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ABSTRACT. Theory in time series analysis is often developed in the context of
finite-dimensional models for the data generating process. Whereas corresponding
estimators such as those of a conditional mean function are reasonable even if the
true dependence mechanism is of a more complex structure, it is usually necessary
to capture the whole dependence structure asymptotically for the bootstrap to be
valid. However, certain model-based bootstrap methods remain valid for some inter-
esting quantities arising in nonparametric statistics. We generalize the well-known
“whitening by windowing” principle to joint distributions of nonparametric estima-
tors of the autoregression function. As a consequence, we obtain that model-based
nonparametric bootstrap schemes remain valid for supremum-type functionals as
long as they mimic the corresponding finite-dimensional joint distributions consis-
tently. As an example, we investigate a finite order Markov chain bootstrap in the
context of a general stationary process.

1. INTRODUCTION

One of the major merits of the bootstrap is its universality: it is valid for a variety
of different purposes (statistics) and under quite general assumptions on the distri-
butions of the observations. For i.i.d. data, it is easy to implement and usually one
does not need severe conditions for its validity.

Without the assumption of independence of the observations, the construction of
valid resampling schemes becomes more difficult since one has to appropriately mimic
the dependence mechanism. Also in this context, there exist nearly assumption-
free methods. Hall (1985), Carlstein (1986) and Shi (1986) proposed resampling
from nonoverlapping blocks of increasing length which was later refined by Kinsch
(1989). Other modifications are the circular block bootstrap proposed by Politis and
Romano (1992) and Shao and Yu (1993), the stationary bootstrap of Politis and
Romano (1994) and the matched-block bootstrap of Carlstein, Do, Hall, Hesterberg
and Kiinsch (1996).

On the other hand, there exists an extensive literature on model-based bootstrap
methods in the time series context. Under the assumption of i.i.d. innovations in
a linear autoregressive model, Efron and Tibshirani (1986) proposed to generate
bootstrap series by drawing bootstrap innovations independently with replacement
from the set of mean-adjusted residuals. Kreiss and Franke (1992) generalized this to
autoregressive moving average models. Furthermore, there exists a series of proposals
for bootstrapping Markov chains; see the brief survey in Section 3. There also exist
several semiparametric methods. For example, Kreiss (1988) approximated linear
autoregressive processes by a bootstrap process of finite, but increasing order. Franke
and Wendel (1992) and Kreutzberger (1993) generalized the method of Efron and

Tibshirani (1986) to the case of nonlinear autoregressive processes.
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Concerning universality, blockwise bootstrap schemes with a block length tending to
infinity dominate model-based methods since they do not require structural assump-
tions on the data generating process to be fulfilled. They are nearly assumption-free
regarding both the distributions of the observations as well as the dependence struc-
ture between them. These methods are shown to be asymptotically correct for a
number of important statistics; see, for example, Kiinsch (1989), Biithlmann (1994)
and Gotze and Kiinsch (1996). In contrast, model-based methods reflect the depen-
dence mechanism of a general process only partially, even if the sample size tends to
infinity. They are usually more powerful than model-free methods — at least as long
as the data generating process obeys indeed the assumed structure.

In view of possible gains of power, one might be tempted to prefer model-based
methods whenever there is some evidence for the (exact or approximate) correct-
ness of a certain simple form of the dependence mechanism. However, often such a
structure is at best approximately true. In such a case, if one had actually applied
such a model-based bootstrap, it seems that one had risked too much in order to
benefit from a supposed gain by this method. This is indeed the case with (finite-
dimensional) parametric problems where even weak dependence of the observations
influences first-order asymptotics of corresponding parameter estimates. In sharp
contrast, first-order asymptotics of nonparametric estimators is often not affected by
weak dependence. Robinson (1983) established corresponding results for the point-
wise behaviour of nonparametric estimators under mixing in conjunction with an
additional condition on the boundedness of joint densities. Hart (1995) coined the
term “whitening by windowing” for this effect. This suggests that model-based boot-
strap methods can correctly imitate the pointwise properties of nonparametric es-
timators based on the m-dimensional joint distribution of the observations if only
these m-dimensional distributions are correctly retained, no matter whether or not
the dependence mechanism of the bootstrap process actually coincides with that of
the original process.

On the other hand, many methods of statistical inference are based on the whole
nonparametric estimator rather than on an estimate at a single point. To benefit
from the whitening by windowing principle, it is necessary to generalize it beyond
the pointwise case. Such a result was established by Neumann (1996) for a kernel es-
timator of the stationary density of a weakly dependent process. By embedding both
the observations from the time series model and the observations from a correspond-
ing i.i.d. model in a common Poisson process, Neumann obtained a pairing of these
random variables such that the unordered sets of observations are nearly the same.
This led to a strong approximation of a kernel estimator in the time series model
by an analogous kernel estimator in the i.i.d. model, and allowed to apply bootstrap
techniques that were originally developed under the assumption of independence.

In the present paper we intend to establish a version of the whitening by window-
ing principle that concerns the joint distribution of nonparametric estimators of the
conditional mean function, m(xy,... ,24) = F(X¢ | Xieiy, ..., Xizt,) . The result is
again formulated in terms of a strong approximation of a nonparametric estimator in
the time series model by an analogous estimator in a regression model with indepen-
dent errors. To this end, we establish first a strong approximation of partial sums
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by corresponding partial sums in a regression experiment. The link is achieved by
embedding the summands from both models in a common set of Wiener processes
W), assigned to the intervals [. As described in Subsection 2.1, attempts to embed
the summands I((X,—y,... . Xiy,) € L)X — B(Xy | Xieyy,..., X42y,)] in their
natural order failed. Quite surprisingly, an embedding of these quantities in reverse
time order turned out to be successful and led to an approximation with a sufficiently
small error. The derivation of the strong approximation is mainly achieved by this
construction, whereas the analytical part of the proofs is comparatively simple.
This theoretical result can be applied as the first and most important step in proving
robustness of certain model-based bootstrap methods against deviations from the
underlying structural assumptions of the data generating process. As a particular
model-based method we investigate in Section 3 a local bootstrap which is motivated
by a Markov chain approximation of the process. According to our main result, this
bootstrap procedure remains valid even if the true data generating process is of a
more complex form. The same can be assumed for other model-based methods as
well, for example, the moving blocks bootstrap with a fixed length of the blocks. We
apply our Markov chain bootstrap to the construction of supremum-type tests in the
context of general (not necessarily Markovian) processes. The proofs are deferred to
the Appendix.

2. WHITENING BY WINDOWING FOR THE JOINT DISTRIBUTION OF
NONPARAMETRIC ESTIMATORS

We make the following basic assumption for the process {X;} under consideration:

(A1) {X;:t >0} is a (strictly) stationary process. Furthermore, we assume absolute
regularity (i. e. f-mixing) for {X;} and that the J-mixing coefficients decay at
an exponential rate.

Throughout the whole paper, we do not impose any kind of structural assumptions on
the data generating process. Although those assumptions are often made in the time
series literature, it is always a potential source of an inadequate analysis and erroneous
conclusions because they are rarely exactly fulfilled in practical applications.

Even if the dependence mechanism is much more complex, it makes sense to look
at conditional expectations in finitely many lags, for example for the purpose of
displaying marginal effects. Let

(21) m(:pl’”‘ 7$d) = E(Xt | Xt—h = T1y... 7Xt—ld = wd)

be the conditional expectation of X; given X, ;, = z1,...,X;_, = x4 , where
1<lhi<lbh<...<ly.

There are several different options to estimate m. One may do this in a fully non-
parametric manner, for example, by a multivariate kernel estimator as proposed by
Robinson (1983) or by a local polynomial estimator as considered by Hérdle and
Tsybakov (1995) and Masry (1996). Alternative methods include semiparametric
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estimators, for example those based on additive models for m, or even paramet-
ric estimators. For example, Yang and Hardle (1996) investigated a nonparametric
estimator in an additive model. Unfortunately, up to now theory in this field is of-
ten developed under the assumption that the data generating process obeys indeed
the structure underlying the fitted model. Nevertheless, it is reasonable to fit such
dimension-reduced schemes, although it is often hard to believe that the true process
follows actually such a rather specific structure.

