A global L"-gradient estimate on weak solutions
to nonlinear stationary Navier-Stokes equations
under mixed boundary conditions

M. Wolff

Abstract

In this paper, we prove the integrability of the gradient Vu to an exponent
k > 2 near the boundary, u being a weak solution of a nonlinear stationary Navier-
Stokes equation under general mixed boundary conditions. As a consequence of
this the pressure p belongs to the Campanato space ,CQ’A(Q) with A :=n- % Our
method of proof relies on an adaption of a technique by Gehring-Giaquinta-Modica
(higher integrability by reverse Hélder inequality) to cubes which possible intersect
a hyperplane.
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1 Introduction

Let Q € IR (2 < n < 4) be a bounded domain with Lipschitz boundary 9%, which is
assumed to be decomposed into two parts:

aQ == FO U Fl, FO N Fl == @, FO closed ,iﬂt(ro) 7£ @

We consider the following system of nonhomogeneous Navier-Stokes equations in 2:

0 .
(1.1) —aT(MDik(u)) +grad p + wpwig = fi — Gikg, GLE=1,...,n1
k
(1.2) divu=m
where u := {uy, ..., u, }-vector of velocity, u; ) := g;‘;, p - undetermined pressure,

grad p:=A{pit,. .., pin}, div u := upp.
And f:={fi,..., [}, 9:={g} (t,k=1,...,n) and m are given functions in Q.

As usual we denote by D;; := %(u” + u;,;) the rate of strain tensor and by p the
viscosity.

We complete the system (1.1), (1.2) by the following boundary conditions.

.3) u=u" on Iy,

3

4) (uly)=u' on T,

Here (-]-) denotes the usual scalar product in IR")
1.5)  —puDy(w)vme = be(x,u)ry, V7Lly, on I'y.

Where v := {vq,...,v,} and 7 := {7,...,7,} are the unit outward normal along I’y
and a unit tangent vector along I'y, respectively.

Problems like (1.1) - (1.5) (often with d, u°, u' and b equal to zero) arise when studying
the stationary motion of a viscous incompessible fluid in a domain with a partially free
surface represented by I';. We do not go into hydromechanical details and refer to the
various literature [3,8,11,12]. In some situations it is necessary to deal with the whole
nonhomogenious conditions. There is a pure mathematical interest in studying the above
problem, too.

The aim of the present paper is to show that the gradient Vu of any weak solution
to (1.1) - (1.5) really belongs to L"(£; IR”2) with some £ > 2, if there are imposed some
weak additional assumptions. And in this case the pressure p belongs to some Campanato
space L2(2) (A > 0). The corresponding local results can be found in [6].

We shall use the technique of reverse Holder inequalities in the elliptic case, which was
developed in [4,5] for inner estimates and in [1,2,4,9] for estimates up to the boundary,
whereby in [9] under mixed boundary conditions. An in the "common” elliptic case the
higher integrability will be achieved by a higher integrability of the data.

We note, that there are similar results for weak solutions of nonlinear parabolic systems
under mixed boundary conditons (cf. [10]).

!Throughout a repeated index implies summation over 1,...,n.



Now let us impose the needed conditions on the data in order to define a weak solution.
The usual notations for Lebesgue and Sobolev spaces are assumed.

Let be fulfilled:

(1.6) p=const >0 %

f € L= (5 R").g € L*(Q: IR™ ). m € L*(Q), where
(1.7) o { 2o if n>2

1 <s< 400, ifn=2,
(1.8)  u® e WY2X(Ty; IR™),
(L.9) wu' e WY2XT,).

We define

(u?|v)r a.e. on T
a = 1

(1.10) ) uly a.e. on [y
a € WYX 9Q; IR™)

and assume

Further, we impose the following compatibility condition
(1.11) /md:z; = /(u0|1/)d’y—|—/u1d’y.
Q o r

Let b; be Carathéodory functions satisfying
bi(2,u)| < col(z) + [u7Y), faa. zely,V, € R,

2n—1) if n>2
(1.12) where [ := 2
1 <i<+4oo, if n=2

and ¢ € Lﬁ(Fl),co = const > 0.

We define the space V' of test-function by
Vi={ve W R") :v=20ae. on [y, (v|r) =0 a.e. on I}

Definition 1.1: A pair {u,p} € W3(Q; IR") x L*(Q) is called a weak solution to (1.1)
- (1.5), if (1.2), (1.3) and (1.4) are fulfilled and

/«Lg; Dij(w)pi jdx — K{P%,idl‘ +£ukui,k%dl‘ +Ff bi(z,u)pidy =

1.13
( ) = s{(fi% + girpix)dr, Yo € V.

2Qur main result will continue to hold, if condition (1.6) will be substituted by the more general one:
p € L®(R), 0 < po < pu(s) < pyp < 4oo faa. s € R. In this case the above problem (1.1) - (1.5)
describes a stationary motion of a general viscous fluid (see, e.g. [3]). For convenience we only deal with
(1.6) and there will be no loss in mathematical generality.
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Now let us homogenize the problem (1.1) - (1.5) with respect to (1.3) and (1.4). For a
better clearness and convenience we shall only prove the result for this new homogenized
problem (1.16) - (1.20) stated below.

Besides this, a careful inspection of the proof shows that there is no substancial loss
in generality.

