Singularities of linear time-varying DAEs
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Abstract

Singular issues arising in linear time-varying differential-algebraic equations are
addressed in this paper. We review the use of projector methods based upon the
tractability index concept for the analysis of regular problems. A taxonomy of sin-
gularities which describes the failing of some assumption in the tractability index
definition is then introduced. The analysis of singular problems is focused on situ-
ations in which the degeneracy is a minimal one, namely, equations which admit a
well-defined extension of the solution set through the singularity. In this framework,
so-called weak singularities are shown to display a non-singular local flow despite
the singular nature of the problem, extending previous results proved for low-index
autonomous systems. Several examples illustrate the scope of the work.

1 Introduction

Singular differential-algebraic equations (DAEs) may be roughly described as implicit sys-
tem of differential equations F(z',z,¢) = 0 which fail to satisfy the conditions supporting
the definition of an index at a given triple (po, %o, fp). Singular problems are sometimes
defined by a DAE which has a well-defined index except on a lower-dimensional subset
of the state space. Other problems are defined by parameterized regular systems which
undergo a singularity at a particular value of the parameter. Autonomous singular equa-
tions arise, for example, in magnetohydrodynamics [5, 16], nonlinear circuit theory [6, 7],
power systems [33, 34] or root-finding problems [28, 29, 30]. Quasilinear singular ODEs
[22, 29, 32] and semiexplicit singular index 1 DAEs [5, 6, 7, 16, 27, 31, 33, 34] have received
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special attention. A broader class of quasilinear singular problems has been studied in
(23, 24].

Singularities may also be displayed in the non-autonomous context of linear time-
varying (LTV) DAEs

A(t)x" + B(t)x = q(t), (1)

where A and B take values in R"*" (RP*" standing for the set of real matrices with p
rows and r columns), whereas z and ¢ are n-dimensional vectors. A classical source of
singular problems in the ODE context comes from the study of systems of the form (1) for
which A has maximum rank except at an isolated t*. Note that these problems comprise,
after a straightforward reformulation, higher order scalar LTV equations whose leading
coefficient vanishes at a given ¢* [13, 35]. The purpose of the present paper is to address
some related issues in the context of LTV DAEs. Generally speaking, equation (1) will
be a DAE if A is rank-deficient on a whole interval: in this context, singularities will be
displayed when there is some rank drop or, more generally, some index change in this
interval.

Linear time-varying DAEs have been extensively studied in the last decades [2, 3, 11,
14, 17, 25, 26]. Results in this field are of central importance in the control of descriptor
systems and in electrical circuit theory: see references in [8, 15]. Most of these approaches
are based on the definition of an indez, usually through some kind of iterative procedure
which assumes a number of non-degeneracy (or reqularity) conditions. Let us focus, for
simplicity, on homogeneous problems

A(t)z' + B(t)z = 0. 2)

From a geometrical point of view, the above-mentioned procedures usually lead to a lower-
dimensional set which smoothly varies with ¢ and where the solutions of the DAE (the
so-called DAE flow or, sometimes, reduced flow of the problem) lie. A smooth basis on
this space would theoretically allow for a description of the DAE flow through a LTV
ODE of the form

Y +C(t)y =0, (3)

where y would denote an m-dimensional (m < n) vector of coordinates with respect to
such a basis. Equation (3) may be alternatively interpreted, together with ¢ = 1, as
defining a flow on a smooth manifold in (¢, x)-space.

Most authors explicitly acknowledge the fact that the non-degeneracy assumptions
defining the index may fail at some t*, yielding a singularity at this point. In this case,
the equation describing the DAE flow would typically be a singular ODE

D(t)y' + E(t)y = 0, (4)

rank deficiencies in D characterizing the singularities of the problem. In (¢, x)-space, the
hyperplane ¢ = t* would then be an impasse set [22, 23, 24].

Among these approaches, projector methods, based upon the tractability index con-
cept [1, 8, 10, 11, 17, 18, 19, 20], provide a tool for the analytical and numerical study of
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LTV DAEs. According to the general discussion above, the tractability index is supported
on a set of non-degeneracy assumptions: in the present paper, we will address situations
in which some of these assumptions fail at an isolated ¢*.

Our main purpose is to discuss, within this family of singular equations, some problems
which may in a certain sense be considered the less degenerate ones. Specifically, we will
consider situations in which, despite the presence of a singularity, the solution manifold
may be smoothly extended through t*. Equivalently, in these equations there exists a
smooth extension of a basis of the manifold where the solutions of the DAE lie. This rules
out sudden jumps on this manifold which may be displayed in non-analytic systems, and
allows for a theoretical reduction to a singular ODE of the form (4) (or (3), where C'(¢)
may become undefined at ¢t*), y still denoting coordinates with respect to a smooth basis.

Within this type of problems, we will then consider cases in which the DAE flow is in
fact a non-singular one, in spite of the singular nature of the equations. In these systems,
solutions are well-defined through the singular value ¢t*. This phenomenon will be analyzed
using the weak singularity concept, which arises as a natural analog of weak singular
points in autonomous equations [27, 28, 29]. A characterization of weak singularities
will be performed using desingularization techniques. Special attention will be paid to
critical problems, for which such behavior is not a straightforward extension of that of
the quasilinear system obtained after adding the equation ¢ = 1. The attention will be
mainly restricted to singular index 1 equations; however, we will also address some index
2 systems which may be of help in the understanding of general higher index singular
DAEs.

The paper is organized as follows. Section 2 reviews the tractability index concept,
and presents some background on the use of projector methods for the analysis of regular
linear DAEs. This section is self-contained and has been written in a tutorial spirit: we
believe that it might be of interest for a reader aimed at getting some intuition on linear
DAEs and their analysis via projector techniques. A taxonomy of singularities for linear
time-varying DAEs is presented in Section 3, where some geometrical issues concerning
the solution manifold are also addressed. Section 4 reviews the weak singularity concept
for certain autonomous problems, and extends this notion to LTV DAEs with arbitrary
index. Weak singularities describe the existence of a non-singular flow through the singular
value: an explicit characterization of these is discussed for ODEs and index 1 DAEs. Some
remarks on index 2 cases provide a hint for the analysis of higher index problems. Section 5
illustrates the scope of these results through several examples. Finally, Section 6 compiles
some concluding remarks.

2 Regular LTV DAEs: projector methods and the tractability
index

We review in this section the tractability index concept, together with the main features
of projector methods for index 1 and index 2 linear DAEs: see a thorough discussion in
[10, 17]. Recent developments can be found in [1, 8, 19, 20]. Problems with a well-defined
tractability index will be called regular tractable DAEs: when some of the conditions
supporting this definition fail at a given t*, we will be led to a singularity, as detailed in
Section 3.



Although our interest is focused on time-varying problems, a summary of projector
techniques for time-invariant DAEs will be included for the sake of clarity. In our dis-
cussion, certain special (so-called canonical) projectors will play a central role. These
projectors provide an explicit description of the dynamics on the solution manifold, and
will be particularly useful for the purposes of the present paper.

2.1 The tractability index
Consider a homogeneous linear equation of the form
A(t)x" + B(t)x =0, (5)

where A(t) and B(t) are continuous matrix-valued functions. The tractability index
concept is based on the construction of the following sequence (see [1, 17, 20] and references
therein):

Ao(t) = Alt),

By(t) = B(t) — A(t)Py(t), (6)
Ai1(t) = A;(t) + Bi(8)Qi(t),
Bia(t) = Bi(t) Pi(t) — Aipa(t) (Po(t) Pr(2) - - . Piya(£)) Po(8) Pr(t) - . . Pi(2),

where Q;(t) denotes a projector onto N;(t) = KerA;(t), and P;(t) = I —Q;(t). In this con-
struction, it is assumed that @;(¢) may be chosen smooth (continuously differentiable),
and such that Q;(¢)Q;(t) = 0 for j > i. The existence of a smooth projector Q;(t)
onto N;(t) is equivalent to the smoothness of N;(t), that is, to the existence of a con-
tinuously differentiable basis nq(t),...,n,,(t) for N;(t). Recent results show that this
assumption may in fact be relaxed to the requirement that Py(¢)Py(¢) ... P;(t) (that is,
Py(t), Py(t)Pi(t), etc.) be continuously differentiable [20].

