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Abstract

Let [ be a prime number. For n > 1 the L-function of the Kum-
mer Curve C, : y' = z(2!" — 1) over the cyclotomic field Q((n+1),
(1 1= exp lgfﬂl, is a product of 2g, = I"(l — 1) Hecke L-functions
with Jacobi sums Grossencharaktere . The jacobian variety of C), over
the field of complex numbers is a simple abelian variety with com-
plex multiplication ring of endomorphisms isomorphic to the ring of

integers Z[(pn+1].

Let [ be a prime number and let & be a perfect field of characteristic
different from [. For n > 1 the Kummer curve

Cp:yl =z —1)
. n+1 n(l— . .
is smooth of genus gn = (l2 ) =1 (l U over k. In projective co-
ordinates z = ,y = “ there is only one point (xg : x1 : x9) =

(0:0:1) at 1nﬁn1ty The L-function of C, over the cyclotomic field
Q(¢n+1), Gn+1 :=exp lgfﬂl, is a product of 2¢g,, Hecke L-functions with
Grossencharaktere determined by Jacobi sums associated to the ["T1-
th power residue character. The jacobian variety of C), over the field of
complex numbers is a simple abelian variety with complex multiplica-
tion ring of endomorphisms isomorphic to the ring of integers Z[(jn+1],
all endomorphisms being defined over Q({n+1).
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1. The curves C, : y' = z(z

Iy

lTL

— 1) over

Let k = [, be a finite field of characteristic p # [ with ¢ = p/ elements.
Let F,/k be the function field of C,,, let Pr, denote the set of places,
and let DivF}, denote the group of divisors of F}, /k. The absolute norm
N(B) of a place P € Pp, is the cardinality of its residue class field.
It holds N () = ¢9°¥, with a natural number degP > 1, the degree
of PB. The Zeta function of the curve C,, is a meromorphic function in
the complex plane, defined for Res > 1 by

1 1
(e (8) = H T_ 1~ Z N(0)s

PePp, = N(B)®  AEDivF,, A>0

Denoting for m > 0 by A, the number of positive divisors of degree

m it holds ~
A
Ccn (S) = Z T:Lr; °
m=0 q
The power series
o0
Zo, (t) =) Apt™
m=0

I and represents a rational function

Lc, (t)
(1—1)(1—qt)’

where L¢, (t) = ¢9"29" + ...+ 1 is a polynomial with coefficients in Z
of degree 2g,. For r > 1 let N, be the number of F4--rational points
of the projective closure of C),. Since the plane curve C,, has only one
point (0:0: 1) at infinity, it holds

is convergent for |t| < ¢~

Zc, (t) =

Ny =N+1
where N is the number of solutions (z,y) in k of the equation
yt=x(z" - 1).
Let |X| denote the number of elements of a finite set X.
Lemma 1. If B(x) € k[z] is a polynomial with a simple root z, € k:
B(z) = (z — #1)Bi(z), Bi(z) € k[z], Bi(z1) # 0,
then the number of solutions in k of the equation

y' = B(x)
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18
1 -1
= 1 Z |Aj|’
§=0
where for 0 < j <[l —1
Aj = {(z.y) €k xk |y =& Bi(¢a" + x1)},
& a generator of the cyclic multiplicative group k*.

P roo f: I) The case ¢ = 1(mod /). Let x be a character of k* of
order [ such that

27

x(¢)=w=et.
Put x(0) := 0. It holds

-1 -1
N=q+3 3 X (B@) =a+ 3 > (e —m)Bi(e)) =

r=1 c€k r=1 c€k

—q+§jzx ¢ - 21)X"(Bi(c)) =

r=1 cek

r=10<i,j<I-1ceA,x"(c—z1)=w!,x"(B1(c))=wi

-1
r=1

=1 s=

-1

o > 471
0

0<i,j<l—1,i+j=s( mod I)

where
A:={cek|B()#0}, A7) = {c€ A| X (c-a1) = ', ¥ (Bi(0)) = o).

