Cluster Analysis
Hans-Joachim Mucha and Hizir Sofyan

As an explorative technique, cluster analysis provides a description or a reduc-
tion in the dimension of the data. It classifies a set of observations into two
or more mutually exclusive unknown groups based on combinations of many
variables. Its aim is to construct groups in such a way that the profiles of
objects in the same groups are relatively homogenous whereas the profiles of
objects in different groups are relatively heteregoneous.

Clustering is distinct from classification techniques, like discriminant analysis
or classification tree algorithms. Here no a priori information about classes is
required, i.e., neither the number of clusters nor the rules of assignment into
clusters are known. They have to be discovered exclusively from the given
data set without any reference to a training set. Cluster analysis allows many
choices about the nature of the algorithm for combining groups.

1 Introduction

In general, cluster analysis could be divided into hierarchical clustering tech-
niques and nonhierarchical clustering techniques. Examples of hierarchical
techniques are single linkage, complete linkage, average linkage, median, Ward.
Nonhierarchical techniques include K-means, adaptive K-means, K-medoids,
fuzzy clustering. To determine which algorithms are good is dependent on
the type of data available and the particular purpose of analysis. Therefore,
it is better to run more than one algorithm and then analyze and compare
the results carefully. In more objective way, the stability of clusters can be
investigated in simulation studies (Mucha 1992).



1.1 Distance Measures

d = distance(x{, metric})
computes the distance between p-dimensional data points de-
pending on a specified metric

d = lpdist(x, q, p)

computes the so-called L,-distances between the rows of a data
matrix. In the case p = 1 (absolute metric) or p = 2 (euclidean
metric) one should favour the function distance

The distances between points play an important role in clustering. There are
several distance measures available by the XploRe command distance. More-
over, additional distance measures can be computed by using the XploRe ma-
trix language.

For a distance between two p-dimensional observations z = (z1,%2,...,Zp)"
and y = (y1,92,..,Yp) L, we consider the Euclidean metric defined as

1
P 2
d(z,y) = lZ(wz - yz-)Z] (1)

i=1
In matrix notation, this is written as the following:

d(z,y) =/ (z —y)T(z —y) (2)

The statistical distance between these two observations is the following

d(z,y) = \/(@ ~y)TA(z ~ y) (3)

where A = S~! is the inverse of S, the matrix of sample variances and covari-
ances. It is often called Mahalanobis distance.

In XploRe, we have some of distances, those are Euclidean, diagonal, Maha-
lanobis. The distance measure or metric should be chosen with care. The
Euclidean metric should not be used where different attributes have widely
varying average values and standard deviations, since large numbers in one
attribute will prevail over smaller numbers in another. With the diagonal and
Mahalanobis metrics, the input data are transformed before use. Choosing the



diagonal metric results in transformation of the data set to one in which all
attributes have equal variance. Choosing the Mahalanobis metric results in
transformation of the data set to one in which all attributes have zero mean
and unit variance. Correlations between variables are taken into account.

Here is the example:
x = #(1,4)"#(1,5)
distance (x, "11")

distance (x, "12")
distance (x, "maximum")

Q clustO1l.xpl

The results of this code program are

Contents of distance

[1,] 0 7
[2,] 7 0
Contents of distance
[1,] 0 5
[2,] 5 0
Contents of distance
[1,] 0 4
[2,] 4 0

That means that the distance between two observations with City-block dis-
tance is 7, with Euclidean distance is 5 and with maximum distance is 4.

Alternatively, a distance measure could be also computed by quantlet 1pdist.
This aim is to compute the so-called L,-distances between the rows of a data
matrix.

Here is the quantlet 1pdist in XploRe,
d = lpdist(x, q, p)

where x is n X m matrix, q is m x 1 matrix of nonnegative weights of columns,
and p is scalar parameter (p > 0) of the L,-metric. In the case p=1 (absolute
metric) or p=2 (euclidean metric).

To see an example, we start with loading the quantlib xclust, then, we generate
eight pairs of data, determine the column weights, and apply euclidean metric



library ("xclust")

x = #(5, 2,-2, -3, -2, -2, 1, 1)"#(-3, -4, -1, 0, -2, 4, 2, 4)
q = #(1, 1)

lpdist (x, q, 2)

Q c1usto2 .xpl
The output of this code as follows,

Content of object d
[1,] 3.1623
[2,] 7.0821
[3,1 8.5440

téé,] 3.6056
[27,1 3
[28,] 2

This result is 28 x 1 matrix of paired distances between the 28 row points, and
it is also the input for hierarchical clustering which is presented in the following
section.

