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Abstract

We consider the objective function of asimple recourse problem with fixed technol -
ogy matrix and integer second-stage variables. Separability due to the ssimple recourse
structure allows to study a one-dimensional version instead.

Based on an explicit formula for the objective function, we derive a complete de-
scription of the class of probability density functions such that the objective function is
convex. Thisresult is also stated in terms of random variables.

Next, we present a class of convex approximations of the objective function, which
are obtained by perturbing the distributions of the right-hand side parameters. We de-
rive a uniform bound on the absolute error of the approximation. Finally, we give a
representation of convex simple integer recourse problems as continuous simple re-
course problems, so that they can be solved by existing special purpose algorithms.
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1 Introduction

The simpleinteger recourse (SIR) model with fixed technology matrix is defined as
inf{cx + Q(x) : Ax =b, x e R}, (1)
X

where the expected value function Q is
Qx) :==Ee [v(E — Tx)],

with E¢ [-] denoting mathematical expectation with respect to £, and v is the value function
of the second stage problem
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Herec, A, b, (g7, ¢™) and T are vectors/matrices of the appropriate size, g7, g~ > 0,
gt +¢q~ > 0,and £ isarandom vector in R™2,

As suggested by the name, this model has the same structure as the well-known simple
continuous recourse model, in which the second-stage decision variablesy = (y *, y ™) are
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non-negative reals. The expected value function of the latter problem is Lipschitz continu-
ous and convex, so that in principle (i.e., disregarding possible difficultiesin evaluating the
integrals) it can be solved efficiently by standard techniques from mathematical program-
ming, see [9]. Several special purpose algorithms exist, see eg. [19, 1, 2, 10, 12]. The
expected value function of the integer problem lacks these favorable propertiesin general.
In [7] and [13] (the latter treating complete mixed-integer recourse) it is shown that this
function is continuousif the distribution of & is continuous. In [3, 4] we discussed the con-
struction of the convex hull of the discontinuous expected value function Q for the simple
integer recourse model with discretely distributed right-hand side vector &£. For an overview
of the field of stochastic integer programming we refer to [5, 6, 15] and the website [14].

Inthefirst part of this paper we give acomplete description of the class of distributions
such that the expected value function Q is convex. Following areview of relevant results
in Section 2, this class will be presented in Section 3.

Using separability which is due to the simple recourse structure, Q is completely char-
acterized by the one-dimensional generic function Q, given by

0() =q*g@ +q h(x), zeR,
whereg™, g~ e R,withg™ >0,4~ >0,g7 +¢~ > 0,

g = Eg[fe-21"], zeR,
h(z) Ee [1€ —z17], z €R,

with & a random variable, and [s]* and |s]~ are shorthand notations for ([s]) T =
max{0, [s]} and (Ls])~ = max{0, —[s]}, s € R, respectively. Hence, we will derive
convexity results for Q by doing so for Q.

Next, using the results obtained so far, we present a class of convex approximations of
0. In Section 6 we concentrate on the integer expected surplus function g first, and then
extend the results to the expected shortage function # and the one-dimensional expected
value function Q. Moreover, using a result from [3], we show in Section 7 that (up to a
constant) the approximation of Q is the expected value function of a continuous ssimple
recourse problem, with random right-hand side parameter with explicitly given discrete
distribution. In Section 8 these results are extended to the n 1-dimensional expected value
function Q. Finally, in Section 9, we summarize our results and indicate their relevance for
problems with more general recourse structures.

2 Preiminaries

In this section we first review some structural properties of the expected value function of
the simple integer recourse problem. Subsequently we present some preliminary lemmas.

2.1 Review

Some of the results in this subsection are quoted from [7] where the reader is referred to
for proofs.

Let F and F' be respectively the right- and | eft-continuous cumul ative distribution func-
tion (cdf) of the random variable &, i.e., F(s) := Pr{¢ < s} and F(s) := Pr{¢ < s).
(Obvioudly, if & has a probability density function (pdf) then F = F.) Then (cf. )

g2) = Y (A-FE+k)= Pt >z+k) ©
k=0 k=0

h(z) = Y Fz—k =) Prig <z—k). €)
k=0 k=0

Thefunctions g and & are related by an el ementary transformation.



Lemma 2.1 Let& bearandom variable. Define¢ = —&. Then
h(z) = g*(=2), z€R,

whereg®(z) '=E; [[¢ —z17].
The random variable ¢ has cdf Fy(s) = 1 — F(—s). If& has apdf f then ¢ has a pdf
Je(s) = f(=s).

PROOF. Since |s|~ = [—s]T, s € R, it follows that
h(z) =Be [lE —2) | =Ee [[-6 + 217 =B [[¢ +217] = ¢(=2). z€R.
The relations between the cdf (and pdf) of the random variables& and ¢ aretrivial. ]

Finiteness of the variousfunctionsis directly related to finiteness of the first moment of

£.
Lemma22 Forallz e R

g@) <00 & put=E[(5)F] <o
h(z) <oco & pu” =E:[(§)7] < oc;

Q) <0 & —oo<p=p"—p  <oo.

O]

From now on we assume that u isfinite.

Lemma 2.3 The functions g, h, and Q are continuous on R if and only if the random
variable& is continuously distributed. ]

2.2 Right derivatives

In studying convexity of the functions g, i, and Q we will use a necessary and sufficient
condition for convexity of afunction in terms of its right derivative: afunction ¢ is convex
ontheinterval [a, b] if and only if its right derivative ¢/, isnon-decreasingon [a, b).

Aswe will see, existence of the right derivatives of g, #, and Q depends on the total
variation of the density f of &. Although we only need finiteness of the seriesinvolved we
will prove sharp lower and upper bounds. The reason is that these bounds are essential for
obtaining an error bound for the convex approximations that we have in mind.

For ¢ areal-valued function on anon-empty subset 7 of R, we denotethetotal increase
onI by ATe(I), thetotal decreaseby A ~¢(1), and the total variation by |A|e(1). For all
I C R, |Alp(I) = ATe(I) + A~¢(I). For convenience we use the shorthand notations
Atp, A=¢, and |A|e for thecase I = R. A real function ¢ on R is of bounded variation
if |Alp < 4o00.

We establish aresult for probability density functions of bounded variation. It is based
on the following lemma, which is proved in Appendix A.1

Lemma 2.4 Letthered functionsg; onR .. be nonnegative, nonincreasing and integrable,
i =1, 2. Thenthefunctiony := ¢1 — @2 is of bounded variation on [0, co). Moreover,

—o0 < =AT0(0.00) = 3 g - [ eds < A0y <0 @)
k=0
and
—o0 < =A7010.50) = 3 p) — [ o0)ds < ATe(000) <o (8)
k=1
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Figure 2.1: Illustration of the upper bound (6) in Lemma 2.5 with z = —5. Each term
fz+k),k=0,1,... isrepresented by arectangle of size f (z + k) x 1. Thetota area
of the rectanglesis divided in two: the unshaded areaislessthan 1 — F(z), and the shaded
areaislessthan A~ f ([z, 00)).

In the following lemmawe apply these resultsto aclass of probability density functions
on R that are of bounded variation.

Lemma 2.5 Supposethat fori = 1, 2 the functions f; : R — [0, 1] satisfy the following
conditions:

(i) fi isnondecreasing, fi(—o0) =0, fi(+o0)=1,i=1,2

(i) fi(s) > fa(s) forals e R, and{s € R : fi(s > f2(s))} has a positive L ebesgue
measure.

(i) [° fi(s)ds < 0o and [°(1 — fo(s)) ds < oo.
Thenc = ffooo(fl(s) — f2(s)) ds € (0, 00), and thefunction f : R — R defined by
1
fls) = - (fi(s) — fa(s)), s€R,

isapdf. Moreover, f has aright-continuous version f . and a left-continuous version f_,
given by

fr(s) = IiInf(t), s € R,
tys

f-(s) = IiTmf(t), s € R,
s

having the same cumulative distribution function as f. Denoting this cdf by F, we have
foral z e R

1-Fe-D-A"f(z-Loo) <) flz+k) <1-F@+A f(z,00) (6)

k=0
and
F() =AY f((—00,2) <) fe—k) < Fe =D+ At f((—o0,z=1]).  (7)
k=1
The pdf f is of bounded variation, so that the following uniform bounds hold, too:
A > A
1—F(z—1)—¥ < l;]f(z—i_k)Sl_F(Z)—i_% (8)
A > A
ﬂz)—% = k;lf(Z—k)SF(Z—l)—i-%. 9)



Remark 2.1 Theconditionson f1 and f> are not very strong, if one wantsto describe pdfs
that are of bounded variation. Indeed, any non-constant function f of bounded variation
that convergesto O at the tails, can be written as the difference fi — f> of nondecreasing
functions f1 and f> witha 1= fi(—00) = fo(—00) and b = f1(c0) = fo(00), —00 <
a < b < o0o. Then

() = fi(s) — f2(s) = b (f(s) — fa(s)), s €R,

where fi(s) = (fi(s) —a)/(b —a), i = 1,2, satisfy (i). In order to assure that f isa
pdf, obviously the condition (ii) is needed together with b = 1/¢. Hence, the only real
assumption s (iii), describing that f1 and f> converge‘fast enough’ at their tails.

