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Abstract

The index definition of DAEs with properly stated leading term
bases on a matrix sequence with suitably chosen projectors. A way of
realization of this matrix sequence is presented, it includes the calcu-
lation of suitable projectors using generalized inverses of the sequence
matrices.
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1 Introduction

Most of the DAEs coming from application have the structure
Az, t)(d(z,t)) + b(x,t) =0 tel, (1.1)

where I describes the interval of interest. A linear equation of this structure
is given by
A)(D()x (1)) + B(t)x(t) = q(t), (1.2)

where all coefficients are supposed to be continuous matrix functions A(t) €
R™™ D(t) € R™™ and B(t) € IR™".
The coefficients A(t) and D(t) fulfils
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Definition 1.1 /[Mdr01] The leading term of (1.2) is stated properly if the
coefficients A(t) and D(t) are well matched in the sense that

ker A(t) ®im D(t) = R™, tel,

and there is a continuously differentiable projector R(t) € IR™*™ such that
im R(t) = im D(t), ker R(t) =ker A(t), te€l.

For our further considerations we will drop the argument t.
To describe the structure of a DAE and to determine the index we form
a sequence of matrices. For given coefficients A, D and B (A and D well
matched) we define

GO = AD, BO = B,
Giy1 = Gi+ BiQ; = (Gi + W;B;Qi)(I + G; BiQy), (1.3)
Bi—l—l = (Bz - Gi-l—lD_(DPO ce .PZ'+1D_)IDP0 Ce Pi—l)-Pi

where (); denotes a projector function such that imQ; = ker G;, P; := 1 — Q;
and W; is a projector function such that ker W; = im GG;. D~ denotes the
reflexive generalized inverse of D such that D"DD~ = D~, DD~ D =
D, DD~ =R and D™D = F,, and G, is the reflexive generalized inverse

Definition 1.2 [Mdr01] An equation (1.2) with properly stated leading term
is said to be a regqular index u DAE on the interval I, u € N, if there is a
continuous matriz function sequence (1.3) such that

(a) G; has constant rank r; on I,

(b) the projector Q; fulfils Q;Q; =0, 0<j <i,

(¢c) Q; € C(I,IR"*"), DP,...P,D~ € C*(I, R™™), i >0,
(d) 0<ry<---<r, 1 <nandr,=n.

Denoting N; := ker G;, we know for a regular DAE that we can choose the
projectors (); in such a way that

NN N, =0, Vi>0, (1.4)

(see [M&r01]). To use Definition 1.2 to determine the index of a DAE (point-
wise) numerically we have to choose the projectors @; such that

QRiQ; =0, 0<j<i (1.5)
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In the consequence, certain products of projectors also become projectors,
e.g. POP1 etc.
The paper aims at designing an algorithm to realize the matrix sequence

(1.3) numerically. As the main problem we have to create projectors @; with
(1.5).

2 The pseudo inverse

For a matrix Z € IR™*™ we call Z~ € IR"*™ a reflexive (generalized) inverse
iff it fulfils

Z7-7Z = Z and
Z 77 = 7.
The products ZZ~ € IR™*™ and Z~Z € IR"™"™ are projectors with the same
rank rz. Let P € IR™*™ and R € IR™*™ be given projectors with rank r.

Lemma 2.1 With (2.1), (2.2) and the conditions

ZZ = P and (2.3)
Z7- = R
the reflexive inverse Z~ is uniquely determined.
Proof: Let Y be a further matrix fulfilling (2.1), (2.2), (2.3) and (2.4).
y %2 vy @D yzz-zy @Y yRzy
D YR yzz @ pr @D g
q.e.d.

To represent the pseudo inverse Z~ we want to use a decomposition of

— S -1
2-0(5 v

with nonsingular matrices U, V' and S. The pseudo inverse is given by

Z =V (Sl e ) Ul (2.5)

my m15m2
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with m; and ms being matrices of free parameters that fulfil
ISR I 0 1
P=7Z Z_V<m15 0>V
and
- - I Smg -1
R=7Z7"=U (0 0 > U—".

(For details and different constructions of Z~ see [Zie79)]).

