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Abstract

For the two-sample location and scale problem Lepage (1@xistructed
a test that is based on a combination of the Wilcoxon tessstaand the
Ansari-Bradley test statistic. We replace both componbwtarbitrary lin-
ear rank tests and obtain so-called Lepage-type tests tvat mtroduced
by Buning and Thadewald (2000). In the present paper we ateniheir
asymptotic efficacies.

The results of these calculations give rise to an idea howotwsteuct
adaptive tests based on the concept of Hogg (1974).

We also include asymmetric densities in our study. It turastbat,
for moderately skew densities, a combination of linear reegt statistics
designed for symmetric densities is sufficient. Therefaregur proposed
adaptive test occur only tests designed for symmetric tessi For ex-
tremely skew densities the application of the combinatibSavage-scores
tests is suggested.

A Monte Carlo study confirms the asymptotic results. Moreoie
shows that the adaptive test proposed is a serious conmpaisto for mod-
erate sample sizes.

1 Introduction

Let Xy,..., X, and X,,,1,..., X,,., be two samples from absolutely continu-
ous populationg; andFy, respectively. We consider the Behrens-Fisher Problem,

Fy(z) = F (x - 9)

T

whered andr = ¢V are location and scale parameters. In the following we assum
that F' := F} is twice continuously differentiable or-oo, co) except for a set of
Lebesgue measure zerfi;denotes the derivative of the densjtywhere it exists
and it is defined to be zero, otherwise. The Fisher informmai@ssumed to exist.
We test the hypothesis

Hy: =0 and 7=1
against the alternative

H 0#0 or 7#1.

This problem was considered by Lepage (1975) and Buning badewald (2000).
In the present paper we compute the asymptotic efficaciepawer functions.
Moreover, we consider symmetric as well as asymmetric tiessi
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2 Linear rank tests

In this section we recall well-known results for linear raagts for the two-sample
location and scale problem, respectively.

Assumption 1 The scores (i) andby (i) are assumed to satisfy

1

lim [ (an(1+ [uN]) = ¢(u))*du=0

N—oo 0

and
1

lim [ (by(1+ [uN]) —¥(u))*du=0

N—oo 0
with square integrable score functions

b1(u, g1) = ¢1(u) = ) and (1)
wo) = dolu) — —1—GY(u 95(G3 ' (u))
P2(u, g2) = ¢a(u) 1 -Gy ( )792(6‘2‘1(11))' (2)

Moreover, we assume that
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for somey > 0, j = 1,2. Define
1 1
A9 = [ dhlwg) SE W) du and Ti(g)i= [ GHung)du
0 0
as well as
1 1
ds(f.90) = [ h(u.g2) P (@S (F () du and Ts(ga) i= | dhu,g2) du
0 0
wherel;(g;) and Is(g-) are the Fisher-informations of the density functians
and g, defined by (1) and (2) concerning the location and scale @nwisl, re-

spectivelyy’ andy’ represent the derivatives ofand almost everywhere. It is
assumed thafo1 é1(u, g1) du = fol Ga(u, g2) du = 0and0 < I'(g1), Is(ge) < 0.
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We use the notations

Ci(f.9) ==di(f.9) - I(9)™"* and  Cs(f.g) :=ds(f,g) Is(g)""/

Moreover, let
1
diolfog)) = / 6, (1, 1) () f (F () s,

don(frg0) = / 6, g2) f (F~ (1)) ds,
and

Cio(f.g1) = dia(f, 1) - Ir(g) V2, Cor(f.g2) = dar(f, g2) - Is(go) /2.

Assumption 2 We assume that the two score functi@nsu, g;) and ¢,(u, g2)
are orthogonal in the Hilbert space of square integrabledtions.

Assumption 3 Moreover, we assume that< d; (f, g1),ds(f, g2) < oc.

Let .
T, = Z an(R;)
i1

and

m

Ty =) by(Ri)

=1
with N = m + n, be linear rank statistics for the location problem and Far t
scale problem, respectively.

Proposition 1 (Hajek, Sidak, and Sen, 1999, Ch.6)Under H, the limiting dis-
tributions of 7y /o, and T, /o, are standardnormal with

9 mn
= —1 and
Ul N L(gl)
9 mn
= —]

respectively.



Let ) )
T T
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be the combined test statistic which we call Lepage-typissita(cf. Buning and
Thadewald, 2000).

