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Hard-c-means for Butterfly Data

0 1 2 3 4 5 6

X

0
1

2
3

4

Y

ä O,|%W*MSF7³_µ1ø���C4M \ � bjf7F;C4E2BDg�L%M�o*W1NPNPF;M�¹�Zs\*C�N C*h

ûA&



ä MSL%f NSU*F ä O,|%W�MPFs³_µ*X�pDF7TYC4E�BnF;F^NSU�C�N
NPU�Fq\*C4NSCsBnF;J�C4M C�NSF^O,E$NPLeN(pDL�TIK,W�B(NSFYM BYhaA8KlbNPU�L%W*|�UGNSU*F
L%o�BPFYMSQ�C�NPO,L%EGE$W�f^o�FYM�IqE�C4f7FYK,Z~°²û�éSµ�¶§FYH1C�TcNSK:ZeO,EeNSU*F�f7O,\�\1K:F�X1o*W1NRNPU�O,BL%o2BnF;MPQ�C�NSO:L�ErfrW�BnN[o2F�o2F;K:L�E*|
NPLaNPU*F�k2MSBnN`TIK,W�BnNPF;M§L%M�NSU*F�BPF;TYL%E�\7TYK:W�BnNPF;M;hvijN`T;C4E3E*L%No�FrTIL�E�BnNPMSW�TcNSF;\�C4E*L%NPU*F;M�TYK:W�BnNPF;M;h ä L%M�NSU*O,B�FIH*C%fqJ�K:FapDFaBPFYF�NSU�C�N�NPU*O]B�L�o�BnF;MPQ�C4NPO,L%Eo�FYK,L%E*|qNPL7NSU*F
k�M B(N�TYK:W�BnNPF;M;h
8R¸gf h�ÂAi�i�PjRT:�N À¬½¤¾�»�Á®Ày¼���Q��

üÖÅ­Ï�Ì � ÌIÒ�Í¤ÎPÏ[ÑmÌxÑGÒRÑ~Í¤ÑÝÊ1×�Ø�¡�Ê2Ú
¥ FYMPg�L%MSf3BDCrg�W*«;«YZ � b"f7F;C%E�B�TIK,W�BnNPF;M�C4E�C%K:Z1BPO,B

È E*F8C%J*J*MSL�C�T U^NSL�g�W*«Y«;Z3TIK,W�B(NSFYMSO:E�|�X%J�MPL�o�C4o*K,ZaNSU*F�o�F;BnNDC%E�\7f7L�BnN`TIL�fqf7L�E*K:ZqW�BPF;\6XO]B8NSU*Frg�W*«Y«;Z � bjf7F;C%E�B#�DF;«;\1F;�}°(³;´�I*³?¶ch#�DFYg�L%MSFY�DFY«_\1FY��XÙ�8W�E*E�°n³;´�"�û�¶�U�C%\~\*FYQ%F;KlbL%J�F;\3NPU*F8g�W*«Y«;Z � bjf7F;C%E�B[A8K:|�L%MSOlNSU*f�h¤�RU�F8O]\1F;C^L4g���W*E*E7° B`C%K:|�L%MSOlNSU*f O,B[NPLrFIH�NPF;E�\NPU�FrTIK]C%BSBPO,T;C4K¬p�O:NPU�O:E~|�MPL�W*J�B�BnW*f L%g�BSV$W�C4MSF;\�F;MPMSL%M8L%o1�(F_TcNPO,Q%Fag�W*E�TcNSO:L�EmNPLsC3g�W*«;«YZQ%F;MSBPO,L%E�o$Z�f7O:E�O:f7O,«YO,E*|mNPU�O,B^L%o1�(F_TcNPO,Q%F7g�W�E�TcNSO:L�Eyh1�DFY«;\*FY�Ý|�FYE*F;MSC%K:O,«YF_\~NSU*O]Bag�W*«;«YZL%o*�(F;TcNSO:Q�F�g�W*E�TcNSO:L�E�o$ZGO:E$NPMSL1\1W�TYO:E*|qNSU*F�p`F;O:|�U$NPO,E*|7FIH1J2L�E*FYE$N�,�Xy³/3�,jk;l`\

