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Abstract

A general model speci�cation test of a parametric model against a nonparametric

or semiparametric alternative is studied� The test statistic employs a �xed kernel�

not varying by a bandwidth� This test is proved to be consistent� the asymptotic

distribution is derived and shown to be approximated by a bootstrap procedure�
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� Introduction

Given is an i�i�d� random sample Z� � �Y�� X��� � � � � Zn � �Yn� Xn� from a
distribution D on IR � IRd� We want to test if the continuous regression
function ��x� 	� E
Y jX � x� belongs to a parametric family of known real
functions f�x� �� on IRd � � where � � IRp denotes the parameter space
and �Y�X� � D� Thus we consider the null hypothesis

H� 	 P
�
E
Y jX� � f�X� ���

�
� � for some �� � � � ���

and the corresponding general alternative

H� 	 P
�
E
Y jX� � f�X� ��

�
� � for all � � � � �
�

where P is some probability measure dominating the marginal distribution
DX of X�
Several authors have contributed to this kind of problem already� some of
them we will mention in the forthcoming� For further sources see the bibli�
ography� A common method is to compare a parametric �t under H� with
a nonparametric estimate of � �Eubank� Hart � LaRiccia� ������ Here a

�The research for this paper was carried out within Sonderforschungsbereich ��� at the University of
Potsdam and the Humboldt�University Berlin
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bandwidth h is involved which is assumed to tend to zero at a certain rate�
This assumption of a vanishing bandwidth is made in almost all of the lit�
erature concerning this test problem� see e�g� Fan � Li ������� H�ardle �
Mammen ������� H�ardle � Horowitz ������� Kozek ������� Stute � Man�
teiga ������ and Werwatz ������� But for applications always a bandwidth
has to be chosen and �xed for the further analysis� Also the convergence
to the �normal� limiting distribution is known to be very slow and usually
is bootstrapped using this chosen bandwidth �H�ardle � Mammen� ������
The aim of this paper is to study the asymptotic behavior of a large class
of these tests with a nonvanishing �xed bandwidth� The results are sim�
ilar to the test of Bierens ������� which follows an idea di�erent to the
above� Bierens� test is included in the class of tests considered here by a
special choice of a kernel function� The estimation of the critical values
by bootstrap methods is easier to justify and less numerically intensive for
the form the test statistic is presented here� Also the parametric estimator
is not restricted to be derived by least squares here�
Principally we want to base our test on

Tn � Tn��� Z�� � � � � Zn� 	�
�
n

X
��i�j�n

UiUjKij � ���

where

� Ui 	� u�Yi� Xi� ��� � Yi � f�Xi� ��� are the true errors under H��

� Kij 	� k�Xi� Xj� ��� is a positive de�nite �see assumption A�� sym�
metric kernel� possibly depending on ��

Since under H� a true parameter ��� denoting a solution of ���� is not
known� it has to be estimated from the data by ��� This leads to the actual
test statistic

�Tn � Tn���� Z�� � � � � Zn� 	�
�
n

X
��i�j�n

�Ui
�Uj

�Kij � ���

where �Ui 	� u�Yi� Xi� ��� � Yi � f�Xi� ��� are the parametrically estimated
errors and �Kij 	� k�Xi� Xj� ����

�



� Results

We introduce the following expressions	

v�x� 	� v�x� ��� 	�

Z
��IR

k�x� �� ���f
���� ��� dDX��� �

such that for i � �� � � � � n and X � DX we have the ��� p��vectors

v�Xi� ��� � EX 
k�Xi� X� ���f
��X� ���jXi� �

m denotes the �p� p��matrix

m 	� m���� 	�

�
E
�
k�X�� X�� ���
f

��X�� �����
f
��X�� �����

��
��������� �p

�

Now de�ne the functional

q�z�� z�� 	� q�y�� x�� y�� x�� ���

	� u�y�� x�� ���u�y�� x�� ��� �
�
k�x�� x�� ���� v�x�� ���w�x�� ���

� v�x�� ���w�x�� ��� � w�x�� ���
Tm����w�x�� ���

�
� ���

For sake of brevity� in the following we will drop indication of the depen�
dency on �� unless we want to stress it explicitly� For the assumptions
made in the following theorem see section ��

