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1 Overview

Modeling the individual behavior of consumers is one of the main topics in marketing
research. This individual behavior is influenced by socio—economic characteristics,
marketing instruments or latent variables. The connection between these influencing
variables and the choice of a product is typically studied by using a statistical choice

model for disaggregated data.

A classic choice model is the conditional logit model of McFadden (1974). It
is widely discussed and a standard in marketing (Guadagni & Little, 1983). This
model however has some disadvantages, in particular the IIA (Independence of
Irrelevant Alternatives) and a very restrictive assumption about the errors. This led

to many approaches for relaxing these assumptions. For overviews see Ben-Akiva

et al. (1997) and Horowitz et al. (1994).

All these approaches present alternative ways for modeling consumer purchase
and obtain results which adapt better to the data than the classic approach. How-
ever, to our knowledge no general statistical test to check adequateness of the logit
model was applied to marketing data until now. The present paper introduces a
test procedure which will help in finding an appropriate consumer purchase model.
The test is based on a nonparametric test statistic which makes it a very flexible

and general tool. We apply the test to scanner panel data.

The paper is organized as follows: Section 2 reviews different types of logit
models. The following Section 3 presents the test. Section 4 introduces the data
used and presents the relevant results of the test. Finally, Section 5 concludes the

paper with a summary and a short look on the next steps.

2 The Multinomial Logit Model

The logit model is a choice model between two or more alternatives. It belongs to
the disaggregated choice models of consumer research. Let us start from the model
with only two alternatives. Suppose, the consumer will make his choice based on

the utility maximization rule (Ben-Akiva & Lerman, 1985). According to this rule,



the consumer ¢ chooses the alternative, which maximizes his utility U;. The two
alternatives j and k create the choice set C with C = {j,k}. The probability that

consumer ¢ chooses alternative j is
bi(j) = P(Ui; = Ui). (1)

Assume now, the utility function U;; from equation (1) can be separated into two
parts U;; = Vi; + &5, Vi; being a systematic utility component and ¢;; a stochastic
component (Guadagni & Little, 1983). In the simplest case, the stochastic com-
ponents are assumed to be i.i.d. and extreme value distributed. For other choice
models, e.g. the probit model, another distribution for the error term is assumed
(Ben-Akiva & Lerman, 1985). The systematic utility component is typically speci-

fied by a linear function
‘/ij = (ngZ']‘, (2)

where 6 is a vector of parameters to be estimated and ax;; the vector of explanatory

variables. Equation (1) can now be rewritten as
P(3) = PU; >Uy)=PVij+eiy; > Vig +ci)
= Pleg —ey < Vi — Vig). (3)

Assuming that e, —¢;; has a logistic distribution, the probability from equation (3)

can be written as

PG = 1 B exp( Vi)
I exp{—(Vij — Vir)}  exp(Vi;) + exp(Vix)
exp(0Tz;;)

- . (4)

exp(0Tz;;) + exp(0T x )

The coefficients in § are typically estimated by Maximum Likelihood (see e.g. Ben-
Akiva & Lerman, 1985). The absolute values (if all variables are on the same scale)
and the signs of the estimated 6 are of great interest. In particular, if the sign is
positive, an increase in the explanatory variable results in an increase of the response
variable. For a negative sign this effects turns to the opposite. The absolute values
give information about the strength of the connection between the explanatory and

the response variable.



The binary logit model from equation (4) can be generalized to a case with
J alternatives in a straightforward way. Utility maximization is again the basic
decision rule here. The choice set C contains now .J alternatives. Fach consumer
chooses the alternative that gives him maximal utility. With this decision rule, the
multinomial case can be reduced to the binary model. This is possible, because the
maximal utility is taken against the other alternatives, and these other alternatives

can be grouped as one possible 'rest choice’. Formally this can be written as

PZ(]) = P (UZ] = IileacXUzk> = P(UZ] Z Uzk for all & c C)
= P(5ik — &4y < VZ']‘ — Vi forall k€ C) (5)

In this framework, the systematic utility component is typically specified by the

linear function
Vij = 00wy = 125 + 7] wi (6)

where x,; is split into a;; = [2i;, w;| with z;; denoting the alternative specific part and
w; the individual specific part of the explanatory variables. w; does not vary over
the alternatives, because the household size or the number of children is independent
of the purchase. With equation (5) and the assumption about the i.i.d. and logistic
distributed error differences g;; —e;;, the probability of the :-th consumer to purchase

alternative j is

o exp(Viy) o exp(BTay 4 o) wi)
PO = Vi) = S {exp(F 2 + 77w} )
keC keC

This model is the most general case of a multinomial logit model. The parameter

values in 3 and v;, j € C can again be estimated by Maximum Likelihood.

