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Abstract

The overall aim of this thesis is to compute arithmetic volumes of Shimura varieties
of orthogonal type and natural heights of the special cycles on them. We develop a
general theory of integral models of toroidal compactifications of Shimura varieties
of Hodge type (and of its standard principal bundle) for the case of good reduction.
This enables us, using the theory of Borcherds products, and generalizing work
of Burgos, Bruinier and Kiihn, to calculate the arithmetic volume of a Shimura
variety associated with a lattice Lz of discriminant D, up to log(p)-contributions
from primes p such that p?|[4D. The heights of the special cycles are calculated in
the codimension 1 case up to log(p), p|2D, and with some additional restrictions in
the codimension > 1 case. The values obtained are special derivatives of certain L-
series. In the case of the special cycles they are equal to special derivatives of Fourier
coefficients of certain normalized Eisenstein series (in addition, up to contributions
from o0) in accordance with conjectures of Bruinier-Kiithn, Kudla, and others.
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Zusammenfassung

Das Ziel dieser Arbeit ist die Berechnung der arithmetischen Volumina der Shimu-
ravarietdten vom orthogonalen Typ und der natiirlichen Héhen der speziellen Zykel
auf diesen. Wir entwickeln, fiir den Fall guter Reduktion, eine allgemeine Theo-
rie ganzzahliger Modelle von toroidalen Kompaktifizierungen der Shimuravarietéten
vom Hodge Typ (sowie des Standardhauptfaserbiindels dariiber). Dies erméglicht,
unter Verwendung der Theorie der Borcherdsprodukte, das arithmetische Volumi-
nen einer zu einem Gitter Ly der Diskriminante D assoziierten Shimuravarietét, bis
auf log(p) Beitrige zu Primzahlen p mit p?|4D, zu berechnen. Dies ist eine Verall-
gemeinerung einer Arbeit von Burgos, Bruinier und Kiihn. Die Hohen der speziellen
Zykel werden im Falle von Kodimension 1 bis auf log(p)-Beitrige mit p|2D berech-
net, sowie unter leichten zusétzlichen Einschréinkungen im Falle von Kodimension
> 1. The resultierenden Gréflen sind spezielle Ableitungswerte gewisser L-Reihen.
Im Falle der speziellen Zykel stimmen diese mit speziellen Ableitungswerten gewis-
ser normalisierter Eisensteinreihen iiberein (zusétzlich, bis auf Beitrige bei 0o). Dies
bestatigt Vermutungen von Bruinier-Kiihn, Kudla und anderen.
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Introduction

Summary

The overall aim of this thesis is to compute arithmetic volumes of Shimura varieties of
orthogonal type and natural heights of the special cycles on them. We develop a general
theory of integral models of toroidal compactifications of Shimura varieties of Hodge
type (and of its standard principal bundle) for the case of good reduction. This enables
us, using the theory of Borcherds products, and generalizing work of Burgos, Bruinier
and Kiihn [15], to calculate the arithmetic volume of a Shimura variety associated with
a lattice Lz of discriminant D, up to log(p)-contributions from primes p such that
p?|4D. The heights of the special cycles are calculated in the codimension 1 case up
to log(p), p|2D, and with some additional restrictions in the codimension > 1 case. The
values obtained are special derivatives of certain L-series. In the case of the special
cycles they are equal to special derivatives of Fourier coefficients of certain normalized
Eisenstein series (in addition, up to contributions from co) in accordance with conjectures
of Bruinier-Kiihn [13], Kudla [53-58], and others.

The work consists of three parts.

In the first part, we develop a general theory of canonical integral models of toroidal
compactifications of arbitrary mixed Shimura varieties of Hodge type. This relies heavily
on work of Faltings/Chai, Kisin/Vasiu, Milne and Pink. We are able to prove the truth
of the main statements of the theory conditionally on a missing technical result (3.3.2).
The constructed models are smooth Deligne-Mumford stacks (or even smooth projective
schemes, if the data satisfies the usual requirements). No moduli problem as in the
approach [72] is used because we are especially interested in non-P.E.L. cases, namely
Shimura varieties of orthogonal type. We emphasize that this is, by all means, restricted
to the case of good reduction. We also construct a canonical model of the standard
principal bundle on the toroidal compactification.

More precisely, for a p-integral mixed Shimura datum X = (Px,Dx,hx), a certain
compact open K C Px(A(®)) and an additional datum A (for an explanation of this
notation see the detailed introduction to part III below), we get a model of the toroidal
compactification of the associated Shimura variety M(X X), a model of the ‘compact’
dual MY (X), and a 1-morphism

= M(KX) — [MY(X)/Px]

to the quotient stack of the ‘compact’ dual by the group scheme Px.
A Px-equivariant locally free sheaf on the dual (sheaf on the right hand side) with a
Px (R)Ux (C)-invariant Hermitian metric on the image of the Borel embedding gives a
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well defined Hermitian automorphic vector bundle on the model M(XX). Its metric may
be singular along the boundary divisor. This construction is functorial in morphisms of
Shimura data. It is also compatible with (formal) boundary morphisms. This yields, in
particular, an integral g-expansion principle for automorphic forms.

In the second part, we investigate the occurring L-series, in particular the Fourier
coefficients of the KEisenstein series associated with the Weil representation and their
recursive properties. An ‘interpolated orbit equation’ is derived.

In the third part, we compute arithmetic volumes (absolute heights) of the constructed
models for the case of orthogonal Shimura data O(L), associated with a quadratic lattice
L of signature (m — 2,2), and the heights of the special cycles on them. The extended
Arakelov theory of Burgos, Kramer and Kiihn is used [18, 19].

We begin with a brief, and certainly very incomplete, account on the (geometric) Siegel-
Weil theory and Kudla’s general (arithmetic) conjectures. Thereafter we will describe
the various parts in more detail.

Outline: Siegel-Weil theory

Consider two lattices Ly = Z™, My = 7™ with integral and positive definite quadratic
forms Qr, Q. It is a classical problem, to which already Gauss, Euler and in particular
Siegel devoted themselves, to determine the representation number, that is, the number
of elements in the set of isometric embeddings

I(Mz,Lz) ={a: Mz — Lz | «is an isometry}.

It includes (for n = 1) questions like: “In how many ways can an integer be represented
as a sum of m squares?”.

If My, = 7" is a fixed lattice, Qs is given by an element in Sym?(M}) and the generating
series, the theta series of Ly,

On(Lz;T)= Y. #LMZ, Ly) exp(2miQ - 7), (1)
QESym?(My)

(here 7 is an element in Siegel’s upper half space Hy C (M ® M)¢, the subset of elements
with positive definite imaginary part) is a Siegel modular form of weight % for a certain
congruence subgroup of Sp’(9Mz) (the symplectic or metaplectic group, according to the
parity of m). For example ©1(< 1 >;7) is just the classical theta function.

Under certain conditions on the dimensions, a certain weighted sum over all classes L(ZZ)
in the genus L5 of these theta functions is an Eisenstein series (cf. 7.5 for details):

(0.1) Theorem (SIEGEL-WEIL).

> i0u(LY);7) = En(®; 7, 50).
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The additional parameter s indicates that this Eisenstein series is in fact the (holomor-

phic) special value of a non-holomorphic Eisenstein series E,, (®; 7, s) at s = sq := 2=0+L,
The Fourier coefficients of the series are given by a product formula
(L M5 5.y) = poo (L, M@ 5,9) [] (L2, M7 5. (2)
2

Here y is the imaginary part of 7. Its appearance indicates that this series is non-
holomorphic for general s. For almost all p, the 41,,’s have a very simple shape (see e.g.
8.2.1).

® is a certain section in an induced representation I?DP (W’R)(\ det |°¢) (7.4), constructed

via the Weil representation (7.1), depending only very slightly on L. In particular,
many different quadratic lattices (even genera) may yield the same Eisenstein series and
therefore the same weighted sum of representation numbers.

Essentially the Siegel-Weil formula (0.1) is valid, if and only if m > n + 1, but if m <
2n + 2, the value of the Eisenstein series has to be defined via analytic continuation in s
and the theta function has sometimes to be complemented by indefinite coefficients. The
factors pu,(Lz,, MZ ; 80) are the p-adic volumes of the varieties (M@, L)(Z,), classically
called representation densities. They may be computed by knowing sufficiently many
representation numbers of the congruences modulo p™.

The mere fact that the representation numbers (in an average over classes) should be
given by a product over local volumes or densities can be explained easily in the adelic
language:

Assume m — n > 3, for simplicity, for the rest of the discussion. On the adelic points
SO(Ly) of the special orthogonal group of the lattice Lz, there is a canonical measure
p. It is a product over local measures 1, on the various SO(Lg, ), constructed by any
algebraic volume form defined over Q [95]. The product p is independent of the choice
of this form. The volume of SO(Lg)\ SO(L4 ), which turns out to be finite, is called the
Tamagawa number by Weil, and we have

(0.2) Theorem ([95]). For m >3

vol(SO(Lg)\ SO(Ly)) = 2.

From this our fact already follows, as we will explain now (in a slightly broader context):

Let ¢ € S(Ly) ® Mj () be a Schwartz-Bruhat function (i.e. locally constant with
compact support). Let K = [], K, be a compact open subgroup of SO(L («)) which sta-
bilizes . For example K could be the stabilizer of the lattice L and ¢ the characteristic

function of L. Let K be a maximal compact subgroup of SO(Lg).

From (0.2) we may infer that the volume of the real analytic orbifold

[SO(L)\(SO(La)/ Koo K],
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induced by the quotient of p, and some measure on K, is:
2] vol, ' (Ky). (3)

We have a finite disjoint decomposition

I(M, L)(A™)) Nsupp(y) = U Kay,

If this set is nonempty, we have by Hasse’s principle an o' € I(M,L)(Q) and hence
gi € SO(LA «)) with g;a/ = «;. There is a lattice L(Z) satisfying L(A) = giL7. We denote
by ai iz the lattice im(a LN L®. We have 04172 ® 7 = im(a;)*t. Only the genus is well

deﬁned and all objects in this section depend only on it. To L we have the associated
symmetric space

D(L) = {maximal negative definite subspaces of Lg} = SO(L)/K .

We have an embeddmg D(a;) x SO((a) g(s)) = D(L)xSO(L () ), given by the natural
inclusion of D(aj") < D(L ) and multlplication of the adelic part by g; ' from the right.

We form the special cycle, a formal sum (with real coefficients):
UL M, i K) = 3 ple) [SO((a)@)\D(L) x SO((a) o)) /(K N SO((0) o)) |

which we consider, by means of the embeddings above, as a formal sum of real analytic
sub-orbifolds of [SO(Lg)\D(L) x (SO(Ly(=))/K)]. It does not depend on the choices
made above.

The canonical measures (6.2.3) on SO(L), SO(a;") and I(M, L) over any Q, are related
by an orbit equation, which we discuss in (6.4.3) — an equation of the shape:

‘volume of group’
‘volume of space’ = Z group

< ‘yolume of stabilizer’ ’
orbits

similar to the corresponding formula for actions of finite groups on sets.

From this and (3) above

vol(Z(L, M, p; K)) vol(K )

vl (SO(Lg)\D(L) x SO(L ) /K) ~ vol(K%) /uM,wa

pl@u(@)  (4)

follows immediately. K. is any maximal compact subgroup of any of the SO( r). We

define jio (L, M) to be the quantity E ‘,"’g (computed w.r.t. the canonical measures).
If L is definite, it is equal to:

k)2

vol(I(M, L)(R)) = ﬁ )

k=m—n+1
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Observe that

[SO(Lo)\D(L) x (SO(Ly())/K)] = [J[(SO(Lg) N K¥)\D(L)],

with respect to a set {g;}; of representatives of SO(Lg)\ SO(L,(~))/K, i.e. of the classes
of SO(L) with respect to the compact open group K. (If K is the stabilizer of a lattice
Lz, this coincides with the classical notion of classes in the genus L?i') Similarly, we
have

Z(L, M, p; K) = > (i) |(SO((af)g) N K¥* )\D(aih)] (5)
ik

where {gix }1. is a set of representatives of the classes of SO((a;)g) w.r.t.

K% N SO((af) o) )-

Let now K be the stabilizer of Lz and ¢ the characteristic function. We have the
following easy

(0.3) Lemma. There is a bijection

class L(j) in the genus L,
SO(L (])) orbit SO(L LY ))a in I(M L( )(Z)

~

—

{ SO(Lg)-orbit SO(L%)OZ in I(M, L)(Z) }
class in SO(a(JQg)\SO(Oz )/ K NSO(a A(oo)) .

A(o0)
We have, of course, a similar statement for any K.

We denote the cycle in this case by Z(Lyz, My) and it is, according to the lemma and
(5), equal to:

2Lz Mz) =3 > (50(az) NSO(LE)N\D(L)|

7 SO(LY)acI(M,LD)(Z)

Now, if the form @, is positive definite, the quotient of volumes above has an interpre-
tation as a global representation number. For this observe that now just

1

volSO(L2)\P(L) = o5 7

and similarly

1
#(S0(a%) NSO(LY)))

vol((S0(az) N SO(LY)\D(at)) =
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Furthermore, we have by the set theoretical orbit equation,

#1(M, LD)(Z) _ 5 1
#S0(LY) #(S0(a%) NSO(LY))

SO(LY))a€l(M,L1))(Z)
Hence we get

5 #ULDM)@)

vol(Z(Lz, Mz)) 7 #sory)

1T
T #s0(LY)

vol(SO(Lg)\D(L) x SO(Ly)/K) 5

which is precisely a weighted sum over the representation numbers. Combined with (4),
we get Siegel’s formula. Tts mathematical content here is incorporated in (0.2), of course.
If the quadratic form on L is indefinite, say of signature (p,q), then these representa-
tion numbers do not make sense because there are always infinitely many isometries.
However, equation (4) tells us, what is the correct analogue in the indefinite case: the
quotient of volumes

vol(Z(L, M, p; K))
vol ([SO(Lg)\D(L) x (SO(Ly))/K)])

For every cohomology theory H (in a very broad sense) one might in addition consider
the classes [Z(L, M@, p; K)]" of these cycles and define their generating theta series,
fixing M = Mg and varying the quadratic form Q) € Sym?(M*):

Of(L,p;r) = > [Z(L, M K)T Uel @ exp(2miQ - 7),
Qesym? (M*)

where e, is a certain Euler class. One is always likely to expect modularity of this
function and a relation to Eisenstein series.

Kudla and Millson [59-61] have shown (generalizing work of Hirzebruch and Zagier [45])
that the generating series

OF(Lipir)= > (2L, MO o K)P Ul exp(2miQ - 7),
QeSym?(M*)

with values in the Betti cohomology groups
H®=™([SO(Lg)\D(L) x (SO(Ly())/K)],C)

is a modular form itself and under certain conditions on m, n and the Witt rank of L,
its ‘arithmetic degree’ is the special value of an Eisenstein series:

(07 (L, ;7)) = vole, ([SO(L)\D(L) % (SO(Ly )/ K)]) En(®; T, 50).

The latter equation follows essentially again from the Siegel-Weil formula (in its full
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generality) or the Tamagawa number result, respectively. If Lg is anisotropic, the locally
symmetric space is compact and the pairing on the left is the degree of the product in
cohomology (Poincaré duality pairing). If Lg is isotropic, the locally symmetric space
is non-compact but the expression still makes sense, because the natural forms defining
ey’ " are integrable on the special cycles. For details see also [58].

The @,If (L, ¢;T)’s are also always expected to satisfy a product relation like:

-
OF (L, p1;m) UBL (L, p23m0) = O | (L, 1 ® pa; ( ! 72>)- (6)

An important case: Special cycles on Shimura varieties

The above is particularly interesting if the signature is (m—2,2). In this case, the locally
symmetric orbifold [SO(Lg)\D(L) % (SO(Lj(~))/K)] is, in fact, the complex analytic
orbifold associated with an algebraic Deligne-Mumford stack M(XO(L)), a Shimura
variety of orthogonal type. In particular, the Z(L, M, ¢; K)’s may be considered as
algebraic cycles on M(XO(L)) and we may form

OSM(Lypir)= Y (AL M, K) MUy (EE)" D exp(2miQ - 7),
QeSym?(M*)

with values in CH"(M(KO(L))c) ® C, where M(KO(L)) is a toroidal compactification
of M(RFO(L)). E*€ is a certain ample (automorphic) line bundle on M(XO(L)).

It is equipped with a Hermitian metric =*hg (singular along oo), whose associated Chern
form is (roughly) ez above (see 10.4.1). The series is therefore a ‘lift” of ©F with respect
to the cycle class map.

The only known fact, however, in the direction of modularity in arbitrary dimensions is
the following theorem of Borcherds [5]:

(0.4) Theorem. OYY(L, ;1) is a modular form of weight L

(In low dimensional cases more is known — see the section on Kudla’s program below)
The theta functions ©F in this case, do satisfy the relation (6) [54]. An analogue of this
for ©CH is not known in general.

Kudla’s program: A ‘first derivative’ of Siegel-Weil

The overall aim of Kudla’s program is an arithmetic analogue of this. The algebraic
Chow group is replaced by an Arakelov Chow group, whose elements are classes of al-
gebraic cycles on integral models of the varieties in question, complemented by analytic
data, i.e. Green’s functions for the ‘generic fibre’ of these cycles. The presence of this
analytic data is, in a sense, due to the non-properness of spec(Z). Arakelov theory pro-
vides intersection products between these cycles, too, with analogous properties as in
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geometrical intersection theory. Many arithmetic questions translate into problems in
Arakelov geometry. For example the arithmetic complexity, called height, of a point on
a variety (the amount of information contained in its coordinates) may be expressed as
an intersection product, similar to the degree in algebraic geometry.

Each of the Shimura varieties in question has a smooth canonical integral model over
spec(Z[1/2D]), where D is the discriminant of the underlying quadratic lattice. There
exist toroidal compactifications of them, too. These will be constructed in part I in
the generality needed here (see the ir\ltroduction to part I below). We may therefore

define arithmetic theta functions ©SH. Here natural Greens functions for the cycles
Z(L,M,p; K) are provided by work of Kudla and Millson [59, 60] (cf. also section
7.6). Like all natural Greens functions on noncompact Shimura varieties, they have
singularities along the boundary. Burgos, Kramer and Kiihn, in a huge joint project [18,

19] constructed extended Arakelov Chow groups (/jﬁl(M(f O(L))) suitable for dealing
with Greens functions with singularities of log-log-type. However, it seems that the
Greens functions of Kudla and Millson in general do not have this type of singularity.
We ignore this problem for the moment.

We define the arithmetic theta functions as:

OSM( L) = > ZL,M? g K,y) (&)@ exp(2miQ - 7).
QeSym?(M*)

Here Z(L, M@, p; K, y) is the corresponding arithmetic cycle (its Greens function de-
pends on y, the imaginary part of 7, as well). Z*€ is an integral Hermitian automorphic
line bundle on M(KO(L)) (see 10.4.1) coming from a canonically metrized integral bun-
dle on the compact dual. The construction of these bundles in general uses the theory
of the integral standard principal bundle constructed in part I (cf. the introduction to
part I below).

Kudla’s first conjecture is

(0.5) Conjecture. After possibly modifying the Z’s at primes of bad reduction of them
and at oo (modification of the Greens functions — see above), OS™ is modular, and

—

(O5 (L, @i 7), (CLEX(E)™ 1) = £(2; 7, 50),

where & is a suitably normalized version of the Eisenstein series En(®;7,s) (here’ means
derivative with respect to s.)

Observe, that we saw already that it was necessary to ‘normalize’ the special value of
the Eisenstein series by the volume vol(M(XO(L))). In this case, we have to ‘normalize’
by a function, whose value at s = sg is the volume as above, but whose derivative at
s = s is the arithmetic volume JSI(M(KO(L))). We will explain this (and its Arakelov
theoretical meaning) in detail during the discussions of the results of part III.
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The occurrence of a special value of the first derivative of the Eisenstein series at the
same point is the main mystery of the whole subject and was already crucial in Gross
and Zagier’s work [33] on the Birch and Swinnerton-Dyer conjecture.

Kudla’s second conjecture asks for the relation (6):

(0.6) Conjecture.

—

O 1 O
Gng(L,(m;ﬁ) : @SQH(L7(P2;TQ) @SIHMQ(L,% ® @23 <01 ))-

T2

Both conjectures together imply inner product formulse involving special derivatives
of general L-series, which are vast generalizations of the formula of Gross and Zagier
[33]. This uses the doubling integral of Rallis and Piatetski-Shapiro (which is a kind of
Rankin-Selberg integral). For a systematic overview of this, we refer the reader to [58].

Known results in the direction of Kudla’s conjectures

For lattices of small dimensions the associated Shimura varieties are of P.E.L. type
and were already subject to a variety of classical work of Heegner, Hilbert, Hirzebruch,
Riemann, Shimura, Siegel, Zagier and many others. A few of them are listed in the
following table:

sign. | Witt rk. | classical name
I (0,2) 0 Heegner points

Im 1,2) 0 Shimura curves

T (1,2) 1 Modular curve (moduli space of elliptic curves)

IV (22 0

Vo (2,2) 1 Hilbert-Blumenthal varieties

VI (2,2) 2 product of modular curves
VII (3,2) 1 twisted Siegel modular threefolds
VIII (3,2) 2 Siegel modular threefold (moduli space of Abelian surfaces)

Modularity of @S is widely unknown, especially for higher dimensional varieties with
non-empty boundary, which requires the use of extended Arakelov theories like [18, 19].
Modularity was obtained so far only for the cases II and III above — for II, by work
of Kudla, Rapoport and Yang [68, 69] culminating in their recent book “Modular forms

and special cycles on Shimura curves” [70]. They obtained modularity of ©¢H and @gH,
as well as their connections to the corresponding special derivatives of Eisenstein series
of genus 1, respectively 2 and of weight % Also a formula like in (0.6) was established,
yielding inner product formuls. This completed earlier work started by Kudla in the
90’s [53, 55, 56] and [66].

A non-singular, positive definite Fourier coefficient in the expression

<€1 (E*E)m—l—n, @SH>’
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which should be equal to the corresponding one of the Eisenstein series, is given by the
sum of the height (w.r.t. Z*€) of the corresponding special cycle and the integral of the
chosen Greens function over M(KO(L))c. (If the cycle is smooth, e.g. consists itself of
Shimura varieties with good reduction, its height is equal to its ‘arithmetic volume’, i.e.
to the arithmetic degree of ¢;(Z*€)™~1~" pulled back to it.)

On the other hand, the corresponding Fourier coefficient of the Eisenstein series (cf. (2))
may be decomposed

(L, M@, @5y, 8) = plbo (L, M@, @3y, s)u(L, M9, p; 5)

where p/ is — in a certain sense — the non-holomorphic part of peo. If n = 1, it is
identically 1 for y — oo, and for arbitrary n always 1 for s = sg.

Assume for the moment that vol(Z(L, M, p; K)) # 0, i.e. in particular m — 1 —n > 0.
The integral over the Greens function (depending on a parameter y as well) should be
given by the ‘non-holomorphic’ part

Ll (L, M@ 3y, s)
poo (L, M@, sy, s)

vol(Z(L, M9, p; K))

S=s0
of the derivative of the normalization and the height should be given by

AL, M9, prs) LN 8)] ’
. —1 .
M(L7 MQ’@’ 8) A (L’ 8) =s0

vol(Z(L, M@, p; K))

(recall that vol(Z(L, M®, ¢; K)) is the value of the ‘normalized’ Eisenstein series at sg).
If m — 1 —n =0, the full derivative is just equal to

. d
4(_1) A 1(L;50) EM(L,MQ,QD,Z/,S)

$=S0

because u(L, M@, p;y, s) vanishes at sq.
To obtain results (at least) about the equality of heights with the ‘non-holomorphic’
part of the special derivatives of Eisenstein series, there are in principle two approaches:

i. The first approach is by comparison of direct calculations of the finite intersection
numbers of the cycles Z(L, M, p; K, y) and of the special derivative of the Eisenstein
series, respectively. These lines have been followed predominantly in the above
mentioned work. In these cases, the equality of the ‘non-holomorphic part’ of
the special derivative with the integral of the corresponding Kudla-Millson Greens
functions has also been verified.

Evidence in higher dimensions had been provided so far only by work of Kudla and
Rapoport, [65] for Hilbert Blumenthal varieties (V), and [67] for Siegel modular
varieties (VII, VIII). These approaches rely heavily on explicit use of the underlying
moduli problem. In particular, the special cycles are defined algebraically via a
sub-moduli problem involving additional special endomorphisms.
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ii. The second approach, which is used in part III of this thesis (cf. the introduction
to part III below) is by an inductive method, generalized from Burgos, Bruinier
and Kithn [15], who investigated a special case of (V) above. However, for cycles
of codimension n > 1, it seems to be restricted to the case of indices Q;;, where
Qs has ‘good shape’ at all primes p considered, at least such that MZ*p /MZP is
at most cyclic (i.e. essentially the codimension one case). Otherwise it seems to
require at least as much knowledge about bad reduction as a direct computation
of finite intersection numbers in the first approach requires.

It has, however, the advantage of giving results in arbitrary dimension, even for
non-P.E.L. type Shimura varieties, and with boundary, too — cases, which seem
out of reach for the first method. It uses modular forms living on these Shimura
varieties, constructed by Borcherds [4] by purely analytic means, using ideas from
physics. They have a divisor consisting precisely of the codimension one cycles
Z(L,< q >, p; K) and have integral Fourier coefficients. This approach involves a
computation of an integral of their norm, accomplished before by Kudla [57] and
by Bruinier and Kiihn [13].

In part III, using the second approach, we compute the respective heights for all Shimura
varieties of orthogonal type and all cycles Z(L, M, p; K) on them, but only up to con-
tributions (multiples of log(p)) from primes p, where the above requirement of ‘good
shape’ is violated!. In case n = 1 (codimension 1) the heights of the special cycles can
be computed for any M =< q >, ¢ # 0 only up to contributions from bad reduction of
the surrounding Shimura variety.

In the ‘simplest’ case, which initiated the whole le program, namely the case of the modular

curve, Yang [97] verified the modularity of @CH and the identity of (@CH ¢1(2*E)) with
the special derivative of an Eisenstein series, using Chow groups of an extended Arakelov
theory as in [18, 19] which, however, for the case needed here (arithmetic surfaces) had
already been constructed long before by Kiihn [71] and by Bost [9], independently. It
should be mentioned that the equality of deg(©F) with the special value of the same
Eisenstein series in this case is more difficult because the modular curve is, in a sense, an
extremal case. One has to introduce also negative, non-holomorphic Fourier coefficients.
The positive ones here are given by the class numbers of binary quadratic forms (the
Z(Lyz, < q >7) consist of special points in this case, corresponding to them). This special
value of the Eisenstein series, which is accordingly also non-holomorphic, is Zagier’s
famous Eisenstein series [98] of weight % The other conjectures have not been verified
so far in this special case, but Bruinier and Yang succeeded in obtaining the formula of
Gross and Zagier and generalizations directly, also using Borcherds products [14].

We will now describe the various parts in more detail:

'and up to contributions from p = 2, due to the still incomplete theory of good reduction of integral
models of Shimura varieties of non-P.E.L. type
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Part |

Even to formulate Kudla’s conjectures in higher dimensions, one needs, in some sense
canonical, integral models of Shimura varieties, which have to be compactified as well.
The (finite parts of the) arithmetic special cycles Z on them are build from models of
this kind themselves. Furthermore the Hermitian line bundle Z*(&, h), involved in the
definition of the arithmetic theta function and used to compute the ‘arithmetic degree’
of this function, has to be defined as some kind of ‘canonical integral model’” of an
automorphic line bundle. In addition, to be able to work with Borcherds products as
sections of them, one needs some kind of ‘g-expansion principle’ to examine integrality.
The best and broadest context for all of these considerations is a fully functorial theory
of canonical integral models of toroidal compactifications of mixed Shimura varieties, of
the standard principal bundle on them, and of their ‘compact’ dual.

Consider a p-integral mixed Shimura datum X, consisting of a group scheme Px over
Zp), a generalized Hermitian symmetric space Dx (a principal Px(R)Ux(C)-space,
where Ux is a certain subgroup of the unipotent radical of Px), and an equivariant
morphism hx : D — Hom(Sc, Px c), such that roughly (Px g,Dx,hx) satisfies Pink’s
axioms for a mixed Shimura datum and Px is a group scheme of a certain type, which
we call type (P).

To understand, why analytic locally symmetric varieties (or orbifolds) of the form
[Px(@)\Dx x (Px(A))/F)]

should have canonical algebraic models defined over number fields (or even rings of
integers) at all, and where this structure is supposed to come from, one should bear in
mind the following philosophy (here described ‘localized at p’):

If some faithful representation (closed embedding) p : Px — GL(Lz, ) is given (fixing

some polarization form), compatible with some weight filtration W; C Lq, there is always

a finite set of tensors v; € L% : (5.1) such that the image of p (in the stabilizer of the
p

weight filtration in the similitude group of the polarization form) is precisely the stabilizer
of these tensors. The complex manifold Dx can be seen as an open Px(R)Ux (C)-orbit
in the parameter space of (polarized) mixed Hodge structures (w.r.t. the filtration W;)
on L, having the property that all v; lie in (L®)(%0). Furthermore there is a category
(groupoid) of families of mixed Hodge structures on arbitrary local systems over a base
analytic space B. It is convenient to take local systems of Q-vector spaces and equip the
families with a K-level structure (for a compact open K C Px(A(>))). This groupoid
is denoted by
[ B-XX-L-loc-mhs ].

In fact, they form a category fibered in groupoids, which is an analytic Deligne-Mumford
stack (orbifold) represented by the quotient

[Px(@)\Dx x (Px(A)/K)],
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the analytic mixed Shimura variety associated with X.

If the group Px and Dx form a p-integral Shimura datum (2.2.2) one expects that over
any base scheme S over O (a reflex ring of X), there is a category (groupoid) of mixed
motives

[ S-X-L-mot |,

which should (very roughly) be seen as the category of those polarized mixed motives M
of fixed weight filtration type with morphisms v} : Z(0) — M®, which have the property
that, etale locally, there is a trivialization (respecting weight filtration and polarization)
of some realization (H® or H say) with L mapping H (v}) to v; for every i. This will be
made precise for certain Shimura data and certain associated standard representations
— corresponding to 1-motives — in chapter 4. It can be made precise for all ‘P.E.L.
situations’ (pure weight 1 and all v; are endomorphisms) and we refer to [52] or [72] for
this. For Hodge type Shimura data, also the truth of the Hodge conjecture would allow
to pose a moduli problem requiring existence of certain algebraic cycles.

Furthermore, one expects (functorial) maps

[ S-KX-L-mot | — [ S**-KX-L-loc-mhs ], (7)

if S is of finite type over C, which are equivalences for S = spec(C). Here, on the left
hand side, we consider now motives up to Z,)-isogeny with a K (P)_level structure (on
the etale realization in A(°*P)-vector spaces), for convenience, too. (Assume that K is
admissible, i.e. of the form Px(Z,) x K (P) | in particular, hyperspecial.)

[ S-KX-L-mot ] should be (represented by) an algebraic smooth Deligne-Mumford stack
M(XX) over spec(0), which would then be a model of the analytic Shimura variety
because of (7).

It is also important to look at the categories of motives, like above, equipped with
a trivialization of H¢ (with values in A®D) vector spaces, say), H® and, in the
analytic setting, of Hp — in each case respecting the Px-structure (given by the tensors,
polarization and weight filtration). These groupoids should be represented by

MP(X) := @KCPX(A@O)) admissible M(KX)a (8)

in the etale case,
P(*X) (9)

in the de Rham case, which is a right Px-torsor on M(X (1)X), called standard principal
bundle, and
Dx (10)

itself, in the Betti case, as mentioned above.

Analytic comparison isomorphisms should give embeddings Dx < (MP(X)c¢)*" and
Dx — (P(KMX)c)®™. The image under p of an element in Px ¢ which translates the
intersection of the image of the map Dx < (MP(X)¢)®"* with some fibre into an integral
point of that fibre is precisely a period matriz. The standard principal bundle therefore
is sometimes also called ‘period torsor’ because it encodes (or is supposed to encode)
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relations between periods.

The main point, which makes it possible to approach the theory of these models without
having an appropriate theory of mixed motives, is that all objects M(KX), P(K X),
Dx, etc. should be independent of the representation p. Moreover, it is possible to
characterize models intrinsically, which we call canonical. These should always represent
the corresponding moduli problem, if an appropriate one in terms of motives can be
posed. This intrinsic characterization is as follows:

i. Dx is seen as a certain conjugacy class of morphisms in Hom(Sc, Px c) (defined
over R modulo Ux(C), a part of the unipotent radical). If a representation p is
chosen, composition with it yields morphisms S¢ — GL(Lc¢), which are splittings
for the corresponding mixed Hodge structures. In particular, this determines al-
ready an intrinsic complex analytic structure (via Borel embedding) to the Shimura
variety.

ii. The characterization of the (projective limit of the) M(XX)g’s (rational models)
is reduced, requiring functoriality in Shimura data, to the case where Px is a torus
and the analytic Shimura variety is 0 dimensional, accordingly. The characteriza-
tion in that case is in terms of class field theory and is motivated by the theory of
complex multiplication of Abelian varieties. This marvelous idea is due to Deligne
[22, 25] and was extended to the mixed case by Pink [83]. The characterization
of M(¥X) (integral model) itself is as follows. Ome requires the limit M?(X) to
satisfy an extension property very similar to the Neron property (in fact this is
the Neron property for the first step in an unipotent extension). This idea is due
to Milne [74, 75].

iii. The characterization of P(XX) can via functoriality, at least for a wide class of
(mixed) Shimura data, be reduced to the case of the symplectic Shimura data,
where a moduli problem in terms of 1-motives is available. It is now possible to
show well-definition directly. I do not know of a better characterization which
works in the integral case, too.

If a faithful representation p : Px — GL(Lgz,) is given, the objects (8-10) yield an I-
adic sheaf (for every [ # p), a vector bundle with connection, and a local system (in the
analytic case), respectively, on the Shimura variety. Whenever it is possible to precise
the moduli problem determined by this representation, these sheaves should be equal to
the corresponding realizations of the universal mixed motive.

However, it should be possible to reconstruct the filtration steps of the de Rham bundle
and tensor constructions of them, too. This is seen as follows: If a moduli problem exists
and P(¥X) represents motives together with a trivialization of de Rham, the filtration of
de Rham yields a filtration on Lg, compatible with the Px-structure (determined by the
tensors, polarization and weight filtration). Filtrations of this type on Lg with varying
S are represented by a quasi-projective variety (projective, if X is pure) M"Y (X), called
the ‘compact’ dual. It is defined over © and independent of p, too. Hence we get an
Px-equivariant morphism P(¥X) — MY(X) — or, in more fancy terms — a morphism



The arithmetic volume of Shimura varieties of orthogonal type xxvii

of Artin stacks
=Z: M(EX) — [MY(X)/Px]. (11)

This allows to associate with every Px-bundle & on MY (X) a bundle Z*€ on M(¥X)
called an (integral) automorphic vector bundle. (In particular for the bundles in the
universal filtration associated with p.) The integral structure, however, is of course
not pinned down by considering =*€ as an abstract sheaf. The analytic comparison
isomorphism, however, allows to compare this map with the Borel embedding

Dx — MY(X)(C).

Therefore, if Ec|py is equipped with a Px(R)Ux (C)-invariant Hermitian metric h, we
may define Z*(&, h) (by slight abuse of notation). It is an Hermitian arithmetic vector
bundle on M(¥X).

For many purposes, in particular our ambitions for part III, this is not sufficient because
M(¥X) is not proper. Desirable are toroidal compactifications M(XX), depending on
a rational polyhedral cone decomposition A of the conical complex Cx associated with
X. Furthermore, an extension P(XX) of P(¥X), or equivalently of the morphism (11),
is needed to extend automorphic vector bundles. This would yield proper varieties
and Hermitian automorphic vector bundles Z*(£,h) on them. It turns out that there
is only one meaningful way to extend P(¥X), pinned down by the structure of an
Abelian unipotent extension as a torus torsor. In fact, this structure trivializes the
standard principal bundle along this unipotent fibre and since the compactification along
the unipotent fibre is defined by a torus embedding of the corresponding torus, the
trivialization defines a ‘trivial’ extension of the bundle. This pins down the extensions
in general, if one requires functoriality with respect to boundary maps (which are, in
the algebraic setting, maps between formal completions). This functoriality also yields
a ‘g-expansion principle’ for integral automorphic forms.

The so constructed extensions of automorphic vector bundles are the same as described
before by Mumford [79] (fully decomposed bundles) and Deligne (local systems).

The state of the art towards existence of these canonical models, outlined in the following
table, was the existence of many partial, nevertheless very deep, results:

theory of/over C number fields rings of integers
pure SV Baily, Borel [3] Shimura, Deligne [80], symplectic
20, 21] [52], P.E.L.
[49], [91], general
mixed SV [74, 75] —
83]
toroidal comp. Ash, Mumford, [83] Faltings, Chai [27], symplectic
Rapoport, Tai [2] [72], P.E.L.
—, general
std. princ. bundle [74, 75], pure —
(period torsor) Harris

[39-41], tor. comp.

We construct models of toroidal compactifications by a mixture of the approach of Pink
(rational mixed case) and Kisin/Vasiu (integral pure uncompactified case). For the
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uncompactified models we use the notion of canonicity by an extension property of
Milne/Moonen. First, we extend these notions and constructions to mixed Shimura
varieties. We develop a theory of p-integral mixed Shimura data by involving group
schemes over spec(Z,)). This uses wide parts of [37]. There however predominantly
reductive group schemes are considered. We defined a notion ‘type (P)’ which includes
the group schemes needed for mixed Shimura data. It is a generalization of ‘type (R)’
and ‘type (RR)’ considered in [37]. (Maybe, for p # 2 there would have been an easier
approach because in that case there exists an exponential function for the occurring
unipotent groups). We extend all operations defined in [83] to p-integral Shimura data.
The main theorems about

e integral models of mixed Shimura varieties
e integral models of toroidal compactifications
e integral models of the ‘compact’ duals

e integral models of the standard principal bundle

are found in section (3.2). The proofs involve several steps. Roughly:

1. Construction of integral models of uncompactified Shimura varieties. First we describe
the ‘well-known’ construction of the integral mixed Shimura varieties associated with the
symplectic Shimura data (2.5) as moduli spaces of 1-motives (section 4). The section
contains also a definition of the standard principal bundle in this case and some material
about 1-motives, biextensions, etc. The construction for arbitrary Hodge type pure
Shimura data is done in [49] or [91]. We extend it (5.2) to the mixed case. Furthermore
we show an extension property for the constructed models. This was done in [76], [78]
for the pure case and the extension to the mixed case is done in (3.7). This shows, in
particular, that our models are uniquely determined, furthermore it yields functoriality
w.r.t. morphisms of p-integral mixed Shimura data.

II. Construction of integral models of (uncompactified) standard principal bundles. This
is done in (5.3.1) for the pure case and in (5.4.1) for the mixed case. The pure case
follows from a theorem of [49], see (5.1.4), and algebro-geometric arguments. The mixed
case is easy (linear algebral!) but involved and technical. In (5.6.1) we show that the
constructions do not depend on the chosen Hodge embedding.

III. Construction of integral models of the toroidal compactifications. This is done tech-
nically as in the uncompactified case by choosing a Hodge embedding and taking the
normalization of the Zariski closure in the compactified integral Shimura variety associ-
ated with a symplectic (mixed) Shimura datum. The latter is constructed in [27]. By
a formal argument, we deduce the formal isomorphism at the boundary with a mixed
Shimura variety of easier type by the corresponding isomorphisms in the rational cases
and in the integral ‘surrounding’ case. Here we have to use a technical assumption,
which remains unproven (3.3.2). The formal isomorphism yields, in particular, a ‘g-
expansion principle’ and smoothness. The standard principal bundle is constructed by
an easy formal argument using the existence on the rational (or complex) level. It yields
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in addition a ‘g-expansion principle’ for integral automorphic vector bundles. This is
quite explicit, giving exact information about the integrality of any special trivialization
described analytically to obtain a Fourier expansion (see 10.4.10 in part III for our main
application).

The method used requires to pass to sufficiently fine rational polyhedral cone decompo-
sitions, which, however, is sufficient for most applications.

1V. Ezxtension of all maps induced by morphisms of Shimura data to the compactifica-
tions. This, again, is completely formal using the formal isomorphism with a mixed
Shimura variety compactified by means of a torus embedding. It yields also canonicity
of the compactifications.

Part I is restricted to the case p # 2 because the work of [49], as well as the extension
property as defined in [78] work only for p # 2. The constructions involving group
schemes, however, already include the case p = 2.

Part Il

In sections (6.1-6.4) an (interpolated) non-Archimedean local orbit equation is developed.
This works for arbitrary discriminants, however is not directly applicable to Arakelov
geometry, unless the discriminant is square-free. It is, however, interesting in its own
right and may be used for computations. Along these lines, we obtain an easy proof of a
classical formula of Kitaoka on representation densities as well, which has the spirit of an
orbit equation, too. Everything follows formally from a good notion of canonical measure
on the isometry sets I(M, L)(Q,) and the compatibility with composition (6.2.8).

(6.5) compares to the definition of local zeta-function by Weil. It is also used in the
explicit computation of the ‘arithmetic volumes’ of the 0-dimensional Heegner points
using Kronecker’s limit formula (11.2), which are well-known.

(7.1-7.5) contains a systematic description of the Weil representation, the Siegel-Weil
formula, the definition and investigation of the Eisenstein series involved and related
matters. These sections are expository and contain at most sketches of proofs. (7.8)
contains a brief description of Borcherds lifts in the adelic language.

(7.7) investigates the non-Archimedean Whittaker integrals and relates them to the
quantities p, (defined via ‘adding hyperbolic planes’) occurring in the orbit equation.
(7.6) investigates the Archimedean Whittaker integral and (7.9) relates it to an easy (ad
hoc) Archimedean version of the orbit equation. This relies on Shimura’s [87] work on
this subject. Here a mysterious D(M )%3
(cf. also 11.2.12).

(7.10) derives the global orbit-equation, whose special value and derivative are compared
in part III to relations between heights, resp. arithmetic and geometric volumes of
orthogonal Shimura varieties.

occurs, disturbing the (naive) orbit equation

In (8.2), the functions y, and A, are calculated explicitly and in (8.3) the expansion at 0
of its global product is given for some lattices, yielding values determined, respectively
conjectured in [13-15, 18, 19, 53-58, 6571, 97], etc.
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For example a Siegel modular threefold (associated with a lattice described in 8.3) has
geometric volume

C=1)¢=3) [T* - 1)

p|D

and arithmetic volume

D¢ [T -1

p|D
¢(=1) _,¢(=3)  1g~p*+1 17
: (2 N 2p|ZD 7 o8P — T 20+ log(27r)))

(or without 2(y + log(27)), if a different normalization of the Hermitian metric involved
in the definition is chosen).

A 10-dimensional Shimura variety associated with a unimodular lattice has geometric
volume

D3R E5)-T)¢(-9)

and arithmetic volume?

iC(—l)C(—S)CQ(—5)<(—7)g(—9)
: <—2C,(_1) 03 G0 =D (=9 i )

G P s TP TRy o T sl

(or without 1l (y + log(27)), as before).

Part 11l

This part starts with the construction of integral Hermitian automorphic vector bundles,
using the theory of the integral standard principal bundle. This is predominantly con-
tained in (9.1). A definition of arithmetic volume for arbitrary Shimura varieties follows
(9.4). The arithmetic volume depends on the choice of a Px-invariant line bundle on
the integral model of the compact dual together with a Px(R)Ux (C)-invariant metric
on the image of the Borel embedding.

The rest of the whole part focuses on the orthogonal case. Associated with a quadratic
unimodular lattice Lz, , there is a p-integral pure Shimura datum O(L) (10.2.1) whose
underlying (reductive) group scheme is the special orthogonal group SO of Lz, as
well as S(L), whose underlying group scheme is the general spin group scheme GSpin.
The symmetric space Dg is the set of (oriented) negative definite subspaces of Lg, in
a natural way a Hermitian symmetric domain, and we have a natural map hg : Dg —
Hom(S, GSpin(Lgr)). S(L) is of Hodge type. This allows to use the results of part I for
S(L) as well as for O(L) = S(L)/Gy,.

2possibly up to a rational multiple of log(2)
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There is a natural Pg-equivariant line bundle £ on the compact dual, the zero quadric
MY(0(L)) = {<v>€P(Lz,) | Qr(v) =0},

which is the restriction of the tautological bundle on P(Lz ). It carries a natural
Hermitian metric h when restricted to the image of the Borel embedding (10.4.1). The
geometric and arithmetic volumes, respectively, of the orthogonal Shimura varieties are
understood to be with respect to the Hermitian automorphic line bundles Z*(&, h) for
the rest of the discussion.

On the associated Shimura variety M(K O) for a compact open subgroup K, with
M(¥0)(C) = [SO(Q)\Do x (SO(A)/K)],

we have the family of special cycles Z(L, M, p; K), parametrized by a negative definite
space Mg and a K-invariant Schwartz function ¢ € S((M*® L), (~)) as explained above.
If K is admissible, i.e. of the form K(®) x SO(Z,), for KP compact open in SO(L (s ),
and ¢ is K-invariant, the Z’s itself (or, more precisely, their Zariski closure in the model)
consist of images of canonical models of orthogonal Shimura varieties with good reduc-
tion. Furthermore, these cycles extend to the toroidal compactifications of part I, too.

