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Tangential connection

Massimiliano Mella

(Communicated by A. Sommese)

Abstract. Let X ⊂ PN be a smooth variety. The embedding in Pn gives naturally rise to the
notion of embedded tangent spaces. That is the locus spanned by tangent lines to a point x ∈ X .
Generally the embedded tangent space intersects the variety X only at the point x. In this paper I
am interested in those X for which this intersection, for x ∈ X general, is a positive dimensional
subvariety. The results of this paper support the conjecture that these varieties are built out of some
special varieties.

Introduction

Let X ⊂ PN be a smooth variety. The embedding in Pn gives naturally rise to the notion
of embedded tangent spaces. That is the locus spanned by tangent lines to a point x ∈ X .
Generally the embedded tangent space intersects the variety X only at the point x. In
this paper I am interested in those X for which this intersection, for x ∈ X general, is
a positive dimensional subvariety. The results of this paper support the conjecture that
these varieties are built out of some special varieties that I call tangentially connected,
see Definition 2.3. Actually I prove this under mild restrictions. The main technique used
is the Campana, Kollár–Miyaoka–Mori theory of algebraic relations, [7]. This provides
the varieties studied with a proper rational map onto a lower dimensional variety. The
main difficulty is that, unlike the usual algebraic relations, it is not immediate that the
general fibres of this map enjoy any relevant tangential property. The first main result
is that, under some conditions, see Theorem 2.6, fibres of this map are tangentially con-
nected. Therefore the study of varieties with positive dimensional tangential restriction
is reduced to that of tangentially connected varieties. With the help of a slicing method,
Theorem 2.14, I then start a classification of TC varieties. In doing this a quite surprising
characterization of quadric 3-folds is obtained, and a classical result of del Pezzo, [2], is
reinterpreted. Then some properties of TC 3-folds are proved and a conjectural classifica-
tion is proposed. In the Appendix, via adjunction theory, I classify varieties with respect
to the degree of curves contained in the image of the Gauss map.
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1 Notations and preliminaries

Let X ⊂ PN be a smooth projective variety over the complex field. Fix a point x ∈ X ,
then TxX denotes the projective tangent space toX at x. That is the linear space spanned
by tangent lines to X at x. Let Z ⊂ PN any subscheme; then 〈Z〉 stands for the linear
span of Z. That is the smallest linear space contained in PN containing Z.

Definition 1.1. Let x ∈ X be a general point and assume that X ∩ TxX has positive
dimension. Then X is said to have a positive dimensional tangential restriction.

Assume that X has a positive dimensional tangential restriction. Let Wx be an irre-
ducible component of (X∩TxX)red. These data single out a special family of subschemes
of X , in the following way. Let P (Wx) be the Hilbert polynomial of Wx ⊂ X ⊂ PN .
Since x ∈ X is general, there is a dense subset A ⊂ X , the complement of countably
many closed subsets, such that for any y ∈ A the subscheme (TyX ∩X)red has an irre-
ducible component Wy with Hilbert polynomial P (Wx). Let P = P (Wx) and

V 0 = {[Wy] | y ∈ A} ⊂ HilbP (X).

Finally consider
V ⊆ V 0 ⊂ HilbP (X),

an irreducible component of maximal dimension of the closure.
By general theory of the Hilbert scheme, see for instance [7], there exists a universal

family U over V with proper morphisms

V
q← U

p→ X.

In our hypothesis p is surjective and q is connected. That is V is a dominant family of
connected cycles.

Definition 1.2. In this notation for any Z ⊂ X let SZ = p(q−1((q(p−1(Z))))). That is
the locus of cycles parametrized by V and passing through Z.

Definition 1.3. In the following a scroll is always understood as a classical (geometric)
scroll over a variety B. That is the birational image of a projective bundle P := PB(E)
via the spanned linear system |OP(1)|.

There is a very handy criterion to recognize scrolls over curves.

Theorem 1.4 ([8]). Let X ⊂ PN be an irreducible variety of dimension k. Let Σ ⊂
G(1, N) be a component of maximal dimension of the variety of lines contained in X .
Then

i) if dim Σ = 2k − 2, then X is a linearly embedded Pk,
ii) if dim Σ = 2k − 3, then X is either a quadric or a scroll over a curve.

