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onvergen
e and error bound studyfor domain-de
omposition methods with very small domains. The idea isto apply very fast solver methods for strips with h << � and to exploitoptimized lo
al smoothing properties on the interfa
e for h � �. We applythe results in some appli
ations for 2 dimensional domains.Keywords. Additive S
hwarz method, S
hwarz waveform relaxation me-thod, heat equation, 
onve
tion-di�usion eqaution, a priori error estimates, 
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t 
lassi�
ations. 80A20, 80M25, 74S10, 76R50, 35J60, 35J65,65M99, 65Z05, 65N121 Introdu
tionThe �rst known method for solving partial di�erential equations on overlappingdomains is the S
hwarz method due to [27℄ in 1869. The method has regained itspopularity due to the development of the 
omputational numeri
al algorithmsespe
ially with regard to modern parallel 
omputer ar
hite
tures. We 
on
en-trate on the Additive S
hwarz domain de
omposition and interprete the erroranalysis with the S
hwarz waveform relaxation method for an h overlap. Somea

urate results 
an be derived and numer
ial example 
omplete our theoreti
alresults.2 Model-ProblemThe motivation for the study presented below is based on a 
omputational simu-lation of heat-transfer [12℄ and 
onve
tion-di�usion-rea
tion-equations [10℄, [17℄,[18℄ and [16℄.We 
on
entrate on a stationary heat-equation, given by� r �Dr u = f ; in 
 ; (1)u = 0 ; on �
 : (2)



2The unknown u = u(x; t) is 
onsidered in 
 � IR2 or IR3, where 
 = [0; L℄2 or
 = [0; L℄3. The di�usion 
oeÆ
ient D is a 
onstant fa
tor, but anisotropi
 inthe di�erent spatial dire
tions.The aim of this paper is to present a a

urate apriori errors for small over-lapping domains with � � h.Now we introdu
e the domain-de
omposition method as basi
 idea for asplitting method whi
h de
omposes 
omplex domains and solves them e�e
tively.3 S
hwarz wave form relaxation for the solution of spatialdependent di�usion equationIn this se
tion we present the ne
essary 
onditions for the 
onvergen
e of theoverlapping S
hwarz wave form relaxation method for the solution of the statio-nary di�usion equation with bounded 
oeÆ
ients.We 
onsider the stationary one-dimensional 
onve
tion-di�usion-rea
tion equa-tion, given by Duxx � �ux � �u = 0 ; (3)de�ned on the domain 
, where 
 = [0; L℄, with the following boundary 
ondi-tions u(0; t) = f1; u(L; t) = f2:The generalisation 
an also be done for multi-dimensions, see [5℄.To solve the model problem using overlapping S
hwarz wave form relaxationmethod, we subdivide the domain
 in two overlapping sub-domains
1 = [0; L2℄and 
2 = [L1; L℄, where L1 < L2 and 
1T
2 = [L1; L2℄ is the overlappingregion for 
1 and 
2:To start the wave form relaxation algorithm we 
onsider �rst the solution ofthe model problem (3) over 
1 and 
2 as followsDvxx � �vx � �v = 0 over 
1 ;v(0) = f1 ;v(L2) = w(L2) ; (4)Dwxx � �wx � �w = 0 over 
2 ;w(L1) = v(L1) ;w(L) = f2 ; (5)where v(x) = u(x)j
1 and w(x) = u(x)j
2 .Then the S
hwarz wave form relaxation is given byDvk+1xx � �vk+1x � �vk+1 = 0 over 
1 ;vk+1(0) = f1 ;vk+1(L2) = wk(L2) ; (6)Dwk+1xx � �wk+1x � �wk+1 = 0 over 
2 ;wk+1(L1) = vk(L1) ;wk+1(L) = f2 : (7)