In part II, we defined 2 functions, A,(Lz,;s) and u,(L, M, p;s) of s € C, such that
Mp(Lz,;0) = Vol(SO’(LZp)),

(LM g0 = [ e g(a)
Iy, (M,L)

with respect to the canonical measures determined by the quadratic form (6.2.3). Here
SO’ stands for discriminant kernel. We defined also a similar factor for co. The continua-
tion in s for y, is determined by its interpretation as p-Whittaker integral corresponding
to the Eisenstein series associated with the Weil representation of L. For A it is chosen
in such a way that p and X satisfy the local orbit equation:

)‘p(LZp§ 5)

SO’(LZP)— orbits in Iz, )\p(lm(M) 78)
and hence, in the product over all v, a global orbit equation which holds at least for the
value at s = 0 and, up to multiples of certain specified log(p), for the derivative at s = 0.
Here pi,(Lz,, Mz, k; s) is as before, but with ¢ equal to the characteristic function of a
class x € (L}, /Lz,) ® M7 .

We prove in this work the following (see section 10.5):

(10.5.2) Main theorem. Let Ly be a lattice with quadratic form of discriminant D # 0
and signature (m — 2,2). Let K be the discriminant kernel of L. It is an admissible
compact open subgroup for all p 4 D. Let A be a complete and smooth K-admissible
rational polyhedral cone decomposition and let M = M(KO(L)). Let € be as before.
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We have
(i) volg(M) = 4(-=1)"\"1(Lgz;0)
(ii) volz(M) = L4(-1)mA\"1(Ly;s)|s=0 in Rop

The formula in (i) is well known, and is (more or less) equivalent to the fact that the
Tamagawa number of SO(Lg) is 2. We give two proofs of this, one using the Tamagawa
number directly, and the other using the Siegel-Weil formula and Kudla-Millson Greens
functions.

It is also possible to have an equality in Roy, where N is the product of primes p, such
that p?|D, when the model is taken to be any model, induced locally by an embedding
of Ly, into a unimodular lattice (10.5.9).

The actual relations with the Eisenstein series can be seen by taking the value and
derivative of the orbit equation at s = 0:

1(Lz, Mz, 1;0) volg(M(* O(L))) = > volg(M(%+O(zh)))
SO’ (L)zCI(M,L)Nk
(=vol(Z(Lz, Mz, K)c))

is its value, i.e. p(Lgz, Mz, k;0) = deg(Z(Lz, Mz, r)) (relative degree) and

W (Lz, Mz, k; 0) vol(M(¥O(L))) + deg(Z(Lz, Mz, ))vol(M(¥ O(L)))

— 3 vol(M("*0(@') (= ht(Z(Lz, Mz, k) (12)
SO'(L)aCI(M.L)w

is its derivative, or in other form:

4 4(—-1)™ ()\71 (Lz; s)u(Lz, Mz, k; s))

ds = ht(Z(Lz, Mz, k)). (13)

s=0

(13) is true (under slight restrictions on dimension and or Witt rank of L) in Raopy,
where N is the product of primes where My is not cyclic (main theorem 10.5.5). The
cyclicity restriction means that we are essentially reduced to the case dim(M) = 1.

For dim(M) = 1 the equation (12) will be interpreted in Arakelov theoretical terms and
proven directly. For this, the theory of Borcherds products (as in [15]) and a computation
of an integral of a Borcherds forms is used, done in [13], or [57] (see 11.6).

The truth of (12) (or equivalently 13) permits to prove main theorem (10.5.2) by induc-
tion. The induction basis (lattices of dimension 3 and Witt rank 1, 11.1.1) is provided
by Kiihn’s thesis [71]. Heegner points are treated separately (11.2) — here also general
‘bad reduction’ can be examined purely analytically using Kronecker’s limit formula.
This is well known, of course, and already present e.g. in Gross’ and Zagier’s work [33]
and in Yang’s treatment [97].

(12) can be proven only in a certain average (11.6.2), due to obstructions in constructing
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Borcherds forms. We had to solve the following additional problems:

e The multiple of vol(M(XO(L))) occurring in the average version of (12) should not
be 0. This corresponds to the task of constructing Borcherds products of non-zero
weights (11.3). Furthermore, all quantities vol(M(X*O(z1))) have to be known
already by induction hypothesis. This is not so easy as in the geometric volume
case because the method of using Borcherds products works only if the Witt rank
of L is not zero (i.e. if M(*O(L)) has cusps). Therefore, we first calculate the
arithmetic volume of the surrounding variety, avoiding cycles without boundary
in the divisor of the constructed Borcherds product. Then we allow certain cycles
without boundary (in a controlled way) and reverse the argument to calculate the
arithmetic volume of those (11.3). This requires (Serre duality) arguments from
[5] (11.3.7), an investigation of the Galois action on modular forms for the Weil
representation, certain theorems on lacunarity of modular forms (11.5), etc.

e A g-expansion principle for orthogonal modular forms is established in (10.4) using
the formal boundary isomorphism of part I. Its applicability to Borcherds form is
shown in (10.4.12) by an adelization of its product formula. Here the main addi-
tional difficulty is not to establish integrality (this is literally seen from Borcherds’
product formula), but the fact that they are defined over Q. It is not convenient
to establish this in the classical context because it may require to take Borcherds
lifts for different classes in the genus of Ly into account.

e (Certain boundary terms in the integrals over star products of the occurring Greens
functions (log of the Hermitian norm of sections) have to be shown to vanish
(11.6.3). This is especially hard for small dimensions. It would probably not be
needed by all means for these extremal cases, but allows to use (11.6.2) carelessly
as long as dim(L) > 5 (any Witt rank) or dim(L) = 4 and the Witt rank is 1.
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Notation

Technical notation, S a base scheme

W(E) ‘additive group’-scheme for a coherent sheaf E on S, (1.1.1)
representing W(E)(S') = (E ®og Og/)(5’)
Ga =W(Og) the additive group scheme over S
D(L) — Hom(X, Gyn) (1.2.1)
Gm = D(Zg) multiplicative group scheme over S
G (8') = (0/)(8)°
Lie(G) Lie algebra functor for a S-group scheme G
S Deligne torus (2.1.3)
Hy (2.1.3)
w natural (weight) morphism G,, g = S
A adeles of Q = H; Qu, restricted product over all places of Q
A®S) = H;gs Qu, e.g. A(®) or A(°2P) where p is a prime
For group schemes G over Q, and S C S/,
we have natural embeddings G(A(S/)) — G(A).
We have also ring homomorphisms Q — A(S) for all S,
and correspondingly G(Q) — G(A(S))
but incompatible with the embeddings above
[X/G] algebraic or analytic quotient stack
(P) a certain property of group schemes (1.8.1)
PAR scheme of parabolics of a reductive (or type (P)) group scheme (1.9.4)
OPAR scheme of quasi-parabolics of a group scheme of type (P) (1.9.9)
TYPE classifying scheme of types of quasi-parabolics (1.9.9)
FTYPE classifying scheme of types of cocharacters (1.9.9)
par, gpar (quasi-)parabolic associated with a cocharacter (1.9.9)
type, ftype type of a quasi-parabolic, resp. cocharacter (1.9.9)
Cr(A) completion of a ring A with respect to the I-adic topology
Cy(X) completion of a scheme X along a closed subscheme Y
X dito
N(X),N(A),N(X) normalization of a scheme, a ring, a formal scheme, etc. (5.8)
R’ R modulo rational multiples of log(N), N € N (9.3.2)
Ry R modulo rational multiples of log(p), p| N (9.3.2)
R®) R modulo rational multiples of log(q), ¢ # p (9.3.2)
Tensor algebra, L a coherent sheaf or module
T(L) tensor algebra
Sym™ (L) symmetric power
(L®---® L) symmetric elements of T™(L)
A™(L) exterior power = alternating elements of T" (L)
C(L) Clifford algebra of L (10.1.1)
CT(L),C~(L) even and odd part of the Clifford algebra (10.1.1)
L® = 6911 L® @ (L*)®7
Shimura data
P some prime, mostly fixed,
main theorems of part I are proven only for p # 2
X,Y,B p-integral mixed Shimura data consisting of (say) Px, Dx, hx (2.2.2)
Px group scheme over Z,) underlying X (2.2.2)
Dx generalized symmetric space underlying X (2.2.2)
hx Px (R)Ux (C)-equivariant morphism Dx — Hom(Sc, Px,c) (2.2.2)

underlying X
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xxXXVi Notation
Wx unipotent radical of Px (2.2.9)
Ux certain central subgroup scheme of Ux (2.2.9)
Vx Wx /Uxt (2.2.9)
Gx Px /Wx, the reductive part of Px (2.2.9)
Cx the conical complex of X (2.4.9)
a:X—=Y morphism of p-integral Shimura data (2.2.2)
1:B=X boundary morphism — (2.2.2)

leads to a partial order between boundary components
The group Px acts by conjugation, preserving order
GSp(L) group scheme of symplectic similitudes (2.5)
Sp(L) symplectic group scheme (2.5)
PSp(Lo, I) extension of GSp(Lg) by W(I ® Lg), occurs as (2.5)
group scheme in the unipotent extension Hy[0, Lo ® I].
USp(Lo, I) extension of GSp(Lo) by WSp(Lo, I), occurs as (2.5)
group scheme in the unipotent extension Hy[(I ® I)®, Lo ® I].
WSp(Lo, I) a central extension of W(I ® Lg) by W((I ® I)®) (2.5)
GSpin(L) general spin group scheme (10.1.4)
Spin(L) spin group scheme (10.1.4)
SO(L) (special) orthogonal group scheme
H, = Hg(LZ(p)) Shimura datum of symplectic type (2.5)
Py, = GSp(LZ(p)), the symplectic similitude group scheme of
a lattice LZ(p) of rank 2g with non-degenerate symplectic form,
Dy, = conjugacy class of morphisms S — GSp(Lg), yielding
polarized Hodge structures of type (—1,0), (0, —1) on Lg
L space, mostly over Z,), with non-deg. symplectic form (Part I)
or non-degenerate quadratic form Q, (Part II/III)
— more generally — any representation of Px
I isotropic subspace of L
Lo subspace of L, inducing a splitting
L =1I* & L& I, with natural symplectic resp. orthogonal form
(v, w) denotes the symplectic form on L
— or, in the orthogonal case — Q(v +w) — Q(v) — Q(w)
Q denotes the quadratic form on L (6.1.1)
YLs YQ denotes the associated symmetric morphism L — L* (6.1.1)
d(Lz),d(Lz,),d(Lg) the discriminant (6.1.3)
< atly...,an > the space Z", Zyp or Z"p) (according to the context) with
quadratic form x — iz aix?. It has discriminant Hl 2a;
M 1L orthogonal direct sum of two quadratic spaces or lattices
X[U, V] unipotent extension, where U, V are representations of Px (2.2.10)
with symplectic form V x V — U
(implicit in the notation), satisfying certain axioms,
we always have an iso X = X/Wx [Ux (Zp)), Vx(Z))]
Hy, (I ®1)°%,1Q® Lo Shimura datum of general symplectic type (2.5)
I is any space over Z,), Lo is the symplectic space
associated with Hg,.
P is equipped with a standard repnon L:=1& Lo & I*
S(Lz(p)) Shimura datum of spin type (10.2.1)
Ps = GSpin(LZ(p) ), the general spin group scheme of a
lattice Ly » of rank m with non-degenerate quadratic form of
signature (m — 2%,27)
Dg = GrassT (LRr), set of oriented pos. def. subspaces of Lg
O(Lz(p)) = S(Lz(p) )/Gm Shimura datum of orthogonal type, (10.2.1)
Po = SO(LZ(p) ), the special orthogonal group scheme
Do = Grass*(Lg), as above
A a (partial) rational polyhedral cone decomposition of Cx (2.4.10)
gX extended compactified p-int. mixed Shimura datum (p-ECMSD), (2.4.11)
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(a,p):f,Y—)KX

(t,p): K B= KX

Kr 1t

a p-admissible compact open subgroup K C Px (A("o)),

and a (partial) rational cone decomposition of Cx

a morphism of p-ECMSD,

consisting of a morphism « of p-integral mixed Shimura data
and p € Px (A(°*P)) satisfying some compatibility conditions
boundary morphism

certain cocharacter of an orthogonal group
associated with dual isotropic lines I, I’

(2.4.11)

(2.4.13)

(10.2.13)

mixed Hodge Structures, B an analytic base

[ B-X-L-mhs |

[ B-X-L-mhs’ |

[ B-X-L-filt ]

[ B-X-L-loc-mhs ]
[ B-KX-L-loc-mhs ]

[ B-KX-L-triv-mhs |

category of B-families of mixed Hodge structures

on a fixed vector space compatible with (Px, L)-structure
category of B-families of mixed Hodge structures

on a fixed vector space compatible with (Px, L)-structure
category of certain filtrations

on a fixed vector space compatible with (Px, L)-structure
category of mixed Hodge structures on local systems on B,
locally isomorphic to one in [ B-X-L-mhs’ |

dito, with K-level structure —

represented by an analytic mixed Shimura variety

dito, with K-level structure and analytic trivialization

of the local system — represented by the analytic standard
principal bundle

(2.3.4)
(2.3.1)
(2.3.2)
(2.3.5)
(2.3.6)

(4.5.2)

1-motives, S a base scheme over Z,),
X € {Hgy, Hg, [0, Lo ® I], Hgo [(I ® )%, Lo ® 1]}
K a p-admissible compact open subgroup of Px (A(oo))

[ S-1mot |
[ S-KX-L-mot |

[ S-EX-L-triv-mot |

category of 1-motives over S

category of 1-motives with extra structure,

yields a moduli problem defining the canonical model
M(EX).

For S = spec(C) it is equivalent to [ S®*-KX-L-loc-mhs ]
algebraic version of [ B-KX-L-triv-mhs |, defining a
canonical model of the standard principal bundle P(¥X)

@1
(4.1.11)

(4.5.1)

Shimura varieties and
(Hermitian) automorphic vector bundles

MY (X)
P(XX)

1

[1] On

Z(L, M, p; K)

the reflex field C C of X

a fixed reflex ring of X

(d.v.r. of Ex ass. with some prime above p)

canonical model of the toroidal compactification of the
associated Shimura variety,

a Deligne-Mumford stack (and a scheme, if K is neat) over Ox
boundary divisor on M(IA(X)

associated ‘compact’ dual, a right Px-scheme over Ox
standard principal bundle, a right Px-torsor over M(KX)
equipped with a morphism II : P(§X) — MY (X)

morphism of (Artin) stacks M(X X) — [MY(X)/Px]

encoding P(KX) and II

a Px-equivariant bundle on MY (X); in part 111,

this is the canonical line bundle on MY (0,,) C P! (Lz(p))
associated automorphic vector bundle on M(X X)

a Px (R)Ux (C)-invariant Hermitian metric hg

defined on the image of the Borel embedding
in part III, this is the metric v, w > 7%e_c<
the pair (&, he)

associated Hermitian automorphic vector bundle on M(gX)
with log-singular metric along D

special cycle on an orthogonal Shimura variety, M a quadratic

v, W)

(3.4.1)
(3.5.2)

(3.5.3)
(9.1)
(10.4.1)
(9.1)
(9.1)
(10.4.1)
(9.1)

(11.2)
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space over Q, ¢ € S(Mg(m) ® Ly (c0y) and
K a compact open subgroup of SO(A(‘X’)) fixing ¢
Z(Lz, Mz, k) same as before, with ¢ equal to the (11.2)
characteristic function of x € (L} /Lz) ® M and K = SO'([/Z;)
Representation densities, Weil representation
Eisenstein series
A(Lz; ) naturally defined complex analytic function (6.4.10)
encoding geometric and arithmetic volume
of an orthogonal Shimura variety
as special value and derivative at s = 0 (up to a factor 4)
w(L, MZQ, »;8) strongly related to the Fourier coefficient of the (6.4.10)
Eisenstein series associated with the Weil representation,
for L; here My is a lattice with quadratic
form Q € Sym2(Mé) and ¢ € S(A(®) is
any Schwartz-Bruhat function.
w(Lz, Mz, k; s) The same as before for ¢ equal to the
characteristic function of x € (L} /Lz) ® My,
Ir(s) (normalized) parabolically induced representation (7.1)
indi‘;g’)‘m (|det |*)
E(¥;s) Eisenstein series (7.4)
Epp+r (degenerate) part of the Eisenstein series associated with (7.4)
a sublattice M*' C M*
E, for v € (M* @ M*)®, Fourier coefficient of the Eisenstein series (7.4)
(3 9) theta series (7.5.1)
Wy.0,m* (Pu; gv) general Whittaker integl/"al at v (7.4.3)
where ® = &(s) € ind3> M (| det |*¢)
Wa .+ (95 9) I[I, Wo.ga0+ (P, 90))
Cp(Lz,;8) normalized local zeta function associated with a lattice Lz, (6.5)
ﬁ¢ canonical volume form w.r.t. a bilinear form (6.2.3)
o canonical measure w.r.t. a bilinear form (6.2.3)
I(M, L) variety of isometries from M to L (6.2.4)
(M, L) variety of injective isometries from M to L (6.2.4)
Bp(Lz, Mz, p; s) representation densities (6.3)
SO'(L) discriminant kernel
S(La), S(Lr), space of Schwartz-Bruhat functions (6.2.2)
S(Lg,)s -
For R these are rapidly decaying and smooth
For Qp these are locally constant with compact support
Pu,p Schwartz-Bruhat functions (6.2)
Poo predominantly the Gaussian (7.6.5)
0% the Gaussian of the ‘positivization’ with respect to a (7.6.7)
maximal negative definite subspace N of an indefinite form
PKM the Kudla-Millson form = V9, (7.6.7)
oL defined (for signature (m — 2,2)) by (7.6.7)
O c1(EXE)M27n = oL ¢y (B*E)m—2
Tr certain character of the Witt group of R = Q,,A(®) A (7.1)
denoted « in [93]
Tr ‘correction factor’ in the formulae of the Weil (7.2.1)
representation
Mp(Mg) metaplectic groups (7.1.8)
Sp’(Mg) denotes either Sp(Mpg) or Mp(Mg) (7.2.1)
according to the parity of the dimension of L
Weil(L /Lz) denotes the Weil representation restricted to (7.7.4)
C[L3/Lz] C S(Ly(se))
equipped with natural Q and Z-structures
WETLL(L /L) denotes the bundle of modular forms associated with (11.3.4)
the Weil representation Weil(L}/Lz),
defined over Q
M, T, etc. = M* & M, say, with natural symplectic form
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P=U"-G, certain standard maximal parabolic subgroup of Sp(9t) (7.1)
gi1(a),u(B),d(B) certain elements of Gy, U, and Sp(9MN), respectively (7.1)
T'n(s),Tn,m(s) ‘higher dimensional’ gamma functions (7.6.10)
¢(Z,a,b) confluent hypergeometric function (7.6.10)
FC(f,o, 1,1, p,k,0) Fourier coefficient of a (meromorphic) orthogonal modular form, (10.4.7)
w.r.t. some tube domain realization of Do,
valid in the cone o (local notation).

ModForm(T", V, k) classical weakly holomorphic modular forms for T, (11.3)
of weight k and representation V'

HolModForm(T', V, k) classical holomorphic modular forms for I (11.3)
of weight k and representation V'

PowSer(T"),

Laur(T"),

Sing(T") notation from Borcherds [5] (11.3.7)






Part 1.

Toroidal compactifications of mixed
Shimura varieties






1. Preliminaries on group schemes

In this chapter, we cite a number of statements on group schemes from [37] and extend
some results to certain non-reductive groups that we call of type (P) (1.8.1). They are
of a slightly more general nature than the groups of type (R) and (RR) considered in
[loc. cit.]. They will occur as group schemes underlying a p-integral mixed Shimura
datum. Furthermore we describe a couple of results, clarifying the relations between
(quasi-)parabolics, filtrations, P-structures, etc.

1.1. Group schemes of additive type

(1.1.1) Let S be a base scheme. For each coherent sheaf E on S, there is a group functor
W(E):
W(E)(S") = (E ®0s Os/)(5"),

where the right hand side is equipped with its additive group structure. It is repre-
sentable. W is additive, W(Og) = G4, and there is a natural isomorphism Lie oW 2 id.
If E is locally free, then W(E) is a smooth group scheme over S.

Forms G of G} over S (i.e. for which there is a etale covering {S; — S} such that
Gg, = G} are classified by the etale cohomology group

Hy (S, GL(n))

because the automorphism functor of G is represented by GL(n).
The following is well known:

(1.1.2) Theorem (‘HILBERT 90’). Let S = spec(O), where O is a discrete valuation
ring or a field. Then
HL,(S, GL(n)) = 1.
1.2. Group schemes of multiplicative type, Tori
(1.2.1) Let S be a base scheme. Let X be a group scheme over S. Consider the functor
D(X) = Hom(X, G,,).

If M is an ordinary Abelian group, denote by Mg the constant group scheme as-
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sociated with M over S. D(Mg) is representable. Any group scheme isomorphic to
some D(Mg) is called a diagonalizable group. If G is of finite type over S, then it is
equivalent to be diagonalizable locally in the etale or fpqc topology. Groups with this
property are called of multiplicative type. They are called tori if they are locally
isomorphic to D(Mg), where M is free. A sheaf for the etale topology, which is locally
isomorphic to a constant sheaf of ..., we call an etale sheaf of .... For all etale sheaves
of finitely generated Abelian groups, D is fully faithful, exact and reflexive. Hence we
have an anti-equivalence:

{ etale sheaves of fin. gen. (free) Abelian groups} <> { groups of mult. type (tori) }.

(1.2.2) Remark ([37, X, 4.5; 5.16]). If S is normal, a torus, or equivalently an etale
sheaf of finitely generated free Abelian groups, is locally trivial for the etfg topology
(hence for the etf topology), and trivial if it is trivial over a dense open set.

(1.2.3) Theorem ([37, I, 4.7.3]). Let G = D(Mg) be a diagonalizable group scheme
over S. There is an equivalence

{ quasi-coherent sheaves on S

- M- .
with linear G-action } < { quasi-coherent M -graduated sheaves }

(1.2.4) A quasi-coherent sheaf E is M-graduated, if there is a decomposition

E= E™.

meM

If E corresponds to a G-module as above, then G acts on E™ via m considered as
Element in Hom(G, Gy,).

(1.2.5) A linear G-action on E can be seen either as an usual action of G on W(E)
compatible with the action of the canonical ring scheme over S or - if GG is affine - as a
morphism

E — E®p4 A(G),

where A(G) is the bigebra-sheaf corresponding to G, satisfying certain axioms expressing
action and linearity. For details, see [37, I, 4].

(1.2.6) Theorem ([37, XI, 4.2]). Let G be some smooth affine group scheme over S
and H a group scheme of multiplicative type over S. Then Hom(H,G) is representable
and smooth over S. The morphism

G xg Hom(H,G) — Hom(H,G) xs Hom(H, G),
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expressing the action by conjugation, is smooth.

1.3. Semi-Abelian schemes

(1.3.1) Definition ([27, I, DEF. 2.3]). Let S be a scheme. A semi-Abelian scheme
over S is a smooth commutative group scheme G — S with (geometrically) connected
fibers, such that each fibre G5 is an extension of an Abelian variety As by a torus

0 Ty Gs A 0.

(1.3.2) Theorem ([27, I, 2.10, 2.11]). The function rk(Ts) is upper semicontinuous
on S. It is locally constant, iff G is globally an extension

0 T G A 0

with T a torus, and A an Abelian variety.

There is a unique etale constructible sheaf X (G), such that for each geometric point s
X(G) = X¥(Ty)

(4 a condition for behaviour under specializations)
G — X(G) commutes with base change.

Assume that G is globally an extension. Then X(G) is the etale sheaf of lattices
Hom(T, G,).

(1.3.3) Theorem. In this case, any extension as above can be given by a homomorphism
X — AY,

where X is an etale sheaf with fibers isomorphic to Z.".

Proof. AV is isomorphic (as an etale sheaf) to Ext(A, G,,) and we have a map
X — Ext(A,Gp)
given locally by associating x € X (U) the pushout G,:

0 T G A 0

s

0 Gm Gz A 0
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Conversely consider a etale covering {U;}, such that X (U;) is trivial. Take a basis e;; of
X (Ui;) and construct the corresponding extensions

0——Ty, =G, ——=Gi=Gi1 x4 X4Gipn— Ay, —0,
then glue. O

One has Hom(T,G) = Homg(X,Y). for a torus T" with character sheaf Y.

1.4. Maximal tori

(1.4.1) Definition ([37, XII, 1.3]). Let G be a group scheme over S, T a sub-group
scheme. T is called a maximal torus of G if T is a torus and for each s € S, Ts is a
mazximal torus of Gs.

(1.4.2) Definition ([37, XII, 1]). Let G be a smooth affine group scheme over S. For
each s € S, we define the reductive rank p.(s) as the dimension of a mazimal torus
of G5, the nilpotent rank p,(s) as the dimension of the centralizer of a maximal torus
of G5 and the unipotent rank p,(s) = pn(s) — pr(s) as the dimension of the unipotent
radical of the centralizer of a mazimal torus of Gs.

(1.4.3) Theorem ([37, XII, 1.7]). Let G be a smooth affine group scheme over S.
The function py(s) is lower semicontinuous, p,(s) and ps(s) are upper semicontinuous.
They are locally constant, if and only if G possesses a maximal tori locally in the etale
topology. In that case py(s) and hence ps(s) are also locally constant.

If there are two maximal tori T and Ty of G, they are conjugated locally in the etale
topology.

1.5. Root systems

Let G be a smooth group scheme over S with connected fibers and T" a maximal torus
(1.4.1).

T acts via conjugation on G and the induced action on Lie(G) is linear in the sense of
(1.2.3). Hence the Lie algebra of each geometric fibre

Lie(Gg) = LIG(G) ®(’)S Og

decomposes as
Lie(G5) = Lie(T5) & @ Lie(Gs)",
reMs

where M = D(T%).
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(1.5.1) Definition ([37, XIX, 3.2, 3.6]). We callr € D(T)(S) a root of G with respect
to T, if rs occurs for each s as a nontrivial root in the decomposition as above, i.e. rz # 1
and Lie(G3)"s # 0.

A subset R C M(S) is called a system of roots for G with respect to T if it consists
of roots as above and the following equivalent conditions are satisfied:

1. For each s, r — rz is a bijection of R with the set of roots of Gs.
ii. For each s, the elements of {rs},cr are distinct and dim(G5) — dim(Ts) = #R.
iii. Lie(G) = Lie(T) ® @, g Lie(G)".

A system of roots exists, for example, if G is reductive (1.6.5) and T is diagonalizable
(1.2.3). Then the Lie(G)" are locally free of rang 1, and —R = R.

(1.5.2) Definition ([37, XXI, 1]). A reduced root system is a quadruple

(M, M*, R, R"),

where M, M* are lattices in duality, R C M and R* C M* are finite subsets with a
bijection r — r* subject to the following conditions

i. (r,r*)=2VreR,
ii. spy(R) =R, s«(R*) = R,
1. if r,ar € R, then o = £1,

where sp(x) = © — (z,r)x for x € M*,r € R. A p-morphism (where p is a prime) of
reduced root systems

(M, M*,R,R*) — (M',(M")*, R, (R")")

is a group homomorphism o : M — M’, such that there exists a function q : R —
{p" | n € Z>o} and a bijection u: R — R', with the properties:

A pinned root system is a quintuple (M, M*, R, R*, Ry), where (M, M*, R, R*) is a
root system, and Ry C R is a system of simple roots (i.e. every other root is expressible
as a unique integral linear combination of roots from Ry with only positive or negative
coefficients). A p-morphism of pinned root systems has to respect the sets Ry.
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1.6. Reductive group schemes

(1.6.1) Definition ([37, XIX, 2.7]). A group scheme G over S is called reductive
(resp. semi-simple, resp. unipotent), if it is affine and smooth over S, with con-
nected and reductive (resp. semi-simple, resp. unipotent) geometric fibers.

(1.6.2) Theorem ([37, XIX, 2.5]). Let G be a reductive group scheme over S. The
function py(s) (1.4.2) is continuous and hence maximal tori (1.4.1) exist.

Furthermore for each torus T' in G, there exists locally in the etale topology a mazximal
torus T containing T".

(1.6.3) Definition. Let G be a reductive group scheme over S. We say (G,T, M, R) is
split, if T is a mazimal torus of G, with isomorphism T' = D(Mg), M being a lattice
and R C M is a system of roots (1.5.1) with respect to T of G.

(1.6.4) Definition ([37, XXIII, 1.1]). A sextuple

(G7 T7 M7 R7 RO; {XT‘}TGR())

is called an pinned reductive group, where (G,T,M,R) is a split reductive group
scheme over S, Ry C R a system of simple roots and for each r € Ry, X, € Lie(G)" a
nontrivial section.

A isogeny of pinned reductive groups

(Ga T, Ma Ra ROa {XT}TERQ) — (le T,, Ml) R,a R6> {X:"}T‘ERE))
is a morphism of group schemes o : G — G', which induces an isogeny T — T’ and
which respects Ry and the X,..
(1.6.5) Theorem ([37, XXIII]). If G is a reductive group scheme over S, then locally
in the etale topology there exist T, M, R, Ry, { X, }rer,, such that
(G7 Ta Mv R, Ro, {X’F}T‘GRO)
is a pinned reductive group.

(1.6.6) Theorem ([37, XXII, XXIII]). There is an equivalence of categories (com-
patible with base change and direct products)

pinned reductive groups over S pinned root systems
with isogenies with (p-)morphisms

(GaT7 Ma Ra R0> {XT}TER()) = (Ma M*a R7 R*a RO)
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Here p is the prime such that x — zP is an endomorphism of Gq s (if there is any).
Furthermore there exists a certain open dense subscheme (‘grosse cellule’) Q of G. The
functor and Q are characterized by:

i. For each r € R there exists a closed embedding
exp, : W(Lie(G)") = G
inducing via Lie the inclusion.

ii. For any ordering of RT (system of positive roots determined by Ry) the morphism
induced by the exp,.:

I] WLie(G)") xs T xs [] WLie(G)") = G

re€R- reRrR*
is am open immersion onto €.

iii. For each r € RT there is a unique duality (-, -)
Lie(G)" ® Lie(G)™" — Og

and a r* € M* = Hom(G,,,,T) such that for each S’ — S and X € Lie(Gg/)"(S"),
Y € Lie(GS/)_’"(S’):

exp,(X)exp_,.(Y) e Q9) 1+ (X,Y) € O

and in this case

exp,(X)exp_,.(Y) =exp_, (1—1—<YX,Y>) r«(1+ (X,Y)) exp, (1—1—<XX,Y)) .
iv. Ezplicitly for each r € R* and for each a € Og and X € Lie(G)" there is a unique
X! € Lie(G)™" such that (X, X~ ') =1 Then:
(@) = exp_ (e~ = 1)X 1) exp,(z) exp_ ((a — 1)X~) exp, (—a~1a).
Thus R* C M* and the map R — R* are defined.

v. ror* =2, (—r)" =—(r").

(1.6.7) Theorem ([6, 14.10 (1)]). Let G be a semi-simple algebraic group over S =
spec(k), k algebraically closed. Let H be a integral normal subgroup of G. Let H' =
Cent(H,G)°. Then

e H and H' are semi-simple, integral and normal,

e G=H H and HN H' is contained in the finite group C(G), i.e. G is isogenous
to H x H'.
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(1.6.8) Theorem ([37, XXII, 6.2.4]). Let G be a reductive group scheme over S.
There is a semi-simple subgroup scheme Gger (the derived group) of G and a central
torus C (the radical) such that

Gder xC—G

18 an isogeny.

(1.6.9) Theorem. Let S be normal integral and Q) the generic point of S. Let G be a
reductive group scheme over S. If Hg C Sq is a geometrically integral normal subgroup
of Gq then its closure H is reductive.

Proof. Let 5 be any geometric point and @ a geometric point lying over Q). There is an
etale neighborhood S’ — S of 5, such that G can be pinned: (G,T, M, R, Ry, {X; }rer,)-
Then Hg can be pinned over @ as well. For, let T1 be maximal torus of Hgr and Ty
a maximal torus of G/ containing Tv. Ty is conjugated over @ to T'. Hence, since Hy
is normal, Ty N Hy is also a maximal torus of Hg (being the conjugate of Tl) Now
Tor N Hey, being a subtorus of Tyy is defined and split over S’ as well. The previous
theorems imply that there is an isogeny

!

and Hé is reductive and normal as well, hence can be pinned with respect to T@'

The isogeny hence comes from some morphism of pinned root systems (1.6.6). This in
turn implies that there are semi-simple group schemes H , H' defined over S" and an
isogeny

ﬁ xH — G S’

inducing the previous over Q'.

An isogeny is closed (it is faithfully flat and finite [SGA III, XXII, 4.2.10]), hence it
induces a closed embedding of H and hence H is isomorphic to H, hence in particular
Hs is connected and reductive. ]

1.7. P-structures
Let P be a group scheme over S. Let P act linearly on a locally free sheaf of Og-modules

L (1.2.3).

(1.7.1) Definition. Let E be a locally free sheaf of Og-modules. A (P, L)-structure
on E is a section of the etale quotient sheaf

o € H(Iso(E,L)/P,S).

The pre-image under the projection Iso(E, L) — Iso(E, L)/P is a right P-torsor tor(a),
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which we call the associated right P-torsor.

(1.7.2) Remark. If F is a locally free sheaf over S’ for some scheme S’ — S, by abuse
of notation, we call a (P xg S, L ®p, Og)-structure on E simply a (P, L)-structure.

In the analytic context, we have the following variants of a P-structure:

(1.7.3) Definition. Let R C Q be a ring S = spec(R), P a group scheme over S. and
Lr a vector space, with a linear action of P. Let B be an analytic manifold (or an
analytic Deligne-Mumford stack?).
Let E be a local system of R-modules on B. A (P(R), Lg)-structure « on E is a section
of the quotient sheaf

o € H'(Iso(E, Lg)/P(R)g, B).
The preimage of « in Iso(E, Lr) is a local system locally isomorphic to the constant
sheaf P(R)p. We call it also the associated right P(R)-torsor tor(a).

Let E be a holomorphic vector bundle on B. A P-structure o on E is a section of the

quotient sheaf
Q€ HO(@(Ev LOB)/POB? B).

Here Po,, is the sheaf of groups on B of analytic maps to P(C). We have also an analytic
associated right Po,-torsor tor(a).

Clearly, a (P(R), Lg)-structure v on a local system E induces a (P, Lg)-structure o ®p
Op on E®g Op.

1.8. Group schemes of type (P)

(1.8.1) Definition. Let P be a group scheme of finite type over S. We call P of type
(P), if the following conditions are satisfied:

There exists a closed unipotent normal subgroup scheme W (called unipotent radical).
For each point there is an etale neighborhood S' — S and

i. a closed reductive subgroup scheme G of Ps: such that Pg is isomorphic to the
semi-direct product of Wer with Ggr,
(Then P is smooth and affine over S and there exist mazximal split tori locally in
the etale topology (1.4.3)),

it. a split maximal torus T = D(Mg/) of G, where M is some lattice,

! Also called an analytic orbifold.
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iii. a system of roots R = RgURw C M, where:

Lie(Gg) = Lie(T, S") & @ Lie(G,5")"

reERg
Lie(Wg) = @ Lie(Ws)",

reRw

. closed embeddings
exp, : W(Lie(Wg)") - W

for all v € Ry, inducing via Lie the inclusion and satisfying for all S” — S’,
te T(S”), X e Lie(ng)T:

int(t) exp,.(X) = exp, (r(t)X).

with the property that any two different r1 € R, ro € Ry are linearly independent.
This property is stable under base change.

(1.8.2) Remark. Notice that the Lie(Gg /)" are allowed to be higher dimensional, the
notion ‘type (P)’ is therefore slightly more general than the notion ‘type (RR)’ consid-
ered in [37, XXII, 5.1]. The later cannot be used in our context because it is not stable
under restriction to certain normal subgroups.

(1.8.3) Lemma. If P is of type (P), then R can be decomposed: R = RTU — R™ such
that Ryy C RT.

(1.8.4) Lemma. Let k be an algebraically closed field, and T = D(M) a torus acting
on Gg. There exists an element r € M, such that the action is given by

(a0, X) = r(a)X.

Proof. Each a € T(k) has to act by an additive polynomial. An additive polynomial,
which induces an isomorphism is multiplication by a scalar. O

(1.8.5) Lemma. Let k be an algebraically closed field. Let E be a finitely generated
k-vector space, and a k-torus T'= D(M) operating by a non-zero r € M on W(E). If
a: G, = W(E) is a closed embedding which is T-stable, then it comes from a non-zero
element X € F.

Proof. Since « is a closed embedding and T-stable, there is an induced action on G,
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which can only be the action via r (1.8.4). Take a basis of E and consider the resulting
projections of o, ; : G, — G4. The «; are given by polynomials, which are additive,
hence of the form ¢Y + 3, cinp] if p = char(k) > 0 or ;Y if char(k) = 0. This is
compatible with the action of 7" only if all ¢;; are 0. Hence the embedding comes from
X = (c1y...,¢p), which cannot be 0. O

(1.8.6) Theorem. The restriction

I WoLie(Wg)") =W

re€Rw

s an isomorphism of schemes for any ordering.

Proof. Compare [37, XXII, 4.1]. Since both objects are flat and of finite type it suffices
to check this over each geometric fibre [36, I, 5.7].

This is stated in [89, 8.2.2] under additional assumptions. But we can argue analogously
in the more general case. We proceed by induction on # Ry, dim W. If there is only one
root, we have a closed embedding

Uy W(Lie(WS/)T) — W,

which on the level of Lie algebras is an isomorphism. Since both sides are connected
and reduced, it is an isomorphism. There is a T-invariant subgroup N isomorphic to
G, in the center [89, 6.3.4]. Lie(N) is therefore contained in an Lie(W)". Consider
the group W' = Zy/(T,)°, where T, = ker(r)?. Lie(W’) = Lie(W)" because the r’s
are linearly independent. By the previous W(Lie(W)") = W'. Since N C Zw (T}))°
(T has to act via r on N by 1.8.4), by lemma (1.8.5) N occurs as a linear subspace
of W(Lie(W)"). Therefore there is a closed embedding W(Lie(W)"/Lie(N)) — W/N.
Therefore the assumptions are true (this is verified as in the proof of [89, 8.2.2]) for the
group W’ = W/N and Lie(W)" replaced by Lie(W”)" = Lie(W)"/ Lie(N) (if not 0). By
induction the statement is true for W” and hence for W by the conclusion in the proof
of [89, 8.2.2]. O

Over fields of characteristic 0, the situation is much more easy:
(1.8.7) Theorem. Let k be a field of characteristic 0 and G an unipotent k-group.
There exists an isomorphism of varieties

exp : W(Lie(G)) — G,

with the property that the restriction to W of any commutative sub Lie algebra of Lie(G)
is a closed embedding of algebraic groups and Lie of it is the inclusion.
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(1.8.8) Lemma. Let W be a unipotent group scheme over S, acted on by a split torus
T = D(Msg), satisfying property (iv) of the definition of type (P) (1.8.1). Let X; €
Lie(W)™,i = 1,2 be given. The morphism

Gy xG, =W
u,v — exp,. (uX1)exp,,(vXa)

factors through the closed subscheme

11 W (Lie(W)")

r=ir1+jr2,i,7>0

(which is independent of the ordering of the roots by (1.8.6)).

Proof. 1t suffices to show this locally on S so we may assume S affine. The morphism is
then given by a polynomial o
Z Xij ’UJZ’U]

with X;; € Lie(W)(S). Letting the torus act by conjugation, we get
int(t)Xij =17 (t)iTQ (t)inj7

i.e. X;; € Lie(W)iritirz, O

(1.8.9) Theorem. Let S be a reduced scheme. Let W be a unipotent group scheme
over S acted on by a split torus T = D(Mg), satisfying property (iv) of the definition
of type (P) (1.8.1). If H is a smooth subgroup scheme of W, stable under T, then it is
closed and uniquely determined by Lie(H ).

Proof. We will show that, over every geometric point s of S, Hz is directly spanned by
exp, (W(Lie(Ws)" N Lie(Hy))) .

This shows that H is uniquely determined by Lie(H) (because it is smooth over S). It
is closed because the restriction of the isomorphism

I WLie(Ws)") =W
r€Rw

to the product of the W(Lie(W)"NLie(H)) is a closed embedding. Its image in W has to
be equal to H because both are smooth over S. Note that Lie(W)" NLie(H) C Lie(W)"
is saturated because H is smooth.

For the required result over the geometric point s, adapt the proof of [6, Prop. 14.4]. O
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(1.8.10) Theorem. If P is a group scheme of type (P) over an affine scheme S, then

H,(S,W) =1.
Proof. Analogous to [37, XX VI, 2.2]. O

(1.8.11) Theorem. If P is a group scheme of type (P) over an affine scheme S then
there is a closed subgroup scheme G of P, such that P = G x W. Any two such are
conjugated by an element in W(S). For any mazimal torus T of P, there is a unique
such G containing T such that every closed reductive subgroup scheme of P, containing
T is contained in G.

Proof. Is deduced like in [37, XX VI, §1]. O

1.9. Filtrations and parabolic groups

Let S be a base scheme.

(1.9.1) Definition. Let L be a locally free sheaf on S. Consider an (increasing or
decreasing) filtration F*® of L. It is called saturated, if gr’ (L) is again locally free. If 2
filtrations F* and G* are given, we call them bisaturated if the bigraded gr’ gr® (L) =
gr% grf’ (L) is locally free.

A morphism v : L — M of sheaves is a morphism of filtered sheaves, if y(F*(L)) C
F'(M). It is called strict if the diagrams

Fi(L)—> F*(L)

Pk

Fi(M)——> Fi+1()

are Cartesian.
We have the following obvious

(1.9.2) Lemma. Let L be a locally free sheaf S, and a filtration F* of L be given. The
following are equivalent conditions:

1. F'* is a saturated filtration.
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7. There is a splitting for F®:

L=pr Fr=r.

i>j
1ii. There exists a linear action of Gy, on L inducing a splitting.
Let G* be another filtration on L. The following are equivalent conditions:
1. F'*, G* form a pair of bisaturated filtrations.

7. There is a simultaneous splitting for F'* and G°:

L= rF=L" = L'
7

> i3>

7ii. There exists a linear action of G,, X Gy, on L inducing a simultaneous splitting.

(1.9.3) Definition ([37, XV, 6.1]). Let P be a group scheme of finite type over S.
A parabolic subgroup scheme of P is a smooth subgroup scheme Q of G, such that for
each s € S, Qs is a parabolic subgroup of G5, (i.e. such that Gs/Qs is proper).

(1.9.4) Theorem ([37, XXII, 5.8.3-5.8.5]). Let G be a reductive group scheme over
S.

i. The functor S" — {parabolic subgroups of Gg'} is representable by a smooth pro-
jective S-scheme PAR.

7. There is an etale sheaf TYPE of finite sets over S and a morphism
type : PAR — TYPE,
with the property Q and Q' are locally conjugated in the etale topology, if and only
if type(Q) = type(Q').
ii. If (G,T,M,R) is split

TYPE = { W (R)-conjugacy classes of closed subsets of R }
S

containing a set of positive roots

= { subsets of a set of simple roots Ry }s

w. If P is any subgroup scheme, smooth and of finite type, the following conditions
are equivalent:

a) For each s € S, Ps is a parabolic subgroup of Gs, i.e. Gg/Ps is proper.
b) The quotient sheaf G/P is representable by a smooth projective S-scheme.
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Under these conditions P = Normg(P) (it is in particular closed) and the mor-
phism G/P — PAR, g — int(g)P is an open and closed immersion onto a con-
nected component of PAR. It is hence the fibre above type(P).

v. There is a surjective morphism
par : Hom(G,,,G) - PAR,

characterized by the properties:

a) Let a: Gy, 0 — Ggr be some morphism. For each etale 8" — S’, where there
is a splitting (Ggr, T, M, R) such that agn : Gy, gn — T C Ggr, we have

type(par)(a)) = W(R){r € R | roa > 0}.

b) For each o : Gy, 50 — Ggr, a factors through par(c).

Proof. The assertions are stated in [loc. cit.], however some only for Borel subgroups.
See also [37, XX VI] for the case of parabolics. O

(1.9.5) Remark. Over a geometric point, we have
par(a)(s) = {x € G(3) | liH(l) ala)za(a)™! exists}.
a—

For the precise meaning of this compare [89, p.148].

(1.9.6) Theorem. Let P be a group scheme of type (P) over S. Let G = P/W. The
parabolic subgroup schemes of P are in 1:1 correspondence with the parabolic subgroup
schemes of G. The functor of parabolic subgroups is representable by a smooth projective
scheme over S. The parabolic subgroups are of type (P).

Proof. Every geometric fibre P~ of a parabolic subgroup scheme P’ of P has to contain
W5 so P’ contains W and P’/W has to be a parabolic subgroup of G. In turn if P’ is a
parabolic subgroup of G, W x P’ is a parabolic subgroup of P. The second statement
follows therefore from (1.9.4).

For the third statement assume first W = 1. Then a parabolic subgroup @ is of type
(R) [37, XXII, 5.2.1], which means that it is smooth of finite type and for each s € S,
P;5 contains a Cartan subgroup of Gs.

In this case, there is a closed? subset R’ C R, such that

Lie(Q) = Lie(T) & €P Lie(G)".

reR’

2ie.r,seR,r+scR=>r+scR
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In fact, it suffices to check this over a geometric point where it follows from [89, 8.4.3.
(iv)]. This means by definition that @ is of type (RC) [37, XXII, 5.11.1] Now the
assertions follow from [XXII, 5.11.3, 5.11.4]SGAIIL. Here of course all Lie(G)" are 1-
dimensional.