The following is very useful, see [6] and [3, Theorems 2.1 and 3.2].



Tangential connection 459

Theorem 1.5. Let X ⊂ PN be a smooth n-fold. Assume that the defect of X is k (i.e.
dimX∗ = N−1−k). Let q ∈ X be a general point andH a general tangent hyperplane
at q. Then H|X is singular along a k-dimensional linear space L 3 q and the tangent
cone at p ∈ L is a quadric of rank n− k.

2 Tangential connectedness

Let X ⊂ PN be a smooth variety with positive dimensional tangential restriction of
dimension n. Fix a general point x ∈ X , and an irreducible component Wx ⊂ (TxX ∩
X)red. As in Section 1 this gives rise to the following data. A closed subscheme V ⊂
Hilb(X) and an incidence correspondence with proper morphisms

V
q← U

p→ X,

where U is the universal family and p is the natural projection.
The aim is to use

V
q← U

p→ X

to produce an algebraic equivalence relation following Campana and Kollár–Miyaoka–
Mori. To do this I use the technique developed in [7]. Taking normal forms, [7, IV
(4.4.5)], I obtain a proper and connected prerelation

(V ′ s← U ′
w→ X,V ′

σ→ U ′).

Definition 2.1. The prerelation

(V ′ s← U ′
w→ X,V ′

σ→ U ′)

gives rise to an algebraic relation, [7, IV (4.8)]. I call this relation TWR(X).

Two points on X are related by TWR(X) if there exists a finite connected chain of
cycles [Wi] ∈ V that joins them. Furthermore there exists an open subvariety X0 ⊂ X
and a proper morphism π0 : X0 → Z0 with connected fibres of positive dimension such
that [7, IV (4.16)]:
• TWR(X) restricts to an equivalence relation on X0,
• π−1(z) coincides with a TWR(X) equivalence class for every z ∈ Z0.

Definition 2.2. Any rational map π : X 99K Z such that π|X0 = π0 : X0 → Z0 is called
a TWR(X)-map.

Definition 2.3. A smooth variety X ⊂ PN is said to be tangentially connected (TC) if,
given two general points x and y in X , there exists a finite set of points z1, . . . , zk and
a connected curve Z such that Z 3 {x} ∪ {y} and Z ⊂

⋃
i(Tzi

X ∩ X). By means
of the algebraic relation built in Definition 2.1 we strengthen the notion of TC variety as
follows. A smooth variety X ⊂ PN is said to be tangentially connected with respect to
the relation TWR(X), TWC for short, if the TWR(X) map is constant. In other words
there is a unique equivalence class of TWR(X) in X0.
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Example 2.4. First examples of TWC varieties are Pn, hypersurfaces and more generally
varieties of codimension less than the dimension (consider Pn as a codimension 0 vari-
ety!). A different kind of TC varieties is given by varieties which are generically covered
by lines. Observe that Q2 is TC but not TWC, see also Example 2.12.

My aim is to use this algebraic relation to study smooth projective varieties with pos-
itive dimensional tangential restriction.

Example 2.5. Unlike usual algebraic relations it is not true that the general fibre of π
is TWC. Consider an embedded quadric fibration X with relative Picard number one.
The scheme W is a line. Since the relative Picard number is one, all lines are in the
same irreducible component of the Hilbert scheme and the TWR(X) map is the quadratic
fibration. On the other hand the general fibre is Q2 which is not TWC. Nonetheless
observe that the fibre has positive dimensional tangential restriction and it is TC.

The main problem encountered in the above example is that passing from a variety
to a subvariety we change the Hilbert scheme and possibly split some cycles formerly
belonging to the same irreducible component. On the other hand an interesting point is
that the fibre is TC.

The first step is to understand the relation between TxX and TxF where F ⊂ X is a
general fibre of a morphism.

Theorem 2.6. Let π : X → Z be any proper dominant morphism of fibre type with
general fibre F . Let x ∈ F ⊂ X be a point such that both F and X are smooth at x, and
Z is smooth at π(x). Then

TxX ∩ F = TxF ∩ F.

An ingredient to prove Theorem 2.6 is the following lemma.