1.2 Similarity of Objects

According to Hérdle and Simar (1998), for measuring the similarity between

objects, we can compare pairs of observations (i, ;); #] = (Ti1,--- ,Tip), T}
= (%1,---,Zjp); Tir,Zjk€ {0,1}. Actually, we have four cases:
Tik = Tjk = l,arik = 0,.Z'jk = l,mik = l,iL'jk = O,.Z'ik = ZTjk = 0. (4)
We define
P P
a1:ZI(mik:mjk:1),(12221(%19:0,37]%:1), (5)
k=1 =1
P P
a3:ZI(CL'M:l,xijO),CMZZI(IL'ik :.’Ifjk :0). (6)
k=1 k=1



General measures are used in practice

ay + day

Ty = : 7
7 a1+ das + Maz + as) @)

where § and A\ are weighting vectors. According to the weighting factors we
have the following table.

Name d X Definition(T(z;,x;))
Jaccard 0 1 m

- +
Tanimoto 1 2 o +2(“;2 +a;3) o
Simple Matching (M) 1 1 %

Table 1: The common similarity coefficient.

Note that each a;,1 = 1,...,4 depends on the pair (z;,z;). In XploRe the

similarity matrix T given above is transformed into a distance matrix D by
D=1T-T.

The example of this problem as follows

x = #(1,0, 0)~#(1,0,1)
distance (x, "tanimoto")

Q clust03.xpl

The result is the similarity object using Tanimoto coefficient.

Contents of distance

[1,] 0 1 0.5
[2,] 1 0 1
[3,1 0.5 1 0



2 Hierarchical Clustering

At any stage of the procedure, a hierarchical clustering technique performs
either a merger of clusters or a division of a cluster at previous stage. It will
conceptually give rise to a tree like structure of the clustering process. It is
understood that the clusters of items formed at any stage are nonoverlapping
or mutually exclusive.

Hierarchical clustering techniques proceed by either a series of successive merg-
ers or a series of successive divisions.

The results of these methods can be displayed in a dendrogram. The den-
drogram is the tree-like diagram that can depict the mergers or divisions which
have been made at successive level. Below, in Figure 1, is the example of the
dendrogram by using eight pairs of data above.

2.1 Agglomerative Hierarchical Methods

cagg = agglom (d, method, no{, opt })
performs a hierarchical cluster analysis

This method starts with each object describing a cluster, and then combines
them into more inclusive clusters until only one cluster remains. Héardle and
Simar (1998) considered the algorithm of agglomerative hierarchical method as
follows,

1. Construct the finest partition
2. Compute the distance matrix D

3. DO

e Find the clusters with the closest distance

e Put those two clusters into one cluster

o Compute the distances between the new groups and and the remain-
ing groups by (8) to obtain a reduced distance matrix D

4. UNTIL all clusters are agglomerated into one group.
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Figure 1: An example of a dendrogram using eight pairs of data.




If two objects or groups P and @ are to be united one obtains the distance to
another group (object) R by the following distance function

d(R, P+ Q) = 61d(R, P) + 02d(R, Q) + 65d(P, Q) + 84| (d(R, P) — d(R, Q)|
(8)

The §;’s are weighting factors that lead to different agglomerative algorithms
as described in Table 2. Here np = Y, I(z; € P) is the number of objects
in group P. The values of ng and ng are defined analogously. The flexible
method requires a parameter § that is specified by the user. Below is the

Name 51 [P 33 d4
Single linkage 1/2 1/2 0 -1/2
Complete linkage 1/2 1/2 0 1/2
Simple Average linkage 1/2 1/2 0 0
Average linkage Py nP"an 0 0
Centroid nP’an nP"an - (nZiT:LQQ)2 0
Median 1/2 1/2 -1/4 0
Ward nptnp nrtng —ngp 0

nr+np+ng nr+np+nQg nr+np+nQg

Flexible Method L L8 B 0

Table 2: Computation of group distances available in XploRe.

quantlet agglom, which is implemented in XploRe to perform hierarchical clus-
ter analysis.

cagg = agglom (d, method, no{, opt})



where d is a n X 1 vector or [ x [ matrix of distances, method is the string that
specify one of the following agglom methods: “WARD”, “SINGLE”, “COM-
PLETE”, “MEAN_LINK”, “MEDIAN_LINK”, “AVERAGE”, “CENTROID”,
and “LANCE” (flexible method), no is a scalar that shows the number of clus-
ters and opt is an optional argument for flexible methods, with the default
value —0.15.

The output of this quantlet agglom are: cagg.p is a vector with partition
numbers (1,2,...), cagg.t is a matrix with the dendrogram for the number
of clusters (no), cagg.g is a matrix with the dendrogram for all I clusters,
cagg.pd is a matrix with partition numbers (1,2,...), and cagg.d is a vector
matrix with distances between the cluster centers.

