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Abstract

A generalization of Emery’s inequality for stochastic integrals is shown for
convolution integrals of the form (fot g(t — s)Y (s—)dZ(s))t=0, where Z is a
semimartingale, Y an adapted cadlag process, and g a deterministic function.
The function g is assumed to be absolutely continuous with a derivative that is
continuous or of bounded variation or a sum of such functions. The function g
may also have jumps, as long as the jump sizes are absolutely summable. The
inequality is used to prove existence and uniqueness of solutions of equations
of variation-of-constants type. As a consequence, it is shown that the solution
of a stochastic delay differential equation with linear drift, bounded functional
Lipschitz diffusion coefficient, and noise driven by a general semimartingale
satisfies a variation-of-constants formula. The proof of the inequality consists
of an approximation argument and a reduction to Emery’s original inequality.
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1 Introduction

In the study of long term behavior of semi-linear stochastic differential equations
it is often a fruitful strategy to interpret the diffusion and the nonlinearity in the
drift as perturbations of a deterministic linear equation. The equation can then be
rewritten in a variation-of-constants form, from which it is usually easier to reveal
information on the large time behavior (see for instance [1, 10]). For stochastic
delay differential equations, however, such a variation-of-constants formula seemed
to be unknown. We will prove in this paper a variation-of-constants formula for
stochastic delay differential equations with linear drift and a functional Lipschitz
diffusion driven by a general semimartingale. The proof involves several other results
that we believe are interesting as well. In particular, we present an extension of
Emery’s inequality for stochastic integrals.

Our approach is the following. If a solution of the variation-of-constants formula
(VoC) exists, it can be shown by a Fubini argument that it also satisfies the original
stochastic delay differential equation (SDDE). Since (SDDE) is known to admit a



unique solution, we infer that this solution then satisfies (VoC). Thus it remains to
prove existence of solutions of (VoC). The proof of existence (and uniqueness) of
solutions of (VoC) can be patterned along the standard lines as presented in [9] for
stochastic differential equations. The idea there is to use localization arguments in
order to reduce to a Banach fixed point argument in a suitable space of stochastic
processes. The key estimate to obtain a contraction is the following inequality due
to Emery, see [3] or [9, Theorem V.3]. For notations see [9, Section V.2] or Section
2 below.

Theorem 1.1 (Emery’s inequality). Let p,q,r € [1,00] be such that % + % =1

(with the convention that == =0). Let (0, F, (F;),P) be a filtered probability space
where the filtration (Fy)y satisfies the usual conditions. For every process (Y (t))i>o0
in SP = SP[0,00) and every semimartingale (Z(t))i>0 in H? = H1[0,00) one has
that ([ Y (s—)dZ(s))es0 is in H" = H"[0,00) and

It turns out that for the more general equations of variation-of-constants type
an extension of Emery’s inequality is needed, namely for integral processes of the
form f(; gle—8)Y (s—)dZ(s), where g is a deterministic function. We will show the
next generalization of Theorem 1.1.
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Theorem 1.2. Let1 < p<oo,1<g<oo, andl < r < oo be such that%—k% =1,

p
LetT > 0. If f : [0,T] — R is cadlag and such that f = g+h+j with f € C*[0,T],
h € BVY0,T], and j € PJBV|0,T), then there exists a constant R > 0 such that
for every Y € SP[0,T] and every Z € H?[0,T] one has [; f(s — 5)Y (s—)dZ(s) €
H"[0,T) and

Here BV'![a, b] denotes the space of absolutely continuous functions on the inter-
val [a, b] of which the derivative is almost everywhere equal to a function of bounded
variation. The vector space PJBV[a,b] consists of all f : [a,b] — R such that

< R|Y || seo, 711 Z | e 0,7y
H7[0,T]

/0 "o — 8)Y(s—) dZ(s)

f(t) = Zajl[tj,b] (t)’ le [G,, b]a
j=1

for some t; € [a,0] and a; € R, j € N, with 3772, |a;| < occ.

With the estimate of Theorem 1.2 we can prove the next result. For a definition
of ‘functional Lipschitz’, see Definition 6.1. By D we denote the space of all adapted
cadlag processes on an underlying probability space (2, F, (F¢)i>0, P).

Theorem 1.3. Let (Z(t))i>0 be a semimartingale, let J € D, let F' be a functional
Lipschitz map, and let g : [0,00) — R be such that gl € C0,T)+ BV[0,T] +
PJBVI[0,T] for every T > 0. Then the equation

X() = J() + / ot - $)F(X)(s—)dZ(s), >0,

has a unique (up to indistinguishability) solution X € D. If J is a semimartingale,
then so is X.

The proof of Theorem 1.2 is based on the following generalization of Emery’s
inequality.



Theorem 1.4. Let 1 < p < o0, 1 < g < o0, and 1 < r < oo be such that
%Jr% = % Let (2, F, (Fe)t, P) be a filtered probability space with the filtration (Fy)s
satisfying the usual conditions. Let T' > 0 and let (Y (s,1)); sefo,7) be a process with
Y(t,e) € SP = SP[0,T] for all t € [0,T]. Assume that there exist a constant ¢ > 0
and processes Y'(t, ) € SP, t € [0, T, such that sup, (017 1Y'(t,5)| € LP(P) and

1Y (7,0) =Y (t,0) = Y'(t,0) (T —t)||s» < (T —t)c|| sup |Y'(s,0) —Y'(u,e)]

w,s€[t,T] gp
for all0 <t <7 <T. Assume also that sup, ycpo.11|Y (¢, 8)| € LP(P), and that
sup |Y(S7 ') - Y(uv ’)| + Sup |Y/(57 ') - Y,(u7 ')| —0asd l 0.
|s—u|<d gp |s—u|<d gp

If Z € H? = H1[0,T), then [ Y (e,s—)dZ(s) € H" = H"[0,T] and

\ <
Hr

Here ¢, is the constant of [9, Theorem V.2] and

sup |Y (¢, )]
te[0,7]

[ viesaze

+2(1 + cr)vp(Y)> 1 Z]| ma.
Sp

m—1

VoY, [0,T) = sup § D [V (mj51,0) = V(15 0)lls0 :
§=0

0L <~ <7y < T, meN}.

The outline of the paper is as follows. In Section 2 we collect the preliminaries
and in Section 3 we will prove Theorem 1.4 for a special class of processes Y by a
reduction to Theorem 1.1. Then in Section 4 we will give an approximation argu-
ment to establish Theorem 1.4. Section 5 then applies Theorem 1.4 to convolutions
with deterministic functions and proves Theorem 1.2. Section 6 uses the results of
Section 5 to obtain Theorem 1.3. Finally in Section 7 we use Theorem 1.3 to prove a
variation-of-constants formula for stochastic delay differential equations with linear
drift.

2 Preliminaries

2.1 Processes

Let us settle some notations and collect some ingredients needed for the sequel. All
random variables and stochastic processes, unless stated otherwise, are assumed to
be defined on a fixed filtered probability space (2, F, (F;)¢, P), where the filtration
(F)+ satisfies the usual conditions (see [7, Definition 1.2.25]). Let I C [0, 00) be an
interval and let D(I) denote the set of all adapted processes (X(t));c; with paths
that are almost surely cadldag (that is, right continuous and the left limit exists at
every t € I distinct from the left endpoint of I). If X,Y € D([) satisfy X (t) = Y (¢)
a.s. for every t € I, then they are indistinguishable, that is, X (t) =Y (¢) forallt € I
a.s. (see [7, Problem 1.1.5]). We will identify processes that are indistinguishable.
Every process X € D(I) is jointly measurable from @ x I — R (see [7, Remark
1.1.14]). For a process X € ID(I) and a stopping time T we define the stopped
process XT by

(XY (H)(w) = X(tATW)(w), we, tel,



and X7~ by

(XT_)(t) . { X(t)1{0<t<T} +X(tA T_)l{th} if T(w) > 0,

=1 0 ifT(w):O,WEQ’tEI‘

Here (X(t AT—))(w) = limgyp) X (t A s)(w) for w € Q with T'(w) > 0. Stopping
times are allowed to attain the value co. The jumps of a process X € D(I), where
I C [0,00) is an interval with left endpoint a, are defined by (AX)(t) = X (t)—X (t—)
fort € I, t # a, and (AX)(a) = X(a). Further, by convention, X (a—) = 0.

For an interval I and a function f : I — R we define the total variation of f
over I as

m—1

Varl(f)ZSUP{Z [ftrr1) = R s to, - tm €1, to <t <+ - S, mGN}-
k=0

A process X € D(I) with paths that have almost surely finite total variation over
each bounded subinterval of I will be called an FV-process and Vary(X) is defined
pathwise.

Let LP denote the Lebesgue space LP(Q, F,P), where 1 < p < co. For 1 < p < o0
and X € D(I) define

1 Xl sp(ry =

sup | X (t)]
tel Lp
(possibly oo) and

SP(I) = {X € D) : | Xlse(r) < o0}
If the interval of definition is clear from the context, we will simply write SP and
[[o]l 57

2.2 Semimartingales

Let us now consider semimartingales. We adopt the definitions and notations of
[2, 6]. Recall that a process X € D[0,00) is called a semimartingale if there exist
a local martingale M and an FV-process A such that X (¢) = X(0) + M(t) + A(t)
a.s. for all ¢ > 0. For two semimartingales X and Y we denote by [X,Y] their
covariation (see [2, VIL.42] or [6, p. 519]). For any semimartingale X the process
[X, X] is positive and increasing (see [6, Theorem 26.6(ii)]). We denote [X, X]o, =
SuPt}O[Xv X](t).

