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Abstract
Paper proposes a multidimensional parametric model for intraday
behavior of assets using the notions of Lévy processes and Lévy copulae. Based on assumptions of the form of marginal tail integrals and
a Lévy copula family, the model is dynamic and allows for capturing
time-varying dependency. Obtained model has a wide spectrum of
applications: from making forecasts to the calculation of different statistical characteristics such as VaR/CoVaR/ES or even option pricing.
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1

Introduction

The problem of modeling asset returns is one of the most important points in
Finance. The gaussian processes are widely used because of their tractable
properties, however, it is well known that asset returns are rather fat-tailed.
Another important and often raised issue is the modelling of joint distributions of different risks. These two difficulties (non-gaussian tails and joint
distribution modelling) can be treated as a challenge of copulae.
Copulae are the crucial instrument for the modeling of multidimensional
distributions which are extremely important in portfolio optimisation Hu
(2005), risk management McNeil et al. (2015), insurance Dionne (2013).
They allow for separation the univariate margins and dependence structure of the random vector, as shown in Sklar (1959), what simplifies uppermentioned problems if they are settled in the usual way. Series of text-books
dedicated to copulae has been published recently (Cherubini et al. (2004,
2011)). For the introduction to copulae we refer to Nelsen (2006) and Joe
(1997). All those works and the whole theory of copulae itself is developed
for discrete random variables.
The Lévy copulae in turn, exist for executing the same property, but
in the context of stochastic processes and their dynamic nature and are well
presented in Kallsen and Tankov (2006). Reader interested in Lévy processes
themselves can refer to Bertoin (1996), Barndorff-Nielsen et al. (2001).
The benefits of using copulae for catching conspicuous features of multivariate dependencies for the risk-management purposes are hard to overestimate, c.f. Jin (2009) and references therein. Unfortunately, the amount
of literature concerning the modelling of the dependencies in the context of
high-frequency data using copulae is quite scarce. Breymann et al. (2003),
Dias and Embrechts (2004), Fengler and Okhrin (2012) and De Lira Salvatierra and Patton (2013) are among few available works on this topic. As
for using exactly the Lévy copulae for the modeling of multidimensional highfrequency dependence, Grothe (2013) and Böcker and Klüppelberg (2008)
appear to be the only works to the best of authors’ knowledge.
A distinctive feature of Lévy processes, making them ideally suited for
modeling exactly intraday data, is their stepwise nature, perfectly matching
the stepwise behavior of intraday-prices. It is however a burdensome task to
estimate and model the general Lévy process, which have both negative and
positive jumps. Instead, one concentrates on the Lévy processes with only
positive jumps, the so-called subordinators. A wide class of Lévy processes
later on can be described in terms of subordinators, c.f. Barndorff-Nielsen
and Shephard (2012). More about subordinators and other special cases of
Lévy processes one can find in Applebaum (2009).
6

The most important objective of the modeling of any process is not only
understanding and describing what has happened in the past, but also trying
to predict what will happen in future. In order to reach this goal in the case of
parametric processes (the Lévy ones are exactly of this type) one starts with
the estimation procedure. Basawa and Brockwell (1980) have investigated
the problem of parameter estimation in case of one-dimensional stable Lévy
process already about 40 years ago. As for the modern papers concerning this
topic our attention was caught by Esmaeili and Klüppelberg (2011), because
the method invented there allows not only to estimate the parameters of
bivariate stable Lévy processes, but also to do this procedure simultaneously
for all parameters in one step, which is, obviously, more efficient than separate
estimation of margins and copula parameters.
As the objective is to model the intraday data one needs to take into
account its specific feature like overnight effects (or overnight surprises as
stands in Gallo et al. (2001)). This discrepancy between the closing price
of one day and the opening price for another is due to the accumulation of
some information during the night, which has not been translated into the
price movements. For the extra references concerning the overnight changes
see e.g. Lockwood and Linn (1990).
Making the forecasts about future developments of the price of the underlying portfolio entails the necessity of having some risk measure for this
portfolio. Here we invoke the most common measure of risk used so far and
being used by Basel regularizations – the value at risk (VaR). VaR focuses
on the risk of an individual institution in isolation, without consideration of
possible affects by other institutions in the same financial system, see e.g.
Jorion (2006). Another possible approach is the systemic risk - the measure
that treats all the individual institutions as a parts of a big system, where
shocks and disturbances in one particular institution can be translated onto
other system parts. The notion of systemic risk is well presented e.g. in
Brunnermeier et al. (2009). The model proposed in is paper particularly
allows for calculation of the CoVaR - a systemic risk measure, introduced by
Adrian and Brunnermeier (2011).
To stress again the aim of this paper is to suggest the parametric model
for the intraday stock returns with a good predictive ability, therefore the
numerous values of VaR will be computed and backtested. For some useful
information concerning backtesting methods see Nieppola (2009) and references therein.
The paper is organized as follows. In Section 2 we recall the definitions
of Lévy processes and Lévy copulae and discuss some theoretical issues. The
definition of the model, detailed descriptions of the estimation and simulation
procedures, as well as operations concerning filtering and normalization of
7