After defining any point estimate for m, the next step in a statistical data analysis
consists of making assertions which characterize the accuracy of these estimates like,
for example, confidence intervals or bands for m, or forecast intervals for future ob-
servations. Generally, one would always prefer estimators based on lower-dimensional
models over fully nonparametric methods as long as the corresponding model is in-
deed adequate. Therefore, testing a lower-dimensional against a fully nonparametric
hypothesis is an important step in data analysis. In principle, these problems can
be tackled by methods based on asymptotic theory. However, sometimes such as-
ymptotic theory is not easily available, and there also exist cases where first-order
asymptotic theory is known to provide rather poor approximations. A familiar ex-
ample are simultaneous confidence bands in nonparametric regression, where it is
known that their actual coverage probability converges to the nominal one with the
rather slow rate of (log T')™'; see Hall (1991) for details. This is a typical case where
bootstrap methods are really important.

Unless we have extraordinarily large sample sizes, we always have to take care of the
curse of dimensionality. Owing to the sparsity of data in high dimensions, the per-
formance of nonparametric estimators deteriorates rather quickly as the dimension
increases. If we intend to generate a bootstrap process without structural assump-
tions on the original process like linearity, we are essentially in the same situation
as with nonparametric estimators. Hence, such methods necessarily suffer from the
curse of dimensionality. Therefore, it is tempting to implement a fully nonparametric
bootstrap with almost the same dimensionality as the fitted model. Even if the di-
mension of the bootstrap model is slightly larger than that of m, an almost adequate
asymptotics is that for a finite-dimensional bootstrap model. In order to show that
such simplified bootstrap methods which imitate only the dependence from a fixed
number of lagged variables are asymptotically valid, we prove first an even more rigor-
ous result: We show that, in our nonparametric context, the dependence between the
observations can be completely neglected. This is formalized in terms of a strong ap-
proximation of statistics connected with nonparametric estimators by corresponding
statistics in a regression model. More exactly, the random variables of both models
are paired in such a way that the error of approximation is of smaller order than
the stochastic fluctuations of the statistic of interest. This means in principle that
the dependence of the data generating process can be completely neglected when one
intends to devise valid bootstrap methods.

An appropriate candidate for a model that is asymptotically equivalent to the process
{X;} concerning nonparametric inference on m is the nonparametric regression model

(2.2) Zy = m(xa, ..., %) + N

where (#41,...,2w) = (Xi—g, ..., Xt—y,) corresponds to a fixed realization of {X;}.
The errors 7, are assumed to be independent with FEn, = 0 and En? = E((X, —
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m(x, .y 2w)? | Xeey, = 2,00, Xim, = 2) . Model (2.2) is an analogue to
bootstrap methods that do not mimic the randomness in the lagged variables as
for example the wild bootstrap. This method was investigated in the context of
nonparametric autoregressive processes by Franke, Kreiss and Mammen (1996) and
Neumann and Kreiss (1997). Another natural counterpart to {X;} is a nonparametric
regression model with random design,

(23) Zt — m(i/ﬂ7"' 71/2551) + Ui

where (Yi1,. .., Yiq) are i.i.d. with the same marginal distribution as (X;—;,, ..., Xi—y,)
and 1n; as above. For definiteness of our presentation, we will stick to model (2.3) in
the following.

In the present paper we focus on the joint distribution of nonparametric estimators or
similar statistics. A usual kernel estimator of Nadaraya-Watson type, with a product
kernel, has the form

(2.4)
Tl gy = 2o = X)) K((@a = Xety) [ha) Xo
1y kg ) ) > [(((1'1 —Xt_ll)/hl)...[(((xd_Xt_ld)/hd)

The bandwidths hq,...,hy may take different values, preferably in accordance
with the smoothness properties of the function m in the respective coordinates. One
may indeed expect that different degrees of smoothness in different coordinates are
present: Since the dependence on higher lags is decaying, one might suppose that m
shows less variability in coordinates corresponding to such high lags.

To reduce the burden of multiple indices, we use the following shorthands: A =

(hlv"' 7hd) ; L = (1’1,... 7xd) ’ Xt = (Xt—hv"' 7Xt—ld) ) Zt = (1/1517"' 71/1551) and

w(z,y) = K((x1 —y1)/h1) - K(xd — yq)/ha) . The deviation of my(x) from the
conditional mean m(z) can be decomposed into a stochastic term,

(25) (ZMQLQ_ngLm&—ML»

t t

and a bias-type term,

(2.6) (ZM&&OAEML&WMJ-—W@)

t

(We call the latter expression “bias-type term” rather than “bias-term” since it is
only asymptotically nonstochastic.)

It can be seen that the bias-type term is rather close to the corresponding term for the
regression model. The more difficult part in proving asymptotic equivalence concerns
the stochastic term. Since the denominator in (2.5) converges to its expectation with
a sufficiently fast rate, we focus on the numerator in the following. We will show that
this term can be approximated by its analogue in the regression model (2.3),

(2.7) (Zw@LQAZw@Lm.

t t
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To formalize such an approximation, we construct, on a sufficiently rich proba-
bility space, a pairing of the random vector (Xj_; ,...,X%) with another vector

(Y,,.... Y5 0, ..., n%) such that

d
D) (X X)) £ (X, X,
d

2) (lev 7Z/T77717"' 7773“) = (Klv"' 7ZT77717"' 777T)
and
3)  sup, g (I {u(e, X2)X] — m(X)] — w(z, Y} is small with high prob-

ability.
To facilitate notation, we do not distinguish between the original random variables
X, Y,,n: and their artificial counterparts X/, Y, n,. A first step toward an approxi-
mation as in 3) is an approximation of partial sums 3,y 7, [X: —m(X,)] on small

hypercubes [ by their respective counterparts 3 vy e, 7t -

The construction of the desired pairing of (X1_;,, ..., X7)and (Y, ... . Y7, m1,... ,07)
is based on a Skorokhod embedding of the random variables v, = I(X, € I;)[ X} —
m(X,)] as well as ¥y = [(Y, € Ix)n, in a common set of independent Wiener
processes Wj. A similar method was used in Neumann and Kreiss (1997) to prove
asymptotic equivalence of nonparametric estimators of the autoregression function
in a nonparametric autoregressive model and analogous estimators in a usual regres-
sion model. In this paper we develop an embedding scheme which deviates from
approaches that people would most probably first try in this context. Before we
describe this method in detail, we explain in the next subsection why the seemingly
most natural attempt fails.

2.1. Failure of a natural attempt. The ultimate goal of our construction of an
embedding of the X; in the Wiener processes is to obtain an (at least approximate)
representation

(2.8) Zy = Y [Xe—m(X,)] = Wi(r).

C tXel

In a similar manner, the Y, and n; from model (2.3) will be embedded in the same
Wiener processes, namely

(29) ZE == Z mh = WE(%E)

tzztelﬁ

Provided we can show that |7 — 73| is small compared to the magnitude of either
one of these stopping times, then most of the randomness of both partial sums is
driven by the same stretch of Wj. Hence, the difference between Z; and Z is small
as compared to the standard deviation of either one of these quantities.

It is quite natural to try to construct a representation of the X’s leading to (2.8)
by a successive embedding of [(X, € I;)[X; — m(X,)] in the Wiener processes. We
explain in this subsection why an embedding of the X; in their natural order fails. A
successful embedding in reverse time order will be described in the next subsection.
To simplify notation, we restrict our considerations in the next two subsections to
the case of one lagged variable with 4 = 1 . Assume for a moment that {X;} is a
Markov chain. Then the observations obey the model

Xy = m(Xizy) + &,
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where F(g; | Fi) =0, Fs = 0(Xo,..., Xs) . Define [, = [(k—1)g,kg) and
let Wy be independent Wiener processes. Now we can embed the &;’s successively
in the Wiener processes. Given Xy falls into Ij,, we can represent ¢, by Wy, with
the aid of a stopping time 7y, that is ¢, = Wy, (1) . 7 has to be chosen such that
LWy, (1)) = L(e1 | Xo) . Such a representation is called Skorokhod embedding;
cf. Hall and Heyde (1980, Appendix I). Since FE(e1 | Xo) = 0, the stopping time
71 has a certain number of finite moments, in dependence on the number of finite
moments of ;. The next steps can be defined recursively. Assume that ey,... 641
are already embedded. By the strong Markov property, the remaining parts of the
Wiener processes, {Wk(s + Zu:u<t,Xu_1EIk Tk) - Wk(zu:u<t,Xu_1EIk Tk),S Z 0} , are
again Wiener processes. Given X,_; falls into Ij,, then we embed &, in the remaining
part of Wy, , and so on. The same is done with the 7;’s which are embedded in the
same set of Wiener processes by means of stopping times 7. Finally, we obtain that

Zr = >, &= Wk(r(k)), where 7% = oo,

t: Xy 1 €I Xy €I

and

7 = Z n = Wk(?'(k)), where 7% = Z oy

Yy 1€l Yy 1€l

As it was shown in Neumann and Kreiss (1997), 70" and 7 are close to their
respective expectations and, moreover, these expectations coincide. Hence, most of
the randomness of Z; and Zj. is driven by the same stretch of Wy, which finally leads
to the closeness of 7, and 7.