We will use the above terminology also for processes X € Dla,b], where 0 <
a < b. We say that X € D[a,b] is a local martingale (or semimartingale) if there
exists a local martingale (or semimartingale) Y € D[0, c0) such that X (¢t) = Y (¢)
for all t € [a,b]. If X1, X € D[a,b] are semimartingales and Y;,Ys € D[0,00) are
semimartingales such that X;(t) = Y;(¢) for all ¢ € [a,b], i = 1,2, then we define
(X0, Xa(t) i= Y] — Y2~ YP = Y2~ )(0), £ € o, bl

For a semimartingale Z € D|a, b] with Z(a) = 0 we define

12| sro1a,5) = inf{||[M, M](b)"/2 + Var(, 4 (A)| L : Z = M + A with (2.1)
M alocal martingale, A an FV-process
and M(a) = A(a) = 0}

(possibly co) and let
HP[a,b] := {Z semimartingale : Z(a) =0, ||Z||gr[q,5 < 00}

The space HP?[0, 00) is defined similarly by replacing the numbers in the infimum in
(2.1) by ||[M, M]})é2 + Var(g )(A)||Lr. Observe that for any stopping time 7' and
any Z € HP[a,b] we have Z7~ € HP[a,b] and || Z7~||g» < || Z||1-



Theorem 2.1. Let 1 <p < oo and 0 < a < b. The spaces (SP[a,b], || sr[a,5)) and
(HPla,b],[e| ge[a,)) are Banach spaces. Moreover, if Z € HP[a,b] then Z € SP|a,b]
and there exists a constant ¢, > 0 (independent of a and b) such that

1Zsviap) < cpllZllmria,p for all Z € HP[a, b].

Proof. Tt is said in [9, p.188-189] that [|e||sr[0,00) and [|e||gr[0,00) are norms. It is
straightforward that (S?[0,00), || sr[0,00)) is complete. Completeness of H?[0,c0)
endowed with ||e||r[0,00) is mentioned in [2, VIL.98(e)]. The sets {X € SP[0, 00) :
Xb =X, X% =0} and {X € HP[0,00) : X’ = X, X = 0} are closed subspaces
of SP[0,00) and HP[0,00), respectively, and they are isometrically isomorphic to
SP[a,b] and HP[a,b]. The existence of ¢, is the content of [9, Theorem V.2]. O

The next theorem easily follows from [9, Theorem V.1, Corollary, p. 189-190].

Theorem 2.2. Let 1 < p < oo and 0 < a < b. If Z € HP[a,b], then [Z, Z)(b)'/? €
L? and
112, Z)(0) 2|l <12l ro1a .

Further, if M € Dla,b] is a local martingale with M(a) = 0 and [M, M](b)*/? € L?,
then M € HP[a,b] and

1| 7o g0, = 1M, M](0)/?| -

2.3 Stochastic integral

We use the stochastic integral as presented in [2, 5, 6]. Let us summarize the
properties that we will need.
First consider processes of the form

H(t) = H_ll{o} (t) + HOI(O,tl](t) —+ -+ Hn—ll(tn,l,oo)(t)a t>0, (22)

where H_;, Hy are Fp-measurable random variables and H; is an F%,-measurable
random variable for 7 > 1 such that there exists a constant ¢ € R such that |H;| is
bounded by ¢ for all 7, and where 0 =ty < t; < --- < t, = 00, n € N. We denote
the set of all such processes by £. For a semimartingale X and a process H given
by (2.2) the stochastic integral is defined by

(HeX)( /H )dX (s Z (X(ti/\t)—X(ti_l/\t)), t>0.

The predictable o-algebra is the o-algebra in [0, 00) x € generated by the processes
(X (t))t>0 that are adapted to (F;—)¢>0 and which have paths that are left contin-
uous on (0,00). Here F;_ is the o-algebra generated by F, with s < ¢ if ¢ > 0,
and Fy_ := Fy. A process X is predictable if (t,w) — X (t,w) is measurable with
respect to the predictable o-algebra. A process (H(t))i>o is locally bounded if there
exist stopping times 0 = Ty < 11 < ... with sup, Tk = oo a.s. such that for each k
the random variables H7*(t), t > 0, are uniformly bounded by a constant. Observe
that for any process X € D[0,00) the process ¢t — X (t—) is both predictable and
locally bounded.

The next theorem (see [2, VIIL.3 and 9], [5, Theorem 1.4.31 and 1.4.33-37], or [6,
Theorem 26.4]) extends the stochastic integral to all locally bounded predictable
processes.

Theorem 2.3. Let X be a semimartingale. The map H — HeX on & has a unique
linear extension (also denoted by H — HeX ) on the space of all predictable locally



bounded processes into the space of adapted cadlag processes such that if (H™), is a
sequence of predictable processes with |H"(t)| < K (t) for allt > 0 and alln € N for
some locally bounded predictable process K and H™(t)(w) — H(t)(w) for allt >0
and all w € Q for some process H, then

(H"eX)(t) — (HeX)(t) in probability for all t > 0.
Moreover, for every locally bounded predictable H and K one has
(a) HeX is a semimartingale;
(b) K(HeX) = (KH)eX;
(c) A(HeX) and HAX are indistinguishable and (HeX)(0) = A(H«X)(0) =
H(0)X(0);
(d) if X is a local martingale then HeX is a local martingale;

(e) if X is of bounded variation then HeX is of bounded variation and

Varg ooy (HeX) < sup|H( )| Varp o) (X);

(f) if T is a stopping time, then 1o rjeX = XT and (HeX)T = (Hljo1))e X =
HOXT;
It follows in particular that the stochastic integral fg H(s—)dX(s),t > 0, is

well defined for any H € D[0, c0) and any semimartinagle X.
The next theorem is contained in [6, Theorem 26.6(ii) and (v)].

Theorem 2.4. If M € D[0,00) is a local martingale and Y is a locally bounded
predictable process, then

[YeM,Y e M]( / Y(s M](s) for allt >0

A useful continuity property of the stochastic integral is the following [9, p.51].

Theorem 2.5. Let X be a semimartingale. Let (Y™ (t))i>0, n € N, be a sequence
of adapted cadlag processes and let (Y (t))i>o also be an adapted cadlag process. If

sup |Y"(s) — Y (s)| — 0 in probability for all t > 0,

0<s<t
then
sup /Y”(u—)dX(u)—/ Y (u—)dX (u) > 0.
o<s<t |Jo 0

We state two more results that will be needed in the next sections.

Lemma 2.6. If [ : (a,c] — R is right continuous at b € (a,c), then
Var(a,c] (f) = Var(a,b](f) + Var(b,c](f)'

Proof. From the definition of the variation it is clear that the right hand side is not
more than the left hand side. Let a < tg < t1 < --- < t,, = ¢. Then there is an
¢e{l,...,n— 1} such that ¢, < b and ty4; > b. Therefore

,_.

m—

|f(trt1) — Z|f trerr — f ()| + £ (D) = F(to)]

k=0

+ 1 f(tera) — FO) + Z |f(tr1) = f(tx)]

k=C+1
< Var(qy) (f) + [f(ter1) — f(0)] + Var, o (f)-



Right continuity of f at b yields

Var(a,c] (f) + Var(a,b] (f) + Var(b,c] (f)
O]

As an example that the additivity in the above lemma does not always hold
if f is not right continuous, consider f : (0,2] — R given by f = 1(;,5;. Then
Var(o,1)(f) = 0, Var(i,2)(f) = 0, but Var(f) = 1.

The next theorem gives a description of the decomposition of the product of
two semimartingales by means of stochastic integrals. Part (a) is contained in
[9, Corollary 2 to Theorem I1.22, p. 60] and part (b) follows from [5, Proposition
1.4.49a)].

Theorem 2.7. (a) If X andY in D[0,00) are semimartingales, then their prod-
uct XY s a semimartingale.

(b) Let M € D[0,00) be a local martingale. If A € D[0, 00) is an FV-process, then
MA is a semimartingale and

M(t)A(t) = M(0)A(0) + M(s)dA(s)+ N(t), t=>0,
(0,¢)
where f(o o M(s)dA(s) is an FV-process and N is a local martingale with
N(0) =0 given by

N(t) = /( A,

3 A special class of processes

In this section we will show Theorem 1.4 for a special class of processes. Throughout
this section, Let T'> 0, let 0 = tg <t;1 < -+ <ty =T. For 1 <k <m—1, let
gk : [0,T] — R be the continuous function that is 1 at ¢x, 0 on [0, tx—1] U [tg+1, T,
and affine on [ti—1, ¢ and [t, txy1]. Let go : [0, 7] — R be the continuous function
that is 1 at to = 0, 0 on [t1,T] and affine on [0,#], and let g,, : [0,7] — R be the
continuous function that is 0 on [0,¢,,—1], 1 at T, and affine on [t,,—1, tm].

Letlgpgoo,1<q<oo,and1<r<oobesuchthat%+%:%. Let
Y € SP[0,T], 0 < k <m —1, and let

,_.

