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1 Introduction

Nowadays the semiconductor devices in an electrical circuit are modelled by
equivalent circuits containing basic network elements described by algebraic
and ordinary differential equations. But the correct adjustment of these cir-
cuits has become a very difficult task for the network design. In [1] a new
model for electrical circuits containing semiconductor devices is proposed.
There the differential algebraic equations (DAESs) for the basic circuit’s ele-
ments are coupled to partial differential equations (PDEs), more specifically to
one-dimensional Drift-Diffusion (DD) equations, modelling the semiconductor
devices in it. Systems of this type are called Abstract Differential Algebraic
Systems (ADAS). In [7] the tractability index [4] of this model is analysed and
in [6] it is proved that the DAE obtained after discretization in space of the
DD equations in it has the same index as the abstract system. In this work
we study the index of an abstract system where higher dimensional PDEs
describe the behavior of the semiconductor devices in the circuit. In the next
section the model is briefly described. The section 3 is devoted to the study
of the index of the system, as ADAS. Finally, in section 4 it is shown that the
index of the DAE that is obtained after discretization in space of the PDEs
is equal to the index of the abstract system. In what follows we consider elec-
trical circuits with only one semiconductor device, the results can easily be
generalized to circuits containing more semiconductor devices.

2 Abstract Differential Algebraic System for the
simulation of electrical circuits

Suppose {2 is a bounded domain in RY, d € {1,2,3}, x € 2 represents the
space variable and ¢ is the time variable, ¢ € [to, tr]. The system proposed in
[7] for the simulation of electrical circuits containing semiconductor devices
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couples the Modified Nodal Analysis (MNA) equations for electrical circuits
to the DD equations for semiconductor devices.
The MNA equations for an electrical circuit have the form

dgc(Ale,t)
Pk S i LA

A 5 + Arg(Ake,t) + Apjp + Avjy + Asjs + Aris = 0,(1a)
do(jr,t
S0t Afe = o.b)

Ale —vs =0, (1c)

where Ac, Agr, A, Ay, Ag and A are the element related reduced incidence
matrices, vg(t), is(t), qo(u,t), g(u,t) and ¢(j,t) are given functions and the
unknowns are the node potentials, excepting the mass node e(t) : R — R™
and the currents through inductors, voltage sources and semiconductor devices
jo(t) : R — R jy(t) : R — R™ and jg : R — R™S respectively. The DD
equations are given by the following set of PDEs for the electrostatic potential
¥ (x,t) and the electrons and holes densities, n(x,t) and p(z,t) respectively

V- (—eVe) —q(C —n+p) =0, (1d)
1
_2—? LAV =R =0, Ju—qun(UrVn—nVe) =0, (le)
dp 1 ..
o + gdlep +R=0, Jp+qu,(UrVp+pVi) =0. (1)

We consider R = R(n,p), ttn = pn(x), ftp = pp(x) and ¢,¢ and Ur as con-
stants. In (1d)-(1f), as suggested in [3], we replace the Poisson equation (1d)
by the energy conservation equation

V- (Jp+ Jp — 0 Vi) =0, (1g)

obtained after differentiation of (1d) with respect to time and elimination of
on 0

e and 2 from the continuity equations (1le) and (1f).

We consider the boundary of the semiconductor device to be divided in
two disjoint parts I = I'o U I'4. The first one are the metal semiconductor
contacts (Ohmic contacts) where the external potentials are applied and the

second one is an artificial boundary. The boundary conditions are

n=np(x), p=pp(x), ¥ ="vs(x) +¥p(x,e) onlp (1h)
0 0 0
anda—fza—zza—fzo on I's, (1)

where ¢p denotes the externally applied bias, it depends on the node poten-
tials of the circuit.
Suppose Ip = U?ﬁ flfj. The current flowing through the contact I; C I'p
0
of the semiconductor is j; = fp, Jiot - vdo where Jiop = Jy + Jp — savw. If

J(@) = (f1(@) fa(a) .. fus(x)) is such that
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1ifi=j

0 ese 0 I=L2mns+ 1L (VSi-v)lr, =0,

(1)

Afi=0 2, filr, = {

the current through I3, i = 1,2,...,ng can be calculated as [3]

ji:/ Jtot'VdSZ/Jtot'Vfidsz/ Jior - V fidx
Iy r 9]

