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Abstract

In this paper the regularity of one-parametric optimization prob-
lems in the sense of Jongen, Jonker and Twilt is extended to one-
parametric variational inequalities. The five singularities are defined
in this context and suitable indices are described around them. Many
of the local properties of the singularities are also proved for this case.

The generic property of the defined class of regular one-parametric
variational inequalities is proved and a corresponding linear quadratic
perturbation result is stated.
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1 Introduction.
Let F': M — IR" be a mapping and M C IR" be a closed set defined as
M ={x € R"|H(z) =0,G(z) > 0},

where (H,G) : IR* — IR™P. The variational inequality problem is defined
as follows: Find some point @ € M such that

F(z)(y—2) >0, Vye M. (1)



This problem has found wide application as an adequate mathematical
framework for a number of economic, game-theoretic and equilibrium prob-
lems. For extensive surveys we cite e.g. [5] and [13].

Special cases of variational inequalities are for example equality systems
(M = IR"), nonlinear complementarity problems (M = IR} ), and convex
minimization problems (F = V f).

If M is convex ( —g; are convex and h; are affine linear) the solutions of
the variational inequalities can be characterized, under constraint qualifica-
tion, by a suitable version of the well-know KKT-system. This convex case
have been intensively studied and various reformulations of the variational
inequality problem are given, for example as a system of equations (e.g. the
normal map), as a generalized equation (via the normal cone) and as an
optimization problem (constrained and unconstrained). Many of the solu-
tion approaches proposed are very similar and base on the use of generalized
Newton methods for nonsmooth equations (see e.g. [13], [5], [6], [3], [2], [8])-

A further approach was given recently (see e.g. [15], [18], [19] [17]), which
base on the use of continuation methods. In this paper we are also interested
in the application of such continuation techniques for the solution of varia-
tional inequalities. Our main purpose is to extend the well-known regularity
of one-parametric optimization problems in the sense of Jongen, Jonker and
Twilt (see [11]) to the case of one-parametric variational inequalities. This
regularity deals with the local structure of the solution sets of one-parametric
optimization problems and is an important theoretical issue, for instance by
the so called path-following methods with jumps (see e.g. [4]).

The paper is organized as follows. In the second section we redefine the
singularities, which characterize the regularity in the sense of Jongen, Jonker
and Twilt, in the case of one-parametric varational inequalities and state the
most important local properties. In the third section other properties are
stated, for instance the generic character of the regular problems.

2 One-parametric variational inequalities.

Let us consider variational inequalities (F'(x,t), H(x,t),G(x,t)) depending
of a one-dimensional real parameter . Such problems are defined by its data
(F,H,G) : R"™ — R"™™*7 and will also be denoted by VI(F, H,&). The
corresponding feasible set M C IR"*' will also be denoted by M(H, &).

Let us denote z = (z,¢) € IR*** [ ={1,...,m}and J = {1,...,p}. For



a given parameter value ¢ the notation VI(F, H,G)(t) and M(H,G)(t) C IR"
(or simply M(t)) state for the corresponding variational inequality and its
feasible set.

Many well-known concepts from optimization theory concerning feasible
sets apply also to variational inequalities, for instance constraint qualifica-
tions as LICQ or MFCQ), active index set, etc.

A feasible point z € M(H,G) of the VI(F, H,G) is a eritical point if
there exist (A, u) € IR™ G satisfying the following relation

L(z, A, p) =0, (2)

where L(z, A\, ) = F(z) — X2, \iDyhi(z) — Yiedo(2) (i Degi(2). Iy >0,
Yy € Jo(z) then z is called a stationary point.

If the vectors {F(2), Dyhi(2), D.g;(2),¢ € I,5 € Jo(z)} are linearly de-
pendent, z is defined as a generalized critical point, shortly g.c. point (see
1)),

We consider in this paper mainly the sets
Yo = {Z € IR""|z is a g.c. point of VI(F, H, G)}
Ystat = {Z € IR"'|z is a stationary point of VI(F, H, G)}
If necessary, the notation X(F, H, () will be used for recalling the data.

Definition 1
A g.c. point Z of VI(F, H,() is called non-degenerated if the LICQ holds
and the following conditions are fulfilled:

VU-ND1 : The uniquely determined solution (X, i) € IR™GN of (2)
satisfies pi; # 0, YV € Jo(2).

VU-ND2 : The matriz DxL(E,j\,ﬂﬂTiM(g) is nonsingular.

Here T:M () is the tangential space to the set M(t) at the point z and
DxL(E,j\,ﬂﬂTiM(g) is a matrix of the form VID,L(z,\,u)V , where the
columns from V build a linear basis for TzM(t). In general, D,.L(z,\, i)
is not symmetric. The sign [det(VTDxL(E,j\,ﬂ)V)] is independent of the
possible selection of V. Let us define for K C J the following mapping

F(2) = 2 AiDehi(z) = Zjer i Dagi(2)
HK(Zv)‘vlu) = G[_](f)) :



Remark 1

Under the LICQ the Condition VU-ND2 is equivalent to the reqularity from
D wHio (2, A, ). The set of critical points is given locally under VU-ND1
by the projection onto the z-components of the zeros of Hy, and, therefore,
due to the non-degeneracy it builts a smooth one-dimensional manifold that
is parametrizable in t.

At a non-degenerated g.c. point the L1 and LC[ are uniquely determined
(number of negative and positive entries of ). sign [det(DggL(E, A, jt) |TiM(f))]
is also uniquely determined. Around the different singularities we are then
going to describe the changes of the triple

(LI, LCT, sign [det(D,L(z, A, ) |zonrn)]) (3)
Taking into account the relation

sign [det(DoL(Z, X, i) | r0()| = sign [det(DiHay (2,4, )] |

we define sign(det(DL(Z, A, fi)|r,m@)) = +1 for the case of Tz M (1) = {0}.

