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Abstract

Quantitative stability of optimal values and solution sets to stochastic pro-
gramming problems is studied when the underlying probability distribution varies
in some metric space of probability measures. We give conditions that imply
that a stochastic program behaves stable with respect to a minimal informa-
tion (m.i.) probability metric that is naturally associated with the data of the
program. Canonical metrics bounding the m.i. metric are derived for specific
models, namely for linear two-stage, mixed-integer two-stage and chance con-
strained models. The corresponding quantitative stability results as well as some
consequences for asymptotic properties of empirical approximations extend ear-
lier results in this direction. In particular, rates of convergence in probability are
derived under metric entropy conditions. Finally, we study stability properties
of stable investment portfolios having minimal risk with respect to the spectral
measure and stability index of the underlying stable probability distribution.
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1 Introduction

Stochastic programming is concerned with models for optimization problems under
(stochastic) uncertainty that require a decision on the basis of given probabilistic infor-
mation on random data. Typically, deterministic equivalents of such models represent
finite-dimensional nonlinear programs. These programs and their solutions depend on
the probability distribution of the random data via certain expectation functions in
the objective and/or in the constraints. Such deterministic equivalents as well as many



statistical decision problems take the following form

(1) min{ [ fo(€,2)u(d€) : v € X, [ fi(€ w)u(de) 0, j=1,...d}

where the (nonempty) set X C IR™ of deterministic constraints is closed, Z is a closed
subset of IR*, the functions f; from = x IR™ to the extended reals IR are normal
integrands for 7 = 0,...,d, and p is a Borel probability measure on =. Here, the set
X is used to describe all constraints not depending on p, and the set = contains the
supports of the relevant measures and provides some flexibility for formulating the
models and the corresponding assumptions. Recall that f; is a normal integrand if its
epigraphical mapping £ — epi f; = {(z,r) € R™ x R : f;({,z) < r} is closed-valued
and measurable, which implies, in particular, that f;(&,-) is lower semicontinuous for
each { € Z and f;(-, z) is measurable for each x € IR™ (see e.g. [38]).

In what follows we denote the set of all Borel probability measures on E by P(E), the
feasible set of (1) by M(u), and the optimal value and the solution set of (1) by v(u)
and S(pu), respectively, i.e.,

M) = {zeX: /fj(g,x)u(df)g(),j:l,...,d},
(i) = 1nf{/ fol€, ) u(de) - & € M)},
S(n) = {re My /fo (& 2)u(de) = v(p)}.

Since the underlying probability distribution p is often incompletely known in applied
models, the stability behaviour of the stochastic program (1) when changing (perturb-
ing, estimating, approximating) u is important. In the present paper, stability refers
to continuity properties of the optimal value function v(.) and the solution-set map-
ping S(.) at u, where both v(.) and S(.) are regarded as mappings given on a certain
set, of probability measures equipped with some metric distance. It will turn out that
probability distances having the form

@ el =supl [ Oula) - / G

where F denotes a class of measurable functions from = to IR and u, v belongs to (a
suitable subset of) Pz, appear as natural and suitable distances of probability mea-
sures for the perturbation analysis of model (1). Such a probability distance is called
Zolotarev’s pseudometric or a distance having (-structure (see [59, 32]). Clearly, dr
satisfies all properties of a pseudometric on a subset of Pz, where d is finite, and it
is a metric if the class F is rich enough to preserve that dz(u,v) = 0 implies u = v.
Our approach to analyze the stability behaviour of stochastic programming models
consists of a number of steps that are intrinsically connected with and inspired by the
method of probability metrics, i.e., by adapting a suitable probability metric to the
optimization model and/or to its perturbations.

In a first step we show that a probability metric of the form (2) with the class F given
by {fi(,z) : v € XN ell,j=0,...,d}, where U is a properly chosen subset of IR™,
forms a minimal information (m.i.) metric that implies the quantitative stability of
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(1). The corresponding results (Theorems 2.2 and 2.3) work under quite weak assump-
tions on the underlying data of (1). In particular, differentiability or even continuity
assumptions on the functions z — [ f;(&, x)u(d§) are avoided if possible for the sake of

generality. Our approach is inspired by the perturbation analysis in [4, 38] and [23, 24].
Since the m.i. metrics are often rather involved and difficult to handle, we look, in a
second step, for another metric with (-structure by enlarging the class F and, hence,
bounding the m.i. metric from above. We propose to control this enlargement pro-
cedure in such a way that each function in the enlarged class F. shares the essential
analytical properties with some function f;(-,2) appearing in (1). More precisely, we
consider normalized enlarged classes such that the functions f;(-,2) are proportional
to some function in F, and that the corresponding probability metric d. = dz, enjoys
pleasant properties (e.g. a duality and convergence theory). In particular, it has to be
avoided that the classes F, become too rich and, hence, are not specifically adjusted to
the model (like the class of all measurable functions satisfying some integrability condi-
tion). Properly enlarged classes F, are called canonical classes and the corresponding
(-distance d. a canonical metric. In Section 3 we show for three types of stochastic
programs how such canonical metrics come to light in a natural way by revealing the an-
alytical properties of the relevant integrands f;(-, ). At the same time, we obtain quan-
titative stability results for all models thereby extending earlier work. An important
example of a probability metric with the potential of serving as a canonical metric for
stochastic programs with locally Lipschitz continuous integrands is the Fortet-Mourier
metric of order p > 1 defined on P,(E) := {v € P(Z) : [|¢||Pv(d€) < oo} by

G v) == sup | / F©)(u—v)(de)],  where

feEF(E =

FoB) = A{f : B> R - |f(€) = f(E)] < max{L, [|E]P~H I€]IPT}IIE — €]I. V&, € € B}

(see [14], [32]). Fortet-Mourier metrics appear as canonical metrics in case of inte-
grands f;(-, z) with local Lipschitz constants growing polynomially. In particular, they
are canonical for two-stage models without integrality requirements (see Section 3.1).
For two-stage models containing integer variables and for chance constrained models,
the relevant integrands are discontinuous and their canonical classes contain products
of (locally) Lipschitzian functions and of characteristic functions of sets describing re-
gions of continuity (see Sections 3.2 and 3.3).

When using stability results for designing or analyzing approximation schemes or esti-
mation procedures, further properties of metrics and function classes have to be derived
sometimes. This issue is addressed in a third step. In Section 4, for example, we derive
entropy numbers of certain (canonical) function classes and discuss consequences for
empirical approximations of stochastic programs.

Earlier work on stability analysis of stochastic programs was mostly directed to con-
ditions implying continuity properties of optimal values and solution sets with respect
to the topology of weak convergence of probability measures and distances metrizing
the weak topology, respectively. We refer to the corresponding qualitative studies in
[18], [37], [67] and [2], and to the work on quantitative stability in [42], [39], [1] (see



also the overviews [12] and [47]). First attempts of finding suitable probability metrics
for specific models were undertaken in [40] and [46]. In the present paper, we take up
this question and come to different conclusions for two-stage models.

In parallel to this development, much work was directed to the study of convergence
properties of random approximations or statistical estimation procedures in stochastic
programming (see e.g. [13], [22], [54], [3], [36] and [30] for qualitative results, and [20],
[21], [19], [49], [15] and [50] for rates of convergence, large deviation results and central
limit theorems). In the present paper, we take up the idea of using bounds for empirical
processes (raised in [16] and [29]) and extend some of the earlier work.

Our paper is organized as follows. Section 2 contains the general perturbation results
for (1) together with a discussion of how to associate canonical metrics with more
specific stochastic programs. In Section 3 we discuss linear two-stage, mixed-integer
two-stage and linear chance constrained stochastic programs and present perturbation
results for these models with respect to the corresponding canonical probability met-
ric. The application of the general perturbation analysis to empirical approximations
as specific “perturbations” is discussed in Section 4 together with applications to the
models in Section 3. In Section 5, we finally apply our analysis to a specific stochastic
optimization problem, namely, the choice of stable portfolios with minimal risk.

2 Quantitative Stability

Together with the original stochastic programming problem (1) we consider a per-
turbation v € P(E) of the underlying probability distribution p and the perturbed
model

(3) min{/ folé,a)w(dé) : = € X, /fj(f,x)l/(df) <0,j=1,..d}.