Ji = —52 Vi -V fide + / (Jn + Jp) - Vfida.
dt Jo 0

The current at 5,4+ is the negative sum of the currents through the other
contacts'. Suppose the contact I of the semiconductor device is joined to
the k;-th node of the circuit for i = 1,2,...,ng + 1. We set ¢p(z,e) =
ki — €knopy VT € I, i =1,2,...,ng, and Yp(x,e) =0, Vo € I441. Then
according to the definition of Ag in [7], ¢¥p(x,e) = f(x) - ALe. Following the
convention in [2] the vector js must be such that

7

d
jsiZ—ji:—/(Jn+Jp)'Vfid$+—/6V¢'Vfid$, 7::1,2,...,’/15
2 dt Jo

d
Jjs, = —/ (Jn + Jp) - Vidax — —jg, ]g = —/ eV - Vf; do. (1k)
Q dg=~ ’ Q

Let the following assumptions on the circuit equations be satisfied in the
forthcoming sections:

1. the input functions vg(t) and ig(t), associated to the independent voltage
and current sources respectively, are continuous,

2. the functions go(u,t), ¢(4,t) and g(u,t) are continuously differentiable
and have positive definite partial Jacobians

= el pgiay = 2280 Gy - 240,

3. the circuit contains neither loops of voltage sources only nor cut sets of
current sources only. These two conditions hold if and only if the matrices
Ay and (Ac Ar A Ay As)T have full column rank, respectively,

4. the function R(n,p) is continuously differentiable,

5. the functions p,(z) and u,(x) are bounded.

C(u,t)

3 Tractability index of the Abstract Differential
Algebraic System

If u = (e, Jrs dvs Jss 3%, (1), n(-,t), p(~,t)) the above described model, af-
ter homogenization of the electrostatic potential and the densities of electrons

!The sum of the currents at the contacts of the semiconductor is zero, ij;‘ ! Ji =

SIS [, Jror - vds = 1 Jior - vds = [, V- Jiorda = 0.
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and holes 2, can be written as A%D(u, t) + B(u,t) = 0 with

Arg(ARet)+ALjL+Avjv+Asjs+Aris(t)
—A{e
AT e—vs(t)
Jo V(v+r-ALe)Vidae
i§+e :
Jo V(v+fALe)Vingda

S (Jn+dp)-V frdz
js-‘r( : )

S (Tntdp)V frgda
'(Jn""Jp)
V-J,—R
V-Jp+R

2a)

ooooooo%
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o~NooOoOO O
~oo0o0o000o O
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and
D(U,t) = (AgACQC(Agevt)a ¢(jLat)7 ],(51'7 V- (_va)7 —-n, p)T . (Qb)

In (2) Jp = qun (UrV(n+ g2) — (n+ g2)V (¥ + f - Ale + g1)), Jp has a sim-
ilar structure and A;S is the Moore-Penrose pseudo-inverse of Ac. A, D and B
are operators acting on Hilbert spaces A: Z - Y, D: X - Zand B: X — )
with
X =R™ x R™ x R™ x R™ x R"™S x V x L*(2) x L*(02),
Y =R"™ x R"™ x R"™ x R" x R"S x L*(2) x L*(12) x L*(12),
Z =R" x R"™ x R"™ x L?(0) x L*(2) x L*(12),

where V = {v e H*(2)|v|r, =0,(Vv-v)|r, =0}. Note that the definition
domain Dg of B(u,t),

D =R"™ xR" xR" xR"™ xR" xV xV xV,

is dense in X. The Fréchet derivative of D(u,t) is

ALAcC(ATe )AL 0 000 0 00

0 L(jr,t) 000 0 0 0

Do(u,t) = 0 0 001 0 00
0 0 000—-:A 00

0 0 000 0 —I0

0 0 000 O ) I

and because the equation —eAu = f, completed with homogeneous Dirichlet
and Neumann conditions, has a unique solution for all f € L?(£2),
im Do (u, t) = im AL x R x R™S x L?(02) x L*(2) x L*(0),
ker Do (u,t) = {w eX|w € kerAg,wL = O,wds =0,wy =0, w, =0,w, = 0}.
Zp =1p — f(z) - ALe — g1(x) where gi(x) is such that (Vg1 -v)|r, =0, g1lr, =

Pyi(z), n = n— g2 where gz is such that (Vg2 -v)|r, =0, g2|r, =np and p=p—gs
where g3 is such that (Vg3 -v)|r, =0, g3lr, = pp-
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On the other hand, the operator A satisfies

ker A = ker Ac x {0} x {0} x {0} x {0} x {0},
imA=im Ac x R" x {0} x {0} x R™ x L?(£2) x L*(£2) x L*($2).