Yk gk , t,s € [07 T]
k=0

Assume that sup, seo.77 Y (£, s)| < oo a.s. Let Z € D[0, T be a semimartingale with
Z = M+ A, M(0) = A(0) = 0, where M is a local martingale with [M, M](T)"/? €
L%, and A an FV-process with Varp ry(4) € L9.

Lemma 3.1. The process f0° Y(e,s—)dZ(s) is a semimartingale and

0°Y(.,s )dz </ Z V(s s—)dM(s ))

(/y ) dAGs +Z/ (/Y >)dgk<s>>,

where the process between the first pair of parentheses is a local martingale and the
process between the second pair of parentheses an FV-process.



Proof. We have

m—1

/ V(os)dzis) = 3 / " Vi(so) dZ()gi(s)

k=0

and gy, is a semimartingale for each k, fo. Yi(s—)dZ(s) is a semimartingale for each
k,so [; Y (e, s—)dZ(s) is a semimartingale, by Theorem 2.7.
For each 0 < k < m — 1, Theorem 2.7 yields

/ ' Ya(s—) M (s)gu(s) = /( . ([ i) ) oo
# [ ota ([ Vit arw)
= /(M </OS Yk(u)dM(U)) dgr(s)

+/ 9x(8)Yr(s—)dM(s), te]0,T].
(0,¢]

Hence

[ vtsize = [ 3 aemiisoyans)

0.t] ,—o

+/OtY(t7s—)dA(s)+mZ:1/(0’t] </0 Yk(u—)dM(u)> dgk(s),

k=0
€ [0,T]. A glance at Theorem 2.3(d)—(e) completes the proof. O

Lemma 3.2. We have

[ [ vt [ Y vilsyanls) e
k=0

0 k=0

< sup |V (¢, 8)[[M, M](T)
t,s€[0,T]

(T)

Proof. For t € [0,T], we have according to Theorem 2.4,

l / " V(s )ge(s) dM(s), / " V(s )gu(s) dM(s)
k=0

2

(T)

g/o ( sup sup |Yk(u)|z_gk(s)> d[M, M](s)

0<k<m—1 0<u<t

< sup |Y(u,s)|2[M,M](T).
u,s€[0,T]

Lemma 3.3. We have

Varpzy ( /0 V(e s-) dA(s))

m—1
< sup |Y(u,s)|+2 Z sup |Yii1(s) — Yi(s)| | Varp,(4).
u,s€[0,T] k—0 s€[0,T]



Proof. Tt suffices to consider partitions that are refinements of (¢3)g. Let for each
ke{l,...,m},
tk71:7'0k gT{f << TF =y

Then, since gx—1 =1 — gx on [tp_1, k],

’;jzl/ Y (r ()—/OJ Y (rk |, s—) dA(s)
_ig/ ( (T}“)+Yk,1(s—)gk,1(ff))dA(S)
[ (Ao dantrtn) 4 ¥ 44
_ kf:_l; /0 (i) = Yioa(s-) ) gu(rf) dA(s)
v Yior(s-) dA(s)

55

k=1 j=1

«/ (Yils=) = Yiea(s=)) aA(s) (gu(7)) = n(7f0))

/j Vi1 (s—)dA(s)

1

k

+ / (Yils=) = Yiea(s-)) dA(s)gu (7))

<ZZ i |Yk 1(s)| Varge | 1x)(A4)

k=1j—1%€[0

+ZZ sup_[Vi(s) — Yi1(5)| Varg ry(4) (ga(7F) = x(51))

k=1 j— 1 s€[0,T7]

+ZZ sup |Yi(s) = Yi—1(s)| Varx | -r(A)
k1 j—1 €[0T I

< sup sup |Yk,1(s)|Var[0,T] —|—Z sup |Yi(s) — Yk,1(5)|Var[07T}(A)

k s€[0,T] h—1 5€[0,T]
+ Y sup [Yi(s) — Yio1(s)| Var 1 (A),
=1 s€[0,T]
where for the addition of the variations of A we have use Lemma 2.6. O



Lemma 3.4. We have

Var, 1 (Z/ .]/ Yie(u—) dM (u) dgx (s ))

m—1

N

/ (Y(tk_s_l,uf)fY(tk,uf)) AM (u)|,

0

2 Z sup
k=0 s€1[0,T)

where by convention Y,, := 0.
Proof. Set t_; =0. For t € [0,T],

m—1

/Yk ) dM (u) dgp(s)
= J.4Jo

- (/ / Y (u—) dM (u) dgg(s)
k=0 (0,t]N(tr—1,tx]
| Vit avw dgk<s>>
(0,t]N(tg,tr+1] 4O

m—1 s
_ < / / Vi (u—) dM (u) dgx (s)
(O,t]ﬁ(tkfl,tk] 0

-/ | vitwamw) dng(s))
(O,t]ﬂ(tk,tk+1] 0

| /0 (Yk(u—) - Yk_l(u—)) dM (u) dgi(s).

+
\

k=1 (0 t]ﬂ(tkfl,tk

ar[m<z/ [ ety ant daus ))

/O(Yk( - Yk,l(u—))dM(u)

So

< QZ sup
=1 S€(tr—1,tx]

:22 sup / (Y(tk,uf)fY(tk_l,uf)) dM (u)] .
h—1 €0, 7] 1J0
Lemma 3.5. We have
(e,5—)dZ(s)
0 H™[0,T]
m—1
<< sup |Y(¢,9)] +2(1+4+¢,) Z sup |Yit1(s) — Yi(s)]
t,s€[0,T] Ip k—o0 ||5€[0,T]

(M, MY(T)YZ + Varg 7y (A) | 1o

and in particular, [; Y (s,s—)dZ(s) € H"[0,T].

10




Proof. The Lemmas 3.1-3.4 together yield

/0° ¥ (o, u—) dZ(u)

HT[0,T]
< ELX__; /O'gk(s—)ds (/OS Yk(o'—)dM(o')>7
2  emran ([ utosaneco) "o

4 Varg.zy < /O T Y (e 5—) dA(s) + j}_:: /( y ( /O V(o) dM(o)) dgk(s)>

Lr

< sup Y (¢, )|[M, M](T)"/?
t,s€[0,T
m—1

+ ( sup |Y (¢, 8)|+2 Z sup |Yit1(s) — Yk(s)|> Var, 1(A)
t,s€[0,T k—o S€[0,T]
m—1 s

23 sup / (Vi (o) ~ Yilo—) ) M (o)
i—o s€l0,7] 1o I

<[ sw o)) (1M MIT)2 4+ Varg ry(4))
t,s€[0,T) I
m—1
+2 (Z sup |Yit1(s) — Yk(s)|> Vary 71(A)
k=0 s€[0,T] I
m—1 s
+2 3 sup / (Vi (o) ~ Yilo—) ) dM (o)
o s€l0.77 1o I
<| sw Y| || AT) 2 + Varg ry(4)
t,s€[0,T] o La
m—1
+2 sup [Yiq1(s) = Ya(s)l|| [ Varo,r)(A)l| e
k=0 s€[0,7) Lp
m—1 °
+23 / (Yirr(o=) = Yilo=) ) an (o) = (%)
k=0 0 ST[0,T]
Since by Emery’s inequality and Theorem 2.2
‘ / (Yirr(o=) = Yi(o—)) dM(0)
0 S7[0,T]
<er / (Yk+1(0—) - Yk(U—)) dM (o)
0 H"[0,T)

< ¢ |[Yir1(e) = Yi(o)|[so|[ M| rajo, 1)

1M, MY(T)Y? | o,
Lr

=cp || sup [Viqa(s) = Y(s)|
s€[0,T)

11



we obtain

() < || sup i)l 1A 4 Vargzy(4)]
t,s€[0,T7] Lo La
+2Z sup Vi1 () = Yi(s)| | Varpozry(A)]los
s€[0,T] L
m—1
+26 3 || sup Yiwals) = Vi(s)l|| |1 a0) 2
k=0 ||*€[0.T] v v
m—1
<|| s sl +20+e) D | sup [Yira(s) — Yals)
t,s€[0,T] Lo k—0 ||5€10,T7] Ip
. ] [M, M)(T)*2 + Var( 1y (A)‘ .

Corollary 3.6. If we assume in addition that V,(H,[0,T]) < oo, then

(o,
0
<< sup |Y(¢,9)]
t,s€[0,T]

—)dZ(s)

H™[0,T]

+2(1 + ¢)Vp(Y, [0, T])) 1 Z| zrajo, -
Ly

4 Approximation argument

Throughout this section, let 1 < p < oo, let T' > 0, and let (Y(t,5)): sc0,1) be
a process such that Y (¢,e) € SP[0,T] for all ¢ € [0,7] and such that there exists
a constant C' and for every ¢t € [0,7T] there exists an Y'(¢,e) € SP[0,T] such that
supy sejo,r [Y' (¢, 8)| € LP and

Y (7,0)=Y (t,0)=Y"(t,0)(T—t)||sr0,1) < (T—t)C || sup [Y'(s,0) =Y (u,s)]

w,s€[t,T]

SP[0,T]
forevery 0 <t <7 <T.

Lemma 4.1. Let 0 =ty < t1 < -ty =T and let go,...,gm be as defined in the
first paragraph of Section 3. Let

;-.

