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Abstract
This thesis presents the results of investigations on three independent research topics of modern biophysical and materials science research: substitutional diffusion in binary alloys, the remodelling process in trabecular
bone and the prediction of mechanical properties of self assembling, amphiphilic bilayers. The basic description of all three projects is based on
lattice models, a highly successful class of models that are used in several
fields of modern physics to describe physical processes. For the diffusional
process in alloys, which on a microscopic scale manifests itself in a discrete
site exchange between one atom and a neighbouring vacancy, it was investigated how this microscopic description can be reconciled with a macroscopic
continuum model. In a computer simulation exact microscopic averages were
used to determine macroscopic properties, like Onsager’s coefficients. These
were then compared to theoretical predictions of different accuracy. Following the same strategy – comparing averaged results from microscopical
simulations with purely continuum mechanical calculations – interdiffusion
problems were investigated. It was shown that for obtaining an appropriate
macroscopic description it is essential to fully include the behaviour of the
vacancy in the description, which is – due its complexity – often omitted.
For the investigations on remodelling of trabecular bone, bone’s architecture was mapped onto a lattice and the local mechanical state of each element
was determined by a simplified mechanical model. A local remodelling law
was then used to translate this mechanical information into a signal that
determined the rate of change of the architecture at that special point. This
rate of change was given by a stochastic description, i.e. the remodelling law
gave the probabilities for bone formation and resorption, respectively. The
development of the model was guided by the aim to give a good balance in
the accuracy of the description of the mechanical and biological part. The
simple, but fast, algorithm to assess the mechanical properties of the structure gave the possibility to test a variety of biological hypotheses, concerning
the special form of the remodelling law. It was shown that a stochastic
description of the remodelling process demands the formulation of both, a
formation and a resorption probability, since – in contrast to conventional
simulations with deterministic rate equations – a pure net effect does not
suffice to describe the process. Furthermore it was shown that a non-linear
remodelling law is a better candidate to describe the remodelling process
in real bone than a linear one. Finally the model was used to describe osteoporosis, a wide spread disease affecting trabecular architecture. It was

concluded that in the features attributed to osteoporosis one has to distinguish between normal ageing of bone’s architecture and additional changes
that stem from pathological alterations in the regulatory system.
A simple concept was introduced to model the mechanical properties of
self-assembled membranes. The (amphiphilic) molecules forming the membrane are assumed to occupy a regular lattice, nearest neighbours are connected by linear, elastic springs. Different spring constants are assumed
for different atomic pairs. The full elastic matrix of a given structure was
solved and the elastic modulus, the Poisson ratio and the bending rigidity
of the system determined. It was shown that the bending rigidity exhibits
a pronounced concentration dependence, varying over orders of magnitude
in a small concentration regime, giving very flexible membranes at one end
(bending rigidities of the order of kT ), very stiff ones at the other (bending
rigidities up to three orders of magnitude larger than kT ).
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Zusammenfassung
In der vorliegenden Arbeit wurden drei unabhängige Problemfelder moderner biophysikalischer und materialwissenschaftlicher Forschung untersucht:
substitutionelle Diffusion in binären Legierungen, der Umbauprozess in trabekulärem Knochen und die Voraussage mechanischer Eigenschaften, insbesondere der Biegesteifigkeit, selbstorganisierender amphiphiler Membrane.
Für alle drei Problemfelder wurden Gittermodelle gewählt, um ausgesuchte
Fragestellungen zu untersuchen. Für den Fall der Diffusion in Legierungen
war dies inwieweit sich der Diffusionprozess, der sich auf atomarer Ebene als
diskrete Platztäusche von einzelnen Atomen und Leerstellen manifestiert, auf
einer größeren, makroskopischen, Ebene mit Hilfe einer kontinuumstheoretischen Theorie beschreiben lässt. Zu diesem Zwecke wurden exakte mikroskopische Mittelwerte herangezogen, um makroskopische Größen, insbesondere
die Onsager Koeffizienten, zu bestimmen. Die so erhaltenen Koeffizienten
wurden dann mit theoretischen Voraussagen unterschiedlicher Genauigkeit
verglichen. Zusätzlich wurde das technologisch wichtige Problem der Interdiffusion untersucht, wobei auch hier die exakte atomistische Diffusion einer makroskopischen kontinuumsmechanischen Berechnung gegenübergestellt wurde. Es zeigt sich, dass die sorgfältige thermodynamische Berücksichtigung
der Leerstellen für eine genaue Beschreibung des Problems auf einer makroskopischen Ebene essentiell, aber auch sehr schwierig ist.
Im Fall der Beschreibung des Umbauprozesses in trabekulärem Knochen
wurde die spongiöse Architektur des Knochens auf ein Gitter abgebildet und
mittels einer vereinfachten mechanischen Beschreibung die lokale Belastung
in jedem Knochenelement bestimmt. Mittels einem ebenfalls lokalem Umbaugesetz wurde diese mechanische Information in ein Signal umgesetzt, das
den Umbau der Struktur an jedem ihrer Punkte bestimmte. Der Umbau der
Struktur wurde durch eine stochastische Beschreibung vorgegeben, das Umbaugesetz gab eine lokale Wahrscheinlichkeit für den An- bzw. Abbau eines
Knochenelements in jedem Punkt. Bei der Entwicklung dieses Modells wurde besonderer Wert auf eine ausgewogene Bilanz zwischen mechanischer und
biologischer Beschreibung des Prozesses gelegt. Der schnelle, wenn auch vereinfachende, Algorithmus zur mechanischen Beschreibung der Struktur gab
die Möglichkeit mehrere biologische Hypothesen bezüglich der genauen Form
des Umbaugesetzes zu prüfen und auf deren Plausibilität zu prüfen. Es wurde
gezeigt, dass die stochastische Beschreibung des Umbauprozesses die genaue
Formulierung einer An- und Abbauwahrscheinlichkeit verlangt, da eine reine
Netto-Anbaurate das Problem nicht ausreichend beschreiben kann. Weiters

ergaben die Untersuchungen, dass ein nicht-lineares Umbaugesetz bessere
Übereinstimmung mit experimentellen Ergebnissen als ein rein lineares liefert. Weiters wurde das Krankheitsbild der Osteoporose untersucht und es
konnte eine Unterscheidung zwischen einem normalen Alterungsprozess der
Knochenstruktur und einer krankhaften Veränderung gezogen werden.
Um die mechanischen Eigenschaften selbstorganisierender Membrane zu
bestimmen, wurden linear elastische Federkräfte zwischen benachbarten Molekülen angenommen. Die Moleküle selbst waren auf einem regulären Gitter angeordnet. Die elastischen Gleichungen wurden für unterschiedliche Anordnungen der Moleküle und unterschiedliche Konzentrationen gelöst. Die
volle elastische Matrix und daraus die gewünschten Eigenschaften wurden
bestimmt. Es wurde gezeigt, dass die Biegesteifigkeit solcher Membrane in
einem begrenzten Konzentrationsbereich um mehrere Größenordnungen variieren kann – von extrem weich mit einer Biegesteifigkeit unter kT bis sehr
steif mit einer Biegesteifigkeit von mehreren hundert kT .

Schlagwörter:
Diffusion, Onsager Koeffizienten, Interdiffusion, Knochenumbau,
Osteoporose, amphiphile Membrane, Computersimulation
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Da verlor ich den leichten Mut,
zu wissen begehrt’ es den Gott
Die Walküre, 2. Aufzug

Doch niemals Launen, immer ein Müssen!
Immer ein neues beklommenes Staunen.
Ariadne auf Naxos, Oper

Tutto nel mondo è burla.
L’uom è nato burlone,
La fede in cor gli ciurla,
Gli ciurla la ragione.
Falstaff, Atto Terzo
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Chapter 1
Introduction
Until the beginning of the second half of the twentieth century the large
building of physics was usually subdivided into two different disciplines: theoretical and experimental physics. While the first tries to develop mathematical models to explain the world surrounding us and to make predictions on
the outcome of physical experiments, the latter one tries to conduct experiments to, first, verify or falsify a theoretical model and, second, to discover
new effects that still need a physical theory to be explained. This interconnexion of both disciplines has proved to be very successful and has resulted
in a number of epoch-making discoveries that, first, significantly improved
our understanding of the world around us and, second, shaped our daily life
tremendously. Newton’s mechanics, Maxwell’s electrodynamics, Einstein’s
theory of relativity or quantum mechanics are only some examples. But
with the rise of computational technology around 1950 a third discipline
arose, placed somewhat in between the traditional areas of experimental and
theoretical physics: computational physics. On the one hand computers give
possibilities to perform calculations that are too lengthy and complicated
to be done manually. On the other hand computers make it possible to
implement theoretical model systems and then to perform experiments on
them that would not be possible in reality. For example a theoretical model
might be a simplification – a “pure” system – not to be found in nature. Or
some experimental conditions might not be easily achieved in reality, i.e. the
computer gives the possibility to go “beyond Nature”: it is no problem to
perform an experiment at infinite or zero temperature in a computer experiment, while both can not be achieved in a classical experiment. Another big
advantage in a computer experiment is that the system is known in every
detail, each desired quantity can be determined easily. Furthermore a computer experiment lacks the noise and experimental uncertainties inherent in
each real experiment. But of course there are also drawbacks in the use of
1
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computers. A significant disadvantage is the limited size of systems that can
be investigated (a macroscopic system consists of ≈ 1023 atoms, system sizes
in computational calculations are typically limited by an order of 106 ), which
may blur the final results (e.g. smearing out of discontinuities that occur in
the thermodynamic limit).
Nowadays computational physics has established as the third discipline
and is widely used in almost every field of physics giving complementary
results to theoretical calculations and experimental observations. Several
models and concepts have been developed, one of the most prominent is
the class of lattice models. In these kind of models space is discretized and
the elements of the investigated system, be it atoms, molecules, molecular
motors or any other physical entity, can not move continuously in space, but
on discrete lattice points. This discretization process is motivated by one of
the following two reasons: first, the lattice structure may be inherent in the
physical problem, e.g. there are lots of materials that crystallize in a regular
lattice structure (metals and alloys are the most prominent examples). The
atoms forming this structure are mostly occupying the given lattice sites, on
a much shorter time scale than the residence time of an atom on a special
site the exchange of an atom with a neighbouring vacancy may occur (a
process called diffusion). If one is not interested in the jump process itself,
but only in the resulting structure, it is feasible to model the jump as an
instantaneous event, the atom hopping from lattice site 1 to 2. Second,
discretizing space and time is a necessity in a computer program. Storing
and processing of infinitely many coordinates – as a continuous space or time
variable would give – is simply not possible. That’s why the surface of a
membrane is discretized (triangulated), before its thermal fluctuations can
be modelled in a computer simulation. The first part of this thesis deals
with problems of the first kind: the diffusion process in binary, crystalline
alloys is investigated. In the second part the remodelling process in human
trabecular bone is investigated. Trabecular bone is a sponge like structure
(material scientists call it a cellular structure) consisting of roughly 20% bone
material, the rest is marrow and fat. On the scale investigated bone material
is seen to be a continuous material, but according to the difficulties described
before, in the approach presented in this thesis bone’s architecture is mapped
onto a cubic lattice, occupied sites corresponding to bone, empty ones to
marrow. This characterisation results in an approximated bone architecture,
but enables to use a fast algorithm to assess the mechanical state of the
system and to study a variety of different biological hypotheses.
Lattice models are used to study changes in global properties of a system
due to local dynamical reactions. The physical origin of these reactions may
be very different, as they are in the problems studied in this thesis: (a)

3

diffusional jumps in the case of alloys, (b) the action of bone cells adding
and removing bone material in the case of bone remodelling and adaptation
and (c) chemical modification of head-groups in a membrane as a result of a
change in pH or salt concentration (see also Figure 1.1).

Figure 1.1: The inter-relation of (microscopic) dynamical reactions, structure and mechanical properties of the system, respectively, is the matter of interested for all topics
discussed in this thesis. The full triangle is valid for all three topics, indicated in red are
the inter-relations that were investigated in this thesis (the full triangle was analysed for
the case of bone remodelling only).

Diffusion in alloys is a classical topic of material physics and materials
science as it is of great interest for both, the basic as well as the applied
sciences. Trabecular bone remodelling is an issue one would on the first hand
attribute to biology or medicine. It was the advance of biological sciences,
the rise of molecular and cell biology and the large amount of experimental
data collected by biologists that led to the blurring of strict border lines
between formerly separated sciences. First, between biology and chemistry,
later on physicists and even mathematicians discovered the wide range of
interesting biological problems that could be investigated by their methods.
Biological systems are many body systems that can quite naturally be dealt
with the methods of statistical physics. Furthermore biological systems are
systems out of equilibrium. Very often concentration gradients have to be
built up or have to be maintained to guarantee biological functionality. Since
the second law of thermodynamics can not be overcome, these – active –
processes need the input of energy, i.e. they would not occur spontaneously.
Nature has invented several concepts to fulfil these tasks: molecular motors

4
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that transport cargo from one point in the cell to another, ion pumps that
can actively pump selected ions in or out the cell to create concentration
gradients and many more. A quantitative understanding of these processes
can only be achieved by developing and analysing simplified models that
grasp the main aspects of the underlying process. That is, where physics
comes into a play. Most successes of physics were built on simple models
that are still general enough to account for the observed effects – “make it as
simple as possible, but not simpler”. But it is not only that existing physical
models may be applied to describe biological systems, also new ones have to
be developed to meet the challenges posed by biological systems. As already
stated the complexity of biological systems, the number of components and
also the structure of its components, exceeds by far the complexity of systems
classical physics deals with.
From a material scientist’s point of view biological systems under mechanical load exhibit very interesting properties. First, structures like bone
or wood show extraordinary mechanical properties that mostly stem from the
geometrical arrangement of the building material and by the combination of
materials with opposing properties. Understanding these structures and predicting their mechanical properties is an exciting problem for the physicist
as well as the engineer, since mimicking these structures might open the
possibility for innovative applications. Second, biological systems very often
possess the ability to react to external stimuli to adapt to changing environmental conditions. E.g. a tree placed on a slipping hill, will once again
turn towards the sun or bone will change its shape and strength according
to the load patterns it experiences in daily life. To fulfil these tasks bone has
to have the possibility, first, to measure mechanical loading and, second, to
react to this input by changing the structure, i.e. by deposition or resorption
of bone material. This fascinating process, mediated by mechanotransduction, i.e. the transformation of mechanical loading into chemical signals, is
essential to understand bone’s evolution, but due to its high complexity is
still poorly understood. An interdisciplinary approach, combining physicists,
engineers, biologists and physicians, is necessary to reveal the hidden secrets
of the transduction process.
A more detailed description of the inter-relation of dynamical reaction,
structure and mechanical property ( see Figure 1.1) can be seen in Figure
1.2 for the case of diffusion and bone remodelling. Metallic alloys consist of
several types of atoms and vacancies distributed on a lattice. Precipitation
and ordering can lead to a quite complex microstructure of the material (different phases of various geometric shape and atomic composition distributed
in the sample) that significantly influence its physical properties (mechanical,
electrical, etc.). Bone is a hierarchical organized material, the basic building
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Figure 1.2: The similarities in the structure and time evolution of a phase separating alloy
(left) and human trabecular bone (right) is shown. More information is found in the text.

elements are a nano composite of organic collagen – a protein arranged in
a triple helix – and inorganic hydroxylapatite – a calciumphosphate. Despite these differences on the material level, a comparison of the structure of
precipitates in alloys and the architecture of bone shows obvious similarities
(see Figure 1.2). Also the time evolution of both systems can be explained
by analogous laws. The atomistic diffusion process leading to phase separation in metallic alloys is determined by the local environment of the diffusing
atom only. The local environment consists of, first, the kind of neighbouring
atoms and, second, the local mechanical stresses and strains. The local diffusion process changes the local environment, which in turn affects the global
configuration and consequently the local stresses and strains. This feedback
process leads to the pronounced pattern formation during phase separation
and rafting (directional coarsening). The process of trabecular bone remodelling is quite similar. Here the resorption/deposition of new bone material
(done by specialized cells) is influenced by the local stresses and strains. The
change of the local bone architecture also leads to a global change. Consequently these global changes affect local stresses and strains that affect
cells’ activity. This closes a similar feedback loop, also present in the phase
separation problem (see Figure 1.2).
In the third part of this thesis the mechanical properties of membranes
self-assembled from amphiphilic molecules are investigated. As simple model
systems for biological compartments, like cell membranes or virus coatings,
these structure are of great scientific interest. A better understanding of the
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basic principles and mechanisms leading to the special properties of these
structures is a necessity to shed further light on still unsolved biological
problems.
By applying methods of computational physics and making use of the
advantages of a computer experiment all three problems – diffusion in binary
alloys, trabecular bone remodelling and modelling the mechanical properties
of membranes – are investigated and the obtained results are presented in
this thesis. Performing the computer experiments it was paid much attention
to keep them as close to real physical experiments as possible. Computer
experiments can never be a substitution for real experiments, but they may
help to improve our understanding of complex situations and be a guide to
conduct further experiments.

Part I
Diffusion in multicomponent
alloys

7

9

Diffusional processes manifest themselves in numerous situations in daily
life. The mixing of two liquids (e.g. water and syrup) or two gases (e.g. the
spread of a pleasant scent in a room) are only two out of many examples.
But not only materials liquid or gaseous are affected by diffusional processes,
also materials usually considered as hard and immobile, like metallic alloys,
can exhibit quite remarkable diffusional properties, although the diffusional
processes in hard matter are usually much slower and need more elevated
temperatures than the ones in soft matter. In this thesis diffusional processes, i.e. the stochastic motion of single atoms, in crystalline alloys are
investigated Glicksmann [2000]. These are of great interest for basic as well
as for applied sciences. Diffusion in metallic alloys may lead to rearrangement of atoms, forming or dissolution of precipitates as well as coarsening
Lifshitz and Slyozov [1961], Wagner [1961], Cahn [1962]. These effects are
of tremendous importance for engineering sciences since they may affect material properties a great deal, changing them over order of magnitudes. On
the other hand the basic atomistic mechanisms leading to these changes are
of interest for the basic sciences like material physics and material science.
Scientific progress has helped to begin to understand these processes in several systems, like in ordering or demixing alloys, and to predict the form
and coarsening behaviour of precipitates in alloys under external load Fratzl
and Penrose [1995, 1996], Weinkamer et al. [2000], Weinkamer and Fratzl
[2003], Weinkamer et al. [2004a]. But despite these successes exact solutions
for even the simplest model systems are still not available. All of the approaches mentioned above rely on simplifying assumptions, that may well or
not apply to one situation or the other. Another complification arises from
different theoretical approaches that can be used to describe these processes.
For the modelling of phase separation these approaches include the sharp
interface model, the diffuse interface model and the atomic lattice model,
respectively Fratzl et al. [1999]. On a large scale it is convenient to use a
continuum mechanics approach, which discards the atomistic nature of matter. This approach is based on the concept of macroscopic atomic fluxes that
are caused by thermodynamic forces, i.e. gradients of the chemical potential.
A linear relation between flux and thermodynamic force is assumed and the
constituting equations are solved. Further complicating these approaches is
the fact that the coefficients relating flux and force - the Onsager coefficients
- are mostly not known and have to be estimated.
While on the large scale matter seems to be a continuum, and continuum
models are the appropriate description for diffusion on this scale, it is known
for almost 100 years that on a scale of several Å (10−10 m) matter is discrete
and build up of atoms that - in the case of metallic alloys - form a regular
lattice. The elementary diffusion process on this scale is the exchange of one
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atom with a neighbouring vacancy. A process that is regulated by atomic
binding energies and in the general case dependent on the local environment
of the participating vacancy and atom.
Bridging the gap between macroscopic continuum mechanics and microscopic atomistic jump processes is a challenging task and done by calculating
Onsager’s coefficients - the input for the macroscopic theory - from the microscopic details of the diffusion process. This calculation is not trivial and
exact solutions exist only for very special systems, like self diffusion in pure
metals or tracer diffusion of an infinitely diluted species in an otherwise homogenous material.
It is the aim of this thesis to investigate the diffusional process in a very
simple model alloy, the random alloy. In an atomistic computer simulation
tracer diffusivities and Onsager coefficients are determined. In collaboration
with Jiří Svoboda, Czech Academy of Sciences, and F. D. Fischer, University
of Leoben, the acquired data are then used as an input for a macroscopic
theory and results are compared. Furthermore the obtained Onsager coefficients are compared to the prediction of different theories of different level of
approximation to test their reliability.

Chapter 2
Basics of Diffusion
When in 1827 the british biologist Robert Brown observed the random motion of pollen particles, he was not aware that the process he had discovered
and that now bears his name, is one of the most common phenomena present
in nature. It should take almost another 100 years until Albert Einstein revealed and explained the underlying mechanisms leading to that phenomenon
Einstein [1905]: the movement of suspended particles in a liquid is due to
statistical collisions of the particle and the liquid’s molecules (although the
first mathematical modelling of Brownian motion has to be contributed to
Louis Bachelier, who presented his PhD thesis ”théorie de la spéculation“ in
1900. There he developed the mathematical concepts of Brownian motion
and applied it to describe stock exchange Courtault et al. [2000]). Einstein
succeeded in relating thermodynamic, macroscopic quantities, like diffusion
coefficients, viscosity and temperature, to atomic ones, like jump frequencies. In a time when the atomistic nature of matter was still under heavy
discussion, Einstein’s work was a milestone in establishing the new theory.
Einstein’s theory is a perfect example for the wide field of statistical mechanics, which aims to draw macroscopic conclusions by applying methods
of mathematical statistics on systems containing many particles. It was Ludwig Boltzmann who established the theory and calculated the basic, empirical
thermodynamic laws, like the ideal gas law, by assuming a gas consisting of
many, non-interacting particles. Nowadays the atomistic nature of matter is
out of question, but it still remains a challenging task to calculate macroscopic, measurable quantities out of the atomic details of any process. The
same is true for the concept of diffusion, the random motion of particles
or atoms. While on the macroscopic scale diffusion manifests itself in the
smearing out of concentration profiles, on the atomistic scale the elementary
diffusion process is the displacement of single atoms. In the present thesis the
special case of substitutional diffusion in solid, crystalline samples is to be
11
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discussed. In this case the elementary diffusion process is the site exchange
of one atom with a neighbouring vacancy. In the following sections the basic
concepts of diffusion as well on the macroscopic as on the microscopic scale
will be presented. The challenging task is then to find the connexion from
one description to another.

2.1

Macroscopic diffusion laws

With little knowledge on the underlying atomistic and molecular processes
Adolf Fick was the first to give a quantitative law to describe diffusional
processes. His observation was that diffusional processes tend to smear out
concentration profiles, therefore he proposed the simple linear ansatz (also
known as Fick’s first law)
j = −D∇c
(2.1)
where j denotes the material flux, c stands for the concentration and D is
the diffusion coefficient. Fick’s law is valid for different diffusional processes,
whereas the diffusion coefficient may be different to account for the different
situations. E.g. the diffusion of an atom in a chemical homogenous environment without any chemical, i.e. composition, gradients, is called tracer
diffusion and described by the tracer diffusion coefficient Di , where i stands
for the different atomic species. The principle of mass conservation in a
diffusional process (the change of concentration in a given volume has to
be compensated by a corresponding flux in or out the volume) leads to the
following continuity equation
∇·j+

∂c
= 0.
∂t

(2.2)

Insertion of (2.2) into (2.1) leads to
∂c
= ∇(D∇c).
(2.3)
∂t
Assuming the diffusion coefficient constant – especially independent of the
concentration c – leads to Fick’s second law, the well known diffusion equation
∂c
= D4c
∂t
2

2

2

(2.4)

∂
∂
∂
with 4 = ∂x
2 + ∂y 2 + ∂z 2 the Laplace operator. Equation (2.4) is a linear,
second order partial differential equation and has the fundamental solution,
i.e. the solution for a point source at the origin as initial condition,


x2
−3/2
G(x, t) = (4πDt)
exp −
(2.5)
4Dt
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which gives decaying concentration profiles in time. The mean square displacement, i.e. the second moment of equation (2.5) is then given by
x2 = 6Dt.