Lemma 2.7. Let S ⊂ PN be a scroll with structure map ϕ : S 99K B. Assume that there
exists a subvariety Y ⊂ S such that ϕ|Y : Y 99K B is dominant. Fix a point y ∈ Y
such that both Y and S are smooth at y and B is smooth at ϕ(y). Let G be the fibre of ϕ
through y, and GY = G ∩ Y . Then

TyY ∩G = TyGY .

Proof. By definition TyY ∩G ⊃ TyGY . I have to prove the other inclusion. Let B̃ ⊂ Y
be a subvariety with a finite dominant morphism onto B, locally étale at y. The existence
of such B̃ is ensured by the hypothesis. Let M = 〈TyB̃,G〉.

We claim that M = TyS. The claim is equivalent to TyB̃ ∩ G = {y}. Assume by
contradiction that there is a line l ⊂ TyB̃∩G. With no restrictions I can assume that y ∈ l.
Let t ∈ TyS the direction of l. By hypothesis ϕ is regular at y. Let dϕy : TyS → Tϕ(y)B
be the differential of ϕ at the point y. Since l ⊂ G then dϕy(t) = 0, on the other hand
t ∈ TyB̃ therefore dϕy(t) 6= 0.

To conclude observe that TyY ⊃ TyB̃, therefore dim TyY ∩G ≤ dimY −dimB =
dimGY . 2
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Proof of Theorem 2.6. One direction is clear. I have to prove that

TxX ∩ F ⊂ TxF ∩ F.

Let L = OPN (1)|X ⊆ |OX(1)|. By definition

TxX ∩ F = Bsl(L ⊗ I2
x) ∩ F.

Let LF = L|F , f the dimension of the linear system LF . After maybe shrinking Z to
Z0 and X to a neighborhood X0 of the fibre F there exists an embedding as Z0 schemes
X0 ⊂ Pf

Z0 . That is to say, we have the following embedding of X0

X0 ⊂ P(F) ⊂ PM ,

for some vector bundle F , of rank f + 1, where

OPM (1)|X0 = L ⊗ π∗A,

for some line bundle A ∈ Pic(Z0). Let G ∼= Pf the fibre of P(F) containing F .
Lemma 2.7 yields

TxX0 ∩G = TxF ⊂ PM .

This yields
Bsl(L ⊗ π∗A⊗ I2

x) ∩ F = Bsl(LF ⊗ I2
x). (1)

The equality dim(L⊗π∗A)|F = dimLF and the equivalence L⊗π∗A⊗OF ∼ L⊗OF
force the equality between the two base loci

Bsl(L ⊗ π∗A⊗ I2
x) ∩ F = Bsl(L ⊗ I2

x) ∩ F. (2)

Thus by Equations (1) and (2)

TxX ∩ F = Bsl(L ⊗ I2
x) ∩ F = Bsl(LF ⊗ I2

x) = TxF ∩ F ⊂ PN . 2

A direct consequence of Theorem 2.6 is the property I was looking for, at least for
some class of varieties.

Theorem 2.8. Let π0 : X0 → Z0 be the TWR(X)-fibration. Assume that one of the
following is satisfied:

i) x ∈Wx;
ii) dimX ≤ 3 and dimX − dimZ = 1.

Then general fibres are TC.

Remark 2.9. I do not have any examples of varieties that do not satisfy condition i).
Actually I conjecture that this is always the case.

Let me start with the following lemma.
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Lemma 2.10. Let x ∈ X ⊂ PN be a general point in a smooth k-fold X . Let C 3 x be
an irreducible reduced curve. Let

Π =
⋂
y∈C0

TyX, (3)

where C0 3 x is an open subset of C. Assume that:
• dim Π = k − 1;
• the general tangent hyperplane to x is not tangent to X at other points of C.

Then C is a line.

Proof. Let p : PN 99K PN−k−2 be the projection from Π. Then p(TyX) is a point for
any y ∈ C0. Let

Γ = p(
⋃
y∈C0

TyX).

