SL(6, q) andSL(8, q)
do not have any subgroups with index this small, henceLα > Â.(SL(6, q) × SL(8, q))
whereA = [q48] ∩ Lα. Observe that|[q48] : A| ≤ 3. In fact,A.(SL(6, q) × SL(8, q))/A
acts by conjugation on the non-identity elements ofA with orbits of size divisible by
q5 + · · · + q + 1, henceA = [q48]. Then, for someα, A : (SL(6, q) × SL(8, q)) (or its
transpose) has the following form and contains the following conjugate ofg∗:

h∗ =









−1
I5×5

−1
I7×7









∈
(

SL(6, q) A
SL(8, q)

)

.

Let h be the projective image ofh∗. Thenrg > rh (̂ (SL(6, q) × SL(8, q))) > q10.q14 =
q24. Thenh is certainly centralized by a subgroup ofA of size no more thanq36. Hence
rg > q36. This implies thatng

rg
< q13 andv < q27 which is a contradiction.

7 L = PSL(2, q) or L† = PSL(3, q)

In this section we prove firstly that ifL† = PSL(3, q) then the hypothesis in Section 4.3
leads to a contradiction. In the case whereL = PSL(2, q) we add two extra suppositions
to the hypothesis. Forg ∈ G let Fix g be the set of fixed points ofg; then our extra
suppositions are as follows:

• Let g, h ∈ G with g an involution,h2 = g. ThenFix h = Fix g or else|Fix h| =
u + 1, u + 2 or u +

√
u + 1.

• Let g, h ∈ G with g an involution,[g, h] = 1. ThenFix h = Fix g or else|Fixh ∩
Fix g| ≤ u +

√
u + 1.

We prove that, with the addition of these suppositions, ifL = PSL(2, q), then the hy-
pothesis in Section 4.3 leads to a contradiction.



498 Nick Gill

To understand the implications of this, suppose for a momentthat G is acting on a
projective plane of orderx. Recall that theng fixes a Baer subplane and soh, as described
in our extra suppositions, either fixes this Baer subplane orelse acts as an automorphism
of this subplane. Then Lemma 3 implies that these suppositions must hold. Hence in
proving a contradiction we prove the following proposition:

Proposition 25. Suppose thatG contains a minimal normal subgroupL isomorphic to
PSL(2, q) with q ≥ 4 or thatG has a unique componentL such thatL† is isomorphic to
PSL(3, q) with q ≥ 2. If G acts transitively on a projective planeP of orderx thenP is
Desarguesian andG ≥ PSL(3, x).

7.1 Preliminary facts. We need some preliminary facts aboutPSL(2, q) andPSL(3, q).
As before we assume that(G/CG(L))/Z(L)≤PΓL(n, q) since|Aut(L) : PΓL(n, q)| ≤
2 for n = 2, 3. Observe that bothPSL(2, q) andPSL(3, q) have a single conjugacy class
of involutions of size, in odd characteristic,1

2q(q ± 1) andq2(q2 + q + 1) respectively
and, in even characteristic,q2 − 1 and(q2 − 1)(q2 + q + 1) respectively. Both also have
the property that a Sylow 2-subgroup contains at least 2 suchinvolutions. Since a point-
stabilizer must contain such a Sylow 2-subgroup we concludethatrg ≥ 2. Note also that
PSL(3, q) has a single conjugacy class of transvections and this classdoes not fuse with
any other inPΓL(3, q).

Liebeck and Saxl [26] assert that, forPSL(3, q), the maximal subgroups of odd degree
lie, as before, in familiesC1, C2 andC5 for q > 2. Note thatPSL(3, 2) ∼= PSL(2, 7)
and so we will deal with this group in thePSL(2, q) case. We state a result of [29, 36]
(outlined in [15]) which gives the structure of all the subgroups ofPSL(2, q):

Theorem 26. Let q be a power of the primep. Letd = (q − 1, 2). Then a subgroup of
PSL(2, q) is isomorphic to one of the following groups.

1. The dihedral groups of order2(q ± 1)/d and their subgroups.
2. A parabolic groupP1 of orderq(q − 1)/d and its subgroups. A Sylowp-subgroupP

of P1 is elementary abelian,P � P1 and the factor groupP1/P is a cyclic group of
order (q − 1)/d.

3. PSL(2, r) or PGL(2, r), wherer is a power ofp such thatrm = q.
4. A4, S4 or A5.

Note that whenp = 2, the above list is complete without the final entry. Dickson also
outlines the conjugacy classes of subgroups ofPSL(2, q); in particular it is easy to see
that there are uniquePSL(2, q) conjugacy classes of the maximal dihedral subgroups of
size2(q±1)/d as well as a uniquePSL(2, q) conjugacy class of parabolic subgroupsP1.

The result of Liebeck and Saxl [26] asserts that all of the families of maximal sub-
groups can, for someq, contain a subgroup of odd index inPSL(2, q) thus, whenL =
PSL(2, q), we will simply go through the possibilities given in Theorem 26.

In thePSL(3, q) case we will also need to know the subgroups ofGL(2, q) which can
be easily obtained from the subgroups ofPSL(2, q).

Theorem 27. H , a subgroup ofGL(2, q), q = pa, is amongst the following up to conju-
gacy inGL(2, q). Note that the last two cases may be omitted whenp = 2.
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1. H is cyclic;
2. H = AD, whereA ≤

{(

1 0
λ 1

)

: λ ∈ GF(q)
}

andD ≤ N(A), is a subgroup of the
group of diagonal matrices;

3. H = 〈c, S〉 wherec|q2 − 1, S2 is a scalar2-element inc;
4. H = 〈D, S〉 whereD is a subgroup of the group of diagonal matrices,S is an anti-

diagonal 2-element and|H : D| = 2;
5. H = 〈SL(2, pb), V 〉 or contains〈SL(2, pb), V 〉 as a subgroup of index2 and hereb|a,

V is a scalar matrix. In the second case,pb > 3;
6. H/〈−I〉 is isomorphic toS4 × C, A4 × C, or (with p 6= 5) A5 × C, whereC is a

scalar subgroup ofGL(2, q)/〈−I〉;
7. H/〈−I〉 containsA4 × C as a subgroup of index2 andA4 as a subgroup with cyclic

quotient group,C is a scalar subgroup ofGL(2, q)/〈−I〉.

Proof. In this proof and subsequently, we will refer to subgroups ofGL(2, q) as beingof
type y, wherey is a number between 1 and 7 corresponding to the list above.

When the characteristic is odd, the proof of this result is given in [6, Theorem 3.4].
When the characteristic is even we know thatGL(2, q) ∼= PSL(2, q) × (q − 1). Then,
for H < GL(2, q) eitherH ≥ SL(2, q) and we are in type 5 above, or we haveH ≤
H1 × (q − 1) whereH1 is maximal inPSL(2, q).

If H1 = D2(q−1) thenH is clearly of type 1 or 4. Similarly ifH1 = D2(q+1) thenH
is of type 1 or 3; ifH1 = P1 thenH is of type 2 inGL(2, q).

Now considerH ≤ PSL(2, q0)×(q−1). Any maximal subgroup ofPSL(2, q0) must
be an intersection withD2(q±1) or P1 (and so is already accounted for) or else equals
PSL(2, q1) whereq = qb

1.
Thus we must considerH ≤ PSL(2, q1) × (q − 1) and H 6≤ B × (q − 1) for

B < PSL(2, q1). Providedq1 > 2 this implies thatH is a subgroup ofGL(2, q) of type
5. If q1 = 2 thenPSL(2, q1) ≤ D2(q±1) and the case is already accounted for. 2

Note that a subgroup of type 1 inGL(2, q) is never maximal inGL(2, q). Furthermore
type 5 includesGL(2, q) itself. We now proceed with our analysis.

7.2 L = PSL(2, q). Assume thatL = PSL(2, q), q ≥ 4. Suppose first thatG/CG(L)
containsPGL(2, q). ThenG has a normal subgroupN of index2, N/CN (L) contains
only field automorphisms andN acts transitively on our set of sizex2 + x + 1. Proving a
contradiction forN will give a contradiction forG, hence it is enough to assume in general
thatG/CG(L) contains only field automorphisms and|G/CG(L)| ≤ |PSL(2, q)|. logp q.

For q = 4, 5 or 9, L is isomorphic to an alternating group. This case has alreadybeen
examined and so these values ofq can be excluded. Observe thatP1, a parabolic subgroup
of PSL(2, q), has odd index if and only ifp = 2. Furthermore ifp = 2 thenLα ≤ P1

sinceLα must contain a Sylow2-subgroup ofPSL(2, q). This implies thatng = q2 − 1,
rg = q − 1 andu2 − u + 1 =

ng

rg
= q + 1. But thenu2 − u = q which is impossible.

Hence we assumeLα does not lie in a parabolic subgroup ofPSL(2, q) and thatp is odd.
Now the only maximal subgroups ofPSL(2, q) which contain a Sylowp-subgroup of

PSL(2, q) are the parabolic subgroups. Also, forq = 3a with a ≥ 3, the only maximal
subgroups containing a subgroup of indexp in a Sylowp-subgroup ofPSL(2, q) are the
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parabolic subgroups. Thus Lemma 8 implies thatp ≡ 1(3) and we assume this from here
on. Note that, for an involutiong ∈ PSL(2, q), ng = 1

2q(q ± 1).
We examine the non-parabolic subgroups ofL as candidates to beLα, using Theo-

rem 26.
If Lα = A4 thenrg = 3 and, sincerg

∣

∣ng andp ≡ 1(3), we must haveng = 1
2q(q−1)

andq ≡ 3(4). Similarly if Lα = A5 thenrg = 15 andq ≡ 3(4). But thenq+1
4 divides

|L : Lα|. Sinceq+1
4 ≡ 2(3) this contradicts Lemma 8.

If Lα = S4 thenrg = 9 and once moreq ≡ 3(4). In fact ng

rg
= q(q−1)

18 . Then
in PSL(2, q) there is a unique conjugacy class of elements of order 4. Leth be such
an element and observe thatrh = 6. Now the fixed set ofh lies inside the fixed set of
g = h2 anddh = 1

3dg = 1
3 (u2 + u + 1). Referring to our first extra supposition this

implies that|Fixh| = u + 1, u + 2 or u +
√

u+ 1. Since|Fix h| divides|Fix g| we have
1
3 (u2 +u+1) = u+

√
u+1 andu = 4. But thenq(q−1)

18 =
ng

rg
= 13 which is impossible.

Now suppose thatLα ≤ Dq±1 soq±1 ≡ 0(4). Thenng

rg
=

1

2
q(q∓1)

1

2
|Lα|+1

. Now |ng

rg
|p 6= 1

and so|ng

rg
|p = |v|p = q. Thus|Lα| + 2 dividesq ∓ 1.

Definem := q±1
|Lα| and assume first thatm > 1. Observe thatv = q q±1

|Lα|
q∓1
2 a for

some integera anddg = |Lα|+2
2

q±1
|Lα|a. If |Lα| = 4 then ng

rg
= q(q∓1)

6 and, in fact,

sinceq ≡ 1(3), ng

rg
= q(q−1)

6 . But thendg = 3(q+1)
4 and, sinceq+1

4 ≡ 2(3), this is a

contradiction. Thus|Lα| > 4.
Now observe thatm(|Lα| + 2) > q ∓ 1; furthermore if(m − 1)(|Lα| + 2) = q ∓ 1

thenq± 1− |Lα|+2m− 2 = q∓ 1. Reducing modulo4, this equation gives2m ≡ 0(4)
which is a contradiction sincem

∣

∣v. Thus(m − 2)(|Lα| + 2) ≥ q ∓ 1. This implies that
m ≥ |Lα| + 1 and so|Lα|2 + |Lα| ≤ q ± 1.

Sinceng

rg
< dg we have

q(q ∓ 1)

|Lα| + 2
<

|Lα| + 2

2

q ± 1

|Lα|
a , thus 2|Lα|q(q ∓ 1) < (|Lα|2 + 4|Lα| + 4)(q ± 1)a.

