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Extending locally truncated chamber systems by sheaves
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Dedicated to Professor Adriano Barlotti on the occasion of his 80th birthday

Abstract. We generalize the theory of sheaves to chamber systems. We prove that, given a
chamber system ¢ and a family 2 of proper residues of ¢ containing all residues of rank <1,
every sheaf defined over £ admits a completion which extends ¥. We also prove that, under
suitable hypotheses, a sheaf defined over a truncation of € can be extended to a sheaf for €. In
the last section of this paper, we apply these results to a number of special cases.

1 Introduction

Given a diagram D over a set of types I and a nonempty subset J of I with |[I\J| = 3,
let I be a geometry over K := I'\J where residues of rank 2 are as if I" were a trun-
cation of a geometry & belonging to D. We might wonder if such an extension &
really exists for I', being willing to be satisfied with something less than a geometry,
namely a chamber system from which the chamber system of I" can be obtained as a
truncation. That geometry (or chamber system) &, if it exists, is called a D-extension
of I'. More formally, a D-extension of I is a pair (&, t) where & is a geometry (or a
chamber system) belonging to D and 7 is an isomorphism from I (respectively, from
the chamber system #(I') of I') to the J-truncation Tr;(&) of &. (We recall that,
when & is a geometry, Tr;(&) is the induced subgeometry of & obtained by removing
all elements of type j € J; when & is a chamber system, Tr;(&) is the chamber system
induced by & on the set of its J-cells.)

The most natural way to cope with the above problem is inductive: Assume that,
for a suitable family # of proper residues of I" and every Z € £, a Dy ,#)-extension
(€x,7x) of Z is given, where D\, is the diagram induced by D on I\#(Z') and #(%)
is the type of . We call (6x,t«) a local extension of T at 4. Under suitable com-
patibility conditions, we can paste local extensions together in such a way to obtain a
D-extension of T

Three different kinds of compatibility conditions are considered in the literature,
namely those assumed in Ronan’s theory of extensions [22], those of Ceccherini and
Pasini [7] and the conditions embodied by the notion of sheaf (Brouwer and Cohen
[5]; see also Kasikova and Shult [11, Section 3]).

Ronan’s theory is entirely formulated in the language of chamber systems: A
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where 3 < n < m. The target-diagram is now D,,. It is well known that every geom-
etry " belonging to (D,,), can be ‘folded’ in order to obtain a geometry for (Cy),,.
So, it is not surprising that things go for (D), just as for (C,,),: When n > 3, £(S,)
is a 2-quotient of a D,,-building. According to Theorem 4.3(4), when n = 3 the {0, 1}-
residues of &(Sp) are 1-covers of generalized digons, whereas all remaining residues
of &(Sy) are as in D,,.

Example 5.3. Geometries of type (D,,); with order 1 at both types 0 and 1 are called
c.c*-geometries. The ‘folding’ of a c.c*-geometry is a (Cp);-geometry with ordinary
quadrangles as {0, 1}-residues, as considered in Example 5.2. Accordingly, if " is a
c.c*-geometry, the completion & = &(Sp) of Sy is thin and belongs to the following
diagram, where the label 2W at the side of the {0, 1}-stroke means that the {0, 1}-
residues of & are ordinary 2w-gons for some w e W.

1
(CW),) 2w o

0

When W = {1}, then (2W),, = D,, and & is covered by a Coxeter complex of type
D,,. However, many examples and even infinite families of c.c*-geometries are
known that do not arise from a Coxeter complex of type D, (see Baumeister [3]; also
Baumeister and Pasechnik [4], Pasini and Yoshiara [19]). Clearly, W # {1} in those
cases.

5.4 Geometries admitting two non-isomorphic extensions. As shown in Examples 3.1
and 3.2, some geometries of rank 2 exist that can be regarded as truncations of dif-
ferent geometries of the same rank n > 2. When such a geometry occurs as a residue
of a geometry I" of larger rank, and we look for an extension of T, it might happen
that different sensible choices are possible for the target diagram. In this subsection,
we discuss a few examples of this kind.

Example 5.4. It is known (Meixner [13]) that only two simply connected geometries
exist for the following diagram, where P* denotes the dual of the Petersen graph and
¢ stands for the class of circular spaces:

0 c 1 P* 2
(c.P') o———o—

The automorphism group of one of those two geometries, say Iy, is an extension of
26 : Sym(5) by a torsion-free group. Denoting by I'; the other geometry, Aut(I) is
an extension of 3'Sym(6) by a torsion-free group.