2.1.1 Single Linkage Method

The single linkage method is also called nearest neighbor method or minimum
distance method. This method is defined by

d(R, P + Q) = min (d(R, P),d(R,Q)) (9)

The process is continous from the weak clustering to the strong clustering. This
method is invariant to monotone transformations of the input data. Therefore
the algorithm can be used with similarity and dissimilarity measures. The
effect of the algorithm that it tends to merge clusters is sometimes undesireable
because it prevents the detection of not well separated clusters. On the other
hands, the criteria maybe useful to detect outliers in the data set.

For example, we describe the single linkage method for the eight data points
displayed in Figure 1

First we prepare the data,

x=#(5,2,-2,-3,-2,-2,1,1)~ #(-3,-4,-1,0,-2,4,2,4)

; creates 8 pairs of data
n=rows (x) ; rows of data
xs=string("%1.0f", 1:n) ; adds labels
setsize (500, 500)
ddil=createdisplay(1,1)
setmaskp(x, 0, 0, 0)
setmaskt (x, string("%.0f", 1:rows(x)), 0, 0, 16)
setmaskl(x, 172°7°87670°773°5"0"374, 0, 1, 1)



show(dd1l, 1, 1, x) ; shows data
setgopt(ddl, 1, 1,"xlab","first coord.",

"ylab","second coord.")
setgopt(ddl, 1, 1,"title","8 points","xoff",7|7,"yoff",717)

then we calculate the Euclidean distance and apply the single lingkage method,

d=distance(x, "euclid") ; Euclidean distance

d.*xd ; squared distance matrix
t=agglom(d.*d, "SINGLE", 5) ; here single linkage method
g=tree(t.g, 0, "CENTER")

g=g.points

1 = 5.%(1:rows(g)/5) + (0:4)’ - 4
setmaskl (g, 1, 0, 1, 1)
setmaskp (g, 0, 0, 0)

finally we show the plot of the raw data and the dendrogram

tg=paf(t.gl[,2], t.gl[,2]1!=0)

numbers=(0: (rows (x)-1))

numbers=numbers”~ ((-1) *matrix (rows(x)))

setmaskp (numbers, 0, 0, 0)

setmaskt (numbers, string("%.0f", tg), 0, 0, 14)

dd2=createdisplay(1,1)

show (dd2, 1, 1, g, numbers)

setgopt(dd2, 1, 1, "xlab","Single Linkage Dendrogramm",
"ylab","Squared Euclidian Distance")

setgopt(dd2,1,1,"title","8 points","xoff",7|7,"yoff",7|7)

czclust04.xp1
Plot of eight pairs of data is shown in Figure 2

The plot of the dendrogram with single linkage method is shown in Figure 1.
If we decide to cut the tree at the level 10 then we find three clusters: {1,2}
and {3,4,5} and {6,7,8}.
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Figure 2: Plot of eight pairs of data.
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2.1.2 Complete Linkage Method
The Complete linkage method is also called farthest neighbor or maximum
distance method. This method is defined by

d(R, P + Q) = max (d(R, P),d(R,Q)) (10)
If we change SINGLE into COMPLETE in the example above

t=agglom(d.*d, "SINGLE", 5) ; here single linkage method
then we get

t=agglom(d.*d, "COMPLETE", 5) ; here complete linkage method

Q c1ustos .xpl

The dendrogram is shown in Figure 3. If we decide to cut the tree at the
level 10 then we find three clusters: {1,2},{3,4,5} and {6,7,8}. This method
proceeds exactly as the single linkage method except that at the crucial step of
revising the distance matrix, the maximum instead of the minimum distance
is used to look for the new item.

Both of these two methods are

e relatively sensitive to outliers,
e invariant under monotone transformation of proximity,
e and dependent on the metric.
The single linkage method tends to maximize connectivity in a closeness sense,

whereas the maximization method typically leads to more clustering, with
smaller, tighter, and more compact clusters.

2.1.3 Average Linkage Method
The average linkage method is the hierarchical method that avoids the extremes

of either large clusters or tight compact clusters. This method appears as a
compromise between the nearest and the farthest neighbor methods.

12
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Figure 3: Plot of a dendrogram with complete linkage method.
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The simple average linkage (mean linkage) method takes both elements of the
new cluster into account:

d(R, P+ Q) =1/2(d(R, P) + d(R, Q)) (11)

After the new distances are computed the matrix is reduced by one element of
the new cluster. The algorithms loops back to find the next minimum value and
continues until all objects are united into one cluster. However, this method is
not invariant under monotone transformation of the distance.

If we change SINGLE into AVERAGE in the example above then we get as follows,

t=agglom(d.*d, "AVERAGE", 5) ; here average linkage method

Q c1ustos .xpl

The dendrogram is shown in Figure 4. If we decide to cut the tree at the level
10 then we find three clusters: {1,2},{3,4,5} and {6,7,8}.