We infer that|Lα| < (q+1)q−1a by using the fact that|Lα| > 4 and|Lα|2+|Lα| ≤ q±1.
It then implies thata > 3.

Takeh of maximal order inLα. Since|Lα| > 4 we know thath is not an involution
andnh = q(q ∓ 1) and sonh

rh
= q(q∓1)

2 . Thusdh = q±1
|Lα|a which means thatdh <

dg. Now [h, g] = 1 and so, referring to our second extra supposition,d2
h < 3dg and

so (q±1)2

|Lα|2 a2 < 3 |Lα|+2
2

q±1
|Lα|a. This implies thatq ± 1 < 1

2 |Lα|2 + |Lα| which is a
contradiction.

Hencem = 1 and|Lα| = q ± 1. We have two situations. Ifq ≡ 3(4) thenng =
1
2q(q − 1) andrg = 1

2 (q + 1) + 1. This means thatng

rg
is a not an integer, which is

impossible. Ifq ≡ 1(4) then ng

rg
=

1

2
q(q+1)

1

2
(q−1)+1

= q. Since|L : Lα| = 1
2q(q + 1) we must

havedg a multiple of q+1
2 . The only possibility is thatdg = 3(q+1)

2 which means that
q = 13 andv = 273.
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In this case|Fix g| = 21. But a Sylow2-subgroup ofPSL(2, q) which centralizesg
fixes 9 points; this contradicts our second extra supposition.

Now suppose thatLα = PGL(2, r) andq = ra wherea ≡ 2(4). Thusq ≡ 1(4)

and ng

rg
=

1

2
q(q+1)

r2 . Now q
r2 = |ng

rg
|p 6= |v|p ≥ q

r and so|ng

rg
|p = 1 andr =

√
q.

Then u2 − u + 1 =
ng

rg
= 1

2 (q + 1). Thenu = c+1
2 wherec =

√
2q − 1. This

implies thatu2 + u + 1 = q+3+2c
2 . Now |L : Lα| = 1

2 (q + 1)
√

q and so
√

q divides

u2 + u + 1. Now observe that
√

q(
√

q+5

2 ) > q+3+2c
2 . Furthermore

√
q(

√
q−1

2 ) <
ng

rg
.

Thusdg =
√

q(
√

q+e

2 ) wheree = 1 or 3.

Now 2u = dg − ng

rg
=

e
√

q−1

2 . We also know thatu = c+1
2 and so we must have

e
√

q−3 = 2
√

2q − 1. Sincee = 1 or 3 we must havee = 3. Then2
√

2q − 1 = 3
√

q−3,
hence2

√
2q > 3

√
q − 3. Thusq < 32(3 − 2

√
2)−2 < 182. This implies thatq = 72

or 132. But neither of these satisfy the equality2
√

2q − 1 = 3
√

q − 3 and so can be
excluded.

Now suppose thatLα = PSL(2, r) andq = ra wherea is odd. Thenng

rg
=

1

2
q(q±1)

1

2
r(r±1)

whereq ∓ 1 ≡ 0(4). Now let h be an element of orderr±1
2 . Then nh

rh
= q(q∓1)

r(r∓1) . If
r ≡ 3(4) then

ng

rg
= ra−1(ra−1 + ra−2 + · · · + r + 1) > ra−1(ra−1 − ra−2 + · · · − r + 1) =

nh

rh
.

Hencedg < dh which is impossible.
Now if r ≡ 1(4) thenu2 − u + 1 =

ng

rg
= ra−1(ra−1 − ra−2 + · · · − r + 1) and so

ra−1 − ra−2 < u < ra−1. This means that

r2a−2 − r2a−3 + · · · − ra + 3ra−1 − 2ra−2 < dg =
ng

rg
+ 2u;

dg =
ng

rg
+ 2u < r2a−2 − r2a−3 + · · · − ra + 3ra−1.

Now ra−1 + ra−2 + · · · + r + 1 dividesdg. But observe that

(ra−1 + ra−2 + · · · + r + 1)(ra−1 − 2ra−2 + 2ra−3 · · · − 2r + 3)

< r2a−2 − r2a−3 + · · · − ra + 3ra−1 − 2ra−2;

(ra−1 + ra−2 + · · · + r + 1)(ra−1 − 2ra−2 + 2ra−3 · · · − 2r + 4)

> r2a−2 − r2a−3 + · · · − ra + 3ra−1.

This gives a contradiction and all possibilities are excluded.

7.3 L† = PSL(3, q). Once again we seek to show that the hypothesis in Section 4.3
leads to a contradiction; the usual action ofPSL(3, q) on a Desarguesian projective plane
PG(2, q) will not arise due to our restriction that all involutions fixu2 + u + 1 points.

Recall that, forg an involution,ng = q2(q2 +q+1) for q odd andng = (q2−1)(q2 +
q + 1) for q even. We assume here thatq > 2 and we know thatLα ≤ M whereM is
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a member ofC1, C2 or C5. We consider the latter two possibilities first. Observe that, in
both cases,p ≡ 1(3) sincep2 divides|PSL(3, q) : M |.

Suppose thatM ∈ C2. Thenv is divisible byq3(q + 1)(q2 + q + 1)/6. Now the
highest power ofq in ng

rg
is q2. Sincev =

ng

rg
dg and (

ng

rg
, dg) = 1 we must haveq3

dividing dg andq2 dividing rg. But thenu2 − u + 1 =
ng

rg
≤ q2 + q + 1. This means that

v ≤ (q2 + q + 1)(q2 + 3q + 3) which is a contradiction.
Suppose thatM = NPSL(3,q)(PSL(3, r)) ∈ C5 whereq = ra anda ≥ 3 is an odd

integer. Then|v|p = q3

r3 . Suppose first that|v|p = |ng

rg
|p ≤ q2 and soq ≤ r3. Then we

must havea = 3, rg|(q2 + q + 1) andr3 dividing |Lα|. Sincerg|(q2 + q + 1) we cannot
haveLα = PSL(3, r) or PSL(3, r).3. But sincer3 divides|Lα| we must haveLα inside
a parabolic subgroupP of PSL(3, r).3. But observe that thenv is divisible by

|PSL(3, q) : P | =
q3(q3 − 1)(q2 − 1)

3r3(r − 1)(r2 − 1)

which is divisible by9, a contradiction. The only other possibility is thatp 6 | ng

rg
and

ng

rg
≤ q2 + q + 1. But thenq2 ≤ rg ≤ r2(r2 + r + 1). This is impossible.
Hence we conclude thatM ∈ C1. ThusLα = Â.B whereA is a subgroup of an

elementary abelian unipotent subgroup,U , of orderq2 andB is a subgroup of odd index
in GL(2, q). We will write B ∩ SL(2, q) = (2, q − 1).B1 whereB1 ≤ PSL(2, q).

We will takeα to be such thatLα ≤ P1 where

P1 =ˆ

{(

1
detY ab

0 Y

)

: Y ∈ GL2(q), a, b ∈ GF(q)

}

.

Casep 6≡ 1(3). In this case|U : A| ≤ 3 and |P : B1 ∩ P | ≤ 3 for someP ∈
Sylp PSL(2, q). If B1 is a subgroup ofP ∗

1 , a parabolic subgroup ofPSL(2, q), thenq + 1
divides the index ofB in GL(2, q) andp = 2. ThenLα is a subgroup of the Borel
subgroup ofPSL(3, q) and contains a normal Sylow 2-subgroupP . Thusrg = rg(P ) =
2q2 − q − 1 and sorg 6 |ng which is a contradiction.

If B1 = PSL(2, q) thenB ≥ SL(2, q). In fact, in odd characteristic,B must contain
all matrices of determinant±1 since|GL(2, q) : B| is odd. Furthermore in its action
by conjugation on the non-identity elements ofU , SL(2, q) is transitive. HenceA = U .
Thus, in both odd and even characteristic,Lα contains all involutions of the parabolic
group: q2(q + 2) of them in the odd case,(q2 − 1)(q + 1) of them in the even case. In
both casesrg 6 |ng which is a contradiction.

For the remaining casesp|v and sop = 3. If B1 ≤ Dq±1 thenq|v and we must have
q = 3. In this caseng = 3213 and sou2 −u+1 =

ng

rg
= 3 or 13. If ng

rg
= 3 thenv = 21.

This contradicts the fact that|L : M | = 13 and this dividesv. So ng

rg
= 13, rg = 9, dg =

21 and, sinceB1 ≤ Dq±1 we must haveLα = [32] : (8.2). But thenLα contains more
than 9 involutions and this case is excluded.

If B1 is a proper subgroup ofPSL(2, q) isomorphic toA4, S4 or A5 thenq = 3 or
9. Now PSL(2, 3) ∼= A4 and soq = 3 is already excluded. Ifq = 9 then 5 divides
PSL(2, q) and soB1

∼= A5, but |PSL(2, 9) : A5| is even which is impossible.
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If B1
∼= PSL(2, r) or B1

∼= PGL(2, r) for q = ra, a > 1 then q
r |v. Henceq = 9 and

r = 3. but then5 divides|PSL(2, 9) : B1| which is a contradiction.

Casep ≡ 1(3). In this case3 divides |PSL(3, q) : M | and thus we assume thatB
contains both the Sylow 2 and Sylow 3-subgroups ofGL(2, q). In fact L = PSL(3, q)
sinceZ(L) is semiregular (see Lemma 16.) ThenB is a subgroup ofGL(2, q) of type 4,
5, 6 or 7 in the list given earlier. Note thatB contains the scalar subgroup of order 3 and
so|GL(2, q) : B| = |̂ GL(2, q) : B̂|.

Observe first that there are twoP1-conjugacy classes of involutions inP1. Only one
of these is centralized by a whole Sylow 2-subgroup,P , of P1. Call this conjugacy class
A.

In the case whereLα = Â : B, that is we have a split extension, we know thatB̂
contains a Sylow 2-subgroup ofP1 and so the involution in the centre ofB̂ must lie in
A. This implies that we can conjugate by elements ofP1 (i.e. chooseα) such that this
involutiong is the projective image of

g∗ =





1 0 0
0 −1 0
0 0 −1



 .

We conclude that

B ≤
{(

1
detY

Y

)

: Y ∈ GL(2, q)

}

.

We begin with two preliminary lemmas:

Lemma 28. Let p be odd andLα = Â : B ≤ P1. Suppose that|A| = q2 and that
(|B|, p) = 1. Then|B| > |GL(2, q)|/(q2 + q + 1).

Proof. Let h be an element of orderp. Then

v =
nh

rh
dh =

(q2 − 1)(q2 + q + 1)

q2 − 1
dh = (q2 + q + 1)dh.

We have two possibilities:
1. Suppose thath is quasi-central. We must havedh = u2 + u + 1 wherev =

u4 + u2 + 1. Thenu2 − u + 1 = nh

rh
= q2 + q + 1 and sodh = q2 + 3q + 3. Thus

|B| = |GL(2,q)|
q2+3q+3 a for some integera. If a = 1 then|B| is not an integer forq > 1. If

a ≥ 2 then|B| > |GL(2,q)|
q2+q+1 as required.

2. Suppose thath is not quasi-central. Thend2
h < v and so,v2/(q2 + q + 1)2 < v,

which yieldsv < (q2 + q + 1)2. This implies that|B| > |GL(2, q)|/(q2 + q + 1) as
required. 2

Lemma 29. Let p be odd andLα = Â : B ≤ P1. Suppose that(|B|, p) = 1. Then
|A| 6= q.
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Proof. Let h be an element of orderp and suppose that|A| = q. Then

v =
nh

rh
dh =

(q2 − 1)(q2 + q + 1)

q − 1
dh = (q + 1)(q2 + q + 1)dh.

But, sincev is odd andq + 1 is even, this implies thatdh is not an integer. This is a
contradiction. 2

We now begin our analysis of the different possibilities forB. In the case where
B < GL(2, q) is of type 4, 6 or 7 then Schur–Zassenhaus implies thatA.B is a split
extension.