the incoming intraday data are presented in Section 3. In Section 4 we
investigate the empirical properties of the suggested model using the portfolio
of frequently traded NYSE stocks using almost 2 years of high-frequency
data. Section 5 contains some conclusive remarks.

8

2
2.1

The framework of the Lévy copulae
Lévy processes and Lévy-Khintchine representation

The theory of stochastic processes is one of the most important achievements
of modern mathematics. A strong impetus to the development of the ideas
of stochastic processes was provided by A. N. Kolmogorov. But among the
wide general family of stochastic processes one particular class has become
very important - the Lévy processes. Nowadays they have a broad range of
applications not only in mathematics, but also in, e.g., engineering, physics
and economics. Lévy processes are the simplest type of processes whose path
contain continuous motion as well as jump increments of random size arising
at random times, while generalizations of random walks to continuous time
case are well explained by Lévy processes.
Definition.
A stochastic process X = {Xt : t ≥ 0} is said to be a Lévy process if it
satisfies the following properties:
a.s.

(i) X0 = 0;
(ii) For any 0 ≤ t1 < t2 < · · · < tn < ∞, Xt2 − Xt1 , Xt3 − Xt2 , . . . , Xtn −
Xtn−1 are independent;
L

(iii) Xt − Xs = Xt−s , for any s < t;
(iv) lim P (|Xt+h − Xt | > ε) = 0, for any ε > 0 and t ≥ 0.
h→0

Axioms (ii) and (iii) are the key defining axioms for Lévy processes,
whereas (i) is a normalization. Axioms (ii) and (iii) imply that each X(t) is
infinitely divisible, see Appelbaum (2004). The characteristic functions of infinitely divisible probability measures were completely characterized by Lévy
and Khintchine in the 1930s. Some study about infinitely divisible measures
is presented by Appelbaum (2011). The most fundamental result we state
here:
Theorem (Lévy-Khintchine). The distribution of a Lévy process is made
distinctive by its characteristic function, which is given by the Lévy-Khintchine
formula:
If X = (Xt )t≥0 is a Lévy process, then its characteristic function φX (θ) is
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given by

φX (θ) := exp





1
aiθ − σ 2 θ2 +

2


Z


eiθx − 1 − iθx1{|x|<1} Π(dx)





,

(1)




R\{0}

where a ∈ R, σ ≥ 0, 1 is the indicator function and Π is a sigma-finite
measure called the Lévy measure of X, satisfying the property
Z
1 ∧ x2 Π(dx) < ∞.
(2)
R\{0}

A Lévy has three independent components: a linear drift (a), a Brownian
motion (σ), and a superposition of independent Poisson processes with different jump sizes (Π). These three components, and thus the Lévy-Khintchine
representation, are fully determined by the Lévy-Khintchine triplet (a, σ 2 , Π).
Notably, the only (non-deterministic) continuous Lévy process is a Brownian
motion with drift.

2.2

Regular Copulae

For the smooth flow of the paper let us first define regular copula before
going to its stochastic representation. A copula is a multivariate probability
distribution for which the marginal probability distribution of each variable
is uniform. Copulae are used to describe the dependence between random
variables, see Nelsen (2006) for an introduction on copulae.
Definition. C : [0, 1]d → [0, 1]is a d-dimensional copula if:
(i) It is grounded: C(u1 , u2 , . . . , ui−1 , 0, ui+1 , . . . , ud ) = 0, ∀i = 1, . . . , d;
(ii) It is marginally uniform: C(1, . . . , 1, u, 1, . . . , 1) = u;
(iii) It is d-increasing:
X

(−1)N (z) C(z) ≥ 0,

(3)

z∈{x1 ,y1 }×{x2 ,y2 }×...×{xd ,yd }

where N (z) = #{k : zk = xk }.
Sklar’s Theorem (Sklar (1959)) states that any multivariate joint distribution can be written in terms of univariate marginal distribution functions
and a copula which describes the dependence structure between the variables.
10