In the general case @ is given by the product W x Q. Let W’ is the unipotent radical
of Q. The multiplication
W xW = Q

is a closed embedding (because we had a semi-direct product). It hence induces a closed
smooth subscheme, which serves as unipotent radical of Q). (It is a subgroup scheme
because W’ normalizes W). The other statements are satisfied because they are satisfied
for Q’. O

(1.9.7) Theorem. Let S be a reduced scheme, and let (P, T, M, R) be a split group of
type (P) over S. If R C R is a closed subset, then there exists a unique smooth subgroup
scheme P' C P, containing T', such that

Lie(P') = Lie(T) & €P Lie(P)"
reR’

P’ is of type (P) and closed in P. In particular, if P is reductive, then each parabolic is
of this form.

Proof. R' N Rg is also closed in Rg and hence there exists a unique subgroup scheme
Pl of G with Lie(Pf,) = Lie(T) & @, cp Lie(G)" [37, XXII, 5.3.5, 5.4.7]. It is closed in
G [37, XXII, 5.11.4].

Consider the product
II W(Liew)").
reR'NRw
It is closed embedded into G. Over each geometric point of S it is a subgroup scheme,
so it is a closed subgroup scheme Py, because S is reduced. Furthermore it is the unique
T-stable smooth subgroup scheme of W with Lie algebra @, /g, Lie(W)".

Over each geometric point of S, P’ = Py, - P, is a subgroup scheme because R’ is
closed. Because S is reduced this implies that this is true over S. The product is a
closed embedding because P is a semi-direct product of W and G. It is of type (P),
again because of [37, XXII, 5.11.3, 5.11.4] and the reasoning in the proof of the last
theorem. O

(1.9.8) Definition. Let P be of type (P). A closed smooth subgroup scheme Q of P
is called a quasi-parabolic group, if etale locally, say on S" — S, there is a splitting
(P, T,M,R), Q is of the form given in theorem (1.9.7) for a R' C R which contains a
set of positive roots (but not necessarily Ry !).
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(1.9.9) Theorem. Let S be reduced and P be a group scheme over S of type (P).

i. The functor S’ — {quasi-parabolic subgroups of Ps:} is representable by a smooth
quasi-projective S-scheme QPAR.

1. There is an etale sheaf TYPE of finite sets over S and a surjective morphism
type : QPAR — TYPE,

with the property Q and Q' are locally conjugated in the etale topology, if and only
if type(Q) = type(Q).

iii. If (P,T,M,R) is split (in the obvious sense for type (P))

TYPE = { W(Rg)-orbits of closed subsets of R containing a set of positive roots }g.

iv. Let Q be a quasi-parabolic of P. The morphism P/Q — QPAR, g — int(g)Q is
an open and closed immersion onto a connected component of OPAR. It is hence

the fibre above type(Q).

v. Hom(G,,, P) is representable by a smooth affine scheme over S.

There is an etale sheaf FTYPE of (infinite) sets over S and a surjective morphism
ftype : Hom(G,,, P) — FTYPE,

with the property o and o are locally conjugated in the etale topology, if and only
if ftype(a) = ftype(a’).

vi. If (P,T,M,R) is split:

FTYPE ={ W(Rg)-orbits in M* }s.

vit. There is a surjective morphism
gpar : Hom(G,,, P) —» QPAR,

characterized by the properties

a) Let a : Gy 50 — Ggr be some cocharacter. For each etale S” — S', where
there is a splitting (Gg, T, M, R) such that agr : Gy, gn — T C Ggr, we have

type(qpar(a)) = W(Rg){r € R | roa > 0}.

b) For each o : Gy, g0 — Ggr, a factors through qpar(c).
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There is a commutative diagram

gpar

\L ftype ltype

FTYPE TYPE

If (P, T, M, R) is split, the morphism on the bottom is induced by

M*>smw—{reR | (r,m)>0}.

Proof. (compare [37, XXII, 5.11.5]). The functor QPAR is an etale sheaf by definition
of quasi-parabolic.

The functors FTYPE, resp. TYPE, are the etale quotient-sheaves of Hom(G,,,, S), resp.
QPAR, by the action of conjugation. It suffices hence to show representability of them
and of QP AR locally in the etale topology and we may hence assume, (P, T, M, R) split
over S. We will construct a morphism

QPAR — { W-orbits of closed subsets R’ C R containing a set of positive roots}g.
Let Q € QPAR(S). There is by definition an etale cover U; — S, splittings
(P7 Tia Mi> Rl)

such that Qp, is a group like in theorem (1.9.7). Hence there is an associated closed
subset R, C R;. By refining the cover we may assume that 7; is conjugated to T on Us.
Transporting R, to R we get a well-defined W-orbit of closed subsets of R. Surjectivity
follows from theorem (1.9.7). Furthermore if the images of @1, Q2 are the same, they are
conjugated locally in the etale topology because of the unique charactization of quasi-
parabolics by their Lie algebra. The fibre of ‘type’ over a point contains the group @
constructed in (1.9.7) and is identified with P/Q. This shows (i)-(iv).

Representability of Hom(G,y,, P) is (1.2.6). Next we construct a morphism

Hom(G,,, P) — { W-orbits in M* }g.
Let a € Hom(Gy, s, Ps) be given. There is an etale cover U; — S, splittings
(P7 T‘ia Mi7 R’L)

such that oy, factors through 7;. Hence we get an element m; € M;*. By refining the
cover we may assume that 7; is conjugated to T' on U;. Transporting m; to M* we
get a well-defined W-orbit in M* of R. The morphism is surjective. a1, as are locally
conjugated in the etale topology, if and only if their images are the same. This shows
(v), (vi).

(vii) follows because we can construct the morphism qpar etale locally. O
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(1.9.10) Remark. Over a field, our quasi-parabolics are called preudo-parabolics by
Springer [89, 15.1.1]. However, we caution the reader against the wrong statement [loc.
cit., 15.1.2 (ii)].

(1.9.11) Theorem. Let S be reduced. For any morphism of group schemes a: Py — Py
of type (P) over S, we get an induced morphism o/ : QPAR1 — QPARs. If a is a closed
embedding then o is an embedding. It is closed, if o induces a morphism W1 — Wo. It
s open, if P is a quasi-parabolic of Ps.

Proof. We construct the morphism again locally in the etale topology, and hence may
assume that there exist Q1 € QP AR, a morphism

a:G, =P

such that @1 = gpar(«). Define Q2 = o/(Q1) := gpar(y o a).

We know (1.9.9) that there are connected components of QP AR; isomorphic to P;/Q;
fori=1,2.

We have v(Q) C @', and therefore an induced map o/ : QPAR; — QPAR,. If ~ is
a closed embedding, then Q = Q' N P, therefore the induced map on the quotients is
an embedding. Closedness in the required case follows directly from the case of PAR.

Openness can be checked on geometric fibers, where one checks that P € QPARy —
QPAR, is a closed condition. O

(1.9.12) Definition. Let E be a locally free sheaf of Os-modules with (P, L)-structure
p. A filtration F' on E is called compatible with the (P, L)-structure if etale locally
(say on U) there is an isomorphism [ in the associated Gy-torsor and a morphism
a : Gy, — Py which splits the filtration (via the induced (by ) representation of Py on
Ey).

(1.9.13) Definition/Theorem. Let S be reduced. Let E be a locally free sheaf of
Og-modules with (P, L)-structure p and F'* a filtration on E compatible with the (P, L)-
structure. Let an etale neighborhood U and 3 be given as in the definition. Then P acts
via 8 on Ey and there exists a splitting o : G, — Py of the filtration.

i. The stabilizer Qu of the filtration F* of Ey is the quasi-parabolic group qpar(«)
of theorem (1.9.9).

it. Any two morphisms G, v — Py splitting the filtration are conjugated in Qr locally
in the etale topology. Hence the image under ftype of these morphisms is well
defined. We call the corresponding section t' € FTYPE(S) the type of F*. Lett
be its image in TYPE(S).
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1. F'* defines a P-equivariant morphism

tor(p) = QPAR XType type,t S-

Proof. We may restrict to an etale cover S, where E is free and [ exists. Let F*®
be a filtration, split by « : G,, — P. We may also assume that there is a splitting
(P, T, M, R) over S such that « factors through 7. Let @ be the stabilizer of F*. It is
a closed subgroup scheme of P. Let X € L(S). Take a basis {e;}; of Lie(P)". The map

u > exp, (ue;) X

is a morphism G, — W(L) and hence given by a polynomial > u" X, for X, € L(S).
Letting o : G,, — P act on the image, we get

alz) X, = griree)tiy

Therefore the image of exp, fixes the filtration, if » o o > 0. Hence for the set of
roots satisfying r o e > 0 the group @’ of theorem (1.9.7) fixes the filtration (because
it is fixed by the images of the various exp and T whose generated subgroup scheme
is dense). On the other hand, the Lie algebra Lie(Qr) acts on Ey and stabilizes the
filtration. Therefore, since Q' C @, we have Lie(Q) = Lie(Q’). But Q is T-stable, hence
by theorem (1.9.7), Q = Q'

The group Q is of type (P) (1.9.7), hence maximal tori exist and are conjugated locally
in the etale topology. We may hence assume that there exists a split maximal torus
T = D(Ms) of @ over which « factors. E is then decomposed as

E=E".

reM

Now we have

F(E)= @ F

reM,roa<s

and hence
aor= min 1 if E" #£0.
E"CFi{(E)

This determines o because the set {r | L" # 0} contains a basis of Mg because the
representation is assumed to be faithful.

The morphism (iii) is constructed functorially as follows. Let 8 € tor(p)(S) be an
isomorphism Fg — Lg. Via 3, P acts on E as well. Define the image of 5 to be
Stab(F'®, Pg) which is a quasi-parabolic of type ¢ be the foregoing. The morphism is
P-equivariant. O

(1.9.14) Theorem. Let S be reduced. Let L be a locally free sheaf on S, P a group
scheme of type (P) over S acting linearly and faithfully on L, i.e. induced by a closed
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embedding P — GL(L). Lett' € FTYPE(S) and t be its image in TYPE(S). The fibre
above t of type in QPAR is isomorphic to

S" s { filtrations F'* on Lg compatible with (Ps:, Ls/) of type t'},

compatible with P-action.

Proof. We construct the isomorphism locally in the etale topology. Then there exist a
morphism « : G,,, — P of some type t’. and a corresponding filtration F'*. The set of all
filtrations of type t' is then isomorphic to P/ Stab(F*®) because filtrations of type ¢’ are
conjugated locally in the etale topology because their splittings are. But P/ Stab(F*)
is isomorphic to the fibre of type in QP AR canonically by (1.9.9, iv). Therefore these
isomorphisms glue. O

(1.9.15) Example. Let E be a locally free sheaf on S of dimension n, P = GL(E).

TYPEp = { subsets of {1,...,n—1} }g,
FTYPEp ={ sequences of non-negative integers {d;}icz with Z di=n }g.

Filtrations of type {d;} are those saturated filtrations, where dim(gry) = d;. The map
type is given by associating with {d;} the complement of the set partial sums 2i<; d;(#
Let F' be a filtration of type t' and Q the stabilizer-group. We have

TYPEqG = { subsets of typep(Q)}s,

FTYPEq = { sequences of non-negative integers {d; ;}i jez with de =d; }s.
J

Filtration of type {d; ;} are those filtrations G*, which together with F*® are bisaturated
and such that dim(grl, gr'y) = d; ;.
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2. Preliminaries on mixed Shimura data
and varieties

In this chapter, we define p-integral mixed Shimura data. This is very much the same
definition as in Pink’s thesis [83], except that we use a stronger requirement on the
center (for psychological comfort) and more importantly, the group scheme P in [loc.
cit.] is replaced by a group scheme of type (P), defined over Z(p)- All compact open
subgroups are then required to be of the form P(Z,) x K () where K® is a compact
open subgroup of P(A(>®?)). We call them admissible. We explain the connection to
mixed Hodge structures, recall all relevant definitions from [83], and extend the technical
results on mixed Shimura data to p-integral ones. In (2.4) boundary components are
investigated. In (2.5) we define the ‘symplectic (mixed) Shimura data’ whose associated
(mixed) Shimura varieties are moduli spaces of 1-motives. (This will be explained in
detail in chapter 4). We will restrict (essentially) to mixed Shimura data of Hodge type,
i.e. those which embed into the symplectic ones (2.6). In the end (2.7) we briefly explain
the interpretation of mixed Shimura varieties over C as parameter spaces of families (or
variations) of mixed Hodge structures.

We diverge from the custom to denote a (mixed) Shimura datum by (P, X), (G, X)
or (P, X,h). We use an abstract letter (e.g. X) for it and denote its constituents by
Px,Dx,hx. This is because they always occur in fixed pairs (or triples) like for the
symplectic Shimura varieties Hy or the orthogonal resp. spin ones O(L) resp. S(L).
Furthermore often different, but related ones (boundary components, those associated
with strata, unipotent extensions, etc.) are used. We find it confusing and senseless
to invent special symbols for the respective symmetric domains in each case. This
convention also permits to denote unipotent extensions just by a symbolic construction:

X[U,V].

2.1. Mixed Hodge structures

(2.1.1) Definition. Let B be an analytic Deligne-Mumford stack. We define the cate-
gory
[ B-mhs |

of families of rational mixred Hodge structures above B as given by the following
data: A local system of Q-vector-spaces M above B.
An increasing weight filtration

OZWi(M) C Wi+1(M) c---C W@Jrn(M) =M
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by local systems of Q-vector-spaces.

A decreasing Hodge filtration
0=F/(M)C FI"Y(M)cC---C FI"™(M) =W ®q Op

by holomorphic subsheaves such that for the induced Hodge filtration on grjj, one has
point-wise

Vp+qg=n+1  Mc=F\(M)a Fi(M),

i.e. determines a usual pure Hodge structure.

(2.1.2) A pure Hodge structure (of weight n) is determined by M = @
by setting

pF+q=n Hp’q(M)

FP(M) = P HP (M),

HPU(M) = FP(M)NFi(M) if p+q=n.

For a mixed Hodge structure there is a unique decomposition M = @, ,—,, H"I(M)
with

FP(M) = @) BY (M),

Wn(Mc) = @ HPI(M),
ptqgsn

HP9(M) = Hep(M) mod @ HY(M).

P'<p,q'<q

This determines a morphism A : S¢ — GL(M¢).

(2.1.3) Definition.

S:= RC/R(Gm)7
Hy:={(z,a) € Sx GLar | 2Z =det(a)}.

Let Px g be a connected linear algebraic group over Q. Let Wx g be the unipotent
radical of Px g and

Px o ——Gx0 = Pxo/Wx0

be the projection. Let p : Px 9 — GL(Lg) be a (faithful) representation on a Q-vector-
space Lg. A morphism h : S¢ — Px ¢ determines a bigrading of L¢ and hence a weight
and Hodge filtration on Lq, for every representation of Px g on Lg. To obtain the
bigrading, the character group of Sc is identified with Z? via p,q + (2,Z + 27Pz79).
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(2.1.4) Definition. A morphism h : S¢ — Px ¢ is called admissible if
e woh is defined over R,
e mohow is a cocharacter of the center of Px o/Wx g defined over Q.
e Under the weight filtration on Lie(Px q) defined by Adohx: W_i(Lie(Px g)) =
Lie(Wx q)-

(2.1.5) Theorem. A morphism h : S — GL(Lgr) is associated with a mized Hodge
structure if and only if h factors through a subgroup Px o C GL(Lg), and the induced
morphism is admissible.

Proof. [83, prop. 1.5] O

2.2. p-integral mixed Shimura data
(2.2.1) Lemma. Let T be a Q-torus. The following are equivalent conditions:
i. T(Q) is discrete in T(A()
it. T is an almost direct product of a Q-split torus with a torus T', such that T'(R) is
compact.
Proof. [77, Theorem 5.26] O
T" in the lemma can be described by T" = N, cHom(1,¢,, o) Ker(X)-
(2.2.2) Definition. Let p be a prime.
A p-integral mixed Shimura datum (p-MSD) X consists of
i. a group scheme Px of type (P) over S = spec(Zy)).

it. a homogeneous space Dx under Px(R)Ux(C) (Ux being determined by Px, see
below)

iii. a Px(R)Ux(C)-equivariant finite to one morphism hx : Dx — Hom(Sc, Px c),
such that the image consists of admissible morphisms (2.1.4),

subject to the following condition: For (one, hence for all) h,,z € Dx,
i. Adp ohy induces on Lie(P) a mized Hodge structure of type

(_171)7(070)7(17_1) (_170)7(0’_1) (_17_1)7
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ii. the weight filtration on Lie(Py) is given by

Lie(Pp) ifi>0,

Lie(Wg) ifi=—1,
Lie(Ug) ifi= -2,
0 if i < =2,

W;(Lie(Pg)) =

where Wy is the unipotent radical of Py and Ug is a central subgroup,
iii. int(m(hy(i))) induces a Cartan involution on G**(R), where G = P/W,
iv. G*(R) possesses no nontrivial factors of compact type that are defined over Q,
v. the center Z of P satisfies the properties of lemma (2.2.1).

X is called pure, if Wx = 1. A morphism of p-MSD X — Y 1is a pair of a homo-
morphism of group schemes Px — Py and a homomorphism Dx — Dy respecting the
maps h.

We call a morphism an embedding, if the morphism of group schemes is a closed
embedding, and the map Dx — Dy is injective.

If we have a p-MSD X, then an admissible compact open subgroup of PX(A(“’)) is a
group of the form K(p)PX(Zp), where KP) is a compact open subgroup of Px (A(>P)).

see [83, 2.1] for the rational case.

(2.2.3) Remark. The property (v) in the definition is stated in [loc. cit.] in a weaker
form, namely it is required that the action on W is through a torus of type (2.2.1).
However one checks that the operations on Shimura data performed in [loc. cit.] (bound-
ary components, quotients, etc.) preserve this condition. Furthermore, an embedding
X < Y where Y satisfies condition (v) immediately implies X satisfy condition (v).
Therefore the Shimura data of Hodge type (2.6.1), predominantly considered here, sat-
isfy condition (v) anyway.

(2.2.4) Definition. A pair KX is called p-integral extended mixed Shimura data
(p-EMSD), where X is p-integral Shimura data, K is an admissible compact open
subgroup of Px(A(>)).

A morphism of p-EMSD ¥ 'Y — KX is a morphism of p-integral mized Shimura data
v:Y — X and a p € Px(A®P)) such that v(K')? C K,

If v is an automorphism then we call the morphism o Hecke operator. If v is an
embedding and v(K,)? = Ko N P (A), and such that the map

[Py (Q\Dy x (Py(A®))/K")] = [Px(Q)\Dx x (Px(A™))/K)]

is a closed embedding (compare also 2.2.8), then we call the morphism an embedding.
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(2.2.5) Lemma. Px(Q)NStab(z, Px(R)Ux(C))K is finite for every compact open sub-
group K C Px(A™)) and trivial for sufficiently small K.

Proof. This is a consequence of properties (iii) and (v) in definition (2.2.2). O

(2.2.6) Definition. Let M be an integer. Let Px be a group scheme over Z[1/M] of
type (P), and Dx such that they define rational mized Shimura data X. For eachp{ M,
Px Xz11/0) Zp) will then define p-integral mized Shimura data which we equally denote
by X. Let Ly be a lattice, such that there is a faithful representation, i.e. a closed
embedding Px — GL(Lz1 /)

For each integer N, we define the following compact open subgroup of PX(A(OO)):

K(N):={gePx(A®™) | gz =V;,g=id mod N}.

If pt N then K(N) is admissible.

(2.2.7) Lemma. For each (admissible) compact open subgroup K C Px(A(®)), there
is a vy € Px(A()) (resp. € Px(A(>P))) such that

Py C K(1).
Proof. Follows from [84, Prop. 1.12]. O

(2.2.8) Lemma. i. For each ¥1X; and an embedding o : X1 — Xg, there is an
admissible Ko C Px,(A)) such that 11X, — 52X, is an embedding (2.2.4).

i, If 51Xy < 52Xy is an embedding, and if Ky is neat, then for each K C Ky, the
map KémPXl(Am})Xl — KéXg is an embedding.

ii5. Let Px, act linearly on a VZ(p) and choose a lattice Vi C VZ(p)‘ There is an integer
N such that for all (M,p) = 1, N|M, KMh X, <y KM)2X, s an embedding.

Proof. (i) Without the attribute ‘admissible’; this is shown in [22, Prop. 1.15] (pure
case) or in [83, 3.8] (mixed case). Difficulties arise, when one weakens condition (v) of
definition (2.2.2). We do not know, whether there exists an admissible compact open
subgroup in that case with this property. With condition (v), we proceed as follows:
Like in [loc. cit.] one is reduced to show that

Q- PX1 (Q)\DX1 X PX1 (A(Oo))/Kl - L&n K2DK;y PX2(Q)\DX2 X (PX2(A(OO))/K2)

admissible

is injective. Suppose that this map were not injective, i.e. there are (z,p), (2',p’) and
sequences p; g € Px,(Q), pixk € K2, i € N where the Ky ; are decreasing and ); K2,; =
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K1 Px, (Zp):

(z,p) = (pig®’, Pi@P Pi.K)-
Now, the p; g are in Px,(Q) N Transp(x,z')(R) - p’Ko1p~!. Like in lemma (2.2.5) one
sees that this set is finite. Hence we have some sequence like above, where all p; o are
equal. But then also the p; g are equal and hence lie in (; K»; = K1 Px,(Zp) Looking
at some [ # p we see that (p; 9); € Px,(Q;), and therefore p; g € Px,(Q) and p; x € K.
(ii) Suppose

(z,p) = (p2,07’, P2,0P' P2,k )-

Then there exist p1 g € Px,(Q), p1,x € K1, such that
(z,p) = (P07, Pr,oP P1K)-

as well. Now pibsz = p'(pLKpQ_}()(p’)*l and pl_’(l@pg@ stabilize .

Hence p’pLKpQ_}((p’)*l lie in a finite subgroup of p’ Ko (p') "1 N Px,(Q), so they are equal
(because K» is neat, hence p'Ka(p')™1).

(iii) For N’ > 3, p{1 N’, K(N')2 is neat and admissible. There is by (i) an admissible
compact open subgroup Ky C K(M')s such that

K(M)1X1 N K2X2

is an embedding. Now there is a K(N) C K3, p{ N because the K(N) with p{ N are
cofinal for admissible compact open subgroups. By (ii), (iii) is satisfied with respect to
this V. O

(2.2.9) Theorem. Let X be p-MSD.

There are smooth closed subgroup schemes of Px: Wx (the unipotent radical) and Ux =
W(W_qo(Lie(Px))). There is a smooth group scheme Vx = W(gr_;(Lie(Px)) and an
exact sequence

0 Ux Wx Vx 0.

There is a closed reductive subgroup scheme Gx, such that Px = Wx x Gx. Any two
such subgroup schemes are conjugated by an element in WX(Z(p)).
For a morphism of p-MSD o : X — Y, we have a diagram

0 Ux Wx Vx 0
0 Uy W~ W~ 0.

If « is an embedding, the vertical maps are closed embeddings and the outer ones are given
by saturated inclusions (i.e. inducing an inclusion mod p as well) of the corresponding
modules over Zy. Furthermore, there are closed reductive subgroup schemes Gx and
Uy of Px and Py, respectively, such that Px = Wx x Gx, Py = Wy x Gy, and such
that Gx is mapped to Gy .
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Proof. (cf. [83, 2.15] for the rational case). By (1.8.6) we have (etale locally: S" — S)
an isomorphism
H W(Lie(Ws/)T) — W
re€Rw
(for any ordering) induced by the exp, and multiplication in W. Hence we can define a
closed subschemes of W by

U= J] W(Lie(Wg)")— Wg.

rrow=—2

Its generic fibre is the Abelian unipotent subgroup Ug of Wy [83, 2.15]. Hence the map
is a morphism of group schemes. Now consider the map

[T W(ie(Ws)") = (W/U)s.

rrow=—1

Now, since both sides are flat and of finite type over S, the map is an isomorphism,
if it is an isomorphism on geometric fibers. The latter follows like in the proof of
(1.8.6). Since again the generic fibre is the Abelian unipotent group Vg [83, 2.15], it is
an isomorphism of group schemes. Since the filtration W;(Lie(Wg/)) is already defined
over S, one concludes the first statement of the theorem by etale descent, using (1.1.2).
The existence and conjugacy of G’s is stated in (1.8.11).

Now suppose we are given a morphism of p-MSD « : X — Y. It induces a map from
Dx to Dy. Let x € Dx be given and 2’ € Dy be its image. We have w, = w, o o and
Wy, resp. w,s are defined over S because they are central (follows from 1.6.8). Therefore
Lie(«) is strict with respect to the weight filtrations on Lie(Px), resp. Lie(Py).

The diagram exists over Q: We have already a(Wx g) € Wy @ because we are in char-
acteristic 0 and the groups are reduced and connected. For the same reason a(Ux g) C
Uy @, hence « induces also a map Vx g — Vy,g. We now get automatically morphisms
for the their closures Wx — Wy, Ux — Uy, hence an induced morphism Vx — Vy as
well.

The maps Vx o — Vy,0, Uxg — Uy, are given by linear maps, hence this is au-
tomatically true for their extensions to S. If we have a closed embedding, the re-
striction to the closed subgroups Wx and Ux has to be a closed embedding as well.
The morphism Vx — Vv is a closed embedding, too, because Lie of it has to be
gro(Lie(Px)) < gry(Lie(Py)) and it is a saturated inclusion because we have the Carte-
stan diagram

W_g(Lie(Px))—— W_1(Lie(Px))

W_s(Lie(Py))—— W_;(Lie(Py))

of saturated inclusions. O

(2.2.10) Definition/Theorem. Let X be p-MSD. We have the following converse to
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(2.2.9):

Given two Z,)-modules V' and U acted on by Px with non-degenerate invariant sym-
plectic form W : V. x V — U (i.e. inducing an isomorphism V ~ V*) This defines a
group scheme Wy sitting in an exact sequence:

0 Uo Wo W 0,

where Uy := W(U) and Vy := W(V). By the action of Px we may form a semi-direct
product Px: := Wy x Px. Assume that every subquotient of Lie(Wor) is of type

{(_170)7(07_1)} or {(_17_1)}
Define Dx: as
{(x,k) € Dx x Hom(S¢, P¢) | he = pok;n’ ok : Sc — (P'/U')¢ is defined over R}.

X' is p-MSD, called a unipotent extension of X, denoted by X[U, V].
Dx: — Dx it a torsor under Wo(R)(Wo N Ux/)(C).
We have X[U, V]/Wy ~ X.

Proof. See [83, 2.16] for the rational case. That Pxs is of type (P) follows from the
construction. O

Theorem (2.2.9) may be reformulated as follows. Every p-MSD satisfies
X ~ (X/Wx)[Lie(Ux),Lie(Vx)],

the symplectic form and action of Gx being determined by X.

2.3. Mixed Hodge structures continued

Let X be a mixed Shimura datum.

(2.3.1) Definition. Let B be an analytic Deligne-Mumford stack, p : Px g — GL(Lq)
be a faithful representation of Px . We define

[ B-X-L-mhs’ |
as the set of families of rational mized Hodge structures (2.1.1) on (Lg)p such that

point-wise the associated morphism h factors via p and is of the form h,, © € Dx.

(2.8.2) Definition. For u,, x € Dx consider t' = ftype(u,) € FTYPE(C). 1t is
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independent of the chosen x € Dx. We define
[ B-X-L-filt ]

as the set of filtrations on Lo ®qg Op of type t'.

(2.3.3) Theorem.
B | B-X-L-mhs |

is isomorphic to h(Dx), where the complex structure is given by the morphism (Borel
embedding)
[ B-X-L-mhs’ | —»[ B-X-L-filt |.

It is an open embedding and an isomorphism, if Gx g is a torus.

(2.3.4) Definition. We define also a
B+ | B-X-L-mhs |
as above but additionally with a morphism B — Dx, giving back via h the morphism

determined by the previous theorem.

It is (tautologically) represented by Dx equipped with the complex structure determined
by the covering hx.
(2.3.5) Definition. The groupoid

[ B-X-L-loc-mhs |

is the category of families (over B) of rational mized Hodge structures M, Wo(M), F'*(M)
(2.1.1), where M is equipped with a (Px(Q), Lg)-structure c, such that locally where
there is an isomorphism [ in the associated Px(Q)-torsor (1.7.1), the pullback of the
family of mized Hodge structures via 3 is in

[ B-X-L-mhs ]

(2.3.4).

Morphisms are isomorphisms of local systems, respecting (Px (Q), Lg)-structures and the
family of mized Hodge structures.

(2.3.6) Definition. The groupoid

| B-KX-L-loc-mhs ]
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is the category of data as above, where in addition we have a K -level-structure, i.e. a
section € of the quotient sheaf

Iso(Ly o), M @ A)) /K.

Morphisms are isomorphisms as above, respecting K -level-structures.

(2.3.7) Theorem.
B[ B-X-L-filt ]

an

is isomorphic to (Px c/Qc)™, where Q = qpar(uy) is the stabilizer of a Hodge filtration
associated with some hy,x € Dx. (Px c/Qc)™ is the analytic manifold associated with
the fibre of type over type(Q).

Proof. This will be proven in the algebraic context in (3.2.2). The proof in the analytic
case is analogous. O

2.4. Boundary components

(2.4.1) Definition. Let X be (rational) mized Shimura data. For Gx g := Px,o/Wx,0
every Q-parabolic subgroup of Px g is the inverse image of a Q-parabolic subgroup of
G%g@. Let GggQ =G0 X ---Grq be the decomposition into Q-simple factors. Choose
Q-parabolic subgroup Q;q C Giq for every i and let Qg be the inverse image of Q1,g X
- Qro in Pxg. We call Qg an admissible Q-parabolic subgroup of Px g, if every Q; o
is either equal to G; g or a maximal proper Q-parabolic subgroup of G; .

(2.4.2) Lemma. If X is p-integral mized Shimura data, and Qg a parabolic subgroup
of Px g, then there is a parabolic subgroup scheme Q of Px (1.9.8), such that Qg =

Q@ % g spec(Q).

Proof. According to (1.9.6) the functor of parabolic subgroups for Px is representable
by a projective scheme PAR over S. Hence PAR(Z,)) = PAR(Q). O

(2.4.3) Let S be a maximal R-split torus of Gr. Let R be the root system of S (acting
on Lie(G®)). The irreducible components of R are of type (C) or (BC) [23, Corollaire
3.1.7]. In every irreducible component, the set of long roots [loc. cit.] {o,..., a4}
forms an ordered set of mutually orthogonal roots. A maximal proper R-parabolic of
the corresponding R-simple factor is determined by a homomorphism A : G, g < S,

where
2 1<s
\ ;) = -
o) {0 i > s.
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The parabolic is defined over Q, iff the corresponding cocharacter can be defined over
Q. It is a defining cocharacter for the parabolic Qg in the sense of (1.9.4), i.e. we have

Qq = par(A).

(2.4.4) Theorem. Let Qq be a Q-parabolic subgroup of Px g. Let @’ be the projection
Px — Px/Ux. The following are equivalent:

i. Qg 1is admissible
1. For every x € Dx there is a unique homomorphism
Wy - HO,(C — PX,(C

such that
a) ' owy : Hyc is already defined over R,
b) hy = wy o hy,

¢) wyrohsow : Gy, — Qc is of the form p-A, where X is the morphism constructed
in (2.4.8), p = hyow and Lie(Qc) is the direct sum of all nonnegative weight
spaces in Lie(Px c) under Adp owy 0 hog 0 w.

141. There exists an x € Dx and a homomorphism w, such that the three conditions in
it. are satisfied.

Proof. [83, Prop. 4.6]. There, it is claimed that A in (¢) has to be of the form described
in [loc. cit., 4.1]. This has to be corrected as above. Furthermore the morphism \; in
the proof of [loc. cit., 4.6], defined in [2, Theorem 2, p.205], is the morphism G,,, — Hi,

(07

a— (1, 01 ). Ais only conjugated within its corresponding Borel of Hj to hooow

of [loc. cit., 4.2]. Hence both cocharacters w, o hoo o w and w, o A1, when projected to
G, define the projection of Qc. The second, however, is defined over Q. There is a
lift of i, i.e. X as in 2.4.3, to G%" because it extends to a morphism of SLy (which is
algebraically simply connected). O

If Px is reductive. @) corresponds to a boundary component in the sense of [2, III, p.
220, no. 2|. The morphism w, o hy is independent of the choice hy.

(2.4.5) Definition/Theorem. Assume that X is p-MSD. Choose an admissible Qg as
above. We will define mized Shimura data B as follows:

Let P g be the smallest normal Q-subgroup of Q, such that w, o ho factorizes through
it.
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Consider the map

DX — TF()(D)() X Hom(S@, PB,(C) (1)

x = 2], wy 0 hoo

Choose a Pg(R)Up(C)-orbit Dy containing an ([z],w, o heo) in the above image. The
image is contained in the union of finitely many such. Each Dy is a finite covering of the
corresponding Pg(R)Ug(C)-orbit h(Dp) in Hom(Sc, Pe,c). Let DB—x be the inverse
image! of Dg by the map (1).

The closure Pg of P in Px is of type (P) and hence B is p-integral mized Shimura
data and called a boundary component of B. It is called proper, if Q) is a proper
parabolic, otherwise improper.

A boundary map B = X consists of a closed embedding Pg — Px, whose image is
one of the groups defined above, and an Pg(R)Ug(C)-equivariant isomorphism of Dp
with the spaces above.

For each @) there are finitely many choices of Dg’s, and accordingly, finitely many rational
boundary components.

Proof. According to (2.4.2) there is a parabolic subgroup scheme @ of Px, whose generic
fibre is Qq. It is closed by (1.9.4). Let Wx x Gx a decomposition of Px into reductive
(resp. normal unipotent) closed subgroup schemes, which exists by (1.8.11). @ is of
the form Wx x @', for a parabolic @’ of Gx, and of type (P) by (1.9.6). GBg N Q(’@
is normal in Gx @, hence its closure Gg is reductive (1.6.9). The unipotent radical of
P is Wg = PN Wgoo = exp(W_1(Lie(Wg g))) [83, proof of lemma 4.8, p. 77],
W_1(Lie(Wq,q)) is the union of the Lie(Wq)" such that 7 o w = —1. There exist closed
embeddings exp, : W(Lie(Wq))" — W, by definition of type (P). Since the product
over all closed embeddings exp,, r € Ry, is an isomorphism onto Wy (in any order —
1.8.6), the product map

[I  WTie(Wwg)) — Wq

'I’ERWQ ;row=—1

is a closed embedding. The generic fibre of this embedded subscheme Wpg is the subgroup
Wg,q, hence Wy which must be the closure of Wg g is a subgroup scheme. Since Pg g
is the semi-direct product of Pgg N Qg and Ppgo N Wx g = exp(W_1(Lie(Qg))) [loc.
cit.], the semi-direct product Wg x G is the closure of Pg . Claim: It is of type (P).
It remains to show on the one hand that we can ‘group together’ the closed embeddings
exp, for roots that become the same root r’ for Pg g. But for them we have already a
closed embedding
[ W(Lie(Ws)") — Wg.

rr—r!

in [83], this is called X T
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The generic fibre of the embedded subscheme is a commutative group [loc. cit.], so the
morphism has to be a morphism of group schemes. On the other hand, we have to show
that there is a decomposition Rpg , = Rwy o URGg o, and pairs of roots in Rpg o X Ry
are pairwise linearly independent, but it suffices to check this over C, where we have some
morphism h, : § — T C Pgg and hj(r;) € {(=1,0),(0,-1),(=2,-2)} for r € Ry
and hy(r;) € {(=1,1),(0,0),(1,-1)} for r € Rgy . Hence the two set are disjoint and
two different 7; can only be linearly dependent if they are both in Rey - ]

(2.4.6) Definition. There is a functorial map, called projection on the imaginary
part,
im : Dx — Ux(R)(-1) T Uy,

where u, is the unique element, such that int(u; ') o hy is defined over R.
cf. [83, 4.14].

(2.4.7) Theorem. If B is a p-integral boundary component of X, and o : X — X' is a
morphism, there is a unique p-integral boundary component B' of X' and a corresponding
map & : B — B'. If a is an embedding, a either.

Proof. [83, 4.16] O

(2.4.8) Theorem.  i. Let Dp_x be as in definition (2.4.5). Let D% be a connected
component of Dp—x and DY be corresponding component of Dg. Then

a) The map Dp—x — Dp is an open embedding.

b) The image of Dg( in ]DOB is the inverse image of an open complex cone C :=
C(D%, Pg) € Ug(R)(—1) under the map im ]D%

¢) The cone is an orbit in Ug(R)(—1) under translation by Ux(R)(—1) and
conjugation by Q(R)°.
It is also invariant under translation by (U N Wx)(R)(—1).

d) Modulo (U NWx)(R)(—1) the cone C is a non-degenerate homogeneous self
adjoint cone (in the sense of [2, II, p. 57, §1.1]).

it. Consider a morphism of Shimura data v : X — X'. For each rational boundary
component B of X there is a unique boundary component B’ of X’ and a morphism
7: B — B’ such that

L
Dp—x —Dp—x

Dgp L Dy
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commutes.

i1i. Fach boundary component B’ of B is naturally a boundary component of X. This
defines a partial order on the set of boundary components of X.

Proof. [83, 4.15, 4.16] O

(2.4.9) Definition. Let By be a rational boundary component of X and D% be a con-
nected component of Dp,—x. Let C*(D%, Pg,) C U, (R)(—1) denote the union of the
cones C(DY%, Pg,) for all rational boundary components By such that By = By = X.
It is a convex cone. The following quotient

Cx = H C*(Dg(v PB1)/ ~
(D%, Ps,)

by the equivalence relation generated by the graph of all embeddings C*(D%, Pg,) <
C*(D%, Pg,) for B = By = X. It is called the conical complex associated with
X.

of. [83, 4.24].
Consider the set
CX X Px(A(OO)).

Px(Q) acts on this from the left by conjugation of boundary components [83, 4.23] and
on Px(A() by left multiplication. Px(A(*)) acts via multiplication on the right on
the second factor. These actions are denoted by p- and -p respectively. Furthermore
Px (A(®) acts on the second factor through left multiplication. This action is denoted
by py-.

Let a set A of subsets of Cx x Px(A(®)) be given, such that every o € A is contained
in some C(D%, Pg) x p. We denote by A(D%, Pg,p) the subset of o € A, such that
o C C(]D)%,PB) X p.

(2.4.10) Definition. A is called (finite) K-admissible (partial) rational polyhe-
dral cone decomposition for X, if

i. For each D%, B and p, A(DY%, Pg, p) is a (partial) rational polyhedral cone decom-
position of the closure of C(D%, Pg) x p. We understand a cone as open in

its closure®.

7. A is invariant under right multiplication by K and under left multiplication by
Px(Q) (with finite quotient Px(Q)\A/K ).

2Hence our cones correspond to the interiors of cones in [83]
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7i1. For each B the set UpEPX(A(oo)) A(DY, Pg, p) is invariant under left multiplication
by Pg(A(>®).

It is called complete, if in (i) A(D%, Pg,p) is a complete rational polyhedral cone de-
composition.

It is called projective, if on each A(ID)())(, Pg, p) there exists a polarization function ([2,
IV, §2.1], cf. [27, IV, 2.4]).

The condition (iii) is called the arithmeticity condition. Without it, the compactification
exists over C but may not descend to the reflex field or a reflex ring.

Let K be an (admissible) compact open subgroup of Px(A(>)). For some fixed D%, B
and p, we let I'y C Up be the image of

({z € Z2(Px(Q)) | zlpx =1d}Us(Q)) N7K).

We call A smooth with respect to K, if for all D%, B and p, as above, A(D°, Pg, p) is
smooth with respect to the lattice I'y;.

(2.4.11) Definition. A triple ]g X is called p-integral extended compactified mized
Shimura data (p-ECMSD), where everything is as in definition (2.2.4), but A is in
addition a K-admissible (partial) rational polyhedral cone decomposition.

Morphisms of p-ECMSD have to satisfy the property that for each o1 € A1 there is
a o9 € Ay with y(o1)P C os.

Let X be p-ECMSD, and [a, p) : K'Y — KX be a morphism of p-EMSD, such that o
1s a closed embedding.

Set [a, p]*A to be the set of all cones {(u,p) | (a(u),a(p)p) € o} for all o0 € A. This
is a K'-admissible rational partial cone decomposition for Y. It is finite, resp. complete,
resp. projective if A is finite, resp. complete, resp. projective.

This association is functorial. If [, p] was an embedding (this includes a condition on
K,K', see 2.2.4), we call K,/Y — KX an embedding.

cf. [83, 6.5] for the special case of an automorphism of X or a Hecke operator.
Be aware that, in general, smoothness is not inherited by [, p]*A.
(2.4.12) Theorem. Let X be p-MSD. Let K be an admissible compact open.
i. K-admissible (complete) rational polyhedral cone decompositions for X exist.

1. If A is a K-admissible rational polyhedral cone decomposition for X, there is a
smooth and projective refinement A’. Any refinement of A’ will be projective again.

wi. If A;, i = 1,2 are 2 rational polyhedral cone decompositions for X, there is a
common refinement A (supported on the intersection of their supports).
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. If o : X — X' is an embedding and p € Px (A(Oo’p)) is given, there is K' such that
we have an embedding [a, p] : KX — K'X! o K'-admissible rational polyhedral
smooth and projective cone decomposition A" for X', with the property that A :=
[ov, p]* A" is smooth and projective. For every smooth refinement ofﬁ of A, there
is a smooth refinement A’ of A" with A := [a, p|*A.

Proof. (i)-(iii) is shown in [83], proofs can also be found in [48], [2] (cf. also [27, p. 97]
for the case X = Hy). We give a sketch of a proof of (iii): K’ can be chosen small
enough, such that [«, p] induces an embedding

Px(Q)\Cx x Px(A™))/K — Px/(Q)\Cxs x Px:/(A))/K’.

Locally the map looks like an embedding Ug r C Up' R, for compatible boundary com-
ponents B = X and B’ = X', and we may cut all cones of some smooth projective
K’-admissible rational polyhedral cone decomposition A with these linear subspaces.
This creates a new K’-admissible rational polyhedral cone decomposition A’ containing
the remaining pieces, as well as the cutted ones, supported on Cx. A’ will not be smooth,
of course, but there will be a smooth refinement A”. Because A” is a refinement of A’,
A" = [a, p]*A” will also be smooth. By induction on the codimension of Cx in Cxr,
we see that any (smooth) refinement of A" can be extended to a (smooth) refinement
of A”, by cutting out appropriate simplices. O]

(2.4.13) Definition. Let KX be p-ECMSD, and ¢ : B = X a boundary map. For any
p € Px(A)), we define K’ := Pg(A®)NPK, write

(1,p) : KB = KX

and call this a boundary component of (or boundary morphism to) the p-ECMSD KX
A’ is defined as ([t, p]*A)|B, where restriction is characterized by

A|B1 (D%17P1327 Pl) = A(D()](a PB27pl)

for all p1 € PBI(A(OO)), every boundary map Bo = By and every pair of connected
components ID)g( and ID)OB1 such that ID)% — DOBl — Dp,. A’ in general inherits neither
completeness nor finiteness. It is K'-admissible.

We call two boundary components

(/. 0): KB = kX

and
(L//, p”) : K// B// - IA(X
equivalent, if (the images of) B’ and B” are conjugated via o € Px(Q) and

Oép, S StabQ(Q) (]DB)PB(A(OO))p”K.
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(Here Q is the parabolic defining B.) In an equivalence class, we may assume p €
Px (Al>P)),

of. [83, 6.5].

(2.4.14) Definition. Let KX be p-ECMSD. Define A® as the set of all o € A, such that
o C O(DY%, Pg) x Px (A(®)) for some improper rational boundary component B = X.
We say that A is concentrated in the unipotent fibre, if A = A°.

2.5. The symplectic mixed Shimura data

(2.5.1) Let S be a scheme. Let L be a locally free sheaf on S with non-degenerate
alternating form (v,w) = ¥(v,w), i.e. satisfying (v,v) = 0 and such that the induced
homomorphism L — L* is an isomorphism.

Let us assume first that L is nonzero. Define the following group functors

Sp(L)(S") = {7 € GLIL® Og:) | (y0,70) = (v,v)},
GSP(L)(S) = {7 € GL(L® Og)) | (y0,70) = A(7){v,v) for a A(3) € H(S', 0%)}.

They are representable, reductive and called the symplectic group, resp. the group
of symplectic similitudes of L. A defines a homomorphism GSp(L) — Gy, s.
There is an exact sequence

0 —> Sp(L) —= GSp(L) 2= Gy, — 0.

Let p denote the standard representation of GSp(L) on L.
The Lie algebra of Sp(L) is identified with

Lie(Sp(L)) = (L ® L)*
in the way that X = v ® w acts as
v XUz = (v, 2)w.

We define p-integral pure Shimura data H, associated with L (it depends, up to isomor-
phism, only on the rank 2g of L) by Pu, := GSp(L) and by Dy, to be the conjugacy
class of morphisms h : S — GSp(Lg), such that they give pure Hodge structures of
type (—1,0), (0, —1) on L¢c and which are polarized, i.e. such that the form (-, h(3)-) is
symmetric and (positive or negative) definite.

If L is the zero sheaf on S we simply define Sp(L) := 1 and GSp(L) := G,,,5. And
we let Dy, be the 2 point set of isomorphisms Z — Z(1) with the nontrivial action of
G (R). This defines a (p-integral) Shimura datum Hy. Let us understand the morphism
A : GSp(0) — Gy, be the identity.
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(2.5.2) Let Ly be a locally free sheaf on S as before (possibly 0).

