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The Application of Operations Research Techniques to Financial Markets

ABSTRACT

This paper reviewsthe application of OR to financial markets. After considering
reasonsfor the attractiveness of general finance problemsto OR researchers, the
main types of financial market problem amenableto OR areidentified, and some
of the many problems solved using OR are documented. While mathemati cal
programming is the most widely applied technique, Monte Carlo and other
simulation methodsareincreasingly widely used. OR now playsanimportant role
in the operation of financial markets and this importance is likely to increase,
creating the opportunity for OR (and operations researchers) to play an even
greater role.



The Application of Operations Research Techniquesto Financid Markets

Operations Research, OR, has been applied to problems in finance for at least the last half
century. The INFORMS data base of academic papers in OR journals since 1982 classifies
nearly 3% of the entries as being concerned with finance. For thejournal Management Science
over the same period this proportion is over 10%. Thereisan even larger number of paperson
the application of OR techniquesto finance in the finance, mathematics, engineering and other
literatures, so that, in total, there are severa thousand papers which apply OR techniques to
finance in academic journals. Equally, OR has played a part in the adoption by the financial
markets of the new finance theories. For example, in the 1960s and 1970s the Management
Sciencegroup at Wells Fargo Bank in San Francisco pioneered the used of new financetheories,
and introduced the first index tracking fund in July 1971 (Bernstein, 1992). As part of the
increased use of mathematical models in finance (Merton, 1995), investment banks have
recruited staff skilled in quantitative techniques, including OR, to devise pricing equations and

analyse market data - the so called “quants’ or “rodket scientists’.

This paper considers the application of OR techniques to financial markets. This covers
decisions concerning trading by decision makers in financia markets (e.g. the debt, equity and
foreign exchange markets and the corresponding derivatives markets), and represents a more
recent and still growing areafor the application of OR techniques to finance. This paper does
not consider the moretraditional applications of OR to the management of thefirm’sfinances
working capital management (which can be subdivided into themanagement of cash, receivables
and liabilities), capital investment (including the appraisal and implementation of sets of large
interdependent investments), multinational taxation, and financial planning model s (such asthose
developed for banks); which have been reviewed by Ashford, Berry and Dyson (1988). Models
for forecasting movementsin finand al marketsand bankruptcy prediction are not considered, as

they are deemed to be outside the scope of this paper.



After considering some of the reasons for the attractiveness of finance problems for the
application of OR techniques, this paper identifies the main types of problem tha are amenable
to OR analysis, and documents some of the many problemsinfinandal marketswhich have been

addressed using OR techniques.

1. Attractiveness of Finance Problems

An important distingushing feature of problemsin financial markets is that they aregenerally
separableand well defined. The objectiveisusually tomaximiseprofitor minimiserisk, and the
relevant variables are amenabl e to quantificati on, d most alwaysin monetary terms. In contrast
to some other OR applications, the investigator has few worries about ensuring that they have
identified the correct question (i.e. there is no need to consider whether the problem is to
reschedul ethe company’ svehicle fleet to meet customer needs, rather than the broader question
of whether it needs to operate afleet of vehiclesat al). Infinance problems, the relationships
between thevariablesare usually well defined, so that, for example, theway inwhich anincrease
in the proportion of aportfolio invested in aparticular asset affects the mean and variance of the
portfoliois clear. Thusthe resulting OR model is a good representation of reality, particularly
astheroleof non-quantitative factorsis often small. Finance problems also havethe advantage
that any solution produced by the analysis can probably be implemented, while in other areas
there may be unspecified restrictions concerned with human behaviour and preferences that
prevent theimplementation of some solutions. Furthermore, finance practitionersareaccustomed

to the quantitativeanalysis of problems.

The investigator is likely to find that much of the requisite higorical data has already been
collected and is avail ablefrom company records or recorded market transactions, and that large
amountsof real time dataare available on prices (traded and quoted) in financial marketswhich
canreadily beused in OR models. Inaddition, non-quantitativefactorsare generally absent from

formulations of finance problems.



The availability of real time data means that solutions can often be implemented very quickly
(e.g. afew seconds) and, astradingin financial marketsofteninvolvesvery largesums of money,
even a very small improvement in the quality of the solution (under 0.5%) is beneficial.
Furthermore, such problems tend to recur, possibly many times per day, spreading the costs of
devel oping an OR solution over alarge number of transactions. Thisscale and repetition makes

the development of an OR model more attractive than for small or one-off decisions.

Thus, because finance applications (especially goplications to financial markets) are largely
numerical problemswith well defined boundariesand objectives, clear relationshipsbetween the
variables, large benefits from very small improvements in the quality of decision making and
excellent data, they are well suited to OR analysis. This paper analyses the application of OR
techniquesto financial marketsinmoredetail by considering some of the major types of problem

in financial markets, and the OR techniques that have been used to analyse them.