If only product specific variables z;; are used as explanatory variables, the prob-

ability P;(j) is given by

Loexp(Bzy)
Bl = > exp(ATzi) ®)

keC

In this case, the model is called the conditional logit model. We will concentrate on

this conditional logit case for the application to the data (cf. Section 4).
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Multinomial logit models have some obvious lacks. One problem is the assump-
tion of the logistic distribution of the error differences. Another structural problem
lies in the linear assumption for the systematic part of the the utility function,
which is a very strong restriction. There is no need for the data to follow this lin-
ear modeling, also all other types for modeling the explanatory variables should be

allowed.

These weak points are the reason for approaches to improve the model (e.g. Ben-
Akiva et al. (1997) or Horowitz et al. (1994). But all these new models are given
without testing the multinomial logit model against an alternative. This substantial

gap should be filled by this article.

3 The Test

In this section we introduce a formal specification test for the multinomial logit
model. The test is based on a general test for the parametric specification of a

regression function (Bartels, 1998).

The problem of testing the adequacy of a parametric model class in a regression

context against the general nonparametric alternative can be formulated as follows:
Ho: P{E(Y|X)=G(X,0)} =1forab, €0, (9)
versus

H : P{EY|X)=CG(X,0)} <1forallde0. (10)

Here YV and X denote random variables describing the dependent and explanatory
variables in the regression, respectively. The function G(-,0) models the relation

between Y and X and is specified up to a p-dimensional parameter § € ©.

o~

The idea of the test is to compare a parametric fit G(-,8) to the given observa-
tions (y;, x;),¢ € {l,... ,n} with a nonparametric fit @() In particular, the test
statistic should be determined by the appropriately weighted integrated squared
difference {G(-, é\) — @()}2 Based on this observation, we consider the test statistic

~ 1 N
T, = ~ Z Kirire (11)

1<,4<n



where

=y — G, 0)
are the parametrically estimated residuals and Ky = k(x;, x¢) are weights obtained
from a nonnegative and symmetric kernel. For example, the weights can be defined
by a multiplicative kernel k(x;, x,) = Hizl k(2 — x4, ) where k denotes the Quartic

kernel function x(t) = (1 — ¢*)*1_y 1)(¢) (Hérdle, 1991).

Tests of this kind have been studied by several authors, e.g. Hardle & Mammen
(1993), Fan & Li (1996), Rodrigues-Campos, Manteiga & Cao (1998). These ap-
proaches are based on a kernel k(-, ) that depends on a bandwidth h, as usual in the
nonparametric framework. For obtaining a normal limiting distribution of the test
statistic in equation (11) this bandwidth must necessarily vanish with increasing
sample size n. The choice of the bandwidth is a delicate issue in applying this test,

since its influence on the results of the test is not covered by the theory.

Here, we consider the test for a fixed kernel, i.e. one that does not depend on
any such vanishing bandwidth, and obtain the distribution of a weighted infinite
sum of independent x? random variables as limiting distribution. This approach is

related to that of Bierens (1990) but much easier to apply.

The limiting distribution and its quantiles can be approximated by bootstrap
methods. The bootstrap is also the preferred procedure even in the case of a van-
ishing bandwidth, since the convergence to the normal limit is rather slow. Details

on the theory and regularity conditions are found in Bartels (1998).

To demonstrate the power for finite sample sizes n of a test based on equa-
tion (11), some simulation studies have been performed. For example the simple
linear model f(x) = 0-x 4 ¢ has been tested for artificial data (y1, x1), ..., (y2s, T25),
generated by y; = 0 - x; + a - 27 + ¢(x;) with true parameter 8, = 5. The vari-
ables xq,... , 295 are i.i.d. and uniform on [0, 1], and &(x;) are i.i.d. normally dis-
tributed with mean zero and variance z;. The coeflicient ¢ determines the amount
of quadratic disturbation. The estimator § is obtained by least squares. Table 1

reports the empirical power on 1000 iterations with 500 bootstrap replications each.

This test also applies to logit models and multidimensional dependent variables.