Homogenization of (1.3) and (1.4)

Firstly, we extend the function «° from I'y onto I'; in the same class W'/%2. After
this, we set u* := u” — («°|v)v on 9. Clearly, there exists an extension of u* into (,
therefore u? € W*(Q; IR™), keeping the same notation for the extension.

In the same way, the function « defined in (1.10) has a continuation into W*'2(Q, IR"),
too.

Obviously, the function w = u? + « satisfies the boundary conditions (1.3) and (1.4),
and so we homogenize the problem (1.1) - (1.5) setting u := v + w.

Thus v € V, and we get from (1.2) and (1.13)
(1.14) div e =m — div w,

Mf’; i (V)i jda + Mf Dij(w)ep; jdv — fp%idl'—l-
+ [ vpvs ppide + kawz rpidr + fwkvz oidr+
-I-Z Wiw; ppide —|— f bi(z, v+ w)cp, dv

f(f Yi + girps, kdl' Ve € V.

(1.15)

As a consequence of the above discussion we state the new (partially) homogeneous
problem:

d
(1.16) — T(MDM( u)) + grad p+ upuig = fi — Gk

Dy
(1.17) div u =m,
(1.18) w=10on Iy,
(1.19) (u|v) =0on Iy,

(1.20) — p Dy (w)vime = be(w,u)me Y7 L v on I'y.

Definition 1.2: A pair {u,p} € V x L*(Q) is called a weak solution to (1.16) - (1.20),
if (1.17) is satisfied and

e Dsj(u)pijdr — [ poiide + [ ugu; ppide+
(1.21) Q o &
+rf bi(x,u)pidy = S{(fz’%’ + girpix)dr, Yo € V.

In the sequel we will use the well-known facts
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Dij(u)pi; = Dij(u)Dij(¢)  and
(1.22) /,L/Dij(u)Dij(u)d:Jc > /,LO/|Vu|2d:1;, o = const > 0,
Q Q
as a consequence of (1.6), A,_1(I'g) > 0 and Korn’s inequality [12].
Conditions on the boundary

We are interested in results up to the boundary. And so we have to give further
assumptions on J€), I'y and I';. We use the notations

v = {xy,... 2, = {2, } with 2’ :={ay,..., 2,1},
v = Hxy,... 2, = A{xy, 2", 2, } with 2" := {xg,..., 2,1} if n >2
and
B.(2°) = {z € R":|x—2° <r}
Ay(z") = {&' e R i |a;—al|<ei=1,...,n—1}
Ay(z®) = {2" e R |ai—2% <p,i=2,....n—1}
where | - | denotes the Euklidean norm in /[R" and the modules in IR, respectively, with

respect to the context.
Then the conditions on Jf2 are as follows:
for every xg € 0Q there exist a ball Br, = Br,(x0)
and a cube A,y = A, (0') C IR"™" such that
7-1(1'0) = 07
TN Br,)={z€ R": 2" € Ao, 2z, > H(Z")},
Ti(0QN Bry)={z€ R": 2" € Ao, 2z, = H(Z')},
where :
z="Ti(x)=0x+(, O orthogonal matriz, (s € R* fized,

H Lipschitz continuous on A .

(1.23)

Without any loss of generality, in the sequel we may assume that
I(Q2N Bp,) ts Lipschitzian.
Let zo € Ty N [y be arbitrary. We complete (1.23) by the following conditions:

n>3: there exists a cube A, (0") C IR"™* such that
TiloNT1NBr,) ={2€R":z,=H(Z),z1=h(Z")
(Z/ S Apovz” € Apl)}v

Ti(L'o N Br,) ={z€R":z,=H(Z),z1 <h(z")
(1.24a) (2" € Ajo, 2" € Ap)},
' Ti(I'y N Br,) ={z€R":z,=H(),z1 > h(z")

(" € Apo, 2" € Apr)},
where :
H according to (1.23),
h Lipschitz continuous on A ,;
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n =2: there exists an interval A, = (—py,p1) C IR
such that
(1.24b) Ti(l'oNTyN Br,) =10},
' Ti(L'o N Br,) ={z€R*:z=H(x),—p1 < 21 <0},
Ti(I'y N Br,) ={z€R*:zy=H(x),0< 2z <pi}
(H according to (1.23)).

Throughout the whole paper, conditions (1.23) and (1.24a) (n > 2) are assumed to
hold. Besides this, for technical reason we assume

(1.25) h e W»>(A,), He W™ (A)
where A 1= {z' € Apg : 21 > h(Z")}.

Coming to the end, let us remember the so-called 'pressure estimate’
(12600 [ Ip-pPdr<c [ (Ve +[al + 11T+ [g)da

B, (°) B, (z°)
VB, (z) cC Q.
Here B,(2°) := {z € IR" : ||z—a°|| < r} is the open ball and p, := (meas B,(2°))™' [ pdx.

B, (z%)
The positive constant ¢ does not depend on r (cf. [6,8]).

2 Statement of the result
Theorem 2.1: Let (1.6), (1.7), (1.12), (1.25), (1.24a) or (1.24b)

/m dz = 0 be satis fred.
Q

In the case n = 2 we assume for the exponents s and £ in (1.7) and (1.12), respectively,

(2.1) s> 2 z::§+1.