Definition 1. The DAE (5) is regular with tractability index k on a given interval T if
k is the minimum non-negative integer such that

1. The matrices A;(t) are singular with constant rank and smooth kernel N;(t) on Z,
for 0 <i<k.

2. Ag(t) is non-singular on Z.

Note that, for tractable systems, we are indeed allowed to choose Q;(t) of class C! from
the first assumption. The existence of smooth projectors satisfying @Q;(¢)Q;(t) = 0 and
independence on the choice of the projectors follow from results proved in [11, 12, 20].
It is worth indicating that the constant rank assumption is in fact comprised in the
smooth kernel one. Conversely, if A;(¢) is smooth, the smoothness of KerA;(t) follows from
the constant rank assumption (see e.g. [25]). Since in many problems A;(¢) will be smooth,
the most apparent aspect in this regard is the constant rank condition: for this reason,
constant rank is explicitly required in the definition. Remark also that the definition
above is directly applicable to time-dependent matrix pencils, to non-homogeneous linear
DAEs, as well as to constant coefficient problems, where a simplified chain is obtained



after removing all the terms which involve any derivative. The tractability index is, in
the latter case, nothing else than the classical Kronecker index of a regular matrix pencil
[9].

In particular, linear time varying ODEs, characterized by an invertible A(¢t) for all
t, are regular with index 0. Regular problems with index 1 or higher display one of the
main features of DAEs: solutions will only be defined on a lower-dimensional subset of
the state space. In the linear setting, the (non-singular) matrix A (¢) will play a key role
in the description of this solution set, and also in the actual computation of solutions.

Definition 1 comprises some geometrical properties which will play an important role
in singular problems. The key result in this direction is proved in [10]:

Proposition 1. Let A, B € R"*". Assume that A is singular and let () be a projector
onto N = KerA. Define S = {x € R" : Bx € ImA}. Then, the following statements are
equivalent:

1. A+ BQ is non-singular;
2. R" =N S,
3. {A, B} is a regular matriz pencil with indez 1.

Let us elaborate on some implications of this result. First, assume that condition 1 in
definition 1 is satisfied for a linear time varying DAE such as (5). We may then apply
proposition 1 to Ay 1(t), Br 1(t), Qr_1(t) for any t in Z. Hence, condition 2 in the
tractability index definition can be alternatively written, with the notation Sy_1(t) =
{r € R" : By_1(t)r € ImAj_1(t)}, as R" = Np_1(t) ® Sk_1(t) or ind(Ag_1(¢t), Br_1(t)) =1
for all ¢ in 7.

In this situation, from the constant rank assumption on Ay _1(t), it follows that there
exist a continuous mapping Wy, 1 : Z — RP*" with p =n — r, r = rkA;_1(t), such that
rk Wi_1(t) = p Vt € Z, and v € ImA;_1(t) & Wi_1(t)v = 0. Hence, the set Si_1(¢)
may be described as Ker Wj,_;(t)Bj—1(t). This allows one to show that assumption 2 in
definition 1 actually comprises two different properties:

1. Sk_1(t) varies continuously with ¢.
2. Sg_1(t) is transversal to Nj_1(t), for all ¢ in Z.

Whilst the latter is obvious, the former follows from the fact that Si_1(¢) must be r-
dimensional and, therefore, Wj,_(¢)Bx_1(t) must have constant rank p. In consequence,
Sk—1(t) = Ker Wy_1(t)By_1(t) will be continuous in ¢. The key aspect here is that the
constant dimension of Si_;(t) does not follow from that of Nj_;(¢) alone, as it will be
illustrated in Section 3.

Some interesting conclusions may also be derived from the regularity of the (index 1)
matrix pencil {A;_1(¢), Bx_1(t)} in tractable systems, namely

ind(Ap_1(£), Be_1(t) =1 = 1k (Ay_1(t) Bp1(t)) =n =1tk Wy () By1(t) =p. (7)

Continuity of Si_1(t) follows from the latter, as indicated above. The first part of (7) is
in fact true for any regular matrix pencil, regardless of the index, since a rank deficiency
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in (Ag_1(t) Bg_1(t)) would imply the existence of a non-vanishing left null vector p,
which would make p(AAy_1(t) + Br_1(t)) = 0 for any X and, in turn, this would imply
the singularity of the matrix pencil. The second part easily follows from the identity
Wi—1(t)(Ag—1(t) By-1(t)) = (0 Wy_1(t)By-1(t)). The important consequence is that,
in singular problems in which assumption 2 in definition 1 fails, we may still guarantee
the existence of a continuously defined manifold Sy 1(¢) from any of the less restrictive
conditions in (7).

The following subsections show how the definition of regular tractable DAEs allows for
a direct treatment of linear DAEs with index 1 or 2. The index 2 case provides also some
hints to address problems with index greater than 2, which are not explicitly considered
in the present paper. These subsections will also illustrate some consequences of the
geometrical properties discussed above.

2.2 Projector methods for index 1 problems
2.2.1 Time-invariant case

The behavior of a linear, constant coefficient (time-invariant) homogeneous DAE
Ar'+ Bx =0 (8)

may be easily described, when {A, B} is a regular matrix pencil, in terms of the Kronecker
index and the corresponding Kronecker canonical form (see e.g. [2]). This process involves
a linear change of coordinates, and can be alternatively formulated in terms of projectors.
The fact supporting this equivalence is that the tractability index presented in definition
1 is, in time-invariant problems, exactly the Kronecker index.

Let us focus on the index 1 case. Tractability with index 1 amounts to require in-
vertibility of the matrix A; = A 4+ BQ, @ being a projector onto N, = KerA (for
notational simplicity, the O-subscript will be removed in the sequel for these projec-
tors). According to proposition 1, this is equivalent to the transversality of Ny and
So ={z € R": Bx € ImA}.

In index 1 problems, the set Sy is in fact the solution manifold of the DAE. This means
that all solutions lie on Sy and they completely fill it. To get an explicit representation
of these solutions, let us consider the projector P = I — () along Ny , and remark that

AT'BQ = Q
A'A = P

since. AQ = 0 and, therefore, A;QQ = (A + BQ)Q = BQQ = BQ. It follows that
Q = A;'BQ and, finally, A;/*A =AY (A, - BQ)=1—-A'"BQ=1-Q=P.
We may then premultiply the DAE by A;' and decompose x = Px + Qx to get
AT 'Ar' + AT'Br = A' A2’ + AT'BPx + AT 'BQr = 0

or, equivalently,

Px' + AT'BPz + Qv = 0,



which in turn can be decoupled into the system

Pr'+ PAT'BPr = 0 (9a)
QA{'BPr+Qr = 0. (9b)
With the notation v = Pz, v = Qz, (9) becomes
u' + PA'Bu = 0 (10a)
QAT'Bu+v = 0. (10b)

We may consider (10a) as an inherent ODE defined for u € R". The subspace ImP is
then invariant for this ODE, and the solutions of the DAE can be recovered from the
differential variable u using the algebraic relation (10b).

Notice that ImP will generally not be the true solution manifold Sy, and that the
solution manifold is not necessarily invariant for the inherent equation. However, the
identification between ImP and .Sj is possible for a special choice of the projectors P, Q).
Let us define the canonical projector Q. as the unique projector onto Ny = KerA along
So [18]. Therefore, P. = I — Q. is a projector onto the solution manifold Sy. It may be
shown that QA;*B = Q. for any initial choice of the projector Q. This makes it possible
to restate (9) as

P.a'+ P.A{'BP.x = 0 (11a)
Q. = 0, (11b)
where now A; is understood to be defined from Q.. In this case, (10) reads
uw + P.A'Bu = 0 (12a)
v = 0. (12b)

Inherent flow and DAE flow. It is worth remarking the distinction between the
related concepts of inherent or inner flow and DAE (occasionally called reduced) flow.
The choice of any projector P along Ny leads to equation (10a), which defines an inherent
flow in R™. The linear subspace ImP is invariant for this flow, and the solutions of the
DAE can be recovered, from the restriction of the inherent flow to this space, through
the algebraic relation (10b). For the particular case defined by the choice of canonical
projectors, the restriction of the corresponding inherent flow to the solution manifold
So = ImP, yields the DAFE flow, which comprises the true solutions of the DAE. In this
case, the inherent flow may also be called an underlying flow.

An explicit coordinate description of the equations defining the DAE flow can be easily
obtained from the choice of linear coordinates in Sy = ImP,, that is, from the choice of
a basis (s1,...,s,) in this space, where r = dimS; = rkA. If the linear operator P,A;' B
is understood to be restricted to Sy and expressed in the aforementioned basis, we may
see equation (12a) as an r-dimensional ODE, u being now a vector of coordinates with
respect to this basis. The DAE flow may then be expressed from the solutions of this
ODE simply as uy(t)sy + ...+ u.(t)s,. The choice of any other basis leads to another
ODE which is linearly conjugate to the previous one. For this reason, with abuse in the
terminology, equation (12a) is sometimes referred to, in the LTI context, simply as “the”
reduced ODE.



