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Abstract. This paper explores the structure of optimal investment strategies using stochastic program-
ming and duality theory in investment portfolios containing options for a hedge fund manager who at-
tempts to beat a benchmark. Explicit optimal conditions for option investments are obtained for several
models.

1. Introduction

Hedge funds ! are private investment partnerships that attempt to obtain superior risk ad-
justed returns in any market condition for their mostly wealthy investors. Although hedge
funds have long existed 2, it was not until the collapse of the Long-Term Capital Man-
agement hedge fund (LTCM) in 1998 that it was fully realized the influence and role that
these institutions play in the financial markets (see de Brouwer (2001). The high-profile (4
billion dollars) failure of LTCM jeopardized several large financial institutions and, accord-
ing to the U.S. Federal Reserve, the world economy. The reasons for this near-catastrophic
event were the highly leveraged position of LTCM and the poor risk management that
underestimated the risk of such position when a bad scenario occurred (See Jorion (2001),
de Brouwer (2001), and Ziemba (2003)). Therefore, appropriate risk management of hedge
funds strategies is crucial.

Hedge funds have been studied in the recent academic literature. A major part of this
literature has empirically studied hedge funds performance and risk. Some have described
their organization or strategies (Fung et al (1997)) while others have attempted to estimate
returns or to measure performance (Ackermann et al (1999) and Kouwenberg (2003)). The
theoretical literature is small and has mainly focused on finding optimal fee structures
(Heinkel and Stoughton (1994), Maug and Naik (1995), and Dybvig et al (2000)), exploiting
arbitrage opportunities (Liu and Longstaff (2000) and Lowenstein and Willard (2000)), and
computing the incentive-fees of hedge fund managers (Goetzmann et al (2003)). Besides the
literature on the use of arbitrage opportunities strategies, that focus more in equilibrium
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models rather than arbitrage strategies, there are some papers that study or propose
optimal strategies for a hedge fund manager (see Ziemba(2003)). For instance, Carpenter
(2000) solves for the optimal dynamic portfolio for a convex compensation of a manager
(such as a hedge fund manager). Kouwenberg and Ziemba (2003), using a prospect theory
utility function, investigate how manager’s incentive fees affect the hedge fund manager’s
risk taking. They find that incentives increase risk but that risk is greatly reduced if the
manager has a substantial amount of own money in the fund. In an empirical study they
find that hedge funds with incentive fees have higher downside risk than funds without
such compensation contracts and that mean returns in absolute and risk adjusted terms
are significantly lower in the presence of incentive fees. The convex compensation problem
applies to a variety problems other than a hedge fund manager. For instance, a corporate
manager that controls firm leverage or the compensation of a trader at a securities firm.
However, Carpenter’s paper and most of the theoretical literature develop their models in a
continuous-time framework under the assumption that the security prices follow Brownian
motion processes and hence under the assumption that the security returns are normally
distributed, which has the serious drawback of not modelling the fat tails of real asset prices
distributions that are commonly observed for high-frequency sampled returns (e.g. daily)
for both stock indexes and individual stocks (See Campbell et al (1997)) and in portfolios
containing options. One of the principal reasons for the Brownian motion assumption is
the vast mathematical theory that has been developed about it (e.g. Karatzas and Shreve
(1991)) and that allows in many cases to obtain explicit expressions (e.g. Carpenter (2000)).
Other drawback is the usual assumption of complete markets (e.g. Duffie (2001)) which
often does not hold in reality.

This paper studies the structure of optimal investment strategies for a hedge fund
manager, who is typically the general partner and thus a major investor in the fund,
using stock index options in the hedge fund’s portfolio in a discrete-time framework that
overcomes some of the drawbacks of the continuous-time framework. It is able to model
fat tails and does not require market completeness. This paper also studies models that
address risk management of underperformance with respect to the benchmark, option
investments, as well as liquidity and short selling restrictions.

This paper provides explicit optimal conditions for stock-index-option investments in
terms of embedded martingale measures using duality theory. Explicit relationships be-
tween these martingale measures and the hedge fund manager preferences are derived.

Sections two and three describe, respectively, the hedge fund manager’s problem and
the decision space framework. Sections four and five analyze optimal strategies when there
exists a single period (the terminal period) in which the hedge fund manager receives
a fee. Section four provides the basic assumptions about the dynamics of the portfolio’s
value used in the paper, and studies optimal strategies when the goal is to maximize the
hedge fund manager’s expected net fee. Section five studies the case in which the hedge
fund manager maximizes only the expected utility of his fee. Section six treats the case
of multiple periods of fee payments. Section seven considers more advanced models, and
section eight concludes.

2. The Hedge Fund Manager’s Problem

The hedge fund manager controls assets with an initial value Wy over a time horizon of
T periods. There exists monitoring periods (t; < ... < t,, p <T) in which the manager
receives a fee composed by a flat fee f and a variable fee consisting of a percentage o on
the positive profit over a sequence of random dependent benchmarks {By, };=1,...p. The
variety of incentive fees relies on the way this sequence of benchmarks is determined.
Typical (Eichengreen et al (1998) and de Brower (2001)) policies include:
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— Fixed benchmarks, e.g. a fixed return within consecutive monitoring periods.

— Stock Index Benchmarks, e.g. S&P500.

— “High water marks”, which consists in setting the benchmark at time at time ¢; as the
maximum net asset value, without discounting, since the inception of the fund, namely
By, :Maa:{Wt Bti—l} for ¢ > 2 and By = By, = Wo.

i—17

3. Decision Space Framework

Our framework is based on King (2002) using three elements: a probability space, a certain
type of financial market, and a particular class of investors.

3.1. Probability Space

The probability space uses a scenario tree structure that models all possible scenarios or
states (represented by nodes of a tree) of the market over a finite number of discrete time
periods t = 0,...,T. The scenario tree structure is such that every possible state is the
consequence of a unique sequence (trajectory) of states (events). This is convenient, for
assigning probabilities to each of the tree scenario nodes.

Assume that every node n ¢ Ny (N; denotes the set of all nodes at time ¢) has a
unique parent denoted by a(n) € Ny—; and a set of child nodes C(n) C N¢i1. Defining a
probability measure (i.e. assigning probabilities to each node of the tree), say P, consists
of assigning weights p,, > 0 to each leaf node n ¢ Np such that ZMNT pn = 1 and then
recursively computing the remaining node probabilities

Pn = Z Pm, VR eN, t=T—-1,...,0.
meC(n)

Let {2 be the set of possible trajectories or sequence of events (from time 0 to the end
of period T) in the scenario tree, then ({2, P) defines a sample space. Every node n € Ny
has a unique history up to time ¢ and a unique set of possible future trajectories. Ny
induces a unique set of histories up to time ¢, say F}, and a partition of §2. The collection
of sets {Fi},_o o satisfy Iy C Fyqq for t = 0,...,T — 1. The triplet (£2, Frr, P) form a
probability space. Hence, for a probability space ({2, Fr, P), the conditional probability of

P . . .
B ) and if {Xi},_o 7 is a discrete

stochastic process (defined on our probability space), then E” [X;] = 3, v Xnp, and
EP [Xt+1|Nt] = ZmeC(n) (1;77:) Xm ’

state (event) m given that n occurs (m e C(n)) is

Martingales

Definition 1 If there exists a probability measure Q such that
Zy = E[Zi1|Ny], t=0,...,T -1

the process {Zt}t:O,...,T 18 called a martingale under Q and Q is called a martingale mea-
sure for the process {Z:}.

Martingales are useful to determine if a certain price process is fair in the sense that
at any time the price equates its expected future value (under a probability measure @),
i.e if the price process is a martingale (under Q).
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3.2. Financial Market

The market consists of N + 1 tradable securities ¢ = 0,..., N and whose prices at node
n are S, = (S2,...,SN). Assume that one of the securities, the numeraire, has always
a strictly positive value and without loss of generality assume it is security 0. Define
discount factors 5, = (5—12) V n e Ny and the discounted price (relative to the numeraire)
ZL = 6,8, Vi=0,...,N where Z0 = 1V neN;, t=0,...,T. The market could be
complete or incomplete.

3.2.1. Arbitrage Arbitrage refers to the opportunity of making a sure profit out of noth-
ing (usually through the purchase and sale of assets). In our framework, arbitrage reduces
to finding a portfolio with zero initial value whose terminal values, obtained through self-
financing strategies, are nonnegative for any scenario and for which at least one of those is
strictly positive and has a positive probability of occurring. There is arbitrage if it exists

{On}neNt, 0<t<T SuCh that

Zo -0y =0

Zp+ (On = am)) = 0

Zp0,>0 VneNr,and

P{Z, -6, >0} >0 for some m ¢ Ny

We assume that there is no arbitrage in our financial market. This assumption guarantees,
under this framework, the existence of martingale measures for {Z;},_, , (King (2002),
Theorem 2.2) which are used to express optimal conditions for option investments for
several models in subsequent sections.

