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Abstract:
This paper provides a LP-theory for the Maxwell-system in the semistatic limit case in an
exterior domain. The problem under consideration is of mixed type, since the possibly
nonlinear electric conductivity vanishes on a certain subset of the domain. The solu-
tion is obtained from a singular perturbation of the full Maxwell-system including the
displacement current.

1 Introduction

This paper concerns the initial-boundary value problem for Maxwell’s equations [6] in an
exterior domain, that is the system

curl h, = e0,E. + o(t,z,E.) + jo (1.1)

curl E. = —puo;h, (1.2)
supplemented by the initial-boundary-conditions

i AE. =0 on [0,00) x 99, (1.3)

E.(0) = Epand h.(0) = h,. (1.4)

Here Q C IR?® is a domain with bounded complement, E., h. denote the electric and
magnetic field respectively which depend on the time ¢ > 0 and the space-variable z € (.
On the perfectly conducting boundary 0€) the tangential-component of E must vanish,
which is expressed by boundary condition 1.3. jp is a prescribed external current, which
is assumed to be divergence-free. The charge current o (¢, z, E.) may depend nonlinearely
on the electric field. o is a monotone function (with respect to E.) with the property that

o(t,z,y) =0 for all x € Q défQ\G
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with some bounded set G C (2. The dielectric susceptibility ¢ > 0 is considered as a
parameter in the above system. p € L®(IR®) is the magnetic susceptibility, which is
assumed to be uniformly positive. The initial-data must be compatible with Maxwell’s
equations, i.e.

div Eg=0o0n Qy =Q\ G, divhy=0o0n Q (1.5)

and | 7TEy(z)dS = Qy, for all k € {1,.., N}. (1.6)

C

If these compatibility conditions are fulfilled then every solution of the system 1.1-1.4
satisfies

div E. =0 on [0,00) X £y and div h. =0 on [0, 00) x .

and | 7TE.(t,z)dS = Qy for all t € [0,00),k € {1,..,N}. (1.7)
Ck

Here C;, ,k = 1,.., N denote the connected components of IR?\ Qy. The physical meaning
of 1.7 is that the total electric charge (Q; on each C is invariant under the time evolution
of E., h. governed by 1.1-1.4. This is a consequence of the assumptions o(¢,z,y) = 0 for
y € Qp and div jo = 0 on IR3. In many situations the displacement current £0,E. is small
in comparison with the charge currents and is often neglected. Therefore, it is the aim of
this paper to investigate the singular limit ¢ — 0. By letting ¢ — 0 one obtains fomally
from 1.1-1.4 and 1.7 the quasi-stationary Maxwell-System

curl h =o(t,z,E) + jo (1.8)
curl E = —p0h (1.9)
div E =0 on [0,00) x (1.10)

supplemented by the initial-boundary-conditions

i AE =0 on [0,00) x 09, (1.11)

/ AE(t, )dS = Qy for all t € [0,00),k € {1,.., N}. (1.12)
Ck

and h(0) = hy on Q2 (1.13)

This problem has been investigated in [8] in the case that the domain 2 is bounded
and o is linear with respect to E and uniformly positive. See also [3] and [4], where a
temperature dependent electrical conductivity is considered. However, in this paper € is



an exterior domain and the electrical conductivity vanishes on a subset Qy = Q\ G. It is
assumed that

yo(t,z,y) > v(z)|y|* forall z € G,y € IR? (1.14)

with some v € L®°(G), v > 0. 0 may have mild degeneracies on G, i.e. it is not assumed
that ~ is uniformly positive. More precisely,

y~1 e L7/7r0)(@) with some 6/5 < 7y < 2. (1.15)
Note that 1.8-1.13 can be considered as a problem of mixed type. In the case that u is
constant on  and o is linear and independent of z € G it is elliptic on €y (with respect
to the space variable z for fixed time) and parabolic on (0,00) x G. It is shown in this
paper that 1.8-1.13 admits for given hy, jo and Q. a unique global weak solution (E,h)
with

E € W, ([0,00), L™ (2N Bg,)) N W, ([0, 00), L*(R* \ Bg,)) N Li,

C D'((0,00) x ) and h € C([0, 00), L*()),

where v,79 € (6/5,2] as in 1.14, 1.15 and L2(G) is the weighted L?- space and Ry > 0,
such that G U (IR*\ Q) C Bg, = {|z| < Ry}. Moreover, it is shown that

h. =2 hin L®((0,T), L*()) weak — x for all T € (0, c0)

and E. =2 E in D' ((0, 00) x Q).

([0, 00), L3(G))

In the case that o is independent of t and (Eg, hy), jo are sufficiently regular it is shown
that 1.8-1.13 admits global strong solution (E, h) with
E € L2 .([0,00), L"(2N Bg,)) N L2 ([0, 00), L°(IR3 \ Bg,)) N L}

loc loc loc
and h € W, ([0, 00), L*(2)).
Moreover, one has in this case

h. =% hin WY°((0,T), L*(Q)) weak — %
curl h, =% curl hin L2((0,T), L*(Q)) weakly
and E. =2 E in L2((0,T), L™ (N Bg,) N LS (IR* \ Byg,)) weakly .

([0, 00), L3(G))

for all T € (0,00). In the case that also 0Q is sufficiently regular this implies also
h. =2 hin C([0,T], L*(2 N Bg)) strongly

for all R € (0,00) and T € (0, ).

Finally, the asymptotic behavior of the solution to 1.8-1.13 for ¢ — oo is investigated in
the case jo =0 .

It is shown that ||h(t)||z> decays exponentially provided that

/ phogdr = 0 for all g € L*(Q) with curl g = 0.
Q
This condition includes div (uhgy) =0 on © and 7h = 0 on 99 weakly.

3



2 Notation, definitions and assumptions

For an arbitrary open set K C IR? the space of all infinetely differentiable functions with

compact support contained in K is denoted by C§°(K). Moreover, D'(K) is the space of

distributions on K.

For p € [1,00) we define H?,
0

curl

H?.,,; (K) denotes the set of all E € H”

curl

(K) as the space of all E € L?(K) with curl E € L*(K).
(K), such that

E curl h — h curl Edz =0 for all h € H?, ,
K

(K)7

which includes a weak formulation of the boundary-condition 7 AE = 0 on 0K. Here
% + z% = 1. Let W?(K) is the usual first order Sobolev space consisting of all functions

0
in L?(K) whose distributional gradient belongs to L?(K). W' (K) denotes the closure
of C§°(K) in W (K).

In the sequel 2 C IR? is an open set with bounded complement, G C © and € LX) \G.
Tt is assumed that C % RS \Q_g = Cy U..UCy is a bounded Lipschitz-domain, where Cy,
are its connected components with C; NCy = 0 if j # k.

p € L°°(IR?) is an uniformly positive function.

The assumptions on o : [0,00) X Q x IR? — IR* are the following.

o(t,z,y) =0ifz € Q) =Q\G, (2.16)
o, y) € LE([0,00), L(2)) for fixed y € IR?, (2.17)

and Lipschitz-continuous, i.e. there exists L € (0,00), such that

lo(t,z,y) —o(t,z,y)| < Lly —y| forall y,§ € IR*,t € [0,00) and x € Q. (2.18)
Moreover,

|o(t, 2, y)| < Cov(@)|y| and yo(t,z,y) > v(z)|y|” (2.19)

for all y € IR?, t € [0,00) and x € G with some v € L®(G), v > 0 and C € (0, 00).
Finally, o is assumed to be monotone, i.e.

(y=¥)(o(t,z,y)—c(t,z,¥)) >0forally #y € IR? t € [0,00) and = € G.(2.20)

Next, let py € (2,6), such that for all p € [2, py] the following holds.
0 0 .
p €W (QN Bag,) and Ap € W (Q M Bap,) < (Wl’p* (€20 N BZR0)> (2.21)

- VQO € LP(QU N BZRO)-



Since o N Bagr, = Bag, \ C is a Lipschitz-domain, it follows from the result in [2] that
there exist such a py > 2. The following compatibility conditions will be imposed on p,
and 7.

vt e L/Cr)(@) with ry & pt (2.22)

Let L?(G) be the weighted L*-space consisting of all functions f : G — €° with

2 def 2
I£l1226) % [ IfPvde < oo.
It follows from 2.19, 2.22 and Holder’s inequality that
2 r
Li(G) C L™ (G) (2.23)
and for F € L?(G) one has
o(t,z,F) e L2_.(G) C L*(G) (2.24)

with ||0(ta$,F)||L3_1(G) = ||J(taxaF)7_1/2||L2(G) < K||F||L3(G)

with some K € (0,00) independent of ¢, f .
For E € L}, .(Q) with div E =0 on Qg define

¢;(E) o /QEVde:E = /Qo EVy;dz, (2.25)

where x; € C°(IR?) obey xjle, = 0;%. Due to the condition div E = 0 this defintion is
independent of the choice of the functions x;.