Denote Y;; the random variable being 1 if choice j has been made by individual ¢



a 0.0 1.0 2.0 5.0
power | 0.044 0.137 0.396 0.964

Table 1: Empirical power at nominal level 0.05, Quartic kernel with bandwidth
h=0.4

and 0 otherwise. Then
exp(B7zi; 4 7] w;)

Y exp(BTzi 4 viwi)
hec

Fi(j) = B(Yijlwi;) (12)
Thus, the null hypothesis of testing whether the choice of the j—th alternative can
be adequately described by (7) means to test the adequateness of

exp(67zi; 4 7] w;)

Y exp(BTzi 4 v wi)
hec

Glxij, 0) = Gi([zi5,wi], [B,75])

The alternative consists of all possible deviations from the logit model.

The results of a simulation study for the simple binomial logit model are given
in Table 2. The true model was E(Y|X) = Go(X,0) and alternatively binomial data
were simulated according to Gy (x, 0) and Gy(x,0). For xy,. .., x500 distributed i.i.d.
uniformly on [0, 1] and on 1000 iterations, each with 500 bootstrap replications, the

observed proportions of rejections are shown in the right column of Table 2.

Model Percentage of Rejections
Go(z,0) = 1?5}53%5%;?@, 0= (0.5,3)" 0.048
Gh(w,0) = 1 — exp(—exp(6y + b52)), 0 = (0.05,3)" 0.089
Cof,0) = —XPU A Or £ 0507) o oy 0.969

1+ exp(fy + 0y + (93:11;2)7

Table 2: Rejections at nominal level 0.05, Quartic kernel with bandwidth h=0.4

The conditional logit model with choice set C = {1,...,J} can be tested by

combining the J univariate variables Yj,...,Y; to one multivariate variable Y =
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(Yi,...,Y)T. The null hypothesis Hy is satisfied if E(Y|X) = G(X,0,) almost
surely for some 0y € ©, where G(X,0) = (Gl(X,G), e ,GJ(X,0)>T. Thus the test

applies to this model, too. The test statistic in this case is

~ 1
T,=~ ORI 13
- Z ACTA S Ty ( )

1<,4<n

where 7; denotes the vector of residuals for individual 1.

4 Applying the Test to Data

The presented test should now be applied to a data set. The data are from the GfK
BehaviorScan. They describe purchases of one type of health care products over
104 weeks in a scanner panel data set. The data set includes information about the
brand choice, the date of purchase, the actual marketing—mix—constellation (display
and feature) at the purchase and the paid price for the product. We built two data
sets from the base data: One with the nine main brands and one dummy brand for
the others. Here were 1377 households making 5532 purchases (Table 3). In the
second data set, we included only three main brands. There were 964 households

with 2651 purchases (Table 4).

Because the variable display and feature are strongly correlated, they were put
together in a new variable Promotion with the following specification:

. 0 neither display nor feature available
Promotion =

1 otherwise.

Also a new variable was implemented, to measure Loyalty to the brand, defined
as in Guadagni & Little (1983). Loyalty should represent the feedback effect in the
model (Ailawadi, Gedenk & Neslin, 1997) and is a continuous variable. Tables 3
and 4 summarize some descriptive statistics for both data sets, the 3 and the 10
brands sample. Note that Loyalty always sums up to 1 over all brands in the

model.

We applied the test procedure from Section 3 to both samples. Recall that the

test is based on weighted residuals, such that explanatory variables close to each
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10 Brands
Purchase Loyalty Price Promotion
Brand | (in %) Mean  (S.D.) | Mean  (S.D.) (in %)
1 4.79 0.0781 (0.1057) | 0.7284 (0.0252) 15.89
2 8.97 0.0944 (0.1408) | 0.6629 (0.0328) 14.95
3 6.78 0.0896 (0.1115) | 0.5871 (0.0443) 23.83
4 11.59 0.1065 (0.1298) | 0.6523  (0.0587) 25.96
5 15.67 0.1304 (0.1849) | 0.9033 (0.1153) 34.07
6 3.34 0.0694 (0.0982) | 0.6143 (0.0134) 1.14
7 19.11 0.1397 (0.1753) | 0.6942 (0.0362) 54.52
8 13.14 0.1169 (0.1457) | 0.5781 (0.0281) 39.44
9 14.37 0.1199 (0.1557) | 0.6903 (0.0322) 39.15
10 2.24 0.0552  (0.0588) | 0.8162 (0.0030) 16.72
Table 3: Descriptive statistics for the 10 brand data set
3 Brands
Purchase Loyalty Price Promotion
Brand | (in %) Mean  (S.D.) | Mean  (S.D.) (in %)
5 32.71 0.3413  (0.1916) | 0.8943 (0.1250) 40.89
7 39.87 0.3451  (0.1737) | 0.6864 (0.0401) 56.17
8 27.42 0.3137  (0.1539) | 0.5754 (0.0317) 43.30