Corollary 1 Under H, the limiting distribution ofT" is y? with two degrees of
freedom.

Therefore, asymptotic critical values for the test problgify, /) are given by
the quantilex3, _,, andHj is rejected ifl" > x3,_,.

Next we give some examples of Lepage-type tests togetheitingir two compo-
nents, the location and scale test.

Example 1 (Classical Lepage test, cf. Lepage, 1975%Yilcoxon-test and Ansari-
Bradley test,

Th=WI = zm:Ri
i=1

“ N+1, N+1
T,— AB = Z(}Ri— ; |- ; )
=1

The corresponding score functions are (cjek, Sidak, and Sen, p. 15)

drop(u) = 2u—1 and
Gorp(u) = 2[2u—1]—1.

For the next examples we present only the score functions. s€bres are ger-
erated by settingy (i) = ¢1(547) andby (i) = ¢2(57). except for the Savage
scores where we havey (i) = E(X(;)) (X(; theith order statatistic from an ex-
ponentially distributed random variable). For finite saenpizes we may modify
the scores slightly to havey = by = 0.



Example 2 (Gastwirth tests, cf. Bining and Thadewald, 2000)

(4u—1 if 0<u<?
$roa(u) =di(u, fu-) = {0 if ;<u<j  and
[ 4u —3 if %<u<1
(1—4u  if O<u<! .
Pa,ca(u) = 0 if j<u<i —-
(du —3 if %<u<1

Note thatp; ¢4 (u) is optimal score function for the location problem if the un-
derlying density is uniform-logistic (0.75), cfilBing and Kissler, 1999). The
resulting Lepage-type test is called Gastwirth test, anslatbbreviated by LPGA.

Example 3 (van der Waerden test and Klotz test, cf. Bning and Thadewald, 2000)

¢17N(u) = ¢1('LL, fnor) = é_l(u)
¢27N(u) = ¢2('LL, fnor) = ((I>_l('LL)>2 — 1.

The score functiong; (u, f..) and ¢s(u, fro-) are optimal for the location and
scale problems, respectively, if the underlying densityasmal. The resulting
Lepage-type test is called normal scores test, and it isebated by LPN.

Example 4 (Long-tail test and Mood test, cf. Bining and Thadewald, 2000)

-1 if 0<u< i
Gror(u) = ¢i(u, frop)=422u—1) if t<u<? and
1 if 3<u<l1

o~

borr(u) = ¢a(u, fr,) = 3(2u — 1) — 1.

The score function; . r(u, fr.—p) is optimal score function for the location prob-
lem if the underlying density is logistic-doubleexpora(®.75), cf. Bining and
Kossler, 1999). The score functign . (u, f:,) ist optimal score function for the
scale problem if the underlying densitytisvith two degrees of freedom. The re-
sulting Lepage-type test is called Long-tail scores test & is abbreviated by
LPLT.



Example 5 (Cauchy scores test)
$1(u) = ¢1(u, foa) = —sin(2ru)
¢2(U) = ¢2(u7 fCau) = COS(QWU)-

These score functions are optimal for the location and spatdlems, respec-
tively, if the underlying density is Cauchy. The resultiegpage-type test is called
Cauchy-test and it is abbreviated by LPCA.

Example 6 (Logistic scores test)
¢1(u) - ¢1(u7 fLog) =2u—1
ba(t) = Do(ty frog) = —1 — (2u—1) ln(i —).

These score functions are optimal for the location and spatdlems, respec-
tively, if the underlying density is logistic. The resulfinepage-type test is called
Logistic scores test and it is abbreviated by LPlog.

Example 7 (Hogg-Fisher-Randles scores test)

w—32 if u<li
orarr(u) = o(u, fop)=<, % o T 7?
3 if u> 3
1 —3u 43 if uw<?i
d2nrr(v) = 3 7 {uil ’ if u>i
5 2°

The score function, yrr(u) is optimal for the location problem if the underlying
density is logistic-exponential (0.75), cluBing and Kissler (1999). Note that the
score function$, yrr(u) and ¢ yrr(u) are orthogonal in the Hilbert space of
square integrable functions. The resulting Lepage-tyse itecalled HFR-test,
and it is abbreviated by LPHFR.

This test is originally designed for right-skew densitiEer left-skew densities we

may use the scores _prr(u) = —¢1 mrr(l—u) andes, _grr(u) = ¢1 grr(l—
u), respectively. We call the corresponding test antisymimelFR-test, and it is
abbreviated by LP-HFR.