PROOF. Obviously, ¢ > 0 because of (ii). Moreover, ¢ < oo because of (i) and (iii):

0
—00 —00

/ (fi(s) — fa(s)) ds = / (f1(s) — f2(s)) ds +/0 (f1(s) = f2(s)) ds

0 00
= / Sfi(s)ds +/ (1— fz(s)) ds < oo.
—00 0

Therefore, f isapdf. Moreover, since f1 and f> are monotonous, they have all limits from
left and right, hence so does f. Since f1 and f2 are nonincreasing and bounded, they can
only have a countable number of discontinuities, so that f_(s) = f(s) = fi(s) for al
s € R except for a set of measure 0. The upper bound in (6) follows from the upper bound
in (4) by taking, for s € R,

1- fiz+ys)
—

d p2(s) =

1_
o(s) = fz+5s), ei(s) = M an

Both ¢1 and @2 are nonnegative, nonincreasing and integrableon R  since 0 < [z°°(1 —
f1(8))ds < fzoo(l—fz(s))ds < o0. Thelower boundin (6) followsfrom the lower bound
in (5) by taking

1— fiz—=1+y%)
@2(s) = - ,

1- faz—1
p(s) = fz—1+5), g1(s) = fZ(ZC 9 nd

using (1 — fi(s))ds < [°(1— fa(s)) ds < oo. Similarly, the upper and lower bound
in (7) follow from (4) and (5), by taking, for s € R,

1-foz—=1-y%) =1—f1(z—1—S)
. ,

Cc

p(s) = fz—1—39), g1(s) = and p2(s)

and

1— —
and gp(s) = T LEZY

1— —
() = f(@—5). ga(5) = #
respectively. Findly, (8) and (9) follow from (6) and (7) by observing that, for al z € R,
A" f([z,00) < A™f and AT f((—00,z]) < ATf. Indeed, since ATf — A~ f =
f(o0) — f(—00) =0—0=0and At f+ A~ f = |A|f,wehavethat A~ f = —ATf
(1A1)/2.

See Figure 2.1 for an illustration of the upper bounds (6) c.q. (8).

With Lemma 2.5 in mind, let us define the following class of probability density func-
tions.

L1

Definition 2.1 Let F be the class of probability density functions on R with finite mean
value, that can be written as the difference of functions f1 and f> satisfying the conditions
(i)—(iii) of Lemma2.5.



Itis easy to verify that F is aconvex set.

As said before, from a practical point of view F contains al pdfs with a bounded
variation. For instance, if f isapdf (with [ |s|f(s) ds < oo) suchthat R can be partitioned
in afinite number of intervals on each of which f is either nondecreasing or nonincreasing,
f must bein F.

Thefinal lemma of this subsection gives formulae for the right derivatives of the func-
tionsg, h, and Q = g*g + g~ h. They follow directly from (2) and (3) by interchanging
differentiation and summation. This interchange is allowed since the sums converge uni-
formly in z (see[7] for more details).

Lemma2.6 Let& be arandom variable with pdf f < F. Then the right derivative Q ',
exists and is finite everywhere, and is given by

0, =—q"Y fre+b+q Y frlz—k, zeR,

k=0 k=0

where f. isthe right-continuous version of f givenin LemmaZ2.5. ]

Obviously, corresponding results for the constituting functions g and 4 are obtained by
appropriate choicesof g+ and g~

3 Convexity properties

We will give a complete characterization of the pdfsin F such that the functions g, 4, and
Q are convex. Thereis no loss in assuming a continuous distribution, since Lemma 2.3
shows that if & is discretely distributed, then these functions are finite and discontinuous
and hence non-convex. Also for continuous distributions of & convexity is an exception
rather than the rule. However, for any distribution of &, the restriction of g, 2, and Q to
trandates of 7Z is convex.

Lemma 3.1 Foreverya € [0, 1), therestriction of g, h, and Q to {« + Z} is convex.
Proor. Using (2) we have
glao+n+1l)—gla+n)=Fa+n -1 VnelZ.

The result follows from the fact that the cdf F' is non-decreasing. Using (3) similarly, the
sameresult holdsfor 4 and Q. ]

Next we formally definethe set C ¢ F of probability density functions such that the
corresponding expected value function Q (and hence both g and %) is convex. Due to
Lemma 2.6 we have

Definition 3.1 Let C denote the set of probability density functions in F such that the
corresponding expected value function Q is convex, i.e.,

S22 fi+(z + k) isanonincreasing function of z, and
322 o f+(z — k) isanondecreasing function of z

C::fe}':

The subset containing all right-continuous versions of elements of C isdenoted by C ...

Given that F is convey, it isobviousthat C and C ;. are convex sets.
Thefollowing lemma gives a property shared by all elementsof C.

Lemma3.2 If f eCthend ;2 f+(z+k)=1fordlzeR.



PROOF. By definition, f € C if and only if Q is convex when the random variable & has
pdf f.

It holds Q(z) < Q(z) < Q(z) + max{g™, ¢~} for al z € R, where the convex func-
tion Q isthe one-dimensional expected value function of the continuous relaxation of (1),
ie, 0(2) = qTEs [ — "] + ¢ Ee[E—27] z € R (see [16]). Hence, if Q is
convex, it has asymptotes at —oo and +oo with the same slopes as the asymptotes of Q,
which are —g* and ¢, respectively. Therefore, in this case Q, is nondecreasing from
lim._ 0 Q/.(z) = —g T tolim,_. O/ (z) = ¢~. Using Lemma 2.6 we have, for z € R
andn € Z,

Qiz+n = —¢") fre+h+q" Y fr+k)
k=n k=—00
= D (=" Lpem + 97 Ligsm) frGE+ D). (10)
k=—00

Since f € F, it follows (see (8) and (9)) that

S@= ) frlz+h

k=—00

isfinitefor al z € R. Thereforewe have, for al n € Z,

o0
Y 4T Len+ a7 Liza| fr @R < (g +g7)S() < o0,

k=—00
so that by takingn — —oo and n — oo in (10) we obtain, using Lebesgue's dominated
convergence theorem, that

—4"=—¢"S@ ad ¢ =¢ 5@,

respectively, implying S(z) = 1. ]

Note that the condition "2 fi+(z + k) = 1foral z € R is necessary but not sufficient
for f € C. A counter exampleis given by the pdf f such that

) Isl, se[-1D,
fr(s) = { 0, otherwise

Itiseasily seenthat f € Fand Y 2 _ fr(z+ k) = 1foral z € R. However, f ¢ C
since Y2 fi+(z + k) isgtrictly increasing on [0, 1).

As said before, convexity of the functions g, /2, and Q is an exception rather than the
rule. Therefore, C isa‘smal’ subset of F. In the following we first define a subset of
C, using a characterization that is attractive from a computational point of view. Next, we

show that this subset actually containsall of C.

Definition 3.2 Let Cg be the set of functions f on R, that can be written as
f(s) =G +1) —G(s), s eR,

where G isan arbitrary cdf on R with afinite mean value ¢ .

Thefollowing lemma showsthat Cg is a subset of C.

Lemma 3.3 Let f be generated by a cdf G with mean value i ¢ as described in Defini-
tion 3.2. Then f is continuous from the right, and the following is true.



(i) Fors e R

Y fs+k=1-G@), Y f6—-kh=Gk), ad Y fls+k=L1
k=0 k=1 k=—00
Inparticular, f € C+ CC.

(ii) If F denotes the cdf of f, and n a random variable distributed according to G, we
havefordlz € R

z+1
F(2) = / G(s)ds

WK

(1-F@z+k) = / (1-G()) ds =E,[(n —2)"]

~
Il

0

WK

F(z—k) = / G()ds=E,[n—2)"].

—00

>~
Il
=

(iii) If it exists, thenth moment of f, denoted by v,,, is equal to

1 &G(n+1
_ _1\n—k
Vn—n+12( k >( 1) Tka

k=0

where t; is the kth moment of G. In particular, the mean value vy of f equals
uG — 3, and its variance o 2 is equal to o + 15, where o is the variance of G
(possibly infinite). '

PROOF.

(i) Since f1(s) := G(s + 1) and fa(s) := G(s) satisfy all conditionsin Lemma2.5, we
concludethat f € F. Indeed,

0 1 1
/ fi(s)yds = / G(s)ds :/ {/ dG(t)} ds
—00 —00 —00 (—00,s]
1
= / :/ ds} dG(t) :/ A-—0dG(@#) <0
(—00,1] t (—00,1]

since g isfinite. Similarly ff)oo(l— f2(s)) ds < oo. The corresponding value of ¢
isequal to 1, since

/oo (G(s+1) —G(s)) ds /Oo {/ dG(t)} ds
—00 —00 (s,s+1]

o0 t
/ {/ ds} dGg(t) = 1.
—00 t—1

Moreover,
N N
Y f+k =) (Gls+k+1)~Gs+k) =G +N+1) -G,
k=0 k=0

sothat Y 2 f(s+k) = 1— G(s). Inasimilar way weget Y 7o, f(s —k) = G(s),
sothat Y 22 f(s+k) = 1forals € R. Since f = f4 (because G is acdf) it
follows from the definition of C. that f € C indeed.