Now, the following function spaces are defined.

Let for g € [1,2] Y{! be the space of all measurable functions E : Q — @®,

such that E € LY(Q N Bp,) and E € LS(IR® \ Bg,). Here Br, & {|z| < Ry} and Ry > 0,
such that G C Bpg,/2 and IR* \ Q C Bg,».

Y} is defined as the space of all E € Y/ with the property that div E =0 on €,

curl E € L?(Q) and pE E[gqcml (Q2) for all p € C5°(IR?).

The following norms are introduced.

def
Ellve = 1Bl zsms\Br,) + [|Ellzo(@nBg,),

N
def
|Elys = || curl El|z2(0) + [|Ellzec) + Y lax(E)]
k=1

def
and ||E[lys = [Elyy + || E]yy.



Next, let X' be the space of all h € H2, ,
the support of curl h is bounded.
Moreover, let X' be the space of all E € Y7 N L2(G), such that

(€2) with curl h € L"5(Q) N L?_,(G), such that

/ E curl h — h curl Edz = 0 for all h € %. (2.26)
Q

loc

such that T = ;A with some A € Lj2,([0, 00), X') N W;,2([0, 00), L(G)).

loc

For A € L%, ([0,00), X) N W52 ([0, 00), L2(G)) and T < 9,A € W we define

loc

Gi(T) € D' ((0,00)) by Gu(T) = Lai (A(1)).
Next, the notion of weak solutions to 1.8 - 1.13 is given precisely.

Let W be the space of all T' € D' ((0, 00) x IR?) N L7, ([0, 00), L2(G)),

Definition 1 Let j, € L7 ([0, 00), L*(Q2)), hy € L*(Q) and Q;, € IR.
Then (E,h) € W x C([0,00), L*(Q)) is called a solution to 1.8 - 1.13, if

curlh=o(t,z,E) +jo, curl E=—pudh, (2.27)
@(E) = Qy for allk € {1,..,N}, (2.28)
and h(0) = hy. (2.29)

Note that by the definition of W it follows E|(g.c0)xq) N Li([0, 00), L2 (G)).
Therefore o(t, 7, E) € Lj,.([0,00), L2 1 (G)).

loc

3 Some auxiliary lemmata

The following lemma will be used frequently.
Lemma 1 Let q € (1,3) and E € D'(IR?), such that
lim (T % ¢)(z) = 0 for all p € C3°(IR?),

|x|—o00

where x denotes the convolution.

Moreover suppose that curl E € LY(IR?) and div E € LI(IR?). Then E € LP(IR3) with
— 3

p=73 and

||E||Lp S Cq(” curl E||Lq(IR3) + || div E||L‘1(IR3))

with some konstant Cy € (0, 00) independent of E.



Proof:

Let S(z) & #\w\ be the fundamental solution of —A on IR*. Then
—x
S — L32(IR3 3.30
VS = e ) (330

in the sense of distributions, where L? (IR*) denotes the weak LP-space or Marcinciewicz
space, see [10].
It follows from 3.30, div E € L(IR?) and the generalized Young inequality [10] that

F, & (VS) x div E € L*(R?) (3.31)
For all g € C5°(IR?, €°) one has

<AFg>p= [ (divE)w) [ (V) —y)(Ag)(x)dudy

=~ [ (avE)y) [ S(—y)(A divg)(@)dudy

R3 R3
- /RS( div E)(y)( div g)(y)dy = — < V div BE,g >,

le.

AF; = -V div E in D'(IR?). (3.32)
Let

Foa) & [ (carl B)(y) A (VS)(x = y)dy.
It follows from similar conclusions as before that Fy € LP(IR3) and

AF, = curl curl E in D'(IR?). (3.33)
3.32 and 3.33 yield

A(E+F; +Fy) =0in D'(R%). (3.34)

Now, let ¢ € C§°(IR?). Tt follows from 3.34 that (E + F; + Fy) x ¢ is harmonic on IR3.
By the assumption on E it follows lim, ;oo (E +F; +F5) % ¢ = 0, since Fj, € LP(IR?). By
the maximum-principle (applied to each component) this implies (E +F; +F3) x o = 0
for all ¢ € C§°(IR®) and hence —E = F; + F, € LP(IR?).

The norm-estimate follows from 3.30, the generalized Young- inequality and the definitions
of F1,Fy € LP(IR?).
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For our purposes it is essential that only the L%norms of curl E and div E occur and

not any norm of E itself.

Let Z % {p € L5|Vp € L?>(IR3)}. Tt is a Hilbert-space endowed with the scalar-product

< 0,9 >7% [ VoVipda
Let Zy be the closed subspace consisting of all ¢ € Z with Vo = 0 on C, i.e. which are
constant on each component Cy.

Lemma 2 Let p € [2,po], F € LP(Qq) N L*(Q) and 1y € Zy with
Vo Vipde = / FVidae for all € Z.
QO Q0

Then 1o € WHP(Bag,) and

N
Vol |o(Barg) + D [%0ley | < Ks([[Fllzecao) + 1F||z2(00))
k=1

with some K3 € (0,00) independent of F.

Proof:

Let oy def Yolc,. Then the trace theorem yields
N
Y lewl < allthollz < el [F] (3.35)
k=1

0
Let @0 % 0+ (o — Zily awxx) €H' (2 N Bsgy),
where i as in the definition of ¢ and n € C§°(Bsg,) with n(z) =1 on Bag,.

0
Now, for all ¢ €H' (29N Bsg,) one has by 3.35 and the embedding W6/°(Qy N Bsg,) <
LZ(QO N B3R0)

Vo Vdz| < I/Q . V(mo)V pda|
0MN53R,

| QoNB3Ry

N
+3 / Y (ny,)Vodr
Sl 1[ V)Vl

N
<| VoV (ng)dal +er [ (ol + 3 anl) [Vl + Vol lplda
Q0NB3r, QoNB3g,, —1
N
<| FV (110)dar| + ca(|[ollze + 1V9olz2 + 3 o)l lwrors
QoﬁB3R0 k=1

< cs|[Fl|zol[nellwro + csllvoll 2]l ol lwrors
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< cal[F||zo[[ollwror + cs|[F[|2 [ @l lwr.ers
< s (I[F e + [[F[ )]l lwoe,

i.e. Apg € W1P(Qo N Bsg,). Since p < py, it follows ¢y € WP (Qq N Bsg,) by 2.21.
O

In the sequel let 4 C L?*() be the space of all E € L*(€) with [, EV¢da = 0 for
all ¢ € Zp. This is the weak formulation of div E =0 on Qg and [,,, iEdS = 0 for all
k=1,..N.

Lemma 3 i) Let E € L*(IR®) with divE = 0 on IR®. Then there exist a unique h €
LS5(IR?) with curlh =E and divh =0 on IR? in the sense of distributions.

ii) There exists a bounded operator T : U — L*(IR*, @®) such that

curl (TE)=E on Qq for allE € U.

Proof:

i) Let H be the space of all h € L5(IR®) with div h =0 on R® and curl h € L*(IR®). Tt
follows easily from lemma 1 that this space is a Hilbert-space endowed with the scalar-
product

<g,h >p [gs curl g curl hdz.

Now, let E € L?>(IR?) with div E =0 on IR3. Then there exists a unique h € H with

/ curl h curl gder =< h,g >p= / E curl gdz for all g € H.
R? R?

Then F ¥ E — curl h € 1.2 satisfies curl F = 0 and div F = 0. Hence, lemma 1 yields
F =0, i.e. E= curl h. Uniqueness of h € L¢ follows again from lemma 1.