Let I be another locally free sheaf on S (also possibly 0) with actions of GSp(Lg) given
by A acting by scalars. Let I* be the dual with trivial action of GSp(Lg). We define the
semi-direct product

PSp(Lo,I) :=W(Lo ® I) x GSp(Lo).

It is of type (P).
It acts on L := Lo @ I* as follows: The action of GSp is given by the standard repre-
sentation on Lg and trivial action on I*, X = v ® v’ € Lo ® I acts considered as Lie

algebra via

X (v,u*) = ((u*u)v',0).
W(Lo ® I) acts then via the exponential exp(X)(v,u*) = (v,u*) + X (v,u*). In this
case this works even over spec(Z). This is compatible with the structure of semi-direct
product.
The action fixes a weight filtration

0 i< =2
Wi(Lo ® I*) := { Lo i=—1
Lo®I* i>0.

We have the unipotent extension Hyg, [0, ® L] of the p-integral pure Shimura data Hy,.
Its underlying P is PSp(Lg, I). Its underlying D (if ¢ # 0 may be identified with the
conjugacy class of morphisms h : S — PSp(Lo g, Ir), such that they give mixed Hodge
structures of type (—1,0),(0,—1),(0,0) with respect to the weight filtration W, such
that on W_; they are polarized.

(Of course PSp(0,I) = GSp(0) and PSp(Ly,0) = GSp(Ly)).

(2.5.3) Let I, Lo be as before (possibly 0).
Consider the following extension of Abelian unipotent groups

0—>W((I®I)®*) —=WSp —>W(Lo® I) —>0

defined (if 2 is invertible in S) by the following group law (on W((I ® I)* ® Lo ® I)):
1
(uruz, vug) (ujub, v'ul) = (ujug + u’lu’2—|—§<v, v')(uguy + ujus), vug + v'uf).

There is an action of GSp(Lg) on WSp given by A acting on (I ® I)® by scalars and
standard representation tensored with the trivial one on Lo ® I.
We define the semi-direct product

USp(Lo, I) := WSp x GSp(Ly).

It is again of type (P).
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Denote J := I @ I'*. Choose on Ly @ J the symplectic form
(v1, w1, ul; v, ug, uy) 1= (v, V2) + usU — U U.

We define an action of USp(Lg, ) on L := Ly @ J as follows: The action of GSp(Lyg) is
given by the standard representation on Lg, trivial representation on I* and A acting by
scalars on I. X = v ®@ v’ € Ly ® I) acts as Lie algebra via

X(v,u,u”) = ((wu' ), (v, 0)u,0)
and X =u; ®ug € I ® I acts by
X (v,u,u*) = (0, (uui)ug, 0)

and W(---) acts via the exponential exp(X)(v,u*) = (v,u*) + X (v,u*) + 1 X?(v,u*).
This is compatible with the group structure given above?.

If 2 is not invertible in S we assume that there is an isomorphism Ly = Loy & Lg)y, such
that the alternating form is given by the standard one. In this case we let the groups
W(Loo ® 1), W(Lip ® I) and W((I ® I)°®) acts as above via exponential (it terminates
after the second step). One checks that

W((I®I)%) x W(Loo®I) x W(Lgy @ I) — GSp(L)
is a closed embedding onto a subgroup scheme. Explicitly the group law is given by
(X1, X2, X3)(X1, X3, X3) = (X1 + X1+(X3, X5) — (X5, X3), Xo + X5, X3 + X3).

(here (X}, X3) = —((X3,X}))®, hence the expression is symmetric). If dim(/) = 1 and
2 =101in S, then this group is commutative.

This is in any case compatible with the structure of semi-direct product. The action
fixes a weight filtration

0 i< -3
WiL) = I i= -2

Lo®l i=-1

L i>0

We have the unipotent extension Hg, [(I®1)®,1® Lo of the p-integral pure Shimura data
H,,. Its underlying P is USp(Lo, I). Its underlying I (if g # 0 may be identified with

3The commutator of all elements except two from Lo ® I is zero, there it is
[u1v1, ugva] = (v1,v2) (uru2 + u2u1)

From 1
exp(A) exp(B) = exp(A+ B + 5[14, B]) mod deg 2

follows that the given representation is compatible with the foregoing definition of multiplication in
WSp.
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the conjugacy class of morphisms h : S — USp(Lor, Ir), such that they give (polarized)
mixed Hodge structures on L of type (—1,—1),(—1,0),(0,—1),(0,0) with respect to
the weight filtration above.

The action of USp(Lg,I) on L = Ly & J defined above induces a closed embedding

USp(Lo, I) — GSp(L).

The image is precisely the subgroup scheme fixing the weight filtration and I* = gr(Lo®
J) point-wise.

For any saturated submodule U’ C (I ® I)® we may define in addition the p-integral
mixed Shimura data
Hy, (I ® 1)*,1® Lol /W(U').

Note that any of the p-integral mixed Shimura data in this section is of this form, which
we call Shimura data of symplectic type.

(2.5.4) Theorem. For each 0 < g9 < g, isotropic I C L of dimension g — gy, and
choice of splitting L = Lo®J (where 3 = I*® 1, as usual, with natural symplectic form),
there is a boundary morphism

H,[(I ® 1), ® Lo] = H,

These exhaust the (equivalence classes of) p-integral boundary components of Hy.

The boundary map, however, depends on the choice of a splitting L = Lo & I & I*.

Proof. If g = 0 there is nothing to show, otherwise every boundary component (i.e. every
proper maximal parabolic subgroup @) is the stabilizer of a proper isotropic subspace
I C L. This is seen as follows:

It suffices to see this for the symplectic group (because there is a 1:1 correspondence).
Choose a decomposition L = L @ L% and a basis v1,...,vy of L} such that a maximal
torus of P, which is split, acts diagonally with respect to this basis. The torus is then a
GY, acting by v; — A\jv; and v — A;lvf. A set of roots is given by

Tig: )‘12 <v; ®u; > #=y
Tij ot A <v®uitvQu > 1< #=9(g—1)/2
s AN <veuituien> i<jl#=g(g-1)/2
—Ti; ¢ )\Z»_Q <U;<®U2<> # =
—rig s (NN) T <vfeuituieuf > i< | #=g(g—1)/2
—rl s AT\ <uf@uito;@uf > i< | #=g(g—1)/2

These are 2¢° roots in total. A set of simple roots is given e.g. by rf“,i =1,...,9—1

and rg 4. This set induces the decomposition into negative and positive roots as in the
table.
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A maximal parabolic proper subgroup scheme P, up to conjugation (etale locally) is
given by a maximal proper subset of this (see 1.9.4) set of simple roots. An associated
filtration is given by

0clIclL,

where I = L, if vy 4 is the missing root, and
oclIcltclL

for I =< vy,...,v; >, if rf“ is the missing root.
The unipotent radical of P in this case shifts the filtration by at least 1 and it is given
by the group extension

0—=W((I ®I)%) WSp W+ /I ®I)—=0,
as above. G := P/W acts faithfully on gr'V' (L) and is an almost direct product
G = GL(I) - GSp(I*/I)

(only a pig.g is contained in both groups). Here GSp(I*/I) acts on I by A and trivial
on I* (this choice is arbitrary at this point, otherwise one gets a different decomposition
as almost direct product). This is also true for the case I = L; with our convention
GSp(0) = Gyp,.
Here GL(I) acts on I* by the representation contragredient to the standard one. Any
splitting L = Lo @ I @ I'* defines a subgroup of P of this kind. Choose such.
Let B be the boundary component associated with I. The subgroup 7—*(GSp(I+/I))
is normal and it is the smallest such that (over R) all morphisms w, o ho for z € Dp
factor through it. Hence Pg ~ USp(Lo, I).
The group GSp(Lo) acts transitively on mo(Dn,) = Dn,. However, if I # L, there are
2 orbits in

7T0(]D)Hg) X Hom(SC, PB,C)

containing ([z],w; o heo) for an € Dy,. Dp in this case is the Da,, (1015 10L) C
Hom(Sc, P,c) constructed above.
In the case I = L, there is only one orbit in

7T0(]D)Hg) X Hom(S(c, PB,(C)

because G,,(R) acts (by conjugation) trivial on the second factor.

h(Dp) € Hom(Sc, Pgc) in this case is isomorphic to (I ® I)¢ (via choice of a base
point /* € MY (B)(R) and the image of Dy, consists of those elements whose imaginary
part is definite. This defines an isomorphism of mo(Dg,) with the set of isomorphisms
a:Z — 7Z(1), ie. with Dygy,. (Note that the sign of definiteness does not depend on the
choice of I’ nor I, but only on (-,-)). Other viewpoint: a(1) is such that (-; h(ca(1))-) is
positive definite.

Hence Dp = ]D)Hg0 [(I®I)5 I L) @s constructed above.
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O]

(2.5.5) Corollary. Every boundary component of (p-integral) mized Shimura data of
symplectic type is again of symplectic type.

Proof. Follows from the foregoing by the hereditary nature of boundary components. [J

(2.5.6) We have quotient maps of mixed Shimura data:
H,,[(I ® )%, ] ® Lo] — Hy,[0,1® Lo] — Hy,.
The first gives an isomorphism
Hy (I ®1)%,1® Lol/U ~ Hg, 0,1 ® L]
(where U = W((I ® I)®)), and the second gives an isomorphism
H,, [0, ® Lo|]/W ~ Hy,,

(where W =V =W(I ® Ly)).

(2.5.7) Lemma. Let S be a scheme and M a locally free sheaf on S.

i. A (GSp(L), L)-structure on M is a non-degenerate symplectic form on M (i.e.
inducing M = M*) up to multiplication by H°(S, O%)

it. A (PSp(Lo,I), L)-structure on M is a saturated filtration
Wo=MD>DW_1DODW_9=0

with non-degenerate symplectic form on W_1 up to multiplication by HO(S, 0%)
and an isomorphism o : W/W_1 = I*.

iti. A (USp(Lo, ), L)-structure on M is a non-degenerate symplectic form on M up
to multiplication by H°(S,0%), a saturated filtration

Wo=MDW_1DW oD W_3=0
such that W_s is isotropic and W_1 = (W_3)*, and an isomorphism o : W/W_; =
I*.

Proof. i. is easy.
ii. Obviously L = Ly @ I* carriers such a structure. Conversely let a module M with
filtration and structure as above be given. Then there is an isomorphism extending a:
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w: M — Lo® I*, such that p maps (W_;) onto Lo and is a symplectic similitude. The
isomorphisms of such a structure (transported via p) are given by PSp(Ly, I) acting on
L.

iii. Obviously L = Ly @ J carriers such a structure. Conversely let a symplectic module
M with filtration be given. One finds a symplectic similitude p : M — L, extending «,
such that g maps (W_1) onto Lo ® I. W_5 has to be mapped automatically to I and the
isomorphism is determined by p. The isomorphisms of such a structure (transported via
w) are given by USp(Lg, I) acting on L. O

Similar statements are true for a (GSp(L)(R), Lr) (resp. ...) structure on a local system.
(2.5.8) Assume, we have an embedding as in (2.2.9), i.e. a group scheme Px = Wx x

Gx of type (P), a closed embedding Px — USp(Loz,,. Iz,,) which induces a closed
embedding G < GSp(Loz, ) and a diagram

0—— W(U)J— Ux ij Vx = fW(V ) 0 (2)
0—=W(I); ) WSp W((I ® Lo)z,,) —=0

The subgroup scheme Gx is mapped to a conjugate of GSp by an element of WSp(Z(p)).
In our application we may conjugate the whole embedding by this element and hence
assume that Gx is embedded into GSp(Lg) (1.8.11). We consider the group scheme
WSp as closed subscheme of GSp(L) € GL(L), where L = Ly @ J, as usual.

Claim: Under these circumstances the image of Wx is uniquely determined by the
sublattices U C (I ® I)® and V C Ly ® I. Indeed, it suffices to check this over C: Let
hz,z € Dx be a morphism factorizing through Gx(R). Now Wx(C) is generated by the
following 3 groups:

1. FO(Wx(C)) := Stab(h, Wx(C)). We call its projection, which is isomorphic to it,
FO(Vx(C)).

2. the complex conjugate FO(Wx(C)).

3. Ux(C).

However FO(Wx(C)) c F(WSp(C)), hence it is uniquely determined

(as lift of FO(Vx(C))).

In other words, the exponentials of V¢ considered as subset of (Lo ® I)c = (I ® Lo ®
Ly ® I)¢ lie in Wx (C).

We will construct a diagram of group schemes over Z, of the form:

0 (3)

0——=W(U) = Ux Wf VxaVx =WV aV)

0—— W((I @ I)Z(p)) \/A}\S_{) W((I ® LO)Z(p)) ® W((LO ® I)Z(P)) —0
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where again the outer inclusions are given by saturated inclusions of the corresponding
modules. \/7\735 is constructed as a group scheme over spec(Z) such that its Z-points — if
there is a Hodge structure on Ly — give an extension with corresponds via (4.2.3) to the
I ® I-Poincaré biextension (see also 4.2.6). It can be constructed as a subgroup scheme
of GL(L) by exponentials as well, if I ® Lo, Lo® I and I ® I are considered as subsets of
L ® L identified with End(L) = Lie(GL(L)) via contraction with the symplectic forms.
However, these exponentials are not symplectomorphisms (of course neither symplectic
similitudes), i.e. \Xf\S/p ¢ GSp(L). There exists an automorphism s of GL(L) which is
given by contraction with the symplectic form followed by inversion, i.e. Sp(L) = GL(L)*

and we have WSp = ms.

\Xf\S/p can be given also explicitly (even over spec(Z)) by the group law on
(X1, X2, X3)(X1, X3, X3) = (X1 + X1+(X3,X5), Xo + X5, X3+ X3)

on

W @I) x W(I® Lo) x W(Lo® I).

Be careful: In this description the embedding of WSp and the description of s are more
complicated, i.e. not via diagonal embedding, resp. switching factors! — see also (4.2.4))

Consider the subvectorspace Ug C (I ® I)g generated by (Vg, Vg) and Ug and define

—~—

U = ﬁ@ NIl )Z(p)- Define Wx as the subgroup scheme of WSp, directly generated

by W(V) c W(I ® Lg), W(V) C W(Lo® I), and W(U). This group fits obviously in a
diagram as (3).

We claim: Wx = (Wx)s First, WX is stable under s because s acts on the genera-
tors. All maps in the diagram are compatible with s. Now we have obviously for the
projections Vx = (Vx x Vx)®.

Furthermore we claim W(U) = W(U)®. For this, it suffices to show that Ug is the set
of elements of the form v + s(v),v € (7@. Now Ug is point-wise stable under s, so it is
generated by elements of this form (over Q!). But on the other hand, every element of
the form v + s(v),v € Ug lies in Ug because the commutator of (any lift of) 2 elements
vi,v2 € Vis (v1,v2) — (v2,v1) = (v1,v2) + s((v1,v2)) and lies in U. Since everything is
saturated we are done.

Hence, (WX)S is a subgroup scheme of WSp, fitting in the same diagram (2) as above.
However over C, it contains FO(Wx(C)) (and hence FO(Wx(C))) because F°(WSp(C))
is the exponential of FO(W(Lo ® I)(C)) embedded diagonally, so F*(Wx(C)) is the
exponential of FO(V¢) (embedded diagonally), which is contained in Wx by construction.
Therefore (Wx)* = Wx.
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2.6. Mixed Shimura data of Hodge type

(2.6.1) Definition. Let X be p-integral mized Shimura data (p-MSD). We call it of
Hodge type, if there is an embedding into the p-integral mized Shimura datum (2.5)

X s Hy, [(I © I)%, Ly ® I]/W(U"),

Jor Zy lattices Lo and I, where Lg is either 0 or carries a primitive symplectic form
and a saturated sublattice U' C (I @ I)®.

(this includes in particular the cases Hy, Hg [0, Lo ® I] and embeddings into them,).

In this case, we call also all ¥X and IXX of Hodge type.

(2.6.2) Remark. In [83, 2.26] it is shown that in any case for the rational Shimura
data, there is a embedding

X' — X/W X HHgo,i[(Ii ® Ii)sali ® LO,i]a

i

for some Q-vector spaces I;, Lo ;, where the Lg; are either zero or carry non degenerate
symplectic forms, and where X /W is pure Shimura data (the pure quotient of X).
Here X’ may be an extension of X.
It is therefore probable that it is possible to adapt our construction of compactified
mixed Shimura varieties, such that one needs merely to assume X/W be of Hodge type.

Maybe in this case it is necessary to strengthen the notion ‘type (P)’ slightly to ensure
the existence of the above embedding over spec(Zy) ).

(2.6.3) Theorem. Let X be p-integral mized Shimura data, and B a boundary compo-
nent of X. If X is of Hodge type then B is either.

Proof. (2.5.4) and (2.4.7). O

2.7. Properties of mixed Shimura varieties over C
(2.7.1) Definition/Theorem. Let XX be rational EMSD.

B~ | B-fX-Lg-loc-mhs |
(2.8.5) is represented by* the quotient stack

[Px(Q)\Dx x (Px(AC))/K)].

4All our groupoids (with parameter B, resp. S) are actually fibers over B, resp. S of a category
fibered in groupoids with obvious pullbacks. For better readability, we do not mention this structure
explicitly.
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It is a smooth analytic Deligne-Mumford stack and called the analytic mixed Shimura
variety associated with X.
It is obviously independent of the chosen representation Lg.

(2.7.2) Remark. The previous therem would not be true, if we had not insisted in
property (2.2.2, v) because then (2.2.5) would not be true.

(2.7.3) Let (v, p) : K1X; — %2X, be a morphism of EMSD. There is an induced map
[Px, (Q)\Dx, x (Px, (A®))/K1)] = [Px,(Q)\Dx, x (Px,(A))/K>)],
given by
[z, &] = [v(x),~(§) - pl.

These maps are compatible with composition.

Let Lg be a representation of Px . Let Mg be the associated universal local system over
[Px,(Q)\Dx, x (Px,(A())/K;)] with (Px_ g, Lo)-structure a. We have the associated
right Px (Q) p-torsor tor(c) and the analytic right Px o,-torsor tor(a ®g Op).

(2.7.4) Definition/Theorem. tor(a) is canonically isomorphic to

Dx x (Px(A)/K)

and s called the standard local system

(Px(Q) acts on the right by [, plg = [~ =,q " p]).
The right Po,-torsor tor(a ®g Op) is canonically isomorphic to

[Px(Q)\Dx x Px(C) x (Px(A®)/K)]

and is called the analytic standard principal bundle. (Px(C) acts on the right via

[z, p. plg = [7,pg. p])
Obviously both are again independent of the chosen representation L.

(2.7.5) There is a Px(C)-equivariant map
Il : tor(a RXQ OB) — (Qc\ijc)an - (QPARC)“”,
which is given on the level of double quotients by

[Px(Q)\Dx x Px(C) x (P(A™))/K)] = (QPARc)™
[, p, €] = qpar(ug)?.
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Here (@ is any parabolic of the form gpar(u,) for some x € Dx.

If a representation p : Px — GL(L) is given, qpar(u;) corresponds to (i.e. fixes, see
1.9.14) the Hodge filtration determined by the Hodge structure determined by h, for
z € Dx.

(2.7.6) The analytic standard principal bundle, together with the map II¢ determine a
morphism of (analytic) Artin stacks:

Zc : [Px(Q)\Dx x (P(A™)/K)] — MY (X)c/Px.cl-
Here MY (X)c is Qc\ Px ¢ and will later be called the (analytic) compact dual associated
with X (cf. 3.5.2). The stack on the right hand side is isomorphic to [-/Qc¢]

(2.7.7) Lemma. The standard principal bundle is trivial along the U -fibre.

Proof. Let X’ be X/Ux. The fibre of M(X'X) above a point [z,p] € [Px/(Q)\Dxs X
(Px/(A®C)/(K/U))] is given by
Ux(Q)\Ux (C)z x Ux (A™))p/(K n U(AC))

for some K.
The standard principal bundle over this fibre is equal to

Ux(Q)\Ux (C)z x Px(C) x Ux(A™))p/(K N U(AC)).

We have a trivialization, mapping a point of the form [uz, p] to [u,uz, p]. This allows
(one may do this in families, i.e. varying with [z, p] € M(¥X’)) to extend the standard
principal bundle to the partial compactification along the U-fibre (cf. 3.5.1). O
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3. Integral models (good reduction)

3.1. Reflex rings

(3.1.1) Definition/Theorem. Let X be p-integral mized Shimura data. With x € Dx
there is associated h, : Sc — Px ¢, hence a morphism uy : Gy, c — Px c via composition
with the inclusion of the first factor into Sc = Gy, c X Gy,c. The conjugacy class M of
these morphisms is defined over a number field Ex, called the reflex field, unramified
over p. Let o be a prime above p in Ex and O the corresponding d.v.r. We call O a
reflex ring of X. The closure M in Hom(G,, 0, Px 0) maps surjectively onto spec(O).

Proof. Let S = spec(Zy,). First of all, there is a splitting (Px,T, M, R) (1.6.3) over
some etale surjective extension S” — S. Over C, T is conjugated to a torus which
contains u,. Hence we may assume w.l.o.g. that u, factors via Te. This implies that
ug is defined over S’. Hence the conjugacy class M is defined over a field E, which is
contained in the function field of S’ which is a number field, unramified at p. The fibre
above p of M is non-empty because over S’, it contains the section u, : S — M. O

(3.1.2) Remark. Observe that the reflex field or the reflex rings are given as subrings
of C, not only as abstract rings.

(3.1.3) Lemma. The reflex field of the symplectic mized Shimura data (2.5) is Q.

3.2. Integral models of mixed Shimura varieties

(3.2.1) We begin by describing the functorial theory of integral models of mixed Shimura
varieties in the case of good reduction. The following theorem is essentially due to Kisin
or Vasiu in the pure case.

(3.2.2) Main theorem. Let p # 2 be a prime.

There is a unique (up to unique isomorphism) map associating to each p-EMSD KX
of Hodge type and reflex ring © C C a smooth Deligne-Mumford stack M(¥X) over
S = spec(0) with an isomorphism of analytic Deligne-Mumford stacks

[Px(Q)\Dx x (Px(A))/K)] = (M(¥X) x spec(C))"
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(2.7.1), satisfying the following properties

i. For each morphism of p-EMSD [y, p] : K1X; — K2Xy there is an associated mor-

phism
M(v, p) : M(F1X1) — M(%2X5) xg, Si.

Here S; = spec(0;), where O; are reflex rings of X; such that O3 C O1. Over C
these maps are given by (2.7.3).

If v is an embedding, M(~, p) is a normalization map followed by a closed embed-
ding. If v is a Hecke operator, then M(v,p) is etale and finite. The maps are
compatible with composition.

it. (rational canonicity) For a pure Shimura datum Y, where Py is a torus, the com-
position of the reciprocity isomorphism (normalized as in [83, 11.5])

Gal(E|E)™ = mo(Tp(Q)\Tr(A)),
(where Ty = resg(Gm)) with mo of the reflex norm [83, 11.4]
m0(Te(Q\TE(A)) = mo(Py(Q)\Py(A))

defines by means of the natural action of wo(Py(Q)\Py(A)) on M(XY)(C) the
rational model M(XY)g.

iii. (integral canonicity) The projective limit
MP(X) = lim M(FX),

where the limit is taken over all admissible compact open subgroups, satisfies the
following property:

For each test scheme (3.7.1) T over S and a given morphism
ag: T x5Q — MP(X) x5 Q,
there exists a uniquely determined morphism
a: T — MP(X)
such that ap = a Xg Q.
w. M(KX) is a quasi-projective scheme, if K is neat.

Proof. By [83, 11.18] the assertion of the theorem is true, over the reflex fields. To
extend it to reflex rings, we proceed in three steps:

STEP 1: Construction for the symplectic Shimura data (2.5). By (4.3.3), we have a
M(XX) for each of the symplectic Shimura data. It is a model of the one considered
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in [83, 11.18] because our moduli problem, restricted to the generic fibre, is the same
moduli problem used in [loc. cit.].

They satisfy (i) for every Hecke operator, and (iii) by (3.7.9) because every M(¥X) is
smooth.

For construction of the model associated with quotients Hy[(I ® I)®, Lo @ I]/W(U’)
we observe that the models of M(XH,,[(I ® I)*, Lo ® I]) are torsors for the split torus
with cocharacter group, (in general non canonically) isomorphic to (I ® I)* N K over
M(XH,,). We hence may factor out by the action of the split subtorus with cocharacter
group U’ N K to get a smooth model M(XH,, [(I ® I)*, Lo @ I]/W(U")).

STEP 2: Construction for arbitrary Hodge type p-EMSD XX (2.6.1). We choose an
embedding KX < K'Hy [(I ® 1), Lo ® I]/W(U’) in a datum of symplectic type. This
exists because of (2.2.8), and define M(¥X) as the normalization of the Zariski clo-
sure in M(X'Hy,[(I @ I)*, Lo ® I]/W(U")). Hecke operators automatically extend to
of (3.6.1). Hence to show smoothness, it suffices to show this for a family of com-
pact open subgroups like in (3.6.1, iii). We may take, according to (2.2.8, iii), the
family Ky (M?)Ky(M)Kg(N), which is however conjugated (already by an element
in Px(A©P)) to Ky (1)Kg(N) (see proof of 4.3.2). In (5.2.1) it is shown that the
normalization of the closure is smooth. The projective limit satisfies (iii) by (3.7.8).
STEP 3: All models constructed in STEP 1 and 2 are smooth and in the limit satisfy
(iii), hence from the existence of the morphisms in (i) over the reflex fields, we deduce
their extendibility to the reflex rings. In particular these models are uniquely determined
(up to a unique isomorphism). O

(3.2.3) Conjecture. The previous therem is true for arbitrary p (including p = 2) and
for arbitrary mized Shimura data.

For p = 2, it may be necessary to change the notion of ‘integral canonicity’ as formulated
above, cf. [78, 3.4].

3.3. Toroidal compactifications

(3.3.1) Unfortunately, so far, we are not able to derive all desired main properties of
integral models of toroidal compatifications of mixed Shimura varieties from work of
Kisin, Vasiu, Faltings and Chai, Pink and others. We need to assume the truth of a
conjecture stated below that will assure that the Zariski closure of the rational canonical
model in the toroidal compactifications of [27] will intersect the boundary divisor (of
the latter) properly also in the special fibre (the conjecture is even slightly weaker). For
most (pure) Shimura varieties of Hodge type that are (analytically) compact, this has
been shown in [92]. For Shimura varieties of P.E.L. type, it follows from [72].
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(3.3.2) Conjecture. Let X be pure p-integral Shimura data. Let any embedding [A(X —
KX in a datum of symplectic type X' = Hy (1@ 1), Lo I]/W(U') be given, such that
A and A’ are smooth projective, and K, K' are neat.

Consider the toroidal compactification M(K,X") over spec(Zy)), constructed in [27],
and let D be its boundary divisor. Let S = spec(0O) for a reflex ring © C E(X) of X
with mazimal ideal p|(p). Let M’ be the Zariski closure of (the rational canonical model

of) Px(Q)\Dx x (Px(A®))/K) in M(K/X)s.
No connected component of N(M') N Dg lies entirely in the fibre above p.

(3.3.3) The toroidal compactifications will have a stratification, which consists of mixed
Shimura varieties itself. For this, we have to set up some notation (cf. [83, 7.3ff]). Let
(p,t) = K,IB = KX be a boundary component. For each cone ¢ € A’ with o C

C(D%, Pg) x p’ for some p' in the equivalence class of p, we define a p-ECMSD f{jB[g]
as follows:
B, is defined by
PB[{,] = PB/ <o >,
Dg, = PB, (R)Us,, (C) — orbit generated by (D%/ < o > (C)) x {oPx(A))}
in (D%/ < o > (C)) x {[o]/Px(A))} for o € [0] N A(D%, Pg, 1).

K[, is the image of K’ under the projection P — Pg,,. Ay is defined by
A[U](]D)OB[U],PB[U],ﬁ) ={rmod <o> | 7€ ADY%, Pg,p) such that o is a face of 7}.

It is K [’g]—admissible.
Furthermore, we define

I := (Stabgg) (D) N (Pe(A))(°K)))/Pa(Q),

where @ is the parabolic describing B.
Y (¢, p) is defined to be the set of equivalence classes of the action of I' (defined above)
on those [0] € Pg(Q)\(A")°/Pg(A>)), which satisfy o € C(D%, Pg) x p’ for some D%.

(3.3.4) Consider an Abelian unipotent extension
XU, 0] — X.
Recall from (2.2.9): Any morphism Y — Y /Uy is of this form. It is a torsor under the

group object
X/Wx[U, 0] — X/WX

! An explicit comparison of our language to the one used in [27] will be provided in forthcoming work
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(cf. also [83, 6.6-6.8]).
The corresponding map of Shimura varieties (assume all K’s in the sequel to be neat):

M(*(X/Wx)[U, 0]) = M("/VX/Wx)

is a split torus with character group (in general non canonically) isomorphic to Ug N K.
If A is a K-admissible polyhedral cone decomposition for X[U, 0], concentrated in the
fibre U, we can define an associated torus embedding. Recall: The rational polyhedral
cone decomposition is determined by its restriction to any (Ug)(—1) x p = C(D°, Px) x p
by the arithmeticity condition (2.4.10, iii). Therefore this determines a torus embedding
(see [27, IV, §2] for the integral case):

M(*X/Wx|U, 0]) = M(AX/Wx[U,0)),
and a corresponding toroidal embedding of the torsor:
M(¥'X[U,0)) = M(X'X[U, 0]).

(here K = K'/W).

(3.3.5) Main theorem. Let p # 2 be a prime.

There is at most a unique (up to unique isomorphism) map associating to each p-ECMSD
IA(X of Hodge type and reflex ring © C C a Deligne-Mumford stack M(KX) over S =
spec(0O) with open dense embedding

M(*X) <= M(2X),

satisfying the properties:

i. For each morphism of p-ECMSD [v, p] : I&Xl — IA(§X2 there is an associated
morphism
M(y,p) : M(X1X1) — M(X2X3) xs, S1,

extending the map in (3.2.2, i.).
Here S; = spec(0;), where O; are reflex rings of X; such that Oy C O01. If [, p] is

an embedding, M(~, p) is a normalization map followed by a closed embedding.

ii. If A=A (i.e. A is concentrated in the unipotent fibre), M(XX) is the toroidal
embedding described in (3.3.4).

iii. M(KX) possesses a stratification into mizved Shimura varieties (stacks)

[ [Stabr(fo])\ M(1Byy)].
[(1,0): K B=KX]
[O’}GZ(L7P)
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Here [(1,p) : KB = KX] in the first line means equivalence classes of boundary
components of KX (2.4.13).

iv. For each boundary map (2.4.13)
(,p): KB = KX,

and o € A’ such that o C C(D%, Pg) x p' for some D% and p', there is a boundary
isomorphism
M, p) ¢ [Stabr(7) WIEB)| - M(EX)

of the formal completions along the boundary stratum
KO'
[Stabr([o])\ M(;"Bys))] -

The complexification of M(t, p) converges in a neighborhood of the boundary stra-
tum and is in the interior, via the identification with the complex analytic mized
Shimura varieties given by a quotient of the map

Dp—x % (Pa(A(™))/K') = Dp_—x x (Px(A>))/K)

induced by the closed embedding P — Px, where we considered Dp—x C Dx as
a subset of Dy via the analytic boundary map (2.4.4).

The stratification is compatible with the morphisms in (i), i.e. they induce mor-
phisms of the strata of the type considered in (i) again.

If main conjecture (3.3.2) is assumed, the compactifications exist at least for those p-
ECMSD IA(X with sufficiently small smooth and projective A.

We have then in addition: M(XX) is smooth. M(KX) is proper, if A is complete. If K
is, in addition, neat then M(KX) is a projective scheme.

(3.3.6) Remark. The stratification in (iii) is indexed by pairs of an equivalence class
of boundary components [(z, p) : &, B = KX] and a class [0] € 2(:, p). The set of these
pairs is just isomorphic to the set of double cosets Px(Q)\A/K. The bijection is as
follows. Each o € A is supported on a C(D%, Pg) x p. B and p determine a boundary
component (¢, p) : f,, B = KX and the class of the image of o under restriction to A/
lies in X(¢, p).

The stratum M(K[U]B[U]) is contained in the closure of the stratum M(K[T]B[T]), if and
only if (up to a change of representatives in Px(Q)\A/K) 7 is a face of o.

Proof of theorem 3.3.5. By [83, 12.4] the assertion of the theorem is true over the reflex
fields. To extend it to reflex rings, we proceed again in several steps:

STEP 0: We first show that it is sufficient to consider the case in which K is neat. This
is not so easy as in the uncompactified case, where we have (3.6.1). Let K be arbitrary
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admissible. Suppose that a K-admissible A is given. Take K’ <« K a neat normal
subgroup. The problem is that (as we formulated the theory) M(XX) cannot be defined
as the stack quotient of M(X'X) by K’\K. This would lead to additional (unipotent)
stabilizer groups along the boundary strata. Hence we have to define the stack by
a mixture of forming a quotient and glueing. Consider the finite set of (equivalence
classes of) boundary components (¢, p;) : IA(ZBZ- = gX,i € I. We may present the
uncompactified M(¥X) in a very redundant way by the following groupoid object:

Hi,je]M(K/X) xs (K'\K)s

ud

HiEI M(K

!

X),

where s is given by the projection and d is given by the action of K\ K on the right,
mapping however something indexed by (i, j) to the i-th copy (s) and to j-th copy (d), re-
spectively. The composition is given (functorially) by (x, g;i,7) (2, ¢'; k,1) = (x, g4';4,1),
as long as 2/ = xg and j = k (trivial generalization of the usual groupoid induced by a
group action).

Now the groups K; = (PUp, (A(®))NK)K’ are neat again, because the Up, are unipotent.
Denote U; := K;/K'. Now we let U; operate (on the left) on the i-th factor in the bottom
(via ¢! acting from the right) and on each (i, j)-th factor on the top by via g~! acting
from the right on M(X'X) and multiplication by g from the left on (K'\K)g. We let U;
operate on the (7, j)-th factor on the top, too, by multiplication by ¢ from the right on
(K'"\K). We form the quotient

[T jer Ui\ M(KIX) xs (K'\K)s/U;
o)
ier M(%:X).

Note that all groups act freely and the composition map is invariant. We compactify

K;
I jerwer/i; M((Fx ) axnnire@a, xn-1)X)

ud

K;
Hz‘eI M(PX(Q)AZ-K’X)’

where we identified U;\ M(%'X) x g (K'\K)g/U; with Hrer/x, M(¥iX) in a non canon-
ical way. (Px(Q)A;K’) N (Px(Q)A;K'k™!) = Px(Q)AxK’ does not depend on this
choice. Here k is the (equivalence class of) the biggest boundary component, such that (a
representative in the equivalence classes of) (i;, p;) and (¢, p;jk~1), respectively, are both
itself boundary components of (i, pr). The composition map and projections extend by
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functoriality (i of the theorem). We define M(XX) as the Deligne-Mumford stack de-
scribed by this groupoid of schemes. It is equipped with a morphism M(XIX) — M(£X)
which is not etale at the boundary. The stack hence is proper, if A was complete. It
satisfies the other properties stated in the theorem. Note: It would not have been strictly
necessary to consider all boundary components in the above procedure. Minimal ones
are sufficient.

STEP 1: From now on, we may assume that all occurring K’s are neat. (ii) pins down the
compactification ‘along the unipotent fibre’. These satisfy all functorialities as required
in (i) as long as only A’s are involved which are concentrated in the unipotent fibre.
This is literally shown as in [83, 6.7] (use only the case of neat groups!)

STEP 2: By [27, IV, Theorem 6.7] and [27, VI, Theorem 1.13] compactifications M (X X)
exist for all symplectic Shimura data X = Hg, [(I ® I)®, Lo ® I]/W(U’), a cofinal system
of K’s and all smooth A. They satisfy properties (iii)-(iv) and are smooth Deligne-
Mumford stacks. They are smooth projective schemes, if the K’s are neat and A is
projective [27, V, §5]. To apply the results of [27], it may already be necessary to pass
to a refinement of A, which is compatible with the maps (2.5.6)2.

STEP 3: Construction of arbitrary toroidal compactifications. We choose an embedding
KX — KX’ in a datum of symplectic type X' = Hy,[(I ® I)%, Lo ® I]/W(U"). This
exists because of (2.2.8). We may also refine A, such that it and A’ are smooth projective
(2.4.12). Define M(KX) as the normalization of the Zariski closure in M(IA(,/X’)S, where
S = spec(0) for the chosen reflex ring of X.

Let (¢,p) : I&B == IA(X a boundary component. There is a boundary component

(W, p) - i,i B’ = KX’ such that we have a commutative diagram:

Ky s K
AlB AX

|

B —— IA(’/X/

Let o be as in (iv) of the theorem. Denote M := M(§/X")g, M := M(IA?B’)S, M =

M(KX) g, M = M(EB)E Let C and C’ be the respective rational (closed) boundary
strata associated with [o] and C,C’ be their closures. Then (iv), for (closed) codimension
1 boundary strata, is true by lemma (5.10.2), using main conjecture (3.3.2) which we
have to assume at this point.

The fibre above p hence is smooth by induction on the dimension of the reductive
part. We have also that the Zariski closure of C’ in the normalization of M’ is already
normal. Reason: This is true in M’ because the latter is by construction (etale) locally
a product of ¢ with a (torus-embedding) compactification of G}, (which is normal).

2 An explicit comparison of our language to the one used in [27] will be provided in forthcoming work.
In [27] the compactification is literally worked out only if X = Hy,[0, Lo ® I], however the ‘second
unipotent step’ is much easier
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Hence normalization of M’ also normalizes C.

The stratification is obtained by induction on the dimension (the union of all C, obtained
by the above procedure, contains all other strata by 3.3.2).

For each of the induction steps, we may have to refine the original A, but only for each
equivalence class of boundary components, so a finite number of times in each induction
step.

It remains to see that (iv) holds for codimension > 1 strata as well. For this, we may
assume that A is fine enough, such that each o € A, dimo > 1 has the property that
there exists a 1 dimensional face 7, such that o,7 C C(D", Pg) x p. Then the statement
is obvious because it holds for [7] and we may just complete again both mixed Shimura
varieties at the boundary stratum corresponding to [o].

STEP 4: We have to show that all maps of p-ECMSD induce maps between toroidal
compactifications (i). We proceed again by induction on the dimension of the reductive
part using (iv) and (5.11.1). Note that maps extend along the unipotent fibre by STEP
1. The existence of these extensions shows, in particular, uniqueness of our models. [

(3.3.7) Remark. By the methods of [22, 25] one can construct models also for a (pure)
Shimura datum X for which there is Y is of Hodge type and an isomorphism (Px )% =2
(Py)®. We have to assume furthermore that the morphisms Px — (Px ), resp. Py —
(Py)? are smooth.

The main theorems (3.2.2) and (3.3.5) of this section also hold true for Shimura data of
this kind (cf. [78, 3.23] for the uncompactified case)?.

(3.3.8) Theorem. Let IA(X be irreducible p-ECMSD. If A is smooth, then the comple-
ment D of the open stratum M(5X) in M(KX) — the union of all lower dimensional
strata in (3.2.2, v) — is a smooth divisor with normal crossings on M(KX).

Proof. Via the formal isomorphisms (3.3.5, iv) this follows from the corresponding prop-
erty of torus embeddings [27, , IV, §2]. O

3.4. Integral duals

Let p be a prime and X be p-integral mixed Shimura data. Let O be a reflex ring of it
at p and S = spec(0).

The closure M of the conjugacy class of the morphisms u,,z € X is defined over O by
definition (3.1.1). It corresponds to a section t' € FTYPE(S).

The image of M via qpar is a fibre of the morphism ‘type’ above a section t : S — TYPE.
We define MY (X) to be this fibre. We understand here the action of P on QPAR by

3This argument lacks details. It will be stated more precisely in forthcoming work. See also M. Kisin,
Integral models for Shimura varieties of abelian type, J. Amer. Math. Soc. 23 (2010), 967-1012 for
the uncompactified case
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conjugation on the right (contrary to 1.9.9). The action fixes the morphism ‘type’, hence
we have an induced action on MY (X). For this we have

(3.4.1) Main theorem. M"(X) is a smooth connected quasi-projective right Px-homo-
geneous scheme over S called the dual of X (depending only on Px and h(Dx)) with
the following properties:

i. If X is pure, MY (X) is projective.

i. Let L be a free Zy)-module of finite dimension, acted on faithfully by Px. MY(X)
represents

S" s { filtrations {F*} on Lg compatible with (Px s, Lg') of type t' },
compatible with Px-action (defined on L asv-g:= g~ 'v).

iti. For each map of p-integral mized Shimura data v : X — Y let O' be a reflex ring
of the second data such that ©' C O, and S’ = spec(0’). There is a morphism

MV("}/) : MV(X) — MV(Y) Xgr S.

It is a closed embedding, if v is an embedding. These maps are homogeneous and
compatible with composition.

1. For each p-integral boundary map ¢ : B = X, there is a Pp-equivariant open
embedding
MY (1) : MY(B) — MY (X).

v. There is an Px(R)Wx (C)-equivariant open embedding (Borel embedding)
h(Dx) — (MY(X)c)*".

It is an isomorphism, if Gx (the reductive part of Px ) is a torus. These embeddings
are compatible with the embeddings in (iv) resp. (2.4.4, %. (a))*. Furthermore they
are compatible with morphisms of Shimura data.

Proof. (i) follows from (1.9.4, (i)), since Px is reductive in this case and hence parabolics
and quasi-parabolics are the same.

(ii) is (1.9.14).

(i) is (1.9.11).

(iv) (1.9.11). It is open because the image has to be dominant (it suffices that this is
true over C and this follows from (v)).

(v) is well known.

4going in different directions!
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(3.4.2) Remark. For a boundary component B = X there is also an embedding
MY (B/Wg) — MY (X)

into (in general not onto) the complement of the image of MY (B). The image of the
composition with the Borel embedding h(Dg/Wg) — MY (B/Wg)(C) is the boundary
component of h(Dx) associated with @ (the parabolic associated with B) in the sense
of [2].

3.5. Integral standard principal bundle

(3.5.1) Consider the situation of (3.3.4) again — an arbitrary Abelian unipotent exten-
sion

X[U,0] = X,

a torsor under the group object
X/Wx[U,0] = X/Wx.
The corresponding map of Shimura varieties (assume all K’s in the sequel to be neat):
M(™(X/Wx)[U, 0]) = M(*7UX /W)

is a split torus with character group (in general non canonically) isomorphic to Ug N K.
Assume that a functorial theory of models of the standard principal bundle exists (as
described in theorem 3.5.2 below) on wuncompactified mixed Shimura varieties. We
have then automatically a compatible action of the torus 7' := M(® (X /Wx)[U,0]) on
P(X'X[U,0]) as well. Hence the standard principal bundle may, etale locally (say, on
S — M(K'/UX /Wx)) be trivialized T-invariantly.

Let A be a K-admissible polyhedral cone decomposition for X[U, 0], concentrated in the
fibre U. There is a unique extension of P(X XU, 0]) to the torus embedding M(XX[U, 0])
by means of extending any T-invariant trivialization described above. We denote it by
P(RX[U,0]).

These extensions are compatible with all maps between p-ECMSD, which involve only
rational polyhedral cone decompositions along the unipotent fibre.

From the functoriality also follows that II is constant on these trivializations. Its image

is a single S-valued point of the compact dual. Therefore the map II also extends (cf.
also 2.7.7).

(3.5.2) Main theorem. There is a unique (up to unique isomorphism) map associating
with every p-ECMSD KX of Hodge type and reflex ring O (such that M(gX) exists
with the properties of 3.3.5) a right Px-torsor P(KX) — M(XX) and a Px-equivariant
morphism

IT: P(KX) = MY(X)
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and an Px(C)-equivariant isomorphism
(P(X) xg spec(C))™" = Px(Q)\Px(C) x Dx x (Px(A®))/K)
see (2.7.4), such that ¢ is the one given in (2.7.4), with the following properties:

i. For each morphism of p-ECMSD [y, p] : [A(in — [A(;XQ there is an induced Px, -
equivariant morphism

P(y,p) : P(A!X1) = P(R2Xa) X5, S1.

Here S; = spec(0;), where O; are reflex rings of X; such that Os C 0.
The diagram

M(R1X) N> <) MY (X)
M(%p)i \LP(%P) le(v)

M(§§X2) XS, Sl < P(KEXQ) XSy Sl HMV(XQ) XS, Sl

is commutative. The 1st vertical map is the map (3.2.2, iv), the 3rd is (3.4.1, ii).
P(v, p)c is equal to the obvious map on double quotients (2.7.4).

ii. Let (1,p) : ]A(,/B = KX be a boundary map and o € A such that o € C(D%, Pg),
as in (3.3.3).

There is a Px-equivariant map P(v, p) fitting into the commutative diagram

—

[Stabp([o])\ M(X/B)] < [Stabr(mP(KfB)} — MY(B),
NJ/M(MP) iP(b,p) MY (1)
M(X) P(KX) MY (X)

where the formal completions are taken along

Kig)
Stabr([o])\ M(AEG] Bis))

respectively along their pre-images in the standard principal bundles.