2. Portfolio Theory

A seminal application of OR techniquesto finance was by Harry Markowitz (1952, 1987) when
he specified portfolio theory as a quadratic programming problem (for a survey of this theory,
see Board, Sutcliffe and Ziemba, 1999). Participants in finandal markets usually wish to
construct diversified portfolios because thishas the substantial advantage of reducing risk, while
leaving expected returns unchanged. The objective function for the portfolio problem is
generally specified as minimigng risk for a given level of expected return, o maximising
expected return for agiven level of risk. While returns produce alinear dbjective function, risk
is modelled using the variance, leading to an objective function with quadratic variance and
covarianceterms. TheMarkowitz model asoincludesnon-negativity constraintson thedecision
variables to rule out short selling of the asset concerned'. As well as specifying the portfolio
problem within amean-variance framework, Markowitz al sodevel oped solution agorithmsfor
more general quadratic programming problems. This provides an example of the interaction

between OR techniques and finance, with the former sometimes being tail ored to meet the needs



of thelatter. Subsequently theideaof using the varianceto model risk hasbeen extensively used

in finance, and hence in applications of OR to finance.

Although the most obvious application of portfolio theory isto the choice of equity portfolios,
and empirical papers (e.g. Board and Sutcliffe, 1994; and Perold, 1984) have used quadrdic
programming to compute efficient equity portfalios, the technique can be applied to a much
wider range of problems. Konno and Kobayashi (1997) proposed using quadratic programming
toform portfoliosof both equitiesand bonds. Other authors have been concerned with managing
bond portfoliosto maximizetheir expected value, and have used stochastic linear programming
to allow for interest raterisk (e.g. Bradley and Crane, 1972). Golub et d. (1995), Zenios (1991,
1993b) and Zenios et a (1998) employed stochastic progranming to select a portfolio of fixed
interest securities (Mortgage Backed Securities, MBS?) that maximised the expected utility of
terminal wealth, after using Monte Carlo simul ation to generate the various scenarios, while Ben-
Dov, Hayreand Pica (1992, usad stochastic programming to form portfolios of MBS and other

assets for clients that were expected to outperform some pre-specified target return.

Pension funds hold portfolios of both assetsand ligbilities, making investmentsin shares, bonds,
and other financia assets; to fund their obligations to existing and future pensioners. The
problem of selecting aninvestment policy for apension fund can be analysed using asset-ligbility
management modelsthat allow for the non-zero correl ations between the values of the assetsand
liabilities (e.g. rapid inflation increases the value of both equities and the liabilities of apension
scheme based on final salaries) which, if positive, reduces risk. While these problems may be
formulated using quadratic programming, they have usually been solved in other ways (see
Ziemba and Mulvey, 1998). Mulvey (1994) assumed that the objective was to maximise the
expected value of a non-linear utility of wealth function, and specified the problem as anon-
linear network problem, with the simulation of future pension fund liabilities. Similar asset-
liability problemsare al o faced by insurance companies, for example Carifio et al (1994, 19983,

1998b) formulated this problem for a Japanese insurance company. Their model maximisesthe
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expected market value of the company, with risk measured as the underachievement of the
specified goals. It alows for various scenarios and finds solutions using stochastic linear
programming. Hillier and Eckstein (1993) goplied stochasticlinear programmingto generatethe
risk-return efficient frontier for a pension fund, while Holmer (1994) devised a utility
maximizing approach using Monte Carlo simulation to manage the assets and liabilities of the
Federal Nationa Mortgage Association (Fannie Mae). Klaassen (1998) criticised the use of
Monte Carlo simulation, as this can bias the results by including arbitrage opportunitiesin the
sampled scenarios. To avoid this, he aggregated an arbitrage-free event tree beforeitsinclusion

in a multi-stage gochastic programming model of the asset-liability problem.

Quadratic programming has been used to form portfolios of currencies (Levy, 1981), and
commercia loan portfolios (Gollinger and Morgan, 1993), in which the objective was to lend
money to industrial sectorsto minimise variationsin industry credit qudity for agiven level of

return (spread over LIBOR, plus fees).

Another application of quadratic programming isgeneralised hedging, in which the objectiveis
usually to minimise the variance of a portfolio of a given set of assets and the chosen hedging
instruments(Levy, 1987)%. Rudolf and Zimmermann (1998) widened this approach, and applied
quadratic programming tosel ecting aportfolio of domesticequities, foreign equi tiesand foreign
exchange forward contracts. If the hedging instruments include options, this introduces a non-
linearity into the hedging decision. Murtagh (1989), devised a non-linear programming model
to hedge foreign currency exposure using a mixture of currency forward and options contracts.
The aim was to minimise the expected cost, subject toachance constraint that the probability of
the cost of the chosen hedging strategy does not exceed the cost of using the forward market
alone. Clewlow, Hodges and Pascoa (1998) show how linear, goal and dynamic programming
can be used to hedge options in the presence of transactions costs. Nielsen and Zenios, 1996,
used stochastic programming with recourse to hedge the risks of single premium deferred

annuities® with mortgage backed securities (MBS).



Quadratic programming has al so been usedfor constructingindex tracking portfolios, wherethe
purposeisto select a portfolio of assets (e.g. equities or bonds) which, when combined with a
matching short position in theindex to be tracked, has minimum risk (Meade and Salkin, 1989,
1990; Rudd, 1980; Seix and Akhoury, 1986). Multi-stage stochasti cprogramming with recourse,
in conjunction with Monte Carlo simulation to generate the scenarios, has been used by

Vassiadou-Zeniou and Zenios (1996) and Zenios et al (1998) to track an index of MBS.