3.8. Investors

We assume a class of investors that do not influence the prices of any security and who
may trade at every time-step base on historical information up to time ¢. The amount of
security 4 held by the investor in state n € Ny is 6!, and the portfolio value in state n e Ny
is

Zp - On

N
> zi-6;
=0

4. Two Simple Strategies

The two simple strategies that we consider in this section consist of investing the initial
hedge fund capital in a portfolio of N 4 1 securities and to buy or sell options on a Stock
Index, the usual benchmark, which deliver cash rather than stock by an amount equals
the difference between the current level of the Stock Index and the exercise price times a
certain factor N (e.g. 100 for SPX).
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4.1. Basic Assumptions

We begin by simplifying the hedge fund manager problem. Assume that the manager de-
cides on the optimal investment strategy over a T-period horizon in which he attempts to
beat a random benchmark (e.g. a stock index such as the S&P500) or a fixed benchmark
at the end of the such horizon. Our strategies are self-financing, given the common hedge
fund policy of penalizing any fund withdrawn within consecutive monitoring periods (we
have just one monitoring period), and the terminal value of the portfolio to be nonnegative
in any scenario and hereafter forcing our portfolios to cover for at least a nonnegative pro-
portion of the benchmark. The latter restriction, with the assumption of no arbitrage and
a self financing portfolio, implies that the initial portfolio’s value is nonnegative although
allowing for negative portfolio positions. The benchmark that applies at time 7, in this
one-period monitoring setting, is known regardless if the benchmark is fixed, an Stock
Index, or a high water mark (for example, with two monitoring dates it is not known in
advance if the benchmark that applies is either the capital at the end of period one or the
current benchmark value). In subsequent sections we relax and generalize some of these
assumptions.

4.2. Buying Calls and Puts on a Stock Index

We first study the simple strategy of buying at time 0, a certain amount of European
calls and puts on the Stock Index (assumed to be the benchmark) that mature at the end
of the horizon and which do not necessarily have the same exercise price. Assume that
the manager’s objective is to maximize his expected fee and minimize the cost of using
options to hedge his portfolio against underperformance with respect to the benchmark; we
leave for subsequent sections the study of more complex objective functions. The optimal
investment problem, without the constant term f (an N ﬁnpn)7 is

Max{&, €0, S} (Oé ZneNT ﬁnsnpn) - ﬁO (60 : VO)

s.t.
Zy - 0o + Bo (€0 - Vo) = BoWo
Zn-(en—ﬁa(n)):o, VneN, Vt=1,..., T (1)

Znon_ﬂn5n+ﬁn(€ovn) =0BnB,, YneNr
Zp-0,>0,8,>0,VneNp
€0 Z 0
— [ Call _Put —
where €y = [50 ) € ], Vo = [Co(1 +TCcan), Po(1 +TCpyut)] and

Sn : The surplus over the benchmark B,, in scenario n ¢ Nrp.
ega”, el : Call and Put options purchased, respectively.

Co, Py : Call and Put option prices, respectively, at time ¢t = 0.
Cp, P, : The payoff of the call and put options, respectively,

on the stock index in scenario n € N .

TCC  TCPut : Transaction Costs when buying Calls and Puts respectively
(as a percentage of the option’s value).

B, : The Benchmark in scenario n € Np.

Wo : Initial Capital.
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Furthermore,

Cn = Nmaz {SI, — E““",0} , P, = Nmaz {ET" — SI,,,0}
where:

N
SI,
ECall .

EPut

: The factor that applies (e.g. N = 100 for an option on the SPX Index).
: The Stock Index level in scenario n € Nrp.

The exercise price of a Stock Index Call Option.

: The exercise price of a Stock Index Put Option.

The dual problem provides insights about the nature of the optimal strategies (feasi-
bility of (1) is analyzed in section 4.5). The Lagrangian is

L(G, €OC'all’ egUt7 $,Y0,Y,T, )‘7 My TICall s nPut) =
(Oé ZneNT ﬂnsnpn) - 68“”5000(1 + TCCall) - 6(I)DUtﬂOPO(1 + TOPut)
—y0(Zo - 0o + €5 By Co(1 + TCoan) + €5 BoPo(1 + TCput) — BoWo)

- EZ;I ZneNt Yn [Z’ﬂ : (en - ea(n))]

+ ZRENT xn(Zn -0, — ﬂnSn + eg“”ﬂnCn + G(I)DUtﬂnPn — ﬂan)
+ ZneNT )‘H(Zn : en) + ZneNT Nnﬂnsn + nCallﬁoca” + 77Put€5)m

where:

)\nZO, unZO,VnﬁNT

Ncat 2 0, Nput > 0,

and —yo, —y, and x, are free variables since they correspond to equality constraints. The
front signs have been chosen in purpose to give them later on a contextual interpretation.
The Lagrangian is (see Appendix for proof)

L(0, €5 €6, 5,50, Y, 2, A, s NCatl, NPut) =

YoBoWo — X ey TnBnBn

+ 2o nene (@Pn + fin = T0)Brsn + 3 p vy (An + T = Yn) Zn - Oy,
- Zz:ol me (YnZn — Zmec(n) YmZm) + On

+€5 M e ny ZnBnCn — BoCo(1 + TCoan)(1 + o) + Ncaul
66" Yo neny TnbnPr — BoPo(1 + TCpu)(1 4 yo) + Npuil

The dual constraints come from requiring that the factors of the primal variables are
zero, and the dual objective function comes from all the Lagrangian terms that do not
involve primal variables. The dual problem is



The Duality of Option Investment Strategies for Hedge Funds 7

Mingy, gz pncanneet Y0BoWo — ZnsNT T BnBn
s.t.

apy + pp — 2, =0, Vn e Np
>\n+17n—yn=0, VneNT
(ynZn—ZmEC(n)ymZm)zo, VneN, Vt=0,...,T—1 (4)
> neng TnBnCn — BoCo(1 + T'Coan)(1 + yo) + ncau =0
ZneNT xnﬁnpn - /601:)0(1 + TCPut)(l + yo) + NPut = 0
)\n207 /*’Ln207 VTLENT
ncan 2 0, Npur 20 .
From the first two sets of restrictions of the dual
Ty = [l +app > ap, >0,V n e Ny
and
Yn =Tn+An = 2n ,V n € Np

SO

Yn = Ty = app > 0. (5)

From the third set of restrictions of the dual problem and Z2 =1V n € N, ,
vVi=1,..T,

= 3 YmV¥neN,Vi=1,..,T (6)
meC(n)
TLENT

Analysis and Interpretation of the Dual Problem

1. From the dual objective function, and linear programming theory, the optimal dual
variables yg and z, represent the marginal change of the optimal objective value with
respect to the wealth W, and the benchmark B,, respectively. Therefore, the larger
in absolute value y; and z;, are, the more sensitive the optimal strategy value is to a
change in the initial wealth W}, and the benchmark B,.

2. The last two restrictions of the dual problem are equivalent to

(1+90) > X peny Tn(3) (&) (1 + TCo) ™ (8)

(1 + yO) > ZneNT xn(%)(%)(l + TCput)fl, (9)

From 1, the right hand side of equations (8) and (9) can be interpreted as a
weighted average return of each of the options (discounted by the transaction
costs) that weighs up accordingly to the sensitivity of our optimal solution to a change
in any of each of the possible benchmark values.
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3. From (5) and (7),

Yo ZZ neNp n

(10)
(= (T +yo) = (1 + 2 en, Tn))-

4. From (8) - (10)

1 +y() > Max {ZneNT (g )( )(]- +TCCall) )

S et T2 B )L+ TCpu) ™1+ Xy 0 |

which together with the objective of minimizing the difference

yOﬁOWO - Z xnﬁan

neNrt

yields
L g5 = Maz { ey (&) (1 + TCom) ™
ZneNT n(ﬁn)(?n)( +TCPut)_ ’1+ZneNTm:l}
If
1+y*=Zx Bu (1+TCeau)™"
0 "\ Bo Co “
neNrt
or

i 2 () ()0 ron

neNrt

yg has already an interpretation (from 2.) as a weighted average return (discounted by
transaction costs) of the Stock Index option (call or put). Since

>a-5 (%) (5) &

neNp neNt Bo

then, if 1 +y5 =1+ . 75, Yo and {x},}, . can be respectively, interpreted as
the weighted average return from investing in a unit of the numeraire (that gives a

-1
return of ('Z—E) in scenario n € Nt), and a set of weighted scenario returns.

Therefore, in general, y; and the sequence {7}, N, can be interpreted as the maxi-
mum weighted average return among the Stock Index options and the numeraire, and
a set of weighted scenario returns respectively.

In general, since y5 = >, v, y» (from equation (7)), the sequence {y;;} is inter-
preted as a set of scenario returns.

neNr
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5.

If

ltyg =1+ Y

neNrt

is satisfied, it also implies, together with equations (5) and (7), that
xy, =vyr, VneNp
and hence, by linear complementarity,
Zy -0, >0,VYneNp

i.e., in the optimum, the hedge fund manager requires a strictly positive terminal value
on his portfolio for any possible scenario. The latter condition implies, given the no
arbitrage assumption, that the initial portfolio value, Z; - 8y, is strictly positive, i.e.