2.2.2 Time-varying case

From definition 1, it follows that a LTV DAE (5) has tractability index 1 on Z if on this
interval A(t) and B(t) are continuous, A(t) is singular but has a smooth kernel Ny(t),
and A;(t) = A(t) + By(t)Q(t) is non-singular, where By(t) = B(t) — A(t)P'(t), Q(t) is a
smooth projector onto Ny(t), and P(t) = I — Q(¢t).

As it was discussed in 2.1, tractability with index 1 on Z is equivalent to the condition
R" = Ny(t) @ So(t) Vt € Z, with Sy(t) = {x € R" : By(t)x € ImA(t)}. Note that the
solutions of the DAE must now lie on the manifold {x € R" : B(t)x € ImA(¢)}, but
this set may be proved to be in fact Sy(t) since By(t) = B(t) — A(t)P'(t) and, therefore,
B(t)x € ImA(t) & By(t)xr € ImA(t). It follows that all the geometrical remarks discussed
in 2.1 for Sy_1(¢) are directly applicable to the solution manifold of a LTV index 1 DAE.
Also, it is straightforward to show that, in this situation, tractability with index 1 is
equivalent to the smoothness of KerA(t) together with the index 1 assumption on the
local matrix pencil { A(t), B(t)} for all ¢. Basically, this fact expresses that the tractability
index and the local (Kronecker) index are the same for index 1 LTV problems. In turn,
this makes it possible to identify the tractability index with other index concepts in the
index 1 setting: see [2, Theorem 2.4.2] and [25, Theorem 7.1].

Solutions are then defined only for initial points z(ty) € So(ty) and remain on Sy(t) for
all £. This allows one to define, as in the LTI case, the canonical projector P.(t) onto Sy(t)
along Ny(t). The canonical projectors can be computed as Q, = QAT By, P. = I — Q.:
see details in [1, 8, 17]. The inherent ODE would read, in this case,

uw — Plu+ P.A'Bou = 0, (13)

By and A; being now defined from the canonical projectors. The restriction of the corre-
sponding flow to ImP.(t) = Sy(t) yields the DAE flow.

If Sy(t) is not only continuous but smooth (condition which follows immediately from
smoothness assumptions on the operators A, B), we may choose coordinates with respect
to a smooth basis in Sy(t), and a LTV ODE describing the DAE flow in these coordinates
can be derived from (13). Remark that the DAE flow can also be seen as an autonomous
one lying on the manifold Sy = Uz So(t) (more precisely, Usez{t} x So(t)) in (¢, z)-space.

2.3 Projector methods for index 2 problems
2.3.1 Time-invariant case

Consider again a LTI DAE Az’ + Bz = 0 and let us now focus on the index 2 case.
Tractability with index 2 for LTI problems amounts to the following. Let ) be any
projector onto Ny = KerA, and P = I — (). Assume that A; = A + BQ is a singular
matrix. Define B; = BP, and let (J; be any projector onto N; = KerA; such that
21Q = 0. Then, tractability with index 2 is equivalent to the regularity of A, = A;+B,Q,
or to the condition R* = N; & S, where S; = {# € R” : Bjxz € ImA;}. This is also
equivalent to the Kronecker index 2 condition on the matrix pencil.

Again, a special role is played by the canonical projector Q1. onto Ny along Sy, which
can be obtained from any other projector (J; onto N; through the relation Q1. = QlAz_lBl.



An extension of the reasoning presented for the index 1 case yields

A;lA - Plcp
A'BQ = Q
Az_lBPQlc = Qlca

where P;. = I — Q1. and A, is now understood to be defined from (Q;.. Premultiplying
the DAE by A,' and then by PP, PQ;. and QP,., respectively, leads to the decoupling

PPlcx' + PPchngPplcx =0 (14&)
P@Qix = 0 (14b)
QP Ay'BPPx +Qu = 0. (14c)

Denoting w = PPj.x, v = PQ1.x, w = Qx, (14) becomes

u' + PPLA'Bu = 0 (15a)
v = 0 (15b)
QP A;'Bu+w = 0. (15¢)

Again, we may consider (15a) as an inherent ODE defined for u € R". The subspace
ImPP;. is then invariant for this ODE, and the solutions of the DAE can be recovered
from the differential variable u using (15b) and (15c¢).

The projector (Q can be chosen in a way such that the space ImP P, be the true solution
manifold for the index 2 LTI DAE [18]. Namely, if after the previous development we
define Qo = QPi.A;'B, Py, = I — Qq., and redefine the matrices A;, B; accordingly,
system (14) would read

POcplcxl + PUcpchngpﬂcplcx —
POchc-T
QOc-T

I
o o o

and the inherent ODE becomes
UI —+ chpchngU = 0. (16)

In the sense discussed in 2.2.1, (16) may also be understood as the reduced ODE of the
system.

2.3.2 Time-varying case

Following again definition 1, a LTV DAE has tractability index 2 on Z if on this interval
A(t) and B(t) are continuous, A(t) and A, (t) are singular with constant rank and smooth
kernel, the projectors Q(t) and Q;(t) satisfying Q1 (¢)Q(t) are smooth, and Ay(t) = A;(t)+
By (t)Q1(t) is non-singular, with By (t) = By(t)P(t) — Ay (t)(P(t)Py(t)) (t)P(t).

It is worth indicating that regularity of the local matrix pencil {A(t), B(t)} does not
follow from the tractability index 2 assumption. This represents a substantial difference
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with LTI problems, and makes LTV DAEs with index > 2 more intricate than index 1
equations. The key aspect is that regularity of the local matrix pencil cannot assure (nei-
ther is necessary for) unique solvability of the DAE. It is true, however, that tractability
with index 2 implies that the local matrix pencil {A;(t), By(t)} is regular with Kronecker
index 1, as it was discussed in 2.1. Moreover, it may be shown that the modified matrix
pencil {A(t), By(t)} = {A(t), B(t) — A(t)P'(t)} is regular with Kronecker index 2.

On the other hand, the identification between the solution manifold and any of the
spaces Sp(t) or Si(t) does no longer hold in problems with index higher than 1. The
solution manifold will now be a lower dimensional subset of {z € R : B(t)x € ImA(t)} =
So(t). Note that smoothness of the solution set may be derived from appropriate smooth-
ness assumptions on the operators characterizing the DAE.

The solution manifold may also be described using canonical projectors. Besides the
projector Q1.(t) onto Ny(t) along Sy (t), which may be computed as Q. = Q, A, By from
any other projector 1 onto Ny, we may introduce (see e. g. [1]) the additional canonical
projector

Quoe(t) = Q(t) Pre() A7 (1) Bo () + Q(1) Que (1) (P (1) Que (1)) () P(2).

With this construction, the solution manifold may indeed be shown to be ImPy.P;.(t).
Solutions are defined only for initial points z(ty) € ImPy.P;.(to) and remain on Im Py Py.(t)
for all ¢t. The inherent ODE would read in this case

u' — (PyePr)u+ Py P Ay ' Bou = 0, (17)

all operators being dependent on ¢ and defined from Q..

2.4 Examples

We present in this section two index 1 examples with a two-fold goal. First, we attempt
to illustrate the use of projector methods for regular LTV problems. Our second purpose
is to motivate the kind of different behaviors which can be displayed at singular points.
Index 2 examples may be found in Sections 3 and 5.

2.4.1 Example 1 (I)
Let us consider the LTV homogeneous DAE

1 —t x) 10 1
+ =0.
(o)) -G(R)
With the above-introduced notation, we have

No(t) = KerA(t) =span{(¢,1)}
So(t) = {xeR®: B(t)r € ImA(t)} = span{(1,1)}.

Therefore, the DAE has tractability index 1 except at t* = 1, where there is a singularity,
which can be understood in terms of the the non-transversality of Ny and Sy. In this
simple example, it is easy to obtain by inspection the algebraic constraint x; = x5, the
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flow being determined by the equation (1 —¢)z} +z; = 0. A systematic approach to derive
this conclusion follows from the choice of the projectors

an={g 1) Po=(g o)

from which we obtain the canonical ones

-5 (4 1) mo- (1)

and

and, finally,

This means that the inherent ODE is

u'+—1 Uy =0 u'+—1 uy =0
1 1_t2_7 2 1—t2_

Solutions have the form u; = C1(1 — t) + Cy, us = C1(1 — t). In particular, given an
initial point uq(tg) = ua(ty) = Cp in the solution manifold for ¢y # 1, the corresponding
solution of the DAE is (written in z-coordinates)

Co
1— ¢

(1—12). (18)

1 = To =

This flow displays a singularity at ¢, = 1, which yields an infinite number of analytic
solutions satisfying z1 (1) = 0 (namely, z; = C(1 —t) for any C' € R), and no solution for

z1(1) # 0.

2.4.2 Example 2 (I)

Let us now consider the system

(G- (2)-
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In this case, it is
No(t) = KerA(t) =span{(t,1)}
So(t) = {zeR: B(t)r € ImA(t)} = span{(1,t)}.