Further, let

fer (R with s; > ==
(2.2) 3 . s—1
g€ L>(Q IR ),m e L*>(Q) with s, > 2;

[
(23) RS LSS(Fl) with sz > ﬁ
Let {u,p} € V x L*(Q) be any weak solution to (1.16) - (1.20) in the sense of
Definition 1.2.
Then there exists a k > 2, such that



K—2

(2.4)  (|Vu| + |[u|?) € L*(Q), p € L2NQ) with A =n -

K
and
@) [Vl el )y < e ([Tl + a2y +
Q Q
b [+ U1 gl + il + ([ oF ) TR |
Q
if n > 2, and
@3b) [Vl ey < e[Vl + uf)dy)/? +
Q Q
b [T 4 Jgl o )y + /99 £yt |
Q

if n = 2, where the constant ¢; depends only on 1, ¢ (from (1.12), s (in the case n = 2),
81, 82,83 and the geometric properties of 9€), and I'y N T'y.

We remark that an analogous result can be proved for the whole nonhomogeneous
problem (1.1)-(1.5), when additionally assuming

€ Wl‘L S4(Do; IR™), ul € W3 (T)),
ae W' 54(6(2 IR"™) with s4 > 2.

The proof of the above theorem is essentially based on ”"theorems on higher inte-
grability via reverse Holder inequality”. But as a consequence of the nonhomogeneous
boundary condition (1.20) there arise terms involving integrals over (n — 1) dimensional
surface. Thus we have to apply a variant of these theorems, which was proved in [1,2].
For clearness we note this theorem with a small variation made for our purpose.

At first, we give some notations
Let C':= Cgr(2°) C IR" (n > 2) be the n-cube Cr(2®) := {z € IR" : |a; — Y| < R,i =
1,...,n}, where R > 0 and 2° € IR are arbitrarily given. Further, we define

I:=Cp2®)n{z e R":2, =22}, T\(z) =T NC(2)

for all C,.(x) C Cr(z?). (T',(x) may be empty, of course.)
As usual we notice

][f dx := (meas Q)_l/f dz.
Q Q

Theorem 2.2: Let g € L7(C),f € L7 (¢),¢ € L7(I') be non-negative functions with
o,01,09 > 1.



Assume that f.a.a. © € C there holds the estimate

(2.6) 7[g“dy<®7/ gdy—I-CO{(][ gdy)” +r7( / Jdy)" +

(=) Car(z) Car(2) Car(2)

+r7( / pdy')'}

Lar(z)

Vr < min{1dist(z,dC),ro} with some constants

0el0,1),a>2, >0, m>1,1>

n
— 1, ro > 0.
Then there exists ko, c1,cy depending only on ©,co,0,n,m,t, 01,09, 79 and R with

1 1
o< ko <o+ Umin{g(al - 1), ;(02 - 1)}

such that Ve € [0,kq) : g € L"(Crya(x°)) and the following estimates are true

27 N9lecnner < a{ldloe + 1A S me + 1210 e}

and

(2.8) (][ de 1/5 < 62{( gdy 1/cr_|_(7/ fH_%(H_U)dy)%.m .\

Or(x) ar () Car()
7/ P ) 7 R )
Lar(z

Vr < min{tdist(z,dC), ro}.

Besides this, in the case n = 2 there also holds a more specialized variant of the The-
orem 2.3 needed when assuming the condition (1.12).

Theorem 2.3. Let n = 2 and the same assumption on g, f and ¢ given as in
Theorem 2.2.
Instead of (2.6) assume that f.a.a. x € C there holds the estimate

f o < of giyral(f ot) +o( [ )"+

Cr(z) Car(x) Car(z) Car(@)

4 r—2+%( / @dy’) 2(71)}
Yar (T)

Vr < min{2 dist (x,9¢),ro} with constants as in Theorem 2.3. Setting * := z(tt_l), then
there exist kg, ¢y, ¢y positive constants depending only on ©,co,0,n,m,t, 01,092,179 and R
with




1 1
o< kg <o+omin{—(o; — 1), t—(ag - 1)}
m b
such that Yk € [0, ko) 1 g € L*(Cry2(2°)) and the following estimates are true

(27) Ngllwcnneo) < erfllgllec + 1115

and

. 1/k - l/cr m(_ o %.1 mlﬁ_o
e8) (F o) < a{(§ gay)"+( preEea)TEEET
(=)

Cr () Clar( Oar( )
][ 99 (k—0o dy) e .1+%1(H—0)}
(e

Vr < min{% dist (x,0c¢),ro}.

m
T

2oy Tl

o

Remarks.

1° The analogon of the Theorem 2.1 for ”common” nonlinear elliptic systems of PDE
in divergence form can be proved by the same method in an easier way. We refer to
[9]. In [7] higher integrability is proved by an entirely different method.

2° The convection term wuju;x in (1.1) and (1.16), respectively, leads to the upper
bound 4 for the dimension n. Without this term the result is valid for arbitrary
dimensions n > 2.

3 Localization and Change of Variables

Let 2° € 'y N Ty be arbitrary. By (1.23), there exists an Ry := Ro(x°) > 0, such that
Qr, := QN Bg,(2°) C Q has a Lipschitz boundary. We prove the statement of the theorem
with Q@ N Bg, in place of ), where 0 < Ry < Ry.

Our reasoning shows that an analogous argument obviously applies to the interior of
['g and I'y, respectively (relative to 9€Q2). Thus, by a finite covering of 92 by appropriately
chosen balls, we obtain the statement of the theorem with a boundary strip in place of
2. Combining this result with the well-known higher integrability of Vu at the interior
(cf. [6]), we get the full statement.