Theorem ���� Under H� and assumptions A� to A�

�Tn �
�
n

X
��i�j�n

q�Zi� Zj��
�
n

nX
i��

u�Zi�
�
v�Xi�w�Xi� �

�
�n

nX
i��

u�Zi�
�
w�Xi�

Tmw�Xi� � op��� � ���

Hence �Tn is asymptotically distributed as

c� �
�

X
k

�k��
�
�k � �� � ���

where

c 	� �
� E

h
u�Z��

�
w�X��

Tmw�X��
i
� E

h
u�Z��

�
v�X��w�X��

i
� ���

���� ���� � � � are independent standard normal random variables and �k are
the eigenvalues of Q 	 ���� ��

R
IRd�� q��� z���z� dD� which is a linear operator

on L��D�� That is� �Tn � c is asymptotically distributed as a weighted �in
general in�nite� sum of centered independent ��

��statistics�
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Theorem ���� Under H�� assumptions A� to A� and A�

�Tn ��
p
�	 � ���

Theorem 
�� and 
�
 together imply the consistency of the test �reject H�

i� �Tn 	 
�� for any reasonably chosen 
� 	 �� Such a resonable choice
would be an ��quantile of the limiting distribution of �Tn under H��
This distribution is case dependent but can be bootstrapped� For i �
�� � � � � n let Z�i � �Y �

i � Xi� with Y
�
i � f�Xi� ��n��u�i be a bootstrap sample�

where u�i � �iu�Yi� Xi� ��n� and the �i�s are distributed i�i�d� and indepen�
dently of the Zi�s� with E
�i� � �� E
��i � � � and E
��i � �	� Now ���n denotes
the estimator based on the sample Z�� � � � � � Z

�
n and the bootstrapped test

statistic is �T �n 	� Tn���
�
n� Z

�
� � � � � � Z

�
n��

Theorem ���� Under H� and assumptions A� to A�

sup
x�IR

��P�f �T �n 
 xjZ�� � � � � Zng � Pf �Tn 
 xg
��� � �n�	� � ����

We remark that very similar results hold for the test statistic including the
diagonal

�T �v	
n � T �v	

n ���� Z�� � � � � Zn� 	�
�
n

X
��i�j�n

�Ui
�Uj

�Kij � ����

The limiting distribution changes to the simpler form
P

k �k�
�
�k� using the

same notation� The explicit proofs for this version� modi�cations of the
bootstrap procedure presented here� as well as simulation studies for the
�nite sample behavior will be presented in future works�
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� Assumptions

A�� Z� � �Y�� X��� � � � � Zn � �Yn� Xn� is an i�i�d� random sample from a
distribution D on IR� IRd with

R
IRd�� y

� dD�y� x� �	� Let DX denote the
marginal distribution of X��

A�� The parameter space � is an open subset of IRp�

A�� The model function f 	 IRd��� IR is measurable and twice contin�
uously di�erentiable with respect to ��
E
f�X� ���� �	� E

f ��X� ������ �	 and E

f ���X� ������� �	 for each �xed
� � �� �� 
 � �� � � � � p and X � DX � �Shortly spoken� f and its partial
derivatives up to second order are L��DX� for each �xed � � ���
Further f ���� is Lipschitz continuous for all �� 
 � �� � � � � p�

A�� The kernel function k 	 IRd � IRd � � � IR is twice continuously
di�erentiable with respect to ��
k is symmetric in the �rst two arguments and k� k�� and k���� are bounded

functions on IRd � IRd for each �xed � � � and all �� 
 � �� � � � � p�
Further k���� is Lipschitz continuous for all �� 
 � �� � � � � p�
De�ne K� 	 g��� ��

R
IR
k��� t� ��g�t� dDX � For each �xed � � � the Hilbert�

Schmidt operator K� on L��DX� is positive de�nite�

A�� Under H�

n
�

� ��� � ��� � n�
�

�

nX
i��

w�Xi� ���Ui � op��� �

where w��� �� 	 IR � IRd � IRp is a measurable function� continuous in ��
with E

w�X�� ���

�
�� � 	 for each �xed � � � and all � � �� � � � � p� and

Ui � u�Yi� Xi� ��� � Yi � f�Xi� ��� are the true errors�

A�� E
�
u�Z�� ���

�
w�X�� �����
w�X�� �����j
�
�	 for all �� 
 � �� � � � � p�

A�� Under H� there exists a �� in the interior of � such that
n

�

� ��� � ��� � Op����

�



� Proofs

��� Proof of theorem ���

We use the Taylor expansions

�Ui 	� Yi � f�Xi� ��� � Ui �
�
f�Xi� ���� f�Xi� ���

�
� Ui � f ��Xi� ������ � ��� � ��� � ���

Tf ���Xi� �
�
i ��

�� � ���

�	 Ui � F �
i �
�� � ��� � ��� � ���

TF ��
i ��

�
i ��

�� � ��� ��
�

and

�Kij 	� k�Xi� Xj� ��� � k�Xi� Xj� ���

� k��Xi� Xj� ������ � ��� � ��� � ���
Tk���Xi� Xj� �

�
ij��

�� � ���

�	 Kij �K �
ij�
�� � ��� � ��� � ���

TK ��
ij��

�
ij��

�� � ��� � ����

Proposition ���� Under H� and assumptions A� to A�

�Tn �
�
n

X
��i�j�n

UiUjKij �
�
n

X
��i��j�n

UiKijF
�
j�
�� � ��� ����

� �
n

X
��i�j�n

KijF
�
i �
�� � ���F

�
j�
�� � ��� � Op�n

� �

� � � ����

Proof� The expansions are now applied to �Tn� noting that A� forces each
component of ��� � ��� to be Op�n

� �

� �	

�Tn �
�
n

X
��i�j�n

�Ui
�Uj

�Kij

� �
n

X
��i�j�n

UiUjKij ����

� �
n

X
��i�j�n

UiUj

�
K �

ij�
�� � ��� � ��� � ���

TK ��
ij��

�
ij��

�� � ���
�

����

� �
n

X
��i��j�n

UiKijF
�
j�
�� � ��� ����

� �
n

X
��i��j�n

UiKij��� � ���
TF ��

j ��
�
j ��

�� � ��� ����

� �
n

X
��i��j�n

Ui

�
K �

ij�
�� � ���F

�
j�
�� � ��� � Op�n

� �

� �
�

�
��

� �
n

X
��i�j�n

Kij

�
F �
i �
�� � ���F

�
j�
�� � ��� � Op�n

� �

� �
�
� Op�n

� �

� � � �
��

�



Thus it remains to show that the expressions in ����� ���� and �
�� are
Op�n

� �

� ��

a� Analysis of ����	

�
n

X
��i�j�n

UiUjK
�
ij�
�� � ��� �

�
n

pX
���

X
��i�j�n

UiUj
K
�
ij��


�� � ���� � �

�

Since A� forces each component of ��� � ��� to be Op�n
� �

� �� it su�ces to
show �

n

P
��i�j�nUiUj
K

�
ij�� � Op��� for � � �� � � � � p� But this follows

directly from lemma ��� �c� with g � h � u and b � 
k����

�
n

X
��i�j�n

UiUj��� � ���
TK ��

ij��
�
ij��

�� � ��� �

pX
�����


�� � ����
�� � ����
�
n

X
��i�j�n

UiUj
K
��
ij��

�
ij����� � �
��

Again by A� it su�ces to show �
n

P
��i�j�nUiUj
K

��
ij��

�
ij����� � Op�n

�

� � for
all �� 
 � � � � � � p 	����� �n X

��i�j�n
UiUj
K

��
ij��

�
ij�����

����� 

����� �n X

��i�j�n
UiUj
K

��
ij��������

�����
�

	
�
n

X
��i�j�n

jUijjUjj



�k�� � ��k �

�
��

Here we used that by A� there exists a Lipschitz constant � such that

k
K ��
ij��

�
ij����� � 
K ��

ij��������k 
 �k��ij � ��k 
 �k�� � ��k � �
��

The �rst summand of the right hand side of �
�� is Op��� by lemma ��� �c�
with g � h � u and b � 
k������� The second summand is Op�n

�

� � because
of A� and since �

n

P
��i�j�n jUijjUjj � Op�n� by ��� a� with g � h � juj

and b � ��

b� Analysis of ����	

�
n

X
��i��j�n

UiKij��� � ���
TF ��

j ��
�
i ��

�� � ��� �

pX
�����


�� � ����
�� � ����
�
n

X
��i��j�n

UiKij
F
��
j ��

�
i ����� � �
��

�



Again by A� it su�ces to show �
n

P
��i��j�nUiKij
F

��
j ��

�
j ����� � Op�n

�

� � for
all �� 
 � � � � � � p 	������ �n

X
��i ��j�n

UiKij
F
�����j �����

������ 

������ �n

X
��i��j�n

UiKij
F
����������

������
�

�
� �

n

X
��i��j�n

jUijjKijj



A��k�� � ��k �

�
��

Here we used that by A� there exists a Lipschitz constant �� such that

k
F ��
j ��

�
j ����� � 
F ��

j ��������k 
 ��k��j � ��k 
 ��k�� � ��k � �
��

The �rst summand of the right hand side of �
�� is Op�n
�

� � by lemma ���
�b� with g � u� h � 
f ������ and b � k� The second summand is Op�n