(i) Itisnot difficultto seethat F(z) = ZJrlG(s)ds foral z € R, sothat
z

Z

o0 X pz—k+1 4
ZF(Z—k)zZ/ G(s)ds:/ G(s)ds =E,[(n—2)7].
k=1 k=1v27k

—00

and similarly Y72 (1— F(z+ k) =E, [(n — )" ] foral z e R.

(iii) If it exists, the nth moment of f is given by

/00 s"f(S)dszfoos"{/ dG(t)} ds
—00 —00 (s,s+1]
o0 t o0 1
n — n+l _ ., qyn+l
[ AL sfaeo=[ g —e-vr) aco
© 1 (n+1 ik k
/Oon+1k2( . )(1) *dG@)

— s

1 —(n+1 n—k

k=0

Vn

where ;. isthe kth moment of G. The expressions for u  and aj? follow by straight-
forward computation.

O

Theorem 3.1 C4+ = Co.

PrRoOF. We already established that Co € C.. To provethe reverse inclusion, suppose that
f € C4+. Thenwehaveto show that it can berepresentedas f (s) = G(s+1)—G(s),s € R,
where G issome cdf with finitemean value i . Wewill show that G (s) := Y ey f(s—k),
s € R, meetsthe requirements.

Since f is continuous from the right,

Gy =) f6—k=) fes—k=) frs=1-k, seR
k=1 k=1 k=0

sothat f e C impliesthat G isanondecreasing function on R.

Lemma 3.2 shows that
_ _ n oo
lim G(s) = ,,'LTOG(”+1>=,,'EL‘OkZ f(k)=k2 fl=1
=—00 =—00

lim G(s) lim Y fk)=0.
k=—00
Moreover, for al z € R we have
LIFQG(S)=ISIITZ11;f(s—k)=k2::l|;fz1f(s—k)=k2::lf(z—k)=G(z),

where the inner equality is based on Lebesgue’s dominated convergence theorem (using
Y ie1 f(s —k) < 1Vs). We concludethat G isacdf indeed. Furthermore, it is easy to see
that f(s) = G(s+1) —G(s),s €R.



It remainsto show that 1. ¢ isfinite. Thisfollowsfrom

o o t
ne—1/2 = / (t—1/2)dG(1r) =/ {/ sds} dG(1)
—00 —00 t—1
= /ms{/ dé(r)}ds=/oos(é(s+1)—é(s))ds
—00 (s,s+1] —00
= / sf(s)ds,
whichisfinitesince f € F. ]

Corollary 3.1 f e Cifandonly if G(s) = Y ;2 f+(s — k), s € R, isacdf with finite
mean value.

PROOF. Without loss of generality we assume that f = f., since f € C if and only
f+ € C. Theresult now followstrivially from Theorem 3.1 and its proof. ]

We conclude from Corollary 3.1 that, disregarding f ¢ F, the function Q is convex if
and only if therandom variable & hasapdf f suchthat Y 2, f+(s — k) isacdf with finite
mean value.

Moreover, using Definition 3.2 and Theorem 3.1, we can approximate any given distri-
bution (including discrete or mixed distributions) by a continuous distribution with a pdf
f € C. Accordingly, we obtain a convex approximation of the expected value function Q,
which werecall is non-convex in general. Because of Lemma 3.3 (iii) an interesting choice
istolet f begeneratedby G(s) = F(s — 1/2), where F isthe cdf of the given distribution,
since f(s) = F(s +1/2) — F(s — 1/2), s € R, has the same mean value as F (and a
variance that is increased by 1/12). We proceed by giving a few examples of cdfs F and
corresponding pdfs f € C.

Example 3.1 Let F beacdf and define f(s) := F(s +1/2) — F(s —1/2),s € R.

(@) If F isthe cdf of the degenerated distributionin O then

|1 sel[-1/2,1/2),
fls) = { 0, otherwise,

i.e., f istheright-continuous pdf of the uniform distribution on [—1/2, 1/2] (notation
Uu-1/2,1/2)).

(b) If F isthe cdf of adiscrete distribution on Z with Prp{k} = pr > 0, >, .7z px = 1,
suchthat —oco < ), . prk < oo, then

() = pls+1/2),

i.e., f isthe right-continuous pdf of a distribution which is uniform (with weight p )
oneveryinterval [k — 1/2,k +1/2), k € Z.

(c) If F isthe cdf of the distribution/(0, 1) then
s+1/2, se[-1/2,1/2),
f)=14 3/2—s, se[1/23/2),
0, otherwise,

i.e., f istheright-continuous pdf of the triangular distributionon[—1/2, 3/2].

10
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Figure 3.1: Illustrations to Example 3.1. Mass points are depicted by o, the pdf of F by a
dashed curve, and the pdf f by a solid curve. Top left: Part (b) for a discrete distribution
on {1, 3,5, 7,9} with probabilities 1/15, 5/15, 3/15, 4/15, 2/15, respectively. Top right:
Part (d). Bottom left: Part (e) with . = 2. Bottom right: Part (f) withw = 0 ando 2 = 1.

(d) If F isthe cdf of the distribution /(0, 1/2) then

2s+1, se[-1/20),

RE s €[0,1/2),
FO=12_2 se[121),
0, otherwise.

(e) If F isthe cdf of the exponential distribution with parameter A then

1— e—Ms+1/2) s €[-1/2,1/2),
f&) =1 @2 —e?e s e1/2.00),
0, otherwise.

(f) If F isthe cdf of the normal distribution with mean value ;. and variance o 2 then

1 S+l/2 7(,_“)2
fs) = / e 22 dt, seR.
Vemo Js—1/2

<

The description of C is constructivein the sense that given acdf G it is straightforward
to construct the corresponding pdf f € C. On the other hand, for a given pdf f itisin
general not easy to determineif it belongstoC, i.e., todecideif > 72 fy(s —k),s € R,is
a cdf with finite mean value. The following two results settle this question for a restricted
class of probability density functions.

Corollary 3.2 Let the pdf f have support[a,a + 1],a € R. Then f € C if and only if f
is apdf of the uniform distribution on this interval.
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PROOF. It followsfrom Theorem 3.1 and Definition 3.2 that f € C hassupport [b — 1, c] if
and only if the cdf G, suchthat f(s) = G(s + 1) — G(s), hassupport [, c]. Hence, f has
support [a, a + 1] if and only if G isdegenerated at a + 1. A trivial calculation learns that
inthis case f isthe right-continuous pdf of the uniform distribution on [a, a + 1]. ]

Corollary 3.3 Let f be a pdf of the uniform distribution with support [a, b], a,b € R.
Then f e Cifandonlyifb—a € Z..

PROOF. Consider the right-continuousversion of f givenby £, (s) = (b —a)~ton[a, b),
and f1(s) = O otherwise. By Corollary 3.1, the pdf f isin C if and only if G(s) =
Y ieq f+(s —k), s € R, isacdf with finite mean value. It holds

G@s)=b—-a)*N(@s), seR,
where N(s) = |{k € Z+\ {0} : s —k € [a, b)}|. It remainsto verify under which conditions
ona and b the function G is acdf.
Supposeb —a=n+ewithn e Z, and0O<e < 1. ThenN(a+1+n)=n+1s0

thaa Gla+1+n) = m+1)/(n+e¢) > 1. Obvioudy, G isnot acdf in thiscase. It remains
toconsider b —a = n withn € Z \ {0}. Then we get

0, s € (—00,a+ 1),

Gs)=13 k/n, se€ela+k,a+k+1), k=1,...,n—1,
1, s € [a+ n, 00),

and thisis acdf (with obviously afinite mean value), indeed. ]

Finally, we give precise conditions such that a weighted sum (possibly non-denumer-
able) of elements of C belongsto C itself.

Lemma34 Let, foranyt € R, f; beapdfinC with first absolute moment . (¢). If ¥ isa
cdf onR suchthat [ (1) dW (1) < oo, then the function f, defined by

£s) :=/ fi(5)dW(D), 5 R,
isapdf inC too.

PrRoOOF. We will show that f is generated by some cdf G with finite mean value as in
Definition 3.2, sothat f isapdf in C by Theorem 3.1.
Forany t € R, thereexists a cdf G; which generatesthe pdf f; since f; € C. Define

o
G(s) :=/ Gi(s)d¥(t), seR.
—00
It is easy to see that G(—o0) = 0, G(o0) = 1 and that G is nondecreasing. It is
right-continuous since, for s € R,

IiInG(u) = Iim/ Gi(u)dW(t) =/ |i£nG,(u)d\IJ(t) = G(s),

uls J oo —00
where the second equality holds by L ebesgue’s dominated convergencetheorem (using that

G, < 1). Hence G isacdf. Moreover, following the proof of Theorem 3.1, G has afinite
mean value since f does:

/ |s|f(s)ds=/ {/ Islfr(s)ds}d\ll(t)zf () dW (1) < oc.

Finally, for s € R,

o0

f(S)=/ fz(S)d‘IJ(t)=/ (Gi(s +1) = Gi(9)) d¥ (1) = G(s +1) — G(s),

—00

SothatfeC. ]
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3.1 Reformulation in termsof random variables

Here we reformulate some of the results of the preceding section in terms of random vari-
ables. Note that the second part of the following lemma was already stated and proved in
Lemma 3.3. However, the proof is more straightforward in this setting, and in particular
it gives insight in the constant difference between the variances of a pdf f € C and its
generator cdf G.