\Z] °�^Ré
¬áø
��¶§ß µñ
]
ó è _ñ ò,ó è ° ` ò ] ¶ ] ï ê °²æ ] é!a ò ¶Ié °n³ÕI$¶

p�U*F;MPFm^�O]B�CsJ�C4MPNPO:NPO,L%E�L4gn� O,EporJ�C%MnN_X�¬ ßqaÝß¦°ga�è4éba4ê4é;ë:ë,ë,éba _ ¶
C4MSF^NSU*F3TIK,W�BnNPFYMTIF;E$NPFYM BRO,E9® Ü X�C4E2\ ú O]B�C4E�ZÝ°lÞ+*rÞ�¶RBnZ�f7f7FINSMPO]T
J2L$BnO:NPO,Q%F�\1FYk�E*O:NPF�f3C�NSMPO:H¯\1FYk�E*F_\C%BDNSU*F
g�L%K,K,L�p�O:E*|søï ê °²æ ] é!a ò ¶§ßqrcæ ] ô a ò rts�ßáù °�æ ] ô a ò ¶ ì ú °�æ ] ô a ò ¶cé °n³;´$¶p�U*F;MPF ï ê °�æ ] éba ò ¶aO]B7C4E}O,E*E*F;M7J*MPL1\1W2TcNrO,E�\1W2TIF;\�E*L�MPf L%E·® Ü X ` ò ] O,BrMSFIg�FYMSMSF;\dNSLC%B8NPU�F^|%M C%\*FaL4g§f7FYfro2F;MSBPU*O,J~L4g§æ ] NSLeNPU�FqTYK:W�BnNPF;M s h
�RU*O,B�|%M C%\*FaL4g§f7FYfro2F;MSBPU*O,JBSC�NPO]Bnk�F;BDNSU*F
g�L%K,K:L�p�O,E*|7TIL�E�B(NSMSC%O:E$N BYø
2P3 ` ò ] 3Ö³%éng�L%M�³73 s 3uo4éY³/3v�43ï(�é
2Pk ³ µ ]

ó è ` ò ] k�(�éng�L%M�³/3 s 3vo4é
³ _ò:ó è ` ò ] ß�³�é(g�L%M�³73G�43�(�ë

û�$



�RU*FRg�W*«;«YZ � b"f7F;C%E�B�° ä � ±Ý¶¤W�BPF;B[C4EqOlNSFYM C�NPO,Q%FRL�J1NPO,f7O:«_C�NPO,L%E7L%g2NSU*F�L%o1�(F_TcNSO:Q�F`g�W�E�TcbNPO,L%E¬X�o�C%BPF;\�L�E�NPU*F�p`F;O:|�U�NSF;\�BPO:f7O,K,C%MPO:N(Z�f7F;C�BnW�MPF~o�FIN(pDFYF;Eÿæ ] C%E�\�NPU�FÝTIK,W�BnNPFYMTIF;E$NPFYMMa ò h
Z$NSFYJ�B�L4g�NSU*F^g�W�«Y«YZ � bjf7F;C4E2B8C4K,|%L�MPO:NPU�fsX�C%T;TIL�MS\1O,E*|7NSL¯��F;K:K,FYE2\1L%MSEÝC4E2\+�8MSO,C%E*�%L�Q°(³_´%´�"4¶`C4MSF�NSU*F
g�L%K,K,L�p�O:E*|2ø³�h h O:Q�FYEÝC¯\*C�N CeBnFYN5�®ß Ð æ�è4énæ2ê%éYë,ë:ë,énæ µ Ô X�BPFYK,F;TcN�NPU�F^E�W*f^o�FYM�L4g[TYK:W2B(NSFYM B�µ43o7k;w0X*NSU*Faf3C�H1O,f^W*f E$W�f^o�FYM8L%gvO:NPF;MSC4NPO,L%E�B i X1NPU�F^\1O]B(N C4E�TYFaE*L%MSfxr ¤ r s XNPU*F
g�W*«;«YO,E*F;BSBRJ�C%MSC%fqFYNPF;M.,�X�C%E�\eNSU*F
NPF;MPf7O,E�C�NSO:L�EmTIL%E2\1OlNSO:L�Emyÿ0·2�hµ*h h O:Q�F
C%E¯O,E*O:NPO]C4KyQ�C%K:W*F+^ N ^ L{z _ µ hû�h ä L%M t ß�³�éSµ*éYë,ë:ë,é i°²C�¶ � C4K]TIW�K,C4NPF�NPU*F�o
TYK:W�BnNPF;M�TIF;E�NSFYM B Ð a ò | } Ô é s ß�³�éYë,ë:ë,é!o

