Asymptotic Properties of Fractional Delay
Differential Equations

Katja Krol*
Humboldt Universitat zu Berlin

March 22, 2009

Abstract

In this paper we study the asymptotic properties of d-dimensional
linear fractional differential equations with time delay. First results on
existence and uniqueness of solutions are presented. Then we propose
necessary and sufficient conditions for asymptotic stability of equations
of this type using the inverse Laplace transform method.
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1 Introduction

Delay or functional differential equations (DDEs) are used to describe sys-
tems with time delay. Such processes arise in many areas of science - in
biology (time to maturity and incubation time), controlled systems (delayed
feedback), economics (time to transport, time lag for getting information).
In general, time delay is believed to have a negative impact on stability of
systems. Detailed results on asymptotic properties of DDEs can be found in
the book of J.K. Hale and S.M. Verduyn Lunel, [6]. The general linear case is
treated in [8]. Over the past years the theory of fractional order linear delay
differential equations (FDDEs) has attracted attention of mathematicians
and engineers. In [1], [13], [5] the authors discuss the analytical stability
bound for the class of fractional delay difference equations. In [9], [10] finite
time stability of robotic systems is studied, where a time delay appears in
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PD*“ fractional control system.

However, there exists no general theory of equations of such a type. In this
paper we study a generalization of equations presented in [1], [13], [5], [9],
[10], [14]. We consider a general d-dimensional linear FDDE

0
(Day)(t) = / y(t+u)A(du), t€[0,T],

y(t) =&(t), foraa. te[-71,0), y(0)=~E,

where D¢ denotes the Caputo derivative of order o € (0,1), A is a IR x R~
valued matrix of signed o-finite Borel measures, 7 time delay and (({(x) :
x € [—T1,0]), &) is the initial condition.

Using the inverse Laplace transform method we are able to give necessary
and sufficient conditions for asymptotic stability of linear FDDEs. It turns
out that this property depends on the structure of the measure A. If A
satisfies A[—7,0] # 0 and detA[—7,0] # 0 then the fundamental solution
converges to zero at polynomial rate. In the case A[—7,0] = 0 we obtain
polynomial convergence to the identity matrix.

This paper is structured as follows. In Section 2 we introduce notation,
definitions, and preliminary facts which are used throughout this paper. In
Section 3 we prove existence and uniqueness results for linear FDDEs. In
Section 4 we present the Laplace transform of the fundamental solution R
and general solution y and show how y can be expressed in terms of R and
the initial conditions &, &y. In the last section we state and prove our main
result on asymptotic properties of the fundamental solution.

2 Fractional Order Delay Differential Equation

In this section, we present notation, definitions, and recall well-known re-
sults about fractional differential equations. For more details the interested
reader is referred to the books by Samko et al. ([12], Chapter 2) and Kilbas
et al. ([7], Chapter 2).

We first introduce the Riemann-Liouville fractional integral, which is a gen-
eralization of the Cauchy formula for repeated integration ([11], section 2.7).
Throughout this paper, we assume that 7' > 0 and 0 < o < 1, which is the
case in many applications.

Definition 2.1. Let f € L'[0,T]. The integral

1 X
(1°D)@) = s | @0 @a e 0.1) (2.1)
I(a) Jo
is called the Riemann-Liouville fractional integral of order a. For a = 0 we
set I¢ = Id, the identity operator.



The fractional derivative operator is the inverse operator of the Riemann-
Liouville fractional integral:

Definition 2.2.

1. By D we denote the operator that maps a differentiable function onto
its derivative, i.e.,

Df(z) = f'(z).
2. For functions f on [0,7] the operator D% defined by

1L d
1“(1—a)dx/0($_t) fydt, =z €(0,T),

(2.2)

(Df)(x) == D' f)(w) =

is called Riemann-Liouville fractional derivative of order a.

In particular, D°f = f and D'f = Df. The following lemma gives a
sufficient condition for existence of fractional derivatives:

Lemma 2.1 ([12], Lemma 2.2). Let f be an absolutely continuous function,
i.e., f € C4l0,T], where

Ch[0,T) ={f:[0,T] = R,3g € L'[0,T] : f(z) = f(())—{—/oxg(t) dt,Vx € [0,T]}.

Then D®f exists almost everywhere. Moreover D*f € L"(0,T), 1 < r <
1/a and

D*N@) = gy | e

Ti—a) | 20 +/Om(:zt)_af’(t)dt].