(2.6)

Because the mean square displacement is an experimentally easily measurable
quantity, measuring the MSD is a standard technique to determine tracer
diffusion coefficients in an experiment.
Since in this thesis only linear flows, i.e. quasi one-dimensional, problems
are going to be considered (e.g. a thick diffusion couple), in the following we
will restrict ourselves to the one-dimensional version of Fick’s law
∂c
∂t
∂c
∂t

2.1.1

2

∂ c
= D ∂x
2
 D = const.
∂c
∂
= ∂x D ∂x D = D(c).

(2.7)

The diffusion couple

Diffusive motion in the presence of chemical, i.e. composition, gradients, is
called chemical diffusion. Chemical diffusion in binary substitutional alloys
is also known as interdiffusion, which is characterized by an interdiffusion
coefficient D̃ that in general is different from the tracer diffusion coefficient
D. The most prominent example for interdiffusion is the classical diffusion
couple (see Figure 2.1), which is also easily realized in physical experiments.
Two uniform semi-infinite bars with different compositions are brought into
contact and concentration profiles are measured. The initial condition for a
diffusion couple is that one of the bars lacks solute, e.g. c(x, 0) = 0 for x > 0,
and the other bar has got a uniform composition, i.e. c(x, 0) = cL for x < 0.
By assuming the diffusion coefficient of the solute independent of composition

Figure 2.1: In a diffusion couple two different materials (A and B) are brought into contact
(left) and the time evolution of the concentration profile is measured (right).

Fick’s second law (2.4) is valid. Due to the linearity of Fick’s second law new
solutions may be found by superposition of existing solutions. By thinking
the diffusion couple made of infinitely many point sources, whose solution is

14
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given by (2.5), the solution of the diffusion couple may be found to give (see
e.g. chapter 4 in Glicksmann [2000])


cL
x
c(x, t) = erfc √
(2.8)
2
2 Dt
with erfc(x) = 1 − erf(x), erf(x) the error-function.
If the assumption of a constant diffusion coefficient does not hold, i.e.
D = D(c), equation (2.3) has to be applied to describe the diffusional process. Applying a so called Boltzmann-Matano transformation (see e.g. Chapter 11 in Glicksmann [2000]) the partial differential equation (2.3) can be
√ M and
transformed into an ordinary differential equation. Setting ξ = x−X
2 t
doing the appropriate transformations in equation (2.3) leads to


d
dC
dc
=
D̃(c)
.
(2.9)
− 2ξ
dξ
dξ
dξ
This equation is now an ordinary differential equation with variable ξ. The
constant XM – the Matano interface – corresponds to a special reference
plane, i.e. the position where an equal amount of material has been flowing to
the left and to the right. The formulation of Fick’s second law as an ordinary
differential equation gives a comfortable way to calculate the concentration
dependent diffusion coefficient. According to the method of Sauer, Freise
and denBroeder the diffusion coefficient for a diffusion couple can be found
to give
"
#
Z ∞
Z x0
1
(1 − Ψ)
(c − cR )dx + Ψ
(cL − c)dx . (2.10)
D̃(c) =
2t (dc/dx)x0
x0
−∞
Ψ is given by
Ψ=

c − cR
,
cL − cR

(2.11)

cL and cR are the concentrations on the left and right end of the diffusion
couple, respectively. The method of Sauer, Freise and denBroeder gives the
possibility to calculate concentration dependent diffusion coefficients by measuring concentration profiles and applying equation (2.10) to the obtained
data. A way that was also followed in this thesis. A computer experiment
analogous to a real interdiffusion experiments was performed and the obtained concentration profiles were analyzed according to equation (2.10).
Note that the interdiffusion process does only give rise to one concentration profile, the other giving no new information. It can therefore be

2.1. Macroscopic diffusion laws

15

described with only one single diffusion coefficient, the so called interdiffusion coefficient D̃. In the most general case D̃ is a combination of the
tracer diffusion coefficients DA and DB of the alloy’s constituents. Applying
the method of Sauer, Freise and denBroeder to a given concentration profile
measures the interdiffusion coefficient D̃.
Kirkendall Effect
If the two constituents of a diffusion couple differ in their diffusivities various physical effects may arise, the most prominent one the Kirkendall effect.
Different diffusive speeds and therefore different atomic fluxes have to be
compensated by a corresponding vacancy flux. This leads to generation of
vacancies in one part of the sample and annihilation of vacancies in the other
part and therefore to a macroscopic swelling and shrinking of the sample,
respectively. This can be observed by macroscopic markers, e.g. scratches,
that are placed on the sample’s surface and start to move. In a standard
Kirkendall experiment this marker motion is measured and the interdiffusion coefficient is determined. The standard theory for the Kirkendall effect
(which is due to Darken) assumes dense sources and sinks for vacancies, i.e.
the vacancy concentration is in thermodynamic equilibrium in each part of
the sample (see e.g. chapter 17 in Glicksmann [2000]). Darken’s result for
the interdiffusion coefficient reads
I
I
D̃ = yB DA
+ y A DB

(2.12)

where DiI are the intrinsic diffusion coefficients for A and B atoms, respectively. Intrinsic diffusion coefficients are measured in a co-moving frame of
reference (the lattice fixed frame) and are given by (see e.g. Murch [2001])
I
DA



c
∂ ln γA fAA − fAB cBA
= DA 1 +
∂ ln cA
fA

(2.13)

γA
where 1 + ∂∂ ln
is the thermodynamic factor, which is equal to 1 for an ideal
ln cA
solution. fik are collective correlation factors and fA is the tracer correlation
factor, respectively. The correlation factors are formally introduced in section
2.2. In Darken’s analysis of the Kirkendall effect correlation effects are not
taken into account, i.e. the Onsager matrix (see section 2.1.2) is assumed
diagonal, that is why in his treatment the third term in equation (2.13)
containing correlation factors cancels out. This third term is often referred
to as the vacancy-wind term and describes the effect of the resulting vacancy
flux that compensates the unbalanced atomic fluxes.
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Onsager’s Coefficients

The most accurate description of diffusional processes in multicomponent
systems is to calculate the atomic fluxes of each species at all points in
the sample. For systems close to equilibrium Lars Onsager proposed a linear
relationship between the atomic fluxes and the thermodynamic driving forces.
The driving forces for diffusional motion are the gradients of the chemical
potentials µi . In an alloy containing n atomic species the fluxes ji are then
given by
n
X
ji =
Lik ∇µk
(2.14)
k=0

where the index 0 is denotes the vacancies. The coefficients Lik are called
Onsager’s or kinetic coefficients. In his famous work from 1931 Lars Onsager
showed that the Onsager matrix is symmetric Onsager [1931], i.e.
Lik = Lki .

(2.15)

Depending on the problem investigated there may exist even more relations
between Onsager’s coefficients. In a system where time evolution is described
according to the vacancy mechanism the fluxes are constrained via
n
X

ji ≡ 0.

(2.16)

i=0

Inserting this constraint into equation (2.14) leads directly to
n
X

Lik = 0

∀k.

(2.17)

i=0

The diffusional equations (2.14) can now be written as
ji =

n
X

Lik ∇(µk − µ0 )

1≤i≤n

(2.18)

k=1

where the sum runs only over the atomic components. The vacancy flux can
be derived from equation (2.16).

2.2

Microscopic diffusion laws

On the atomistic scale the diffusion process consists of a site exchange between an atom and a neighbouring vacancy, i.e. atom and vacancy perform
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a so called random walk. The total displacement R of an atom is the sum
of its respective jump vectors
R=

n
X

ri

(2.19)

i=1

where ri are the n successive jump vectors. Since in a random walk positive
and negative displacements have the same probability, the mean value of R
is equal to zero. But the mean square displacement, which is a measure of
the width of the distribution curve, is different from zero and given by
R

2

=

n
X
i=1

r2i

+2

n−1 X
n−i
X

hri · ri+j i .

(2.20)

i=1 j=1

The second term in the sum in equation (2.20) contains average values of
the product of jump vectors at different times. A perfect random walk is
defined such that each atomic jump is completely independent from the previous ones, i.e. no correlations are present, therefore the correlational term
in equation (2.20) cancels out. Since the vacancy breaks the symmetry of
the diffusion process, the situation of completely uncorrelated walks is rarely
found. Examples would be the diffusion of a single atom on an empty lattice or the diffusion of a single vacancy in a pure material. But in general
correlation effects can not be neglected. They arise because if atom and vacancy exchange places, the vacancy still remains in the vicinity of the atom
and a jump of the atom back to its original position, cancelling the previous
diffusion jump, is more likely than it would be in an uncorrelated process.
The tracer correlation factor f is defined as the “deviation” from a perfect
Random Walk
!
Pn−i
P
hr
·
r
i
2 n−1
i
i+j
i=1
Pn j=1 2
.
(2.21)
f = lim 1 +
n→∞
i=1 hri i
For a perfect random walk the correlation factor is equal to 1. In the general
diffusion process, when correlations are present, the tracer correlation factor
takes a value 0 ≤ f ≤ 1. Keeping in mind, that in the case of diffusion on a
(cubic) lattice all vectors r2i are the same and equal to r2 , the equation for
the mean square displacement (2.20) can now be written as
R2 = nr2 f
with n the number of jumps.

(2.22)

18

2. Basics of Diffusion

Equation (2.22) gives the mean square displacement, which is a macroscopic quantity already determined in equation (2.6), by purely microscopic
considerations. Combining the two equations one obtains Einstein’s famous
result Einstein [1905]
1n 2
D=
r f.
(2.23)
6t
The macroscopic tracer diffusion coefficient D is now determined by microscopic quantities, where n/t is the jump frequency of the diffusant, i.e. the
number of jumps per time unit. The underlying lattice structure of matter – very important on microscale but not to be seen on macroscale – is
transmitted by the correlation factor f .

2.2.1

The random alloy model

The random alloy model is the simplest model possible to study non trivial
effects in diffusional processes. It was first introduced by Manning Manning
[1971] and despite its simplicity exact analytical results for the Onsager coefficients and diffusion coefficients have not been found yet. In the random
alloy model i = 1 . . . n atomic components occupy a given lattice, the index
0 is reserved for vacancies. Modelling the diffusional process via the vacancy
mechanism each atomic component i is assigned an exchange frequency ωi
for exchanges with a vacancy. Only nearest neighbour jumps are allowed.
In the investigations presented in this thesis the random alloy model was
used to describe the diffusion in a system of only two atomic components A
and B and vacancies V on a face centred cubic (fcc) lattice. The atomic
components were assigned exchange frequencies ωA and ωB , respectively.
The complex behaviour of even such a simple model system is best visualized by the behaviour of the tracer diffusion coefficients of the two atomic
components as a function of composition (see Figure 2.2). The tracer diffusion coefficients were obtained measuring the mean square displacement
hR2i i of each species as a function of time and making use of equation
(2.6). The exchange frequency ωA = 1 of species A was held fix, whereas
ωB = 0, 0.01, 0.1, 0.2, 0.5 and 1, respectively. Although the curves exhibit
a complicated behaviour some general aspects can be observed: Firstly, in
the limit (yA → 1) DA approaches 0.065125 for all values of ωB . Secondly
the curves are monotone increasing with yA . Both aspects can be understood
qualitatively. In the limit of high concentrations of A the self diffusion limit
of A in A is reached. In this case the tracer diffusion coefficient is given by
(see equation (2.23))
r2 y0 ωA f0
DA =
(2.24)
6
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Figure 2.2: The tracer diffusion coefficients of A and B as a function of composition. yA
denotes the site fraction of species A. The exchange frequency of A ωA = 1 was held fix,
whereas ωB was varied. The diffusion coefficients show a complex behaviour. In the case
of immobile B atoms the diffusion coefficients of the faster species A can even drop to
zero, when yA falls below the percolation threshold.

√
where r is the distance of an elementary diffusion jump (r = 2a/2 for the
fcc lattice) and f0 is the geometric correlation factor, which depends on diffusion mechanism and lattice only. For the vacancy mechanism and fcc lattice
f0 ≈ 0.7815. The jump frequency is given by the product of the vacancy
concentration and the exchange frequency. The increase in diffusivity with
higher concentrations of the fast component A is due to the fact, that the
mobility of the vacancy is decreased, when the number of slow atoms is increased. In this case there will be more attempts of the vacancy to exchange
with the slower B atoms, which are less probable successful than exchanges
with A atoms. So it gets less probable for an A atom to find a vacancy to perform an exchange, which in turn reduces the mobility of the fast component.
In the extreme case of immobile B atoms (ωB = 0) the mobility of A even
drops to zero, when the concentration falls below the percolation threshold.
This property was used to estimate the percolation threshold in several lattices via MC simulations Murch and Rothman [1981]. The described effects
are due to correlations in successive atomic jumps, i.e. the atoms do not
perform a perfect random walk, which was described in the previous section
(see also Murch [2001], Glicksmann [2000]).
Since in the random alloy model no interaction energies between the
atomic components themselves or the atoms and the vacancies are assumed,
each configuration has the same energy. The free energy of mixing is therefore completely determined by the entropy and the system follows the rules
of an ideal solution, which gives the chemical potential µi of each species i
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as a function of composition according to Pelton [2001]
µi = RT ln yi + µ0

(2.25)

with R the universal gas constant, T the temperature and yi the site fraction
of species i. µ0 is a constant. In this special case the thermodynamic factor
is equal to 1.

2.3

Closing the gap between microscopic and
macroscopic theories

Due to correlation effects, the direct calculation of Onsager’s coefficients for
a given system is a challenging task and even for a system as simple as the
random alloy no exact solution has been found until now. But nevertheless there exist a number of approximate solutions, the most important ones
shall be mentioned below. The approach of Darken, Svoboda and Allnatt do
not refer to a special microscopic model, they express Onsager’s coefficients
in terms of the tracer diffusion coefficients independent of the microscopic
details. The approach of Moleko is valid for the random alloy model only.
Manning’s concept gives the kinetic coefficients as well in terms of tracer diffusion coefficients (independent of the microscopic details) as well as in jump
frequencies (dedicated to the random alloy). For matter of convenience the
correlated part of the kinetic coefficients is often separated in the collective
correlation factor fik . It is defined analogous to the tracer correlation factor
introduced in equation (2.22) according to
(0)

Lik = Lik fik
2y ω y
(0)
0 i i
Lik = r 6RT
,
Ω

(2.26)

Ω denoting the mean atomic volume. Therefore determining Onsager’s coefficients essentially means to determine the collective correlation factors. As a
matter of convenience in the following sections, which describe the different
theoretical approaches in determining Onsager’s coefficients, both concepts
of Lik and fik , respectively, will be used interchangeably.

2.3.1

Darken’s concept

Darken’s theory is designed for systems, where no gradient of µV exists, i.e.
ideal sources and sinks for vacancies Darken [1948], Glicksmann [2000]. It
is assumed that Fick’s first law holds for each atomic component, i.e. there
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are no cross terms and no coupling of the diffusive motion of the involved
particles
Di
i = A, B.
(2.27)
ji = −Di ∇ci = − ∇yi
Ω
ci = yi /Ω is the concentration of species i, i.e. number of atoms per volume,
Ω is the mean atomic volume. Comparing equations (2.27) with (2.14) one
finds
DB yB
DA yA
LBB =
LAB = 0.
(2.28)
LAA =
ΩRT
ΩRT
Darken’s concept is not restricted to the random alloy. Therefore, given the –
experimental measurable – tracer diffusion coefficients the kinetic coefficients
can be determined for each system. Darken’s drawback is to neglect cross
terms in the Onsager matrix, i.e. the coupling of diffusive fluxes of different
species. But this coupling exists even in the random alloy and vanishes only
in the case of tracer diffusion of dilute A in solvent B (or dilute B in solvent
A, respectively) (see Figure 3.1).

2.3.2

Manning’s concept

Manning calculated the kinetic coefficients for the random alloy Manning
[1971]. His results give two expressions for Onsager’s coefficients. Firstly, as
a function of the tracer diffusion coefficients:


y k Dk
yi Di
1 − f0
Lik =
δik +
i, k = A, B
(2.29)
ΩRT
f0 yA DA + yB DB
and
LiV = −

yi Di
ΩRT f0

i = A, B

LV V =

yA DA + yB DB
.
ΩRT f0

Secondly, as a function of exchange frequencies
fAA = 1 − 2ωAΓyB fAB = 2ωBΓyB
fBA = 2ωAΓyA
fBB = 1 − 2ωBΓyA

(2.30)

with
Γ =

1
(M0 + 2) (yA ωA + yB ωB ) − ωA − ωB + 2 (yA ωB + yB ωA ) +
2s

2
1
+
(M0 + 2) (yA ωA + yB ωB ) − ωA − ωB + 2M0 ωA ωB
2
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where
M0 =

2f0
.
1 − f0

Manning derived his expressions by assuming the same escape frequency for
the detachment of a vacancy from an A or B atom, i.e. one single time constant for the loss of correlations. In contrast to Darken’s concept the Onsager
matrix is no longer assumed diagonal, LAB 6= 0 which gives a much better
description of diffusion in the random alloy. Despite the fact that Manning
achieved his equations by considering the special diffusion mechanism of the
random alloy, his results are valid beyond the random alloy. Lidiard [1986]
showed that the equations (2.29) do not only hold for the random alloy but
for any material, when two macroscopic assumptions are valid: First, the
average velocity of an isotope in a self-diffusion experiment equals the corresponding average velocity in a chemical diffusion experiment. Second, the
mobility of the atoms in a chemical diffusion experiment is related to the
corresponding tracer diffusion coefficient in the same way as for a pure material having the same type of defects and lattice structure. Lidiard’s results
prove that Manning’s equations can even be applied to materials, where the
atomistic laws of diffusion are not that well characterised as they are in the
Random Alloy.

2.3.3

Moleko’s concept

By generalising Manning’s approach Moleko and co-workers found expressions for the kinetic coefficients that proved to be more accurate over a wide
range of exchange frequencies than Manning’s results Moleko et al. [1989],
Belova and Murch [2000a,b]. The main difference to Manning’s theory is
the definition of different escape frequencies for the vacancy for each atomic
species and not only to use one single escape frequency. But nevertheless
in Belova and Murch [2000a] the surprising result is presented that for the
binary random alloy Moleko’s formalism gives exactly the same solution as
Manning in equation (2.30). But one has to be aware, that although equation
(2.30) gives a very accurate description for the binary random alloy, that this
is not the case for equation (2.29).

2.3.4

Svoboda’s concept

Svoboda and co-workers used Onsager’s principal of maximum entropy production to calculate Onsager’s coefficients Onsager [1931], Svoboda et al.
[2002], Hartmann et al. [2005]. This approach is completely macroscopic, no
details of the atomistic diffusion mechanisms enters the derivation (except
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for the tracer correlation factor, which is the link connecting microscopic and
macroscopic “world”). Starting point of the calculations is the symmetric and
positive definite dissipation matrix Bij . The total Gibbs energy dissipation
rate Q is then given as a quadratic form of the fluxes via
!
Z
n
X
Q=
Bik ji jk dV
(2.31)
V

i,k=0

which has to take a maximum with respect to the fluxes. Since the details of
the calculation can be found in Hartmann et al. [2005], here only the main
results shall be presented: The Onsager coefficients take the following form
−1
Lik = Cik

(2.32)

with Cik ≡ Bik −B0k −Bi0 +B00 . The matrix Cik results from the dissipation
matrix by elimination of the vacancy flux which is given by equation (2.16).
Note first that the matrix Cik is symmetric and second that the entries Ci0 =
C0i ≡ 0. Furthermore, assuming a diagonal dissipation matrix one can show
that


Ak
i, k = 0, · · · n
(2.33)
Lik = Ai δik − Pn
l=0 Al
where the coefficients Ai reflect the atomic mobilities and are the inverse
eigenvalues of the matrix Bik . In a last step the coefficients Ai have to be
determined. By applying Lidiard’s two macroscopic assumptions (see section
2.3.2) it is found that
yi Di
Ai = ΩRT
Pin= 1, · · · n
1
A0 = − 1−f0 i=1 Ai .

(2.34)

Comparison of these results with equation (2.29) (Manning’s result) shows
that these two approaches are equivalent: assuming a diagonal dissipation
matrix and taking into account Lidiard’s macroscopic assumptions leads directly to Manning’s formalism.

2.3.5

Allnatt’s concept

Allnatt and Allnatt [1984], Allnatt [1982] describe a method to determine
Onsager’s coefficients that is closely related to the method of determining
tracer diffusion coefficients via Einstein’s equation (2.6). It is found that
Lik =

h∆Ri (t) · ∆Rk (t)i
6nΩRT t

i, j = A, B

(2.35)
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where
∆Ri (t) =

Ni
X

∆ri (m, t)

(2.36)

m=1

is the sum over all displacements of atoms of species i at time t. n denotes the
number of moles of all species and T the temperature. Due to the analogy
of equation (2.35) with equation (2.6) this approach is often called generalised Einstein’s equations. The Einstein equation links the displacement of
one single atom to its tracer diffusion coefficient, the generalised Einstein
equations link the displacement of the entire system of A or B atoms to the
Onsager coefficients. While the displacement of single atoms suffices to determine tracer correlation factors and tracer diffusion coefficients, respectively,
the determination of collective correlation factors and Onsager coefficients,
respectively, requires the determination of collective displacements of the
system. Since in a computer experiment the displacement of all atoms of
all species are known in every detail, Allnatt’s concept is a perfect tool to
measure Onsager’s coefficients in a computer experiment. In contrast to a
real measurement this simulations are done in thermodynamical equilibrium,
without any composition gradients.

Chapter 3
Determination of Onsager’s
Coefficients in a MC experiment
As described in the previous sections lots of different theoretical approaches
exist, determining Onsager’s coefficient for a general material (equations
(2.28), (2.29) and (2.33), respectively) or for the special case of the random alloy (equations (2.30) and Moleko’s concept). A computer experiment
provides the possibility to test this different approaches and to detect its
ranges of validity. Since the binary random alloy model is, first, an often
described model system and, second, easy to translate into a computer code,
it was chosen to test the presented theories. A computer simulation gives
the opportunity to determine the tracer diffusion coefficients via equation
(2.6) and in a second independent simulation run to determine Onsager’s
coefficients (either via the generalised Einstein’s equation (2.35) or via the
method of imposing fluxes to the system as described in the next section).
The measured diffusion coefficients can then be plugged into the presented
equations to calculate the kinetic coefficients and these can then be compared
to the measured ones.

3.1

The Model

The simulations have been performed on a fcc lattice with cubic lattice constant a. The geometry was chosen such, that in x-direction 16 units cell
and in y- and z-direction, respectively, 64 units cells were placed. This corresponds to N = 262144 lattice sites. This asymmetric configuration was
chosen, because in the simulations a flux is going to be imposed on the system along the x-direction. To ensure linear concentration profiles along this
axis, it was kept as short as possible. Each lattice site could either be occu25
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pied by an A atom, a B atom or a vacancy, respectively. The lattice was first
randomly filled with A and B atoms corresponding to a special site fraction,
later on a definite number of vacancies was introduced in the system. The
time evolution was modelled according to the rules of vacancy dynamics: a
vacancy could exchange with one of its neighbouring atoms. The A atoms
were assigned a jump probability of 1, the jump probability for B atoms was
chosen ωB = 0.1. In each simulation step one of the vacancies and one of its
neighbours were chosen at random. When the neighbouring site was occupied
by an A atom the exchange was done. If the neighbouring site was occupied
by a B atom, a random number p was drawn. If p ≤ ωB then the atom and
the vacancy changed places, otherwise the configuration was kept. The time
scale in our simulations was 1 Monte Carlo Step (1 MCS), which means one
jump trial per lattice site. The outcome of a simulation run is a de facto
one-dimensional concentration profile, which was obtained by averaging the
atoms in planes with x = const., i.e. planes with equal symmetry, resulting
in profiles yA (x), yB (x) and yV (x), respectively.