a ò | } ß ³ µ ]
ó è ` ]ò ] | } ý è æ ]³ µ ]
ó è ` ]ò ] | } ý è °"µ�2$¶

°�o2¶�~�J�\*C4NPFrNPU*FrfqF;f^o�FYM BnU�O:J~f3C4NPMSOlH6h � U*F_T �sNPU*FrL�T;TIW*MSMSFYE�TYF�L4g[BPO:E*|�W*K]C4MPbO:NPO,F;B�° ï ò ] | } ß�rDæ ] ô a ò | } r s ß 2�¶ch Ç FINm� ß Ð ³%é;ë:ë,ë,é!o Ô é�� ] | } ß Ð s ^� ¯ ï ò ] | } ß`2 Ô X*C4E2\0� ] | } ßD�/�Z� ] | } h§�RU*FYEmTYC%K,TYW*K]C�NPF�NSU*F
g�L%K,K:L�p�O,E*|
` ò ] | } ß _ñ

[
ó è � ï ò ] | }ï [ ] | }�� ÷��� ö é¤OlgY�2� | � ß_2 °"µ1³?¶

� U*L�L�BPF b
ò
] | } ßî³�ù
�¯°�� ] | } ¶Ié�� s ^ �Y\��¯°(ë ¶R\1FYE�L4NPF_BDNPU*F�L�MS\*O:E�C%K6E�W*f^o�FYM_h

&2h�ijg � } ßPrM^ } ý è ô ^ } r�3{yaNPU�FYEmB(NSL%J�L4NSU*FYMSp�O]BnF�MPFYNPW*MSE¯NPLeBnNPFYJmû�h�RU*O]BaJ*MSL1TIF_\1W*MSFGTIL�E$Q�FYMS|%F_B8NSL�CmK,L1TYC%K§f7O:E*O,f^W�f L�MrC~BSC%\�\1K:FGJ2L�O:E$N^L%g \ ] hÝ�RU�Fä � ± C%K:|�L%MSOlNSU*f TIL�f7J*W1NPF_BRNPU�F�J�C4MPNPO:NPO,L%E�f3C�NSMPO:H0^ C4E�\¯NSU*FaTIK,W�BnNPFYM BÕ°*J*MSL4NPL%N(Z�J2F_BO,EsL�MS\*FYMDNPLe\1F;MPO,Q%F�NPU�F
g�W*«Y«;ZGf7L1\1FYK]BRg�MSL%f.NSU*F;BPF
f7C4NPMSO,TYF;B;hi£E�J�BPFYW�\1L1TYL�\*F%X1pDF
T;C4EmBSC?Z
ä_Ë�Ç?É�Ç4Ê1×*Ç�Û1Í�Ò�Í?Ò�4�Í�Ó2È�¡6Ç_Ø.Î��yÚÇ?É1Í�Ó�Å¼�
é Í4Ø�Í�Ê�É ÃAô Ç$Ì%Ê�Ó1ÄÆÇ?É*Í�Ó*Ê%É�Ç � Ë
ÄÇ_É*Í�Ó�ÅáÇ_É*Í�Ó�ëÙ�

� Ê1×*Ì��2×�Ê�É*Í�Ì�×���È�É*Í�ÓÆÌ%Í%Ë1É*Í%Ó¦Î � Úû�f



� Ê1×*Ì��2×�Ê�É*Í�Ä�Ç�È�É*Ê%Ë�Ì4Í ��� Ä1Ê�É*Ê�É � Ì%Í%Ë1É$Ó � Ç�Ä à�àQ��: � à�à�)ìPÅ
���Ø*Ä1Ê�É*Í0Ò�Í?Ò�4�Í�Ó2È�¡6Ç_Ø{��1Ë�É�Ç%× à�àg�
:��.ìBà�àP �Å�É � ×%C*Ì�Ó�Ç?É � � Ó)��Ç_É*Í�Ó�Å ó Ê�Ï�C�Ç?É1Í�Ó�RU*FaBPZ�E�N C�HeL%gxNSU*O,B8C4K,|%L%MSO:NPU*f.O,E�â8J*K,L�ã�F�O]B
� ÌYÒ�Å$Ï2Ì � ÌYÒ�ÍvÎPÏ[ÑIÌxÑ�Ò�ÑPÍ�ÑnÊ1×�Ø�¡�Ê�Ú�RU*FRO,E*J*W1N B§C4MSFDNPU*FRg�L�K:K,L�p�O:E�|�\ Ï O]B�C (Y*DÞ7f3C�NPMSO:H^L4gB(GMSL�p�J�L%O,E�N BvNPL
o�F�TIK,W�B(NSFYMSF;\6XÌ O,BeNPU*F�E�W*f^o�FYMsL4gaTYK:W�BnNPF;MSB;X Ò O,BsC4E�FIH1J2L�E*FYE$Nsp`F;O:|�U�NGg²C%TcNSL%M�°a, 0ç³_¶IX Í O,BNPF;MPf7O,E�C�NSO:L�E7NPL�K:F;MSC%E�TIF�X�C4E2\ � O]B)(¨*�Þ3f3C�NPMSO:HqL%gyO:E*O:NPO]C4K,O,«YF;\eW*E*O:g�L%MSf�\*O,BnNPMSO:o�W1NPO,L%Eyh