Zy - 65 > 0.
From 2. and 4., the dual objective function

YBoWo = Y @nBnBn

neNrt

can be interpreted as the minimum difference between the return obtained from buying
Stock Index options or the numeraire, and the weighted average benchmark.
From equations (5)-(7)

qnzy—n>O,VneNT

Yo

defines a probability measure ). Furthermore, the third set of restrictions of the dual
problem (4) implies that {g, }nen, defines a martingale measure for (Z,,). If the final
value of the portfolio Z, - 6,, (n € Nr) is unrestricted, the term

> An(Zn - 0n)

TLGNT
vanishes in equation (2) and hence anT()\n + Ty, — Yn)Zn - Oy is replaced by
Z (Tn — Yn)Zn - On
neNt

in equation (3) and therefore, x,, = y,, for all n ¢ Ny and the dual objective function
is

Yo <50W0 -y <Zz> /3an> = yo (BoWo — E® [6rBr)) .

neNr

Hence, the optimal dual value
Yo (ﬁoWO - EY [ﬂTBT])

can be interpreted as the weighted return over the remainder capital after discounting
the initial hedge fund capital by the expected benchmark (under Q*).
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8. Given 7, equation (5) provides us with a set of lower bounds for the dual variables
{¥Un} e n, and hence, with a set of (scaled) lower bounds for the martingale probabilities
{@n}pen, - That is

Yo qn > apn, Y 1 € Np .

These lower bounds take more complex forms when other objective functions are con-
sidered later.

9. Finally, from equations (5) and (7)

Yo = Q@

i.e., the return of investing in either calls, puts, or the numeraire must be at least
the percentage of positive profits over the benchmark that the hedge fund manager
receives.

We study optimal strategies under more realistic objective (utility) functions in subse-
quent sections. We now present a simple example and then discuss the strategy of selling
Stock Index Options.

An Example

Consider one period with two scenarios for a portfolio with a bond (the numeraire)
and a stock. The state prices of these two securities and the relevant stock index level, are
shown in Figure 1 for each scenario.

(1.05,12.5,120)

B2 =120
Stock Price 0.5
Y Scenario 2
(1,10,100)
£y
IEDBOpd IStgck 0.5 (1.05,9,75)
rice Index
Level B =175
Scenario 1
| | >
6 ‘1 time

Fig. 1. State Prices and Benchmarks for each scenario.

Assume that the percentage of positive profits received by the hedge fund manager over
the benchmark is 20 % and that the Stock Index options have a factor N = 1 (since we

have scaled quantities), a common exercise price of 100 (i.e the options are at the money),
and a fair value of

Co = 1.15 (g Co+ (1 —¢q) C1) =12.698
Py = 15 (g Py + (1 —q) P1) =7.937
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where:

_ -7 _
¢ = (158) - 2
Cy= 20, C; = 0
P= 0 P =25.

Assuming that initial capital is 95, the optimal strategy consists in investing the entire
initial capital in the bond-stock portfolio

0 = —70 (short position in bonds), 8} = 16.5 (long position in the stock)
with an expected profit of
O Y BuSnpn = afSapy =1.214 .
neNy
The optimal dual variable values are

Yy = 0.2333, y7 = 0.1333, 2] = 0.1333,
y; =0.1, and 25 =0.1.

Thus,
Yo =02333 >02=a
S @ (5) (&) = 15
S w2 (%) (%) — 0.3999
> nen, T = 0.2333
Therefore
14+yy =1+ ZN Q:n>Max{szn <50> <CO>,ZNo:n <ﬁo> <Po>}
neNrt neNy neNy

The last two restrictions of the dual are not binding and therefore, by linear comple-
mentarity, (eg“”)* = (e “t)* = 0 so investing the entire initial hedge fund capital in the
bond-stock portfolio is optimal.

Since y7 = 7 and y5 = x5, the interpretation 6 of the optimal objective value is a
weighted return over the remainder capital of the initial hedge fund capital after discount-
ing by the expected benchmark. Observe that

— The weighted return y§ = 23.33%.
— The expected (discounted) Benchmark is

E? [BrBr] = (115) [7541 + 120g3]
= (535) [75 (&) +120 ()] =980 .
— The remainder capital is

BoWo — EQ"[B7Br] = 95 — 89.80 = 5.20 .
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The optimal investment strategy gains 23.33% over the remainder capital of 5.20.

The fact that the optimal investment strategy does not include Stock Index Options
is not a mere coincidence. If the optimal investment strategy involves buying calls, i.e.
(€OC “”)* > 0 then, by linear complementarity,

n Cn —
ltyo= Y (g()) (Co) (1+TCoau)™

TL€NT

which is equivalent to

oo = 3 (T2 ) (Ba)(C1 + TCom) ™ (12)

neNrt

i.e., the option’s value, (3yCy, must necessarily satisfy (12). In our example,

BCo = 12.698 # 1.5444 = (1 i”y) (B)(Cn)(A +TCoun) "
neNy 0

Analogously, if the optimal strategy involves buying puts, i.e. (eé) “t)* > 0, then

BoPo = Z (1 i:lyE)k) (Br)(Po)(1+TCput) ™"

neNrt

which, as it occurs with the call option, it is not satisfied in our example. Furthermore,

¢

2neNy (ﬁﬁ) (Bu)(Cr) (A +TCla) ™" < X eny (1_‘1/%;0) (B2)(Cn) (1 +TCoan) ™"
< ETLENT (%) (ﬁn)(cn)(l + TCCall)_l
= E9 [8rCr] (1 + TCcau) ™"

(13)
Therefore, from (12) and (13), we have proved

Proposition 1 If (eg””)* > 0 then

BoCo(1+TCcan) = Y (1 i”y) B5.Cr < E?” [BrCr)
0

TLENT

where Q* = {Z—z‘} . Analogously, if (6(1)3“t)* > 0 then,
0 JneNt

ﬂoPQ(l + TOPut) = Z <1 f_;:y*> ﬂnPn < EQ* [6TPT] .
0

neNrt

The valuation of contingent claims (in particular Stock Index options) consists essen-
tially in finding a martingale measure Q under which the value of the contingent claim is
the expected value (under Q) of its discounted payoff. Proposition 1 means that buying
calls or puts on an Stock Index is optimal then these must be strictly underpriced (under
Q™). Moreover, within this framework, King (2002) (p. 550) proved that the fair value of
the contingent claim V; is

Maw{QEQ}EQ [ﬁTVT]

where V; is the contingent’s claim price at time ¢, and Q is the set of martingale measures
of {Vi} o, Hence,
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Corollary 1 If (eoca”)* >0 ((GOC“”)* > O) then

,BOC(](]. + TCCall) < Max{Qeg}EQ [,BTCT}

(BoPo(1+ TCpuw) < Max(geoyE [BrPr))

In summary, when allowing for the purchase of Stock Index options, the optimal strategy
will lead to a percentage (of at least o %) over the remainder of the initial hedge fund capital
after discounting by the expected (discounted) benchmark and will include the purchase of
options if these are strictly underpriced.

4.3. Selling Calls and Puts on a Stock Index

We now study the strategy of selling European calls and puts on a Stock Index at the
beginning of the planning horizon and which mature at the end of this time horizon. The
manager’s objective is to maximize his expected variable fee and minimize the expected
payout of the options sold. Inclusion of this expected payout term is done as a way of
reducing the risk involved in the sale of options (other ways of modelling this risk are
proposed in section 7). More advanced models are treated in subsequent sections. The
hedge fund manager’s optimal decision problem is

Max{e, egall, gbut g} (a ZneNT BnsnPn) — [ZnsNT (Egallﬁncn + E(I)Dutﬂnpn)pn}

s.t.

Zo b0 — €5 "By Co(1 + TCcau) — € BoPo(1 4+ TCput) = BoWo

Zn(0n —0am) =0, VneN, Vt=1,..., T (14)
Ly 0n — BnSn — Ega”ﬁnCn — €0P“tﬂnPn =pBnB,, YVneNr
Zp-60,>0,8,>0,VneNr

6{O’all > 07 E(I):’ut > 0

where €5 is the amount of call options on the Stock Index that are sold (&)“* is defined

analogously), Cy the sale price and P, the put option sale price. The dual of (14) provides
important insights about the structure of the optimal strategies (feasibility of (14) is
discussed in section 4.5). The Lagrangian is

L(0,&5" &l 5,50,y T, A, 11, NCatt, NPut) =

YoBoWo = X eny TnBnBn

+ 2 neny (@Pn + i = 20) Bnsn + DNy A+ Tn = Yn) Zn - On

- ZtT;ol ZneN,, (YnZn — stc(n) YmZm)On

+€5 U yoBoCo(1 + TClan) — Y ey TnBnCn = 3 eng (BnCn)pn + Ncaii
+e8 " yoBoPo(1 + TCput) — Y neng TnbnPn =3 N (BnPr)pn + NPut]

(15)
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The dual is

Mzn{yoaywv\,uancauJ]Put} YoPSoWo — ZneNT TnnB
s.t.

apn + pp — T, =0, Vne Np

A+ Ty —y,=0,VneNp

(YnZn = Xomec(n) YmZm) =0, Vn e Ny, V1 =0,....,T -1 (16)
¥050Co(1 + TCcan) = X peny TnnCn — X ey, (BnCn)pn + Ncan = 0

YoB0Po(1 + TCput) — Y oneny TnBnPn =3 Ny (BnPr)pn + nput =0

An >0, iy 20, Ve Np

Ncatr 2 0, Nput 20 .