For 1 <r <[ —1let r—! denote the representative in 1,...,] — 1 of
the class #~! in the multiplicative group of non-zero residues modulo

[. Tt holds . W
r 1
Ai,j - Ar—li,r—lj
hence
-1 -1 -1 1-1
S S —_
2D Wt > AI=3 WZIAM,«IHI—
r=1 s=0 0<i,j<I—1,i+j=s( mod I) r=1 s=0 1=0
-1 1-1 -1 -1 1-11-1
_ 5 (1) _ 51 4 (1)
- w- - |Aj,rfls—j| - ZZ w |Aj,rfls—j| -
r=1 s=0 j=0 r=1 j=0 s=0
-11-11-1 -1 -1 -1 )
_ rt| A 1 _
B w | JtJ|_Z W' Z|AJ¢ j|_
r=1 j=0 t=0 t=0 r=1 j=0
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—1 -1 -1
1 1
DY AG) Y YAl =
':0 t=1 ':0
-1 ( )
1
:lzmj,lj Z|Azy|_lZ|AJl9|_|A|
3=0

1,7=0
SO

1-1
1
N =g+ A - 1Al
§=0
For 0 < j <1 —1 it holds

AD) = fe€ Alxle—m) =l x(Bi(e) = T} =

={ceA|3(t,u) €k* xk* :c—z =&, Bi(c) = !},

Let
A= {(t,u) €k x k| By(&t 4 zy) = ¢!},

Bj:={(0,u) | € 7u' = Bi(#1)} U{(t,0) | B1(¢ + z1) = 0},
0<j<Il-1. Letpek*\ {1} with p! =1. For 0 < j <1 —1 the map

A;\ Bj —>A§l)j,

gj(t,u) := ity
is surjective with the fibers

g5 ' (c) = {(p"t,pu) |0 < d,e < 1}

forc € Ag l) ; and fixed (¢, u) € A;j\B; such that g;(¢,u) = ¢ consisting

of 12 elements. Therefore

AD) S = 5145] - 1By =

Jl=7
1 1 1—i 1 1 j
= plAjl-gle ek [ = Bi(z)} -5 He € k| Bi(fc +a1) = 0},
and so
-1 -1 -1
U IAL = 1 S - 1 3 He € k| €d = By () -
=0 =0 =0

l 1

7 Z {c€k|Bi(¢c +z1) =0} =

T‘ .
Il
o

1
|4j| =1 = {d € k| Bi(d) = 0}|.

~ =

<.
I
=)
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Since
k=AU{cek|B(c)=0}=AU{cek|Bi(c) =0} U{x1}
it follows that -
1
N=q+1_ 1A |14 =
§=0
=
ZQ+72|Aj|—1—|{d€k|Bl(d) =0} — [4] =
§=0

-1

1 llfl
= 1= 1 AL
§=0

J=0

because the map
A] — A]a (xay) = (x,g—ly)

is bijective.
IT) The case ¢ # 1( mod [). Each element of k& has one and only
one [-th root in k. It holds

N=gq, |Aj|=¢0<j<I-10
For a character ¢ of the multiplicative group k* let
2mi
() 1= — Z ¢(c) eXP(TTf k/F, €)
cek*

be the corresponding Gauss sum. For two characters ¢; and @2 of k*
let

L1, p2) := = pr(c)pa(l — )

cck
be the corresponding Jacobi sum. If ¢ - ¢35 # 1 then

7(1)7(p2)
1 t(p1,p2) = .
(1) ( ) (o102)
For each natural number m > 1 let (,, := exp % and let i, 1= {C,Jn |

0 <j <m — 1} be the group of complex m-th roots of unity.

Proposition 1. a) If ¢ # 1( mod ["*!) then Ny = ¢ + 1.
b) If ¢ = 1( mod I"*1) then
Ny =q+1—="Trog,,)0m),

where
nn:::L(¢J adﬂa

W a character of k* of order ["*1.
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Proof:

a) If ¢ # 1(mod ) then k*' = k*, so for each element ¢ € k there
exists one and only one element ¢ € k such that # = ¢, and so for each
element z € k there exists one and only one element y € k£ such that
y' = z(z!" — 1). This means that N = ¢, hence Ny = N +1=g¢+ 1.
If ¢ = 1(mod /) and ¢ # 1( mod ["*!), then the greatest power of [
dividing ¢ — 1 is of the form [ with 1 < m < n. The cyclic multi-
plicative group k* is the internal direct product of its subgroups U;m
of order ™ and Uq 1 of order 2=. Let x be a character of k* of order