When dealing with fractional differential equations one needs to specify
certain initial conditions to guarantee the uniqueness of solution. For the
Riemann-Liouville approach values of certain fractional derivatives and in-
tegrals are needed ([12], Chapter 42). We shall therefore turn our attention
to the Caputo approach, where the values of the function f itself and its
integer-order derivatives are specified as initial conditions, [3].

Definition 2.3. The Caputo derivative of order « € [0, 1] is defined via the
Riemann-Liouville fractional derivative by

(D& f)(x) == (D [f(t) = fFO))(x), x€][0,T]. (2.3)

The Caputo derivative is well-defined for functions for which the Riemann-
Liouville derivative exists. In particular, it is defined for absolutely inte-
grable functions f € C,[0,T].



Theorem 2.1 ([7], Theorem 2.1). If f € Cy]0,T] then the Caputo fractional
derivative DS f exists almost everywhere on [0,T]. If a« ¢ IN, DS f can be
represented by

(D)) = ) /x(x—t)“f’(t)dt== (IeDf)@).  (24)
0

'l -«
In particular, DOf = f and DL f = f'.
Theorem 2.2 (Properties of the Caputo derivative).

1. Let f be a function with f € L*(a,b). Then

(DEIYf)(x) = f(x) for a.a. x € (a,b). (2.5)

2. Let f be a function with f € C([a,b]). Then

(DEIf)(x) = f(z)  for all x € [a,b]. (2.6)

Proof. The proof can be found in [7], Lemma 2.21. O

Remark 2.1. The above definitions and results can be generalized to the
vector-valued functions, since the integrals and derivatives are taken component-
wise.

3 Existence and Uniqueness of Solutions of linear
FDDEs

Before discussing the questions of existence and uniqueness of solutions of
linear FDDEs, we introduce some notation and terminology used in the
theory of delay differential equations.

Let C(I,1R?) denote the set of continuous mappings from an interval I C IR
to IRY. The segment ¢; at time ¢ > 0 of a function ¢ € C(I,IRY) is defined
as

o [-7,0] — RY, or(u) == @t + u).

For a linear, continuous and autonomous operator f : C([—r,0],IR%) — IR¢
let us consider the following fractional delay differential equation:

(Dey)(t) = fy) t =20, wyo=¢, (3.1)

where DY denotes the Caputo derivative of order o € [0, 1], ¢ € C([—,0],IR%)
is the initial condition and 7 > 0 is the length of the memory. According to
the Riesz representation theorem, f can be represented as an integral with



respect to a IR? x IR%valued matrix A = (asj), 1 <14,5 < d, of finite signed
Borel-measures a;; on [—7,0]:

0
f(p) :/ o(u)A(du), for all ¢ € C([—,0], RY).

—T

Hence, in the sequel we consider the following differential equation

0
(D2y)(1) —/ Yt +wA(du), te[0,T], T>o0. (3.2)
For the equation (3.2) to be well-defined we need to assign values of y for
a.a. t € [—7,0) and for ¢t = 0:

y(t) =&(t), fora.a.te[—7,0), y(0)=~E&, (3.3)

where ¢ is an IR%valued bounded measurable function on [—7,0), i.e., & €
L>®([-7,0),RY) and & € RY. For continuous initial conditions, we consider

¢ € C([-,0], RY).

Definition 3.1. An IR%valued function y on [—7, 7] is called a solution of
(3.2) with initial condition (3.3) if it is continuous on [0, T, satisfies (3.3)
on [—7,0] and

0

y(t) = £(0) + I°( / y(t + u)A( du))

—T

t 0
=¢(0) + I‘(loz) /0 (t —s)>? /_ y(s+u)A(du)ds (3.4)

for t € [0, T7.
The following lemma shows that the definition makes sense.

Lemma 3.1. Let y be an R¥*-valued function on [—,T), continuous on
[0,T], satisfying (3.3) on [—T,0].

1. If y is a solution of the integral equation (3.4) with initial condition
(3.3) then y solves the differential equation (3.2) for a.a. t € [0,7)
and all t > 1.

2. Ify is a solution of the differential equation (3.2) with initial condition
(3.3) then y solves the integral equation (3.4) for allt > 0.

Remark 3.1.

Is £ continuous on [—7,0) and y is the solution of the integral equation, then
y solves (3.2) and (3.3) also for t € [0,7), i.e. we obtain an if and only if
statement.