Let Qr, := QN Bg,(2°) be as above and I'; g, := 'y N Bg,(2°). Then we can specialize
(1.21) to

t f Dij(u)Dij(@)de — [ ppiide + [ upu;poidet
Ro QRo QRo
( ° ) Fl ,Ro Ry

Vo € WH(Qpg,, IR™) with ¢ = 0 a.e. on {Fo N Br,(2°)}U
U{Q N Sk, (29}, (plv) =0 a.e. on T'y N Br,(2?).

We pass from the variables € 2N B, to new rectangular coordinates
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y="Tx,

where
T:%O%Oﬂ lf n23,
T=T,0T if n=2,
and
71 according to (1.23),(1.24a),
7-2(2) =w= {Zlvzn - H(Z/)}v
Ta(w)  =y={—w + k(W) ws,...,w,}
We have
T'(z) =T{(Tz0Ti(x)) o T)(Ti(z)) o Oz if n >3,
T'(x) =T/ (Ti(x)) o Ox if n=2
for a.a. x € QN Bp,, where
1 0 0
1 0 0
Ty (=) =
_oH  _oH _eH
82’1 82’2 8Zn—l
SRR T
THw) = 0 1 0 0
0 0 0 1

It follows that

(3.2) T,7 ! are Lipschitz mappings,
' |det T'(x)| = 1 for a.a. 2 € QN Bp,

For the subsequent discussion, we introduce the following notations:

Cf’(yo) = {y € R": |yi_y0i| <r (iv"'vn)}v

CHyo) = {y € Co(yo) : yu > 03,

C(yo) = {y € Cr(yo) : yn < 0}
Let w9 € o N Ty. Let Br, = Bg, (%) be a ball according to (1.23). From (1.23), (1.24a)
or (1.24b) we obtain the existence of a py > 0, such that

T~':CH(0) = QN Bg,,

where
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T‘I(C;g(())) C QN Bg,,
(33)  { T'({y € C{0) : y1 < 0.y, = 0}) C [y Br,.

T_l({y € C/;I;(O) S > Ovyn = 0}) chin BRm
We note that both Ry and py possibly depend on .
Further, form (1.25) it follows that

(34) T HeW**({ye Cf(0):y >0}
Now let {u,p} € V x L*(Q) fulfills (3.1) and (1.17). Define v(y) := uw(T 'y), q(y) :=
p(T'y) a.e. on Ct(0). Then v € W'(C(0),[R"), ¢ € L*(Cf(0)) and for any
Lipschitzian subdomain w € C} (0) there exist constants Cy,Cy (possibly depending on
w) such that
(3.5)  « / |Vu|2d:1;§/|Vv|2dy§02 / |Vul*dz.

T=(w) w =" (w)

Next, we define the form
a(y,&,n) = M(&eg—gf + e 34 ) (e gij + nje 3
fa.a. y € CF(0) and V¢, € R™.

Further, we set
F(y) = fi(T;1), Girly) := gip(T'y)

M(y) = m(T 'y) ae. on C:;(O),
Bi(y,v) = 2b(T 'y, v), ®(y) = (T 'y),
a.e. on C, (0)N{y :y, = 0,51 > 0} Vv € IR".
Clearly, the new functions F;, G, M;, B; and ® have the same integrability and growth

(3.6)

Iy
81}57

properties as fi., gir, m, b; and ¢, respectively. The form «a satisfies an estimate similar to
(1.22).

The field of unit outward normals v along I'y N Bg, will be transformed into the new
field o(y) := v(T'y). We remark that & is not normal to the plane {y, = 0}, in general,
and 7 lies not in this plane f.a.a. y.

We set V(CF(0)) :={v e W"(CF(0); IR") : v =0 a.e. on
1y yil < pos yr <0, v =0 U{y 2 [y[ = po,yn > 0}, and
(v|7) = 0 a.e. on {y : |yl < po, y1 > 0,y, = 0}} (i = T,n).
Clearly, from (1.18), (1.19) we get v € V(C1(0)) (v(y) :=u(T 'y)).

A simple standard procedure leads to a new variational equation which is equivalent

to (3.1).
Joa(y,Vo,Ve)dy— [ qiZdasdy+ [ v, vyt

Ct (o) ct () c (o)
(3.7) +1 [ Bily,o)idy = [ (Fihi + Gipthig)dy
V1,0 (0) cr (0)

Vi € V(CF(0)).
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Then we define the operator

(3.8)  L(y,€) = gﬁgaﬁ ae. in CF(0), Vé € R™
T

and from (1.17) we obtain
(3.9) L(y,Vv)= M(y) a.e. in C:;(O)
where v(y) := u(T ty).