Suppose first thatB is a subgroup of type4 in GL(2, q). Let α be such thatB ≤
〈D, S〉 whereD is the subgroup of diagonal matrices andS is an anti-diagonal 2-element.
Note that we must haveq dividing |A|.

Now observe that, sinceB contains a Sylow 2-subgroup ofD, we can chooseα such
that





1 e f
0 1 0
0 0 1



 ∈ A =⇒





−1 e f
0 −1 0
0 0 1





2

∈ A

=⇒





1 −2e 0
0 1 0
0 0 1



 ∈ A =⇒





1 e 0
0 1 0
0 0 1



 ∈ A.

We conclude thatA = A1 × A2 where

A1 ≤
{





1 e 0
0 1 0
0 0 1



 : e ∈ GF(q)

}

, A2 ≤
{





1 0 f
0 1 0
0 0 1



 : f ∈ GF(q)

}

.

Now consider an element, as given, ofA1. Then,

X =





−1 0 0
0 0 a
0 a−1 0



 ∈ B =⇒





−1 e 0
0 0 a
0 a−1 0





2

∈ A : B

=⇒





1 e 0
0 1 0
0 0 1









1 −e −ae
0 1 0
0 0 1



 ∈ A : B

=⇒





1 0 ae
0 1 0
0 0 1



 ∈ A2.

Thus, for fixedX , we have an injection fromA1 into A2. There is a similar injection
from A2 into A1 and so|A1| = |A2| =

√

|A|. Now let

E = B ∩
{





−1 0 0
0 0 a
0 a−1 0



 : a ∈ GF(q)

}
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and observe that




1 e 0
0 1 0
0 0 1



 ∈ A1,





−1 0 0
0 0 a
0 a−1 0



 ∈ E, =⇒





1 e 0
0 0 a
0 a−1 0





2

∈ A : B

=⇒





−1 e ae
0 0 a
0 a−1 0



 ∈ A : B

and this last element is an involution. We now count all the involutions inLα as follows:
Pre-image of involutiong in SL(3, q) Number of such involutions inLα





1 c d
−1

−1



 |A|





−1 0 d
−1

1





√

|A|





−1 c 0
1

−1





√

|A|





−1 c d
a

a−1



 |E|
√

|A|

Thusrg =
√

|A|(
√

|A| + |E| + 2) and note thatrg ≤ q(2q + 1) since|E| ≤ q − 1.
Suppose that(ng

rg
, p) = 1. Thenrg ≥ q2 and we must have|A| = q2. Alternatively

suppose that(ng

rg
, p) 6= 1. Then

|ng

rg
|p = |v|p ≥ q3

|A| =⇒ q2

√

|A|
≥ |ng

rg
|p ≥ q3

|A| =⇒ |A| ≥ q2.

Thus, in either case,|A| = q2. Then, by Lemma 28,|B| > |GL(2,q)|
q2+q+1 . But 2(q−1)2

7 <
|GL(2,q)|
q2+q+1 = q(q−1)2(q+1)

q2+q+1 for q > 1. Hence|B| = 2(q − 1)2 and |E| = q − 1. Then

rg = q(2q + 1) which makesng

rg
a non-integer unlessq = 1. This is a contradiction.

Next assume thatB is of type6 or 7. To ensure thatB has odd index inGL(2, q) we
assume thatB ∼= 2.(S4 × C) or B ∼= 2.(A4 × C).2 whereC ≤ Z(GL(2, q))/〈−I〉.

Then we must haveq dividing |A| since|v|p ≤ q2. We write|A| = qpa wherea ≥ 1

by Lemma 29. Since
(

1
−1

−1

)

∈ B this means thatrg > |A|.
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Suppose first thatq = pa and|A| = q2. By Lemma 28,|GL(2, q)|/(q2 + q + 1) <
|B| ≤ 24(q − 1), hence24(q2 + q + 1) > q3 − q andq < 30. Thenq = 7, 13 or
19. Note that inGL(2, 7) subgroups of type6 or 7 have even index and inGL(2, 19)
subgroups of type6 and7 have index divisible by3. Hence we are left withq = 13.
In this caseng = 32.13.61 and v is divisible by |L : M | = 3.7.13.61. Now since
u2 − u + 1 =

ng

rg
dividesng we must haveu = 2, 4, 14 or 23. But in all of these case

u2 + u + 1 is not divisible by both7 and61. Thusv is not divisible by both7 and61
which is a contradiction.

Thus assume now thatq > pa and|A| < q2. Then,

ng

rg
<

q2(q2 + q + 1)

|A| =⇒ dg <
q2(q2 + q + 1)

|A| + 2
q2 + q + 1

√

|A|
+ 2

=⇒ dg <
(q2 + 2q + 1)(q2 + q + 1)

|A|

=⇒ v <
(q + 1)2q2(q2 + q + 1)2

|A|2 .

This implies that

(q2 + q + 1)q3(q − 1)2(q + 1)

|A||B| ≤ v <
q2(q2 + q + 1)2(q + 1)2

|A|2 ,

hence|A| < (q + 1)(q2 + q + 1)q−1(q − 1)−2|B|, which yields|A| < 2.|B| for q ≥ 7.
Now elements from̂2.C do not centralize any element ofÂ. Thus letm = (q−1)/2

|C|
and observe thatq−1

3m = |̂ 2.C| divides |A| − 1 = qpa − 1. This in turn means that
q−1
3m dividespa − 1. Sinceq > pa this means that3m > p. Then|B| > |A|/2, hence
48|C| > q.pa/2, which gives48(q − 1)/m > q.pa andpa+1 < 144. Sincep ≥ 7, a ≥ 1
we must havep = 7, a = 1. But whenp = 7, 2.(A4 × C).2 and2.(S4 × C) have even
index inGL(2, q) which is a contradiction.

Thus we are left with the possibility thatB is of type5 in GL(2, q). We want to show
thatLα = Â.B is a split extension and we can chooseα such that

B ≤
{(

1
detY

Y

)

: Y ∈ B∗
}

∼= B∗ ≤ GL(2, q).

Observe first that each Sylow 2-subgroup ofLα contains a unique element ofA. Thus
A ∩ Lα is a Lα conjugacy class. Furthermore there exist at least two non-conjugate
maximal subgroups,M1, M2, of B which are of order not divisible byp and index inB
not divisible by2. Then, by Schur–Zassenhaus,A : M1 andA : M2 are subgroups of
Lα. ButM1, M2 must both have centres which are conjugate inLα, in fact must lie inA.
This implies that there exist conjugates ofM1, M2 which both lie in

{(

1
detY

Y

)

: Y ∈ B∗
}

∼= B∗ ≤ GL(2, q).

These conjugates must generate a complement toA as required.
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Now note first thatSL(2, r) ≤ GL(2, q) implies thatSL(2, r) ≤ SL(2, q). Now write
q = rf and observe that, forf = p1 . . . pn wherepi is prime,

SL(2, r) < SL(2, rp1) < · · · < SL(2, rp1...pn−1) < SL(2, q).

SinceB has odd index inGL(2, q) we assume that all of these primes are odd except,
possibly, forp1. What is more, the chain of subgroups given here is maximal except for
the first inclusion whenp1 = 2. Now there is a unique conjugacy class inSL(2, q) of
maximal subgroups isomorphic toSL(2, r) whenq = ra for a an odd prime. Hence,
stepping down the chain of inclusion, we assume thatSL(2, r) has a unique conjugacy
class inSL(2, q) except whenp1 = 2 in which case there are two conjugacy classes.

By examining [23, Action Table 3.5G]) we find that, whenf is even, the two conju-
gacy classes are fused inGL(2, r2) through conjugation by

(

λ 0
0 1

)

whereλ generates the
groupGF(r2)∗. Thus, inGL(2, q) there is a unique conjugacy class ofSL(2, r) and we
takeα such thatB∗ contains the copy ofSL(2, r) consisting of matrices of determinant 1
with entries inGF(r).

Observe thatB∗ ∋
(

1 0
0 −1

)

and so




1 e f
0 1 0
0 0 1



 ∈ A =⇒





−1 e f
0 −1 0
0 0 1





2

∈ A =⇒





1 e 0
0 1 0
0 0 1



 ∈ A

Once again we conclude thatA = A1 × A2 where

A1 ≤
{





1 e 0
0 1 0
0 0 1



 : e ∈ GF(q)

}

, A2 ≤
{





1 0 f
0 1 0
0 0 1



 : f ∈ GF(q)

}

.

In the same way as earlier we also know that|A1| = |A2| =
√

|A|. We count involutions
in Lα:

Pre-image of involutiong in SL(3, q) Number of such involutions inLα





1 c d
−1

−1



 |A|





−1 c d
±1

∓1



 2
√

|A|





−1 c d
±1 x

∓1



 , x 6= 0 2(r − 1)
√

|A|





−1 c d
v w
x −v



 , x 6= 0 r(r − 1)
√

|A|
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Thusrg =
√

|A|(
√

|A|+ r2 + r). NowSL(2, r) has orbits of sizer2 − 1 in its action
by conjugation on non-identity elements ofA. Hence either|A| = 1 or

√

|A| ≥ r. If
|A| = 1 then, sinceq divides|Lα|, we must haver = q and song

rg
= q2. This contradicts

Lemma 10. Hence
√

|A| ≥ r and so|ng

rg
|p = q2√

|A|r
.

Then either|ng

rg
|p = 1, r = q and

√

|A| = q or |ng

rg
|p = |v|p ≥ q3

|A|rpa where

pa = |G|/|L|
|Gα|/|Lα| . In the latter case this means that

q2

√

|A|r
≥ q3

|A|r pa

and so|A| ≥ q2.p2a. This implies that|A| = q2 anda = 0. In both cases we find that
|A| = q2 and sorg = qr( q

r + 1 + r). In order for this to divideng we find that we must
haver4 + 2r3 − r + 1 divisible by q

r + 1 + r. Forq ≥ r6 this is clearly a contradiction.
Examining cases individually forq ≤ r5 we find only contradictions.

Thus Proposition 25 is proved.

8 L† = U(n, q)

In this section we prove that, ifL† = U(n, q), then the hypothesis in Section 4.3 leads to
a contradiction. This implies the following proposition:

Proposition 30. SupposeG contains a unique componentL such thatL† is isomorphic
to U(n, q). ThenG does not act transitively on a projective plane.

We may assume thatn ≥ 3 and(n, q) 6= (3, 2). We know ([23, Proposition 2.3.2])
that our unitary geometry(V, κ) has a hyperbolic basis. Unless stated otherwise, we will
write all matrices representing elements ofSU(n, q) according to this basis:

{

{e1, f1, . . . , em, fm}, if n = 2m;

{e1, f1, . . . , em, fm, x}, if n = 2m + 1.

whereκ(ei, ej) = κ(fi, fj) = 0, κ(ei, fj) = δij , κ(ei, x) = κ(fi, x) = 0 for all i, j and
κ(x, x) = 1.

We will also need to make use of an orthonormal basis for(V, κ). Let vi, wi with
i = 1, . . . , m be orthonormal vectors such that〈vi, wi〉 = 〈ei, fi〉 for all i = 1, . . . , m.
Our orthonormal basisB will consist of these vectorsvi, wi with i = 1, . . . , m, as well
as the vectorx in the case wheren is odd.

Now the result of Liebeck and Saxl [26] implies thatLα lies inside a maximal sub-
groupM where

• for q odd,M ∈ C1, M ∈ C2, M † = NU(n,q)(U(n, q0)) whereq = qa
0 anda is odd,

or M † = M10 and(n, q) = (3, 5), or n = 4;
• for q even,M ∈ C1.
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We show next that, in all cases,M must lie inC1:

Lemma 31. Lα lies insideM , whereM maximal inL lies insideC1.

Proof. We may assume thatp is odd. Defineg to be the projective image of

g∗ =















−1
−1

1
. . .

1















.