Proof.
1) The function ¢ +— f_OT y(t + u)A( du) belongs to the class L*>[0,7) and is
continuous on [r,T1.

pere / "t wAde) 2 [yt u)A(du)

and for a.a. t € [0,7) and all ¢ > 7 it holds that

0
pey(t) ) Do) + 18 / y(t + ) A( du))

—T

0

— DPE(0) 4+ DF [fa* /

-7

y(t + u)A( du)}

0
:/ y(t +u)A(du).

2) The proof is similar to the proof of Lemma 2.1 of [3]. O

In the view of Lemma 3.1 we need to prove the existence and the unique-
ness of the solution of (3.3) and (3.4). The following theorem is proved by
means of the theory of Volterra equations.

Theorem 3.1. Let & be an R%-valued measurable bounded function on
[—7,0) and & € RY. There exists a unique function y : [—7,T] — RRY,
continuous on [0,T] that satisfies (3.3) and (3.4).

Proof. The space C([0, T],RY) is a complete metric space endowed with the
supremum metric. On C([0,T],1R%) we define the linear map G by

€0) + 57 Jo (t =927 [0 &(s +w)A(du)ds ¢ € [0,7],
£0) + Jot =) [0 y(s+u)A(du)ds, te[r,T).
(3.5)

(Gy)(t) = {

G is continuous: for t € [0, 7] it holds that

0

y(t) = £(0) + /]R a(s) [ &5 +u)A(du) ds,

—T

where g¢(s) = %1{0§3<t} (t—s)*"1 € LY(IR,R). There exists a continuous

function g; . with a compact support, satisfying ||g: . — g¢|| ;1 < €. Moreover,
for |t —¢/| < 6 it holds that ||grc — grcllpr < €. Applying the triangle
inequality we obtain

ly(t) —y(t)] < ||A|H|§||oo/lR |9¢(5) — gu ()] ds < 3[[A[[[[¢]ce,



where the norm of A is defined by

f(u)A(du)

—T

|Al| := sup
Ifllco=1
and the norm on the right hand side denotes the usual operator norm for
matrices. The continuity of y for ¢ > 7 is shown analogously.
Similar to the proof of Theorem 2.2. in [3] it can be shown by induction
that

; ; (JlA]jt*)7
Jqy — (Y <
|G7y — G2 o) < T+ aj)

holds. Hence, the Fixed Point Theorem of Weissinger ([7], Theorem 1.10)
implies the existence of a unique fixed point z € C([0,T],IR%). Using (3.3)

we extend y to [—7,T]. The function y is also right-continuous in 0, since it
holds that

|2(8)=&o| < [2(#)—=(G"yo) ()| +|(G"yo) (1) = (G"0) (0)[+](G"0) (0) —&o| — 0.
O

|y = 2/l Loofo,7) (3.6)

4 Representation of Solutions

We first introduce the notions of the fundamental solution and the charac-
teristic function which play a significant role in the theory of DDEs.

Definition 4.1. A function R : IR — R%9 is called fundamental solution
of (3.3) and (3.4) if its i*" column R’, i = 1,...,d, satisfies

0, t <0,
Ri(t) = ¢ ei, . t=0, (41)
e; + ﬁ fot(t — s)al fET R'(u+ s)A(du)ds, t >0,

where {ej,...eq} denotes the standard basis of IR?.
The characteristic function associated with equation (3.3) and (3.4) is de-
fined by

=z (B [ emagan ) = 2H LA oo

-7

where E,; denotes the identity matrix for R? x IR%.

Remark 4.1. To define the Laplace transform uniquely, we take the fol-
lowing branch of the function z*:

atoarg 2 _
o { |z|“e , T < argz < ¢ (4.2)

2% = . P
’Z’aezaargz 2ma’ ©o < aI‘gZSﬂ'

7



for o € (—m,m), |po| > m/2. The proof of the theorem 5.1 and remark
5.1 will give the justification for taking this particular branch instead of the
principle branch of z¢.

Lemma 4.1. For a finite signed Borel measure A the fundamental solution
R exists and is unique. Its Laplace transform is defined for z € C, with
Rez > || A||Y* and is given by

LIR](2) = (xa(2)) .

Proof. On the Banach space C([0,T],IR¥*?) we define the norm

Ifl = sup sup [If(t)=]]
t€[0.7] [l2]|=1

The generalization of Theorem 3.1 to matrix-valued functions f is immedi-
ate. Existence and the form of the Laplace transform follows from the next
result. O

Theorem 4.1. Let y be a solution of (3.3) with initial condition (3.4). Its

Laplace transform exists for all z with Re z > || A||Y/* and is given by

Liyl(z) = [,50za—1+ /_ 0 e ( /u ) dt) A(du)} {zo‘Ed— /_ 0 e_Z“A(du)]_l.