Sklar’s Theorem (1959). Every multivariate cumulative distribution function H(x1 , . . . , xd ) = P(X1 ≤ x1 , . . . , Xd ≤ xd ) of a random vector (X1 , X2 , . . . , Xd )
with marginals Fi (x) = P(Xi ≤ x) can be written as
H(x1 , . . . , xd ) = C{F1 (x1 ), . . . , Fd (xd )},

(4)

where C is a copula.
Copulae are popular in high-dimensional statistical applications as they
allow one for easy modeling and estimation of the distribution of random
vectors by estimating marginals and dependency separately. There are many
parametric copula families available, which usually have parameters that control the strength of dependence, see Nelsen (2006) and McNeil and Nešlehová
(2009) for the details.

2.3

Lévy copulae

As it is explained in Kallsen and Tankov (2006), the dependence structure of
a multidimensional Lévy process can be reduced to the Lévy measure and the
covariance matrix of the Gaussian part. As the Lévy measure is a measure
on Rd , it is possible to parallel the notion of a regular copula. However,
one should keep in mind that the Lévy measure is possibly infinite with a
singularity at the origin.
d

Definition. F : R → R is called a Lévy copula if:
(i) F (u1 , . . . , ud ) 6= ∞, for (u1 , . . . , ud ) 6= (∞, . . . , ∞);
(ii) F is grounded;
(iii) F is d-increasing;
(iv) F i (u) = u, for any i ∈ {1, . . . , d}, u ∈ R.
As in the case of regular copulae there exist the corresponding version of
the Sklar’s Theorem, as well as a lot of parametric Lévy copula families, for
extra details see Esmaeili and Klüppelberg (2011).
For the future purpose we recall a Theorem 4.8 from Kallsen and Tankov
(2006), which deals with one of the classes of Lévy process - the α-stable
Lévy process.
Theorem 1. Let X be a Rd -valued Lévy process and let α ∈ (0, 2). X is
α-stable if and only if its components X1 , . . . , Xd are α-stable and if it has a
Lévy copula F that is a homogeneous function of order 1, i.e.
F (ru1 , ..., rud ) = rF (u1 , ..., ud ),
for any r > 0, (u1 , . . . , ud ) ∈ Rd .
11

(5)

3

Model definition

This article focuses on the modeling of the intraday-behavior of the bidimensional asset process St , t ∈ [0, T ] via stable Lévy processes. Since
intraday prices are inherently piecewise constant functions without clear continuous part we do not need to model them by using the general definition
of Lévy processes. In turn it is enough to omit the continuous part, namely
to use the special case of Lévy processes, which is determined by the LévyKhintchine triplet (0, 0, Π), and is called the ”pure-jump” process.
As mentioned above, instead of modeling of the processes with possible
both positive and negative jumps we restrict ourselves to modeling of the
processes with just positive jumps, the so-called subordinators.
Definition. A subordinator B := {Bt }t≥0 is a one-dimensional Lévy process
such that t → Bt is nondecreasing.
Since B0 = 0, as stands in the definition of the Lévy process, only nonnegative values are token by subordinators. One interprets the Lévy processes
as an upgrade of the classical family of random walks (sums of i.i.d. random
variables). In the same way, we treat the subordinators as an upgrade of
the family of random walks that have nonnegative increments only. Such
representatives are the central objects of regenerative times, renewal theory,
etc.
Let us define the tail integral on the positive cone Rd+ . For a subordinator this completely characterises the jump behaviour, see Esmaeili and
Klüppelberg (2011). Also for the future purpose recall the definition of the
total variation.
Definition. Let Π be a Lévy measure on Rd+ . The tail integral is a function
Π : [0, ∞]d → [0, ∞] defined by

(x1 , . . . , xd ) ∈ (0, ∞)d \{0d },
 Π([x1 , ∞) × · · · × [xd , ∞)),
0,
xi = ∞ for at least one i,
Π(x1 , . . . , xd ) =

∞,
(x1 , . . . , xd ) = 0d .
Definition. The total variation of a real-valued (or more generally complexvalued) function f , defined on an interval [a, b] ⊂ R is the quantity
Vba (f )