The Petersen graph can be regarded as the vertex-edge system of the quotient of
a dodecahedron by the antipodal relation. So, we can also depict c¢.P* as a truncated
diagram, as follows:
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2 :5 1 3

0
For ' =T or I' =T, put Iy := Tr (). Condition () holds. So, Iy admits a geo-
metric sheaf Sy and & := &(Sp) is an extension of I'. Clearly, & is thin. It follows

from the presentations given for Aut(Iy) and Aut(I;) by Meixner [13] that & has
diagram as follows:

2: 5 ] 3 zﬂt 5 | ,
0 (when I’ =T7) 0 (when I’ =T)

In both cases & is transitive and it is a proper quotient of a Coxeter complex. How-
ever, as the {0, 1}-residues of I" are circular spaces with four points, we may also
regard them as truncations of the quotient of a cube by the antipodal relation
(Example 3.1). Accordingly, we can also depict diagram c.P* as follows:

2 ;5 1 3
0

We now get another extension &’ for I'. Comparing the presentation of Aut(I}) and
Aut(I;) by Meixner [13], one can see that &’ has diagram as follows:

2 ;5 1 3 Zl ;5 1 3
0 (when T’ =T1) 0 (when I' =T)

Example 5.5. Aschbacher and Smith [2] describe two flag-transitive geometries A,
and A; for 0;(3) with diagrams as follows:

! i 2 3 ! : 2 3

0 (A1) ° (A2)
The residues of A; of type {0,2, 1} and {3,2, 1} are isomorphic to the polar space for
S6(2). The {0,2,3}-residues of A; are copies of PG(3,2). The {3,2, 1}-residues of A,
are also isomorphic to the polar space for Ss(2) but those of type {3,2,0} are iso-
morphic to the Cs-geometry I'(Alt(7)) (see Example 3.2).

Modulo permuting the types 0 and 3 in Aj, the geometries A; and A; have the
same 3-truncation. Thus, we may assume to have given those two types in such a way
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that Tr3(A;) = Tr3(A;). Thus, both A; and A, are extensions of I' :=Tr3(A;) =
Tr3(A;). This fact can also be explained in terms of sheaves. Regarding I" as a trunca-
tion of A;, but recalling that the plane-line system of I'(Alt(7)) is the point-line sys-
tem of PG(3,2), we get the following truncated diagram for T,

! t 2 3

0
The diagram of A, is the most obvious completion of the above truncated diagram.
The completion of the geometric sheaf of Iy := Tr,(I') built with the diagram of A;
as a target is indeed A;. Needless to say, if we choose the diagram of A, as a target,
then we go back to A;.

More geometries of rank 4 are known that belong to Coxeter diagrams and involve

I'(Alt(7)) as a residue (see Stroth [24] for a classification). Tricks as above can be
played for almost all of them, getting a new chamber system that shares a rank 3

truncation with the considered geometry. Regretfully, so far, the structures of those
new chamber systems remain mysterious to me.

Example 5.6. Let I' be the geometry for M4 considered in Example 5.1. In that
example we took the Coxeter diagram Cj as a target diagram for an extension of I".
However, in view of Example 3.2, we may choose the following one as well, but with
the restriction that {1,2, 3}-residues should be copies of I'(Alt(7)):

0 1 2 3

With the above as a target, we can build a sheaf Sy on the 2-truncation of I'. The
completion & of Sy is an extension of I with diagram like the above but possibly for
{0, 1}-residues, which might be proper covers of the generalized quadrangle W (2)
rather than copies of it. Perhaps, M4 acts transitively on &, but I guess that & is tight
at some type.

5.5 The diagram (D, ), - In this and the next subsection we take the following
Coxeter diagram as a target. We denote it by D, ,,, for convenience of reference.

nt (n-1)* 2+ 1 2- (m-1)~ m-
(Dpm) o———o— . —= - -~ - —o— &
IO

(Note that D, , and D,, , are the same, but for a switching of the diagram; note also
that D, , is the Lie diagram D, and, for n = 3,4,5, D, 3 is the Lie diagram E,3.)
Let I' be a geometry for the following truncation of D, ,,, where we assume n > 2:
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n* (n-1)* 2+ 1 2- (m—1)~ m-
(Dr,m)n, ) @ — . —e » Oo— - —O0—0n

K ={0,1,2%,...,n"} is the type-set of ['and J = {27,37,...,m™ } is the set of types
for ‘virtual objects’.