3 Check of the well matched condition

A and D have to be well matched (see Def. 1.2). This is important in view
of the representation of the DAE as a hand-made subroutine, which easily
contains a programming error. From Def. 1.2 we obtain the relations

AD = ARD, A=AR, D =RD,

and
rank(A) = rank(D) = rank(AD). (3.1)

Performing an SVD of A and D yields

A=U, (E“ 0> v

D=1Up <2D 0) vE.

We can check now that rank(X4) = rank(Xp).
Compute the matrix sequence, we need Go := AD. Using the decompositions

we have
AD =U, (2"‘ 0> Vv, <2D 0> 17 (3.2)

H, H,
H; Hy
nonsingular. To compute the generalized inverse of D we use the relations
DD~ =R = A"A. We have

DD~ =Up (I EDmD?) Ul

and, by VIUp =: H = ( ) , the relation (3.1) is fulfilled iff H; remains

0 0
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. I 0\ ¢
AA=V, <mA12A 0) V]

and with Up = V4 H we obtain the relation

I ED’H’LD2 T I 0
H(O 0 >H N mAle 0/

This fixes the free parameters
mp, = S5 H; " H, (3.3)

and
ma, = HsH 'S5

4 The matrix sequence

To start the construction of the matrix sequence (1.3) we need the pseudo
inverses D™, GG, and the projectors )y, Wy simultaneously. The following
relations have to be taken into account D™D =1 — @y, G, Gy =1 — Q) and
GoGy = I —W,. For Gy = AD (3.2) provides the representation

G() = UA (Z 0> Vg with Z = ZAHIZD-

With an SVD of Z = U;%,V} we have the SVD of Gy as

U by vE
au () (7o) ()
S—— ——

Uo V&

Using the SVD of D and G, the pseudo inverses have the general represen-
tation )
_ pIp mp T
D™ =YV, b > Up,
b (le leEDmD) D
and

—1 -1
Gy =V, (EO o, ) Ul =v, ( Z Vara, ) Ut (4.0)

T
mgl UZ mgl ngOQ
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For

this yields
_ 1 0\ (7 _ 1 0\ ;1
I N QO o Vb (mOIEO 0) Vb o VD <m01 UgZ 0) VD

o I 0\ r
D D=V, (lezD 0) Ve

and

which gives mp, = mg, UL Z% ! i.e., by mg, all parameters of D~ are fixed.
Let us now assume that we have realized the matrix sequence up to G;
such that Q;Q; = 0 for j < 7. We have to construct G;4; and a reflexive
generalized inverse G, with

GinGip =1 Wi, G Gin=1-Qin (4.2)

and
Qi—l—le =0forj<i+1. (43)

First we give a representation of G, ;. From the matrix sequence we have
Git1 = Gi+ BiQ; = (G; + WiBiQ)) F;

with the nonsingular matrix F; = I + G, B;();. For the sequence matrix G;
we have a decomposition
Gi = U, (Si 0) 17

with U;, S; and V; nonsingular matrices with Uy = Uy, Sy = ¥ and Vy = V4.
The other components are given by

-1 )
R AT

mi1 mi,lsimi,Q

W, = U, (0 _Silm“) u-' =uT;; <0 1) u, (4.4)

Qi=V; (_m(?lsi I> vl=vy, (0 [> T.'V! (4.5)
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with the upper and lower triangle matrices

L I Simi,g L I

Using the detailed structure of the different matrices we find for

G =T [ (%7 Ve (° VB, (° T;'V'F,.
U, 0 ] [ I N

If we structure B; = <Ib7111 ZP) , we obtain the SVD of b, = Uy, <2i+1 0) VI
21 Y22
Using this decomposition we have

-1 1 SZ I —1yy)—1
Gi+1 - uiTu,i [7-+1 Ei+1 ‘N/TH Tl,i Vi Fl
N ! >y 0 A

~~ ~~

=Uip1 =V}

and we define S;; := (Si > ) The pseudo inverse of G, is then given
i+1

by X
_ S; m; _
G = Vip ( i e ) Uz

Mit1,1 Mig1,15i41Mit1,2

To use G, for calculations we have to determine the free parameters m;1
and m;; 2 in such a way that (4.3) is fulfilled. From (4.5) we see that only
m;y1,1 influences @41, and from (4.4) that only m;,, o influences Wiy, Up
to now we have no special conditions to the projectors W;. What is a crite-
rion for (4.3)7

From (4.2) we have -G ,G;1 = Q41 and it follows that Q; -G Gi11Q; =
0 has to be fulfilled for j < ¢ + 1, and using the structure of G;,; we obtain

G BiQi=0Q;, j=0,...,1i (4.6)
Are these conditions helpful for a determination of ;41 ?

