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1 Introduction

In this article, we completely classify the even order spreads in PG(3,q) that admit
a linear collineation group of order g(q + 1). In what should be considered a com-
panion article to the present one, the authors have previously classified the odd order
spreads in PG(3, ¢) that admit a linear collineation group of order g(g + 1) with the
added hypothesis that a subgroup of order ¢ must fix a line and act nontrivially on
it. In the odd order case, the planes are all related to flocks of quadratic cones in
PG(3,q). However, it will turn out in the even order case, there are no associated
flocks of quadratic cones apart from the linear flock (the associated plane is Desar-
guesian). So we have decided to separate the even and odd order parts, for this reason
and also due to the fact that the arguments for the even and odd order cases are
probably as dissimilar as they are similar. We do, however, use various results con-
necting the theories of flocks of quadratic cones and translation planes whose spreads
in PG(3, ¢) are unions of reguli sharing a common line.

By the work of Gevaert and Johnson [6], and Gevaert, Johnson and Thas 7], it is
also true that within the collineation group of the translation plane associated with
a so-called ‘conical flock’ (flock of a quadratic cone) is an elation group E of order g.
In general, we shall use the term ‘regulus-inducing’ to denote such an elation group.
Since each orbit of a regulus-inducing group union the axis is a regulus, we may
derive any such regulus, turning the elation group into a group which fixes a Baer

*The authors are indebted to the referees for a copious reading of this paper and for many
helpful suggestions.
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Now choose m =1 = o, 57 + 5 = 1,57*! = ) # 1. Let s> = sa + f for a # 0. Then,

(s/2)> = (s/o) + B/o’.

So, if there exist non-zero elements where § # a2, the above is possible. If 2 = ¢ + 1
then there is a subfield of GF(g?) isomorphic to GF(4). Hence, if ¢*> > 4, there exist
s such that s2 = s+ for ¢ # 1. The set

{y = xma + x(m + b); |a| divides g + 1,b € 4}
forms a partial spread if and only if
a*+am2b*+1#0

for all b € A. If o is an additive subgroup of order ¢/2 provided 4 is an additive sub-
group of order ¢/2, define A = {\/am;a € &/}. Then, we obtain a partial spread and
by above a spread of the appropriate type. This proves (1).

Now assume that g + 1 is prime and a has order g + 1. If the tracegr(y(a + a?) =
1 then we may choose m = 1 and, since tracegg(q) b = tracegr(y) b2, the additive sub-
group of order g/2 of trace 0 elements shows that

A +abt+1#02a+b2+1/a=a+a’+b*>#0.
That is,
a+al+b*=0=> tracegr(y(a +a? +b*) =0
and if tracegr(,)(a + a?) = 1 and tracegr(y) b% = 0, we have a contradiction. ]

Example 1. In situation (2) above, assume that g =4, g+ 1 = 5. If the order of a
is 5, tracegr)(a +a*) = a+a* + a’> + @ Since 1 + a+a?+a®+a* =0, we have
tracegps)(a +a*) = 1.

Theorem 55. Let {1,t} be a GF(q)-basis for GF(g?) where t? = t + 0. Note that then
' =Qand 1+t = 1.

(1) tracegp(g) 0 = 1.

@) (ta+ B =1 if and only if 0a® + B* + af = 1.

(3) (ta+p)? + (ta+ p) =0
)

(4) 6+ a2 has trace 0 if and only if & = a+ a? for some element a not 1 of order
dividing q + 1. Hence, the set of non-solutions to a + a? for a not 1 is

{(p+p*)7",0;p € GF(g) — {0,1}}.

(5) A spread of the Baer q/2-type exists if and only if
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{(p+p»)7",0;p € GF(q) — {0,1}}

is an additive group of order q/2.

Proof. (1) Assume that trace® = 0. By Hilbert’s theorem 90, = p + p?, for
p € GF(q). Then, t + 1> = p + p2, implies that ( + p) + (¢ + p)* = 0, and this implies
that (1 + p) = 1 so that 1 € GF(q). Hence, trace @ = 1. Clearly, ¢ + 7 = 1 so that (2)
and (3) are immediate.

To prove (4), assume that

O+a2=f+f2#0.
Let fo = . Then,

0+ a2 = (B/a) + (B/)?
if and only if

6?4+ p% +af = 1.

This holds if and only if there is an element a = ta + § for a # 0 of order dividing
g+ 1 such thata+a? =a.

Hence, =2 has trace 1, for all solutions to a + a% = «. Since the trace of J and the
trace of 9% are equal, it must be that «~! has trace 1 for all solutions.