2.1 Singularities and local properties.
A g.c. point z is of Type 1 if it is non-degenerated as in Definition 1.

Remark 2
In the neighbourhood of a g.c. point z of Type 1 the points of ¥, are non-
degenerated and the triple (3) remain constant.

Definition 2 (see also [11])
A g.c. point z of VI(F, H,G) is of Type 2 if the following conditions hold:

Type2: 1-VU : The LICQ is fulfilled

Type2: 2-VU : Let (\, i) € IR™HPGN solve (2), then there exists exactly
one index | € Jo(z), such that gy =0, and jpy, #0, Vk € Jo(2) \ { [}.

Type2: 3-VU : D$L(2,5\,ﬂ)|TiM@ is nonsingular.
Type2: 4-VU : DwL(E,j\,ﬂﬂT;M({) is nonsingular, where
TEM(t) = {€ € R'|DH(2) - € = 0,D,G s (2) - € = 0}
and J§ (2) = {j € Jo(2)|m # 0} = Jo(2) \ {1}
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Type2: 5-VU : Let us denote

[ ] H_|_ — (H, GJ(;I-(E))T} and

o W is a matriz columns of which form a basis of T M.
It holds that v # 0, where

D.gi(Z)(a+ B) + Digi(2)
—((D A (2))NT - DI (2),
= —WWT- D,L-W)"'WT - [D,L-a+ D]

o R =
Il

and B = (BT B)™' BT represent the Moore-Penrose Inverse of B.

Denote by (&7 (1),£, M (), w28 (1) (resp. (&(8), 1, M(0), 5 (1)) @ -
parametrization for the zeros of HJ; (resp. Hy,).

Remark 3
It is easy to see that, around z, the set X,. is given by the curve (z”7(t),1)

and the feasible part of (:Jc‘](;r (t),t). Type2: 4-VU implies that the tangent
lines of the two curves are not parallel.

For the description of the change from the triple (3) we use the charac-
teristic numbers segn(y) and sign(6), where

§ = det(D.L(Z, A\, i) |, @) - det(DeL(Z, X, 1) 140 ()-

Definition 3

Let A be a matriz divided as follows A = ( B C

D E ), where B and E are

quadratic. Let B be regular. The matriz S(A|B) = E— DB™'C is called the
Schur-complement of B in A.

Lemma 1 (see [1/])
Let A be as in Definition 3. Then it holds:

1. det(A) = det(F) - det(S(A|B)).
2. If A is symmetric, it follows: In(A) = In(B) + In(S(A|B)).



3. If A is regular, its inverse is given by:

ot ( BT+ BTCS(AIB)T D BT =BT O S(AlB)
“\ =SB D - B S(A|B)™! '

Here In(P) = (p(P),n(P),z(P)) represents the so-called innertia triple
of a symmetric quadratic matrix P, where p(P) (resp. n(P) and z(P)) means
the number of positive (resp. negative or zero) eigenvalues of P.

Proposition 1
Let z be a g.c. point of Type 2 with vanishing multiplier p;. It holds then

that sign(v) - sign(8) = —sign(ji}° (%)) .

Proof :
Let the columns of the matrix V; build a basis for T3 M (¢) and the columns

of Vi = [Vlfvl] one for T M(t). It holds:

DLl [ VID,LV; VID,Lo,
TEITEM(E) = vID VL oID vy |-

Type2: 3-VU implies the regularity of V;' D, LV;. Lemma 1 (1.-) gives
that det(DyL|z+ ) = det(Dollrnm@) det(S(Del|rs app| Doblram ), where

S(DoLlrt v Dellram@) = of Dalon —
oI DLV (W D,LVA) ™ VT D, Loy
Consequently, it holds:
sign(6) = sign (S(Dalls v Dellron)) - (4)

Since the derivatives of the components (H, GJJ) in HJ; and Hj, coincide,

it holds that &% (f) — 2% (1) € TFM(%). Then there exists wy with @l (1) —
%0(1) = Vowy. Multiplying the Jacobi-matrix of L from the left-hand side
by Vo we obtain that V,I' D, LVyw, + ,u}fo (HVED,gi(z) = 0. Consequently,

#(D) — #70(F) = — i (1) - Vo (VDoY) Vi DL (). (5)



(a+1,b—1,c)

7 t
sign(y) =1 sign(6) =1

(a,b,c)

[ t [ t
sign(v) = —1 sign(6) =1 sign(y) = —1 sign(6) = —1
Figure 1: Type 2

Since D,gi(2) - 27 (t) + D;gi(z) = 0, it follows that
7 = Dagi(2) - 7 (1) + Dugi(2) = Dogn(2)(37 (1) — 7 (1)).

Now (5) provides v = —/l}jo (1) - Degi(2)Vo (VOTDQL,LVO)_1 Vil DT gi(2). Since
Vo = [Vlfvl], it follows that

T T T -1
_don . (o _ VID,LVy VI Dylu 0
T=— (t) (()ngl(z)vl) ( DAV T Dyl ) ( U?Dzjgl(g) ) .
Lemma 1 and (4) together give:

- Jo /o = 2 !
7= =i (1) (Degr(Z)el) (Dallppasn Dollrn) -

Substituting (4) in the above relation concludes the proof. O
Using Proposition 1 we obtain the changes of the triple (3) as shown in
Figure 1.

Definition 4 (see also [11])
A g.c. point z of VI(F, H,G) is of Type 3 if the following conditions hold:
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Type3: 1-VU : The LICQ is fulfilled.
Type3: 2-VU : VU-ND1 s fulfilled.
Type3: 3-VU : D,L(z,\, fi)|z,m(z has rank n —m — |Jo(2)] — 1.
Type3: 4-VU : Let us denote
o I=(H,Gye)

o W is a matriz whose columns form a linear basis of Ty M (1),

o w; # 0 is a vector, with WED,L(z, A\, )W -w; = 0, v; = W - wy,

and

o wy # 0 is a vector, with WIDTL(z, A\, i)W - wy = 0, vg = W - wy.