By hypothesis the general tangent hyperplane at x is tangent only at x. Therefore Γ is a
line and ⋃

y∈C
TyX = Pk+1. (4)

Let Φ : X → G(k,N) be the Gauss map. Then by Equation (4) and hypothesis (3), Φ(C)
is a line. The morphism Φ is an isomorphism in a neighborhood of x and is given by a
sublinear system of |KX + (k + 1)OX(1)|, therefore

(KX + (k + 1)OX(1)) · C = 1. (5)

This proves that (KX + kOX(1)) · C = 1 − degC ≤ 0. Therefore KX + kOX(1) is
not ample. By adjunction theory, [1], the variety X is either a scroll over a curve or an
hyperquadric. In both cases KX + kOX(1) is nef. In particular degC = 1. 2

Remark 2.11. In the Appendix I derive some further consequences from this relation
between adjunction theory and the Gauss map.

Proof of Theorem 2.8. By definition a general fibre is an equivalence class; let x ∈ F be
a general point. By Theorem 2.6 I have the following inclusion Wx ∩ F ⊂ TxF ∩ F . In
particular to prove the thesis it is enough to show that Wx ∩ F 6= ∅. Condition i) is now
clear. Assume that condition ii) is satisfied. Let F be a general fiber of π0. Then F = Wx

and the morphism p : U → X is birational. This forces the existence of a curve say CF
such that for y ∈ CF I have TyX ⊃Wx. If the 3-fold is not defective then I can conclude
by Lemma 2.10 that Wx = F is a line. Assume that X is defective, then it is a scroll, [3].
The curve Wx is not in the fiber of the scroll structure and therefore a general hyperplane
tangent at a general point of Wx is not tangent to other points of Wx. I conclude, again
by Lemma 2.10, that Wx is a line. 2

A usual technique in studying projective varieties is the Apollonius or slicing method.
That is instead of studying directlyX one studies an hyperplane sectionX1, and then tries
to rebuild X fromX1. In the set up of TWC relation one can encounter problems in doing
this.
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Example 2.12. Consider Q3 ⊂ P4. Then Q3 is TWC but its hyperplane section Q2 is only
TC. Indeed the two rulings belong to disconnected components of the Hilbert scheme of
lines on Q2 but they “glue” in Q3.

The really remarkable fact is that this is the only example of “bad” behavior. Let us
start with the following observation.

Proposition 2.13 (Hyperplane slicing). Let X ⊂ PN , andW = (TxX ∩X)red. Let X1
be a general hyperplane section. ThenW1 = (TxX1 ∩X1)red is an hyperplane section of
W .

The next theorem is the result I need to work efficiently with the slicing methods.

Theorem 2.14. Let X ⊂ PN be a smooth variety and X1 a general hyperplane section.
Assume that X is TWC and dimW > 1. Then X1 is TW1C unless X ∼= Q3 ⊂ P4, where
W1 is a hyperplane section of W .

Remark 2.15. Note that Theorem 2.14 is less appealing if we look for TC instead of
TWC. The hyperplane section of a TC variety is in general not TC. For instance one can
consider either a Segre embedding of Pr × P1 or appropriate subvarieties in Pr × P2.

To prove Theorem 2.14 I need some results on tangentially connected varieties of low
dimension. I prefer to postpone their proofs in the next section.

3 Tangentially connected varieties of low dimensions

I keep notations and terminology introduced in Section 1. In particular, to any irreducible
component W ⊂ (TxX ∩X)red it is associated:
• a dominant family of cycles V , with universal family U and

V
q← U

p→ X,

• an algebraic relation TWR(X),
• TWR(X)-morphism and maps.

Let us start with a simple observation.

Remark 3.1. The only curve with positive tangential restriction is a line. This easily
extends in all dimension. That is the only variety contained in its projective tangent space
is a linear space.

The first interesting case is that of surfaces. The following is just a modification of a
classical result of del Pezzo, [2].

Theorem 3.2. Let S ⊂ PN be a surface with positive tangential restriction. Then either
S is a scroll or S ⊂ P3 ⊂ PN , possibly a plane. In particular the only TC surfaces are
surfaces in P3. Furthermore the only TC surface which is not TWC is the quadric.
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Proof. Let π0 : S0 → Z0 be any TWR(S)-morphism. Then either S0 is TWC or by
Theorem 2.8 and Remark 3.1 the general fibre is a line. The latter immediately implies
that S is a scroll, see for instance Theorem 1.4.