Now it is tempting to generalize this idea to our case of a general, not necessarily
Markovian process. Since F(I(X;—1 € I;)[Xi—E(X: | Xi—1)] | Fio1) isin general not
equal to 0, one might decompose the vector v, = ([(Xi—1 € I)[Xe — F(X: | Xeo1)] )k
into sums of martingale differences, that is

(2.10)
vy = [E(ve | F) — E(ve | Fic)] + [Eve | Feor) — E(ve | Fica)] + -

This is a well-known standard approach to derive central limit theorems for dependent
random variables. In the case of only one interval I; we could indeed perform such an
embedding. However, in our multivariate context with more than one interval, we run
into serious problems with joint distributions. According to (2.10), at the transition
from Fi_y to Fi, we have to embed the vector FE(w; | F;) — E(w; | Fi—1) , where
w; = vy + Vg4 + ..., in the Wiener processes. The obstacle is that the components
of w; are dependent in a manner which is difficult to handle. For example, the
value of the “active” component of v; (which has the index k; where X;_q = Ij,)
determines which component of v;;1 will be active. A subsequent embedding of these
components, as proposed by Kiefer (1972) for vectors with a martingale structure,
is not possible since F(vi4q | Fio1,v:) is nonzero in general. Moreover, although
the conditional expectation FE(viyq | Fio1) is of negligible order, the conditional
expectation FE(viyq | Fio1,v:) is of a nonnegligible order of magnitude. In view of
these difficulties, we did not found an appropriate way to embed the vectors w; in
the Wiener processes Wj.
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2.2. Backward embedding. In order to present the essential ideas in an clear
as a possible manner, we restrict our considerations again to the one-dimensional
case. Moreover, we consider only a finite number of intervals I = [(k — 1)g, kg) ,
k=1,... Ky . In order to obtain a useful result, we let ¢ tend to 0, which leads to
Ky — oo as T — oo . The generalization to the general case requires only a few
technical modifications and is described in the proof of Theorem 2.1.

In contrast to the unsuccessful attempt of the previous subsection, it will turn out
that an embedding in reverse time order does lead to a useful approximation. Define
G: = o(Xy,..., X7) . At the transition from G; to G,_1, we have to represent the
vector vy = (vig)k=1,.. Ky by the Wiener processes Wi. Again, E(viy | Gi) is
not guaranteed to be 0. However, at least for a single k£, we can embed the mean-
corrected quantity v;r — E(veg | Gi) in Wy Under natural conditions concerning
the boundedness of conditional moments of v, ; under G, it turns out that

(2.11) > E(vi | G:) = Op(gVT),

which is negligible compared to the stochastic fluctuations of Z; =37, vy that are of
order Op(+/Tg). The simultaneous embedding of the whole vector will be described
below.

Here is just the point where the essential difference to our attempt of a forward
embedding becomes visible: When we embed the vector v; at the transition from G,
to G;_1, we have correction terms of order Op(g) for all components. These correction
terms have an unconditional mean 0 and are weakly dependent, which leads to a
total sum of order Op(g\/T). In contrast, at the transition from F,_; to F;, the
vector v; has only one nonzero component, v x,, where k; is defined by X,y € I}, .
Accordingly, we need only a single correction term, now of order Op(1), for the k;-th
component of v;. Although these correction terms are again weakly dependent with
unconditional mean 0, they sum up to >, F(ve s | Fio1) = Op(v/Tg) , which is no
longer negligible.

With our backward embedding we are in a situation similar to density estimation from
weakly dependent data. Besides the additional random factor [X; — E(X; | X;—1)],
we have to determine the position of X,_;. The above discussion sheds also some new
light on a result of Neumann (1996) for the case of density estimation, where also
a uniform version of the whitening by windowing principle was derived. There the
link to the independent case was established via an embedding of the observations
both from the time series model and from the i.i.d. model in a common Poisson
process, which led to the even stronger result that the unordered sets of observations
from both sets were almost identical. The perhaps more elegant application of such
a Poisson embedding is not possible here since we have to deal with the additional
factors [X: — F(X: | Xi—1)] .

Now we describe how the whole vector v; can be embedded in the Wiener processes
Wy, E=1,... Ky . So far there does not exist an appropriate generalization of
the Skorokhod embedding to random vectors with an arbitrary joint distribution.
However, Kiefer (1972) developed such an embedding in the special case that the
components of the vector form a martingale. We will use this idea as a starting
point for the construction of an approximation of v; by the Wiener processes Wj.
Remember that we are finally interested in a close connection of 7y = >, [(X;—1 €
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I)[X: — m(Xeq)] and Zp = 3, 1(Y; € Ix)n: . Conditioned on G, the vector vy
does not have a martingale structure. However, we can appropriately generalize our
mean-correction and obtain finally a sufficiently close approximation by a vector that
can indeed be embedded.

Suppose that we have already defined X;,..., X7 . Now we have to determine X;_4
which will be attained by an embedding of v; in the Wj’s. We begin with the first
component v, ;. As described above, we represent instead of v,; the mean-corrected

(t)

quantity vi1 — E(ve1 | Gi) by means of an appropriate stopping time 7 as
v — FE(viq | Gy) = Wi (Tl(t) + TI(H_I) +...+ TI(T)) — W (TI(H_I) +...+ TI(T)) :

Suppose now that wvq,...,v,-1 have been defined with the aid of Wy,... ,Wi_y ,
respectively. If X,y & [y U...U [;_y , then we proceed with our embedding and
represent the mean-corrected quantity

v — Eogr | G, Xeisn ¢ LU U Ty)

with the aid of a stopping time T,gt) as

W, (T,gt) + T,SH_I) + ...+ T,gT)) — W, (T,gt—l_l) + ...+ T,gT)) .

If X;y € LU...UIl_q,then we set v, equal to zero, that is we set T,gt) =0 . This
can be done for all k=1,..., Ky .

After performing this procedure for all ¢ down to 1, we hope to get finally a significant
approximation of Z; = 3, v, by Wk(Tél) + ...+ T,iT)). The mean-corrected terms
satisfy

E(vgp |G, Xeon ¢ LU= U L)

E(Ut,k | gt)
PX;1 ¢ hU---Ulq | Gy)
(2.12) = 0(g¢/P(Xe ¢ LU---UL_1|G)).

Since v, has an unconditional mean 0 one might expect that the sum of these terms
satisfies

(2.13) S E(ig| G Xia ¢ LU---UIL ) = Op(gVT).

This would be indeed enough, since the stochastic fluctuations of }, v, s are of order
Op(\/Tg). However, the right-hand side of (2.12) deteriorates as k& — K7, since
then P(Xy—1 ¢ L1 U---U 1 | Gi) becomes small. In order to keep all these
mean-correction terms uniformly small, we use a simple modification: We introduce
an additional bin, [ ,41, and generate X;_; according to the law P’, where

P/(Xt_l € A) - P(Xt_l € A | gt)/Q

and P'(X;—1 € Ix,41) = 1/2. Now it happens with a probability of 1/2 that X;_4
does not fall into one of the intervals Iy,... Ik, . In this case we just repeat the
whole procedure once more, and so on. In a similar manner to the description above,
we compose T,gt) perhaps from more than one stopping times, say T,Sl), o ,T]Szt ,
where 7, is the number of trials needed to hit [ U--- U Ix, . The number of

these loops has a geometric distribution with parameter 1/2. We have, as above,



10

vy = Wk(r,gt) +.. .—I—T,gT)) — Wk(T,gtH) +.. .—I—T,gT)) + Op(g) . With this modification,
we are able to show in the proof of Theorem 2.1 that (2.13) is indeed true up some
logarithmic factor.