2.1.4 Centroid Method

Everitt (1993) explained that with the centroid method, groups once formed are
represented by their mean values for each variables (mean vector), and inter-
group distance is defined in terms of distance between two such mean vectors.
The use of the mean strictly implies that the variables are on an interval scale.

Figure 5 is plot of a dendrogram using centroid linkage method based on the
eight pairs of data with the quantlet @ clust07.xpl.

2.1.5 Median Method

If the sizes of two groups to be merged are very different, then the centroid of
the new group will be very close to that of the larger group and may remain
within that group. This is the disadvantage of the centroid method. For that
reason, Gower (1967) suggested an alternative stategy, called median method

14
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Figure 4: Plot of a dendrogram with average linkage method.
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Figure 5: Plot of a dendrogram with centroid linkage method.
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because this method could be made suitable for both similarity and distance
measures.

Plot of a dendrogram using median method based on the eight pairs of data is
as in Figure 6 with the quantlet @ clust08.xpl.
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Figure 6: Plot of a dendrogram with median method.
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2.1.6 Ward Method

cw = wardcont(x, k, 1)
performs Ward’s hierarchical cluster analysis of the rows as well as
of the columns of a contingency table including the multivariate
graphic using the correspondence analysis; makes available the
factorial coordinates of the row points and column points (scores)

Ward (1963) proposed a clustering procedure seeking to form the partitions
Py, Py_1,...,P in a manner that minimizes the loss associated with each
grouping and to quantifies that loss in readily interpretable form. Information
loss is defined by Ward in terms of an error sum-of-squares (ESS) criterion.
ESS is defined as the following

K p
ESS = Z Z Z (-'L'ij - »”Ekj)Q (12)

k=1 z;€Cy j=1

with the cluster mean Zp; = nl—k > e.cc, Tij, where z;; denotes the value for
the i-th individual in the j-cluster, k is the total number of clusters at each
stage, and n; is the number of individuals in the j-th cluster.

The corresponding quantlet in XploRe as below
t = agglom (d, "WARD", 2)

The main difference between this method and the linkage methods consists
in the unification procedure. This method does not put together groups with
smallest distance, but it joins groups that do not increase too much a given
measure of heterogenity. The aim of the Ward method is to unify groups such
that the variation inside these groups is not increased too drastically. This
results groups in clusters that are as homogeneous as possible.

The following quantlet gives an example of how to show the dendrogram with
the WARD method in XploRe.

In this example we use bank2 dataset taken from Flury and Riedwyl (1988).
This dataset consists of 200 measurements on Swiss bank notes. One half
of these bank notes are genuine, the other half are forged bank notes. The
variables that use in this data set as follows: X; = length of the bill, X; =
height of the bill (left), X3 = height of the bill (right), X; = distance of the
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inner frame to the lower border, X5 = distance of the inner frame to the upper
border, Xg = length of the diagonal of the central picture.

After starting, we compute the euclidean distance between banknotes:

proc()=main()
x=read ("bank2")
i=0 ; compute the euclidean distance
d=0.x*matrix(rows(x) ,rows(x))
while (i.<cols(x))
i=i+1
d = d+(x[,i] - x[,i]’)"2
endo
d = sqrt(d)

Next, we use the WARD method and show the dendrogram

t = agglom (d, "WARD", 2) ; use WARD method

g = tree (t.g, 0) ; to cluster the data
g=g.points

1 = 5.x(1:rows(g)/5) + (0:4)’ - 4

setmaskl (g, 1, 0, 1, 1)

setmaskp (g, 0, 0, 0)

d = createdisplay (1,1)

show (4, 1, 1, g ; show the dendrogram
endp

main()

Q clust09.xpl

The result gives the partition of the data into 2 clusters and dendrogram is
plotted in Figure 7. With Ward method, we see that only one observation,
namely 70-th observation, belongs to the false cluster. The rest of observations
belong to the same groups.

[ 1,] 1
[ 2,] 1
[ 68,1 1
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[ 69,] 1
[ 70,] 2
[ 71,] 1
[ 72,] 1
[ 99,] 1
[100,] 1
[101,] 2
[102,] 2
[199,] 2
[200,] 2

The other quantlet that we use is wardcont. The aim of this quantlet is to per-
form Ward’s hierarchical cluster analysis of the rows as well as of the columns of
a contingency table. It includes the multivariate graphic using the correspon-
dence analysis. It makes available the factorial coordinates of the row points
and column points (scores).