Proof of ii):

The idea is to extend E to a divergence-free field on IR and to apply the first part of the
lemma. Let F : H'(C) — H'(IR®) be an extension operator, see [12]. Since the Cj are

connected, a norm equivalent to the H'-norm can be defined by || f||? o I IV f?dx on

the space X & {f € HY(C) : Je, fdx =0} .
Let E € U. Then there exists a unique f, € X with

/CVfOVfdx =< fo, T >x= /Q EV(Ef)dz for all f € X. (3.36)
Next, define FE € L*(IR3, €®) by
(FE)(z) & E(z) if 2 € Qo, and (FE)(z) € —Vfo(z) if 2 € C= R\ Qy (3.37)

Now, assume ¢ € C3°(IR®) and set ay, % |Cy| Je, wdx, where |Cy,| denotes the Lebesgue
measure of Cj,.



Let 1 € X € HY(C) be defined by ¢(z) ¥ o(z) — ay, for z € C.
Moreover, define ¢ € Zy by 9(z) & o(z) — () (z) if z € Qp and ¢ (z) & oy for z € C, .
Then 3.36 and 3.37 yield

/ (FE)Vydr = / EVyds — / Y foVid
IR3 Qo C

= [ BVlp - Byldr = | EVids =0,
QO Q0
since E € U. Therefore,
/ (FE)Vepds =0 for all ¢ € C*(IR?).
IR

i.e. div (FE) =0 on R? and by i) there exist a unique h € L%(IR?) with curl h = FE
and divh=0on ?*.

Finally, define TE % h. Then curl (TE) = FE on R? and in particular curl (TE) = E
on Qo.

|
Now,the main estimate can be proved.

Theorem 1 Forr € [ry,2], i. e. r* < po there exists a constant K, € IR*, such that for
all E €YY the estimate

[Ellyy = [[El|s(r3\Bg,) + [1El|zr (@nBa,):

< K,|Elyr = K.(|| curl El|z2q) + ||E|

N
Lr(G) + Z g (E)|)
k=1

holds. In particular | - |yr and || - ||y; are equivalent norms on Y.

Proof:
Suppose E € Y7. Let E € L"(IR®) + LS(IR®) be defined by E(z) ¥ E(z) if z € Q and

5 0
E(z) o if z € IR*\ Q. Since curl E € L*(Q) and ¢E €H" .,y (Q) for all ¢ € C§°(IR?),
one has curl E € L?(IR®*). By lemma 3 there exists a unique E; € L°(IR?) with

curl E; = curl E, div E; = 0 on [R? (3.38)

and ||E1||L6 S K1|| curl E||L2 S K1|E Yy -
Now, E; & E— E, € L' (R®) + LS(IR®) satisfies

curl E; =0 on IR?* and div E; = 0 on €. (3.39)
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Let x € C*>(IR?) with
x(xz) =0 on Bg, and x(x) = 1 outside Bap,. (3.40)

Since supp x C € and r > 6/5, 3.39 yields div (YE;) = E;Vy € LY°(IR®) and
curl (yEz) = —Ey A Vx € L¥(IR®). Thus, lemma 1 yield YE, € L?(IR%) and therefore

E; € L*(IR*\ Bg,). (3.41)
Next, define F € L™ () N L2() by F(z) & [Ey(2)["2Es(z) if # € Qy N Bag, and
F(z) © 0if z € IR? \ Byg,. Then there exists some )y € Zy, such that

| V4o Vide =< o, >z,= /Q FVipdo (3.42)
for all ¢ € Zp, since F € L?(Qy).

Recall that Z; be the space of all ¢ € L% with Vo € L? and Vo = 0 on C, i.e. ¢ is
constant on each component Cy. It follows from lemma 2 that Vi), € W' (Byg,) with

|1V 4ho

N
L™ (Bag,) + kz;l |¢0|Ck| < C3||F||L“(Qo) = C3||E2||TL?(IQOOB2RO)' (3-43)

Let ¢(x) o Yo(x) — Sny arxr(z), where ay, o Yolc, and xi as in the definition of g.

Moreover, let h,(z) % h(z/n),z € R®, where h € C&(IR%), such that h(z) = 1 on a
0

neighbouhood of B;. By 3.40 and 3.43 one has (1 — x)h, €W (Qy N Bayg,). Hence,
3.39 yields

A E;V([(1 = x)hnoldz =0 (3.44)

0
Moreover, by 3.40 one has xh,o €EW'? (Bsy, \ Bg,)-
Therefore, it follows from 3.39 and Ey € L?*(By, \ Bg,) that
Ja, E2V[Xhynpldr = 0 and hence according to 3.44
/ E,V[hneldr = 0 for all n € IV (3.45)

Qo

By 3.41 E; V1) is integrable on €y, and hence
E,Viodz = lim ( / EoV [hatolds + Ba),

QO n—00 QO

where

Bl < | [ $oBaVhda < Kfn [ [Bylluolda
Q {Jz|>n}
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< K /n|[Ball 2({jafsnp | 1Yol | o((afsnp | Banl? < ClIBallL2((jafsnp %ol | o({[af>n))

=]

—00

— 0

by Holder’s inequality, since Ey € L*({|z| > Ro}) and 9y € Lé({|z| > Ry}). By 3.45 it
follows

E.Vijods = lim / EoV [l o] da (3.46)
QO n—00 QO

N N
0 k=1 k=1

Now, 3.38, 3.43 and 3.46 yield

|/Qo E,;Vipodz| < é %ol e, g (Es)| (3.47)
N
QOOBQR y([E1|[rs + 1;::1 ax(E)|) QOQBM | Elyy.
By 3.42 one has F — Vi, € U and lemma 3 yields
F — Vifp = curl h where h ® T(F — V) € LS(IR?) (3.48)

with

QoﬂBQR )

Let A: HT,,(C) — H.

r . (IR?) be an extnsion operator constructed in the appendix with
the properties

(Aw)(z) = w(z) for all w € H],,,(C),z € C, (3.49)
() < Crl|wl|mr () and supp (Aw) C Bg, for all w € H[,,/(C). Let
E; © A(E2|C) € curl(]Rg)
Then supp E3 C Bg, and 3.39 yields the estimate
[Esar,, < Crl[Eellar, ) = Crl|E2||rrc) (3.50)

< &5 (I[Bllzrie) + 1B |5y )

Yy

< G (HEHLT(G) + || curl E||L2(Q)) < E
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0
By 3.39, 3.40 and 3.49 one has (1 — x)h,(Ex — E3) €H.,

curl (QO n B2R0)'
Moreover, h € H”, (2 N Bag,) by 3.48, since F — Vg € L™ (Qy N Bag,) and r* < 6/5.
Hence,

/Q (1= x)hu[Es — Es] curl hdz = [ hcurl (1 — \)hn[Es — Eq])dz  (3.51)

0
By 3.40 one has xh,[Es; — E3] €H?.,,1 (Ba, \ Br,)-
Therefore

/ Xhn[E2 — E3] curl hdz = [ h curl (xh,[E: — Es])dz
QO Q0

and hence according to 3.39, 3.48 and 3.51

/ h[Es — Es](F — Vio)da = / h[Es — Es] curl hdz (3.52)
QO Q0
— [ hcurl (hy[Es — Eq])da =, — / hph curl Egdz.
QO Q0
Here
[l < IR — B[ Vholdr = [ B[Bsl|Vholdr < K/n [ (Bl

< K/n|[Ball2((jesnp | o (g osnp) | Banl"? < ClBall2(qefsmp B | o (g2 5n})

n—o0
0,

since Ey € L2({|z| > Rp}) by 3.41 and h € L°({|z| > Ro}). It follows now from 3.43,
3.50, the estimate in 3.48 and 3.52 by letting n — oo that

|/ Es(F — Vaho)dz| = |/ Es(F — Viho)dr — [ h curl Eqyda] (3.53)
Qo Qo Qo

< |[BEslar, ,(I[F = Vol - (0onBar,) + 1Bl (Bar,))

S 68|E|Y1T||E2| T[./:(lQoﬂBgRO)'

Next, 3.47 and 3.53 yield

1Bal 5 gy = |, BeFdr < o[

rL:(lQoﬂBgRO) |E|Y1T :

and hence

| Ea2||Lr(onBary) < colElyy
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Since E = E; + E5 on 2, this yields together with 3.38
|||

L7(Q0nBary) < C|Elyy. (3.54)

with some constant C' independent of E.