Y tk, gk t,s € [O,T]
k=0

If (7F) k0 is a refinement of (t1.)r and for each 1 < k < m,

thor =75 <TH < <7 Jk =tk
then
m
k k k k
>0 ‘(‘](Tj DRG0 R ClG DR G R)] sv[0.7]
k=1j=1
<(14+20)T  sup sup Y (u,0) = Y'(s,0)]
k=1,....m ||u,s€[tr—1,tk] SP[0,T]

12



Proof. Since g =1 — gp—1 on [tx—1,tx], we obtain

3535 (k- it - (st -t
:gz (Y (et dgis () + ¥ (b () = Y (7))
m(Y(tk_l, g1 () + Y (b g () = Y (e )|
> ¥ (thoroe) (Y (t00) = Y (timr ) () = Y (7 )
~(Yltro0)+ (Yl o) =Y (timr, ) Jou(rf ) = Y09
< iz (¥ tie) = Y timrao)) (060) - aulrt)

~(Yh =Y, e)

Sp

(HY th—1,0)(tk — tr 1)<gk( i) — 9(73121))

Jk

m
<

k=1j=1

—Y/(Tjk717 .)(TJI’C - T]kfl) ‘

sup |Y/(u7‘) - Y/(S,o)|

U,S€ [tk —1,tk]

+ (g — tk71)0<gk(7—]ﬁ) - gk(Tkal))

Sp
+(rf —17)C sup Y (u,0) — Y'(s,0)]
u,sE[TJI»C_l,f;.C] Sp
m  Jk
<3t =i ) )
k=1j=1
+ (T]k — 7' 1)2C sup [Y'(u,e) — Y'(s,0)]
u,SE [ty —1,tx] gp
m  Jk
<N 20)(E—E ) || sup Y (ue) = Y(s,0)|
k=1 j—1 tr—1<u,s<tk gp
< (1+20)t, sup sup Y (u,0) —Y'(s,0)
k=1,..., m ||t —1<u,s<tx Sp
O]

Lemma 4.2. Assume that t — Y'(t,e) is uniformly continuous in the sense that

sup |Y'(s,0) = Y'(u,e)
[s—u|<d

—0asd | 0.
57[0,T)

Ifo=ty<t1 < <tmw="T, go,--.,9m are defined as in the first paragraph of
Section 3, and

3

J(t,s) = )  Y(ty,s)gr(t), t,s€[0,T],
0

>
Il
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(1) Vp(Y,[0,T]) < TSUPte[o,T] ”Y/(ta’)HSP[O,T];

(tk,s), s € [0,T], is such that J, € SP[0,T] for all k, and
< p(Y7[07T]);

— =

Vp(J; [OZT]

V(] =Y, [0,T]) < (1+2C)T  sup

k=1,....m

sup |Y/(u7') - Y/(S,o)|

U,S€ [tk —1,tk]

s7[0,1]

Proof. (i) Let (7;); be a partition. We may assumethat0 =7 <7 <--- <7, =T
Then

Z [Y(Tjt1,0) = Y(7j,0) 50

n—1

(1Y (73, ) (1 = ) v
j=0

+(rjs1—)C  sup ||Y'(s,.)—Y’(u,.)||sp)
w,SE[Tj,Tj41]

< sup ||[Y'(t,0)||s»T +CTsup  sup 1Y'(s,0) — Y (u,e)| s0-
te[0,T] J o u,s€[T),mj41]

<.

Thus we obtain
V(% 0,T) < T sup [Y'(t,#)llsr-
te[0,T]
(ii) It follows directly from the assumptions at the begin of the section that
Jr € SP. Next, let (14)}_, be a partition. We may assume that it is a refinement of
(tx)r and relabel such that

thoi=1h << <Th =ty k=1,....m.
Then
m Jk
> 6 = I,

k=1 j=1

)91 (7]) + Y (t, )9 (7})

-S3
- (_ Y (b1, )91 (7o) + Y (b )gr(7f) )|
»ll
(v

Sr

= i . (Y(tk, o) — Y(t_1, 0))9k(7}]‘€)

(1o (Y(tk,-)—Y(tk_l,-))gk(rf_o)]

Sp

Z tk) (tk 1,® )HSP <VP<Y)

14



(iii) With the notations of (ii), Lemma 4.1 yields
m Jk

SN ) =Y (70 = (T ) = V(7)) s

k=1 j=1

< (1+2C)T  sup

k=1,....m

sup |Y/(u7’) - Y/<57°)|
u,s€[0,T]

SO

Vp(J =Y) < (142C)T  sup sup  |Y'(u,e) — Y'(s,0)]

u,s€[0,T]

Sp
O
Lemma 4.3. Assume in addition to the assumption of Lemma 4.2 that SUPy se(0,7]

Y (t,s)| € LP and

sup Y (s,0) — Y (u,e)]
|s—u|<d

—0 asd 0.
5P[0,T]

Choose a sequence of partitions

0=tp <P <o <ty =T

My

such that supy, [t} — t] — 0 as n — oo, let gj be the corresponding functions as
defined in the first paragraph of Section 3, and define

my,—1

Y(t,s) = > Y(t,s)gi(t), t.s€0,T], neN.
k=0

Let 1< g< o0 and 1 <r < oo be such that%—&—%:%. Let Z € H1[0,T]. Then
(i) J5 Y™(e,s—)dZ(s) € H"[0,T] for all n,

(ii) for allm,n e N,

/0' Y (e, s—)dZ(s) — /O Y™ (e, 5—) dZ(s)
|

(ili) (fy Y"(e,5—) dZ(s))n is a Cauchy sequence in H"[0,T],

H7[0,T]

sup |Y"(t,s) — Y™ (t,s)]
t,s€[0,T]

Lpr

+ (1 =+ CT)Vp(Yn - Ym7 [OaT])> ||Z||Hq[07T]7

(iv) fot Y™ (t,s—)dZ(s) — fot Y (t,s—)dZ(s) in probability for all t € [0,T],

(v) J5 Y(e,5—)dZ(s) € H"[0,T] and

/. Y (e,5—)dZ(s) — /. Y(e,s—)dZ(s) in H"[0,T],
0 0
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(vi) for each m,

\ [ yresaz

H7[0,T]
< ( sup |[Y"(t,3)| +2(14¢)V, (Y™, [O,T])) 1 Z|| zra10, 775
t,s€[0,T) e
(vii)
(s,5—)dZ(s)
0 H"[0,T)
<< sup [Y(t,5)|||  +2(1+c)Vp(Y, [O,T])> 12| rajo,77-
t,s€[0,T] Lo

Pmof (i) is contained in Lemma 3.5.
(ii) Notice that

/ Yl )dZ(s)—/O.Ym(.,s—)dZ(s):/0. (Y7 (00 8) = ¥ (o, 57)) dZ(9).

Recall that sup, ,ep0771Y'(¢,8)] € LP, so that sup,ejo ) [[Y'(f,0)[s» < oo, and
apply Lemma 4.2(i)—(ii) and Corollary 3.6.

(iii) Let n, ¢ € N and let 6™ := sup,, |tk+1 2]V supy, [th ., — th|. If we choose
an arbitrary ¢ € [t}_,,tx] and t € [J 15 J} then

S s - 3 ek
i =
= [Vt 9)gia(8) + Y (87, 5)gi (1)
~ (Y1 9)gi (D) = Yt 9)gi 1)) |
= V(9 + (Y () = Y (t1,9))gi (1)

Y (# ps)f(Y(t‘? 5) - Y<t§ LS >)g§<t>]

|Y k—155 ) Y ] 158 ’+|Y Y(tZ—l’s)|
+[Y(t,8) = Y(tj1,9)]
< 3 sup |Y(a7 5) - Y(bv S)‘

a,beft—m:4 t+5m¢)

Hence

sup |Y"(t,s) — Y(t,s)|
t,s€[0,T]

Lr
my—1 me—1

sup | Z - Z Y (t5,, ) gk (t)]
k=0

t,s€[0,T] 1=,

Lr
<|| sup 3 sup Y (a,s) — Y(b,s)]|
t,s€[0,T] a,bE[t—5m:¢ t4+m:¢] L
<3| sup  sup - [Y(a,8) =Y (bs)
s€[0,T] |a—b|<26m™¢ o

— 0if n, ¢ — .
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Now the assertion follows from (ii) with aid of Lemma 4.2(iii) and the observation
that

sup sup  |Y'(a,e) —Y'(b, )]
k=1,...m |[tp_, <a,b<t} gp
<|lsup  sup  |[Y'(a,e) —Y'(b,e)
k7, <a,b<tl o
< sup |Y'(a,e) = Y'(b,e)]|
la—b|<dm:t o

so that V,(Y" —Y) — 0 and V,(Y* -~ Y) — 0 as n,f — oo and therefore V, (Y™ —
Y% — 0as n,f — oo.
(iv) Let 6™ := sup,, [t7, | — t}|. For each t € [0,T7,

sup |[Y"(t,s) =Y (t,3)] < || sup  sup |Y(a,s)—Y(b,s)
s€[0,T] Lo s€[0,T] |a—b|<s™ Lo
=1 sup [Y(a,e) =Y (be)]|| — 0asn— oo,
la—b|<sm o

hence sup e, 77 [Y" (¢, s) — Y(t,s)] — 0 in probability as n — oco. Therefore by
Theorem 2.5, for each T € [0, T],

sup / Y™ (t,o—)dZ(o) — / Y (t,0—)dZ(o)| — 0 in probability.
0 0

0<s<T

(v) By (iii) and the completeness of H" (Theorem 2.1), there is an H € H" such

that .
| [ ymesyaze) - e

Since for any ¢ € [0, T7,

H"