3We are interested in estimating the de
ay of the error of the solution overthe overlapping subdomains, later for a small overlap of h.Let us assume that ek+1(x) = u(x)� vk+1(x) and dk+1(x) = u(x)�wk+1(x)are the errors of (6) and (7) over 
1 and 
2 respe
tively. The 
orrespondingdi�erential equations satis�ed by ek+1(x) and dk+1(x) areDek+1xx � �ek+1x � �ek+1 = 0 over 
1 ;ek+1(0) = 0 ;ek+1(L2) = dk(L2) ; (8)Ddk+1xx � �dk+1x � �dk+1 = 0 over 
2 ;dk+1(L1) = ek(L1) ;dk+1(L) = 0 : (9)We de�ne for bounded fun
tions h(x) : 
 ! R the normjjh(:)jj1 := supx2
 jh(x)j:The 
onvergen
e and error-estimates of ek+1 and dk+1 given by (8) and (9)respe
tively, are presented in the following theoremTheorem 1. Let ek+1 and dk+1 be the error from the solution of the subproblems(4) and (5) by S
hwarz wave form relaxation over 
1 and 
2, respe
tively, thenjjek+2(L1)jj1 � 
jjek(L1)jj1 ;and jjdk+2(L2)jj1 � 
jjdk(L1)jj1 ;where 
 = sinh(�L1)sinh(�L2) sinh(�(L2 � L))sinh(�(L1 � L)) < 1 ;with � = p�2+4D�2D :Proof. In order to estimate the errors ek+1 and dk+1; we 
onsider the followingdi�erential equations 
ontaining êk+1 and d̂k+1:Dêk+1xx � �êk+1x � �êk+1 = 0 over 
1 ;êk+1(0) = 0 ;êk+1(L2) = jjdk(L2)jj1 ; (10)The same 
ould be also done for d̂k+1.The solution of êk+1(x) and d̂k+1(x) are given asêk+1(x) = e(x�L2)� sinh(�x)sinh(�L2) jjdk(L2)jj1 ;and d̂k+1(x) = e(x�L1)� sinh�(x � L)sinh�(L1 � L) jjek(L1)jj1 ;



4respe
tively.Then jek+1(x)j � e(x�L2)� sinh(�x)sinh(�L2) jjdk(L2)jj1 ; (11)and jdk+1(x)j � e(x�L1)� sinh�(x� L1)sinh�(L1 � L) jjek(L1)jj1 : (12)Therefore we 
an estimate the parts be repla
ing the maximum value atx = L2, i.e. jjek+2(L1)jj � sinh(�L1)sinh(�L2) sinh�(L2 � L)sinh�(L1 � L) jjek(L1)jj1 :Similarly for dk+1(x) we 
on
lude thatjjdk+2(L2)j � sinh(�L1)sinh(�L2) sinh�(L2 � L)sinh�(L1 � L) jjdk(L1)jj1 :Theorem 1 shows that the 
onvergen
e of of the overlapping S
hwarz methoddepend on 
. The result 
an also be used for a small overlap with L2 � L1 = h,where h is the grid-length of the underlying dis
retisation. Su
h an overlap isgiven for the additive S
hwarz method and one 
an use su
h results as an �rstestimate for the a