The syntax of this quantlet is as follows.
cw = wardcont (x, k, 1)

where x is an n X p matrix of n row points to be clustered (the elements must be
> 0, with positive marginal sums), k is scalar the maximum number of clusters
of rows, and 1 is scalar the maximum number of clusters of columns.

For an example, we use bird dataset taken from Mucha (1992). This dataset
consists of 412 area (each area = 1 quadrat km) and 102 kinds of bird. The
area is divided into 12 groups and the kinds of birds are divided into 9 groups.

After loading the quantlib xclust, we apply the wardcont method:
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library ("xclust")
x=read("bird.dat")
cw = wardcont(x, 3, 3)

Q clust10.xpl

Figures 8, 9, and 10 visualize the matrix correspondence analysis scores of
the rows points, the columns points, and both rows and columns.
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Figure 8: Correspondence analysis scores of the row points
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2.2 Divisive Hierarchical Methods

cd = divisive(x , k, w, m, sv)
performs an adaptive divisive K-means cluster analysis with ap-
propriate (adaptive) multivariate graphic using principal compo-
nents

The divisive hierarchical methods proceed in the opposite way of the agglomer-
ative hierarchical method. In this method, an initial single group of objects is
divided into two groups such that the objects in one subgroup are far from the
objects in the other. We can divide this method into two types: monothetic,
which divides the data on the basis of the possession of a single specified at-
tribute, and polythetic, where divisions are based on the values taken by
several attributes.

The divisive quantlet in XploRe performs an adaptive divisive K-means clus-
ter analysis with an appropriate (adaptive) multivariate graphic using principal
components:

cd = divisive (x, k, w, m, sv)

where x is an n x p matrix of n row points to be clustered, k is the number of
clusters, w is a p X 1 matrix of weights of column points, m is a n x 1 matrix of
weights (masses) of row points, and sv is scalar seed value for random numbers.

The outputs of this quantlet divisive are: cd.p is the partition of n points
of x into k clusters, cd.n is the number of observations of clusters, cd.a is the
matrix of final (pooled) adaptive weights of the variables.

We illustrate the usage of quantlet divisive in the following example.

After loading the quantlib xclust, we generate random data with 4 clusters,

randomize (0)

x = normal(30, 5)

x1 =x - #(2,1,3,0,0)°
x2 = x + #(1,1,3,1,0.5)?
x3 = x + #(0,0,1,5,1)?
x4 = x - #(0,2,1,3,0)?

x = x1[x2|x3|x4
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Then, we compute column variances and row weights

1./var(x)
matrix(rows(x))

B =
non

Next, we apply divisive methods and compare the results between estimated
and true partition,

cd = divisive (x, 4, w, m, 1111)
conting (cd.p, ceil((1:120)/30))

Q clustil.xpl
The result is the following:

Contents of h

[1,] 0 30 0 0
[2,] 0 0 30 0
[3,] 30 0 0 0
[4,] 0 0 0 30

The output is the crosstable of 120 observations that divide into four clusters.
Each cluster consists of 30 observations and corresponds to the given class
without any error.

3 Nonbhierarchical Clustering

Nonbhierarchical clustering possesses as a monotonically increasing ranking of
strengths as clusters themselves progressively become members of larger clus-
ters. These clustering methods do not possess tree-like structures and new
clusters are formed in successive clustering either by merging or splitting clus-
ters.

One of the nonhierarchical clustering methods is the partitioning method. Con-
sider a given number of clusters, for example g, as the objective and the par-
tition of the object to obtain the required g clusters. In contrast to the hier-
archical method, this partitioning technique permits objects to change group
membership through the cluster formation process. The partitioning method
usually begins with an initial solution, after which reallocation occurs according
to some optimality criterion.
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Partitioning method constructs k clusters from the data as follows:

e FEach clusters consists of at least one object n and each object k must be
belong to one clusters. This condition implies that k < n.

e The different clusters cannot have the same object, and the construct k
groups up to the full data set.

Note: k is determined by the user so it is better to run algorithms more times
to select k that perform best characteristics. It is also possible to generate the
value of k automatically and then choose the best one k under certain criteria.

3.1 K-means Method

ckm = kmeans(x, b, it{, w, m})
performs cluster analysis, i.e. computes a partition of n row points
into K clusters.

ck = kmcont(x, k, t)
performs a K-means cluster analysis of the rows of a con-
tingency table, including the multivariate graphic using the
correspondence analysis, it makes the factorial coordinates
(scores)available.

This method is developed by Queen (1967). He suggests the name K-means
for describing his algorithm that assigns each item to the cluster having the
nearest centroid (mean). This process consists of three steps

1. Partition the items into K initial clusters

2. Proceed through the list of items, assigning an item to the cluster whose
centroid (mean) is nearest. Recalculate the centroid for the cluster re-
ceiving in the new item and for the cluster losing the item.