The random variables from the regression model (2.3) can be connected with the
Wiener processes Wy, in an analogous manner, which leads to the desired strong
approximation of the partial sums. As a result of this construction, we obtain 7, =

S vk = Wilmi) + Op(gvVT) and Zy = S U = Wi(Te) , where 7, = Zrlgt) and

Fo=3 ~(t)
Now it is easy to find an appropriate generalization to the case of more than one
lags [1,...,l; as well as to the case of an infinite number of intervals I. The

corresponding modifications are described in the proof of Theorem 2.1.

Before we formalize this result by a theorem, we introduce two more assumptions.
Remember that (2.11) requires some condition on the conditional distribution of v,
under G;. Let px, ¢ be the conditional density of X; given the event (G. Moreover,
remember that X, = (X, ..., Xi—y,) . We will assume

(A2) (i) sup;supgeg, sup,{px,_,ja(v)} < C,
(i) VM < oo 3 Cy < oo such that

E(X, —m(X,))Y < Cu,

(iii)  sup, {[E(Xe [ Xioy = 0,00, Xemyy, = wacn) — B(X, | X, =2)|} < C.
(A3) K is Lipschitz and compactly supported.

In order to derive rates for our approximation rather than only consistency, but also
for deriving uniform results from pointwise approximations, we will frequently use
the fact that some remainder terms are smaller than certain bounds with a high
probability. For notational convenience, we introduce the following notation:

Definition 2.1. Let {Z7} be a sequence of random variables and let {ay} and
{Br} be sequences of positive reals. We write

Zr = G(OéTﬁT)a
if
(2.14) P(|1Zr] > Car) < Chy
holds for T'> 1 and some C < co.

This definition is obviously stronger than the usual Op and it is well suited for our
particular purpose of constructing confidence bands and critical values for tests; see
the applications in Subsection 3.2.

Whenever we claim that O holds uniformly over a certain set, we mean that (2.14) is
true for a unique constant C'. Moreover, we use the letter C' to denote any constants
whose exact value is not important, and which may attain different values at different
places. Here and in the following we make the convention that ¢ denotes a positive
but arbitrarily small, and A an arbitrarily large constant.
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Theorem 2.1. Suppose that (A1) to (A3) are fulfilled. Furthermore, we assume
that (Thy---hg)™t = O(T~%) . On an appropriate probability space, there exists a
pairing of the random variables from (2.1) with those from (2.3) such that

sup{ } :6(,/Th1..-hd [\/delogT—l—T_‘s],T_A).
zcR*

> w(z, X)X —m(X)] = > w(z, Y,

t t

Under quite natural assumptions on the bandwidth hy, Theorem 2.1 provides a sig-
nificant approximation: If

(2.15) ha = o((log T)™%),

then the error of approximation is below the level of pointwise fluctuations of 3 w(ax, X,)[X;—

m(X;)] . Moreover, if
(2.16) hq = o((logT)™?),

then the error of approximation is below the level of fluctuations of supxeRdﬂ Yw(x, X,)[Xi—
m (X))}

There are some interesting implications from this approximation. First, on a more ab-
stract level, it formalizes in some sense that nonparametric inference from weakly de-
pendent data is asymptotically equivalent to nonparametric inference from i.i.d. data.
For example, with some additional considerations, we immediately obtain the equiv-
alence of risks of nonparametric estimators in both models. Second, it means that
we can neglect the dependence beyond those within the blocks of observations of
length m when we intend to devise bootstrap methods for nonparametric statistics
that depend only on a m-dimensional joint distribution. In particular, this delivers
a justification for model-based bootstrap schemes which usually capture only some
part of the dependence mechanism. To prevent possible misunderstandings, we do
not propagate to neglect uncritically the whole dependence structure. Sometimes it
needs quite large sample sizes to make this effect really significant. Therefore, it is
certainly important to spend some efforts to capture the dependence structure as
good as possible.

3. FINITE ORDER MARKOV CHAIN BOOTSTRAP FOR GENERAL STATIONARY
PROCESSES

It is quite a popular practice to use semiparametric models in time series analysis.
Such models can provide useful approximations to perhaps more complex processes
if the dependence between the observations is rapidly decaying. Especially for mod-
erate sample sizes, the application of such finite-dimensional models is a reasonable
compromise between the two requirements of imitating the true dependence struc-
ture as good as possible and of avoiding the curse of dimensionality by too complex
models.

On the other hand, with semiparametric models such as nonparametric autoregres-
sive models or Markov chains of fixed order, a rather strong structural assumption on
the dependence mechanism is imposed, whereas the distribution of the innovations
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or the transition probabilities are modeled nonparametrically. Since it is rather un-
likely in practical applications that the true data generating process actually obeys a
(finite-dimensional) semiparametric model exactly, it is of considerable interest what
happens with the validity of corresponding bootstrap methods. According to the
uniform version of the whitening by windowing principle derived in the previous sec-
tion, there is some hope that certain model-based bootstrap methods which capture
only some part of the whole dependence mechanism remain valid for certain purposes
in nonparametric statistics. In what follows we analyze a finite-order Markov chain
bootstrap in the context of a general stationary process.

There is already an extensive literature on bootstrap methods for Markov chains.
Kulperger and Prakasa Rao (1989) and Basawa, Green, McCormick and Taylor (1990)
devised methods for finite state Markov chains. Athreya and Fuh (1992a, 1992b) con-
sidered the countable case. Furthermore, Rajarshi (1990) proposed a valid bootstrap
for the case of a general state space based on nonparametric kernel estimators of
the transition probabilities while Lall and Sharma (1996) and Paparoditis and Politis
(1997) discussed a Markov chain bootstrap without explicit nonparametric estimation
of the transition probabilities. Within this list of methods, the “nearest neighbors”
to our proposal below are the methods of Lall and Sharma (1996) and Paparoditis
and Politis (1997). However, whereas all of the above Markov chain bootstrap meth-
ods are derived under the assumption that the data generating process has indeed a
Markovian structure, we do not impose any kind of structural assumptions and show
the validity of our Markov chain bootstrap in this more general context.

Now we describe our bootstrap proposal in detail. Denote by m(,, . ) the stationary
distribution of (X;_s,, ..., X5, ). Notice that the approximation of the distribution
of my(z) requires at least a consistent reproduction of T(0,01,...,1q)- Hence, we have to
generate a Markov chain of order at least {; which is based on reasonable estimates of
the transition probabilities with respect to the lags [i,...,l; . Moreover, as can be
seen from the proof of Proposition 3.3, the consistency of the stationary distribution
requires that the Markov chain is based on lags that are consecutive multiples of a
certain natural number.

According to this discussion, we take lags rq,... ,7ra such that

(3.1) ri=ary, 1=1,..., A,

and

(32) {llv"' 7ld} g {rlv"' 7TA}‘

We denote the vectors of lagged variables (X, , X¢_,,,... , X;—,,) and (X7, , X7 ..., X7, )
by X; and X7, respectively. Moreover, we use the symbols & = (z1,...,2a) and § =

(Y1,--- ,ya) . Toinitialize the recursive scheme, we draw (X7_, X7 ... X7 ),

(X5 s X s X ) ey (X7, X 5o, XG)  independently, ac-

*
(TA,... 77’1) °

Let D(.,.) : R® x R® — [0,00) be any distance function. Further, let Ny be
chosen such that Nr — oo and Np/T — 0. Given X7, ,... , X |, we draw X7

with respective probabilities of 1/Np from the set
(X, N2/ T) = {X,|D(X5,X,) < er},

cording to their stationary distribution =
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where c¢r = ep(X7) is chosen such that {...} contains exactly Ny elements. This set
is the empirical counterpart to U(%, Np/T'), where U(Z, N¢/T) =1y | D(Z,y) < er}
and ¢y is chosen such that P(X, € U(Z,er)) = Np/T . Although other choices of D

are possible as well, we restrict our considerations to the case of
D(x,y) = max {lzi —uil/[i} .

where fi,..., fa are certain bandwidths and Ny = [T fi--- fa] -

Such a nearest neighbor bootstrap has already been considered on a heuristical level
by Lall and Sharma (1996). Paparoditis and Politis (1997) proposed a similar version
of a Markov chain bootstrap where the transition probabilities are determined by
kernel weights. The nearest neighbor approach is an alternative, which circumvents
the risk that conditional distributions deteriorate to one-point measures in regions
of sparse data. A related idea of a local bootstrap has been used by Shi (1991),
Rutherford and Yakowitz (1991) and Falk and Reiss (1992) in the regression context,
in order to deal with conditional heteroscedasticity. Moreover, Paparoditis and Politis
(1996) implemented such an idea in the frequency domain, for bootstrapping the
periodogram.