Proof. With ¢ = [|€]|s + |&0| it holds that:

1 w 0
sup |y(w)| <c+ sup / (w— )21 / y(u+ s)A(du)| ds
0<w<t I'(@) o<wst Jo —r
1Al / v 1
<c+ —— sup w—8)* sup |y(u)|ds.
(@) o<w<t Jo ( ) fTSuSs‘ (v
Moreover, sup_,<,,<o |y(w)| = ¢ and we obtain
IA] v 1
swp_fylw)| e ot sup [0 sup Jyu)lds
—r<w<t F(a) 0<w<t J0o —r<u<s
increasing in w
1A] / ! a-1
=c+ ——~ t—s sup |y(u)|ds.
tag =0t syt

We shall use a Gronwall-type result (Lemma 4.3 in [2]) to obtain a bound
for y:

sup [y(w)] < cEa(|A[I#). (4.3)

—r<w<t



Here, E,(z) denotes the Mittag-Leffler function

oo
kZ:OI‘ ak+1)

The Mittag-Leffler function has the following asymptotic properties for 0 <
a < 2, see e.g. [4], Chapter 18.1, (10):

1
E.(x) ~ —exp {Jcl/o‘} +0(z71), for z — oo. (4.4)
(6
Hence,
Ea (|| Allz®) ~ exp {||A||1/%} +0(z®), forz — oo (4.5)

We obtain from (4.3) and (4.5)

sup_[y(w)| < cEa(||Al|t*) < Eexp{||All'/*t}. (4.6)

—7<w<t

In particular, the solution y and its integral with respect to the measure A
are exponentially bounded: for all ¢ > 0 it holds that

exp{—||A|“t}|y(t)| < M, (4.7)
exp{—HAHl/o‘t}‘/ (u+ t)A( du)
<HAHeXp{—HAH”“t}fsug ly(s)| < M’ (4.8)

for some constants M, M'. Hence, the Laplace transform of y and the inte-
gral exist for all z with Re z > ||A||'/®. It holds that

L[/Oy(u—i-) ] / Zt/_T (u+t)A(du) dt (4.9)

/ / (u+t)dtA(du) (Fubini theorem)

/ 2=y (1) dt A( du)

_ / O ™ < /u e E(t) dt + /0 ety () dt) A( du)

0 0
— / = < / e () dt+L[y](z)> A(du). (4.10)
Let ¢ : IR+ — IR be the function defined by g(x) := “foé;)l For z with
Rez > 0 its Laplace transform is given by L[g](z) = Z% Applying the



Fubini theorem we obtain:

o0 t 0
L[y](z):i?—i_F(la)/o e /0 (t—S)O‘_l/_ y(s +u)A(du)ds dt

convolution of g and [°_y(utz)A(du)

=& Lo [ v i) )

z —T

(4.10) % v Zia ( /_ 0 e < /u Y ete(t) di + L[y](z)) A(du)>

and therefore

0

3 e“‘A(du)) = %*% ( / 0 e ( L ’ e~ e (t) dt) A(du)) .
Hence,

Lblt=) = [io N zi"‘ </_0 e (/uo e *E(t) dt) A(du))] [Ed - zia /_0 ez“A(du)] -
e ([ ([ s ) aan)] [ [ e <du)]‘1
- [50 e </_OT - (/uo 0 dt) A(du))] [z <Ed — e /_OT eZ“A(du)>] B

O

CICEE

Remark 4.2. The Laplace transform of the fundamental solution R exists
for all z with Rez > ||A[|"/ and is given by

xa(z) =2 (Ed _ /0 eZ“A(du)> _ 2%Eg — fBT e A( du)‘

zafl

—T

Proof. Again, the steps of the Theorem 4.1 can be extended to matrix-valued
functions. O

Lemma 4.2. The solution of y of (3.3) and (3.4) can be represented in
terms of the fundamental solution R and the initial condition (€, &y):

y(t) = gm@ﬂ% /_OT (/uo F(la) /Ot(t —5)*  R(s +u — v) dsé(v) dv> A( du)
(4.11)

0

= &R(t) + DI / </u0 R(t 4+ u —v)&(v) dv> A(du). (4.12)

—T

10



Proof. We show that the Laplace transforms of the left and the right hand
side of (4.11) coincide.