Now, choose x, € C§°(Q N Bag,) and x;, € C®(IR?) with x,(z) = 1 on supp Vy; and
xo(z) = 1 for |z] > Ry. Then y,E € L"(IR3) (extended by zero outside ) satisfies
curl (x,E) € L"(IR?) and div (x,E) € L"(IR?), since r < 2, curl E € L*(Q) and
div E = 0 on . By 3.54 it follows

|| curl (x.E)]

v+ | div (x.E)|

- < C1(|| curl El|zz + |E

yr) < (Cr+1)|E

Y7
Since 7 > 6/5 and Yy, has bounded support, lemma 1 yields x,E € L*(IR®) and

|IXaEl[L2 < Co|E

yr- (3.55)

Since x,(z) =1 on supp Vyp, curl E € L?(Q) and div E = 0 on . it follows from 3.54
that curl (x,E) € L*(IR?) and div (\,E) € L*(IR?),

|| curl (oE)||zz + || div (xsE)||z2 < C3(|| curl E||z2 + |E

YIT) S (03 + ]‘)|E er'

and thus y,E € L°(IR3) and

[XsE|[Ls < C4|E

vy (3.56)

again from lemma 1. Finally, the desired estimate follows immediately from 3.54 and
3.56.

O

By 2.23 and the previous theorem the space X is complete with respect to the norm
def al
€
[|Ellx = || curl Bl|z2q) + ||E|G||L$(G) + Z lgx(E)| for E € X.
k=1

The estimate

||E||L6({\x\>R0}) —+ ||E| LTO(QOBRO) S K||E||X fOI' all E € X (357)

holds.
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4 Uniquenss for the quasistaionary ME

In this section uniqueness for problem 2.27 - 2.29 is shown. Let hy € H2 ,(Q) and Q. € IR.
Suppose (EM, h(M) and (E®), h(?) are solutions to 2.27 - 2.29 in the sense of definition 1
with E® € W and h®) € C([0,00), L*(Q)) and E®) = 9,A*),

where A®) € L ([0, 00), X) N WLZ([0, 00), L2(G)).

Let A AW A0 EYED _E® p ¥ ph0) _p@)

and J(t) € [o(t, 2, BV (1)) — o(t, 2, B (t))] € L2, (G) by 2.24.

A regularizing procedure with respect to the time-variable is used.

Let w, € C§°((—00,0),n € IN be an usual mollifier-sequence and define

At % /an(t — $)A(s)ds € X,

and h,(t) & /000 wn(t — s)h(s)ds € L*(Q).

Since h € C([0, 00), L*(€2)) = 0 and h(0) = 0 one has

||h,, (0)]]z2 == 0. (4.58)
For ¢t > 0 one has supp w,(t —-) C (0,00). Since ;A = E and 0;(ph) = — curl E in

D'((0,00) x Q) it follows easily that
poihy, (t) = — curl 0,A,,(t). (4.59)

By 2.27 and 2.24 it follows that

curl hy(f) = /0 " wn(t — 5) curl h(s)ds = I, (s) < /0 ot — $)I(s)ds  (4.60)

€ L2 1(G) and curl hy,(t,z) = 0if z € Qy = Q\ G. In particular
h,(t)ds € X. (4.61)
Now, 2.26 and 4.59 - 4.61 yield

Ld i 2 _ /
2dt||u h, (t)||7: = th(t) curl 0, A, (t)dx (4.62)
— / 0,A,(t) curl h,(t)de = — / 0, A (1)T,.(1)dx.
G G
Since 9 Aljp00)xa = E € L},.([0,00), L2(G)) and suppw, (t — -) C (0,00) one has

DA, ()6 = /IR wi(t — 5)B(s)ds € L2(G) (4.63)

15



and 0,A, |0 )xe — Ein L*((0,T), L2(G))
strongly for all 7" > 0. Moreover, it follows from 4.60 that

J, = curl b, =¥ J in L*((0,T), L>+(G)) strongly . (4.64)
Now, 4.58 and 4.62-4.63 yield

T
%||u1/2hn(T)||%2 . / [ 20 (t) curl (6 (4.65)
0

nop / / t)dadt

T
= [ [ ED @) ~EO@)o(t, 2, BV () - o(t, 2, B (1)) dodt
0 G
for all T > 0. By the monotonicity of o, 2.20, this implies
h(t) = lim ||, (t)]|2 = 0 for all £ € (0, 0) (4.66)

and 0¢A|jp,c0)xc = Bljo,00)xe = 0 on (0,00) X G.

Since E = 0, A it follows
Oy curl A = curl E = 0;(ph) = 0. (4.67)

Moreover, %%(A(t)) = (E(t) = ¢(EV(1) — (B (1) = 0. (4.68)

Since A € L (IR, Y{"), it follows from 4.66 - 4.68 and lemma 1 that A is constant with

loc

respect to ¢t and hence E = 9; A = 0. This completes the proof.

O

5 The semistatic limit for ME

In the sequel let jo € L2 (IR, L*(€2)), such that there exists some
8o € Lloc(]R churl(Q)) N VVllocl( 7L2( ))7 with

Jo(t) = curl go(t), (5.69)

in particular jo(t) is assumed to be divergence-free .
Moreover let (Eg, hy) € X, = L*(Q) with

g0(0) — hy € A, (5.70)
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where the closure is taken in the L?()-topology.
Here X, denotes the space of all h € H2, ,(Q)
with curl h =0 on Q and curl h € L2 ,(G).

It is assumed that E, satisfies

def

div Eg =0o0n Qy, Q= qx(Eo) (5.71)
Now, Maxwell’s equations

e0iE. = curl h, — jo — o(t,z, E.), (5.72)

pnoth, = — curl E,, (5.73)

are considered, where ¢ > 0 is a parameter. 5.72, 5.73 is supplemented by the initial-
boundary-conditions

i AE. =0 on (0,00) x 052, (5.74)
E.(0,z) = Eo(z),h.(0,2) = hy(x). (5.75)
For the weak formulation of 5.72 - 5.75 the operator B defined by

B(E,h) Y (curl h, - " curl E)
0
for (E,h) € D(B) ¥H2,,,; (Q) x H2,,(Q) is introduced. Tt turns out that B is a densely

defined skew self-adjoint operator in the Hilbert-space X def L*(2, @°) endowed with the
scalar-product

< (E,h),(F,g) >+, % [ (EF + uhg)dz .

Setting w. def (eY/?E., h, — gg) 5.72-5.75 reads as

Ow. = e V2 Bw.+e P, (1, B+, w.(0) = w.o = (¢/2Ey, hy—go(0))(5.76)

where f; € —(0,0,g) and F, : [0, 00) x L*(, IR®) — X, = L2(Q, €°) is defined by

(Fy(t,E))(t,2) & — (o(t, 2, E(z)),0) for E € L*(Q).

Now, w. € C([0,00), Xp) is called a weak solution to 5.76, if w. % (¢1/2E.  h.) satisfies
for all u € D(B)

d
- < w.(t),u >x,= —¢ Y2 < w.(t), Bu >, (5.77)

+ < e VPFE,(t,E.(t) +fi(t),u >x,
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This is equivalent to the variation of constant formula

w.(t) = exp (¢ Y*tB)w.,

+ "exp (e Y2(t — $)B)[e"Y2F, (s, B(s)) + £o(s)]ds,

(5.78)

where exp (tB),t € IR is the unitary group generated by B. Since F, is Lipschitz-
continuous with respect to E € L*(Q), it follows from a standard result that this integral
equation has a unique solution w. = (¢'/2E_, h.) € C([0,c0), Xy), see [7], chapter 6.

This yields the energy balance

iaHWe(t)H%ﬁ) =< 571/2F0(t7 Ee(t)) + fO(t)vwe(t) >X0

S /G E.(t)o(t, o, B.(t))dz + /Q u(go(t) — (1)) dgo(t)d.

The aim of the following considerations is the investigation of the limit ¢ — 0.
Let A. € C(IR, L*(Q2)) be defined by

A | "B (s)ds for ¢ > 0.
Lemma 4 The family

(w. = (¢/°Ez, h. — )0 is bounded in L=((0,T), Xo).