3.2

Measuring Onsager’s Coefficients

Equation (2.14) shows that a gradient in the chemical potential will lead to an
atomic flux. For systems with small gradients in the chemical potential, i.e.
concentration gradients, Onsager assumed a linear relationship between gradients and fluxes. The relation between them is mediated via the symmetric
and positive definite Onsager matrix. Knowing gradients and the resulting
fluxes gives the opportunity to calculate the kinetic coefficients according
to equation (2.14). Since in computer simulations the system is known in
“every detail” gradients and fluxes can be easily determined and therefore
the calculation of Onsager coefficients is possible for simple model systems.
In Murch and Thorn [1979a], Murch [1980] the determination of the kinetic
coefficients was done by imposing a gradient of the chemical potential on the
system and measuring the resulting fluxes. Another possibility is the in-field
method, where the particles are assumed charged and move in an external
electrical field Murch and Thorn [1977, 1979b], Murch [1982]. This approach
makes use of the fact that equation (2.14) and the kinetic coefficients remain
unchanged no matter of the nature of the driving force - be it a gradient in
the chemical potential or an electric field. Our approach was not to impose
a concentration gradient on the system, but constant atomic fluxes jA , jB
and jV , respectively. This leads to the emergence of a concentration gradient
which was measured and used to calculate Onsager’s coefficients Hartmann
et al. [2005].
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Imposing the fluxes on the system was done the following way: each time
step ∆t one atom of species i on the right border of the sample (x-coordinate
x = 7) was exchanged with an atom of species j on the left border of the
sample (x-coordinate x = −8). This leads to a positive flux ji , which is
balanced by a negative flux jj
ji = −jj = ∆t · d2

−1

.

(3.1)

In the simulations presented in this thesis d = 64, which is the dimension
in y- and z-direction, respectively. But the flux of species i can not only be
balanced by one species j, but by both other species. E.g. let every n-th
time step ∆t an atom A be exchanged with a vacancy, all other times with
a B atom. Then it is found
−1

jA = (∆t · d2 )
−1
n
∆t · d2
jB = − n−1
−1
jV = − (n∆t · d2 ) .

(3.2)

The conservation of fluxes (2.16) is evidently fulfilled. These (constant)
atomic fluxes lead to gradients in atomic and vacancy concentrations, which
can be measured. Figure 3.1 shows the typical time evolution of a concentration gradient generated by an imposed flux. Starting from a random
distribution of atoms a gradient starts to build up, which reaches a steady
state after approximately 10000 MCS. After becoming stationary the gradient can be determined by a linear regression. The emergence of a vacancy
gradient shows, that the Onsager matrix is not symmetric, since the vacancy
flux is exactly zero.
Together with equations (2.18) the kinetic coefficients can then be determined. For the binary alloy they read
i
h
i
h
∇yA
∇yV
∇yB
∇yV
jA = −RT LAA yA − yV − RT LAB yB − yV
h
i
h
i
(3.3)
∇yV
∇yB
∇yV
A
−
RT
L
jB = −RT LBA ∇y
−
−
BB
yA
yV
yB
yV
where equation (2.25) was used to replace the gradients in the chemical potentials µk by concentration gradients. Together with a set of imposed fluxes
jA and jB and the measured concentration gradients ∇yA , ∇yB and ∇yV
equation (3.3) forms a set of 2 linear equations in 4 (taking into account the
symmetry of the Onsager matrix only 3) unknowns LAA , LAB , LBA and LBB .
Therefore at least two independent simulation runs with a different choice of
fluxes had to be performed to get enough equations to solve equation (3.3)
unambiguously. To improve statistics even 6 different runs with different sets
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Figure 3.1: Time development of the concentration gradients for an imposed flux of jA =
−jB = 0.001, jV = 0. The emergence of both, an atomic concentration gradient (left) as
well as a vacancy concentration gradient (right), can be seen. Since the vacancy flux is zero
the vacancy concentration gradient shows that the Onsager matrix is not diagonal. After
latest 10000 MCS the gradients have reached a steady state and they are then determined
by a linear regression.

of fluxes were used. Choosing the fluxes two requirements had to be met:
first, the fluxes had to be chosen big enough to ensure measurable concentration gradients. Second, the gradients had to be small enough to avoid
accumulation of one species on one side and to avoid non-linear gradients.
Table 3.1 lists the used fluxes. Since it gets very difficult to obtain continuous, measurable concentration gradients, if the composition of the atoms
get too small, the results presented are restricted to concentration ranges
0.1 ≤ yA ≤ 0.9. These runs together with equation (3.3) now form a set of
1
2
3
4
5
6

jA
4.8
8.0
0.0
8.0
-1.2
-2.4

jB
-4.8
0.0
4.8
-4.0
2.4
-2.4

Table 3.1: The used fluxes in our simulations.
10−4 / a2 · MCS

jV
0.0
-8.0
-4.8
-4.0
-1.2
4.8
All fluxes are presented in units of

12 equations in 4 unknowns which is overdetermined. The solution of such
an overdetermined set of equations is done by a linear least-square approach,
where a set of reduced equations has to be solved Press et al. [1992]

AT · A · x = AT · b
(3.4)
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where the original (overdetermined) set of equations is A · x = b. Equations (3.4) represent now a set of linear equations in as many unknowns as
equations, which is easy to solve.
A classical tracer experiment was the first test to examine the method of
imposing fluxes and measuring concentration gradients. In a tracer experiment no chemical gradients exist, the only existing gradient is a gradient
between one species of atoms, e.g. the A-atoms, and one of its isotopes, the
so called tracer A0 . Since A and A0 are chemically equivalent these gradients
will neither lead to a flux nor to a gradient in B or the vacancies and for this
simple situation Fick’s first law applies
jA0 = −

DA
∇yA0
Ω

(3.5)

where DA is the tracer diffusion coefficient of species A for the concentration
yA + yA0 . In the simulations the tracer experiment was realised by dividing
the A-atoms into A and A0 and the flux was now imposed by exchanging A
with A0 as described before. The developing gradients were measured and
via equation (3.5) the tracer diffusion coefficient of A was calculated. This
was then compared to the tracer diffusion coefficient obtained by measuring
the mean square displacement of species A as described in chapter 2.2.1 and
Figure 2.2. The comparison is shown in Figure 3.2. As can be see the two
lines coincide, so it can be concluded that imposing fluxes and measuring gradients is a suitable method to calculate Onsager’s coefficients in a computer
experiment. In a next step the kinetic coefficients LAA , LBB , LAB and LBA ,
respectively, were determined. The fluxes seen in table 3.1 were imposed on
the system, resulting concentration gradients were measured and Onsager’s
coefficients were obtained by making use of the equations (3.3) and (3.4).
In Figure 3.3 the results of this calculations are shown. The measured kinetic coefficients as well as the predictions from the four described concepts
are shown – Darken - short dashed (equation (2.28)), Manning/Svoboda long dashed (equations (2.29) and (2.33)) and Moleko/Manning - solid lines
(equation (2.30)). The small blue dots show the results obtained by making
use of the generalised Einstein’s equations (2.35).
Comparing the predictions of the different theoretical approaches with
the simulations results, the different degree of accuracy of the different approaches is obvious. Darken’s concept provides the roughest description,
only in the case of the diffusion of an infinitely solution in an otherwise pure
solvent Darken gives the right solution. The approach of Manning/Svoboda
gives a better description of the situation, giving the correct result in both
extreme cases (yA → 0, 1), but still deviating from the right solution for concentration values in between. The best description is given by the theory of
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Figure 3.2: A comparison of the measured tracer diffusion coefficient for species A. Red
circles: measured by imposing a constant flux (jA0 = 0.0006 1/(a2 MCS) on the system.
Solid, black line: measured by determining the mean square displacement of the atoms.

Moleko.
The two simulation procedures to determine the kinetic coefficients also
show some differences. The method of Allnatt gives less noisy, statistically
better results, than the method of imposing fluxes and measuring concentration gradients. Allnatt’s method is based on the calculation of the kinetic
coefficients in chemical equilibrium, whereas the flux-concentration measurements are performed out of chemical equilibrium. Since Onsager’s Ansatz
(2.14) is only valid for systems near to thermodynamic equilibrium it might
be possible that non-linear effects are responsible for the deviation of the
measured kinetic coefficients from the results of Moleko and Allnatt for concentrations yA near 1.
Furthermore it was investigated whether Svoboda’s theory that uses the
principle of maximum entropy production can be further generalised to give
more precise results. Starting from a diagonal dissipation matrix the equations (2.33) were deduced. Applying Lidiard’s two macroscopic assumptions
the coefficients Ai were determined in terms of the tracer diffusion coefficients of the two diffusing species. Lidiard’s first assumption leads to the
determination of the atomic mobilities Ai with i > 0, the second one to the
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Figure 3.3: The results for the determination of Onsager’s coefficients are shown

mobility A0 of the vacancy. Let’s examine the two assumptions a bit closer.
Onsager’s approach describes all diffusional processes (the kinetic coefficients
are assumed independent of the force), especially it is valid for a tracer diffusion experiment. Assume a n-component alloy prepared in that way that the
only existing composition gradient is a gradient between A and its isotope
A0 . Therefore all other gradients and fluxes – especially the vacancy flux –
are exactly zero. By simple calculations it is possible to express the flux of
the tracer as a function of vacancy flux (which is zero) and gradient in A0
only (see Lidiard [1986])
P


LA0 A ni=1 LiA0
LA0 A
Pn
jA0 = LA0 A0 −
∇(µA0 − µ0 ) − Pn
j0 .
(3.6)
i=1 LiA
i=1 LiA
The argument is now that the kinetic coefficients have to describe every
diffusional situation, quite so the case of tracer diffusion. But in this case it
is known that Fick’s first law applies, which puts the atomic flux in relation
to the tracer diffusion coefficient and the tracer gradient ∇yA0 . Combining
these two equations gives a relation between the kinetic coefficients and the
tracer diffusivities for the atomic species. This is Lidiard’s first assumption.
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The same argument was followed in Hartmann et al. [2005] to connect the
atomic mobilities Ai to the tracer diffusivities.
Lidiard’s second assumption is that the mobility of species i is related to
the tracer diffusivity Di in the same way as for a pure material having the
same type of defects and the same lattice structure. The mobility is defined
as the average drift velocity per unit force and is calculated by applying the
same force to all atomic species. This second assumption essentially means
that the ratio of atomic and vacancy correlation factor is independent of composition and leads to the calculation of AV by equating atomic and vacancy
jumps and taking into account the correlation factor. While Lidiard’s first
assumption is very fundamental and discarding it would essentially mean to
discard Onsager’s approach, the same is not true for the second assumption.
So it is a legitimate question to ask, whether it is possible by discarding assumption 2, i.e. some other choice of AV , to correctly describe the Random
Alloy? To investigate this question, one should refer to the sum rules that
exactly apply to the Random Alloy Moleko and Allnatt [1988]. They read
1 − fAA
1 − fBB
fAB
fBA
=
=
=
.
ωA yB
ωB yA
ωB yB
ωA yA

(3.7)

Moleko’s equations fulfil the sum rules trivially, but is it also possible to make
Svoboda’s equations (2.33) fulfil the sum rules by some other choice of the
constant AV ? Rewritten in terms of correlation factors Svoboda’s equations
read
fi fk yk ωk
(3.8)
fik = fi δik −
yA ωA fA + yB ωB fB + aV
with aV = (6ΩRT /r2 )AV . Insertion into the sum rules leads to 2 equations
in only one unknown aV
(1 − fA ) (yA ωA fA + yB ωB fB + aV ) + fA2 ωA yA = −fA fB ωA yB (3.9)
(1 − fB ) (yA ωA fA + yB ωB fB + aV ) + fB2 ωB yB = −fA fB ωB yA . (3.10)
These two equations are therefore only soluble if
fA ωA
fB ωB
=
.
1 − fA
1 − fB

(3.11)

In Figure 3.4 the right hand side of this equation is plotted against the left
hand side. If the condition was fulfilled the points would lie on the straight
y = x, which is not the case.
To summarise: Starting from a diagonal dissipation rate and two macroscopic assumptions Svoboda derived general expressions for the kinetic coefficients describing diffusion in a general alloy system. The first of the two
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Figure 3.4: The Figure shows the right hand side of equation (3.11) plotted against the
left hand side. Since the data points do not lie on the straight y = x it is not possible
to fully describe the random alloy in the framework of Svoboda’s theory starting with a
diagonal dissipation rate.

assumptions states, that the kinetic coefficients are only dependent on the
local concentrations and apply to all possible configurations, especially for
the case of tracer diffusion. While this assumption – though not proven –
is the basis of Onsager’s description, the second one states that the ratio
of atomic correlation factor and vacancy correlation factor is independent of
composition. This second assumption leads to the evaluation of the mobility
A0 of the vacancy. This assumption needs not to hold exactly, therefore it
was investigated, if the random alloy could be exactly described by some
other choice of A0 . Figure 3.4 shows that this is not the case. Since it does
not seem feasible to discard the first assumption, it is necessary to include
off-diagonal terms in the dissipation matrix (see equation (2.31)), to fully
describe the random alloy.
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Chapter 4
Interdiffusion
As previously described (see section 2.1.1) the experimental realisation of a
diffusion couple (see Figure 2.1) together with non-reciprocal diffusivities, i.e.
different values of the diffusion coefficient for A and B atoms, gives rise to a
remarkable effect: the Kirkendall effect. Since a diffusion couple is a widely
used model system to measure diffusion coefficients in a physical experiment,
computer simulation methods were used to perform a classical interdiffusion
experiment in the computer and to compare the results of this atomistic
simulations to outcomes of a continuum mechanical, i.e. macroscopic, approach. But there is a drawback in performing an interdiffusion Monte Carlo
computer experiment. A necessary condition for the Kirkendall effect is the
generation and annihilation of vacancies. For a theoretical treatment the vacancy concentration is assumed to be in thermodynamical equilibrium everywhere in the sample. On the other hand almost all Monte Carlo simulations
are based on the principle of a constant number of lattice sites, which makes
the generation and annihilation of vacancies, if not impossible, extremely
difficult. That is why in the simulations presented in this thesis the other
extreme is chosen, no sources and sinks of vacancies. The same condition
was also chosen in the continuum mechanical calculations the Monte Carlo
results have been compared with. Beginning with a distribution of A and B
atoms as depicted in Figure 2.1 (left) the concentration profile is monitored
with respect to time and doing a standard Sauer-Freise-denBroeder evaluation equation (2.10) the interdiffusion coefficient D̃ is determined. This
interdiffusion coefficient can then be compared to an expression that follows
from Svoboda et al. [2002].
35
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Calculation of Concentration Profiles

The concentration profiles were obtained, by starting the simulation from a
special initial configuration, namely all A atoms (B atoms, respectively) were
placed on lattice sites with negative (positive, respectively) x-coordinates (see
Figure 2.1) – the macroscopic dimensions of the samples were two cubes with
64 × 64 × 64 unit cells each (one unit cell consisted of 4 atoms) that were
connected at the plane x = 0. The vacancy was placed randomly. The
simulations were done for times 0 to 100000 MCS. Every 500 MCS the concentration profile was written out. These simulations were done with a single
vacancy. To obtain vacancy concentration profiles for this special case, the
vacancy concentration yV (x) was not evaluated by spatial averaging, but by
a temporal average. For a given time interval it was counted how often the
vacancy passed a plane x = const., which also results in a spatial varying
vacancy concentration yV (x). Knowing both – the atomic and the vacancy
concentration profiles – it is possible to specify a vacancy concentration depending on yA , more exactly
yV (yA ) = yV (x(yA ))

(4.1)

with x (yA ) the inverse function of yA (x). Figure 4.1 shows two typical curves
to illustrate the behaviour of the A-concentration and vacancy concentration
profiles. The vacancy concentration was normalised to the equilibrium vacancy concentration, which was simply 1/256, as there were 2 · 128 lattice
planes with 128 · 64 sites over which the vacancy was equally distributed in
equilibrium. This homogenous distribution is due to the fact that in the Random Alloy there are no chemical interactions between the alloy’s constituents
and therefore no reason for the vacancy to prefer any lattice site.

4.2

Results and discussion

For several values of ωB , namely 0.01, 0.1, 0.5 and 1, concentration profiles
were obtained. A comparison of these profiles at the same time shows that
with increasing ratio of ωA /ωB interdiffusion is significantly slowed down
(see Figure 4.2). This can be understood easily, since the mixing of the
two atomic species requires both the faster component A to advance in the
former B-regime, but also the slower component B in the A-regime. This
process is hindered the smaller ωB is chosen. The Boltzmann transformation
which transformed Fick’s second law in an ordinary differential equation (see
equation (2.9)), shows that the profiles should depend only on one reduced
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Figure 4.1: left: The concentration profiles for t = 0, 10000, 50000 and 99500 MCS, respectively (ωB = 0.01).
right: the vacancy concentration yV normalised by the vacancy concentration in equilibrium yVeq .

variable, i.e. the profiles should scale. Plotting the curves vs. the reduced parameter λ = √xt makes them to collapse onto one single curve - a behaviour
that is only changed for early times (the rectangular starting profile does
obviously not scale) or when finite size effects come into play. Figure 4.3
visualizes the scaling behaviour for ωB = 0.01, 0.1, 0.5 and 1, respectively.
According to this analysis a single parameter – the interdiffusion coefficient
D̃ – suffices to describe the obtained profiles. This interdiffusion coefficient
can be calculated by the method of Sauer, Freise and denBroeder which was
introduced earlier. Figure 4.4 shows the resulting Interdiffusion coefficient D̃
as a function of composition and for different ratios of the atomic exchange
frequencies. In Svoboda et al. [2002] the authors presented a derivation of
Onsager’s coefficients by means of tracer diffusion coefficients. Although in
this derivation vacancy correlation effects were neglected, it gives a prediction of the interdiffusion coefficient for the case of no sources and sinks for
vacancies. This interdiffusion coefficient is given by
D̃ =

DA DB
yV
eq
yV yA DA + yB DB

(4.2)

which easily can be compared with our results. In Figure 4.4 the black curves
show the interdiffusion coefficient obtained by a Sauer-Freise-denBroeder
analysis of the resulting concentration profiles. The red curves correspond
to the interdiffusion calculated by equation (4.2). For this calculation the
vacancy concentration yV (yA ) and the tracer diffusivities DA (yA ) (DB (yA ),
respectively) have to be known for the same values of yA . Since the vacancy
concentration was not exactly known at the values yA = 0, 0.01, . . . , 0.99, 1
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Figure 4.2: The concentration profiles for different values of ωB at 10000 MCS. The effect
of slowing down of mixing with decreasing ωB is clearly visible.

a linear interpolation was done to determine the vacancy concentration at
the desired positions. Figure 4.4 shows that equation (4.2) – although derived by neglecting vacancy correlation effects – fits the data remarkable well.
The agreement of the data is the better the more the ratio of the exchange
frequencies approaches 1, i.e. the atoms get indistinguishable. For indistinguishable atoms the interdiffusion coefficient can be calculated analytically.
It is D̃ = DA = DB , where one has to consider that in this special case the
vacancy concentration is at its equilibrium value at all points in the sample. For large ratios, i.e. 0.01, the deviations of the two curves get more
pronounced, which is also to be expected.
Equation (4.2) was evaluated by the rough approximation AV = AA +AB .
To find a formula analogous to equation (4.2) by the use of equation (2.34) is
still missing and should further help to improve the results shown in Figure
4.4.
To further compare the results obtained by the continuum-theory and our
atomistic simulations, the tracer diffusion coefficients obtained by the random alloy model were taken as input for calculations according to Svoboda
et al. [2002] for the case of no sources and sinks for vacancies (i.e. constant
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Figure 4.3: The scaling behaviour for ωB = 0.01 (top-left), ωB = 0.1 (top-right), ωB = 0.5
(bottom-left) and ωB = 1 (bottom-right), respectively. The concentration yA is plotted
against the reduced parameter λ = √xt . With increasing ωB , i.e. speeding up of the mixing
process, pronounced finite size effects occur even at a rather early stage of time.

number of vacancies). This continuum theory enables to calculate the time
evolution of concentration profiles of all species including vacancies. The
reduced concentration profiles and the dependence of the vacancy concentration on the concentration of A atoms could be compared. The results
are shown in Figure 4.5. The agreement between the data is good, although
deviations in the reduced profiles and the vacancy concentration profiles can
be observed. Two reasons account for this fact: first, the continuum mechanical theory used to calculate the profiles is Svoboda’s model with a diagonal
dissipation matrix. As was shown in the previous chapter this can not account for an exact description of the random alloy. Second, there is a ”time“
effect in the vacancy-concentration. As could already be seen in Figure 4.1
the vacancy-concentration is not fully independent of time, but varies a little. This is due to the fact, that the vacancy concentration, does not only
depend on the concentration yA , but also on the volume fraction of material
with composition yA and since this changes with time, so does the vacancy-
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Figure 4.4: The interdiffusion coefficient for different values of the atomic exchange frequencies. Top left ωB = 0.01, top right ωB = 0.1, bottom ωB = 1. Black symbols denote
values obtained by a Sauer-Freise-denBroeder analysis, red symbols the evaluation according to equation (4.2). The blue line in the graph for ωB = 1 shows the theoretical value
of the interdiffusion coefficient of D̃ = 0.06513.

concentration. But despite these small discrepancies, which could be further
minimised by the use of a more general continuum mechanical model, e.g.
Svoboda’s approach with a non-diagonal dissipation matrix, the atomistic
and macroscopic results prove to be nearly identical for a wide concentration
range.
Finally it was also tried if dynamic effects could be predicted by Monte
Carlo simulations. It was predicted by continuum mechanical calculations
that for early times starting from a spatially constant vacancy concentration
a vacancy poor region should emerge in the part of the slower diffuser close
to the initial interface. This is because the vacancies near the interface are
easily drawn in by the fast diffuser, where they are easily distributed. On the
other hand the flow in from vacancies from the outer part of the slow diffuser
region is too slow to compensate. To investigate these transient effects the
simulations were not done with a single vacancy, but with 2000 vacancies.
Therefore the vacancy distribution presented are not obtained by a temporal
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Figure 4.5: A comparison of the results obtained by an atomistic Monte Carlo simulation
(black) and a continuum mechanical calculation (red) is shown. The reduced profiles for
the A-concentration (top) and vacancy concentration profiles (bottom) are plotted for two
different values of the atomic exchange frequency: ωB = 1 (left) and ωB = 0.1 (right),
respectively.

average, but are concentration profiles in the normal sense. Figure 4.6 shows
these transient effects in the vacancy distribution. Three different continuum
mechanical models were used to evaluate the vacancy profiles for early times.
First the theory of Darken, which gives the green line. Second the theory of
Svoboda, that was presented in Svoboda et al. [2002]. In these calculations
crude assumptions were made in order to evaluate AV . Most significantly
the presented value AV was always positive. These assumptions lead to a
poor description of the actual profiles (red line). A better estimate of AV as
presented in Hartmann et al. [2005] (see also equation (2.34)) – AV is now
given a negative value – gives a reasonable well description of the profiles.
The still existing deviations are not surprising since it was shown in chapter
3.2 that describing the diffusional process with a diagonal dissipation rate –
as it was done to calculate the presented values of the mobilities A – is not
sufficient to fully describe diffusion in an alloy.
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Figure 4.6: The vacancy distribution for early times. The graph shows the result of a
Monte Carlo simulation (black dots) and continuum mechanical calculations, where the
theories of Darken (green line), Svoboda as given in Svoboda et al. [2002] (red line) and
Svoboda as given in Hartmann et al. [2005] (blue line) were used.