3.1. Some important properties of the bootstrap process. In the follow-
ing we intend to show some important properties of the bootstrap process {X;}.
First we prove the consistency of the transition probabilities with respect to the
lags r1,...,7a . Then we intend to derive an appropriate mixing property for the
bootstrap process. Such properties are important for the wide applicability of par-
ticular bootstrap methods, and have been the subject of recent research; see, for
example, Rajarshi (1990) and Paparoditis and Politis (1997) for Markov chain boot-
strap, Bickel and Biithlmann (1995) for a sieve bootstrap for linear processes, and
Franke, Kreiss, Mammen and Neumann (1997) for a nonparametric autoregressive

bootstrap. Finally, we show the consistency of the stationary distribution Tt raee ra)
for T (11,20 7a) > which implies the consistency of 7T(*117l27m7ld) for Tl ) -

Before we turn to an assertion about the consistency of the transition probabilities,
we first state a useful lemma about the empirical process indexed by hyperrectangles
of an m-dimensional stationary process.

Lemma 3.1. Suppose that the m-dimensional random vectors (Zi)i=1,. 17 form a
stationary, exponentially F-mizing process. Denote by C,, the set of all hyperrect-
angles in R™. Then

[#{t| Z e O} — TP(Z € C)

i (osélc% { JTP(Z € C)log T + (1ogT)2} g CA) = o)

The important fact is that the supremum is inside the probability, that is with a
probability exceeding 1 —O(T~") the deviations of #{¢ | Z; € C'} from TP(Z, € C)
can be simultaneously bounded by the above bounds.

In what follows we also assume
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(A4) sup;supqdﬂP(Xt € e,d] | Xy =7)|} < CP(X; € [e,d]).

Proposition 3.1. Suppose that (A1) and (A4) are fulfilled. Then

sup sup

7 c<d

JP(X, € [e.d]) log T//N7 + (log T')?/Ny

To keep the technicalities as simple as possible, we impose for the original process
the following conditions:

(A5) There exists some interval [¢, d] such that the joint density of X;_, ,... Xi_,,
fulfills

PXory o Xerp (T) > C > 0 forall € [c,d]”.
Moreover, there exists a constant n > 0 such that for all #,7 € R®

d
(3.3) | (pxgs@) A pxpslo)) da =
holds.

In order to have a property similar to (3.3) for the bootstrap process, we impose the
following condition on the bandwidths f;:

(A6) T fi - famin{f;}/(logT)* — oo.

It will be shown in the proof of the next proposition that the bootstrap process
satisfies

{W%WGFMIEZ%%—HME%MIKEU@NMHM}ZGOTJ)

sup s%p{‘P (X7irar X ) € B A) = P((Xfsseo s Xiparar) € B A3)|}

A1 7A2€U(Xt*_17...)

/

where 1’ > 0, for an appropriate set of events (Xi_;,...,X7) € Qr with
P(Q5) = O(T~") . This will imply uniform mixing (¢-mixing) for the bootstrap
process.

The ¢-mixing coefficients of a process 7y, Z;,... are defined as
¢(n) = sup sup {[P(V) = P(V U]}
t U€o(Zy,...,2Z¢), P(U)>0
Veo(Zign,---)

The next proposition states the announced mixing property of the bootstrap process,
which in particular implies absolute regularity.

Proposition 3.2. Suppose that (A1) and (A}) to (A6) are fulfilled. Then there
exists a constant p < 1 such that the ¢-mizing coefficients of the bootstrap process
satisfy

o(n) < Cp™  for all n,

§1—77/7
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provided (X,_y,,...,X1) € Qr for some appropriate set Qr with P(5) = O(T~) .

Proposition 3.1 provides information about the size of the fluctuations of P*( X} €
[c,d] | X7 =T) about a smoothed version of the original transition probabilities. To
get significant results for the smoothing bias, we have to impose certain conditions
on the smoothness of the transition probabilities as functions in the lagged variables.
The necessary strength of such conditions depends on the size of the neighborhoods
U(Z,Nr/T). If, for example, the density of X; is bounded away from 0 on a set K,
then

sup {diam(U(F, N¢/T))} = O (max{ fi}).

ek !

Hence, we obtain under Lipschitz continuity of the transition densities in the lagged
variables that

(3.4)
sup {[P(X, € [erd] | Ko = ) = P(X, € [e,d] | Ko U(, N/ T} = O ((d—c) m;ax{fi}).

Rajarshi (1990) states the consistency of the estimated transition probabilities just
under the condition that the stationary density of X, is bounded away from zero on
a certain set K. Without this somewhat restrictive condition, one may develop an
analogous asymptotics on growing sets K7, where the stationary density is supposed

to fulfill
inf {pXt 71 e Xt rA )} > 17"

l’EIXT

see Remark 2.1 in Rajarshi (1990) and Remark 2.4 in Paparoditis and Politis (1997).
In order to avoid some nasty technicalities, we adapt the smoothness condition for
the transition probabilities directly to the size of U(%, Ny /T'). For the sake of further
simplification, we focus on the special case of f; = ... = fa . We will assume

(AT)
sup scuc]lg){|P(Xt €le,d | Xe=73) — P(Xy € [e,d] | Xy eU(T,p))|} < CP(X; € e, d])pl/A.

Notice that the exponent 1/A on the right-hand side reflects the fact that U(z, p) is
a hypercube rather than merely a hyperrectangle.

Proposition 3.3. Suppose that (A1) and (A4) to (A7) are fulfilled. Then

‘W(m,...,m)([ahbl] X oo x fan,bal) = Tl a )([alvbl] X X [aAvbA])‘

= 0 ([(N STV 4 (log T/ Ne) ) TTIP(X: € [as, b)) + (log T)? /Ny

+Z [\/—logT loZgVTT)Q] I1 lP(Xt € [aj, b)) + %D

J#
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holds uniformly in (X1_y,,... ,X1) € Qr for some appropriate set Qp with P(Q%) =
o(T=) .

The proof of this proposition runs as follows. First, we consider a Markov chain of
order ra, { X/}, with transition probabilities

P(X] € AL(X] 0 . X[) € B) = Torsa)(AX B) /7 an)(B).

It is easy to see that the stationary distribution of (Xy_.,... ., Xi—1,), Ty ra)s
is equal to the stationary distribution of (X] o X To prove the close-

t—r19 —TA)'

ness of 7, .. ) tO 7T(*T17...7TA), we start both chains with the same random sequence

according to the stationary distribution of (X7{,...,X] ). Then we study the “de-
coupling” of the two Markov chains {X/} and {X7}: Since (X;_. ,..., X}

t—TA)
reaches its own stationary distribution with an exponential rate, the distribution of
(X} Xy _, ) is sufficiently close to T, ra) fOT sOme to < logT" . On the

to—r12 "t Y o—TA STA)

other hand, since by Proposition 3.1 the transition probabilities of { X} and { X} are

quite similar, we can find a pairing of both chains such that P((X{ _, ,...,X{ _, )
(X5 _pseeo s X)) is still small. This gives finally the desired upper bound for
the difference between (., . .,y and 7T(*T17...7TA).

3.2. Application to nonparametric supremum-type tests. Theorem 2.1 and
Propositions 3.1 to 3.3 imply that the Markov chain bootstrap consistently estimates
the pointwise distribution as well as those of supremum-type functionals of nonpara-
metric estimators of the conditional mean function. Whereas the pointwise case can
be tackled in a straightforward manner, one may develop theory for simultaneous con-
fidence bands and supremum-type tests analogously to Neumann and Kreiss (1997)

and Neumann (1996).
We allow a composite hypothesis, that is

Hoi mEM,

where the only requirement is that the function class M allows a faster rate of con-
vergence than the nonparametric model. We will assume that

(A8) There exists an estimator i of m such that

(3.5)

Zw(L X,) {ﬁ(it) — m(it)}‘} = op (W(log T)—1/2) 7

t=1

sup {
ceR*
where, as in Section 2, w(z,y) = K((#1 —y1)/h1) - K((x4 — ya)/ha) -
A sufficient condition for (A8) is obviously that m itself converges in the supremum
norm to m with a faster rate than (Thy ---hq)~"/?(log T)~/%, which can be expected

to hold in certain parametric models, M = {my | § € ©}. For the particular purpose
of testing, there is no reason to use an explicit nonparametric estimator of m. Rather,
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one may choose the test statistic under the aspect of convenience, for example,

> e, X [ - 0]

t=1

(3.6) Wr = sup {
zcR*

This roughly corresponds to a contrast function which weights the difference between
m and M with a factor proportional to the stationary density m, .. 1,-
Let t, be the (1 — a)-quantile of the (random) distribution of

> w(z, X7) [X7 — B(XT IXI)]‘}-

t=1

Wr = sup {
zcR*

Suppose now that (Al) to (A7) are fulfilled. It can be shown that, for arbitrary
me M,

Po(Wr > t,) =1 —a + ofl).