Table 4: Descriptive statistics for the 3 brand data set

other obtain higher kernel weights. The kernel which has been used for calculating
the kernel weights is a multiplicative kernel, composed from univariate Quartic ker-
nels for each of the continuous variables (Loyalty and Price and a kernel function
for the discrete variable Promotion (see Silverman (1986), p. 126). The smoothing

parameter for this variable is denoted by .

Tables 5 and 6 summarize the test results for different choices of A and A. The

columns give the test statistic T, and the critical value obtained from 250 bootstrap



simulations. In all cases, the conditional logit hypothesis is clearly rejected. Let us
remark that the significance level for rejection is < 0.01. But still a higher value of T,
indicates a more significant rejection. As can be seen, the test statistics T, and the
test decisions are not very sensitive with respect to the choice of both smoothing
parameters. This is in accordance with the theory explained in Section 3. Also,
the model for the 3 brands is rejected more significantly than the 10 brand model.
This is as expected, since we have less parameters to describe the behavior of the

consumers in the former case.

10 Brands

h, A fn critical value
0.05, 0.90 | 0.4159 0.2098
0.05, 0.95 | 0.4151 0.2103
0.05,0.99 | 0.4146 0.2101
0.10, 0.90 | 0.4152 0.2100
0.10, 0.95 | 0.4137 0.2109
0.10, 0.99 | 0.4126 0.2094
0.20, 0.80 | 0.4338 0.2108
0.20, 0.90 | 0.4239 0.2093
0.20, 0.95 | 0.4210 0.2119
0.20, 0.99 | 0.4193 0.2107

Table 5: Test results for 10 brand data set, nominal level 0.05 and bootstrap sample
size 250

To get more information, in which way the model could be improved, we applied
the test on a number of modifications of the conditional logit model. In particular,
higher order terms (up to quadratic and cubic) for Loyalty and Price and interac-
tion terms were included. Also we studied the results of the test when Loyalty or
Price were left out, respectively. Table 7 summarizes the tests for these models for
bandwidth i = 0.1 and A = 0.95. The value of the test statistic decreases with in-
creasing numbers of parameters. From the last two lines of Table 7, we can conclude

that the variable Price seems to be responsible for the lack of fit of the model.



3 Brands

h, A T, critical value
0.05, 0.90 | 1.3285 0.3736
0.05, 0.95 | 1.3004 0.3731
0.05, 0.99 | 1.2801 0.3685
0.10, 0.90 | 1.4367 0.3878
0.10, 0.95 | 1.3982 0.3868
0.10, 0.99 | 1.3699 0.3803
0.20, 0.80 | 1.7372 0.3946
0.20, 0.90 | 1.6052 0.3878
0.20, 0.95 | 1.5505 0.3972
0.20, 0.99 | 1.5111 0.3802

Table 6: Test results for 3 brand data set, nominal level 0.05 and bootstrap sample
size 250

Model for V; Tn critical value
Linear in all Regressors 1.3982 0.3868
Quadratic in Loyalty and Price | 1.3810 0.3663
Cubic in Loyalty and Price 1.2587 0.3420
Bivariate Interactions 1.1250 0.3622
Model without Loyalty 8.3676 0.5976
Model without Price 0.9927 0.5041

Table 7: Results for different conditional logit models for the 3 brands case at
nominal level 0.05, smoothing parameters (h,A) = (0.10,0.95), bootstrap sample
size 250

5 Summary

We have tested the goodness of fit of a multinomial logit model to explain consumer
choice behavior on the base of a scanner panel data set. All variations of the logit

model considered were rejected clearly. One possible explanation is that the data
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set considered is inappropriate for the multinomial models. Another reason for the
rejections observed could be a general misspecification of logit models for consumer
choice. This should be tested for different data sets using the method presented
here. The results also induce to search for alternative models, e.g. a different link
function or a different form of the index, that better fit to this kind of consumer
behavior. A non— or semiparametric formulation of the model should be considered

as well.
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