Chapter 5
Conclusion and Outlook Diffusion
In this thesis Monte Carlo techniques were applied to diffusional problems in
material physics. The field of interest was substitutional diffusion in binary
alloys. Diffusion is a process covering several time and length scales. On the
microscopic scale of several Ångström and several femto-seconds the fundamental diffusion event is described by atomic site exchanges. Whereas on
the macroscopic level (sample sizes of cm and diffusion times of days or even
weeks) diffusion manifests itself in the smearing of continuous concentration
profiles. Due to the difference in the involved scales different concepts have
been developed to give an appropriate description of the diffusional process
on the scale investigated. Bridging the gap between macroscopic and microscopic description, i.e. calculation of the macroscopic quantities describing
diffusion out of the atomic details of the elementary jump processes, is the
field of statistical mechanics. But because of the complexity of the involved
systems exact solutions are possible only for few, simple systems. To gain
results for models closer to physical reality the use of approximations in the
calculations is inevitable. Since the impacts of these approximations is not
always well understood it was the aim of this thesis, to compare the predictions of different macroscopic theories to the results of atomistic Monte
Carlo simulations for a simple model alloy. Starting from an atomistic computer experiment – where all atomic details of the diffusional process were
known – continuum mechanical averages were calculated and compared to
the predictions of the theoretical approaches by Darken, Manning, Svoboda
and Moleko, which show different levels of approximation. It was shown that
Manning’s and Svoboda’s concept, although derived on different paths, are
equivalent. Determining the tracer diffusion coefficients and Onsager’s coefficients in two independent simulation runs provided the basis for a comparison
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of the different models. It was shown that Darken’s concept gives only a poor
description of the diffusional processes, whereas Manning’s/Svoboda’s model
describes the situation better. The most accurate description is given by
the model of Moleko, with the drawback that Moleko’s model is especially
designed for the random alloy and can not readily be applied to more general systems. Although Manning’s model was originally also developed for
the random alloy, it was shown by Lidiard that Manning’s results are valid
beyond the random alloy. On the other hand Svoboda’s concept is entirely
based on a macroscopic description, the only input are diffusion coefficients,
and is therefore applicable to all model systems (if diffusion coefficients can
be defined). But the version of Svoboda’s model described in this paper has
another big drawback. In this thesis it was shown that it is not possible
to describe the random alloy exactly by Svoboda’s description. This is due
to the fact that the dissipation matrix was assumed diagonal. Our results
show that an exact description of diffusional problems demands to include
off-diagonal terms in the dissipation matrix. Therefore the drawback of Svoboda’s theory – the incomplete description of diffusional processes with a
diagonal dissipation matrix – is at the same time its big advantage: it is
possible to generalise Svoboda’s concept beyond the concept of Manning to
account for all diffusional effects.
Additionally to the determination of Onsager’s coefficients interdiffusion
problems were studied. The starting configuration of a classical diffusion
couple was prepared and the resulting concentration profiles were monitored.
The obtained profiles, which showed excellent scaling behaviour, were analysed with a Sauer, Freise, den Broeder analysis which gave the interdiffusion
coefficient as a function of composition. This was then compared to the
expressions given by Darken and Svoboda. Furthermore using the tracer
diffusion coefficients obtained from a Monte Carlo experiment concentration
profiles were also obtained by continuum mechanical calculations. Both,
the atomic and vacancy concentration profiles, were compared to the Monte
Carlo results. The reduced profiles show very similar behaviour. Small deviations are most probably due to the approximation of a diagonal dissipation
matrix in Svoboda’s approach.
Several experiments can be thought of to continue this work. One extension is the generalisation to alloys not forming an ideal solution, most striking
ordering solids. These alloys can be most effectively studied by implementing atomic interactions in the model, e.g. denoting each configuration pair
hiji) an interaction energy ij . Describing the configuration of the lattice
with spin variables results in an Ising-like interaction Hamiltonian that now
governs the thermodynamic behaviour – especially the jump frequencies –
of the system. This is the natural extension of the random alloy model,
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the exchange frequencies of the atomic species not being constant any more
but dependent on the local environment of atom and vacancy. Within this
model the attraction or repulsion of atoms and vacancies, respectively, is easily tuneable. Apart from effects arising from ordering tendencies of the alloy,
interesting new features can also be expected by introducing some attraction
by the vacancy and one atomic species.
Another route to extend the presented work is the investigation of multicomponent alloys beyond the binary alloy. For more than two atomic components the results of Manning (relating jump frequencies and Onsager’s
coefficients) and Moleko are not equivalent any more. An interesting question to answer is, if the presented descriptions stay accurate for a ternary or
higher alloy or if they fail with the increasing complexity of the system.
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Part II
Trabecular Bone remodelling
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Bone can be classified in two major groups: compact and trabecular bone
Currey [2002]. While compact bone, which is found e.g. in the shaft of long
bones or in the outer shell of the skull, is a solid structure with a porosity of
less than 10 %, trabecular bone, found at the end of long bones or inside the
vertebrae, is a spongy structure with a porosity of more than 80 %. Both
classes of bone are built up from the same material – a nano-composite of
collagen and hydroxylapatite. From a material scientists point of view bone
is a hierarchical structured material, which is demonstrated in Figure 5.1 for
the example of a vertebra. The highest level is considered the whole vertebra
as found in the human body. Zooming inside the vertebra trabecular bone
is formed of a spongy structure with a porosity of more than 80 %. On this
scale bone forms an open-pored cellular structure, similar to a foam. The
single struts forming the structure are called trabeculae. Further increasing
the magnification the structure of one trabeculae can be seen. It is built
up in a lamellar manner, different sheets of material laid above one another.
At the molecular level, bone is a composite of two different materials with
opposing properties. A soft, but tough protein, the collagen, formed by three
collagen chains arranged in a triple helix. The other component is a stiff,
but brittle mineral, the hydroxylapatite, a calciumphospate. Stiffness and
toughness are two very different properties. Stiffness is a measure how much
force is needed to extend a material, i.e. the slope of the stress-strain curve.
Toughness measures how much energy is needed to break a material, i.e. the
area under the stress-strain curve. In most materials stiffness and toughness
are two opposing properties. Materials that are very stiff, e.g. ceramics, are
breaking easily. On the other hand, materials that are soft, e.g. rubber, can
be deformed easily but it is very hard to break them. It is obvious, that
the material bone needs to meet both requirements. In daily life it has to
be stiff enough to wear loads without considerable deformations, but it also
has to be tough enough to withstand impacts and unusual loadings (so called
error loads) without breaking. The special design and arrangement of organic
and inorganic material in bone reconciles both aspects and gives a structure
almost as stiff as pure mineral and almost as tough as pure collagen Jäger
and Fratzl [2000], Gao et al. [2003].
The mechanical properties of the living structure bone are influenced by
all its hierarchical levels. It is known that a failure on one of the hierarchies
also affects all other levels and may lead to a severe distortion of the bone
as a whole. Severe bone diseases like osteoporosis or osteogenesis imperfecta
(OI), the brittle bone disease, are prominent examples. OI stems from a point
defect in the genetic code (i.e. a defect at the lowest hierarchical level), which
gives a slightly different assembly of collagen building up bone. Normally the
collagen triple helix is formed by two α1 and one α2 collagen chains. In the
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Figure 5.1: The hierarchical structure of bone shown for the human vertebra. Different
levels of hierarchy can be seen. On the scale of several centimetres the whole vertebra
can be recognised. But zooming in the structure shows, that on the scale of millimetres
trabecular bone exhibits a spongy structure with a porosity of 80 or more percent. On
the scale of several 100 µm single trabeculae can be found, that form the spongy structure
one level above. Further increasing magnification the lamellar structure of the material
gets visible. Finally, on the molecular level bone is a composite material formed by a soft,
but tough protein – the collagen – and a stiff, but brittle mineral – the hydroxylapatite.

case of OI this helix is solely consisting of three α1 collagen chains. This
defect does not only affect the collagen assembly, but leads to severe failures,
like mal-mineralization and architectural deficiencies on the trabecular level,
resulting in extreme brittleness of the bone as a whole Misof et al. [1997],
Camacho et al. [1999], Grabner et al. [2001], Rauch and Glorieux [2005].
Thus, understanding each of the existing levels and their interrelation is of
great importance.
In this thesis the remodelling process in trabecular bone is the field of
interest. This remodelling process takes place on the hierarchical level of
trabeculae and manifests itself in the change of bone mass and/or trabecular architecture. It is believed that this process is mechanically influenced,
which poses many questions: Which mechanical signal does bone sense? How
does bone sense it? How is the mechanical signal transformed into a chem-
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ical signal that cells are sensitive to (mechanotransduction)? How do the
cells react to the signal? Several theoretical models exist that focus on the
mechanical description of bone and impose phenomenological rules on the
architectural development of bone that depend on the local value of a (mechanical) stimulus. Since the nature of this stimulus and the reaction of the
body to this stimulus has not yet been unambiguously identified the focus
of the investigations in this thesis is shifted from a precise mechanical description of bone to a more detailed investigation of the influence of different
biological hypotheses on the remodelling process. The idea is to implement
different assumptions on the underlying control processes in a computer code
and to analyse their effects on bone’s architecture and time evolution. The
computer time gained by the simplified mechanical description allows to test
a large variety of different hypotheses concerning the biological feedback loop
and to perform intensive parameter studies. The aim of the present work is
to draw (indirect) conclusions on the remodelling process. Although the mechanical parameters are assessed by a simplified model, the results presented
should be qualitatively valid and allow to draw conclusions on the basic principles of the regulatory process governing bone’s evolution, since one and the
same mechanical model has been used for each of the simulations done. Accurate mechanical predictions, needed e.g. for the design of prostheses, are
not the aim of the presented work. A more precise mechanical description is
inevitably for investigations of this kind.
This second part of the thesis is organised as follows: In the next chapter
the process of bone remodelling is explained and several theoretical concepts
trying to give a theoretical framework for this phenomenon are introduced.
In chapter 7 the model developed and used in this thesis is presented. In
chapter 8 the simulations results are presented. First the results on a 2dimensional lattice are shown and the measured parameters are explained.
Then more realistic 3-dimensional results are presented. The next chapter 9 is
dedicated to the interpretation of the results, the potential benefit for a better
understanding of bone diseases and medication, and indirect conclusions on
the feedback loop governing real bone remodelling are drawn. Finally the
presented results are summarised and an outlook for further investigations is
given.
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Chapter 6
Concepts of Bone Remodelling
Beside its hierarchical structure, bone shows additional remarkable properties. Bone is not simply once built and then remains unchanged, but it
undergoes a permanent change. In this sense bone is not static, but a living
and evolving organ. On the one hand bone can change its shape and geometrical arrangement in order to meet mechanical loading events experienced in
daily life, a process that is called modelling. On the other hand bone is also
able to just maintain its structure, e.g. repair microdamage or remove dead
bone, a process that is called remodelling. In Figure 6.1 the evolution of a
human vertebra from the embryonic to the adult age is shown. In the prenatal phase, when the embryo is swimming in the amniotic sac the body does
not feel any gravitation and the arrangement of trabeculae is almost radial.
After birth the loading pattern of the bone changes, the body starts to feel
the effect of gravitation. This in turn leads to a rearrangement of trabeculae
in the principal loading directions. In the adult age the reorientation process
is completed and the trabeculae are arranged preferentially in horizontal and
vertical directions. Although Figure 6.1 seems very appealing to prove the re-

Figure 6.1: The development of the human vertebra from the embryonic phase (left) to
the adult stage (right) is shown (Figure taken from Roschger et al. [2001]).
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orientation of trabeculae due to loading conditions, this re-orientation is not
unquestioned. The main point of criticism is that although it is true that the
body does not feel any gravitational forces in the embryonic state, the same
is not true for muscle forces that act from the very beginning of life. Since
several studies revealed that muscle loading is the most important factor on
bone Özkaya and Nordin [1999], Rittweger et al. [2005] maintenance, Figure
6.1 does not confirm a re-alignment of trabeculae due to external forces, all
the more since the vertebra grows during this time.
For compact bone the influence of mechanical forces on its architecture
is well established by a number of experiments (which are very hard, if not
impossible to do on trabecular bone). To mention only one, Johnson et al.
[2000] investigated the effect of asymmetric loading on the bones of racing
greyhounds. The races are always performed in counter-clockwise direction
on circular tracks, which gives rise to an asymmetric loading pattern. This
asymmetry was also found in the bone mineral density when comparing right
and left central tarsal bones of active greyhounds. In retired greyhounds no
asymmetry was found, the effect had vanished.
In order to fulfil the described tasks of modelling and remodelling the
body has the ability to remove bone elements as well as to deposit new bone.
This is done by two specialised body cells, the osteoblasts, which form new
bone, and the osteoclasts which resorb bone. In Figure 6.2 it is shown,
how these cells work together to make new bone. In the resting phase the
surface of bone is covered with lining cells (flat elongated cells, which in
the activation process become osteoblasts) and therefore protect bone from
the attack of osteoclasts. When the remodelling process is activated, these
lining cells withdraw and leave the surface open for the osteoclasts to start
doing their work. Osteoclasts, which are big, multinuclear cells, can now
approach the surface. There they build up a resorption cavity, by creating
an acidic environment and dissolving the mineral out of the bone matrix.
Once the mineral is gone the collagen is taken out and fragmented. After the
withdrawal of osteoclasts the osteoblasts can now assess the bone surface and
create new bone by depositing collagen molecules, which then self assemble
to the bone matrix. After the collagen was laid down, the mineralization
process starts, which reinforces the bone matrix. In this process of forming
new bone, it may happen that osteoblasts are left behind and buried alive in
the bone matrix. These cells do not die, but differentiate to osteocytes; cells
that live in the bone matrix and are interconnected by a network of canaliculi
(i.e. long appendices of the cells that are interconnected via gap-junctions).
Therefore it is probable that the osteocytes are able to communicate with
each other and that they are also able to send signals to the bone surface.
This makes the osteocytes network a perfect candidate to be the mechanical
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Figure 6.2: The (re)model cycle in bone. First (left) in the resting phase, bone’s surface is covered by lining cells (which later on will become osteoblasts) and the system is
resting. Then, after the activation, the lining cells withdraw from the bone surface and
the osteoclasts (big, multinuclear cells) can reach the bone surface and form a resorption
cavity (top). After the osteoclast’s work is done, they withdraw and leave place for the
osteoblasts to approach the bone surface (right). The osteoblasts now start to fill the
cavity left by the osteoclasts (bottom, formation phase). During this formation process
it may happen that some of the osteoblasts are left behind and buried alive in the bone
matrix (Figure taken from Favus and Christakos [1999]).

sensors in bone, that regulate bone’s development Mullender and Huiskes
[1997], Klein-Nulend et al. [1995], Burger and Klein-Nulend [1999], Burger
et al. [2003]. But despite these appealing properties of the osteocyte network,
it has not been clarified until today, if the osteocytes really act as mechanical
sensors, not to mention which the stimulus is, they react to and how the
signalling pathway to regulate osteoblasts and -clasts action works.
The last paragraph described bone as a hierarchical and living structure,
but even this is not sufficient to fully describe bone. Bone is also intelligent in
the sense that the deposition and resorption of bone material does not occur
randomly. Rather it seems that the cells obey to well defined mechanical
rules, where to put new bone and where to remove it. But although the
existence of such rules is (quite) obvious, their exact formulation is still out
of reach and under high debate. This is mostly due to two reasons: first,
until today no direct measurement could be performed that relates the rate
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of bone resorption or deposition, respectively, to a given mechanical stimulus.
Not even the nature of the stimulus has been unambiguously identified until
today. The difficulty of such experiments is obvious. On the one hand in
vivo measurements suffer from an ill defined mechanical environment – the
loading patterns in bone are highly complex – and the difficulty to extract
precise measured quantities Juncosa et al. [2003], Fritton and Rubin [2001].
On the other hand mechanically well defined in vitro experiments suffer from
the fact, that cells behave completely different in an artificial environment
than they do in vivo Brown [2000], Basso and Heersche [2002], Brown [2001].
Second, it is well established knowledge that bones do not only serve as
mechanical entities in the body. Bone’s purpose is not only to hold up the
body and to allow for movement, but to serve as the main calcium reservoir
in the body. This aspect is of special importance in the period of pregnancy
and short after, because calcium is needed to build up the bones of the foetus
and is one of the main components of mother milk. Since bone cells are very
sensitive to sexual hormones, e.g. oestrogen, drastic hormonal changes, i.e.
during the period of pregnancy or during the menopause, have a tremendous
effect on bone’s evolution. Keeping these facts in mind one has to be aware
that although mechanical influences are of outstanding importance for bone’s
evolution this is not the entire truth. This coupling of mechanical and nonmechanical influences poses a further complication in understanding bone’s
development.
A way to understand the remodelling process in bone is that of a (biological) feedback loop. Mechanical sensors (most likely the osteocytes) sense
the local mechanical state of bone and signal this information to the surface.
According to this information bone cells resorb or deposit bone, which in
turn leads to a change in the structure of bone, which is again sensed by the
osteocytes and send back to the surface. More exact, the mechanical properties of a given bone structure influence bone remodelling, i.e. the change of
bone structure; this remodelling again changes bone’s mechanical properties
and influences therefore the remodelling process. This closes the feedback
loop. In Figure 6.3 this process is visualised.
In numerous experimental investigations the role of several potential mechanical stimuli on bone evolution were investigated. These experiments
focus either on the effect that a given stimulus has on the mechanical properties of bone Goodship et al. [1998], Murray et al. [2001] or – more basic –
that it has on the expression of messenger agents and chemical signalling by
bone cells. While the first mentioned experiments include the investigation
of the effects of cycling loading, as well as the influence of different amplitudes and frequencies Mosley et al. [1997], Mosley and Lanyon [1998], Oxlund
et al. [2003], the latter ones showed that bone cells react most sensitively to
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Figure 6.3: The biological feedback loop: the resorption of bone by osteoclasts leads to
changed mechanical properties, which is sensed by the osteocytes, which send a signal
to the osteoblasts to activate bone formation (remodelling, i.e. bone maintenance). But
also a change in the external load, would lead to a changed mechanical environment that
osteocytes would sense and therefore activate osteoblasts and - clasts, respectively. This
in turn would lead to bone adaptation, i.e. modelling (Figure taken from Favus and
Christakos [1999]).

shear stresses Neidlinger-Wilke et al. [1995], Bakker et al. [2001], Ehrlich and
Lanyon [2002]. A mathematical concept modelling the interactions between
osteoblast and osteoclast activities was developed in Lemaire et al. [2004].
Computer simulations are a perfect tool to investigate such a feedback
process, but several difficulties have to be overcome. First, one has to find
an appropriate description of the mechanics of the trabecular bone structure.
Usually this is done with Finite Element (FE) methods, but since these are
computationally costly this thesis follows another route. Second, it has to be
specified in which way bone cells react to a given stimulus. Due to the lack of
experimental data several different mathematical laws have been proposed to
describe bone’s reaction to a special loading configuration. In the following
these mathematical laws giving the response of the bone cells as a function of
the stimulus (stress, strain, strain-energy density, . . . ) are going to be called
remodelling laws (RL). Since up to now none of these laws could be verified
by experimental observations, the following strategy is followed in this thesis:
Several different RLs are implemented in a computer code and their effect
on the morphology and evolution of bone are investigated. By comparison
of these results to experimental data from real bone, indirect conclusions on
the RL governing the evolution of real bone are drawn. In the next section
different approaches relating bone’s evolution and loading configuration are
presented with the emphasis put on computational models.
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The Wolff-Roux Law

More than 100 years ago, the german anatomist Julius Wolff discovered a
strong resemblance of the trabeculae in the human femoral head and the
trajectories of principal stresses in a human build crane of similar shape
(see Figure 6.4). This led Wolff to the postulation of the law, which states

Figure 6.4: Left: the human femoral head. Middle: the direction of trabeculae as described
by Wolff. Right: The stress trajectories of a human build crane of similar shape as the
femoral head. The similarities in the trabecular pattern in bone and the direction of the
principal stresses in the crane led to the postulation of Wolff’s law (Figure taken from
Wolff [1892]).

that the trabeculae in human bone follow the directions of principal stresses
Wolff [1892] and that the adaptational processes in bone are guided by a
maximal strength/minimal weight principle. As we know today, in its original
formulation Wolff’s law is not able to describe bone properly. A review
about the “false premise of Wolff’s law” can be found in Cowin [1997], where
the author points out several flaws in Wolff’s law, e.g. the human build
crane is made out of a homogenous, isotropic material, trabecular bone –
on the tissue level – is a spongy structure with a porosity of more than
80 %. Therefore Wolff’s law should state, trabeculae follow the directions of
principal stresses, if bone would be made of a homogenous, isotropic material.
Furthermore there are infinitely many trajectories of principal stresses, i.e.
they lie dense in a mathematical sense (for clarity only a finite number is
depicted in the left part of Figure 6.4). If trabeculae would really follow
the trajectories of principal stresses, bone should be completely filled with
material, which is obviously not the case. But despite these apparent flaws in

6.2. The Mechanostat

59

Wolff’s law, the merit of Wolff was to recognise that the deposition of bone is
not random, but obeys to some rules and seems to be mechanically controlled.
As shown recently, e.g. Huiskes [2000], the original version of Wolff’s law
relating the orientation of trabeculae with stress trajectories and relying on
a maximal strength/minimal weight concept is misleading. Huiskes points
out that the similarity between trabecular orientation and stress trajectories
is circumstantial, not causal, and that a reformulation of Wolff’s law, which
is influenced by ideas of Wilhelm Roux Roux [1881] and may therefore be
called Wolff-Roux law, is a more realistic proposition Huiskes [2000]. The
Wolff-Roux law states that bone is deposited where mechanically needed and
resorbed where not needed. This is a local reformulation of Wolff’s law and
this idea of local adaptation is used as basis for all bone remodelling concepts
presented in this thesis.

6.2

The Mechanostat

Based on numerous experimental observations Harold Frost proposed a remodelling concept which he named mechanostat Frost [1987, 1998, 2001,
2003, 2004]. The name stems from the analogy with a thermostat, a device
to control the temperature. A simple thermostat is a device that switches
on heating once a definite threshold temperature is reached. Frost’s idea
was that bone physiology might work the same way. He assumed the experienced strain as the control variable (the analogue to the temperature in
a thermostat) and proposed that there is a lazy region, i.e. the region of
normal activity (AW – adapted window), where the system is resting. But
once the activity falls below a certain threshold value of the strain (DW –
disuse window) – Frost suggests a strain value of 50 to 100 microstrain –
bone is going to lose mass, strength and stiffness. On the other hand, if
another threshold value of the strain is exceeded (MOW – mild overload
window) – Frost’s suggestion is a value of 1000 to 1500 microstrain – bone
is going to gain mass, strength and stiffness (see Figure 6.5). In this sense
Frost’s mechanostat is a somewhat sophisticated thermostat, namely a thermostat that is able to cool if the temperature is too high and that is able to
heat if the temperature is too low. Although the mechanostat can explain
some of the experimentally observed facts in bone remodelling, see e.g. Frost
[2003] for a list of 32 features of bone remodelling that are explained by the
mechanostat, it certainly has its flaws as pointed out by e.g. Turner [1999].
The most prominent failure of the mechanostat is that it predicts that the
bone mass should rapidly drop to zero, when there is no mechanical load
(disuse). But the experimental observation is that bone loss due to disuse
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Figure 6.5: This figure summarizes the idea of the mechanostat. In the disuse window
(DW) bone loses mass and strength, while in the adapted window (AW) bone strength
and mass is maintained (this window corresponds to the lazy zone). In the mild overload
window (MOW) bone mass and strength is increased, while in the pathological overload
window (POW) microdamage is accumulated until bone fails. (Figure taken from Frost
[2001])

slows down with time.
Nevertheless Frost’s ideas have often been used to describe and investigate
bone remodelling. As an example for the implementation of a RL according
to Frost, i.e. a RL with a lazy zone, see van der Linden et al. [2004]. In
this paper the authors calculated the surface strain distribution of selected
bone samples and implemented the remodelling procedure the following way:
elements with strains located in the lazy zone are unaffected, elements with
strains below the lazy zone are resorbed and new material is added next to
elements with strains above the lazy zone. This procedure was repeated until
almost all elements (> 99.8 %) were in the lazy zone.

6.3

Adaptive Elasticity

Stephen Cowin and co-workers were the first to propose a mathematical
model to describe bone remodelling. They developed a phenomenological
theoretical framework to describe adaptation processes in compact as well as
in trabecular bone, which they called adaptive elasticity Cowin and Hege-
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dus [1976], Cowin [1986, 1993]. Adaptive elasticity is a concept based on
linear elasticity together with additional constitutive equations to describe,
first, the change in material properties due to alterations of material density
(especially its stiffness) and, second, the change in shape (compact bone) or
in geometry (trabecular bone). The basic concept is to define a (local) remodelling equilibrium strain state 0 . The driving force for changes in bone
density or shape is assumed to be the difference between the actual strain
state and 0 . For compact bone the constitutive equations then read
(6.1)
S(x) = B ( − 0 )
∂ρ
= a(ρ) + tr (A(ρ)E)
(6.2)
∂t
with S(x) the speed of the external bone surface at location x in direction
normal to the surface, B a row vector of remodelling parameters,  the strain
vector and E the strain tensor. ∂ρ/∂t is the change of bone density, a is a
function of the current density and A(ρ) is a remodelling rate parameter.
For the studies of trabecular bone the change of the external shape, i.e.
the speed of the surface, is exchanged with a change of the fabric tensor H.
The fabric tensor is a second rank tensor, which describes the geometrical
arrangement of bone, i.e. the alignment of trabeculae. In this description
trabecular bone is seen as continuous structure, characterized by its density
and its fabric. The foam like nature of bone is averaged out. Once again
constitutive equations have to be given, now for the change of fabric
∂H
= f (H, E, ρ)
∂t

(6.3)

and of the bone density
∂ρ
= g (H, E, ρ) .
(6.4)
∂t
In the most general case the rate of change for H and ρ are functions of all
three involved quantities: the fabric, the strain state and the bone density.
By using Taylor expansions and neglecting higher order terms Cowin and
co-workers obtained explicit expressions for equations (6.3) and (6.4). They
can be found in Cowin et al. [1992], Hart [2001].