The Markov chain bootstrap can also be used for the construction of simultaneous
confidence bands. There are several options to deal with the usual bias problem. To
get an asymptotically bias-free situation like under the null hypothesis in testing, one
may establish a confidence band for a smoothed version of m, Y w(z, X,)m(X,)/ X w(z, X,) .
To get confidence bands directly for m, one may use an undersmoothed estimator
for m or apply a subsequent explicit bias correction. A more detailed discussion of
these issues can be found, for example, in Neumann and Kreiss (1997) and Neumann

(1996).
APPENDIX

Proof of Theorem 2.1. First we describe the necessary modifications of the con-
struction explained in Subsection 2.2. Then we turn to the analytical part of the
proof and develop estimates for the error terms that occur in our construction.

(i) Modifications of the construction

In order to avoid problems with an infinite number of hyperrectangles I, we focus
our primary attention to points x from the set

(A.1) Xo = {z|P(X, € supp(w(z,.))) > T7'}.

It is easy to see that A} can be covered by a finite number of hyperrectangles, {I} |
k= ky,...,k.,} with ¢y = O(T") for some constant x. The indices of the
remaining intervals are combined to disjoint sets Ky,..., K4, such that

We set
(A.2) (... Ix,) = (]Eﬂ"' JﬁcT? U Liyooo, U Iy).
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Another modification concerns the time point at which an appropriate approximation
to vy = ([(X; € L)Xy — m(XY)],... . [(X, € Ik)[ Xt — m(X,)]) is embedded in
(Wi)k=1... i - This is just done when the most lagged variable defining v, X;_;,, has
to be determined, that is with the transition from G;_; 41 to G;_;,. According to the
description in Subsection 2.2, we embed v — E(vig | Gioigr, Xty € [H1U. . UTq)
in the remaining part of Wy. This has to be done for the first time at the transition

from Gr_i,+1 to Gr_;,. Before that we generate (Xgy_;,41,...,X7) according to the
[4-dimensional stationary distribution. Again as in Subsection 2.2, we introduce an
additional bin Ix,4; and generate X;_; |, X7 5,... with

p (X'T_zd,i €A gT—ld+1) = P (X7, € Al Groiy1) /2,

and P(X’ir—ld,z’ € Igpp1) = 1/2 0 If Xr_y,q fallsinto [ U ... U Ik, , then we
set X, = X7_,,, - Otherwise we repeat this procedure until X7, . € [} U
... U Ig, 1is achieved. Then we apply the same method to embed successively
XT—ld—h e 7X1—ld .

Let r; be the number of trials needed to get the event X;_;,; € 1 U...U Ik, . Then
X, =
X/

t—lg,0"

1,0, and T,gt) =3 T]SZ») , where T]SZ») is the stopping time connected with

(ii) Embedding of the (Y, ,n:)

In principle, this embedding could be performed in the same manner as above. How-
ever, since the vectors (Y,,n:) are independent, we can proceed in a much simpler

way. Assume that (Y,,m1),...,(Y,_q,m-1) are already embedded. Given Y, falls
into Iy, then we represent n; by the remaining part of Wy,, {Wi,(s4+ X<t ?,5?)) —
Wi, (Cuu<i—1 ?,5?)),5 > 0} , with the aid of a stopping time ?,gf). If Y, &I, we set

?,gt) = 0. As a result, we get Zp = Wi(7i) , where 7, = Zﬁ?) .
(iii) Difference of T and Ty

Our estimate of the difference between Z; and Z; will be based on upper estimates
of the difference between 7, and 7.

Remember that we have to generate successively independent copies of X, , say
', ., until the first of these copies falls into the target set [; U...U [x.. . Let
13 ldﬂ? p g T

Gi1=0; and G;; = o (Xt, vy X, X g, ,X{_Li_l) . Then

vk =2 B (i | Gimtgrnd) = We (17 + 7 4 4 70 =W (7Y 4+ D).

=1
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Since the event {w | r > i} is G;_y 41 ,-measurable, we obtain

Er) = iE {E ([(rt > i)TISi) | gt—’d“’i)}
=1

= Y B[tz 0B (7 | )]
=1

= 22_(i_1)E (T;itl) | gt—ld-l—l)
=1
= 2LF (nﬁ? | gt—ld+1)

2
= 2LF ({[Xt - m(it)]](Xt—h S [k1) T [(Xt—ld—1 S [kd—1)[(Xz{—ld,1 S ]kd)} ‘gt_ld+1)

2
— 2K {E ([Xt - m(it)][(Xt—h S Lﬂ) T [(Xt—ld—1 S [kd—1)[(Xz{—ld,1 S [kd) gt—ld-l-l)}
— Evik - 2Rt7k.
(A.3)
Furthermore, we have

2

Rt,k = F {](Xt—h S [k1) T [(Xt—ld—1 S [kd—l)E ([Xt - m(it)][(Xz{—ld S [kd) gt—ld-l-l)}

2

= El(Xey, € Iy) - 1(Xemy, € Ly y) {E ([Xt —m(X)H(X{_y, € I,) gt—ld+1)}

S 2E {[(Xt—ll E [kl) Tt [(Xt—ld_l E [kd_l)[Xt - E(Xt | Xt_ll? c 7Xt_ld—1)]2><
< [P(X{_y, € I, | gt—ld+1)]2}
+28{1( X, € Iy) -+ I(Xomi,, € I, ) %

< B (B ] Xy Xeagl,) = m(X)I(X], € 1) | .at_lda)}?}

= 0 (91 " 'gd—lg?l) .
(A.4)
Since
7 = Ev?,
is obviously fulfilled, we obtain from (A.3) and (A.4) that

(A.5) Er, — b7, = O (Tgl " '9d—19c21) :

To derive an upper estimate for the deviation of 7, from its mean, we intend to
use Bernstein’s inequality. The necessary reduction to sums of independent random
variables is achieved by a well-known blocking technique. We consider overlapping
blocks of indices,

*Z = {(l_l)pT_ld—l_lv 7iPT}7 Zzlv 7[(T_1)/pT+1]7

where pr = [Cylog T] . Now we split the sum over ¢ into sums of blocks with odd
numbers and sums of blocks with even numbers.
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Without loss of generality, we consider the blocks with odd numbers. By Proposition 2
in Doukhan, Massart and Rio (1995), we can successively replace the blocks {X;,1 €
J:}, 1 odd, by independent blocks { X[, t € J;}, i odd, with the property

(A.6)
P((X,t e Ti) # (Xt € T;) forany odd i <[(T—1)/pr +1]) = O(T™),

where the value of A may be chosen arbitrarily large, in dependence on C'y.

After this reduction to the independent case, we will obtain the assertion from Bern-
stein’s inequality, which we quote for reader’s convenience from Shorack and Wellner
(1986, p. 855):

Let Uj,...,U, be independent random variables with EU; = 0 and |U;| < K,

almost surely. Then, for U =3 U, ,

/2
PU>¢) = exp (_var(U) n (Knc)/i’))

< c? 4 ( 3c )
exp | ———— exp [ —
- P 4dvar(U) P 4K,

holds for arbitrary ¢ > 0.
Setting

er = yJvar(U)y/4A log(n) + (4/3)K,Alog(n)
we get
P(|U] > ¢y) < 4exp(—Alog(n)).