Theorem 5.1. Suppose that all {0,1,2%}-residues of T are (possibly non-proper) 2-
quotients of truncations of buildings of type Dy,.>. Then €(I") admits a D,, ,-extension
8, and & is 2-covered by a building.

Proof. We firstly prove that Iy = Tr(I") admits a D, ,,-sheaf. By assumption, for any
{2*,0}-residue & of Iy, we have n~ (%) = TrJ(Ag/G) for a D,y -building Ay and a
suitable subgroup G < Aut(Ag). So, ¥(n~'(Z)) = Tr;(4(Ag)/G). Put &y :=

%(Ax)/G. For a residue ¥ of Ty of type {i, j} # {2+,0}, we put & = %¥(Ay), where
the geometry Ay is defined as in Subsection 5.1. Similarly for panels and cham-
bers. However, we must show how to relate chambers of §» to chambers of &4 for
a subresidue & of & when Z has type {2*,0}. In view of that, we need some pre-
liminaries.

For {h,k} = {2%,0}, let x be a h-element of the geometry Z. In view of the dia-
gram of T, the rank 2 geometry X, 4 := Res;-1(z)(x) is an (m + 1)-dimensional pro-
jective space. Let (y,Si,...,Sn) be a complete chain of subspaces of Z, 4. In partic-
ular, y is a point, namely a k-element of n~!(%) incident to x, S} is a lineon y, S> a
plane containing Sj, and so on. For j =1,2,...,m, let L; be the set of lines of X, »
contained in S; and incident to y. (In particular, L, is a 1-element of 7~!(Z) incident
to the flag {x, y}.) The sequence (y,L,, ..., L,,) may be regarded as a chamber of the
geometry Az, associated to the panel Z, := Resg(x) of . We call (L;)" j)j=) @ maximal
virtual flag of &, on y. _

Given a chamber C of &%, we pick a chamber Cen~ 1(C), where ng is the
projection of #(Az) onto 4(Az)/G = 8. Let F(C) be the {2%,0}-subflag of C
and %,%,...,%n be the elements of C of type 1,27,...,m™, respectively. Put
o(C,1) =% and for j=1,2,...,m,let o(C, j) be the set of 1-elements of Ag that
are incident with F(C) U{v,} Then nc maps the pair (F(C) (o(C, j))j ;) onto a
pair p(C) := (F(C), ( (C,)));1) where F(C) = {x,y} is a {2*,0}-flag of & and
a(C) = (a(C, j)) T isa maxxmal virtual flag of Z, on y as well as a maximal vir-
tual ﬂag of %, on x. The pair p(C) does not depend on the particular choice of
Ceng'(C). We call p(C) the track of C in I', o(C) the 1-shadow of C and F(C) the
{2%,0}-support of C.

It is now clear that, given a {2*,0}-flag F = {x, y} of &, the maximal virtual flags
of &, on y, regarded as chains of distinguished sets of 1-elements of I', are the same
as those of Z), on x and bijectively correspond to the 1-shadows of the chambers of
&y supported by F. We should now prove the following:

(1) If p(C) = p(C") then C = C".
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(2) If i e {2%,0}, then we have C ~; C' if and only if F(C) ~; F(C') and o(C, j) =
o(C',j)forall j=1,2,...,m.

(3) If ie{1,2,...,m}, then C~; C’ if and only if F(C) = F(C’) and o(C,j) =
a(C',j) forall je{1,2,...,mi\{i}.

We shall only prove (1), leaving the rest for the reader. Let p(C) = p(C’). Then,
modulo replacing ~(:" with g(C’) for a suitable g € G, we may assume to have picked
Ceng'(C) and C’ e nz!(C') in such a way that F(C) = F(C') = F, say. On the
other hand, for x € F, the residue of x = 7(X) in & is isomorphic to the residue
of X in Ag, as both those residues are projective spaces. Hence no two chambers of
ResAi_(F ) belong to the same orbit of G. However, o(C) = o(C’) by assumption.
Therefore (a(C, /)2, = (6(C", j))}2,. This forces C = C’, hence C = C'.

It is now clear that, for an element x of Z of type 2* or 0, the function ef{x mapping
every chamber (y,(L;)7,) of Ag, onto the chamber C of & with p(C) = ({x, y},
(L)) /'1,) is an isomorphism from &, to a residue of &4. The existence of the sheaf Sy
is proved.