Lemma 3.5 Let G beanarbitrary cdf with finite mean value, and let n be arandom variable
distributed accordingto G. Let & be another random variable. Assumethat, for eachs € R,
the conditional distribution of & givenn = s isthe uniform distributionon[s — 1, s].

(i) Then & is continuously distributed, and its pdf f is generated by G in the sense of
Definition 3.2. In particular, f € C.

(i) Denote the mean value and variance of & andn by u ¢, o,@ and ug, 0(2;, respectively.
Thenpus = pug —1/2 anda,% =02 +1/12.

PROOF.
(i) Forz e RitholdsPr{¢ <z} = [ Pr{¢ <z|n=s}dG(s). Theassumptionimplies

Pri¢ <z} = / dG(s)+/ (z+1—5)dG(s)
(—00,2] (z,z+1]

z+1
= G(Z)+/ {/ dt, dG(s)
(z,z4+1] s
z+1
= G(2) +/ {/ dG(s)} dt
b4 (z,]

z+1
= G(z)+/ (G(1) — G(2)) dt

z+1
= / G(t)dt.

With reference to Lemma 3.3, this compl etes the proof.

(if) Denoting by E¢ [-] the expectation with respect to the distribution with cdf @, we
have

ny=Eg|ErclEm] =Ecln—1/21 = ne —1/2
and
of =var (B [£n]) + Eg [var|n] = var (n — 1/2) + 1/12 = 0§ + 1/12.
]

Thisresult implies the following alternative description of the set C:

Corollary 3.4 Let & be a random variable with pdf f. Then f € C if and only if there
exists a random variable n with finite mean value, such that for all s € R the conditional
distribution of & givenn = s isuniformon[s — 1, s]. ]

It is not difficult to see sufficiency of this condition. For example, convexity of the
function g(z) = E¢ [[&§ — z17], z € R, then follows from

= / { / | ff—ﬂ'l[s1,s](l)dt}dG(S),

13
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where G denotes the cdf of 5, since the inner integral is already a convex function of z by
Corollary 3.2.

On the other hand, since the condition is also necessary, we see that convexity of the
functions g, i, and Q depends ultimately on the requirement that any conditional distri-
bution of & be uniform on some interval of length 1. In this sense, the pdf of the uniform
distribution with unit support is the nucleus of the set C.

4 Continuous simple recour serepresentation of O

Next we consider the representation of convex instances of Q as the one-dimensional ex-
pected value function Q of a continuous simple recourse problem. The latter function can
be written as

0@ = ¢ E[E -] +q Ee[E —2)7]
= q+/°° (1-F(@) dt—q’/z F(t)dt,

where F is the cdf of the random variable &, see e.g. [1] or [19]. Such a representation
exists by Theorem 3.1in [3].

Theorem 4.1 Leté haveapdf f € C and cdf F, and let G denote the cdf that generates f
according to Definition 3.2. Then

+ —_
Q@) = ¢*Eyy (W6 — 0t + 4 Eyg [(W6 — 7] + qﬁ fq_, zeR. (11)
where ¢ is arandom variable with cdf
+ -
We(s) = _G(s) + q+q _GGs+1), seRr (12)
PROOF. For 7z € R we have, see (2) and (3),
0@ = +Z (1-F@+k) - ZF(z—k)
k=0
= q+/ (1-G®) dt—q*/' Gt + 1) dt, (13)

wherewe used that F(s) = [**1 G (1) dt by Lemma3.3.
It follows that

0,(2)=-q¢"(1-G@)+q Gz+1),

so that the cdf W follows trivially from Theorem 3.1 in [3] which states that W (s) =
(Q, () +49D)/(qt +q7), s eR.

The constant in (11) isequal to
¢ =00 — (4" Bye (W6 — 9] +4 By [(W6 — 7))
for an arbitrary value of z € R. Substitution of (13) gives

¢ = q*/m(l—G(t))dt+q‘/Z Gt +1)dt
—q+/ (1-We@) dt — / W () dt
= CI+/ (W (@) = G) dt+q’/' (Gt +1) — Ws() dt. (14)

Z
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Figure 4.1: Approximations of the function Q (¢+ = 1, ¢~ = 2) by replacing the distri-
bution F by thedistribution f (s) = F(s+1/2)— F(s —1/2),s € R. Thefunctionvaluein
discontinuity pointsis depicted by o, the function Q by adashed curve, and the gpproxima-
tion by asolid curve. Left: F isthediscrete distributionon{1, 3, 5, 7, 9} with probabilities
1/15,5/15, 3/15, 4/15, 2/15, respectively. Right: F is the normal distribution with mean
value 0 and variance 0.05.

Using (12) to substitute for W, we find that the integrands of the first and the second term
in(14) areequa to ¢~ f(1)/(qgt +q~) and gt f(¢)/(gt + q~), respectively. The result
now follows. ]

We conclude that the function Q is equal (up to a constant) to the one-dimensional
expected value function of a continuous simple recourse problem. Inadditiontoitsintrinsic
theoretical value, thisresult isof practical useif thecdf G that generatesthe pdf f isknown
(actually, if we know G; for al my terms of the n1-dimensional expected value function
function Q). In that case, we know all data of the continuous simple recourse model that
is equivalent to our integer simple recourse model, and hence may solve the problem using
existing specia purpose software. The remainder of this paper is devoted to a class of
approximations (of the underlying distribution, and hence of Q) for whichit is possible to
follow this approach.

5 Definition of «-approximations

In Section 3 we defined the class C of probability density functionsthat correspond to con-
vex expected value functions Q of simple integer recourse problems with fixed T matrix
and random right-hand side parameters. If an arbitrary cdf F is approximated by a distri-
bution in C, the corresponding one-dimensional expected value function will be a convex
approximation of Q. We will study here a subclass of C for approximating a cdf F, con-
sisting of what we call a-approximations.

The definition of a-approximationsbelow isindependent of the expositionin the previ-
oussection. InCorollary 5.1 below it isindicated by which distribution the -approximation
is generated in the sense of the previous section.

Definition 5.1 Fora € [0, 1) and F acdf of arandom variable, the «-approximation F, of
F is defined as the piecewise linear function generated by the restriction of F' to the lattice
a+Z. Thatis, forany s € o + Z,

Fo(s) =FE) +(s—5(FG+D—-F®$), selss+1].
Since F, is continuous and non-decreasing with lim;_,_ Fy(s) = 0 and

limy— 0 Fy(s) = 1, it isacdf itself. If & is arandom variable with cdf F, any random
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variable &, with cdf F, will be called an a-approximation of £. That is, the distribution of
any a-approximation &, is characterized by the following two properties. Foral s € a +7Z,

(@ Prigy € 5,5+ 1]} =Pr{& € (5,5 + 1]}
(b) Givené&, € (5,5 + 1], its conditional distribution is uniform.
Noticethat &, has apdf evenif & does not.

Remark 5.1 In Definition 5.1 the «-approximation is based on the right continuous cdf #'.
An alternative definition of the ¢-approximation is based on the left continuous version F
of F, inthefollowingway. Forany s € o + Z,

Fu(s) i= FG) + (s — 5) (ﬁ(g F1)— ﬁ(g)) . selns+1].

Of course, if Pr{¢ € o + Z} = 0, both definitions lead to the same result. In particular
thisistrueif & is continuously distributed. On the other hand, if Pr{¢ € « + Z} > 0the
aternative definition gives a distribution that is different from the onein Definition 5.1.

For the calculus with «-approximations we need the following generalization of the
concepts of integer round down and integer round up.

Definition 5.2 Fors € Rand« € [0, 1), theround down and the round up of s with respect
to o + Z are defined as, respectively,

Isle = max{a+k:a+k<s, keZ)
[sle = mMinfe+k:a+k>s, keZ)

ie,|lsle=|s—a]+aand[s]le =[s —a] + .

Notice that for all s € R, o« € [0, 1), we havethat [s]y, < s < [s]s. In particular, if
sea+Zthen|s|lg =5 = [sle,andifs € a+Zthen[s]y <5 < [s]e = |5]a + L
Obvioudly, the usual integer round down and round up correspond to the case o = 0.

The next lemma gives formulae for the a-approximation F,, of F and its pdf f, that
will be used frequently.

Lemmab.1 Let F bethe cdf of arandom variable. For o € [0, 1), itsa-gpproximation is
the cdf F, given by

Fo(s) = F(Lsla) + (s = Ls]a) (F([s1a) = F(ls]a)) s eR.

Theright-continuousversion f,, of the pdf of F,, is given by the piecewise constant function

Ja(s) = F(lsla +1) — F(Ls]a), s €R, (15
which is constant on every unit interval [« + k,a + k + 1), k € Z.
In particular,

fa(S)=F(fS1a)—F(LSJa)=/ dF(t), s¢a+1Z,

S (s)

where Sy (s) = (15w, [s1a]-

Proor. Theformulafor F, isareformulation of itsdefinitionfor s ¢ « + Z, but obviously
itisasotruefors € o +Z. Theformulafor f, followsfromtheonefor F, since f, isthe
right derivative of F,. ]

16



—= —= —1 o ES = = —= —= —1 (s} ES

N
W

Figure5.1: Leté ~ N(0,1/2) anda = 1/4. Left: cdfs F (dashed) and F,. Right: pdfs f
(dashed) and f .