[, and let p be a generator of the group Upn. It holds

N={(z,y) €k xk|y =uz" }I—quZZx -

r=1 cck

For 1 <r <[ -1 it holds

m—1
doxed —1)=> X (dp? (d" p" - 1)) =
cEk dqule 7=0
m—-1 . [m—-1 .
= Y X (Pd(d" =) =D x" (P D x(dd =1)] =0,
dqul%l 7=0 7=0 dqul;ml
since _—
> X)) =0,
§=0

x" being a non-trivial character of the group Ujm. It follows that N =
qg,andso Ny=N+1=qg+ 1.

b) Let ¢ = 1( mod ("), and let 1/ be a character of k* of order ["*!
such that (&) = (jn+1, € a generator of the cyclic multiplicative group
k*. By lemma 1 with z; = 0 and By(z) = z!" — 1 it holds

N={(z,y) ekxk|y =" -1} = Z|Aj|’

where A; := {(z,y) € k x k| y' =& By (¢2h)}, j=1,...,1 — 1. The
A;’s are diagonal curves of the form:

- U = g,
It holds ([Da-Hal)
e !

Al =q— D Y (eIt (=g, ) =

r=1 s=1
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ntl_1 -1
= 3 G (9T =
r=1 s=1

111

= N SR g,

r=1 s=1

since 9(—1) = 1. It follows that

-1 t—1 -1

Z|AJ|—lq—Z S ST gt =

j=0 r=1 s=1

mtl_q -1
=g - Z Z (", 4"") chnﬂ
=lg—1 > Ly, ).
1<r<intt —1,1<s<l—1,1l|s—7
Therefore
1 -1
=7 lAjl=q- >, oy, ") =
j=0 1<r<intt —1,1<s<l—1,1l|s—7
[—11™—1
=q—)_ > Ty,
s=1 =0

The automorphisms A of the abelian field extension Q((n+1)/Q are
given by (A =1, 1 <s<1—-1,0<i <™ — 1. It holds

L(w’wl")A — L(¢s+il’¢ (s+3l) l") (ws-l-zl ¢Sln)

hence
I-11"—1
SO @t ) =g - > W(ip, ')A =
s=1 i=0 A€Gal(Q({n+1)/Q)

= q—Tro,,0t,9")).0

Proposition 2. If ¢ = 1( mod ["*!) then

Le, (t) = I1 (1 —mt),

JeGal(Q(¢n+1)/Q)

where n, = 1(P!",4), ¥ a character of order I"T! of k*.
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P r o o f: The L-polynomial of the curve C,/k can be written in
the form L¢, (t) = H?g:"l(l — ajt), where aq,...,qgg, are algebraic
integers. For r > 1 it holds ([St], p.166, Theorem V.1.15.)

29n
(2) No=q +1=) dof.
j=1

Let 9 be a character of order "' of the cyclic group k*. The map
(5 F(;T = C ¢ () = w(N]qu |Fy ()

is a character of order I™*! of the cyclic group [y, and it holds
([Da-Hal,0.8)

() = 7(¥)",
hence by (1)

(L) (4, (") T ()" noop
O ) = (T(’“ znf}ﬁ))z o =

so by Proposition 1

Ny=q" +1- Z L(¢r, f"n)J:
JGGHI(Q(QVH—I )/ Q)
=d+1= > ")),
JGGHI(Q(QVH—I )/ Q)

and so

{o, .o azg, } = {u(ip,9""))) | T € Gal(Q(¢n+1)/Q)}.O

Let m > 1 be a natural number and let K be an algebraic number
field with ring of integers Ok such that (,, € Ok. Let p be a prime
ideal of Ok not dividing m, and let x € Ok not divisible by p. The

Ng/op)—1 .
number = m is congruent modulo p to one and only one root of

unity p € py,. The map

(O /p) \ {0} = i, © mod p — p

is a character of order m of the multiplicative group of the finite field
Ok /p called the m-th power residue character modulo p.