(E.)eso = (0rAL):~0 is bounded in LZ((O,T),L,ZY(G))

and (A.).o is bounded in L=((0,T),X) C L®((0,T),Y{° N L(G)),
for every T > 0. Moreover,

div E-(t) =0 on Qo,  qp(E:(1)) = Q.

and curl A (t) = plhy — h.(t)] € L*(Q).

Proof: The energy balance 5.79 and assumption 2.19 on o yield

1d
57w, < - /GVIEe(t)Izdx +[[w.(0)lI%, + 0o ()] |22

This implies 5.81 and 5.82.

Next, 5.84 is proved. For this purpose assume that ¢ € C$(IR?) with Vo =

C = IR*\ Q. Then one has for all g € C°(IR®) C H?

curl(Q)
/Q(Vgo) curl gdr = /ZRS(VQO) curl gdzr = 0.
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0
Hence, Vo €H?.,; (), 1. e. (Vp,0) € ker B. Therefore 5.69 and 5.78 yield

/ E.(1)Vods = e~/2 < w, (1), (V,0) >x,

Q
t

= < wen (Ve 0) >x, + [ < (€ E (L EL(5) + 6(9). (T9,0) >x, ds
0

= / EyVedz,
Q
since Vi = 0 on G whereas o(t,z, E.(t,7)) = 0 on Qy = Q \ G. By the definition of g

5.84 is shown.
In order to prove 5.83 note that 5.84 implies

div A.(t) = 0 on Qg and g, (A (t)) = tQ%. (5.86)

0
Next, it is shown that A_(t) €H?...; () and that 5.85 holds.
For this purpose let g € C5°(IR®) C H2,,,(2). Then one has (0,g) € D(B) and hence

curl

/AE( ) curl gdm—/ /E ) curl gdxds
Q

t
:571/2/ <w.(s),B(0,8) >x, ds
0

:/Ot

= —/ ds/ phe (s gdxds—/ plhy — h.(t)]gdz.

d
< e V2E (s, E.(s)) + fo(s), (0,8) >x, s < we(s),(0,8) >x,| ds

Hence 5.85 is proved.
Next, let x € C§°(IR?) with x(z) = 1 outside some bounded set and x(z) =0 on C .
Since supp x C €2, 5.86 and 5.85 yield

div (xA:(t)) = A(t)Vx € L*(IR?)
and

curl (YA.(t)) = —A_(t) A Vx + xulhg — h.(t)] € L*(IR?)

0
This implies YA.(t)) € H'(IR®) C L%(IR?). Hence A.(t) €H?.ry () N LS({|z| > Ro}).
By 5.86 this yields A.(¢) € X. Finally, 5.83 follows from estimate 3.57 (as a consequence
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of lemma 1), 5.82, 5.85, 5.86 and the boundedness of (h.).-¢ in L*°((0,7), Xy) which
follows from 5.81.

O

By lemma 4 there exist A € L2 (IR, X) N W,22([0, 00), L2(G)) and a sequence £,,n € IN

loc
with lim,_,. &, = 0, such that

A, % Ain L®((0,T), L°({|z| > Ro})) weak — x, (5.87)
L*((0,T),L™( N Bg,)) weak — x and in W"?((0,T), L2(G)) weakly
with curl A, =% curl A in L>((0,T), L*(Q)) weak — x,

Since o (-, B, )nenv is bounded in L*((0,T), L2-,(G)) by 2.24 and5.82, it can be also as-
sumed that

o(-,E.,) = Jin L*((0,T), L2 +(G)) weakly . (5.88)
From 5.80, 5.84 and 5.87 it follows that

qe(A(t)) = tQy for all k € {1,.., N} and (5.89)

Een|(0,oo)><G — atlA€n|(0,oo)><G IH—O>O def atlA| 0,00) (590)

in L2((0,T), L2(G)) weakly, in particular A(t)|¢ = Jie(s)ds € L2(G).
Moreover, it follows from 5.85 and 5.87 that

h., =hy—p el A, =% h def hy — p ! curl A (5.91)

in L=((0,T), L*(Q)) weak -x.
Since ||enEc, ||zo0((0.1).22()) %0 by 5.81, it follows easily from 5.72 that

curl h = J + jo € L}, ([0, 00), L*(£2)), (5.92)
in particular h(t) — go(t) € X with

curl (h—go) =J € L7,.([0,00), L2 -1 (G)).

loc

Lemma 5 i)

t
/ ph(t)Gdx = / phoGdr — / / e(r) curl Gdzdr
Q 0 Ja
for all G € Xy, that means G € H2,,(Q) with curl G =0 on Qg and curl G € L, 1(G).

ii) | nin(t) - go(t)dr = / ulho — go(0)*de

—2/ (/ d:r;+/ o(1)]Orgo(r)d )dr
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Proof: .
i) By 2.26, 5.90 and 5.91 one has for all G € &}

/Q yh(t)Gdr = /Q [uhy — curl A(1)|Gdz = /Q [1hoG — A(t) curl G| dz

¢
= / ,uhode—/ / e(r) curl Gdzdr.
Q 0o Ja

Proof of ii)
Let w, € C§°(0,00),n € IN be a mollifier-sequence and define

F, (1) & /0°° wnlt — 5)A(s)ds € X and

H, (1) % [, - 9)lh(s) - go(s)lds
Then 5.71 and 5.92 yield
curl Hy () = 3, () /0 T w(t— 5)3(s)ds € L21(G). (5.93)

In particular H,(t) € Xp.
Since wy,(—s) =0 for s > 0, one has

H,(0) = 0. (5.94)
Next, 5.90 yields

O,F,()|a = en(t) /0 " wn(t — s)e(s)ds. (5.95)
Moreover, it follows from5.85 that

oH,, = /OOO wr (t —s) [hg — b curl A(s) — gg(s)] dr (5.96)

= wy(t) [ho — 8o(0)] — p~" curl O F,, () — w, * 0igo(t)

Since 0,F,(t) € X, 5.93, 5.95 5.96 and 2.26 yield
1d ,
§%||\/ﬁHn(t)||L2 (5.97)
— w(t) /Q H, (1) [hy — g0(0)] do
—/ H,(t) curl O,F,(t)dx — / pH,, (t) (wy, * 0:80) (t)dx
Q Q
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= wn(t) [ walt = 5)f()ds — [ Iu(en(tidr — [ pHL (1) (wn + Digo) (1)do

where f(t) % Jor (h(t) —go(t)) [ho — go(0)] dz. Here the fact is used that the support of
curl H,,(t) = J,,(t) is Contalned in G by 5.93. By the definition of F,,, H,, e, and J,, it

follows that

H, ™% h — gy in L¥((0,T), L*(Q)) weak — x,

e, =% e in L*((0,T), L2(G)) strongly ,

Jolorxe = I in L*((0,T), L2+ (G)) strongly .

and w, * 0,g0 == O,go in L'((0,T), L*(2)) strongly .
Now, 5.97-5.101 and 5.94 yield

%||\/an(¢)||§2 - /OTwn(t) /Ooown(t—s)f(s)dsdt

_/()T/Ge(t) t)dwdt — / / ()]0sgo (t)ddt.

By 5.70 there exists a sequence (G,,)men in X, with
m-—oo

||h0 - gO(O) - Gm||L2(Q) — 0.

Let fn(t) % o1 (h(t) — go(t)) Gz Then
|| fn = Lo (0,1) 0.

and f,, () = / (ho — go(t)) Gda: — / / ) curl G, dadr

by lemma 5.
This implies that f is continuous and

£(0) = Jim_ fn(0) = lim [ 1 (B ~ go(0)) Gunde = [ sy ~ go(0) .

m—o0 m— 00 Q

Hence

[ wn(t) /Ooown(t— s)f(s)dsdt — 1/2/Qu|h0 — go(0)[2dz]

— 1 [ wn®) /Utwn(u)f(t—u)dudt— 1/2£(0)|
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=1 [ ul®) [ )£~ ) — FO)dudt] < sup [~ u) — F(0)

0<t<1/n
=30.
Finally, assertion ii) follows from 5.102.
]

Next, let E % 9,A € W € D'((0,00) x Q).
It follows from 5.89 and 5.91 that 0;(uh) = — curl E and ¢(E) = Q..