With Q; =V, (0 T,;'V; ' condition (4.6) reads in detail, after multi-

I
plying by V;1; ; from the right,

0 St m; 0
V; =), i+1 2 )uﬁBv( ).
I ( [j> i (mi+1,1 Miy11Si41Mig12) T I;



8 R. Lamour

Introducing Uy, := Ty k-1 <I ~ ) it follows that

Uk
_ 0
Vz’-i—ll VJ' ( T ) =
HC_/ 7

=:wj
5;1—11 Mit1,2 -1 -1 (1 ~1ip (0
’ U-5...U; ~ T B; .
<mi+1,1 Mip1,1Si41Miz12) 2 UjTH g = I;
(4.7)
wh wi?
With w,; =: ( o ]22> we have for j =0,..., the relation
J W W=
j j
w\ _( Si Tt oo (T Yoo (b))
w?? Mit11 Mig118i41Miv12) ! Itz Uly) "7 b,
H/—/ (. ~ _,
=wj =:Zj
(4.8)

Let’s have a look at the special structure of z;.

_ — 1 (1 Vo Sam ol
zj = Uz'+11"'Uj+12< 0]T+1> ( 12 béz 5,2 22)

6{2 - Sjmj,2b%2
_ I 2
= Upi---Ujp (2j+1 0) ‘/;1-;-1
0 }’I’L — Tjt1-

. I %
All factors in U, ! have the structure ( *>, where the number of columns

AW .
in <*> is less than or equal to n — r;;1, which means that

b{2 - Sjmj,gb%2
Zj = (Ej-l—l 0) V}];l . (49)
0

This forms the following linear system

(U)U e U}Z) = ( Si_+11 Mi+1,2 > (ZU NN Zz) . (410)
——— miy1,1 mi+1,15i+1mi+1,2 ————
=W =7

Let us investigate the properties of Z in detail.
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Lemma 4.1 Let the DAE (1.2) be regular with indezx u, then the matriz
7 = (zo zz) has full (column) rank for i > 0.

Proof: Due to of the regularity of (1.2) it holds that
0= Nk, N Nk+1 = ker Gk N (ker Gk, N ker Bka)

= ker G Nker ByQr (see [Mar01]). (4.11)

Using the decomposition of

Gk = Z/{k (Sk 0) Vk_l = uk: (Sk 0) Tl;clvk_l

and the structure of
. 0 —1yy—1 _ 0 b]fQ “1yy—1
BrQy = BpVy, I T Ve =Ug N T Vi
22

ker G}, has the representation

ker Gk = {U LU= VkT'l,k <7)1> , U1 = 0}
U9
k
ker B.Q)y, = {U cv =W <U1> , (bf) Vg = } .
U2 b3

k

and

The condition (4.11) means now that <b 2

b’l“ ) has to have full column rank.
22

I k

0]?“) Tyr (Zg) has full
rank, too. Every component of Z has full rank. Now let us have a look to
the rank of 7 itself.

If we have reached the level 7 of the matrix sequence, we can compute G
and we want to compute the nullspace projector ;41 with property (b) of
Definition 1.2. We know that there exists a (reflexive) generalized inverse
Gy with I — G Gipy = Qiy1 and (4.6). The projectors Q. ..., Q; were
chosen in such a way that

It follows immediately that z, = U} ... U,

Non---NN; = {0}. (4.12)
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Consider a nontrivial linear combination of the columns of TZ and let us
assume that it is identically zero. With A := (AO,...,Ai) and \; =

()\ﬂ, ey )\jkj)T and k; being equal to the number of columns of z;, which is
identical with rank @);, we can reformulate

0 = Z\= ZZJA _Z (0 2) <)(\)]>

_ _ I v 0
0 Ui‘l...U.‘1< )T;(l?))( )
=0 ( e UF) 0 \ b Aj

_ I 0 0
. 1 —17,-1 1
= Z Uitt - g+2 ( UJTH> T, ;U; BV ( [J.) U]VJ Vilu, ()\j>

. AN
v~ '

I
M@.