�

� �
because of A� and since �

n

P
��i��j�n jUijjKijj � Op�n� by ��� a� with

g � juj� h � � and b � jkj�

c� Analysis of �
��	

�
n

X
��i��j�n

UiK
�
ij�
�� � ���F

�
j�
�� � ��� �

pX
�����


�� � ����
�� � ����
�
n

X
��i��j�n

Ui
K
�
ij��
F

�
j�� � �
��

Again by A� it su�ces to show �
n

P
��i��j�nUi
K

�
ij��
F

�
j�� � Op�n

�

� � for all
�� 
 � � � � � � p� But this is the case by lemma ����b� with g � u� h � 
f ���
and b � k��

In the following we use the shorthands Vi 	� v�Xi� ��� and Wi 	� w�Zi� ����

Proposition ���� Under H� and assumptions A� to A�

�
n

X
��i��j�n

UiKijF
�
j�
�� � ��� �

�
n

X
��i�j�n

UiUjfViWj � VjWig�
�
n

nX
i��

U�
i ViWi � op��� � ����

�



Proof�

�
n

X
��i ��j�n

UiKijF
�
j�
�� � ��� �

pX
���


�� � ����
�
n

X
i��j

UiKij
F
�
j�� � ����

Consider

�
n

X
��i��j�n

UiKij
F
�
j�� �

�
n

nX
i��

Ui

X
j ��i

�Kij
F
�
j��

� �
n

nX
i��

Ui
Vi�� �
�
n

nX
i��

Ui

�
�
Vi�� �

X
j ��i

Kij
F
�
j��



A

� �
n

nX
i��

Ui
Vi�� � Op��� � ��
�

since �
n

Pn
j��Kij
F

�
j�� � 
Vi�� and �

n

Pn
i��UiKii
F

�
i �� � � almost surely by

the SLLN� Thus

�
n

X
��i ��j�n

UiKijF
�
j�
�� � ��� �

nX
i��

UiVi��� � ��� �Op�n
� �

� � � ����

Plugging the development of A� into ���� we obtain

�
n

X
��i��j�n

UiKijF
�
j�
�� � ��� �

�
n

nX
i��

nX
j��

UiViWjUj � op���

� �
n

X
��i��j�n

UiViWjUj �
�
n

nX
i��

U�
i ViWi � op���

� �
n

X
��i�j�n

UiUjfViWj � VjWig ����

� �
n

nX
i��

U�
i ViWi � op��� �

Proposition ���� Under H� and assumptions A� to A�

�
n

X
��i�j�n

KijF
�
i �
�� � ���F

�
j�
�� � ��� �

�
n

X
��i�j�n

UiUjW
T
i mWj �

�
�n

nX
i��

U�
i W

T
i mWi � op��� � ����

�



Proof� Since F �
i �
�� � ��� � IR�X
��i�j�n

KijF
�
i �
�� � ���F

�
j�
�� � ���

�
X

��i�j�n
Kij��� � ���F

�
iF

�
j�
�� � ���

� ��� � ���
T

	 X
��i�j�n

KijF
�
iF

�
j



� �z �


� �mn

��� � ��� � ����

Now consider 
 �mn���� �
P

��i�j�nKij
F
�
i ��
F

�
j��� the ��� 
��th component

of the �p� p��matrix �mn	


 �mn���� �
X

��i�j�n

�
Kij
F

�
i ��
F

�
j�� � E
Kij
F

�
i ��
F

�
j���

�
�

X
��i�j�n

E
Kij
F
�
i ��
F

�
j���

����

� Op�n
�

� � � n�n��	
� E
K��
F

�
���
F

�
���� �

because the �rst sum of ���� is a centered nondegenerate U�statistic to
which lemma ��
 �a� applies� Applying this to each component of ���� and
using A� we obtain