We have to classify TWC surfaces. Let x ∈ S be a general point and W ⊂ (TxS ∩
S)red an irreducible component. If W = S then S ∼= P2. Assume that dimW = 1. If
W is a line then W 2 = 1 and there are infinitely many lines through the general point.
This is clearly impossible. To conclude assume that 〈W 〉 = TxS. Since the Gauss map is
birational, there are infinitely many curves of the family V passing through x, and Sx = S,
see Definition 1.2. Let us now consider the projection ϕ : PN ⊃ S 99K PN−3 from TxS.
Let Wy ⊂ TyX be the general curve in V containing x. Then TxWy ⊂ (TxS ∩ TyS),
therefore ϕ(TyS) = ϕ(Wy) = {pt}. So that dimϕ(S) ≤ 1.

On the other hand by Theorem 1.5 the general tangent hyperplane at x is smooth
elsewhere. Therefore dimϕ(S) = 0 and S ⊂ P3. I stress that the quadric is the only
surface in P3 which is not TWC. Indeed it is the only smooth surface in P3 with reducible
tangential restriction. 2

Remark 3.3. Note that in higher dimension there are many TC varieties that are not
TWC. It is enough to consider either varieties ruled by lines in two different ways or
divisors of appropriate Segre embeddings. This is one of the reasons for which I prefer to
work with TWC instead of TC, see also Remark 2.15.

Theorem 3.2 naturally generalizes to classify varieties with positive dimensional tan-
gential restriction and codXW = 1.

Corollary 3.4. Let X ⊂ PN be an n-fold with positive dimensional tangential restric-
tion. Assume that codX(TxX ∩ X) = 1. Then either X is a scroll over a curve or
〈X〉 = Pn+1 ⊂ PN .

Proof. By hyperplane slicing we know that a surface section S has positive dimensional
tangential restriction, see Proposition 2.13. Therefore by Theorem 3.2 S is either a scroll
or a surface in P3. The latter is a linear section of an hypersurface. Assume that S is a
scroll. LetWx ⊂ (TxX∩X). ThenWx is either a cone with vertex x or a linear space. If
Wx is a linear space then X is a scroll over a curve by Theorem 1.4. Assume that Wx is a
cone. Then S is a surface admitting at least two scroll structures. That is S is the quadric
surface and X ∼= Qn ⊂ Pn+1 ⊂ PN . 2

I am ready to prove Theorem 2.14.

Proof of Theorem 2.14. Assume first that dimX > 3. Let π0
1 : X0

1 → Z0
1 be the

TW1C(X)-morphism. If dimZ0
1 > 0 let D ∈ Pic(Z1) be an effective divisor. Let

D1 = ((π0
1)−1
∗ (D)) ∈ Pic(X1) be the strict transform. Then by the Lefschetz Theorem

on hyperplane sections, see for instance [9], there is a line bundle DX ∈ Pic(X) such
that DX|X1 ∼ D1. Let C ⊂ X1 ⊂ X be an hyperplane curve section of W . Since π0

1 is
proper then DX ·C = D1 ·C = 0. So that X is not TWC. If dimX = 3 and dimW = 2
then by Corollary 3.4 X is either a scroll over a curve or a hypersurface. If X is a scroll
and W is a fiber then X is not TWC. As already observed the only surface in P3 which is
not TWC is the quadric. 2
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My next aim is to study 3-folds with positive dimensional tangential restriction, or
equivalently varieties with codXW = 2.

Let me fix such a 3-fold X with dimW = 1. Let π0 : X0 → Z0 be the TWR(X)-
morphism and π : X 99K Z a TWR(X)-map. I distinguish cases according to the dimen-
sion of Z.

Case 3.5 (dim Z = 2). By Theorem 2.8 and Remark 3.1 the general fibre is a line; note
that x ∈Wx. To better understand these varieties let me start with the following result.

Theorem 3.6. Let X be a k-fold with positive dimensional tangential restriction. Let

V
q← U

p→ X

be the incidence variety and π : X 99K Z an associated TWR(X) map. Assume that
dimZ = dimX − 1 and x ∈ Wx. Then p is birational. Let d = dim p(Exc(p)), if
Exc(p) 6= ∅ then d ≥ k/2. If equality is fulfilled then π is a morphism, the contraction of
an extremal ray, and the irreducible components of each fibre are projective spaces.