Therefore, the DAE has tractability index 1 except at ¢* = +1, where Ny and S, are
non-transversal. The (non-canonical) projectors introduced for example 1 are still valid,
since they are defined only from the matrix A(¢):

an={g 1) ro=(g )

However, the canonical ones now read

1 —t* ¢ 1 1 —t
Qc(t):ﬁ<_t 1>7Pc(t):1_t2<t _t2>7

and

1 2t —1—1¢2
14\ —
Pc(t)_(l_t2)2 <1_|_t2 —2t >7
from which we obtain

AN = 1 B—t+2 B -124+t-1
' T —ee\ #+2-1 - —t+1)°

1 —t* 1
Bolt) = ﬁ( oo )
It then follows that the operator in the inherent ODE (13) reads

1 —t 1
_ p! -1 —
( PC+PCA1 BU)(t) (1_t2)2<_1 2t—t3>
The solution manifold is defined in this case by the condition x1t — x5 = 0. If we restrict
the solutions of the inherent ODE to this manifold, with a given initial condition wu;(ty) =
CU, Ug(to) = Ul(tg)t() = C[)tg, we get

r = Co, Ty = Cgt (]_9)

This is a well defined flow even through the singular value. The reason for this nice
behavior is that the singularity at t* = 1 is a weak one, as illustrated in Sections 4 and 5.

3 Singularities of LTV DAEs

As it was discussed in Section 1, most definitions of an index are based upon an iterative
procedure which assumes a number of non-degeneracy conditions. This is the case of the
tractability index, as presented in 2.1. The fail of one non-degeneracy assumption in the
sequence defining regular tractable DAEs leads naturally to the notion of a singularity
presented below.
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Definition 2. The DAE (5) is said to have a j-singularity or an order-j singularity at
t*, j being a non-negative integer, if there exists a neighborhood It of t* for which

1. There exist integers ky, ks > j such that the DAFE is reqular with tractability index
ky on {t € I' : t < t*} and tractability index ky on {t € T : t > t*}.

2. j is the minimum non-negative integer such that A;(t) in (6) fails to have either
constant rank or smooth kernel on I .

Most of the singular cases considered in this paper will be defined by a non-constant rank
in A;(t). For the sake of consistency it is necessary, however, to consider situations in
which it is the smoothness of KerA;(t) what fails at the singularity, since in this case it
may be not possible to continue the sequence up to A;;1(¢) due to the non-smoothness
of the corresponding projector. Note also that definition 2 may be proved independent
of the choice of the projectors. The reason supporting this is the fact that the constant
rank condition is not dependent on the projectors, which bases the definition of tractable
systems: see [11, 12, 20].

Regardless of the order j of the singularity, if £y = ks = k we will say that the DAE
has singular index k around t*, meaning that it behaves as a regular index k problem
except at t*, where some pathological behavior may be displayed. On the other hand, if
k1 # ko, we will say that the system undergoes an index jump at t*, as in

1 0 0 2 100 .
0 0 0 a2 |+ 010 v | =0, (20)
0 aft) 0 xh 001 T3

where a(t) is a C! function (for any positive [ or [ = oo) such that a(t) =0 ¢ < 0. A
0-singularity is displayed at the origin, since there is a change in the rank of A(t) there,
and the system may be easily shown to jump from index 1 at ¢ < 0 to index 2 at ¢t > 0.
It is worth indicating that, despite the index jump at the singularity, this DAE displays
a nice behavior for all ¢, as it is discussed in 5.2. Note also that it is easy to construct
DAEs with a similar shape but without index jumps, e.g.,

00 0 O x} 1000 1
10 0 O xh n 01 .00 v2 | g
00 0 O x4 0010 T3 |
0 0 «af) O ) 0001 T4

which has tractability index 2 for every ¢ # 0.

The above-mentioned jump behavior cannot be displayed in analytic systems. This
follows from the fact that rank drops in analytic matrices occur only at isolated values
[25]. Moreover, despite the rank change in A;(t), there exist a projector ();(¢) which
admits an analytic extension to the singularity. The sequence may therefore be continued
this way, yielding a chain which must lead to the same tractability index at both sides
of the singular value. In the sequel, we will restrict the attention to singular index k
problems, that is, singular DAEs without index jumps.

According to definition 2, 0-singularities, such as the one occurring in (20), are those
for which A(t) has non-constant rank (or non-smooth kernel). Notice that order 0 in
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the singularity of (20) is entirely independent of the non-analytic character of the system
or the index jump displayed at the origin. These are the only singularities which may
happen in the ODE setting [13, 35]. The family of 0-singularities also comprises problems
of the form (t — t*)A(t)z' + B(t)z = 0, where A(t) is typically a matrix with constant
(not necessarily maximum) rank: see e.g. [21].

Intermediate singularities are those for which the order j satisfies 0 < 7 < k. The
following system, with singular index 2, displays a 1-singularity at the origin:

100 ! 010 1
t 00 gy |+ 1 0 ¢ zy | =0. (21)
00 0 z 100 s

Note that rkA(t) = 1,Vt € R. It is straightforward to check that

Q=

o O O
o = O
_ o O

is a projector onto KerA, which yields, after some simple computations
1 10
A1 - t 0 t
0 00

A rank drop in A;(t) occurs at the origin. It is easy to prove that the DAE has tractability
index 2 on R— {0}, the problem hence having singular index 2 with a 1-singularity at the
origin.

Remark that, at j-singularities of singular index %k systems with 0 < ;5 < k, the
matrix sequence may well lead to a non-singular extension of Ag(¢) through the singular
value. Some examples of this situation, which provides a particularly simple setting, are
presented in 5.2. Of course, this cannot happen in k-singularities, for which by definition
Ay, becomes singular at t*. The fact that all the matrices A;(¢) for j < k have constant
rank reduces somehow the number of different phenomena which may be displayed at
k-singularities. Additionally, it is worth noting that, as it happens in some autonomous
problems [27], the rank deficiency in A(t) does not necessarily imply a singularity on the
solution manifold: this issue is further analyzed below for the case of singular index 1
systems.

Geometrical remarks. Consider a 1-singularity of a singular index 1 LTV, that is, a
problem in which A(t) has constant rank and smooth kernel on Z, A;(t) being invertible
on Z — {t*} and singular at t*. According to the discussion in 2.1, the set Sy(¢) (which is
in fact the solution manifold, since we are dealing with an index 1 problem) must display
any of the following degeneracies:

1. Sp(t) is not continuous at ¢*.

2. Sp(t) being continuous, is not transversal to Ny(t) at t*.
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Obviously, from a geometrical point of view, the former is more degenerate than the
latter. In the first case, we may further distinguish problems in which there exists a
continuous extension of Sy(t) to ¢*, that is, there exists a continuous space Sg;(t) such
that S§(t) = So(t) YVt € T — {t*}, from those which do not admit such an extension. An
example of the former is defined by

1 —t Ty 1-t 0 T\
(o)) () () = &
It is easy to prove that Sy(t) = span{(1,1)} for ¢ # 0, whereas Sp(0) = R?. Obviously,

So(t) admits the smooth extension Sf(¢t) = span{(1,1)}, Vt.
However, this is not always the case, as the following example shows:

Gé)(%)*(a(&) B(()t)><§;>:0’ (23)

where «(t) (resp. [(t)) is a C* function which vanishes exactly on ¢ < 0 (resp. t >
0). Again, it is immediate to prove that Sy(t) = span{(1,0)} for ¢ < 0 and Sy(t) =
span{(0,1)} for t > 0. No continuous extension may exist for this singularity.

Accordingly, the appropriate taxonomy regarding the existence of well-defined solu-
tions through the singularity should distinguish between problems in which

1’. Sy(t) does not admit a continuous extension at ¢*.
2. Sp(t) admits a continuous extension which is not transversal to Ny(t) at ¢*.

The constant rank assumption on A(t) leads to a description of Sy(t) as Ker W (t)B(t),
with the notation introduced in 2.1 (W (t) standing for Wy_1(t) = Wy(t) since k& = 1).
From the results in [25], it follows that analyticity on the operators A(t), B(t) rules
out case 1’ above. Analytic 1-singularities always satisfy 2’, where “continuous” may be
replaced by “analytic”. Nevertheless, in non-analytic C' (I > 0) problems, this is not
always the case, as illustrated by system (23). It is therefore of interest to formulate
conditions which guarantee the existence of a continuous or smooth extension of the
solution manifold through the singularity or, in particular, conditions which assure that
this manifold is itself continuous or smooth.