�
n

X
��i�j�n

KijF
�
i �
�� � ���F

�
j�
�� � ��� �

�
�n�

�� � ��Tm ��� � �� �Op�n
� �

� � �

����

Substituting the development of A� for ��� � �� results in

n��� � ��Tm ��� � �� � n��
	

nX
i��

WiUi


T

m

	
nX

j��

WjUj



� op���

� n��
nX

i�j��

UiUjW
T
i mWj � op���

� 
n��
X

��i�j�n
UiUjW

T
i mWj

� n��
nX
i��

U�
i W

T
i mWi � op��� � ����

Combining ���� and ���� now gives �����

�	



Now we can conclude with the proof of the theorem� Applying propositions
��
 and ��� to the statement of proposition ��� we obtain

�Tn �
�
n

X
��i�j�n

UiUjKij

� �
n

X
��i�j�n

UiUjfViWj � VjWig �
�
n

nX
i��

U�
i ViWi

� �
n

X
��i�j�n

UiUjW
T
i mWj �

�
�n

nX
i��

U�
IW

T
i mWi � op��� � ����

Using A� and A� with jkj � c� by the Cauchy�Schwarz inequality we

have 
V��� 

�
c� E

�

F �

��
�
�

�� �

� �	 c� � cv � 	� say� and hence A� and A�

give E
jU�
� 
V���
W���j� 
 cv E
U

�
� �� � 
W��

�
��� � 	 for � � �� � � � � p� Also


m���� � E
�

F �

���
V���
�

 cv E

�

F �

��
�
�

�
� cm� say� By the law of large numbers

�
n

nX
i��

U�
i ViWi

P
�� E
U�

�V�W�� ����

and also

�
n

nX
i��

U�
i W

T
i mWi

P
�� E
U�

�W
T
� mW�� � ��
�

This proves ���� The remaining part of theorem 
�� follows directly from
lemma ��
�b�� if E
q�Z�� Z��

�� �	 and E
q�Z�� Z��jZ�� � ��

Proposition ���� For Z�� Z� � D the functional q as de�ned in ��� satis�
�es E
q�Z�� Z��

�� �	 and E
q�Z�� Z��jZ�� � ��

Proof�

E
q�Z�� Z��jZ�� � E
�
U�U�fK�� � V�W� � V�W� �W T

� mW�g
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��� Proof of theorem ���

If A� holds� we have 
������� � Op�n
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��x� 	� E
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�i 	� ��Xi�� Then we use the Taylor expansions
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we see that ���� is Op�n
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Thus it remains to show E
K������� 	 �� But this is a direct consequence
of the positive de�niteness of K�� demanded in A��

��� Proof of theorem ���
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The i�i�d� weighted bootstrap of quadratic forms as formulated by Dehling
�Mikosch ������ theorem ���� states exactly that ���� vanishes for n�	�

By lemma ��� we obtain the almost sure pointwise convergences v�n�x� ��n��
v�x� ��� and m�

n�
��n�� m���� as n�	�

Also� by continuity� we have u�z� ��n� � u�z� ��� and w�z� ��n� � w�z� ���
almost surely� Thus we obtain for all z�� z� � IRd��
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We now show the convergence in probability given Z�� � � � � Zn	
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 b�z�� z�� for some dominating

function b with E
b�Z�� Z��� �	� Such a b exists by the triangle inequality�
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If 
v�x� ��n��� � 
v�n�x� ��n��� and 
m���n����� � 
m�
n�
��n����� are uniformly

bounded by constants c�v and c�m� we can proceed again as in the proof
of lemma ��� b� to overcome the dependence on ��n� and as in ���� to show
the boundedness�
The existence of c�m follows directly� e�g� by lemma ��� b�� for almost every
sequence fZng� For c�v we can argue almost surely as follows� assuming n
su�ciently large	��
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Here we have used the LIL� the previously introduced bound jkj � c� as
well as j
��n�����j � �� and a constant �

�� greater than the Lipschitz bound
for f ���
Thus we have proven ����� and now convergence in distribution� given the
sequence fZng� follows	
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Since the limiting distribution of this last U�statistic is continuous by
theorem 
��� the convergence of the according distribution functions is
uniform� see e�g� Petrov ������ page ���� Thus we have �nally shown ����
to converge to zero�
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b� Analysis of ����	 By the continuity of the limiting distribution this
term is of order O��� for n�	�

c� Analysis of ����	 As in ���� and ��
� Cn � c in probability� which was
to show here�

d� Analysis of ����	
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� Lemmas