Analysis and Interpretation of the Dual Problem

The only difference between the dual problems (4) and (16) are the last two restrictions
and thus we expect to inherit some of the interpretations of (4). Interpretations 1, 3, and
5 - 8. apply exactly or almost exactly in the same manner, and 2. and 4. have similar
counterparts as described below:

1. (2’) The last two restrictions of the dual problem are equivalent to

Yo < ZnsNT[(%)( 0)(1 +TCcuu) Pt
Y omene (3G (1 + TCoan)Van )
Yo ZneNT[(%)(%>(1 +TCput)|pnt

B
ZneNT[( ﬁo)( )(1 +TCPut) 1]xn-

The right hand side of each of the previous restrictions can be interpreted as the sum
of the expected option return (under P) and a weighted average return (the same
described in interpretation 2 in section 4.2) that weighs up accordingly to a change in
any of each of the possible benchmarks.

2. (4’) Restrictions (17) and (10) imply that

ZneNT Tn S Yo < mzn{zneNT[(%)(?n)(l + TOCall) ](pn + xn),

S v [(F) )L+ TCput) ™ (pn + n)}

which together with the objective function of minimizing the difference
yOﬁOWO - Z xnﬁnB
neNt

yields

Therefore, as interpretation 5 in section 4.2, z;, = y for all n € Ny, thus Z,, - 0}, >
0 (n € Np) which, given the assumption of no arbitrage, lead us to a strictly positive
initial portfolio’s value. The latter fact does not exclude the possibility of including the
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sale of the Stock Index options as part of our optimal investment strategy. The next
Proposition, analogous to Proposition 1, gives the conditions under which such sale is
optimal.

Proposition 2 If (E((f“”)* > 0 then
BoCo(1+TCcan) = E [BrCr) + (%) E* [8rCr]
> EQ* [BTCT]a

where Q* = {y—} . Analogously, if (65“)* > 0 then,
Yo neNrt

BoPo(1+TCput) = E9 [BrPr] + (i) EF (87 Pr]

> EQ* [BTPT] .
i.e., selling calls or puts on an Stock Index is optimal if these are strictly overpriced
(under Q*).
Proof: Assume that (eg “”)* > (0. Then, by linear complementarity,

ySﬁoéo(l + TCCall) - Z (6ncn)$:l + Z (ﬂncn)pn . (18)

neNrt neNrt

Optimality requires y§ = > xr, hence x), =y’ V n € Np. Therefore

neNp “'n?

> (BaCr)as = > (BuCr)y - (19)

neNr neNrt

Combining equations (18) and (19)

ygﬁoéo(l + TCCall) = Z (Bncn)y;; + Z (ﬁncn)pn

neNt neNt

Hence,

BoColl+TCeutt) = Cneny (BaC) (%) + (3 ) Ces (BaClpn
= E9 [BrCr] + (i) EF [rCr]

The Put option case is proved in an analogous manner.

Q.ED.

It is crucial in Proposition 2 both, that condition y5 = > . @), is satisfied, and
the inclusion of the expected payout in the objective function.

In summary, when allowing for the sale of Stock Index options, the optimal strategy
will lead to a percentage (of at least o %) over the remainder of the initial hedge fund
capital after discounting by the expected (discounted) benchmark and will include the sale
of options if these are strictly overpriced.



16 José R. Rodriguez-Mancilla, William T. Ziemba

4.4. Buying and Selling Calls and Puts on an Stock Index

The structure of optimal investment strategies when allowing for both the purchase and
sale of Stock Index options with the same exercise price and time to maturity is straight-
forward following the discussion in the previous sections. The optimization model is

Mawzgg ccan cput o (@3N, Brsnpn) = Po (€0 - Vo) — € - (X neny BnVapn)

s.t.

Zo - 00+ Bo (e0 - Vo — & - Vo) = BoWo

Zo - (On —Ouy) =0, ¥YneN, Yt=1,. . T (20)
Zp O — Bnsn+ Bn (€0 — &) Vo =06nBn, YneNr
Zp-0,>0,58,>0,VneNr

€0>0, >0
where

€ = [eoca”,eg"t] , € = [efa”, Eég’ﬂ JVau=1[Cn, P, YneNp,

Vo = [(1 + TCCall)CO, (1 + TCput)PQ] , VO = [(1 + TCCall)CO, (1 + TCput)po] .

The dual is
Mingy, y2y Y0BoWo = D Ny TnlBnDBn

s.t.

apn, —Tn, <0, Vn € Np

Ty —Yn <0, Vn € Np

(UnZn = Yo mecn) YmZm) =0, ¥n e Ny, V£ =0,...,T 1 (21)
> neny TnBnCn — BoCo(1 + TCruu)(1 +yo) <0

Y nenNg TnBnPn — BoPo(1 +TCput)(1 +yo) <0

Y050Co (1 +TCcatt) = X peny TnBnCn = X neny (BnCr)pn <0
Y0B0Po(1+TCrut) = X neny TnlnPr — Y peny (BnPo)pn < 0.

Although Proposition 1 still holds for this case (under Q*), Proposition 2 does not
because y5 = >, n,. T, does not necessarily hold.

Proposition 3 if (€5°)" >0 ((E{;“t)* > O) then

BoCo(1+TClun) < E? [BrCr] + ( > EF [8rCr]

<
S| =

<50P0(1 +TCpyt) < E9 [BrPr] + < ) EP [5TPT])

<
ox| =
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Proof: Assume (Eg “”)* > (. By linear complementarity,

ySﬂOC’O(l + TCCall) = Z (ﬂncn)z; + Z (ﬂncn)pn

neNp neNp
Therefore,
- fi 1
6000(1 + TCCall) = Z (6ncn) <Z> + <*> Z (ﬁncn)pn .
neNrt Yo 0 neNrt
But,

% * * n Cp * n P,
1+ Yo = MaxneNT {1 + ZneNT T ZneNT Tn (%) (Co) ’EneNT Tn (%) (FO) }
Z 1 + ZneNT :L';: .
Hence, yj = ZRENT yr > ZMNT x; and

BCo(1+TCeu) < 3 (0:0) (%) 4 (%) X (3.Cums

TLENT TLGNT

Q.E.D.

Therefore, when allowing for the purchase and sale of options, buying is optimal if
options are strictly underpriced (under Q*) and selling is optimal if their price is not
larger than the expected payoff, under Q*, plus a proportion yi of their expected payoff,

0

under P.

4.5. Feasibility of the two simple strategies

Feasibility analysis leads us also to insights about the nature of the optimal investment
strategies as well. We analyze the strategy of buying options on an Stock Index only since
the sale case analysis is analogous, although with different interpretations and risk. Given
(1), its feasibility reduces to validate the inequality

BoWo > Mingg ;1 Zo - 0o + Bo (€0 - Vo)
s.t.
Zn (0 —Oy)) =0, VneN, Vt=1,..., T (22)
Zn O + Bpeo - Vip = BBy, Y1 € Np
€ >0, Z,-0,>0VneNrp.
The dual of the optimization problem on right hand side of inequality (22) is

Maz (z,q) Y peny TnnBn

s.t.

G Zn = Yt inZm Ve Ny Vi =1,..., T.

gn >0, VneNp (23)
Q=1

BoVo < 3Ny TnBnVa

Gn > @0 >0, Ve Np
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The first three restrictions imply that @ = {g,} is a martingale measure of {Z;},_, .
Hence, if Q is the set of all the martingale measures of {Z;},_ 7, the dual problem (23)
becomes

Max (s Qc0y D neny TnbnDBn
s.t.
dn Z T Z 07 v nENT

ﬁO‘/O < ZneNT xnﬁnVn
which is equivalent to

Max{2,Qe0} Y oneny InlnBn

s.t.
BoVo < eny @BV
Therefore, we have proved
Proposition 4 Buying Stock Index options is feasible if and only if
BoWo > Maz(geo} E? [BrBr]

s.t. (24)
BoVo < E9Q [BrVr].

i.e., the initial capital of the hedge fund must be at least the mazimum expected benchmark
under martingale measures that value the option at a higher or equal price than its market

value (Vy).

Corollary 2 If buying Stock Index options only is feasible then
BoVo < BV [BrVr]

where Q* solves the right hand side of (24). That is, Stock Index options are not overpriced
(under Q*).

Also,

Proposition 5 Selling Stock Index options is feasible if and only if

BoWo > Max g0y E? [BrBr]

s.t. (25)
BoVo > E9 [BrVr].

i.e., the initial capital of the hedge fund must be at least the mazimum expected benchmark
under martingale measures that value the option at a lesser or equal price than its market

value (Vp).
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5. Other Utility functions

We now study a more general class U of twice differentiable and strictly increasing concave
utility functions than the probability-penalized weighted linear objective functions used in
section 4. This class of utility functions are standard to incorporate risk aversion (Pratt
(1964)). Differentiability assures that U(-) and U’ (-) are continuous and hence, if the fea-
sible region is bounded (so a compact set), guarantees that the maximum is achieved.
Strictly increasing assures that the dual variables define a probability measure.