�DFYK,L�p.O,BqC4E�FIH*C4f7J*K,F%h�¨�FsW�BPFGNSU*F¯BSC4f7Fs\*C�N CÝC%BqV$W�C4E$NSK:FYN Ï�Ì � ÌIÒ�Í hÝA8E�\�C%K,BPLpDFa\1L7FIH*C%TINPK,Z3NPU*FrBPC%fqF
J*MSL1TIF_\1W*MSF%X1FIH*TYFYJ1N�NSU*F�J�C4MPN�L4g�C4J*J�K:Z�O,E*|7g�W*«Y«;Z � bjf7F;C4E2BTIK,W�BnNPF;MPO,E*|�h×�Ç541Ó*Ê%Ó�6§Î��;Ï2Ì�×���È�ÉÙ��Ú
Û�Å$Ó*Í�Ê�Ä�Î��F4���É�É*Í�Ó � ×A6)�(Ä$Ê�ÉÙ�%ÚÏ1Å�Û � Ñ �DÚ�;��Ì4Å��Ò�ÅÙ������	Í$Å��D�������Ê1×4Ø�¡�Ê�Å��D�b$
� ÌYÒ�Å$Ï2Ì � ÌYÒ�ÍvÎPÏ[ÑIÌxÑ�Ò�ÑPÍ�ÑnÊ1×�Ø�¡�Ê�Ú Ö Ê4Ø�Ø2×A6 � ��Û�Û�6�Ì�:_Ò�Í$Ê%Ë�È�Ì�×���È�É*Í�Ó�Ç_Ë� 
� ÌYÒ�� Ì%×���ÈÄ�Å2Ì�Ó*Í$Ê�É*Í$Ä�Ç�È?Ø2×$Ê�6�Î���Ñ5�4ÚÈ%Í�É4Ò�Ê*È�Ü$Ø[ÎPÏ§Ñ � ÌYÒ��SÌ�×���ÈyÑ � ÌIÒ��SÌ�×���È�ë�;�Ñ H2ÚÈ�¡ �A× ÎPÄ§Ñ5�6Ñ5��ÑnÏ�ÚÉ�Ç?É�×$Í�ÅÙ�	����Û�Û�6�:*Ì�:;Ò�Í$Ê%Ë2È ��� Ó;e��1É�É*Í%Ó � ×A6�î1Ê�É*Ê��È%Í�É�  � Ø1É§ÎSÄ§ÑÕ�6Ñ5�6Ñ5�YÉ�Ç_É�×%Í���Ñ7É�Ç?É*×$Í2Ú Ì�×���È�É7��	D�jÏ$Ø2×

�RU*F�MSF;BPW*K:NRO]BRU*F;MPF
��� Ë1É*Í4Ë1É�È ���_� ÌYÒ%� Ì�×���È
� �6Ñ�� �� ��Ñ�� �
����� û�"



� H�Ñ�� ;� $�Ñ�� �
������ �Õ�[Ñ � �� ��	�Ñ � ��RU*O]B�MSF;BPW*KlN�T;C4Eso2FaBPU*L�p�EsO:E ä O:|�W*MSFq³_û*h

Fuzzy-c-means for Butterfly Data
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Ward Method for Bank Notes Data with two clusters
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Fuzzy-c-means for Bank Notes Data with two clusters
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Ward Method for Bank Notes Data with three clusters

8 9 10 11 12
X

13
8

13
9

14
0

14
1

14
2

Y

Fuzzy-c-means for Bank Notes Data with three clusters
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