Theorem 2 (E,h) with E € W C D'((0,00) x Q) is the unique solution of problem 2.27
- 2.29 in the sense of definition 1. Moreover,

A, 2 A in L2((0,T),Y°) weak % and in Wh2((0,T), L2(G)) weakly ,(5.103)
i particular

E. Y E=0,A in D'((0,00) x Q) and in L*((0,T), L2(G)) weakly (5.104)

andh, =3 h =hy — pu ' curl A in L®((0,T), L*()) weak — *. (5.105)
Finally,

o(t, v, B.) =2 o(t, 2, E) in L*((0,T), L2 (G)) weakly (5.106)
Proof:
First it is shown that

h € C([0,00), L*(Q)) (5.107)

and h = (0). (5.108)

Let T'> 0 and w, € C§°(—1/n,0),n € IN be a mollifier-sequence and define
def 0
b, (1) X (h#w,) () = / wn (W) (t — u)du.

—00

n—oo
0.

Then ||hy, — h||ze0,1),22(02))

Hence there exist a set N' C [0,7] of measure zero and a subsequence still labelled by
(h,,)nemv, such that

||h,(t) — h(t)||r2@) = 0 for all t € (0,T) \ NV. (5.109)

23



In particular, assertion i) of lemma 5 holds for all t € (0, 7")\\ and all G € X,. Moreover,
it follows from 5.92 that A/ can be chosen such that

h(t) — go(t) € X with curl (h(t) —go(t)) = I(t) € L2 1(G) (5.110)

and assertion ii) of lemma 5 holds for all ¢ € (0,7) \ V. Now, it follows from 5.109, 5.110
and lemma 5 that for all s,¢ € (0,7) \ N

162 (B(t) — go(t)) — n*/* (B(s) — go(s)) |I2-
= [|!/? (h(t) — go(t)) IIZ> — Il (h(s) — go(s)) Iz»
+2 /Q p (h(s) — go(5)) [a(s) — h(t) — go(s) + go(t)] dz

= —2/ / r)dzdr — 2/ / 0(7)]0go (1) dzdr

+2 / / ) curl (h(s) — go(s)) dedr — 2 / o(5)) [20(s) — go(1)] d
<2 [ lletr M2HﬂmmldH4M/W%omm#

+2/ / ()dadr + 2M||go(t) — go(s)| 12,

where M % [|h — go|| 1 ((0.1).22() -

d t+1 1/2 def t+
Let an € supreqoz (K" [1e(r)|[2 qydr) ™ and B, < supieo (7" 110sgo(r)|12dr)
Then the previous estimate yields

162 (B(t) — go(t)) — '/ (B(s) — go(s)) |I2-

< 20| |3 z20m). 22, (@) + AMBa + 200t — 8|1/2||J(8)||L:_1(G)
< C’I(Oén + ﬁn) + 2an|t - 8|1/2||J(8)||L?¥_1(G)

with C7 € (0,00) independent of s, ¢, n. Now,

11672 (B(t) — go(t)) — 1!/ (i () — (wn % o) (1) |I22

= 7 [ o) () — 0(8)) — (I — ) — ol — w)]

< [ w1 ()~ go(6)) — 1 (1t — ) — go(t — w)) P
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< [ wntw) (Culon + ) + 200l 13 = W)l )

0 1/2 T 1/2
= Ci(an + Bn) + an (/ wn(u)2|u|du> </0 ||J(r)||iQ_I(G)dr>
—o0 ¥
% 0 uniformly with respect to t € (0,T).

This proves 5.107. .
In order to show 5.108 let (G;)menv a sequence in Xy with

by — 80(0) — G| 20y =5 0,

see 5.70. Tet f(t) = fo pu(h(t) — go(t)) [hy — g0 (0)] da.
and fu(t) < o (h(t) = go(t)) Gnde. Then

| fm = fll=om) ™= 0.

and f,,(t) = /Qu (hy — go(t)) Gdx — /Ot /Ge(r) curl G, dxdr

by lemma 5.
This implies that f is continuous and

£(0) = lim fn(0) = lim u(ho—gO(O))Gmda::/Qu|h0—g0(0)|2d:1:.

Hence || (h(t) — go(t)) — (ho — g0(0)) I[7
= || () — go(1)) |I72 + || (ho — &0 (0)) |[7: — 2f(£) =3 0.
Since € = E|(,00)xa € Li,.([0,00), L2(G)) by 5.90, it remains to show
J =o(z,e). (5.111)

This is will be done using a monotonicity-argument. For this purpose let 7 : X — X*
with X € L2((0,T), L2(G)) and X* = L?((0,T), L?-,(G)) be defined by

(TE)(t,2) € x()o(t, z, £(t, ), f € X,

where xy € C*(IR) with x > 0, X’ <0, x(0) =1 and x(7") = 0. The aim of the following
considerations is to show

xJ =T(e) (5.112)
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which implies 5.111, since 7" > 0 can be choosen arbitrary large. Let

n E.. |orxc € L ((O,T)aLi(G))-

Then 5.88 and 5.90 yield

n—oo n—oo

e, — e in X weakly and T (e,) — xJ in X* weakly .
Since 7 is monotone and Lipschitz-continuous by the assumptions on o, it suffices to show

lim < 7(e,), e, >x<< xJ,e >x (5.113)

n—00

The energy balance 5.79 yields

< Tlen), en >x— /OT () [ B, (ot Be, (1))

T 1d ,
= [ 30| [ ntenlt) b 0)0a(0s — 5w 013, a
< [7x(0) [ nleale) = e, (0)Digo 00zt + 31w, 0],

1 /T
3 [ X IV, (¢) - go(@) 13-t
Since x’ < 0, it follows from 5.91 that

lim < 7 (e,), e, >x

n—00

< [ xt6) [ nleale) ~ B(0)agolthdrdt + 3 1 — o 0)]

b3 [ OIVAG) o)t

In order to prove 5.113 it suffices now to show that

<yJ,e>y= /0 Y0 /Q 1(go(t) — (1)) sgo(t)ddt (5.114)

+5 ||f(ho—go( ||L2+2/ t)[lv/a(h(t) — go(t))]|Zdt.

Lemma 5 ii) yields

5 IV — @) = — [ eI (00
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~ [ nih(t) = go(t)]ga(t)de

Hence

<xdesx= [ x(0) [ e()3(t)rdt

= [ O GIVER® ~ go@) [ + [ alh) - go(0]og(t)drldr
= S0 — gD+ 5 [ XV — go(0)] e

[ xt0) [ nin(e) - olt)ougo (t)dad

whence 5.114.

Hence, is proved that (E,h) € W x C([0, 00), L*(Q)) solve 2.27 - 2.29. Thus, the proof of
existence and uniqueness of solutions to 2.27-2.29 is complete.

The above considerations show that each accumulation point of (E., h.),e > 0 in the weak
topologies described in 5.103 - 5.106 provides a solution to 2.27-2.29. Since the solution
of this problem is unique, one obtains also assertions 5.103 - 5.106.

O

6 Asymptptic behavior: Decay of the magnetic field

In this section the asymptotic behavior for ¢ — oo of solutions to 2.27-2.29 in the case

Jo=0 (6.115)
is investigated. In the sequel let H,,.0($2) be the space of allh € HZ () with curl h =0

on . It is a closed subspace of L?(Q). Its orthogonal complement with respect to the
scalar- product

< h,g ># fQ phgdr is denoted by X,. Let P be the orthogonal projection on X; C
Lz(Q) with respect to < -, - > .

Since Vip € Houpio(Q) for all ¢ € HY(Q) € W2(Q), it follows that each h € X, obeys
div (¢h) =0 on ©Q and 77h = 0 on 02 weakly . (6.116)

in the sense that
- / phVipdz = 0 for all p € HY(€).
Q
Next, let (E,h) € W x C([0,00), L*(2))

be the solution to 2.27-2.29. In order to apply a compactness theorem, it is assumed that
IR?\ Q is also a Lipschitz-domain.
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Lemma 6 There exists some § > 0 (depending only on o), such that

d1
SV s < =01l curl (t)[Ex.