We assume throughout this section that the general assumptions on X, = and the
functions f; in Section 1 are satisfied and consider for any nonempty set U C IR™ the
following sets of functions, elements and probability measures

Fu = {fi(z,.) rzeXnNdl,j=0,..,d},
MuWw) = {reXndlu: /fj(f,x)u(df)g(),j:l,...,d} (v € Pru(E)),

Pru(E) = {rePE): —oo </ inf f;(¢.2)v(d€) for each r >0 and
2 llzli<r
sup fi(&, x)v(d§) < oo for each j =0, ...,d},
zeXNecll

and the probability distance of u, v € Pry := Pry(E) :

drutpo) = sup | [ €)= )@ = swp max | [ (6 a)n—v)(de)].

zeXNeclld J=Y-

Our general assumptions and the Fatou Lemma imply that the objective function
of (3) is lower semicontinuous on X and the constraint set of (3) is closed for each
v € Pryu(E). Our first result compiles some further basic properties of the model (3).
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Proposition 2.1 Let the general assumptions be satisfied and U be a nonempty subset
of R™. Then the mapping (z,v) — [ f;(&,2)v(d§) from (X N0 U)X (Pru,dryu) to IR

s lower semicontinuous for each j = 0,...,d. In particular, the graph of the set-valued
mapping v — My (v) from (Pry,dry) into IR™ is closed.

Proof: Let j =0,...,d, x € XN U, v € Pry, (x,) be a sequence in X N ¢lU such
that z,, — = and (1,) be a sequence converging to v in (Pry, dry). Then the lower
semicontinuity of f;(¢, ) for each ¢ € = and the Fatou Lemma imply that

[ fite owlde) < liminf [ f;(€,wa)w(de)

S ll%llg}lf {d}‘ﬂ(y, Vn) + / fj (67 xn)’/n(dg)}

= liminf / Fi(€, 20 v (dE) .
Hence, the first assertion has been shown. In order to show that the graph of v —
My (v) is closed, let v € Pry, (v,) be a sequence converging to v in (Pry, dry) and
(x,) be a sequence such that z, € My (v,) for each n € IN and z, — z. Clearly, we
have z € X N clU. For j € {1,...,d} we obtain from the above estimate

/ £3(&, 2)(d€) < Tim inf / £ 2 v (dE) <

and, hence, x € My(v). =

To obtain quantitative stability results for (1), a stability property of the constraint set
M(p) when perturbing the probabilistic constraints is needed. Consistently with the
general definition of metric regularity for multifunctions (see e.g. [38, 16]), we consider
the set-valued mapping y — M, (¢) from IR? to IR™, where

M,(p) = {z € X : /f]g, w(d€) <y, j=1,...d},

and say that its inverse z — M (u) = {y € R? : x € M, (1)} is metrically regular at
some pair (7,0) € IR™ x IR? with z € M (u) = My() if there are constants a > 0 and
e > 0 such that it holds for all x € X N B(z,¢) and y € R? with max;—;__4|y;| < e:

d(z, M,(n)) < a max maX{O /f] (&, x)p(d€) — y;} -

In order to state our general stability results we will also need localized versions of
optimal values and solution sets, and we follow the concept of local stability analysis
proposed in [35], [23]. For any nonempty set & C IR™ and any v € Pry we set

w(v) = 1nf{/f0 £, 2)(d) : @ € My(v)},

Su(v) = {xe My(v): [ fol& x)v(dE) = vu(v)}.
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A nonempty set S C IR™ is called a complete local minimizing (CLM) set of (3) with
respect to U if U C IR™ is open and S = Sy(v) C U. Clearly, CLM sets are local
minimizing sets, and the global minimizing set S(v) is a CLM set with S(v) = Sy(v)
if S(v) C U. Now, we are ready to state our first stability result. Although our proof
partly parallels arguments in the proof of Theorem 1 of [23], we include it here since
our model assumptions are slightly more general compared to those in [23, 24].

Theorem 2.2 Let the general assumptions be satisfied, p € Pr i, and assume that
(i) S(p) is nonempty and U C IR™ is an open bounded neighbourhood of S(u) ;

(ii) if d > 1, the function x — [ fo(&, x)p(d€) is Lipschitz continuous on X Ncll;

(iii) the mapping x — M, () is metrically reqular at each pair (z,0) with z € S(u).

Then the multifunction Sy from (Pry,dru) to IR™ is (Berge) upper semicontinuous
at p and there exist constants L > 0 and 0 > 0 such that

(4) lv(p) — o) < Ldru(pv)

holds and Sy(v) is a CLM set of (3) w. r. t. U whenever v € Pry and dgy(p,v) < 0.
In case d =0, the estimate (4) is valid with L =1 and for all v € Pry.

Proof: We consider the (localized) parametric optimization problem
min{g(z,v) = [ fo(€, 2)0(d€) : = € My(w)},

where the probability measure v is regarded as a parameter varying in the (pseudo-)
metric space Pry. Proposition 2.1 implies that the graph of the multifunction M
from Pry to IR™ is closed. Hence, My, is (Berge) upper semicontinuous on Pxy, since
clU is compact. Furthermore, we know by Proposition 2.1 that the function ¢ from
(XN clU) x Pry to IR is lower semicontinuous and finite. Let us first consider the case
of d = 0. Since g(-,v) is lower semicontinuous, Sy(v) is nonempty for each v € Pry.
Let z, € S(u), v € Pry and & € Sy(v). Then the estimate

0() = v (0)] < max{ [ fol€, ) (v — (), [ o€ 7) (= )(AE)} < drselpu,v)

holds and Berge’s classical stability analysis (see Theorem 4.2.1(3) in [5]) implies that
the multifunction Sy from (Pry,dry) to IR™ is (Berge) upper semicontinuous at
p. In case d > 1, condition (ii) implies that the function ¢ is even continuous on
(XN elU) x Pry. Then we may conclude from Theorem 4.2.1 in [5] that Sy, is (Berge)
upper semicontinuous at p if My, satisfies the following (lower semicontinuity) property
at some pair (7, u) with z € S(p):

(5) My (p) N B(z,8) C My (v) + adry(p,v)B , whenever dgy(p,v) <€,

where IB denotes the closed unit ball in IR™, a > 0 is the corresponding constant
in condition (iii) and & > 0 is sufficiently small. To establish property (5), let z €
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S(p), and a = a(Z) > 0, ¢ = (%) > 0 be the metric regularity constants from (iii).
First we observe that the estimate ff](f, z)(v — p)(d€) < dru(p,v) holds for any

reXndU,je{l,..,d}andv € P]-‘[/[ Next we choose £ = &(Z) such that 0 < £ < e
and B(Z,(a + 1)&) C U. Hence, we have B(x,ag) C U for any x € B(Z,£). Let
v € Pry be such that dgu(u,l/) < &. Putting y; = —dr y(p,v), j = 1,...,d, the
above estimate implies that M, (u) Nl U C My (v). Due to the choice of & we have
d(z, My(p)Nel U) = d(x, My(p)), for any = € My () N B(z,¢€), and, hence, we obtain
from the metric regularity condition (iii) the estimate

d(x, My(v)) < d(z, My(p) VelU) = d(z, My (1))
< a jmax max{() fi(& x)u(dé) + dry(p,v)}

.....

A\
o
.
Ny
N
F
S

which is equivalent to the property (5). Hence, Sy is (Berge) upper semicontinuous
at uu and there exists a constant 6 > 0 such that Sy(v) C U for any v € Pr y with
dr.y(p,v) < 6. Thus Sy(v) is a CLM set of (3) w.r.t. U for each such v.
Moreover, we obtain from (iii) for any = € My (v) N IB(Z, ) the estimate

d(x, My(p)) = d(xz, My(p) NclUd) =d(z, MO( ))
< a max max{() /f] €, x)

IN

a max max{() /f] (&, )

|
W —
h
™~

< adf,u(u, v),

which is equivalent to the inclusion
Mu(l/) N B(J_J, éT) Q MZ/{(/J,) + adﬁu(u, I/)B .

Since S(p) is compact, we may continue as in the proof of Theorem 1 of [23] by exploit-
ing a finite covering argument and arriving at two analogues of both inclusions, where a
neighbourhood N of S(u) appears in their left-hand sides instead of the balls B(z, )
and a uniform constant a appears instead of a in their right-hand sides. Moreover,
there exists a uniform constant ¢ > 0 such that the (new) inclusions are valid when-
ever dr (1, v) < €. Now, we choose § > 0 such that § < min{é,£} and Sy(v) C N
whenever dry (@, v) < 0.