Lemma ���� Let Zi � �Yi� Xi�� i � �� 
� � � � � be i�i�d� real random
�� � d��vectors and g� h 	 IR��d � IR two functions with E
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Now consider the second moments	
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Applying the Cauchy�Schwarz inequality several times and using the
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This proves part b��
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Lemma ���� �Limit distributions of U�statistics�
Let Z�� � � � � Zn be independent real random l�vectors with common distri�
bution D and let s 	 IRl � IRl � IR be a symmetric function such that
E
s�Z�� Z��

�� �	 and E
s�Z�� Z��� � ��

��



a� �nondegenerate case�
If E
s�Z�� Z��jZ�� 
 �� then the U�statistic

n�
�

�

X
��i�j�n

s�Zi� Zj�� N ��� ���

is asymptotically distributed normal with �� � VarZ

�
E
s�Z�Z ��jZ ��

�
�

b� �degenerate case�
If E
s�Z�� Z��jZ�� � �� then

n��
X

��i�j�n
s�Zi� Zj��

�
�

X
k

����
�
�k � ��

where ���� ���� � � � are independent standard normal random variables and
�k are the eigenvalues of S 	 ���� ��

R
IRq s��� z���z� dD� which is a linear

operator on L��D��

Proof� For a proof of part a� see e�g� Hoe�ding ������ and for part b� e�g�
Gregory ������� or Ser ing ������ section ���� for both�

Lemma ���� Let A� B be two real random variables in a probability space
with measure P� and let A�� B� be two real random variables in a probability
space with measure P�� Then for every � 	 � and c � IR it holds

sup
x�IR

��P
A� B 
 x�� P
�
A� � B� 
 x�

��

 sup

x�IR

��P
A 
 x�� P
�
A� 
 x�

��
� sup

x�IR

�
P
A 
 x� ��� P

�
A� 
 x� ��
�

� P
jB � cj � ��� P
�
jB� � cj � �� �

Proof� Fix � 	 � and c � IR arbitrarily� From

P
A� c 
 x� ��� P
jB � cj � �� 
 P
A�B 
 x�


 P
A� c 
 x� �� � P
jB � cj � ��

��



and the analogous inequalities for P� we deduce��P
A�B 
 x�� P
�
A� � B� 
 x�

��

 max

�
P
A� c 
 x� ��� P

�
A� � c 
 x� ���

P
�
A� � c 
 x� ��� P
A� c 
 x� ��

�
� P
jB � cj � �� � P

�
jB� � cj � ��

� max
�
P
A� c 
 x� ��� P

�
A� � c 
 x� ���

P
�
A� � c 
 x� ��� P
A� c 
 x� ��

�
� P
A� c 
 x� ��� P
A� c 
 x� ��

� P
jB � cj � �� � P
�
jB� � cj � ��

�
��P
A� c 
 x� ��� P

�
A� � c 
 x� ��
��

� P
A� c 
 x� ��� P
A� c 
 x� ��

� P
jB � cj � �� � P
�
jB� � cj � ��

Now taking the supremum over x � IR and cancelling super uous con�
stants� we obtain the statement of the lemma�

Lemma ���� Let fZig�i�� be a sequence of i�i�d�real random d�vectors with
common probability measure ��
a� Suppose hn 	 IR

d � IRd � IR is a sequence of measurable functions that
converge pointwise almost surely to h� Further there exists a dominating
function b such that jhnj 
 b and EZ�Z�


jb�Z�� Z��j� �	� Then

�
n�

nX
i�j��

hn�Zi� Zj�� EZ�Z�

h�Z�� Z��� almost surely � ����

b� Let f�n�Z�� � � � � Zn�g�n�� be a random sequence in � � IRp� with �n � ��
almost surely� �� in the interior of �� Suppose h 	 IRd � IRd � � � IR is
continuously di�erentiable with respect to � and EZ�Z�


jh�Z�� Z�� ���j� �	�
Then hn � h��� �� �n� satis�es the conditions of part a� and we have

�
n�

nX
i�j��

h�Zi� Zj� �n�� EZ�Z�

h�Z�� Z�� ���� almost surely � ����

Proof� These are variation and special case of a generalized bounded con�
vergence theorem� see e�g� Royden ������ page 
���� Instead of describing
the adaptions we give a complete proof here�

��



For almost every sequence fZig�i�� we have �n � �� and

�
n�

nX
i�j��

��Zi� Zj�� EZ�Z�

��Z�� Z��� � ����

if � is any bounded ��measurable function� This SLLN for V �statistics
can be found e�g� in Ser ing ������ chapter��� note that � need not be
symmetric� In the following we consider such a sequence fZig�i���

a� Our �rst goal is to show

EZ�Z�

g�Z�� Z��� 
 lim inf

n��
�
n�

nX
i�j��

gn�Zi� Zj� ����

for any sequence of nonnegative measurable functions fgng that converge
pointwise to g� It su�ces to prove

EZ�Z�

��Z�� Z��� 
 lim inf

n��
�
n�

nX
i�j��

gn�Zi� Zj� ����

for every bounded measurable function � 
 g�
We choose one such � and � 	 � and keep them �xed in the following�
De�ne !n 	� f�z�� z�� 	 gn�z�� z�� � ��z�� z��g� !n is an increasing sequence
of sets whose union contains ! 	� IRd � IRd� Hence !�!n is a decreasing
sequence of measurable sets with empty intersection and there exists a m
such that ��!�!m� � �� Since ��!�!m� � limn�� �

n�

Pn
i�j�� I���m

�Zi� Zj�
� apply ���� to the indicator function I���m

� we may choose n� � m so
that �

n�

Pn
i�j�� I���m

�Zi� Zj� � � for all n � n�� Since !�!n � !�!m for

all n � m we have �
n�

Pn
i�j�� I���n

�Zi� Zj� � � for all n � n�� Thus

�
n�

nX
i�j��

gn�Zi� Zj� �
�
n�

nX
i�j��

gn�Zi� Zj�I�n
�Zi� Zj�

� �
n�

nX
i�j��

��Zi� Zj�I�n
�Zi� Zj�

� �
n�

nX
i�j��

��Zi� Zj��
�
n�

nX
i�j��

��Zi� Zj�I���n
�Zi� Zj�

� �
n�

nX
i�j��

��Zi� Zj�� � sup
�
��� �

��



Since � was arbitrary� we obtain ���� by taking lim infn�� on both sides
and using ����� Finally we apply ���� to b�Z�� Z�� � hn�Z�� Z�� and
b�Z�� Z��� hn�Z�� Z�� to end the proof of part a��

b� Since �n � �� the continuity of h gives h�z�� z�� �n�� h�z�� z�� ��� for all
z�� z� � IRd��� We now merely have to show that there exists a dominating
function b for almost all n�
We choose � 	 � such that " 	� f�z�� z�� 	 j�n � ��j � �g 
 � and �nd a
n� such that �n � " for all n � n�� Now

jh�z�� z�� �n�j � jh�z�� z�� ��� � h��z�� z�� �����n � ���j


 jh�z�� z�� ���j� sup�jh
��z�� z�� ��j�

�	 b�z�� z�� �

Since h� is continuous with respect to �� sup� jh
��z�� z�� ��j is bounded� and

thus EZ�Z�

b�Z�� Z��� �	�

� Notation

The following general principles apply to the notations in this paper	

� Expectations are taken with respect to the indexed random variables�
If no index is given� they are taken with respect to all free random
variables in the argument�

� Capital roman letters always denote random variables�

� Deterministic functions and constants are denoted by lower case ro�
man letters� If these functions occur with random variables Z�� Z�� � � �

as arguments � and thus become random variables themselves � they
may be abbreviated by the respective capital letters with indices ac�
cording to the original random variables involved�

� Lower case greek letters may denote all kinds of objects� Roman letters
stand for the same or same kind of object throughout the paper while
greek letters may change their meaning�

� Throughout the paper Zi � �Yi� Xi�� Z � �Y�X� � D and z � �y� x�
are assumed without further mentioning�

��



� For a vector v � �v�� � � � � vp�
T or a matrixm � �m��� indexed brackets

refer to the indicated entry	 
v�� � 
vT �� � v�� 
m��� � m�� �

� For a function f��� we denote the derivatives as follows	
f � 	� �f ��� � � � � f

�
p� and f �� 	� �f �������������� �p with partial derivatives

f �� 	� 
f ��x� ���� � 	
	��

f�x� �� and f ���� 	� 
f ���x� ����� � 	�

	��	��
f�x� ��

where � � ���� � � � � �p�
T � �� 
 � �� � � � � p�
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