Remark 3.7. It is not true in general that π extends to a scroll structure on X . Consider

X = (x0y0 + x1y1 + x2y2 = 0) ⊂ P2 × P3 ⊂ P11.

Let W be a line. Then the TWR(X) fibration is the projection on P3 and has an isolated
fibre F0 ∼= P2.

Proof. Let V n and Un be the normalizations of V and U respectively. By abuse of
notation let

V n
q← Un

p→ X,

the induced morphisms. By Theorem 2.8 and Remark 3.1 the general fibre F of π is a
line. So that p is birational and q is a scroll structure on V n, [7, II.2.8]. Assume that p
is not an isomorphism. The variety X is smooth, therefore Exc(p) has pure codimension
1, [7, VI.1.5]. Let D ⊂ Un be the p-exceptional Cartier divisor. By construction p is an
isomorphism on the general fiber of π. Therefore D does not intersect the general fibre of
q. And D = q∗M for some Cartier divisor M ∈ Pic(V n). So that p(D) is covered by a
(dimX − 2)-dimensional family of lines. Then by Theorem 1.4

dimX − 2 ≤ 2d− 2.

Furthermore if equality is fulfilled then p(Exc(p)) is pure dimensional and each irre-
ducible component of p(D) is a projective space. Assume that d = dimX/2. Then
p(D) is covered by finitely many Pd. Let A be a very ample linear system on V and
AX = p∗q

∗A. Then
BslAX ⊆ p(D) = ∪Pd. (6)

Let AX ∈ AX be a general element and F a general fiber of π. Then by construction

AX · F = 0.
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Let Z ⊂ X be any curve. If Z is not proportional to F , then Z 6⊂ p(D), and by Equa-
tion (6)

AX · Z > 0.

This means that [F ] is on the boundary of the cone of effective curves. Furthermore by
looking at the birational morphism p we see that

KX · F = −2.

So that [F ] is an extremal ray and the contraction of [F ], see [5], gives the desired mor-
phism. 2

An immediate consequence of Theorem 3.6 is the following.

Corollary 3.8. If X is a 3-fold and Z a surface, then π : X → Z is a scroll structure
onto a smooth surface.

The above corollary yields.

Corollary 3.9. Assume that X ⊂ PN is an n-fold with positive dimensional tangential
restriction. Assume that codX(TxX ∩ X) = 2 and dimZ = 2. Then π0 : X0 → Z0

extends to a scroll structure onto a smooth surface.

Proof. Let T be a smooth 3-fold hyperplane section of X . By Corollary 3.8 π0
|T extends

to a scroll structure πT : T → Z onto a smooth surface Z. Then the general fibre F of
π0 : X0 99K Z0 is a Pn−2, andKX|F ∼ O(n−1). By adjunction theory, [1], π : X → Z
is a scroll structure over a smooth surface. 2

Case 3.10 (dim Z = 1). In this case I cannot apply Theorem 2.8. For this reason I am
forced to assume that x ∈Wx.

Proposition 3.11. If dimX = 3, with x ∈ Wx and dimZ = 1, then π0 extends to a
morphism, and X is a divisor in a, possibly singular, scroll over a smooth curve.

Proof. One can always assume that Z is smooth. Let M ∈ Pic(Z0) be a spanned line
bundle. Then (π0)∗M ∈ Pic(X) defines a morphism π : X → Z. Let F ⊂ X be a
general fiber then by hypothesis and Theorem 2.8 F is TC. Therefore by Theorem 3.2 F
is a surface in P3. Then P =

⋃
z∈Z〈F 〉 is a 4-fold scroll, see Theorem 1.4, and X ∈ P is

a divisor. 2

The higher dimensional case is immediate.

Corollary 3.12. Assume that X ⊂ PN is an n-fold with positive tangential restriction.
Assume that codX(TxX ∩ X) = 2, x ∈ Wx and dimZ = 1. Then π extends to a
morphism onto a smooth curve, and X is a divisor in a possibly singular scroll onto a
smooth curve.
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Case 3.13 (dim Z = 0) . In this case X is a TWC 3-fold. Together with low codimen-
sion varieties essentially new varieties appear. That is TWC varieties covered by lines.
The main distinction can be traced in the morphism p : U → X . I study the case in which
p is generically finite.