/O Yt so)dzZ(s) — H(D)

Lr

< ‘

/O TV (e 5—)dZ(s) — H(s)

sr

< ¢ — 0 as n — oo,

HT

/O° Y™ (e, 5—)dZ(s) — H(s)

item (iv) yields that fot Y (t,s—)dZ(s) = H(t) a.s. Hence
t
/ Y (¢ 5—)dZ(s) = H(t) for all £ € [0,T] as.
0

(vi) is contained in Corollary 3.6.
(vil) By (v) and (vi) and the arguments in the proof of (iii) we have

‘/ Y(e,5—)dZ(s) = lim / Y (e,5—)dZ(s)
0 Hr n— oo 0 Hr
< < sup |Y (¢, 9)| +2(1+CT)VP(Y)> 1 Z]| g
t,s€[0,T Ip

Observe that (v) and (vii) of Lemma 4.3 together establish Theorem 1.4.
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5 Application to convolutions

This sections concerns an Emery inequality for convolutions of the form

/0 gt —8)Y(s—)dZ(s), te]0,T],

where g is a deterministic function, Y an adapted cadlag process, and Z a semi-
martingale. If the function g is right continuous, then the integral is well defined.
We will first study continuously differentiable functions g by means of Theorem 1.4,
then study pure jump functions, and then combine the results to prove Theorem
1.2.

Lemma 5.1. Let 1 <p<oo,1<g<o0,andl <r< o besuchthat%—l—%:%.
Let T > 0 and let g : [0,T] — R be continuously differentiable. Then for every
Z € H1=H0,T] and every Y € 5P = SP[0,T] one has [ g(e — s)Y (s—)dZ(s) €
H" = H"[0,T] and

\ [ st - vsmyaze

< (Iglloe + 20+ e) TN oo ) 1Y lls# 12 1.

Proof. Let 7 > 0 be arbitrarily small. We begin by choosing a function gy :
(—00,T] — R such that

go(t) =g(t), 0<t<T,

go is constant on(—oo, —1],

go is continuously differentiable,

I90lloe < 119" lloc 4+,

golloe < llgllcc +n-

Hr

Observe that
| ate=9¥ (50220 = [ nle = o)y (5-) a2 (o)
0 0
Let
Y(t,s) :=go(t —s)Y(s) and Y'(t,5):= gyt —s)Y(s), t,s€]0,T].

Then for each t > 0, Y(t,e) € SP and | sup, 0.1y Y (& 8)lllee < lgollool|Y |52
Further, Y'(t,e) € SP for all t € [0,T] and | sup, sej0,7) [Y' (%, 9)l| e < |95 ]l00lIY |2
Moreover, for any 0 < ¢ < 7 < T and a suitable choice of 8, € [t, 7], we have

[Y(7,0) = Y(t, o) = (T = )Y'(t,0)]lsr

= || sup |go(T —s) — go(t — s) — go(t — s)(7 — )Y ()]
s€[0,T)

Lr

= || sup_|g5(r.e.s — ) — go(t — 8)[(T — )Y (s)
s€[0,T]

Lp

= sup |Y'(Or1s,5) —Y'(t,s)]
s€1[0,T]

(r—1)

Lp
< || sup sup |Y'(0,s) =Y'(t,s)]| (r—1)
s€[0,T] t<6<T e
< (T — t) sup \Y’(@, o) — Yl(t, o)
t<OLT Sp
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Moreover,

sup |Y'(7,0) = Y"(0,0)]
Ir—6] <6

Sp

< || sup |go(m) — go(0)] sup |Y(s)|
|[T—0]<d s€[0,T] Lo

< ‘ S%F S l96(T) — go(O)|[|Y ||ls» — 0 as & | 0,
T—0|<

because g is uniformly continuous. Similarly, || sup|,_g <5 Y (7,e) =Y (0, )|[[sr — 0
as 0 | 0. Finally, we estimate

m—1
Vo (Y, [0,T]) = sup$ D> || sup [go(mj41 — )Y () — go(7; — 5)Y (s)]
j=0 s€[0,T] Ip

0<70< <7 <T, meNp <T|Y|lsr]lghlloo-

Thus we can apply Theorem 1.4 and obtain fo. go(e — 8)Y(s—)dZ(s) € H" and

(

< (lgolloc 1Y llso + 201+ e)Tlghlloc 1Y l1s# ) 121111

< (llgloe +1+ 201 + )T low + 1) IV 50 121l 115

sup |Y(t,s)|
tsEOT

+2(1+ cr)Vp(Y)> | Z]| e

We infer that

/0. gle —8)Y(s—)dZ(s)

< (Ilglloo + 201+ e)Tg oo ) 1Y 150 1 211110

Hr

O

Let us next extend the scope to functions that have a derivative that is of
bounded variation. We use a decomposition into a C'-function and a so-called pure
jump function.

For an interval I, let BV (I) denote the vector space of functions f : I — R
that have finite total variation over I. For each f € BV (I) the left and right hand
limits f(z—) and f(xz+) exist at every z in the interior of I. Moreover, f(a+)
exists if T has a left endpoint a and f(b—) exists if I has a right endpoint b. There
are at most countably many points z in I where f(z—) # f(z+), so each BV-
function is a.e. equal to a cadlag function. For a cadlag function f € BV(I) the
sum » o, [(Af)(z)] is finite and we call the function

g(x) ==Y (Ag)W)lyeoinr(z), z €I,

yel
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the pure jump part of f. Notice that f — g is continuous on I. Let BV![a,b] denote
the vector space of indefinite integrals of functions in BV [a, b], that is

Via,b) = {f : [a,b] — R : 3g € BV]a,b| such that f(z) = f(a) + /z 9(y) dy}.

In other words, BV![a,b] consists of the absolutely continuous functions with a
derivative that is almost everywhere equal to a function of bounded variation. For
f € BVa,b] we let f’ denote the unique cadlag function in BV[a,b) with f(z) =
a)+ [ f'(y)dy for all z € [a,b], and set for convenience f(b) := f'(b—).
A cadlag function g : [0,T] — R of the form

t) = Zajl[tj,T](t)7 te [O7T]7
j=1

will be called a pure jump function and it is of bounded variation if 3 || < oco.
The vector space of cadlag pure jump functions of bounded variation on [0,77] will
be denoted by PJBVI0,T].

The next lemma concerns the jump parts.

Lemma 5.2. Let 1 <p<oo, 1< <oo,and1<r<oobesuchthat%+%:%.
Let T >0 and letg.[O,T]—>Rbe given by

= Z A (aj(t —t;) + 5]')» te 0,7},

where t; € [0,T] and a;,3; € R, j € N, are such that Z;’il laj| < oo and
Z;‘;l |Bj] < co. Then for every Y € SP[0,T] and every Z € H0,T)] one has

/O' 9o — $)Y (s—)dZ(s)

H"[0,T]

o0
< 1B+ 51T + e 1Y | sv0,21 Z || 710,77

j=1

Proof. Let Y € 8P = SP[0,T] and Z € H? = HY[0,T]. First, let n € N and assume
that a; = 0 and 3; = 0 for all j > m. We have for t € [0, T,

:ZAool[o,t—tJ](S)(a](t—s—t )—|—ﬂ]) (s—)dZ(s)
m (t—tj) (t—t;)*
— ; (ay(t—t])/o (s—)dZ(s) /0 (Bj ozjs)Y(s_)dZ(S)>

The latter term is easily estimated by Emery’s inequality. We obtain
m (.,tj)+
Z/ (Bj —a;s)Y (s—)dZ(s) € H"
j=1"0
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and

m (.7t4)+
Z/O (B; — ajs)Y (s—)dZ(s)

Jj=1 HT
<D lls = (85 = )Y () g 12l
j=1
<> (181 + 11T )1V 5o 1 21 0

<
Il
—_

Denote .
V) ;:/ Y(s—)dZ(s), telo,T],

and let V(t) = V(T') for t > T. We want to show that (¢V(¢)):>0 is a semimartingale
and estimate its H"-norm. We have that V is a semimartingale. Let B be an FV-
process and M a local martingale such that

V=B+M

and denote A(t) :== t AT, t > 0. According to Theorem 2.7, the product M A
decomposes into

(MA)(t) = M(s)dA(s) +/ A(s—)dM (s),
(0,¢] (0,4

where the former integral is an FV-process and the latter a local martingale. The-
orem 2.4 yields that

t
V 5 A TdM(s),/ s A TdM(s)] () = / (sAT)2 d[M, M](s) < T?[M, M)(T),
[0,0] [0,0] 0
t > 0, and according to Theorem 2.3(e),

Var(g, o) (/0 M(s)d(s A T)) < sup |[M(t)| Varjg ) (s AT)

>0
= Tsup|M(t)|.