4 Continuation of the problem onto C (0)

Now we extend v, ¢, the functions arising in (3.7), M and the operator L from C'} (0) into
C.(0). We remember y = {y',y,} for y € IR and define

(Y, Yn), a.e. on C;;(O)
4.1 o(y) =
(4.1) () { v(y', —yn), a.e on C(0)

And in the same way we extend ¢, M and F' getting ¢, M and F, respectively.
Further, we set

Gir (Y, Yn), a.e. on C~ 4, (0)
Gir(y's —yn), ae. on C(0)and for k <n
—Ga(y',—yn) ae. on C; (0)and for k =n
Let £ € IR” be a matrix, & = {&;}, we define the matrix é by éij := &;; for all pairs (1, j)
with j < n and &, := =&, for all 1 = T, n.
Then we extend the form a defined in (3.6) setting

a(ylvynvan) a.c. on C;;(O)vvay € Rn27
(42) &(%5777) = /“L(éie gij (ylv _yn) + éje giﬁ (y/7 _yn))

(ﬁw gij (ylv _yn) + ﬁje gii (ylv _yn)) a.c. on C;;)(O)v V& € R

To proceed, we extend the operator L defined in (3.8) setting

Ly, yn, €) a.e. on C;;(O), V¢ e Rn27

(4.3) L(y,¢) == { L(y’,—ymé@) a.e. on C(0), V€€ R,

Obviously, the function v satisfies

N

(4.4)  L(y,Vé) = M(y) a.e. on (', (0)

12



(v(y) == w(Tty),u fulfills (1.17)).
In the above sense we extend the convection term, too.

We define

Y.
[((yv w, 5) — wkfw

e f.a.a. yEC()VwER”,VfERn2,
T

and set
K(y',ynyw, ) ae.on CF(0)

(4.5)  K(y,w,§):= Yw € IR", V¢ € R™
K(y', ~yn, w0, &) ae.on C5(0)

Taking into account symmetry arguments, we obtain by simple calculations from (3.6),

(3.7), (4.1), (4.2) and (4.5)

[ aly, Vo, Vioydy — [ GL(y, Vo)dy+ [ K(y,o, Vo)bdy+

Ci(0) Co (0) Cog
+ [ By, 0)dy = [ (Fipi + Gt ) dy
71,p0 (0) OPO (0)
(4.6) Vi € WHAH(C,,(0); IR™) with ¢ =0 a.e. on

{1 lylee = pot ULy : [yloo < posyr <0y, =0}
and (¢]0) =0 a.e. on {y: |yl < po,y1 > 0,y, = 0}.

The integral identity (4.6) and the generalized divergence relation (4.4) are the point of
departure in the forthcoming investigations.

A

5 Properties of the operator L

Let C. C C,,(0) be an n-cube as above and let w, := T~'(C,) (note that 7! is formally
defined for y,, < 0, too).
Further, we set

Cri={x € Cp(0): (2, —x,) € O},
and define

V(C) = {veW"(C,,R"):v=0 ae. on IC,U({y:y,=0}NC,)},
if C.n{y:y>0,y, =0} =0,

and
V(C) = {veW"(C,;R"):v=0ae ondC,U{y:y,=0,y1 <0} NC,),
(v|) =0ae. on C, N{y :y, = 0,y1 > 0}},
if C.0{y:y >0,y, =0} £
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Then we get the following equations by simple calculations

Jalvdy = [ qrody+ [ qbedy= [ qLody+ [ qbidy=
Cr oky oy ot cr

/ pi idr+ / pi idr = — / grad p dr — / grad p ¥dzx =

T-HCH) T-HCT) T=H(Cr) T-1Cr)
dyp 0 dyp 0 .
[ Sy [ 2y = [ B gy e e V(C)
st Ty UYg b= Li OYk &

g smooth, where ¢(z) 1= (7 "y), and L7q i= =N(V{), where
Ty ya)€, ae in CF(0),

N(f) = (] £ .
Ty, —yn)€, ae in C(0).

Indeed, L* is the adjoint to L. )
Further, we get Im (L) = {f € L*(C,) := [ fdy = 0} and Im (L) is closed. Finally,
Cr

arguing as in [6,8] we obtain the existence of a constant ¢ = ¢(C,.) with
(5.1)  ullvie,y < ¢ ILllzze,) Yu € (Ker L)*

and

(5.2) lg — qc,

(note g¢, := (meas C,,)_lcf qdy).

< c||L*q|lv+c,) Vg € L*(C))

By a homothetical argument it follows, that the constant ¢ in (5.1) and so in (5.2)
does not depend on r.

As a consequence of (5.2) and (4.6) and standard arguments we get a generalization
of the pressure estimate (1.26)

(53) [ la—aldy < o [(+FoP+ 1ol + B +1GRdy+ [ o'y’ + [ oF1dy)
Or

Cr V1,7 V1,7

0

0

with ¢ > 0 independently of r,VC, CC C,,(0).

6 Caccioppoli inequalities

The integral identity (4.6) is the point of departure for deriving the needed Caccioppoli
inequalities.

For convenience we shall write all functions arising in (4.6) and being defined on C,,(0)
without the sign "A”.
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At first, let us have some auxillary considerations for dealing with the boundary con-
dition on vy ,.

As mentioned above, the vector field 7 (#(y) := v(T 'y)) is defined on {y : |y|. <
po,y1 > 0,4y, = 0} and depends on yy,...,y,—1, in general. Let e; (k = 1,n) be the
natural orthonormal basis in IR", i.e., the e, are directed in accordance with y.

Now we complete the vector © (defined at a.a. points y € {z : |¢]o < po,x1 > 0,2, =

0}) to an orthonormal basis 71, 22, .. 70" where 7" .= p.

By setting

5(k)(y/7yn) - IJ(k)(y’,O)
we get a basis at a.a. points of C, (0) N {y; > 0}. Clearly, we have the representations of
v:

v = vgey, = ;09 with ©, = 0 a.e. on {y :|Yleo < posy1 >0,y, =0}

as a consequence of (v|r) = 0.