A Generic Problem

Let U(+) be a utility function in &. We study, under the assumptions in 4.1, the optimal
investment strategies when allowing for the purchase and sale of Stock Index options with
the same exercise price and time to maturity (more general models are studied in section
7) and with the goal of maximizing the expected utility of the hedge fund manager’s fee.
The generic problem is

Mazx ), . U([f + asn] Bn) pn

s.t.
Zo - 00+ Bo (€0 Vo — & - Vo) = BoWo
Zn-(gn—ga(n))zo, VneNy, Vt=1,..., T (26)

Zn'en_ﬁnsn'i_ﬁn(EO_EO)'Vn:ﬁana V’IIGNT
Zp0,>0, 5,>0,VneNr
€>0,62=>0

The dual of this problem provides information about the optimal investment strategies.
From standard nonlinear programming theory (e.g. Zangwill (1969) pp. 47 - 52) the dual
of (26) is

Mingy, yoy  (¥060Wo = X nen, ZnBnBn) + X peny (U (If + asn] Bn) — asnU' ([f + asy] ﬂn)) Pn
s.t.
apnU' ([f + asp] Bn) — 0 <0, V1 € Ny
Tp —Yn <0, VneNp
(YnZy — Zmﬁc(n) YmZm) =0, VneN, Vt=0,...,T—1
> oneny TV — BoVoyo < 0
=Y ey TnBn Vi + BoVoyo <0 .
(27)

Using the same (linear) restrictions of the model in section 4, we preserve several of its

interpretations. For instance,

sl 2w 22 (2)(@) 52 (D)(5) @

neNrt neNrt

where x; and yg are scenario weights and an average return, respectively. Furthermore,
given that U(-) is strictly increasing, the first two sets of restrictions in (27) imply that

yanHZaan/([f—kasn]ﬁn)>0,VneNT. (29)
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Therefore,
Gn = <yn>, VneNp
Yo

defines a probability measure for (Z;)i=o,...r. The dual objective function is formed by
the sum of the (linear) objective function of the dual in section 4,

yOﬁOWO - Z xnﬁan )
neNrt

hereafter inheriting all the interpretations that are there pointed out, and the nonlinear
term

> (U1 +asal B) — asaU' (If +asu] 62)) pa

neNt

which can be then interpreted as the expected nonlinear behavior of U(:) over the fee of
the hedge fund manager.

Equation (29) is a generalization of equation (5) in section 4 and it defines a set of

(scaled) lower bounds for the martingale probabilities {gn},,y,.- That is,
TLU/ n n
{op'(F +osa] B0}
satisfy
Yo qn > apuU ([f + avsn] Bn) VY n € Ny . (30)

Equation (30) provides insights about the structure of the optimal investment strategy.
It tell us that the relative weight that each scenario has as measured by the embedded
martingale measure {gn},.y, (the higher the combination of probability and marginal
utility over the hedge fund manager’s fee for scenario n € N, the greater g, tends to
be). Given that yo = }_, .. Yn must be minimized, the optimal solution sets each y,, as

close as possible to ap,U’ ([f + asn] Bn) for every n e Np. Therefore, given that U/(~) is
nondecreasing, scenarios that lead to higher profits will tend to have a higher weight than
scenarios that lead to lesser profits only if their natural or given (i.e. the {pn},. N, could
be the subjective probability assessments of the manager) probabilities are significantly
greater than the low-profit scenarios, i.e. if

apHU (If + asH)8,) > aplU'([f + ast]8,)

where pXf and pZ are the high-profit and low-profit scenario probabilities, respectively. Or
equivalently, given that U(+) is strictly increasing, if

U ([f—|—0¢s,ﬂ ﬁn)
U ([f + ast] B,)

and hence, the significance between high-profit and low-profit scenario probabilities de-
pending on the tradeoff probability factor

U ([f +ask] 8,)
U ([f + asl] Bn)

P >k

(31)
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Equation (30) can be reexpressed as
yOZQ(%) U ([f + asn] Bn) ¥V e Ny .

Hence

45 Manews {o (2) U/ (17 + asul )}

n

Then, if

vy = Mazuery { (22) U' (1] + 0] 6)}
:a(g—g) U' ([f + as:] Bp) for n e Ay C Ny |

it yields, by complementarity, that the hedge fund manager, following the optimal strat-
egy, will receive a strictly positive profits for scenarios (n € Ar) that lead to a maximal
combination of marginal utility and difference between their natural or given probability
pyn and their embedded probability g,,.

High Profit over the
benchmark

650 Low Profit
750 over the
benchmark

Fig. 2. Tradeoff Probability Factors for the Log utility function

To conclude, we state the conditions under which it is optimal to invest in options.

Proposition 6 (i) If (¢£%)" >0 ((e’ﬁ“t)* > 0) then

BoCo < BV [BrCr)

(ﬁopo < EY [5TPT]> )
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and if (ii) (e521)" > 0 ((5e")" > 0) then

BoCo < E?" [BrCr

(50150 <EY [5TPT])

where Cy (Cy) and Py (Py) now denote the call and put prices including the transaction

costs, and Q* = Z—" is a martingale measure for the process (Zy),_o -
x

i.e., buying or selling options is optimal if these are not overpriced under Q*.

Proof: Only (i) is proved since the proof of (ii) is completely analogous.

(i) Assume (EOCU’”)* > 0. By complementarity,

> 458.Cr = BoCoyi

TLCNT

But y;; > 2} V n e Nr, hence

Z y;ﬂ”C” 2 Z x;ﬂncn > ﬂoCoyS .

neNt neNr

Therefore,

B9 (5r0r) = ¥ qiBaCu= 3 225, > 5Co

neNt neNt 0
It is analogously proved for put options.

Q.E.D.

It can be proved (see Proposition 7) that buying and selling simultaneously is optimal
implies that the sale and purchase prices are equal.

Proposition 7 (i) If (ega”)* >0 and (e{oja”)* > 0 then
Co =Co

(i1) Analogously, if (e{f“t)* >0 and (E(I)D“t)* > 0 then
Py =Py

Proof: Only (i) is proved since proof of (ii) is analogous.
(i) Assume (EOCU’”)* > 0 and (Ega”)* > 0. Then, by complementarity,

5000 = Z x;ﬂnCn = 6oCo

neNT

Q.E.D.
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_ The latter result can also be obtained from feasibility of (27) and the assumption
Vo > Vp. Feasibility of (27) implies

BoVoyo < D nfBnVa < BoVouo
neNt

which combined with Vy > Vj leads to Vy = V{. These inequalities do not hold, for exam-
ple, if the the options that are purchased and sold have different exercise price or time to
maturity.

Power and Log Utility Cases

A popular family of utility functions that belong to U is the power utility function
U(z) = (%) xl’%, B > 0. They imply that the investor possesses decreasing absolute

risk aversion and constant relative risk aversion (see Huang et al (1988) and MacLean and
Ziemba (1999). The nonlinear term of the objective function in (27) becomes

2 Lil([f +as)Bn)!F — asa(lf + asal) P

neNr
and the tradeoff probability factors are
(If + orsp]Bn)~
([f + O‘Sﬁ]ﬂn)_
Figure 2 displays the tradeoff probability factors for the most risky member of the power

wl=| =

utility functions family: the Log utility function (U(xz) = Log(z) = limp_1 (%) 21 F).
The lesser the low profits are, the higher the tradeoff probability factors are.

6. The Multiple-Period Monitoring Case
6.1. Two-Period monitoring Case

There are two monitoring dates, T} and 75, in which the hedge fund capital is moni-
tored against benchmarks. Assume that between monitoring dates the hedge fund man-
ager’s portfolio uses self-financing strategies and that at monitoring date 77 a proportional
amount ¢ (with ¢ < 100%) of the profit over the benchmark, sl, is discounted from the
hedge fund capital. The discounted amount must cover at least for the variable fee of the
hedge fund manager, i.e. ¢ > «. Rebalancing of the investment positions does not occur at
T1 but a period later at T7 + 1, except for the cash received from stock index options and
the profits over the benchmark at 77 which are invested in the numeraire (e.g. invested in
treasury bills or a deposit in the bank). Furthermore, our utility function is time-additive,
ie.

U (5T1 [f + a8T1]7 ﬁTz [f + ast]) =U (5T1 [f + a8T1D + U (6T2 [f + ast])
where U; (t =1,2) e U. Two cases are considered:

— Fixed and Stock Index Benchmarks.
— High Water Marks.
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Fixed and Stock Index Benchmarks

Assume that the benchmark that applies is known in advance and is either a fixed
value or a Stock Index (e.g. S&P500) with certain probability distribution. The model is

MQZL' ZnsNTl Ul ([f + Oés’}L]/Bn) pn + ZneNT2 U2 ([f + Olsi}ﬂn) pn
s.t.