By Theorem 4.2, the chamber system & := &(Sp) is a D, n-extension of 4(I"). It
remains to prove that & is 2-covered by a building. If we prove that all residues of &
of rank 3 are 2-covered by buildings, then Theorem 2.1 will yield the conclusion. Let
% be a residue of & of rank 3. If #(%) ¢ K, then, by Proposition 3.8, % is a residue
of &7 for some Z € %y, and % is covered by a building, by our choice of the local
extensions &. Suppose that #(%) < Ko. By our choice of local extensions, if Z is a
panel then &7 is geometric. Hence the full epimorphism ¢, considered in Theorem
4.3 is a 1-covering, by Claim (4) of that theorem. However, it is well known that no
proper l-coverings exist between projective planes or generalized digons. Therefore
@y 1s a 2-covering, as the rank 2-residues of % are either projective planes or gener-
alized digons. On the other hand, ¢(U) is either a projective 3-space or a direct product
of two chamber systems of rank 1 and 2 or of three chamber systems of rank 1. In
any case, ¢(%) is simply connected, and it is a building. Accordingly, @, is an iso-
morphism. Hence % is a building. |

Corollary 5.2. Suppose that I is flag-transitive, thick and locally finite (namely, all rank
2 residues of T are finite). Then €(I") admits a D, m-extension & and & is 2-covered by
a building.

Proof. By Cardinali and Pasini (6], the {0, 1,2%*}-residues of I" are truncations of
buildings of type D,,,,>. The conclusion follows from Theorem 5.1. O

Remark. The hypothesis made on {0, 1,2% }-residues in Theorem 5.1 is not superflu-
ous, as shown by the classification of flag-transitive ¢”.c*-geometries. We recall that a
¢"l.c*-geometry is a geometry I' belonging to the diagram (D,,,m)n’g with
order 1 at all types but 1. By Theorem 5.1, if all {0,1,2%}-residues of I are 2-
quotients of truncated D,,.;-buildings (in this case, Coxeter complexes of type
Dpyy2), then T admits @ (Dp,m), s-extension, which is a truncated quotient of a
Coxeter complex. However, five flag-transitive c¢"!.c*-geometries exist where
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{0, 1,2*}-residues are not quotients of truncated Coxeter complexes (Meixner [12]
and Ceccherini and Pasini [7, 3.3]).

5.6 One more truncation of D, ,,. In this subsection I' is a geometry belonging to the
following truncation of Dy ,:

n* 3+ 2+
((Dn,m)z,z) O—:---—0 1

r
!
!

0

Theorem 5.3. The chamber system €(I') admits a D, n-extension & and & is 2-covered
by a building.

Proof. If we define a sheaf Sy on Iy = Try(I') (H = {2*,27}), we do get an exten-
sion of ¢(I"), by Theorem 4.1. However, as I'y has rank 2, we loose control over
{0, 1}-residues. So, we must proceed differently.

We consider I'y := Tr+(I') and Iy := Tr,-(T) and, for ¢ € {+, —}, we take a sheaf
S; over the collection £ of all residues of I'; of rank <2. In view of the hypothesis
made on {27, 1,2 }-residues of I, we may assume that Sj is geometric. So, S§ is the
unique geometric sheaf for I'; with the following as the target-diagram:

nt 3* 2* 1 2" 3- m-
*—— .. - ® ry ° O—-.-—{
((Dn,m)p, 20 for e = +) I
0
n* 3+ 2+ 1 2" 3" m”
o—-:--— Y 9 o— & e —@
((Dn,m)z,ms for e = =) I
0

(We warn that the type-set of (Dy,m),, is {n*,... ,2%,1,0,27} and the type set of
(Dnm)a mi8{2%,0,1,27,...,m™}.) By Theorem 4.2, the chamber system &° := &(Sg)
is an extension of ¢(I"), with diagram as above. We shall construct a D, ,,-extension
& of ¢(T) by pasting &' and &~ together. We fix some notation before defining &.
We put J* = {3%,4%, ... ,n*} and J- ={37,47,...,m}. For ee {+,—}, let a:
Tr;:(6°) — €(I') be an isomorphism as in the proof of Theorem 4.1. In the sequel,
given a chamber C¢ of &¢, we put ,(C?) := a,([C¢]’"). The chamber system & is
defined as follows:

(1) The chambers of & are the pairs C = (C*, C™) where C? is a chamber of &° for
ee{+,—}and Yy, (C*) =y_(C).