Lly)(z) — £(0)L[R](2)

— L[R](2) <Zla /OT o /0 — th(du)>
=& LR /_ ] /u UL (1) dtA( du)
/// e R(w) dat (1) diA( du)

1o / / / e **R(x 4+ u —t)dx&(t) dt A( du)
-7 Ju Jt—u
(it holds that R(x +u —t) =0 for z € [0, — u))

/_/ / e " Rz +u — t) dwg(t) dtA( du)

(Laplace transform of the convolution of ( K 2% 1 and R(e +u —t))

_Z/T/u / / _ R(s 4 u — t) ds dz&(t) dtA( du).

This is the Laplace transform of the rlght hand side, since the Laplace
transform of a derivative of a function is given by L[-L f](z) = zL[f](z) —

(0. O

5 Asymptotic Properties of the Solution

We show that the inverse Laplace transform of XAfl can be expressed in terms
of generalised exponentials by the residue theorem of complex analysis. This
representation allows us to study the asymptotic properties of the fractional
delay differential equations. We first investigate the set of zeros of the
characteristic function. Let

Na={z€C\ {0} : detxa(s) =0},
vo = max{Re(z) : z € Na},

v, = max{Re(z) : 2 € Ny, Rez <wvp_1},
N,=Nasn{ze€C : Rez > v,}.

Lemma 5.1. The set N4 has no accumulation points in C. Moreover, for
all z € Ny it holds that:

[zl < AV or fefem e < AT (5.1)

The last inequality guarantees that there exist at most finitely many
z € Ny with Rez > p for any p € IR. In particular, the above quantities are
well-defined.

11



Proof. The function x4 is holomorphic on C \ (IR— U{0}), hence there are
no accumulation points of N4 in this set.

Suppose that 0 is an accumulation point of N4. Then there exists a sequence
(Zn)nen, |zn] > 0, 2z, — 0, such that det x4(zy,) = 0, where

0
xXA(2) == 2Ey —/ e A(du).

—T

We apply the Taylor series expansion to the integral. Since A is a finite
measure and the function e** is uniformly bounded for |z| < 1 on [—7,0], it
holds that

/ e A(du) Z / —A du), |z| < 1.

Hence, applying the Leibniz formula for the determinant, we obtain

detxa(zy,) = (—=1)¢ ((—1)%2@ 4 z(d-De Z zﬁf}j_l +...+ Z zﬁf,?) ,
k=0 k=0

where
Sar= Y s [I 2 S
=0 TESy {57 (5)#5} =0 -
{77 (4)=5}=i
+ ) (-1 HZ/ (du), 0<i<d,
KC{1,...,n} jEK 1=0 - U
|K|=d—i
and

Zz f2 = det (Z /TA du>.

The series )%, 2L fli is absolutely convergent, since it is a finite sum of
Cauchy products of absolutely convergent series. Hence, detx4(z,) is also
absolutely convergent. Let fﬁozﬁo be the term in the expansion of x4(z)

satisfying Gy = min{s € R4 U{0} : fgzg # 0}. Then
1
|det xa(zn)| > §|fgozgo| # 0 for all n sufficiently large.

We obtain a contradiction. Since we are considering only one branch of 2%,
the function y4(z) is discontinuous on I = {z € C: z =re"¥°, 0 < r <
d/cospp}, but Ny has also no accumulation points there. Let

£(2) = |z|aezia EE —m < arg z < ¢1,
: ]z\aem argZ*Qﬂ"La7 01 < arg z S T,

12



for a 1 < . f(z) is holomorphic on I and f(z) = 2 for ¢y < argz <
7. Hence there exists no sequence z, — 29 € I with (z,)nenw € N4 and
arg z, | @o. Similarly one can show the same result for a sequence z, with
arg zn 1 0.

In order to show the bounds in (5.1), we use the Neumann series argu-
ment. It yields that

1 0
E; - a/ e A( du)

z -7

is invertible if || L [©_e*A(du)|| < 1, ie.,

0
WSH/ e A(du)|| < AJ|(1V e~mRe5). (5.2)

Therefore, for all z € N4 it holds that |z|* < ||A||(1 V e""Re?). If there
were infinitely many zeros with Re z > p for a p € IR, then this would imply
Rez — oo or |Im z| — oo and hence |z|e”R¢* — oo. O

Theorem 5.1. Let A be a RY x R%-valued matriz of finite signed Borel-
measures satisfying one of the following two conditions:

(C1) A[—7,0] # 0 and detA]—T,0] # 0,
(C2) A[—7,0]=0.