The complezification of P (1, p) converges in a neighborhood of the boundary stra-
tum and is in the interior, via the identification with the complexr analytic mixzed
Shimura varieties, given by a quotient of the map

Dp—x x Pa(C) x (PB(A®))/K') = Dp—x x Px(C) x (Px(A®))/K)

induced by the closed embedding Pg — Px, where we considered Dg—x C Dx as
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a subset of D wia the analytic boundary map (2.4.4).
iii. (canonicity) For X = Hy [(I ® I)*, Lo ® I] (and A =0), P(XX) represents
[ KX -L-triv-1mot |

defined in (4.5.2), in such a way that the map I is identified with the map 11 given
there.

w. If A is concentrated in the unipotent fibre, P([A(X) is the extension defined in
(3.5.1).

Proof. The truth of this theorem for the rational models follows from [39-41] (cf. also
[42, §3]).

STEP 0: Again, it suffices to consider the case K neat. This is shown by the same
procedure as in STEP 0 of the proof of (3.3.5).

STEP 1: The construction in the uncompactified pure and mixed case is done in (5.3.1)
and (5.4.1) respectively, using a Hodge embedding.

STEP 2: Functoriality (i) and independence of the Hodge embedding is shown in (5.6.1).
The maps to the compact dual are extended in (5.5) to the integral models.

STEP 3: For the extension to the whole compactification (neat case) we proceed as
follows.

We choose an embedding §X [A(,/ X' in a datum of symplectic type X' = Hy [(I ®
1%, Lo ® I]/W(U’). This exists because of (2.2.8). We may also refine A, such that it
and A’ are smooth projective (2.4.12). By assumption M(K X)) exists.

Consider the corresponding morphism of models

M(XX) = M/ X)) xz,, ©.

It is a normalization followed by a closed embedding. Consider the pullback of the de
Rham bundle H on M({,X’) to M(§X). The de Rham bundle is the unique extension
to M(K/X’) of the de Rham realization (4.1.5) of the universal 1-motive over M(X'X'),
with the property that the Gauss-Manin connection has logarithmic singularities along
D (cf. [27]).

Choose an open cover {U;} of M(§X) trivializing H by Px/-equivariant isomorphisms
with Ly, . We have to give a Px-structure extending the one given on the generic
fibre (by the rational theory). The required structure can be given by morphisms U; —
Px//Px. We know that they extend to the complement of the boundary divisor (STEP
1). It also extends to the compactification along the unipotent fibre, by means of a
trivialization using the torsor property as in (3.5.1). Now consider any stratum C' in
the stratification (3.3.5, iii) which does not belong to the unipotent fibre (in particular
is not dense). We have a corresponding formal isomorphism (3.3.5, iv):

o —

M(X'B) ~ M(KX),
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where the completion is taken along the closure of C' and fiB = [A(X is the corre-
sponding boundary component.
By induction on the dimension of Gx, we may assume that there exists a Pg-structure
on the pullback of H to the left, extending the one given over C. We hence have a
morphism .

U; — Px//Pg — Px//Px,

extending the one given over C, for every irreducible component of the boundary divisor.
By (5.11.1) we get the required Px structure. (ii) holds by construction and (5.5) for
maximal boundary components.

STEP 4: The maps required in (i), especially yielding uniqueness, extend like in the
proof of (3.3.5). O

We have the following translation of theorem (3.5.2) into the language of (Artin) stacks:

(3.5.3) Theorem. There is a unique (up to unique isomorphism) map associating with
every p-ECMSD KX of Hodge type and reflex ring © (such that M(KX) exists with the
properties of 3.3.5) a 1-morphism

E(AX) : M(AX) — [MY(X)/Px] ,
and a 2-isomorphism
E(FX) Xgpec(0) spec(C) = Ec(FX),
where ZEc(KX) is the complex analytic morphism described in (2.7.4), satisfying:

i. For each morphism of p-ECMSD [y, p| : gin — IA(ng there is a 2-isomorphism
[, pl= fitting into the diagram

— K
:(Aixl)

M(X! X)) [MY(X1)/Px,]

M(7,p) MY (v)

AN

N\

M(X2X3) x5, S1 IMY(X2)/Px,] xs, S1

— K
:(AEXQ)

These 2-isomorphisms are compatible with composition. Here S; = spec(0;),
where O; are reflex rings of X; such that Oy C 0;.

[, plz,c is the obvious 2-morphism over C.

ii. Let [1,p] : KB = KX be a boundary map and o € A such that o € C(D%, Pg),
as in (3.3.3).
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There is a 2-isomorphism [i, p|= fitting into the diagram

_— =(X/B)

[Stabr([o])\ M(X/B)] — = [M"(B)/ ]
M(bﬁp)l MY (¢)
N
M(KX) [MY(X)/Px]

2(KX)

where the formal completion is taken along
Ko,
Stabr([o])\ M(A[a] B[a]) .

[t, plz,c is the obvious 2-morphism over C.

iii. (canonicity) For X = Hy[(I ® 1)*, Lo ® I] (and A = 0), E(XX) is given as
described in (4.5.2).

w. For A concentrated in the unipotent fibre, = is given by via the extension described

in (3.5.1).

(3.5.4) Conjecture. The previous theorems are true for arbitrary p (including p = 2)
and for arbitrary mized Shimura data.

Maybe for this to be true, it is necessary to find a better condition of canonicity.

3.6. Generalities on models and the adelic action

(3.6.1) Theorem. Let X be p-integral mized Shimura data and O a reflex ring.
It is equivalent to give

i. a scheme MP(X) over spec(0) with a continuous right Px (AP))-action,
7. for each admissible compact open subgroup K o Deligne-Mumford stack
M(EX)

over spec(0) and maps Jr k(z) for any admissible K, L such that Kz~ C L
with the properties

a) I, (y) ek (@) = Juk (yz),

b) JK,K(l’) =id ifr € K,
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¢) If KL, Ji i defines an action of K\L on M(XX) and Jk (1) defines the
quotient [M(XX)/(K\L)] = M(*X).

7ii. for some admissible maximal compact open subgroup Ko and some cofinal system
K of neat and admissible normal subgroups K C Ky and for each K € K a scheme

M(EX)

over spec(0) and maps Ji, i (x) for each K,L € K such that xKz~! C L with the
properties in (ii) above.

Proof. (i) < (ii) is indicated in [Deligne5], (iii) = (i) is proven the same way (using
conjugacy of maximal compact open subgroups), and (ii) = (iii) is trivial. O

3.7. The extension property

(3.7.1) Definition. Let O be a discrete valuation ring with fraction field F. Let a test
scheme S over O be as in [78, Def. 3.5], i.e. S has a cover by open affines spec(A),
such that there exist rings O C O' C Ay C A, where

o O C O isa faithfully flat and unramified extension of d.v.r. with O'/(7) separable
over O/(m).

e Ag is a smooth O'-algebra.

o Ag C Ay C--- C A is a countable union of etale extensions.

As is explained in [loc. cit.], this has to be seen only as a working definition. The
arguments below work, for example, only for p # 2. Note that the projective limit
MP(X) of smooth models of Shimura varieties M(®*X) over all admissible K is a test
scheme itself.

(3.7.2) Theorem. Let S be a test scheme over O. For every closed subscheme Z < S,
disjoint from Sp and of codimension at least 2 in S, every Abelian scheme or I-motive
over U = S\ Z extends to an Abelian scheme over S.

Proof. [78, 3.6] for the case of Abelian schemes. A semi-Abelian scheme extends to
by S [27, V, 6.7], which we may apply for this class of test schemes [78, 3.6 ff.]. The
Abelian part extends to an Abelian scheme, hence the semi-Abelian extension is globally
an extension. The morphism ¥ — A extends as well because it gives a semi-Abelian
scheme extending AY. The rest can, as in the proof of (3.7.6), be reduced to the case of
a morphism U — G,,, i.e. a unit in Op. It extends because S is normal. O
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(3.7.3) Theorem. Let S be a normal scheme, and U < S be a dense open subscheme.
If M;,i = 1,2 are I-motives over S, every homomorphism ¢ : MU — Ms|U extends
uniquely to a homomorphism ¢ : My — M.

Proof. [76, Prop. 2.12] for the case of Abelian schemes. Morphisms between etale sheaves
of free Z-modules X, resp. Y; clearly extend uniquely. O

In particular an extension of A over U is unique, if it exists.

(3.7.4) Theorem. Let S be a Dedekind scheme (e.g. the spectrum of a d.v.r.) with
function field K. Let A be an Abelian scheme over S, then it is the Neron model of Ag,
which means: for any smooth S-scheme Y we have

Hompg (Yk, Xi) = Homg(Y, X).
Proof. [8, Definition 1.2/1] and [8, Proposition 1.2/8§] O

(3.7.5) Theorem. Let R be a discrete valuation ring, with field of fractions K. Let A
be an Abelian scheme over spec(K), with Neron model A over spec(R). The following
s equivalent

1. A 1s an Abelian scheme

ii. The inertia subgroup of Gal(K*|K) operates trivially on H{'(A,7Z;), where 1 is
invertible in R/m.

Proof. [8, 7.4, Theorem 5| O

(3.7.6) Theorem. Let S be a test scheme over Lpy, with generic point 1, and l #p a
prime. Let U — S be a dense open subscheme, Y =S — U and A an Abelian scheme
(resp. 1-motive) on U. If the monodromy representation w1 (U,n) — Aut(H{'(A,,Z;))
factors through m1(Y,n), then A extends to an Abelian scheme (resp. 1-motive) on S.

Proof. [76, Prop. 2.13] for the case of an Abelian scheme: Because of (3.7.3), there
is a largest open subscheme U of S such that A extends to U. Suppose U # S, and
let y € S\ U. If O, has dimension 1, then it is a discrete valuation ring. Its field of
fractions is the function field k of S and of characteristic zero, since S is a test scheme
over Z,). The assumption means that the action of Gal(k, k) factors through the inertia
group at y. Then for the case of Abelian schemes (3.7.5) implies that A extends to O,.
Hence A extends to an open neighborhood of y, contradicting the choice of y. So O, has
dimension > 2 and hence S \ U has codimension > 2. (3.7.2) now implies S = U.
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A semi-Abelian scheme can be given by a morphism o" : X — AV, It suffices to assume
that S is of the form spec(B), as in the definition of test scheme. So B is the union of
etale rings over By, which are of finite type and smooth over (. A is defined on some
spec(B;), since the moduli space of Abelian schemes is of finite type. Hence v : X — AY
is also defined over some spec(B;)y, since A over Bj and B; itself are of finite type. Now
spec(B;)y is smooth so the morphism a to A over k extends to a morphism spec(B;) — A
over Oy by the Neron property. The conclusion is the same.

A one-motive is given in addition by a morphism « : Y — G. Take etale locally a basis
of X,Y. This restricts to the case where G is an extension of A by G,, and we have
to extend a point & € G. The projection 7(&) of & onto A extends to some point in G
because a Gy,-torsor (fibre over m(§)) over Oy is trivial. Subtracting this point we are
reduced to the case, where we have a k-point £ € G,,,. We must show that it extends to
a point over O,. The given information translates to the fact that the action of Gal(k, k)
for each I, (I,p) = 1 on the sequence

0 —— Hn —— HYM,Z/nZ) — Z/nZ —=0
factors through the inertia group I at y. Here recall that

H(M,Z/nZ) = {(y,9) € (Z x Gp) | yp=ng}/{(ny,yp) | y € Z}

the inclusion on the left is given by (0, () for ¢ € u, and the projection by (y,g) — (y
mod n). This means that we can choose a [-invariant lift for the above sequence, hence
I operates trivial on the pre-image on ¢ under [n] : G, — G,, mod Z¢&. This implies
that y extends to an Oy-point because this means that the extension generated by the
pre-image is unramified, hence the additive valuation of y has to be divisible by [ for all
(I,p) =1, so it has to be 0. O

(3.7.7) Definition. Let O be a discrete valuation ring, faithfully flat and unramified
over L,y with fraction field ', and let X an O-scheme. It has the extension property,
if for every test scheme T above O, every morpism Tr — Xp extends uniquely to a
morphism T — X.

(3.7.8) Lemma. i. If a model X over O of a scheme Xp over F' has the exten-
sion property and is itself a test scheme, then this model is unique (up to unique
isomorphism,).

1. If X over O has the extension property, then for any subscheme Y C X, Y has
the extension property.

iii. If X over O has the extension property and if Xp is normal, then its normalization
X has the extension property.

w. Let X — S and Y — S two morphisms of O-schemes, if X, Y and S have the
extension property, then X XgY has the extension property.
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v. Let O C O be a faithfully flat and unramified extension of d.v.r.. If T is a test-
scheme over O, then T Xgpec(0) spec(O') is a test scheme over O'. If T is a test
scheme over O, then considered as a scheme over O it is a test scheme as well.

vi. Let O C O be as before. If X on O has the extension property, then X Xgyeqo)
spec(O') has the extension property.

Proof. We show property (iii), compare [78, 3.19]: Let S be a test scheme. If Sp —
Xp = Xp is a morphism, then it extends to a morphism S — X. The projection
S =S8 xx X — S has to be an isomorphism since over F' it is one, it has to be finite,
since X — X is finite and S is normal. O

(3.7.9) Theorem. For X = Hy [(I ® I)%, Lo ® 1],
Mp(X) = @K admissible c. o. M(KX)

considered over spec(Zy,)) has the extension property.

Proof. (compare [76, 2.10] for the case of Abelian schemes, i.e. X = H,.) Consider a
test scheme 7" over spec(Z,)). and a morphism ¢ : Ty — MP(X). By the functorial
description, this corresponds to the following data (up to Z,)-isomorphism): an 1-motive
Mg over Ty, a Z,)-polarization, a trivialization ¥ — (Uz) and a section of the etale
sheaf (on Tp)

s € ISO(H® (Mg, AP, L, o).

ie. Het(M@,A(OO’p)) is constant, in particular, m1(7Tg,n), where 7 is the generic point
of Ty acts trivial on H (Mg, Z;). Therefore Mg extents to M on T by (3.7.6). The
polarization extends uniquely by (3.7.3) and [27, p. 6, 1.10b] (for the Abelian part being
really a polarization). The level structure extends as well uniquely, since H¢ (M, A(>P))
has to be constant as well. Also the trivialization of Y extends. Therefore, we get a
unique extension

¢ T — MP(X).
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4. One motives

4.1. Definition and realizations

We recall the definition of 1-motives and their most important covariant ‘realizations’,
see e.g. [24] or [16] for proofs and details.

(4.1.1) Definition. Let S be a scheme. A 1-motive M = [Y —= G ] over S is a
complex, where

1. G is a semi-Abelian scheme with constant rank,
ii. Y is an etale sheaf of lattices (of constant rank),
7. a:Y — G is a homomorphism.

We consider Y as being in degree 0 and G as being in degree 1.
Each 1-motive has a filtration where

M i >0,
[0—>=T] i=-2
0 1< —2.
This defines a category
[ S-1mot |

with morphisms being morphisms of complexes.
A morphism of 1-motives

X1i>G1

ool
Xz i)G2

is called an isogeny, if for every geometric point s, az is surjective with finite kernel
and b : 7" — 7" is injective with finite cokernel. It is called an p-isogeny, if for every s
the respective kernel and cokernel are of rank prime to p. If S is connected, these ranks
are constant and their product is called the degree of the isogeny.
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(4.1.2) Definition. We define a torsion 1-motive as a finite etale group scheme E
over S with a filtration

0=W.sCcWo,CcW_1CWy=F

morphisms being strict morphisms.

For an isogeny
ViY== G = [Yo —= Gy

of degree N, suppose that N is invertible in S. We define the torsion 1-motive ker(1))
as the cohomology of the double complex

X1 BN Gy
iwy ld)c
Y, 25 G,

(there is only one non-trivial cohomology group). It has a filtration coming from the
vertical filtration, which defines the subgroup scheme

W_i(ker(y)) == ker(vq).

It has a further filtration
W_y(ker(¢)) := ker(vg|r)-

(4.1.3) Definition. Let M = (G,Y,«) be given. We define the dual motive as MY =
(G', X,d), where X is the etale sheaf X(G) as above, G’ is the extension

0 T G’ AY 0

0 — Hom(Y, G,,) — Ext(M/W_3M, G,,) — Ext(4,G,,) —=0

(it is determined by o :' Y — A = (AV)Y), o is given by the following construction:
Locally each x € X gives a pushout My,

0 T M M/W_yM —>(
0 Gm G, M/W_ysM —0,

and therefore an element of Ext(M/W_oM,G,,).

A polarization of 1-motives is a morphism v : M — MY, inducing a polarization
gr M — (gr_y M)V =gr_{(M") and such that D(gryv) = gr_, 1.
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(4.1.4) There is a symmetric description of the above construction: A 1-motive M =
(G,Y, ) is equivalent to the following data (A, AV, X, Y, a,aV,v), where

i. Aand AY are an Abelian scheme, resp. its dual,

ii. X and Y are 2 etale sheaves with fibres isomorphic to Z", Z4,

ifi. ¥ —*>4 and KLV> AV are 2 morphism, and
iv.
v (aaav)*P = (Gm)XXX

is a trivialization of the pullback of the universal (Poincaré) biextension on A x A".

A morphism of a 1-motives
w : (Al,A\{,Xle,Oél,OéY,Vl) — (A27A\2/7X27X27042704¥7V2)

is, in this description, given by morphisms

tha: Al — Ag (1)
Yy Y =Y, (2)
Vx Xy = Xy (3)
compatible in the sense that
Y, M Ay X, e AY
l@/’Y l%& Td)x TU/X
Yy =4y X, Ay

commute and via the isomorphism (1,1Y%)*P1 = (¢4, 1)*P2 on A3 X Ay one has

vi(z1, ¥vx (y2)) = va(vy (21), y2).

The assignment is as follows: oV is the map X — AV that describes G, and v is given
via the following construction: The extension of o from a map to A to a map to G can
be interpreted as a trivialization of the pullback of the extension G via «

0 T G’ Y 0
0 T G A 0

This is the same as giving a trivialization of the universal extension P on A x A pulled
back via (a,a") to Y x X.
The dual of a 1I-motive (A, AV, XY «,aV,v) is then the 1-motive (4Y, A, Y, X, oV, a, v).
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(4.1.5) Definition/Theorem (COVARIANT REALIZATIONS). Let S be a connected

scheme (or a Deligne-Mumford stack). To each 1-motive M = [Y —*= G ] over S we
associate, . ..

i. if S is a DM-stack of finite type over C, the Betti realization HP(M), a local

system on S defined by the following commutative diagram with exact lines

0—— (G, Z) —=Lie(G) —= G —=0

]

0— H(G,Z) —= HB(M)——=Y —0

Set
HP(M) i>0,
Wi(H (M) = ker(5) = Hi(G,Z) i=—1,
Z H(T,Z) = kex(H1(G, Z) — Hy(A,Z)) i=—2,
0 i< =2

There are isomorphisms

Y 1 =0,
er;(HP(M)) = { H\(A,Z) i=—1,
H\(T,Z) =X*(1) i=-2

The Betti realization is a covariant functor. It extends to Z,)-morphisms which
give morphisms between (HB (M) @z Lp))’s

if 1 is invertible in S, an etale sheaf of free Z/1"Z-modules, the etale realization
H(M,Z/I"Z) = ker([I"])
={{y,9) €Y. xG | aly) =1"g}/{("y,a(y)) | ye Y}

with filtration
H(M,Z)I"7) i >0,
0 =0} = HG,Z/I"Z = —1
VVZ(HEt(M,Z/an)) _ {( 79) | ng } 1 ( ) / ) ’L )
{(0,t) | nt=0,t € T} = H(T,Z)I"Z) i=—2,
0 1< —2.

It is determined by a representation of 7$'(S,3) on a fibre H®(Ms, Z/I"Z) (because
S is connected), where S is some geometric point in S.

We may form the projective limit

H(Ms, Zy) = lim, H* (M5, Z/I"Z).
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It is a continuous representation of w¢'(S,3) where H®(Ms,Z,;) carries the profi-
nite topology. It is topologically isomorphic to some Zj' equipped with the l-adic
topology.

The limes is constructed for the maps induced by [I'] (they are strict):

H(M,Z)1"T7) — H(M,Z/I"7Z)
(z,9) = (z,1'g)
which are compatible with the filtration and induce a similar and saturated filtration
on the limit.

For a p-isogeny ¢ and if S is a scheme over spec(Zy), we have
ker(v)) = coker(H® (1))

for the induced map H (1)) : Het(Ml,z(p)) — H (Mo, Z(T’)),

If S is a smooth DM-stack over C there is the comparison isomorphism

pet  H (M, Z,) — HP (M) 3 Z,,
where here H® (M, Z,) is considered as local system on S*™ as well. This isomor-
phism respects the weight filtration.
The etale realization is a covariant functor. It extends to Z,)-morphisms which
give morphisms between (H®(M,Z;) ®z, Qi) ’s.
if S is arbitrary, the de Rham realization (cf. [24, 10.1.7])

H™ (M),

which is a locally free sheaf on S, with o flat connection

V. HdR(M) — HdR(M) by QS|spec(Z)a

weight filtration We(H®) and Hodge filtration F*(H®) such that they are bisat-
urated, and for each S of finite type over C the requirements of a family of mized
Hodge structures are fulfilled.

HR(M) is defined to be Lie(G'), where G’ is the group underlying the universal
vector group extension of M [loc. cit.]. One has FO(H(M)) = ker(Lie(G') —
Lie(G)) = (Ext! (M, G,))*.

Furthermore:
Y®R0Os i=0,
gri(H™(M)) = { H{R(A) i=—1,
Lie(T) 1= —2,

where Og, resp. Lie(T) are equipped with trivial Hodgestructure of type (0,0) and
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(—1,—1), respectively, and the induced Hodge structure on H{F(A) is the usual
one.

If S is a smooth Deligne-Mumford stack over C, there is the comparison isomor-
phism [loc. cit.]
. 17dR B
de,B'H (M) ®og4 Ogan — H (M) X7z Ogan,
compatible with weight filtration and such that sections of HP(M) are precisely
those which are flat for the Gauss-Manin connection on the left.

The de Rham realization is a covariant functor. If S is a scheme over spec(Z,)),
it extends to Zy)-morphisms.

(4.1.6) Theorem. One has

HP(MY) = HP(M)"(1)
H(MY) = H® (M) (1)
He (MY) = H (M) (1)

where each is compatible with weight filtrations, and the second with Hodge-filtration.
Everything is compatible with comparison isomorphisms.
A polarisation induces symplectic forms

HB(M) x HB(M) — 7B(1)
H®E(M) x HB(M) — 735(1)
H (M) x H(M) — Z°(1)
W_o(---) is an isotropic (primitive) sublattice and W_1(---) = W_g(---)* for each ob-

ject - above. Furthermore, the only nontrivial filtration step FO(H(M)) is isotropic.
In the case of a Zy-polarization everything hold when tensored with Z,).

(4.1.7) Theorem. Let My, My be two 1-motives over an algebraically closed field.
Hom(M;, M) is a free Z module of finite rank. The map

Hom(My, My) ®z Zy — Hom(H® (M, Zy), H* (Ma, Zy))
18 injective.
(4.1.8) Theorem. Let N € Z be an integer invertible in S, M a 1-motive over S and

let E C ker([N]) be a subscheme with induced filtration (i.e. E — ker([N]) is strict).
Then there is an isogeny ¥ : M — M’ with ker(¢)) = E.
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(4.1.9) Definition. A Zpy-morphism of 1-motives is given by a Z,)-morphism 4 :
Ay — Ay and by

Ux 2 Xy @ Ly — Xo @ Ly
Yy 1Yo @ L) = Xy ® L)

such that there exists an n € N,p { n, such that ny is an ordinary morphism and
satisfies the compatibility requirements above. Observe, that it may be also the case
that Ya,Yx, vy are already given by ordinary morphisms but satisfy for example the
compatibility with the v’s only after multiplication with some n. Denote the group of
Zp)-morphisms of 1-motives by Hom? (M, My). These groups define a category of 1-
motives ‘up to p-isogeny’. Fvery p-isogeny becomes an isomorphism here because for
them the morphisms Vx, Yy above are isomorphisms.

This has an equivalent description (like in the case of Abelian varieties): Zy)-morphisms
of 1-motives are given by pairs [n,al, where n € Z\ 0,p 1 n and « is an ordinary
morphism, subject to the equivalence relation

]~ [m, 8] & ma=np.
The map

Hom(Ml, Mg) — Homp(Ml, Mg)
a—[1,q]

1s injective. This description is equivalent to the description above.

(4.1.10) Definition. Let all l{p be invertible in S.
A p-polarization of a 1-motive M over S is a Z)-morphism
M — MY,

such that 14 is a p-polarization A — AV and such that x = Py
In the second, symmetric description this means that there is

i. a p-polarization 11 : A — AV (remember that it is automatically symmetric 1y =
Y1 via the canonical identification (AV)Y = A).

i. an isomorphism g : X ® Z,) — Y ® Z,) such that there is ann € N, p{n such
that napy and nape are morphisms, nipra = na¥hg and v is symmetric via nips, i.e.
v(zy,nbe(z2)) = v(na(xy), x2) on (1,n1)*P = (nhy, 1)*PY on A x A.

(4.1.11) Definition. Let S be a base scheme, with morphism S — spec(Zy). Let
Lz(p) # 0 be a lattice of dimension 2g with non-degenerate (perfect) symplectic form.
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We define the following groupoid (adelic case):
[ S-KH,-L-mot |,

where K C GSp(Vjy(w)) s an admissible compact open subgroup, as the category of the
following data

1. An Abelian scheme A of dimension g with p-polarization
i A— AY.
ii. A K®)-level structure
§ € Is0(Gsp(Ls, ) Lo, ) (Latem HE' (4, ACP)) JK®),
where the isomorphisms have to be compatible with the (GSP(L(sop))s Lg(con))-

structure (see below) on both parameters.

This means, more precisely, that & can be given as a class mod K®) of isomor-
phisms
&K (L) oo — HY (M, ACOP))

(respecting the (GSp(Vy(cop)), L) )-Structure) for some geometric point 5 in
each connected component, and such that the class is invariant under the action of
the etale fundamental group n¢*(S,3).

The (GSp(L(sop)), Loy )-structure is given as follows: The p-polarization in-
duces an isomorphism

H{' (A, AP)) — Hi'(A, ALP))*(1).

Choosing some isomorphism Z(ezt))(l) >~ AP we get an alternating form on

HEH(A, ACOP)) up to a scalar (i.e. a GSp-structure, see 2.5.7).
Isomorphisms are Z,)-morphisms, compatible with polarization (up to scalar) and level

structures.

(4.1.12) Definition. Let S be a base scheme, with morphism S — spec(Zy)). Let
Loz, # 0 be a lattice of dimension 29y with non-degenerate (perfect) symplectic form.
Let Iy, # 0 be a lattice. We define the following groupoid (adelic case):

[ S-KH,, [0, ® Lo]-L-mot |,

where L = Lo® I* and K C PSp(L,(~)) is an admissible compact open subgroup, as the
category of the following data

i. A 1-motive M = (A, AV,0,Y,0,a",0) over S, where A is of dimension go.
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7. A p-polarization

i1i. An isomorphism p : (I%(p))s 2Y ®Zy)-
w. A K®)-level structure (as above)

€ € Ts0pspnos, 1o iag, ) Loy HU M, AP [0,

where the isomorphisms on the right have to be compatible with the PSp(L)-struc-
ture (see below) on both parameters. (note: in particular 1x has to be the identity
for every isomorphism!)

The (PSp(L()A(oc,p),IA(oo,p)),LA<m,p))—structure is given as follows: The p-polariza-
tion induces an isomorphism

Wy (H (M, APy — Wy (H (M, AOP))*(1).

Choosing some isomorphism Z(e;)(l) >~ A(P) we get an alternating form on
W_1(H (M, A®P)) up to a scalar. Furthermore, we have (via p) an isomorphism
O (H (M, A7) = ¥ &g AP = I3,

(i.e. a PSp-structure, see 2.5.7).

Isomorphisms are Zy,)-morphisms of the 1-motives, compatible with polarization (on A,
up to a scalar), p’s and level structure.

(4.1.13) Definition. Let S be a base scheme, with morphism S — spec(Z(p)). Let
Loz, o lattice of dimension 2gg, possible 0, otherwise with non-degenerate perfect sym-
plectic form. Let Iz, # 0 be a lattice. We define the following groupoid (adelic case):

[ S-"Hg,[(I ® I)*, Ly ® I]-L-mot ],

where L=1"® Lo ® I and K C PSp(L,(~)) is an admissible compact open subgroup, as
the category of the following data

i. A I-motive M = (A, AV, XY, a,aV,v) over S, with dim(A) = go.
ii. A p-polarization of some degree d € Z,)*
’QZJ1 A — AY

and an isomorphism
V2 X @ L) = Y @ L)

of the same degree d, such that they give a p-polarization of M.
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iti. An isomorphism p : (I%(p))g 2Y ®Zgy.
w. A K® level structure (as above)
et 0,
§ € IS—O(USp(Lo,Z(p)JZ(p)),LZ(p))(LA(oo’P) , H (M, Al p)))/K(p)7

where the isomorphisms in the etale sheaf on the right have to be compatible with
the (USp(Lo,z,, Iz, ), Lz, )-structure (see below) on both parameters.

The (USp(LOA(w,m,IA@,p)), L\ (so.p) ) -Structure is given as follows: The p-polariza-
tion induces an isomorphism

HeY (M, ACOP)) — H(M, AP))*(1).
Choosing some isomorphism Zf;)(l) >~ A(DP) we get an alternating form on

He (M, A(oo’p)) up to a scalar. The weight filtration satisfies W_o totally isotropic
and W_1 = (W_s)*. Furthermore, we have (via p) an isomorphism

grO(Het(M, A(oo,p))) =Y ®7 Aloop) — Ig(oo,p)
(i.e. a USp-structure, see 2.5.7).

Isomorphisms are Z,)-morphisms of 1-motives, compatible with polarization up to scalar,
p’s and level structures.

(4.1.14) Definition. Let S be a base scheme, with morphism S — spec(Zy). We
define a variant of the foregoing category for the case Loz, =0. Let Uz, be a lattice of
dimension k (it could be (I®1)*). Consider X = Ho[Uy,,0], with Px = W(Ug, ) X Gp,.
Px acts on LZ(p> = Z(p) @ Uz(p) as follows: Gy, acts as scalar multiplication on Z(p) and

W(Uz,,) acts via u(z,u*) = (z + u'u,u*). We define the following groupoid (adelic
case):
K
[ S-"Ho[Uz,,,0]-L-mot |,

where K C PSp(L () s an admissible compact open subgroup, as the category of the
following data

i. A 1-motive of the form M =Y ——=G,, |.
ii. An isomorphism p : (Uz(p))g 2Y ®Zy).
iii. A KP)_level structure (as above)

§e IS—O(PXLZ(M)(LA(OO«P) ) HEt(Ma A(qu)))/K(p)a

where the isomorphisms in the etale sheaf on the right have to be compatible with
the obvious (Px, Lz, )-structure on both parameters.
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Isomorphisms are Zy,)-morphisms of 1-motives, which are the identity on G,, compatible
with p’s and level structure.

(4.1.15) Remark. For Uz, = (I®I )%(p) # 0, there are easy functorial equivalences:
[ S—KHO[UZ(p),O]—Z(p) & Ui(p)—mot ] = [ S-EH[(I® I)SZ(M,O]—I* @ I-mot |.
In the case Uz, = 0, we have isomorphisms
[ S—K(N)HO—Z(p)—mot | = Hom(S, pin,s)

given by the level structure. We will examine these examples further in (5.7).

We have the following ‘integral’ variant of the foregoing groupoids: We will describe this
only for the case (4.1.13) because the others are degenerating analogous cases of this
construction.

(4.1.16) Definition. Let S be a base scheme. Let Loz be a with non-degenerate (per-
fect) symplectic form of dimension 2g. Let Iz be another lattice. We define the following
groupoids for N € N.

[ ]
[ S-NHQO[(IZ &® Iz)s, LO,Z X Iz]-Lz-mot ]
as the category of the following data
i. A 1-motive M = (A, AV, X, Y, a,a¥,v) over S, where dim(A) = g.

1. A principal polarization

¢1:A—>AV

and an isomorphism
Pr: X =Y

such that they induce a polarization of M.
iii. An isomorphism p : (I7)s =Y

w. A level-N-structure

t
§e ISO(USP(LO,Z/NZJZ/NZ)vLZ/NZ)(LZ/NZ’ HY(M,Z/NZ)).

This means that the isomorphisms have to be compatible with the

(USp(Loz/nz> 1z/nz), Lzynz)-structure (see the adelic case) on both parame-
ters.

Isomorphisms are morphisms of the 1-motives, compatible with polarization and
level structures. (Note: In particular vy is determined by the p’s and 1¥x by them
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and the polarization.)

(4.1.17) Remark. Without the isomorphism p : I; — Y, we had to take another
group, which is an almost semi-direct product of USp(Lg, I) and GL(I). It is precisely
the maximal parabolic subgroup of GSp(L), fixing the weight filtration. It does however
not define a valid mixed Shimura datum and it is only the subgroup USp, which is
associated with boundary components of GSp (see 2.5.4).

(4.1.18) Definition. Let X be one of the symplectic mized Shimura data above group
schemes above, with natural representation of Px on Lz, Furthermore, for each p €
PX(A("O’Z’)), and admissible compact open subgroups K1, Ko, such that Kf C Ko we have

a map
[ S-K1X-L-mot | — [ S-52X-L-mot |

by multiplication of the level structure by p from the right. These maps satisfy the axioms

of (3.6.1).

(4.1.19) Theorem. Let S be a scheme over spec(Zy,). For each of the p-integral mized
symplectic Shimura data as above, we have equivalences

[ S-NX-Lz-mot | — [ S-KMX-L-mot ].

Proof. We will prove this for the case Hg,[(Iz ® I7)°, Loz ® Iz], where Iz, # 0, Loz # 0
— the other cases are degenerate special cases of this construction. We may assume that
S is connected.

We first describe the functor. Let
[A3X7X’ O[, a\/’ v, 1/}3 P7 5]

be an object of [ S-¥X-Lz-mot ]. Choose a geometric point 3. ¢ can be considered as
an isomorphism
§: Lyng — H* (M5, Z/NZ)

invariant under the action of 7§!(S,3) (i.e. H®(M,Z/NZ) has to be constant).

Choose some isomorphism

8 H (M5, ZP)) — L,

compatible with USp-structures. Composing the reduction mod N with £, we get an
element of USp(L 7/nz, Iz/nz)- Since USp is a smooth group scheme over Z, by Hensel’s
lemma we get a lift to USp(Li(p)). Taking composition again with the inverse of the
chosen isomorphism we get a

&L

7.(») - Het(M§7 z(p))a
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reducing mod N to &. It is well-defined mod K (V) and the class is, by construction,
invariant under 7§'(S,s).

This functor is faithful. It is full because a p-morphism of 1-motives, which induces an
isomorphism H¢ (Ms, Z(®)) = H¢(Ms, Z®)), must be a morphism. This follows from
(4.1.7).

Let on the other hand [4, XY, a,aV, v, 1, p,£'] be an object of | S-K(N)X-L-mot ].
Choose a geometric point .

If ¢ is represented by an isomorphism

Ly, — H (M5, Z%))

then the object is in the image of the functor because of the following:
i. & can be given as a lift of a £ as above.

ii. There is a principal polarization in the class of ¥. For, there is a d € A(®P) such
that ¢ induces an isomorphism

H(Ms, ZP)) — dH (MY, ZP))

because &’ is a morphism of USp-structures, hence a symplectic similitude. Hence
we get a principal polarization by changing ¢ by +d or —d, which w.l.o.g. lies in
pr). Only one sign leads to a polarization.

iii. v itself has to satisfy the compatibility condition.
iv. pmaps I; to Y.

If ¢ is not represented by an isomorphism as above, we have to show that there exists
an isogenous object with this property.

Composing with a p-isogeny € Z,) \ {0}, we may assume that there is an ¢,p{ ¢, and a
diagram

-1

0 —— He (M. Z(p)>< ¢ Lz K 0

| |

0 - Het (M, Z(P)) — G — H(Ms, 7)) —ker([c]) —=0

Furthermore, the operation of 7¢!(S,5) induces one on Kz, hence there is a finite etale
group scheme K C ker([c]) with fibre K7 and we have (4.1.8) an isogeny ¢ : M — M’
with ker(y)) = K, hence a diagram

-1
0 — H(Ms, 7)) : L7 K 0

ler

0 — H (M5 ZM)LHGt(M' ) —= K —=0
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There is an p’ because ¢ is a morphism of USp-structures and hence ¥y has to be an
isomorphism of Z-lattices! Therefore we get an isogenous object with the property that
¢’ is an isomorphism
' ~
Ly, — H (M5, ZW)).

O]

(4.1.20) Remark. In particular, transporting Hecke operators via these equivalences,
we get a action of them on ordinary 1-motives with level-N-structures. For a more
explicit description of this action see [83, 10.11]. There dim/ = 1.

(4.1.21) Remark. We will need later an integral description of the groupoid
[ §-KwWxKe(NMH, (I ®T)%, Ly ® I]-L-mot |,
too. It is given as in (4.1.19), but with level structure
§: Lognz — H (g™ M,Z/NZ)

only.

4.2. Biextensions

(4.2.1) Definition ([38, VII, 3]). Let G1,G2,C be commutative groups. A biexten-
ston of G1 X Go by C is a set B with a free C' operation and an invariant map

m: B — G x G,

which identifies G1 x Go with the quotient B/C, together with 2 partial multiplication
maps
+1:Bxg, B— B +2:Bxg, B— B

such that +; defines the law of a (relative) Abelian group on B — Gy, and operation
resp. m induce an eract sequence of groups over Gy :

0 Ca, B G1 x Go—=0

and
(z+1y) +2 (u+1v) = (x+2u) +1 (y +2v)

for all elements, where this is defined.
For the category of schemes or sheaves on schemes, we define a biextension to be a
biextension object in the respective category.

'where 1’ =2 and 2’ = 1.
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Denote by Biext®(G1, G, H) the group of isomorphisms of the trivial biextension and by
Biext! (G4, Go, H) the group of isomorphism classes of biextensions of G1 and Go by C.
(There is a unique group law on isomorphism classes of biextensions, such that for the
associated extension of groups over G;,i = 1,2 it gives back the usual group law).

(4.2.2) Theorem ([38, VII, 3]). If G1, G2 and C are sheaves of Abelian groups on
some scheme S, there are canonical isomorphisms

Biext'(G1, G, H) — Ext'(G1 & Go, H)
= Ext!(G1, RHom(G2, C)) = Ext!(Gy, RHom(G1, C))
and hence an exact sequence
0 — Ext!}(Gy, Hom(Gy, C)) — Biext! (G, Gy, C) —
Hom(G1, Ext}(Ge, C)) — Ext?(Gy, Hom(Gs, C')) — Ext?(G1, RHom(Gs, C)).

We are mainly interested in the case where G; = A; are Abelian schemes and C' is a
torus. In the case, Hom(As, C') = 0 and we get an isomorphism

Biext!(A;, As, C) = Hom(A;, Ext!(As, C))

and Ext!(As, C) is isomorphic to AY ® Hom(G,,,C).

By the theorem of the square a birigidified C-torsor over A; x As is already a biextension.

(4.2.3) Theorem. If S = spec(C), and C = Dg(M) is a torus we have a bijection

(usual) group ext. E of H1(A1 x A2,Z) by M(1), with compatible sections | ~ To: 1
{ si: Hi(As,Z) — E and s : FO(Hy(Ay x Ag,C)) — E(C) = Biext' (A1, 43, C)

(here E(C) is the induced extension of Hi(Ay x Ag,C) by M(1)c = Mc).

Proof. The bijection is given analytically by:
(E,s) = E\E(C)/F*(B),

where FO(E) is the image of the section s. Here, on the right hand side the group
operations +; and +o are both induced by the group structure on E by x +1 y =
xs1(p1(x)) "y, if pi(x) = p1(y) and similarly for +.

The right hand side is algebraic because

Ext!(A2", 0%") = Ext(As, C)
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and
Hom(A*", B“") = Hom(A, B)

for all Abelian varieties. The inverse is gives as follows. The map A; — Ay @ M
describing the extension is given by a bilinear form

v H1(A1,Z) x Hi (A9, Z) — M(1).
Since it is induced by a morphism of Hodge structures the form is trivial on
FO(H(A1,7)) x FO(H|(A3,7)).
It defines the group structure
(u', v1,v5) (u, 01, v2) = (u' 4+ u — p(vi,v5), ) + 1,05 + v2)

on E=M(1)® Hi(A1,Z) ® Hi(A2,Z). One checks that these constructions are inverse
to each other (up to isomorphism). O

(4.2.4) Remark. If A:= A; = Ay and we have a polarization ¢ : A — AV it describes
an alternating form

¥ Hy(A,Z) x Hi(A,Z) — Z(1)

and the associated biextension is the universal Poincaré biextension. In this case, a more
symmetric description of E(C) is convenient, transforming the previous description via
the map

1
(u,vl,vg) = (u + Qw(vlva)a U1, U2)'

Then the morphism of symmetry becomes just exchanging the rightmost factors, but
the lattice F(Z) is moved. In the original description s acts by (u,v1,v2) — (u +
Y(v1,v2), v2,v1) preserving the lattice.

Consider the (obvious) extension
b I® H(AZ) x Hi(AZ)® I — (I I)(1),

which is not alternating anymore, but satisfies (¢(v,w) = —¢(w,v)®). The associated
biextension is an /-Poincaré biextension described in (4.2.6). The map

1
(u,v1,02) = (u+ S9(v1,v2), 01, 02)
is defined as well, and the morphism of symmetry becomes exchanging the rightmost

factors and s on the leftmost one. In the original description s acts by (u,v1,v2)
((u + ¥ (v1,v2))%, va,v1), preserving the lattice.

(4.2.5) Theorem. Let S be a normal scheme, and U < S be a dense open subscheme.
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If Biyi = 1,2 are biextensions of Abelian schemes by tori over S, every homomorphism
¢ : B1|U — Bs|U extends uniquely to a homomorphism ¢ : By — Bs.

Proof. 1t suffices to show the extendibility of the induced map on the Abelian schemes
resp. the torus . The map on Abelian schemes extends uniquely by (3.7.3) and the
map on tori is given by a homomorphism of etale sheaves of lattices, hence extends as
well. O

(4.2.6) Some tautologies about biextensions and 1-motives:
Let A be an Abelian scheme. There is the universal (Poincaré) biextension of A x AY
by G,,.

Gp——=P—=Ax AY

given by the canonical isomorphism A — (AY)V.
If ¢ : A — AV is a polarization, then we get via pullback along id x1) a biextension

Gp—p—=AxA.

The symmetry morphism s : A x A — A x A lifts to P¥ (because 1 is a symmetric
morphism) and the invariants under s are a rigidified G,,-torsor, which is the same as
the pullback of the biextension (considered as rigidified G,,-torsor) along the diagonal:

G — (P¥)' —= 4

(over geometric points we have E?Q >~ (PY¥)s, where L5 is the ample line bundle associ-
ated with the polarization).
Let I be a lattice (or an etale sheaf of lattices). We get also a biextension

I® Gy, P I®Ax A

given by the morphism vy ® id: I ® A — I ® A, a biextension
IG, QI ——=PpiId — TR AXx AR

given by the morphism I ® A — I ® I ® A ® I* (contraction). The morphism s :
I ® A x A® I exchanging the factors extends again to P¥/®1 and the invariants are a
rigidified (I ® I)® ® Gy,,-torsor:

G ® (I ® 1) —> p,(I81)° — > [ @ A.

A section m in the biextension P¥/®(S) determines a 1-motive over S as follows: It is
the same as giving a morphism I* — P¥! whose projection to I ® A is constant. The
fibre over the image is a semi-Abelian scheme 0 ——= I ® G, G A 0
(by +2). The restriction I* — G is a homomorphism, hence a 1-motive. It is symmetric
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(w.rt o, I — (I*)*) if and only if m was invariant under s.
Giving m is as well the same as giving a morphism I x I — P such that the projections
I — Aand I —+ AV are homomorphisms (this is the second symmetric description).

4.3. Representability

(4.3.1) Remember the quotient maps Hy[(I ® I)*, Lo ® I] — Hgy[0, Lo ® I| — Hy,
(2.5.6). (Assume Lo # 0.) They are compatible via the standard representations with
the quotient maps Lo ® J — Lg ® I* — Lg. If a compact open subgroup is such that
m(K') C K, then there are forgetful maps

[ K'H,,[(I® 1)%, Ly ® I]-Lo & J-mot | — [ KH,, [0, Lo ® I]-Lo ® I*-mot ]

and
[ K'H,,[0, Lo © I]-Lo ® I*-mot | — [ KH,,-Lo-mot ],

respectively.

(4.3.2) Theorem. These maps are representable and smooth and the fibers are projec-
tive schemes, resp. quasi-projective schemes.

Proof. Since these morphisms are compatible with the operation of Px (A(OO)) we may
restrict to the case of the groups Ky(M?)Ky(M)Kg(N) (they form a confinal system
of normal subgroups of K(1)). These in turn are conjugated to Ky (1)Kg(N) by w(M),
where w is the weight morphism, acting by 1 on I*, by M~! on Ly and by M2 on 1.
Hence we are restricted to the integral versions of the category described in (4.1.21).
Let [A, 4, &] be an object of [ S-NHg -Lo-mot | . Fibers of the first morphism consist
of a morphism o : Y — A, an isomorphism p : Y = U;. This is represented by

A®gz Iz,

which is projective.

In the second case, the fibre consists of the following. The polarization determines X,
oV, so it remains the variability of a symmetric trivialization of the pullback of the
Poincaré biextension along o x a, or equivalently (considering o as a point in A ® Iz
and oV as a point in AY ® I) of a point (=trivialization of one fibre) in P¥U®1)" (4.2.6).
It is a G, ® (Iz ® Iz)®-torsor above A ® Iz.