= sup
P

nX
P −1

|f (xi+1 ) − f (xi )|,

i=0

where the supremum runs over P={P ={x0 ,...,xnP }|P
all partitions of the given interval.
12

is a partition of [a,b]}

the set of

Let St = (S1,t , S2,t )> be the bivariate intraday asset process. Since intraday prices are stepwise constant functions, furthermore bounded, moreover
with finite total variation (e.g. during one trading day), we can recall an
auxiliary lemma that allows to decompose any function with bounded total
variation into a difference of two monotone functions:
Lemma. Let f : [a, b] → R. If Vba (f ) ≤ ∞ then there exist increasing
functions g, h : [a, b] → R such that f = g − h.
Applying this to our process St we obtain



1
2 >
2
1
2 >
2
1 >
1
, S2,t
− S2,t
,
− S1,t
= S1,t
, S2,t
− S1,t
, S2,t
St = (S1,t , S2,t )> = S1,t
(6)
2
2
1
1
is an increasing function.
, S2,t
, S1,t
, S2,t
where each of the 4 components S1,t


2 >
2
2
1 >
1
1
will refer to
, S2,t
The bivariate processes St := S1,t , S2,t and St := S1,t
the ”positive” and ”negative” parts respectively. Thus, a task of modeling
the original two-dimensional process St is equivalent to modeling of four one1
1
2
2
dimensional processes S1,t
, S2,t
, S1,t
, S2,t
. However, as those four processes
are increasing, they could be modeled via subordinators. In order to avoid
2
2
, we
and S2,t
a problem with possible negative values of the processes S1,t
perform a shift of the original process St , letting it to start from 0, i.e.
S0 = (0, 0)> .
Thus, in order to model the original bivariate intraday asset process via
Lévy processes it is enough to model four corresponding components via subordinators. Therefore, having these four components modeled, the resulting
original process St is obtained as the difference of the modeled positive and
negative parts. The modeling procedure contains 2 key steps to be discussed
in more details in next subsections:
1. State the parametric models for positive and negative parts and estimate their parameters.
2. Simulate trajectories from the estimated parametric models.

3.1

Estimation

For the first step we invoke the study of Esmaeili and Klüppelberg (2011)
and their recommendations concerning choosing of the appropriate model.
Without loss of generality we start with positive part. The process St1 is
modeled via stable bivariate Lévy process with margins being stable subordinators. For this two components one needs: the expression for marginal
tail integrals and Lévy copula describing the dependence structure.
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As it is suggested in the above mentioned paper as the marginal α-stable
subordinators we choose the processes with the same following form of the
tail integral
Π(x) = cx−α ,

(7)

where c > 0 and 0 < α < 1 and with c and α being the same for marginals
1
1
S1,t
and S2,t
.
As for the Lévy copula for modeling the dependence structure, we recall
the Theorem 1, which tells that the homogeneous Lévy copula of order one
together with α-stable margins will create a bivariate α-stable Lévy process.
The Clayton-Lévy copula is homogeneous of order one, thus it is a valid model
to define a bivariate α-stable process. Furthermore, this type of copula covers
the whole possible range of dependencies: from independence (by the value
of the copula parameter δ equal to 0) to the perfect dependence (by δ = ∞).
Clayton-Lévy copula has the following form
C(u, v) = (uδ + v δ )−1/δ ,

u, v > 0.

(8)

Assume that X = (X1 , X2 )> is a bivariate α-stable process with dependence structure modeled by (8) and the marginal tail integrals being of the
form (7) than, according to Esmaeili and Klüppelberg (2011) the joint tail
integral is given by

1
Π(x, y) = C Π1 (x), Π2 (y) = c(xαδ + y αδ )− δ ,

x, y > 0,

(9)

x, y > 0.

(10)

and the bivariate Lévy density is equal to
1

ν(x, y) = c(1 + δ)α2 (xy)αδ−1 (xαδ + y αδ )− δ −2 ,

Thus our model for the positive part consists of three parameters: two
from the tail integrals and one from the copula, allowing us to describe the
process St1 by the triplet (α, c, δ). The model for the negative part will
have exactly the same form, i.e. also being determined by the triplet of
the parameters, thus it is worth subscribing the indexes for corresponding
parameters, namely: (α1 , c1 , δ1 ) for the positive part St1 and (α2 , c2 , δ2 ) for
the negative part St2 .
The estimation method, described in Esmaeili and Klüppelberg (2011)
is based on the maximum likelihood estimation of the parameters of the
density function of the compound Poisson process and allows us getting the
estimates for each of the triplets in one step by optimizing the single maximum likelihood function, providing us the estimated triplets (α̂1 , ĉ1 , δ̂1 ) and
(α̂2 , ĉ2 , δ̂2 ).
14