(2) For {e,n} = {+,—} and jeJ*, we declare (C{,Cy) and (CJ,C;) to be j-
adjacent if Cf ~; C§ in &% and C| = C.
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(3) Forie K :={0,1,2%,27}, we declare (C{, Cy) and (CJ,c¢;) to be i-adjacent if
Cé~;Csforee {+,—}.

It is straightforward to check that & is a chamber system over the set of types I =
{0,1,n*,...,2%,27,...,m™}. We shall prove that & is indeed a D, ,,-extension of I
We split our proof in a series of steps.

4) For {g,n} = {4+, —}, the function 7, mapping C = (C*, C~) onto C¢ induces an
isomorphism from

Proof. Let ¢ = + and 7 = —, to fix ideas. By (2), 7, (C}") contains the J~-cell [l
of C;=(C{,Cr) in &. Conversely, let C, =(CF,C;) with Cf = Cf. Then
Y_(Cr) = ¥, (C}t), by (1). Hence [C]” = [C;]” and (2) implies that C, € [C)]7”
So, the fibers of 7, are the J™-cells of & and =, induces a bijection, say £, from
the set of J™-cells of & to the set of chambers of &*. Clearly, B, preserves
adjacencies. It remains to prove that ! L also preserves adjacencies. Let C{ and
CS be i-adjacent chambers of &*. If i e J*, then C,+ , CS belong to the same J*-
cell of &%, hence ¥, (C{) =y, (C5). Pick c-e Y- (l/l+(C+)) Then C; = (C{,C7)
and G, = (CS,C™) are chambers of & and C; ~; C;. Claim (4) is proved.

(5) Ty (&) = €(I).
This follows from (4), recalling that Tr;.(&°) =~ €(I).

(6) For {e,n} = {+,-} and {i, j,k} = {0, 1,2¢}, every residue & of & of type J¢U
{i,j}UJ~ is the direct product ¥ = ¢ x #" of a subresidue Z°* of type
JeU {i, j} and a subresidue #" of type J7. Moreover, the function r, defined in
(4) induces an isomorphism from Z° to a (J®U {i, j})-residue of &°.

Proof. Let ¢ = +, to fix ideas. According to (2) and (3), the following equality holds
in & ©/"VA®T = @/ @/ U} In order to prove the first part of (6), we must
show that @7/ N@7" = @9, namely Given a chamber Cy = (C{,Cy) € Z, if

= [Co)” Y7} and g~ = [Co)’, then Z* N £~ = {Cy}. Let C = (C+,C-) be a
chamber of Z* N ¢~. Then either of %* and ¢~ contains a gallery from C, to C.
As Co and C are joined by a gallery of £, (2) forces C* = C{ and C~ € [C5]” . On
the other hand, as Cy and C are joined by a gallery of Z*, (2) and (3) imply that the
chambers Cy and C~ are joined by a gallery of &~ contained in a residue ¥~ of 6~ of
type {i,j}. Let ¥ be the ({i, j} UJ~)-residue of & containing ¥". By Proposition
3.8, ¥ is isomorphic to & € Sy for an {i, j}-residue & of ;. However, the sheaf Sj
is geometric. Hence the chamber system &5 is geometric. Therefore, ¥ is geometric
and, as 2~ separates {i, j} from J~ in (Dn,m)y ms 2 sphts as a direct product of ¥
and [C5]”". So, C~ = Cj, since C~ belongs to [C;]’" and is joined with Cy by a
gallery of ¥". Accordingly, C = Cy.

We now turn to the second claim of (6). In view of the first claim, n, induces
an injective morphism from Z* to a residue # of & of type J* U {i, j}. We shall
now prove that n;! preserves adjacencies. Given chambers Co = (Cg, Cy) and C =
(C*,C™) of Z*, suppose that C§ ~, C* for ke J*U{i, j}. Note firstly that, by
(2) and (3), Cy and C~ belong to the same {i, j}-residue ¥" of &~ and we have
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V_(Cy) = ¥, (CF) and y_(C™) = ¥, (C*) by (1). It k & J*, then ¥, (C}) = ¥, (C™),
namely y_(Cy) =¢_(C7).So, C™ € [Co] and we get C~ = Cy, as in the previous
part of the proof. Hence C ~j Co. Let now k e {i, j}. Then ¥, (C§) ~k ¥, (C*),
namely y_(Cy) = a// (C™). As 27 separates k from J~ in (D,, m)2,m» WE Can pick a
chamber Cj € [C;]”" such that C; ~; C~. So, Cj €[C5]” belongs to the same
residue ¥~ containing C; and C~. By the previous part of the proof, C; = C;. Hence
Cy ~k C~. Consequently, Cy ~, C. Claim (6) is proved.