Example 8 (Savage scores tests)

¢1’SA(U) = ¢(u7 fnGu) =—1- 111(]_ — u)
$osa(u) = 1—4du—1In(l—u)
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The score functiog, s4(u) is optimal for the location problem if the underlying
density is of “negative” Gumbel type, cf &k, Sidak, and Sen, p.15. Note that
the score functions, s4(u) and ¢ s4(u) are also orthogonal in the space of
square integrable functions. The resulting Lepage-tygeitecalled Savage test,
and it is abbreviated by LPSA.

This test is originally designed for left-skew densitiesr fght-skew densities we
may use the scores; _sa(u) = —¢1.54(1 — u) andgs _sa(u) = ¢p1.94(1 — u),
respectively. We call this test antisymmetric Savage tasl, it is abbreviated by
LP-SA.

Note that in all the examples the assumptions 1 and 2 aréiedti®ssumption
3 is also satisfied in most cases. Exceptions exist for Exasripl 6 and 8 with
some densities (uniform and exponential).

Curves of the score functions are given in Figure 1. The oootis line and the
dashed line are for the location test and for the scale &spgectively.

Figure 1 here

3 Asymptotic efficacies of the Lepage type tests

The asymptotic efficacies and asymptotic power functioacamputed unter the
following assumption.

Assumption 4 Let beA; # 0,A; # 0 and (0n,Jy) a sequence of “near” al-
ternatives withdy = N=1/2. 9 anddy = N~V2 . 4. Let bemin(m,n) — oo,
m/N — X\, 0< > 1.

Theorem 1 Under assumptions 1, 2 and 4 the Lepage-type tests are asympt
cally noncentrallyy? distributed with two degrees of freedom and noncentrallity
parameter

A2 =\(1-)) ((QdL(f, g1) +Vdia(f, 1))° n (Ody (f, go) + Vds(f, 92))2) .

Ir(g1) Is(g2)



Proof. 1. Let bef = (6, 4). Since the cdfF is twice continuously differentiable
we have the expansion
x—0

=)

F(x;0,9) = F(

— F(xoo)+§9erq9\9 09+§9
= F(z)— f(x)0 —zf(x)0 + O(||6]])

2. From the Chernoff-Savage theorem (cf. e.g. Puri and Sgril(1Section 3.6))
we have thafl;, j = 1, 2, are asymptotically normal, and the expectation$’of
j =1,2, are given by

Br, ~ w [ o(Rre+ RrCSR))arw)

- m(/<mwww—jv/‘¢xF@»ﬂmwN+ﬁN@dFu0

- /¢ (W) (O + On F~ () du

_mm | Ondi(fo 1) +Indie(fo ) B j=1
N\ Ondar(f,90) + Onds(f,0) T j=2.

The asymptotic variances are given in Proposition 1.

(2:0,9)[g_o9 + O(][0])

3. Therefore the asymptotic expectatiahsof 7; /o; are given by

0di (f.91)+0d12(fi1) j=1
A )\(1 — )\) VIL(g1)
j = 0d21(f,92)+9ds (f.92)  jf j=2.
VIs(g2)

4. Since the score functions are orthogonal the statigtiesxd7; are, asymptot-
ically, independent.

Therefore the asymptotic distribution @fis x2 and the noncentrality parameter
is given by (3). g

Corollary 2 The asymptotic power function of the Lepage type test isidiye
ﬁ(ea 19) =1- Fx%,AQ (X%,l—a)?

where F\2 »2 is the cdf. of the noncentra}? distribution with two degrees of
freedom and noncentrality paramet&f which is given by (3).
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Corollary 3 If fis symmetric and i§; andg, are symmetric as in some examples
above we obtain for the noncentrality parameter

AT = A1) (QQC%(f, g1) + (. gz>)

Corollary 4 In the location problem{ = 0) we have

A% = A1 - AP (c%<f, ¢) + G/, 92>).