Fixing (A, ¥), there are no further automorphisms because everything is fixed by p.
Hence the second fibre is represented by the fibre of PU®D" — A @ I; over a. It is a
quasi-projective scheme.

O]

(4.3.3) Theorem (MUMFORD, ARTIN, DELIGNE). For each of the p-integral mized
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Shimura data of symplectic type and each K, an admissible compact open subgroup
[ KX-L-mot | — spec(Zy))

is representable and a smooth Deligne-Mumford stack of finite type. It is a quasi-
projective scheme, if K is neat.

Proof. Tt suffices to restrict to the fundamental system of normal subgroups K(N) C
K(1),p{ N. For X = H; we have an equivalence

[ S-KMNH -L-mot | — [ S-VH,-Lz-mot |

and representability of [ S-VH,-Lz-mot | over spec(Z[1/N]) is well-known, and follows
for example from [80], where symplectic level structures (instead of similitudes) are used.
(If g = 0, we saw this in 4.1.15.) For the other groups, the statement follows from (4.3.2).
The last statement follows because, if K is neat, the objects in | S-%X-L-mot | have
no nontrivial automorphisms for any S. O

The maps of (4.1.18) yield etale and finite maps of Deligne-Mumford stacks.

4.4. Comparison with mixed Hodge structures

The notation is justified by the following

(4.4.1) Theorem (RIEMANN, DELIGNE). Let S be a smooth DM-stack of finite type
over C. Then there are functors

[ S-5X-L-mot | — [ S*"-KX-L-mhs |

for X = Hy,, Hy[0,Lo @ I] and Hy,[(I ® I)%, Lo ® I], respectively and the standard
representation spaces L of the various Px which for S = spec(C) are equivalences of
categories. The functors are compatible with the forgetful functors (4.3.1), respectively
the maps induced by the maps of Shimura data (2.5.6). They are compatible with the
Px (A -action and functors associated with K' C K, too.

Proof. We will show this only for the case X = Hy,[({ ® I)®, Lo ® I] — the others are
(degenerate) special cases of this construction.

The functors are defined via the comparison isomorphisms. Let M = (4, A", X,Y,v)
be a 1l-motive together with a polarization ¥, an isomorphism p : () = and
level structure, i.e. an object of [ S-KX-L-mot ]. We have HZ(M,Q), H®F(M
and H(M,A(>). All equipped with symplectic pairing (determined up to scalar

)
)
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weight filtration, isomorphism grf(H®) = I} (o), Tesp. gr'(H¥®) =~ [z @ Og, resp.
gr®(HP) = (Iz)%an. induced by p. This determines a USp-structure on them.

The functor associates to this the local system H?(M,Q), equipped with the USp-
structure described above, the mixed Hodge structure transported to HZ(M,Q) ®
O¢" by means of pp4r and K-level structure transported to HB(M,Q) ®q A) by
means of ppe. Since the Hodge-filtration is isotropic and point-wise polarized on
gr—' HB(M,R) and by construction the weight filtration is the filtration determined

by the USp-structure, the associated morphism lies in Dx. L.e. we get an object of
[ Se"-KX-L-mhs ].

In the case S = spec(C), we construct an object as above out of a vector space Lg with
USp-structure (as local system) with mixed Hodge structure on Lc of type (—1,—1),
(0,-1), (—1,0), (0,0) and K-level structure as follows: Choose any lattice Lz C Lg.
Form the quotient

G =W_L(Z)\W_1(L¢)/F°(L_1Vg).

It is a semi-Abelian variety over C because the complex torus quotient is polarized.



4. One motives 93

Now look at the exact diagram:

0
I*

W_1(Lz) Ly gr¥(Ly) ———————>0

|

0 —— W_1(Le)/F*(W-1Lc) — Le/FO(Le) — gr’ (Le) /FO(gry) (L)) = 0 ——=0

0

By the snake lemma, we get a map
a:l; -G,

hence a 1-motive M = [ I}, —*= ¢ ]. This I-motive has a polarization induced by the
map L — L* given by the symplectic form.

One checks that the two functors are inverse to each other (up to isomorphism). g

(4.4.2) Remark. If the map « above is sufficiently general — more precisely: if FO N
FO9 = 0 — G, which is according to the diagram above either the quotient G Ja(I7)
or Ly\Lc/F°(L¢) is an Abelian variety. Its Hodge structure emerges from the mixed
Hodge structure of M by simply forgetting the weight filtration. The moduli points of
the two are related by the boundary map (2.4.5).

(4.4.3) Remark. Let a Hodge structure of type Dn,, on Lo be given and let A be the
corresponding Abelian variety. The above equivalence induces an isomorphism

WSp(Lo, 1)(Z)\ WSp(Lo, I)(C)/FO(W) = PUE"

(here FO(W) is the stabilizer of the (trivial) filtration FO(Loc) @ I¢). The left hand side
a fibre of the analytic map of Shimura varieties

Px\Dx x Px(A®))/K(1) = Py, \Du,, x Pu,, (A®)/K(1),
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which is, according to (2.7.1), a moduli space for the categories (fibre)
[ S-KX-L-mhs |

and PU®D is the G,, @ (I ® I)*~torsor described in (4.2.6) which is according to (4.3.2)
a moduli space for the categories (fibre) [ S-5K()X-L-mot ].

The isomorphism may also be described this way: In (2.5.8) we defined the group
m(LO, I). Tts Z-points are a group extension

0—=I®I—WSp(Lp,I[) — Loy IPTI® Ly—=0

with sections s1 : Lo®1 — \X/\SE)(LO, I),and so : I® Ly — \XT\SB(LO, I). We have also the
stabilizer F of the filtration FO(Lgc) @ I in WSp(Lg, I)(C). By the procedure (4.2.3)
this defines an analytical biextension of A® I, I ® A by G, ® (I ® I) (the isomorphism
I = I(1) being determined by the connected component of Dy, determined by F?). It
has an operation of s which is the involution transpose w.r.t. the symplectic form on
L followed by inversion. The biextension is canonically isomorphic to PY®V. and this
isomorphism is compatible with s. The reduction of this isomorphism to the invariants
under s gives another description of the isomorphism above. The horizontal fibers of the
biextensions (analytically or algebraically) at a moduli point are related to the 1-motive
described by the moduli point, by M — (ids«)*(M ® Iz) (cf. also 5.4.1).

4.5. Standard principal bundle

(4.5.1) Definition. Let S be a scheme over spec(Z(p)), and X one of the symplectic
p-integral mized Shimura data. Define the following groupoid:

[ -5 X-L-triv-mot |,
where K C PX(A(OO)) is an admissible compact open subgroup, as the category of the
following data: An object (M,---) of [ S-KFX-L-mot | together with a trivialization
(i.e. an isomorphism of locally free sheaves with (Px, L)-structures)

H"(M) - L ®g, Os.

The morphisms are isomorphisms of [ S-X-L-mot |, respecting these trivializations.
Note, that a p-(iso-)morphism induces an (iso-)morphism on de Rham realization because
S is a scheme over spec(Zy)).

(4.5.2) Theorem. Let X be one of the symplectic p-integral mized Shimura data.
S — [ S-5X-L-triv-mot |

is representable by the associated torsor of the (Px, L)-structure on H (M), where M
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is a universal 1-motive over | S-KX-L-mot .
If S is a smooth Deligne-Mumford stack over C, pp ar induces a functor

[ S-5X-L-triv-mot | = [ S -KX-L-triv-mhs |,

i.e. to the analytic standard principal bundle (2.7.4). For S = spec(C) this is an
equivalence.
The Hodge filtration on HY (M) induces a Px-equivariant morphism

IT: [ *X-L-triv-mot | — M"(X),

which is compatible with the morphism ¢ already defined (2.7.5).

Proof. The first statement follows directly from the definition. Let Y be
[ ¥X-L-triv-mot |

and let X be
[ ¥X-L-mot ].

X is a smooth Deligne-Mumford stack over spec(Z) ), by (4.3.3). The second statement
follows from (4.4.1), and the third follows from (1.9.13), once we have shown that the
Hodge filtration on H?®(M) is compatible with the (Px, Lx)-structure, but this is true
over X¢ and we get a morphism

¢ : Yo — MY(X).

Now there is a closed embedding MY (X) < QPAR¢ (1.9.11), where @Q is the parabolic
of GL(L) fixing the weight filtration. II extends to a morphism (1.9.15):

II:Y = QPARg
because the weight and Hodge filtration are a bisaturated pair. Hence we get an induced

I:Y — MY(X).
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5. Constructions for mixed Shimura
varieties of Hodge type

5.1. Hodge tensors

Let G be a reductive group of spec(Z,)) and L a lattice with non-degenerate primitive
symplectic form. Suppose we are given a closed embedding G — GSp, for example,
coming from a Hodge embedding X — H,.
Denote
L= P L¥® (L)% @ Ly (n)
i—j=2n

and similarly for any kind of object, for which this makes sense. (If we are just considering
lattices, put Z,y(n) = Zy,))-

G operates also linearly on L® (with weight action of GSp on Z(n)).

(5.1.1) Theorem. There is a finite family {s;} C L®, such that

G = Stab({s;}, GSp(L)).
Proof. Analogous to [26, Prop. 3.1] (cf. also [49]). O

(5.1.2) Definition. Let A be an Abelian variety over a number field F' and let
(sams ser) € FO(HIT(A)®) x HY'(A,Zy)*

be given.
Let o : F' — C be an embedding. It determines an Abelian variety A7 = A Xgyee(F),o
spec(C) owver spec(C), and hence elements

sqp € FO(H{™(A%)®),
57, € HY'(A%,2,)°.
We call (Sqr, set) o Hodge tensor with respect to o, if there is an sp, € HlB(A", Z(p))®

such that pp ar(sB,s) = sqp and pB.et(sB,s) = 8-
We call (sqr, Set) an absolute Hodge tensor if this is true for all embeddings.
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(5.1.3) Theorem. With the notation in the previous definition

(Sdr, Set) Hodge (for one embedding) < (S4g, Set) absolute Hodge.

Proof. This is [26, Main Theorem 2.11], cf. also [26, p. 29/30]. Note that if s, €
H{H (A%, Z,) C H{ (A7, A(®)) then all sp, have to be integral a priori. O

(5.1.4) Theorem. Let O be d.v.r with fraction field F a number field, m|(p) and let
A be an Abelian scheme over O, There is a ring B D O faithfully flat over O and an
isomorphism

Helt(AFaZp) ®z, B — Hle(A’O) ®o B
with the property that, if (sar,set)i € FO(HIp(Ap)®) x HLY (AR, Z,)® is a family of
absolute Hodge cycles on A defining a connected reductive subgroup of GSp(HY(Ar,Zy))
(in particular with integral se;) then

Y(Siet ®1) =8,qr ®1  Vi.

In particular s; g is defined over O.
Proof. Follows from the proposition and corollary [49, 4.2]'. O

5.2. Smoothness

(5.2.1) Theorem. Let X be p-MSD of Hodge type. If N,p 1 N is big, there is an
embedding
KHPX(A(OO))X SN KHgO[(I®I)S,L0 ®I],

for K = Kwsp(1)Kgsp(N). Furthermore the normalization of the closure of
Px(Q)\Dx x Px(A®))/K 0 Px(A)

in M(XH,,[(I ® ), Lo ® I]) is smooth.

Proof. 1f X is pure, we have I = 0, and the theorem is shown in [49].

Now suppose Wx # 1. Let X — KH, [(I ® I)*, Lo ® I] be an embedding of p-integral
mixed Shimura data, which exists by the Hodge type property, and let F' be the reflex
field of X and O be a reflex ring.

Choose a lattice Ly C Lz(p) with compatible splitting Lz = Loz ® Iz ® I7,. It suffices to
do the construction for any conjugate of the above embedding. We may hence assume

IThe reduction to the mentioned reference lacks details. It will be stated more precisely in forthcoming
work. See also M. Kisin, Integral models for Shimura varieties of abelian type, J. Amer. Math. Soc.
23 (2010), 967-1012
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that there is a reductive subgroup scheme Gx C Px which factors through GSp(Lg)
under the above embedding. We will use the smooth model M(K()X /Wx) already
constructed (pure case). Consider the Cartesian diagram of O-schemes

T MEMNH, (I ®1)*, Lo @ I))o
Il M(K(N)Hgo [0, Lo ® I])o
M(K(N)X/Wx) M(K(N)Hgo)(97

where the lower horizontal arrow is a normalization followed by an embedding.

Now consider the diagram of (2.5.8). Looking at elements fixing Lz we get a diagram of
ordinary groups:

0 ﬁf Wf Vp @ Vp 0
0—= (I ®I) WSp (I®Lo)z® (Lo® 1)z —=0

where the outer arrows are saturated inclusions of lattices.

The sequences above define (together with their families of Hodge structures on (Lo®I)c
resp. Vpc) analytically biextensions on (M(KX(N)X/Wx)c)® by the procedure (4.2.3).

They are in fact algebraic (as all analytic biextensions are) and extend to our integral
models M(X(M)X /TWx) because they can be described by maps between Abelian varieties
and the Abelian varieties do extend: The Abelian scheme associated with the family of
Hodge structures on Lo ® I is A in the diagram above. The Abelian scheme associated
with Vp is the closure of the rational model [83] M(K)X /U) g in A. Tt is automatically
an Abelian subscheme. The first biextension therefore is also defined over the model
M(X(N)X /W). The inclusion map of biextensions, as well as the involution s, extend to
MK X /Wx) as well because everything is normal (analog 3.7.3).

The second biextension is, by construction the pullback of P'®/ to M(KMMX/Wx)
(4.2.6). Its invariants under s is the pullback of PU®D’ je. F in the diagram above.

We now define M(X(M)X) as the invariants under s in the first biextension. That this
yields a model of

Px(Q@)\Dx x (Px(A)/K(N))
follows from the fact that Wx = (Wx)*® (2.5.8). O
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5.3. Construction of the standard principal bundle, pure case

Let X be p-integral pure Shimura data of Hodge type. Let X — H, be an embedding
and let F be the reflex field of X and O be a reflex ring.

Consider a compact open subgroup K(N) C GSp(Lj(~)) (formed w.r.t. the stan-
dard representation on L), p f N, N sufficiently large. (We denote its inverse image
in Px(A(®)) by the same symbol because no confusion will result.) Actually the level
structure does not play any role whatsoever in the construction of the standard principal
bundle, as it should be.

(5.3.1) Theorem. In the following situation

?———P("MHy)o

| |

M(K(N)X) > M(K(N)Hg)(’)

there is a unique model of the analytic standard principal bundle over M(K(N)X), fitting
into the diagram, such that the morphism to P(K(N)Hg)o gtves over C the obvious one
on double quotients.

Proof. In the diagram, the horizontal arrow in the bottom line is a closed embedding,
followed by a normalization. P(X(V)H,) is the associated right torsor for the (GSp, L)-
structure on H{#(A%), where A is the universal Abelian scheme over M(X(N)H). We
have the pullback A to M(X(V)X) of Ag. And the pullback of P(¥(MHy) is the associated
right torsor for the (GSp, L)-structure on H{f(A).

Now we have an analytic Gx-structure, i.e. locally, say on U, isomorphisms:
B ~
Hy (A" v, L)) = (Lz,) Ju

such that their Gx(Z,))-orbit is equal on overlaps. The pullback of the tensors s; € L®
defining the group scheme Gx are therefore well defined tensors

sip € HE(AY Z)%.

(p)
Via the comparison isomorphisms we get tensors
siar € FO(H{T(A™))

Siet € HY' (A", Z)® = HY'(Ac, Zy)®,
which are absolutely Hodge (5.1.3) on points defined over number fields. One shows (e.g.
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[75, ITI, §4]) that they are algebraic and actually
siar € H{"(Ap)®,
where E is the reflex field of X.

Consider some X = @; @ m pyer; L @ (L*)®¥" @ Zy) (k) (finite sums!), such that s;
lives in @y, kyer, LZ" @ (L*)¥™ ® Zy) (k). The group scheme GSp over spec(Zy)) acts
on W(X). The sum of the s;, considered as a single morphism,

) = W(X)

spec(Zy)

define an embedding
GSp /Gx — W(X),

where the left hand side is a smooth quasi-projective variety. Denote by Y the image of
the above embedding.

Now take etale locally U — M(X(MX) an isomorphism in the (GSp, L)-structure:
v HF(Ay) = L® Oy.
The tensors s; gr can (via this identification) be seen as a single map
Urg — W(X) Xgpec(0) sPeC(E). (1)

We claim that this map is the base change of a map U — W(X) and that the image lies
inY.

It follows that, modulo a refinement of the etale cover, the s; gr (considered as a map
into W(X)) lift to a morphism
U— GSp.

Changing vy by this automorphism of L ® Oy, we get an isomorphism ~;; mapping s; ar
to s; for all i, hence the former lie in H{#(Ar). The 4, hence define a Gx-structure on
H{E(A), which is over A% the G ® O-structure on H{'(A) defined via the comparison
pB.ar- The associated torsor for this Gx-structure on H{lR(A) therefore defines a model
P(5X) of

Gx(Q)\Dx x Gx(C) x (Gx(A) /K (V).

However, we are left to show that (1) comes from a map U — W(X) and that the image
lies in Y. For this is suffices to show (5.11.2) that for each point s € U, lying in the
special fibre, there is a d.v.r. ', with embedding spec(O’) — U and special point s
such that the map extends to O'. However, it suffices to show this over a faithfully flat
extension of O'. Hence it follows from (5.1.4). O
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5.4. Construction of the standard principal bundle, mixed case

Let X — Hy, [(I ® I)*, Ly ® I] be an embedding of p-integral mixed Shimura data, and
let E be the reflex field of X and O be a reflex ring.

Consider a compact open subgroup K(N) C USp(Lg g(c); L)), p t N, N sufficiently
large. (We denote its inverse image in PX(A("O)), quotients mod various W’s, etc. by the
same symbol because no confusion will result — all groups are of the type K(N) w.r.t.
some standard representation as defined in 2.5.) We may conjugate the above embedding
and may hence assume w.l.o.g. that Gx for a splitting as in (2.2.9, cf. also 2.5.8) factors
through GSp(L). Actually the level structure does not play any role whatsoever in the
construction of the standard principal bundle, as it should be.

(5.4.1) Theorem. In the following situation

? ———P(EWH, (I & 1), Lo®I])o

| |

M(EMX) —= MEMH, (I @)%, Lo I])o

there is a unique model of the analytic standard principal bundle over M(K(N)Hgo[(f ®
1)°, Lo ® I))p, fitting into the diagram, such that the morphism to P(K(NH,)p gives
over C the obvious one on double quotients.

Proof. Here the horizontal arrow in the bottom line is a closed embedding, followed
by a normalization. P(X(NVH,, [(I ® I)*, Ly ® I]) is, by definition, the associated right
torsor for the (USp, L)-structure on H®(Mj), where My is the universal 1-motive over
M(EMH [(I®1)%, Lo ® I]). We have the pullback M to M(X™)X) of M . And the
pullback of P(K(NH,, (I ® I)*, Lo @ I])o is equally the associated right torsor for the
(USp, L)-structure on H®(M).

Over C, in the analytic category, we have inside it the right Px c-torsor which is asso-
ciated with the analytic Px-structure on H dR(M(c“") transported via ppgr. We have
to show that it is algebraic, defined over E, and its closure is a right Px-torsor. We
have already constructed a Gx-structure on gr'V; (H®(M)), which over C gives the one
coming from this analytic Px-structure.

Now consider the diagram of (2.5.8). Looking at elements fixing Lz we get a diagram of
ordinary groups:

0 ﬁp WP Ve ® Vp 0 (2)

OH(I@)I)Z V\/}\SY) (I®L0)Z@(L0®I)Z*>O,
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where the outer arrows are saturated inclusions of lattices.

We recall from the proof of (5.2): The bottom line with the induced Hodge structure
on ((Lo ® I)c)axx wy) defines a biextension of A := gr_; M, which is algebraic
and defined over M(X(N)X /Wx). It is the pullback of P/® (4.2.6) to M (KN X /Wx).
Its invariants under s is the already constructed model M(XM)X/Wx XH,, Hgo[(I ®
1 )37 Lo® 1 ])

The upper line defines a biextension, too, which extends to M(X(™)X /Wx) such that
its invariants under s are M(X(")X). Hence for each morphism « : § — M(X(V)X) we
get a 1-motive M, over S, which is the horizontal fibre at a of P/®! together with the
section a.

It is related to the 1-motive a* M parametrized by « via:

Ma = (id]*)*(a*M & Iz)

(tensor a* M with Iz and ‘pullback’® via idy« : Z — Iz ® I7).

We now have a sub-1-motive M/, of M, which is the horizontal fibre at « of the biex-
tension associated to the first line. We know that H%%(a* M) carries a (USp(Lo, I), L)-
structure and we have

HdR(Ma) — (HdR(a*M) Q7 Iz)idl*,

where (- - - )14 means restriction to those elements whose projection to gry lies in Og id -
Note that an isomorphism gro(a*M) = I* ®z, Og is part of the (USp(Lo,),L)-
structure.

Consider the embedding

H¥B (M) — H¥B(M,).

We have
HIR(M!) /W (HOR(M,)) = HAR(M,) /W HIR(M,) = Ogid;.
We may take a lift es« of idy« to FO(H4E(M!)). Since
FO(H"(Ma)) = (FO(H(a* M)) @7 I2)"

and FO(H(a*M)) is isotropic, ey, considered as map I* ®z,, Os — H¥%(a* M) has
isotropic image. Since mod W_1 it is the identity, we get a unique splitting H(a* M) =
L®z,,, Os=[*"®Ly®dI) ®z,) Og (within the USp-structure) such that ey composed
with it, is just the inclusion of I'* Rz, Og.

The Px g-orbit of this splitting is a Px-structure, for which it is not clear so far, that it
is uniquely determined, i.e. independent of the choice of the lift ey«.

Doing this construction for the universal 1-motive M over S = M(X(N)Px), we get

2For each 1-motive M = [Y —% > @' ] and morphism v : Y/ — Y there is the ‘pullback’ y*M =

(Y >
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a Px-structure on H®(M). If we can show that for each C-valued point of S, this
Px-structure induces the Px c-structure determined via pp 4r by the canonical Px(Z)-
structure on HB((Mc)®") over the mixed Shimura variety over C, then we have found
the required model P(K()X) of the analytic standard principal bundle.

So take S = spec(C) and any point « : spec(C) — M(X(M)X) and show that any lift es-,
as above, defines the Px c-structure determined by pp 4r. We may identify H AR (* M),
resp. HB(a*M) with Lc, resp. Lz. This induces an identification of H*?(M,,) with

<idp>c ®(Lo@I)cd (I ®I)c (3)

The Hodge structure on H?(M) is given by FO(H®)(M) = g(I @ F°(Loc)), where g
is some element of Wx (C). M, is therefore determined by the Hodge structure

where the action of WSp(C), on the space (3) is determined by the action of the Lie
algebra of WSp given as follows: an element (i; ®i2) € I®1 acts as (aid, lp®i3, 14@is5) >
(0,0, i1 ®i2) and an element (i1 ® lp,1) acts as (aid, lp2 @ ia,i3 @ i4) — (0, i1 ®1p,1,0)
and an element (lo; ® 1) acts as («id, lp2 ® 42,43 ® ia) — (0,0, (lp,1,l0,2)11 ® i2).

The identification may be chosen in such a way that H*® (M. !) is given by the submodules
<idp > @Vpc @ U pc, similarly for HP(M/). This is read off from diagram (2) and the
construction of biextensions (4.2.3). In particular this identification lies in the analytic
Px-structure.

Now, take any element er- € FO(H)(M!) congruent to id;« mod W_j H®(M!) as in
the construction above, We have to show that there exists h € Wp(C) such that he;~ =
id7+. but there is such h € Wyg,(C) because ey~ determines another splitting H AR >~ [,
compatible with weight filtration and symplectic structure because it had isotropic image
(see above). Now look at ef« — idp« = (vp,up) in W_HF(M!) = Vp & Up. Changing
er- w.l.o.g by an element of Wp(C), whose projection is vp, we may assume that vp = 0.
However, since h € WSp(C), we read off from the induced action on (3), described above
that vp =projection of h to (I ® Lg)c in the defining sequence for WSp(C). Then, for
the modified h, we have h € (I ® I)& € WSp(C), i.e. h = up. Now up lies also in Up
hence in Up C Wp. ]

5.5. Maps to the compact dual

(5.5.1) Lemma. Assume we have an embedding of Shimura data X — Y and a dia-
gram

P(AX) ——P(X'Y)

L

M(EX) — M(E'Y)

compatible with the obvious maps on double quotients over C.
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Assume that the map to the compact dual (given analytically) extends to a morphism
P(X'Y) — MY(Y) of models. Then the Px c-equivariant map P(XX)c — MY(X)c
(given analytically) extends in a compatible way to a morphism

P(EX) - MV(X).

Proof. There is a closed embedding (3.2.2)
MY(X) — MY(Y).

The composition P(XX) — P(X"Y) — MY(Y) has the property that P(¥X)¢ is mapped
to MY(X)c. Since the above embedding is closed, we get automatically that the com-
position factors through MY (X) and is Px-equivariant. O

5.6. Independence of the Hodge embedding

(5.6.1) Theorem. The constructions of (5.3.1) and (5.4.1) are independent of the
chosen Hodge embedding. More generally, for any morphism X — Hy[(I ® 1), 1 ® Lo
of p-MSD (not necessarily an embedding) the analytic morphism on standard principal
bundles is induced by a morphism of models P(X'X) — P(KH,[(I ® I)*,1 & L)), where
the left model is constructed by means of any (other) Hodge embedding.

Proof. Let v; : X — Hy, [(I;®1;)°, ;Lo ], i = 1,2 be two morphisms of integral Shimura
data, where ¢; an embedding. Denote g = g1 + g2, I =11 © Iz and Lo = Lo1 @ Lo .
There is an embedding

Hgl[(Il @)L ® LOJ] XHy ng[(IQ ® 12)%, 1o ® Log] — Hg[(f ®@I)% I ® Lo,

given, via the modular description, by direct sum of 1-motives, and the ¢; induce an
embedding

X —=Hy (I ® )% 11 ® Loa] xu, Hy,[(I2 ® 12)%, 12 ® Lo 2]

(the maps A o; : X — Hy have to be the same because of weight reasons).

Let L1, Lo, L = L1 ® Ly denote the standard representations.

Choose admissible compact open subgroups. Let M;, resp. M be the l-motives over
M(XX), pullback of the universal ones (base changed to spec(©)) along the various
morphisms.

By construction M = M; @ Ms, hence H(M) = HE (M) & HIR(My).

We have 3 torsors T, T, Ty of isomorphisms Lg — H®(Mg), L;s — H¥E(M; g) defined
over O (chosen reflex ring of X). They are torsors for the groups Px, Px and t2(Px).
(The last one may be a quotient of Px.)

Let S vary over an etale cover of M(¥X) which trivializes all torsors. The isomorphisms
H(Mg) — Lg in the first right torsor have to respect the decomposition, because this
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is true over C. Therefore restriction constitutes a morphism of right torsors. We get an
isomorphism (because this is true over C) of right torsors 7' — T} and a quotient map
T — T5, whence a quotient map 77 — T5. In fact, this has to be an isomorphism by the
same reason, if 15 was an embedding as well. O

5.7. Simple boundary points

If a rational boundary component K,/ B of a Shimura datum K X has the property that
Kl
M( A,["]B[U]), the corresponding boundary stratum (cf. 3.2.2) for a top-dimensional o,
[o]

i.e. M(X/B/Ug) consists (over C) only of a bunch of points, Pg/Up necessarily has to
be a torus T. We will consider in this section the simplest case T = G,,, and will also
consider only special Dg and hg. These boundary components occur as smallest ones in
the case of symplectic Shimura data, as well as for the case of orthogonal Shimura data.

See (10.4) for the main application of this section.

5.7.1) Let Px be a group scheme over spec(Z,)) with an isomorphism
(p)
ap : U x Gy — P,

where G, operates via its natural action on U = W(M) for a Z,)-lattice M.
Let Dx := Dg, x D°, where D° C Hom(S, P¢) is the Mc x R*-conjugacy class of
morphisms containing hg : z — (0, 2Z). Hence for any splitting (even only defined over
R), D will contain the so constructed morphism. There is a non-canonical isomorphism
DO =~ Mc.
In this section, we will describe explicitly the canonical integral models associated with
the data X for a compact open subgroup K = Ky x K(m), where Ky = M, corre-
sponding to some Z-Lattice Mz in Mz, and K(m) = {a € Z* | a=1mod m}. It is
admissible, iff p t m.
This is an explicit description of the unipotent extension Hy[M,0] and we have an
obvious morphism

X — Ho.

According to (4.1.15), M(X(m™H,) = spec(Zp)[Gm]), where (p, is an (abstract) m-th root
of unity.
(5.7.2) Theorem. Consider the morphism

Kx _ Kimpy,,

The corresponding morphism of mized Shimura varieties is (G, ® MZ)M(K(m)HO) over
M(E(mHy), and the isomorphism
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{(C* ® Mg)c,, .} — Px(Q)\Dg, x X° x Px(A™))/K,

s given as follows:

Choose a representative [a, p] € Q*\Dg, x A" /K (m), with p € K(1). o and pK (m)
are therefore determined (simultaneously) up to £1. Let ¢ := exp(a(p/N)) be the corre-
sponding root of unity € C (we consider o as isomorphism Z — Z(1), as usual). We map
z € C* ® My in the fibre over ¢ to [a,a™1(log(2)),0,p] € P(Q)\Du, x Mc X M) X
AL /K

This is a well defined class, and these maps together yield an isomorphism as required.
Proof. Follows directly from the description (4.1.14) of
K
[ S- HO[MZ(p>,0]-Z(p) ® M£<p)-mot ]

(Because of (4.1.15) this stack defines the canonical model, too.) An element is w.l.0.g.

represented by (cf. proof of 4.1.19) a motive of the form [ (M;)s LGm |, where
My = Ky N MQ. O

(5.7.3) According to (3.3.4), the toroidal compactification (which is, in any case, a
‘partial’ one) of the above mixed Shimura variety is given by the torus embedding con-
structed from the torus G,,, ® My, over M(K (m)Ho). It amounts to the same as a rational
polyhedral cone decomposition on Ux(R) = Mg. It is smooth (with respect to K), if
every o C Mp is generated by part of a basis of Mz, where Mz = Ky N Mg.

Therefore for any o, the completion at the corresponding boundary point is given by

spf(Z ) [Gm][o” N L7]).-

Choose an integral section v of MY(X). We have a map [ : Dx — P(C) given via the
splitting determined by v as

DOXDHO%M((;XI(C*
(Bv,a) = fa(l).

(Recall: a(1) = £2mi, periods of the Tate motive).
It sits in a commutative diagram

Px(C)

/ J//BHBU
Boreloh

Dx MY (X)(C)

The reason why considering this is that [ trivializes P(¥X) integrally:
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(5.7.4) Theorem. The standard principal bundle P(5XX) is trivial. An integral trivial-
izing section is given for example (over C) as:
s: Px(Q)\Dx x Px(A™)/K — Pi(Q)\Px(C) x Dx x Px(A®™))/K
[z, p] = [l(z) " 2,p]  for p € KyK(1)!

It is extended to any M(gX) by means of this trivialization. The composition with the
map 11 to the compact dual is projection to v (considered as scheme = spec(Zy)))-

Proof. This follows from the explicit description of

K *
[ S- HO[MZ(p>70]-Z(p) S MZ<p)-m0t ]7

too. An element is w.l.o.g. represented by a motive of the form [ (My)s N Gy |, where
My, = KyNMg. The trivializing section is defined by the splitting H4% =~ Og(42)*@ M}
(isomorphic to (Z,) & M*)s canonically), with respect to which FO(HIR) = OS(%)* =
Lie(Gy,). If S = spec(C) the lattice H? included via pp 4r is given by

{(log(8(m)), m) | m € Mz} + (Z(1),0).

Comparing this with the analytic description of the standard principal bundle, we get
the result. O

Let £ be an equivariant vector bundle on MY (X). It is trivialized Ux = W(M)-
equivariantly by choosing a basis 8 of the lattice &,.

By (9.1.2), we know that HO(M(¥X)c,Z*(£)) is canonically identified with the set of
Px (Q)-invariant sections Dx x Px(A(®)/K — £, where here, £ is pulled back along
Borel o h.

We want to describe analytically the integral trivialization of Z*(&) given by pullback
along

M(EX) < PEx) B MY(X),

observing that the image is just v and the fibre above v was trivialized by B.

(5.7.5) Lemma. The trivialization is given analytically by the sections

si:Dx x Px(A) /K — €
z, [p] — l(z)v; forpe KyK(1),

where B = {v;} and the v; are considered as points in the fibre over v. (Extend it to
other p by Px(Q)-invariance).
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Proof. Consider the diagram (everything split via v):

Mec x Dy, x Px(A))/K

|

Px(Q)\Px(C) x M¢ x Dy, xPx(A™)/K ¢
—_——— — M¢

S

/—»—»—'%
Px(Q)\M¢ x Dy, x Px(A(®))/K <— ~

where the maps are given as follows:

L2, a,p)l— 1, Z,a,p] = [I(Z, a)_l,Z,a,p] ol(Z,a)
s [Z,a,pl = [1(Z,0)7", Z,a,p]
II: (g, Z,a,p| — gZ

(here o denotes the group operation on the standard principal bundle). From this, the
statement follows. O

5.8. Normalization of formal schemes

Let X be a noetherian formal scheme. Locally it is of the form spf(A), where A is a
topological ring, with an ideal of definition I. A is a noetherian ring, hence its normal-
ization N (A) is finitely generated as a A-module. The induced topology (for which it is
hence complete) is the same as its IN(A)-adic topology.

Let S be a multiplicative subset of A. We may form the ring A{S~!}, which is the
completion of A[S™1] by the ideal S~!I. It is flat over A. It satisfies a similar universal
property like localization for usual rings.

For example, the ring Ogpe(4)(Ds) for the fundamental open set D is just A{s'}. Local
rings Ogpe(4),p fOr @ point p corresponding to an open ideal J are not of the form A{S -1
but its completion w.r.t. Ogpe(a) ! is of that form for S = A — J. The corresponding
inclusion is faithfully flat. See e.g. [34, 1, 7.6].

(5.8.1) Theorem. Let A be a completion of an excellent ring.
We have

N(A){s™'} = N(A{s™)),
N(Ap) = N(A)p7
N(C1a,(Ap)) = Cin(a), (N(A)p),
N(Cmya,(4p)) = Cpyn(ay, (N (A)p).

Here N denotes normalization and Cr(A) denotes completion of A with respect to the
I-adic topology.
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Proof. First of all, we have a map
N(A{s™} = N(A{s™})

by the universal property of N(A){s~'}.

Both sides are finitely generated modules over A{s~!} since A and A{s~!} are noethe-
rian. Kernel and cokernel of the map have the property that there are non-zero if and
only if there is a point p € spf(A{s~'}) for which they are non-zero over the respective
local ring. Hence it suffices to show that over any local ring the above morphism is an
isomorphism because these rings are flat over A{s~!}.

Hence we have to show that the map

N(A)y = N(A{s™'}),

is an isomorphism. It suffices to do this after completion w.r.t. m, because this is
faithfully flat over the local ring [34, 1, 7.3.4]. We get the map

O, (N(A)) = C, (N(A{s711).
There is another map
Oy (N(A{s7'})) = N(Ci, (4))

obtained by the universal property of completion. The composition of these maps is,
however, an isomorphism by [35, 2, 7.8.3] because A is the completion of an excellent
ring.

For all other cases one argues in a similar fashion. O

In particular the ringed spaces spf(N(A)) can be glued canonically to a formal scheme,
which we call the normalization N(X) of X. A formal scheme is called normal, if it is
equal to its normalization.

(5.8.2) Theorem. Let X be an integral excellent scheme and Y a closed subscheme.
Form the formal completion X := Cy (X).

1. We have
C1y (N(X)) = N(Cy (X)),

where v is the morphism N(X) — X.

it. Let X be normal (satisfied e.g. if X is normal) and U be an open subset of X.

Ox(U) is an integral domain, if and only if U is connected.

7ii. Let X be normal and p be any point of X.

Oxp and its completions w.r.t. Iy and m, are integral domains.
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Proof. The first statement is proven as in the previous theorem, using the local complete
case.

That the completion of A = Ox(U) at some prime ideal m,, is integral follows from
normality. Since the maps from the any stalk Oy, into it are injective, we get integrality
of the local rings.

It remains to show that A is integral, too. It suffices to show that the map of A to any
localization is injective. Let f be an element. Let supp(f) be set of points on which f
does not vanish in the stalk Oy . It is closed, as for any sheaf. We have to show that
also V := U — supp(f), i.e. the set of points, where f does vanish in Oy is closed as
well. We will show that it is closed under specialization. Let p be a point of V and
p' any specialization. We know that Ox , is a noetherian integral domain and Oy, is
build from it by a process of localization and completion. Hence the map

Oxp— Oxyp

is injective. Hence f does not vanish in Oy, as well. If U, in turn, is not connected,
lifting of the existing nontrivial idempotents in O(U) /Iy (U) yields zero divisors.
O

In other words for integral normal excellent domains, lifting of idempotents is the only
source for zero divisors in any completion.
5.9. Abstract ‘¢g-expansion’

Let R be an excellent normal integral domain and I an ideal, such that spf(C(R)) is
connected (or equivalently, such that R/+/T has no nontrivial idempotents).

Let s be a prime element of R, neither a zero divisor nor a unit of R/I. Let M be a
projective R-module.

(5.9.1) Lemma. The diagram

WS M([s™1]

| [

Cr(M)—— Cr(M){s™'} = Cpjy-1)(M[s7'])

is Cartesian.

Proof. We show it for the case M = R, the general case is completely analogous because
M is assumed to be projective.

The top horizontal map is injective because R is integral. The vertical maps are injective
by Krull’s theorem. Next, the ring Cj(R) is an integral domain by (5.8.2). Hence the
bottom horizontal arrow is injective. Therefore also the map Cr(M)[s~1] — Cr(M){s~'}
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is injective, and we are left to show that for arbitrary n, the left square in the following
diagram with exact lines is Cartesian.

0 LR—"R/s"R—>0
0—R IR—=Rjs"R—=0

where in the bottom line we mean the I-adic completions of the respective f. g. R-
modules. By a diagram chase, the square is Cartesian if and only if the right vertical
map is injective. (The rows are exact because exactness of the completion functor (on
f. g. modules). This is, however, not used in the sequel.) The right vertical map is
injective, if 0 € R/s™R is closed w.r.t. the I-adic topology. Its closure is (by an extension
of Krull’s theorem [10, Chap. III, §3, 2., Prop. 5]) the set of x € R/s™R for which there
exists an m € I, such that (1—m)z = 0 holds true. Therefore the above map is injective,
if no m € I and = € R exist, such that s"|(1 —m)z and s" { x. Since s is prime, this
is the case, if no m € I exists, such that s|1 —m. Since by assumption s is not a unit
modulo I, this is indeed impossible. O

5.10. Formal Zariski closure

Let M, M, C be integral schemes (M and M normal), of finite type over S = spec(R),
where R is an excellent discrete valuation ring and ¢ = spec(Q) is the generic point,
where @ is the quotient field of R. Give two closed embeddings C — M and C — M
such that the images are divisors.

and let M = M xgq, M = ./\/l X5 g, C =C Xg gq. Suppose, we are given closed reduced
subschemes M’ ¢ M and M’ C M. Assume that they are all smooth. Denote their
closures, by M’, M'. Denote C' = C x pg M'.

We assume that the following condition is satisfied:
(5.10.1) 70(C X pm N(M)) =~ mo(C).

This is for example satisfied, if every irreducible component of C’ contained in the special
fibre (which is hence also an irreducible component of the special fibre of M) has at least
one point, lying on the image of a section spec(R') — M’ for some (possibly ramified)
extension R’ of R, such that its generic point is contained in C.

(5.10.2) Lemma. If there is an isomorphism

Ce(M) = Ce(M),
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inducing an isomorphism .
CCI(M,) — CC/(M,)

with the property that C' := C xy M' = C xg; M’ is reduced then this induces an
isomorphism

Cer(M') = Cer (M)
and similarly for the normalizations.

It follows also that .
Cxpm N(M') = C x5 N(M).

Proof. The question is local on M, resp. M , hence we may assume that everything is
affine and denote coordinate rings of the M’s with A’s and of the C’s by B’s. We denote
the ideals of the C’s by I's. We choose the covering such that on an open set in the
cover the generic fibre, C' and C” are connected. Because of assumption (5.10.1) we may
assume also, that C x yq N (M) is connected.

The above situation induces a cube:

/ z7(A) C5(A)
C1(A) T ~A)
Cr(A): i O ( A’

\
v\

Cr(A') (A

If we can justify the injectivity and surjectivity properties of the maps in the cube, the
required map can be constructed by a ‘diagram chase’ in the cube. From the construction
follows that it is an isomorphism.

The maps going from back to front are injective, if the corresponding ring in the back
has no zero-divisors. For the rings on the top, this follows from (5.8.2) because C, hence
C, is connected here. For the normalization of the rings at the bottom, this follows
from (5.8.2) because according to assumption (5.10.1) also C xrq N (M) is connected.
Since the map from a ring into its normalization is injective by construction, the rings
in bottom back are integral domains as well.

The vertical maps are surjective because they are if there is an n such that, for example,
Va € I’ there exists an y € I such that y = 2™ mod J, where J is the ideal of M’ i.e. if
I' ¢ v/I+ J. But we have even I’ = I + J by definition.
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Once established, the formal isomorphism yields in particular
Cxm N(M') = C x - N(M)

because M is normal and C’ is reduced. O

5.11. Extension of morphisms

(5.11.1) Lemma. Let M be an integral scheme of finite type smooth over spec(R),
where R is an excellent d.v.r. with maximal ideal m and quotient field Q). Assume
that the special fibre of M is irreducible (by Zariski’s connectedness theorem this follows
automatically, if M is projective over R).

Let C be an integral closed subscheme of M such that Cy (special fibre) is integral as well.
Let there be a Q-morphism o : Mg — N into any scheme of finite type over spec(R).
Assume that o extends to M —C and to Co(M). Then a extends to M.

Proof. This follows immediately from (5.9.1) for s being a uniformizer of R. s is prime
because of the assumption that the special fibre be irreducible. (If it is empty the
statement is either). O

(5.11.2) Lemma. Let M be an integral normal scheme of finite type over spec(R),
where R is a d.v.r. with quotient field Q. Let M := Mg and o : M — N be a morphism
to any affine scheme of finite type over spec(R), If every point in the special fibre of M
lies on a section spec(R') — M for a finite extension R of R, such that the induced mayp
spec(Q') — N extends to spec(R'), then a extends to M.

Proof. Since N is affine and of finite type, this boils down to extending regular functions.
Whether the latter extend can be checked in the way described because M is normal. [J
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6. Quadratic forms and representation
densities

6.1. Quadratic forms and symmetric bilinear forms

Mainly to fix notation, we begin by recalling the definition of quadratic form and sym-
metric bilinear form and their relation.
Let S be a base scheme.

(6.1.1) Definition. Let Lg be a locally free sheaf on S.
A quadratic form on Lg is a function

Qr: Ls — Os,
satisfying
i. Qr(aw) = o?v locally for all sections v € Lg and o € Og,
ii. the form (v,w)q = Qr(v+w) — Qr(v) — Qr(w) is bilinear.
If 2 is invertible in S, it is possible to reconstruct Qr, from (-,-)q by
v %(v,wQ.

We will sometimes denote the associated morphism Ls — L§ by vg, or L.
If R is a ring and ¢; € R, we denote by < q1,...,qn > the space R™ with quadratic form

n
2
T Z q;T;
i=1

(6.1.2) Lemma.

Sym?(L*) = {quadratic forms on L} = ((L® L)**
Sym?(L)* = {symm. bilinear forms on L} = (L* ® L*)*
Sym?(L) = {quadratic forms on L*} = ((L*®L*)%)*

Sym?(L*)* = {symm. bilinear forms on L*} = (L ® L),

here (- --)*® denotes symmetric elements, i. e. invariants under the automorphism switch-
ing factors.
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Proof. A tensor f ® g € Sym?(L%) is identified with the quadratic form v — f(v)g(v).
Similarly a tensor f ® g € L* ® L* is identified with the bilinear form v, w — f(v)g(w),
and the properties of symmetry correspond. Furthermore there is a non-degenerate
bilinear map

Sym*(Ly) x (Lr @ Lr)* = R,

induced by the contraction (f®g), (x®y) — f(z)g(y). Similarly for the other cases. [

There is a natural symmetrization map

Sym?*(L*) — Sym*(L)* (1)
f1® far {v1 @va = fi(v1) fa(v2) + fi(v2) fa(vi)}

(and similarly Sym?(L) — Sym?(L*)*). which is an isomorphism, if 2 is invertible
in S. If Lg is free with basis {e;}, a basis ¢;; = e} ® €] of Sym?(L%) is mapped to
{2€7;}i U {ej;ticj. The association Qr — (-,+)q in (6.1.1, ii.) just corresponds to the
symmetrization map (1).

(6.1.3) Definition. We denote the determinant of the matriz ((e;,e;)Q)ij by
d(ey,...,en)

and call it the discriminant of L with respect to {e;}.

For R =7 or Zy, we also write d(Lz) or d(Lz,) for the discriminants using any basis.
In the second case, it is determined only up to (Z;‘,)2. In particular their valuations |- |oo
and | - |p, respectively, are well defined.

(6.1.4) Remark. In contrast to the considerations above, we have a canonical isomor-
phism

~

AL* =5 (ALY .