It holds that (1 - B2 # 0, where

A= (DIl va)vr — 20{ DL L((DL I - (vf DIIL- vz)
—vy D L((D; )N (vf DiTIey ),
62 = Dtl_ Uy — D?H . (DgH)TDgL )

and the following notation is used:
vip(DiL Vg )Uy = vip [Dx(D;FL . 1)2)] v?,

. , T
vai,va = (U?Dihﬂ)z,l € ],U?ngjvz,] € JO) .

Remark 4 (see also [16])

Under the LICC) and Type3: 3-VU the condition Type3: 4-VU is equiv-
alent to the non-degeneracy of the vector (2, X\, i) as a critical point of the
optimization problem:

Pyvu min Az, A\ p) =t,
(z,A p) € Xvu
Ay = {(2, X 1) € R0 H (2,0, 1) = 0}

Remark 5

Ye 15 locally described by the projection of Xy onto the z-components. Con-
sequently, X,. can be parametrized around z by one of the x-components, and
the local structure is as shown in Figure 2.
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Pt t
sign(B1f2) =1 sign(f1 ) = —1

Figure 2: Type 3

In z the curve ¥, has a turning point in the variable ¢, since (2, A, i) is
a locally maximizer or minimizer of Pyy. The position of the turning point
z (t > t as locally minimizer, the other ¢ < ¢ as locally maximizer) depends
directly on sign(f1;) (see Figure 2). It is easy to note that sign(f;) and
sign(B1Ps) are independent of the selected vectors vy and vy in Type3: 4-
VU.

The linear indices remain locally constant along 3,.. The local changes
of sign [det(Dl,L(z, A, /L)|T$M(t))] are explained in Theorem 1 and in Remark
17.

Definition 5 (see also [11])
A g.c. point z of VI(F, H,G) is of Type 4 if the following conditions hold:

Type4: 1-VU : 0 <m + |Jo(2)| <n+ 1.

Typed: 2-VU : The matriz D, H(g), ] has rank m + | Jo(2)| — 1.
G(2)(2)
T e H(z)
Typed: 3-VU : Let (A, ) satisfying (A, i) - D, | =0 be fized.
G(z)(2)

Then it holds that y; # 0, Vg5 € Jo(2).

Typed: 4-VU : DiL(2) # 0 and the matriz A = D;L(z) - WIDIL(2)W is
regular, where L(z) = 3ier Aihi(2) + X je(2) #95(2) and the columns
of W form a basis for the (n —m — Jo(2) + 1)-dimensional linear space

T = {77 € Rn|th(5)77 = Ongj('g)n = Ovl € ]7] € ‘]0(2)}



Typed: 5-VU : FI(Z)WA-'WTF(z) # 0.
Let us fix [ € Jo(z) and denote 8 = (6o, 0;,0;,0 € 1,5 € Jo(2) \ {}).

Remark 6 (see also [16])
If Typed: 1-VU, Typed: 2-VU and Typed: 3-VU are fulfilled, the
conditions Typed: 4-VU and Typed: 5-VU together are equivalent to the
following non-degeneracy:

The vector (z,0), where § = (0,X, ji;, 7 € Jo(2) \ 1), is @ non-degenerated
critical point of the problem Py

Pyy min /N\(Z,@) =1,
(270) S XVU

Fvw = {(2.0) € R+ Ho @Dy (2, 0) = 0}
Here vy (z,0) is defined by:

eoF(Z)_ZiGI eiDmhi(Z)_ZJGJO(Z)\{l} €]D.T.g] (Z)_ﬂlegl(Z)
U'vu(z.0) = H(z)

GJO(Z)(Z)

Remark 7
Since WTF(z) # 0, the vectors

{F(2), Dphi(2), Dogj(2),0 € 1,5 € Jo(2) \ {k}} (6)

are linearly independent for arbitrary k € Jo(2). Therefore, the projection
of Xvu onto the z-components describes the set Y, around z. Xyy can be
parametrized with a smooth mapping (z(7),0(7)) defined around zero satis-
fying (2(0),0(0)) = (2,0). From the LICQ it follows that i(0) = 0 # 90(0).
Consequently, LICQ) is fulfilled around z al each point of ¥ . different from

z. The linear indices change their values for T < 0 and 7 > 0, since the
Lagrange-multipliers are given by ﬁ(@i(ﬂ,@j(ﬂ,i el,j e Jo(2)\{l},m).

Lemma 2 (see [12])
Let A be a symmetric (n X n)-matric and B an (n X m)- matriz with rank m.

IfC = ( gT OB ) , it follows In(C) = In(C|kempr) + In(m,m, m —m).
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Here KernBT = {f c IR"|BT - ¢ = 0} and C|gempr denotes a matrix of

the form BTC B, where the columns of B form a linear basis for KernBT.

Proposition 2

Let (2(7),0(7)) parametrize the curve Xyu around a g.c. point z of Type 4
with (2(0),60(0)) = (2,0)). Then, for 7 # 0, z(7) is a non-degenerated g.c.
point. sign [det(DxL(z(T))|T$(T)M(t(7)))] is the same (or different) for 7 > 0
and 7 < 0 if and only if n —m — Jo(2) is even (resp. odd).

Proof:
Let [ € Jy(z) be fixed. We use the following notations:

Bo(z) = D, ( GJ%\({;})(Z) ) = ( Groenm(2) ) o

L(z,0) =00l (2) = Yier 0:Duhi(2) — Zjieneng 0iD9i(2) — uDegi(2).
Let Wy(z) be defined in a neighbourhood Us of Z such that its columns
form a linear basis for KernBy(z). Wy(z) can be choosen depending from z

as smooth as By(z). Let the columns of a matrix Wy = WO(Z)EbO] form a

basis for KernBy(z).