See Figure 5.1 for examples of «-approximations F, and f,.

We proceed by showing that f, € C if it has a finite mean value. In this context, it
is relevant to consider the distribution of the random variables |£], (= [§ — a] + « and
[E1q = [§ — ] + « for afixed « € [0, 1), where & isarandom variable with an arbitrary
cdf F. Both |£], and [¢], havevaluesina + Z, and

Priléle <s} = Prig <[sle} = F([sla), s€R,
Pr{fglq <s) = Pr{& <lsle} = F(lsle), s€R,

whereweusedthat (x| <y x < [ylgad[x]e <y < x < |y]qfordlx,y e R.

Corollary 5.1 Let F be a cdf with finite mean value. Then f,, € C foral « € [0,1). In
fact, fy is generated by the cdf G, (s) = F(|sla), s € R of [£],, Where & is a random
variable with cdf F .

PROOF. Immediate from (15) and Lemma 3.3. Obviously, G , has finite mean value since
F has. ]

Remark 5.1 continued. It can be verified that the alternative definition of «-approxima-
tions, based on the left-continuousversion F of F, leadsto the pdf generated by the distri-
butionof [£], + 1.

In the sequel we restrict ourselvesto the case that & is continuously distributed. There
are two reasons to accept this loss of generality. In the first place, for the case that &
follows a discrete distribution we can resort to the convex hull of the function Q, see [3,
4]. Because of the favorable properties of the convex hull, there is no need to investigate
other approximations for this class. Secondly, the analysis of the general case is more
complicated, sinceit appearsthat for the «-approximation of the expected shortagefunction
h the alternative definition in Remark 5.1 is appropriate, whereas Definition 5.1 is suitable
in case of the expected surplus function g. Consequently, for discretely distributed & it
is quite possible that different «-approximations are needed in the two constituents of the
function Q. So far we have only been able to prove interesting results for continuously
distributed &.

6 Analysisof a-approximations
We first study «-approximations of the expected surplus function g. We derive a bound on
the error of the approximationsthat is uniformin« € [0, 1). In Subsection 6.2 we consider

convex combinations of «-approximations. Subsection 6.3 contains the corresponding re-
sultsfor the expected shortage function /. In Subsection 6.4 we first combine the preceding
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results to obtain convex approximations Q, for the one-dimensional expected value func-
tion Q, and then discuss interpretations of the above-mentioned uniform error bound. In
Section 7 we consider the representation of Q, as the one-dimensional expected value
function of a continuous simple recourse problem. In particular, it will be shown that the
distribution of the random variable appearing in the latter problem can be calculated di-
rectly. Subseguently, in Section 8 we extend the results to the n 1-dimensional expected
value function Q, and discuss the relation between the optimal values of a simple integer
recourse problem and its a-approximations.

6.1 The expected surplusfunction
In the following lemma we define «-approximations of the expected surplus function g.

Lemma6.1 Let& be arandom variable withEe [€] € R. For dl o € [0, 1), let &, be an
a-gpproximation of &. For eacha € [0, 1) define

8a(2) == Fg, [[& —217], z€eR.

Thenga(z) = Y ool — Fu(z+k)),z € R. Foral « € [0, 1) it isaconvex function.

The function g, is completely determined by the expected surplus function g(z) =
K¢ [[S — z]+] in the following way. It is the piecewise linear function generated by the
restrictionof g toa + Z. That is,

8(@) = g(lz)a) + (2 — lz]o) (8(T2]e) — 8(12)a))
g(lz)o) + (z — [z)a) (F(lzla) —1). z€R.
Inparticular, g, (z) = g(z) forz € a + Z.

PrROOF. Since f,, the pdf of &,, isin C by Corollary 5.1, we know that g, is a convex
function satisfying g4 (z) = Y ;o1 — Fu(z +k)), z € R. Similarly, g(z) = > ;2 o1 —
F(z + k)). Restricting the attentionto z € o + Z, we seethat z + k € o + Z for all
k € Z,sothat Fy(z + k) = F(z + k) for all k € Z. Consequently, g, coincides with g
ona + Z. Consider nextthecasez € [z,z + 1] forany z € o + Z. Thenforeach k € Z
wehavez +k € [z +k,z + k + 1] withz 4+ k and z + k + 1 two neighboring pointsin
o + 7. Hence, 1 — F,(z + k) is (affine-)linear inz on [z, 7 + 1] foreach k € Z, and so is
8a(2) = X poo(l— Fy(z + k)). Consequently, for z € o + Z,

2@ = 8@+ (@—2(8E+1D —gu?)
= g@D+@-2(gE+D—-g®@). zelzz+1].
Since forz € R, [z]a <z < [z]as [2]le € @+Z,and [2]y = [z]a+1lunlessz—|z]q =0,
thisimplies
8@ = glzla) + (z— lz)o) (8([21a) — 8(12]a))
= g(lz)e) + = lz)o) (F(lzla) — 1), z€R,
where the last equality follows directly from (2). ]

Remark 6.1 Instead of using Corollary 5.1 to provethat g, isconvex, thiscan also be seen
directly from the relation between the functions g, and g. Convexity followsimmediately
from the fact that the cdf F is non-decreasing. Alternatively, since g, is piecewise linear
and coincideswith g onthe set o + Z, it is convex by Lemma 3.1.

In the following we assume that the random variable & in the definition of the expected
surplus function g is continuously distributed with pdf f € F. Under this assumption
we will derive a bound, independent of «, on the uniform distance between g, and g:
llge — glloo = SUP,er g (z) — g(2)|. The supremum norm is the appropriate norm here
sinceit will later provide directly a bound on the difference between the minimum value of
Q and that of its a-approximation Q,, (see Section 8).
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Remark 6.2 Independent of the distribution type of & we have the trivia error bound
llge — gllo < 1. Thisbound followsdirectly from the monotonicity of g, and g and the ob-
servation that, for all z € R, both g, (z) and g(z) arebounded by g(|z]) and g(|z]q + 1).
Hence

18a(z) — (@) = g(lz]a) —8(lzla + D =1— F(lz]a) =1 Vz € R,
where F isthe cdf of &.

Theorem 6.1 Assumethaté hasapdf f € F. Then, foralz e R andal o« € [0, 1),

1A1f

g« (2) — g(@)| = min{z — 2], [2]a — 2} >

so that
IAlf

lge — glleo < Ta

where|A| f denotesthe total variation of f onR.
In particular, if the pdf f isunimodal then |lg, — gllo < f(v)/2 for dl o« € [0, 1),
wherev isthe mode of the distribution.

The rather technical proof of Theorem 6.1 is presented in Appendix A.2.

In many cases, the error bound given in Theorem 6.1 is sharper than the trivial bound
lga —glloo < 1. Onlyif |A| f > 4, whichfor examplefor normal distributions corresponds
to avarianceless than 0.04, thisis not the case.

In Section 6.4 where we present similar results for the function Q, we will discuss
interpretations of the error bound.

6.2 Convex combinations of «-approximations

For each o € [0, 1) we defined the «-approximation F,, of the cdf F of &, and derived
a uniform upper bound on the difference of the corresponding expected surplus functions
g« and g in case F has a pdf f. Moreover, we showed that F, has a pdf f,, and if
F has a finite mean value then f, € C. We now consider convex combinations of «-
approximations > ;4 A Fy;, with &; > 0, Y7 _;4; = 1, a; € [0, 1). Dueto Lemma3.4,
such distributionsyield convex expected surplusfunctionstoo. We will show that by taking
convex combinations the uniform upper bound can be reduced by a factor 2.
First we consider a special case. For any «, 8 € [0, 1), we define

Fup(5) = Ja(s) er fs (S)’

where f,, y = «a, B, is the right-continuous version of the pdf of the y -approximation of
F.

s e R,

To facilitate the exposition below, we introduce the following notation. For « € [0, 1),
define

me(z) :=min{z — [z]a, [2]le —2},  z€R

The function m,, is depicted in Figure 6.1. First of al, we note that m(z) < 1/2 for al
zeRandadl a € [0, 1). Moreover, forall z e R

my(z) +my(z +1/2) =1/2 Va € [0, 1). (16)

Thisrelation is easy to prove for the special case « = 0, and the general case then follows
frommy(z) = mo(z — «), z € R, which is easily derived using Definition 5.2. Finally,
again using Definition 5.2 we see that for al « € [0, 1/2) it holds

|_z+l/2ja=|_z—l/2—otj+a+l=|_zja+%+l/2 Vz e R.
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Figure 6.1: The functionsm andm g (dashed) withp —a = 1/2.