Let v € Pry and & € Sy(v) € My(v) N N. Then there exists an element 7 € My(v)
satisfying || — Z|| < adzy(p, v). For d > 1 we continue

U(M)Sg(fa/i) g(faV)+|9(faM)—9(faV)|
Uu(’/) + |g(i‘a/~t) - g(i‘?lu)| + |9(5fal~t) - g(f,y)|
vu(V) + Lol|z — 2| + dru(p. v)

vu(V) + (Lga + 1) dra(p,v)

where L, > 0 denotes a Lipschitz constant of g(., ) on X NelU. Exchanging the role of
p and v, we arrive at the desired continuity property of v, by putting L = Lsa+1. To

VANVANRVANRVAN
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complete the proof, it remains to note that in case of d = 0 we may choose T =7 € X
and a=0. m

In order to derive quantitative stability of solution sets, a growth condition on the
objective function in a neighbourhood of the solution set to the original problem (1) is
important (e.g. [4], [24]). The next result establishes a quantitative upper semicontinu-
ity property of (localized) solution sets and shows how the modulus of semicontinuity
relates to the growth behaviour of the objective. Parts of its proof are similar to some
arguments in the proof of Theorem 7.64 in [38].

Theorem 2.3 Let the assumptions of Theorem 2.2 be satisfied and pn € Pr,y.
Then there exists a constant L > 1 such that it holds for each v € Pr y that

(6) 0 # Su(v) C S(p) + U (Ldru(pv)B.

Here ¥ (n) :=n+¢~(n) and (1) := min{:f fo(&, x)pu(dé) —v(p) = d(z,S(p)) > 71,2 €

My ()} (n, 7 € Ry), i.e., 9 is the growth function of problem (1) on clU.
(The functions v and VU are lower semicontinuous on IR ; ¢ is nondecreasing and U
is increasing, both vanish at 0 and we set 1~ (t) := sup{r € R, : (1) < t}.)

Proof: The properties of 1) and ¥ mentioned above are verified in the proof of Theorem
7.64 in [38]. Let L > 0 be the constant in Theorem 2.2, and let v € Pr y and
7 € Sy(v). As argued in the proof of Theorem 2.2, there exists an element & € M, ()
such that ||z —z|| < ad, where § := dz (1, v). Let L, > 0 denote a Lipschitz constant
of the function z — [ fo(&, z)pu(d€) on X N clU. Then the definition of 1) and Theorem

2.2 imply that
o(1+L,a+L) > 6(1+L )+ v (v) — (u)
- +/ v(d€) — v(p)

ZéLa+/h€, p(de) = v(p)

v

/ 1o(6,)(d€) — () = p(d(z, S(1)))
> yelg(lg,dé)l/}(d(y’ S(w)) = p(d(@,S(p) + adB)) .

Hence, we obtain

d(z,S(p)) a0 +d(z,S(p) + adB)

<
< ad+ ¢ (0(1+ Lua+ L)) < Lo + ¢~ (L) = (L),

where L := max{a,1+ L,a + L} > 1. In case that d = 0 we may choose & = &, d = 1
and L, = 0. This completes the proof. m

Next, we briefly comment on some aspects of the general stability theorems, namely,
specific growth conditions, verification of condition (iii), localization issues and an
extension of Theorem 2.3 in case d = 0.



Remark 2.4 If (1) = 7% for some k > 1 and v > 0 (k-th order growth at the
7 1

solution set), we have WU(n) = L + (%77)% < Cn* for some constant C > 0 and
sufficiently small n > 0. In this case, Theorem 2.3 provides the Holder continuity
of Sy at p with rate % Note that for d = 0 the function V is of the form ¥(n) =
n+v2n) (n € Ry), since then we have L =1 in Theorem 2.2.

Remark 2.5 Criteria for the metric reqularity of multifunctions are given e.g. in
Section 9G of [38] and in [27]. Here, we do not provide a specific sufficient condition for
assumption (iii) of Theorem 2.2, but note that the constraint functions [ f;(&,-)u(d€)

are often nondifferentiable in stochastic programming and refer to the g?eneml results
in [27] and to [16], where metric reqularity in case of chance constrained stochastic
programs is discussed.

Remark 2.6 In the Theorems 2.2 and 2.3 the localized optimal values vy (v) and solu-
tion sets Sy(v) of the (perturbed) model (3) may be replaced by their global versions v
and S if there exists a constant 69 > 0 such that for each v € Pry with dgy(p,v) < 0o
either of the following conditions is satisfied: (a) The model (3) is convex and Sy (v)
is a CLM set, (b) the constraint set of (3) is contained in some bounded set V C IR™
not depending on v and it holds that V C U.

Remark 2.7 Let d = 0, S(p) be nonempty and assume that the objective satisfies a
second order growth condition on X N U, where U is a conver open neighbourhood of
S(p) (i-e., () = y7* for small T € IR, ). Then the estimate

QBGSM (l/)

sup d(n, S()) < §sup{||x*|| ot €0 ol v — w)(de)(w) v € X 1 AU},

holds provided that the function [ fo(§,-)(v — p)(d€) is locally Lipschitz continuous on

X. Here, “9” denotes the Mordukhovich subdifferential (cf. [27, 38]).
For the proof of such an estimate and for some conclusions on Lipschitz stability results
in two-stage stochastic programming, respectively, the reader is referred to [7, 48] and

[48. 41, 9].

The two stability theorems illuminate the role of the distance dz; as a minimal in-
formation (m.i.) probability (pseudo-) metric for stability, i.e., as a (pseudo-) metric
processing the minimal information of problem (1), implying quantitative stability of
its optimal values and solution sets. Furthermore, notice that both results remain
valid when bounding dr;, from above by another distance and when reducing the set
Pru to a subset on which this distance is defined and finite. Such a distance will
be called a canonical probability metric d. associated with (1) if it has (-structure (2)
generated by some class of functions F = F. from Z to IR such that F, contains the
functions C'f;(-,x) for each x € X N clU, j = 0,...,d, and some normalizing con-
stant C' > 0, and such that the functions in F, have the same analytical properties as
fi(,x), j =1,...,d. Typical analytical properties defining canonical function classes
F. relevant in stochastic programming are piecewise Lipschitz continuity properties.

To give an idea of how to associate a canonical metric, we show that for a generalized



Fortet-Mourier metric (cf. Section 1). Let g : IR, — IR, be a nondecreasing function
with g(0) = 0 and &, be an element in =, and consider the following class of continuous
functions from = to IR

Fo(E) = {f : |(&) = F(O)] < max{1, g([|€ = &lD), g (1€ = &IDHIE — €], V€, € € B}
and the corresponding probability metric with (-structure generated by F,

o) = @) = s | [ £(€)n—v)(de)

rery® L

defined on P,(2) := {v € P(E) : :fmax{l,g(||§||)}||§||y(d£) < 00}.

Then the following result is an immediate consequence of the general results. It was
already announced in Section 1.4 of [34].

Corollary 2.8 In addition to the general assumptions, let d =0, & € =, g : R, —
IR, be nondecreasing with g(0) =0 and p € P,(Z). Furthermore, assume that

(i) S(p) is nonempty and U is an open, bounded neighbourhood of S(u);

(ii) X is convex and fo(&,-) is conver on IR™ for each & € =Z;

(iti) there exists a constant L > 0 such that 1 fo(-,z) € F, for each x € X N clU.
Then there exists a constant 6 > 0 such that

() =) < Lly(p,v)  and
0#S() C S(u)+W(L¢(n,v)B
whenever v € Py(Z) and (,(p,v) < 9.

Here W(n) := n+ 47" (2n) (n € Ry) and P(7) = min{[ fo(§, x)u(dE) — v(p)
d(z,S(p)) >7, € XN dU}(r € R,). )

Proof: The assumptions of Theorem 2.2 are satisfied. Hence, the result is a conse-
quence of the Theorems 2.2 and 2.3 and the fact that (iii) is equivalent to

[folé.2) = fo(€ )] < Lmax{L, g(|€ = &lI), 9 (/1€ = &l HIE €]

for each &, € Z and z € X N ¢l U, and, hence, it implies dru(p,v) < L(,(p, v) for all
p,v € Py(E). Furthermore, the localized optimal values v, and solution sets Sy may
be replaced by v and S, respectively, due to the convexity assumption (ii) if v is close
to u (see Remark 2.6). =

3 Stability of Linear Two-Stage and Chance
Constrained Models

3.1 Linear Two-Stage Models

We consider the linear two-stage stochastic program with fixed recourse

(7)  minfex + / u(de) : Wy(€) = h(€) — T(€)x, y(€) > 0, z € X}
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where ¢ € IR™, X C IR™ is a polyhedron, = is a polyhedron in IR*, W is an (r,m)-
matrix, u € P(E), and the vectors ¢(§) € R™, h(¢) € IR" and the (r, m)-matrix T(§)
depend affine linearly on £ € =.