In some applications of portfolio theory, the decison variables must be integer. While it is
acceptableto round the number of shares traded to the nearest integer, this may not be the case
for futures contracts, which are generally worth over £100,000 per contract. For this reason,
Peterson and Leuthold (1987) and Shanker (1993) used quadratic integer programming to
compute hedging strategies involving futures. Similarly, because of indivisibilities in the
guantities of short term foreign currency securities, Cotner and Levary, 1987, imposed an integer
requirement when forming portfolios of currencies, making the solution procedure zero-one
quadratic programming. Shapiro, 1988, used stochastic integer programming with recourseto
construct bond portfolios that allow for some of the bonds being called (or redeemed early) if
interest rates are low. Zero-one variables indicated whethe a particular bond was included in

the portfolio, while non-integer variables gave the scale of investment in each included bond.

Some authors have argued that formulation and solving quadratic programming portfolio
problemsistoo onerous, and proposed simplified solution techniques. Sharpe (1963) proposed
asingleindex model which simplifiesthe variance-covariance matrix required by the Markowitz
model by assuming that assets are related to each other only through their correlation with a
single common factor. This simplification removes the need for large numbers of covariance
terms in the objective function, enabling the use of special purpose quadratic programming
algorithms. When each asset represents only asmall proportion of the portfolio, Sharpe (1967)
shows that his single index model can be treated as having a linear objective function. In

essence, well diversified portfolioshave only systematic risk, and thisis measured by asset betas,



which then givesalinear objective function. 1n 1971, Sharpe suggested using a piecewise linear
approximation to the quadratic objective function, enabling the application of linear

programming to solve portfolio problems.

Another proposal isto minimizethe mean absol ute deviation (MAD), which can be solved using
linear programming, rather than quadratic programming®. Konnoand Y amazaki (1991 and 1997)
applied MAD to forming portfolios of Japanese equities and also equities and bonds. Y awitz,
Hempel and Marshall (1976) proposed viewing bond portfolios as arisk-return problem, but to
avoid quadratic programming used the mean absolute price change to measure risk. The
formation of portfolios of MBSs was modelled by Zenios and Kang (1993) who used both
simulation and linear programming. They used Monte Carlo simulation to generate rates of
return on each MBS during the hd ding period, and then applied linear programmingto minimise
the MAD, subject to the expected return exceeding somespecified amount. Worzel, Vassiadou-
Zeniou and Zenios (1994) suggested using both simulation and linear programming for tracking
fixed-interest indices. First, the holding period returns for the securities in the index are
simulated; thenlinear programming, with risk measured by theMAD, isused to select aportfdio
which maximises the expected return, subject to the risk of underperforming the index not
exceeding some specified upper bound. Thisbound isthen minimised by iteratively solving the
linear programming problem. Seix and Akhoury (1986) proposed using linear programming to
deviseaportfolioto track abond index by maximising the value of the portfolio, while matching
the duration®, quality, sectors, and coupons of the bond index. Another approach to removing
the need to solve a quadratic programming problem is to specify the problem as choosing
between a range of pre-specified equity portfolios using data envelopment analysis (DEA)
(Premachandra, Powell and Shi, 1998).

A different approach to removing the need for quadratic progranming is to reformulate the
portfolio problem as a non-linear generalised network model for which efficient solution

agorithms exist (Mulvey, 1987). In this case the objective function is non-linear, and risk can



be measuredin awidevariety of ways; including thevariance. Glover and Jones (1988) proposed

using a network model, in conjunction with the Fourier transform, to give alinear model.

Portfolio problems, with the twin objectives of maximising returnsand minimising risk, can also
be viewed as goal programming problems with two goals. Additional goals can be introduced,
and anumber of authors have solved portfolio problemsusing goal programming. For example,
Kumar, Philippatos and Ezzell (1978), Kumar and Philippatos (1979) and Lee and Lerro (1973)
have specified modelswith five or six goalsfor forming equity portfolios. Measuring risk using
systematic (beta) and unsystematic risk, rather than the variance, enablesthe use of linear rather
than quadratic programming. Similarly, Leg Lerro and McGinnis (1971) constructed a linear
programming model with six goals for managing bond portfolios. Sharda and Musser (1986)
specified amodel with four goalsfor hedging therisk of Treasury bonds. Becausethey included
zero-one variables to spedfy the week in which the hedgng instrument istraded, the problem

isamixed integer goa programming problem’.

Cheng (1962), analysed the problem of maintaining a bond portfolio over timewherethereisa
choice between a short maturity bond with ahigh yield, and alonger maturity bond with alower
yield, and there is uncertainty over the available bond yields when the existing bonds mature.
Cheng suggested quadratic programming by essentially treating the situation as a single period
problem.  Multi-period portfolio problems have been specified as dynamic progranming
problems (Elton and Gruber, 1971), while Mulvey and Vladimirou (1992), usad a stochastic
generalised network model.