This type of conditions may be easily obtained from any of the assumptions on (7).
Remarkably, the condition

tk (A(t) B(t)) =n, (24)

which may be obviously satisfied at 1-singularities, guarantees (together with the con-
stant rank condition on A(t)) that W (t)B(t) has a continuous kernel Sy(¢). It is worth
noting that (24) is an intermediate requirement in the index definition presented in [25].
Furthermore, it is shown in this reference that tractability with index 1 is equivalent to
the index 1 definition there. This means that singularities will be displayed exactly at
the same points with both definitions of the index. Nevertheless, if at a singular point we
still assume constant rank on A(t) together with (24), continuity (or smoothness) of the
solution manifold in C! problems follows.
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Note that the discussion above does by no means imply that only at 1-singularities a
continuous extension of the solution set may exist. Indeed, the condition rk W (t) B(t) = p,
which also leads to a continuous Sy(t), may be required even without assuming con-
stant rank on A(t) (W(¢) hence being non-continuous), that is, at 0-singularities of in-
dex 1 DAEs. Nevertheless, constant rank on W (¢)B(t) but not on W (t) seems to re-
quire a special matching between A and B. For instance, (24) would in this case imply
rk W(t)B(t) = rk W (t), yielding a non-constant rank in W (¢)B(t) . Furthermore, in this
situation Ny(t) is non-smooth: these facts suggest that this kind of problems may be more
intricate from a geometrical point of view.

Finally, remark that in problems with index k£ > 2, continuity conditions for the
solution manifold may not be formulated in such a straightforward manner. This is
due to the fact that the analog of the discussion above would lead to the continuity or
smoothness of Sy, _1(t) at k-singularities, but this set is no longer the solution manifold in
DAEs with index & > 2. The corresponding study for these higher index problems would
require a more detailed geometrical discussion, which is beyond the purposes of this work.

4 Weak singularities

Despite the singular nature of some differential or differential-algebraic equations, there
exist cases in which solutions are well-defined through the singular set. This behavior
has been characterized in certain autonomous, low-index nonlinear problems through the
concept of a weak singularity [27, 28, 29] under a simplifying non-critical assumption [22].
The purpose of the present section is to address this phenomenon in the context of linear
time-varying DAEs. Note that, in critical problems, this behavior does not follow from
a straightforward extension of that of the quasilinear system obtained after adding the
equation t' = 1.

To motivate this analysis, we review the weak singularity concept for autonomous
problems in 4.1. We then present a definition of weak singularities for linear time-varying
problems of arbitrary index in 4.2. Notice that a previous requirement for the existence
of a well-defined flow through a singular point is the existence of a continuous extension
of the solution manifold, in the terms discussed in Section 3: this is acknowledged in
the weak singularity definition. We then provide some criteria for a singular point to
be weak using desingularization tools. This is performed for singular index 0 and index
1 problems in 4.2.1 and 4.2.2, respectively. This framework will explain (see 5.1) the
different behavior depicted by examples 1 and 2 presented in 2.4. Finally, in 4.2.3 we
provide some hints for the analysis of higher index LTV problems inspired in the behavior
of index 2 equations.

4.1 Autonomous low-index DAEs and weak singularities

As indicated above, around weak singularities of certain low-index autonomous DAEs
there exists an n-dimensional flow which is well-defined even through the singular mani-
fold [27, 28, 29, 30]. This is a complementary behavior to the one described by the Singular
Flow Theorem [27, 33, 34]. Although this is a non-generic phenomenon, it comprises cer-
tain key singular features whereas, on the other hand, its analysis may be naturally carried
out using classical tools. More general cases may sometimes be addressed as extensions,
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in a certain sense, of this weak behavior. This approach has been successfully applied to
the stability study of a class of singular equilibria in quasilinear index 0 equations [29],
and also to the synthesis of quadratically convergent discretizations of continuous-time
methods for singular root-finding problems [30].

4.1.1 Quasilinear index 0 and semiexplicit index 1 autonomous problems

Generally speaking, an autonomous DAE is called singular at a given point z* if the
(differential, tractability or geometrical) index is well-defined on an open dense subset
of a neighborhood of z*, but not at the point z* itself. In some simple cases (namely,
quasilinear index 0 and semiexplicit index 1 equations under a non-critical hypothesis),
the singularity is simply described by a rank drop at x*. These cases have received
considerable recent attention, and some of the main results are summarized below.

Let us first consider quasilinear differential equations [22, 23, 24, 29, 32]

A(z)x' = f(x), (25)

where A € C/(R",R"™"), and f € C'(R",R"), with [ > 1. System (25) may be trivially
reduced to the explicit ODE 2z’ = A(x)~! f(x) = h(z) around points where A(x) is regular.
If, on the other hand, A(z) has constant rank r < n on a neighborhood of a singular point
x*, the equation often has a regular finite index on this neighborhood (see [2]).

We are nevertheless interested in problems in which A(x) is singular on a hypersurface
S, with z* € §. This occurs if z* is a non-critical singular point [22], that is, if the
condition VdetA(z*) = (detA)’'(z*) # 0 is satisfied, (25) being in this case a singular index
0 DAE [29]. The main taxonomy of singular points in non-critical quasilinear equations
(25) classifies them into algebraic singularities, where f(z*) ¢ ImA(z*), and geometric
singularities, satisfying f(z*) € ImA(x*) [23, 24]. Algebraic singularities typically behave
as impasse points [6, 7, 22, 23, 24], where trajectories collapse in finite time with infinite
speed. On the other hand, different phenomena such as singularity crossing or bifurcation
of solutions may happen at geometric singular points [29, 32]. It is worth mentioning
that, under the non-critical assumption, geometric singularities of quasilinear problems
are characterized by the condition AdjA(z*)f(z*) = 0 [22, 27, 29], where Adj denotes the
adjoint matrix (transpose of the matrix of cofactors). Equivalently, geometric singularities
are equilibria of the desingularized field AdjA(z)f(x). Weak singularities fall within the
class of geometric singular points, and are discussed below.

Similar ideas apply to semiexplicit index 1 DAEs

o= f(u,v) (26a)
0 = g(u,v), (26b)

with f € C{(R" x R™, R?), g € C"*}(R® x R™, R™), [ > 1. Equation (26b) represents
a solution manifold M where the solutions of the DAE lie. From a local point of view,
if we consider a point (u*,v*) in the solution manifold, the assumption that g,(u*,v*) is
an invertible matrix defines (26) as an index 1 problem. In this situation, (26b) defines
locally a smooth manifold, and there exists a function g verifying g(u,v) =0 < v = g(u)
on a neighborhood of (u*,v*). Dynamics on this manifold may then be described, using
u-coordinates, by the so-called reduced ODE u' = f(u, g(u)).
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Singularities of these equations occur at points (u*, v*) of the solution manifold such
that g,(u*, v*) is singular but where there exist arbitrarily close points with invertible g,.
These singularities have received considerable recent attention [5, 6, 7, 16, 27, 31, 33, 34],
coming from problems within fields such as magnetohydrodynamics, nonlinear electrical
circuits and power systems.

The above-mentioned non-critical condition has a natural extension to semiexplicit
index 1 problems, which reads Vdetg,(u*, v*) # 0. This condition may be easily shown to
make the underlying ODE [2, 27|

u = flu,v) (27a)
g(u,v)v" = —g,(u,v)f(u,v) (27Db)

also non-critical. The non-critical condition yields an index 1 DAE on the solution man-
ifold M except on the intersection with the underlying singular hypersurface, defined in
this case as S = {(u,v) € R*™ : detg,(u,v) = 0}. We are therefore led to a singular
index 1 problem whenever the solution manifold is not entirely included in the singular
hypersurface, which is the case under generic transversality assumptions [27].

The analog of a geometric singular point in this setting is a pseudoequilibrium point
[33, 34], defined by g(u*,v*) =0, detg,(u*,v*) =0 and Adjg,(u*, v*)g,(u*, v*) f(u*, v*) =
0. The analogy follows from the characterization of geometric singularities in non-critical
quasilinear problems by the condition AdjA(z*)f(z*) = 0. As it happens in the singular
quasilinear index 0 setting, weak singularities of semiexplicit index 1 DAEs will be framed
in the group of pseudoequilibria.

4.1.2 Weak singularities of non-critical autonomous equations

Let us briefly examine two specific examples in order to introduce the weak singularity
concept. Consider the quasilinear system which results from applying the continuous
Newton method —J(z)a’ = f(z) (J standing for the Jacobian matrix of f) to the vector
function f(z1,z5) = (22, 15), that is,

(o ) )-(0)

Obviously, this system is singular and non-critical on the manifold x; = 0. Nevertheless,
h(xy, 1) = (—1/2, —x2) is well defined on the whole R?, yielding a non-singular flow and
a description of the dynamics in terms of a vector field. A weak singular behavior occurs
in this case: see a more detailed discussion in [28, 29, 30].