6.4

Computational remodelling

Using FE methods Rik Huiskes and co-workers formulated a theoretical
framework to simulate bone remodelling. Starting with calculations for compact bone the equations for elasticity were solved and the strain-energy density was chosen as the stimulus for remodelling. These calculations were
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successfully used to describe the changes in bone architecture due to stress
shielding effects induced by prostheses. Such computational results helped
to significantly improve the design of such prostheses to prevent these effects,
which can lead to loosening or breaking of the implants, which in turn leads
to the need of a new operation Huiskes et al. [1987, 1989], van Rietbergen
and Huiskes [2001]. Later on this concept was generalised and also applied
to the remodelling process in trabecular bone Mullender and Huiskes [1995],
Huiskes et al. [2000], Ruimerman et al. [2003, 2005a,b]. In their model the
authors assume that the stimulus (in this case the local strain energy density)
is sensed by the osteocytes which are embedded in the bone matrix. These
osteocytes now give a signal to the bone surface which decays exponentially
with the distance from the osteocyte. This exponential decay of the signal
is called spatial influence function. On each point on the surface the signals
from all osteocytes are summed up to give the resulting stimulus for bone
formation, where a piecewise linear RL was chosen

∂ρ
=
∂t



τ (P (x, t) − P0 ), for P (x, t) > P0
0,
else

(6.5)

with P (x, t) the stimulus at location x and time t, P0 a threshold value
of the stimulus that has to be exceeded to start bone formation and τ a
rate constant. ∂ρ/∂t is the change of bone density per time step. Bone
resorption is executed with constant probability at random locations. The
local elastic properties of the material bone are assumed to obey a power law
with respect to the density, i.e. E(x, y, z) ∝ ρα . Such a power law dependence
is typical for a foam-like material, where E is the effective elastic modulus of
the foam and ρ is the volume fraction of the dense material Gibson and Ashby
[1997]. So the mechanical assessment of the structure is done on a larger
scale (averaging out the foam like structure) than the actual remodelling
process that is carried out on the scale of single trabeculae that build up the
foam. Another unsolved problem in the presented description arises from
the inherent non-linearity of the basic equations: the stability of solutions is
not guaranteed (“checker board” patterns) Mullender et al. [1994], even the
existence and uniqueness of solutions has not been proven yet Cowin [1993].
In the framework of their model the authors successfully demonstrated
that a trabecular structure emerged, was maintained and adapted to varying
external loads.
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Stochastic Remodelling without mechanical feedback

Representative for a variety of different remodelling schemes not using mechanical feedback, the model of Harrie Weinans and co-workers shall be presented van der Linden et al. [2001]. In their model the authors aim to describe
the effect of bone loss due to remodelling by creating cavities and subsequent
filling of the holes. Posing the restriction that the holes are not filled completely, but defining a resorption deficit, the authors model the formation
deficit measured in real bone. Perforated trabeculae are not repaired, but
removed. The input data like resorption depth, resorption deficit and remodelling space are based on biological data. The resorption cavities were
formed at random locations (especially without any mechanical feedback) in
the sample and the change in histomorphometric data, like bone mass, connectivity and stiffness are monitored. One of their main results is that the
loss of stiffness is best prevented by reducing the resorption depth, rather
than by a reduction of resorption deficit.
Other stochastic remodelling concepts without mechanical feedback can
be found in e.g. Thomsen et al. [1994], Tabor and Rokita [2002], Tayyar
et al. [1999].
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Chapter 7
The Model – Stochastic
Remodelling with mechanical
feedback
In this chapter the simulation scheme developed by Weinkamer, Hartmann,
Brechet and Fratzl, which is the basis for the results presented in this thesis,
is described. The model comprises a stochastic description of the remodelling process that is controlled by mechanical feedback (see Figure 7.1 for
a schematic representation of the program). The development of the model
was guided by the aim to obtain a model with a good balance in the accuracy
of the description of the mechanical as well as the biological part. Describing
the remodelling process in a stochastic way, rather than with deterministic
rate equations, is motivated by the following considerations: first, the elementary simulation step in our model is the action of one single osteoblast
or osteoclast, i.e. the deposition or removal of one single bone packet. That
is in contrast to other simulations, where only averaged values of net bone
deposition or removal were investigated (i.e. an averaging procedure is carried out over many deposition and resorption events) and thus described by
a rate equation. As is well known from experiments, there is a natural diversity in biological systems, i.e. the same kind of cells exposed to the same
environment do not necessarily display the same behaviour, but can vary
significantly in their responses. Second, it is possible that the remodelling
process is not only an active process, but also passive processes like diffusion
may play a crucial role, and diffusion itself is a stochastic process. Putting
the pieces together – describing the action of single cells, the large number
of cells involved, the natural diversity of these cells and the stochastic nature
of underlying, basic processes – encourages to use a stochastic description of
bone remodelling.
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Figure 7.1: Starting from a given bone structure and known external loads, the mechanical properties of the structure and its local mechanical state (stress, strain) has to be
evaluated. This is the mechanical part of the problem (shown in red). Then this mechanical information has to be transduced in chemical signals ( mechanotransduction) which
result in a special response of the cells. The response of the cells manifests itself in a
change of the structure that changes the mechanical properties and local states, which
closes the feedback loop. This second part – the mechanotransduction and response of
the cells – may be called the biological part and – in our model – is described with an
effective remodelling law (shown in blue). Furthermore it is known that biological factors
can crucially influence the RL.

In the following the mechanical assessment of the structure is discussed.
Since there are lots of unknowns in the biological part, the possibility to
describe the mechanics by a time consuming FE approach was waived. The
gained computational time was used to test a variety of different biological
assumptions and to perform extensive parameter studies of the model. Then,
in the second section, the feedback loop is closed by determining how the
bone cells react on a given stimulus – that is extracted from the mechanical
analysis from the first section – to change the structure.

7.1

Mechanics – Two way painting algorithm

In our model the structure of trabecular bone is mapped onto a quadratic
(2D) or simple cubic (3D) lattice, respectively (lattice constant a and Sx ,
Sy and Sz , respectively, lattice sites in the specified direction). Each lattice
site can be occupied, i.e. filled with bone matrix, or empty, i.e. filled with
marrow. Since a vertebra consists of a shell of compact bone enclosing the
core of trabecular bone, in the model fixed boundary conditions were chosen
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such that
σxyz ≡ 1

∀(x, y, z) ∈ ∂V

(7.1)

with σxyz the spin variable at location (x, y, z) that takes the value 1 if the
element is occupied and 0 if it is empty. ∂V denotes the boundary of the
sample volume V . The architecture of bone is then characterized by the
value of the spin variable σxyz ∈ {0, 1} for each lattice site.
Given a special structure and an external load the local stresses and
strains have to be calculated for each bone element. It is assumed that a
constant force acts on the vertebra in z-direction. In a first step the load
bearing elements of the structure have to be determined in each direction.
It is assumed that the force “flows” like wet paint through the occupied
elements Parkinson et al. [1997]. Starting in the plane z = 0 all occupied
elements are labelled connected. Then the plane z = 1 is chosen. In a
first step all occupied elements directly above a connected one are labelled
connected. Then occupied elements to the left and to the right of connected
elements are also labelled connected. This procedure is repeated for each
layer until the last z-layer is reached. After that the procedure is repeated,
now bottom-up, and exchanging the properties connected with active and
occupied with connected. After the active elements have been determined in
z-direction they are also determined in x- and (in the case of 3D) y-direction.
The result of these calculations is a loaded skeleton, which consists of all
elements that are active in a special direction and therefore also experience
load and contribute to the load bearing in that direction. Consequently all
other elements (empty and non-active) are unloaded. We have
active ⇒ connected ⇒ occupied

(7.2)

That basic version of the painting algorithm leads to an angle of the force
flow of 45◦ (tan α = 1), which is an arbitrary input into the mechanical
description. First simulation results suggested that this value is too large
to give realistic bone architectures, so the angle of force flow was restricted
to smaller values by posing one additional condition: an element to the left
or to the right of one connected (active) element was only then labelled
connected (active), when the element two layers above (below) the main
element was first: connected (active) and second: has a connected (active)
element directly above (below). This additional condition leads to an angle
of the force flow of ≈ 18.43◦ (tan α = 1/3).
Once the active elements have been determined in each direction the local
stresses and strains of each of the active elements have to be calculated. The
elastic energy W associated with an external force Fz applied in z-direction
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Figure 7.2: Schematic representation of the painting algorithm to determine the active
(loaded) sites of a special bone architecture in z-direction. The algorithm starts in the
top z-layer (z = 0) by labelling all occupied elements (cyan) as connected (green). In
the subsequent layers all occupied elements directly beneath connected elements are also
labelled connected, as are occupied neighbours directly to the left and right of connected
ones. When the last layer (z = Sz − 1) is reached the procedure is repeated now from
bottom to top to extinguish dead branches. Now the state variables change from occupied
to connected and from connected to active (blue). The active skeleton (the set of all active
elements) in z-direction are all elements experiencing load in that special direction.

on the sample can be written as follows
"

2

2

2 #
1
∆Lx
1
∆Ly
1
∆Lz
W = Lx L y Lz
Ex
+ Ey
+ Ez
− Fz ∆Lz
2
Lx
2
Ly
2
Lz
(7.3)
with Li = aSi the length of the sample in i-direction, ∆Li the elongation in
i-direction (∆Li /Li = i the strain in i-direction) and Ei the global elastic
(Young’s) modulus in i-direction. The first term describes the energy stored
in the sample (the energy density ρ of a material with Young’s modulus E
deformed by a strain  is given by ρ = 21 E2 ), the second term is the work
done by the external force Fz .
In the presented model it is assumed that Fz is acting on the vertebra
solely in z-direction. But due to the inwaisting form of a vertebra such a
force will result in effective forces, and consequently also in deformations, in
directions perpendicular to the original loading direction (x- and y-direction,
respectively). In the following the relation of deformations in the loading
direction z and the other directions (x and y) is deduced. It is assumed that
the macroscopic form of a vertebra may be described as an arc of a circle with
constant length L. A deformation of this structure is realized by bringing
together its ends by δz, which causes a maximum shift of the middle of the
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arc by δx (see Figure 7.3). Specifying the arc by its radius R and angle θ

Figure 7.3: An arc of a circle with Radius R and angle 2θ is deformed by bringing its ends
together by δz, which results in a perpendicular shift of δx. The deformed structure forms
an arc of a circle with radius R0 and angle 2θ0 , such that the length of the arc is constant.

before bending and with R0 and θ0 after bending it is found that
Rθ = R0 θ0
δx = R0 (1 − cos θ0 ) − R (1 − cos θ)
δz = 2R sin θ − 2R0 sin θ0 .

(7.4)
(7.5)
(7.6)

θ
With θ0 = θ + δθ one obtains R0 = θ+δθ
R and considering only small defor0
mations, i.e. δθ  1, sin θ ≈ sin θ + δθ cos θ and cos θ0 ≈ cos θ − δθ sin θ,
where terms of higher than linear order were discarded. Insertion into the
preceding equations yields

δx ≈

1 − cos θ − θ sin θ
δz ≡ kδz
2 (θ cos θ − sin θ)

(7.7)

which gives a linear relationship between deformations in z- and x-direction
with coupling constant k.
Due to the preceding calculations it is possible to connect the deformations in z-direction with deformations in x- and y-direction, respectively,
which gives
∆Lx = ∆Ly = k∆Lz
(7.8)
Equation (7.3) can therefore be written
"

2

2

2 #
k∆Lz
1
k∆Lz
1
∆Lz
1
Ex
+ Ey
+ Ez
− Fz ∆Lz
W = Lx L y Lz
2
Lx
2
Ly
2
Lz
(7.9)
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Minimising this expression with respect to ∆Lz leads to
1
Fz
1
∆Lz = ∆Lx = ∆Ly =
.
Ly Lz
2
2
k
k
k Ex Lx + k Ey LLx Ly z + Ez LLx Lz y

(7.10)

Describing the loading situation with effective forces in all three directions
gives
∆Lx
(7.11)
Fx? = Ly Lz Ex
Lx
∆Ly
Fy? = Lz Lx Ey
(7.12)
Ly
∆Lz
Fz? = Lx Ly Ez
.
(7.13)
Lz
Now the deformations ∆Lx , ∆Ly and ∆Lz caused by the external force Fz
are determined. It is assumed that the material building up bone is isotropic
and homogenous with elastic modulus E. Additionally it is assumed that
the force in each layer is shared equally between the existing trabeculae. Let
M (z) be the number of trabeculae in a layer z = const. and N j (z)a2 the area
of the j-th trabecula (j = 1, · · · , M (z)). The strain in the j-th trabecula at
height z is therefore given by
Fz?
j
.
(7.14)
z (z) =
M (z)a2 N j (z)E
Now the strain is averaged first for the plane z = const. and then for the
whole vertebra
M (z)
M (z)
Sz −1
Sz −1
1 X
1 X j
1 X 1
1 F?
∆Lz
Fz? 1 X
=
≡
Az
¯ =
z (z) = 2
Lz
Sz z=0 M (z) j=1
a E Sz z=0 M (z)2 j=1 N j (z)
S z a2 E

(7.15)
with
Az =

SX
z −1
z=0

M (z)
1 X 1
M (z)2 j=1 N j (z)

(7.16)

Comparing equations (7.13) and (7.15) yields
Ez =

Sz E
.
S x S y Az

(7.17)

Similar calculations lead to
Sx E
S y S z Ax
Sy E
=
S x S z Ay

Ex =

(7.18)

Ey

(7.19)
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with
Ax =

SX
x −1
x=0
Sy −1

Ay =

X
y=0

M (x)
X
1
1
2
j
M (x) j 0 =1 N 0 (x)

(7.20)

M (y)
1 X
1
.
00
2
j
M (y) j 00 =1 N (y)

(7.21)

The strains in one active element in all three directions are now given by
Fx?
Ea2 M (x)N j 0 (x)
Fy?
y (x, y, z) =
Ea2 M (y)N j 00 (y)
Fz?
z (x, y, z) =
.
Ea2 M (z)N j (z)

x (x, y, z) =

(7.22)
(7.23)
(7.24)

The (relative) volume change in one element (this is our choice for the stimulus) is evaluated according to
∆V (x, y, z)/V0 = x (x, y, z) + y (x, y, z) + z (x, y, z).

(7.25)

Inserting equations (7.10), (7.17), (7.18) and (7.19) finally lead to


kAx Az
Ax A y
kAy Az
+
+
∆V (x, y, z)/V0 = Γ
(7.26)
M (x)N j 0 (x) M (y)N j 00 (y) M (z)N j (z)
with
Γ=

1
Fz
.
a2 E k 2 (Az Ay + Ax Az ) + Ax Ay

The analogous equation for a 2D-structure reads


Fz
kAz
Ax
1
+
.
∆V (x, z)/V0 =
aE Ax + k 2 Az M (x)N j 0 (x) M (z)N j (z)

7.2

(7.27)

(7.28)

Biology – The feedback loop

In this thesis the remodelling process is described by an effective RL, as it is
also used in the remodelling schemes presented in the last section with the
basic difference that the rate of bone deposition and resorption, respectively,
is not described by deterministic rate equations, but rather with stochastic formation and resorption probabilities. The underlying hypothesis is that
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bone cells are influenced by mechanical signals that trigger the location where
new material is laid down or resorbed. This interaction – the mechanotransduction – is mediated via signalling pathways, including complex and not yet
well understood biochemical processes like gene expression, receptor-ligand
binding and so on. But in the end of the day all these processes result in a
special behaviour of the bone cells, i.e. the probability to lay down new bone
or to resorb already existing bone at a given point in the sample. Including
all of these interactions in every detail in the model of bone remodelling is
not feasible, hence the remodelling process is described by a phenomenological mathematical function. Its input is the stimulus at a certain point in
the bone matrix and its output is a number that gives the probability for
bone resorption and deposition at this point. All the biochemical processes
– the way that leads from the mechanical stimulus to the cell’s reaction –
are sublimated in this functional dependence (see also Figure 7.1). Thus in
our model all changes in the biochemical pathway, due to ageing, disease,
hormonal changes and so on, will reflect in a change of this functional dependence of stimulus and cell reaction. Since the form of the RL governing
bone’s evolution has not yet been identified, in this thesis several very basic
and simple functions will be implemented in a computer code and its influence on the emerging bone architecture will be discussed. By comparing
these results to data from real bone it is possible to draw indirect conclusions
on the RL governing the evolution of real bone.
Several proposals have been made to model the connexion of biology and
mechanics. The most general one was proposed in Beaupre et al. [1990],
which is motivated by Frost’s idea of the mechanostat (see Figure 7.4). The
authors assume a function consisting of 4 piecewise linear functions with
slopes k1 , k2 , k3 and k4 , respectively. k1 and k4 are of high magnitude and
are responsible for bone loss due to disuse (k1 ) and for high remodelling activity due to increased activity (k4 ). The middle region of normal activity
(a generalized lazy region) is divided in two parts with low changes in the
remodelling activity. The first part is due to bone resorption (k2 ) the second
one to bone formation (k3 ). Starting from this very general proposal it is
possible to construct a variety of different RLs, some of them are summarized in Figures 7.5 and 7.6. The RLs are presented in two forms: First the
net RL is given, i.e. the difference of osteoblastic and osteoclastic action,
respectively, which is the only relevant function if describing the system by
deterministic rate equations (the appropriate choice of the 4 slopes is written
next to the net curves). Positive values of the net remodelling curve correspond to bone deposition, negative ones to bone resorption, respectively.
In our stochastic model this net RL is the result of a combined action of
osteoblasts and -clasts. On the right side of the table the net RL is split into
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the separate action of osteoblasts and -clasts. This splitting is of course not
unambiguous, infinitely many different reactions of the cells may lead to the
same net RL. In contrast to deterministic simulations it will be shown that
this splitting has tremendous effects on the emerging structure, i.e. not only
the net RL, but also its distinct parts are of importance for the remodelling
process. Additionally some references are given to show which of the presented laws have been used in the past to describe the remodelling process
of trabecular bone.

Figure 7.4: The general form of a RL proposed in Beaupre et al. [1990] consisting of 4
piecewise linear functions with slopes k1 , k2 , k3 and k4 , respectively.

Roughly the RLs can be classified into three different classes: First, proposals 1, 2, 3 and 8 result in continuous functions, no abrupt changes in the
cell’s reaction to the stimulus are present. These will be called linear RLs
in the following. Second, the functions, where the stimulus has to exceed one
critical value after which the response of one of the cell’s strongly changes,
therefore the RL shows a discontinuity (a jump or a step) as can be seen
in 4 and 5. These laws will be called step RLs. Third, the RLs that are
influenced by H. Frost’s concept of the mechanostat and therefore show a
lazy zone that corresponds to the normal activity window, i.e. a region of
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no remodelling at all. These laws are described by 6 and 7 in the overview
table and will be termed Frost’s RLs.

7.3

Simulations and data evaluation

After choosing a certain RL, it has to be specified to which stimulus the cells
should react. In the simulations presented in this work the strain values,
more exact the (relative) volume change, in the local environment of the
cells (i.e. the volume change of its nearest neighbours, see equation (7.26))
are assumed to play that special role.
Finally, after choosing stimulus and RL, it has to be defined, how a remodelling event can take place: A lattice site is chosen randomly. If the site
is on bone’s surface, i.e. if the element is occupied and at least one of its
nearest neighbours is non-occupied or if the element is non-occupied and at
least one of its nearest neighbours is occupied, it is kept, otherwise discarded.
This rule takes account of the fact that bone forming and resorbing cells can
not enter the bone matrix and can therefore only act at bone’s surface. If the
element is non-occupied the local stimulus for bone formation is calculated.
According to equation (7.26) the volume change (i.e. the trace of the strain
tensor) is evaluated. According to the chosen RL then the osteoblastic and
-clastic responses are determined. Finally a random number (equally distributed between zero and one) is drawn. If the random number is smaller
than the formation/resorption probability, the occupation state of the lattice
site is changed (from zero to one for a formation trial or from one to zero for
a resorption trial, respectively), otherwise it remains unchanged. This procedure is repeated and the resulting structures are written out and analysed
according to standard histomorphometrical procedures. The most important
histomorphometric parameters are Parfitt et al. [1987]:
• Bone Volume Fraction (BV /T V ): the ratio of bone volume to tissue
volume, i.e. the percentage of how much space of the trabecular bone
is really occupied by bone in comparison to the macroscopic volume of
the sample
X
1
σxyz
(7.29)
Sx Sy Sz x,y,z
with σxyz the spin variable and Si the sample dimensions in i-direction.
• Trabecular Number (T r.N ): the mean number of (active) trabeculae
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in a given direction. Accordingly
Si
1 X
M (k)
Si k=1

(7.30)

gives the T r.N in i-direction, with M (k) the number of trabeculae in
layer k.
• Trabecular Area (T r.Ar): the mean cross-sectional (active) area of one
trabeculae in a given direction, given by
1

(k)
Si M
X
X

PSi

k=1 M (k)

Ark (l).

(7.31)

k=1 l=1

M (k) is the number of trabeculae in layer k and Ark (l) is the (active)
area of the l-th trabecula in layer k.
• Trabecular Thickness (T r.T h): the mean thickness of one trabeculae.
In 3-dimensional simulations the trabecular thickness is evaluated via
the trabecular Area by calculation of the diameter of a circle with the
same area as the trabeculae.
Non-geometrical quantities that are important for characterising trabecular
bone are
• Bone Formation Rate, i.e. how much new bone is deposited per time
unit (see e.g. Eriksen et al. [2002]).
• Bone Resorption Rate, i.e. how much bone is resorbed per time unit
(see e.g. Eriksen et al. [2002]).
• Age distribution of bone packets, i.e. the probability to find a bone
packet of a given age. By application of a mineralization law, which
provides the degree of mineralization of bone as a function of age, the
age distribution is easily convertible to a bone mineral density distribution (BMDD), which can be measured by quantitative backscattered
electron imaging (qBEI) Roschger et al. [1998, 2003].
• Strain Distribution, i.e. the number of bone elements with a certain
strain (in our simulations this corresponds to the distribution of the
mechanical stimulus).
• Trabecular Thickness distribution, i.e. the distribution of trabeculae
with a given thickness.
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The exact RLs chosen to give formation and resorption probabilities, respectively, are listed at the end of this part of the thesis in the chapter
Simulation Parameters. When other parameters were chosen, this is explicitly stated in the text. All the parameters and measured quantities are given
in reduced units (i.e. the lattice constant a and the elastic modulus E of the
bone material are both set to 1) and all derived quantities are given with
respect to these fundamental units.
The time unit of the simulations was 1 Monte Carlo step (1 MCS), which
means one resorption/deposition trial per lattice site. This artificial time
unit can be converted to real time by using the fact, that the turnover of
real bone, i.e. the time when bone is completely rebuilt, is approximately 4
years Eriksen [1986]. In a computer experiment it is easy to check when this
condition is fulfilled.