Assume that g and a* have order dividing ¢q + 1 and neither a nor a* is 1. Then,

at+al=a=a"+a"
if and only if

(a+a*)=(a+a")"
That latter equality holds if and only if

a*+an+1=a?+a*a+1,

which is equivalent to

a(a+a*) = (a+a*)%
We then obtain the equivalent equality

a+a*= &.

Now, if a?*! = 1, we claim that (a + a)?*! = 1. Note that

(a+0) ™ =a + o +a@+a?) =1+a’+a2=1.

Thus, there are exactly g/2 non-zero elements « in GF(g) that are solutions for
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a+ a? = a, where a is not 1. Since the trace of a~! is 1 for all solutions, the set of
non-solutions is

{(p+p*7",0;p € GF(g) - {0,1}}.

Now, in order that we have a Baer ¢g/2 type spread, this fact implies that the set of
non-solutions is an additive group. Our previous result implies that this condition is
necessary and sufficient. O

21 Baer g/2-type planes do not exist when ¢ > 4

Theorem 56. If ¢ = 2" and r is odd and larger than 1 then there does not exist a Baer
q/2-type plane.

Proof. If such a plane exists, then 4 = {(p + p*)™',0; p € GF(g) — {0, 1}} is additive.
Since this means that (p? + p*)~! = (p + p?) ™2 is an element of 4, then, for any p,

r—1 5
> (p+p)"
i=0

is an element of the set in question and thus has the form (y +y?)~" or 0. But, this
implies that

1

trace(p +p2) ™' = (y+*) "', or 0

for some y. Assume that (y +y2)~' = 1, then we have (y +»?) = 1, a contradiction,
since the left hand side has trace 0 and the right hand side, that is ‘1’, has trace 1.

Hence, {(p + p2)~',0;p € GF(g) — {0, 1}} is the set of trace 0 elements. There are
g/2 — 1 trace 0 elements that are non-zero and each of these has a non-zero inverse in
the set. Assume that for each non-zero x € 4, x~! # x. Note that

{x,x"}N{y,y "t #£pox=y"

for x #y, x,y € A, if and only if {x,x™'} = {y,y™'}. Thus, 4 — {0} =¢/2—1is
even, a contradiction for ¢ > 2. Hence, there exists an element p # 0 or 1 such that

P+ = (p+p7)
for some nonzero term p + p?, but this implies that
P+ = +p") =1,

a contradiction, as p? + p* has trace 0 but 1 has trace 1. Hence, there are no Baer ¢/2
type planes when ¢ = 2" and r is odd, r > 1. O

Theorem 57. There are no Baer q/2-type planes when q = 2%, for e > 1.
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Proof. If there is such a plane then

{(p+p*)7",0;p € GF(g) - {0,1}}

corresponds to the additive group ¢ of order g/2. We note that when g = 2%, then
GF(2°) has trace 0 over GF(q) and is contained in the set of non-solutions since
inverses exist within non-zero elements of GF(2¢). Hence, there are 2°~! cosets of
GF(2°) in &, z; + GF(2°) for i =0,1,...,2¢7! — 1 and z, = 0. Furthermore, ele-
ments in the coset z; + GF(2¢) have trace 1 if and only if z; has trace 1. The subset of
trace 0 elements forms an additive subgroup which has index 1 or 2 and hence has
order ¢/2 or gq/4.

Let {1,z} be a GF(2¢) basis of GF(2%) such that z2 = z+ u where u is in
GF(2°). If
zp + 6 + GF(/4) = zp + GF(,/9)

is a coset of the non-solution set, where p # 0, then the inverse of each of these ele-
ments has trace 0.

The inverse of zp + y for p # 0, y € GF(2?) is

2(p/((p+ )y +up®)) + (p+ )/ ((p+ P)y + 1p?).

We note that

tracegr(q) (zp + y) = tracegr(q) zp-
Hence, the cardinality of the set { p; tracegr(q) zp = 0} is (¢/2)//q. We claim that
{p/((p+7)y + up®); p is fixed and non-zero,y € GF(2°)}

has cardinality ,/g/2 = 2°7!.
To see this, we note that

pl((p+ 1)y + ) =p/((p+7*)" +mp?), ¥ #7
if and only if
y+yi=p
So, it follows that
2(p/((p + )y +10%) + (P + )/ ((p + )y + o)

has trace 0 for p fixed and non-zero, for all elements y € GF(,/7).
We claim that

tracegr(qg) 20 = (tracegr( ) 4)(tracegr( q)9)- (%)
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To prove this, we note that z2 = z+ u so that (zé)2 = z6% + pd®. It thus follows
that

(20)Y = 28% + (u+ 2+ +u?)oY.
Furthermore,
(20 =20+ (u+u+--+4u*" ) =20+ ((tracecr(yg) #)9)-

Thus, every term 26% for j=0,1,...,e—1is doubled and since

traceGF(ﬁ)((traceGF(ﬁ) /1)5) = (traceGF(ﬁ) ,u)(tracegp(ﬁ) 5),

we have the proof to (*).
Since z? = z 4 p then

tracegp(ﬂ) n= ¥ +z.
Hence, tracegr( g # = 1. Thus,
tracegr(q) z20=0& traceGr(,/q) 6 =0. (%)

Therefore, we have for p fixed and non-zero,

tracegr( g P/ ((p +7)y + up?) =0, for all y e GF(,/g).