In (7), z is the here-and-now or first stage decision and y(.) the (stochastic) recourse
or second stage action, which is needed to compensate a violation of the constraint
T(&)x = h(§). For given = the recourse action y(§) is chosen such that it meets
the constraints and is optimal for the (stochastic) recourse costs ¢(£). Denoting by
D(q(§), h(§) —T(&)x) the value of the optimal second stage decision, problem (7) may
be rewritten equivalently as a minimization problem with respect to the first stage
decision z. Defining the integrand fy : 2 x IR™ — IR by

) { O ~ T(O)) b~ T(€)r € posIW a(e) € D
0L +00 , otherwise

where posW = {Wy :y € RT}, D ={u € R™ : {z € R" : Wz < u} # 0} and
®(u,t) = inf{uy : Wy =t,y > 0} ((u,t) € R™ x IR"), the equivalent minimization
problem takes the form

(8) min{ [ fo(€,2)u(d€) : v € X},

In order to utilize the general stability results of Section 2, we first recall some well-
known properties of the function ®, which are derived in [55] (see also [28]).

Lemma 3.1 The function ® is finite and continuous on the (M +r)-dimensional poly-
hedral cone posW x D and there exist (r,m)-matrices C; and (M + r)-dimensional
polyhedral cones K;, j=1,...,N, such that

N

U/Cj = posW x D, intkC;NintlC; =0, i # 4,
j=1

®(u,t) = Cju-t, foreach (u,t) €K;, j=1,..,N.

Moreover, ®(u,.) is convexr on posW, for each u € D, and ®(.,t) is concave on D for
each t € posW.

In order to have problem (8) well defined we introduce the following assumptions:
(A1) For each pair (¢,z) € = x X it holds that h(§) — T'(¢)z € posW and ¢(¢§) € D.
(A2) 1 € P(E) has a finite second order moment, i.e., [||¢]|?u(d€) < oo.

Condition (Al) combines the two usual conditions: re?atively complete recourse and
dual feasibility. It implies that = x X C dom fy .

Proposition 3.2 Let (A1) be satisfied. Then fo is a normal convex integrand.
Furthermore, there erist constants L > 0, L > 0 and K > 0 such that the following
holds for all €,& € = and x,7 € X with ||z|| < r:

[folé,2) = fol€,2)| < @Tmax{l,||€||,||§||}||€—§||,
fo(&,2) = fo&,2)] < Lmax{1, [[§]*}|= — 7],
[fo(€.2)] < Krmax{1, [[¢]"}.
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Proof: From Lemma 3.1 and (A1) we conclude that fy is continuous on dom f; and,
hence, on = x IR™. This implies that f; is a normal integrand (cf. Example 14.31 in
[38]). Tt is also a convex integrand since the properties of ® in Lemma 3.1 imply that
fo(&,.) is convex for each & € Z. In order to verify the Lipschitz property of fo, let
z € X with ||z]| <r and consider for each j =1,..., N and £ € =; the function

9i(&) := fo(&, x) = ®(q(&), h(§) = T(§)x) = Cjq(&) - (h(§) — T()x)

where Z; == {£ € 2 : (¢(§),h(&) — T(&¢)x) € K;} are polyhedral subsets of =, and C;
and KC; are the matrices and the polyhedral cones from Lemma 3.1, respectively. Since
q(+), h(-) and T'(-) depend affine linearly on ¢, the function g; depends quadratically
on § and linearly on z. Hence, there exists a constant L; > 0 such that g; satisfies the
following Lipschitz property:

195(6) = 9;(&)] < Lyr max{L, ]|, ]I} 1€ — €[l for all &€ € Ej.

Now, let &, é € E, assume that € =; and é € Zi for some i, k € {1,. N} and
consider the line segment [£,6] = {€(A\) = (1 = A)E+ A : A € [O 1]} Slnce [5 £ C =,
there exist indices i;, j = 1,...,1 such that iy = 4, i = k, [£,€] N E Ei, # 0 for each

!
j=1,....land [¢,€] C U Ej;. Furthermore, there exist increasing numbers A;; € [0, 1]

forj=0,...,01—1 such that E(Nip) = £(0) =&, &(N;;) € By, NEyy,, and (N) € &y, if
Ai, <AL 1. Then we obtain

fo(&.2) = fol&x)] = 1gi, (&) — g:,(d)]

-1
< Z |gij+1 (5()‘1])) — i (6()‘1]+1))|
§=0
-1
< Z Ly rmax{1 [[€(A;) [, [[€(A;, ) IHIE(A;) — €(A0) ]

< max Lyrmax{L[|¢], ||£||}Z||£ i) = E )l

7=0

< jgaxNLjrmax{l,||s||,||s||}||f—s||,

where we have used for the last two estimates that [|{(A)|| < max{][|]], €]} for each
A € [0,1] and that |A — AJ[|€ = €]| = [|E(X) — £(N)]] holds for all A, A € [0,1].

Lipschitz continuity of fy with respect to z is shown in Theorem 10 of [17] and in Theo-
rem 7.7 of [56]. The second estimate of the proposition, in particular, is a consequence
of those results. Furthermore, from Lemma 3.1 we conclude the estimate

[fol€ )] < sup {Jez| + max [Cjq(§) - (A(E) = T(&)z)[}

llzf|<r 0 IT e

< lellr + ¢ max [IC;Dg@IREN + T E)llr)

.....

for any pair (§,z) € = x X with ||z|| < r. Then the third estimate follows again from
the fact that ¢(.), h(.) and T'(.) depend affine linearly on £&. m

12



The estimate in Proposition 3.2 implies that, for any r > 0, any nonempty bounded
U C IR™ and some p > 0, it holds

L inf folgowide) = —Kr(L+ [ glPn(ae) > —oo.

lzl|<r

swp | [ o€ alde)] < Kp(1+ [ €lPv(de) < oo.

zeXNU

if v € P(Z) has a finite second order moment. Hence, for any nonempty bounded
U C IR™ the set of probability measures Pz, contains the set of measures on = having
finite second order moments, i.e.,

Pru 2 {v e PE): [IIElP(de) < oo} = Pa(E).

The following stability result for optimal values and solution sets of the two-stage
problem (8) is now a direct consequence of Corollary 2.8 and Proposition 3.2.

Theorem 3.3 Let (A1) and (A2) be satisfied and let S(p) be nonempty and U be an
open, bounded neighbourhood of S(p).
Then there ezist constants L > 0 and 6 > 0 such that

() —v(W)| < LG(u,v) and
0#Sw) < Su)+Y(Lé(pv))B
whenever v € Po(Z) and (2(p,v) < 0, where U is defined as in Corollary 2.8.

Proof: The result is a consequence of Corollary 2.8 with g(t) :=t for t € IR,. The
assumptions (ii) and (iii) of Corollary 2.8 are verified in Proposition 3.2. =

The theorem establishes quantitative stability of v(-) and S(-) in the two-stage case for
fairly general situations. It extends the stability result with respect to the Wasserstein
metric Ws in [40] for the situation of complete recourse, where W5 is defined by

Wo(p,v) == (inf{ [ ||€ = €&||*n(dE, dE) : n € P(E x E) with marginals y and y})%

for all u, v € P»(E). This follows from the estimate
Glpv) < (1+ [ €1Pu(ae) + [ IEIP(d€)) Walu,v)

which is a consequence of Schwarz’ inequality, and from the fact that convergence
with respect to Wy implies convergence of second order moments. Hence, Theorem 3.3
remains valid if ¢, is replaced by Wy (with possibly different constants). However, the
following example shows that (> and W5 may have different asymptotic properties.