As a second example, consider the system [4, 27]

! /
up =1, uy =v, u1v —uy =0.

This is a semiexplicit DAE |, for which the solution manifold g(uy,us,v) = ujv — uy =
0 has no singularities, but the DAE itself is (non-critically) singular at points where
gv(u1,u9,v) = uy = 0. Nevertheless, given any initial point (uy(0), u2(0),v(0)) in the
solution manifold, there exists a well-defined solution uy(t) = u1(0) + ¢, us(t) = us(0) +
v(0)t, v =v(0), even if u;(0) = 0. The reason for this is that there exists a vector field
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which describes the underlying dynamics, and which may be smoothly extended even
through the singular manifold. See details in [27], where it is also shown that even in
cases in which the vector field may be extended to the singular set only along the solution
manifold (that is, underlying dynamics not being weak) there exists a regular flow through
the singularity.

The same phenomenon is responsible for the behavior displayed by both examples. In
the quasilinear index 0 setting, a non-critical geometric singular point z* is said to be a
weak singularity if there exists a singular neighborhood U*" NS of z* entirely formed by
geometric singularities. With the notation g(z) = AdjA(z)f(x), w(z) = detA(z), weak
singular points may be equivalently defined as singularities around which there exists a
neighborhood U™ where w(z) =0 = g(z) = 0 [28, 29].

Weak singular points verify that h(z) = A(z)™' f(x) = g(r)/w(x) may be extended as a
C'=1 vector field on a whole neighborhood of z* (including singular points) if this is a non-
critical weak singularity [28]. This is based on the fact that the quotient g(z)/w(z) may be
shown to be well-defined by an argument similar to the one supporting Hadamard lemma
[28]. It is easy to check that this is satisfied in the example concerning the continuous
Newton method presented above.

A similar behavior may happen in semiexplicit index 1 problems. Note that the
underlying equation (27) is described on R"*™ — S by the C! vector field

h(u,v) = ( [, v) ) ,

_gv_l(u’ U)QU(U’ U)f(ua U)

which can be rewritten as h(u,v) = hq(u,v)/detg,(u,v), hq being the transformed (or
desingularized) C' field [33, 34]

_ B detg, (u,v) f(u,v)
halu,v) = ( —Adjg, (u, v)gu(u, v) f (u, v) ) '

The restriction of A (resp. hy) to M — & yields a C' vector field h (resp. hg) tangent to
M, since the solution manifold is invariant for the flow defined by the underlying ODE.

Regarding the singular set, pseudoequilibria are the only singular candidates for the
field h to be continuously defined along M, since at other singularities the condition
Adjg,(u*, v*) g, (u*, v*) f(u*,v*) # 0 forces limy ) (u= vv) h(u,v) = oo (in the one-point
compactification of R**™). In this direction, let us define a non-critical pseudoequilibrium
as weak if Adjg,(u,v)g,(u,v)f(u,v) = 0forall (u,v) € MNS in a neighborhood of (u*, v*)
[27]. This notion expresses that weak singularities are pseudoequilibrium points around
which all singularities on the solution manifold are themselves pseudoequilibria.

As it happens in the quasilinear index 0 case, it may be shown that around non-
critical weak singularities there actually exists a non-singular n-dimensional flow [27].
More precisely, if (u*,v*) € M is a non-critical weak pseudoequilibrium, and M, is a
smooth n-dimensional subset of M through (u*,v*), transversal to S, then h = hy/detg,
may be defined as a C'~1 vector field on a neighborhood U N M; of (u*,v*).

In the semiexplicit example presented above, the underlying ODE is described by the
vector field E(ul, ug,v) = (1,v,0), which admits a smooth extension through the singular
set and yields a well-defined vector field h when restricted to the whole solution manifold
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(including singular points). See [27] for a discussion of other examples in which the vector
field h is well-defined at weak singularities where the underlying vector field A cannot be
continuously defined on the (underlying) singular set.

4.2 'Weak singularities of linear time-varying problems

Let us now drive our attention back to linear time-varying equations
A(t)x" + B(t)x =0, (28)

with a singularity at an isolated ¢*, in the terms defined in Section 3. Regardless of the
order of the singularity, and even in cases displaying an index jump, a well-defined flow
may exist through this singular value:

Definition 3. A singularity of (28) is called weak if:

1. There exists a neighborhood It and a smoothly time-dependent set M*(t) defined
on It such that M*(t) is the solution manifold of (28) for t # t*.

2. For every x* € M*(t*), there exists a solution of (28) with x(t*) = x*.

The first requirement expresses that, even in problems with an index jump at the singu-
larity, the solution manifold must have the same dimension at both sides of the singular
value, and there must exist a smooth extension of this manifold through ¢*. The second
item requires the existence of a solution through any point of this extended manifold.
Note that the trivial solution is always defined through the origin, regardless of the reg-
ular or singular nature of the problem: in weak cases, a trajectory must exist for every
point in the extension of the solution set.

The following subsections provide some criteria for a singularity to be weak, based on
a desingularization approach. Note that the definition above does not require additional
smoothness properties on the operators defining the equation: in the rest of this section,
however, for the sake of simplicity we will restrict the discussion to analytic problems.
This assumption notably simplifies the desingularization analysis, avoiding the need for
somewhat cumbersome assumptions on non-analytic functions, and also rules out jumps
either in the solution manifold or in the index of the problem. Nevertheless, note that
weak phenomena may of course happen in non-analytic problems: an instance of this
situation, displaying an index jump at the singular value, will be discussed in Section 5.

Regardless of the (singular) index k of the problem, a general remark concerning the
order j of the singularity must be made. In cases in which 7 = k, that is, in problems in
which the order of the singularity equals the singular index of the problem, the matrix
Ak (t) must necessarily undergo a singularity at ¢*, and this means that the desingular-
ization analysis is strictly necessary. This is always the case in singular ODEs, since only
0-singularities can occur in this setting. However, j-singularities in singular index & prob-
lems, with j < k, display a rank change on A;(t), but an analytic extension of Ay (f) might
be non-singular even at t*, and analytic canonical projectors might be defined through
the singular value. This would yield a trivial desingularization, since the quotient de-
scribing the linear operator which characterizes the problem would have a non-vanishing
denominator at the singularity. Examples of this particular instance of weak behavior
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will be presented in 5.2. The present section is mainly oriented to situations in which
Ar(t) indeed loses invertibility at the singular value, which is in particular the case for
k-singularities.

4.2.1 Briefly on singular index 0 cases

Given an open interval Z C R, a singular homogeneous LTV index 0 DAE or, simply, a
singular homogeneous LTV ODE

Atz + B(t)z =0 (29)

is characterized by a matrix function A(t) which is singular at a given t* € Z, and non-
singular for all ¢ in Z —{t¢*} [13, 35]. For values of ¢ different from ¢*, the solution manifold
of the problem is obviously R”. This means that the first requirement in definition 3 is
trivially satisfied in this setting. In the analysis of weak singularities we must then focus
on the second requirement.

In general, since the adjoint matrix AdjA(¢) is non-singular if and only if A(t) is
non-singular, equation (29) is equivalent, on Z — {t*}, to

detA(t)z' + AdjA(t)B(t)z = 0.
Hence, the behavior as t approaches t* can be analyzed in terms of the operator

_ 1 ' G(t)

with G(t) = AdjA(t)B(t), w(t) = detA(t), and obvious notational abuse in the quotient
G /w, which stands for (1/w)G. Note that, in the LTV setting, the problem is remarkably
simpler than in autonomous quasilinear index 0 equations, since the singular function
w(t) = det A(t) is now dependent only on a scalar parameter ¢. Indeed, the characteriza-
tion of weak singularities presented below for analytic singular ODEs is immediate. Note
that the boundedness notion there is not dependent on the choice of a specific norm in
L(R",R") due to the finite dimensionality of this space (of course, in the understanding
that the norm does not change with ¢).

Theorem 1. A singularity t* of the analytic ODE (29) is weak if and only if there exists
a neighborhood T of t* such that L(t) is uniformly bounded on Tt — {t*}.

Proof: Since all the functions involved are analytic, and w(t) undergoes an isolated zero
at t*, there must exist an integer d > 1 such that w(t) = aq(t — t*)? +O((t — t*)41), with
ag # 0. We may then write

G(t) G(t) G(t)

L) = 00~ mt =0T 0= 1))~ agit —pyat FOE=#)- (30)

The boundedness of L(t) amounts to the requirement that G/(t) meet a zero at t* of order
O((t — t*)*) with z > d. In this case, the Taylor expansion of G(t) trivially yields an
analytic quotient in (30). The operator L(¢) then provides an analytic extension of the
flow through the singularity.
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On the other hand, if G(t) does not have such an order-z zero at t*, the resulting
pole in (30) shows that there is no way to extend a (non-trivial) solution through the
singularity. O

For later use, let us explicitly state the computations needed to check the weak singular
nature of the equation:

Corollary 1. Write w(t) = ag(t —t*)4+O((t —t*)™*) with ag # 0 and d > 1. Then, t* is
a weak singularity of (29) if and only if there exists z > d such that G(t) = O((t — t*)?).