It followsthat if |« — 8] = 1/2then

me(z+1/2) =mg(z) Vz e R. a7)

Corollary 6.1 Let F be a cdf with finite mean value. For «, 8 € [0, 1), let £,5 be any
random variable with pdf f.g. Then the corresponding expected surplus function g g,
defined by

8ap (@) =gy [[6ap —217].  z€R,

is piecewise linear and convex. Moreover, if F hasapdf f with f € F andif |@ — B| =
1/2, then

Al
lap — glloo < Tf (18)

PROOF. It is easy to see that
8a(2) + 8p(2)
2 9
so that gqp is piecewise linear and convex by Lemma6.1.
To prove the second statement, we use that for all z € R

8ap(2) = eR,

8o (2) — ()| + [g8(z) — 8(2)]
2

(ma(z) + mg(2))

|gap(2) —8(2)| =<
|ALf

4
where the second inequality follows from Theorem 6.1.

By our choice of o and g it follows from (16) and (17) that m o (z) + mg(z) = 1/2,
whichisillustrated in Figure 6.1. This completes the proof. ]

IA

Given Corollary 6.1, one might expect further improvement of the error bound (18) if
the approximation is based on combinations of more than two piecewise constant pdfs £,
a € [0, 1). However, we will provethat thisis not the case.

Since we wish to consider all possible convex combinations of pdfs f, « € [0, 1), it
is convenient to interpret « as arandom variable with support contained in [0, 1). To avoid
possible confusion, we will write @ to denote the random variable whereas o isa scalar in
[0, 1) as before.

Theorem 6.2 Let A denote the collection of al cdfs of distributions on the half-open in-
terval [0, 1). Then

. 1
min max dd(s) = =.
min max ms(2)d®(s) = o
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PROOF. Forany ® € A

sup | my(z) dP(s)
zeR

= Sup{max{/ms(z)dcb(s),/ms(z+1/2)d<I>(s)”

zeR

sup{} (/ms(z)dCD(S)+/ms(z+1/2)d<1>(5))}
zeR 2

= sup }(ms(z)+ms(z+1/2)) d<I>(s)=},
zeR 2 4

v

where the final equality follows from (16). The result now follows, since Corollary 6.1
implies that if the random variable & has support {«, 8} such that |« — 8] = 1/2 and
Pr{d = o} = Pr{@d = 8} = 1/2then

/ms(z)dCD&(s) = % (ms(2) +ms(z + 1/2)) = % vz € R,

where ®; denotesthe cdf of a. ]

We conclude that, compared to the error bound given in Theorem 6.1, the error bound
can be reduced by afactor 2 if we alow convex combinations of pdfs f,. However, in that
case we |lose the property that the approximation coincides with g at al pointsin « + Z for
somew € [0, 1).

6.3 Theexpected shortage function

Next we turn to approximations of the expected shortage function 21(z) = E¢ [Lﬁ; -2z *],
z € R. Recall that by Lemma 2.1 it holds that /(z) = g% (—z) for al z, where g% is the
function that is obtained from g if the random variable & isreplaced by ¢ = —&. Moreover,
¢ hascdf Fr(s) = 1— F(—s), s € R, where F isthe left continuous version of F. Since
we assume that & is continuously distributed, we have F; (s) = 1 — F(—s),s € R. If & has
pdf f then¢ haspdf f;(s) = f(—s), s € R, with total variation |A] f; = |A|f.

Consequently, all results derived for the approximations g, trivialy imply correspond-
ing results for the approximations h4(z) = Eg, [l —2] 7], 2 € R, @ € [0, 1). Instead
of listing them separately, we refer to the results below for the function Q,, which on
choosing g™ = 0and ¢~ = 1 apply to the function 4.

Remark 6.3 Note that the indicated results for the function /# are based on the fact that
F,(s) = F(s) = ﬁ(s), s € a + Z, which is true by the assumption that £ is a continu-
ous random variable (see Remark 5.1). As an example of the problems that arise if £ is
discretely distributed, we note that instead of i, (z) = h(z) foral z € o + Z, we obtain
ha(z) = h(z) +Pr{é € z — Z,} = limg; h(s), for al such z.

6.4 Theone-dimensional expected value function

By combining the results for g, and k, we obtain the corresponding results for the «-
approximations Q, = gt gy + g he, @ € [0, 1), of the one-dimensional expected value
function Q.

Theorem 6.3 Let & be a continuous random variable with pdf f. For al « € [0, 1), let &,
be an «-gpproximation of §. For eacha € [0, 1) define

0u(2) =g Eg, [[60 — 21T+ ¢ Eg, [l&a —2]7], z€eR,

whereq™ and ¢~ are non-negative scalars. Then
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@

(b)

©

For each«, the function Q , is convex. It is related to the function Q(z) = q tE¢[[& —
2171+ g Ee [ L& — z) 7] by the equation
0u(@) = Qlzle) + (z — Lzla) (Q(T2]e) — O(l2z]a))
= 0(lzle) + @ — Lzla) (—¢" + 4 F(lzla) + ¢~ F([2]a)) .

so that Q,, is the piecewise linear function that coincides with Q at al pointsa + k,
k e Z.

Independent of the distribution type of & it holds || Q ¢ — Qlleo < 1.
Assumethat thepdf f € F. Then, foral z e R,

. A
10u(@) — Q@) < Minfz — L2la [la — 2} (@ +47) %
so that
A
10 = Qlloe < (F +47) %

In particular, if the pdf f is unimodal then

10 — Qlloe < (F +47) @

wherev isthe mode of the distribution.

Let, fora and g different numbersin[0, 1), £ .4 bearandom veriablethat is equal to &,
with probability 1/2 and to &g with the complementary probability. It has a piecewise
constant right-continuous pdf fop(s) = (fu(s) + fg(s)) /2,5 € R. Then

0up (@) = q Beyy [60p — 21T+ 0 Beys [lep —2)7].  z€R,

isapiecewise linear convex function. If f € F andin addition it holds|e — 8] = 1/2,
then

_. 1A]

10us — Qllco < (¢ +¢ )Tf.
Moreover, this uniform error bound can not be reduced by using other convex combi-
nations of pdfs of type f. ]

See Figure 6.2 for an example of the functions Q0 and Q .

Now it istimeto reflect on theinterpretation of the error bound that we have established

for the case that £ follows a continuous distribution. By Theorem 6.3 the error bound is
proportional to the total variation of the pdf f of £&. Computational experiments suggest
that for many distributions the total variation of a pdf decreases as the variance of the
distribution increases. For example, this correspondence holds if such a change of the
distribution means that the probability mass is spread out more evenly over the (perhaps
wider) support. Consequently, we would expect that the approximation Q ,, becomes better
as the variance in the distribution of & becomes higher. This expectation is supported by
many examples, including the following.
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1k i

-3 -2 -1 0 1 2 3

Figure 6.2: The functions Q (dashed) and Q, incaseé ~ N'(0,0.05),q" =1,4~ = 1.5,
ando = 0.5.

Example 6.1 Assumethat £ ~ N(u, 0?) andthat gt = ¢~ = 1. Then, foral z € R and
every o € [0, 1),

A
Q0 — Qlls < (q++q‘>%
- W e

where we used that the pdf of the normal distribution is unimodal with mode .
<

Another interpretation of the error bound comes to mind. Let G denote the collection
of al finite convex functions on R. Then we may measure the degree of hon-convexity of
any finitefunction ¢ : R — R by itsdistanced (¢ | G) to this set, defined as

d(p|G) = inf g — V-
veg

We seethat d(¢ | G) = 0if afinite function ¢ is convex, whereasd (¢ | G) > 0if ¢ isnon-
convex. From Theorem 6.3 we conclude that the degree of non-convexity of Q is bounded
by amultiple of the total variation of the pdf f:

Q19 = Jgfg 19 = vlloo

< 19— Qupllo
A
< (¢* +q’)%.

Since this upper bound can not be reduced by using other convex combinations of densities
of the type f,, that are known to generate convex functions, we conjecture that this upper
bound is rather sharp. This means that the degree of non-convexity of Q decreases if the
total variation of the underlying pdf f decreases.
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7 Continuous simple recour se representation of Q,

Next we consider the representation of O, asthe one-dimensional expected value function
of a continuous simple recourse problem, asimplied by Theorem 4.1.

Corollary 7.1 Let & be a continuous random variable with cdf F with finite mean value,
anda € [0,1). Denote, as before, the a-approximation of the one-dimensional expected
value function by Q. Then

+ —_
0u(®) = 4 Ey, [(u — ]+ By, [ — 7] + qi - — 2R (19)
where ., is arandom variable with cdf
+ q-
Wa(S)=q++q_F(LSJa)+mF(LSJa+1), s eR (20)

That is, 4 is adiscrete random variable with support in« + Z and

q+
Prive =a+k} = q++q7(F(a+k)—F(a+k—1))
-
+q++q,(F(a+k+1)—F<a+k)), keZ.

ProOF. By Corollary 5.1, f,, € C sinceitisgeneratedby F(|-|). Therefore, the equations
(19) and (20) follow from Theorem 4.1, which provesthese resultsfor any f < C. ]

We conclude that the function Q, is equal (up to a constant) to the one-dimensional
expected value function of a continuous simple recourse problem, and that the discrete
distribution of its right-hand side random variable v, can be computed directly from the
distribution of &.

The following corollary is an aternative formulation of the latter result in terms of
random variables. It characterizes v, asa‘probabilistic’ round of & with respect to « + Z:

- +

_ _ q
Prive = [€la) = 27—

q
gt +q~’

Pr{l/fa = Léja} =

Corollary 7.2 Assume the setting of Corollary 7.1. Define the discrete random variablen,
independent of &, such that
+ -

q
Prin =1} = :
gt +q-

q

Pl’ :O: s
{n=0} PR

Then [€1, — n hasthe same distribution as .