Example 3.4 Let Z:= Ry, i := 0y and pi, := (1— )0+ =0, for eachn € IN, where
(&,) is an unbounded nondecreasing sequence in IR, such that (ﬁfn) tends to zero.
Here, 0¢ denotes the measure on E placing unit mass at & € E. Then (p1,,) converges
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weakly to p and the second order moments converge, too. Hence, (u,) converges to p
with respect to (o and Wy. However, the speed of convergence of (p,,) is different since
it holds for each n € IN with &, > 1:

o) én
1 1
ol i) = [ max{LEYFE) - B, (@l =+ [ Sag= (&4 1),
0 1
1 1 1
Walp o) = ([ 1F1(0) = 1 0OPdE = ([ it = ot
K

0

S |-

Here we have used the explicit representations of (o and Wy in case of probability
measures on (subsets of ) IR (see the Chapters 5.4 and 13.1 in [32]), where F,, and F),,
are the probability distribution functions of i and p,,, respectively, and the (generalized)
inverse function of a distribution function F is defined by F~1(t) := sup{¢ € R :
F(§) <t} (t<10,1]).

Concluding this section, we mention that in case the recourse costs ¢(-) are non-
stochastic or the technology matrix 7'(-) and the right-hand side h(-) are non-stochastic,
then assumption (A2) may be weakened to (A2)* u € P1(Z), and Theorem 3.3 holds
true with the metric ¢; instead of (5. In case of random right-hand sides only stronger
stability results are obtained in [40, 41, 9] by exploiting strong convexity properties of
the objective function (cf. [44]).

3.2 Mixed-Integer Two-Stage Models

Next we allow for mixed-integer decisions in both stages and consider the program

@) minfer+ [(B((E) - T(O)n)u(de) : w € X},
where
(10) ®(t) :==min{qy+qy : Wy+Wiy=t,ye Z',5€ R} (t€ R"),

c € IR™, X is a closed subset of IR™, E a polyhedron in IR*, ¢ € R™, g € IR™, W and

W are (r,7m)- and (r,m)-matrices, respectively, h(¢) € IR" and the (r, m)-matrix T'(€)

are affine linear functions of ¢ € IR*, and u € P(E).

Similarly as for the two-stage models without integrality requirements in the previous

section, we need some conditions to have the model (9) well-defined:

(B1) The matrices W and W have only rational elements.

(B2) For each pair (§,z) € 2 x X it holds that h(¢) — T(¢)x € T, where
T={tecR :t=Wy+Wy,ye Z?" y<c R}

(B3) There exists an element u € IR" such that W'u < g and W'u < .

The conditions (B2) and (B3) mean relatively complete recourse and dual feasibility,

respectively. We note that condition (B3) is equivalent to ®(0) = 0, and that (B2) and

(B3) imply that ®(¢) is finite for all ¢ € 7. In the context of this section, the following

properties of the value function ® of (10) on 7 are important.

14



Lemma 3.5 Assume (B1)-(B3). Then there exists a countable partition of T into
Borel subsets B;, i.e., T = U B; such that

i€V
N _
(i) each of the sets has a representation B; = {b;+ pos W} \ U0 {bij+ pos W}, where
j=1

bi,bi; € R" fori € IN and j =1,...,Ny. Moreover, there exists an Ny € IN such
that for any t € T the ball IB(t,1) in IR" is intersected by at most Ny different
subsets B;.

(ii) the restriction ®|p, of ® to B; is Lipschitz continuous with a constant Lg > 0
that does not depend on i.

Furthermore, the function ® is lower semicontinuous and piecewise polyhedral on T
and there exist constants o > 0 and > 0 such that it holds for allt, t € T:

|@(t) — (D) < aflt — 1] + 8.

Part (i) of the lemma is proved in Section 5.6 of [5] and in Lemma 2.5 of [46], (ii)
is derived as Lemma 2.3 in [46] and the remaining properties of ® are established in
[6]. Compared to Lemma 3.1 for optimal value functions of linear programs without
integrality requirements, the representation of ® is now given on countably many (un-
bounded) Borel sets. This requires an assumption on the tail behaviour of p and its
perturbations v that is stronger than (A2).

Theorem 3.6 Let the conditions (B1)-(B3) be satisfied and let i € Py x(E) == {v €
Py(E) : [|€l|Pv(dE) < K} for some constants p > 1 and K > 0. Assume that S(pu) is

nonempty and U C IR™ is an open bounded neighbourhood of S(u).
Then there exist constants L > 0, 0 > 0 and k € IN such that

1

(11) () —vu (V)] < Ldypne(p,v) 5T
0# Su(v) S S(u)+U(Ldipni(p,v) " 71)B
and Sy(v) is a CLM set for (9) w.r.t. U whenever v € Py (E) and dy pnr(p, v) < 0.

Here, dy ppi(pe,v) :==sup{| [ f()(p —v)(dE)| : f € Fr4(P), P is a polyhedron with at
P

most k faces}, Fi1,(P) = {f € Fu(P) : |f(&)| < max{l,|&||} for each & € P},

Fi(P) and Py(E) are introduced in Section 1 and ¥ is defined as in Corollary 2.8.

Proof: For each pair (§,x) € = x X we set fo(&, ) := cx + ®(h(§) — T(€)z). Then f
is lower semicontinuous on = x X and, hence, a normal integrand (Example 14.31 in
[38]). Using Lemma 3.5 we obtain the estimate

[fo (&, 2)| < llellllzll + iR+ Tl + 5

for each pair (§,z) € = x X. Since h(¢) and T'(§) depend affine linearly on ¢, it holds
that Pry(Z) C Pi(Z). Hence, Theorem 2.2 applies with d = 0 and the distance dry
on P1(Z). It remains to show that the estimate

12)  drup)= s | [ fol€a)(n— )(E)] < Cay (s, ) T

zeXNellUd
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is valid for some constant C' > 0 and sufficiently small dy ypr(t, 7). To this end, let
Tr := T N By (0, R) for any R > 0, where B, refers to a closed ball in IR" equipped
with the norm || - ||o. Now, we proceed similarly as in the proof of Proposition 3.1 in
[46] and partition the ball B (0, R) into disjoint Borel sets whose closures are B.-
balls with radius 1 where possible gaps are filled with maximal balls of radius less than
1. Then the number of elements in this partition of B, (0, R) is bounded above by
(2R)". From Lemma 3.5 (i) we know that each element of this partition is intersected
by at most N subsets B; (for some N; € IN). Another consequence of Lemma 3.5 (i) is
that each B; splits into disjoint Borel subsets whose closures are polyhedra. Moreover,
the number of such subsets can be bounded from above by a constant not depending
on ¢ (cf. also page 1143 in [46]). Hence, there exist a number N € IN and disjoint
Borel subsets {B; : j =1,..., N} such that their closures are polyhedra, their union
contains 7g, and N is bounded above by kR", where the constant x > 0 is independent
on R. Now, let z € X N ¢l U and consider the following disjoint Borel subsets of =:

BY, = {ge E:h(E)-TEzeB;}(j=1,...,N),

Ep. = E\ U » SH{EeE MG -T2l > R}
From Lemma 3.5 we conclude that there exists a constant L; > 0 (which does not
depend on z € X Nel U, j=1,...,N and R > 0) such that the function m() =

cx + ®|p,;(h(-) — T(-)x) is Lipschitz continuous on EF with constant L, and that
|f}.£ (€)] < Lymax{1,||¢||} holds for each & € =

i.e, it has uniform linear growth on

For eaeh v € P, k(E) we may continue:

]33’

Jj= 0~R

[ hean—@] = 13 [ hleo)u—rv)d)

< 1 [ RO V)] + I

]1~R

(13)

IN

NL, sup | [ £ (p—v)(dE)| + IE(u,v)

fefllg szj 17 7N =R
S

where IR (u,v) := | f fo(& ) (e — v)(d€)].

'_'0 T
For each j =1,..., N the closures of the sets B; are polyhedra with a number of faces
that is bounded above by some number not depending on 7, N and R. Hence, the same
is true for the closures of the sets 277, i.e., for ol Eff, = {£ € B : h(§) =T ({)z € cl By},
where the correspondmg number k£ € IN does in addltlon, not, depend onz € XNelld.
For each such = m we now consider a sequence of closed polyhedra P]Rm, which are
contained in =; and have at most k faces, such that their characteristic functions XPR,

converge po1ntw1se to the characteristic function Xzr - Then the sequence consisting of
the elements | [ £(€)xpz, (€) (1 — v)(d€)] converges (0 | [ F(€)xar, (€) (1 = v)(de)| while
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each element is bounded by dy ,nk (1, V). Hence, the estimate (13) may be continued to
A4 1 o) (= v)(d€)] < NLadygmlps,v) + TG, v).