Lemma 2. Let p be a prime divisor of p in the ring Z[(m+1]. Let 9
be the I"1-th power residue character modulo p. Identifying the finite
field By with the residue class field Z[(jn+1]/p it holds:

a) The absolute value of the complex number v(4p'" 1)) is

|l’(¢lnv¢)| = \/a;
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b) The prime ideal decomposition of the principal ideal generated by
L") in the ring of integers Z[(n+1] is

1
)

LY )T Cn] = pPosusin-Lagoi- Lt (amy it S (00)7

where J(u,v) is, for 0 <u <" —1,1<wv <[—1, the automorphism

of Q(¢r1)/Q) defined by G = LY.
c) In the ring Z[(m+1] it holds

L(wln,w) = 1( mod ({n+1 — l)ln"'l).

The number 1(¢'" 1)) € Z[(n+1] is uniquely determined by the proper-
ties a), b) and c).

Proof:
a): Every Jacobi sum in a finite field with ¢ elements has absolute

value /q.
b): By ([Ha], p.40, (6.)) it holds

WY )2 = p2r =0T

where J runs over the set of automorphisms of Q((jnt1), j mod (" *!

is defined by . _
CZ{H—I = Cljn+1

and
o 0 if r(=1"g) +r(—j) <"1,
1 if r(=1")) +r(=j) 21",
r(x) the smallest non-negative residue of z mod ["*!. It holds
> d(—1"j,—j)J =
J€Gal(Q(Gn+1)/Q)

= Z J(u,v)"t =

0<u<in —1,1<v<l—1:r(=1" (ul4v))+r(—ul—v)>In+1

= Z J(u,v)~! =

0<u<in—1, 1<v<l—1ir (—I"v)+r(—ul—v)>["+1

Z J(u,v)" ! =

0<u<in —1, 1<v<[—L:ntl —[nypn+l gyl —p>[ntl

= Z J(u,v) L.

0<u<in—1, 1<v<l—Lwul+v(1+i7)<[n+1

c): For ¢ € IF; it holds

Q,b(c) = 1 mod (<ln+1 - 1)
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and
" (¢) =1 mod ({urr — 1)

Indeed, if 9(c) = Cl’iH, 0 <k < (™ then v(c) — 1 = Cﬁ+1 —1is
divisible by (nt1 — 1 in Z[(jn+1] and 4! (¢) — 1 is divisible by CZZZH -1
which is associate with ({1 — 1)!". Then

W) == (Pl —c) == ()" (1 —c) =

cely, cely
== 9= D vOE (1--1)=
c#1 c#£0,1
=1-> YW (1-0-1)=
c#£0,1
=1- > @"(1—c)—1) mod (Guir — D" =
c#£0,1
=1- Z Y"1 —c) + Z 1 mod (s — D" =
c#£0,1 c#£0,1

=1+1+¢g—2mod ({my — 1" =
=g mod ({1 — D" =1 mod (Gnir — 1)1 L

Two numbers in Z[(j»+1] with the same absolute value and the same
prime ideal decomposition differ by a root of unity. The only root of
unity of Z[(nt1] which is = 1 mod ({1 — 1)!" 1 is 1. The properties
a), b), c¢) determine the number +(4/*", ) in Z[(jn+1]. O

Proposition 3. If k = F, with p = 1( mod ") then the polyno-
mial L¢, (t) is irreducible in Z[t] and the jacobian variety J(Cy) of
the curve Cy, is a k-simple abelian variety. The ring Endg(J(Cy)) of
endomorphisms of J(Cy) defined over k is isomorphic to Z[(n+1].

Proof: If p=1( mod ["*!) then p is totally decomposed in the ring
Z[¢n+1]. The polynomial L, (t) is irreducible in Z[t] if and only if the
number 7, is a primitive element of the extension Q((n+1)/Q.