Coming to the end, we define for all C,(y°) C C,,(0)
¥ = (meas C,(y°) ™ / o dy, vF = (meas C,(y°))™ / vg dy,

Cr(y°) Cr(y°)

v, = {vl,.. . 0"}

Now let C,.(y°) C Cs,.(y") C C,,(0). We distinguish three cases concerning the posi-
tion of C,(y"), namely

(A) C°) {y:yn =0} =10
(B)  Co(y°) N {y 1y, =0} # 0 and Oy (y°) N{y 2 yn = 0,510 <0} =0
(C) C(y")N{y:y, =0} #0and Cor(v*) N{y 1y = 0,510 <0} £ 0

Lemma 6.1: Let the assumptions of Theorem 2.1 be given.

Assume (A) holds. Then

[ IVoldy<s [ fv—uvdy+e [ (I4|F[=T+|GP+[M*+]v|)dy
(6.1) Cr/2(y°) Cr(y°) Cr(y°)
tc [ |v—vlfdy + ¢ [ |Vo|*dy.

Cr Cr

Assume (B) holds. Then

S IVulPdy < 5{ S
Cr/2(y°) Cr(y

te [ (L4 |FI= +

n—1 .
[0a2dy + [ 3 05 — 5, [Pdy}+
) Cr(y0) =1

G+ M+ o)y +c [ [Vol'dy

C2r(y0) Or(yo)
(62) N n—-1 - 2 L ,
te [ ([l + Z o= P)dy+ec [ Jol'dy'+c [ ®TTdy
Cr(y°) =1 Y1, (¥°) Y1, (¥°)

)dy'

n—1 .
te f By o)l(lea + 2 [0 =,

’Vl,r(ﬁ‘/o)

15



Assume (C) holds. Then

[ VoPdy <5 [ JoPdy e [ (L4 FIFT 4GP+ M+ Jo])dy+
)

(6.3 § e Crly ¢ (%) z
+e [ |Volldy+c [ |B(y,v)||v|ldy’ +c [ |v]'dy’ +c [ OTTdy
Cr(v°) Y1, (¥°) Y- ,r

VC,.(y°) C Ca(y°) C €, (0). The constants ¢ do not depend on r, v1, may be empty
in the case (C) and 0 < e < 1 can be chosen arbitrarily.

Proof. Let ¢ € C*(IR") be a cut-off function as follows
¢=1onCrp(y?).¢=0on IRN\C,(y°), 0< ¢ <,
{ V(| < %@ on IR*, ¢g= const > 0, independent of r.
CaseO(A): The test-function ¥ := (v — v, )(* is admissible in (4.6). We get (C,-means
Cr(y”))

[ty Vo, V(0= 03 Ndy — [(a=a) Ll V(o = 0)¢H)dy+

Cr Cr

[ Klyo, Vo)o—v)idy = [ Flo—u)¢y+ [ Gal(oi— v))¢) e dy.

Cr Or CT

shortly
T+ T+ Ts=Ts+ Ts

The estimates of J1,Js, J4 and [J5 are standard. When estimating the integral 7, we
use the "pressure estimate” (5.3). Finally, we get (6.1).

Case (B). We use the admissible test-function

n—1 n—1
77Z) = (U - Z FYZTD(Z))CQ = (ﬁnﬂ(n) + Z(ﬁl - 7%7’)1;(2))40
=1 =1

and get

[ 4ty Vo, V(0= 2500y — (g ) Ly 0 — 3 400yt
=1 c, =1

Cr

n—1 n—1
[ Koo, Vo)o = S ob o)y + [ Bly, o) (50 + Y (5 = 3,)00)¢dy’ =
Cr i=1 V1,7 i=1

n—1 n—1

= [ F@0 + Y (05— )0y + [ G V(0= 35,50 dy
o, =1 o =1
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again shorted by J1 + Jo + T3+ Ja = T5 + Ts.

We use the relation
n—1 n—1
V(o= XA = (Vo= V(b))
n=1 =1

n—1 )

+2(8,7" + 37 (8 = 73,) ) (V¢

=1
and estimate the integrals in a standard way. Taking into account (3.4) and using Holder’s
inequality, we have

n—1 n—1 n—1
JIVCE Py = [ 135,V dy < er™ 37 i | <
c, =1 c, =1 =1

< cr_zn(/ lv]dy)? < c/ |v|5dy—|—c/ Ldy.
CQT O2r C2r
Then (6.2) follows after simple calculations.

Case (C): Clearly, v := v(? is admissible in (4.6) and we get the assertion (6.3) as above,
but in a simpler way.

7 Proof of Theorem 2.1

At first we recall some embedding inequalities needed for later use. We shall write its
scalar variants for convenience.
The well-known Sobolev-Poincaré inequality reads as

0 ([ Ju—uldy) < T EEC [ Suffay)
Cr(y°) Cr(y°)
Vu € WH(C,(y%)), where
I1<s< 2 if 1<t<n
— — n—t’ -
(7.2) {1§3<—|—oo, if t=n
C.(y°) C IR™ is the cube defined above, u, := (meas C,)™" [udy and the constant ¢

arising in (7.1) and the forthcoming inequalities is independent of r.
Further, the Sobolev-Friedrichs inequality holds

(13) ([ Juldy)? < o™ HH [ [Vulidy)
Cr(0) Cr(0)

Vu € WH(C,(0)) with u =0 a.e. on 7y, :={y € C.(0) : y, = 0,y; < 0} and s,¢ are
satisfying (7.2).
Further, let 51, := {y € C,(0) : y, = 0,y1 > 0}. Then we get the inequality

n
t
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(T4) ([ = ulay) < ar T HER [ Sultdy)