For all n € IN and any § € (vpt1,vn) the fundamental solution can be
represented as the following sum.:

1

_ e)\t
}aﬂ__ggi}ka_AXAcw )+ g(t),

where the function g satisfies

O(e%), if § >0,
g(t)y =< O™, if 6 <0 and A satisfies (C1),
Eg+ Ot kota)y, if 6 <0 and A satisfies (C2),
where
0
ko = min{k € N : ub JKVA(du) # 0} (5.3)

—T

Proof. Case 1: § < 0.

We integrate the function Xgl(z)ez'f along the keyhole contour v =y U...U
vs, as shown in Figure 1, with vertices (p, K), (p, —K), (§, —K) and (6, K),
where p > ||A||/®. Due to the bounds in (5.1) and the fact that there are
no accumulation points of N4 on C there are only finitely many zeros of

13



det x 4 inside the contour, independent of how large K and how small € are
chosen. We can also a find a ¢ € (=7, 7], |po| > 7/2 such that

{z:ew t(po—m<@e<woor =21+ (po+ 1) <@ < =2+ ¢g),
rcosep > 0,r >0tN Ny =0 (5.4)

for all n sufficiently small. We consider the function z* with branch cut at
¥ = ¥o.

14
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Rez
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8

Figure 1: Contour integration of X/(l(z)e
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The residue theorem yields for every fixed ¢

1

o (XA(Z))_leZt dz = Z ResZ:S(XA(z))_leZt).

v SEN,
Since we chose p to satisfy p > ||A[|Y/®, the integral along v; tends to the
fundamental solution as K — oc:

1 : —1 =zt
Rit) = 5 g [ (ca() et b
We show that the path integrals over v and g vanish as K — oo, the
limits of the integrals over 3 and 77 are decaying exponentially for ¢ — oo,
the limits of the path integrals over «¢ and 4 decay polynomially in ¢ for
n — 0 and € — 0. The integral over 5 depends on wherever A satisfies the
condition (C1) or (C2). In the first case, it vanishes, in the latter case it
converges polynomially in ¢ to the identity matrix.

Path integrals over v and ~3
Let us consider the integral along ~g.

1
Is =

21 s

xa(z)tet dz.

From the inequality (5.2) we know that x4 is invertible for K¢ > (1 V
e"™9)||A||. The Neumann series argument yields the following bound of the
inverse function if we choose K large enough:

0 -1
Ieale) Ml = || (Ed e eZ“A<du>)
1
< o7 ;
1- ‘ 27 [T eruA( du)H
- ‘Z‘afl
S = (Ve A
Ka—l
<
S Ka (Ve Al
Therefore,
i < [ Jouate — im0 et an < ot [t
8|l > XA\ — 1 e T — & xXr
; Ko (Lv e A] Js

Koz—l ePt — 65t
= 0 for K .
Ke—(vea) ¢ =~ 007

The same arguments hold for the integral along ~s.

16



Integral along 5
Let z = ee’, then dz = iee™ di = iz dV.

1

1 1 -« 0 2U - zt
Isi=— | - (E;j—=z e A(du) e dz

20 )y 2 _r
1 -7 0 -1
= <Ed — z_o‘/ e A( du)> e*i dd
2me J, _r

We distinguish two cases. Let A[—7,0] # 0 and det A[—7,0] # 0. Then
2%Eq — fET e A(du) — —A[—7,0] for € — 0. The dominated convergence
theorem yields for every fixed t

1 - 0 —1
/ 2% <zO‘Ed —/ e A( du)> e*ti dv
2me ), _r

< ce®||(A[—7,0]) 7 Hlec5t — 0 for e — 0

|15]| =

with a constant ¢ independent of ¢. Let A[—7,0] = 0. The first term

in the Taylor series expansiori of the integral vanishes and it holds that
fET e A(du) => 07, 2k fET 4 A(du) and

0
E;— z_o‘/ e A(du) — E4 for e — 0. (5.5)

—T
Applying again the dominated convergence theorem we obtain
—T

1
Is — — Egidv = —Ey.

T Sy

Integrals along the paths v3 and 7
Let z = § +iy. with y; = 0 tan(epg — 1), y2 = 0 tan(pp + 1) it holds that