The coupled system has a properly stated leading term because
ker A ®imDy(u,t) = 2, Yu € X, Vt € [to,lr]

and there is a projector R € L£(Z)? such that imR = imDy(u,t), ker R =
ker A*.

Remark The functions f1, fa, ... fns defined above are a basis of the linear
space

F = {U€H2(Q) | Av=0in 2, (Vv-v)|pr, =0, U|['j = aj, U|[‘ns+1 :0},

where j = 1,2,...,ng and a; € R Vj. Because (u,v)r = [,Vu-Vovdr is a
scalar product in F, the matriz

JoVAaVfide .. [, V1V de
J = . . . , (3)

Joo Vhng Vi x oo [V fug - fug do
1s positive definite.

Theorem 1. If the conditions on the circuit mentioned in section 2 are satis-
fied and the circuit contains neither cut sets of inductors and current sources
(LI-cut sets) nor loops of capacitors, voltage sources and semiconductor de-
vices with at least one wvoltage source or one semiconductor device (CVS-
loops), the abstract system has tractability index one.

Proof: Let Go(u,t) = ADy(u,t) and By(u,t) denote the Fréchet-derivative of
B. Under the conditions in section 2 By (u, t) exists. The system has tractability
index one if there is a projection operator Qp € L(X’) onto ker Gy(u,t) such
that Gi(u,t) = Go(u,t) + Bo(u,t)Qp is injective and im Gy (u,t) = Y for all
u€ X and t € [to, tr].

Because the system has a properly stated leading term, ker Go(u,t) =
Qc0000000
0 0000000
00700000
— 0 0070000 | j secti
ker Dy(u,t) and Qy = 0 00009000 | is a projection operator onto
0 0000000
0 0000000
0 0000000

3c(y) denotes the space of linear operators A : ) — ).
AfbAc 00000

i 10000

[=lelolels)
[slejole]
OOON~
OO~O
oO~NOOo
~NOoOOoOo
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ker Go(u, t) if Q¢ is a projector onto ker AL. The operator G; can easily be cal-
culated. Let w = (we,wL,wv,ws,wg,ww,wn,wp) € ker Gy (u,t). The fourth
equation of Gi(u,t)w = 0 is eJALQcw. = 0 where J is the matrix in (3),
then e JALQcw. = 0 iff ALQcw, = 0. The sixth equation of Gy (u,t)w = 0 is
—eAw, = 0, it implies that wy = 0. The rest of the proof is very similar to
the ones in [7] or in [6]. We arrive to

ker Gy (u,t) = {w | wy = 0,w, =0,w, =0,Qcwe € ker (Ac Ar Ay AS)T,

Powe = —Ho() ™ (Av - As) (%), wr = L(-) ' AL Qcw,

(w%) € ker (QEAy QEAs) w§=—(0 I)(%)},

where Ho(ALe,t) = AcC(ALe, t) AL + QLQc is positive definite. If the cir-
cuit contains neither Ll-cut sets ((A¢c Ar Ay AS)T has full column rank)
nor CVS-loops with at least one voltage source or one semiconductor device
((QEAy QL As) has full column rank), then ker Gy (u,t) = {0}, i.e. Gi(u,t)
is injective. The dense solvability of G;(u,t) (im Gy (u,t) = )) can be shown
using similar arguments as those in [7] and taking into account that J is
nonsingular [J.

Suppose the circuit contains LI-cut sets or CVS-loops with at least one
voltage source or one semiconductor device. Let Qcgrys be a projector onto
ker (Ac Ar Ay AS)T and Q¢_vg, a projector onto ker (QSAV QEAS). Be-
cause iImQcrvs C ImQc, Qcrys can be constructed so that ker Qo C
ker Qoryvs. A projector Qp(u,t) onto ker Gy (u, t) is then

Qcrvs 0 —He() "(Av As)Qc-vs 0000

L()"'ATQcrvs 0 0 0000

. 0 0 Qc-vs 0000

Qu(u,t) = 0 0 ~(0D)Qc—vs 0000
0 0 0 0000

0 0 0 0000

0 0 0 0000

Theorem 2. Under the conditions mentioned in section 2 and if the circuit
contains LI-cut sets or CVS-loops, the coupled system has tractability index
two.