ura
y of the S
hwarz-method, see [3℄.Remark 1. The results of Theorem 1 
an be generalised for bounded para-meters D and v, if we 
an estimate the parameters as ~D = supx2
 D(x),~v = supx2
 v(x).4 Numeri
al ResultsIn this se
tion we will present the numeri
al results for the solution of severalmodel problems using the presented methods.All examples are based on the two-dimensional di�usion equation given by�rDiru = 0 ; in 
i; (13)�rD�ru = f ; in 
�;u = 0 ; on �
;for a slightly overlapping subdivision of a given domain 
 into `big' subdomains
i; i = 1; : : : ; N ; and a `small' subdomain 
� with diameter �. The di�usion-
oeÆ
ients for the single subdomains are 
hoosen di�erently.
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εAbbildung 1. 'Geometry 1' with 3 subdomains4.1 First example: Di�usion-equationThe unit square is de
omposed into 3 single subdomains as illustrated in �gure 1with a small strip
� of diameter � = 0:1 or 0:01 in the middle. The 
orrespondingdi�usion-
oeÆ
ients are set to Di = 1:0 in 
i; i = 1; 2; and D� = 0:1; 0:01; 0:001in 
�.The right hand side is de�ned by f = 1. We restri
t on pure Diri
hlet boun-dary 
onditions with zero boundary.The problem is solved by the S
aRC-algorithm whi
h is based on a data-parallel global MG-method with smoothing by optimized lo
al MG-methods,see [19℄, [20℄ and [1℄. The smoothing of the lo
al MG-methods is a
hieved byGSADI-methods. Two pre- and postpre
essing steps are performed in ea
h MG-step.For ea
h 
onstellation of the � and D� we 
onsider the grid re�nement levelsl = 3; 4; 5; 6; 7. The resulting 
onvergen
e rates are indi
ated in table 1.For the di�erent values of � we have the following grid resolutions:{ � = 0:1: For 
� = [045; 0:55℄� [0; 1℄, the �nest step size hmin ranges from0:125 � 10�1 for re�nement level 3 up to 0:781 � 10�3 for re�nement level 7.The maximum aspe
t ratio amounts to 10.{ � = 0:01: For 
� = [0495; 0:505℄� [0; 1℄, the �nest step size hmin rangesfrom 0:125 � 10�2 for re�nement level 3 up to 0:781 � 10�4 for re�nementlevel 7. The maximum aspe
t ratio amounts to 100.Figure 2 illustrates the re�nement of the single subdomains as well as theresulting solution for level l = 5 and � = 0:1.To demonstrate the e�e
t of the di�erent di�usion-
oeÆ
ients D� = 0:1 andD� = 0:001, a horizontal 
ut of the solution at y=0.5 is indi
ated in �gure 3.
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Grid for � = 0:1 Solution for � = 0:1:

Abbildung 2. 'Geometry 1': Grid and solution for level 5 and � = 0:1.
D� = 0:001:

Abbildung 3. 'Geometry 1': Horizontal 
ut through the solution at y = 0:5 for level5 with � = 0:1.



7� MG-Level Convergen
e-rateD� = 0:1 D� = 0:01 D� = 0:0010.1 3 0.018 0.040 0.0414 0.025 0.015 0.0195 0.030 0.020 0.0316 0.035 0.028 0.0347 0.039 0.034 0.0440.01 3 0.078 0.021 0.0164 0.073 0.022 0.0155 0.068 0.021 0.0156 0.063 0.019 0.0167 0.060 0.018 0.017Tabelle 1. 'Geometry 1': Convergen
e rates of S
aRC with � = 0:1; 0:01.4.2 Se
ond example: Steady state Di�usion-equation with�-DomainsWe 
onsider the two-dimensional di�usion equation 13 for the subdivision of theunit square shown in �gure 4. The thi
kness of the small strip in the middle isset to � = 0:1 or 0:01.
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Abbildung 4. 'Geometry 2' with 5 subdomainsThe di�usion-
oeÆ
ients in 
i; i = 1; : : : ; 4 ; are set to Di = 1:0. For 
�we analyze the 
ases D� = 0:1; 0:01; 0:001. Again, we 
onsider the grid re�ne-ment levels l = 3; 4; 5; 6; 7. The resulting 
onvergen
e rates from S
aRC aresummarized in table 2.For the di�erent values of � we have the following grid resolutions:



8{ � = 0:1: For 
� = [045; 0:55℄ � [0:3; 0:7℄, the �nest step size hmin rangesfrom 0:125 � 10�1 for re�nement level 3 up to 0:781 � 10�3 for re�nementlevel 7. The maximum aspe
t ratio amounts to 5:2 for level 7.{ � = 0:01: For 
� = [0495; 0:505℄� [0:3; 0:7℄, the �nest step size hmin rangesfrom 0:125 � 10�2 for re�nement level 3 up to 0:781 � 10�4 for re�nementlevel 7. The maximum aspe
t ratio amounts to 41:5 for level 7.� MG-Level Convergen
e-rateD� = 0:1 D� = 0:01 D� = 0:0010.1 3 0.029 0.031 0.0314 0.038 0.042 0.0745 0.052 0.064 0.0646 0.062 0.070 0.0727 0.071 0.078 0.0840.01 3 0.016 0.013 0.0134 0.021 0.019 0.0205 0.036 0.035 0.0386 0.062 0.061 0.0697 0.107 0.105 0.112Tabelle 2. 'Geometry 2': Convergen
e rates of S
aRC with � = 0:1 and � = 0:01.Figures 5 and 6 illustrate the grid re�nement and the solution as well as itshorizontal 
ut along y=0.5 for l = 5 and � = 0:1.Grid for � = 0:1 Solution for � = 0:1

Abbildung 5. 'Geometry 2': Grid and solution for level 5, � = 0:1 and D� = 0:001.



9D� = 0:001:

Abbildung 6. 'Geometry 2': Horizontal 
ut through the solution at y = 0:5 for level5 and � = 0:1 and Depsilon = 0:1; 0:001.4.3 Third example: Simpler Crystal-growth apparatus.We 
onsider the two-dimensional di�usion equation 13 on the more 
omplexdomain illustrated in �gure 7 whi
h modelizes a 
rystal-growth apparatus. Thisdomain is subdivided into 63 subdomains. The size of the heating-strip 
� istaken as � = 0:3.
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Abbildung 7. 'Geometry 3': The apparatus of the 
ystal-growth with small �.



10 The heating sour
e on the �-strip is given as f = 1, the boundary-
onditionsare purely diri
hlet-boundary-
onditions with zero boundary.The 
oeÆ
ients are D1 = D2 = 0:3 (insulation), D3 = D� = 10:0 (graphit),D4 = 0:001 (gas) , D5 = 50:0 (sili
on-powder).Table 3 
ompares the 
onvergen
e rates of S
aRC with those of a data-parallel multigrid method with a blo
kwise ILU-smoothing for di�erent di�usions
oeÆ
ients D� = 1:0; 0:1; 0:01; 0:001 in 
�.D� MG-Level Convergen
e-rateBlo
k-ILU-MG S
aRC0.001 3 0.138 0.0984 0.128 0.0985 0.122 0.0756 0.125 0.0757 0.130 0.0750.01 3 0.133 0.0994 0.128 0.0975 0.125 0.0756 0.132 0.0757 0.144 0.0750.1 3 0.136 0.1004 0.134 0.0885 0.155 0.0766 0.174 0.0767 0.189 0.0751.0 3 0.141 0.1104 0.152 0.0855 0.174 0.0746 0.191 0.0747 0.200 0.0761.0 3 0.161 0.1124 0.172 0.1015 0.184 0.0986 0.191 0.1167 0.207 0.112Tabelle 3. 'Geometry 3': Convergen
e rates of Blo
k-ILU-MG and S
aRC on the
rystal-growth apparatus with � = 0:3.For the di�erent grid re�nement levels the resulting �nest step sizes hmin aswell as the total number of nodes Ntotal are shown in table 4. The maximum ofaspe
t ratio amounts to 30.In the next �gure 8 we 
ompare the 
omputations for di�erent di�usion-parameters in the gas-
hamber.
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D� = 0:01: D� = 0:1:

D� = 1:0: D� = 10:0:

Abbildung 8. 'Geometry 3': Solution for di�erent 
oeÆ
ients D� = 0:01; 0:1; 1:0; 10:0.