In portfolio immunization the aim isto construct a portfolio of interest rate dependent securities
whosevalueisthe same as some target asset (usually another interest ratedependent asset)®. By
matching the duration of theportfolio with that of the target asset, the portfolio isimmunized
against small paralld shiftsin the yield curve’. Fong and Vasicek (1983) proposed a measure

of the risk from general interest rate movements (e.g. non-parallel shiftsin theyield curve) and



proposed devising a bond portfolio to minimisethis, subject to achieving a specified duration,
by linear progranming. They also suggest that the investor could compute an efficient frontier
of portfolios that minimise the standard deviation of the return on the immunized portfolio for
agiven level of expected return, again using linear programming. Using higher moments of a
generalised duration measure, Kornbluth and Salkin (1987) show it is possible to immunise
against changes in the shape of the yield curve, as well as parallel shifts, using linear fractional
goal programming. Nawalkha and Chambers (1996) used a modified duration measure to
quantify the risk of an immunized portfolio, and minimised this using linear programming.
Alexander and Resnick (1985) who incorporated default risk, also specified immunization asa
linear goal programming problem. What all these immunization studies have in common isthat
the chosen risk measure does not involve squares or cross produds of the decision variables, so

that linear programming, not quadratic programming, is the solution technique.

Portfolio theory (and quadratic programming) has also been applied to problems that do not
directly involve traded financial assets. For example, Freund (1956) examined farming, and

Board and Sutcliffe (1991) applied the approach to tourism.

3. The Valuation of Fancial Instruments
It isvery important when trading in financial marketsto have agood model for valuing the asset

being traded, and OR techniques have made a substantial contribution in this area.

Although European style call and put options can be valued using the Black-Scholes model,
which providesagood closed form solution, OR techni ques have made asubstantial contribution
to the pricing of more complex derivatives. In 1977, Boyle proposed the use of Monte Carlo
simulation as an aternative to the binomial model for pricing options for which a closed form
solution is not readily available. Monte Carlo ssmulation has the advantage over the binomial
model that its convergence rateisindependent of the number of state variables (e.g. the number

of underlying asset prices and interest rates), whilethat of the binomial model is exponential in



the number of state variables.

Monte Carlo simulation is used to generate paths for the price of the underlying asset until
maturity. The cash flows from the option for each path, weighted by their risk neutral
probabilities™, can then be discounted back to the present using therisk free rate, allowing the
average present value across all the sample pathsto be computed to givethe current price of the
option (Boyle Broadie and Glasserman, 1997). A range of variance reduction methods have
been used in the Monte Carlo pricing of options (e.g. control vaiates, antithetic variates,
stratified sampling, Latin hypercube sampling, importance sampling, moment matching and
conditional Monte Carlo). In addition, quasi-Monte Carl o methods have been applied to finance
problems to speed up the ssimulation (Joy, Boyle and Tan, 1996). Aswell as generating option
prices, Monte Carlo simulation can be used to compute the various sensitivities - “the Greeks’ -
including the hedge ratio, which are essential for many trading strategies (Broadie and
Glasserman, 1996).

Thereareno closed form solutionsfor American style options', and until recently it was thought
that Monte Carlo simulation could not be used to price such options. Thisisamajor problem,
as the mgjority of options are American style However, progressis being made in developing
MonteCarlo simulation techniquesfor pricing American styleoptions(Broadieand Glasserman,
1997; Grant, Vora and Weeks, 1997). Options have also been priced using finite difference
approximations, and Dempster and Hutton (1996) and Dempster, Hutton and Richards (1998)
have proposed the use of linear programming to solve thefinite difference approximationsto the
price of American style put options. In addition, American style options can be priced using

dynamic programming, Dixit and Pindyck (1994).

If aclosed form pricing equation cannot be derived for an option or other derivative; provided
aprice history is available, a neural network can be trained to produce prices using a specified

set of inputs, which can then be used for out-of-sample pricing (Hutchinson, Lo and Poggio,
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1994). This approach was able to outperform the Black-Scholes formula when pricing options
on S&P500 futures, and has considerable potential for generating prices for “hard to price”

derivatives that are already traded on competitive markets.

Empirical research has found that, although the Black-Scholes pricing model provides accurate
pricesfor at-the-money options, thereare some unexpected patternsin options prices, such asthe
“volatility smile’*2. Modelling this effect, and given a contemporaneous set of prices for
European style put and call options on the same underlying asset, Rubinstein (1994) has shown
how the implied risk neutral probability distribution can be computed using quadratic
programming. This procedure slectsaset of risk neutral probabilitiesthat minimise the sum of
the squared difference between themsel ves and the risk neutral probabilities generated by some
prior guess. These probabilities can be used to infer a recombining binomid tree that is
consistent with the observed options prices, which isthen used in hedging or valuing European
style options on the underlying asset over the period until maturity inaway that allows for the
presence of the®smile”. Jackwerth and Rubinstein (1996) generalised thisapproach using non-

linear progranming to minimise four other objectivefunctions.