Theorem 3.14. Let X be a TWC 3-fold and

V
q← U

p→ X

the incidence variety. Assume that p is generically finite. Then Wx is a line, rk Pic(X) =
1 and X is a del Pezzo 3-fold of degree 4 or 5 embedded by |O(1)|.

Proof. The morphism p is generically finite. Then Wx is contained in infinitely many
tangent spaces and by Lemma 2.10 Wx is a line.

Then I prove that rk Pic(X) = 1. This is a standard argument, [7, IV. 3.13.3], but I
sketch it here for the convenience of the reader. As in the proof of Theorem 3.6, let Un

and V n the normalizations of U and V , with induced maps

V n
q← Un

p→ X.

Then q is a scroll structure. The idea is to prove that any divisor G such that G ·Wx = 0
is numerically equivalent to zero. The way is to go up and down using the morphisms p
and q extending the numerical vanishing to SWx

, SSWx
and so on. This sequence covers

all of X after finitely many steps because X is TWC.
Since Pic(X) = Z andX is covered by lines,X is Fano. The morphism p is dominant

therefore the general normal bundle of Wx is spanned and

KX ·Wx ≤ −2.

Then the Fano index of X is 2 and X is a del Pezzo 3-fold. Looking at Fujita’s list, [4],
the only ones that satisfy our requirement are those of degree 4 and 5. 2

Remark 3.15. It is important to stress a difference between the two varieties appearing
in Theorem 3.14. The degree 4 del Pezzo is a codimension 2 threefold. Then it has to
have a positive dimensional tangential restriction. The degree 5 is embedded in P6. The
positive dimensional tangential restriction is only due to the existence of lines on X . This
3-fold is a linear section of a homogeneous manifold.

When p : U → X is not generically finite the situation is more intricate and I am not
able to complete the classification. Let us observe the following.

Proposition 3.16. Let X ⊂ Pn be a smooth 3-fold and x ∈ X a general point, and
assume that:

(i) there are no lines through x;
(ii) there is a surface Sx 3 x such that 〈Sx〉 = P3;

(iii) Sx ∩ Sy 6= ∅;
(iv) Sx 6= Sy for x 6= y.

Then X ⊂ P4.
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Proof. By Noetherianity I can assume that all such surfaces are linearly equivalent. Let
S1 ∩ S2 = C be a general complete intersection and Sλ an element of the pencil |S1, S2|.

Assume that X 6= P3. Then by hypothesis C is not a line and it is planar. Moreover I
have ⋂

λ

〈Sλ〉 = 〈C〉 = P2.

Assume first that TxX ⊃ 〈C〉. Then TxSλ = 〈C〉 and all Sλ are not transverse to each
other at each intersection point. To conclude observe that if dim TxX ∩ 〈C〉 = 1 then
X ⊂ 〈TxX, 〈C〉〉 = P4. 2

Remark 3.17. Note that the assumption on lines is crucial. It is enough to consider a
linear system of quadrics in the Segre embedding of P1 × P2.

This proposition suggests that TC 3-folds with not generically finite p : U → X are
not covered by varieties of small codimension.

Conjecture 3.18. Let X ⊂ Pn be a smooth TC 3-fold and assume that p : U → X is not
generically finite. Then W is not planar, and 〈X〉 = P5.

Remark 3.19. The conjecture seems quite hard. Note that if X is not of codimension 2
a general hyperplane section is a surface with excess trisecant lines. The classification
of the latter is another difficult open problem in classical projective geometry. I do not
expect that such surfaces can be hyperplane sections of a smooth TC 3-fold. Note further
that smoothness is crucial. If one drops it divisors in scrolls appears.

A Projective interpretation of modern adjunction theory

Classic adjunction theory is a way to study embedded projective varieties, through their
hyperplane sections. In recent times the accent of this theory moved towards pairs of
variety and ample line (vector) bundle. For a complete account of both aspects and also
for the precise definition of the varieties involved in the following theorems see [1].

Here I work in the opposite direction. That is recover some projective information
using generalised adjunction theory.