>0

Hence for the product VA we have
(VA < H [AeM, AeM]Y/2 + Var(g ooy (MeA + BA) HL

< HT[M, MH? 4+ Tigg |M(t)| 4+ T Varg ) (B)

L
<T H[M, M)Y/? +Var[0’°°)(B)HLr + T||M|| s
< T|[M, MJL2 + Vaxgo o) (B) 11 + Tey | (M, M2

where the latter inequality is due to Theorem 2.1-2.2. So [|[VA|pr < T(1 +
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)|V Igr- Tt follows that

m (o—tj)*
Zaj(. - tj)/o Y (s—)dZ(s)

HT[0,T)
<Y 1o llAV) 0,179
J=1
< T+ ¢y) —)dZ(s)
j=1 H’“[O,T]

m
ZMJ‘T +c) | 1Y 21 Z]] pa-

Jj=1

We infer that [ g(s — )Y (s—)dZ(s) € H" and

Next we consider the general case. Observe that g is a cadlag function. Let

m

< (1851 + sl T@ + ) ) 1Y N0 1 2] 11

Jj=1

/0 Cg(e—5)Y(s-) az(s)|

Zl[t (t (ajt—t)—i—ﬁj), te€0,T], meN.
Then for n > m,

’ /O. Gn(e —8)Y (s—)dZ(s) — /O. gm(s — 8)Y (s—)dZ(s)

< Y (1Bl +1lT@+ ) IV llsel|Z o

j=m+1

Hr

As H" is complete (Theorem 2.1), it follows that fo. gn(e—8)Y (s—)dZ(s) converges
in H" to some H € H". For fixed ¢ € [0, T], supgc.<; |Y(s)] € LP, s0

sup |gm(t —8)Y(s) — g(t = 8)Y (s)| < [|gm — glloc sup [Y(s)] =0

0<s<t <s<t

in probability as m — oco. Hence by Theorem 2.5,

/8 gm(t — )Y (u—)dZ(u) — /8 gt —uw)Y (u—)dZ(u)| — 0
0 0

sup
0<s<t

in probability. In particular,
/Otgm(t—u) —)dZ(u —>/ (t—uw)Y(u—)dZ(u)

in probability. It follows that H (¢ fo (t —u)Y (u—)dZ(u) and

’/O.g(. — W)Y (u—) dZ(w)

= lim
m—00

H"

/0 " (e — )Y (u—) dZ(u)

Hr

<> (181 + oy [T @ + ) IV 1|21 10

j=1
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Theorem 5.3. Let 1 < p < o0, 1 < g < o0, and 1 < r < oo be such that
% + % =1 LetT >0. If g € C'[0,T] + BV[0,T] + PJBV|0,T), then for every
Y € SP = 5?(0,T] and every Z € H? = H?[0,T] one has fo. gle —35)Y (s—)dZ(s) €
H"™ = H"[0,T] and

Here g = g1 + g2 + g3, where g3 € PJBVI0,T)] is the pure jump part of g, g4 is the
pure jump part of (9—gs)’, go € BV[0,T)] is the antiderivative of gb with go(0) = 0,
and g1 = g — ga — g3 € C*[0,T].

< (lgnlloo + 201 + &) 1o

/0. gle —8)Y(s—)dZ(s)

+ (2++ )T Varpory(gh) + Varpo.71(95) ) 1Y lls0 1 Zl|

HT

Proof. Let g3 be the pure jump part of g. Then g — g3 € C*[0,T] + BV[0,T]. Let

h(t) = Z (A(g - 93)/)(8)1[57T] (t)v te [OvT]

s€[0,T)

Choose t; € [0,T] and o, 5; € R, j € N, such that
h(t) = ol (), gs(t) =Y Bily,m(t), tel0,T],
j=1 j=1
and 3777 o] = Varp 71(h) < 00, 3272, |8;] = Varyo r1(g3) < oo. Let

g2(t) ::/0 h(s)ds = 1p, m(t)ay(t—t;), te€0,T).

Jj=1

As (g—g3)' —gb € C[0,T], we have g := g1 — g3 — g2 € C*[0,T)]. If we apply Lemma
5.1 to g1 and Lemma 5.2 to g2 + g3, we arrive at the conclusion of the theorem. [

6 Existence for equations of variation-of-constants
type

In this section we will exploit the extended Emery inequality to show existence and
uniquenss for stochastic equations of variation-of-constants type. We follow the
proof of existence and uniqueness for stochastic differential equations as given in

[9]-

Definition 6.1. Let I C [0,00) be an interval. A map F : D(I) — D(I) is called
functional Lipschitz if there exists an increasing (finite) process (K (t))ies such that
for all X,Y € D(I),

(i) XT= =YT- = F(X)T= = F(Y)T~ for every stopping time T,
(ii) [F(X)(®) — F(Y)(t)] < K(t) supsernpo,g [X(s) — Y (s)| as. for all ¢ € I.

Equalities of processes such as in (i) are meant up to indistinguishability. It is
contained in (ii) that a functionally Lipschitz map F' is well-defined this way. Indeed,
if X and Y in D(I) are indistinguishable, then (ii) yields that F'(X)(t) = F(Y)(¢)
a.s. for all £ € I and hence F'(X) and F(Y) are indistinguishable.
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Given constants 1 < p < oo, tg > 0, and R > 0, we will use the following
property of a function g : [0, ] — R:

g is cadlag and for every Y € SP[0,t0] and Z € H*°[0,to] we have
fo. gle — 8)Y (s—)dZ(s) € HP|0,to] and (6.1)
1o 9(e = 8)Y (s=) AZ(s) | 1r(o,t0) < RIY ls7(0,0) 1 Z | 510,10

We will establish Theorem 1.3 by a sequence of lemmas.

Lemma 6.2. Let 1 < p < oo, let to > 0, and let J € SP[0,to]. Let F :
D0, to] — DI0,to] be functional Lipschitz as in Definition 6.1 with F'(0) = 0 and
SUPieo,t] |1 ()| < k a.s. for some constant k. Let g : [0,t0] — R be a function and
R > 0 be a constant such that (6.1) is satisfied. Let Z € H>|[0,tq] be such that
| Z1] zroe[0,60] < 1/27, where

v = cpkR.

Let T be a stopping time. Then the equation

X0 =70+ ([ - 9PXEaz6) ) 0. 0<i<n
has a unique solution X in SP[0,to] and

[ X[ s710,t0) < 2l Il s710,t0)-
Proof. Define

AX) () = J () +/0 g(t — $)F(X)(s—)dZ(s), te[0,to], X € SP[0, o).

By the assumption (6.1), the assumption F(0) = 0, and the fact that SP C HP we
have that A(X) € SP for every X € SP. Further, for X, Y € SP we have

A(X) — A(Y) = /0 gle — 3) (F(X)(s—) - F(Y)(s—)) dZ(s) € HP.

Moreover,
IAX)T™ = AY)T [l < IA(X) = AY) |l 1w
S R|F(X) = F(Y)l|s2 | Z]
1
< —k||X =Y se,
2ok | s
SO

_ _ _ _ 1
IAX)T™ = A" lsr < M) = AX) " e < SIX =Yoo

Since S? is complete, we find a unique fixed point X € S? of A(e)”~. This X is the
solution as asserted, and

- _ 1
1 = Il = AT = A0 [lsr < 1X ][5,

so that )
[ X[s» <X = Jlsp +[[J]ls» < §||X||5p + || s»

and hence
[ Xlse < 2[ |50
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Definition 6.3. (see [9, p.192]) Let I = [0,00) or I = [a,b] for some 0 < a < b.
Let Z € H*(I), and o > 0. Then Z is called a-sliceable, denoted by Z € S(«),
if there exist stopping times 0 = Ty < 77 < --- < Ty such that Z = ZTe= and
[(Z = ZT) T+~ || goe(y S afor i = 0,... k — 1.

Theorem 6.4. (see [9, Theorem V.5, p.192]) Let Z € D[0, c0) be a semimartingale
with Z(0) =0 a.s.

() If a > 0, Z € S(), and T is a stopping time, then ZT € S(a) and ZT~ €
S(a).

(ii) For every o > 0 there exist stopping times 0 < To < Ty < --- such that
supy, T), = 00 a.s. and ZT+= € S(a) for all k.

It follows that for every T > 0, a > 0, to > 0, and Z € H*>[0, o] there exist
stopping times 0 < Ty < Ty < - -+ with supy, T = oo a.s. and such that Z7+~ € S(a)
for all k.

The next lemma extends Lemma 6.2 to more general semimartingales.

Lemma 6.5. Let 1 < p < oo, let tg > 0, and let J € SP[0,t9]. Let F :
D[0,ty] — DI[0,t9] be functional Lipschitz as in Definition 6.1, F(0) = 0, and
Supycpo ] [1K ()| < k a.s. for some constant k. Let g : [0,t0] — R and R > 0
be such that (6.1) is satisfied. Let Z € H*[0,to] with Z € S(1/27), where

v = cpkR,

and let T be a stopping time. Then

T—

X(t)zﬂ<t>+(/O°g<-—s>F<X><s—>dZ<s>) (1), 0<t<to,

has a unique solution X € SP[0,tg].

Proof. Let Sy, S1,...,Se be stopping times such that 0 = Sy < 57 < -+ < 5y,
Z =75 and ||(Z — Z5)%+17 || g < 1/27 for 0 < i < £ — 1 (these exist because
Z €8(1/2y)). Let T; .= S; AT, i=0,...,£. Then0 =Ty <7y <--- <7y and
1(Z — ZT) T~ || goo = |(Z — Z5:)%+17)T~ || g= < 1/27y. We argue by induction
on ¢.