In the framework of the mentioned estimation method we are starting
with defining the observation scheme, setting the truncation levels ε1 and ε2
of the smallest observable jumps in both components of both estimated bivariate processes St1 and St2 respectively, i.e. we consider only jumps (x, y)
of the process St1 , where both x ≥ ε1 and y ≥ ε1 at the same time (analogically for St2 : x ≥ ε2 and y ≥ ε2 ). The value ε1 is set to be equal to
1
1
the smallest observed empirical jump of the marginals S1,t
and S2,t
, namely

1
1
ε1 := min ∆(S1,t ), ∆(S2,t ) , where ∆(Xt ) := Xt+1 − Xt . Analogically

2
2
ε2 := min ∆(S1,t
), ∆(S2,t
) . Having defined the values ε1 and ε2 in the
mentioned above way, we take all the happened price changes into consideration and thus do not lose any available information.
Each of the mentioned above triplets is obtained by the maximization
of the log-likelihood function, derived by Esmaeili and Klüppelberg (2011),
which has the following form:
(ε )

(ε )

(εj )

l(εj ) (λj j , αj , θj ) = −λj j t + n(εj ) log λj

+ n(εj ) {log αj + log(αj + θj )} +
n(εj )

X
αj
αj n(εj ) log εj + n(εj ) log 2 + (θj − 1)
log(xi yi )−
θj
i=1


αj
2+
θj

(εj )
 nX

log



θ
xi j

+

θ
yi j



,

i=1

and thus,
(ε )

(α̂j , ĉj , δ̂j ) = arg max l(εj ) (λj j , αj , θj ).
(α,c,δ)
(ε )

−

1

−α

where θj := αj δj and λj j := cj 2 δj εj j , n(εj ) is the number of jumps,
larger than εj in both marginal components of the estimated two-dimensional
process Stj , t is the time horizon (which without loss of generality was set
equal to 1) and j = 1, 2 refers to positive (1) or negative (2) part.
As all the obtained estimates are subject to their truncation levels ε1
and ε2 , which should not be equal in general, it is therefore reasonable
to add this information into notation of the estimated triplets, providing
(ε ) (ε ) (ε )
(ε ) (ε ) (ε )
(α1 1 , c1 1 , δ1 1 ) and (α2 2 , c2 2 , δ2 2 ) as the final notations for the parameters of our model.

3.2

Simulation

Having estimated parameters we start with the simulation process. Recall
that used during the estimation process observation scheme assumes that
from the α-stable Clayton subordinator observes only bivariate jumps larger
15

than ε1 or ε2 . Being restricted to the simulation of a finite number of jumps,
it is, obviously, not possible to simulate a trajectory of a stable process.
That is why we first choose a threshold ξ (which should be much smaller
than min(ε1 , ε2 ) and simulate jumps larger than ξ in first component, and
arbitrary in the second component.
For this purpose we recall the algorithm 6.15 for simulation of bivariate
subordinator (X, Y )> from Cont and Tankov (2004). The algorithm starts
by fixing a number τ , which determines the required precision, namely the
1
average number of terms in (11). In current setup τ := Π(ξ, ξ) = c2− δ ξ −α , as
it is exactly the intensity of the compound Poisson process, which corresponds
to our observation scheme.
(1)
Initialize k = 0, Γ0 = 0;
(1)
while Γk < τ do
Set k = k + 1;
Simulate Tk ∼ Exp(1);
(1)
(1)
Set Γk = Γk−1 + Tk ;

− 1 −1
(2)
Simulate Γk ∼ F2|1 (v|u) = 1 + ( uv )δ δ−1 ;
Simulate Uk ∼ U(0, 1);
end
Then the trajectory is given by
(ξ)

X(t) =

n
X

1{Ui ≤t} Π1 (Γ(1)
i )
(−1)

i=1

(11)

(ξ)

Y (t) =

n
X

1{Ui ≤t} Π2 (Γ(2)
i )
(−1)

i=1

Having a large number of simulated trajectories for both positive St1 and
negative St2 parts allows us to get the simulated trajectories for the original
process St and thus perform further statistical analysis, as well as build the
forecasts. The simulated trajectories we denote as k S̃t1 , k S̃t2 and k S̃t for
the processes St1 , St2 and St respectively with k being the order number of
simulated trajectory.