Since there exist constants C; > 0 and C5 > 0 such that

[fo(&, 2)| < Crmax{1,[|¢]|} and (&) = T(&)x|| < Comax{1, |||}

hold for each pair (£,2) € E x (X N cl U), the following upper bound for I%(u,v) can
be derived for sufficiently large R > 0:

Py < [ Gl +v)d)
(e ligl> 5}
<Gl [ P @) < GlL K

(e ligl> &

Altogether, we obtain from (14) and the previous estimate that

R,
(15) dy:,u(lj,, I/) < I{Lerdehk(,u, V) + 01(5)1 2K .
2
Inserting R := dy pni (i, y)_p—i+r for sufficiently small dy ppr(p, ) into (15) implies the
desired estimate (12). =

Hence, the probability metric dy ,n, serves as a canonical metric for (general) linear
mixed-integer two-stage stochastic programs. In case that the underlying distribution
i and their perturbations v have their supports in some bounded subset of IR®, the
stability result is slightly improved.

Corollary 3.7 Let the conditions (B1)-(B3) be satisfied, = be bounded and p € P(Z).
Assume that S(p) is nonempty and U C IR™ is an open bounded neighbourhood of
S(w). Then there exist constants L >0, 6 > 0 and k € IN such that

() —vu(W)] < Lopn(p,v)
0 # Sulv) C S(u)+ V(Lopn(p.v))B

and Sy(v) is a CLM set of (9) w.r.t. U whenever v € P(Z) and apni(p,v) < 9.

Here, app(p,v) := sup{|pu(P) — v(P)| : P is a polyhedron with at most k faces } and
U is defined as in Corollary 2.8.

Proof: Since E is bounded, P, x(Z) = P(E) holds for each p > 1 and some K =
K(p) > 0, and appe(pe,v) < dypne(p,v) < Cappe(p,v) holds for all v € P(E) and
some C' > 0. Moreover, the term IZ(u,v) in the previous proof vanishes for each
r € XNc U, veP(E) and sufficiently large R > 0. Hence, (14) and Theorem 3.6
imply the assertion. m
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Remark 3.8 Since we may assume without loss of generality that = has at most k
faces, convergence with respect to dy ,ni, tmplies weak convergence of probability mea-
sures and the convergence of first order absolute moments. Furthermore, it holds for
all v € Ppx(Z) (p > 1) that

(16) () < (i) < (f max{L 1IN e+ ) (dE)P a0 )"

1

< 201+ K)rapm(p,v) 77 .

Hence, the convergence of sequences in P, i (E) with respect to dy pni. and cuppk, respec-
tively, is equivalent. Moreover, by combining the estimates (11) and (16) we arrive at
the continuity property

1—

(17) lw(p) — vy (V)| < L ag(p, v) T5

of vy at i with some constant L > 0. For the case that T is non-stochastic and h(€) = ¢
(i.e. ¥ =3s), a similar result was obtained in Theorem 4.1 of [46]. However, we note
that the exponent in (17) tends to 1 as p — oo, whereas the corresponding exponent in

[46] is bounded by .

‘GIP—‘

%

3.3 Linear Chance Constrained Models

In this section, we study consequences of the general stability analysis of Section 2 to
linear chance constrained stochastic programs of the form

(18) min{cx: x € X, p({{ € =: T(&)x > h(&)}) > p},

where ¢ € IR™, X is a polyhedron in IR™, = a polyhedron in IR*, p € (0,1), u € P(Z),
and h(§) € IR" and the (r,m)-matrix T'(§) depend affine linearly on £ € =.

Setting d = L, fo(6,7) = ez, f(x.£) = p — X (E), where H(z) = {€ € : T(€)r >
h(£)} and x denotes the characteristic function of subsets of =, we observe that the
program (18) is a particular case of the general stochastic program (1). In order to see
that condition (A) is satisfied, it remains to note that the mapping (z,£) — Xu()(§)
from = x IR™ to IR is upper semicontinuous since the graph of H is closed. This implies
that f; is lower semicontinuous on Z x IR™ and, hence, a normal integrand (Example
14.31 in [38]). Moreover, p — 1 < fi(z,£) < p holds and for any nonempty bounded
subset U of IR™ we obtain by specifying the general class of probability measures and
the m.i. probability metric in Section 2:

Pru(®) = {veP(E): sup max| | f;(§ z)u(d)] <oo}=7P(E)

reXnecl iy J=0,1

dru(p,v) = suwp max| | f;(§ 2)(n—v)(dE)]

reXnel y =01

= sup |u(H(z ))—V(H(I))| (1, v € P(E))

zeXNel U

Such (pseudo-) metrics were already used in the stability analysis of [39, 40]. Since the
sets H(z) are polyhedra with a uniformly bounded number of faces, the metric o, on
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P(Z) (for some k € IN) introduced in the previous section is a natural candidate for
the canonical metric of linear chance constrained stochastic programs. Furthermore,
the following is an immediate conclusion of our general results.

Proposition 3.9 Let u € P(E) and assume that
(i) S(p) is nonempty and U C IR™ is an open bounded neighbourhood of S(p) ;

(ii) the mapping x — {y € R : p({€ € E : T(&)x > h(§)}) > p — y} is metrically
regular at each pair (Z,0) with T € S(u).

Then there exist constants L > 0, 0 > 0 and k € IN such that

() —vu@)l < Lapne(p,v)
0# Sulv) C S(u)+ V(i v))B

and Sy (v) is a CLM set for (18) w.r.t. U whenever v € P(Z) and ayp,(p,v) < 0.

Here W(n) := Ly + ¢~ (Ln) (n € Ry) and () := min{czx — v(p) : d(z,S(u)) >
T,x € XNddl, u(H(x)) > p}(r € Ry).

Proof: Clearly, all assumptions of Theorem 2.2 are satisfied for the special situation
considered in this section. Hence, the result follows from the Theorems 2.2 and 2.3 by
taking into account the estimate dzy (1, v) < appi(p,v). =

Remark 3.10 Let the function g(x) := u({{ € E: T(&)x > h(&)}) be locally Lipschitz
continuous on X. Then condition (ii) of Proposition 3.9 is satisfied if the constraint
qualification 9(—g)(z) N (—Nx(z)) = 0 holds in case of g(z) = p, where “0” denotes
the Mordukhovich subdifferential and Nx (%) the normal cone to X at & € X (cf. [27]).
Similar constraint qualifications were used in [40] for a specific model of the form
(18) (with r = 1, s = m + 1 and a multivariate normal distribution p) and in [16]
for models with non-stochastic technology matriz T(-). The paper [16] also provides
conditions implying second order growth of 1.

4 Empirical Approximations

In this section, we analyze the approximation of the stochastic programming model
(1) when estimating the underlying probability distribution p € P(Z) by empirical
measures. Let &, &, ...,&,, ... beindependent identically distributed =-valued random

variables on a probability space (2, A, IP) having the joint distribution p, i.e., p =
IP¢T. We consider the empirical measures

1 n
fon (W) = - > b (weQ;nelN)
i—1
and the empirical approximations of the stochastic program (1), i.e.,

(19) min{%ifg(&(-),x) reX, %éfj(g,-(-),x) <0,j=1,....d}.
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Since the objective and constraint functions of (19) are normal integrands from Q x R™
to IR, the constraint set is closed-valued and measurable from Q to IR™ and, hence,
the optimal value v(p,(-)) of (19) is measurable from Q to IR and the solution set
S(un(+)) is a closed-valued measurable multifunction from Q to R™ (see Chapter 14
and, in particular, Theorem 14.37 of [38]). Of course, the same conclusion is valid for
the corresponding localized concepts v, and Sy for any nonempty subset U of IR™.
Another measurability question arises when studying uniform convergence properties
of the empirical process

n

() = 1f = = SFE0) — 1)} ser

i=1

indexed by some class F of functions that are integrable with respect to . Here, we set
vf:= [ f(§)v(dE) for any v € P(E) and f € F. Uniform convergence properties refer

to the convergence or to rates of convergence of sup |t (-) f — 1uf] to 0 in terms of some
feF

stochastic convergence. In [53], concepts were described that allow to overcome the

possible non-measurability of the supremum. To simplify matters here, we call a class

F of measurable functions from Z to IR permissible for p € P(E) if sup |, (-) f — puf] is
fer

a measurable mapping from Q to IR. To give an example, we mention that a class F is
permissible (cf. Example 2.3.4 in [53]) if there exists a countable subset Fy of F such
that for each function f € F there exists a sequence (f,) in Fy converging pointwise
to f and such that the sequence (uf,) also converges to puf. Then it holds that

dr(pn(w), p) = Sup |(pn(w) = ) f| = dry (pn(w), 1)

for each n € IN and w € Q, i.e., the analysis is reduced to a countable class and, in
particular, dz (s, (-), ¢t) is a measurable function from Q to IR.