If I # 2 then Q((;») and the l-extension L, /Q of degree [L,, : Q] ="
are the maximal subfields of Q({;»+1). Suppose 1, € Q(¢;» ). The Galois
group Gal(Q(¢m+1)/Q(¢m)) is generated by J(I" — 1™ 1,1), so it holds

J(n—n=11)=1
n( )

= T,
hence
{J(u,0) LT =11 1) 7L o<u<I"1,1 <o <I-1:ul+v(1+") < "1}

:{J(u,v)*1|0§u§l"—1,1§v§l—1:ul+v(1+l")Sl”“},
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by proposition 3 b) and by the fact that p is totally decomposed in
Z[Cpn+1]. It follows that

JI 1" 1) € {J(u,0) |0 <u <11, 1 <o <I—1:ul+o(14+1") <"1,
which is a contradiction, since
" =Yl () =T > L

Suppose 0, € Ly,. The Galois group Gal(Q({;»+1)/Ly) is cyclic of order
[ — 1 generated by J(I" — 1,1 — 1), so it holds

JAr—1,1—1)"' _
n( T — s

hence
{J(u,0) LTI =1,1-1)" 0 <u <1"=1,1 < v <I—1:ul+v(1+") < "1}

={Ju,v) ' |0<u<I®"=1,1<v<Il—1:ul +o(l+I") <"1},
again by proposition 3 b) and by the fact that p is totally decomposed

in Z[{n+1]. It follows that

J(I"=1,1-1) € {J(u,v) |0 <u <1"—1,1 < v <I1-1:ul+o(14+1") <",
which is a contradiction, since

(" =1 I+ (1= +1") =22 - — 1> "L

This shows that 7, is not contained in any maximal subfield of Q({jn+1),
so it is a primitive element of the extension Q({n+1)/Q.

If | = 2 then if n = 1 it holds Q({;n+1) = Q({4). The number 7,
is, by proposition 3 a), of absolute value ,/p, so it cannot be ra-
tional and so it is a primitive element of the extension Q((4)/Q.
If n > 2 it holds Q(Con+1) = Lo - Lp—y with [Lg : Q) = 2 and
L,,_1/Q the cyclic 2-extension of degree 2" !. The maximal subfields
of Q((an+1) are Q(¢an) and Ly_1. Suppose i, € Q((2n). The Galois
group Gal(Q({yn+1)/Q((an)) is generated by J(2" 1 1), so it holds

Jertn-t
n( ) - 77na

hence
{J(u, ) LT 1) jo<u<2—1:2u+ (142" <21
= {J(u, )71 0<u<2" —1:2u+ (1+27) <2nFl}

by proposition 3 b) and by the fact that p is totally decomposed in
Z[Con+1]. It follows that

J2M 1) € {T(u,v) |0 <u < 2% —1:2u+ (14+27) <27+,
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which is a contradiction, since
2-2"71 4 (1427 =2nF! 41 > onth

Suppose 1, € Ly_1. The Galois group Gal(Q({an+1)/Lp—1) is cyclic of
order 2 generated by J(2" — 1,1), so it holds

(2" —1,1)"

1
775 = Tn,

hence
{J(u,)'J@" —1,1) 1 |0<u <2 —1:2u+ (142") <21}

={J(u, )71 0<u<2" —1:2u+ (1+27) <2nFl}

again by proposition 3 b) and by the fact that p is totally decomposed
in Z[(on+1]. It follows that

JE2" —1,1) € {J(u,1) |0 <u < 2" —1:2u+ (1+27) < 2"}
which is a contradiction, since
2(2" — 1) 4 (14 27) =27+t 2n — 1 > ontl

This shows that 7, is not contained in any maximal subfield of Q({yn+1),
so it is a primitive element of the extension Q({yn+1)/Q. This proves
that the polynomial L¢, (t) is irreducible in Z[t]. Let f(c,)(t) be the
characteristic polynomial of the Frobenius endomorphism of J(C))
relative to k. Since fyc,)(t) = tZQ"LCn(%), the polynomial fjc, ()
is irreducible in Z[t]. By ([Tate], Theorem 2, p.140) J(C,,) is a k-simple
abelian variety, and the algebra Q@) Endy(J(C,)) is a commutative
field of degree 2g, = ©(I"!) over Q. The automorphism