Forn 6= 4, g lies in the centre of a maximal subgroup(̂SU(2, q)×SU(n− 2, q)).(q +1).
For n = 4, g lies in the centre of a maximal subgroup(̂SU(2, q) × SU(2, q)).(q + 1).2.
Furthermore,g has the same form under our orthonormal basisB and, under this basis,
PΓU(n, q) = U(n, q).〈δ, ϕ〉 whereϕ is a field automorphism andδ is conjugation by the
projective image of











a
1

. . .
1











for somea ∈ GF(q2)∗, a primitive (q + 1)-th root of unity. Theng is centralised by
〈σ, ϕ〉 henceng|q2(n−2)b where(q, b) = 1 and b < q2(n−2). Then, by Lemma 13,
|v|p ≤ q2(n−2).

Suppose thatLα ≤ M whereM ∈ C2, or M † = NU(n,q)(U(n, q0)) whereq = qa
0

anda is odd, orM † = M10 and(n, q) = (3, 5), or n = 4. Observe that|U(n, q)|p =

q
1

2
n(n−1) while, forn 6= 4, |M |p ≤ q

1

4
n(n−1). Thus we must have12n(n−1)−2(n−2) =

1
2 (n2 − 5n + 8) ≤ 1

4n(n − 1). This implies thatn ≤ 6. We assume this from here on.
Note that we may also assume thatp ≡ 1(3) since, in all given cases,|U(n, q) : M †|

odd implies thatp2 divides|U(n, q) : M †|. We may immediately rule out the possibility
thatM † = M10.

Consider first the case wheren 6= 4. If M ∈ C2 then|U(n, q) : M †|p > q2(n−2) for
n = 3, 5 and6 which is a contradiction. IfM = NU(n,q)(U(n, q0)) thenq = qa

0 wherea

is an odd prime. Then|M |p ≤ q
1

2a
n(n−1) hence we have12 (n2 − 5n + 8) ≤ 1

2an(n − 1)
which implies thatn = 3 andq = q3

0 . Now, whenn = 3, ng = q2(q2 − q + 1) andLα

contains a Sylowp-subgroup ofM . If Lα ≥ U(3, q0) thenrg = q2
0(q2

0 − q0 + 1) but then
rg 6 |ng which is a contradiction. The only other possibility is thatLα ∩ U(3, q0) ≤ P ∗

1 ,
whereP ∗

1 is a parabolic subgroup ofU(3, q0). But this has even index inU(3, q0) which
is a contradiction.

Now suppose thatn = 4, p ≡ 1(3). Note that hereL = U(4, q) and thatng =
1
2q4(q2 − q + 1)(q2 + 1). We need to consider the cases whereM is a maximal subgroup
of odd index not lying inC1. Furthermore we need|U(4, q) : M |p ≤ q4. We go through
the possibilities in turn.



510 Nick Gill

• Suppose thatM ∈ C2. There exist two subgroupsM ∈ C2 such that|U(4, q) :
M |p ≤ q4 but only one has odd index. We need to rule out this possibility, when
M ∼= (̂SU(2, q) × SU(2, q)).(q + 1).2 and|U(4, q) : M |p = q4. ThenLα must
contain a Sylowp-subgroup ofM . But the parabolic subgroup ofSU(2, q) has even
index hence we may conclude that, for someα,

Lα >ˆ

(

SU(2, q)
SU(2, q)

)

.

ThenLα containsh, the projective image of








1
1

1
1









.

Now h is aU(4, q)-conjugate ofg, thusrg ≥ 1
2 (q2−q)2. Henceng

rg
< q2(q+1)(q+

2). If q4
∣

∣

ng

rg
then we must haveng

rg
= q4 which is a contradiction of Lemma 10. The

only other possibility is thatng

rg
≤ 1

2 (q2 − q + 1)(q2 + 1) < 1
2q4. But thendg < q4

and sov < 1
2q4(q2 − q + 1)(q2 + 1) which contradictsLα ≤ M .

• Suppose thatM ∈ C6 or M ∈ S. The only odd index subgroup isM = 24.A6 where
q ≡ 3(8). But then|U(4, q) : M |p > q4 which is a contradiction.

• Suppose thatM ∈ C5. If M = NU(4,q)(U(4, q0)) thenq = qa
0 wherea is an odd

prime. Then|M |P ≤ q
6

a hence we must have12 (n2 − 5n + 8) = 2 ≤ 6
a which

implies thatq = q3
0 . However this implies that9 divides|U(n, q) : M | which is a

contradiction.
The only other odd index subgroup inC5 is M = PGSp(4, q) whenq ≡ 1(4). Now,
given our original basis{e1, f1, e2, f2} and our original hermitian formκ, define
the formκ♯ = ζ−1κ over theGF(q)-vector spaceV♯ spanned by{ζe1, f1, ζe2, f2}.
Hereζ is an element ofGF(q2) such thatζq = −ζ. Thenκ♯ is a symplectic form
overV♯.
Clearly if g∗ is an isometry for(κ♯, V♯) theng∗ is an isometry for(κ, V ) and we
have an embeddingSp(4, q) < SU(4, q). This embedding corresponds to a maximal
subgroupPSp(4, q) < U(4, q) whenq 6≡ 1(4) andPGSp(4, q) < U(4, q) whenq ≡
1(4). In the latter case, there are two conjugacy classes ofPGSp(4, q) in U(4, q); it
is this case which concerns us.
Under the orthonormal basis{v1, w1, v2, w2}, the two conjugacy classes ofPGSp(4,
q) in U(4, q) are fused byx, the projective image of









λ
1

1
1









whereλ ∈ GF(q2) is a (q + 1)-primitive element. Thusrg is the same no matter
which of the two conjugacy classes we lie in. Assume from hereon thatLα ≤ M =
PGSp(4, q) preserving(κ♯, V♯).
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Then |U(4, q) : M |p = q2, thus|M : Lα|p ≤ q2. The only maximal subgroup,
M1, of PSp(4, q) such that|PSp(4, q) : M1| is odd and|PSp(4, q) : M1|p ≤ q2 is
(Sp(2, q) ◦ Sp(2, q)).2. Thus either

– Lα = M with v divisible by 1
2q2(q + 1)(q2 − q + 1); or

– Lα ∩ PSp(4, q) ≤ B = (Sp(2, q) ◦ Sp(2, q)).2. Note that|(U(4, q) : B|p =
q4. Since the parabolic subgroups ofSp(2, q) are of even index we must have
Lα ∩ PSp(4, q) = B and soLα = B.2 with v divisible by 1

4q4(q + 1)(q2 −
q + 1)(q2 + 1).

Under our original basis this implies that, for someα,

Lα >ˆ

(

SU(2, q)
SU(2, q)

)

.

Now PSp(4, q) is normalized inU(4, q) by h, the projective image of









1
1

1
1









.

Thush lies in Lα and, as before, we know thath is aU(n, q)-conjugate ofg. We
may conclude thatrg ≥ 1

2 (q2 − q)2 and song

rg
< q2(q + 1)(q + 2). As in the case

whereM ∈ C2 this contradictsLα = B.2. We conclude thatM = PGSp(4, q).
Now observe thatCPSp(4,q)(h) ∼= ˆGL(2, q).2; thusrg ≥ 1

2q3(q + 1)(q2 + 1) and
ng

rg
< q2. This implies thatv < q2(q + 1)(q + 2) which is a contradiction forq > 4.

2

ThusLα lies inside a maximal subgroupM ∈ C1. There are two types ofM ∈ C1

[23, Table 3.5B]:
• The parabolic subgroups,Pm, 1 ≤ m ≤

⌊

n
2

⌋

. Observe that(q + 1)m divides|L :
Pm|. This implies thatp = 2. If q ≡ 1(3) then(q +1) ≡ 2(3) andq +1 dividesv. If
m > 1 andq ≡ 2(3) then9|v. Neither of these situations are allowed. Hencem = 1
and we must haveq = 2a, a odd.

• The subgroupsBm of type GU(m, q) ⊥ GU(n − m, q) with 1 ≤ m < n/2. In
this caseqm(n−m) divides |L : Bm| and we must havep ≡ 1(3). Observe that
qm(n−m) > q2(n−2) for n

2 > m > 2. But we know, by the argument in the previous
lemma, that|v|p ≤ q2(n−2) hencem ≤ 2

We now examine these two situations in turn and seek a contradiction.

8.1 Casep = 2, q = 2a, a odd,Lα ≤ P1. Let ne be the even element of{n, n−1}
while no is the odd element. Theni := |U(n, q) : P1| = (qne−1)(qno+1)

q2−1 . We know that

3|(q + 1)
∣

∣i. In addition,qne−2 + · · ·+ q2 + 1|i and so for allr|ne

2 , q2r−2 + · · ·+ q2 + 1|i
which means that for allr|ne

2 , r ≡ 1(3). A similar argument allows us to conclude from
the fact that(qno−1 − · · · + q2 − q + 1)|i that for allr|no, r ≡ 1(3). We may conclude
from this thatn is even andn ≡ 2(12). Thusn ≥ 14.
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Now Lα = [q2n−3] : B ≤ P1 whereB ≤ (̂(q2 − 1) × SU(n − 2, q)). We consider
the two possibilities given by Lemma 14:

• B ≤ (̂(q2 − 1) × B1) for someB1 < SU(n − 2, q). We know thatB1 must lie in
a parabolic subgroup ofSU(n− 2, q) by Liebeck, Saxl [26]. However any parabolic
subgroup ofSU(n − 2, q) has index divisible byq + 1 which would result in9|v
which is a contradiction.

• B = (̂A1 × SU(n − 2, q)) for someA1 ≤ (q2 − 1). For someα

Lα ≥ˆ





SU(n − 2, q)
1

1



 .

Now consider transvections inSU(n, q). All transvections are conjugate to

g∗ : V → V, v 7→ v + sκ(v, e1)e1

for somes ∈ GF(q2), s + sq = 0 [33, p. 119]. ForW = 〈e1〉, defineXW,W⊥ to be
the subgroup ofSU(n, q) consisting of all transvections of this form. Now suppose
thath ∈ SU(n, q) preservesW . Then, forv ∈ V ,

v(h−1g∗h) = (vh−1 + sκ(vh−1, e1)e1)h

= v + sκ(vh−1, e1hh−1)e1h

= v + sκ(v, e1h)e1h

= v + sttqκ(v, e1)e1

wheret ∈ GF(q)∗ is defined viae1h = te1. Then(sttq)q + sttq = ttq(s + sq) = 0.
ThusXW,W⊥ is normal in the parabolic subgroup ofSU(n, q) stabilizingW . Since
|XW,W⊥ | = q [33, p. 114], we may conclude that, forg the projective image ofg∗,
|P1|
q−1 dividesCL(g). Then, since the only maximal subgroup ofU(n, q) whose order

is divisible by |P1|
q−1 is P1, we find thatng ≤ |U(n,q)|(q−1)(n,q+1)2 log

2
q

|P1| .

Furthermore,g ∈ Lα and, by the same argument,rg ≥ | SU(n−2,q)|
|P∗

1
| whereP ∗

1 is a

parabolic subgroup ofSU(n − 2, q). Thus,

ng

rg
≤ |U(n, q)|(q − 1)(n, q + 1)2 log2 q

|P1|
|P ∗

1 |
| SU(n − 2, q)| < q8.

Thenv < q17 which is a contradiction.

8.2 Casep ≡ 1(3), Lα ≤ Bm, m ≤ 2. Observe that

|L : Bm| = qm(n−m) (q
n − (−1)n) . . . (qn−m+1 − (−1)n−m+1)

(q + 1) . . . (qm − (−1)m)
.

Consider two situations:
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Supposen is odd. ThenL contains the projective image,g, of

g∗ =











−1
. . .

−1
1











.

Theng is centralized inU(n, q) byˆGU(n − 1, q). Furthermore, as in Lemma 31,g
has the same form, under the basisB, as above and so is centralised by〈σ, ϕ〉. Hence
ng|(qn−1)(qn−1 − · · · − q + 1). Thus|v|p ≤ qn−1. Suppose thatm ≥ 2, in which case
|L : Bm| is divisible byq2(n−2). Thus we need2(n− 2) ≤ n− 1 which givesn ≤ 3. For
n = 3 we know thatm = 1. Thus, in general,Lα ≤ B1 =ˆGU(n − 1, q). Furthermore
Lα contains a Sylowp-subgroup of̂GU(n − 1, q).