71,(0) Cr(0)
Vu € WH(C,(0)), where

n—t 7

(75) 1<e<=) 5f 1 <t<np
' 1<l<+oc, if t=n '

And finally, we have

(76) ([ Julidy)"* < eor 5T [ [Tulidy)

Yu,r CO (0)

Vu € WH(C,(0)) with u = 0 a.e. on 7o, and /,¢ are satisfying (7.5).
Now we are in a position to prove

Lemma 7.1: Besides the assumptions of Theorem 2.1 assume (A), (B) and (C), respec-

tively.
Then
2n nt2
J o VePdy < 5( ) |VoliERdy) T (e a(r) [ [Voldy+
(77&) Or/2(y0) O6r(y0) C6r(y0)
te [ (Al P |GE + [ MPYydy + e [ @Fdy)
Cer(y°) ~v1,6r (¥°)

in the case n > 2, and

2
J o AVePdy < 5(f |Vuldy) + (=4 o(r) [ [Vulfdy+

Crr2(¥°) Cer(y°) Cor(y°)
(7.7h) ! S 2 R
te [ (L4l +FFT |G+ MPYdy +ert( [ omTdy) T
Cer(y°) ~v1,6r (¥°)

in the case n = 2,
where 0 < e <1, o(r) >0, lir%a(r) =0,V Ce.(y°) C C,,(0), ¢ does not depend on r.
r—r

Proof: Firstly, assume (A). Applying the vectorial variant of (7.1) we get

/ v — v, [°dy < co( / |Vv|20ly)5/2 ifn > 2
Cr(y°) Cr(y°)
and
/ v — v, °dy < ¢ 7“2( / |Vv|20ly)s/2 ifn=2.
Cr(y°) Cr(y°)

In both cases we have s > 2 and so

18



so1
(7.8) / |v—v,,|5dy§cl( / |Vv|2dy) / |Vol*dy.

Cr(y°) Cr(y°) Cr(y°)

Further, we apply (7.1) again and obtain

on |\ DE2
(7.9) / |v—v,,|2dy§co( / |Vv|mdy) 2.

Cr(y°) Cr(y°)

s

Hence, (7.7) holds with o(r) := cl( [ |Vv|’dy)2~ fulfilling the assertion via Lebesque’s
Cr(y°)
theorem.

Secondly, assume (B). Obviously,
Cr(y°) C Car(y”,0) C Cs(y),

And so we apply the slightly changed inequality (7.1) and (7.3) to the functions ¥; — v; 2,
and v, respectively, with respect to the cube Czr(yol, 0). Thus, in an analogous way to
the case (A) we get estimates being similar to (7.8), (7.9).

Now, let us deal with the integral over v, .(y°). Via Holder’s inequality and (1.12),
(3.4) we obtain

1Bl 0[50 = (5 = 100}y <
Vi, =
o | P ) B )
e n—
vel J otay) T{( S aliar)" 4 S (S 15— alar) ")
=1+ 15

Using the inclusions 7y,(y°) C 7172,,(y0/,0) C Y13-(y°) [® will be extended by zero, if
neccessary| and the inqualities (7.4), (7.6), we get

(7.11) Ty < c( / |<I)|ﬁdy')m +e¢ / |Vvldy in the case n > 2,

V1,37 Csr(3°)
and
5 ¢ 2(£—1
(7.12) Ty < ¢ r?( / q)mdy’) C ot / |Vol*dy if n = 2.
~¥1,3r (y¥°) Csr(y9)

In a similar way it follows

n n—1 M
(7.13) T, < ¢ / |Vv|2dy-|-cr2(1_5+7)( / |v|édy’) T <

Car(y°) ~1,r(4°)
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n, n—1 w
< € / |Vv|2dy—|-cr2(1‘5+7){( / |U—U27’|Zdy/) ‘

Car(y°) 1,0 (¥°)
2(0-1)

+( / oo 'dy’) T}

,r(¥°)
Applying 71, (¥°) C Y1.2-(¥*,0) C 1.3-(y°) again and the inequality (7.4), we obtain
{—
(7.14) T, < e / Volrdy + ¢ / Voltdy) / Vo|2dy +

CSr(yO) CSr(yO) O3T(y0)

n_ n—1 2 £—
+c 7“2(1_5"'7)(/ |U2r|édy')z( Y,

V1,7
By straighforward calculations we get
ny n— 2(e-
(115) e E ([ o) T < e PO < [ oy
Yi,r C2r(y0)
in the case n > 2 (Note, 2(/ — 1) = s) and in the case n = 2, when chosing ( := J +1
according to (2.1),

(7.16) cr%(/ |v2,,|édy’)7(é_1) < cr2|v2,,|2(€—1) <

V1,7

N

< erer / |v|5dy§6/|v|sdy.
Cgr(yo) C2r

In order to estimate integrals like [ |v — v,.|?dy we use the inequalities (7.1), (7.3),
Cr(y°)

respectively, chosing s := 2 and ¢ := n2_|7_12.

Combining the estimates of this point with (6.2) we derive the assertion (7.7) with the

function

a(r) = f( / Volrdy) ™ 4 ( / Vol2dy) )

Car(y°) Car(y°)

(¢ being positive and independently of r).