ProoOF. Obviously, the support of v, isasubset of « + Z. Defining po := ¢ /(T +¢q™)
and p1:=q /(g* +¢q),itholds, fork € Z,
Pr{[§1e —n=a+k}
= Pr{[§la =a+kAn=0+Pr{[§leo=a+k+1An=1}
= poPrlo+k—1<é&<a+kl+piPlo+k <& <a+k+1}
= po(Fl@+k) —Fl@+k—1)+p1(Fl@a+k+1) — F(a+k))
Pr{y, = a + k}.
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The function Q,g, defined in Theorem 6.3 (c), is also representable as a one-dimen-
sional continuous recourse expected value function.

Corollary 7.3 Let & be a continuous random variable with cdf F. Then the one-dimen-
sional expected value function corresponding to & . can be written as follows.

qtq”

) ZER,
gt +q-

0up(2) = q By [(Wap — T+ 4 By [(Vap — 27| +
where vy, is arandom variable with cdf
gt F(lsle) + F(lslp)
qt+q~ 2
g~ Fsla+D+F(slp+1D
gt +q- 2 ’
Hence we may use the following transformation to get o fromé:

Wa/fi (S)

[€1a W.P. po/2;
L& la W.p. p1/2;
[€1p W.p. po/2;
L&1p W.p. p1/2,

I/Iaﬂ =

where po =gt /(qT +q7) andpr:=q /(" +q7).

ProoF. It follows from the definition of Qg that it is equal to (Q, + Qp)/2. Hence, by
Corollary 7.1 we have Wog = (W, + Wp)/2, which is the formulagiven above.

The relation between 4 and £ is proved in the same way as the corresponding result
in Corollary 7.2. ]

8 The expected value function

Here we consider «-approximations, similar to the ones explained in the previous sections,
of the n1-dimensional expected value function Q, which werecall is given by

mp

Q) ==Y Qi(Tix),  xeR™,

i=1

where
Qi(Tix) = q; By, [[& — T;ix1"] + q; B, [1& — Tix] 7],

T; isthe ith row of the technology matrix matrix T, and &; is the ith component of the
mo-dimensional random vector &.

Below we extend the results of the previous sections to the higher-dimensiona case.
All results follow directly from the one-dimensional case, and therefore we omit the proof.
Note that below o denotes an m2-dimensional vector in [0, 1)™2; each of its components
a; correspondsto the function Q;,i = 1, ..., mo. To aleviate notational burden, we use
eg. Q, instead of Q; o, to denote the o;-approximation of Q;; analogously, fus denotes
the «; B;-approximation of apdf f;.

Theorem 8.1 Let& = (&4,...,&n,) be arandom vector with finite mean value, and as-
sume that each component is continuously distributed. Let f; denote the marginal pdf of
&,i=1...,mp. Foreacha = (a1,...,am,) € [0,1)"2, let&,,i =1,...,mo, bean
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a-gpproximation of &;. For eacha € [0, 1)™2 define the a-approximation of the expected
value function Q as

mp
Qu(x) =) Qu(Tix),  x €R™,
i=1
where
Qu; (Tix) = q;" B, [0, — Tix1¥] + ¢/ B, [l&0; — Tix]7].
Then

(a) For eacha, the function Q, is convex and polyhedral. It is affine on every polyhedral
Set

{xeRnlik—i—afoSk—i—l—i—a}, keZ",
where 1 denotes the m »>-dimensional vector (1, ..., 1). Moreover,
Q,(x) = Q(x) if Tx € a+7Z"2.

(b) Forala [0, 1) andx € R™,

m

Q) = Y (47 By, [ = Ti0)] + ¢ By, [ = Tin)7])

i=1
i 1P 4q;
E ¥, -

i= lql +ql

where vy, = [&o, —mi, i = 1, ..., m2, andn; isarandom variable, independent of
all other random variables, such that
+ —
q; q;
Prin =0} = ———, Prin; =1} = prart
q; +gq; +4q;

(¢) Independent of the distribution type of & it holds || Q4 — Qlleo < 1.
Assumethat fori = 1, ..., mp thepdf f; iscontainedin F. Thenfor al « € 72,

mp

n%—wm__Z@ a; 'ﬁ

In particular, if each pdf f; is unimodal then

mp

19, - Qe = Y lar + +g 190,

wherev; isthe mode of the distribution of ;.

(d) Leta,p € [0,1)"2. Fori = 1,...,mp, define &g, to be the continuous random
variable with piecewise constant pdf f.g; given by

fai (S) + fﬁr (S)

faﬁi (s) = 2

s eR,
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where fo, (fp;) denotes the right-continuous pdf of the «;(B;)-approximation of &;.
Then

m2

Qup(x) = (q?Egaﬁi [T&api — Tix1"] + q; By, [LEupi — Tixr])

i=1
is a polyhedral convex function.
(e) Fordla, B €[0,1)"2 andx € R"™,

m2

Qaﬁ(x) = Z (CI?E%;;, [(l/faﬂ,- - Tix)Jr] + q,'_Ewaﬁi [(%/3, - sz)i])

i=1

where fori =1, ..., mo,

[€ila; W.P. pio/2;
[&i ]y W.P. pi1/2;
[&i1p W.P. pio/2;
L&ilpg W.p. pi1/2,

1//05131' =

with pio := ¢t /(¢;" +q;7) and pi1 = q; /(¢ +q]).
(f) If,fori =1,...,mp, f; € F and|o; — B;| = 1/2, then

mp

B L IAlf
1Qup — Qllw < ;(qi +47) g

Moreover, this uniform error bound can not be reduced by using other convex combi-
nations of «-gpproximations. |

We see that the best «-approximation (that is, with the lowest error bound) of the func-
tion Q is obtained by using compound pdfs fog,,i =1, ..., m2, asdefined under (d) in the
theorem above. However, unlike the case with simple pdf f,,;, we do not know the points
where the functions Q and Qg coincide. Below we will see that precisely this informa-
tion is used for comparing the optimal values of a simple integer recourse problem and its
a-approximations.

In any case, the main conclusion is that for each « < [0, 1)™2 the associated a-
approximation of the simple integer recourse model, belonging to the family of convex
approximations given by

inflecx + Qu(x) : Ax =b, x € RT}, a €[0,1)"2, (21)

is equivalent (up to a known constant in the objective function) to a continuous simple
recourse problem with random right-hand side vector ¥ = (Y1,aq,---» 1//,,12,0[,"2) with
known discrete distribution. Consequently, it can be solved by existing specia purpose
algorithms for such problems. Obviously, the sameis true for any approximation based on
compound pdfs.

27



8.1 Optimal valuesof a SIR model and its «-approximations

We conclude with some results on the relation between the optimal values of the original
simpleinteger recourse problem (1) and the family of convex approximationsgivenin (21).
For convenience, we will denote these problemsby P and P, respectively. In fact, we will
use this notation to denote the problem as well asits optimal value, but the actual meaning
will be clear from the context.

Lemma 8.1 Consider a simple integer recourse program P with continuously distributed
right-hand side vector, and the family of convex a-gpproximationsP o, « € [0, 1)™2. Then

(a infg Py <P

(b) If for somea € [0, 1)™2 the problem P4 has an optimal solution x; such that Tx; €
a+ 72", thenPy > P.

(c) If, for al a € [0, 1)"2, the problem P, has an optimal solution x, such that Tx, €
a + Z"2, theninf, Py = P.

PROOF.

(8) Theresultistrivially trueif problem P has no solution.

Let x be an optimal solution of P. Definea = (@1,...,0m,), With & = T;x —
|T;x],i =1,2,...,mp. Thenobviousy Tx € a + Z"2, sothat Q4 (x) = Q(x) by
Theorem 8.1. Inturn, thisimpliesthat P; = P, which completes the proof.

(b) Immediate from Theorem 8.1 which impliesthat Ps = cx4 + Q(x3), and the fact that
x; isafeasible solution of problem P.

(c) Immediate from (a) and (b).
(]

It is clear that the practical implications of Lemma 8.1 are not very strong. However,
it follows from Theorem 8.1 that for an arbitrary « the error of the approximationis small,
as soon as the total variation of the marginal probability density functionsis small enough.
On the other hand, if these total variations are relatively high, then the choice of o can
significantly influence the quality of the approximation. Fortunately, using their continuous
simple recourse representation, the problems P, can be solved very efficiently, allowing to
evaluate alarge number of parameter values« € [0, 1) ™2 if necessary.

9 Concluding remarks

Asstated in theintroduction of this paper, simpleinteger recourse programsare convex only
in exceptional cases. This claim is backed by giving a complete description of the small
class of distributions that result in convex expected value functions. More importantly,
the results also provide a foundation for obtaining convex approximations for the more
COMMON NON-CONVeX case.