In particular, a non-critical singular ODE (that is, a singular problem for which (det A)'(t*) #
0) will be weak if and only if AdjA(¢*)B(¢*) = 0, which in turn amounts to the condition
ImB(t*) C ImA(t*), since (detA) (¢*) # 0 implies that rkA(¢*) = n — 1: in this situation,
AdjA(t*) does not vanish and v € ImA(t*) < AdjA(t")v = 0 (see e.g. [29]).

4.2.2 Singular index 1 cases

Consider now a singular index 1 analytic DAE
A(t)r" + B(t)x = 0, (31)

defined on Z C R, displaying a singularity at t*. This point may be either a 0-singularity
or a 1-singularity, in the terms discussed in Section 3. Note that, here or in higher index
cases, a j-singularity in a singular index £ problem, with 7 < k, might admit a non-
singular analytic extension of Aj(t) even at the singular value. This would provide a
straightforward simplification of the desingularization analysis: instances of this situation
are presented in 5.2. The study here performed is mainly oriented to situations leading
to a non-invertible Ay (t*).

As it was indicated in Section 3, an analytic extension of the solution manifold may
be guaranteed in the present setting. Remark that, in index-1 problems, the solution set
is the space Sy(t) = {z € R" : B(t)z € ImA(t)}. This means that there exists a set Sg(t)
with an analytic basis (si(t),...,s5(t)) on Z such that Sj(t) = So(t) for all t € T — {t*}.
Note that it might be Sj(t*) # So(t*), as it was the case for system (22). Conditions
guaranteeing that the set Sy(t) is itself analytic (or smooth, in non-analytic systems) are
discussed in Section 3.

Following the notation introduced in Section 2, let P.(¢) be the canonical projector onto
So(t) along Ny(t) forallt € T—{t*}. DefineZ- ={t € Z: t<t*},TT={te€T: t >t}
The inherent ODE reads on Z — {t*}

u' + (=P + P.A7'By)u = 0. (32)

Solutions starting on ImP,(ty) = Sy (o) with tg € Z~ (resp. ZT) remain on ImP,(t) = Sy(t)
for all t € T~ (resp. Z7), and define the DAE flow. Equivalently, if we add the equation
t'" = 1 to (31), thus obtaining a quasilinear autonomous system, the manifolds S; =
Use=So(t) and Sg = Us=Sy(t) in (¢, z)-space are locally invariant for the corresponding
flow, and are foliated by the solutions of the DAE. Note that S, and S; can be glued
through a well-defined linear space S;(¢*) yielding a manifold Sj = S, U Sg(t*) U Sy
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The DAE (31) then defines a flow on this manifold, except maybe on Sj(¢*). Never-
theless, in some cases there may exist weak singularities leading to a regular DAE flow on
all S§. In this regard, remark that the singular nature of (32) may be due to the presence
of the inverse matrix A7', and also to the fact that the canonical projectors may become
unbounded as t — t*. The latter would yield singularities not only in P., P. but also in
A; and By.

These issues make the desingularization of (32) slightly more difficult than in the
setting of singular LTV ODEs. Let us first recall that the canonical projectors may be
constructed from analytic projectors Q(t), P(t) through the relations By(t) = B(t) —
AP'(t), A(t) = A(t) + Bo(H)Q(t), Qe(t) = Q(t)AT (1) Bo(t), Pu(t) = I — Qc(t). The
matrix A; () must then be redefined from Q.(t). As indicated above, some O-singularities
might admit a non-singular analytic extension of A;(t) through the singularity, notably
simplifying the study (see some examples in the index-2 context in 5.2). Excluding these
cases, let us assume that detA;(¢) has a zero of order d; at t*, so that

detA;(t) = ag, (t — )" + O((t — )" HY) = (t — )" (ag, + O(t — 1)),
with a4, # 0. This leads to the desingularization

P(t)
P.(t) = )
( ) (t _ t*)dl
Ehere_ﬁ(t) | is analytic on Z. In a similar way, we may derive the existence of operators
R(t),C(t), By(t) which are analytic on Z and such that

R(t) c) DBo(t)

B e e e e T

for some dy € N. The order d; in the latter expression follows from the fact that By(t) =
B(t) — A(t)P.(t), and A(t)P.(t) = A'(t)Q.(t) if t # t*. We may then rewrite the linear
operator in (32) as

G(t)
(t —t*)4’

where d = dy + 2d;, and G(t) = —(t — t*)%+t"1R(t) + P(t)C(t)By(t) is analytic on Z.

In a way similar to the one followed for singular LTV ODEs, conditions guaranteeing
that t* is a weak singularity may be stated in terms of the operators appearing in (33).
Nevertheless, there is a substantial difference between this case and the previous one:
whereas in index 0 problems L(t) should remain uniformly bounded while approaching
the singularity, now it suffices to require this boundedness only along the solution mani-
fold in (t, x)-space, in a sense which is detailed below. This is similar to the discussion of
semiexplicit index 1 autonomous problems in 4.1.2. The case in which L(t) is itself uni-
formly bounded is a particular one, meaning that the inherent ODFE is weak. Nevertheless,
the DAE flow may be regular under milder conditions.

Formulating these conditions requires some preliminary discussion. The key aspect
now is that it is the restriction of L(t) to Sy(t) what must be uniformly bounded. Nev-
ertheless, since the domain Sy(t) of this restriction varies with ¢, it is not straightfor-
ward to work with an operator norm independent of ¢. To illustrate how this ambigu-
ity may be overcome, fix any norm in R" and define, for ¢ # t*, the norm ||I(¢)|| =

L(t) = (=P, + PA; " Bo)(t) = (33)
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Max|jy|=1, veso(t) ||[(t)v]| in the space of linear operators £(So(t), R"). This is equivalent to
the definition of the seminorm ||L(t)|| = max|=1, ves, (¢ || L(t)v]| in L(R",R*). We may
then state the following analog of theorem 1:

Theorem 2. A singularity t* of the analytic singular index 1 DAE (31) is weak if there
exists a neighborhood It of t* such that L(t) is uniformly bounded with respect to the
above-defined seminorm. In particular, this is the case if the operator L(t) is uniformly
bounded with respect to any norm in L(R™,R").

Proof: let us consider the enlargement defined by the inherent equation (32) together
with ' = 1. Both equations describe an ODE in this enlarged space, which may be written
asu' = —L(t)u, ¢ = 1. The manifold S§ is invariant for the corresponding flow, which may
become undefined on Sj(t*). Nevertheless, if we show that the vector field (—L(t)u, 1)
admits an analytic extension to S§(¢*) along the solution manifold, it would follow that
the flow crosses smoothly the singular set, hence defining t* as a weak singularity.

To achieve this, let us remark that a parameterization (¢, 1, ...,¥,) of this manifold

is easily obtained after choosing an analytic basis (s}(¢),...,s%(¢)). This means that a

»er
vector u € Sj(t) can be written as u = y157(t) +. .. +y,.s5(t). With the compact notation
s(t) = (si(t)...sx(t), y = (y1-..y-)", u would read s(t)y.

Now, writing L(t)u = L(t)s(t)y, it becomes apparent that the boundedness of the
restriction L|gy (¢) implies that L(t)s(t) must itself be uniformly bounded. Since L(t) =
G(t)/(t — t*)? and therefore L(t)s(t) = G(t)s(t)/(t — t*)?, it follows that G(t)s(t) must
display a zero at t* with order > d. This fact trivially yields an analytic quotient and
means that L(t)s(f) admits an analytic extension at ¢ = ¢*. In turn, this expresses that
the vector field itself can be smoothly extended along the solution manifold, yielding a
well-defined flow through the singularity.

This is the case if, in particular, L(¢) itself is uniformly bounded (as in the last case
considered in the statement of the theorem), and hence admits an analytic extension.
This assumption expresses that the inherent ODE is weak and, therefore, the restriction
of the flow to the solution manifold is obviously well-defined. O

Again, computations which allow one to check whether a given singular point is weak can
be immediately formulated from the reasoning above:

Corollary 2. Let (si(t),...,sk(t)) be an analytic basis of Si(t). The singularity t* is
weak if there exist integers z1,. .., z. > d such that G(t) satisfies G(t)sf(t) = O((t —t*)*)
for alli=1,...,r. This is the case if, in particular, G(t) = O((t — t*)*) with z > d.