Proof: The ADAS has index two if the operator Ga(u,t) = Gi(u,t) +
Bo(u,t)(I — Qo)Qi1(u,t) is injective and densely solvable for all v € X and
te [t07 tp] .

The operator Ga(u,t) can easily be calculated. Let w be an element in
ker Go(u,t). The third and fourth equations of Ga(u,t)w = 0, pre-multiplied
by Qg_vs, can be written as

Qb _vs {(3F) HoO) (v As) + (3104 ) } Qovs () =0, ()

Because (8 1 _]071) is positive semidefinite and H51(~) is positive definite,

equation (4) is satisfied iff Qc—vs (s ) = 0. The rest of the proof is very
similar to the ones in [7] or in [6]. We arrive to ker Ga(u,t) = {0}. The dense
solvability of Ga(u,t) can be proved following the lines in [7] .
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4 Index of the Discrete System

Suppose that the coupled system, after discretization in space of the Drift-
Diffusion equations has the following form

dqc(Age, t)

Ao dt

+ Apg(ALe,t) + Apjr + Avjv + Asjs + Aris = 0, (5a)

do@r,t) T,

Ale —vg =0, (5¢)

Jé+ JnAle+ g(y) = 0,(5d)
-d

. djé
Js +]S(A£evy7 ) + F = 07 (56)

where A is a nonsingular matrix and Jj, is positive definite. The vector y is

= (@, N, P)" and ¥, N and P define the approximations to 1(z, t), n(z,t)
and p(z,t) by the discretization method. Then, in a similar way as in the
previous section it can be shown that its index is always less or equal to two
and it is two only if the circuit contains LI-cut sets or CVS-loops.

4.1 The Scharfetter-Gummel discretization of the Drift-Diffusion
equations

If the so-called Scharfetter-Gummel Discretization is applied to the DD equa-
tions in (2) the resulting DAE has the same structure as (5). The Scharfetter-
Gummel scheme can be described as a Finite Element Method for the dis-
cretization of the Drift-Diffusion equations that is based on the assumption
that the current densities J, and J, are constant on each element (trian-
gles, tetrahedrons, etc) of the spatial mesh. For a detailed description of this
method we refer to [5].

Suppose 7 = {Ty, Ty, ..., Tk} is a conforming triangulation of 2 and
P={P1, Ps, ..., Py, ..., Px} denotes the set of vertices of elements in 7,
where P, € QU T4 fori=1,2,...,M. Let {¢1, @2, ..., on} be continuous

functions that are linear on each T; € 7 and satisfy ¢;(P;) = {(1)’ ;flsze: J

The coefficients that define the approximation vy, (x,t) = Zjv:l U;(t)p;(z) are
given by

ZZJ//WJ V%d:c—/(J +J,) - Vi dz = 0, (6)

TBPJ 1

where ¢ = 1,2,..., M. The last N — M values of ¥; are ¥; = ;(FP;) +
fu(Pj) - Se Where fon = (fin, fohs -+, fng,n) are approximations to the
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functions f; defined in (1j). Suppose the functions f;; are calculated as
Z;VZI fin(Pj)e;(x). If we substitute ¥;, j =M +1, M +2, ..., N in (6) by
their values and introduce the change of variables Lﬁj =U;— fr(P;) - ALe, j=
1,2,..., MP® the following equations are obtained

M
> Z@j/V%-V%dx—/(JnJer)-v%dx:o. (7a)
T 2

T35P; j=1

The discretized continuity equations are

; / 1/ /
—— np; doer — — Jn -V, dr — Ry;dx =0, b
5 O [ e <) v Re (7b)

TSP,
d 1
— Z ppide —— [ Jp,-Ve;dr+ | Rp;de =0, (7¢)
de T qJ0 Q
T>P;
where i = 1,2,..., M. If the integrals involving derivatives with respect to

the time of n and p are approximated by a quadrature formula the system (7)

has the form A% +b(ALe,y,t) = 0 where A is a nonsingular matrix and y =

~ T ~
(W, N, P) . The equations for j& can be written as jgi +edpALe+g(W) =0

with a positive definite matrix Jj, that has the same form as (3) but with the
functions f; n(x) instead of f;(z).
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