6.2. Canonical measures

(6.2.1) In the following, we will work predominantly with the following natural (up to
a choice of i € C) characterson R = ---:

R: Xoo(T) := €277,

Qp: xp(x) := e~ 2zl where [z] = S icowip~ " is the principal part.
It has level (or conductor) 1.

AS: X = HVQS Xv-

The corresponding self-dual additive Haar measures are the Lebesque measure on R, the
standard measures on Qp, giving Z, the volume 1, and their product, respectively.
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(6.2.2) Let R be one of the rings of (6.2.1). Let X be an algebraic variety over R and
an algebraic volume form on X. As is explained in [95] (cf. also [84, §3.5]), this defines
a well-defined measure p on X (R), which depends on the choice of x (resp. the additive
Haar measure). For the special case of a lattice L of dimension 7, and i € A"L*, there
is p* € A"L satisfying p*n = 1. In this case, the measures p and p* are dual to each
other with respect to the bicharacter v,v* — x(v*v), i.e. for

Fo(w') = [ Slup@ elu(w) ¥ eS(L)
Fo(w) = [ W' wrop' @) e s(r)

(where S(- - - ) denotes space of Schwartz-Bruhat functions), we have Fr, (w*) = U(—w*).

(6.2.3) Definition. Let L be an R-lattice with non-degenerate quadratic form Q. Then
there is a canonical (translation invariant) measure py, with py = pr under the iden-
tification vg : L — L*. Let e1,...,en be a basis of L, ef,... ek the dual basis and
f=efN---Ne,. Let A be the matriz of (,)q in this basis. The measure py, is then
given by
pr =AMy,

where |A] is the modulus of the determinant. We call it the canonical measure on L
with respect to Q.
Let M be another R-lattice, equipped with a non-degenerate quadratic form Qay.
Choose a basis f1, ..., fn of M, too, and denote ji := \; jef@fF € \"™" L*@M*. We call
prar = |A™?|B[™?y the canonical measure on L ® M, where A are B the matrices
of the associated bilinear forms, m = dim(L) and n = dim(M ).
{e; ® ej}i<j is a basis of Sym*(L). We denote the corresponding dual basis by {(e; ®

. m(m+1) m
ej) bi<j. Leti=N\;;(ei®ej)" € A o Sym?(L)*. In this case we call puy, = |A] ;rl,u
the canonical measure on Sym?(L).
Let i = N\;(ei ®ei)" A Nicj(ei ®@ej +ej ®e;)*. In this case, we call pr, = \A|WTHM the
canonical measure on (L ® L)*.

Similarly, we get a canonical measure j;, = \A\mT_lu on A’L.

According to these definitions, the measures pz on Sym?(L) and ur on (L* ® L*)® =
Sym?(L)* are dual. However, the symmetrization map (1) Sym?(L*) -+ Sym?(L)*
sends the canonical measure py, of the left hand side to the |2|7™-multiple of uz on the
right hand side.

Let Lg, Mg be vector spaces of dimensions m resp. n with quadratic forms @ and @y,
respectively. Assume (7 non-degenerate.
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(6.2.4) Definition. For each Q-algebra R define the set
I(M,L)r ={a: Mr — Lg | «is an isometry}.

(If lattices Ly and My are chosen, this makes sense for each Z-algebra.)
I(M, L) is an affine algebraic variety over Q.
If Qs is degenerate, define in addition

IN(M,L)p ={a: Mr — Lg | «a is an injective isometry }.

(6.2.5) Assume m > n > 0. We identify M* ® L with Hom(M, L) in what follows.
There is a fibration

(MO, L) M* @ [ — 2 gum2(M), 2)

where I(M®, L) is the pre-image of Q = Qs and o' @, denotes pullback of Qr, to M via

a. As soon as we choose (translation invariant) measures 1 2 on M*® L and Sym?(M*)

respectively, this defines a measure % on the fibers, restricted to the submersive set

(M} ® Lg)"™ of the map o — o'Qr. This set coincides with the locus of maps with
maximal rank n. This means in particular that the following integral formula holds true
for these measures:

M1 _
/Symzw;;) 1@ [y 1y P = PRCICEC (3)

where ¢ is continuous with compact support on (M} ® Lg)"Y.

(6.2.6) Lemma. For m > 2n+ 1 and R local, ¢ € S(M}, ® L) (space of Schwartz-
Bruhat functions) is integrable with respect to the measure %, too.

Proof. [94, §34] O

In the case m > 2n + 1, the integrals fI(MQ L gp(a)%(a} may be computed by Fourier
analysis (cf. 7.2.3).

If Qs is non-degenerate, the canonical measures on M%® Lg and Sym?(M3), introduced
in the last section, in particular define a canonical measure on the fibre I(M, L) (which
is the fibre above @ = Qs) by means of this fibration.

For R=Q, and n =m =1, [(M, L) consists of 2 points, each of which has volume 1.

(6.2.7) Let R be a Q, or R. Let L, M and N be R-vector spaces with non-degenerate
quadratic forms Qr, Qnr, QN respectively.
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Consider the composition map:
I(N,M) x I(M,L) — I(N, L).
Fixing an « in I(N, M), we may identify the fibre of the resulting map

I(M,L) — I(N, L) (4)
0 doa

over 3 € I(N, L) with I(im(a)*, im(B)*).

(6.2.8) Theorem. The resulting fibration is compatible with the canonical measures. If
dim(M) = dim(N) this means that the map (4) preserves volume.

Proof. Let Qs be the chosen form on M. By assumption, o'Qyy is the chosen form Q.
We decompose M in M; = a(N) and My = Mi- (orthogonal with respect to Qxs).
Decompose Sym?(M*) with respect to Qs

Sym?(M*) = Sym*(My) & (M} ® M) & Sym*(M3),

where Sym?(M;) = Sym?(N*) via a.
We get a commutative diagram of fibrations:

5H<&QL>
<57 5>L
I(a(N)*7, B(N)H)C - =M;® L Sym?(M3) & (M7 @ M3)

\[\ Y(incl.—i—,@oprl incl.+6'Qr,
8—6'Qr, 2
(MY, L)Y— M*® L Sym*(M™)

(N7, [)——=N" & L Sym2(N*)

(5’—)5!QL

where 3 varies in N* ® L such that 3'Qy, varies in a neighborhood of Qx and + varies
in Sym?(M*) such that 3'Qr = a'y. I(M?, L) is the fibre of the map § — 6'Qy in the
middle row over v and I(NO‘!'Y, L) is the fibre of the map § — §'Qr, in the bottom row
above a'y. I(a(N)L7, B(N)1) in the top-left corner is the fibre of the composition with
a above f.

In the diagram, the vertical middle and rightmost fibrations come from (splitting) exact
sequences of vector spaces.

The dotted map is defined by commutativity of the diagram. First observe that the
(underlying) vertical exact sequences of vector spaces are exact with respect to canon-
ical measures on the various spaces associated with Qur, Q1 and o'Qar = Qn and the
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restrictions of Qps to My, Mo respectively. The induced measure on I(a (M), B(N)*)
hence is described by the topmost horizontal fibration as well.

Decompose M3 ® L = Mj ® (B(N)@® B(N)1). The map § — (83,6)¢, is an isomorphism
(M5 @ B(N)) = (M @ M3) and 0 on the other factor. This isomorphism preserves the
canonical volume, if 'Qr = Qn.

Letting ~ vary only in Sme(Mék) fixing the other projections to 0 in M| ® M3 and to
Qn in Sym(M7) (i.e. having also f'Qr = Qx), we get an equivalent topmost horizontal
fibration:

5>—>6!QL

I(a(N)27, B(N) ) > My ® B(N)+ Sym®(M3)

and the dotted map is equal to the canonical inclusion into a(N)** ® B(N)*, noting
a(N)** = Mj. The induced measure on I(a(N)Y7, B(N)1), however, is by definition
the canonical measure. O

(6.2.9) Lemma. For positive definite spaces Mg, Ly, we get

m k2
volI(M, L)r) =[] QW.
—n+1

k=m

Proof. By (6.2.8), we are reduced to the case n = 1. We choose bases on M and L and
get the following canonical measures:

L=R" QL 'z Ax |A|%dx

M =R Qu:3zBx  |Blzdw
M* =R™ Qu-: 3'2B™ 1z \B|7% dz
Sym?(M*) =R |B|_nTH dz

Therefore, using the integral formula (3):

B~ vol = d/ B~ % |Al}da
dr %‘xAxSr r:%B
_ i|B|—%7(2TZT)?
d?“ F(7+1) r=lp
2
T2
vol =2 .
I'(%3)

g

We especially get a canonical and also invariant measure on every SO(Lg), coming (up
to a real factor) from an algebraic volume form. On the other hand, algebraic invariant
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m(m—1)

volume forms on SO(L) are canonically identified with A™ 2 Lie(SO(L))*. Hence
every invariant measure on SO(Lg) is given by a translational invariant measure on
Lie(SO(L))*. We have the following

m(m—1)

(6.2.10) Lemma. The associated element in A~ 2 Lie(SO(LRg)) is the canonical vol-
ume form (6.2.3) on A2Ly under the natural identification Lie(SO(LR))) = A2Ly given
by contraction with the bilinear form associated with Q.

(6.2.11) Lemma. Let Mg, Lg be vector spaces of dimensions n, m respectively, where
n < m — 1, with quadratic forms Qu and Qr. If m > n + 3, the product of the
canonical measures on I(Mg, , Lg,) converges absolutely (in the sense of [95]) and yields
the canonical measure on I(Mp, Ly).

In the case n = m, the product of the canonical measures on SO(Lq,) converges ab-
solutely and yields the the canonical measure on SO(Ly) provided m > 3. It is the
Tamagawa measure.

Proof. Follows directly from the explicit volume formulese (8.2.1) and standard facts
about absolute convergence of the occurring infinite products. One just obtains the
Tamagawa number in the second case because of the ‘product formula’ |z|y = 1 for z €
Q* for the adelic modulus, because the discriminant factors cancel in the product. [

6.3. Relation with classical representation densities

(6.3.1) Consider again the case R = Q, and let ¢ € S(Mg ® Lg,) be a Schwartz
function, i.e. locally constant with compact support. Choose lattices Lz, and Mz, and
bases {f;} of Mz, and {e;} of Lz,, respectively.

Assume the conditions of (6.2.6). The integral of ¢ over I(M, L)g, may be computed
explicitly as follows:

I Jor@r-Que! Sym?(M; ) da p(a)
1m
o0 vol(g! Sym* (M, ))
) vol(p! Ly ® M) )
= B o Sy (0, ) 2 p(Q_ff®d)
Zp {6:}Co "Ly, /o' Lz, i
QL(‘Si)EQM(fi)7<5i75j>LE(fi,fj>M mod pl

= D(MZWLZP)llgglop’(”("“m‘m”) Z -ow=: D(Mgz,, Lz,)By(Lz,, Mz,, )

for sufficiently large r (¢ has compact support). Here, the limit eventually becomes sta-
tionary. We denote 3,(Lz,, Mz,, ) also simply by 8,(Lz,, Mz,) if ¢ is the characteristic
function of Mip ® Lz,
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Here we denoted

D(Mz,, Lz,) = |d(ex, ., em) [y ?|d(fr, ., fu) |57 HD/2,

A characteristic special case is given as follows: Choose a class k € (L%p /Lz,) ® Mip
Consider the characteristic function ¢ of k. Let {f;} be a basis of Mz, We get:

_ 1 —nl(m—n+1)/2
Bp(Lz,, Mz, ¢) = Jim p="im=mtl)/

z;=kf; mod LZP ,

) * l
# {xl < LZP/K) LZ?’ | Qr(z:)=Qn (fi),{xi,x5) L=(fi,f5)m mod pl}

We will write as well 3,(Lz,, Mz,, x) for this.

The quantities 8, occurring in this section are historically called representation den-
sities, cf. [50].

(6.3.2) We now use the compatibility of canonical measures with the composition fi-
bration (6.2.8) to derive relations among representation densities. As a warming up, we
will derive an inductive formula of Kitaoka’s from it.

Consider the situation of (6.2.7) for R = Qp. Consider Ng, via o € Nj ® Mg, as
subspace of Mg,. Choose lattices Nz, C Mz, such that Mz, = Nz, & NZ; Choose a

third lattice Lz, as well. Assume that Qy € Sym2(N£p), ... for these lattices. Integrate
the characteristic function of

(M3, ® Lz,) N1(M, L)(Q)

with respect to the canonical volume on I(M, L)(Q)).

The intersections with the fibers of the map I(M, L)(Q,) — I(N, L)(Q,) can be identified
with those isometries in (N, 3(N)1)(Q,) which map NZ) to B(Nz,)*.

The volume of these sets is constant, for conjugated 3(Ng,) N Lz,, hence let K; be repre-
sentatives of these conjugacy classes and collect the fibres over those § with 3(Nz,) = K;.
Denote the corresponding density by 8,(Lz,, Nz,; K;).

This yields the formula

n—m+41 n
dp(Mz,) 2 dp(Lz,)? Bp(Lz,, Mz,)

k—m-+1

k
=>"dy(Nz,) 2 dp(Lz,)?By(Lz,, Nz, K;)

n—m-+1

n—k
~dp(Nz,) 2 dp(Ki)™2 By(KiH, Nz,)

and after a reordering of discriminant factors:
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(6.3.3) Corollary.

5P(LZP7 MZP) = Z

( dp (K"

nTik K. 1L 1L
dp<sz>dp<LZp>> BLay, Noys KSR, Nz, ).

This is the aforementioned formula due to Kitaoka [50, Theorem 5.6.2]'. However, we
will need a variant of this formula, which is in a sense the orbit equation of the operation
of the orthogonal group SO(M) on the vector space M.

(There is also a version including a € (L, /Lz,) ® My , if above we instead integrate
over the characteristic function of x.)

6.4. The non-Archimedian orbit equation

(6.4.1) Let Lq,, Mg, be vector spaces over @, with non-degenerate quadratic forms

Q1, Qs respectively.
Consider again an a € I(Mg,, Lg,) and the resulting map:

I(Lq,, Lg,) — I(Mg,, Lg,)
d—doq

The fibre of this map over 8 € I(Mg,, Lg,) can again be identified with

I(a(L)g,. B(L)g,)-

In particular the fibre over « is an orthogonal group again. We denote by SO(Lg,),
respectively SO(a(LQp)L) the corresponding special orthogonal groups.

Choose lattices Lz, , Mz, such that @, € Sym®(Lz,). Let  be a class in (Ly,/Lz,) ®
M.

Consider the discriminant kernel SO'(Lz,) € SO(Lq,) of Lgz,, i.e. the kernel of the
induced homomorphism SO(Lz,) — Aut(L7 /Lz,). It is a compact open subgroup.
Choose representatives a; of the orbits of SO'(Lz,) in I(Mg,,Lg,) N . The fibres
over SO'(Lz,)a; all can be identified with SO'(a; (Mg, ) N Lz,). This follows from the
following lemma:

(6.4.2) Lemma. Let X C Lj be a subset and Stab(X) C SO'(Lgz,) the point-wise
stabilizer. Assume that Xq, is non-degenerate. Then we have

Stab(X) = SO'(X7, ),

where X%-p ={velg, | (vyw)=0Vwe X}.

!Observe: #(Nz,/Nz,) = dp(Nz,) ™"
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Proof. Let 5 € SO'(LZP), i.e fv—wvelg, foralve L%p. If we have fw = w for
all w € X, one can consider /3 via restriction as an element of SO(XZt). If moreover
wt € (XZLP)*, we find a v € L7 satisfying v = w+wt with some w €< X >q, (XZLP isa
primitive sublattice). This yields fw'—w" = fv—v € Ly,. Hence Stab(X) C SO’(XZLP).

On the other hand, let 3 € SO’ (XZLP). It can be extended uniquely to an element
B € SO(Lq,), fixing < X >q, point-wise. We claim that this extension lies in fact in
SO(Lyz,). For, let v € Lz, be given and write v = w + w. Then we have w' € (XZLP)*.

hence fv — v = fwt —wt € Lyz,.
Now suppose v € L7 . Then we have still wt € (XZ))* because (v, w') = (wh wl') e
Z,, for all = Xi-p. Hence v — v € Lz, as well, which means § € SO'(Lz,) O

(6.4.3) It follows that

vol(SO' (i (M)z, )|d(Lz, )" ?|d(Mz, )| "D/, (L, My, v i) = vol(SO'(Lz,)),

where in §,(Lz,, Mz,, ; ;) only representations are counted, which lie in the orbit of
Q.
Summed up over all orbits, we get

vol(SO'(Lz,)) " d(Lz, )" d(Mg, )| " D/2B, (Ly,, My, k) = > vol(SO'(ei(M)z,) ™"
(5)
(6.4.4) Let Hz, = ZI% be a hyperbolic plane, ¢ € S(Lg, ® M@p) and form
(p(s) =R XH; @Mj € S((Lg, @ H&p) ® M@p).
We are interested in the function
S = /Bp(L s> HS; MZP7 QO(S))7
for s € Z>¢ (see 7.5.1). The so constructed ‘continuation’ of 8,(Lz,, Mz, , k) we will also

denote by ﬁp(sz, Mgz, , K; s). This construction is motivated by the natural continuation
of Fourier coefficients of Eisenstein series, see (7.7.5).

We begin with an investigation of 3,(Lz,, Mz,, x; s) in the case n = 1:

(6.4.5) Lemma. We have the following relation to representation numbers:

w—1
BolLz,. < 0 >3 8) = # Qg (W)p" 0™ 4+ (1= p~) 3 #Qu (NP (6)
7=0
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Here Qy 4(j) = {v € Lypiz | Quv+ k) =q (p/)} and w is a sufficiently big integer.
(Ezplicitely: w > 1+ 2v,(2qord(k)) — the formula then does not depend on w.)

This can be written as follows (Rs > 1):

3 #Qe () Bp(Lz,, <q>,5;s) -
] pl(m—l+s) - 1 . p_s .

(6.4.6) Remark. We will not use the formula (6) in an essential way, except for the
computation of the zeta function of a 2-dimensional lattice. It is, however, interesting to
see that continuation in s by means of adding hyperbolic planes (forced by the connec-
tion to Whittaker integrals) recovers the exact number of representations modulo prime
powers (in the case n = 1). In addition the formula allows comparison with results of
[13].

Proof. Formula (6) is obviously true for s = 0. Under the substitution L ~ L & H the
left hand side becomes 5p(LZp, < q >,kK;s+1) and the right hand side becomes the same
expression for s + 1, if we use the relation:

#Q0, (L& H, 1) = Zp" I (p" — p" e (L, V) + # Qe g (L, )P (8)

Proof of the relation: An explicit calculation shows:

(vp(n) + )" — ') 1p(n) <1, 9)

LD = {l(pl -+ vp(n) 2 L.

Hence:

#QW(L + H,l)
> # gL, D#Q(H, 1)

neZ/p'Z
l
=3 #U(H 1) > #Qgn(L,])
v=0 n€Z/p'Z
vp(n)=v

= Z #Qp” (Ha l) Z #Qﬁ,qfn(Lv l) - z #qu,n(L, l)
v=0 n€Z/p'Z n€Z/p'Z
vp(n)>v vp(n)>v+1

l
= 3 # 0 (H, ) (p 40 g (L, v) = p "0, (L + 1))

v=0
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From this the relation (8) follows. (7) is obtained by letting w — oo since (6) does not
g

depend on w.

(6.4.7) Now assume p # 2 and that p~1Qy is not integral.

Diagonalize Qr, i.e. Lz, =7y,
Qu(z) =) ez},
i

where ¢; € Z;‘, and l; € Z>0,l1 < --- <. According to the assumption, we have [y = 0.
This is possible by (6.4.15). Denote:

L(k,1):={1<i<m | l; —k <0is odd}
I(k,1):=#L(k,1)

1
d(k) ==k + 3 > (I — k)
i<k
|LED |

w16

(6.4.8) Theorem. With this notation, we have

Bp(Lz,, < ap® >, Lz,;s) =1+ R(ap®;p~°),

where o € Zy,, a € Z>o and

Rap™; X)=(1—p ) > v(k)p'™x*

0<k<a
l(k,1) is even

1 , .
+ v(a + 1)pd(a+1)Xa+1 . {EO];) ) Z;;Ea 1 1, 1; 7:8 6’;}2’[7,,
») VP yila s 1S odd.
We have:
BP(LZW <0 >7sz; S) =1+ R(O;p_s)a
where

k>0
I(k,1) is even

Proof. [96, Theorem 3.1]
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(6.4.9) Because it is a polynomial in p~%, we see in particular that there is a natural

‘continuation’ of 3,(Lz,,< q >, k; s) to arbitrary s € C if n = 1.

We will now construct a ‘continuation’ of the volume of the orthogonal group, or, more
precisely, of its discriminant kernel such that the above orbit equation remains true as
an identity of functions in s.

Let Lz,, Mz, be lattices with non-degenerate quadratic forms Qr € Symz(L%). Let k
be an element in (L7, /Lz,) ® M7 .

As a first step, we have

n—m-+1

vol(SO'(Lz, ® H3, ) '|d(Lz,)|? |d(M)|"** "2 B,(Lz,, Mz,, ; 5)
= " vol(SO’ (v (Mz,)*)~!

where the a; are representatives of the SO'(Lz, )-orbits in I(M, L)(Q,) N k. The stability
of these orbits for arbitrary s in this formula will be shown (at least for p # 2) in
lemma (6.4.20) below. This occurs at least if L splits n hyperbolic planes, in particular
for s > n for any lattice. We call these orbits stable.

(6.4.10) Definition. We introduce the following notation:

vol(SO'(Lz, ® Hj ))
i(l=p7)
pp(Lz,, Mz, k; s) == vol(L(M, L & H, )(Qy) Nk & Hj @ My, )

n _ 14+n—m
= |d(Lz,)|2|d(Mz,)| "= By(Lz,, Mz, ; 5),

/\p(LZp; s) =

cf. (6.3). Here all volumes are understood to be calculated w.r.t. the canonical measures
(6.2.3).

We have the following fundamental orbit equation:

(6.4.11) Theorem. Let p # 2. For s sufficiently big (explicitly, if n = 1: s > 1, in
general, or s > 0, if L splits an hyperbolic plane), we have

Mo(Lz,; 8) ™" pp( Lz, Mz, k58) =Y Ap(ei(Mg,) =5 5) 7,
where the sum s taken over stable orbits.

(6.4.12) Remark. In (8.2.1) we will establish that A\,(Lz,; s) is a polynomial in p~* for
s > 1 (in general) hence the orbits equation makes sense as an identity of polynomials
and so for all s € C.

Observe: [[i_;(1 —p~2) = (1 + p~*) vol(SO(H?)) for s € N (cf. 8.2.1).
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We emphasize that this naive equation can be related (in this form) to Arakelov ge-
ometry only if there is only one orbit. For computational reasons, and to understand
the properties of the representation densities/volumes, it is interesting in its own right,
however. See (11.2.12) for a discussion of its failure.

In (8.2.1) the occurring functions will be calculated explicitly in a lot of cases. We now
will turn anyway to the problem of stability of orbits, for which we need some lemmas
(some are stated for Z,) instead of Z,, for later need):

(6.4.13) Lemma. Let Mz, an unimodular sublattice of Lz,. Then we have

Ly, = Mz, L My .
Proof. Follows from [50, Prop. 5.2.2]. O

(6.4.14) Lemma. If Lz, is unimodular, we have
Lz, ~Hy 1Ly,

with LOZP anisotropic. Here Hy, is an hyperbolic plane.
Proof. [50, Theorem 5.2.2] O

6.4.15) Lemma. If p # 2, there is a basis e1,...,en of Lz, ., with respect to which
(p)
the Q, is given by
Qp:x— Zeip”ixg,
i

where €; € ZLp)*,vi € Lo and vy < -+ < vy,

Proof. This works for any discrete valuation ring in which |2| = 1. It exists a vector v of
maximal length in Lz, since [QL(-)| is certainly bounded and the valuation is discrete.
We claim that [(v, w)| < [{v,v)| for every w € Lz . For, if this is not the case, we would
have

v+ w,w -+ w)] < max(({o, )], 120, )], |{w, w)])

and equality, if one of the terms is strictly bigger than the other two. We have |(w, w)| <
|{(v,v)|. Hence, if |(v,w)| would be strictly bigger than |(v,v)|, |(v+ w,w + w)| would be
strictly bigger than |(v,v)|, too, a contradiction. Therefore the projectors

v, W v, w

wu) )

(v,v) (v,v) v

are defined and yield Lz, =< Qr(v) >L L’Z(p>. The statement follows by induction. [

w —
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(6.4.16) Lemma. Let p # 2. Assume L}, /Ly, is cyclic. Then

1 ifv=0o0rm=1,

SO(Lz,)/SO'(Lz,) = {Z/QZ otherwise,

where p* = |D(Lg,)|™" is the order of Ly /Lz,.

Proof. In the representation given by (6.4.15) vy, is equal to v and all other v; vanish.
Hence v := p~"e,, is a generator of L%p/sz and Q(v) = enp~ Y. Let v/ be its image

under an arbitrary isometry. v’ has a representation

v = Z ae;i +p Yamen o € Ly
<m
and
QW) =" cial +emp ol =emp "

<m
From this it follows
o2, =1 mod p”,
hence (p # 2)
a==+1 mod p”.

The occurring sign defines a character of the orthogonal group. An element is in its
kernel, precisely if it is in the discriminant kernel. Moreover, if m > 1 there are elements
in SO, which yield sign —1, for example composition of reflection along e, and any
ei,t < m. ]

(6.4.17) Lemma. Assume p # 2 and let
Ly, =My, L M}, =Ny, LN}, ,
with 3 : Mz, = Nz,. Then we have
My = Ny .
In particular, there exists an isometry o € SO(Lgz,) with a(Mz,) = Ngz,. If My, is

unimodular, we may choose o € SO’(LZP). If Mép has a vector of unit length, we may
assume in addition, that a|sz =f.

Proof. The first part of the assertion is shown in [50, Corollary 5.3.1]. It remains to see
that we may choose the isometry in the discriminant kernel, if Mz, is unimodular: For
this we proceed by induction on the dimension on Mz,. If Mz, is one dimensional, let v
be a generating vector of unit length and v’ its image under 3. One of the vectors v + v’



132 Part II. Quadratic L-functions, representation densities

or v — v has unit length, call it w. The reflection along w lies obviously in O’ (Lz,) and
interchanges < v > and < v’ >. By composition with the reflection along v’, we may
assume, that it lies in SO'(Lz, ).
Assume now dim(Mz,) > 1. Let v be a vector of unit length in Mz, and v’ its image.
We have

Lz, =<v>1 vt =</ >1 U/J_,

(Lemma 6.4.13) and
ULLZP — 'UJ_MZP _L Mip UILLZP — 'U/LNZp _L Nip,

and we have an isometry (case above) in the discriminant kernel, which maps < v >
to < v/ >, and hence vt to v'T. vz and v'% are now isomorphic (again by the
case above) hence (induction hypothesis), there is an isometry in SO'(v’ L) mapping the
image of v Mo to o'V Tt lifts to SO’(LZP). Composition with the first isometry
gives the induction step. The proof shows, that we may arrange «f My, = ( if there is a

reflection in SO’(Mip ). O

(6.4.18) Lemma. Let Lz, (dim(L) > 3) be a unimodular lattice, p # 2, and q €
Z,\ {0}.

Then SO(Lz,) acts transitively on {a € I(< ¢ >,Lz,) | im(«a) is saturated}. In partic-
ular, it acts transitively on 1(< q >, Lz,,) with |q|, = %.

Proof. Take any v with Q1 (v) = ¢. Diagonalize the form Lemma (6.4.15) and take the
reflection v’ of v at any basis vector e; with the property that v; € Zy, (this must exist,
since otherwise the vector would not be primitive). We have p { (v,v’). Therefore the
form on Z,v@Z,v" is unimodular, hence Zy,v@®Z,v' is primitive and a direct summand by
Lemma (6.4.13). It is necessarily a hyperbolic plane, since modulo p it represents zero.
We have shown that any primitive vector in I(< g >, L) lies in a hyperbolic plane. Now
use Lemma (6.4.17) and the fact, that O(Hz,) (not SO!) acts transitively on primitive
vectors of length g on Hz,. O

We see that for p # 2, j > 0, and an unimodular lattice Lz, , there are precisely L%J +1

orbits of vectors of length p’, indexed according to their ‘saturatedness’.

(6.4.19) Lemma. Consider Lz, ® H? = Lz, ® Zg (i.e. a space with quadratic form
Q(zr, 20, ..,23) = Qrlzr) + zoz1 + z2x3). Let w = (wi,wo, ..., ws) € Lz, ® H? be a
vector with Q(w) # 0. It follows

<w>T=H 1L A.

Proof. We may assume w.l.o.g. that v,(wp) is minimal among the v,(w;). < w >+ is
described by the equation (wr,, x1 ) +woz1 +wizo+wors+wsxre = 0. The map (z2, z3) —
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(0r,0, —%;”3’”2,9:2,3:3) therefore is an isometric embedding of an hyperbolic plane

into < w >*. The assertion now follows from (6.4.13). O

We are now able to prove stability of orbits:
Let v € (Ly /Lz,) ® My and {o;} be a set of representatives of the orbits under
SO'(Lyz,) acting on I(M, L)(Q,) N k.

(6.4.20) Lemma. Assume Mz, has dimension n, p # 2 and Lz, splits n hyperbolic
planes.

Then {o;} is a set of representatives of the SO'(Lgz, ©Hy, )-orbits in I(M, L L H*)(Qp)N
k@ (Hj @ Mg ) for alls.

Proof. We begin by showing that, if a; = goy; for some g € SO'(Lz, @ Hzp), then we
have a; = g’ for some ¢’ € SO'(Lz,) as well. We have

ai(Mz,)" = Hj L a;j(Mg,)".
Since the form is integral in Lz, we have according to Lemma (6.4.14):
ai(Mz,)" = g(Hz,) L Az,

(because Hj L a;j(Mz,).) Hence (Lemma 6.4.14 - here p # 2 is used), there is an
isometry o;(Mz,)*, which maps g(Hj ) to Hj and lies in SO'(a;j(Mgz,)*). Hence its
lifts to an isometry in SO'(Lz, & Hj ), which fixes Mz, point-wise (Lemma 6.4.2).
Composition with ¢ yields the required ¢'.

Secondly, let an isometry o : Mz, — Lz, L Hzp be given. We have to show that it is
mapped by an element in SO'(Lz, ® H%p) to any of the «;. It clearly suffices (induction
on s) to consider the case s = 1.

We proceed by induction on n and first prove the case n = 1: By Lemma (6.4.19)
ai(MZp)J- (L with respect to Lz,®Hz, ) splits an hyperbolic plane because by assumption
Lz, splits already one. Then apply Lemma (6.4.14). We get

a(Mz,)" = Ag, LAy,

with Azp = HZp-
In addition, we have (again Lemma 6.4.14)

Lz, ® Hz,= Az, L Aip,

~Y

hence (Lemma 6.4.17) Aip = Lz, and the image of « of course lies in A@ because
Ag, L a(Mg,). Now there is an isometry g, which maps Aip to Lz, and Az, to Hz,
(even in SO'(Lyz, ® Hz,) - Lemma (6.4.17)). The image of g o« then lies in Lg, and the
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element of SO’(Lz, ), which maps goa to any «, lifts to an isometry g’ € SO'(Lz, ®Hz,).
Hence « is conjugated to «; under SO’(LZp © Hz,).

We now assume, that the statement has been proven for M up to dimension n — 1. We
choose some splitting M = N @ N+ with dim(N) = n—1 and accordingly decomposition
k=kKN+ Kyt Let a: My, — Ly, L HZ,, be given. Induction hypothesis shows, that
w.lo.g. a(N) C Lg,. Since Lz, splits an unrequired hyperbolic plane, we may even
assume, that a(N)*+ N Lz, splits a hyperbolic plane, too. Hence we may apply the n =1
case to a(N)* @ H%p and M+ and observe that the constructed isometries in this step
all lift by Lemma (6.4.2). O

6.5. Connection with the local zeta function

Let Lz, be a lattice with non-degenerate quadratic form Qr, € Sym2(L%p), as before. In
the case n =1 (i.e. Mz, =< g >), we will give a connection of the above representation
densities with the local zeta function of Lz,. We recover the classical zeta function [95,
4.3] for ¢ = 0. Assume that Q is integral and primitive (i.e. p~'Qr not integral) on
Ly

-

(6.5.1) Theorem. Let s € Z>o, q € Zp arbitrary, k € L} /Ly, and m > 2.
s s 1 _ps

. ‘QL(U) - Q‘ dv =D +/B(LZP7 <g>,K;s5+ 1)@7

where dv is the translation invariant measure with vol(Lz,) = 1.

Proof. Observe that

J10u0) g dv =3 (volwn{1Qu~ @l < =) = vol w1 {1 = Q1 < 7)) o
" i=0

= 1+Zvolm{\ch—Q\ < H-p)

1S

=1+ Z z(ern ps)
-1- )+ Z e +n) —p%).
The formula now follows using identity (7). O

It is convenient to write

B(Lz,,0;5) =1+ (1—p ")s(p~),
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where § is a polynomial, which is, according to Yang’s formula (6.4.8), given by:
S(X)= Y w(kp®x*
k>1
1(k,1)=0 (2)

(with the local notation from 6.4.8). Here §(0) = 0.

Therefore:

E :=vol{z € Lz,|QL(v) € ZZ} = Slggo . |Qr(v)|*dv
Zp

o L+ (1 =p Hip'X)
B )I(H—I}O(l a 1—-p X

=1-p H=d0)p").

)

with

(6.5.2) Definition. We define the normalized local zeta function associated with
L by

Cp(Lz,,s) = ;/L 1Qr(v)]*tdw.

For two dimensional lattices, this coincides for example with the usual zeta function
of the associated order in the associated quadratic field (% is the multiplicatively

invariant measure for which (0 ® Zy)* has volume 1).

(6.5.3) Here, we explicitly compute the zeta function for an arbitrary two dimensional
lattice. This will be used to compute the arithmetic volume of Shimura varieties associ-
ated with 2-dimensional lattices in (8.1), including also information from bad primes.

Let Lz,, p # 2 be a quadratic lattice, w.l.o.g. of the form (x1)% + epl(x2)?®. The
zeta function of a 2 dimensional lattices depends only on the discrimiant, because it is
invariant under SLy(Z,) and under multiplication of the form by a scalar.

With the notation of Yang (6.4.8), we have:
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l even l odd
{} 0<k<leven {}
L(k;1)= {1} 0<k<lodd {1}
{} I <k even {2}
{1,2} [ <k odd {1}

a(k) = kok<l,
Hl<k,

—€\k
o(k) = (57)7 1<kl even,
1 k<lorlodd.

Assume first [ = 0, then (as expected):

. (55)X
0(X)=> ()Xt = ———,
k1 P 1- (f)X
I _(A=-pHa+ (- EX)"HiX)) 1
Lz, 5) = 1- X)E T 1-X)(1- ()X
( ) ( )1 = (55)X)
For [ odd, the above yields:
Z_Tl ( 2)1’1
’ / 1-— pX 2
K 52k 2
= X2k — (px)2 M
3(X) ;;p X)X
oL )_1—@XN%—X+X@XN%
PR (1-X)(1—pX?)
For [ > 2, even, it yields:
[e’e} -1
—& 1 ’ ’
5(X) = Z(i)kp;le + Z pk X2k
k= P k=1
131 21— (pX?)z!
= X X
R s L TS
(L - p%Xl—pélel_l 1—(]9)(2)%—X+X(]9X2)%71
P T (- X)(1- (55)X) (1-X)(1—pX?)
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7. The Weil representation

7.1. General definition

(7.1.1) The Weil representation [93] can be defined for any Abelian locally compact
group G. We will restrict here to the case of a finite free module M over R equal to a
Qp, R, A or A(®) respectively.

Let M be an R-vector space. M = M @ M* becomes a symplectic vector space in a

canonical way by
w1 w2 * *
<<w;«> , <w3)> - w(w2) — wi(w)

Associated with M there is a Heisenberg group:
H=Rx M x M*,
defined by the group law
(r1,z1,27)(re, x2, x5) = (11 + 12 + 2]z, 21 + X2, 2] + 3).
Choose any non-trivial additive character x on R. We get an action of H on S(M*) by
gp s x* = x(r1 + "z p(” + 27)

for g = (r1,21,27).
This is essentially (up to topological issues) the unique irreducible representation of H,
where R acts through x.

The unicity yields a projective representation of the automorphism group of H. This
group is (in these cases) the symplectic group:

Sp(M) = {o = (f; §> oo =1},

with « € End(M), € M@ M, v € M*® M* and § € End(M*). Here *o is the
transpose with respect to the symplectic form:

t5 _t
]
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It acts by

(: ?) (r,m,m*) = (f(m,m™) +r,am + fm*,ym + om”),

with
fm,m™) = %(<7m+5m*,am+ﬁm*> —(m*,m)). (1)

This projective representation can of course be considered as an honest representation
of an extension

0 Cc* Sp Sp 0.

It is called the Weil representation.

(7.1.2) The Weil representation can be described explicitly. We will do this first for the
following subgroups of Sp(9):
Denote:

for a € Aut(M), B € Sym?(M) and § € Hom(M*, M) is the bilinear form on M*
associated with B (or the associated morphism) and « € Iso(M, M*).

We denote the image of g; and uw by G; and U respectively, and their product by P,
which is a maximal parabolic of Sp(90).

(7.1.3) For each decomposition M* = M* @& M*" there is an embedding
L Sp(IMM) — Sp(M).

Let 7o : M' — M* be a symmetric isomorphism.

Let Qs = UGL(d(~9)Usy ). Every element in ., possesses a unique representation
in this way. The set ,;., does not depend on the choice of complement M*” and on
Y0, and consists precisely of those elements, for which im(‘yg) = M*'.

We have the following decomposition:

Sp) = |J Qe (5)
M*'CM*
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(7.1.4) The groups defined in (7.1.2) have lifts to Sp given by the following action on
S(Mg)

r(gi(@)p 2 = |a]2p(taz”)
r(u(B))g @ = x(B(a*))p(x*)

rd)e i = 1 [ (- a) da

for « € GL(M*),f € M ® M (m =dim L).

Here dz is any measure on M™* and |v| are the comparison factor between the image
under « of the chosen measure on M and the dual of the chosen measure. Observe, that
the third formula does not depend on this choice.

As every element in the ‘maximal’ set Qs+« in the decomposition (5) has a unique ex-
pression of the form w(Bj)d(y)u(Bz2), r therefore extends to a lift defined on Qps+. it is
described by the formula

r(<: §>)¢ P2t [y /M p(az” +ya)x(f(z,2%)) dz,

where f is defined in (1). Remember, the condition for an element of being in Q;+ was
just v being an isomorphism.

(7.1.5) With respect to the decomposition M* = M*' & M*” and dual decomposition
M = M' & M" (see 7.1.3), we have lifts of the corresponding subgroups of Sp(9)
operating as:

' (gi(@))p * = |afe(‘ax”)
r(1(u(B)))g = Xx(B((2%)")p(z7)

v (W(d(m))p 2 = |72 /M, p('ya’ + (27)")x(— (2", 2)) d o

for « € GL(M"),8 € (M’ ® M')®, where (x*)’, resp. (z*)” are the projections with
respect to the chosen decomposition.

(7.1.6) On the ‘maximal’ set Qs+ in the decomposition (5) above, the deviance for r
from being part of a group homomorphism is measured by a character T : W(R) — C*,
where W (R) is the Witt group®. It is determined as follows: Let B be a quadratic form
on M* and 8 : M — M* is the symmetric morphism associated with B. We have [93,
Théoréme 2|:
_1 _
Fiaxon(x) = T(B)|B|72 Fy (") x(B(—6'x)),
'If R is a field, W(R) is the set of isomorphism classes of quadratic forms over R modulo splitting

hyperbolic planes under the operation of L. If R = A®®), we understand by W (R) the product over
the local Witt groups over all places not in S.
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for any f € S(R).
If R is a local field, it can be calculated by the formula [93, Proposition 4]

T(< 1,a,b,ab>) = (alb),

where (alb) is the Hilbert symbol. It follows

and

(7.1.7) Lemma.
T(Q) = T(<1>)"'T(< D >)e(Q),

where €(Q) is the Hasse invariant. Here D is the discriminant of Q if m is even and 2
times the discriminant if m is odd (some authors define the discriminant like this).

Proof. Easy induction on dim L, using that T is a character of the Witt group. O

It determines the deviance as follows. Let

/1 /
s =88

be an equation, where
o B OZ/ 5/ O// B//
S = (’Y 5) .8 = ('Y/ 5/) s = (’Y” 5"

Let Q be the quadratic form associated with the symmetric morphism v~ 19" (y")~1. We
have then [93, Théoréme 3]:

are elements in Qpz+.

T(Q)r(s") = r(s)r(s") (6)

(7.1.8) This allows to construct a modified lifting 7/, see also [93, §43], determined by
the formulas:

(@) = T 5y @)
#(u(B)) = r(u(B)
P(A) = T(< 15" (< det(3) >)r(d(y)
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(7.1.9) Lemma. This defines a twofold covering Mp(9M) of Sp(M), called the meta-
plectic group.

Proof. Tt suffices to see (compare [93, §43]) that the deviation in equation (6) becomes
just a sign +1, which follows from the formula for T given above. O

7.2. A dual reductive pair

(7.2.1) Let L be a quadratic space over R of dimension m. There is an injection
Sp(M) x SO(L) — Mp(M @ L*) & (M* ® L)),

if m is even and an injection
Mp(9t) x SO(L) — Mp((M ® L*) & (M™ ® L)),

if m is odd. The image is called a dual reductive pair. We are interested in the
restriction of the Weil representation.

The injection is a lift of the morphism mapping an element (: g) of Sp(M) to

v 'yL_l 0 ®id
ement A € SO(L) acts as A, resp. ‘A~! on L resp. L*. Via the Weil representation it
acts by

< a®id  fe 7L>, where 77, is the morphism L — L* associated with Q). An el-

Az = (AT a).

An element o = (: ?) € Qu+ has a lift 7/ (o), which may differ from the pullback of

r’ by a sign. It determines the metaplactic group again, if m is odd, and extends to a
homomorphism of Sp(901) if m is even. The correcting factor of the action of d(v) we

will denote by Y (). For n =1 it is just given by Y(v) = Y(y ® Qr).

The Weil representation on the restriction (of r) may be described as follows:

r(gi())g x* = |o] 7 (' ax”)
r(u(B))e @* = x((z)' QL - B)p(a”)

et bE [ pa(- (e da
M®L*
Here we choose a measure on dx which is the tensor product of the canonical (with
respect to Q) on L% with some measure dz’ on Mpg. |y| in the third formula is
computed with respect to the latter and its dual on Mg and M}, respectively.
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It is convenient to introduce the following notation:

Sl — Sp n even,
P Mp n odd.

(7.2.2) The following theorem is well known and central for the connection between
Eisenstein series (or Whittaker integrals) and volumes. It is analogous to the connection
between Gauss sums and representation numbers over finite fields. Analogously it can
be used to compute volumes (cf. 6.4.8).

(7.2.3) Theorem ([94, PROPOSITION 6]). Let R be local and m > 2n + 1. Let ¢ €
S(M*® L). The function

Y@= [ el QesmiOr)

has Fourier transform
V() = [ @)@ mla’) = Tn) ol A dln)u(9)¢)0),

B € (M@ M)*, with respect to a measure g on Sym?(M*) (in the second formula o is
an arbitrary isomorphism M — M*). |y| is computed via py. Here py, po and % are
connected via the fibration (6.2.5).

7.3. The Weil representation and automorphic forms

(7.3.1) For R = A, the factor Tx(Q) is the product over all local T, (Q)s. It is 1 if @ is
a rational form. (This is a generalization of the law of quadratic reciprocity). Therefore
the formulas (7.2.1) for r” determine a canonical homomorphism Sp(Lg) — Mp(Ly).
We have embeddings Mp(Q, ) < Mp(A).

An automorphic form for the metaplectic group is a function on on Sp(Mg)\ Mp(My),
fulfilling the same properties than for Sp, in particular, it is right invariant under a
compact open subgroup of Mp(91, () and finite under a maximal compact subgroup
of Mp(Mr). We denote the corresponding space by A(Sp(Mg)\ Mp(Ma)).

For sufficiently small K C Sp(M5) there is a lift K — Mp(A(*®)). The automorphic
functions invariant under K are functions on

X = Sp(Mg)\ Mp(9a)/K.
By strong approximation we have

Mp (M) = Sp(Mg) Mp (M) K
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and therefore
X = F\ Mp(mR)a

where I' is the lift of K N Sp(Mg) to Mp(M )g.

(7.3.2) A classical Siegel modular form f of (half-integral) weight k on (M ® M)?
corresponds to an automorphic form which is given by

F: (3 ?) x Ly = det(yyg 'i+0)" f((ang i+ B) (775 i+ 0) ),

depending on the ‘base point’ iy ', transforming by x : «’ ~ det(u)*, where «’ is an
element of K, (determined by 7, see 7.6.3 below) mapping down to u € U(M*). If k
is half-integral, the sign of det(u)* is determined by the pre-image «/ which in turn is

?) in Mp(R).

In the other direction, an automorphic form F' transforming by xx under K, corresponds
to the classical Siegel modular form

just the corresponding component in an Iwasawa decomposition of

fio7 e det(S(r)0) 2 Fgr x 15),

SIS

where g, = 7(g1((3(1)70)2)u(vy *I(7)"1R(7))) (r = canonical lift to Sp').