Let F be permissible for p € P(Z). Then F is called a p-Glivenko-Cantelli class if
the sequence (dz(pn(-), 1)) of random variables converges to 0 [P-almost surely or,
equivalently, in probability. Whether a given class F is a p-Glivenko-Cantelli class or
whether even a rate of convergence of (dz(p,(+),p)) is valid, depends on the size of
the class F measured in terms of covering or bracketing numbers or the corresponding
metric entropy numbers defined as their logarithms (see [10, 31, 53]). To introduce these
concepts, let F be a subset of the normed space L, (=, i) (for some p > 1) equipped with
the usual norm || - ||,. The covering number N (e, F, L,(E, 1)) is the minimal number
of open balls {g € L,(E,p) : ||lg — fll, < ¢} needed to cover F. Given two functions
fi and fo from L,(Z, p), the set [f1, fo] == {f € L,(E,u) : f1(§) < f(&) < f2(§) for
p-almost all & € =} is called an e-bracket if ||f; — fa]|, < €. Then the bracketing
number Npj(e, F, Ly(Z, 1)) is the minimal number of e-brackets needed to cover F.
Both numbers are related by the estimate N(e, F, L,(E, ) < Nij(2¢, F, Ly(E, 1)),
but, in general, there is no converse inequality. It is known that F C Li(Z, ) is a
p-Glivenko-Cantelli class if Njj(e, F, L1(Z, 1)) < oo for each € > 0 (see Theorem 6.1.5
in [10]). We also refer to [52] for further criteria of Glivenko-Cantelli classes and to
[30] for applications to stochastic programming.

To state our next results, we denote the set of all real-valued random variables on
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(Q, A, IP) by X(IR), where equality is understood as equality [P-almost surely, and
introduce the Ky Fan distance k of two real random variables X, ) € X (IR) by
(20)  w(X,Y)=inf{n >0 P(X - Y] >n) <)

It is known that the infimum in (20) is attained and that s metrizes convergence in
probability in X(IR) (see e.g. Sect. 9.2 in [11]). By means of the Ky Fan metric
the quantitative stability results of Section 2 directly translate into estimates for the
empirical optimal values and solution sets.

Proposition 4.1 Assume that the conditions (i)-(iii) of Theorem 2.2 are satisfied,
that Fy s permissible for p and a p-Glivenko-Cantelli class. Then it holds for suffi-
ciently large n € IN that

max{l, L}’i(dﬂu(ﬂn(')a :u)v 0)
U(k(drupn(-), 1), 0))

K(v(), vu(pn(+)))
k( sup d(z,S(p)),0)

2€Sy (pn(+))

<
<

where L > 0 is the constant in Theorem 2.2 and V¥ the function in Theorem 2.3.
Moreover, for IP-almost all w € Q the set Sy(pn(w)) is a CLM set of (19) with respect
toU for sufficiently large n € IN.

Proof: Let ¢, := k(dry(ptn(-),1t),0) and let L > 0, § > 0 be the constants from
Theorem 2.2. Then Theorem 2.2 implies

P(Jo(p) = vu(pn ()] > Len) < IP(dru(pn(-), 1) > min{d, e, })
P(d]ﬂu(,un(')au) > gn) <é,
for sufficiently large n € IN, since Fy is a Glivenko-Cantelli class and, thus, the se-
quence (e,) tends to 0. Hence, we obtain from (20) that

R (), vu(pn () < max{en, Ley } -

Now, let 6 > 0 be the corresponding constant and ¥ be the function in Theorem 2.3.
Then we conclude from Theorem 2.3 that

P( sup  d(z,S(n) > U(en) < P(Y(drupn(-), p)) > min{d, U(e,)})

z€Su (pn ()
< P(Y(drau(pn(-). p) > ¥(en)})
= P(drulpn(), 1)) > en}) < en < V(en)
for sufficiently large n € IV, since it holds that W(e,) > &, (see Theorem 2.3) and since

(¥(e,)) tends to 0.
Finally, let w € Q. Then Sy (p,(w)) is nonempty, since the objective [ fo(&,-)p(d€)

<
<

is lower semicontinuous on X and the constraint set My (u,(w)) is compact due to
Proposition 2.1. Since Fy, is a u-Glivenko-Cantelli class, there exists a set A € A with
IP(A) = 0 such that (dry(pn(w), i) converges to 0 and, hence, Sy (p,(w)) C U for all
w € Q\ A and for sufficiently large n € IN. This completes the proof. =

Note that in case of a fixed constraint set (i.e. d = 0) both estimates in Proposition
4.1 are valid for each n € IN (without assuming that F;, forms a p-Glivenko-Cantelli
class). For the specific situation of a uniformly bounded class F;; we show next how
these estimates may be used to derive rates of convergence.
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Proposition 4.2 Let the assumptions of Theorem 2.2 be satisfied and assume that Fyy
s uniformly bounded and permissible for u, and that either of the following conditions
holds for some constants r > 1, R > 1 and all € > 0:

(i) N(e,Fu, L2(Z,v)) < (£)" for any discrete v € P(Z) with finite support,
(it) Nij(e, Fu, La(Z, 1)) < (£)"
Then the following rates of convergence

K(v(p), (i) = O((logn)sn~%)
k(- sup  d(w,S(p)),0) = O(¥((logn)in"2))

2€Su (pn(+))

are valid, where U denotes the function in Theorem 2.5.

Proof: In both cases (i) and (ii) we obtain from Theorem 1.3 in [51] that

n
P{dru(in()s) > ) < (K(R)ey ") exp(~2ne?)
holds for all e > 0 and n € IN. Replacing ¢ by (log n)%n_% leads to the estimate

P(dry(pin(-), 1) > (logn)in %) = O((logn)in"?)

and, hence, to x(dry(pn(-),n),0) = O((logn)2n~2). Now, the result follows by ap-
pealing to Proposition 4.1. =

Both estimates and convergence rates in Propositions 4.1 and 4.2 could be formulated
alternatively in terms of certain confidence bounds as in [29] and in Section 5 of [16].
However, such bounds typically contain unknown constants (like the constant ¢ ap-
pearing in Theorem 2.2 or the entropy constant R). Finally, we discuss applications of
the results to linear two-stage and chance constrained stochastic programming models.

Example 4.3 (linear chance constrained and mized-integer two-stage models)

A class B of Borel sets of IR® is called a Vapnik-Cervonenkis (VC) class of index
r =r(B) if r is finite and equal to the smallest n € IN for which no set of cardinality
n+1 is shattered by B. B is said to shatter a subset {&, ... &} of cardinality l in IR*
if each of its 2! subsets is of the form BN {&, ..., &} for some B € B. For VC classes
B it holds that N(e,{xp : B € B}, L2(E,v)) < Ke™" for each ¢ > 0 and v € P(Z),
and some constant K > 0 depending only on r (Theorem 2.6.4 in [53]).