Corollary 5 In the scale problemy(= 0) we have
82— AL (Caha) + ) )

For the examples presented above some values of the fa¢toysg;) and
Cs(f, go) are givenin Table 1. The densities are uniform (abbreviayddni) nor-
mal (No), logistic (Lo), Cauchy (Cau), ‘negative’ Gumbel3m), Gumbel (Gu),
Exponential (Exp), and two lognormal$,gnorma () = T\lﬁexp( In” —) with
x > 0 and with parameters = 1 andr = 2 (LN(1), LN(2)) Moreover we
considered four variants of the contaminated normal,

(o) = LDty € T iy

01 01 02 02

with parameters .y, o1, u2, 02,¢) = (0,1,0,3,0.9) (CN1), (1,2,-1,1,0.5) (CN2),
(2,4,-1,1,0.5) (CN3) and (4,4,0,1,0.8) (CN4). Entriest thi@ not given do not
exist.

Values of the factor€'i2( f, g1) andCy (f, go) are given in Table 2. The factor
C12(f, g1) can be considered as the effect of the scale alternativeeolotiation
test. On the other hand, the factor, (f, g2) can be considered as the effect of the
location alternative on the scale test. Both effects maydsétipe or negative or
zero. For symmetric densities and for tests designed fonsstmic densities these
values are zero. Again, for the uniform and for the expomidnsities, some
values do not exist.

Jen

Tables 1 and 2 here

In Figure 2 we present some univariate asymptotic powertfons, ;.. (¢) (loca-
tion alternative, left column)y,.,(t) (scale alternative, right column) ang,;.(t)
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(alternative directiorf, —=), middle column), where

tO’F
Vioe(t) = ﬁ(mﬂ)

tO'F
Ysca(t) = ﬁ(@m)

tO'F tO’F
N N

For the mixed alternative, the factbf+/2 is introduced to have, for the direction
vector, the same norm one as for the location and for scamalive.

From the test examples above we choose the tests LPGA (ooasHine,
red), LPlog (long-dashed line, green), LPLT (dotted linee and LP-SA (dash-
dash-dot line, black). The first column presents the locagiternative, the third
column the scale alternative, and the second column pesieaimixed alterna-
tive. Thirteen densities are considered, the normal, timgidoubleexponential,
Cauchy, Gumbel, uniform, exponential (the latter two fag thsts LPGA, LPLT
and LPHFR), the two lognormals and the four contaminatedhats. They rep-
resent symmetric densities with short, medium, long ang i@ng tails as well
as skew densities. The factom the formula for the asymptotic power function
is multiplied by the standard deviatiar- of the underlying density if it exists
(for the Cauchy we setr = oca, = F~1(®(1)) = 1.8373). This way we have
similar power values for the various densities.

Figure 2 here

Especially we see that the test LPGA is the best for the umiféor the exponen-
tial and for the normal (the latter together with the testdg}l The test LPlog
is the best for the normal, logistic, Gumbel, and the contaeid normals CN1-
CN4. The test LPLT is the best for the long-tail densities DH €auchy, and the
test LP-SA for the extremely skew lognormal densities.

Remark 1 Note that the original Lepage test also was considered bertetlis
almost no density for which it is among the best. Nearly tret test it is only for
the Cauchy-density and for CN4 (for some alternative dioes, scale or mixed
alternatives (Cauchy), location and mixed alternativebsl{g).

This fact, however, is not surprising, because the comgsrafthe Lepage
test are very different, the Wilcoxon test is a location testmoderately tailed
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densities, whereas the Ansari-Bradley test is a scale testdavily tailed densi-
ties.

Remark 2 For moderately asymmetric densities a combination of lineak
tests designed for symmetric densities is better than thsigded for skew den-
sities. An explanation for this fact may be that, for skewsites, changes in
locations may result in changes of scales too, and vice versa

4 An adaptive test

One concept of adaptive tests is proposed by Hogg (1974)btsed on the inde-
pendence of rank and order statistics (cf. Randles and WH#&9, p.388). The
density is classified by order statistics, then a rank tempdied. It is quite com-
mon to classify the underlying distribution with respectiteasures of tailweight
and skewness.

There exist many measures of integral type or of quantile {gp e.g. Buning,
1991, Handl 1986, Hogg and Lenth, 1984). We choose the mesasur

F~1(0.95) — F~(0.05)
B R (Y )
s0.05(F) F~1(0.95) + F~1(0.05) — 2F~1(0.5)

F~1(0.95) — F~1(0.05)

for tailweight and skewness, respectively. These measan@sntroduced by
Groeneveld and Meeden (1984). Some examples are given la 3abThe ta-
ble shows that these measures are in accordance with ouofidadweight and
skewness.