Consider 7 near zero with z(7) € Us;. The columns of Wy(z(7)) form
then a basis for T,;)M(t(7)) and, since LICQ and VU-ND1 are fulfilled by
Remark 7, the non-degeneracy of z(7) holds if W[ (2(7))D,L(2(7))Wo(2(7))
is regular, where D,L(z(7)) = ﬁDx,C(Z(T), 6(7)). Consequently, it is suffi-
cient to show the regularity of

Wy (2(0) D2 L(2(0), 0(0))Wo(2(0)) = =Wy (2) DIL(2)Wo(z),  (7)
where L(z) is intended as in Definition 5. The equation

(n—m—Jo(2))
det (WZ (2(7) Dal (2(7))Wo (2(7))) = (ﬁ) det (WT (2(7)) Da£(2(7),0(7)) Wo(2(7)))
(8)
explains the changes of sign [det(DxL(z(T))|T$(T)M(t(7)))].

Using Lemma 2 we obtain that the matrix (7) is regular if and only if

(9)



DIL(z) Bi(z)
BE(z) 0

(as in Definition 5) is nonsingular. From Lemma 1 the regularity of (9) is

obtained if
(e ) () 209) (1)

However the above number is equal to F1(2)W, [WITDQQUL(E)Wl] B WIF(z),
and the proof is concluded by using Type4: 5-VU. O

is so, too, and that the submatrix ( ) is regular, since A

Remark 8
#(0) # 0, since the vectors (6) are linearly independent and t(0) = 0. X . is
then parametrizable around z with respect to an x-component (see Figure 3).

Around z ¥ . has a turning point in ¢, since (z,0) is a non-degenerated
stationary point of Pyy. The geometric position of the turning point is
determined by the number

—1
|T<zé>fVU -~ DiL(2)

— n — — _1 —

DY g L(Z.9) W WIDLW| WhE(z),
where L is the Lagrange-function corresponding to Pyy and W is intended
as in Definition 5. B

Since Sign(D(QZﬁ)L(E, 0)|T(—g)fvz]) = —sign(FT(2)WA'WTF(2)), we can
use o = sign(FT(2)WA=YWT F(2)), for the characterization of the geometric
position of the curve ¥ . (see Figure 3).

Finally sign(3) = (—=1)"""~%() determines according to Proposition 2
the changes of sign [det(DxL(z(T))|T$(T)M(t(7)))].

Remark 9
Let us consider a point z of Type 4 in the case that the sets M(t) are convex
(h; linear affine and then Jo(z) # 0). Let (2(7),0(7)) be a parametrization as
in the above Proposition 2, and such that z(7) is a stationary point for 7 < 0.
It follows that every ji;, j € Jo(2), in Definition 5 has the same sign (i.e.,
the MFCQ is not fulfilled). Let us fix then p; > 0, Yy € Jo(2). It follows that
Oo(7) >0 for 7 < 0.

The LICQ holds for 7 < 0 and the convexity of M(t(

7)) implies that
D2g;(2(7)), j € Jo(2), are negative semidefinite on Ty M(t(T

)). Therefore,
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(a,b,c) (a,b,c)
i ) C
(b,a,c) (b,a,c)

% : % !
sign(a) =1 sign(f) =1 sign(a) = —1 sign(f) =1
(a,b,c) (a,b,c)

:f- > C
(b,a,—c) (b,a,—c)

Pt t t
=—1 sign(a) = —1 sign(f) = —1

Figure 3: Type 4

sign(a) =1 sign(F)

WID2L(2)W, is negative semidefinite, where Wy is intended as in the proof
of the above Proposition 2 and L as in Definition 5. Since W D2L(2)W, is
regular, it is then negative definite, and sign [det( WIDL(z )Wo)] = +1.
The relations (7) and (8) imply then that sign [det(DxL(z(T))|T$(T)M(t(7)))] =
+1 for 7 < 0.

On the other hand, WT D2*L(2)W , where W is intended as in Definition
5, has at most one positive eigenvalue. Applying the results from Theorem
5.3 (cases 2. and 3.) in [10] about the homotopic changes of parametric
feasible sets it follows that WT D2L(2)W must be negative definite and that
M(t), by passing the parameter value t, vanishes or is created.

Definition 6 (see also [11])
A g.c. point z of VI(F, H,G) is of Type 5 if the following conditions hold:

Type5: 1-VU : m+ | Jo(2)| =n + 1.

H(z)
GJO 5)( )

Type5: 3-VU : It holds Type4: 3-VU ((\, i) are fived) .

Typeb: 2-VU : The matriz D l ] has rank n + 1.

13



Type5: 4-VU : Lel (a,3) € IR™ x RGN solve the system

( ) YaDThi(z)— > B;D"g;(z) = 0.

€] 7€Jo(2)
Then A]‘k 7£ 0, \V/j,k - Jo(,?), j 7£ k, where A]‘k = B]‘ — Bk .

Remark 10

From Typeb: 1-VU, Typeb: 2-VU and Typeb: 3-VU it follows that
each g.c. point in a neighbourhood of z solves (with corresponding multipliers)
one of the systems

Sl

HJO(E)\{k}(Zv )‘7 :u) = 07 (10)

where k € Jo(z).
For each k € Jy(z) there exists a parametrization (2R (t), 8, N (1), p* (1))
around (2, A\, ji%) of the solution set from (10), with (z*(%),%, \*(1), u*(¥)) =

(2, A%, %)

Remark 11

Y,e ts described around z by the union of the feasible parts of the n+1 curves
(%(t),t). It also holds that dtgk( F(#),t) = DX gp(2)a*(t) + Digr(2) # 0 for
k€ Jo(2). Since D gy, (2)2%(#)+ Digr, (2) = 0, it follows that ™ (¥) # 2*2(%)
for ky # ky (see Figure 4).