Thus eitherLα ≥ˆSU(n− 1, q) or Lα lies in a parabolic subgroup ofˆGU(n− 1, q).
But (q + 1) divides |̂ GU(n − 1, q) : P | for P a parabolic subgroup ofˆGU(n − 1, q)
which is impossible. ThusLα ≥ ˆSU(n − 1, q) andLα contains all the involutions of
ˆGU(n − 1, q).

Now, for n > 3, consider a different involutiong as in Lemma 31. Thenng =

q2(n−2) (qn+1)(qn−1−1)
(q+1)(q2−1) andrg ≥ rg (̂ GU(n − 1, q)) = q2(n−3) (qn−1−1)(qn−2+1)

(q+1)(q2−1) . This

implies that ng

rg
≤ q4 and so ng

rg
≤ q4 − q2 + 1 and v < q8 + q4 + 1. But |L :

B1| = qn−1(qn−1 − · · · − q + 1) which is greater thanq8 + q4 + 1 for n ≥ 7. For
n = 5, 2|U(5, q) : B1| > q8 + q4 + 1 and so haveL = U(5, q), Lα = B1 and
v = q4(q4 − q3 + q2 − q + 1). But, sinceq4 >

√
v, this implies thatdg = q4 which

contradicts Lemma 10.
For n = 3 there is a unique conjugacy class of involutions of sizeq2(q2 − q + 1).

Sincê SU(2, q) ≤ Lα ≤ ˆGU(2, q), Lα must contain precisely the involutions lying in
ˆGU(2, q) of which there areq2 − q + 1. Thenng

rg
= q2 which contradicts Lemma 10.

Supposen is even and letg be as in the proof of Lemma 31. Now|U(n, q) : B1| is
even and thusLα < B2

∼= (̂SU(n− 2, q)× SU(2, q)).(q + 1) and, since|v|p ≤ q2(n−2),
Lα contains a Sylowp-subgroup of̂(SU(n − 2, q) × SU(2, q)). Note that, sinceB2 is
non-maximal inL = U(4, q), we may assume thatn ≥ 6.

Now the index of the parabolic subgroups ofSU(n − 2, q) in SU(n − 2, q) is even.
Hence we must haveLα >ˆSU(n − 2, q). For someα, we may assume that

Lα ≥ˆ





SU(n − 2, q)
1

1



 .

Now g is centralized inL by some conjugate ofB2. This implies that

ng = q2(n−2) (q
n − 1)(qn−1 + 1)

(q + 1)(q2 − 1)
and rg ≥ q2(n−4) (q

n−2 − 1)(qn−3 + 1)

(q + 1)(q2 − 1)
.

Thusng

rg
≤ q6(q2 + 1) andv ≤ q16 + q15 and, forn ≥ 8, this contradictsLα ≤ B2.
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We are left with the possibility thatn = 6. But 2|U(6, q) : B2| > q16 + q15, thus
Lα = B2 andv = q8(q4 + q2 + 1)(q4 − q3 + q2 − q + 1). But thenq8 ≥ √

v and so
dg = q8 which contradicts Lemma 10.

Thus Proposition 30 is proven.

9 L = PSp(n, q)

In this section we prove that, ifL = PSp(n, q), then the hypothesis in Section 4.3 leads
to a contradiction. This implies the following proposition:

Proposition 32.SupposeG contains a minimal normal subgroup isomorphic toPSp(n, q)
with n ≥ 4. ThenG does not act transitively on a projective plane.

We know [23, Proposition 2.4.1] that our symplectic geometry (V, κ) has a symplectic
basis. Unless stated otherwise, we will write all matrix representations ofSp(n, q) accord-
ing to this basis,{e1, f1, . . . , em, fm}, wheren = 2m. Hereκ(ei, ej) = κ(fi, fj) = 0
andκ(ei, fj) = δij .

By Liebeck and Saxl [26], we know thatLα lies inside a maximal subgroupM where
• for q odd,M ∈ C1, C2 or M = NPSp(n,q)(PSp(n, q0)) or n = 4;
• for q even,M ∈ C1.

Note that whenn = 4 we can assume thatq > 3 sincePSp(4, 3) ∼= U(4, 2) which has
already been covered.

Lemma 33. Lα lies inside a maximal subgroup from familyC1.

Proof. Assume thatq is odd and thatLα ≤ M whereM is a maximal subgroup of
PSp(n, q) that does not lie inC1. Observe that inPSp(n, q) there exists a subgroup
B ∼= Sp(2, q) ◦ Sp(n − 2, q).

For n 6= 4, by [23, Lemma 3.2.1 and Table 3.5.c],B is normal in aPΓSp(n, q)-
maximal subgroupBΓ such that|PΓSp(n, q) : BΓ| = |L : B|. Thus, forn 6= 4, the
involutiong ∈ Z(B) hasng = |L : B| = qn−2(qn−2 + · · · + q2 + 1).

When n = 4 the same argument applies toB ∼= (Sp(2, q) ◦ Sp(2, q)).2 and the
involutiong ∈ Z(B) hasng = 1

2q2(q2 + 1).
Therefore the highest power ofp in v is at mostqn−2. The lowest index ofp among

maximal subgroupsM ∈ C2 or M = NPSp(n,q)(PSp(n, q0)) is q
1

8
n2

. This implies that
n − 2 ≥ 1

8n2 which is a contradiction forn > 4.
Now suppose thatM is maximal inPSp(4, q), M 6∈ C1, |PSp(4, q) : M | is odd and

|PSp(4, q) : M |p ≤ q2. We must haveM = (Sp(2, q) ◦ Sp(2, q)).2. ThenLα ≤ M
andLα ≥ P for someP a Sylowp-subgroup ofM . Since the parabolic subgroups of
Sp(2, q) have even index inSp(2, q) we must haveLα = (Sp(2, q) ◦ Sp(2, q)).2.

Now we can chooseα such that

Lα =ˆ

〈(

Sp(2, q)
Sp(2, q)

)

, h∗ :=

(

I2×2

I2×2

)〉

.
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Observe thath is conjugate tog in PSp(4, q).

Now h has at least12q2(q2 − 1) Lα-conjugates inLα, thus ng

rg
≤

1

2
q2(q2+1)

1

2
q(q2−1)

≤ 2q.

Thenv ≤ 8q2. But v > |L : Lα| = 1
2q2(q2 + 1) which is a contradiction forq > 3.

Hence in all casesM ∈ C1. 2

In C1 we have subgroups of two types:
• Parabolic subgroups,Pm

∼= [qa].( q−1
(q−1,2) ).(PGL(m, q) × PSp(n − 2m, q)) where

1 ≤ m ≤ n
2 , a = m

2 − 3m2

2 + mn. If Lα ≤ Pm then(q + 1)
∣

∣|PSp(n, q) : Pm|
dividesv. Hence we must havep = 2.

• Subgroups,Bm, of typeSpm ⊥ Spn−m isomorphic toSp(m, q) ◦ Sp(n − m, q)
where2 ≤ m < n

2 andm is even. In this caseq2 divides|PSp(n, q) : Bm| which in
turn dividesv. Hence we must havep ≡ 1(3).

9.1 Casep = 2, Lα ≤ Pm. The index ofPm in Sp(n, q) is divisible byq2 +1 for all
m > 1 which is impossible and som = 1. ThenP1

∼= [qn−1] : ((q − 1) × Sp(n − 2, q))
and| Sp(n, q) : P1| = (q + 1)(qn−2 + · · ·+ q2 + 1). We conclude thatq ≡ 2(3) and that
every prime dividingn

2 is congruent to1(3). Hencen ≥ 14 andn ≡ 2(4). This implies
thatn − 2 ≡ 0(4) and every parabolic subgroup ofSp(n − 2, q) has index divisible by
q2 + 1. ThusLα = [qn−1] : (A × Sp(n − 2, q)) for someA ≤ q − 1.

Now considerSp(n, q) acting on a vector spaceV preserving a symplectic formκ.
Foru ∈ V, a ∈ GF(q) we have transvections inSp(n, q) defined by,

ga,u : V → V, v 7→ v + aκ(v, u)u.

SetW = 〈u〉 and letXW,W⊥ = {ga,u : a ∈ GF(q)}. ThenXW,W⊥ < Sp(n, q) is of
sizeq. The parabolic subgroup ofSp(n, q) which preservesW normalizesXW,W⊥ .

Now letg = g1,u. Then, since the only maximal subgroup whose order is divisible by
|P1|
q−1 is P1, we have

ng ≤ | Sp(n, q)|
|P1|

(q − 1) log2 q.

Similarly rg ≥ | Sp(n−2,q)|
|P∗

1
| whereP ∗

1 is a parabolic subgroup ofSp(n − 2, q). Then

ng

rg
≤ | Sp(n, q)||P ∗

1 |(q − 1) log2 q

| Sp(n − 2, q)||P1|
≤ q4.

Thusv ≤ q9 which contradictsn ≥ 14 and this case is excluded.

9.2 Casep ≡ 1(3), Lα < Bm. We know that the maximum power ofp in v is at
mostqn−2. Now |PSp(n, q) : Bm|p = qn2/4−m2/4−(n−m)2/4. Thus we need,

n − 2 ≥ 1

4
(n2 − m2 − (n − m)2) =

1

2
m(n − m).

This implies thatm = 2 and soLα ≤ Sp(2, q) ◦ Sp(n − 2, q). If n = 4 thenB2 is not
maximal and so we assume thatn > 4. Furthermore we know thatLα must contain a
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Sylowp-subgroup ofSp(2, q) ◦ Sp(n − 2, q). But the indices of a parabolic subgroup of
Sp(2, q) in Sp(2, q) and of a parabolic subgroup ofSp(n− 2, q) in Sp(n− 2, q) are both
divisible byq + 1, hence are even. Thus we conclude thatLα = Sp(2, q) ◦ Sp(n − 2, q).

Now rg ≥ 1
2qn−4(qn−4+· · ·+q2+1) and song

rg
≤ 2q2(q2+1) andv ≤ 8q4(q2+1)2.

But v > |L : Lα| = qn−2(qn−2 + · · · + q2 + 1) which is a contradiction forn > 6.
Thus we must assume thatn = 6 and|L : Lα| = q4(q4+q2+1) andng

rg
≤ 2q2(q2+1).

If |ng

rg
|p = |v|p ≥ q4 then ng

rg
= q4 which contradicts Lemma 10. Thus|ng

rg
|p = 1 and so

ng

rg

∣

∣q4 + q2 + 1. If ng

rg
= q4 + q2 + 1 thendg is not divisible byq4 which contradicts the

fact that|L : Lα| dividesv. If ng

rg
< 1

2 (q4 + q2 + 1) thenv < |L : Lα| which is also a
contradiction.

10 L = Ω(n, q), nq odd

Throughout the next two sections, Greek letters such asε, η andζ will stand for either
+,− or ◦. We will write polynomials such asx − ε to meanx − ε1. We writeΩ◦(n, q)
to meanΩ(n, q) whenn is odd.

In this section we assume thatn ≥ 7 andq is odd and we prove that, ifL = Ω(n, q),
then the hypothesis in Section 4.3 leads to a contradiction.This implies the following
proposition:

Proposition 34. Suppose thatn is odd,n ≥ 7 andG has a minimal normal subgroup
isomorphic toΩ(n, q). ThenG does not act transitively on a projective plane.

Observe thatL containsΩε(n − 1, q).2 for ε = − andε = +. One of these groups
contains a central involution and henceL contains an involutiong such thatrg(L) =
1
2q

n−1

2 (q
n−1

2 + ε). Examining [23, Table 3.5.D] for fusion of conjugacy classes, we see

thatng = rg(L) and thus|v|p ≤ q
n−1

2 .
We begin by proving thatLα must lie in a maximal subgroupM ∈ C1:

Lemma 35. Lα does not lie inside a subgroupM ∈ Ci, i > 1.