Proof: By 6.115 one has
curl h(t) = J(t) € L,-1(G), (6.117)

and curl h(t,z) = 0 for £ € Qy = Q\ G, in particular h(t) € X,. Therefore it follows
from the same arguments as in the proof of 4.62 that

1d s
SV = = [ oft.z. B()B()da.
By the assumptions on o one has
1
— SV = [ Bl a)olt, v, Blt,a)ds > [ y(w)|B(, ) dr

> %/Gy(:(:)_1|0(t,:(;,E(t,:(:))|2d1: > J/G o (t, 2, E(t, ) 2dz

= 5/ | curl h(t, z)[*dz = 5/ | curl h(t, z)|*dx.
G Q

with 6 % (C2||7||e)~ . This completes the proof.
]
The aim of the following considerations is to estimate ||/h||z2 by || curl h||z2 for h € X,.
Lemma 7 Let h € L*(IR®) with curl h € L°(IR?) and div (uh) € L°(IR3). Then
Il < K curt bl sy + 1| div (b))
with some K € (0,00) indepndent of h.

Proof:

Recall that Z % {o € LS|Vp € L2(IR%)} is a Hilbert-space endowed with the scalar-
product

< @, >Zdéf Jme 8V @Vipdz. Thus, there exists a unique ¢ € Z, such that

/ UV PV ods =< 1, B >z,= / o div (uh)dz
IR3 IR3

for all o € Z, since div (uh) € L%%(IR%), such that the last term defines a continuous
linear functional on Z C LS.

162 40| 2y = |ltbolz < K] div (h)]]ossms) (6.118)
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Let hy € h 4+ Vi € L2(IR®). Then curl hy = curl h € L¥/3(1R3) and div (uh;) = 0 on
IR?. By lemma 3 i) there exists a unique F € L°([R?) with curl F = ph; € L*(IR?) and
div h =0 on R*. The estimate

IF | Lo(me) < Kal[ballr2(ms) (6.119)

holds with constants K7, K» € (0,00) independent of h. Let 1); € C§°(Bs) with ¢4 =1
on By and ¢, & 4 (x/n). Then

12| B sy = / by cwrl Fde = lim [ (hy curl F)yp,de
IR

n—0oo JIR3

= lim [ [(F Ahy)Ve, +¢,F curl hy)dz

n—0o0o JIR3

Since supp(V,) C {n < |z| < 2n}, hy € L*(IR?) and F € L°(IR?), Holder’s inequality
yields

|/]R3(F A1) Vihd] < IP|zo(asnp B[22 (gasnp [Vl [0 ()| Bea|

n—oo

< ClIFl[zo((jetsny) — 0.
Therefore 6.119 yields

12 |72 oy = /]Rs F curl hydz < [|F|[go(ms)|| curl h||zes(ps) (6.120)

S K2||h1||L2(lR3)|| curl h||L6/5(R3)'

By the definition of h; the assertion follows from 6.118 and 6.120.

O

Lemma 8 Let (h,),cv be a sequence in Xy, such that ( curl h,),cpv is bounded in L*(S2),
supp ( curl h,) C Bg for some R € (Ry,00) in dependent of n.
Then (hy,)nemv is precompact in L*(S).

Proof:

Let Q% Byr N Q and choose x, € C>(IR?) with

xp(z) = 0 on Bg, xp(x) =1 for |x| > 2R and let x, € C§°(Bsg) with x,(z) = 1 on Bag,
in particular

Xa(z) =1 on supp (Vxs) (6.121)
It follows from the assumptions that

(Xahy)nemv is bounded in H?

curl

(Bsg N Q) = H2,,(Q) (6.122)
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Moreover, it follows from 6.116 that
( div [ptXehy])nerv is bounded in L(Q) (6.123)
and Y,ith = 0 on 99, in the sense that

— [ et Vde = [ (div [uxa])ode = [ p(h,Vxo)pds
Q Q Q

for all p € H'(Q).
Since 2 = Bsgp N Q is a Lipschitz-domain, it follows from 6.122, 6.123 and the result in
[9], [11] or [5] that the sequence

(Xahy)nemw is precompact in L?(Bsgr N Q) = L*(9). (6.124)

Let gn(z) % yyhy, (z) if 2 € IR3\ Br = Q\ By and g, (z) ¥ 0 if z € Bp.
Since supp curl h,, C Bg and x,(x) = 0 on Bg, it follows from 6.116, 6.122 and 6.124
that

(curl gn)nerv = ((Vxs) Ay )nenv is precompact in L% (IR®) (6.125)
and
(div (1gn))new = (1h, VX5)nerv is precompact in L%°(IR3). (6.126)

By 6.125 and 6.126 it follows from lemma 7 that the sequence (g, )nemv is precompact in
L?*(IR?) and hence

(h,)nev is precompact in L?(2\ Bag). (6.127)

since xp(z) = 1 for |z| > 2R. Finally, the precompactness of (h,),cn in L*(Q) follows
from 6.124 and 6.127.

O
Now, the following estimate can be proved.

Lemma 9 Let R € (0,00). Then there exists a constant Kg € (0,00), such that for all
h e X, NnHZ,,(Q) with curl h(xz) =0 if [z| > R the estimate

|b[|z2) < Kr|| curl hf|r2anBg)

holds.
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Proof:
Suppose that the estimate were not correct, i.e. would exist a sequence
h, € X;, N H2,,(Q),n € IN with

curl

1 = ||h,||z2 > n]|| curl h, ||z for all n € IN (6.128)

By theorem 8 there exist h € X} and a subsequence
h,, .k € IN with

||Ih,, — h|z: =% 0 in particular ||E||> = 1. (6.129)

From 6.128 and 6.129 it follows that (E,, )remv is convergent in X, N HZ,,(9).

Hence, E € X;, N H2,,,(Q),

Moreover, || curl E||z2 = limy o0 ||En, |2 = 0, i.e. E € Heyo(Q2) N X, = {0}. This
contradicts 6.129.

O

Now the asymptotic behavior of the solution (E,h) is investigated.
Let h®(t) & Ph(t) € X,
Theorem 3 There exists some C,d > 0, such that

h0(0) |20y < C exp (—di).

Proof: Suppose that E = 9;A with some A € L (][0, 00), X).
Then ph+ curl A € L2.([0, 00), L*(2)) satisfies

O¢ [ph + curl A] =0 and hence
h(t) +pu~"A(t) = hy for all t € (0, 00) (6.130)

with some hy, € L?*(Q).

Let P be the orthogonal projection on X; C L*(Q2) with respect to the scalar-product
<h,g>,= [, nhgdr.

Since H.yri0(2) C X, it follows from 2.26 that ! curl A(t) € X;. Hence 6.130 yields

h(t) = h(t) + (1 - P) (hy — p ' A(t)) = W (t) + (1 — P)hy
and therefore

lvAh(t)]Z: = [|v/EhY (@)][Z2 + [lv/A(L — P)ho|[Z, (6.131)
Since curl h(l)(t) = curl h(#), it follows from 6.131, lemma 6 and 9 that

O @l = )2

< —0|| curl h(t)][Z2(q) = —] curl AV (t)[[72() < —Kz20|MY (1)] 122,
This completes the proof

O
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7 Strong solutions

In this section a sufficient condition for the existence of strong soutions (E, h) with

E € Lj,.([0,00), X) C L, ([0,00), Y{* N L}(G))

loc loc

and
h € W52([0, 00), L*(92))

is given. For this purpose it is assumed that o is independent of t, i.e. o(t,z,y) = oo(z,y).
Moreover, additional regularity properties of the prescribed current j, and the initial-data
Ey, hy is imposed, namely

80 € Line(IR, H2\ () N Wy2 (IR, L*(Q)), (7.132)
E efgzcm (Q), hg € HZ,,(Q) with (7.133)
curl hy = jo(0) + op(z, Eg) on Q. (7.134)
Lemma 10 The family
(w. = (eY2E., h, — gg)).~0 is bounded in WH((0,T), X,), (7.135)
(E:)eso is bounded in L*((0,T), X) C L*((0,T),Y{° N L3(G)), (7.136)
and ( curl h,).~q is bounded in L*((0,T), L*(Q)), (7.137)
for every T > 0.
Proof: By lemma 4 we have
(w. = (¢Y?E., h. — g)).>0 is bounded in L=((0,T), X,). (7.138)
and (E.).-o is bounded in L*(0,T, L?(G)). (7.139)