12 MG-Level hmin Ntotal3 0.245-1 4.1614 0.125-1 16.3855 0.625-2 65.0256 0.315-2 259.0737 0.156-2 1.034.241Tabelle 4. 'Geometry 3': Grid resolutions for di�erent multigrid levels.In �gures 8 presents di�erent di�usion 
oeÆ
ients for the small heating-strip.Be
ause of the in
reasing di�usion 
oeÆ
ient in the gas-
hamber the temperature
an smooths more over the area.In the next experiment we deal with a larger heating-strip to in
rease thetemperature in the gas-
hamber.4.4 Fourth example: Simpler Crystal-growth apparatus (largerheating-strip).We 
onsider the same test 
onstellation as des
ribed in the third example, butnow with a larger heating sour
e, � = 2:0 instead of � = 0:3, see �gure 9.
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Abbildung 9. 'Geometry 4': The apparatus of the 
ystal-growth with big �.The 
onvergen
e rates of Blo
k-ILU-MG and S
aRC are indi
ated in table5. In table 5 we obtain de
reasing 
onvergen
e-rates for �ner grid-meshes. We
an also see the results for di�erent di�usion 
oeÆ
ients. So at least we have



13MG-Level Convergen
e-rateD� = 0:001 D� = 0:01 D� = 0:1 D� = 1:0 D� = 10:03 0.098 0.099 0.100 0.110 0.1104 0.098 0.097 0.088 0.085 0.0865 0.075 0.075 0.076 0.074 0.0746 0.076 0.079 0.076 0.110 0.1307 0.075 0.076 0.075 0.076 0.076Tabelle 5. 'Geometry 4': Convergen
e rates of S
aRC on the 
rystal-growth apparatuswith � = 2:0 for di�erent di�usion 
oeÆ
ients.a stable method based on a small overlap but stabilised with lo
al multi-gridmethods. Solution: Cutline:

Abbildung 10. 'Geometry 4': Solution and 
utline for D� = 10:0In �gure 10 we see a more regular di�usion of the heat over the gas-
hamber.The heating-temperature in the gas-
hamber is nearly 
onstant. So larger heating-strip 
an bring more stability to the adjoint regions.In a last example we assume the heat9ing-strip near to the gas-
hamber.4.5 Fifth example: Simpler Crystal-growth apparatus (heating stripnear to the gas-
hamber).We 
onsider the geometry in �gure 11 with a heating strip near the gas-
hamberwith the same settings as des
ribed above. The diameter of the heating-strip is� = 0:3.Table 6 lists the 
onvergen
e rates of S
aRC for grid re�nement level 6 anddi�erent di�usion 
oeÆ
ients in the �-strip. Figure ?? illustrates the solutionand a 
utline through y = 15:0 for D� = 10:0.
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Abbildung 11. 'Geometry 5': The apparatus of the 
ystal-growth with heat-region �near to the gas-
hamber.MG-Level Convergen
e-rateD� = 0:001 D� = 0:01 D� = 0:1 D� = 1:0 D� = 10:06 0.098 0.075 0.076 0.074 0.078Tabelle 6. 'Geometry 5': Convergen
e rates of S
aRC on the modi�ed 
rystal-growthapparatus with � = 0:3 for di�erent di�usion 
oeÆ
ients.The reuslts of table 6 shows nearlsy the same 
onvergen
e-rates for di�erentdi�usion operator. Based on the stable lo
al method, also for di�erent geometri-
al formations the small overlapping methods in 
ombination with the multi-gridmethod is a strong solver.5 Con
lusions and Dis
ussionsWe presented theoreti
al results for overlapping domain de
omposition methodwhi
h is based on a hierar
hy of multigrid methods with highly optimized lo
alsmoothing. The error-analysis is based on the S
hwarz-waveform relaxation me-thod with a small overlap and an a

urate a priori error-estimates. Be
ause ofthe multigrid 
on
ept we 
ould implement a very e�e
tive and a

urate method.Thanks to the multigrid method the overlap in
rease for 
oarser grids and relaxedthe errors optimal in ea
h grid-level. Numeri
al experiments veri�ed our theoryand a simple real-life appli
ation of a 
rystal-growth apparatus is presented. Infuture the 
ombination between multi-level methods and domain-de
ompositionmethods are immense and theoreti
al results for one-level methods 
ould be usedfor developping the analysis for the higher level methods.
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