Il

= > U\ B;Qjv;.
§=0
Multiplying the last expression by G, U1 leads to
0 = Gilin Zui:rllBijUj
§=0

= ZG;HB]QJ-U]- and using (4.6)

=0
= ) Q. (4.13)
=0
Because of (4.12) the elements of N, are independent. This means that every

addend Q;v; of (4.13) is zero, hence, due to the structure of v;, A; = 0. This
contradicts our assumption and Z has full (column) rank. q.e.d.

Let us consider the solution of the linear system (4.10)

o (S mes Yy

Mit1,1 M1, Sie1Mig1,2
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A
0 }m —Tit1

W= ( St 0) 7.

miy1,1 0

Using the structure of Z = < (see (4.9)) we can reformulate

(4.10) as

First we discover that the parameter m;;; 9 does not influence the compu-
tation of m;y1,; and, second, we can represent a solution X of W = XZ
by X = WZ~ with an arbitrary (generalized) reflexive inverse Z~, since
7~ 7 =1 is valid for full column rank matrices. The appropriate part of X
in the left lower corner gives us a value for m; ;. Which parameter set we
select depends on the used inverse Z . If we look at a Householder decom-

position of a full column rank matrix Z = U (?) with nonsingular R, the

(generalized) reflexive inverse is given by
Z-= (R m)U" (4.14)

with the free parameter m.

5 Numerical realization with MATLAB

To realize the matrix sequence (1.3) we need the matrices A, D and B. If
the DAE is given by

f((d(x(t), 1)), 2(t), 1) = 0, (5.1)

the related matrices are

A:=f,, B:=f,and D:=d,.
f, means the derivative of f with respect to the first argument. Very often
theoretical investigations consider a quasilinear structure (1.1), but the algo-
rithm is realized for more general equations (5.1).

The algorithm is realized in MATLAB. In the first step the well matched
condition (see Def.1.1) of A and D is checked (see Section 3). The SVD of
A and D is used to perform an SVD of the first matrix sequence element
Go = AD. The free parameter mg; in G, (see (4.1)) is set to zero (but a
parameter in the routines) and the second parameter set m; o, which influ-
ences the projector W;, is set to zero. The algorithm follows the description
in Section 4. That means that we have to perform an SVD of the dimension
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d; = n — rank G; in every step up to the condition that d; = 0.

The computation of GG, ; needs the solution of (4.10). We check the full rank
condition of Z, which checks the regularity of the DAE (see Def.1.2). The
pseudo-inverse of Z is computed by (4.14) with the free parameter m = 0.
All differentiations (numerical approximation of A, B or D, time differentia-
tions in the matrix sequence to compute B;) are performed by the MATLAB
routine numjac.

6 Examples

We will present a few examples, that illustrate the algorithm. At first we have
to describe a problem by a specially structured MATLAB routine. The struc-
ture is similar to the description of ODEs in MATLAB. The algorithm and
the example files are available under http://www.mathematik.hu-berlin/~
lamour/software.

The following examples are tested:

Index Dimension

1. Example 2.1 from [Mé&r01] 3 3
2. Classical mathematical pendulum 3 5
3. Andrew’s squeezing mechanism from [CWI] 3 27
4. Aircraft from [CWI] 5 8
5. Discharge pressure control from [EH89] 2 7
6. Robotic arm from [CWI] 5 8
7. Electronic circuit [Tis] 2 2

The index of the examples was verified by the algorithm. One of the
reasons for developing this algorithm was to compute projectors (); with
(1.5). The following table summarizes the dimensions of the matrices X; of
the different levels, the compliance with the property (1.5) and the projector

property Q7 — Q; = 0.
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EX. 20 21 22 23 24 25 nggz!gd}fzxfanij” mjax||Q? — QJH
j<k
1. 2 0 0 1 0 0
2. 4 0 0 1 4.8e-16 3.9e-16
3. 14 7 0 6 8.7e-12 1.1e-11
4. 6 1 0 0 0 1 6.7e-15 4.3e-15
5. 3 3 1 5.0e-15 7.9e-15
6. 6 0 0 1 0 1 6.8e-14 4.4e-14
7. 1 0 1 0 0
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