In other words, we have that

(A7) U=0 <\/Var(U)\/log(n) + K, log(n),n_A) :

Instead of (T,gt)

— ET]?)) we consider the truncated random variables
pre = (10 = BRI = Bl < T,

Since all moments of (T,gt) — ET]?)) are bounded, it follows from Markov’s inequality
that
(A8) P (s # () = 7)) = O(T7),

Moreover, we have

var (Z Mt,k) < pr Z Var(ﬂt,k)

teJ; teJ;

(A.9) < pr B — Ef")? = O(pkg - qu).
teJ;

We obtain from (A.7) to (A.9)

(A.10)
S Y= B = 0 (Vo grlog T + 1°,77),

1 odd t€J;
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and, analogously,

(A.11)
S Y= B = 0 (g grlog T + 70,17,

i even t€J;

Again by (A.7) and (A.8), we get

A12)  YEY - EFRY) =0 <\/T91 g flog T + Té,T—A).

t

(iv) Conclusion for the difference of the weighted sums

Let 2 € Ay . Recall that, according to (A.2), supp(w(z,.)) C UL, I . Define wy =
|1k~ f; w(z, y)dy . We consider the following decomposition of the approximation
erToT:

> w(z, X)X —m(X)] = > w(z, Y,

t t

= > > {wlz, X)) — wi(a) X — m(X,)]

+ Zk:wk(i) { .XZI [Xi — m(&)]} — Wi(7)

+ Zwk HAWi(re) = Wi(E7e)}
(A.13) + Zwk JAWK(ETy) — Wi(E7)}
+ Zwk JAWE(E7x) — Wi(7e)}

_|_Z Z {wi(z) —w(z,Y,)

kLY €l

= Ti(z) + ... + Ts(x).

Since the kernel is Lipschitz continuous, we have ‘w(g, y) — w(z, g)‘ < CY |y —
zi|/hi , which implies, for fired z € Ay,

(A.14)
Ti(z) + Te(z) = O (m?X{gi/hi}\/Thl e hglogT + TS,T_A) )

Again for fixed z € Ay, we obtain, by making use of the blocking technique

Tz(&) = Zwk ZE Utk | G 14+1, 2)

=1

(A.15) -0 (,/Th1 hashalog T + T‘S,T‘A) .
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By Lemma 1.2.1 in Csorgé and Révész (1981, p. 29) we get, in conjunction with
(A.10) to (A.12),

Wi(m) = Wil Ere)| + [Wil(R) = WalER)| = O (g1 -+ ga) /M log T 4+ T°,77)
which yields that

(A.16)

sgp{|T3(1)| + |T5(z)]} = O (’;Zj

(Tgr-+-ga) log T + 1] ,T‘A) .

Finally, we obtain by (A.5), for fixed = € &y,

(A7) Tyz) = O <\/Th1 e hay/gilog T + Té,T—A) .

By proving (A.14), (A.15) and (A.17) on a sufficiently fine grid, we obtain that these
results remain true uniformly over x € A, . Moreover, we can choose the g; in such
a way that

sup {[Ti(2)] + ... + [Ts(2)]}

zE€Xy

_ h1---hd(Tg1---gd)1/4—l-T5 _A
= O(/Th,---} I hs Jha| log T, T
O( 1 dlmax{g/ b+ g (Thy- bl + 4| log
— 0 (,/Th1 hy [\/hdlogT + T‘5] ,T—A) .

(A.18)

Finally, since #{t | X, e K;} +#{t | Y, € K;} = O(log T, T~") , we get

(A.19)
sup {[3 wla, X)X = m(X))] = Y w(e, Y|} = 0(1°,77),
zeR\ X
which completes the proof. O
Proof of Lemma 3.1. (i) Reduction to the case of independent rv’s
To handle the dependence, we consider instead of the whole set of rv’s {Z1,..., Z7}

pr subsets, {Z;,,t € J;} , where T, ={i,pr+¢,2pr+14,... 0 {1,...,T}.
According to Proposition 2 in Doukhan et al. (1995), there exist sequences of inde-
pendent random vectors, {Z],t € J;} , such that

L(Z) = L(Z)

and

P(Z # 7, forany t € J;) = O(T‘A)
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if pr < CylogT and C) is appropriately chosen. Hence, we have with a probability
exceeding 1 — O(T~") that

#UZYOC) = TP(Z € C) € Y [#({Zut € TINC) = #TP(Z € O)

pT
(A-20) = Y I#{ZteTInC) - #TP(Z € O)
=1
is satisfied for all C €C,,
(ii) An upper bound for the fluctuations of the empirical process

Let Fj, be the cumulative distribution function of the kth component of Z;. We
consider the following hyperrectangles:

Lij = [F7 i T), PG T o< I i /T, B (i / T,

where 0 <ip < j, < T and F'(0) = —oco, F7'(1)=00. (W.lo.g., we prove the
assertion for the case that F'is continuous. The result in the general case follows by
simple modifications of the arguments.)

Since the number of the above hyperrectangles is of algebraic order, we obtain from

(A.7) that
(A.21)

.[ZIEIZ" — #TP(Z1 €1
P max |Zt€.7z ( 13 _71) # ( 1 _7l)| Z C//\ _ O(T—/\)
0<ix<sr <T \/#jZ»P(Zl € I;;)\/Tog T + log T

Let
1Y = (o0, 00)" ! x [F7N((i — 1)/T), F7'(i/T)] % (—o0, 00)™ ",
From (A.21) we obtain

(A.22)
! (k) > " _ —A
P (193%?%{%771 {tg I(Z, € I )} > (Y log T) O(T™).
Let now C' € C,, be arbitrary. Then there exist 21,... ,%,71,--. ,Jm such that

i, QCCLJU(U U[]k-l-l)‘

Hence, we obtain from (A.21) and (A.22) that
(A.23)
Ce€Cm VHTP(Z € C)logT + log T

which implies, in conjunction with (A.20), the assertion. O
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Proof of Proposition 3.1. We split up

P (X7 € e d] | X]=2) — P(X¢ €[e,d] [ Xy €U(T,Np/T))
= Np' [#{Xi € [e,d], X € U(3,Np/T)} — T P(X¢ € [e,d], Xy € U(F, N1/T))]

+ Nt [#{X0 € [e,d), X, € Un(&, Np/T)} — #{X, € [e,d), X, € U(F, Nr/T)}]

= Ri(T) + Ry(2).

(A.24)

We obtain from Lemma 3.1 and (A4) that

(A.25)

sup {|Ra(7)]} = 6( P(X, € [e,d])log T/ Ny + (logT)z/NT,T_A).

To bound Ry(T), we use the estimate
(A.26) |Ro(T)] < Np'#{t: (X, Xe) € Ar},
where Ar = (L?T(f, Np/TYAU(Z, Np/T))x[e,d] . Notice that Ag can be decomposed

into a bounded number of hyperrectangles, which will allow for the application of
Lemma 3.1.
According to Lemma 3.1, we obtain

#Ur(3, NoJT) = T P(Xe € )5 iz 3 wasm
= O (T P(Xi € S)lsegiy vy ymy log T + (log T2, T7)

which implies |/#Ur(%, Nr/T)— JT PX €S
therefore

(A.27)

| = 6(10g T,T77"), and

|s:ﬁT (N /T)

T P(X0€ 8)lyg g ry = Vo + O (Nrlog T + (log T)2,77)
Since either Ur (%, Np/T) CU(F, Nr/T) or U(F, Np/T) C Ur(F, Np/T) , we get

T P(X, € SAUGE Np/T)| g v yry = O (m log T + (log T)?,T—A)
and, by (Ad),
T P (X0 X) € (SAUGE NiJT)) < eod) s o)
-0 (P(Xt € [e.d))y/Nrlog T + (log T)?,T—A) .
Using again Lemma 3.1, we obtain

(A.28)
Bt (X X)) €A} = O (P(Xt € e, d)\/Nrlog T + (log T)?,T—A) .
The assertion follows now from (A.24), (A.26) and (A.28). O
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Proof of Proposition 3.2. Let {X/} and {X]'} be two Markov chains of order
r = ra with the same transition probabilities as {X;}. Furthermore, let zl'l =

(21,...,2,) and yl'l = (y;,...,y,) be arbitrary. We show that there exists a
pairing of { X/} with {X/'}, and a constant ¢’ > 0 such that

P ((Xz{-krv s 7Xz{-|—2r—1) = (Xz{il—rv s 7X1Z|—2r—1) ‘(Xz{—rv e 7X1{—1) = x[T]v (Xz{/—rv e 7Xz{/—1) = y[T])

(A.29) > ¢
According to Theorem 2.1.35 of losifescu and Theodorescu (1969, p. 93), this will

immediately imply the assertion of the proposition.