Note that the set of trace 1 elements in GF(,/g) is

{y+7*+myeGF(yq)}

However, this means that there are ,/g/2 non-zero elements in GF(,/g) whose trace
is 0 over GF(,/9), a contradiction, since there are exactly \/g/2 — 1 nonzero elements
of trace 0. Hence, p = 0 and ¢/2 = /g so that ¢ = 4. O

Theorem 58. A Baer q/2-type plane of order q?, for q > 2 exists if and only if g =4
and the plane is Desarguesian.

Proof. The above results show that the only possibility is when ¢ =4. Let g =4
and consider an elation g/2-plane. There are 2 disjoint regulus nets. Since any
two disjoint regulus nets may be embedded into a linear set of ¢ — 1 regulus nets and
since ¢ — 1 = 3, replacement of the two nets is equivalent to derivation; an elation
q/2-plane must be Hall. A Baer g/2-plane involves the replacement of ¢/2 + 1
mutually disjoint regulus nets. Multiple derivation then produces a Desarguesian
affine plane. O
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22 The associated Desarguesian spread

In our previous sections, we have shown that translation planes with spreads in
PG(3,q), for g even, with collineation groups in GL(4,q) of order ¢g(g + 1) corre-
spond to conical planes or derived conical planes when the Sylow 2-subgroup fixes
a 2-dimensional K-subspace and induces a non-trivial group on that subspace. Our
intent is to now prove our results without resorting to the assumption that a Sylow 2-
subgroup fixes a 2-dimensional K-subspace and acts non-trivially on it. That is, we
shall eventually prove that this property must hold. In order to obtain this result, we
establish connections with a Desarguesian spread when the Sylow 2-subgroups do
have this property.

Theorem 59. If  is a conical flock or derived conical flock plane of order q* admitting a
linear group G of order q(q + 1) then there is an associated Desarguesian affine plane X
such that G acts on X as a collineation group. Furthermore, if © is not Hall or Desar-
guesian, G is solvable and contains a group H of order q + 1 that contains a non-identity
subgroup acting as a kernel homology group of X.

Proof. First assume that = is a conical flock plane.

Initially, assume that there is a prime 2-primitive divisor u of g — 1 or ¢ = 8 and
we take u = 3 (a g-primitive divisor) and there is an element g, of G of order u. We
may assume that 7 is not Desarguesian and there is a G-invariant component £. It
follows that g, centralizes the elation group E. Furthermore, the quotient on ¢ in
PG(2, g) either is isomorphic to A4, S or As, or the group is a subgroup of a dihedral
group of order divisible by 2(g + 1). In this case, there is a normal subgroup <g,Z),
where Z is the intersection with G and the kernel homology group of order ¢ — 1
acting on Z. Since g, commutes with E, it follows that there is a normal subgroup
{guy in G. But, g, fixes at least three components of = and hence there is an asso-
ciated Desarguesian affine plane admitting G by Lemma 2.

Now assume that the group induced on ¢ is A4, Ss or As. The only possible affine
homology groups normalize E so they have order dividing ¢ — 1 which is impossible
since (¢ + 1, — 1) = 1. Then this forces g + 1 to be even.

Now assume that the plane is a derived conical flock plane of order ¢2. Since we
have a Baer group of even order ¢ by Theorem 32, this implies that the full collinea-
tion of a derived conical flock plane leaves invariant the derived net, provided the
order is not 4. Hence, we may derive back to a conical flock plane that admits such
a group, implying the existence of a Desarguesian affine plane £ admitting G as a
collineation group.

Thus, in all case, there is a Desarguesian affine plane ¥ admitting G, G is solvable
and has a normal subgroup H of order ¢ + 1 containing a non-trivial kernel homol-
ogy group acting on X. O

23  When the plane is a conical plane

Now assume the plane =z is a conical flock plane. Note that the group G is a subgroup
of GL(4,q) and acts on the Desarguesian plane X as a subgroup of I'L(2, ¢?). Then
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G actually acts on I as a subgroup of GL(2, ¢%), since the elation group of order q is
in GL(2,4?%) and ¢ + 1 is odd. Since the order of G is g(g + 1) and there is an elation
group of order g, the group is solvable and there is a subgroup H of order ¢ + 1 that
necessarily is in GL(2, ¢?) by order.