Suppose that ¢ € {0,...,¢ — 1} is such that

T;—

x0 =150+ ([ - 9PXEa20) @ 0<i<h,

has a unique solution X € SP. In order to simplify notations, we extend F(U)(t) :=
F(U)(to), J(t) := J(to), and Z(t) := Z(to) for t >ty and U € D[0, ty]. Further we
interpret [c,b] = 0 if ¢ > b. Let

Y =X+ (AJ(E) + A(/O. g(s — 8)F(X)(s—) dZ(s)) (n)) 17, 10)-

Observe that Y7~ = XTi~ and Y =Y.
CLAIM: Y is the unique solution in S? of

T;

V(t)=J%(t) + </0. gle —8)F(V)(s—) dZTi(s)> (t), 0<t<t. (6.2)
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Proof of the claim: We have Y7i~ = XTi— so F(Y)Ti~ = F(X)T~ and
° T;
T + < | ote=E)(s) dZ<s>) (0
0
T;

— JT (1) + (/0. gle — s)F(X)(s—)dZ(S)> (t)
= X(t) + AJ(T) 1z, 10 (2)

+A (/0. g(s — 5)F(X)(s5-) dZ(S)> (L)1, 01 (1)
Y (), 0<t<to.

Further,

sup |V (s)]
s€[0,to]

< Xllse + [1][sp + 2RIF (X)) 52 || Z]| o<,

Lp
so Y € SP. To see uniqueness, suppose that V € SP is another solution of (6.2).
Then V7Ti~ satisfies the equation for X, so VIi— = XTi= = YT~ From (6.2) it is
clear that V = VTi and that
vTi _yTi—- — (AJ(Ti) + A (/ gle — 8)F(X)(s—) dZ(s)) (Tl)) LT3 4]
0
= v —yh-

sothat V=Y. [
Next, denote D;U := (U — UT#)Ti+1= U € D0, ¢,]. Consider

Tiy1—

U(t) = (Dim) n ( / g — S)F(Y)(5) dZTi“(s)) 0 (63)

= ([ e spme) dZ<s>)TMTW <t>>

where

GU) = F(Y +U) — F(Y), U eD[0,t).

CLAIM: (a) equation (6.3) has a unique solution U in SP, and (b) the process
V := U + YTi+1~ is the unique solution of

Tiv1—

V(t) = JT+ (1) + (/0 gle — 8)F(V)(5—) dZTHl—(s)) (t), 0<t<to.

Proof of the claim: (a) Observe that the sum of the first three terms of (6.3) is
a member of SP, G is functional Lipschitz with G(0) = 0 and satisfying the same
estimates as F, and

ID:iZ ()| = (Z = Z7) " [l < 1/27.

Now apply Lemma 6.2.
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(b) From (6.3) it is clear that U = UT#+1~ and U”:~ = 0 Consequently, F(Y +
U)li= = F(Y)Ti=. For 0 < t <ty we have, due to (6.2),
Ut) + YT+ (1)
. Tiy1—
_ gl — o Ti\Ti41— oe— S s— Tiy1— s
=J (t) = (J7) (t) + (/0 g( JE(Y)(s—)dZ ( )) (1)
. TiAT; 41—
- ( [ ate- s)F(Y)(s—)dZ<s>) (0
° Tiy1—
s ( / g<._S)F<y+U)<s_)dzm1—(s)) (0
- ( / Cgle — (Y +U)(s-) d<zTi>Ti+l-<s>) G
. Tiy1—
- ( [ ot s)F(Y)(s—)dDiz<s>) (1) + YT (1)

Tig1—

= JT (1) + (/0. gle —8)F(Y +U)(s—) dZTi“(s)) (t).

For any solution V, the process V — Y Ti+1~ satisfies (6.3) and therefore equals U.
O
Conclusion: if

x =150+ ([ - 9PXa2"0) @ 0<i<h,

has a unique solution X in SP, then the equation
. Tig1—
X(t) = Jrm (1) + </ 9(e = 8)F(X)(s ) dZT"“‘(S)) (1), 0<t<t,
0
has a unique solution X in SP. As for : = 0, X = 0 is the unique solution X in S?,
we find that there exists a unique V' € S? such that
. Ty—
V(t)=J(t) — </ gle — 8)F(V)(s—) dZT@(s)) (t), 0<t<tp.
0
Finally, let

T—

X(t) = JT(t) + </0'g(. - s)F(V)(s—)dZ(s)) (), te[0,to).

Because T; = T A Sy and Z5¢~ = Z we have X7¢~ =V and hence

T—

Tgle— ) F(X)(s)dZ(9)) () = ([ gle—)PXT)(5-) 2T (s)
(f ) 0=(] )

T—

. T—
= (/0 gle — $)F(V)(s—) dZ(s)> = X(t) = JT=(t), t € [0,t0).
O

We will increase the generality of the assumptions building on Lemma 6.5 in
Lemma 6.8 below. The next two lemmas are needed in the proof of Lemma 6.8.

Lemma 6.6. Let X € D[0,00) and let 1 < p < oo. Then there exist stopping times
0="Ty <Ty <--- such that sup,, T), = 0o a.s. and X~ € SP[0,00) for all n.
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Proof. Define Ty := 0,
T,=inf{t >0: X(t) >n}, n=12,....
(Here inf {) := oo.) Then for each n € N, T,, is a stopping time, and

sup |XT”_(S)| <n,
520

so that X™»~ € SP. For a.e. w and every ¢t > 0, there is an n € N such that
| X (s,w)] <n for all 0 < s <t,and then T, (w) > t. So sup,, T, = o0 a.s. O

Lemma 6.7. Let Y € D[0,00) and let Z € D[0,00) be a semimartingale with
Z0) =0 as. Letl <p<ooandletg:[0,00) = R be a function such that for
every to > 0 there exists a constant R > 0 such that (6.1) is satisfied. Then

(f gt~ )Y (5) dZ<s>)t>0

=

is a semimartingale.

Proof. Use Theorem 6.4 and Lemma 6.6 to choose stopping times 0 =Ty <77 < -+
with sup,, T}, = oo a.s. such that Y% € SP[0, 00) and ZTk~ € H>[0, 00) for each k.
Then for each to > 0, (fy g(e — 8)Y e~ (s—) dZT%~(s))se(0.t9) € HP[0,10]. Hence

([ o= owerazo)

equals a stopped semimartingale. It follows that fo. g(e —5)Y (s—)dZ(s) is a local
semimartingale and hence a semimartingale, by [5, Proposition 1.4.25a) and b)]. O

T Nto— T Ntg—

= ([ st -y mazt o)

Lemma 6.8. Let Z be a semimartingale, J € D[0,00), and let F : D[0,00) —
DI[0,00) be functional Lipschitz. Let g : [0,00) — R be a function such that for
every tog > 0 there exists a constant R > 0 such that (6.1) is satisfied. Then

X(t) = J(#) +/Otg(t—s)F(X)(s—)dZ(s), >0,

has a unique solution X in D[0,00). If J is a semimartingale, then so is X.

Proof. We use the notations of Definition 6.1. As F'(X)(0—) = 0 for all X, we may
assume that Z(0) = 0. We begin by replacing J by J + [ g(s — s)F(0)(s—) dZ(s)
and F by F(e) — F(0). Thus we may assume that F'(0) = 0.

CLAIM: Let ¢y > 0. Suppose that |K(t,w)| < k for a.e. w and all 0 < ¢t < 1.
Let S be a stopping time. Then there is a unique process X € D such that

(] 5’7
X(t)=J5 () + (/0 r(-—s)F(X)(s—)dZ(s)) (t), 0<t<to

Proof of the claim: Let R > 0 be a constant corresponding to ¢, such that (6.1)
is satisfied. Let
v = cpkR.

For every stopping time 7' such that J7~ € $? and Z7~ € S(1/2v), Lemma 6.5
says that there is a unique X7 € S? such that

S—

X = (7 4 ([ ate = 9P (5 427 ()
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By uniqueness we have for any two such stopping times 77 and 75 that X%f’f =
X%_, where T5 = T1 A To. According to Theorem 6.4 and Lemma 6.6, there exist
stopping times 0 = Tp < T} < Ty < - -+ such that sup, Ty = oo a.s., J1¢~ € §%, and
ZTe= € §(1/27) for all £. Define

o0
X(t) =Y Xn(Wlg,_,1)(t), 0<t <t
=1

Then (X (t))i>0 is an adapted cadlag process and X°~ = X. Further, for ¢ > 1,
XTe— = XTK, and

<<J+ A' gle — S)F(X)(S_)dz(s)>s_>Tg
S <</o.g(‘ - S)F(X)Tf(s—)dz(s>>n>

(T (( [ ate = 9r (s dZ<s>)TZ> N

=Xp, = X7,

S—

It follows that
S—

X(t)zJS_(t)+< / 'g(.—s>F(X>(s—>dZ<s>) (), 0<t<t.

To show uniqueness, let Y also be an adapted cadlag process such that

S—

Y(t) = J5(t) + </0°g(. — §)F(Y)(s—) dZ(s)) 1), 0<t<to.

According to Lemma 6.6 there exist stopping times 0 = Sy < 571 < .-+ with
sup, Sy = oo a.s. and Y%~ € §2 for all £. Then Y57~ gsatisfies the same
equation as X%_ and by uniqueness we obtain

Y(Sz/\Tg)— _ X%g* _ X(Sz/\Tg)—.
1

Since sup, Se ATy = oo a.s., it follows that X =Y. [
Next, fix tg > 0. For n =1,2,3,... define the stopping time

T, (w) :=1inf{t € [0,0] : K(t,w) >n}, weqQ,
where inf () := co. Then 0 =Ty < Ty < --- a.s. and sup,, T,, = 0o a.s. Define
Fo(X)(t) = F(X)™(t), 0<t<ty, X €D[0,to), n=1,2,....