1
I37 = — X4 (2)e* dz

2ms v3Uv7

1 Y1 1 " 1 -K .
= — d . zt d

w At o [ e

1 Y1 1 p
=5 | (G () = (z=vnpn) " Ea) e dy

1 K .
+o- [ (X4 (2) = (2 = vap1) T Ea) €™ dy

Y2

1 . 2t K -1 2t

To- y (2 = Un41) ™ Ege™ dy + o . (2 — vny1) " Ege®' dy
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It holds that

INEL 1 K
lim lim (2/ (z — vnﬂ)—lezt dy + / (Vi1 — Z)—lezt dy) B,

K—o0on—0 ™ JK 2 Y2
1 oo

= <—2/ (2 — vpp1) te® dy) Eg= —e" By
™ —0o0

The last equality holds due to the fact that the Laplace transform of z — e**
is equal to Zia.
Let us now consider the first term in the representation of I3 7:

1 Y1

o (X2'(2) = (2 — vpg1) " Eg) e dy
T JK
N % Kyl (X4 (2)(z = vns1) T Ba) €7 (2 = vn 1) Ea — xa(2)) dy.

Let
x =min{|0 —Rez| : z € Ny}

Then [ + iy — 2| > = > 0 for all z € Ny and all y € IR;. Hence there
exists a constant ¢ > 0 such that ||xa(d + iy)| > ¢ for all y > 0 tangy.
The integral fET e+t A(du) is bounded along the path 3 and hence

lIxa (0 +iy)||||(vne1 — 6 —iy) E4|| behaves asymptotically like 3 for y — +oo:
IxA(8 + i) [[1(8 + iy) = vnrall = ex(1 +57)

with a constant ¢; independent of ¢. On the other hand

0
1(z=vns1)Ea = xa(2)] < [opsa |+ [ e A(du)|| < ea(1+y' 7).

—T

Hence

e—&t

[ 0GH ) — ) B dy”

2 Ji
0 11—« 00
Seét/ co(l+y . )e5tdy§/ ca 1
o ca(l+y?) 0 Y

The second term in the representation of I3 7 is treated analogously. Thus,
sup,q e % |I3 7| < oo, since e(n+179)t s bounded for all t.

Integrals along the paths v, and ~4
We investigate the asymptotic properties of

1

—1 zt
= — d
271 Xa ()e dz

Y4Uve

Iy :
as n and e tend to zero simultaneously. We will need 7 to converge to zero

quicker than € and choose therefore n = €, n > kg, where kg is defined as
in (5.3). We show
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A satisfies (C1): sup;.glime.ot“Iy6 < 00.
A satisfies (C2): sup; lim._ot50~%I4 ¢ < c0.
On 4 and v we set

2z =710 e < <5/ cos(po—n), Z=rePTN ¢ <r </ cos(po+n),

2X — ‘Z|a€z argza _ Tozez(goo—n)a’ o |2‘aez arg Za—2mia _ ,rcyez(cpo—&—77)&—27”047

and write

I 1 0 ,
Iig=— —(Eq — z_o‘/ ™ A(du)) et el o gy
8/ cos(po—n) #

21 _r

1 6/ cos(po+m) 1 0 o
o SB[ () et ar

We study the behaviour of the integrated functions in the neighbourhood of
zero and on the interval I, = [e, 0/ cos(po £ n)| separately: I1e = Ise, +
I.c,, where

1 1 Con— 1 L
I, = 5 / Xa (Z)eztez(soo m dr + o 5 Xa (z)eztez(tpo-f-”]) dr,
I<€ _ 1 /60 Xfl(z)eztei(@o—n) dr + 1 0 X*l(g)eétei(soo-ﬁ-??) dr.
0 omi J. A omi J, A

For any fixed ¢g > 0 the norms of the inverse matrices are bounded for
z € IL. Moreover, applying the dominated convergence theorem we obtain

eét o est Cos o

4/ cos po .
I <c eSO dy =c—n 5.6
Il <c [ — (56)

where ¢ depends only on €. So, ||Is,|| decays to zero at exponential rate
for t — oo.

Remark 5.1. Let a =1/2, 7 = 1053 and

1 -2-1
a—( Y-n {0} > .
< 2- Ly —lin

It holds that
det xa(z) =274 -3"—2) and detya(—1)=0,

hence the norms of the inverse matrices x 4(2), xa(Z) would be not necessary
bounded in the limit if we chose the negative real line segment for the path
integrals v4 and 6. A o satisfying (5.4) guarantees the bound in (5.6).