Proof. We examine the list of odd index maximal subgroups inG as given by Liebeck
and Saxl [26]. The following possibilities are available for a maximal subgroupM of odd
index. We exclude them in turn.

• L = Ω(7, q) and M = Ω(7, 2). We know that|v|p ≤ q3 and so|Lα| must be
divisible byq6. This is impossible forLα ≤ M .

• M ∈ C2 or M = NΩ(n,q)(Ω(n, q0)) whereq = qc
0 for c an odd prime. In both cases

|M |p ≤
√

|Ωǫ(n, q)|p. Now |Ωε(n, q)|p = q
1

4
(n−1)2 and so we must have,

1

8
(n − 1)2 +

1

2
(n − 1) ≥ 1

4
(n − 1)2.

This is impossible forn ≥ 7. 2
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Thus Lα lies inside a parabolic subgroup or a subgroupBm of type O(m, q) ⊥
Oη(n − m, q) for some oddm < n. In fact parabolic subgroups have even index in
PΩ(n, q) hence we may assume thatLα ≤ Bm for somem.

Since|v|p ≤ q
n−1

2 we know thatLα ≤ B1 = Ωη(n − 1, q).2 and thatLα contains a
Sylow p-subgroup ofΩη(n − 1, q). Now the parabolic subgroups ofΩη(n − 1, q) have
even index. Hence we must haveLα = Ωη(n − 1, q) andv is divisible by |Ω(n, q) :

Ωη(n − 1, q).2| = 1
2q

n−1

2 (q
n−1

2 + η).
Now consider the involutionh centralized inL by (Ωζ(2, q)×Ω(n− 2, q)).[4]. Then

nh = qn−2(qn−1−1)
2(q−ζ) . Now Ωη(n − 1, q) contains a conjugate ofh centralized by, at most,

(Ωζ(2, q) × Ωζη(n − 3, q)).[4]. thenrh ≥ qn−3(q
n−3

2 +ηζ)(q
n−1

2 −η)
2(q−ζ) . This implies that

nh

rh
≤ q(q + 1) and sov ≤ 2q2(q + 1)2. But thenv < |L : Lα| which is a contradiction.
Hence we have proved Proposition 34.

11 L = PΩε(n, q), n even

In this section we assume thatn ≥ 8 and we prove that, ifL = PΩε(n, q), then the
hypothesis in Section 4.3 leads to a contradiction. This implies the following proposition:

Proposition 36. Suppose thatn is even,n ≥ 8 andG has a minimal normal subgroup
isomorphic toPΩε(n, q). ThenG does not act transitively on a projective plane.

First we examine what happens whenp = 2:

Lemma 37. Supposen ≥ 8 is even andG has a minimal normal subgroup isomorphic
to PΩε(n, 2a). ThenG does not act transitively on a set of sizex2 + x + 1.

Proof. Write q = 2a. We know thatLα ≤ Pm for some integerm. If m > 1 then
qb + 1 divides|PΩε(n, q) : Pm| whereb is some even integer. Sinceqb + 1 ≡ 2(3) this
is impossible. ThusLα lies inside some parabolic subgroupP1. Now

|PΩε(n, q) : P1| =
(q

n
2 − ǫ)(q

n−2

2 + ǫ)

q − 1
.

If q ≡ 2(3) thenq
n−2

2 + 1 ≡ q
n
2 + 1 ≡ 2(3). Since one of these divides|PΩε(n, q) :

Pm|, this is impossible. Henceq ≡ 1(3). Now letne be the even one ofn2 and n−2
2 , no

the odd one. Then one of the following holds:
• |Ωε(n, q) : P1| = qne−1

q−1 (qn0 + 1) and9 divides|Ωε(n, q) : P1|; or

• |Ωε(n, q) : P1| = qno−1
q−1 (qne + 1) andqne + 1 ≡ 2(3).

Both of these cases are impossible. 2

Throughout the rest of the sectionp is an odd prime. NowL contains maximal
subgroups inC1 of type Oζ(2, q) ⊥ Oη(n − 2, q) for ζη = ε. One of these groups
contains a central involution and henceL contains an involutiong with |L : CL(g)| =
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1
2qn−2(q

n−2

2 + η)(q
n
2 − ǫ)/(q − ζ). Examining for fusion of conjugacy classes in [23,

Tables 3.5.E and 3.5.F] we see that, except when(n, ε) = (8, +), ng = |L : CL(g)|.
When(n, ε) = (8, +), we know thatng ≤ 3|L : CL(g)| and so, in all cases,|v|p ≤ qn−2.

We begin by proving thatLα must lie in a maximal subgroupM ∈ C1:

Lemma 38. Lα does not lie inside a subgroupM ∈ Ci, i > 1.

Proof. We examine the list of odd index maximal subgroups inG as given by Liebeck
and Saxl [26]. The following possibilities are available for a maximal subgroup of odd
indexM 6∈ C1. We exclude them in turn.

• L = PΩ+(8, q) and eitherM = Ω+(8, 2) or M = 23.26. PSL(3, 2). We know that
|v|p ≤ q6 and so|Lα|p ≥ q6. This is impossible forLα ≤ M in both cases.

• M ∈ C2 or M = NPΩε(n,q)(PΩε(n, q0)) whereq = qc
0 for c an odd prime. In both

cases|M |p ≤
√

|PΩǫ(n, q)|p. Now |PΩε(n, q)|p = qn(n−2)/4 and so we must have

1

8
n(n − 2) + n − 2 ≥ 1

4
n(n − 2).

This is impossible forn > 8. Whenn = 8, no subgroupM of odd index has
|M |p ≥ 6 so the result stands. 2

ThusLα lies inside a parabolic subgroupPm or a subgroupBm of typeO(m, q)ζ1 ⊥
Oη1(n−m, q) for somem < n

2 . In fact parabolic subgroups have even index inPΩε(n, q)
for p odd. Hence we assume thatLα ≤ Bm for some integerm. We know that|v|p ≤
qn−2 and so|PΩε(n, q) : Bm|p ≤ qn−2. This implies thatm = 1 or m = 2. Note also
thatp ≡ 1(3).

Suppose first thatLα ≤ B2 whereB2 is of typeOζ1 (2, q) ⊥ Oη1(n − 2, q) for
ζ1η1 = ε. Then|PΩε(n, q) : B2| = 1

2qn−2(q
n−2

2 + η1)(q
n
2 − ǫ)/(q − ζ1) and soLα

must contain a Sylowp-subgroup ofB2. Since the parabolic subgroups ofPΩη1(n−2, q)
have even index we must haveLα > Ωη1(n − 2, q).

In the case whereLα ≤ B1 thenLα ≤ Ω(n − 1, q).c1 wherec1 ∈ {1, 2}. Now
|PΩε(n, q) : B1|p = q

n−2

2 hence|B1 : Lα|p ≤ q
n−2

2 . Examining the proof of Lemma 35
this means thatLα ∩Ω(n− 1, q) lies inside a maximal subgroup ofΩ(n− 1, q) in family
C1.

Since the parabolic subgroups ofΩ(n − 1, q) have even index inΩ(n − 1, q) this
means thatLα ∩Ω(n− 1, q) ≤ B∗

m1
; hereB∗

m1
is a maximal subgroup ofΩ(n− 1, q) of

typeOm1
(q) ⊥ Oγ(n−1−m1, q) for some oddm1 < n−1. In fact|B1 : Lα|p ≤ q

n−2

2

implies thatm1 = 1 and thatLα contains a Sylowp-subgroup ofB∗
1 = Ωη1(n − 2, q).c2

wherec2 ∈ {1, 2}. Once again, since the parabolic subgroups ofΩη1(n− 2, q) have even
index we must haveLα > Ωη1(n − 2, q).

Thus in both cases, whenm = 1 and whenm = 2, we see thatLα > Ωη1(n− 2, q) is
a subgroup ofPΩε(n, q) which preserves a decomposition of the associated vector space
V into subspaces,V = W2 ⊥ Wn−2, wheredim Wi = i and theWi are non-degenerate
subspaces ofV .
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ThenH = Ωη1(n − 2, q) containsh a conjugate ofg, andCH(h) is isomorphic to
either(Ωγ1(2, q) × Ωγ2(n − 4, q)).2 or 2.(PΩγ1(2, q) × PΩγ2(n − 4, q)).[4] (see [23,
Proposition 4.1.6]). In either caserg ≥ 1

2qn−4(q
n−4

2 + γ2)(q
n−2

2 − η1)/(q − γ1).

If n > 8 this means thatng

rg
≤ q2(q+1)3

(q−1)2 and sov ≤ 2q4(q + 1)4. Since|L : Lα| < v

we must haven = 10, q = 7 andLα = B1. But then|L : B1| is divisible by1
274(75±1).

This is impossible since then|L : B1| is divisible by a primes ≡ 2(3).
If n = 8 then ng

rg
< 4q2(q + 1)2. Thenv < 28q4(q + 1)4 which is less than|L : B2|.

ThusLα = B1. But then|L : Lα| is even which is a contradiction.
Proposition 36 is now proven.

12 L is an exceptional group of Lie type in odd characteristic

In this section we prove that, ifL is an exceptional group of Lie type in odd characteristic,
then the hypothesis in Section 4.3 leads to a contradiction.This implies the following
proposition:

Proposition 39. Suppose thatG has a minimal normal subgroupL whereL is an excep-
tional group of Lie type in odd characteristic or thatG has a unique componentL such
that L† is isomorphic to a simple groupE6(q) or 2E6(q) whereq is odd. ThenG does
not act transitively on a projective plane.

We introduce some extra notation for this section and the following one. We will write
E−

6 for 2E6, E+
6 for E6. Similarly SL− will stand forSU, SL+ for SL. We will useε

to denote either±1 or ± depending on the context. Generally our notation refers to the
adjoint version of the exceptional group, any variation on this will be specified. For a
groupG, we will write 1

2G to mean a subgroup inG of index2. We defineP (G) :=

min{|G : H | : H < G}. Finally, for a groupH we write Op′

H to mean the unique
smallest normal subgroupN of H such that|H/N |p = 1.

We have eight possibilities forL which we will examine in turn. As usual we will
examine odd-index maximal subgroups ofL, treating these as candidates to contain a
stabilizerLα, and seek to show a contradiction.

We immediately exclude the case whereL = 2G2(q), q > 3, by examining the list of
maximal subgroups of2G2(q) given in [24, Theorem C] (see also [35]). We see that any
maximal subgroup of odd index must have index divisible by9 and hence cannot contain
a point-stabilizer. Hence this case is excluded. Note that the list given by Kleidman [24]
contains a maximal subgroup of odd index (with structure(22 ×D 1

2
(q+1)) : 3) which has

been omitted by Liebeck and Saxl [26] and by Kantor [22].
For the remaining cases we will refer to the results of Liebeck and Saxl [26] giving

the maximal subgroupsM † of odd index inL†. These maximal subgroupsM † take
one of two forms: EitherM † = NL†(L†(q0)), whereq = qa

0 for a an odd prime and the
subgroupL†(q0) of L†(q) corresponds to the centralizer of a field automorphism ofL†(q)
(see [22, Theorem C]), orM † is enumerated in [26, Table 1].
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Note that, by [23, Table 5.1.B],OutL, the outer automorphism group ofL, has order
strictly less thanq providedL 6= 3D4(3), 2E6(5). We also use the following lemma:

Lemma 40. Let ϕ be a field automorphism ofL(q) of prime ordera. Let L(q0) =
Op′

CL(q)(ϕ) whereq = qa
0 . ThenNL(q)(L(q0)) . Inndiag(L(q0)) and, furthermore,

Inndiag(L(q0)) = L(q0).d where

d =











(3, q0 − ε) L = Eε
6

(2, q0 − 1) L = E7

1 otherwise

Proof. Our notation is consistent with that in [19]. WriteL(q) = Op′

CL(σ) whereL
is a simple adjointFp-algebraic group,Fp is the algebraic closure ofGF(q) andσ is a
Steinberg automorphism [19, Definition 2.2.1].