Figure 7.5: A collection of different RLs that either were proposed in the literature or that have been used in the simulations done in
this thesis. All of the presented laws are special cases of the general RL given by Beaupre et al. [1990] which can be seen in Figure
7.4. Additionally to the net-RL it is also shown, how such a behaviour may be achieved by choosing the reaction of osteoblasts and
osteoclasts accordingly.
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Figure 7.6: for figure caption see previous page

Chapter 8
Simulation Results
Several simulation runs with different RLs, different parameter values and
starting from different initial conditions were performed. After selected time
intervals the configuration was written out and analysed in terms of the
histomorphometrical parameters, that are also measured in bone histomorphometry experiments working with real bone samples.
First the model was tested on a 2-dimensional lattice of size 1024×1024 (=
1048576). The RL chosen was Law 5 in Figure 7.5. First, to get an impression
on the used model, some test runs were performed. Starting from regular
grids the time evolution of the system was monitored. Furthermore the
influence of different initial conditions was investigated. Then the sample was
rotated to see if the struts would re-align according to the loading condition.
Second, simulations related to the evolution of real bone were done. Starting
from a homogenous bone mass distribution of high bone volume fraction the
time evolution of the emerging architecture was monitored and analysed.
Finally the influence of different remodelling parameters was analysed.
Then the simulations were extended to 3-dimensional samples of dimension 128 × 128 × 128 (= 2097152) lattice points. It was investigated in which
way the outcome of the simulations is changed, if one and the same net RL
is composed of different responses of osteoblasts and osteoclasts. Then the
effect of different types of RLs was analysed.

8.1

Simulations on 2-dimensional lattices

For the simulations done on 2-dimensional lattices RL 5 (see Figure 7.5) was
used (see also Weinkamer et al. [2004b]). In this setting several parameters
were freely adjustable. For the osteoblastic response these are
• the critical volume change ∆Vc , i.e. the location of the jump,
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• the constant offset α, i.e. the (constant) probability of bone resorption
below ∆Vc ,
• the slope β, i.e. the slope of the linear increase in the osteoblastic
response after ∆Vc which determines the height of the jump as well as
the increase in bone formation probability after the jump and
• the (constant) bone resorption probability pOC .
The choice of a constant resorption probability is based on two assumptions:
first, that the osteoclasts react mainly to microdamage and, second, that the
microdamage is randomly distributed in the system.

8.1.1

Test runs

Starting from different initial conditions (a random configuration, an empty
frame, i.e. no elements except the boundaries are initially occupied, and a
regular grid, respectively) it was shown, that nearly the same steady state
bone mass was reached for each of these runs, on the other hand the architecture differed significantly. These results are summarized in Figures 8.1
and 8.2 where the architecture and the development of the bone mass are
shown for the different starting configurations. By looking at the architectural snapshots it is possible to get information on the way in which the
system evolves. Starting from a very fine mesh in the beginning (thin, but
many rows and columns of material) lots of the trabeculae are lost by either
merging or perforation – since they are thin few osteoclastic events suffice to
perforate them. But the remaining ones are thickened until they overcome
a critical size where perforation is not very probable anymore. In horizontal
direction the trabeculae are eaten away too fast before they can reach the
critical thickness and since trabeculae never come back they are lost forever.
On the other hand starting from a coarser mesh (less, but thicker trabeculae), where the trabeculae exceeds the critical thickness from the beginning,
proves to be a very stable configuration. Material is taken away, i.e. the trabeculae are thinned, until the appropriate bone volume fraction is reached,
but none of the trabeculae is lost - neither in horizontal nor in vertical direction. These results show that the starting configuration has a massive impact
on the final architecture, even if the bone mass is conserved (see Figure 8.2).
Starting from a too fine mesh, osteoclastic resorption may lead to a rapid
loss of horizontal trabeculae – in the worst case all are perforated and only
vertical trabeculae remain, with the only exception of the boundary, that is
accordingly thickened.
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Figure 8.1: Starting from a regular grid of different sizes the final architecture can differ
a lot, although the same bone volume fraction is reached. In the top row the almost
unchanged grids are shown for early times (250 MCS), the bottom row shows the architecture at late times (9000 MCS). Three different starting grids are used: grid 3 − 10 (left),
grid 8 − 12 (middle) and grid 32 − 48 (right) (the first number gives the thickness of the
columns, the second number gives the spacing of successive columns).

Furthermore the reaction of the system to different loading conditions
was investigated. Since a different loading direction would require to adapt
the mechanical assessment of the structure, i.e. a change in the painting
algorithm, the mechanical assessment remained unaltered, but the sample
was rotated. Starting from a regular grid with vertical bars tilted ≈ 14◦
(tan α = 1/4) to the vertical axis the time evolution of the system was
monitored. Figure 8.3 shows the results. A structure starting from thick
struts (original diameter 32 pixels) proves to be very stable. Since all elements
in the tilted strut are active and the thickness of the strut exceeds the critical
thickness of being highly stressed there is no driving force to straighten the
trabeculae (since bending is not included in the mechanical description of the
model, a tilted and a straight strut have the same energy). The only driving
force that exists, is that deposition of bone on sides with acute and obtuse
angle, respectively, does not pose a symmetric situation. While elements
laid down on the acute side are automatically active, the same is not true for
elements on the obtuse side (see Figure 8.3—right). This leads to a shift of
the trabeculae, but the time scales are extremely large.
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Figure 8.2: The time development of the bone mass for different starting configurations:
a random filling of 95 % bone volume fraction, regular grids of size x − y, which means
a thickness of x pixel of each column and a distance of y pixels between two successive
columns, and a run starting from an empty frame.

Starting from thinner struts, the situation changes. Trabeculae that are
so thin that they experience a stimulus larger than the threshold value (∆Vc )
are consequently thickened until they reach a thickness with a corresponding
stimulus lower than ∆Vc . This leads to fast dynamics and changes in the
system which also fasten the re-alignment of trabeculae. In Figure 8.4 the
time evolution for this situation can be seen. In red the starting configuration is depicted (original thickness of vertical struts is 5 Pixel, the angle
with respect to the vertical axis is ≈ 14◦ ), in black the configuration after
10000 MCS is shown. While the straightening of the vertical struts is clearly
visible, the horizontal struts remain unaltered since they are already aligned
with respect to the force flow. In the lower part of Figure 8.4 the corresponding angular correlation function is shown for the two depicted times. The
angular correlation function G̃(α) is obtained from the standard correlation
function G(r) = G(r, α) by integration over the radius r.
Z
G̃(α) = G(r, α)dr
(8.1)
Starting from an occupied lattice site the correlation function G(r) gives the
probability of finding another occupied site at (r), G̃(α) gives the probability
of finding another occupied site in direction α. For the regular starting
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Figure 8.3: A regular structure with struts tilted ≈ 14◦ with respect to the vertical axis
is used as starting configuration for the simulation. Since the struts exceed the critical
thickness and bending is not included in the mechanical description of the model this
configuration is very stable. Even at late times (right) a re-alignment of the struts in
the vertical direction can only be seen at their tips close to the boundary. The small
sketch on the right side of the figure shows the mechanism of straightening: The sketch
shows a small section of a tilted strut. The special geometry of this situation breaks the
symmetry of laying down new material on the acute side of the tilted strut (right, red
elements) and on the obtuse side (left, blue elements), respectively. The red elements
have some elements above, so it is probable that they are also active, i.e. experiencing
load. The blue elements on the other hand have no elements above, so they are definitely
not load bearing. This slight asymmetric situation leads to a drift of the trabeculae and
consequently a straightening, but the time scale of this process can be very long.

grid two pronounced peaks are shown, one at zero degrees (representing the
horizontal struts) and one at ≈ 76◦ (representing the vertical struts with a
tilt angle of 14◦ with respect to the vertical axis). During time evolution the
structure gets more irregular, both peaks broaden, but due to the realignment
of trabeculae the peak corresponding to the vertical struts additionally shifts
towards larger angles.
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Figure 8.4: Top: Starting from thin, tilted vertical struts (thickness 5 Pixels, angle ≈
14◦ ) the re-alignment of trabeculae proceeds much faster. This is due to the pronounced
remodelling activity to thicken the struts. In red the starting configuration can be seen,
in black the evolving structure after 10000 MCS is shown.
Bottom: The angular correlation function G̃(α) of finding bone material in α-direction
from a given occupied site (baseline corrected with the actual bone volume fraction). The
shift of the peak corresponding to the vertical struts to values closer to 90◦ is visible, but
this evolution slows down when the trabeculae exceed the critical thickness.
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Bone remodelling

To avoid geometrical structures induced by the starting configuration, the
simulation runs were started from a random configuration of bone with high
bone volume fraction (95 %). Figure 8.5 shows the architectural evolution of
bone for a given set of parameters (∆Vc = 25, for the other parameters see
chapter Simulation Parameters at the end of this part), Figure 8.6 shows
the corresponding histomorphometric parameters. The random starting configuration of bone material changes very fast to give a network like structure
with struts (trabeculae) oriented preferentially in horizontal and vertical directions. This transformation is accompanied by a rapid loss in bone mass,
the bone volume fraction decays from the originally 95 % to a value of approximately 40 % within the first simulation steps to take an almost constant
value, while the emerging structures starts to coarsen, i.e. the number of trabeculae decreases, while the thickness of the remaining trabeculae increases
Weinkamer et al. [2005]. Some authors claim to have found such a coarsening
behaviour also experimentally, but these findings are still under high debate
Frost [1999].
A parameter study of the problem showed that the system is most sensitive to a change in the critical strain ∆Vc . Figure 8.7 shows the architecture
for six different values of the critical strain (∆Vc = 15, 20, 25, 30, 35 and 40).
The snapshots were taken at different times and chosen to show the differences in emerging architecture, which is profoundly affected by the change in
∆Vc , as are the histomorphometric parameters. By making the osteoblasts
more sensitive to the stimulus, i.e. for a low value of the critical volume
change, there is considerable more bone material laid down and the structure is very coarse, showing no fine mesh of trabeculae, but rather very few,
thick struts. By making the cells less sensitive, i.e. by raising the critical volume change by shifting the jump in the RL to higher values of the
stimulus, one observes a loss in bone mass accompanied by a refinement of
the structure – much more and thinner trabeculae are formed. Raising the
critical volume change even more leads to a rapid loss of trabeculae – more
pronounced in vertical than in horizontal direction – and a further decrease
in bone mass. In this case there is also no forming of a fine and connected
mesh of trabeculae. It seems that there is only a small window for the critical
volume change in which a reasonable trabecular architecture forms.
Another simulation result is the age map of bone, which can easily be
converted in an age distribution of bone elements. A computer simulation
gives the possibility to monitor the time when each bone packet was laid
down and together with a mineralization law, i.e. the degree of mineralization with respect to time, the age distribution reflects the local state of
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Figure 8.5: The architectural development of trabecular bone for several time. The initially
random configuration of bone mass is quickly transformed into a network of trabeculae
that are preferentially oriented in vertical and horizontal directions (≈ 1500 MCS). This
network then starts to coarsen, i.e. the number of trabeculae is decreasing, while the width
of the remaining trabeculae is increasing at constant bone volume fraction.

mineralization of each bone element. Since osteoblasts deposit unmineralized
collagen which afterwards starts to mineralise, young bone is less mineralised
and accordingly softer than older bone. Figure 8.8 shows such an outcome for
a standard simulation run. The age map shows different remarkable properties: first, it shows the points of pronounced activity. These are the locations
in the sample, where two or more trabeculae meet and therefore form an imperfection in the structure. These spots are the locations of elevated turnover
to eliminate these defects from the system. Second, this elevated turnover
may result in trabeculae that completely consist of new material and therefore appear completely red (see the inset in Figure 8.8). But these trabeculae
are definitely not newly formed, they are just drifting by deposition of new
material on one side and subsequent resorption on the other side. Third,
most trabeculae consist of an inner shell of older bone coated by a layer of
young bone on their surface. A situation that is not too surprising, since
bone deposition and resorption are only performed on the bone’s surface, it
is to be expected that the interfaces are the areas of pronounced activity.
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Figure 8.6: The time development of the most important histomorphometrical parameters
(the corresponding architecture can be seen in Figure 8.5). Starting from bottom-left in
clockwise order the bone volume fraction, resorption/deposition rates, the mean trabecular
thickness and mean trabecular number, respectively, can be seen.

Further investigations of the 2-D model concerning e.g. the description
of the coarsening process by a power law or the global effective mechanical
properties of the whole vertebra can be found in the publications at the end
of this thesis Weinkamer et al. [2004b, 2005].

88

8. Simulation Results

Figure 8.7: The evolving architectures for different values of the critical volume change
∆Vc . The increased bone mass with lower values of ∆Vc is visible, whereas a fine structured
trabecular mesh can only be observed for values of the critical volume change close to 25.
With exception of the snapshots for very low ∆Vc (15 and 20, respectively) all pictures
were taken at a time of 1500 MCS. Since the increased deposition probability of new
bone material for low values of ∆Vc increases the time constant to obtain a significant
trabecular pattern the snapshot for ∆Vc = 15 was taken at 10000 MCS and for ∆Vc = 20
at 2500 MCS, respectively.
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Figure 8.8: The age map of bone elements, where young bone corresponds to a red colour
code, old bone is shown in cyan. The inset shows a magnification of the depicted area.
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8.2

Simulations on 3-dimensional lattices

After testing the simulation program in 2-dimensional systems the algorithm
was generalised to 3-dimensional geometries to perform more realistic simulations. By implementing different RLs and studying the effect on the architectural development of bone it was the aim to shed further light on the
governing principles of the remodelling process in bone.

8.2.1

Simulations with one and the same net remodelling law

It was investigated in which way the outcome of a simulation may vary if one
and the same net RL was composed by different choices in osteoblastic and
osteoclastic response. This dependence on the single cell’s responses and not
only on their combined action is a feature that distinguishes the presented
stochastic simulations from simulations with deterministic rate equations.
As the simplest ansatz for a RL a linear law was chosen, that could be made
of the entries 1, 2 and 3 from Figure 7.5. The three choices for osteoblastic
and osteoclastic response were motivated by the following considerations. In
RL 1 a linear response of the bone forming cells and a constant response of
the bone resorbing cells are assumed. A linear response to the stimulus is
the simplest possible ansatz one can think of to describe the cells’ reaction
to the stimulus. A constant bone resorption probability assumes that the
osteoclasts are sensitive to microdamage which is homogenously distributed.
In RL 2 both the osteoblasts and -clasts are sensitive to the stimulus: Bone
is deposited where needed (linear increase in the deposition probability with
higher stimulus) and resorbed where not needed (linear decrease in resorption
probability with higher stimulus). RL 3 assumes that the turnover is strongly
enhanced by the presence of microdamage in the sample. Different from RL
1 it is now assumed that microdamage is not distributed randomly in the
sample, but that microdamage occurs at locations of high mechanical strain,
i.e. at locations with high stimulus. To repeat, all three laws were chosen
such that the difference in osteoblastic and osteoclastic response, i.e. the net
RL, always resulted in exactly the same function (see Chapter Simulation
Parameters at the end of this part for a detailed description of the used
functions).
Figure 8.9 shows the architecture of the simulated structures using these
three different RLs. The differences in architecture are visible at first sight,
as well as the differences in histomorphometric parameters (see Figure 8.10).
Several aspects are striking: first, while RL 1 and RL 3 lead to almost
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Figure 8.9: The evolving trabecular architecture for different RLs chosen. RL 1 (left), RL
2 (middle) and RL 3 (right) – all snapshots taken at 2000 MCS

the same steady state bone mass, the remodelling process using RL 2 gives a
much higher bone volume fraction. Second, the remodelling process according to RL 2 is characterized by a very high turnover, which is a factor 2 − 3
higher than in the other two simulations. Third, the trabecular architecture,
described by trabecular number and trabecular area, is different for all three
RLs. The trabecular area is lowest for RL 2 and highest for RL 3, while
the opposite is true for the trabecular number. The architecture achieved by
RL 1 gives intermediate values. The figures also show that the anisotropy
between horizontal and vertical directions in one simulation run are much
smaller than the differences due to different RLs.
How can one understand these differences? RL 2, where there is both a
linear increase in bone deposition probability and a linear decrease in bone
resorption probability with increasing stimulus, shows the most obvious differences. The large bone mass as well as the increased turnover show a
remarkable difference to all other simulations. A closer look at the bone volume fraction shows another difference to the other simulations. While in the
simulations done with RL 1 and 3, respectively, almost all of the occupied
sites are also active, this is not the case for RL 2 – almost 15 % of the occupied sites are not active in this case and are therefore not contributing to the
load transfer in the system. This is due to one property of the remodelling
law that distinguishes it from all the other laws used. In RL 2 there is a
finite probability for bone deposition even at zero values for the stimulus.
This gives the possibility for growing trabeculae perpendicular to the main
loading direction, which is not possible when the bone formation probability is zero at zero stimulus. This additional trabecular growth can be seen
in Figure 8.9 (middle). By choosing the deposition probability zero at zero
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Figure 8.10: Histomorphometric data corresponding to the simulations with different remodelling laws. Colours indicate different RLs (black—RL 1, red—RL 2 and green—RL
3, respectively), symbols indicate the directional dependence of the data (circles—parallel
to loading direction and triangles—perpendicular to loading direction).

stimulus the trabeculae are forced to exhibit smoother surfaces, the lying
down of a new bone package is only possible if at least one of the nearest
neighbours is active, i.e. load bearing. This prevents the unregulated growth
of bone that is not load bearing.
To see if this explanation is correct, another simulation run was started,
with a RL close to RL 2 but slightly changed in the vicinity of the origin.
Once again the formation and resorption probabilities were chosen such that
the same net RL was given. For values of the stimulus greater than 10 RL
2 was used to calculate the probabilities, but below a value of 10 for the
stimulus the osteoblastic probability was set to zero. The resulting functions
can be seen in Figure 8.11. The simulation runs according to this RL showed
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Figure 8.11: A slightly modified RL, to make the deposition probability start from zero.

that the amount of occupied but non-active elements as well as the total
bone mass decreased significantly. The fraction of active elements to the
occupied ones changes from about 65 % to 90 %, while the total bone mass
still remains a bit higher than in the simulations using RL 1 and RL 3.
But there also differences between RL 1 and RL 3. These differences can
not be seen in the steady state bone volume fraction, but the architecture
is different. RL 1 exhibits a lower trabecular area and a higher trabecular
number than remodelling RL 3. This effect is explained by the jump in
formation/deposition probabilities in RL 3. The main part of this effect may
be explained by the bone resorption probability. Only trabeculae that are
very thin experience a stimulus that boost the remodelling activity. With the
higher resorption probability the chance of perforating these thin trabeculae
rises and since trabeculae never come back, i.e. once gone they are lost
forever, the speeding up of the coarsening can be explained.
These experiments show clearly that slight deviations in the bone formation and resorption probabilities – even if they occur only at a very limited
range of the stimulus as e.g. in the case of the modified Law 2 – can have
pronounced effects on the resulting architecture of trabecular bone. One
and the same net remodelling law may create trabecular patterns that differ
significantly in architecture and bone mass.
After investigation of different realisations of linear RLs, two realisations
of Frost’s RL were implemented. The main feature of Frost’s RL – the lazy
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zone, i.e. a region with no net remodelling –, may be realised by two fundamentally different choices of osteoblastic and osteoclastic response (see RL 6
and 7 in Figure 7.6). While in RL 6 there is a region in which bone deposition
and resorption are equal, but different from zero, in RL 7 there is a region
in which bone deposition and resorption probabilities are both set to zero.
As in the investigations of the linear RL deposition and resorption probabilities were carefully chosen to make them result in exactly the same net
RL. Also for the case of Frost’s remodelling the consequences for the remodelling process are completely different. While in RL 6 the stochastic nature
of the remodelling process as it was introduced in the presented simulation
scheme is present at all values of the stimulus and leads to the already known
phenomena from previous simulations, like coarsening of the structure, this
stochastic element is eliminated in the simulations with RL 7. Trabeculae
that experience a stimulus larger than the lazy zone, i.e. trabeculae that
are too thin, are going to be thickened until the stimulus is decreased to the
upper limit of the lazy zone. Then the remodelling process is going to stop,
since bone deposition and resorption probabilities are exactly zero at this
point. The same argument holds for trabeculae that are too thick, i.e. their
stimulus is too low and lies below the lazy zone. These trabeculae are going
to be thinned by successive resorption events until their stimulus reaches the
lower limit of the lazy zone. Then resorption and deposition probability are
once again both zero and the remodelling process comes to an end. Trabeculae with stimuli located in the lazy zone from beginning are not remodelled
at all. Since the remodelling process comes to an end for all trabeculae also
the coarsening process does not take place and the system reaches a state
that is sometimes called homeostasis: the system reaches a stable equilibrium and the structure does not evolve anymore. This is confirmed by the
measured formation/deposition rates in the system, both tend to zero (for
late stages only 1.5 remodelling events are counted per MCS, whereas more
than 1700 events are counted for RL 6). Such a state is the final state in
simulations without stochastic event where bone loss and gain, respectively,
are described by deterministic rate equations, e.g. Huiskes et al. [2000], or in
Cowin’s adaptive elasticity model Cowin [1993]. The inhibitation of coarsening is reflected in the trabecular number and area, respectively. For RL
7 the trabecular number is a factor 3 to 10 higher than for corresponding
simulations with RL 6, while the trabecular area is correspondingly smaller.
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Simulations with different types of remodelling
laws

After comparing simulations that were done with one and the same net RL,
investigations were done to compare different types of RLs, namely linear,
step like and Frost RLs (RLs 1, 4 and 6 in Figures 7.5 and 7.6). A typical
architectural snapshot for these three runs can be seen in Figure 8.12, the
corresponding standard histomorphometric parameters can be seen in Figure
8.13. The used remodelling parameters can be found at the end of this
part in the chapter Simulation Parameters. The snapshots show a different

Figure 8.12: The figure shows typical architectural snapshots obtained by three different
types of RLs: linear (left—2000 MCS), step like (middle—1000 MCS) and Frost (right—
2000 MCS). The parameters of the used RLs may be found in the chapter Simulation
Parameters at the end of this part.

architecture for all three RLs. Most prominent the structure obtained by a
step like RL, exhibits more sharp surfaces than in both the other calculations,
the surface for the Frost RL is the roughest.
Also the histomorphometric parameters show pronounced differences. Although the simulations parameters were chosen to result in a similar bone
volume fraction and also the coarsening process is clearly visible for all three
simulations, the base line of trabecular area and number differed significantly.
As expected trabecular number and area are related indirectly: a low trabecular area, is accompanied by high trabecular numbers (RL 4), while the
other is true for high trabecular areas (RL 1 and 6).
This different behaviour of the different RLs can also be seen in the trabecular thickness distribution (see Figure 8.14). The peak of the distribution
is shifted to smaller values for the step RL, whereas both the linear and Frost
remodelling show thicker trabeculae.
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Figure 8.13: The figure shows the evolution of the standard histomorphometric parameters
for the three investigated RLs.

Figure 8.14: The trabecular thickness distribution for the three investigated RLs.

Chapter 9
Interpretation
The remodelling process in trabecular bone was studied by implementation
of different (hypothetical) RLs, i.e. the response of bone resorbing and depositing cells to the value of a given local mechanical stimulus. One of the
most striking features for all the simulations was the emergence of a favoured
time direction. All the simulations showed a coarsening of the structure, i.e.
a decrease in trabecular number and an increase in trabecular thickness with
time. This stems from a special property of the simulation process: because
of the stochastic nature of the remodelling process, the thickness of a given
trabecula is fluctuating in time. If it gets too thick – no problem – it will
decrease its width in the following iteration steps, but on the other hand if it
gets so thin, that the trabecula is perforated the stimulus is lost and it will
be resorbed. More exact, trabeculae can only be lost, but they can not be
newly formed. This asymmetry naturally leads to a loss of trabeculae, which
is compensated by a thickening of the remaining trabeculae since the bone
volume fraction is constant.
Moreover, the coarsening process is a very slow process. Since it is known
that a complete turnover in real bone takes around 4 years, it is possible to
transform the computational time scale of MCS in a real time. For the
2-dimensional simulations 1000 MCS are equivalent to 10 years, for the 3dimensional calculations 1000 MCS are equivalent to approximately 20 years.
These numbers are valid for the standard simulation runs (parameters can
be found in the Simulation Parameters chapter), changed parameters, especially a changed resorption probability, will of course alter this conversion
factor. This estimation of the real time of the investigated process shows,
first, that the presented simulation scheme is capable of determining the evolution of bone for a human life time and beyond and, second, that the time
scales of the involved processes, like coarsening, correspond well to the time
scales real bone experiences during a human life span.
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(Indirect) coupling of formation and resorption rates—BMUs

Another feature of the model is the coupling of bone formation and resorption
rate. A prominent model of bone remodelling is to divide osteoblasts and
osteoclasts in so called basic multicellular units (BMUs), which are assumed
to be strictly coupled, so that after a bone resorption event subsequent filling
in of the cavities occurs Eriksen [1986]. On the contrary the simulations
presented in this thesis as well as other computational approaches Huiskes
et al. [2000] show that a purely mechanical coupling suffices to describe the
observed effects. The emergence of a steady state bone mass clearly shows
that bone formation and resorption rate have to compensate, furthermore
if the resorption probability is suddenly raised the deposition rate almost
instantaneous follows, which can be seen in Figure 9.1. In a simulation run
the resorption probability was instantaneous raised from its standard value
of 0.007 to 0.01. The deposition rate follows almost immediately, although
no direct coupling between the cells was assumed. The increased resorption
probability leads to a stronger thinning of the trabeculae, which then of
course experience a higher load, i.e. a higher stimulus. This in turn leads to
the elevated deposition rate.