Zy - 0o + Bo (€0 - Vo — € - Vo) = BoWo

Zp+(On —0an)) =0, YneN, Vit=1,..., Ty

Zp - Op — Bt + Bn (0 — &) - V2 =B.,BL, VneDNp

Zn Op+ B (er,41 - Viy41,n — €rv41 - Visin) —

[Zn “Ba(n) + Bn (€0 — €0) - Vao(n) (BE("")) - qﬁnslll(n) (%)] =0, VneNpi
Zo (On — Ou)) =0, ¥ eN, VE=Ty+2,..., Ty

Zn'gn_ﬁnsi"_ﬁn (6T1+1_€T1+1)'Vr?1+1 :BnBZa V' ne Nr,
Zp0,>0,sL>0,VneNp (32)
Zn -0, >0, S%ZO, YV n e Np,

€ >0,62>0,er, >0, ér, >0

Vin = [Ciny Prn] - Purchase prices in scenario n, n € Ny.
‘7;5771 = [C_’tm, Pt’n] : Sale prices in scenario n, n € N;.
Vi=[CL, P!] : Payoff in event n ( € N;) of an option bought at time ¢.

€ = [etc‘l”, ef“t} : Amount of options purchased at time t.
€ = [Etca”, Ef“t} : Amount of options sold at time ¢.
The dual is

Min{yo,yax} yéﬁOWO a ZneNT1 x'}LB’ﬂB'rlL - ZneNT2 l”?’LﬁHB'rQL
+Z:nGNTI Ul ([f + O“S?lv,]ﬂn) - OAS}LUi ([f + as%]ﬁn) Pn

+ s, (U2 (If + as2]Ba) — asiUs (If + asi]Bn) ) pa
s.t.

ozani ([f + as}t]ﬁn) -l —qy2 <0, VneDNp

zh —yp+y2 <0, VneNp

(yLZ, — 2 meC(n) Y Zm)=0,VneN, Vt=0,....,7y — 1
ZneNTl 2l B V) — BoVoud + ZneNTl Y28 V,Y <0

ZneNT2 x5 BV, — Z:neNTl+1 y?LﬁHVTl“rl;n <0

- ZneNTl 2L B V.2 + BoVoys — ZneNTl Y2 BV <0

— Doneng, TV T Y e VB Vi1 <0

ozané ([f + ozsi]ﬂn) — 22 <0, VneNr,

22 —y2 <0, VneNrg,

(Y2 Z, — Zm€c(n) V2 Zm) =0, VneNy, Yt=Ty,...., T —1
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where Y32 = 37 c(n) Yms ¥ 10 € Ny

From the dual, the conditions under which is optimal to invest in options at times 0
and 17 are

Proposition 8 (i) If (¢5%)" >0 ((E(I;Ut)* > O) then

BoCo < E91 [B7,CY, ]

(ﬂopo < E@ [6T1P191]>
(ii) If (e§21)" > 0 ((e*)" > 0) then

BoCo < B9 [Br,C%, ]

(ﬂopo < E9 [Br, P%])

1%
where Q7 = {((zzl))*} s a martingale measure for the process (Zt)tzo,...,Tl'

Proof: (1) Assume (eoca”)* > 0. Then, by complementarity,

BoCo (u) = D ((@h)"+ (42)") BuCl.

nE]VT1

From y! >zl +y2 > 2l +qy2 > ozan{ (f + as}L) >0V n e Np (the strict inequality
from U(-) strictly increasing and differentiable), and y§ =, Nr, YL,

1 *
BoCo < Z (%) BnCy = E% [5T10%J :
0

neNTl

The martingale property of Qf comes from the third set of restrictions in (33).
(ii) By complementarity,

BoCo (8)" = D ((@h)"+ (42)") BuCh -

nsNT1

Therefore, by the properties of y§ and y. discussed in (i),

1 *
B0Co < Z (Eyrfg*

neNt, 0

) B,CY = E [Br,C%,] .

Q.E.D.
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Proposition 9 (i) If (e5)" >0 ((eiujl)* > 0) then
EQ: [&cmﬁlﬂ} > E9 [Br, 11Cr, 14]
(EQ; {ﬂszg;H} > EQ2 [ﬂT1+1PT1+1]) ,
and if (ii) (£4)" > 0 ((e5))" > 0) then
E% [ﬂTQC%H] > E9 [Br,41Cr, 11]
(EQ; {ﬂTQPq:C;H} > 9 [5T1+115T1+1D

where Q5 = {

2
ZneNTl_H Yn-

} is a martingale measure for the process (Zzg)t:TlJr1 .1y ond yE =

——

y2)"

Proof: (1) Assume (e%‘ﬂl)* > 0. Then, by complementarity,

Z (Ii)*ﬁncg;l+1 = Z (yi)*ﬂnCTl—'rl,n .

’I’LENT2 nENT1+1

From 2 > 22 > ap,U, (f +as?) >0 Vne Np, (the strict inequality from U(-) strictly
increasing and differentiable),

S @) B.CTT > ST (42) BuCritim -

neNr, neNr, 11
Hence, dividing both sides of the inequality by (y%)*,
E9: {5T207T"21+1} > E9 [Br, 11C7, 11]
(ii) The proof is analogous to (i).
Q.E.D.

Remark 1. Both EQ1[ -] and E¥:[ - | are expected-valued operators based at time 0. For
instance, E92 [y, Cr,] is the expected value (under Q3) at time 0 of the (discounted) call
option’s price at time 77 (and that expires at time 75).

Propositions 8 and 9 state that both, purchasing and selling options at times 0 and
T1 + 1 is optimal if these are not overpriced under Q)7 and ()5 respectively.

Besides the optimal investment conditions in terms of embedded martingale measures,
the dual (33) provides other insights. The inequalities

yb >zl 42 > ok + gy > apaUy ([f +ask]Ba) Ve Nr, (34)

y?l > xi > aané ([f + as?z]ﬂn) VneNr, (35)
imply that
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yéquz - yrlL > O‘ani ([f + as%]ﬂn) Vne NT1
vaqz = y2 > apaUy (If + as?]B,) V n e Ny,

which, as it occurs also in the one-period monitoring case of section 5 through equa-

tion (29), lead to (scaled) lower bounds for the martingale measures {q}L}neNT and
1

{qi}nE N, Moreover, given that yi = > yL is minimized, y} gets as close as possible

neNT,
to ozani ([ f+ as}t]). Therefore, the relative weight that each scenario possesses depends
on the combination of probability and marginal utility, and thus the concept of tradeoff
probability factors developed in section 5 also applies here. Furthermore, minimizing y.;
implies, by equation (34), minimizing y2 (n ¢ N7,) and hence minimizing y2 (n € Nr,).
Therefore, y2 gets as close as possible to aané ([f + asi]ﬁn) for every n € Np, and thus,
the same insights apply at time T5.

Thus we conclude that the embedded probabilities for scenarios at monitoring date 73
do not depend on the utility over the fee gained at monitoring date 7. This does not
occur for the case of “high water marks”.

High Water Marks

Assume that at the beginning of the time horizon (¢ = 0) there is already a preestab-
lished benchmark B} for monitoring date 7} (in scenario n € Nz, ) and that the benchmark
B2 for monitoring date T% (in scenario n € Nr,) is determined as the maximum of B} and
Sl where i is a event ancestor of event n. The latter condition is modelled by adding the
restrictions

*ﬂnBTQL + ﬂnB’}L + (1 - O‘)ﬂnsqlm =0, VneNp

BnBy = Bam)Biy =0, Ve Ny Vi=Ti+1,..., T» (36)

to formulation (32). The first set of restrictions in (36) update the benchmark at time 7}
by adding the adjusted profit (1—a)s} (after discounting the variable fee paid to the hedge
fund manager) to the previous benchmark 3, Bl for every possible scenario at T;. Once
the benchmark has been updated, the second set of restrictions rolls over the updated
benchmark value until time 75 where the hedge fund capital is monitored again.

The inclusion of restrictions (36) into (32) implies:

the definition of additional dual variables (I,,) of (33) that satisfy

b= Y lm=0,VneNy, t=T,... Tp—1 (37)
meC(n)

—22 +1,=0, YneNrg, (38)
the modification of the first set of restrictions in (33)
apaUy (If + asp)Ba) =2 —quy, <0, ¥V n e Ny,
by

ap,Uy ([f +ast]B) —ab —qy2 + (1 —a)l, <0, Yne Ny, , (39)
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and the addition of

> 18,8}

neNT,

into the objective function of (33). Restriction (39) is crucial for expressing the optimal
investment conditions in terms of implicit martingale measures and defining (scaled) lower
bounds for these measures. For instance,
apa Uy ([f + asy)Ba) + (1 — @)l <z, + gy, -
But

xh gyl <zl +yi <yl VneNp,
Ul/() strictly increasing, (37) and (38), together with z2 > aané([f + as2]f,), imply

0 < ap Uy ([f + ast]B8n) + (1 — a)l, , Vn e No,.

Therefore,

0 < appUy([f + asy)Ba) + (1= @)l < 2 + gy <y - (40)
Hence @, = {Z—’lf} defines a probability measure. Propositions 8 and 9 hold for “high water

0
marks” although with different embedded martingale measures Q7 and Q3. Indeed, Q7 is
in this case bounded from below. To see this observe that by applying (37) repeatedly,

b= > In
meD7T2(n)
where DT2(n) means any descent of node n by time Ty. Then, by (38) and (35),
Yoolm= > a2k > Y apals([f +as})Bm)
meDT2(n) meDT2 (n) meD7T2(n)

Therefore,

meDT2(n)

Hence, using (40) we conclude that Q7 is bounded from below by

apn + (1 —a) Z ame;([f + as%q]ﬁm) ) (41)

meD7T2(n) neNr,

i.e.