By [19, Proposition 2.5.17], there exists a Steinberg automorphismτ of L such that
τa = σ andτ inducesϕ onL. ThenL(qo) = Op′

CL(τ) and, by [19, Proposition 2.5.9],
NL(L(q0)) = CL(τ). ThusNL(q)(L(q0)) = CL(q)(τ) ≤ CL(q)(ϕ) . Inndiag(L(q0))
by [19, Proposition 4.9.1]. The structure of the groupInndiag(L(q0)) is given in [19,
Theorem 2.5.12]. 2

12.1 CaseL = E8(q). Referring to [19, Table 4.5.1], we see thatE8(q) contains
an involutiong such thatCL(g) ≥ 2.(PSL(2, q) × E7(q)). There is one suchE8(q)
conjugacy class of involutions inL and song divides

2q56(q10 + 1)(q12 + 1)(q6 + 1)(q30 − 1)(q2 − 1)−1.

Using Lemma 13 this implies that|v|p ≤ q56 and hence that|Lα|p ≥ q64. The list in [26,
Table 1] contains no maximal subgroupsM such that|M |p ≥ q64. Similarly Lemma 40
implies that|NL(E8(q0))|p = |E8(q0)|p = q120

0 . Sinceq = qa
0 wherea is an odd prime,

q120
0 ≤ q40 and so this possibility is excluded.

12.2 CaseL = E7(q). Referring to [19, Table 4.5.1], we see thatE7(q) contains an
involutiong such thatCL(g) containsSLε(8, q)/(4, q − ε) for ε either+ or −. There is
one suchInndiag(E7(q)) conjugacy class of involutions inL and song divides

(4, q − 1)q35(q7 + ε)(q5 + ε)(q3 + ε)(q8 + q4 + 1)(q12 + q6 + 1).

This implies that|v|p ≤ q35 and hence that|Lα|p ≥ q28. The list in [26, Table 1]
contains one maximal subgroup such that|M |p ≥ q28, namelyM = NL(2.(PSL(2, q)×
PΩ+(12, q)). Then|L : M |p = q32 and sop ≡ 1(3). But this implies that9 divides
|L : M | and so it is not possible thatLα ≤ M .

Similarly Lemma 40 implies that|NL(E7(q0))|p ≤ |E7(q0).2|p = q63
0 . Sinceq = qa

0

wherea is an odd prime,q63
0 ≤ q21 and so this possibility is excluded.
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12.3 CaseL† = Eε

6
(q). Referring to [19, Table 4.5.1], we see thatL contains an in-

volutiong such thatCL(g) containsSpinε
10(q). HereSpinε

10(q)
∼= (4, q− ε).PΩε(10, q).

There is only one suchInndiag(Eε
6(q)) conjugacy class of involutions inL and so,

ng = q16(q6 + εq3 + 1)(q2 + εq + 1)(q8 + q4 + 1).

This implies that|v|p ≤ q16 and hence that|Lα|p ≥ q20. Then Lemma 40 implies that
|NL†(L†(q0))|p ≤ |L†(q0).(3, q − ε)|p which divides3q36

0 . Sinceq = qa
0 wherea is an

odd prime,q36
0 ≤ q12 and so this possibility is excluded.

12.3.1 Subcaseε = + . In this case the list in [26, Table 1] contains two maximal
subgroupsM † such that|M †|p ≥ q20: M † = NL†((4, q − 1).PΩ+(10, q)) or M † is
parabolic of typeD5. If p ≡ 1(3) in either case then9 divides |L : M | which is a
contradiction. Hencep 6≡ 1(3), the universal and adjoint versions coincide andL is
simple.

In the non-parabolic case,|L : M |p > p2 which is impossible forp 6≡ 1(3). HenceM
is a parabolic subgroup ofE+

6 (q) of typeD5 and we have|L : M | = (q6 + q3 + 1)(q2 +
q + 1)(q8 + q4 + 1).

Now M ∼= [q16] : (Spin+
10(q)H) whereH is a Cartan subgroup ofE6(q) andH

normalizesSpin+
10(q). HereSpin+

10(q)
∼= (4, q − 1).PΩ+(10, q) andPΩ+(10, q) has

parabolic subgroups of even index. This implies thatLα ≥ [q16] : (Spin+
10(q).2) for

p 6= 3.
Furthermore, forp = 3, every non-parabolic subgroup ofPΩ+(10, q) has index di-

visible by9 [23]. This means thatLα ≥ [ q16

3 ].(Spin+
10(q).2). Now E, the commutator

subgroup of the Levi complement inM , is isomorphic toSpin+
10(q) and|E : Lα ∩ E| is

at most32 (q − 1). But P (Spin+
10(q)) > 3

2 (q − 1) [23, Table 5.2.A]. ThusLα > E.
Now if q = 3a then |E| is divisible by38a − 1; in particular,|E| is divisible by

the primitive prime divisors of38a − 1. This implies that ifϕ : E → GL(m, 3) is a
non-trivial representation ofE overGF(3) thenm ≥ 8a. Now consider the action ofE
on the unipotent radical of the full parabolic group,[q16], considered as a module over
GF(3). We know thatE does not act trivially on any submodule of the unipotent radical
(otherwiseZ(E) would have too large a centralizer; see [19, Table 4.5.1]). Thus the
action must be either irreducible or split into two modules both of sizeq8. In either case
we must haveLα ≥ [q16] : (Spin+

10(q).2).
We return to the general case wherep 6≡ 1(3) and assume thatM containsCL(g) =

Spin+
10(q)H . Furthermore we know thatL acts on the cosets ofM as a rank 3 permutation

group with subdegrees1, q(q3 +1)(q8−1)/(q−1) andq8(q4 +1)(q5−1)/(q−1) ([22]).
Then we have two possibilities:

• SupposeCM (h) ≥ Spin+
10(q) for all h in Lα whereh is L-conjugate tog. Now if

M = [q16] : CL(g) thenM containsq16 M -conjugates ofCL(g) each containing a
unique copy ofSpin+

10(q). Any otherL-conjugate ofCL(g) lies inside a non-trivial
conjugate ofM . But these intersectM with non-trivial indices as above. These
intersections cannot containSpin+

10(q). HenceM contains onlyM -conjugates ofg
and, in fact, all these must lie inLα. Thusrg = q16 and ng

rg
= (q8 + q4 + 1)(q6 +
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q3 + 1)(q2 + q + 1). Set

u = q8 +
1

2
q7 +

3

8
q6 +

5

16
q5 99

128
q4 +

127

256
q3 +

423

1024
q2 +

749

2048
q +

39587

32768
.

Thenu2 − u + 1 >
ng

rg
for q ≥ 47. If we setu1 = u− 1

32768 thenu2
1 − u1 + 1 <

ng

rg

for q > 1. Thus we need to checkq < 47 but no suchq satisfiesu2 − u + 1 =
ng

rg

for integeru.
• Suppose there existsh in Lα which isL-conjugate tog andCM (h) does not contain

a copy ofSpin+
10(q). ThenCL(h) lies inside a non-trivial conjugate ofM . Hence

|M : CM (h)| is a multiple ofq(q3+1)(q8−1)/(q−1) or q8(q4+1)(q5−1)/(q−1).
Furthermore we know thatq16 divides |M : CM (h)| since|M |p = q16|CL(g)|p.
Hence|M : CM (h)| ≥ q16(q4 + 1)(q5 − 1)/(q − 1).
Now, if Lα ≥ [q16] : (Spin+

10(q).2) thenrg = rg(M) sinceLα � M and|M : Lα|
is odd. Thusrg ≥ q16(q4 + 1)(q5 − 1)/(q − 1) and ng

rg
< q8 + q4 + 1. Then

dg ≤ q8 + q4 + 1 < (q6 + q3 + 1)(q2 + q + 1). Thusv < |L : M | which is a
contradiction.

12.3.2 Subcaseε = − . In this case the list in [26, Table 1] contains one maximal
subgroupM † in L† such that|M †|p ≥ q20, namelyM † = NL†((4, q + 1).PΩ−(10, q)).
In fact |M |p = q20 and sop ≡ 1(3) and the universal and adjoint versions ofE−

6 coincide
andL is simple. ThenM = NL(Spin−

10(q))
∼= Spin−

10(q).(q + 1) ([19, Table 4.5.2]).
FurthermoreLα must contain a Sylowp-subgroup ofM . But the parabolic subgroups of
PΩ−

10(q) have even index, henceSpin−
10(q).2 ≤ Lα ≤ Spin−

10(q).(q + 1).
Now, using [19, Table 4.5.2], we see thatE−

6 (q) contains two conjugacy classes of
involutions: those conjugate tog, centralized bySpin−

10(q), and those conjugate tog1 say,
centralized bySL(2, q) ◦SU(6, q). Thenng = q16(q2 − q +1)(q6− q3 +1)(q8 + q4 +1)
andNg1

= q20(q4 + 1)(q2 + 1)(q6 − q3 + 1)(q8 + q4 + 1).
We examine the involutions lying inSpin−

10(q) using [19, Table 4.5.2]. Apart from
the central involution,Spin−

10(q) contains two conjugacy classes of involutions. Leth be
an involution inSpin−

10(q) centralized bySpin+
4 (q)◦Spin−

6 (q). ThenLα contains at least
1
4q12(q4+q3+q2+q+1)(q2−q+1)(q4+1)(q2+1) conjugates ofh. If h is L-conjugate
to g, thenng

rg
< 4q8 which is a contradiction. Thus assume thath is L-conjugate tog1.

In this caseng

rg
≤ 4q16 + 4q12 + 4q8. Then

dg <
ng

rg
+ 2

√

ng

rg
+ 2 < 4q16 + 4q12 + 6q8 + 2q4 + 2.

This implies thatv < 19|L : M | for q ≥ 7.
Suppose thatq16 does not divideng

rg
. Thenng

rg
divides the product(q2 − q + 1)(q6 −

q3 + 1)(q8 + q4 + 1) and sodg < 3q16 andv = |L : M |. This contradicts Lemma 11.
Thusv = 7|L : M | or v = 13|L : M | andq16

∣

∣

ng

rg
.

If ng

rg
≥ 7q16 thenv > 49q32 > 13|L : M | which is a contradiction. Thus, by

Lemma 10,ng

rg
= 3q16. This implies that3q16 < dg < 3q16 + 2

√
3q8 + 2 and so
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9q32 < v < 9q32 + 12q24 + 6q16. But then7|L : M | < v < 13|L : M | which is a
contradiction.

12.4 CaseL = 3D4(q). We know that3D4(q) has a single conjugacy class of in-
volutions [19] which is centralized by a maximal subgroup isomorphic to(SL(2, q3) ◦
SL(2, q)).2 [25]. Hence, forg an involution inL, ng = q8(q8 + q4 + 1) and so|v|p ≤ q8

and|Lα|p ≥ q4.
If Lα < M = NL(3D4(q0))) then this condition implies thatq = q3

0 . No such
subfield subgroup exists.

There are two other odd index maximal subgroupsM such that|M |p ≥ q4; see
[26]. The first possibility is thatM = G2(q) and|L : M |p = q6. But then odd index
subgroups ofG2(q) havep-index strictly greater thanq2; see [26]. ThusLα = G2(q).
Now rg(G2(q)) = q4(q4 + q2 + 1) and song

rg
= q4(q4 − q2 + 1). But this implies that

|v|p ≤ q4 which is impossible.
The second possibility is thatLα ≤ M = 2.(PSL(2, q) × PSL(2, q3)).2. Then

|L : M | = q8(q8 + q4 + 1) and sop ≡ 1(3) andLα contains a Sylowp-subgroup of
M . But the parabolic subgroups ofPSL(2, q) have even index, hence we conclude that
Lα = M .

Now rg(2.(PSL(2, q)×PSL(2, q3))) ≥ 1+ 1
2q3(q3 − 1)1

2q(q− 1). This implies that
ng

rg
< 7q8. Suppose that|ng

rg
|p = 1 and henceng

rg
≤ q8 + q4 + 1. Thendg < 3q8 and so

dg = q8. This contradicts Lemma 11.
Thus|ng

rg
|p > 1 and so we must have eitherng

rg
= q8 (contradicting Lemma 10) or

ng

rg
= 3q8. If ng

rg
= 3q8 thendg < 13

3 (q8 + q4 + 1) which is the smallest possibility for

dg that is larger thanng

rg
. Thus we have a contradiction.