9.2

Stochastic remodelling with the same net
remodelling law

The investigations on the same net RL showed that the outcome of the
simulations depended crucially on how this net law was composed. This
is a remarkable difference to simulations with deterministic rate equations,
where only the difference in bone deposition and resorption rates are of interest. Furthermore the description of the remodelling process with resorption
and deposition probabilities leads in general to a continuous change in architecture, i.e. a coarsening process, that does not arise in deterministic
calculations, where once the structure has reached its final configuration,
i.e. the local stimulus takes the value of its set point in each point in the
sample (or at least in each point of the bone surface if surface remodelling
is assumed), no further change in architecture takes place: the system is in
homeostasis. But in contrast to these simulations such a homeostatic state
has not yet been reported in literature, on the contrary all performed experiments suggest a continuous change in bone’s architectural parameters, some
experiments even claim to have observed a coarsening process in real bone
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Figure 9.1: The instantaneous rise of the resorption probability (1500 MCS) leads to
an almost simultaneous increase in the formation rate. The normal evolution of the resorption/deposition rates without the instantaneous increase in resorption probability is
depicted by the grey-dashed lines.

Frost [1999].
The observation that the remodelling process does not only depend on
the net RL, but also on the two functions it is composed of, poses the problem to formulate these two functions. As shown there are many different
probabilities to compose one and the same net RL out of different responses
for bone deposition and resorption. Instead of describing the problem with
one linear function that is characterized by two parameters (its slope k and
intercept d) several new parameters may enter the problem. In Figure 7.5
1 − 3 only some suggestions are listed of how such a combination may result
in the same net RL. The variety ranges from a combination of linear and
constant functions over two linear functions to functions that even are discontinuous. The architecture of the sample differs significantly on the type
of RLs chosen. Some of the aspects can be understood easily, others prove to
be more subtle. Although the RLs presented in this thesis are fundamental
functions, the actual deposition/resorption probabilities prove to be much
more complicated. The actual probability for a bone deposition/resorption
event is the product of finding a proper place, i.e. a place on bone’s surface,
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with the probability given by the RL evaluated at this special place. That is
why not only the RL itself, but also the geometry it creates, has a tremendous effect on the remodelling process, e.g. the average number of active
neighbours of a given surface site is of crucial importance (but of course the
RL is the only determining parameter, since the geometry is itself determined
in a non-trivial manner by the RL).
By choosing RL 1 from Figure 7.5 as reference the simulations showed that
the simulations results achieved by RL 3 do not significantly differ in bone
mass, but that the coarsening process, i.e. the loss of thin trabeculae and the
simultaneous thickening of thicker trabeculae to account for the loss of bone
material, proceeds much faster. This can be understood by the increase in
remodelling activity for higher values of the stimulus: in regions with a higher
stimulus, i.e. thin trabeculae, the turnover is significantly increased, which in
turn increases the perforation probability for these highly stressed trabeculae.
This is the reason for the speeding up of the coarsening process, which reflects
itself in the decreased trabecular number and increased trabecular thickness
in these simulations (see Figures 8.6 and 8.10).
Simulations with RL 2 show other remarkable differences: first the steady
state bone mass exceeds by far the steady state bone mass from simulations
done with RL 1. A closer look shows that a significant fraction of the occupied sites are not active, i.e. they are not load bearing, while in all other
simulations almost all of the occupied elements are load bearing as well. This
difference stems from the fact that in RL 2 there is a finite probability for
bone deposition even at zero stimulus. Although the resorption probability
is even higher this leaves a finite probability for the growth of trabeculae
perpendicular to the loading direction which is not possible in RLs with zero
deposition probability at zero values of the stimulus. This increased bone
mass and non-targeted growth can clearly be seen in the architectural snapshot (see Figure 8.9), furthermore the histomorphometric parameters show
that the number of trabeculae significantly increased (which is due to the
unregulated growth of non-load bearing elements), while their average area
decreased.

9.3

Stochastic remodelling with different types
of remodelling laws

Furthermore three different types of RLs were investigated: linear RLs, steplike RLs and Frost’s RLs (see Figure 7.5 and 7.6). One striking difference in
these three types of RLs is their degree of control of the structure. The most
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rigid control is realised by step-like RLs, the most flexible control by RLs with
a lazy zone, i.e. RLs motivated by the mechanostat concept introduced by H.
Frost. The degree of control is best explained with the concept of the set point
of the system (see Figure 9.2): in all RLs chosen there is an intersection point

Figure 9.2: The figure shows that the set point, i.e. the intersection point of resorption (red
dashed and blue dotted lines, respectively) and deposition (solid black line) probability
with respect to the stimulus changes with a changed resorption probability in the case of
a linear RL (left), but stays constant for a step-like RL (right).

of deposition and resorption probability with respect to the stimulus. Below
this point there is more resorption than deposition, which tends to increase
the stimulus, above this point there is more deposition than resorption and
the stimulus is accordingly lowered. So the regulatory process tends to drive
the system in a state where all elements experience this special value of
the stimulus. This point is the set point of the control. In the case of a
linear RL the difference in resorption and formation probabilities is very small
in the vicinity of the set point, therefore pronounced fluctuations around
this point are possible, i.e. the system is not very rigidly controlled. On
contrary for step like remodelling the difference in resorption and deposition
probabilities always takes a finite value (greater than zero), i.e. fluctuations
are suppressed and the system is strongly controlled. For Frost’s RL the
singular set point is displaced by an extended region where the formation
and deposition probabilities take the same value, i.e. in this entire region
there is no control at all, thus the system is very loosely controlled. The
degree of control is reflected by the steady state strain distribution for the
three investigated cases (see Figure 9.3). The narrowing of the distribution
for the step like RL shows the more rigid control in this case. Since the
strain also serves as the mechanical stimulus, i.e. the control variable, the
bone elements are forced in a narrower strain distribution than for the other
two RLs. As expected the distribution is broadest for the Frost RL, where
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Figure 9.3: The steady state strain distribution for the three RLs investigated: linear
(black) with a set point of 100, step (red) with a set point of 200 and Frost (green) with
a lazy zone in a stimulus region from 100 to 150.

the lazy zone realises a region with absolutely no control at all.
Another feature of these distributions is the shift of the peak to higher
strain values for linear and Frost RLs. This effect stems from a subtle effect
of the regulatory system. The stimulus for bone resorption/deposition is the
sum of the strains of the neighbouring lattice sites. The very rigid control of
the step RL tends to produce very smooth trabecular surfaces, since the deposition probability for new bone is exactly zero, when the trabecular width
exceeds a given value. This means that most of the elements at the surface
– and that are therefore prone to the action of osteoblasts and osteoclasts,
respectively – have got at least three active neighbours. The peak strains in
the distribution show that on average three neighbours suffice to reach the
set point of 200. In the case of the more flexible control for linear and Frost
RLs the same does not hold. The bone surfaces tend to be much more rough
than in the case of step remodelling, which means that very often the bone
elements do only have one active neighbour, which has to give the set point
of 100 in this case. The even greater shift to larger strain values for Frost
remodelling is due to the fact that the lazy zone was chosen to be in the
region between 100 and 150 units of the stimulus.

9.4. The reaction of the system to perturbations
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The reaction of the system to perturbations

An additional interesting feature is the reaction of the system to perturbations, e.g. a changed turnover rate due to a changed resorption probability.
It was investigated in which way systems controlled by Law 1 and Law 4
(see Figure 7.5) differ in their response to a changed turnover, i.e. to different resorption probabilities. The motivation of these experiments is given by
medicine since it is possible by special medication (anabolic or anti-resorptive
treatment) to act exclusively on one cell type. An anti-resorptive treatment
(bisphosphonates) focuses on the osteoclasts and inhibits bone resorption.
This treatment is modelled in our system by varying the bone resorption
probability and leaving all other parameters unchanged. The two RLs chosen were a step like deposition probability (Law 4) and a linear one (Law 1)
– see Figure 7.5. The chosen deposition probabilities are the standard ones,
which can be found in the final chapter of this part, while the bone resorption probability was varied over one order of magnitude from 0.01 to 0.001.
The different response of the system can be seen in Figure 9.4, where the
steady state bone mass is plotted against the inverse resorption probability.
The steady state bone mass remains unaltered when a step like deposition
probability is chosen (Law 4) and changes drastically when a linear one is
chosen (Law 1). This effect can be explained with the behaviour of the set
point of the regulatory mechanism for changed osteoclastic responses. For
a linear RL the intersection point of formation and resorption probability
changes with new values of the resorption probability, accordingly does the
set point (see Figure 9.2). The same does not hold for a step-like formation probability, there the set point remains unchanged for every resorption
probability (as long as the resorption probability is chosen smaller than the
height of the step). Since the set point determines the strain distribution in
the system and this distribution is strongly influenced by the bone mass, it
is evident that a changed set point will have profound effects on the steady
state bone mass, while a fixed set point will not result in these deviations.
Although the set point concept is able to explain the differences in behaviour of the systems to perturbations for different types of RLs (especially
linear and step like RLs), one should be aware that due to the coupling of
geometry and remodelling inherent in the model this is not the entire truth.
As described previously simulations with one and the same net RL, thus also
with the same set point, may develop completely different bone volume fractions. Furthermore, one and the same set point may not correspond to the
same value of the bone volume fraction for different types of RLs. More exact, the set point for the simulations done with the linear RL 1 was 100, while
it was 200 for simulations with the step like RL 4. Despite that difference in
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Figure 9.4: The figure shows the steady state bone mass as a function of the inverse
resorption probability, i.e. the turnover rate. Two different deposition probabilities were
chosen: step like (black dots) and linear (red dots). While the bone mass stays unaffected
by the turnover rate for the step like remodelling law, it changes drastically in the linear
case.

the set point the bone volume fraction is comparable for both simulation runs
(as can be seen in Figure 8.13). As already mentioned this effect stems from
geometrical influences: the effective probability for a remodelling event is not
solely given by the RL, but by the product of the resorption/deposition probability and the probability of finding a proper place for resorption/deposition
(i.e. the OC/OB surface). Another influence is given by the average number
of active neighbours for any active element.

9.5. Speculations on the remodelling law of real bone
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Speculations on the remodelling law governing the evolution of real bone

The presented observations give additional information on the regulatory
system in real bone: since there are no experimental observations that trabeculae may grow perpendicular to the loading direction, it seems reasonable
to assume that the bone deposition probability is zero at zero stimulus – or
at least very small. Furthermore clinical studies showed that antiresorptive
treatment of postmenopausal osteoporosis, i.e. the resorption of bone is prevented by hindering the osteoclasts from doing their job, resulted only in a
slightly increased bone mass (10 − 15 %) Pérez-López [2004], Weinstein et al.
[2003]. Comparing these experimental facts with the results from the presented simulations, it seems reasonable to assume that the RL governing real
bone’s evolution is neither a linear relation between stimulus and response
of the cells nor a RL with a lazy zone (the repression of bone resorption
would have an even stronger effect on the set point than for a linear RL,
since an entire non-regulated region would collapse to a single point), but
rather a step-like response. Even if a real step is most probably not realised
in a biological system, it seems reasonable to assume that there is a small
region in the stimulus where the response of the cells changes rapidly and
shows strong non-linear behaviour, i.e. there exists some kind of activation
threshold.

9.6

Bone diseases—Osteoporosis

Another aim of the presented simulation scheme is to come to a better understanding of diseases that may arise due to a failure in the regulation
mechanism controlling bone remodelling. In the presented model such a failure in the regulation process would manifest itself in a change of the RL, i.e.
in a change of the functional dependence of the cells response to the given
stimuli. In life such a change my be caused by hormonal changes, as they
occur e.g. during menopause. As stated before the regulatory mechanism
of bone is strongly interconnected with sexual hormones so menopause has
a tremendous effect on bone evolution. It is well reported that the onset
of menopause is accompanied by a strong enhancement of bone turnover –
most probable caused by a strong increase in bone resorption – which leads
to a severe loss of bone mass accompanied by a strong alteration of bone’s
architecture. As a result the quality of bone may rapidly decrease, an effect that is called postmenopausal osteoporosis and that poses an ever rising
risk to modern societies. Due to the rapid increase in life expectancy more

106

9. Interpretation

and more people are facing severe problems corresponding to the decreased
quality of their bones, e.g. increased fracture risk or even non-traumatical
fractures (especially of the hip and the vertebras). Women are especially
affected, but also men suffer from this disease. It is estimated that 30 %
of postmenopausal white women in the US suffer from osteoporosis, which
rises to 70 % for women over the age of 80. The corresponding costs for the
health care system are $13.8 billion per year Ray et al. [1997]. In Germany
each year 3.5 − 4 million hospital days are accounted for by osteoporosis,
the direct costs of this illness are estimated by DM 3.7 billion (≈ 1.9 billion
Euro) Brecht and Schädlich [2000].
The ultimate reason for postmenopausal osteoporosis has not been found
until now, but since several studies show that this disease is accompanied by a
strong increase in turnover it seems reasonable to attribute (postmenopausal)
osteoporosis to a failure in the regulation mechanism controlling bone remodelling Lanyon and Skerry [2001]. By an alteration of the RL in our simulations a situation comparable to the stage of menopause may be created in
the computer and the effect on bone’s architecture can be studied. These
investigations will give more insights in the reasons for osteoporosis, e.g. if
it is reasonable to attribute postmenopausal osteoporosis to a change in the
feedback system and what might be the best strategy to treat this disease.
Since due the discussion of the last paragraph a RL with an activation
threshold seems to be most probable candidate for the RL in real bone, the
discussion of osteoporosis is based on the 2-dimensional simulations done
with RL 5.
In terms of bone architecture postmenopausal osteoporosis is often described by, first, a reduced bone mass and, second, by a coarser structure
and higher anisotropy in trabecular architecture. In Figure 9.5 the outcome
of a simulation run compared with an inset from sections through a real
vertebra can be seen: young-healthy (left) and old-osteoporotic (right). The
top row of the architectural snapshots shows the normal ageing process of
bone with no changes of the remodelling law with age (∆Vc = 25). As can
be seen some architectural features attributed to osteoporosis can already be
found by such a normal, i.e. non-pathological ageing process. Especially the
coarsening of the structure is striking. The low row of the figure shows the
architectural evolution for a system with a slightly changed remodelling law
(∆Vc = 30). As can be seen such a slight change in the activation threshold
can have severe effects on the architecture, by accelerating the coarsening of
the structure. Even worse, the shift of the activation threshold also leads to
a reduction of the bone mass, compared to a normal ageing process.
Another question arising in the treatment of osteoporosis are the longterm effects of a bisphosphonate treatment, i.e. the inhibitation of bone
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Figure 9.5: In the figure the outcome from simulations done with RL 5 are compared with
slices from real bone. The left inset shows young and healthy bone, while the right inset
shows old and osteoporotic bone (to give a better comparison to the insets, the simulated
structures are shown inversed – white corresponds to bone, black to marrow). The upper
row shows a normal ageing process of the structure with no changes in the remodelling law
(∆Vc = 25), whereas the lower row shows the outcome for a remodelling law where the
activation threshold was slightly shifted to higher values of the stimulus (∆Vc = 30). The
figure shows that even a normal ageing process results in a coarser architecture, as can
also be seen in the insets, by changes in the remodelling law this effect may be strongly
enhanced and accelerated.

resorption. Even though this medication proves to be a versatile tool to
prevent bone mass loss, the effects on accumulation of microdamage are
widely unexplored Nyman et al. [2004]. One of the main reasons for bone
remodelling is the removal of microdamage, i.e. small cracks, that develop
in the bone matrix. An accumulation of microdamage in a special region
of the material may strongly weaken it, thus the material is going to fail at
relatively low loads that an undamaged material would easily bear. Since by
an inhibitation of the remodelling process bone loses its ability of self-repair,
the risk of material failure by fatigue increases with subsequent treatment. In
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the simulations done in this thesis material failure was not incorporated, but
investigation of the age distributions of selected simulations runs, showed that
with decreasing resorption probability this distribution shifted to later times,
which means the average age of bone elements increased. Since microdamage
accumulates with time, the shift to later times can also be seen as a shift
to more elevated concentrations of microdamage that weaken the material.
Figure 9.6 shows an age map of bone for two different values of the resorption
probability (pOC = 0.007 and 0.01, respectively). Both simulation runs were
starting from the same configuration, i.e. the evolution of the structure is
easily comparable. The figure clearly shows that the amount of older bone

Figure 9.6: The figure shows the age map for two different values of the turnover. Starting
from the same configuration the results are shown for a resorption probability of 0.007
(top) and 0.01 (bottom).

(cyan) decreases significantly with a higher turnover. On the other hand
this is equivalent to an increased concentration of microdamage for lower
turnovers. Furthermore the elevated coarsening velocity for higher turnover
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can be seen. First, the increased thickness of the trabeculae for the higher
turnover is visible by comparing the two insets. Second, the trabecular “loop”
which can be seen in the middle region of both insets is considerable smaller
for the elevated turnover.
Clinically the symptoms of postmenopausal osteoporosis are most often
explained by the higher turnover rate accompanying the hormonal changes
in menopause. The simulations presented in this thesis suggest that at least
two different processes are responsible for the structural changes in bone
found in osteoporotic patients Weinkamer et al. [2004b]. First, there is a
normal ageing phenomenon that drives the architecture into a coarser, more
anisotropic structure. As already explained that favoured time direction is
given by the fact that trabeculae can only be lost, but never newly formed.
An increased turnover as observed in postmenopausal women is going to
fasten this process, the coarsening will proceed faster, but the bone mass is
not going to change. Second, a change in the bone mass can not be attributed
to a change in resorption probability alone, but has to be attributed to a
lower sensitivity of the bone forming osteoblasts. By shifting their activation
threshold to higher values of the stimulus, bone mass is going to decrease
and the trabeculae will be thinned, which in turn increases the probability
of perforation and consequently the loss of trabeculae.
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Chapter 10
Conclusion and Outlook - Bone
Remodelling
A model to investigate the remodelling process in trabecular bone was presented. In contrast to other computational models the emphasis was not put
on a strictly accurate description of the mechanical state of the sample, but
rather on a balance in the accuracy of the mechanical and biological description of the problem. A fast, but simple, algorithm to assess the mechanical
properties of the system gave the possibility to test and to judge a variety of
different biological hypotheses. At the core of the mechanical model is the
assumption that thin trabeculae are more stressed than thick trabeculae. A
further approximation is neglecting bending forces and moments. The model
presented varies in some important points from previous simulations: first,
the structure of bone is regarded to be built of several discrete bone packets.
There is no need to perform coarse graining procedures to describe trabecular
bone as continuum with a given density. Second, osteoblasts and osteoclasts
are treated as two distinct entities, both with their own response to a given
stimulus. Bone formation and resorption is modelled as a stochastic process,
the remodelling law gives the relation of the local stimulus and formation and
resorption probabilities, respectively. Third, this stochastic nature of the remodelling process is a further distinction from previous simulations, where
often deterministic rate equations – relating the stimulus with the rate of
change in bone density – are used to describe the remodelling process.
The simulations showed that in contrast to simulations with deterministic rate equations the net remodelling law does not suffice to describe the
remodelling process. One and the same net remodelling law results in a different bone mass and architecture depending on the choice of the responses
of bone forming and resorbing cells on the stimulus. Furthermore – although
some of the histomorphometric parameters like the bone mass may reach a
111
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steady state – an overall homeostatic state is never reached, the structure
continuously changes. Most prominent a coarsening process is found, i.e. the
trabecular number decreases while the average thickness increases at constant
bone volume fraction. This feature can be observed for all used remodelling
laws.
Investigating the effect of different types of remodelling laws, conclusions
on the remodelling law in real bone were drawn: first, the bone deposition
probability is zero – at least very small – for zero stimulus and, second,
that a non linear functional dependence of the deposition probability from
the stimulus is most likely, i.e. a threshold value of the stimulus has to be
exceeded to strongly enhance the deposition of new bone.
Furthermore, common bone disease patterns that are attributed to a failure in the regulatory mechanism of bone development, like (postmenopausal)
osteoporosis were mapped on the model. The characteristics of osteoporosis were shown to consist of three distinct parts: first, a natural ageing and
coarsening phenomenon, which can not be contributed to a pathological malfunctioning of the regulatory system, second, an acceleration of this natural
coarsening process by a highly increased turnover due to hormonal changes
during menopause and, third, a loss of bone mass due to a decreased sensitivity of the bone forming osteoblasts by a shift of the activation threshold
to higher values of the stimulus.
Future work that has still to be done includes, first, additional investigations on the mechanical model. In the assessment of the mechanical state of
the sample the most important assumption is, that thin trabeculae are more
stressed than thicker trabeculae. A check of this assumption by the accurate
finite element methods is necessary. Furthermore a mechanical rating of the
developing structures is still missing. Is the mechanical performance dependent on the chosen RL? If yes, which RL gives the most potent structures?
How do the mechanical properties evolve with time? These investigations can
either be done by theoretical calculations or by mechanical tests performed
on samples that were built with rapid prototyping methods from a structure produced in the computer. Second, it seems feasible to use the model
to investigate clinical related topics, like the effects of special treatment of
osteoporosis: What are the effects of anabolic treatment and antiresorptive
treatment, respectively? Should they be given simultaneously or one after
another? In which order? One possible road that might be followed is to
define a standard (healthy) simulation run. Starting from this configuration
changed physiological conditions, i.e. changed RLs, due to ageing, disease or
medical treatment might be imposed and the effects studied. First tests of
this kind were already presented in this thesis, but more detailed and extensive studies are necessary to fully exhaust the capabilities of the presented

113

simulation scheme. E.g. the simulations can be made more realistic by describing the loss of bone mass with age with a time dependent activation
threshold in the RL.
The most important feature of the model is the description of the remodelling process as a stochastic event, which gives a rich variety of effects not
to be found in deterministic calculations. Despite the simplicity of the model
(especially in the mechanical description) the results achieved are comparable, since one and the same model was used for all of the simulations. If
the remodelling process in bone is really triggered by a mechanical feedback
loop – and there are lots of experimental evidence that this is the case – then
for the investigations done in this thesis, it should not matter that much,
if this stimulus is really the one chosen or if the RL is a function of any
other mechanical quantity. The main results of the presented simulations
are mostly due to the properties of the RL (linear or discontinuous) which
would not change if, e.g. the volume change would be exchanged with the
strain-energy density or any other potential stimulus as long as the form of
the RL remains unaltered. Of special interest in these investigations were
the overall properties of a special chosen remodelling law, not the details of
the process. It will not be possible to use the described model to design
prostheses or to predict in detail the mechanical and biological consequences
of the implantation of such a prostheses or the effect of a special training.
The aim was to shed further light on the underlying feedback loop and to
distinguish between several possibilities of its realization.
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Simulation Parameters
The table below gives the value of the parameters characterising the remodelling laws used for the simulations presented in this thesis:
In this table x denotes the value of the stimulus, i.e. the summed volume
changes of the neighbouring elements, with the only exception of Law 5,
where x is the volume change of one neighbouring site and the sum runs
over nearest neighbours, ∆Vc is the critical volume change, which gives the
location of the activation threshold, i.e. the location of the step. H denotes
the Heaviside step function, which takes the value zero for negative arguments
and one for positive arguments. Law 5 is the RL that was used in the
2-dimensional simulations. All other laws were used for the 3-dimensional
simulations.
Other parameters chosen (the same for all simulations) were an external
stress of 10 and a coupling constant of k = 0.9 and 0.8 for the 2-dimensional
and 3-dimensional simulations, respectively.
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pOB =

Resorption
pOC = 0.01
pOC = 0.015 − 0.00005 · x




pOC =

0.01 if x < 125
0.02 else

0.0001 · x
if x < 125
0.01 + 0.0001 · x else

pOB = 0.005 + 0.00005 · x

RL Formation
1
pOB = 0.0001 · x
2
3




pOC = 0.01

pOB =



x
∆Vc

0.0 if x < 200
0.02 else

4
P

1−



−0.0001 · x + 0.01 if x < 100
0
else

pOC = 0.007

pOB = 0.003 + 0.1

pOC =

x
N N ∆Vc H

5





0
if x < 150
0.0001 · x − 0.015 else

pOC = 0.01

pOB

pOB =


if x < 100
 0.0001 · x
0.01
if 100 ≤ x ≤ 150
=
0.0001 · x − 0.005 else

6

7

Table 10.1: The parameters characterising the used RLs. The number in the first column specifies the RL (as they were introduced in
Figures 7.5 and 7.6), the second and third column gives the functional dependence of formation and resorption probability, respectively.