Yot 2 opals ([f +asp)fa) + (1=a) | D apuls([f + asp)fm) | ¥n e N,
meDT2(n)
Therefore, given that y. (n eN7,) is minimized, the embedded (martingale) probabilities
{(q}b)*} depend not only on the combination of natural or given probability and
neNT,

marginal utility at monitoring date T3, but also on the accumulated (discounted) combi-

nations of natural or given probability and marginal utility over the descendant scenarios

of n e Ny, by monitoring date T5. The embedded (martingale) probabilities {(q%)*}
neN,

depend, as in the case of fixed and stock index benchmarks, on the combinations of natural
or given probability and marginal utility at T only.
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6.2. Multiple monitoring dates

Once the two-period monitoring case is analyzed, it is straight forward to extend the
results to the multi-period case. For instance, assume that there are m monitoring dates
T1,...,T,, in which the hedge fund capital is monitored against certain benchmarks. As
in the two-period case, assume that between monitoring dates the hedge fund manager’s
portfolio uses self-financing strategies and that at each monitoring date T}, except for
the last one (i.e., 7 = 1,...,m — 1), a proportional amount ¢ (with ¢ < 100 %) of the
profit over the benchmark, s, is discounted from the hedge fund capital. The discounted
amount must cover for at least the variable fee of the hedge fund manager (i.e., ¢ > «).
Rebalancing of the investment positions does not occur at 7} but a period later at Tj + 1,
except for the cash received from stock index options and the profits over the benchmark
at T1 which are invested in the numeraire (e.g. invested in treasury bills or a deposit in the
bank). Finally, our utility function over the entire horizon is assumed to be time-additive
and each of its components to belong U.

Regardless of the policy to determine the benchmarks, we have the following optimal
conditions for buying or selling stock index options at time T (j =1,...,m — 1)

Theorem 1. (i) If (eg“ﬂl) > 0 then
B9 [5T ?ff] > B9+ (81,4101, +1]
and (i) If (e%“_f_ﬁ) > 0 then

T * ~

41
where Q7,1 = {(Z(JZ )) }
v0 neNTJ.Jrl

Proof: Only (i) is proved since (ii) is completely analogous. We consider two sets of bench-
mark policies.

Fixed or Stock Index Benchmarks

The dual restrictions are

opaUjen (I + @sh)8,) — o™ —ay* <0V m e Ny, )

eyl -yt <0V ne Nty s (43)

ST (@ 4yt BB - ST I8, Oy <O (44)
”CNT_7‘+1 neNT

for j=0,...,m—2, and

apnU, (If + as™|Bp) — ™ <0V ne Np, (45)

=y <0VnelNp, (46)
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Z (@) B Gttt — Z Yn BnC1, 1410 <0 (47)

neNT,, neNTm71

for T,,_1.
Assume (e%ﬁll) > 0. Then,
Case 1: j7=0,...,m — 2. Applying complementarity to (44)

S (@ 0)) 505 = Y ) By

neNT; 4y neN;
From (42) and (43)
0 < apaUyyy (If +asi™Ba) < 2t + gyl <2t 4yl <y
Hence,

j+1 T;+1 j+1
Z ygz+ ﬂnCnJ+ 2 Z ygf ﬂ’rLCTj-‘rl,n

neNTj+1 neNTj

and, dividing by yé“ = ZnGNTJ_ yglﬂ’

i+l

EQ;Jrl [ﬁTjJrlC;:j ] Z EQ;Jrl [ﬁTjCTj:I

Case 2: The proof is analogous to case 1.
The case of put options is proved in an analogous manner.

High Water Marks

The relevant dual restrictions for high water marks are the same as for the two cases
treated for fixed or stock index benchmarks except for (42) and (45) which are replaced,
respectively, by

aanj{H (If + asitB,) =22t —qul P2+ (1— )l <0, VneNr,,, j=0,...,m—2
and,

apaU,, (If +as™|By) —a™ + (1 — )l <0, VneNp,
where 711 satisfies

l%+17 Z l{n‘Fl:O’ VTLENt t:zy+1,...,zy+27]_’j:O’.'.’me'
meC(n)
_‘T%+1+lz;,+1:()7vneNTj j=1,...,m—1.

+1 0

The proof for this benchmark policy follows the same structure used for the case of
fixed or stock index benchmarks.

Q.E.D.

Although Theorem 1 holds regardless of the benchmark policy, the embedded mar-
tingale measures {Q;} are not the same. For fixed or stock index benchmarks the @;’s
depends only on the period utility U; while for high water marks, the @;’s depend on
Uj,...,Un.
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7. More Advanced Models

The models here incorporate risk management features and other extensions not treated
in sections 4 - 6. For instance, these models include risk management of underperformance
(with respect to a benchmark), stock index options, and other risky factors such as liquidity
and short selling. To simplify, we focus on the single monitoring date case and depart from
the basic set of constraints

Zo - 00+ Bo (e0 - Vo — & - Vo) = BoWo

Zo - (On —Oun) =0, ¥neN, Yi=1,. . T

Zn + O0n — Bnsn + Bn (€0 —€) - Vi = BnBn , YneNp (48)
Zp0,>0,8,>0,VneNr

€0 >0, 6>0.

7.1. Underperformance Risk Management

Regardless of the strategy followed by the manager, the risk of underperformance with
respect to a benchmark is a major issue. Therefore, appropriate risk measures should be
included in the objective function of the hedge fund manager to take into account for
this risk. An important class of measures in that sense are the downside-risk aversion
measures (Fishburn (1977)) that penalize on the shortfall of the portfolio relative to a
given benchmark B7. Within the class of downside-risk aversion measures, there is a widely
applied subclass known as lower partial moment class (Bawa and Lindenberg (1977)). In
this subclass the penalization of the shortfall is done through partial (statistical) moments
of the shortfall and hence defining risk measures of the form

R.,(Br) = E [Maz (By — Wr,0)"] ,

where v > 0 and Wy represents the wealth at time 7. The values of v determine the
weight that the investor gives to small or large deviations. The larger the 7, the more
the investor cares for larger deviations and viceversa. Moreover, for particular values of
v, R,(Br) represents measures such as shortfall probability (v = 0), expected shortfall
(v =1), and downside variance (v = 2).

R, (Br) can be combined with the goal of maximizing the hedge fund manager’s fee
through the objective function

Max E [(f + OZST) ﬂT} —A R’Y (BTﬁT) (49)

where A is a nonnegative constant that determines the risk aversion of the hedge fund
manager or equivalently the tradeoff between expected profit and underperformance risk.
In our scenario framework, (49) when v = 1 (expected shortfall) is

Maz Y [f+asu)Bupn — A D (SF.B,) pa (50)

neNt neNt

where SF,, is the shortfall relative to the benchmark B,, in scenario n ¢ Ny, and which,
besides nonnegativity restrictions, satisfies the (modified) set of constraints
Zn : en - ﬁnsn +ﬁn (60 - E0) . V,,? +ﬁnSFn = ﬁan Vne NT ) (51)

and A > « (to assure feasibility). The latter conditions on A and SF), (n € Nr) together
with the objective function (50) enforces
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SF:; = Max (ﬁan - [Zn “On + Bn (60 - éo) V,?] ’O) ’

To see this, observe that if Z, - 6 + 3, (e — (¢0)") V.2 > 8,B,, then —s}, + SF; <0
and hence s’ > SF. The objective function is

(ZmeNT fﬁmpm) + aZmeNT (Zm : O:n + 6”7 (68 - (EO)*) Vr(r)L - ﬁmBm) Pm
Ha—=A) Y vy SEnpm -

Therefore, since (a — A) < 0, the latter is maximized when SF = 0. When Z, - 6 +
On (63 — (EO)*) VY9 < B3,B, it can be proven that s = 0 (hence SE* = 8,B,, — Z, - 0 —
B (€5 — (€0)") V,2).

The inclusion of the set of variables (SF,)nen, not only extends the feasible region
defined by (48) but also adds the restrictions

Tn < Ap, Y n e Np . (52)
to the dual associated to (48) (See (27) in section 5).

Model (50) subject to (48) (with the modified restriction (51)) possesses the same
optimality conditions for option investment stated in Proposition 6. Nevertheless, the
addition of the dual restriction (52) gives us more structure, and hence more insights, about
the optimal solutions. For instance, if s}, > 0 and SF} > 0 imply, by complementarity,
xy = apy, and x), = Ap,, respectively. That is x}, will be an indicator function of profits
and shortfalls, i.e.

V’I’LENT.

. apy if 83 >0
n = Ap, if SEF >0

7.2. Stock Index Option Risk Management

Besides underperformance, hedge fund managers must also consider appropriate risk man-
agement of any trading strategy that is implemented in their pursue of superior returns.
We propose here some risk measures and their modelling for the strategy of buying and
selling stock index options.