(7) For ieJTU{2%} and jeJ U{27}, all {i, j}-residues of & are generalized
digons.

Proof. In the sequel, when dealing with a residue 2 of I'j, it will be more conve-
nient to refer to the flag F = Fy of Ij such that 2 = Resr;(F), denoting the
extension of Z in Sj by the symbol &% instead of &5. We recall that the type of Z is
the cotype of F. When i e J* and j € J™, (7) immediately follows from (2). Suppose
that at most one of i, j belongs to {2*,27} and let Cy = (C§, Cy), C1 = (Cf, Cy)
and C, = (Cf,C5) be chambers of & such that Cy ~; C; ~; C,. We shall prove
that Co ~; C3 ~; C} for a suitable chamber C;. We ﬁrstly con51der the case where
only one of i or j belongs to {2%,27}. Let i =2% and je J™, to fix ideas. Then
C§ ~iCf =Cf and Cj ~;C; ~;Cy. As 27 separates i = 2" from jeJ™ in the
diagram of &7, there exists a chamber C5 € &~ such that Cj ~; C5 ~; Cy . Clearly,
Cs :=(C¢§, Cy) is a chamber of ¢ and Cy ~; C3 ~; Cy.

Finally, let i = 2% and j = 2". Then, for ¢ € {+, -}, C{ and C} are chambers of
the same {2%,2 }-residue Z° of &%, for a given {0, 1}-flag F of I'§. Thus, we can
find a chamber Cj of & such that C§ ~; C§ ~; C{. The isomorphism a, : Tr;:(6°) —
I" induces an isomorphism from Tr,:(&7) to Resr(F) which maps C§, Cf, C; and C}
onto {2*,2“}-ﬂags Fy = {X(), yo}, F, = {xl,yl}, F, = {xl, yo} and F5 = {XO, y1} of
I As Y, (Cf) =y_(C;) =FUF; for k=0,1,2, the flags Fo, ;; and F, do not
depend on whether ¢ = + or ¢ = —. Hence F3 does not depend on that either. As a
consequence, ¥, (C5) = y_(Cy) = FUF;. So, C3 := (C5, Cy) is a chamber of & and
Co ~j C3 ~; Cy. Claim (7) is proved.

It follows from (6), (7) and the diagrams of &* and &~ that & belongs to D, ,,. By
(5), € is a D, n-extension of I'. It remains to prove that & is covered by a building.
This will follow from Theorem 2.1 as soon as we have proved the following:

(8) All residues of & of rank 3 are 2-covered by buildings.

Proof. Let % be a residue of & of rank 3. If #(%) is not contained in {0,1,2%,27},
then % is a subresidue of a residue & as considered in (6). Accordingly, % splits as a
direct product of a geometry of rank 1 and a geometry of rank 2 or two geometries of
rank 1. In any case, % is a building. When #(%) < {0,1,2%,27}, then we can apply
an argument similar to that used in the proof of Theorem 5.1, exploiting (6) to regard
panels of % as panels of &7 or &~. We leave the details for the reader. dJ

Remark. Theorem 5.3 has been suggested to me by the reading of a paper of Onofrei
[14]. Onofrei aims to construct a D, ,-extension of a geometry I' of type (D,,,m)zyz,
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m =3 or 4. In her paper, I is a parapolar space with point-residues isomorphic
to projective grassmannians and with maximal singular subspaces as elements of
type 2t and 2~. Instead of defining a sheaf directly on I', she firstly constructs new
objects, of type 3%, called symps, which are isomorphic to half-spin geometries of
type Dyi2, m+2- SO, she gets an extension I'' of I' belonging to the following diagram:

n* 4+ 3+ 2+ 1 2" 3- m

At that stage, she considers a sheaf for I'’, the completion of which is the required
D, .-extension. However, as Onofrei wants a complete sheaf for I’ too, namely a
sheaf defined over the set of all proper residues of I'’, including those of cotype con-
taining 3* or 2~, one can hardly understand why defining such a sheaf on I'' should
be easier than on I'. In fact it isn’t. We should rather play the back-and-forth game,
going back to I" and defining a sheaf S on it. As Onofrei assumes that the {2*,1,27}-
residues of I' are truncations of projective geometries, we can define S geometrically,
hanging it at the new elements (the symps), as we have got them. Otherwise, we can
proceed as in the proof of Theorem 5.3.
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