3. Repeat step 2 until no more assignments take place

It is better to determine K initial centroids (seed points) first, before proceeding
to step 2.
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This method tries to minimize the sum of the within-cluster variances.

K n
Ve =YY dumid® (v; — Tp) (13)

k=1 i=1

The indicator function d;, equals 1 if the observation x; comes from cluster
k, or 0 otherwise. Furthermore, the element Ty; of the vector Ty is the mean
value of the variable j in the cluster k:

I
1
Trj = n—k ;&kmzx” (14)

We denote the mass of the cluster k£ with ny, which is equal to the sum of the
masses of all observations belonging to the cluster k.

The above criterion of the K-means method can be derived straightforwardly
by using the Maximum Likelihood approach assuming that the populations are
independently and normally distributed.

Below is the usage of the quantlet kmeans in XploRe. It computes a partition
of n row points into K clusters.

ckm = kmeans (x, b, it{, w, m})

where x is n x p matrix, b is n x 1 matrix, giving the initial partition (for
example random generated numbers of clusters 1,2,...,K), it is number of
iterations, w is p x 1 matrix with the weights of column points, and mis n x 1
matrix of weights (masses) of row points.

The output of this quantlet kmeans consists of cm.g which is a matrix contain-
ing the final partition, cm. c is a matrix of means (centroids) of the K clusters,
cm.v is a matrix of within cluster variances divided by the weight (mass) of
clusters, and cm.s is a matrix of the weight (mass) of clusters.

In the following example, we generate random data with 3 clusters
randomize (0)

x = normal(100, 4) ; generate random normal data
x1 =x - #(2,1,3,0)°

x2 =x + #(1,1,3,1)°

x3 = x + #(0,0,1,5)?

x = x1[x2[x3

b = ceil(uniform(rows(x)).*3) ; generate a random partition
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furthermore, we apply K-means clustering to the data and show the initial
partition and the final partition

{g, ¢, v, s} = kmeans(x, b, 100)
b"g
Q c1ust12 .xpl
The results of the initial and the final partition of the data in 3 clusters are as

follows.

Contents of object _tmp

[ 1,] 1 2
[ 2,] 3 2
[ 3,] 1 2
[297,] 1 1
[298,] 2 1
[299,] 1 1
[300,] 2 1

3.2 Adaptive K-means Method

ca = adaptive(x, k, w, m, t)
performs an adaptive K-means cluster analysis with appropriate
(adaptive) multivariate graphic using the principal components

In order to increase the stability in cluster analysis, specific weights or adaptive
weights in the distance formula could be applied rather than ordinary weight
qj; = % or gj; = 1.

For example, the simple adaptive weights

1
L 15
a3 E? (15)

can be used in the squared weighted Euclidean distance, where 5; is the pooled
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standard deviation of the variable j:

K n
1
5? = M Z Z Oipm; (SL‘,’j — fkj)2 (16)

k=1 i=1

The indicator §;, is defined in the usual way. For simplicity, use M = Efil m;,
1=1,2,...,n,ie. M becomes independent from the number of clusters K.

The “true” pooled standard deviations cannot be computed in cluster analysis
in advance because the cluster analysis structure is usually unknown. Oth-
erwise, it is known that the pooled standard deviations concerning a random
partition are nearly equal to the total standard deviations. Therefore, start-
ing with the weights ¢;; = 1 /s? and a random initial partition P°(n, K) the
K-means method computes a (local) optimum partition P!(n, K) of I obser-
vations into K clusters.

Below is the quantlet adaptive to performs an adaptive K-means cluster anal-
ysis with appropriate (adaptive) multivariate graphic using the principal com-
ponents

ca = adaptive(x, k, w, m, t)
Following is the example of adaptive clustering in XploRe

randomize (0)

x = normal(200, 5) ; generate random data with 3 clusters
x1 =x - #(2,1,3,0,0)?

x2 = x + #(1,1,3,1,0.5)?

x3 = x + #(0,0,1,5,1)°

x = x1[x2[x3
w = 1./var(x) ; compute column variances
m = matrix(rows(x)) ; generate true partition

t = matrix(200) |matrix(200).+1|matrix(200).+2
ca = adaptive (x, 3, w, m, t) ; apply adaptive clustering

czclust13.xp1

The result is shown below, it gives a partition ca.b of the row points into 3
clusters which minimizes the sum of within cluster variances according to the
column weights (1/pooled within cluster variances).
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true partition estimated partition

Figure 11: Start and final partition with adaptive clustering.
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3.3 Hard C-means Method

v = xchcme(x, c, m, e)
performs a hard C-means cluster analysis

Fuzzy sets were introduced by Zadeh (1965). It offers a new way to isolate and
identify functional relationship - qualitative and quantitative, which also called
the pattern recognition.