Remark 12 (see [11])
If the MFCQ) fails to hold in z, then every py has the same sign. Then each
curve belonging to ¥, runs in the same t-direction. Therefore, Z s a turning
point from X,.. Analogously as for optimization problems it holds that X,
around z consists of only one curve (z¥(t),t) and z is a border point of Ysat.
If the MFCQ) ts fulfilled and z ts a stationary point, then there exist exactly
two curves (x™(t),t) and (2*2(t),t) consisting of stationary points and with
opposite t-directions. Hence, Y44 has a continuation.

The local structure of the sets ¥, and X, around a point of Type 5 is
shown in figure 4.

Remark 13
If the M(t) are convex (h; affine and Jo(z) # 0, since |I| <= n) Theorems
4.1 (Type 3 and 4) and 5.3 (cases 2. and 3.) in [10] imply that the feasible

set M(t) in the parameter value t vanishes or appears when the MFCQ is not
fulfilled.
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MFCQ is “I3ec e

violated at z

MFCQ
holds at z
X
l’%‘, ____ch\zstat
L Zstat
| ¢t

Figure 4: Typ 5

3 Some properties of regular one-parametric
variational inequalities.

3.1 The points of Type 3.

In this section we prove a basic result similar to Theorem 10.2.2 in [9]. Let
g < n be fixed and consider mappings with the structure

(e, u,t) = ( T;gfft’;) ) , (11)

where » € IR", v € R?, T : R""™" — [R*te T . R 5 IR and

therefore 7% : IR"*' — IR?. Let us consider two matrices, By, = ( gl ]Cz )
9
Cs 0 ) ) )
and Br = e AL where (7 and (' are quadratic regular matrices with
4 q

size n, and [, states for the identity matrix of size ¢. By, and Bp are then
quadratic and regular.

T ,U,1
By T(g,.By)(y,v,1) = B, - T(Bg - (y,v),1) = <BQL,BR>(?J )
T(BL,BR)(y7t)
denote another mapping. From the structure of By and Bpg it follows that

let us
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1(B,.,Bx) has the same dependence on its variables as T' (pointed out by the
notations T(IBDBR) and T(QBL,BR))‘ It holds that T'(x,u,t) = 0 if and only if
T(BL,BR)(BJSI (x,u),t) = 0. If we define X(T") = {(x, u, t)|T(x,u,t) =0}, it
follows that

Br 0
X(T) = ( 0 R X ) S(T(B,.Br))- (12)
Let us consider the following assumption for a mapping T'(x, u, ).
P(T): 0 is a regular value of T
Remark 14
The relation
Br 0
DTig, Bry(y,v,t) = By - DT(Br - (y,v),1) - 0 1 (13)

implies that Py(T') holds if and only if Pi(T(p, By)) holds, too.
Let us define ¥*(T") = {(:zj,u,t) € X(T)|det( DT (2,u,t)) = 0}.

Proposition 3
Let (z,u,t) € ¥*(1') and (y,v,t) € ¥°(T(p, By)) be fired with (x,u) = Bp -
(y,v). Let P(T) (and also P\(T(p, Byy)) be fulfilled around (x,u,t) (resp.
(y,v,t)). Then, (x,u,t) is a non-degenerated critical point of t|s(ry if and
only if (y,v,t) is a non-degenerated critical point 0ft|E(T(BL,BR))'
Here t|5(1) (analogously to t|E(T(BL,BR))) represents the optimization prob-
lem with the objective function F'(x,u,t) = ¢t and the feasible set X(T').
Proposition 3 is proved easily writting down booth conditions.

Remark 15

Let Pi(T) be fulfilled and (y(8),v(0),1(8)) be a local parametrization of the
curve X(1T(p, Bry) around (y,v,1) € ¥°(1(p, By)), which is defined in a neigh-
bourhood of zero and (y(0),v(0),t(0)) = (y,v,t). By (12) the mapping

is also a local parametrization of X(T) around (x,u,t).
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Since (x,u,t) € X(T') and (y,v,1) € X°(1(,,By)), the mappings
W(0) = det [ Dys,y T(x(0), u(0), 1(6) (14)

and Vg, Byy(0) = det [D(y7U)T(BL7BR)(y(0),v(@),t(@))] vanish at § = 0. Fur-
ther, it holds that W g, p.)(0) = det[By] - det [Bg] - U(0). Consequently,
U'(0) =0 if and only if \I%BL,BR)(O) =0.

Definition 7
Let Miy(n + q) be the set of quadratic matrices of size n + q having the

submatriz formed by the last ¢ rows and columns equal to zero. My(n + ¢)
can be identified with IR™"t29  Let us define the open set

Mg(n—l—q):{(é OB) € My (n + q)| rank (B) = rank (C):q}

and the manifold Ms(n + ¢, k) = {P € My(n + q)| rank (P) =k}, where
2¢ <k<n+gq.

Due to the special dependence (11) of T" and T(p, p,) on their variables
it holds that D, T, D(yw1(B,,Br) € Mi(n +q).

Remark 16
Let P € Ms(n+q, k) be fired. Due to the structure of P there exist two index
sets {n+1,...,n4+q} C I, [, C{l,...,n+q} such that |I;| = |I3] = k and
that the submatriz given by the intersection of the rows Iy with the columns
I (and denoted by ]5(11712)) is reqular.
 Let us denote IT = {1,...,n + q} \ I (analogously I5) and, by P 1),
P 1gy s Pre g éhe other submajrices of P. Choose a neighbourhood U(P) C
Mi(n + q) of P such that U(P) C Ma(n + q) holds and that the submatriz
P, .1,y s reqular VP € U(P).