3.3

Normalization and filtering of the observed data

It is possible that during the modeling of the pure jump process by the abovementioned algorithm, for some particular k0 and time point t0 k0 S̃t10 < k0 S̃t20 ,
thus k0 S̃t0 < 0. As the price of every stock should be always positive, this
algorithm is not applicable for modeling the prices themselves, therefore, we
16

focus on the modeling of log-prices, which could take the negative values as
well.
As mentioned above we also perform the re-normalization of the original
process St in such a way that its value starts at 0, namely S0 = (0, 0)> . This
step will ensure that the values of both positive and negative parts St1 and
St2 will start also at 0 and thus can be properly modeled by subordinators.
Another additional normalization is performed in order to get rid of the
different scales of underlying assets. As it is assumed, both marginal components have the same form and the same parameters of tail integrals, furthermore the intensities of jumps in both components due to our simulation
method are also identical, we have to ensure some kind of similarity of the
incoming observations. This is done in terms of total variations of the prices
of both assets on the considered time interval [0, T ].
The observed data is scaled in such a way, that total variations of the
processes St1 and St2 on the interval [0, T ] are equal to 1, namely VT0 (St1 ) =
VT0 (St2 ) = 1.
Summing up all mentioned above we state a short algorithm of normalization of observed data. Let Pj,t , t ∈ [0, T ], j = 1, 2 be our intraday asset price
data for the first and second stock respectively, then we do the following:
1. Taking the logs:

pj,t := log(Pt );
p∗j,t := log( PP0t );

2. Shifting to zero starting point:

3. Scaling to the unit total variation:

Sj,t := p∗j,t /VT0 (p∗j,t );

The bivariate process St = (S1,t , S2,t )> , where each one-dimensional component was obtained by applying of the above mentioned algorithm to the
corresponding intraday asset prices is exactly the type of the process, which
is modeled in this paper.
3.3.1

Data

This paper is based on the stock price data from NYSE’s Trades and Quotes
(TAQ) database. Considered stocks were IBM and Google, which are one
of the most liquid names at NYSE. Corresponding time period is from 3
January, 2005 to 3 August, 2006 covering 400 trading days. We also apply
the filtering procedure established in Barndorf-Nielsen et al. (2009) for TAQ
data consisting of the following steps:
1. Delete the records with zero transaction price and outside 9:30-16:00.
2. Delete the records with abnormal sale condition or corrected trades.
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3. Substitute multiple trades for the same time point by the median price.
4. Delete the records with prices smaller than bid minus bid-ask spread
or larger than ask plus bid-ask spread.
After data is cleaned it should be adjusted for overnight effects. Following Gallo et al. (2001) let Ok be the opening price for a day k, Ck - the
closing price for the same day. The daily returns rk are approximated by the
difference between the logarithms of closing prices, namely
rk = log Ck − log Ck−1 = (log Ck − log Ok ) + (log Ok − log Ck−1 ) .
{z
} |
{z
}
|
ρk

(12)

ηk

Here we refer to ρk as intra-daily return and to ηk as overnight return.
Intra-daily return is generated by a stock, whereas the overnight return is
generated by accumulated information during the time when the stock exchange was closed. As the modeling of the overnight returns is not a subject
of our study, we just take them out from our data set and concentrate on the
modeling of such a ”modified” process. This modification we perform in the
following way:
(a) the data of the first day we leave unchanged;
(b) starting from second day we shift all the future prices up or down in such
a way, that the opening price of the current day is equal to the closing
price of the previous day, i.e. Ok = Ck−1 .
After performing this procedure all the overnight returns ηk become equal
to 0 and thus will not affect the behavior of the price-generating process.

4

Empirical study

In order to evaluate the performance of the model of the Lévy process St with
the characteristic function of the form (1) with a = σ = 0 and with Lévy
measure Π being modeled as (9) we subject it to the following empirical
study. First one should set the time interval [0, T ], which determines the
amount of the information being used for the parameters estimation (we
consider T = 1, 2, 3 and 4 days). Given the estimated parameters M = 1000
simulated trajectories are drawn for the corresponding process St , where
t ∈ [0, T + τ ], giving the values on the interval [T, T + τ ] to be treated as a
forecasts. In all four cases for different values of T we use the same value of
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τ = 1. For predictions on longer horizon the daily data can be used. This
procedure is performed on 400 rolling windows of length T .
All the simulated trajectories j S̃t are scaled in such a way that the total
variations of the positive j S̃t1 and negative j S̃t2 parts on the interval [0, T ] are
equal to 1. This will ensure not only that j S̃T = j ST for all j, but it also
keeps the volatility of the simulated trajectories close to the volatility of the
real ones.