Then F, : D[0,tg] — D|0,to] is functional Lipschitz, |F,(X)(t) — F,(Y)(t)| <
nsUPggsgt | X(s) — Y(s)], for all X,Y € DI[0,to], and F,,(0) = 0. By the first
claim, there exists therefore for each n a unique Y,, € D[0, #o] such that

Tn—

Yo (t) = JT(t) + (/O°g(. - s)Fn(Yn)(s)dZ(s)> 1), 0<t< tn

Then by uniqueness, Y,.»~ =Y, for every m > n. Define

Y(t) =Y Yat)lir, , 1)), 0<t<to.
n=1
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Then Y € D[0,t0] and YZ»~ =Y, for n = 1,2,.... Further, for each n,

° Ty —
yTn— = jn— 4 (/0 gle — S)Fn(Yn)(S)dZ(S)>
. T, —
=J + </0 gle —8)F(Y)(s—) dZ(s))
Hence Y satisfies
Y(t)=J(t)+ /tg(t —8)F(Y)(s—)dZ(s), 0<t<t.

Moreover, Y is the unique solution of the latter equation. Indeed, if V' is a solution
as well, then V7~ satisfies the defining equation for Y;, and therefore VIn~ =Y,, =
YT»~ for all n. This implies V =Y.

Finally, we can vary ¢y and glue solutions together to obtain a unique ¥ € D
such that

Y(t) = J(t)+/0 g(t — $)F(Y)(s—) dZ(s), t > 0.

It follows from Lemma 6.7 that X is a semimartingale whenever J is a semi-
martingale. O

Theorem 1.3 follows from Lemma 5.3 and Lemma 6.8. Notice that the function
g in Theorem 1.3 need not be continuous. In this way Theorem 1.3 generalizes [8].

7 Variation-of-constants formula for SDDE with
linear drift
It is the aim of this section to prove the next variation-of-constants formula.

Theorem 7.1. Let p be a finite signed Borel measure on (—o00,0] and let g: R — R
be the unique solution of

0,00y = f(—oo,O] g(e +a)u(da) Lebesgue-a.e. on [0,0),
g9(0) =1 (7.1)
g(t) =0, t <0,

with gljo,00) absolutely continuous. Let F': D[0,00) — D[0,00) be functional Lip-
schitz and assume that F(X) is bounded for every X € D[0,00). Let J and Z be
semimartingales. Then a process X € D0, c0) satisfies

X)) = J(t)—i—/o /(_ O]X(S—i-a)u(da)ds (7.2)

+/tF(X)(s—)dZ(s), £>0.

0

if and only if it satisfies the variation-of-constants formula
X(@) = g(t)J(0) +/Ot9(t— s)d(J(s) — J(0)) (7.3)
+ /Otg(t —s)F(X)(s—)dZ(s), t=0.
Moreover, there exists one and only one X € D[0,00) satisfying (7.2) and (7.3).
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It is well known that (7.1) has a unique solution g : R — R with gl ) absolutely
continuous (see [4]). In particular, g0 7} is of bounded variation for any 7" > 0. It is
straightforward to show that therefore | (—00,0] g(e+a)u(da) is of bounded variation
on [0, 7] and hence g|j,r) € BV'[0,T] for every T'> 0.

The proof of Theorem 7.1 is as follows. Due to Theorem 1.3, there exists a
solution of (7.3). By means of a stochastic Fubini argument, we will show that this
solution also satisfies (7.2). As equation (7.2) has only one solution, we then know
that the solutions of (7.2) and (7.3) coincide and the proof is complete. The Fubini
argument is given next.

Lemma 7.2. Let u be a finite signed Borel measure on (—o0,0] and let g : R — R be
the solution of (7.1) with glj.«) absolutely continuous. Let F': D[0, 00) — D0, 00)
be functional Lipschitz and assume that F(X) is bounded for every X € D|0,00).
Let (Z(t))t>0 and (J(t))i=0 be semimartingales with J(0) = 0 a.s. If X € D[0, c0)
satisfies

X(t) = g(t)X(0)+ /0 g(t — 5)dJ(s) (7.4)

+/ gt —s)F(X)(s—)dZ(s), t=0,
0

then
X)) = X(O)—l—J(t)—i—/O/(_ O]X(s—l—a)u(da)ds

+/O F(X)(s—)dZ(s), t>0,

Proof. We will first apply a stochastic Fubini theorem twice to prove the identity
T (s+a)+
/ / / g(s+a—m)F(X)(m—)dZ(m)u(da) ds (7.5)
0 J(—o0,01/0

- / o(T — m)F(X)(m—) dZ(m) - / F(X)(m—) dZ(m),
0 0

for any T > 0 and any X € D. Since we will only evaluate g on (—oo,T], we
may assume that g is bounded. Fix an s € [0,7]. The map (a,t,w) — g(s +a —
t)F(X)(t—)(w) is bounded and B((—o0,0]) ® P-measurable. Here P denotes the
predictable o-algebra, which is the smallest o-algebra in [0, 00) x € such that each
adapted process with almost surely caglad (that is, left continuous with existence
of right limits) paths is measurable (see [9, p.25]). Then [9, Theorem IV.44, p.158]
asserts that for each a € (—o0,0] we can choose an adapted cadlag version of the
stochastic integral

(/ g5+ a—m)F(X)(m-) az(m))

t>0

such that we obtain a B((—o0,0]) ® B([0, 00)) ® F-measurable map in the variables
(a,t,w). With this choice of versions, [9, Theorem IV.45, p.159] yields that

/(OO’O} (/Ot g(s +a—m)F(X)(m—) dZ(m)> 1(da)
— /Ot (/(_OO,O] g(s+a— m)F(X)(m—)u(da)> dZ(m) a.s.
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for every t > 0. In particular, since g(6) = 0 for § < 0 we obtain for ¢t > s

(s+a)t
/ ( [ atsea- m)F(X)(m)dZ(m)) (da)
(—00,0] 0
= / </ g(5+am),u(da)F(X)(m)> dZ(m) a.s
0 (—00,0]

The map (s,m,w) — f(ioo 0 g(s+a—m)pu(da)F(X)(m—) is bounded and measur-
able with respect to B([0,7]) ® P, because (s, m) — f(—oc,O] g(s +a—m)u(da) is
B([0,T]) ® P-measurable. Hence, again by [9, Theorem IV.44-45, p.158-9], we can
choose for every s € [0,T] an adapted cadlag version of

(/0 /(_ . 9(s + a —m)pu(da) F(X)(m—) dZ(m))

=

such that we obtain an B([0,7]) ® B([0,00)) ® F-measurable map, and with this
choice of version we have

T t
/ (/ / g(s+a—m)u(da)F(X)(m—) dZ(m)) ds
0 0 J(—00,0]
t T
= / (/ / g(s+a—m)u(da)F(X)(m—) ds) dZ(m) a.s
0 0 J(—o0,0]
for every ¢t > 0. Hence, as g(f) = 0 for 6 < 0, we obtain with t = T' that
T T
/ ( / / o(s + a — m)u(da) dsF(X)(m—)dZ(m)) ds
0 0 J(=o0,0]
T T
= / (/ / g(s+a—m)u(da) dsF(X)(m—)) dZ(m).
0 m J(—00,0]
Finally, we rewrite the right hand side by observing that for m > 0,
T T—m
/ / g(s+a—m)u(da)ds = / / g(s + a)u(da) ds
m J(—00,0] 0 (—00,0]
T—m
= / g'(s)ds
0

and we arrive at the identity (7.5).
Similarly, we have for any 7" > 0 that

/ /(000/(9%)+ (s +a—m)dJ(m)p(da) ds (7.6)

:/0 g(T —m)dJ(m /dJ

T
= [ atr = m)asm) o).
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Next assume that X € D satisfies (7.4). Set X (¢) := 0 for ¢t < 0. Then

X(w) = g(u)X(0)+ / o(u— s)dJ(s)

+ /" g(u— $)F(X)(s—)dZ(s), for all u € R.
0

Therefore,

/Ot /(—870} X(s+a)u(da)ds = /Ot /(_0070] X (s + a)p(da) ds

- | t [ ot autde) dsx(o

t (s+a)t
+ / / / g(s +a—m)dJ(m)p(da)ds
0 J(~00,0] J0

t (s+a)+
N /0 /<oo,0] /0 9(s +a—m)F(X)(m—)dZ(m)p(da) ds

- / ¢'(s)dsX (0) + / ot —m) dJ(m) — J(1)
0 0

g(t =m)F(X)(m—)dZ(m)

- (g(t) - 1)X(0) +/O g(t —m)dJ(m) — J(t)
+/0 g(t —m)F(X)(m—)dZ(m)
_ /0 F(X)(m—)dZ(m)

= X(t) — X(0) — J(t) - / F(X)(m—) dZ(m),

for all ¢ > 0. Here the third equality is justified by the identities (7.5) and (7.6).
Conclusion, X satisfies

X(t)zX(O)-i—J(t)—i—/O /(_ O]X(s—i—a),u(da)ds

+/O F(X)(m—)dZ(m), t>0.
O
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