Part III
Linear Elastic Networks
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Recently describing and understanding self assembly processes in nature
has become something like a hot topic in basic sciences. Self assembly
processes are of tremendous importance in biological system, e.g. the selfassembly of proteins to give their functionality (the self assembly of single
collagen molecules to a triple helix as basic building blocks of bone is only one
example) or the self-assembly of the bilayer membranes enclosing living cells.
Cellular membranes composed of a variety of different lipids and proteins
are extremely complicated structures, that is why for a basic understanding
of the fundamental properties of these self assembled structures much more
simple model structures composed of only few components are investigated.
The building of membranes can be reached by dissolving amphiphilic
molecules in water. Amphiphilic molecules consist of two different parts, a
hydrophilic (polar, charged) head and a hydrophobic (non-polar, uncharged,
fatty) tail. This schizophrenic structure of the molecules leads to a variety
of different morphologies, since the hydrophobic tails are shielded from water contact by the hydrophilic heads. The morphologies reach from micelles,
vesicles, cylinders to flat membranes. The realised morphology may depend
on several parameters like the kind of involved molecules, their composition, their concentration in solution, the temperature, pH-value and so on
Israelachvili et al. [1976], Fukuda et al. [1990].
But not only the form of the evolving structures is of interest, also their
mechanical properties is the focus of many studies. To describe one of the
observed phenomena is the main goal of this part of this thesis. It was
found by investigations of membranes composed of oppositely charged head
groups that the bending rigidity, i.e. the ability of the membrane to undergo
thermal fluctuations, may vary over several orders of magnitude depending on
external parameters, like pH value Dubois et al. [2001]. In the next chapter
of this thesis a model is given to explain these features and to give a unifying
picture of the involved processes.
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Chapter 11
The elastic properties of linear
elastic networks
To understand the mechanical properties of flat membranes (sheets) composed of two different amphiphiles (A and B) with oppositely charged head
groups we propose the following model. The molecules are assumed to
occupy a regular,
triangular lattice with the two vectors a = (1, 0)a and
√
b = (1/2, 3/2)a as a basis. Nearest neighbours are supposed to be connected by linear elastic springs characterised by a spring constant k.

11.1

Mechanical equilibrium

The mechanical equilibrium of a configuration is given by the set of the
displacements of all atoms that makes the sum of external and internal forces
vanish or – equivalently – makes the total energy of the system minimal.
Since each atom has 6 neighbours, each atom experiences the force of 6
springs (see Figure 11.1). The force of one spring is given by
F = k|∆r|n

(11.1)

where k is the corresponding spring constant, |∆r| = |r2 − r1 | − |r02 − r01 | =
|r2 − r1 | − a and n is the vector of unity pointing in the connexion line of
the two atoms. r1 and r2 are the actual positions of the two atoms, r01 and
r02 are the equilibrium positions of the two atoms without strain (stress),
which give the equilibrium distance of the atoms, i.e. the lattice constant a.
Denoting the force exerted on the i-th atom by its l-th neighbour (numbering
of neighbours according to Figure 11.1) with Fli one finds


 r1i − ri

a
1
1
1
1
Fi = ki |ri − ri | − a 1
= ki 1 − 1
r1i − ri .
(11.2)
|ri − ri |
|ri − ri |
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Figure 11.1: The unit cell of a triangular lattice is shown. An atom and its 6 nearest
neighbours are depicted. The connecting springs are indicated by zigzag lines.

Being interested in small deformations, it is intuitive to set
 

 1
a(1 + )
xi − xi
1
=
ri − ri =
yi1 − yi
η
with , η  1. With this convention one finds
p
|r1i − ri | = a (1 + )2 + η 2 ≈ a(1 + )

(11.3)

(11.4)

where terms of higher than linear order in  and η were neglected. Insertion
into equation (11.2) yields
 1

xi − xi − a
1
1
Fi ≈ k i
.
(11.5)
0
Analogous calculations yield
F2i
F3i

≈

ki2



x2i − xi + a
0


,

i  1/2 
√ 3
ki3 h 3
√
≈
xi − xi − 2a + 3(yi − yi )
,
3/2
2

(11.6)
(11.7)

11.2. The stiffness matrix of a homogenous crystal
i  −1/2 
√
ki4 h 4
4
√
−xi + xi − 2a + 3(−yi + yi )
≈
,
− 3/2
2
i  −1/2 
√ 5
ki5 h 5
5
√
,
Fi ≈
−xi + xi − 2a + 3(yi − yi )
3/2
2

F4i
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(11.8)
(11.9)

and
F6i

i  1/2 
√
ki6 h 6
6
√
≈
xi − xi − 2a + 3(−yi + yi )
.
− 3/2
2

(11.10)

From the special form of the resulting equations the physical meaning of the
used approximations can be deduced. Discarding higher than linear order
terms in the evaluation is equivalent to the assumption that the force between
connected lattice sites always acts along the connexion line of the originally,
undeformed lattice points. Furthermore the elongation of the spring leading
to a force is determined by a projection of the actual vector connecting the
atoms on the equilibrium distance vector. Thus we have in general
 l0

0
 rl0
r − r0i
i − ri
l
l
l
−a i
.
(11.11)
Fi ≈ k i r i − r i ·
a
a
The condition for mechanical equilibrium now reads
6
X

Fm
i ≡ 0

∀i.

(11.12)

m=1

For a lattice with N lattice sites, this means to solve a system of 2N linear
equations in as many variables. Mathematically the approximation of small
deformations results in a system of linear equations that have to be solved,
which greatly simplifies the problem. In all the presented simulations a = 1
was chosen.

11.2

The stiffness matrix of a homogenous crystal

Linear elasticity assumes a linear relation between stress and strain
σik = Ciklm lm

(11.13)

with i, k, l and m = 1, 2 in two dimensions. Symmetry demands that
σik = σki and lm = ml . Therefore the stiffness matrix has to fulfil Ciklm =
Ckilm = Cikml . Furthermore – since the energy functional is a quadratic form
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of the strains – the relation Ciklm = Clmik is valid. Taking into account these
symmetries equation (11.13) may be rewritten in terms of a simpler matrix
equation (Voigt notation)
σi = Cik k
(11.14)
with i, k = 1, 2, 3 and the substitution (11) → 1, (22) → 2 and (12) → 3. The
matrix Cik is symmetric, i.e. in the most general case there are 6 independent
elastic constants for a 2-D material. The stiffness matrix C fully describes
the elastic behaviour of any material, the well known elastic constants, like
elastic (Young’s) modulus Y or Poisson ratio µ, are given as combinations of
the elements of C:
2
C12
12
µ1 = C
Y1 = C11 − C22
C11
(11.15)
2
C12
12
Y2 = C22 − C11
µ2 = C
.
C22
For a material showing cubical symmetry (C11 = C22 ) there is only one
elastic modulus and one Poisson ratio given by
Y = C11 1 − µ2



µ=

C12
.
C11

(11.16)

Here and in the following Y and µ denote the 2-dimensional elastic modulus
and Poisson ratio, its corresponding 3-dimensinonal values are given by E
and ν, respectively.
In the following the full elastic matrix of a crystal as shown in Figure 11.2
is determined. One out of three strain states (see Figure 11.3) is applied to

Figure 11.2: Left: the unit cell of a triangular lattice with three different spring constants.
The crystal is thought to be built up by periodic repetition of this basis. Right: the
Cartesian coordinate system that is used to determine stresses and strains.

the crystal. The resulting stresses are evaluated and according to equation
(11.14) the stiffness matrix is evaluated.

11.2. The stiffness matrix of a homogenous crystal
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Figure 11.3: Three different strain states with 1. 1 = , σ2 = 0 (left), 2. 11 = 0, 2 = ,
3 = 0 (middle) and 3. 1 = 0, 2 = 0, 3 =  (right).

1. The triangle is stretched along the line AB, the points A and B are
fixed, whereas C is free (see Figure 11.3 – left). The triangle is deformed
until the springs k2 and k3 , respectively, are unstretched, therefore feeling no
force. For the height h0 of the deformed triangle one finds
s

2 √ 



3
1+
1
1
0
≈
h = 1−
1−  =h 1− 
(11.17)
2
2
3
3
√
with h = 3/2 the height of the undeformed triangle. The forces applied to
the three springs can be found by using equations (11.5), (11.7) and (11.9).
It is found
 
 
 
0

0
FBA = k1
FCA = k2
FCB = k3
(11.18)
0
0
0
with FXY is the force acting on Y by the spring connected to X. These
forces have now to be transformed in the corresponding stresses. Therefore
the forces are summed along the boundaries of the crystal and transformed
according to
Fi = σik dfk
(11.19)
where Fi is the i-th component of the Force F and dfk is the k-th component
of the area normal vector. Denoting the total force acting on the bottom
layer of the crystal FB and the total force on the left layer FL one finds
!
√


3
1
−σ12
− √2 σ11 + 2 σ12
FB =
L
FL =
L
(11.20)
−σ22
− 23 σ21 + 12 σ22
with L the length of the crystal. Together with equation (11.18) it is found
that
 


0
−
FB =
FL = k1
L
(11.21)
0
0
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and therefore

2k1
σ1 = √ 
σ2 = 0
3
The corresponding strains are given by
1
2 = − 
3

1 = 

σ3 = 0.

(11.22)

3 = 0.

(11.23)

Insertion into equation (11.14) gives
2
1
C12 + √ k1
3
3
= 3C12
= 3C13 .

C11 =
C22
C23

(11.24)

2. According to the Figure 11.3 (middle) all three points of the triangle
are fixed
!
√
3
1
,
(1 + )
(11.25)
A0 = (0, 0)
B 0 = (1, 0)
C0 =
2 2
resulting in
1 = 0,

2 = 

The corresponding forces are given by
 


3
1
0
FBA = k1
,
FCA = k2 √
0
3
8
The total forces are then given by


3
k3 − k√
2
√
FB =
L
− 3k2 − 3k3
8

3 = 0.

and

FCB

and

3
FL = k 3
8

the corresponding stresses are
√
√
3
3 3
(k2 + k3 )
σ2 =
(k2 + k3 )
σ1 =
8
8

(11.26)



−1
√
3



3
= k3
8


−1
√
.
3
(11.27)

L,

(11.28)



3
σ3 = (k2 − k3 ). (11.29)
8

Using equation (11.14) one finds
√

3
(k2 + k3 )
8√
3 3
=
(k2 + k3 )
8
3
=
(k2 − k3 ).
8

C12 =
C22
C23

(11.30)
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3. To determine the still missing elements of the stiffness matrix a third
deformation state – now including shear deformation – is investigated. According to Figure 11.3 (right) the points of the triangle are fixed to give
√ !
3
1
0
0
0
+ ∆x,
(11.31)
A = (0, 0),
B = (1, 0)
and
C =
2
2
which results in
1 = 0,

2 = 0

and

Once again the forces have to be calculated
 
 √ 

0
3
FBA = k1
,
FCA = k2
0
3
8

3 =

∆x
≡ .
h

and

FCB

(11.32)


= k3
8

correspondingly the total forces are given by
 √
 √ 

 − 3(k2 + k3 )
3
3
FB =
L
FL = k 3
L.
3(k
−
k
)
−3
8
8
3
2

 √ 
3
,
−3
(11.33)

(11.34)

The stresses are found to give

σ1 = (k2 − k3 ),
8

3
σ2 = (k2 − k3 )
8

√
σ3 =

and

3
(k2 + k3 ).
8
(11.35)

Using once again equation (11.14) one finds
1
(k2 − k3 )
8
3
(k2 − k3 )
C23 =
8√
3
C33 =
(k2 + k3 ).
8
Putting together the pieces the stiffness matrix now reads
 √

√
3
3
1
(16k
+
k
+
k
)
(k
+
k
)
(k
−
k
)
1
2
3
2
3
3
8
8 2
√
 24 √3

3 3
3
C=
(k
+
k
)
(k
+
k
)
(k
−
k
)
.
2
3
2
3
2
3
8
8
8
√
3
1
3
(k − k3 )
(k − k3 )
(k2 + k3 )
8 2
8 2
8
C13 =

For a system build up of identical springs, i.e. k1
reduces to
 √
√
3 3
3
k
k
0
4
√
 √43
3
3
C= 4 k
k √0
4
3
0
0
k
4

(11.36)

(11.37)

= k2 = k3 ≡ k the matrix




(11.38)
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showing isotropic symmetry. Furthermore using equation (11.2) the elastic
modulus and Poisson ratio of such a material is given by
√
1
2 3
k
µ= .
(11.39)
Y =
3
3

11.3

Elastic properties of membranes

Bilayers that are composed of two amphiphiles with oppositely charged head
groups show remarkable elastic properties. By variation of the pH value of
the solution the composition of the membrane can be changed and these
changes in composition lead to a decline in the elastic properties over several
orders of magnitude. It is believed that additional hydrogen bonds occurring
e.g. between carboxylic (anionic) head-groups in the absence of counter-ion
different from H + are responsible for this effect Lynch et al. [1996]. This
special situation was modelled as follows: it is assumed that the binding
of the molecules without hydrogen bonds is very weak (spring constant k2 ).
The occurence of additional hydrogen bonds between one pair of atoms is
described by assigning springs connecting A-A pairs a spring constant k1
that is much stiffer than k2 , i.e. k2  k1 . In another study the stiff bonds
k1 were assigned the A-B pairs, all other pairs the soft bond k2 .

Figure 11.4: The figure shows a schematic sketch of a bilayer membrane. An amphiphilic
molecule consists of a hydrophobic tail (zigzag line) and a hydrophilic head (black and red
circles). The tail region of length h is completely shielded from water contact by the head
region of width δ. The additional hydrogen bonds emerging by nearest neighbour contacts
between the heads of one sort of molecules (black circles) are visualized by black bars.

11.3.1

Stiff A-A bonds

To determine the predictions of the model configurations of different molecular compositions were produced and these were analysed to give their elastic
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properties. Following standard Monte Carlo procedures the configurations
were obtained by minimizing the total interaction energy given by Weinkamer
et al. [1998], Glauber [1963], Kawasaki [1972]
X
U =J
σi σj .
(11.40)
hiji

The sum extends over nearest neighbour pairs, σi is a spin variable (not to be
confused with the stress σ!) giving 1 (−1) if lattice site i is occupied by an A
molecule (B molecule, respectively). The choice of the interaction parameter
J = 1 > 0 led to the favouring of antiferromagnetic order.
Figure 11.5 shows snapshots of the configuration for some composition
values. To make the pictures more clear only the strong bonds, connecting
A − A pairs are shown. The figure shows how a dense network of strong

Figure 11.5: Three typical configurations for different concentrations of A molecules: 0.9
(left), 0.66 (middle) and 0.5 (right). Only the strong bonds between A-A pairs are shown.

bonds for large concentrations of A molecules with only isolated islands of
weak bonds, transforms into a hexagonal lattice (for concentrations of 0.66)
and – with still decreasing concentration – the connexion of the existing
bonds breaks down, leaving only isolated islands of strong bonds.
To assess the elastic properties of each configuration three different deformation states were imposed on the sample.
 
 
 

0
0
 0 
  
 0 .
(11.41)
0
0

The simulations were done with (pseudo)-periodical boundary conditions in
all directions. In contrast to standard periodic boundaries where the positions of the atoms are mirrored, in the presented simulations periodic boundary conditions in the applied strain field were chosen. This means that the
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distance of one atom at the boundary and its mirrored counterpart is held
fix. By an appropriate choice of these distance each desired strain state can
be imposed on the system. Then the atoms were allowed to relax in their
equilibrium position. The resulting forces on the bottom and left boundary
were then evaluated and transformed into the appropriate stresses. Knowing stresses and strains the elastic constants could be easily calculated. The
relaxation process of the molecules was done iteratively. One molecule was
chosen randomly, its local equilibrium position was calculated with respect to
its 6 neighbours and then the atom was moved into this new position. This
process is now iterated until equilibrium was reached, i.e. until the energy of
the system reached a minimum.
The bending rigidity of a membrane as sketched in Figure 11.4 is given
by
Z h/2+δ
E(z) 2
h3 E1
(h + 2δ)3 − h3 E2
κ=
z
dz
=
+
,
(11.42)
2
12 1 − ν 2
12
1 − ν2
−h/2−δ 1 − ν
where E1 , E2 and ν are the 3-dimensional elastic moduli of the tail- and head
group region, respectively, and the 3-dimensional Poisson ratio. Therefore
the change in bending rigidity ∆κ caused by the additional hydrogen bonds
can be written
h2 δ ∆E2
(11.43)
∆κ ≈
2 1 − ν2
where δ  h was used. This expression scales with the square of the membrane thickness. So although the increase in bending rigidity stems from an
increase in the elastic modulus of the head group region only, this effect is
strongly enhanced by the length of the hydrophobic tails similar to a lever
arm principle.
To define an order of magnitude for the spring constant k1 we consider
a Lennard-Jones potential with a binding energy of 40 meV (the strength of
a typical hydrogen bond) and an equilibrium spacing of 0.8 nm (the typical
spacing of two molecules). This sets
k1 = 4.5 eV/nm2 .

(11.44)

Furthermore it is supposed that the other type of springs between A − B
and B − B heads is much smaller – or that there is no binding at all. In the
simulations presented in this thesis it was set k2 : k1 = 0.0001.
The simulations presented in this thesis are all done on a 2-dimensional
membrane, accordingly the 2-dimensional stiffness matrix of the membrane
is evaluated. The elements of the stiffness matrix of a corresponding 3dimensional material can be found by multiplication with the membrane
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thickness. Also the elastic modulus and the Poisson ratio are defined differently in 2 than in 3 dimensions:
ν=

C12
C11 + C12

3d
= δE
C11 = δC11

1−ν
.
(1 + ν)(1 − 2ν)

(11.45)

Insertion into equation (11.43) leads to the final result
∆κ =

h2
Y.
2

(11.46)

Since the simulation results showed that the structure shows isotropic
symmetry for all concentrations (i.e. C11 − C12 − 2C66 ≈ 0), the use of only
one elastic modulus and Poisson ratio to describe the membrane is justified.
Furthermore it was shown that the Cauchy relation C12 = C66 Born and
Huang [1988] does not hold in general. This is not too surprising, since
it was shown that the Cauchy relation is strictly only obeyed in a system
with purely central forces and if each lattice point is center of symmetry.
Due to the inhomogenities in the structure of the membrane, this symmetry
condition is surely violated.
Figure 11.6 shows ∆κ and the Poisson ratio for various concentrations
and for two different temperatures: J/kT = 1 and J/kT = 0, i.e. a random
configuration of molecules. The length of the tail region was chosen 3 nm
Zemb et al. [1999], leading to ∆κ ≈ 22 eV for a material consisting of only
strong A − A bonds.
The strong decay of the bending rigidity in a small concentration range is
clearly visible. The bending rigidity falls over 4 orders of magnitude from a
value of approximately 1000 kT (which gives extremely stiff, flat membranes)
to 0.1 kT , a value which lies well below the room temperature limit, thus
resulting in very soft and flexible structures. There is not much difference in
the behaviour for both, the ordering case as well as the random structure.
The only difference is that the ordering tendency leads to a more pronounced
isolation of atoms than in the random case, which in turn leads to a bit faster
decrease in bending rigidity for the ordered than for the random configuration.
In contrast to the bending rigidities, which show a very similar behaviour
for the two simulation runs, the Poisson ratio exhibits remarkable differences. While the Poisson ratio shows only slight changes for the random
configuration (an increase from 0.33 at the end points to approximately 0.4
for concentrations of 0.7), in the ordering case it exhibits a pronounced peak
close to 1 for concentrations of 0.66. This behaviour is related to the superstructure of the ordered configuration, which forms a hexagonal super lattice
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Figure 11.6: The bending rigidity ∆κ (top) and the Poisson ratio for various concentrations
and two different temperatures.

for atomic compositions of 1 : 3 (which can be clearly seen in the middle of
Figure 11.5). Since the elastic modulus of a hexagonal lattice is exactly zero
(the bonds may follow the elongation by a simple re-alignment, they do not
have to stretch), the corresponding Poisson ratio has to take the value of 1
(see equation (11.16)), which corresponds to a deformation without volume
change (in 3-D the corresponding value of the Poisson ratio is 1/2).

11.3.2

Stiff A-B bonds

The same configurations that were analysed in the previous chapter are now
investigated, but the stiff bonds k1 are transferred from A-A to A-B pairs.
Snapshots of these configurations may be see in Figure 11.7. In Figure 11.8
the results for the bending rigidity and the Poisson ratio are shown. As ex-

11.3. Elastic properties of membranes

133

Figure 11.7: Three typical configurations for different concentrations of A molecules: 0.9
(left), 0.66 (middle) and 0.5 (right). Only the strong bonds between A-B pairs are shown.

pected the properties of the system are symmetric around the concentration
value of 0.5, being less stiff at low and high concentrations (since only soft
bonds are present) and much more stiff for concentrations around 0.5 (since
most A-B bonds are present for this concentration). Additionally the figure
shows that the bending rigidity does not vary in that large range as it did
for the previous simulations. This is due to the fact that no concentration
exists, where only stiff bonds are present, i.e. the system is always softened.
In contrast to the previous simulations the obtained results show now that
the bending rigidity takes higher values for the ordering case than for the
random configuration. Furthermore, the highest value is taken for the superstructure of a hexagonal lattice. This can be understood since in this case
really the maximum of possible bonds is achieved (all isolated atoms exhibit
only stiff bonds).
Once again the most pronounced changes can be seen in the behaviour of
the Poisson ratio, as in the previous simulations it stays almost constant for
the random configuration and takes a pronounced maximum for the ordering
case.
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Figure 11.8: The bending rigidity ∆κ (top) and the Poisson ratio for various concentrations
and two different temperatures.

Chapter 12
Final Remarks – Elastic
Properties of Membranes
A simple model to account for the elastic behaviour of membranes in different
external conditions was presented. The elastic interaction of the constituents
of a membrane was modelled by linear elastic springs. Non-linear effects like
buckling were neglected. The full elastic matrix of the material was calculated and all other mechanical properties deduced. In the framework of the
presented model it was shown that mechanical properties like the bending
rigidity or the Poisson ratio exhibit a pronounced concentration dependence
and may vary over several orders of magnitude in a limited concentration
range. By basic physical considerations an estimation for the value of the
calculated rigidities could be given in real physical units. In the near future it
is planned to compare the simulation results to measurements of the bending
rigidity of the investigated membranes. These experiments will show, if the
presented model is capable to explain the basic findings or if it has to be modified to give a more accurate description of the experiments. The assumption
that each molecule may form up to 6 hydrogen bridges is very crude, for
most molecules the number of hydrogen bonds they can simultaneously form
is limited. So it may be necessary to include this in the description of the
model, which would lower the value of the maximum bending rigidity.
Summarising: A model for predicting the mechanical properties of amphiphilic membranes was introduced. In first simulations its capability to
qualitatively explain the behaviour of the bending rigidity of membranes
was shown. By comparison to data from experiments a fine tuning of the
model is planned, to give an even better – maybe quantitative – description
of the investigated model systems.
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