4.1

Portfolio risk management and backtesting

In applied risk management computing the risk measures for portfolios of
stocks with following backtesting analysis afterwards are standard procedures, see Jin (2009), Berkowitz and O’Brien (2002). It is a key task for
portfolio risk management to determine the portfolio’s market value distribution. Consider a portfolio, where at = {a1,t , . . . , ad,t } with ai,t ∈ Rd corresponding to the number of shares in the portfolio. Then the value of this
portfolio is given by
d
X
Wt =
aj,t Sj,t ,
(13)
i=1

where Sj,t is the asset price. As Fengler and Okhrin (2012), this study also
considers only portfolios which are equally weighted in terms of wealth allocation. This leads to aj,t = ωj Wt /Sj,t , where ωj = 1/d, j = 1, . . . , d. Thus,
in order to keep the relative contributions constant, we adjust the absolute
portfolio weights on a daily basis. For simplicity we assume that W1 = 1.
Then the value of the portfolio at the next day is given by
Wt+1 =

d
X

aj,t Sj,t exp(rj,t+1 ),

(14)

i=1

where rj,t is the log-return on asset j. Let us denote the conditional
distribution function of W as
FWt+1 |Ft (x) = P(Wt+1 ≤ x|Ft ).

(15)

As one of the fundamental risk measures we invoke the Value-at-Risk (VaR)
at level α defined as the α-quantile of FWt+1 |Ft :
−1
V aRt+1|Ft (α) = FW
(α).
t+1 |Ft

(16)

Thus, FWt+1 |Ft is regulated by the d-dimensional distribution of log-returns
Frt+1 |Ft .
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Having M = 1000 simulated trajectories for each of the 400 considered
days we calculate the corresponding one-day VaR values as the quantiles of
the obtained empirical distribution of the trajectory values. More precise:
for the particular day t there is 1000 simulated paths, each consisting of
390 values (corresponding to every minute value), thus for every of the 390
intraday time points we have a sample of 1000 simulated possible states,
therefore as the VaRt|Ft−1 (α) we treat the minimum over the 390 α-quantiles
of the corresponding samples.
For measuring the quality of estimated VaR there is a variety statistical
criteria mentioned in literature, see e.g. Campbell (2006). The most common
approach for testing the VaR accuracy is Kupiec (1995) POF-test (proportion
of failures) test that measures the consistency of the number of exceedances
with the confidence level α. The null hypothesis of the POF-test is
H0 : p := 1 − α =

x
,
N

where x is the number of exceedances and N the total number of observations.
According to Kupiec (1995) the test statistic takes the form
#
"
(1 − p)N −x px
−→ χ21 under H0
(17)
SP OF = −2 log 
N −x x x
x
1 − (N )
N
4.1.1

In-sample calibration

In order to improve some other features of our model we introduce an extra
calibration procedure. The simulation method, described above, apparently
produces a significant amount of the trajectories, which take very low values
at the end of the simulation interval. This implies that the lower tail of our
empirical distribution of the portfolio market value Vt becomes more heavy,
which implies the overestimation of the risk, as we predict our VaR values to
be much lower than they should. In order to avoid this problem we decided
to truncate some amount of the most extreme (most negative) simulated
trajectories. This truncation threshold is derived on the basis of the first half
(first 200 days) of the available observed intraday data by approximation of
the empirical failure rate Nx to the theoretical α as close as possible. What
is exactly done is the following:
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while Nx < α do
For each of the 200 days delete the simulated trajectory (among M
available ones), which took the lowest value on the corresponding
simulation interval;
Set M = M − 1;
Recalculate Nx ;
end
After performing this calibration procedure, the in-sample failure rate Nx
takes the most close possible value to the theoretical α.
model/α
T =1
T =2
T =3
T =4

0.01
35
26
23
23

0.05
33
27
27
22

0.1
33
26
26
21

Table 1: The proportion of the trajectories (in %) to be truncated in different
models.
Table 1 contains the information concerning the proportional amount
of the simulated trajectories to be thrown out from the sample in order to
optimize the empirical failure rate, i.e. if we consider the model, where T = 4,
simulate the corresponding trajectories and throw out 22% most lowest of
them than the corresponding in-sample failure rate will be exactly equal to
the theoretical one. The proportions in the Table 2 are rather huge, but they
have a clear tendency: increasing the amount T of information for parameters
estimation leads to decrease of the amount of the simulated trajectories to
truncate.
4.1.2