Next, it follws from 5.78 that
t
w.(t+7) —w.(t) = exp (e 7*tB)u. . +/ exp (e7V2(t — ) B)G. . (s)ds,(7.140)
0

where

U. o def (exp (8_1/27'3) — 1w,
+ /0 “exp (e7V2(7 — 8)B) [P Fyy (B (s) + fo(s)] ds
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and
G. ; © g71/? [Ftro (Ee(T + 3)) — Fo, (E8(3))] + fU(T + 3) - fo(s)'

Here F,, : L2(Q, R?) — X, = L*(, @°) is defined by F,,(F)(z) % — (5o(z, F(z)),0) for
FeL*Q).
By 7.134 it follows that w., € D(B) and hence

., 8 e 1V2Bw. g+ e Y2F, (Eo) + £5(0) (7.141)
= —(0, ,u_l curl E() + 8tg0(0))

7.140 yields the estimate
Ld
2dt
= — /G[ao(ng(t + 7)) — oo(zE (1)) |(Ec(t + 7) — E.(t))dx

Wt +7) —w-(t)||%, =< Ger(t), Wo(t +7) — Wo(t) >x,

+ <fo(t+7)—f(t),w.(t +7) — w.(t) >x,
< |lfo(t +7) = fo()I[5, + [[w(t +7) — w.(1)][%,,
since o is monotone. Now, Gronwall’s lemma yields
Wt + 1) = we0)l%, < KellolBinaqomxor + neroli, (7.142)

with some K7 € (0,00) independent of €, 7. By 7.141 this yields w. € Wh>((0,T), X,)
and

10w [T (0.1),x0) < K fol fir12q0.m),x0) + 107 curl Eg + 8igo(0)][7:-
Now, 7.135 follows from 7.138 and the previous estimate.
7.135 and 5.77 yield w. € L*((0,T), D(B)), in particular
0
E.(t) €H?..r; (), curl (E.).o is bounded in L>(0,T, L*(£2)) (7.143)
and curl (h.).-o is bounded in L*(0, T, L*(12)).

Next, let x € C§°(IR?) with x(z) = 1 outside some bounded set and x(z) =0 on C .
Since supp x C o, 5.84 and 7.143 yield

div (xE:(t)) = E<()Vx € L*(IR®)
and curl (YE.(t)) = —E.(t) A Vx + x curl E(t) € L*(IR?)
This implies YE.(¢)) € H'(IR?*) C L°(IR®). Hence E.(t) eh(;zcurl (Q) N LS({|z| > Ro}).

By 5.84 this yields E.(t) € X'. Finally, 7.136 follows from estimate 3.57, 5.84, 7.139 and
7.143.

O
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Theorem 4 The unique solution (E,h) of problem 2.27 - 2.29 obeys
E e L2,([0,00), X) and h € W.>([0, 00), L3(Q)).

loc

Moreover,
E. 2 E in L*((0,7),Y{° N L2(G)) weakly , (7.144)
oo(2, E.) =3 a9(x, E) in L*((0,T), L2~ (G)) weakly (7.145)
and
h. =2 hoin WH2((0,T), L*()) weak — x (7.146)

and in L*((0,T), H?

curl

(Q)) weakly .

Proof:
This follows immediately from lemma 10 and theorem 2.

O

Corollary 1 Suppose that IR?*\ Q is also a Lipschitz-domain Then
h. =2 hin C([0,T), L*(2 N Bg)) strongly
for all R € (0,00) and T € (0,00).

Proof: Choose x € C5°(IR?) with x(z) = 1 on Bg. Then it follows form 6.116 and the
result in [11] that for each bounded set G C X, N HZ,.,(Q) the set {x-g : g € G} is
precompact in L*(Q).

By 7.146 the set (Ph.).- is bounded in L?((0,T), X, N H2,,(2)) N WH((0,T), L*(2))
Hence, it follows for Arzela’s theorem that (yPh.).-o is precompact in C([0,T], L*(2))
for all T € [0, 00).

Since ! curl E.(t) € X, it follows from 5.73 that (1 — P)h.(¢) = (1 — P)hy. Therefore,
(xh.). is precompact in C([0, T, L*(Q)) for all T € [0, c0). Finally, the assertion follows
from 7.146.

O
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8 Appendix

In this section the extension theorem for the spaces HZ, ,(€2) used in the proof of theorem

curl
1 is given.

Theorem 5 Let ; C IR® be a bounded Lipschitz-domain. Then there exists a bounded
operator T : L' (Qy, @) — L'(IR3, @®) with the following properties.

i) (Tw)(z) =w(z) for all w € L*'(Q),z € Q.

i) Let p € [1,00). Then Tw € LP(IR?*,@°) and ||TW||ro(ms) < Cp||W||Lr(ay)

for all w € LP($).

iii) Let p € [1,00). Then Tw € H?,

eurt (%) and ||Tw g (rsy < CylIWllmr, 0y
for all w € HY, ().

curl

Proof:
By the assumptions on € there exist Uy, Uy, .., Uy; C IR? and Bi-Lipschitz transformations
Ty : (—1,1)®> — Uy, with the properties

91CU1U...UUN, mCQh

U, NQy = Ty(Vi) with Vi, & {2 € (=1,1) : 23 < 0}

and U, N 0Q = Tp({z € (=1,1)* : 23 = 0}).

Let xx € C3°(Uy),k € {0,..,M} be a partition of unity subordinate to the covering
Uy, ...,Uns of Q, i.e. E;CW:O e =1 on Q.

Now, suppose w € L}(Qy, @®).

Define for k = 1,.., M f, € L'(V}, @®) by

£u(y) % DTy (y) w(Tu(y)) for y € Vi.

Let Fr € L'((—1,1)%,®) be an extension defined on (—1,1)® by reflection at the plane
Ys = 0, i.e.

Fk(y) o (fk,l(yh Ya, —y3)7 fk,Z(yh Y2, —ys), _fk,S(yla Y2, —yz)) if y3 >0
and Fi(y) € £,(y) if y3 < 0.
Finally, set
def M
(Tw)(x) = xo(z)w(x) + > xr(z) D(T; ) (2) Fr (T () (8.147)
k=1
for x € Uy U ..U U, and
(Tw)(z) 0 for y € R \ (UyU..UUy).
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Now, suppose z € Q. Then it follows from the definitions of f,, Fy, and T'(w) € L'(IR®, @®)
that

(Tw)(z) = xo(z)w(z) + ki_: Xk (2)D(T;; 1) (@) £ (T, ()

i.e. T obeys i). ii) follows from the substitution formula.
Now, suppose w € H (£21).

As a consequence of the next lemma one has f; € H, ,(V}). Moreover, the extension

Fi. € LP((—1,1)3) of f;, defined by reflection obeys Fy, € HY, ,((—1,1)%). Finally, it follows
from 8.147 and again from the next lemma that Tw € H”, ,(IR?).

curl

O

In the previos theorem the following lemma is used.

Lemma 11 Let U,V C IR? be open sets, w € L} (U) with curl w € L} _(U). Moreover,

let T':V — U be a Bi-Lipschitz transformation.
Define

£(y) * DT(y)'w(T(y)) fory € V.
Then f € L} (V) with curl £ € L} (V) and

loc loc

( curl £)(y) = Mr(y)( curl w)(T(y)) fory €V, (8.148)

where My € L52.(V, IR**3) has the line-vectors a; def T N 03T, a def OsT NOWT

loc

and as déf 81T A 82T .

Proof:
By 8.148 and standard density arguments it suffices to consider w € C*(U, €®). Suppose

Vp is open, bounded with Vy C V. Let w,, € C§°(IR?) be a mollifier-sequence and define

T, & w, «T € C®(Vy). Since T € W(V), one has

DT, = w, * DT =% DT in L'(V;) strongly, (8.149)
T — Tpove) == 0 and || DTy poo(vy) < K. (8.150)

Define £, € C*(V;) by

£.(y) = DT, (y) ' w(T(y)) for y € Vo, (8.151)
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Then

(curl £,)(y) = Mz, (y)( curl w)(T,(y)) for y € Vj. (8.152)

From 8.149 - 8.152 it follows that

f, =% DT - (woT,) and curl f, == My - (( curl w) o T},) (8.153)

in L*(Vp) strongly. This yields

curl f = My - (( curl w) o T,,) € LP(V)

in the sense of distributions.

O
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