Table 3 here
Replacing the quantile functioRi—!(.) by an estimate)(.) we obtain estimates

ands of tailweight and skewness. To estimate the quantiles wehes&lassical”
estimate

) Xoy—(1=6Xg —Xq) if wu<l/(2-1)
Qu) = ¢ (1 —¢€)- X5 +e- X if 1/2-L)<u<(2-L—-1)(2-L)
X(L)+€(X(L) _X(L—l)) if u> (2-L—1)/(2-L),
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wheree = L-u+1/2—j,j = |L-u+1/2], andX; is thei-th order statistic
of a sample of sizé..

The results of the last section motivate such an adaptivetbsre the LPGA-
test is applied for short tails, the LPlog-test for mediunfstaand the LPLT-test
for densities with longer tails. More precisely, let

0.95) — Q(0.05)
0.85) — Q(0.15)

>

|
OO
—~~ [

be the the selector statistic. Then the Adaptive fg3ti(¢) is defined by

LPGA if £<1.55
LPA(t) = { LPlog if 1.55<t<1.8
LPLT if ¢>1.8.

Remark 3 We do not include a linear rank test designed for skew dexssfé.g.
the Savage scores test) in our adaptive test since only freragly skew densities
(as the lognormal) such a test is (asymptotically) bettantthe tests LPGA or
LPlog. Moreover, for very skew densities and for finite sangites we have to
expect large misclassification probabilities.

However, for extremely skew densities the tests LP-SA ofAlcB8 be applied.

Remark 4 For other adaptive tests based on linear rank tests we refddier
and Biuning (1997), Bning and Kissler (1998), Hill, Padmanabhan and Puri
(1988), Sun (1997) andiling and Thadewald (2000).

5 Simulation study

To find out whether the asymptotic theory can be applied fodenate or small
sample sizes we performed a simulation study (10,000 e#jpics). We chose the
following six distributions: uniform (short tails), norh@nedium tails), double-
exponential (longer tails), Cauchy (very long tails), Guhfskew) and the expo-
nential (very skew).

The powers of the following Lepage-type tests are compat®@BA, LPlog,
LPLT and the Adaptive tedtPA(#). For all the tests the asymptotic critical values
are used. We restrict to the balanced cases with samplergize25, n; = 50
andn; = 100,7 =1, 2.
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The alternatives are given by the parametérs, Jy) = N~/2(0 - 205,10 -
20r), where we use the followingy, J)-combinations: (t,0), (0,1), (7. 75),

each variant witht = 0,1,2,3,4. The factor 2 stands fofy,/A\(1 — \))~! and
the valuer - is, as above, the standard deviation of the underlyingibigton. if
it exists. (Recall that we set- = 1.8373 for the Cauchy.)

Figure 3 gives an impression of the finite and asymptotic paakies. For each
density that Lepage type test is chosen that is asymptiytaelected by the Adap-
tive test. The dot-dashed (red) line is for N=50, the dasbegkf) line for N=100,
the dotted (blue) line for N=200, and the continuous (blditig for the asymp-
totic power. Again, the left, right and middle columns staythe location, scale
and mixed alternative, respectively. Tables of finite povwadues can be obtained
from the author on request.

Figure 3 here

We summarize the results as follows:

1. Forall tests considered the estimated power approachasyhgptotic power
with increasing sample size. The convergence is relatifesyfor location
alternatives (except for the uniform and for the exponéniiat consider-
ably slower for scale and mixed alternatives. The resultiferexponential
is similar as in other studies (cf. Buning and Kossler,9)99

2. For N > 100 the Lepage-type tests essentially maintain the level afifig
cance. For N=50 they are sometimes slightly conservatités fact holds
especially for the Gastwirth scores and for the Wilcoxorreso

3. Forthe considered tests we have: for relatively small uprigd sample sizes
the LPGA-test is the best for the uniform and for the expoaé(ibcation
alternative, mixed alternative)

The LPLT-test is the best for the Cauchy and for the doubleoe&ptial
(location and mixed alternatives, the latter together whithtest LPlog).

The LPlog-test is the best for the normal, Gumbel, expoaé&fdicale al-
ternative), and for the DE (scale and mixed alternativessJdtter together
with the LPLT-test).

4. Comparing all the tests LPGA, LPlog, LPLT aidP A(¢) for moderate up
to large sample sizes (N 100) we see that the Adaptive tesPA(%) is,
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except for the exponential, always at least the second bast.fact is not
surprising since the Adaptive teBP A({) is constructed in such a way that
itis worse than the best test (for a given density, amonggts tonsidered)
but better than most of the other tests.