Out-of-sample VaR backtesting results

The backtesting procedure conducted on the basis of the second half (another
200 days) of the available observed intraday data. The resulting failure rates
with the corresponding Kupiec’s test p-values are presented in Table 2.
As we see the models with bigger T show better prediction ability in
comparison with others, in particular the smallest quantiles are very well
captured, the p-values 0.97 and 0.93 indicate a very strong result. This can
be a consequence of the smaller amount of truncated trajectories, which leads
to more flexible and accurate capability of capturing the quantiles.
Figures 1-4 present the exceedances within each of the models and considered VaR-levels. All the figures display the findings of the previous table.
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model/α
T =1
T =2
T =3
T =4

0.0153
0.0051
0.0102
0.0153

0.01
(0.4837)
(0.4506)
(0.9710)
(0.4837)

0.0820
0.0564
0.0820
0.0512

0.05
(0.0590)
(0.6870)
(0.0590)
(0.9347)

0.1333
0.1282
0.1743
0.1179

0.1
(0.1377)
(0.2062)
(0.0015)
(0.4151)

Table 2: VaR performance of the IBM-Google portfolio. p-values of the
Kupiec test in brackets.

It is clearly visible that the model does not exhibit a smooth quantile history,
in turn responding very quickly to shocks. As on every step of the rolling
window procedure the parameters of the model are re-estimated, the model
possesses the ability to react rapidly to the changes. It is worth mentioning
that increasing T leads to the smoothing of the behavior of the estimated
VaR values, which reduces possible overestimation of the risk.

Figure 1: Exceedances plot for V aR(α) for the model with T = 1 on the IBMGoogle portfolio. The dots represent the empirical portfolio value stated by
the data. The three curves under the dots correspond to the α = 0.1 (yellow),
α = 0.05 (green), α = 0.01 (blue)
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Figure 2: Exceedances plot for V aR(α) for the model with T = 2 on the IBMGoogle portfolio. The dots represent the empirical portfolio value stated by
the data. The three curves under the dots correspond to the α = 0.1 (yellow),
α = 0.05 (green), α = 0.01 (blue)

Figure 3: Exceedances plot for V aR(α) for the model with T = 3 on the IBMGoogle portfolio. The dots represent the empirical portfolio value stated by
the data. The three curves under the dots correspond to the α = 0.1 (yellow),
α = 0.05 (green), α = 0.01 (blue)
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Figure 4: Exceedances plot for V aR(α) for the model with T = 4 on the IBMGoogle portfolio. The dots represent the empirical portfolio value stated by
the data. The three curves under the dots correspond to the α = 0.1 (yellow),
α = 0.05 (green), α = 0.01 (blue)

5

Conclusions

Based on assumptions of the form of the marginal tail integral and a Lévy
copula family, we have introduced the model for intraday stock returns. The
proposed model is dynamic, thus captures the time-varying aspects. Our
empirical results demonstrate a good capability of the model for making the
forecasts, in particular to predict the VaR of different levels.
The performed in this paper study shows that the more information we
use for the estimation the smoother is the behavior of the simulated quantiles
(VaR values) and the less becomes the amount of the simulated outliers.
However, using too much history makes the model very conservative and
unable to react quickly to the incoming shocks and changes in economy,
which is a serious problem, considering that we are dealing with the high
frequency data. Thus, some payoff between these two features should be
found in order to optimize the estimation-simulation procedure, maintaining
a good capability of capturing the shocks. For the case of the intraday data
it is often enough to use the observations of the last trading week.
As the obtained model allows for simulation of the arbitrary large amount
of the price-paths of considered assets, one can use this property for predicting the value of any possible derivative of the underlyings. As well as VaR, the
24

systematic risk measures such as CoVaR (Adrian and Brunnermeier (2011))
could be easily calculated in order to measure the sensitivity of different
financial institutions to the shocks in the economy.
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Barndorff-Nielsen, O. and Shephard, N. (2012). Basics of lévy processes,
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stable lévy process, Journal of Multivariate Analysis 102: 918–930.
Fengler, M. and Okhrin, O. (2012). Realized copula, Economics working
paper series, University of St. Gallen, School of Economics and Political
Science.
Gallo, G. M., Hong, Y. and Lee, T. (2001). Modeling the impact of
overnight surprises on intra-daily stock returns, Australian Economic Papers 40(4): 567–580.
Grothe, O. (2013). Jump tail dependence in lévy copula models, Extremes
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