In U(P) the manifold Ms(n + q, k) can be described by the equalities

-1
Peigy — Pug,n) [Pum)] P g = 0.

The gradients of these mappings are linearly independent (the partial deriva-
tives with respect to the components of the malriz Pre 1c) form an identity
matriz of size (n+q—k)?). Therefore, the set Ms(n+q, k) is a differentiable

manifold with codimension (n + q — k)?.
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Let us introduce the following notation

M3t = Ms(n+g,n+q—1)
M3_1 = {0(n+q)}><M3_1-

Consider for T as in (11) the following condition
P(T): (T, Dy T) MM

The structure of By, and Bg implies that (1'(z,u,t), D,.)1(Z,u,t)) €
M3_1 if and Only if (T(BL,BR)(gv67{)7D(y,v)T(BL,BR)(gvﬁvf)) S Mi’)_lv where
(gv@vﬂ = (Bﬁl ) (j;,ﬂ),f),

Proposition 4

Let (T'(z,u,t), DTz,
long to M5 with (gj v 3
of ((iﬁ,ﬂ,f),@(n+q D
((gvﬁvﬂvo(n-l-q) D

Proof:

Let z; € IR™7 and z2 € My(n + ¢q) be two variables. Denote by ®(z2) a
differentiable mapping whose zero-set describes M3' around Dy (%, u,t).
Py(T) around ((Z,u,1),0(n1q), D,y (Z, %, 1)) is equivalent to the following
fact: at the zero (z,u,t,0(,4q), D(w,u)1(Z,u,1)) the mapping

) ( (B1,Br) (g767{> D(l/,U)T(BL,BR)(g?@?{)) be-

Bp' - (z,u),1t). Py(T) holds in a neighbourhood

u,t)) if and only if Py(T(B, Bg)) holds around
v

B 5.0.1)).

u,t)
= (
(,
Br)

1 T(l‘, u, t)
Q1($7u7t721722) = <2 — D($7Z)1T($7u7t) :

P(22)

has a Jacobian-matrix with linearly independent rows.
Consider the linear transformation of coordinates

G [eL)

t = t
41 Bfl’h
22 Bi'v.Bg'
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Here v, € IR"* and v, € M;(n + ¢) hold. The mapping A(y2) = By 'v. BR'
is linear and regular. Since By' and By' preserve the same structure as By,
and Bg, it holds that A(y2) € M5! if and only if 4 € M3,

It ~, = BLD(Lu)T(:Y;,ﬂ,f)BR € M3', there exists a neighbourhood of 7,
in M;(n + ¢) such that the zero-set of the mapping ¥(v2) = ®(B;'v.Br')
describes M;' around 4,. W(7y) is differentiable and regular at 7,. In the
new coordinates {}; is given by:

BL_171 - T(BR(yv v)vt)
BL_I’V?B]EI - D(x,u)T(BR(yv v)vt)
Br'm
®(BL ' BR')

QQ(yv v, tv 15 72) =

At (gv T)v {7 0(n+q) ) :72) = (Blsl(i'v ﬂ), {7 0(n+q)7 BLD(x,u)T(jjv ﬂ, {)BR)v the rows
of the Jacobian-matrix of €y are also linearly independent. The set of zeros
of Qy around (y,0,%,0(,44),72) is the same as the one corresponding to the
following mapping 5 (obtained from €23 by a linear transformation in target
space).

71— BrT(Br(y,v),t)
Y2 — BLD(z,)T(Br(y,v),t)Br
T
\I’(’Vz)

N — T(BL,BR)(yv v, t)
Y2 = Dy T8,y (Y, v, 1)
T
\I’(’Vz)

At (gv 177 {7 0(n+q)7 :72) = (gv 177 {7 T(BL7BR)(?]7 177 {)7 D(y,v) T(BLyBR)(gv 177 {)) the
mapping {13 vanishes and its Jacobian-matrix has linearly independent rows
at this point. Hence, P(1{p, By)) holds around (y,v,%, 0(ntq), 72). O

93(317 v, tv 15 72) =

Theorem 1 (for gradient-mappings see Theorem 10.2.2 in [9])

Let T be as in (11) and T(z,u,t) =0 such that:
o Diunl(z,u,t) has rank n + q.

o (T(7,1,1), DiooyT(7,0,1)) € M5

Then the following three conditions are equivalent:
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1. (z,u,t) is a non-degenerated critical point of t|sr

2. Let (z(0),u(0),t(0)), where (2(0),u(0),t(0)) = (z,u, 1), parametrize the
curve X(T') locally and V(0) be as in (14). Then W' (0) # 0.

3. Po(T') holds in a neighbourhood of ((%,%,t),004¢), Diz)T(Z,u,t)).

Proof:

From the assumptions on (z,u,t) it follows that:
e (T,u,t) € ¥5(T) and then ¥(0) = 0.
o (Z,u,t)is a critical point of t|y(7), where the LICQ is fulfilled.

Since D(Lu)T(:f;,ﬂ,ﬂ € M3, two matrices By, and Bpr can be selected
such that:

0 o, of
BL . D(Lu)T(i’, ﬂ, f) . BR - On—l Al B1 . (15)
0o, BI' o0

Here 0,,_; and 0, are the zero vectors in IR" and IR? respectively, A; is a

quadratic matrix of size (n — 1), and By, Bs are matrices of size (n — 1) x g.
1 B

BT 0

Taking into account the Remarks 14 and 15 and the Propositions 3 and
4, it can be supposed w.lo.g. that D . 1'(Z,u,t) possesses the structure
given in (15).

Let us denote by T}(z,u,t) the first component of the mapping T,
which is part of 7. From the full rank of D, ,1'(Z,u,t) it follows that
DTz, u,t) #£ 0.