Municipal authoritiesinthe USA who wish toborrow money by issuing bondsusuallyinvitebids
from underwriting syndicates. These bids must specify aschedule of bond coupons (i.e. interest
payments), subject to various restrictions imposed by the munici paity, and by the need for the
underwriting syndicateto market the bondsto the public. Thewinning bidisgenerally that with
the lowest net interest cost to themunicipality. The underwriting syndicae typically have only
15 to 30 minutes to prepare a bid, and so a computerized solution procedure is needed. This
decision was formulated as a linear programming problem by Percus and Quinto (1956) and
Cohen and Hammer (1965, 1966), while Weingartner (1972) respecified it as a dynamic
programming problem. If the municipality places an upper bound on the number of different
coupon rates, it becomesan integer programming problem, that can alsobe solved asazero-one

dynamic progranming problem (Weingartner, 1972; Friemer, Rao and Weingartner, 1972).
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Nauss and Keeler (1981) added the constraint that the coupon rates be set to integerstimes a
specified multiplier, and proposed an integer programming formulation. The municipality can
specify the true interest cost (which isthe internal rate of return (IRR) on the bond), rather then
the net interest cost, asthe selection criterion to be used. The use of the|RR as the objective to
be minimised makes the problem non-linear. Bierwag, 1976, proposed a linear programming
algorithmfor solving thisproblem. Nauss, 1986, added some additional restrictionswhich make

the problem integer, and suggested an approximate solution using integer linear programming.

Mortgage backed securities (MBS) are created by the securitisation of apool of mortgages. For
any specific mortgage, the borrower hastheright to repay theloan early - the prepayment option,
or may default on the payments of capital and interest. These risks feed through to the owne's
of MBS, in addition to the risks of fluduations in the rate of interest payable on flexible rae
mortgages (Zipkin, 1993). Thus MBS are hybrid securities, as they are variable interest rate
securitieswith an early exerciseoption. Monte Carlosimulation can be used to generate interest
rate paths for future years. Forecasts of the mortgage prepayment rates then permit the
computation of the cash flowsfrom each interest rate path, and these sequences of cash flowsare
used to value the MBS (Zenios, 19935 Ben-Dov, Hayre and Pica ,1992; Boyle, 1989). This
procedure, which can be used to identify mispriced MBS in red time, is computationally
demanding and parallel (and massively parallel) and distributed processing havebeen used inthe
solution of the problem. Simulation has aso been used to price collateralised mortgage
obligations or CMOs" (Paskov, 1997). Other hybrid securities, such as callable and putable
bonds and convertible bonds face similar valuation problems to MBSs and require similarly

intensive solution methods.
Thereisan active secondary market in loan portfolioswhich may carry asignificant default risk.

Del Angel el a (1998) used aMarkov chain analysiswith 14 loan performance statesand Monte

Carlo simulation to generate the probability distribution of the present valueof loan portfolios.
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4. Imperfectiong Financial Markés

Aswell asaccuraely pricingfinancial secunties, traders areinterested in finding imperfections
in financial markets which can be exploited to make profits (Keim and Ziemba, 1999; Ziemba,
1994). One aspect of thisisthe search for weak form inefficiency (i.e that an asset’ s past prices
can be used as the basis of a profitable trading rule). Among the early attempts to find such

exploitable reguaritiesin stock prices were Dryden’s (1968, 1969) use of Markov chains.

A fundamental feature of financid marketsisthe existence of no-arbitragerel ationshipsbetween
prices, and small price discrepancies can be exploited by arbitrage tradesto give | arge riskless
profits. Network model shave been used to find arbitrage opportunities between setsof currencies
(Christofides,Hewinsand Salkin, 1979; Kornbluthand Salkin, 1987; Mulvey, 1987; Mulvey and
Vladimirou, 1992). This problem can be specified as a maximal flow nework, where theaim
isto maximise the flow of funds out of the network, or as a shortest path network. Whilesome
network formulations are linear and could be formulated and solved as linear programming
models, interpretation of the problem as a network enables the use of computationally faster

algorithms.

Chandy and Kharabe (1986) developed a model for identifying underpriced bonds. They
suggested solving a linear programming model to form a bond portfolio with maximum yield.
This solution then gives the break evenyidd, which is the minimum bond yield necessary for
inclusion in the portfolio. Hodges and Schaefer (1977) devised a linear programming model
which minimises the cost of a given pattern of cash flows, enabling underpriced bonds to be

traded.

There has been a growing interest in using artificial intelligence based techniques (expert
systems, neural neworks, genetic algorithms fuzzy logic and inductive learning) to develop
trading strategies for financial markets (e.g. Trippi and Turban, 1993; Refenes, 1995;
Goonatilake and Treleaven, 1995; Wong and Selvi, 1998). Such approaches have the advantage

13



that they can pick up non-linear dynamics, and require little prior specification of the

relationships involved.

Firer, Sandler and Ward, 1992, smulated the returns from a stock market timing strategy for a
range of levels of forecasting skill, so quantifying the likely benefits from various levels of
forecasting ability. Taylor (1989) used Monte Carlo simulation to generate along time series of

datafor use in back-testing the performance of trading rules for a variety of financial asts.