Now assume that there is a subgroup of order >2 of H which is not a kernel
homology group. Then, by order H must fix exactly one component or fixes all
components. Assume that H is not a kernel homology group. Then the group leaves
invariant a regulus net R of ¥ and if g is an element of H then the order of g modulo
the kernel subgroup H~ has order dividing (¢ — 1,4+ 1) = 1. Thus, H~ has order
(g + 1), but this is contrary to our assumption.

Hence, we do have that there is a kernel homology subgroup H of order (g + 1),
which, since g is even, is transitive on the 1-dimensional K-subspaces on any com-
ponent of the Desarguesian plane X. Suppose that there is a component x, of 7 — X.
Then 7, is a Baer subplane of X and =, H defines the lines of the opposite regulus to
a regulus of X. Furthermore, 7, HE defines a set of ¢ reguli in 7 since if an elation
fixes a regulus disjoint from the axis of E then 7 would fix a component of the reg-
ulus, a contradiction. However, this means that n,HFE is a set of at least g(g + 1),
components. Thus, £ = 7.

We have shown:

Theorem 60. If 7 is a conical flock plane then © is Desarguesian.

24 When the plane is a derived conical plane

Now assume that the plane =z is a derived conical flock plane. Since we are replacing
a base regulus net by assumption, by Theorem 32 the full collineation group leaves
invariant the net containing the Baer 2-group of order g or the order is 4. Hence, we
may derive the plane back to a conical flock plane and retain the group. This gives
the following result.

Theorem 61. If n is a derived conical flock plane then r is Hall.

25 The main theorem
Our main theorem is as follows:
Theorem 62. Let 7 be a translation plane with even order q* with spread in PG(3,K),

K isomorphic to GF(q). Assume that n admits a linear collineation group G of order
q(qg + 1). Then n is one of the following types of planes:

(1) Desarguesian,
(2) Hall,

(3) a transiation plane obtained from a Desarguesian plane by multiple derivation of a
set of q/2 mutually disjoint regulus nets that are in an orbit under an elation group
of order q/2.
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Proof. If a Sylow 2-subgroup fixes a 2-dimensional K-subspace and acts non-trivially
on it then the plane n is either a conical flock plane or a derived conical flock
plane and must be Desarguesian or Hall, respectively, or there is an elation or Baer
group of order ¢/2 and the previous arguments show that we only obtain a type (3)
situation.

Now assume that if a Sylow 2-subgroup S- fixes a 2-dimensional K-subspace, then
S, fixes it pointwise. Since S; must fix a 1-dimensional subspace pointwise, there is
a unique component containing this subspace. Thus, this component must be fixed
pointwise. That is, the group is an elation group of order g. Since ¢+ 1 is odd, it
follows immediately that ¢ =2 and = is Desarguesian of order 4 or we have an
invariant component (otherwise, the group SL(2,q) is contained in the group gen-
erated by elations).

We then may assume that we have an element g, or g3 that normalizes and hence
centralizes the elation group E of order ¢. Since g, fixes two components, it must then
fix three. Furthermore, the group of order g + 1 acts faithfully on the axis £ of E and
must act transitively on the 1-dimensional K-subspaces. Indeed, there is a group H of
order g + | that acts faithfully as a subgroup of GL(2,4) and hence is cyclic. Thus,
there is a normal u-group or 3-element group, implying that G acts on a Desarguesian
affine plane X just as before. In this setting, we cannot be certain that F is regulus
inducing. However, by order, E is normal in G. Thus, G permutes the E-orbits and
since there is a cyclic subgroup C,,1, this again implies that C,, fixes an E-orbit and
is in GL(2,4?), so that C,4, is a kernel homology group of Z. Now it again follows
that if 7 is not X, we have at least g(g + 1) components of = — Z, a contradiction.
This completes the proof. O

26 Open problem

We have shown that there are elation g/2-type planes when g =4 or 8 and there
are Baer ¢/2 planes when g = 4. However, the Baer g/2-type planes of order 42 are
Desarguesian. Furthermore, we have shown that Baer ¢/2 planes cannot exist for
larger orders. However, the elation case is essentially open.

Problem 1. If q > 4, show that an elation q/2 plane has order 8%, or find a class of
examples.

Equivalently, we state the above problem using the trace function.
Problem 2. Let A be an additive subgroup of order q/2 of GF(q?). If
trac:e(;;:(q)(b‘”’)‘1 =0, forallbe A— {0}, and A7 = A4,

show that q = 4 or 8 (note that we have shown that if A = GF(q) then q = 4).
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