4.2.3 Remarks on index 2 and higher index cases

The analysis of weak singularities discussed above may be extended to the index 2 case
using the framework presented in 2.3.2. In turn, there is an extension to problems with
index greater than 2 which proceeds along the same ideas. However, a detailed exposition
would be somewhat cumbersome and we will simply summarize how a weak singular
behavior may be displayed in index 2 cases.
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Let us then assume that an analytic DAE
A(t)z" + B(t)z =0, (34)

has singular index 2 on Z C R, with a singularity at an isolated ¢ = t*. In this situation,
the matrix Ay(¢t) will usually become singular at ¢* (it might remain non-singular for
certain 0- or 1-singularities, and this would lead to a direct simplification of the analysis:
see examples in 5.2). The appearing of A;'(¢) in the canonical projectors

Que(t) = Q(t) Pre(t) Ay (1) Bo () + Q1) Que (1) (P(£)Que (1)) () P(t),

and
Qie(t) = Qi) A (1) Ba (1),
would typically make these operators unbounded as ¢ — t*. The inherent ODE
w' — (PocPre)'u+ P PreA; " Bou = 0, (35)

for which the restriction to ImF,.P;. at non-singular points yields the DAE flow, would
then become singular as t — ¢*, not only because of the explicit appearing of A5 but also
due to the unbounded character of the canonical projectors P,. and P;.. Nevertheless, if
the restriction of the operator —(Py.Pi.) 4 Po.Pi. Ay ' By to Im Py, Py, (or, in particular, the
operator itself) is bounded as t — t*, a weak behavior will be displayed, as in the index
1 case. The DAE flow would in this case be a non-singular one and analytic dynamics
would be displayed on the whole Z. Explicit conditions characterizing this phenomenon
can be naturally obtained from the desingularization of the operators Py, P, Ay, etc.,
in a way identical to the one discussed for index 1 problems. Some instances of weak
phenomena in singular index 2 problems are presented in the following section.

5 Examples

We discuss in this section some examples which illustrate the above-presented results.
The index 1 examples introduced in 2.4 are revisited in 5.1: the different behavior at the
singular point t* = 1 is explained in the light of theorem 2. Some index 2 examples are
then discussed in 5.2.

5.1 Index 1 problems

5.1.1 Example 1 (II)

The linear time-varying homogeneous DAE

()G ()

displaying a 1-singularity in ¢t* = 1, was shown in section 2.4 to yield the linear operators

1 1 —t PP | P —t+2 —t*—1
Pc(t)_l——t<1 —t)’Al <t>—m< R )
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that is, d; = 1, dy = 2 and, therefore, d = 2d; + dy = 4. On the other hand, G(t) reads,

after some computations,
01
_ _ 13
6 = a0 (o 1)

showing that z = 3, with the notation of Corollary 2. Since z < d, the inherent ODE
is not weak and this explains why the inherent flow becomes undefined at the singular
value. The linear operator characterizing inherent dynamics is

L = P+ PaT B0 - () 1),

where the exponent 1 in the denominator (1 —t) is exactly d — z. Let us fix sj(¢) = (1,1)
to check whether the DAE flow might be well-defined through the singularity. We have

GH)si(t) = (1—1)° < } ) .

Hence, 2; = 3 < d and dynamics on the solution manifold is not weak, either. This fact
supports the singular expression (18) for the DAE flow, that is, z1 = x5 = Cy(1—t)/(1—tp).

5.1.2 Example 2 (ITI)

The second example presented in section 2 was a defined by the system

1 —t Ty t 0 71
+ =0,
(GG )

which has singular index 1 and displays 1-singularities at t* = +1. Now we have

1 1 —t . 1 B —t+2 3 —-t24+t-1

Pc(t)_l_t2<t _t2>7A1 (t)_(l—t2)2<t2+2t—]. —t3—t2—t+1 )

Again, dy = 1, dy = 2 and d = 2d; + dy = 4. Note that we are desingularizing with
respect to both t* =1 and t* = —1. Now we have

o N 2\2 _t ]_
o = a-er( T, t ).
with z = 2 < d and, as in example 1, the inherent ODE is not weak. The linear operator
characterizing this ODE is

1O = (=P PACEO = = (D) oyl ).

Again, the exponent 2 in the denominator (1 — ¢?)? is exactly d — 2. Let us now fix
si(t) = (1,t). Then

ey = - °),

and therefore z; = 4 = d, leading to a weak singularity at +1 and a non-singular DAE
flow. This is the reason supporting the analytic expression for the flow depicted in (19),
namely, r1 = Cy, x5 = Cyt.
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5.2 Index 2 problems

Let us now discuss some index 2 examples, aimed at illustrating specific phenomena.
Example 3, in subsection 5.2.1, displays a 0-singularity which nevertheless leads to an
invertible Ay(t), well-defined analytic projectors, and a weak inherent ODE. Example
4, in 5.2.2, is a straightforward modification of example 3 which illustrates that weak
phenomena may also occur in non-analytic systems undergoing an index jump at the
singularity. These examples admit a natural extension to problems in standard canonical
form [2, 3]. The simplicity of both examples avoids the need for long computations:
remark, however, that situations similar to the ones depicted by the index 1 examples in
5.1 may of course happen at 2-singularities of singular index 2 problems. In particular, it
may well occur that a singular index 2 problem have a weak singularity and therefore a
non-singular DAE flow without requiring the inherent ODE to be weak.

5.2.1 Example 3

Consider
1 00 Ty a(t) 0 0 Ty
0 00 zh | + 0 10 Ty | =0,
0t 0 o 0 0 1 s

where a(t) is continuous on R. This system obviously displays a 0-singularity at the origin.
It is not difficult to check that, for ¢ # 0,

0
QUC = 0 ) Al (t) =
1

0
0
0
0
1

Qlc = ) AZ(t) =

S OO oo oo
co R o
-~ —_ o O o
—_—o o H OO

o O O

—t

Despite the singularity, As(t) admits an invertible extension through the origin, and the
canonical projectors remain analytic. This is a specific phenomenon of some j-singularities
in which the order j is strictly lower than the (singular) index of the problem, as discussed
in Sections 3 and 4. This avoids the need for a desingularization analysis (or makes it
trivial, since the denominators arising there would remain non-null), and yields a weak
behavior in the inherent ODE, for which the operator L(t) = —(Py.Pi.) + Po.Pi.Ay By
simply reads

a(t) 0 0
Lty= o o0 0
0 00

The restriction of the corresponding flow to the solution manifold (defined by the restric-
tion x5 = x3 = 0) yields the non-singular DAE flow

t
— d
Tr1 = Cge ftO a(m) T, To = T3 = 0.
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5.2.2 Example 4

Example 3 may be modified in a straightforward manner to provide a system displaying
a weak behavior even with an index jump at the singularity. Specifically, consider

1 0 0 Ty a(t) 0 0 T
0 0 0 xh |+ 0 10 Ty | =0,
0 «aft) 0 xh 0 01 T3

where «(t) is a C'* function such that a(t) = 0 & ¢t < 0. The case a(t) = 1 yields,
in particular, system (20). This system has index 1 on R~ and index 2 on R*. Tt is
immediate to show that the solution manifold of this DAE is defined by x5 = x3 = 0 at
both sides of the singularity, and that the system behaves exactly as the one in example
3, hence displaying a weak singularity at the origin.

6 Concluding remarks

The present paper has addressed some singular aspects of linear time-varying DAEs. The
tractability index concept and the use of projector methods for index 1 and index 2
regular problems have been reviewed. The failing of any non-degeneracy assumption in
the sequence supporting the tractability index concept leads naturally to the definition of
singular DAEs. These problems comprise situations in which the solution manifold may
not admit a continuous extension through the singular value, as well as cases in which
the index undergoes a jump at the singularity.

Singular problems with minimal degeneracies have then been considered. In this re-
gard, a wide class of singular equations admit a continuous or smooth extension of the
solution manifold through the singular value. Within this context, there are (so-called
weak) singular systems for which there exist a well-defined DAE flow through the sin-
gularity. This is the case if, in particular, the inherent equation displays a non-singular
behavior. Such phenomena have been characterized in terms of projectors using desingu-
larization techniques. Several examples illustrate this behavior.

The results might be relevant in actual applications arising in the control of descriptor
systems or in circuit problems modeled using differential-algebraic equations, as it has
been the case in other contexts involving autonomous equations. Finally, it is worth
mentioning that the work seems to have natural extensions concerning semilinear problems
of the form A(t)x’ + f(x,t) = 0, quasilinear equations A(z,t)z’ + f(z,t) = 0, and also
recently-proposed formulations with a properly stated leading term A(z,t)(D(z,t))" +
f(z,t) =0 [1, 19, 20].
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