The pairing of the two versions of {X}}, {X]} and {X]'}, leading to (A.29) will be
constructed in two steps. First, we exploit (A5) and (A6) to get, with a prob-
ability bounded away from 0, an approrimate pairing of (X{,... , X/, ;) and
(X7, X0 ) . Given (X{,..., X[, ;) and (X[, ..., X/ ;) are suffi-
ciently close to each other, we obtain that LAIT((X{_l_T_Tl,... s Xivo_ o )s N2 /T) 0
LAIT((X{Q_T_H,... XU, _,. ), N7 /T)  contains at least N7/2 elements. This is the

basis for getting an ezact pairing of (X{,,,..., X/ 4. _¢) with (X7 ,... X/, ).
(i) Approximate pairing

The first step proceeds as follows. Let [ = K min;{f;} , where K will be specified

later. We divide the interval [¢,d] into subintervals [, = [e¢+ (I — 1)f,e+1f), [ =

1,2,.... Now we construct the paring of (X{,... ,X{ ;) with (X/,... X/ _)

recursively.

According to Proposition 3.1, there exists a set of events Qr with P(Q5) = O(T~)
such that, for (Xi_,,...,X7) € Qp,

Smin{P* (X7 € L | (X7 ... X7 y) =al),
]
P (X7 e L (X7, ..., X7 y) =)}
> Zmin{P (Xee | X, eU((xpyy... ,200), N2 /T)),
]
P(Xt S |Xt S u((yﬁv' .- 7yTA)7NT/T))}
1
(A30) — C? [ﬁlog T/\/NT + (log T)Q/NT

By (A5) and (A6), this can be further estimated by

Smin{ P (X7 € L | (X7, X)) =) P (X e L [(X7,. . X)) =)} = )2
{

if T' is sufficiently large. Hence, provided (Xi_;,,...,X7) € Qp , there exists a
pairing of X, with X/ such that

(A.31)

P(XLXI€led) and X[ = XU| < F(X0,0 Xy) = al (X, XT) =) = )2

-7
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Now we can pair (X{ ;, X{,), ... ,(X{;,_1, X{,_;) in the same manner such that
P (X£+szZ|-i € [¢,d] and |X£_|_Z» — X{fl_2| < f forall i=0,...,r— 1‘
(A32) (XL Xy =2Vl (X0 X =) = (2
(ii) Ezact pairing
Provided we chose K small enough, then there exists a set of events O/, with P(Q}) >
1 —O(T~") such that
(A.33) Ur(x, Np/T) N Ur(y, N¢oJT) > Nr/2

for all z,y € [c,d]* with |z; —y| < f . We suppose for the rest of this proof
that (Xi_i,,...,X7) € Qr N Q) . According to (A.33), there exists a pairing of

(X X g q) with (X7\ ..., X[\, ) such that
P((Xlyree s X ) = (X Xl )| XL XU € Lo d]
1 T
(A.34) and |X£_|_Z» — X{fl_2| < f forall i=0,...,r— 1) > (5) )

(A.32) and (A.34) imply the desired relation (A.29), which completes the proof. O

zﬂTl,...,’/’A)7
set {X7} in relation to another Markov chain of order ra, {X]} with transition

probabilities
(A.35)

Proof of Proposition 3.3. To prove the closeness of 7, . ,,) and 7 we

P(X{€ AL(X]_, ..., X[_,,) € B) = Topra)(A X B) [ 0a)(B).

We start both chains with the same random sequence, (X{_; ,..., X] ;)= (X]_ ...

being distributed according to the ra-dimensional stationary distribution of {X;}.
It is easy to see that (X{_,. ,...,X{ , ) has the same stationary distribution as
(Xieryyooo s Xieyy) - Whereas (X] X[, ) ™~ Ty, pay forall £, the Markov
chain { X} reaches its own stationary distribution T to a sufficiently good

t—r19 "
s TA)
approximation after O(log T') steps. Hence, the proof is reduced to a comparison of
T(ry,pa) With P((XFE . ..., X7 ) € .), for some #, < logT" . This comparison
is made by observing the “decoupling” of the Markov chains { X/} and {X}}. Since
their transition probabilities are quite similar, we can pair both chains in such a way
that P(X] # X; for any ¢t <tg—rq) issmall, which proves the assertion. In what
follows we describe this approach in detail.

As indicated above, we have

s e ([@8) = 7y ([@:0))]
< |P((XG s X € b)) = P (X5, X5 ) € [6,8])]

P (X X py) € 1@,8]) — 7y ([@8])]
= Ty + Ts.
(A.36)

Y

*
ra—lg

) b
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According to Theorem 2.1.35 of losifescu and Theodorescu (1969), we obtain from
Proposition 3.2 that

(A.37) T, < p = O(T™),
it 1o =[C)log 77 .

Now we turn to the decoupling approach leading to an estimate for 7). Let Ap =
(log T/\/NT)Z/3 and let I, = [F~'((k — 1)Arp), F7Y(kAr A 1)] . (It will turn out
below that this choice of Ay is optimal; see (A.41).)

(i) Pairing of X] and X} for t =ra —lg+1,... ;ra —la+ 11
Since X{_ . = X; . (i=1,...,A), we obtain by Proposition 3.1 and (A7) that
(A.38)
P (X, e l) = P(Xi e l)| =0 <\/A7T10g T NT,T‘A) + O (Ar(Ng/T)V).
Accordingly, we pair both Markov chains in such a way that
P(|F(X], i) = F(XS, i q)l > Ap forany i=1,....m)

(A.39) = 0 (%,T‘A) + O ((Nz/T)"4).

(ii) Pairing of X and X[ for t >ra —ls+rq

For t > ra —l;+ ry , the situation is slightly different to the previous case since we
can only guarantee that |F(X]_.)— F(X;_ )| <Az holds with a high probability.
Assume that |F(X]_, ) — F(X/_, )| < Ar is actually satisfied for 7 =1,... /A .
Then we obtain by Proposition 3.1 and (A7) that

‘P (Xfen X, ... X)) - P(X;eL|X; ... ,Xt*_m)‘
(Ad0) = O («/AT log T/ NT,T‘A) + 0(A2) + O (Ar(Ng/T)V2).
Hence, we can pair X] and X} in such a way that
P(|F(X])—F(X})] > Ar forany i=1,...,r)

(A.41) = 0 (%,T‘A) + O (A7) + O ((Ng/T)VA).

This construction will be successively applied for ra —lz+ 11 <t < tg —ry with
t # to—r; . Note that the sum of the first two terms on the right-hand side of (A.41)
is minimized by the above choice of Ay.

(iii) Pairing of Xj _. and X7 _. (1=1,...,A)

Ty
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Whereas we were so far concerned with such a pairing of X and X; that |F(X]) —
F(X7)| < Ar with an as large as possible probability, we focus now on the events
{w | X{,_,, € [a,bi]} and {w | X € lai,bi]} . Provided that [F(X;_, _. )—

to’/’

FXE o ) <Az (5=1,...,A), we can find a pairing of Xj _and X7 _  such
that
P (X, € lanb), X7, # lab] or X[ & [abi), Xi,, € [,
X;o —r;—r1?° " X;o T—TA7X25*0 —r;—r1?°°° Xt*o —Tri— TA)

(Ad2) = (,/ 10gT 10g T) T—A) + O([F (b)) — F(a;)]Ar)

and
P(|F(X£0T) F(X;_,) > Ar foranyizl,...,rl)
~ log T _A)
A.43 = O|—~=.T + O (A
A (e ()

are simultaneously fulfilled.
Moreover, we have by (A4)

(A.44)

P (X)L € lanb) | Xp s Xp ) = O(F(b) — Fla)
and
(A.45)

P (X5, € laib] | X X)) = O([F(bi)—F(ai)] N (10]gvTT) )

To complete the proof, we define the following events:

Qo = {w]||X|—X|>Ar forany ¢t <ito—r},
e 1 (Xfos 0 X)) € 2B}

Qo2 = {w]||X|—X|>Ar forany ¢t <ito—r},
ol (X5 Xo ) € e b))

Ny = {w]| X=X <Ar forall t <to—r},
e [ (X Xi ) € [0, 8]
n{w | X5, & lai b},

and
D = {w]| X=X <Ar forall t <to—r},
N{w | (X5 Xiy) € [0, ]}
n{w | X)_, &lab]}.
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Then, by (A.39), (A.41) and (A.43) to (A.45),

71 < PQo) + P(Qo2) + ZA:P(QA) + P(Qi2)

=1

= 0[N/ + (tog Ty N TTLPUX: € e b))+ (log T2/

+ 30 [VFBT— Pt + P T e € ) + L2

J#

O
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