(z,y) = (Gnz, Gni1y)

of the curve C,, is defined over k (since p = 1( mod ["*1), the field
k contains a primitive {"*'-th root of unity, which, by abuse of no-
tation, is still denoted by (n+1) and has order ["*!. Tt extends to
an automorphism of order ["*! of J(C,), defined over k. Therefore
Q) Endg(J(Cy)) is isomorphic to the field Q({;n+1 ) and Endg(J(C))
is isomorphic to Z[(n+1]. O

ln

2. The curves C, : y' = z(x

@(QnH)

Let p be a prime divisor of Q((»+1) which does not divide /. The
curve C, has good reduction at p: By reducing modulo p the equation

— 1) over

12
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y' = (3! — 1) one obtains a curve C,,(p) over the residue field &(p)
of Q(¢n+1) at p with the equation

A

Cu(p) 1y’ = z(z" —1)

which is smooth of genus g, = PO over k(p). Let Le, (t) be the

2
L-polynomial of C,,(p)/k(p). By Proposition 2 it holds
L, (t) = 1T (1 —na(p)t),
JeGal(Q(¢n+1)/Q)

where 0, (p) = L(q,bén,q,bp), Py 1 k(p)* — pyntr the I"F!-th power residue
character modulo p. The L-function of Cy, over Q({.+1) is defined by

(3) L(s,Cn, Q1)) i= ] LN ()™ 7"
(p,1)=1

The product on the right hand side of (3) is absolutely convergent for
Res > 3 ([Ha], [We], [De], [Ta]). It holds

L(SaCnaQ(Cl’“Ll)) = H LJ(S)a
]EGal(Q(Canrl )/Q)
where
(4) Lj(s) == (1= na(p)"N(p)=*)~",

(p,h)=1

for J € Gal(Q({;»+1)/Q). The function 7, (p) extends multiplicatively
on the group Div;Q({;n+1) of divisors of Q((jn+1) prime to [.The func-
tions

. Di . _ M(@)”
A7 DiviQ(Gn+1) = €, Ay (a) = ,J € Gal(Q((pn+1)/Q)

/N (a)

are Grossencharaktere of Q((jn+1) ([Ha],[We]) in the sense of Hecke
([He]). Let Div;" Q((jn+1) denote the set of positive divisors in DiviQ({jn+1 ).
By (4) it holds for Re s > %

Lis)= [] = rxmN@E) =)~ =
(p.0)=1

As(a) 1
= Y gD M3 0en))
a€DIV Q¢ nt1)
where
A
L(SaAJaQ(Cl’“LI)) = Z NJ(E:SZ,RQS > 1,

a€DIv Q(¢nt1)
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is the Hecke L-function corresponding to Aj;.
The Q-rational point (0 : 0 : 1) at infinity of the curve C,,, taken as the
origin of the jacobian J(C),), is fixed by the Q((;n+1 )-automorphism

(5) (377 y) = (<l"x7 Cl”"‘ly)

of Cp, which extends to a Q((;n+1)-automorphism of J(C,). Let p
be a prime number = 1( mod ["*!), and let p be a prime divisor of
p in Z[(n+1]. The residue field k(p) is isomorphic to F,.The abelian
variety J(C),) reduces modulo p to the jacobian J(C),(p)), and the en-
domorphism ring Endg,,,)(J(Cp)) injects by reduction in the ring
of F,-endomorphisms of J(Cy,(p)), which, by proposition 3, is isomor-
phic to Z[(jn+1]. Since the Q({;n+1 )-automorphism (5) of J(Cy) has
order ["T! it must hold

Endgc,, 4, )(J(Cn)) = Z[Gn+1]-

Theorem 1. It holds

1 3
L(SaCnaQ(Cl"Jrl)) = H L(S_ EaAJaQ(Cl’“LI))aReS > 5
JeGal(Q(¢n+1)/Q)

The jacobian variety J(Cy) of the complex Kummer curve

lTL

Cp:y =z(z" —1)

is a simple abelian variety with complex multiplication ring isomorphic
to Z[(n+1],¢n+1 == exp l?jﬁ , all endomorphisms being defined over

Q(Gnt1)-
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