12.5 CaseL = G2(q). Referring to [19, Table 4.5.1], we see thatG2(q) contains an
involution g such thatCL(g) containsSL(2, q) ◦ SL(2, q). There is one such conjugacy
class of involutions inL and, examining [24], we see thatCL(g) ∼= (SL(2, q)◦SL(2, q)).2.
Henceng = q4(q4 + q2 + 1). Using Lemma 13, we may conclude that|v|p ≤ q4 and
hence that|Lα|p > q2.

Examining the odd-index maximal subgroups [23], we find thatall havep-index di-
visible byp2 and sop ≡ 1(3). We have a number of possibilities forM an odd-index
maximal subgroup,|M |p ≥ q2, M containingLα:

• SupposeM = NL(G2(q0)). Then using Lemma 40 we find thatq = q3
0 . But this

means that9 divides|L : M | which is impossible.
• SupposeM = (SL(2, q) ◦ SL(2, q)).2. ThenLα ≥ 2.P.2 whereP is a Sylowp-

subgroup ofPSL(2, q)×PSL(2, q). Since the parabolic subgroup ofPSL(2, q) have
even index we must haveLα = M andv = q4(q4 + q2 + 1)a for some integera.
Then Lemma 11 implies thata 6= 1 and soa ≥ 7.
Now PSL(2, q) × PSL(2, q) has at least14q2(q ± 1)2 involutions and thus so does
SL(2, q) ◦ SL(2, q). Then

ng

rg
< 4q2 q4 + q2 + 1

q2 − 2q + 1
< 7q4
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for q ≥ 7. Thus eitherng

rg
= q4 (contradicting Lemma 10) orng

rg
= 3q4 or ng

rg
divides

q4 + q2 + 1.
If u2−u+1 =

ng

rg
= 3q4 thenu2+u+1 = dg < 3q4+2

√

3q4+2 < 4q4+4q2+4.

This implies thatv < 12q4(q4 + q2 +1) and soa = 7. But thendg = 7
3 (q4 + q2 +1)

which is less thanng

rg
for q ≥ 7. This is impossible.

If u2 − u + 1 =
ng

rg
= q4 + q2 + 1 thenu = q2 + 1 anddg = q4 + 3q2 + 3. But

then(v, p) = 1 which is impossible. Ifng

rg
< q4 + q2 + 1 thenu ≤ q2 which implies

that ng

rg
≤ q4 − q2 + 1 anddg ≤ q4 + q2 + 1. Then ng

rg
dg < |L : M | which is a

contradiction.
• SupposeM = SLε(3, q).2 and sop ≡ 1(3). Consider first the situation where

Lα = M . Whenε = +, M = 〈SL(3, q), ϕ〉 whereϕ is a graph automorphism
[11, (2.6)]. Whenε = −, M ≤ PΓU(3, q) [24, Proposition 2.2]. In both cases
M is equal to a universal version ofAε

2(q) extended by a graph automorphism [19,
Definition 2.5.13].
Examining [19, Table 4.5.2] we see thatM has 2 conjugacy classes of involutions.
These have sizeq2(q2 + εq + 1) andq2(q2 + εq + 1)(q − ε). Whenε = + this
givesrg = q3(q2 + q + 1) and ng

rg
= q(q2 − q + 1). This is impossible since either

|ng

rg
|p = 1 or |ng

rg
|p ≥ q3. Whenε = − we haverg = q2(q2 − q + 1)(q + 2) and

ng

rg
= q2(q2+q+1)

q+2 . This is not an integer forq > 1 hence can be excluded.

Thus we must haveLα < M and we know that|M : Lα|p ≤ q. Examining the
subgroups ofSLε(3, q) we find thatLα ∩ SLε(3, q) ≤ P1, a parabolic subgroup of
SLε(3, q).
Whenε = −, | SLε(3, q) : P1| is even hence this possibility can be excluded.
Whenε = +, M = 〈SL(3, q), m〉 wherem is a graph automorphism ofSL(3, q).
SinceLα has odd index inG2(q), Lα must contain a graph automorphism. Exam-
ining [23, Table 3.5.A] we find thatLα ∩ SL(3, q) lies inside a subgroupM1 of
SL(3, q) of type GL(2, q) ⊕ GL(1, q) or of typeP1,2. In the former case we find
that |v|p ≥ q5. Since|ng|p = q4 we must have|ng

rg
|p = 1 which implies that

ng

rg
≤ q4 + q2 + 1 and|dg|p ≥ q5 which contradicts Lemma 12. In the latter case,

we find that| SL(3, q) : M1| is even and this case can be excluded.

We have covered all possible odd-index maximal subgroups inG2(q).

12.6 CaseL = F4(q). Referring to [19, Table 4.5.1], we see thatF4(q) contains an
involution g such thatCL(g) containsSpin(9, q). There is one such conjugacy class of
involutions inL and song = q8(q8 + q4 + 1).

This implies that|v|p ≤ q8 and hence that|Lα|p ≥ q16. Then Lemma 40 implies that
|NL(F4(q0))|p ≤ |F4(q0)|p = q24

0 . Sinceq = qa
0 wherea is an odd prime,q24

0 ≤ q8 and
soLα does not lie in|NL(F4(q0)).

The list in [26, Table 1] contains one maximal subgroupM such that|M |p ≥ q16.
ThenM ∼= 2.Ω(9, q), Lα must contain a Sylowp-subgroup ofM since|L : M |p = q16.
Furthermore,p ≡ 1(3). Now the parabolic subgroups ofΩ(9, q) have even index, hence
we may conclude thatLα = M andv = q8(q8 + q4 + 1)a for some integera. Lemma 11
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implies thata 6= 1 and hencea ≥ 7.
Now supposerg ≥ 1

2q4(q4 − 1). Then ng

rg
≤ 2q4(q4 + 3) < 7

3q8. Thendg < 14
3 q8

andv < 7q16 which is a contradiction. Alsorg is clearly greater than1. Thus there is an
involutiong ∈ 2.Ω(9, q) such that

1 < |2.Ω(9, q) : C2.Ω(9,q)(g)| < q4(q4 − 1)/2.

Now let B be the central subgroup ofLα of order2, so thatLα/B ∼= PΩ(9, q). Let
h = Bg an involution inPΩ(9, q). Then we must have

|Ω(9, q) : CΩ(9,q)(h)| < q4(q4 − 1)/2.

Examining [19, Table 4.5.1] we see that all involution centralizers inΩ(9, q) have index
at least12q4(q4 − 1). Hence we have a contradiction.

Proposition 39 is now proven.

13 L is an exceptional group of Lie type in characteristic2

In this section we prove that, ifL is an exceptional group of Lie type in characteristic
2, then the hypothesis in Section 4.3 leads to a contradiction. This implies the following
proposition:

Proposition 41. SupposeG has a minimal normal subgroupL whereL is an exceptional
group of Lie type in characteristic2 or that G has a unique componentL such thatL†

is isomorphic toE6(q) or 2E6(q) whereq = 2a. ThenG does not act transitively on a
projective plane.

We have nine possibilities forL and, by Tits’ Lemma [31, 1.6], we know thatLα must
lie in a parabolic subgroupM of L. We demonstrate that this is impossible, generally by
showing a contradiction with Lemma 8.

13.1 CaseL = 3D4(q), G2(q), q > 2 . In each case, for any parabolic subgroup
M , |L : M | is divisible by(q4 + q2 + 1)(q + 1). If q ≡ 1(3) then|L : M | is divisible
by q + 1 ≡ 2(3), while if q ≡ 2(3) then9 divides|L : M |. ThusM cannot containLα

(Lemma 8) and we are done.

13.2 CaseL = 2B2(q), q > 2, 2F4(q)
′, F4(q), E7(q), E8(q). Examining the

indices of the parabolic subgroupsM in L in these cases, we find that they are nearly
always divisible byqm + 1 for some even integerm. Sinceqm + 1 ≡ 2(3) these cases
are excluded. We deal with the exceptions which are as follows:

(1) L = E7(q) andM is of typeE6. Then|L : M | is divisible by(q5 + 1)(q9 + 1). If
q ≡ 1(3) thenq5 + 1 ≡ 2(3) and if q ≡ 2(3) then9 divides|L : M |. Both of these
are impossible henceM cannot containLα.

(2) L = E7(q) andM is of typeD6. Then|L : M | is divisible by(q8 + q4 + 1)(q12 +
q6 + 1) which is in turn divisible by9. HenceM cannot containLα.
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(3) L = E7(q) andM is of typeD5 × A1. Then|L : M | is divisible by(q5 + 1)(q8 +
q4 + 1). If q ≡ 1(3) thenq5 + 1 ≡ 2(3) and ifq ≡ 2(3) then9 divides|L : M |. Both
of these are impossible henceM cannot containLα.

Note that Kantor’s argument to exclude the last two cases (L = E7(q) andM of type
D6 or D5 × A1) when the action is primitive is incorrect [22].

13.3 CaseL† = Eε

6
(q). We proceed as in Section 13.2; we need only examine the

parabolic subgroupsM in L which are not divisible byqm + 1 for some even integerm.
There are two such possibilities:

1. L† = E+
6 (q) andM is of typeD5. Then|L : M | = (q6 + q3 + 1)(q8 + q4 + 1)(q2 +

q + 1). Forq ≡ 1(3), |L : M | is divisible by9 henceM cannot containLα. Thus we
assume thatq ≡ 2(3) and soL is simple.
Now we know thatM ′ := [q16].Ω+

10(q) ≤ Lα ≤ M ∼= [q16] : (Ω+
10(q)H) whereH

is the Cartan subgroup ofL. This is because all parabolic subgroups ofΩ+
10(q) have

index divisible byq4 + 1 ≡ 2(3).
By [4, (15.1),(15.5)],L contains an involutiong such thatCL(g) = [q21] : SL(6, q)
and song = (q6 + q3 + 1)(q8 + q4 + 1)(q8 − 1). Now if rg ≥ (q6 + q3 + 1)(q8 − 1)
then ng

rg
≤ (q4 + 1)2 − (q4 + 1) + 1 and sodg ≤ (q4 + 1)2 + (q4 + 1) + 1. But then

ng

rg
dg < |L : M | which is a contradiction. Thus, for allh ∈ Lα conjugate inG to g,

|K : CK(h)| < (q6 + q3 + 1)(q8 − 1).
NowΩ+

10(q) 6≤ CL(g). Furthermore the only maximal subgroups ofΩ+
10(q) with index

less than(q6 + q3 + 1)(q8 − 1) are the parabolic subgroups andSp8(q). All but one
type of parabolic subgroups have index divisible byq3 + 1. Sinceq3 + 1 does not
divide ng, there must beh ∈ Lα conjugate inG to g such thatCK(h) lies in either
[q16].([q8] : 1

2 ((q − 1) × SO+
8 (q))) or [q16]. Sp8(q).

Consider the first possibility. NowSO+
8 (q) 6≤ CL(g) and so

rg ≥ P (SO+
8 (q))

|Ω+
10(q)|

|[q8] : 1
2 ((q − 1) × SO+

8 (q))|
.

Using the value forP (SO+
8 (q)) given in [23, Table 5.2.A] we conclude thatrg >

(q6 + q3 + 1)(q8 − 1) which is impossible.
Similarly Sp+

8 (q) 6≤ CL(g) and sorg ≥ P (Sp+
8 (q))|Ω+

10(q)|/| Sp+
8 (q))|. Once again

we find thatrg > (q6 + q3 + 1)(q8 − 1) which is impossible.
2. L† = E−

6 (q) andM is of type2D4(q). Then|L : M | is divisible by(q5 + 1)(q9 + 1);
we exclude this possibility in the same way as in Section 13.2, whenL = E7(q) and
M is of typeE6.

Theorem A is now proven.
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