In general, fuzzy models can be constructed in two ways:

e a fuzzy expert systems, using human knowledge, in a manners similar
to the design of knowledge-based fuzzy controllers. Here we use fuzzy
theory to improve intelligent systems.

e using numerical data and suitable identification technique

We concentrate only on the identification techniques. One of this techniques
is fuzzy clustering method. With a sufficiently informative identification data
set, this method does not require any prior knowledge on the partitioning of
the domains. Moreover, the use of membership values provides more flexibility
and makes the clustering results locally interpretable and often corresponds
well with the local behaviour of the identified process.

The idea of fuzzy clustering came from Ruspini (1969)’s hard C-means. He
introduces the fuzzification of hard C-means to accommodate the intergrades
for situations where the groups are not well-separated with hybrid points be-
tween groups as:

Tn(U, P X) =YY uigd’ (i, va), (17)
k=1 i=1

where X = (21, z2,...,Z5) is n data sample vectors, U is a partition of X in c
part, P = (vy,vs, ...,v.) are cluster centers in R?, d?(zy,v;) is an inner product
induced norm on RP, and u;y is referred to as the grade of membership of zy,
to the cluster 4, in this case the member of u;; is 0 or 1.

The syntax of this algorithm in XploRe is the following:

hcm=xchcme (x,c,m,e)
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The inputs are the following; x is a n X p matrix of n row points to be clustered,
c is scalar the number of clusters, m is an exponent weight factor (m = 1), e is
termination tolerance, and u is a n X p matrix of initialize uniform distribution.

For an example, we use butterfly data set taken from Bezdek (1981). This
data set consists of 15 x 2 matrix. It is called “butterfly” because it scatters
like butterfly.

After loading the quantlib xclust, we load the data set

library("xclust")
z=read ("butterfly.dat")
x=z[,2:3]

c=2

m=1

e=0.001

and apply hard C-means clustering

hcm=xchcme (x,c,m,e)

hcm. clus

d=createdisplay(1,1)

setmaskp(x,hcm. clus,hcm. clus+2,8)
show(d,1,1,x)

title="Hard-c-means for Butterfly Data"
setgopt(d,1,1,"title", title)

Q clusti4.xpl

the result is here

Contents of hcm.clus

[1,] 2
[ 2,] 2
['"'/,] 2
[ 8,] 2
[ 9,] 1
ti4,] 1
[15,] 1
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Hard-c-means for Butterfly Data
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Figure 12: Hard C-means for butterfly data.
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From the Figure 12, we can see that the data separate into two clusters. Al-
though the observation number 8 namely (3,2) exactly in the middle, but this
observation must be belong to the first cluster or the second cluster. It can not
be constructed another cluster. For this example we see that this observation
belong to the first cluster.

3.4 Fuzzy C-means Method

v = xcfcme(x, ¢, m, e, alpha)
Performs a fuzzy C-means cluster analysis

One approach to fuzzy clustering, probably the best and most commonly used,
is the fuzzy C-means Bezdek (1981). Before Bezdek, Dunn (1973) had devel-
oped the fuzzy C-means Algorithm. The idea of Dunn’s algorithm is to extend
the classical within groups sum of squared error objective function to a fuzzy
version by minimizing this objective function. Bezdek generalized this fuzzy
objective function by introducing the weighting exponent m, 1 < m < oo;

Cc

Jm(U,P : X) = Z Z(uik)mdz(wk,vi), (18)
k=

1i=1

where U is a partition of X in ¢ part, P = v = (v, v2,...,0.) are the cluster
centers in RP, and A is any (p x p) symmetric positive definite matrix defined
as the following :

& (2,07) = ok — villa =/ (@x — v:) T Alex —v2), (19)

where d*(zy,v;) is an inner product induced norm on RP, ug is referred to
as the grade of membership of z, to the cluster ¢. This grade of membership
satisfies the following constraints:

O0<up<lforl1<i<ecl1<k<n,
0<>p uir <nforl<i<e,
Yiquik =1,for1 <k <n.
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The fuzzy C-means (FCM) uses an iterative optimization of the objective func-
tion, based on the weighted similarity measure between z; and the cluster

center v;.

Steps of the fuzzy C-means algorithm, according to Hellendorn and Driankov

(1997) are the following;:

1. Given a data set X = {z1,%2,...,Zn}, select the number of clusters 2 <
¢ < N, the maximum number of iterations T', the distance norm || e || 4,
the fuzziness parameter m, and the termination condition £ > 0.