Finally, assume (C). Here are two cases possible, namely,
(CH) Cry)N{y 1 yn = 0,910 >0} =0
or
(CID)  Co(y®) N {y : Y = 0,41 > 0} £ 0.

Clearly, in the first case there do not arise the integral over 4, ,.(y°). Further, in a
similar way as above we get
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@an) [ wPays [ odyze( [ Vo) T <o [ Vo)

Cr(y°) Car (¥ ,0) Car (y°',0) Car(y°)

and so the proof of (7.7) can be completed.
Secondly, in the case (CII) we use the conclusion

C(y°) C Can(0,4°,0) C Csn(y°)

and obtain an assertion like (7.17).
In a similar but easyer way we deal with the integral over v, ,(y°). In this case we use
the relations

7177’(y0) C 71,27’(y0) C 71,4r(07 y0”7 0) C 71,6r(y0)7

applying the estimated (7.4) and (7.6) with respect to v;.4,.(0,4°",0) when performing
analogous steps as in the case (B).

8 Proof of Theorem 2.1 completed

At first, let us note the obvious inequality

[ o ldy<e [ Jo—vldyte [ foldy <
Cor (4°) Cor(1°) - Cer(y°)
< crttnC=2I( [ |Vo]2dy)? [ |Volldy+
(81) (C6r(yo)n ) Cer(yo)
Form(F [olFEdy) T VCa(y”) € Cpl0),
O6r(y0)

where s is defined as in (1.7) and by ¢ are denoted several positive constants being
independently of r.

To proceed, we add the term [ |v|°dy on both sides of (7.7) and estimate it by

Crra(¥°)

(8.1) on the right-hand side. After this, we chose ¢ := % The Lebesque’s theorem leads
to an rg > 0, such that the (new) function o = o(r) fulfills o(r) < i Vr:0<r <rg
uniformly with respect to 3°.

Collecting these steps, we get the inquality

o IVoPdy+ o foldy Se{(F Vo) T (o folFEdy) T b
C'r /2 (y°) Cry2(v°) or(y%) er (¥°)
(82) { tood (LH[FIFT 4GP+ [MP)dy + 3 [Voldy+
C6r(y0) O6T(y0)
—I—CT_”( f CI)ﬁdy’)m
1,67 (4°)
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in the case n > 2, VCs,.(y") C C,,(0), with 0 < r < rq, ¢ does not depend on r.

, 2(6—1)
In the case n = 2 the last term in (8.2) will be replaced by cr‘”"'?( f q)ﬁdy’) ‘

1,67 (¥°)

Now we are in a position to apply Theorem 2.2 and Theorem 2.3, respectively. To
proceed, we set

= Vol 4 Jofi¥, fi= 14 P4 |G 4 M
n -+ 2 Lo n

g
Y = Q)ﬁ,m =1,0:=3/4,a := 12,0 := :
n n—1

And it is not difficult to derive the assertion (2.6) of Theorem 2.3, using the inequality
(8.2) (in the case n > 2). Clearly, the assumptions of Theorem 2.1 ensure the integrability
of the new functions f and ¢ by an exponent oy := o > 1.

Thus, there exists an exponent 7 with

n -+ 2

n

<17 <T0

and 7y 1s determined by the constants involved in the theorem. We rewrite the assertion

(2.7) as
53 ([ (vete i) )" < af ([ (9ol lof)an)

Ceo /2 T (0)
1

H( [ rmay) 4 ([ ot ay) TR )

Cpo (0) 1,0

in the case n > 2.
We set k := Z”TTZ Then k > 2, and the estimate (8.3) implies

(8.4) / (IV0] + Jol77) “dy < er{( / (1Yol + ol ) dy) "+
Croso (0) Co (0)

+ / (1+IF|n"_f2+|G|ﬁ+|M|ﬁ)dy+(/cbgﬁdy')M}

Ci(0) V1,00

in the case n > 2, and

(8.5) / (IV0] + Jol/?) dy < e {( / (1ol + [o]*)dy) *+

CPo/z (0) Coo (0)
+ / (14 FI=05 4 1G5 + [ M) dy +
Cpo (0)
_I_( / (I)H_Lz;?ll(ﬁ_z)dy/)ﬁ%%}
V1,p0
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in the case n = 2.

Take into account the relation (2.1) ¢ := s+ 1 ifn=2.

The construction of the transform 7 implies the existence of an 0 < Ry < Ry such that
T-HCF (0)) D QN Bg,(2°).

Po/2

Passing back to the variables @ and using (3.5) we get the assertion of Theorem 2.1 with
QN Bg,(z°) in place of €.

Via compactness arguments we obtain the result for a boundary strip. Combining
this with the well-known interior estimates, we deduce Vu € L*(2) and (2.5a) with an
exponent £ > 2. This new k may be different from the above, of course.

Finally, let us deal with the pressure.
Firstly, assume B,(z%) C . Then we may apply the Holder inequality to the pressure
estimate (1.26) with the exponent %. This leads to

2.\ K—2

p € L(Q) with Ai=n-

K

Secondly, let 2° € 9Q and Ry, pg be as in point 3.

Now using the pressure estimate (5.3) and the established higher integrability of Vv, we
obtain

K —2

K

again.

g€ ,CQ’A(CPO/,Z (0)) with X:=n-

The properties of the transform 7, and the "property (A)” of the Lipschitz boundary 90§
(cf. [4]) and compactness arguments ensure that p € £2*(1).
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