Buying options is much less risky than selling options since their maximum loss is
bounded. At worst, the premium paid for the option is lost if the option expires out of the
money. Therefore, an appropriate risk measure for the purchase of a stock index option,
and any option in general, is

(Vo) (53)

where § is the probability that the option expires out of the money (§ can be computed
once the scenarios have been set up and therefore it is known at the moment of solving
the model), and V} is the option’s price (call or put). Hence, assuming homogeneity of the
risk measure (i.e. the double position have double the risk, see Artzner et al (1999)), a
model incorporates a tradeoff between profit and risk over the purchased options in our
framework is

Maz Y [f + asn]Bupn — eol0(Vofio)] (54)

neNrt

subject to (48). The inclusion of €[d(Vp0o)] yields
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Proposition 10 If (ega”)* > 0 then

BoCo = Z <(£_"yé> B.Crn < E9" [BrCr

neNrt

where Q* = {y—’} . Analogously, if (e{f“t)* > 0 then,
Yo neNrt

BoPy= Y <5f_nya) BnPo < E? [BrPr].

neNr

Proof: The proof is analogous to that of Proposition 1.

i.e., buying options in the current model is optimal if these are underpriced (under Q*)

Remark 2. The underpricing of Proposition 10 is less restrictive than the one derived from
Proposition 1. The underpricing threshold is higher for the current model than for the
simple strategy analyzed in section 4.2. The scenario weights in Proposition 1 are

*

_In
1+y5
Hence, since
, ,
VneNrp,
T+y ~ 0+u; g

the current model assigns to each scenario more weight than the simple strategy of section
4.2 does.

Selling options implies taking a position in which losses are, in principle, unbounded
and hence risk management is crucial. Hedging the risk of sold options is usually carried
out through either the implementation of a portfolio of assets that replicates the payout
of the option or the purchase of an option of the same characteristics (i.e. same expiry
date and exercise price). The latter is partially implicit in the basic formulation (48) since
it allows for buying and selling options of the same type although the model does not
enforce the purchase of options if stock index options are sold. On the other hand, perfect
replication of the payout, which is also implicit in formulation (48), is not always possible
since our framework allows for incomplete markets. Therefore, it is imperative to include
risk measures into the basic formulation We addressed this problem in section 4.3 by
including the term

Z Bn V;?pn

neNt

as a measure of risk for sold options. We now address risk management for sold options
in a broader sense, for a class of risk measures that satisfy two properties: homogeneity
and a priori determination (i.e., once the scenarios have been set up, the risk measure
can be determined). Two members of this class are Value-at-Risk (VaR) and Conditional
Value-at-Risk (CVaR) (See Mina and Yi Xiao (2001)) VaR is the maximum loss expected
under a certain confidence level and CVaR is defined as the expected loss given that the
loss has surpassed VaR. VaR is the most widely used risk measure and CVaR, although
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more conservative than VaR, is a more robust risk measure. For instance, Artzner et al
(1999) prove that CVaR is a coherent risk measure (while VaR is not), Rockafellar and
Uryasev (2000 and 2000a) prove that CVaR is convex and continuous, and Rockafellar et
al (2000b) prove that CVaR is an expectation-bounded risk measure (while VaR is not).
Other convex risk measures which place more weight on losses are discussed in Rockafellar
and Ziemba (2000) and Carifio and Ziemba (1998). If it is assumed that VaR is computed
at the confidence level of (1 — )%, the tradeoff between profit and risk over sold options
can be modelled as

Mazx Z [f + asn]Bnpn — €0(7YVaR) (55)

neNrt

subject to (48) if VaR is used or

Max Z [f + asn]Bnpn — €(y CondVaR) (56)

TLENT

subject to (48) if CVaR is used. Using duality yields

Proposition 11 if (€5°)" >0 ((E(I)D“t)* > 0> then
(i) under model (55),

BoCo= > <z§> BrnCn + (yl(,;> (nVaR), and

neNr
<ﬁOPO = Z (x:j) ﬂnPn + <1*> (WVCLR)>
neNt Yo Yo

(i) under model (56),

BoCo= > (‘””) B,Cy + <y10> (n CVaR).

neNrt

3 *

<
(=R

<ﬂ0150 => (‘Z) BnPp + (;O) (n cvw)) :

neNrt 0
Proof: Only (i) is proved since (ii) is completely analogous.
Assume (Eg “”)* > 0. Then, by complementarity,
ySﬂoéo = Z z;ﬁnC’n + 77VCLR .
neNrt
Therefore,

BoCo =Y (;) B Ch + (;0) (nVaR) .

neNrt

Q.E.D.
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7.3. Other Extensions

7.8.1. Restrictions on the positions of the portfolio None of the models studied impose
any restrictions on the asset positions within the portfolio. For example, liquidity or short
selling restrictions might be important risk management decisions and/or particular hedge
fund policies, and therefore these constraints should be considered. The modelling of these
type of restrictions requires the constraints

0p,>b,VneNg , t=0,...,T.
which leads, with (48), to the dual restrictions

Yndin — Z YmZm — =0 VneNg, t=0,...,T—1
meC(n)

Tn—Yn+A) <0V Np |

A >0 VYneN, t=0,....,T—1,

and the addition to the dual objective function of the term

= > by

neNrt

Although y,, >0 Vne Ny, t=0,...,T, {qn = %} N is no longer a probability
neNrt
measure on ({2, F'r). Moreover, the inclusion of restrictions on the positions of the portfolio

destroys the martingale property of the (Z;).

7.8.2. Further extensions The model (48) assumes that the hedge fund manager buys
and sells options with the same payoff. A natural extension is to allow for buying and
selling options with different payoffs and/or different times to maturity. For instance, the
initial capital constraint is still of the form

Zo - 00 + Bo (€0 - Vo — & - Vo) = BoWo

but now €y = (€, ..., €) ) and € = (&}, ..., €)"), where € (é) is the purchase (sale) price
of the j*" option (European calls or puts) for j = 1,...,N (j = 1,..., M). Self-financing
restrictions are

Zn+ (6n = Oa(n)) — Bn (€6 Vi =€ - Vi) =0, Vn e N,

where ) (€) is the vector of positions of the option purchased (sold) at time 0 and which
mature at time t, and V! (V!) is the vector of corresponding payoffs. The Benchmark
restriction is

Zn'en_6n3n+6n(Eg'wf—gg‘vg):ﬂan, VneNr.

Duality can be applied then to get insights on the structure of optimal investments as
well.

To conclude, we emphasize that the present models take into account different features
of the hedge fund manager problem with the idea of simplifying the analysis. We can
combine these models to develop more sophisticated ones.
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8. Conclusions

This paper develops a framework for a variety of models for hedge fund managers that
encompasses the primary goal of maximizing their fees while attempting to obtain superior
returns in any market condition using options strategies and appropriate risk management.

The framework has several advantages. First, it allows for a broad class of distribu-
tions including the fat-tailed distributions of real asset prices. Second, the framework is
applicable to both incomplete and complete markets. Third, the mathematics used here
are more accessible and understandable than other approaches.

This paper obtains a general description of the optimal solution for the hedge fund
manager’s problem for various models with different policies for determining benchmarks
and useful interpretations of the corresponding dual problems; explicit and calculable opti-
mal conditions for stock index option investments for several models in terms of embedded
martingale probabilities; and explicit and calculable relationships between embedded prob-
abilities and hedge fund manager preferences which allow assessment of the relative weight
of future scenarios for a particular investors and hedge fund managers with different pref-
erences.

The framework can be applied to general option-like compensation problems other than
the hedge fund manager problem which could include problems such as the compensation
of a corporate manager that controls firm leverage or the compensation of a trader at a
security firm.

Although the theoretical insights developed remain valid regardless of the number of
scenarios, the evaluation of the optimal investment conditions for the various models re-
quires an efficient algorithm to compute the optimal values of their corresponding dual
problems. Successful implementation requires good scenario generation procedures.

More complex models can be analyzed. For instance, models that incorporate more
sophisticated and realistic risk measures such as dynamic risk measures, or strategies
other than self-financing ones, or other risky factors such as the liquidation of the hedge
fund.
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Appendix

Equivalence between equations (2) and (3)

The equivalence between equations (2) and (3) strives in showing that

Yo (ZO : 90) + Z?:l ZneNt Yn [Zn : (9" - 9“("))] =

ZneNT Yn (Z" ’ on) + Z?:_Ol ZnENt (ynZn o ZmeC(n) ymZm) . en
Proof:
Yo (Zo - 00) + =y Ypen, Un [Zn - (On = baiy)] =

T
Z?:O ZneNt Yn (Zn : 971) - Zt:l ZneNt YnZn - ea(n) =

0 [ e Un (Zo - 02) = Lsers ¥n (Zn - Bua) | + L 0 (Zn - 00)

Observe that

Z Yn (Zn ’ ea(n)) = Z Z YmZm | - O .

neNgp1 neNy \ meC(n)

Hence,

Yo (Zo-00) + 34—y Yo, U [Zn - (00 = baim))] =
?::)1 |:Zn5Nt Yn (Zn : 971) - ZneNt (ZmeC(n) ymZm) ’ 9ni| + ZneNT Yn (Zn : 9774) =

T—
t:()l anNt (y"Z” - ZmeC(n) ymZ7”> ’ 0” + ZneNT Yn (Zn . en)

Q.E.D.