5. Funding Decisions

OR techniques have also been used to help firmsto determine the mast appropriate method by
whichto raisecapital fromthefinancial marketsto financetheir activities. Brick, Mellon, Surkis
and Mohl (1983) put forward a chance constrained linear programming model to compute the
values of the debt-equity ratio each period that maximizethe value of the firm. Other studies
have specified the choi ce between varioustypesof funding asalinear goal programming problem
(Hong, 1981; Leeand Eom, 1989). Ness (1972) used linear programming to find the least cost
financing deci sonfor ani nvestment project by a multi-national company. Kornbluthand Vinso
(1982) modelled the financing decision of amulti-national corporation asinvolving two goels -
minimizing the overall cost of capital and achieving target debt/equity ratiosin each country.
Since the debt/equity gods involve ratios of the decision variables, the model becomes a

fractional linear goal programming problem.

A different approach to the debt problem is to assume that the firm has found its desired debt-
equity ratio, and is purely concerned with raising the requisite debt as cheaply aspossible. Inthis
case, debt can be treated like any other input to the productive process, and inventory models
used to determine the optimal “reorder” times and quantities (Bierman, 1966; Litzenberger and
Rutenberg, 1972). An additional aspect of the problem isthat, bonds' maturity must be chosen
by the borrower to reflect the different current interest rates payable onalternative maturities, the

uncertaincostsof future borrowing and the marketability of alternativematurities. Crane, Knoop
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and Pettigrew (1977) formulated thisas alinear programming problem to minimise costs, which

they solved for three different interest rate scenarios.

Firms, governmental organizations and others may choose to issue callable bonds in which the
issuer has the option to repay thebond at atime of their choosing before the maturity date of the
bond. Theissuer must choose various parameters of the callable bond, and Consiglio and Zenios
(19974, 1997b) have used nonli near programming to design such securitiesinaway that ismost
beneficial to the issuer, while Holmer, Yang and Zenios (1998) used a simulated annealing

algorithm.

Firms which have issued callable debt mug decide when to call (repay) the existing debt and
refinance it with a new issue, presumably at alower cost - the bond scheduling problem. This
isadynamic programming problemand hasbeen modelled as such by Weingartner (1967), Elton
and Gruber (1971) and Kraus (1973). Baker and Van Der Weide (1982) extended thismodel to
cover amulti-subsidiary company with debt requirements for each subsidiary. Dempster and
Ireland (1988) developed amodel which applies arange of OR techniques in a complementary
fashion to the bond scheduling problem. The model begins by using stochastic linear
programming to devise a multi-period plan for both issung and calling bonds. The plan is
refined using heuristics, possibly leading to multiple plans, and the probability distributions of
these revised plans are derived using smulation. Finally, an expert systemis used to help in

deciding between alternative plans.

An important question when appraising investment projeds is determining the appropriate cost
of capital, i.e. the price which must be paid in the finanda markets to finance the project.
Boquist and Moore (1983) proposed the use of linear goal programming to estimate the cost of

capital for divisions by incorporating corporate prior beligfs concerning betas.

Certificates of deposit (CDs) are issued by banks and indicate that a specified sum has been
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deposited at the issuing depository institution. As such, CDs represent a source of funding for
banks. Russell and Hickle (1986) devel oped asimulation model to predict theimpact of various

interest rate scenarios on the cost of this funding source.

Findly, the problem facing borrowers of choosing between alternative mortgage contracts (e.g.
fixed rate, variable rate and adjustable rate mortgages) has been modelled using decision trees
(Heian and Gale, 1988; Luna and Reid, 1986).

6. Strategic Problems

Inrecent years, someof the decisionsfacing tradersand market makersin financial marketshave
been analysed using game theary (O’ Hara, 1995; Dutta and Madhavan, 1997). These models
typically involve one or more market makers, and traders who may be informed or uninformed,
and discretionary or non-discretionary. Traders in stock markets seek to trade at the most
attractive pricesand large trades are often brokenup into asequenceof smaller tradesin an effort
to minimisethe priceimpact. Thiscan beviewed asastrategic problem with theaim of devising
a strategy for trading the block of shares. The initial trades influence the price of subsequent
trades, and so executing the large trade at the lowest cost is a dynamic problem. Bertsimas and
Lo (1998) use stochastic dynamic programming to define “best execution” and to compute an

optimal trading strategy.

Powers (1987) applied game theory to the situation where a company has two major
shareholders, and alarge number of very small shareholders. Thiscan be modelled asan oceanic
game, inwhichthetwo large players behavestrategically whilethe many small shareholders(the
ocean) do not. Thisapproach can be used to derivethe highest price alarge shareholder will pay

in the market for corporate contrad.

7. Regulatory and Legal Problems

Financial regulators have becomeincreasingly concerned about financial markeswiththeir very
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large and rapid international financial flows. OR techniqueshave proved useful inregulating the
capital reserves held by banks and other finandal institutions to cover their risk exposure. OR
techniques have also been used to ensure compliance with various legal requirements by

designing appropriate strategies and to solve other legal problemsrelating to financial markets.