Let (z,u,t) be a non-degenerated critical point of ¢|5(7). The correspond-
ing multiplier-vector is m(l, 0ntq—1). On the other hand, the tangent

The submatrix is regular.

space Tz 3n2(T) is generated by the vector (1,0,4,). The second order
condition for the non-degeneracy of (z,u,t) with respect to f|g(ry is then
equivalent to the condition

D2 T!(z,u,t) #0. (16)

The rest consists in proving that the other two conditions are equivalent

o (16).
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Let (2(0),u(#),t(0)) and ¥(#) be as in the second condition. Given two
indices k,1 € {1,...,n + ¢}, denote by Wy ,(8) the determinant of the (k,1)-
minor of the matrix D, )T (2(8),u(0),1(0)). Then it holds:

q

Uy = (=1)'D,, Tloy - W0 + D (=)D, T o) - Uy i),

7=1 k=1

From (15) it follows:

Ui4(0) # 0
U500 = 0,Vi=2,...,n+¢q
D, T (z,u,t) = 0,Vj=1,...,n
D, T (z,u,t) = 0, Vk=1,...,q
Moreover,
/ d 1
V() = 5 [De T (2(0),u(0),1(0))] - ¥1.1(0)

Since (#(0),%(0),%(0)) belongs to T(zan2(T), it follows that W'(0) =
D;Tf(i‘,ﬂ,ﬂ - #1(0) - W11(0), where 1(0) # 0 and Wy 1(0) # 0. Now it is
obvious that the second condition is equivalent to (16).

Let z € IR™? and v € My(n + ¢q). (15) implies that M;' can be de-
scribed around D, T'(Z,u,t) by the zeros of Ay(y) = 11 — /~\4(’y). Then
D7/~\4(D(w7u)T(i‘, u,1)) = 0 holds, too (see remark 16).

The third condition is then equivalent to the fact that the Jacobian-matrix

of
Ay z—T(x,u,t)
A _ A2 _ Y — D(Lu)T(l', u,t)
A3 ZN
Ay T — A4(’7)

has full rank at (z,u,1,2,7%) = (2,,1,0,14, DwunT(Z, u,1)).
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This Jacobian-matrix has the following structure

D, D,, Dz o)\ {21} D, , Doy 1y
A _ y Ontq Dz foy T (@00 0 0
A, 0 —D?Tl@ap ® 1 07 (ny2g)-1
Ay 0 b b On(n+2q)—1 ]n(n-l-?q)—l
As | L, 0 0 0 0
Ay 0 0 0 1 0t 29)—1

where 0y represents the k—dimensional zero vector (as column), and & a
submatrix not written in detail. D, )\ (0,31 (Z, 4, 1) is regular, and a simple
consideration of the above matrix provides the equivalence of its regularity

(by rows) with (16).0

Remark 17
From Remark 4 it is known that the first condition of the above Theorem 1 is
fulfilled at the points of Type 3. Here T(x,u,t) = Hy(z,u) with u = (A, u),

> = (a,1) and
fale) = l G ] '

Let (2(0),u(0)) be a local parametrization of the set {H; = 0} around

(z, A\, 1) = (2(0),u(0)). We use the notations D,L(0) = D,L(z(0),u(9))
and D, T5(0) = D, T2(2(0)). Then the sign of

D) -t

U(h) = det l DTy () 0

is different for @ < 0 and 0 > 0. Let W(8) be matrices deppending smoothly
from 0, whose columns form for 0 around zero a basis of T M(1(0)). The
equation

T
E/T% 8 leLw) —DZTM] [W(G) DITy6) 0
L2
D, Ty 0 0 0 Lsiao(s
0 ]m-|-|J0(5)| 2(6) o (z)]
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WTeD.LeoyWe WTeD,LeyDITye 0
D, Ty DLW (o) DoTo0)D,Le) DI To0) —DoTo0)DITy(6)
0 D, Ty)DI Ty 0

implies the relation
U (o) (det [ W)y DITye) ])2 = det [WT(e)Dl,L(e)W(e)] (det [DITQ(e)DgTQ(a)D2

This fact explains the changes of det(DxL(Z(G),u(@))|TE(9)M(t(9))) over the
curve Y, around the points of Type 3.

3.2 Genericity and other results.

Definition 8
Given VI(F, H,G) define forv=1,...,5 the sets:

Si(F H,G) = {z € S,(F, H,G)|z is of Type i}.
We also use the notation Z;C.
Let us denote
D= C*IR", IR") x C°(IR"" | IR™7)
and then define the set
Y ={(F.1,G) € D|Sy. = U, ¥}, }.

Definition 9
A one-parametric variational inequality (F, H,G) € D belonging to V will be
called regular (in the sense of Jongen, Jonker and Twilt).

An important property of the regularity is its openness and its density
with respect to the strong Whitney topology (see e.g. [1], [7], [9]). Let us
state the local openness in the following.

Theorem 2

Let (F,H,G) € Dandz € Z;C(F,H,G) (orz ¢ X, (F,H,G)),1€{l,...,5}.



Then there exist an open neighbourhood Us from z and a positive num-
ber rs such that X,.(F,H,G) N U; C Z;C(F,H, G) U XL(F,H,G) (resp.
ch(ﬁ, H, é) NU; =10) holds V(F, H, é) such that

sup {ael?o?fz}‘D (F — F)(Z)‘} < s

ZEUE
} < Ts.

o H H
félli{ae%%} P (l G ] B l G D )

This Theorem can be proved by continuity arguments taken into account
the definition of the 5 singularities.