The class of all polyhedra with a uniformly bounded number of faces is a VC class, since
the class of all closed half spaces is VC and finite intersections of VC classes are again
VC. The corresponding class of characteristic functions is permissible for u, condition
(i) in Proposition 4.2 is satisfied and it follows as in the proof of 4.2 from [51] that

k(e (), 1), 0) = O((logn) 2n %)

holds for each k € IN. This rate of convergence applies directly to empirical approxi-
mations of the linear chance constrained model in Section 3.3 (see Proposition 3.9). It
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also applies directly to mized-integer two-stage models if = is bounded (Corollary 3.7).
In case the assumptions of Theorem 3.6 are satisfied, we obtain from (17) the rate of
convergence

1

-3
)2(1+—

p*l))‘

O ) () = O((E"
Example 4.4 (two-stage models without integrality)

Let fy be defined as in Section 3.1 and let (A1) and (A2) be satisfied. Then, for
each nonempty bounded subset U of IR™, the class Fy = {fo(-,z) : x € X N U}
is a subset of L1(E,p). Furthermore, Fy is permissible for p. Due to the Lipschitz
continuity property of fo (see Proposition 3.2)

fo(&,2) — fo(&,2)| < Lmax{1, ||¢|*}H|z — 2|,

forall £ € = and x,x € X, the bracketing numbers of Fy; are bounded by the covering
numbers of X N clU (see Theorem 2.7.11 of [53]). In particular, if p has a finite 2p-th
order moment for some p > 1, it holds with F(§) := Lmax{1, ||£||*} (¢ € Z) that

N (2e||Fllpy Fu, Lp(E, 1)) < N(e, X N oclUd,R™) < Ce™™,

for each 0 < e < 1 and some constant C > 0 depending only on m and the diameter
of XN clU. If, in particular, = is a bounded subset of IR’, the class Fy is uniformly
bounded and Proposition 4.2 applies, leading to the empirical rates of convergence

K(v(p), (i) = O((logn)sn~%)
k(- sup  d(w,S(n),0) = O(¥((logn)in ?)).

2€Su (pn(+))

If 2 is unbounded, each function in Fy is unbounded and Prop. 4.2 does not apply.

5 Stability of Stable Portfolios with Minimal Risk

Stable probability distributions for modelling asset returns were proposed and discussed
in the fundamental work [25] and in [58], [26] for instance. We also refer to the recent
monograph [33], in which many aspects of non-Gaussian stable distributions in finance
are illuminated. In the following the s-dimensional random vector o represents the per
share returns on all assets in a given investment portfolio. We assume that o follows
an a-stable law with a € (1,2), i.e., its characteristic function ¢ on IR* is of the form

plt) = B exp(ift, o)) = exp{~ [ 1(6.8)|"(1 — isign(€,£) tan ") (dE) + i{mo. 1)},

where 3° = {£ € IR® : ({,&) = 1} is the unit sphere in IR®, T is a finite Borel measure
on Xf (spectral measure), o € (1,2) is the stability index, mo € IR® is the shift of the
stable law and (-, -) denotes the (Euclidean) scalar product in IR®.

Denoting by x € IR the proportions of the number of shares in the portfolio, the
risk of the stable portfolio with vector of returns p is defined as the scaled dispersion
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parameter of the probability distribution of p, i.e., ror(z) := [ [(z,£)|*T(d§). For a
ES

discussion of the risk of a stable portfolio and related aspects the reader is referred
to [8] and to Section 8.4 of [33]. The classical problem of the choice of the efficient
portfolio corresponds to the optimization problem

(22) min{/|<x,§>|o‘f‘(d£) Lz e IR, 2;:5 — 1),

which fits into the form of the the stochastic programming model (1) by putting m = s,

d=0, fo(§, ) = |(,)|*, X ={z € R}, : Y x; =1}, = ¥° and p =T. Here, we
i=1

assume w.l.o.g. that T" is normalized, i.e., ['(¥%) = 1.

Now, our aim is to study the stability of portfolios with minimal risk, i.e., of solution

sets S(a, ') to (22), when changing or estimating the stability index v and the spectral
measure I'. We start with some useful properties of the functions f, and r,p.

Lemma 5.1 The integrand fo(&,-) is conver on IR® for each { € E, and for any
r,z € X and £, & € = it holds

|fo(&,2) = fol&, )| < a(ll§ = &l + [|l= — &) -
The solution set S(«,T') is nonempty and the risk satisfies the growth condition

Lo 1) o = 20 HPTE) < @) — o)

for all x € X and some z, € S(a,T).

Proof: First we observe that the function g(t) = [¢|* is strongly convex on [—1,1]
with constant fo(ow — 1). Since [(z, &)| < [lz[|[|€]] = ||l=]] < (Zi-, ;)7 =1 holds for all
z € X and £ € ¥, the integrand fy(&, ) = g((z,&)) has the property

fol& sz +12) < Lfo(&2)+1fo(6,0)—ta(l—a)[(z—2, &) forall§ € B and z,% € X.
Hence, the risk 7, satisfies the convexity property

rar(32+3%) < 3rar(2) + 2100 (%) — sa(l — @) [ [(z — £,8)|?T(d€) forall z,z € X.
Since 7, r is convex, S(a, I') is nonempty and the desired growth condition follows from
the previous estimate by choosing # = z, € S(a, I).

Completing the proof, we obtain for all x € X and ¢, ¢ € E that

fo(&,2) = fol€. o) < amax{|(z, )" (. )|*"}(z. &) — (2,6))]
< allz]*llE =&l < alls =l

and note that the roles of £ and x may be exchanged. =

The estimate in Lemma 5.1 shows that [ |(z, — z*, &)|*T'(d¢) = 0 holds for any two
s

elements z,,z* € S(a,I'). This motivates to call a spectral measure I' € P(X*) non-
singular if the the relation [ |{x,&)]*T'(d¢) = 0 implies z = 0. Example 5.3 illustrates
ES

that relevant spectral measures are nonsingular, indeed.
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Theorem 5.2 For each (o,T") € (1,2) x P(X°) there exists a constant § > 0 such that

sup  d(z,S(a,T)) < W(aG (I, T) + e o —al)
zeS(a,r)

whenever (a,T) € (1,2) x P(X*) and (T, T) + |a — &| < 0.
Moreover, if T is nonsingular, then (22) has a unique solution and V(n) < C’n% holds
for some C' > 0 and sufficiently small n € IR, .

Here, U(n) = 0+ 97" 2n) (0 € By). $(r) = min{[ |z, &)|"T(d) — v(a.T)
d(z,S(a,T)) >7,2€ X} (1 € IRy) and e := exp(1).

Proof: First we show that the mapping (z;,T') — [ |(z,£)|*T(d€) satisfies a Lip-
ES
schitz property. For all z € X, a, & € (1,2) and I', T € P(3°) we obtain

rar() = rap() = | [ 16, O1°T(dE) — [ 1z, €)% (d)

< oG D) + [ Il O - (. ) D(d)

< oG+ swp [ ] <0G ) + ¢ o — 6l
te[—1,1]
Then the first part of the result is an immediate consequence of Lemma 5.1 and Theo-
rem 2.3. The additional assumption implies that the mapping = — ( [ |(z, £>|2F(d§))%
ES

from IR® to IR is a norm on IR®. Hence, there exists a constant ¢ = ¢(s,I") > 0 such
that c||z||* < [ [{z,&)|?T(d¢) holds for all z € IR*. We conclude that the risk function
ys

7o,r 18 strongly convex on X and that (22) has a unique solution =, € X. Furthermore,
Lemma 5.1 implies the estimate

1
zeala =Dz =zl <ror(z) —v(a,T)

for each = € X. Hence, (1) = tca(a — 1)7% for each 7 € IRy. Referring to Remark
2.4 completes the proof. m

Example 5.3 (Nonsingularity of discrete spectral measures)

A spectral measure T' of an a-stable random vector o is concentrated on a finite number
of points on the unit sphere X° iff o can be expressed as a linear transformation of
independent a-stable real random variables (Proposition 2.3.7 of [43]).

Now, let o™ be d independent a-stable real random variables and A = (ajr) be a
real (s,d)-matriz with rank equal to s. Then the random vector o with components

d
0j = > ajo™ (j=1,...,s) is a-stable with (discrete) spectral measure
k=1
| 1
k=1
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where By € IR, v, > 0 depend on the parameters of o'®) and on A, and the vectors
sk € 3° are normalized columns of A (see Example 2.53.6 of [43]). Hence, it holds

[ 1P = 3wl sl

and T is nonsingular since span{si, ..., sq} = IR®.

Let us finally consider empirical estimates a, and T, of some unknown pair (a,T) €
(1,2) x P(X*) of parameters of a stable random vector p. If the spectral measure T is
nonsingular, Proposition 4.1 and Theorem 5.2 imply that

n

N
N

k(- sup  d(z, S(a,T)),0) = O(K(C1 (T, T),0)2 + K(ay, @) %) = O((logn)

ZBGS(Oéan)

),

where, as in the proof of Proposition 4.2, the specific rate of convergence follows from
an estimate of the bracketing number of the set of Lipschitz continuous functions on
¥ (see also Example 4.4) and from the classical limit theory of empirical estimates in
IR. Finally, we note that Theorem 5.2 also applies for studying convergence properties
of the estimation procedures desribed in Chapter 8 of [33].
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