A key regulatory issue is determining the capital required by financial institutions to underpin
their activities in financial markets. An increasingly popular gpproach to this problem is to
quantify the value at risk (VAR). If the specified period and probability are 1 day and 1%
respectively, thenthe VAR isthelargest lossthat will occur dueto market risk 99% of thetime.
Thus, VAR involves quantification of the lower tail of the probability distribution of outcomes
from the firm’s portfolio. A particular problem with measuring risk exposure is that portfolios
usuallyincludeoptions(or financial securitieswith option-like characteristics), and optionshave
highly asymmetric payoffs. For such securities, analytical solutionsto finding the probabilities
in the lower tail of the payoff distribution are unreliable. Riskmetrics™ uses approximations
based on “the Greeks” for optionsthat are at or near the money**, and Monte Carlo simulation
for other optionspositions (M organ and Reuters, 1996). Monte Carlo simulation can either make
distributional assumptions, or usethe distribution of historical realizaions, i.e. bootstrapping

(Pritsker, 1997)".

While Riskmetrics™ quantifies market risk, some securities are also subject to credit risk.
Although the market risk of financial instruments (apart from options) tends to produce returns
with an approximately normal distribution, credit risk produces returns that are highly non-
normal for all instruments. Usually there isno default, while occasionally there is a substantial
or total default. Therefore, Monte Carlo simulation is relevant to modelling the credit risk of
portfolios of financial instruments (e.g. loans, leters of credit, bonds, trade credit, swaps,

forwards) asin CreditMetrics™ (Morgan, 1997).

Dataenvelopment analysis (DEA) has been usad to assist in bank regulation by measuring bank
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efficiency, which is then used to predict bank failure (Barr, Seiford and Siems, 1993; Bauer,
Berger, Ferrier and Humphrey, 1998).

Traders are required to put up margin when they trade options, and there are complicated rules
for determining the total margin required on a portfolio of optionsand shares. Traderswish to
minimise their margin payments, and Rudd and Schroeder (1982) have developed a linear
programming model in which the problem was modelled as a transportation problem for

determining the minimum required margin.

Some MBS are traded on a “to-be-announced” basis with forward delivery. In these casesthe
originators have mortgages that have not yet been pooled, and this gives them someflexibility
in structuring the securitisation inamanner beneficial to themselves. An extensive set of rules
governs the way in which a “to-be-announced” MBS can be structured, leading to a complex
problem in devising a feasible solution. This can be specified as a complicated integer
programming problem (with the objective of maximising the originator’ s profit). Collateralised
mortgage obligations (CM Os) alsoinvolve the securitisation of amortgage pool, but inthis case
thepool isstructured into aseries of bonds (or tranches), each with adifferent maturity andrisks.
In the USA various legal restrictions apply to how CMOs can be structured, and it may be
difficult tofind afeasible solution. Dahl, Meeraus and Zenios (1993) have proposed acomplex
zero-one programming model for solving this problem, with the objective of maximizing the

proceeds from the issue.

To receive the tax benefits, leveraged leases in the USA are designed to satisfy the Internal
Revenue Servicerules. Capettini and Toole (1981) proposed an integer programming model to
structure leveraged |easesto meet the IRS rules, with the obj ective of maximising the net present
value of thelessor’ scash flow. Litty (1994) devel oped anapproach to this problem using linear

programming heuristics that provided fast solutions for untrained users.

18



Sharda (1987) proposed a linear programming formulation to establish the maximum loss that
investors could have sustained from tradingin acompany’ sshares. Thisfigure can then beused
by thecompany’ slawyerswhenfighting alawsuit claiming damagesfrom amisleading statement

by the company.

In August 1982 the Kuwait Stock Market collapsed leaving $94 billion of debt to be resolved.
Thisledto the problem of devising afair method for distributing the assets seized from insol vent
brokers among the other brokers and private investors. This problem was solved using linear
programming, which reduced thetotal unresolved debt to $20 billion, saving an estimated $10.34
billion in lawyer’s fees (Taha, 1991, Elimam, Girgis and Kotob, 1996, 1997).

8. Economic Understanding

In addition to itstraditional role of improvingthe quality of decision making, OR can also help
intrying to understand the economic forces shapingthefinance sector. Financial innovation may
occur when there is an exogenous change in the constraints or in the costs of meeting existing
constraints. Using a linear programming model of a bank, Ben-Horim and Silber (1977)
employed annual datato compute movements in the shadow prices of the various congraints.
They suggested that a rise in the shadow price of the deposits constraint led to the financial
innovation of negotiable CDs.

Arbitrage Pricing Theory (APT), which can be viewed as a generalization of the Capital Asset
Pricing Model (CAPM), seekstoidentify the factorswhich affect asset returns. Most tests of the
APT use factor analysis, and have difficulty in determining the number and definition of the
factorsthat influence asset returns. To overcomethese problemsAhmadi (1993) suggested using
aneural network to test the APT. This also has the advantage that the results are distribution

free.

9. Conclusions
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Mathematical programming isthe OR technique that has been most widely applied in financial
markets. Most typesof mathematical programming have been employed - linear, quadratic, non-
linear, integer, god, chance constrained, stochastic, fractional, DEA and dynamic. Mathematical
programming has been used to solve a considerable range of problans in financial markets -
forming portfolios of equities, bonds, loans and currencies, generalized hedging, immunization,
equity and bond index tracking, estimating the implied risk neutrd probabilities for options,
devising a schedule of coupons for municipal bond bids, identifying underpriced bonds, setting
the firm’'s debt-equity ratio, deciding when to refinance outstanding bonds, estimating the
divisional cost of capital, determining the required minimum option margin, structuring MBSand
CMO securitisations, creating a trading strategy to execute ablock trade, designing leveraged
| eases, computing the maximum | oss sustai ned by sharehol ders, spottinginsolvent banks, sorting

out thefailure of astock exchange and understandingthe forcesleading tofinancial innovations.