19



Let us now consider the behaviour of the integrand for ¢y small enough.
Let A satisfy (C1). For ¢ sufficiently small it holds that

0
=Ea~ [ e A(du)] - Al 0]
Hence, ||xa(z)7!| behaves like r*~! for » < €. There exists a constant
¢ > 0, independent of ¢ and ¢y such that
<0
HI<€0H < / C,ra—lercoscpot dr
0
=c(—cos o)t *(I'(a) — I'(ar, —teg cos g)) < ct™,

where I'(«, y) is given by
o
INa,y) = / e % dx, ie.,
y
—td
INa) —T(a,—td) = / e d® — T'(a), t — oo.
0

Hence, sup;-qlime_o t*(|[I<¢ || + [[I>¢ ) is finite.

More interesting is the case when A[—7,0] = 0. In this case the norms of
the integrals along 4 and ~g tend to infinity, but they cancel. This is due
to the fact that the only terms which include fractional powers of z tend to
zero as €y and 7 tend to zero, so the integrals cancel due to the opposite
sign. Let us first consider the integrated function along 4.

From (5.5) we have for all r < ¢, where ¢ is chosen to be sufficiently small,

0
[ <Ed - Z_a/ ezuA(du)> — Eq(1 — c12"7%)|| < earfott=e,

-7

Bi(z)
Ai(2)

The constants ¢; and ¢y are independent of » and e. Hence,

H Al(z) B ()

. < LA B e < carke,

since A71(2), B71(2) converge to the identity matrix as z — 0. Same results
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hold also on g with constants ¢, ¢a, ¢3. Moreover,

B_l(z) _ B_l(g) _ g 1 B 1
z 2 - d Z(l — Clzk()*a) 2(1 _ Elgkofa)
i(po+n) _ Li(wo—n)
= ) ‘ + cqrfo—a—l
r
_ etro (ein — e_in) N 647-]40—04—1
T
Wﬂ + C4T‘k0_a—1
T
< 057'”_1 + C47”k0_0‘_1 < C6Tk0_a_l.
We obtain
€0 Afl Ail ~
HI<€0|| S/ (Z) — ~(z) eT‘COS(pot d’l"
€ z z
/EO A—l(z) B—l(z) N A_l(é) B_l(é)
z z 2 5

-

z

‘) el cos wot dr

_/ ((cs + é3)r ko— > 4o pro—a— 1) 7 cos got 7.

€

=9 c7(—tcos (po)a_kO(F(ko —a) — (ko — a, —€pt cos ).

Case 2: § > 0.

For § > 0 we only need to consider the rectangle contour with vertices with
(p,K),(p,—K),(6,—K) and (6, K). Again, the integrals along v2 and 43
vanish as K — oo, where the path integral over (0, K) — (§, —K) grows
asymptotically at exponential rate e’t. O

Example 5.1. The case where A[—7,0] # 0, but det A[—7,0] = 0 is more
complicated. Let us consider the following example. Let d = 2 and

A= ( Ly —Lry >
emy ~ln
where 0 < 71 < 7. It holds that detA[—7,0] = =1+ 1 =0.

0 Y SO o TE e~ TLZ
By = ma- [ evatan = (700 )

-7

and

0
det B(z) = 22% — det / et A(du) = 22 Z apzk
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with some aj, € IR.

_ 1 . 1 ZOL + 6—’7—2 _6—7'12
1 = - =
B=(=) = det B(z) adj B(2) Z20 =302 agzk ( +e T 2% —eTTF > '

The adjugate of B(z) converges to a constant non-zero matrix for z — 0
and zo‘*lm behaves like 2°, where 3 < —1. Hence, the path integrals

over s, v4 and g diverge, whereas the other integrals tend to zero.
Let us now consider

1 1
- < = Lem) )
Lemy ln

Then

0
det B(z) = 22 — 2%(e™ ™ + e %) + det / e A(du).
—T
The adjugate of B(z) again converges to a constant non-zero matrix for
z — 0 and za_lm behaves like z~1. Hence, the path integral over s
converges to the identity matrix and the path integrals v4 and ~g cancel.

6 Conclusions

In the present paper, we study the asymptotic properties of the fundamental
solution fractional delay differential equations. First, the results on existence
and uniqueness of solutions of FDDEs are proved. Based on the character-
istic function and characteristic equation, several interesting properties of
the solution are obtained. We are able to present a complete picture of the
asymptotic behaviour in a very general setting, which includes many cases
studied in literature.
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