2. Give an initial value Up € Mycn,.
3. Fort=1,2,....T

(a) Calculate the ¢ cluster centers {v;+},i =1,...,c

Vit =

)

n m
_ 2k=1 Wik,t—1Tk

n m
k=1 Ui t—1

(20)

(b) Update the membership matrix. Check the occurrence of singular-
ities (dik,t = || T — Uit ”A = 0) Let T = {1,...,6},Tk,t = {l €
Y|dixt = 0}, and Yyt = T\Yy ;. Then calculate the following

[+
_ dik¢
Uikt = E -

djr

j=1

) i T =0 (21)

Choose air,: = 1/#(Tkt),Vi € T;#(.) denotes the ordinal number.

4. If E; =|| Uy—1 — Uy ||< € then stop otherwise return to step 3.

This procedure converges to a local minimum or a saddle point of J,. The
FCM algorithm computes the partition matrix U and the clusters’ prototypes
in order to derive the fuzzy models from these matrices.

In pseudocode, we can say

Initialize membership (U)
iter = 0
Repeat {Picard iteration}
iter = iter+1
Calculate cluster center (C)
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Calculate distance of data to centroid ||X-C||
U’=U
Update membership U

Until ||U-U’|| <= tol_crit .or. iter = Max_iter

The syntax of this algorithm in XploRe is
fcm=xcfcme(x,c,m,e,alpha)

The inputs are the following; x is a n x p matrix of n row points to be clustered,
c is the number of clusters, m is an exponent weight factor (m > 1), e is
termination tolerance, and u is n X p matrix of initialized uniform distribution.

Below is an example. We use the same data as quantlet xcfcme. And also
we do exactly the same procedure, except the part of applying fuzzy C-means
clustering.

library("xclust")

z=read ("butterfly.dat")

x=z[,2:3]

c=2

m=1.25

e=0.001

alpha=0.9

fcm=xcfcme(x,c,m,e,alpha) ; apply fuzzy c-means clustering
fem.clus

d=createdisplay(1,1)
setmaskp(x,fcm.clus,fcm.clus+3,8)
show(d,1,1,x)

title="Fuzzy-c-means for Butterfly Data"
setgopt(d,1,1,"title", title)

Q clust15.xpl

The result is here
Contents of fcm.clus

[1,] 1
[ 2,] 1
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[ 8,] 3
[ 9,] 2
‘[ié'l,] 2

This result can be shown in Figure 13.

Fuzzy-c-means for Butterfly Data
< A 1 1 1 1 1 1 L
- A L
> NHA A A o
—i- A L
OqA L
1 2 3 4 5 6
X

Figure 13: Fuzzy C-means for butterfly data

By using m = 1.25 and alpha = 0.9, we can see that, not all observations
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belong to the first cluster or the second cluster. But the 8-th observation form
a new cluster. Because this observation has the same distance to the center of
both previous cluster.

For another example, we use bank2 that has also explained by Ward method.

After loading the quantlib xclust, we load the bank2 dataset. We do exactly
the same with the previous example with the quantlet @ clust16.xpl

The result that we have as follows

[ 1,] 1
[ 2,] 1
[ 98,] 1
[ 99,] 1
[100,] 1
[101,] 2
[102,] 2
[103,] 1
[104,] 2
[199,] 2
[200,] 2

If we compare to the Ward method depicted by Figure 14, we have not exactly
the same cluster. By fuzzy C-mean, the 103-rd observation belongs to the
first cluster and by Ward method, the 70-th observation belongs to the second
cluster. To make it easy to see how the data to be clustered, below we present
the variables; X, that is the distance of the inner frame to the lower border,
vs Xg that is the length of the diagonal of the central picture. Using the
contingency table, we can conclude that both of these methods constructed the
same clusters.

Now, we want to compare both of these methods for three clusters depicted by
Figure 15 with the quantlet @ clust17.xpl. Using the contingency table, we
see that there are 16 observations in the second cluster of Ward method but
these observations are belong to the third cluster of fuzzy C-means.
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Ward Method for Bank Notes Data with two clusters
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Figure 14: Ward method vs fuzzy C-means for Swiss banknotes data (X4 vs
X6) with two clusters
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Ward / Fuzzy Cluster 1  Cluster 2

Cluster 1 1 99 100
Cluster 2 99 1 100
100 100 200

Table 3: Contingency table between Ward method vs fuzzy C-means method
with two clusters.

Ward / Fuzzy Cluster 1 Cluster 2  Cluster 3

Cluster 1 100 0 0 100
Cluster 2 0 48 16 64
Cluster 3 0 0 36 36

100 48 52 200

Table 4: Contingency table between Ward method vs fuzzy C-means method
with three clusters.
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Ward Method for Bank Notes Data with three clusters

142
1

141
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Figure 15: Ward method vs fuzzy C-means for Swiss banknotes data (X4 vs
X6) with three clusters
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