LetX ⊂ Pn be a nonlinear smooth k-fold, andG(X) ⊂ PN its image under the Gauss
map. It is well known that, [10], the morphism G : X → G(X) is birational and is given
by a sublinear system of |KX + (k + 1)L|, where L = OX(1). This proves that KX +
(k + 1)L is ample unless (X,L) ∼= (Pk,O(1)). The latter is a well known adjunction
theoretic statement. The proof of Lemma 2.10 is based on this simple observation. Here
I want to go a bit further.

It is strange but, to the best of my knowledge, the following characterisation of smooth
scrolls over a curve has not been noticed yet.

Theorem A.1. Let X ⊂ Pn be a smooth k-fold. Let G(X) ⊂ PN be the image of the
Gauss map of X , embedded via the Plücker embedding. Then G(X) contains a line not
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contained in Sing(G(X)) if and only if X is either a scroll over a curve or an hyper-
quadric.

Proof. One direction is immediate. In both cases X is covered by curves C on which
(KX + (k + 1)L) · C = 1. Assume that G(X) contains such a line. The Gauss map can
be viewed as the normalization of G(X). The line not contained in Sing(G(X) is then
birationally covered by a curve C ⊂ X such that (KX + (k+ 1)L) ·C = 1. In particular
(KX + kL) · C = 1− L · C ≤ 0 is not ample. This shows by adjunction theory, see for
instance [1, p. 151], that X is either a scroll or an hyperquadric. 2

Remark A.2. The assumption that l 6⊂ Sing(G(X)) is crucial. Think of any surface in P3

containing a line. It would be natural to expect that the above statement is true for normal
k-fold with a nondegenerate Gauss map. The theoretic adjunction proof works only under
the Gorenstein assumption on X . Note that this also gives strong geometric restrictions
for varieties that are the image via the Gauss map of a smooth variety. For instance
any variety of dimension k containing a family of lines, not contained in Sing(Y ), of
dimension h is not the image of the Gauss map of a smooth variety if h 6= 2k − 3.

To simplify the notation I introduce the following invariants of (X,L).

Definition A.3. Let X ⊂ Pn be a k-fold and G(X) the image of the Gauss map. Let

δ(X) = min{d ∈ N| there exists a curve D 6⊂ Sing(G(X)) of degree d}

and
Lδ(X) = (

⋃
degZ=δ(X)

Z) ⊂ G(X).

One can similarly obtain the following theorem, cf. [1, Theorem 7.5.2, Theorem 7.5.3].

Theorem A.4. Let X ⊂ Pn be a smooth k-fold. Let G(X) ⊂ PN be the image of the
Gauss map of X , embedded via the Plücker embedding.

If δ(X) = 2 and Lδ(X) = G(X) then X is one of the following:
• del Pezzo variety;
• quadric fibration over a curve;
• scroll over a surface.

If δ(X) = 2 and Lδ(X) 6= G(X) thenX is the blow up in a point of a smooth variety
and Lδ(X) = ν2(Pk−1).

If δ(X) = 3 and Lδ(X) = G(X) then X is one of the following:
• Mukai variety;
• del Pezzo fibration over a curve;
• quadric fibration over a surface;
• scroll over a 3-fold;
• the Veronese surface.

For any variety in the lists δ(X) is the one expected.
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Proof. Let D ⊂ G(X) be a curve with degD = δ(X) and D 6⊂ Sing(X). Then there
exists a curve C ⊂ X with (KX + (k + 1)L) · C = δ(X). If δ(X) = 2 then

(KX + kL) · C = 2− degC

and I claim that degC = 1. If degC ≥ 2 then KX + kL is not ample and X has to be
either a scroll or an hyperquadric. This contradicts the minimality of δ(X) and proves
that C is a line. Therefore KX + kL is ample and KX + (k− 1)L is not ample. Then by
[1, Theorem 7.2.4] and [1, Theorem 7.5.2] I conclude.

If δ(X) = 3 and Lδ(X) = G(X) then through the general point of X there exists
a curve C ⊂ X and this time degC ≤ 2. If degC = 1 I conclude as above by [1,
Theorem 7.5.3]. If degC = 2 then (KX + kL) ·C = 1 and (KX + (k− 1)L) ·C = −1.
Therefore X is the Veronese surface by [1, Theorem 7.2.4]. 2
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