Indeed, in casethe function Q is non-convex for agiven distribution with cdf F, we can
construct a convex approximation of Q by replacing the original distribution by onewith a
pdf belongingto C. Asindicated by Lemma 3.3, the pdf generated by G(s) = F (s — 1/2),
s € R, isapossible candidate since it has the same mean value as F, and only a slightly
increased variance (see Figure 4.1). However, although it is reasonable to expect that a
good approximation of F yields a good approximation of Q, we have not been able to
derive a non-trivia error bound for such approximationsin general. Such an error bound
can be derived for the class of a-approximations introduced in Section 5, in which case
the corresponding pdf is generated by G(s) = F(|s]«) = F(ls — o] + «) for any fixed
a €[0,1).
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Moreover, we have shown that the resulting convex approximating problem is equiv-
alent to a continuous simple recourse problem with explicitly known distribution of the
right-hand side random parameters. Thus, instead of solving a non-convex simple inte-
ger recourse problem, we can resort to solving a continuous simple recourse problem, for
which several efficient algorithms are available (see e.g. [8, 12]). This approach, in which
the underlying distribution and the recourse structure are modified simultaneously to obtain
an approximating problem which is easier to solve, can be applied also to other problem
classes, see [17].

Finally, we mention that although the results presented in this paper have been available
in research reports since 1997, they have not been published before. The main reason for
this was that at the time it was believed — by referees and authors — that it would not be
possibleto generalizethe resultsto more general recourse structures. However, in the mean
time we have been able to obtain similar results for the general class of complete integer
recourse models [18]. Recently, the same approach has yielded first results for mixed-
integer recourse problems. Thus, looking back, it appears that the results reported in this
paper havelaid the foundationsfor an original approach to solving (mixed-)integer recourse
problems.
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A Appendix
A.1 Proof of Lemma2.4

PrRoOF. The definitions of total increase and total decrease when appliedto ¢ := ¢1 — @2
imply
Atp([s, 00)) < g2(s), s €Ry,
A7 ¢([s,0)) < p1(s), seRy,
Indeed,

(22)

ATo([s,0) < Atei([s, 00) + AT (—g2)([s, 00))
= 0+ A7 pa([s, 00)) = ¢2(s),

since ¢1 and g2 are nonnegative and nonincreasing; the proof of the second inequality in
(22) isanalogous. As a conseguence, ¢ is of bounded variation on [0, co):

|Alp([0, 00)) = AT ([0, 00)) + A ([0, 00)) < 92(0) + ¢1(0) < co.

Since ¢1 is nonnegative and nonincreasing, it holds (see e.g. [11]) that

/ gi(s)ds < Z(pi(k)sf ¢i(s)ds +¢i(0), i=12
0 k=0 0
—92(0) < Zw(k)—/o p(s)ds < ¢1(0). (23)
k=0
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We will prove that (4) is true because of (23). Both give a lower and upper bound for
the same difference of sum and integral. Because of (22), the bounds in (23) seem to be
weaker. However, by replacing the generators ¢ 1 and @2 of ¢ by a‘minimal’ one, we get
(4). Indeed, definethe functions ¢;, i = 1, 2, on [0, co) by

¢10s) = AT¢([s, 00)), s € Ry,

P2(s) = Atgp([s, 00)), s € Ry
Obviously, ¢1 and ¢, arefinite, nonnegative, nonincreasing functions on [0 00) satisfying

0 <¢; <g;,i =1 2 Thereforethey are integrabletoo. Moreover, ¢ := ¢1 — @2 = @.
Thisis adirect consequence of

—@(s) = ATg([s,00)) — Ag([s. 00)) = lim p(1) = ¢(s) = —p(s), s € R,

where the second equality follows from the definitions of total increase and total decrease.
As aconsequence, ¢1 and ¢, satisfy all the conditions we need for g1 and 2. Using them
in (23) proves (4).

Finally, to prove (5) we use (4) to obtain

~A%p(10.00) ~ ¢ = Yt = [ 0 ds < A7p(10.00) ~ 000,
k=1

and the result now follows since
—8%0([0,00) =90 = —g2(0) — (¢1(0) = #2(0)) = —41(0) = ~A~¢ ([0, )
AT¢([0.00) =90 = §1(0) — (510 — 72(0)) = 72(0) = A*¢((0, %0)).
O

A.2 Proof of Theorem 6.1

The proof of Theorem 6.1 relies on two aternative expressions for the difference g o (z) —
g(2), z € R, whichwe will derivefirst.
Foral z e Rand« € [0, 1), we have

2()—g@) = Y (1-Fuz+k) =Y (1-F@+k)

k=0 k=0

= Y (Fz+k) — Fulz+k))
k=0
X rztk

= Z/ (f(5) = fuls)) ds
k=07~

In particular

X rlzlatk
wallzle) ezl =Y [ (76 = £uts)) ds
k=0" "%
Subtraction gives
8u(2) — g(Z)—ga(LZJa)_g(LZJa)+Z/ f(s)_fa(s)) ds

lzlatk
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From Lemma 6.1 we know that g, and g coincidein |z], so that
o0 z+k
2@ —g@) =) f (F(5) = fuls)) ds. (24)
k=0 Zlatk
Moreover, it follows from the definition of f,, that for al k € Z

z+k [z1at+k
/L (F(5) = fuls)) ds + f (f(5) = fuls)) ds = O,

Z]a+k z+k
so that we also have the alternative expression

o [ZL)[JFk
@ =g = =Y / (F() = ful®)) ds. (25)

k=0"ztk

A further ssimplification of the expressions (24) and (25) is obtained from thefact that f, is
constant on every interval [o + k, o + k + 1), k € Z. Hence,

o z+k o |z)at+k+1
S [ hwds = et [ fuls) ds
k=0 [z]atk k=0 z]atk
= Gl | el)ds
= (- lzlo) (1 - Fu(lzla))
= (- lzla) (1= F(lzla).
Similarly,
o0 [Z]a+k
Zf fu(s)ds = ([2]a — 2) (1= F(l2]a)) -
k=0 z+k

With respect to the terms in (24) and (25) in which f (s) occurs, it is convenient to bring
the summation inside the integral, giving

o0 z+k 0 z 7z >
Z/u kf(s)ds:Z/U f(s+k)ds=/ > fs+kds.
k=0 Zla+ k=0 Zla

2]« k=0
Similarly,
X rlzletk [2]a 2@
Zf f(s)ds = / Y fs+k)ds.
k=0 Z+k Zz k=0

Using these reformulations, (24) and (25) can be rewritten to (26) and (27), respectively:

2a(2) — 8(2) =/H Y fs+kds — (= Lz]o) (1- F(lz)o)) (26)
a k=0
and
[Z]la X°
8a(2) — g(2) = ([2]a — 2) (1—F(LZJa))—/ > f(s+kyds. (27)
< k=0

Below we use both (26) and (27) to prove Theorem 6.1, which states a bound on the
error g — g| that isuniformin« and z.

PROOF. [Theorem 6.1] The outline of the proof is as follows. First we derive two lower
boundsfor g, — g using the expressions (26) and (27), to be followed by the corresponding
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upper bounds. Subsequently, the result follows by taking the maximum and minimum of
these bounds, respectively.
First we determine a lower bound for g, (z) — g(z) based on (26). By Lemma 2.5 we
have
- AlLf
Zf(s—l—k)zl—F(s—l)—T, s €R.
k=0

It follows from (26) that

ga(z)—g(z)=fL'J 3 s +kyds — @ - L2la) (1 - F(l2a))

e k=0

> / (1— F(s—1)— %) ds — (2 — 1z)a) (1= F(l)a)
2]
A
> (- L2la) (1— Fe—1) - %) (o= L) (1= Flzla)
A
> G- Lo 57, (28)

where we used that F is non-decreasing to obtain the second and third inequality; the last
inequality thenfollowsfrom (z — [z] o) (—F(z— 1)+ F(|lz)«)) > 0sincez—1 < |z]y < zZ.
To obtain a second lower bound we use Lemma 2.5, giving

Zf(s+k) < 1—F(s)+¥, s € R.
k=0
Hence (27) leadsto

[2]a °
20 (@) — 8 = ([21a — ) (1= F(2)a)) —/ S fis+ k) ds

T k=0
[Z]a
> ([2la —2) (1—F(sza))_/ (1_F(s)+¥) n
A
- (m“‘Z>(1—F<LzJa>)—(ma—z)(l‘F(z)Jr%)
A
> (-0 L 9

Since g, (z) — g(z) is greater or equal to the pointwise maximum of (28) and (29) we
obtain

A
€@ -5 = ma| - Ll (2l — 2}
= —min{Z—LZJa, rZ-la_Z}%
18l
- A

The upper bounds for g, — g are found in a similar way. Equation (26) together with
Lemma2.5 resultsin

|ALf
8a(2) —8(@) = (z—lzla) 1_F(|_ZJa)+T

—(z— lzlo) (1= F(lz)a))

A
< G- LzJa)¥,
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and (27) together with Lemma 2.5 resultsin
8a(2) —g() = ([Zla—2) (1— F(lzla))
A
—([z]la — 2) <1— F([Z]la = 1) — ﬂ)

2
< (rm—z)%.
We concludethat for al z € R
. A
8a(z) —g(@) = mm{Z_LZJaal—Z]a—Z}%
- IAIf.
- 4

This completes the proof for the general case.
Finally, the result for unimodal distributionswith mode v followsimmediately from the
observationthat |A| f = 2f(v) inthis case. ]