Monte Carlo ssimulationisalso widely used in financial markets - mainly to value exotic options
and securitieswith embedded options, and to estimatethe VAR for variousfinancial institutions.
Simulation has also been useful intesting trading rules, and for examining the risksof aposition
in securities. 1n some cases the use of OR techniques has influenced the way financial markets
function since they permit traders to make better decisions in less time. For example, exotic
options would trade with much wider bid-ask spreads, if they traded at al, in the absence of the

accurate prices computed using Monte Carlo simulation.

Other OR techniques are less used in financid markets. Arbitrage and multi-period portfolio
problemshave been formul ated asnetwork model s, while market efficiency hasbeentested using
neural networks. Game theory hasbeen applied to battles for corporae control, decision trees
to analysemortgage chaice, inventory model sto set the size and timing of corporatebond issues,
and Markov chainsto valuing loan portfolios and testing market efficiency. Oneimportant OR

techni que has found little application in financi a markets - queuing theory.
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The main areas of financial markets in which OR techniques have been applied are portfolio
problemsand pricing complex financial instrumentsaccurately. OR techniques can al so beused
by financia regul aors and financia ingtitutions in setting capital adequacy standards. Some
other application areas also exist - devising feasib e solutions that meet a complicated set of the
legal requirements, making funding decisions, spotting imperfectionsand arbitrage opportunities

in financial markets and solving strategic problems.

Therelationship between financeand OR isbidirectional. Not only have various OR techniques
been applied to finance problems, but finance theories have created a need to develop and
improve OR solution techniques, and at least two Nobel prize winners in finance have made
contributionsto OR. Markowitz was honoured in 1989 by ORSA/TIMSfor hiswork on sparse
matricesand inventing the computer simulation language SIM SCRIPT; whileboth heand Sharpe

have produced computer algorithms for solving portfolio problems'®.

Thispaper indicatesthat OR techniques play animportant rolein financial marketsand, with the
recent dramatic improvements in the real time availability of data and in computer speed, this
rolewill increase. Thiswill createthe opportunity for OR techniquesto play aneven greaterrole

in financial markets.
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Endnotes

10.

11.

12.

If there are no such inequality constraints the problem can be solved using dassical
optimization techniques, and quadratic programming iS unnecessary.

MBS are considered in more detail in section 3 below.

Quadratic programming is helpful in solving generalized hedging problemsin which a
number of assets is hedged using a variety of instruments. If a single asset is to be
hedged using one or more hedging instruments, the risk minimising hedge ratios can be
obtained straightforwardly withoutthe need for mathematical programing (Andersonand
Danthine, 1981).

The buyer of asingle premium deferred annuity (SPDA) makes a single payment to the
insurer. Theinsurer then paysinterest into thisamount until the buyer retires, after which
timethe insurer pays the buyer an annuity. Before retirement the buyer has theoption to
withdraw part or al of the money in their account.

Under joint normality of asset returns, bath mean-variance and MAD give the same
efficient set.

Durationistheinterest rae elasticity of the bond price, and is used as a measure of bond
portfolio interest rate risk.

As noted above, with one asset to be hedged using a single hedging instrument, therisk
minimizing hedge ratio can be computed directly without the need for quadratic
programming.

Thereisalso aliterature on managing the assets and liabilities held by banks (which are
taken to exclude equities), where the objective is usually to maximise the value (or
expected value) of the portfolio over one (or many) time periods (net of penaty costs
from constraint target violations), sulject to restrictions of the total investment,
maximum capital loss and various bank regulations (e.g. Cohen and Hammer, 1967
Chambers and Charnes, 1961; Kusy and Ziemba, 1986; Hiller and Eckgein, 1993).
These studies are closely related to cash management models (Kallberg, White and
Ziemba, 1982). A survey of current researchin this areais Ziemba and Mulvey (1998).

Theyield curve shows the interest rates for different maturities.

Risk neutral probabilities are the probabilities which can be inferred from prices by
assuming that investors are risk neutral.

American style options can be exercised at any time before the option expires.
A smile occurs when the implied volatility for deep in-the-money and deep out-the-
money options exceeds that for at-the-money options, i.e. the relationship between the
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13.

14.

15.

16.

strike price and implied volatility is U-shaped.
CMOs are considered further in section 7.

Anoption is at-the-money occurs when the current price of the underlying asset is close
to the price at which the option can be exercised.

A related application of Monte Carlo simulation is stress testing, which quantifies the
sensitivity of a portfolio to spedfied, often adverse, market scenarios.

William Sharpe was a member of the Logstics Department at the Rand Corporation
where hewrote apaper on optimizing the design of military transport aircraft, and hisjob
title at the University of Washington was Associate Professor of Operations Research.
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