For relatively small sample sizes (N=50) we have the samdetery. Be-
cause of the higher misclassification probabilities thepiive test is some-
what worse than in the large sample case.

5. As auniversal single test only the test LPlog can be constlgdowever, it
is much worse than the Adaptive test for extreme distrimgisuch as the
uniform or the Cauchy.

6 Conclusions

In this paper we considered the location-scale alternatittee two-sample prob-
lem. We studied the Lepage-type tests indroduced by Buaimdy Thadewald
(2000) and computed their asymptotic power functions. Forous tests and
densities we obtained efficacy values. These values arefosdte design of an
adaptive test.

Of course, there is no test which is the best for all densibason the whole
the adaptive test proposed is the best one for this braod ofadternatives.

We also included tests designed for asymmetric densitiesSavage scores
test, and the HFR-scores test. However, it turns out thég tessigned for sym-
metric densies (LPGA and LPlog) are better also for skewitleasThis findings
are in accordance with that of Biining and Thadewald (2000)y for extremely
skew densities, such as for the lognormals, the Savagesstests (LPSA and LP-
SA, for left and right-skew densties, respectively) aradyetFor the other skew
densities the tests LPGA (for short tails) and LPlog areebeihis result is also
in accordance to that of Buning and Thadewald (2000), winsickered the Gast-
wirth and normal scores tests (there called LP1 and LP2).nbimal scores test
behaves similar as the test LPlog, the former (latter) isebdbr densities with
slightly lighter (heavier) tails.

As an universe test the test LPlog can be recommended. Tdieariepage
test behaves worse.
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Table 1: The factorg',(f, g1) (left columns) and”s(f, g2) (right columns) for
some Lepage type tests and for some densities

density| Gastwirth | normal scoreg logistic scores  long-tail Cauchy
Loc Sca| VW Klotz | WI Sca| LT Mood| Loc Sca
Uni 490 232 3.46 245 224 0.00 141
No 940 1.39/1.00 1.41| .977 1.40| .912 1.23 .656 1.05
Lo 510 1.18] .564 1.18| .577 1.19| .561 1.18 .450 .988
CN1 308 1.15/.352 1.33|.352 1.31|.344 1.14] .367 .967
CN5 782 1.12| .836 1.04| .873 1.07| .844 1.11] .673 1.00
DE .612 975/ .798 .988| .866  .998| .919 .933| .900 .834
Cau 283 .628| .464  .526| .551  .584| .638 .680| .707 .707
nGu .856 1.13/.903 1.29 .866 1.28|.796 1.11] .549 .938
Gu .856 1.13/.903 1.29 .866 1.28|.796 1.11] .549 .938
Exp 245 .378 421|173  .418| 1.22 .373] .000 .319
CN2 551 1.33].587 1.48|.574 1.47| 536 1.31] .388 1.11
CN3 360 1.17| 413 1.23| 434 1.24| 434 117/ .381 1.04
CN4 548 .881| .645 .996| .702  .989| .719  .911| .657 .831
LN(1) |1.60 .000| 1.65 .000| 1.25 .000| .974 .000| .282 .000
LN(2) | 2.58 .000| 3.69 .000[ 1.33 .000|.589 .000| -1.03 .000
density| Lepage HFR antis. HFR Savage | antis. Savage
WI AB | Loc Sca| Loc Sca| Loc Sca| Loc  Sca
Uni 3.46 1.00[3.10 2.32/3.10 4.24
No 977 1.10| .874 .789| .874 .789| .903 1.03] .903 1.03
Lo 577 1.02| .516 .732| .516 .732| .500 .866] .500 .866
CN1 352 1.02| .315 .732| .315 .732|.315 .970] .315 .970
CN5 873 .983|.781 .732|.781 .732|.731 .772| .731 772
DE .866 .866|.775 .620|.775 .620| .693 .724| .693 .724
Cau 551 .702| .493 .502| .493 .502| .388 .391| .388 .391
nGu .866 .988| .625 .623|.924 .791]1.00 1.20, .645 .683
Gu .866 .988|.924 .791| .625 .623| .645 .683] 1.00 1.20
Exp 1.73 .335/2.32 .549| .775 -.07/ 1.00 .000 .615
CN2 574 1.17| .628 .752| .396  .928| .448 1.20| .613 .961
CN3 434 1.08] .526 .691| .250 .854|.291 1.14| .431 .656
CN4 .702 .863|.748 .637| .508 .598| .460 .664| .685 .736
LN(1) |1.25 .000| 1.71 .350| .538 -.350| .684 -.390| 2.62 .392
LN(2) | 1.33 .000| 2.19 .175|.187 -.174|.526 -.196| 8.88 .196
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Table 2: The factorg'»(f, g) (left columns) and’y(f, g) (right columns) for
some Lepage type tests and for some densities