For the next perturbation theorem we fix the following notations. Let
VI(F, H,G) befixed. Let us identify the space of every k x [ matrix with R
and consider the following parameters: A € IR™ a quadratic matrix, b € IR"
a column vector, C' € IRUP)" a matrix with m + ¢ rows and n columns, and

d € IR™? a column vector. Since only A and b are used for the perturbation
of ', and C and d for the perturbation of (H, (), we consider two parameter
vectors A = (A,b) and C = (C,d). As a vector containing all perturbation

parameters we use the notation P = (A,C) € IR +rtn(mtp)+mp,
For a parameter value P we denote by

(F,H,G,P)=(F(x,t)+ Az + b, (H(x,1),G(x,1)) + Ca + d)

the resulting perturbed one-parametric variational inequality. (H,G,C),
(H,C);, @ € I and (G,C);, j € J, represent the perturbed restrictions and
their components. Analogously (F', A) denotes the perturbation of F.

Theorem 3 (see also [16])
Let VI(F, H,G) be fired with smooth data. Each measurable subset of

{73 e E€n2-I-?”a-l-n(mﬂ?)-I-m+p|(F7f{7 G,p) ¢ V}
has the Lebesgue measure zero.

The proof follows the same lines as the corresponding result for the class
F in [16]. We give here only the main ideas of the extensive proof in [16] and
indicate where new arguments are needed for our case.

Proof:
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Lemma 1 in [16] can be used in our case without any changes. The
considerations around the points of Type 4 and 5 in the second step also
apply without major differences. Let us only note that for almost all A =
(A,b) € R+ (with non symmetric A) the following holds

Fz)+ Az 4+b ¢ T
(F(2) + Az +0)"Q(F(z) + Az +b) # 0,

where () i1s a fixed nonvanishing n x n-matrix, T" C IR" is a fixed proper
linear subspace and z,F(z) € IR" are two fixed vectors.

For the first step consider two fixed index sets J; C Jo C {1,...,p} with
0 <g=m+|Jo| <nand two numbers 5 and s with 5 € {0, 1}, respectively,
0<2(¢g+n—1)<s<n+qg+n—1. In the variables (x, A, g, t,y1,72), where
@€ IR, ~; € IR" and v, € My(n + g+ n — 1), consider the manifold

M} = IR" < IR™ x {p € R™|u; = 0,5 € J1} x {04y} x Ms(n+q+1n—1,5),

which has codimension |J;|+n+ ¢+ (n+qg+n—1—s)2.
Let us fix an index in Jy (w.l.o.g. 1) and define the mappings

LS Pepms = (F,A) =S NDI(H,C); =y DI(G,C)
=1
- Z ﬂ]Dg(Gv C)]
jedo\{1}
LZO (73,90,/\,u,t)
(H,C)
(I =n)p + (G,C)

(G C)avy
MI(P,w,A,u,t) = D(l’v/\vﬂ)HlJo (P, u,t) € Ml(n + Q)

HZO (P ut) =

i DIL}l0 DALgo DM\{M}LSO
MO(P,w,A,u,t) = Dw(€7c) 0 0 € Ml(n + q — 1)
L Do(G.C)y\uy O 0

It can be shown that Graf(H] ,M") AR trtn(mte)tmte s MY for each
possible selection of Jy, Jy, n, s and of the fixed index. By use of the well-
known parametrized theorem of Sard it follows for almost all fixed P that,
for each of the possible selections above, it holds that

Graf(H) ,M") AM]. (17)
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The codimension of Graf(H]) ,M")is n+ ¢+ n(n+2q). If (17) is not the
empty set, then |Ji|+(n+q¢+n—1—35)* <1

For each g.c. point 2 of the problem (F, I, G, P) (P is already fixed and
(17) holds), where LICQ holds, there exists an active index set Jy = Jo(2),
multipliers (A, z2) and J; = {j € Jolji; = 0} such that (17) holds for n = 1.

If s=n+¢—1itfollows J; =0 (VU-ND1) and due to the definition
of Ms(n +¢,n+ ¢ —1) it holds also Type3: 3-VU. Now (17) implies that
Dy wH5 (P, 2, \, it) has full rank. From Theorem 1 and Remark 4 we know
that Type3: 4-VU holds and then z is of Type 3. In case s = n + ¢ the
same arguments as in [16] lead to points of Type 1 or 2. O

Theorem 4
The setV is open and dense in D.

Here D is endowed with the product topology obtained by considering
the C?-strong (or Whitney) topology over C*(IR"*!, IR") and the C*-strong
topology over C?(IR"t! [R™?).

Proof:

The proof follows from the Theorems 2 and 3 by use of the partition of the
unity. The needed local—global construction is standard in the differential
topology (see e.g. [1], [9]). O

The following remarks about the structure of the critical curves hold
with basically the same proof as in the case of one-parametric optimization
problems (see e.g. [11]).

Remark 18

Let VI(F,H,G) €Y. Remarks 1 and 2 imply the openness of the set Z;C in
Yye. On the other hand, from Remark 3 (for Type 2), Remark 5 (for Type
3), the Remarks 7 and 8, Proposition 2 (for Type 4) and the Remarks 10
and 11 (for Type 5), it follows that every point in X, \ X, is isolated and a
border points of Z;C. Therefore:

1 . .
o X is open and dense in Yy,
o5 v ~
o Y\ X, = U, X, is a discrete set.

Remark 19
Let VI(F,H,G) € V. Remark 2 implies the openness of ¥, in Ygur. The
changes of the linear indices around points of Type 2 and 3, shown in the

figures 1 and 2, imply that such points are not border points of the set Y.
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By definition the points of Type 4 do not belong to the set Yy, If z € Z;C

lies in Ygeqr, then the MFCQ is violated and Y44 form a one-dimensional
manifold (possibly with border) around z. In this case z is a border point of
Setat if and only if Jo(2) # 0. On the other hand, it follows from Remark
12 that points of Type b in Y. are border points of Y. if and only if the
MFCQ fails to hold.
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