density| Gastwirth | normal scoreq logistic scores;  long-tail Cauchy
Cia Gy | Cin Cn| Cig Cu| Cip Cyn| Cipa Oy
nGu -121 378 -.117 .596| -.234 .418| -.270 .372|-.303 .319
Gu 121 -378| .117 -596| .234 -.418] .270 -.372] .303 -.319
Exp .856 -2.32 .866 797 -2.24| 549 -1.41
CN2 -279 -.236| -.247 -.191| -.246 -.214|-209 -.252|-112 -.260
CN3 -187 -.236| -.166 -.160| -.228 -.195| -.229 -.022|-.207 -.323
CN4 -107 -.329| .008 .000| .055 -.286| .131 -.308| .261 -.265
LN(1) 940 -1.59| 1.00 -2.33] .977 -2.14| 912 -1.54/ .656 -1.19
LN(2) | .471 -3.18 .500 -10.5| .489 -8.13| .456 -3.01| .325 -1.75
density Lepage HFR antis. HFR Savage | antis. Savage
Cia Gy | Cin Cn| Cig Cu| Cip Cyn| Cip  Cxn
Uni .000 .000| .775 1.55|-775 -1.55
No .000 .000| -.493 .350| .493 -.350| .596 -.390|-.596 .390
Lo .000 .000| -.458 .207| .458 -.207| .500 -.289|-500 .289
CN1 .000 .000| -.458 .126| .457 -.126| .560 -.159|-560 .159
CN5 .000 .000| -.458 .312| .458 -.312| .421 -.474|-446 .481
DE .000 .000|-.387 .310] .387 -.310] .418 -.531|-.418 .531
Cau .000 .000|-.314 .197| .314 -.197| .226 -.431|-.226 .431
nGu -234 334/ -.651 .549| .232 -.070] .423 .000| -.665 .615
Gu 234 -334|-232 .070] .651 -549 .665 -.615|-.423 .000
Exp 866 -1.73| .625 -.620| .924 -1.86| 1.00 -1.73| .645
CN2 -.246 -.257|-.745 .021] .304 -.389| .406 -.371 -.839 .086
CN3 -.228 -.308| -.686 -.065| .279 -.376| .394 -.360 -.645 .121
CN4 .055 -.269| -.334 .059| .435 -.444| .405 -.602|-.390 .159
LN(2) 977 -1.31| .874 -486| .874 -1.38| .903 -1.32| .902 -2.03
LN(2) | .488 -4.48| .437 -1.13| .437 -2.08| .452 -1.40| .450 -12.7
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Table 3: Measures for tailweigltt o5 0.15(F) and skewness, o;(F") for some
distributions.

Symmetric distributions Skew distributions

Density Tailweight Density Tailweight Skewness
Uniform 1.286 Exponential 1.697 0.564
U-L 1.474 Gumbel 1.655 0.280
Normal 1.587 negGumbel 1.655 -0.280
Logistic 1.697 L-E 1.799 0.349
CN1 1.697 CN2 1.592 0.277
L-D 1.864 CN3 1.707 0.439
DoubleExp 1.912 CN4 2.714 0.542
Cauchy 3.217 LN1 2.024 0.676
LN2 3.426 0.928
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Figure Captions

Figure 1: The score functions for the various Lepage typis.tes

Figure 2: The asymptotic power functions for various Lepbge tests and vari-
ous densities.

Figure 3: The asymptotic and finite power functions for thakernative configu-
rations and various densities.
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Figure 1: The score functions for the various Lepage typts tes
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Figure 2: The asymptotic power functions for various Lepge tests and vari-
ous densities
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Uniform (-0.5,0.5) density (here: HFR instaed of -SA)
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CN1 density
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Figure 3: The asymptotic and finite power functions for thaikernative configu-
rations and various densities
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