7.4. The P-operator and Eisenstein series

(7.4.1) For each v (including oo) choose a maximal compact subgroup K], of Sp'(Q,).
We have an Iwasawa decomposition:

Sp'(M, Q) = P'K..

where P’ is the pre-image of P = UG;.

Let & denote a character of P/(A), which is trivial on U(A) and on P(Q), but nontrivial
on the metaplectic kernel (if m is odd). If m is even, { comes from a character £ of
A*/Q* lifted to Gy via gi(«) — &(det()).

Let Ir(s,&R) the (normalized) parabolically induced representation
Sp’ (M, R
Tr(s, €)= Tpp ™7 (| det '€,
which is the space of smooth Kg-finite functions ¥, satisfying

U(pg) = Ex(p)| det(a(p)) [+ D2 W(g)

(remember n = dim M).
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In the space Ig(s,&r), we find the following orthogonal system of functions

Uik (pk, s) = & (p)|a(p)[*T D x k),

where x;(k) is the character det’ of Ko, = U’ . If Sp’ = Mp, [ has to be half-integral,
and the definition then does not depend on the decomposition pk, which is unique only
up to the metaplectic kernel. It is a (Hilbert-space) basis if n = 1.

Choose a global lattice Mz and let K, be the stabilizer of Mz,. The K, are maximal
compact. Thus, for almost all p, in Ig,(s,&,) we find the vector

Wo,(pk, 5) = &(p)|a(p)[*T T 2 sign(k),

where sign(k) = £1 according to whether k lies in the canonical lift of Sp(Mz,) (7.7.1)
or not.

With this defined, we have
/
Ta(5,€) = @) To, (5,8,

where ), is the restricted tensor product with respect to the vectors Vo,p- Note that if
n is odd, this gives a representation of Mp(A), since the kernel of Mp(Mg, ) — Sp(My, )
acts in the same way.
In particular, for any R as above, the Weil representation defines the following Sp’ (9 g)-
equivariant operator:

O S(M*® L) — I(sy = 221 ¢)
o= {9+ (99)(0)}

Here ¢ is the character (up to sign, if m is odd) a — T(ypa)/T (7o) for some 7.

(7.4.2) Let U(so) € I(s0,€) be given (s = Z=2=1). Such a function can be extended
uniquely to a ‘section’ parameterized by s € C, with the property that the restriction
to K is independent of s. Using the Iwasawa composition we see that it is given by the

formula
U(u(B)gi(a)k, s) = |a|*" ¥ (gi(a)k, so).

To any such ‘section’; there is an associated Eisenstein series. This association is a
Sp’(A)-equivariant map

E :Ty(s,€) — A(Sp(Mg)\ Sp'(Ma))
U(s) — > P(s)(79),

YEP(Q)\ Sp(Mg)

where A is the space of automorphic functions. This series converges absolutely if
R(s) > ”7“ and possesses a meromorphic continuation in s to all of C. Note, that £ is
trivial on Sp(Myg).
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The Eisenstein series decomposes according to the ‘Bruhat’ decomposition (5) as follows:

E(W,s)= > Ep(¥,s),
M*'CM*
with
EM*’(\IJM% 8) = Z ‘II(S)([’(d('YO)u(ﬁ))g)

Be(M'@M")g,

At s = sg, with m > 2n + 2 (this assures convergence), we get:

Eypr (W, 9,5) = Y, (uld(y0)u(B))ge) (0).

BE(M'®M');,

Using (7.2.3) and Poisson summation this yields:

By (¥, 9, 80) = / o (99) (z")dz™.
QESym M*’ IA(M L)

Here we interpret gy by composition with the embedding M* ® L — M* ® L as a
function on (M* @ L)s. The chosen decomposition does not play any role here (and
E, -+ is a priori independent of it). dz* is the Tamagawa measure.

This ‘is’ essentially the Fourier expansion of the Eisenstein series. To see this, we cal-
culate its Fourier coefficient with index @@ € Sym(M™)) explicitly (all measures are
Tamagawa measures):

Eq(¥,g,50) = S B0, u(B)g, 50)x(3Q) d B
A M+ CM*

. /M En (¥, u(B)g, s0)x(8Q)d B

M*,CM* ®M \(M®M

/(M®M) S\(MOM);

= 2 > (ddo)u(B)u(B)g) x(BQ)d

/ / !’ !
M*/CM* ®M) \ M ®M) 5 (M/®M/)s

- ¥ /(M/W)K ((d(r0))u(B)99) ()X (BQ) d 8

M+ cM*

= > /1 e (99)(x)d

{M*'CcM* | QeSym?(M*")}

(observe Tavo = 1). In the second step, we divided the integral in an integral over
classes in) (M’ @ M")S, (M’ @ M")p and (M" @ M")%. Then use
A A

Epper (W, u(B1)u(B2)u(B3)g, s0) = Epp (¥, u(B1)g, s0)
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for this decomposition and finally (e.g.)

x(Bs, Q) d B3

KM(/@M(’)S\(MII@M//)K

is 0 if @ has any nonzero projection to Sym?(M*”) and is 1 otherwise. In the last step,
we used (7.2.3).

It is therefore convenient to make the following

(7.4.3) Definition. The Whittaker integral is defined as

W,.q.m (Vy,g0) = W (d(0)u(B) g ) x(BQ) pye (Bv),

where we now chose the canonical measure |1, with respect to some fized o on M and
hence M’ for convenience.

Hence we have

Eq(¥,g;s) = Z HWV,Q,M*’(‘I’V(S)7QV)
{M*'CM* | QeSym2(M*")} ¥

ELI]d aga‘ill :) (‘ 23)
v s/ 14 (751/7 0/ v ) / (](py :L'l)‘; I8} :E; 9
M/ ,Q,M ((I) ( S ) g) | (7 ) V(M/Q7 )( )( ) L, )0( )

where g, ~, is the measure on Ig, (M’ @ L) induced by the canonical ones on Sym?(M*)
and M* ® L with respect to vy and Qp, via (6.2.5).

(7.4.4) Lemma. The Whittaker integrals (non-degenerate case) satisfy the following
general transformation laws:

i. Wou(¥u(s),u(B)g) = x(=8'Q)Wq.,(V.(s),9)

n+1

0. WQ,V(\IJV(S)vgl(O‘)g) = ‘a|7s+ 2 Wa!Q,V(\IIV(S)’g)

Proof. (i) Substitute 8” = 8+ ' in the definition of Whittaker integral. (ii) Substitute
A" =a'f'a " and use d(yo)u(B)g(@) = gi(vg o y0)d(vo)u(a ! Brah). O
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7.5. Theta series and the Siegel-Weil formula

(7.5.1) Assume m > 2n + 2 again. To any given ¢ € S(M* ® L)4 one may define an
associated theta function

Olpig) = D (go)x").

:E*EM&@LQ
This association is a SO(Ly) x Mp(9y)-equivariant map?
S(M* ® L)y — A(SO(Lg)\ SO(La) x Sp(Mg)\ Sp’ (Ma)).

The theta function decomposes as follows:

Olpig)= D>,  Oqlp9)
Qesym?(M+)
Oqglpig) = Y. (99)(a") = > ©6.10(#:9)
a*€lg(M9,L) (MCM* | QeSym?(M*')}
Obu(w:9) = Y (go)(x")
a*elf(M',L)

Because I(l@(M !, L) consists of one orbit under SO(Lg), we get

Oblpigh) dh = 7(Stab() [ (gg)(a")da’,

/SO(L@)\ SO(La) I,(M'?,L)

where 7(---) denotes the Tamagawa number and dh, resp. dz* are the Tamagawa
measures.
In [94], Weil proves the Siegel-Weil formula:

(7.5.2) Theorem.

B(B(e)i0) =7(S0U)) [ Olp.gh)dh

This can be extended in various ways beyond the range m > 2n + 2 (cf. e.g. [64]).
According to the above, comparing Fourier coefficients, one obtains in particular

7(SO(at)) = 7(SO(L))

for any o € Ig(M Q| L) for Q non-degenerate, which may be used to prove Weil’s theorem
that 7(SO(L)) = 2 for all orthogonal groups with dim(L) > 3.

2 equivariance under Sp(9Mg) is essentially Poisson summation for Mg ® Lo
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7.6. The Weil representation over R

(7.6.1) Much about the Weil representation over R can be found in [7] or [73].
Choose a root i of —1, any real parameter h € R and the character z +— exp(2miy) of R.

We may identify the Lie algebra Lie(H) with R @& M & M* acting as follows

Ff (@) = ros f(a®)

21

(@) = 2 e f(a)

2

[m]f(2") = (=7, m) f(z7)

This defines also [z] for € Mg, with the Heisenberg commutation relation

[[z1], [2l] = [{21, 22)] = 5 {21, 22).

Lie(Sp) may be identified with (9t ® 9)® operating via contraction with the symplectic
form. Here an element z; ® x5 in 9N operates by

1

5 [@1][z2]

on S(R). This can be seen from the commutation rule

1

3 onllea) o] = 5(for, o) + (o, ).

)
are symmetric. It is identified with the symmetric element oo + 8 — v — § of (9 ® IM)*.

Embed Lie(Sp) in End(9). (: 6) lies in Lie(Sp) if and only if § = —‘av and v and 3

(7.6.2) We have the simple formula

T(Q) = exp(2mitg?),

where (p, q) is the signature of Q.

(7.6.3) Let 49 be a symmetric and positive definite form on M. It defines an isomor-
phism:
Mg — M

. t.—1 -1
w1 + 1w = Wy — Yy W2 =Wy — Yy W2
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and a corresponding map
k : End(M¢) — End(9g)

Y5 Lo —701042>

o + 1o —
Q270 (e5]

This identifies the unitary group of the hermitian form given by 7y on Mc¢ with the
stabilizer of d(vp) in Sp(9M), which is a maximal compact subgroup.

(7.6.4) Let K be the stabilizer of d(vp) for some symmetric and positive definite
Yo € M ® M as above (image of End(M{)).

Let Lie(Sp(Mg)) = p+ @ Lie(Kw) @ p~ the decomposition induced by the complex
structure on Dyy(on). These spaces are generated by the following elements:

Lie(K.) = {<’Y()061’Yo_1 —70062>} (7)

By tas aq
1 .
+ Yoy — 1Yo«
p —{<m%1 o )]’ (8)
-1 .
- Yoy Yo
p _{<i04701 _a)}} (9)

where o and g are symmetric with respect to g and o is skew-symmetric with respect
to Y0-

1
Proof. These are the eigen-spaces for ad( <70 EO
0

tively. O

)) of eigenvalue (—2i,0, 2i) respec-

An element iap € Lie(U) with ap symmetric with respect to vy acts on S(M*) by the
‘Hamiltonian’:

[Yoora] + a2y ).

(7.6.5) Assume that we are given a positive definite space Lg as well and are in the
situation of (7.2.1).

There is one natural special element in S(Mg ® Lg), which corresponds to the ‘lowest
energy level’ with respect to the Hamiltonian k(7), the Gaussian:

oo 1= e~ 2@ QL)

We have
u(@)poo = oy,
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where a = a3 4+ aoi, where oy is skew-symmetric and «o is symmetric with respect to
vo0. (hence tr(a) = itrag)
Integrated, we get

exp(u(a)) o = det(exp(@))? poo.

Since the unitary group is generated by such exponentials, this determines the action.
From the commutation relation

0 —! .
[<’YO PSO ) ap] = _Qva

for any p € p~ and the fact, that ¢ is of lowest possible energy, we get p~ o = 0.
From this, it follows that the associated theta series is holomorphic (see 7.5).

(7.6.6) Recall the ®-Operator from (7.4.2). From the discussion in (7.6.5) follows

D(poo) = Wi (-, =1).

2

If Q1 has signature (m —2,2) to each negative definite subspace N , we can consider the
element ay € End(M) operating as -1 on N and as +1 on the orthogonal complement
(note: tr(N) =m — 4). We form the Gaussian

Sogo(N) — 6_2W(33*)!QL'(04N’7()_1)’
which is now in the Schwartz space. We have obviously by the above:
H(70)95% (N) = —o—=il,(N) = (5 = 2)igd (V).

Hence:

(Pl (N)) = Wi _y(-, mp=L)

in this case.
¢ may be considered as element in (S(M*® L)r @ C(Do))S°(F=) with the notation Do
of (10.2.1).

In addition we have

(7.6.7) Theorem. There exist forms
Grm = Vil

in (S(M*@L)rRE™™(Do))SCUR) | where V is a Howe operator [59], having the following
properties

1. kogym = Xm/g(/{?)apKM for k € K.

it. doga(z®) =0.
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iii. There is a current & € (S(M* @ L)g @ D17 1)SOWLz) with

dd®&(z*) + exp(—27(2*)' QL - vo 1 )op,. = [exar(z™)].

Here dp,. is the current of integration along Dy« = {N € Do(r) | (z*(M),N) =

0}.

iv. o (0) = c1(EXE) (10.4.1).
Proof. [59, 60]. See also [54]. O

Now define ¢ (z*) by

Pl (@) L (EE)" " = pru(a®) el (ETE)™

From properties i. and iv. of (7.6.7) follows immediately:

DL (N)) =W, 0(-, 2=5=1) VN € Doy

(7.6.8) Theorem. Assume m > 2n+ 2 and Q non-degenerate. Let p = ol @ @y for a
¢ € S(Lyx)). Then we have for Q € Sym?(M):

/ Oa((N)(9)dg =
SO(L@)\SO(La)

fZ(L,MQ,gpf;K) c1(E &)™

7(SO(Lg)) exp(—27Q - 75 1)

m—2"’

Ji80(Lo)\ 80(L4)/ Koo K] C1(E*E)

with K such that ¢ € S(M* ® L))X. Here Z(L,M%, s; K) is the special cycle
associated with Q and g, defined in (10.3) in part I11.

Proof. We give a formal sketch only, compare e.g. [57, 4.17, 4.20, 4.21] for details about
convergence.

Decompose I () (M7, L) Nsupp(py) = UU; Kz; as in (10.3.2) with z; € Mg ® Lo, z; =
giZo-

Lo so,, €N @ dg

/ S (phlgRtet N)ps(gr ') dg
O(LN\SO(L4) prc1(ar@,L)q
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= > > orlgy a) vol(K):

95 E€SO(L)\SO(L , (00))/ K

> P (950w, N) d goo
z*€l(MQ,L)gNKf x}

= > > orlgytar) vol(K):

97€S0(Lo)\SO(L, (00))/K &

' /SO(LQ)ngf\ SO(R)

> o3 (2], 9o N) d gly,
(MQ,L)gNKf z*

= vol(K)A 3 > wrlgytai):

97€SO(Lg)\ SO(L JK i

> Po(7, gooN) 1 (E7E) 2.
I(MQ,L)oNK%f a7

/SO(LQ)ﬁKgf \]D)o el

a(c0))
/SO(LQ)ﬁKgf \]D)o e

By property (iii) of (7.6.7), the integral is equal to:

exp(—27Qr - 761) Z / N 1 (E*E)m—2—n’
2+ €(SO(Lo) K N\ (M@, L)gnK?s 2 7 SOL)NK\De
hence the result. Observe the relation:
7(S0(Lg)) = vol(K)A a(EE™ 2,
SO(Lg)\SO(La)/Koc K

where the volume vol(K) is computed with respect to the finite part of the chosen
Tamagawa measure and A is the comparison factor between the infinite part d g of the
Tamagawa measure and c1(Z*€)™~2 product with the measure on K, C SO(R), the
stabilizer of N, giving it volume 1. O

(7.6.9) Combining (7.6.8) with the Siegel-Weil formula (7.5.2), we get the Fourier coef-
ficient of the classical holomorphic Eisenstein series:

fZ(MQ,gngf,K) Cl (E*g)m72in

Jso(Lg)\ s0(L)/ K CLEE)™2

det(%(T)'yo)%EQ(@(go), gr9¢) = exp(2miT - Q)

for g, as in (7.3.2). The whole expression does not depend on 7y anymore. It can be
used to inductively compute the geometric volumes of the Shimura varieties

SO(Lg)\ SO(Ly)/K.

Another calculation by direct derivation from the Tamagawa number, which in turn
confirms the formula above, is given in (10.5.2).

Here ®(p) depends only slightly on L. One may find a positive definite space L' and a
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¢ ® 5 € S(Liw@), where ¢, is the Gaussian, such that ®(¢) = ®(¢’). The series
above then is the usual theta function associated with that space and go}. Kudla denotes
such spaces ‘matching’.

(7.6.10) We would like to understand the whole Whittaker integral Wg oo ar(¥(s),1) of
the Eisenstein series as a function of s. Assume, that () is non-degenerate on M.

(7.6.11) Definition. We define the following functions

n—

! k
17— ) (10)
=0

1
k

n(n—1)

Ip(s)=m

This is standard notation for the higher dimensional gamma function (compare [87]).
Define in addition:

ﬂ%(s—i-m)

Lhm(s) = Q"W.

(11)

Another, more meaningful form of expression (11) is

ﬁ ) 7.{.%(erk)
ko1 DG(8+E)

The Iwasawa decomposition of the argument of W, ; in the Whittaker integral can be
expressed as (using the notation of 7.6.3)

d(v0)u(B) = u(A*B)g(A)k(10AB + oAy ),

where A = (/1 + (B70)2)~". Tt satisfies ‘A = oAy, .
Hence we get:

ntl .
Waoo(Wao(s) 1) = [ AP 310088+ AX(Q By (5)
(M@M)3
and after choosing an orthonormal basis for vq:
Wonoo(Woo(s), 1) = / det(X + i)~ det(X — i) ~be 2mt(EX ¢ X,
(Rn@Rn)s

where 7 is the bilinear form associated with @ (expressed in the chosen basis in the
above formula).

with a = £ (s+21+1) and b = (s+251 —1). Here det(X +i)™% = e~ algmitlog(det(1-iX)))
and det(X — i)t = e~ 0(-zmiHlog(det(14+iX))) “\where log is the main branch of logarithm.
d X is the measure defined in (6.2.3) for the standard basis, without the determinant
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factor. It is the same as used in [87].

Shimura denotes this function in analogy to the one dimensional case a confluent hy-
pergeometric function. Furthermore [87, 1.29, 3.1K, 3.3], if ) is positive definite, the
RHS equals

e—ﬂtrw—i—wr (b—a) na+nb2ndet( )a+b_nT+1Fn(a)_1Fn(b)_1C(27T’}’; a, b),

where
n+1

((Zia,b) = / e 72X dop(X + 1) "5 det (X)) "5 d X.
X>0

(7.6.12) In the 1 dimensional case, this gives
((Z,a,b) =T(b)U(b,a+b,72),
where U(k, [, Z) is a solution of the classical hypergeometric differential equation
Zf"(Z)+ (1= 2)f'(2) — kf(Z) =
see [1, §13]. We have: U(b,a+b,2Z) = Z7(1 +O(|Z|™1)) [loc. cit.].

Therefore the ‘value at oo’ for [ = % is computed as (this will later allow to use the
computation of [57]):

lim o]~ % 2™ QW o (Voo (5), gi(a))

a—00

_ —s4+1-1 72 o '

= Tim_[a] 1 F e W0 o (Pao(s), 1)
i ol et @) T ) 2ra
a—00

— e st Ko DD (G (s 1+ ) emher D)
T (’YO)FI m(S — 30)|fy’2(5+30 2= 2(8 50)

where so = % — 1, cf. also [13, Prop. 3.1] — there we have kpx = § and spx =
1 1-m
5(s + 5 )

(7.6.13) In the higher dimensional case, but for s = m‘;_l and [ = %, we have a = %m
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and b = 0 (holomorphic Eisenstein series) and we get for m > 2n:

det(a)*% e’ tr(tam)WQ,oo(‘Iloo(s)a g(a)) =

det(a)*%e”r(to‘m) det(a)% / det(X + ataz‘)*%m@*”itr(){’v) dx
— ewtr(toﬂa)efiw%(Qﬂ_)%nm/ det(2m'X 4 27Tata)f%mem'tr(X7) dXx

B {ei”TI’mm(O) det(7)™ 3= >0,

0 otherwise,

using [87, p. 174, (1.23)].
In particular, given a positive definite form Q; on Ly, we have:

m—n—1

—onQty T A
WQ.00(Uoo(s), 1) = €270 T (0) Lo (0) |y~ 2

This is expected from (7.2.3), since we have by (6.2.9):

m—n—1

-1
[0 em@guam(@) = “F @0 T, 0 0)
I(M@,L)g

where ¢ is the Gaussian (7.6.5). Observe, that the integrand is constant and equal to
e=27Q"% " Here 7| is computed by means of the canonical measure i, .

7.7. The Weil representation over p-adic fields

(7.7.1) For R = Q,, the factor Y(Q) is 1 if there exists a unimodular lattice in Lg,. In
particular it is 1 for hyperbolic planes.

Otherwise, it can be computed by the classical theory of quadratic Gauss sums. For
example for p # 2, we have

T (paz?) = 1 Z exp(2miaz?) = {1(%2) iE; (4),

T€L/pZ P (4)

In particular, if p # 2 and @ has a unimodular lattice Ly, 7" determines a canonical
lift Sp(Mz,) — Sp’ (Mg, ) as well, see also [93, §20].

(7.7.2) Choose lattices Lz, and Mz,. Assume Qp € Sym2(L2p). Consider the charac-
teristic functions X, of the cosets r € (L7, /Lz,) ® M7 . This defines an embedding of
Cl(Ly, /Lz,) ® My | into S((M* @ L)) )-

(7.7.3) Lemma. Sp’(Mz,) and SO(Mz,) induce an action on C[(L7 /Lz,) ® My ].
Here Sp'(Myz,) is the pre-image of Sp(Mz,) in Sp'(Mg,).
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In the induced action K (p™) C Sp(Mgz,), lifted by the canonical lift (7.7.1), and SO'(Lz,,)
(discriminant kernel) act trivial on C[(L}, /Lz,) ® M7 |. Here —n is the minimal valu-
ation of @ on Ly .

(7.7.4) If a global lattice Ly C Lg is given, with Q7 € Sym?(L%), we get an action of
Sp' (M) C Sp’(My (o)) on C[(L3/Lz) @ Mj, ] and therefore also an action of Sp’ (Mz).
if m is odd, this group itself is a non-trival double cover of Sp(Mz). It can equivalently
be defined as the pre-image of Sp("Mz) in Sp’(Mg).

If M = Q, it is generated by 2 elements S and T, satisfying Z = S? = (ST)3 and (Z* = 1

-1
or Z? = 1 according to whether m is odd or even), mapping down to <(1) 0 ) and

01
as:

(1 1), respectively in Spy(9z), and operating (via the lift /7 — cf. 7.2.1) explicitly

Txx = eXp(Qﬂ-iQL(H))Xm

T -1 .
m:%’ S exp(—2mil6, w)xs).
0eLy /Ly,

Note that the occurring correction factor T #(1) = Y¢(Qr) is the product over the
local Y,(Qr)’s which is, however, the same as Too(Qr)™ ! and we have Too(QL) =
exp(2mi(p — q)), if the signature of @ is (p, q).

We will denote the image of C[L}/Lz] in S(L()) sometimes as Weil(L7/Lz) and
understand it as a representation of either Sp(Z), Sp5(Z) or a suitable Sph(Z/NZ). We
will also remember its canonical Z-structure coming from Z[L% /Lz].

(7.7.5) Define L") := L @ H" as in section (6.4). The Weil representation on S(L(" ®
M*) is the tensor product of the respective Weil representation on S(L ® M*) and
S(H ") @ M *). We defined ©(") by tensoring ¢ with the characteristic function x() of
Hj ® My (depends on the choice of Mz, ). We have

(wir (u(B)gi()k)x ) (0) = [al",

where k£ € K and K is the maximal compact open subgroup associated with the lattice
My

.
Assume, that 4o and Mz, are chosen such that ~o induces an isomorphism Mz, — Mgp.

The considerations above show that the following holds true:
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(7.7.6) Theorem. Let Q € Sym?(M*) be non-degenerate and r € Z>.

Wop(Pp(0pi 5),9) = T, /
Qp(Pp(0p; 8),9) » () Iy, (MQ,L&HT)

99 g (@), s =m0+
=T, (o) Y [5up(L, MZ,W; 5 —5p).

Furthermore the left hand side is a polynomial in p~° and therefore determined by the

above values. Here || is computed with respect to the measure iy, on M.

s

Proof. Only the assertion, that the left hand side is a polynomial in p~* remains un-

proven. This follows from the arguments given in [85, p. 101]. O

7.8. Borcherds lifts

(7.8.1) Consider a one-dimensional space Mp = R. We canonically identify M*®L = L.
Recall from (7.1) the definition of the function ¢ € S(Lg) ® C(Do). It satisfies

@2 (ha,hN) = % (z,N)  Vh € SO(Lg).
For any ¢f € S(Ly(~)) define the theta function

g, N, h;op) = > Y wl(g) (ool N) @ w(h)p)(x)
veL(Q)

as a function of ¢’ € Sp’(My), N € Do, h € SO(L)(~)). Here w is the Weil representation
(7.1) defined by the lift 7 (7.2.1).
We have (7.5) for any v € SO(Lg) and 7' € Sp'("Mg),

O(y'g', YN, vhiop) = ©(g', N, hs 5)
and for ¢} € Sp'(M,()) and h1 € SO(L () we have
O(g'g1, N, hhas o) = ©(g', N, b w(gr)w(hi)ey).
By these invariance properties, we may consider © as a function
Sp/ (M) \ 8P/ (M) x MKO(L))e = (S(Ly))

In (7.6) we saw that
forl =3 —1.

It follows that
O(g'kL k', N, h) = xu (k) (w(k') 'O (g, N, h)
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for all k., € K/ and ¥ € K.
Now consider a automorphic function

F = Sp(Mg)\ Sp' (M) = S(Lyp)),

satisfying
F(g'kook') = X1 (Ko )w (k) ()
and invariant under some compact open subgroup K C SO(A("O)). We have seen that
this corresponds to a usual modular form of weight —I.
Define the Borcherds lift of F' as

®(N,h; F) =/ O(¢',N,h; F(¢'))dd,
GL\G)

where e denotes Borcherds regularization [4], described in [54, p. 302ff] in the adelic
language. d ¢’ is the Tamagawa measure.

Note, that this formation does not depend on K.

By definition, we have

B(N, hp: F) = B(N, i (w(p)) "' F). (12)

It compares to the language of Borcherds as follows: If K € SO(A(*)) is the discriminant
kernel with respect to a lattice Lz, we may consider © as valued in C[(L,/Lz)|* and F,
valued in C[(L7,/Lz)], relates to a usual modular form (if [ is odd, of half integer weight)
by

Y2 (gh) = f(1) T=x+iy c H.

(7.8.2) Lemma. We have
(I)(L(N)a 1; F) = (I)classic(L’ Lz, N, f)

for N € Grass™ (Lgr) and according to v : Grass™ (Lr) — Do. ¢ is a parameter in
Borcherds theory (cf. [4, p. 46]).

Proof. In (7.7.4) we saw that the Weil representation composed with the inclusion
Sp5(Z) — Sph(Z) acts on the subspace C[L%/Ly] C S(Ly(~)) by the same formulas
used in [4]. O

We call f, resp. F', nearly holomorphic, if F' is holomorphic on H and has a pole along
the cusp co. Let
F('a T) = Z C(’Va ) exp(27ri'y7‘)
yeQ*
be the Fourier expansion of F.. Assume that all ¢(, -) are integer valued on L*/L. In this
case the Borcherds lift ®(V, 1; F)) has nice properties, and is a meromorphic modular
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form on the analytic Shimura variety

(M(®O(L))e)™ = [SO(Lg)\Po x (SO(Lyw)/K)]-

7.9. The Archimedean orbit equation

(7.9.1) Definition. We define factors at oo analogously to A, and p, (6.4.10).
Aoo(L;s) :=Tpp—1,m(s),
Moo(La M; 3) = Fn,m(s)a

where, as usual, n = dim(M) and m = dim(L).

With this notation, we have also a (rather trivial) Archimedean analogue of the orbit
equation (with only one orbit):

(7.9.2) Theorem. If Qs is positive definite, we have

MOO(L27 MZ7 R; 5) : )‘oo(LZQ 5)_1 = AOO(Q(L)L; S)_l'

Here a is any real embedding Mr — L, with &'Qr, = Q. The above depends only on
the respective dimensions and is formulated in dependence of L and M only in order to
have the same shape than the non-Archimedean orbit equation (6.4.11).

Furthermore in the positive definite case, we have, analogously to the non-Archimendian
case:
vol(I(M, L)r) = 'y, 1, (0) n>m

and in particular
vol(SO(Mg)) = Ty1.m(0)

(for the canonical volumes 6.2.3).

7.10. The global orbit equation

(7.10.1) Let Lz be a lattice of dimension m with Q7 € Sym?(L%) of signature (m—2, 2).

For 1-dimensional M = Z, (n = 1), we have @ € Q describing the quadratic form
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x — Qx? with associated ‘symmetric morphism’ v = 2Q. Take vy = 1. We get:

lim_|a|~% e’ QEQ(‘I’ 2 ®(xx); 1), 5)

a—0o0

= lim |a|" % e OWg 00 (Vo HWQ,p (Xw38), 1)

Of*)

522 e (L < @ >y — 50) [T tip(Lzys < @ >, 555 — s0).
p

see (7.7.5) and (7.6.12).
This is the quantity, which will be related to Arakelov geometry in Part III, using the
result of [57], see (10.4.12) and (11.6).
We therefore define
w(Ly, Mz, k;s) = H,ul,(LZ, My, k; s)
v

and
1
fi( Lz, My, k5 5) = |2d(Mz)|o*" p( Lz, Mz, 53 ).

With this definition we have in the 1-dimensional case:

lim |a|” % €™ QEQ(Vae®(xx); gi(@), s — 50) = fi(Lz,, < Q >, &3 5). (13)

a—0o0

For n > 1 we do not now, if the global it occurs as a limit in this fashion as well.

(7.10.2) We would like to have a global orbit equation. Let D be the discriminant of
L. We define
Ap(L; s) :=vol(SO'(Lz,)),

with respect to the canonical volume for p*|4D. Otherwise A, has been defined in (6.4.10)
and is a polynomial in p~* (8.2.1). Define now

LZ, H)\ LZa

and )
A(L;s) = |D|Z%A(Lz; s),

~ _1
where D is the discriminant of Lz. Sometimes we will use also Ay(...) for |D[ 2 A(...),

Llg
and similarly fi,(...) = |2d(Mz)|5 (.. .).

(7.10.3) Lemma. If Ly, is of signature (m —2,2). Let My be a positive definite lattice.
Take a Kk € (L%/Li) ® M%. Assume m —n > 1 and I(M, L)(A™)) Nk # 0.

w(Lz, Mz, K; ), \(Lz; s) have meromorphic continuations to the entire complex plane
and are holomorphic and nonzero in a neighborhood of s = 0. Similarly for p, \. They
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depend only on the genera of Ly, My,

Proof. This follows directly from (8.2.1) and using standard facts about the occurring
quadratic L-series. O

In particular, for the meromorphic continuation of the Eisenstein series (13) above re-
mains true also in exceptional cases.

We get for k € (L%/Li) ® M/Z’i at least:

(7.10.4) Theorem. Assume m >3, m —n > 1. Let D be the discriminant of Lz and
D’ be the D-primary part of the discriminant of My,

AN (L3 0)i( L, Mz, 130) = > A7l (at;0)
a SO’(I@)CI(M,L)(A@C))%

and

= Z di A Hatss)
a SO'(I/Z\)CI(M,L)(A(‘”))QH 5

d /+~ L\~ .
E()\ (Lz,s)u(Lz,MZﬂ,S)) s=0

s=0

in RW) (9.8.2) for all p such that p{2D and p*>t D'.

Proof. Follows directly from the definitions, the local orbit equations (6.4.11) and (7.9.2)
as well as (by induction) from the fact that for p { D and ¢ square-free at p there is only
1 orbit (6.4.18) in I(< q >, L)(Z,) and o has discriminant p at p. O

We will need also a global version of Kitaoka’s formula (6.3.3):

(7.10.5) Theorem. Assume m >3, m —n > 1. Let D be the discriminant of Ly and
My, = My, 1 My. Let D' be the D-primary part of the discriminant of My, (not My !).
Let k € (L% /Lz) ® My with a corresponding decomposition k = k' & £”. We have

A (Lg; 0)fi( Lz, Mz, 0) = 3 XY (ok; 0)ji(a, Mz, 15 0)
a SO’ (L) CL(M',L)(AC))Nw!

H”ﬂag}m) ®(M1;’(OO) )*#0D
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and

(X_l(Lzs s)ii(Lz, Mz, k; 3)) ‘

d ~
— (A ez 9)iilaz, M",K";5))

s=0

- Z ds
a SO (L) CI(M',L)(AC))Nw!
" 1 " *
K00 (o) B (M (00) )" 70

d

ds
s=0

!

in Roppr. Here k" € L%/Li is considered as an element of (a%)*/oz% ® ( é’)* via

" " €1 " *

K= B0 e @ (M o)™

Aleo

Proof. Let first s € Z>¢. For all p{ 2DD’, there is only one orbit (generated for s = 0
by «, say) in I(M', L @ H®)(Z,). Hence we have, using (a variant of) Kitaoka’s formula
(6.3.3):

A, (L, 9)iip( Lz, Mz, Lz, s) = X, (o s)ip(az, , My, k"5 s).
For all other p, we have the equation
A Lz, 0)pp(Laz,, My, , 150) = > Ay oz 0) pp(og , M K" 0).
aS0’(Lg,)CI(M',L)(Qp)N«’

n”ﬂaép ®(M6p)*7$(8

and since the quantities i, are polynomials in p~® in this case (cf. 7.7.5), the assertion
is true. O
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8. Explicit calculations

8.1. Kronecker limit formula

Let
1 N s 1 y®
E(T, 5) = Z \II(QQT)(S) = 9 Z \y(g o T) = 9 Z |m7_ + nPS
gEP(Q)\ GL2(Q) 9€T o0\ SL2(Z) (gz,n)e)z X
ged(n,m)=

be the standard Eisenstein series of weight 0. Here ¥ =[], ¥,,, the ¥, s are the standard
sections:

Uy (g(@)u(B)k) = lal3.

They satisfy, however, a different normalization than in (7.4)! Let Z(s) = C(S)F(%S)ﬂ'iés
be the normalized Riemann zeta function, satisfying Z(s) = Z(1 — s). The Eisenstein
series (in this normalization) satisfies the functional equation [17, Theorem 1.6.1]:

Z(2s)E(T,s) = Z(2—2s)E(T,1 — s).

In part III we will need the Kronecker limit formula for the computation of the
arithmetic volume of Heegner points:

(8.1.1) Theorem.

Elrs) =1+ —~log(|AMES(D)D)s+  O(2)

12
2(25)B(r5) = — 5+ 5(7~log(2m) ~105(2)) — 5 108(A()PS(r)")
+ O(s)
Z@8)E(r8) =g+ 5~ loB(2m) ~ log(2)) — 37 oB(A(MS(7)™)
+0(s—1)
Z(2s) 1 1 1 N
Gt =5+ (30— loa(2r) ~ o8(2) = 37 0BIAMEI))) (s 1)

+0((s —1)?)
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Proof. [71, Prop. 1.8.3] states:

) Z(2s —2)
20¢(\12) _ _
log(JA(T)]°S(7) ™) = —47 llgi(E(T’ s) 7(25) ).
Application of the functional equation yields:
Z(2
log(|A(T)[*S(7)"?) = —4r lim Z(Q(_Z)S)(E(T, s) —1).

In addition we have: Z(2 - 25) 5
— 2s
22— 1)t 1
hence E(1,0) =1 and
log(|A(T)[2S(7)'%) = 12E'(,0).

This proves the first version of the formula.
We have:

Z(2s) = —2—18 + %(7 — log(2m) — log(2)) + O(s)

and hence the second and third version (they are equivalent according to the functional
equation). Last:

! + 1(7 —log(27) —log(2)) + O(s — 1)

26) =773

and hence

2(5)™ = (s~ 1) — 5(3 ~log(2m) ~ log(2))(s — 1)* + O((s ~ 1)*).

8.2. Explicit calculation of ; and A
In this section, we will compute the functions p and A (6.4.10) explicitly in special cases.

The expression for A is quite general and can in principle be used to compute it for all
lattices.

(8.2.1) Theorem. Assume p # 2.
i. Let s € N. vol(SO(H?)) = (1 —p~*) - [[5Z1 (1 — p~2).
il. Let s € Z>g. MLz, L H;s) = (1 —p 272) . A(Lg,;s +1).

iii. Let s € Z>o. Let Lz, =< eée1,...,65 > 1 L’Zp, where g; € Z,, and p~1Qr is integral
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on L’Zp. Assume k > 1. Let € := (_1)§ 15, &, if k is even. Then we have

k=1 , 1 k=1 (2),

)\(LZ ) ‘D’ Lf[J 1_p—21—25 e 7§75 ( )
9 —\;)P

A(Lz,;0) Pl 1—p o k=0 (2)
D

In particular X(Lz,; s) is a (quite simple) polynomial in p~*

w. Let s € Z>o. For a unimodular lattice of discriminant 2™e and €' € Z," we have:

Ly <o sigy - JA (8 m=0 @)
:U’ va ) 1 (_1)%85/ 7m27178 _ 1 2
A+ (=7 m=1(2)

v. Let s € Z>o. For a unimodular lattice of discriminant 2™e we have:

AL ﬁ 2y | (= (E55p757) m=0 (2),
e 1 m=1

vi. Let s € Z>o. For a lattice with L%p/LZP cyclic of order p¥ # 1 and dimension

m > 2, we may assume L = Z;', Qr(z) = X7- ! ij + pYema2,. Denote ¢ =

m

(-1) o H?:ll gj if m is odd. We have

0 (2),
1 (2).

[5]-1
4m=l _2 1 m
ALz,;8) = [p"lp ° " 5){ Cme1
' = L= (G m

Proof. i. According to Kitaoka’s formula (cf. Theorem 6.3.3), we have
vol(SO(H®)) = B,(H*,1)B,(H*™* 1< —1 >, —1)vol(SO(H*™1)).

Theorem (6.4.8) yields B,(H®,1) = 1 —p~* and B,(H* '+ < -1 >,1) = 1 +p—*TL.
Furthermore, we have vol(SO(H)) = 3,(H,1) =1—p~ L.

ii. follows immediately from the definition of A and i.

ili. Let Lz, be a lattice, and S =< a1, ag > a unimodular plane (e.g. a hyperbolic one).
Using the (elementary) orbit equation (6.4.3) and Theorem (6.3.3), we get

vol(SO'(Lz,, L S)) = |D|2By(Lz, L S,09)|D|2B,(Lz, 1< a1 >,a1)
-vol(SO'(Lz,)). (1)

Hence, we have to apply Theorem (6.4.8) to forms of the shape

/ 1% 1%
LZp =< Ely ey ERL D IR 41, D e >



166 Part II. Quadratic L-functions, representation densities

We get
—p1 I(1,1) =0 (2
L/ 7 I; — 1+ 1 d(l) —S p/ ) )
Bp(Lz,, €5 5) v(L)p™p (=t L =1 (2
We have
[(1,1) =k
1
d(1)=1- =k
W= EHE T
v(1) = (— =
p P
Hence )
k. k!
(-1)2 €4 _’L/_S _
Bp(Ly ,€'58) = L= ,Pl_ls P k=0 (2),
P\HZpr < (71)%1—[1{ ciel . K1 ,
14 ( = )pT T T K =1 (2).

Applying this to L'Zp = Lz, L S and L’Zp 1< a >, we get the result for k odd. For k
even write Lz, = Ly 1< a >, use

vol(SO'(Ly,)) = |D|2 B,(L},, @) - vol(SO'(Lz,)) (2)

twice and the k odd part. Recall (Lemma 6.4.17) that vectors of length o € Z; form one
orbit under SO, as long as the lattice in question splits a unimodular plane, otherwise
there are 2 orbits of equal volume.

iv. This is Siegel’s formula, a special case of Theorem (6.4.8).

v. Follows from iv. and the orbit equation, Theorem (6.4.11).

vi. Follows from iii. and the following calculation for m > 2 (which follows easily from
equations (1) and (2) and the fact vol(SO’(< x >)) = 1)). Observe, that there are 2
orbits (of equal volume) of vectors of length /3 in a lattice < ap”, 5 >.

151

oY vt o)L m
MLz,;0)=1p""z7 [ -p ){1—(;)]9—7”_1 o

=1

0 (2),
1

m—1

Here e = (—1) 2 [["7 e O

Without proof, we give here come calculations in the case p = 2.

(8.2.2) Theorem.

i. Let s € N. vol(SO(H?®)) = (1—27%)- ;,9;11(1 — 92y,

ii. Let s € Z>o. MLz, L H;s) = (1 —2725"2) . X\(Lgy; s+ 1).
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ii. Let s € Z>o. For a unimodular lattice of even dimension of discriminant € we
have:
| 25=)

A(Lzy3s) = ﬁ (1— 27221 — (2)27%73).
=1

.

Here (5) = (=1)=5 is the Kronecker symbol.

w. Let s € Z>o. For a lattice Lz, of the form L' 1< &' >, where Ly, is unimodular
of discriminant ¢, and e,e' € 75, we have:

+m71 LmT_lJ

spm=l ,

MLzys) =121, = J] 1—-27%7%).

=1

v. Let Lz, be a lattice of the form < e1,e9 >,&; € Z5. We have

MIz,i0) = 5
8.3. Examples

(8.3.1) Recall the definitions of A(Lz;s) and its modification A(Lz;s) from (7.10.4).
They will be related (for square-free discriminants) to arithmetic and geometric volumes
of Shimura varieties of orthogonal type in the Main Theorems (10.5.2), (10.5.7) and
(10.5.9) of part ITL.

We compute them for a couple of lattices using the explicit computation (8.2.1), (8.2.2)
and bring them to a form involving derivatives of L-series at negative integers as it is
common in the literature. See for example [15, 71] and [57, §5-6] for similar calculations.
The summand — mT_lC, where C' = y+log(27), in the logarithmic derivative of AL (Lz; s)
can be avoided by just erasing e~¢ from the definition of hg in (10.4.1). In turn the nice
connection with A and especially p (coefficient of the Eisenstein series) becomes slightly
more complicated.

We will use the following functional equations for quadratic L-series:
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(8.3.2) Theorem ([81, Kar. VII]).

T l]j(l — 15)
L(s,xp) = (=) 2 2 2 L(1—s,xp) D > 0,D square free,
D F(%s)
7. 1T(1—1s
L(s, =(=)*"2 22L(1—s, D < 0,D square free,
(s:xp) = () F(lst 1 ( XD) quare f
1
n 2l (L — Ls)
((s) = 2—2"((1—s)
I'(35)

(8.3.3) Example (HEEGNER POINTS). Let Lz be a two dimensional negative definite
lattice with square-free discriminant D > 0 (in particular 24 D and —D is automatically

fundamental). We get, using (8.2.1, v, vi), (8.2.2, iii) and (7.9.1):

p
1T(3s+1) i
_5 ﬂ.%s-‘rl L(X—D,3+1)‘D|oo
103 -3
=5 (2;_5 L(x-p,—s)
T2 2
1
:§L(X—D70)
1 L'(x-p,0) 1 1
—L(y_ — — —log(2
+O(32)
and hence:
A" (Lz;s) =L(x-p,0)
L'(x-p,0) 1 1 1
Lx_ . —C — =log(D —log(2
+Lp.0) - (— 52+ 50— G 108(D) + 1o (2) )«

(8.3.4) Example (MODULAR CURVES). Let Ly, be a three dimensional lattice with form
1179 — €73, € square free, 21 . The discriminant D is 2. We get, using (8.2.1, v, vi),
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(8.2.2, i) and (7.9.1):

1
—s5—1

A (Lzi) =T34 [T —

_p—2—2s|D|<1>jSH1_p
ptD ple
1IT(Ls+1)T(3s+ 3
1Tt DM 2 3) cfas 2l TT 497

5
s+3
2

T ple

1D(35+ DP(s + $)0(=s = 3) :
T4 = F(S—?—Sl)ﬂ'gs+1 2 ((—1—29)|D|5F H(l +p 7Y

ple

= D+

ple

—§<<—1>H<p+1>( 11+Z’”°g —1+0+log<2>)8

ple p+1
+ 0(52)

and hence:

A (Ei5) = = 5D [0+ 1)~ 56D [ +1)

ple ple

¢(=1)  1gp-t 1
. (—2 =1 + 5 mlog(p) -1+C+ 210g(2)) s

ple
+ 0(52)

(8.3.5) Example (SHIMURA CURVES). Let Lz be a three dimensional lattice again with
discriminant D = 2e, 2{ €, € square-free, and assume that the form is anisotropic at all
ple. We get, using (8.2.1, v, vi), (8.2.2, i) and (7.9.1):

1T(5s+ D0(3s + T (s — § e
TG DG Do

ple

AT (le )

= DI -1

plD
1 ¢(=1) plog(p)
+_2C(_1)}|_1[)(p_1) <_2C(—1) —i—ng b1 —1—|—C+log(2))s

+ O(s?)



170 Part II. Quadratic L-functions, representation densities

and hence:

¢(-1) 1 p+1 1
. (_2C(—1) +2%p_110g(p) —1+C’+210g(2)) s

+0(s?)

(8.3.6) Example (HILBERT MODULAR SURFACES). Let Ly a four dimensional lattice,
being an orthogonal direct sum of a two dimensional indefinite of discriminant D < 0,
square free (for simplicity) and a hyperbolic plane. We get, using (8.2.1, v, vi), (8.2.2,
iti) and (7.9.1):

T i1 1
A (L27 S) _F3,4(S) 1;[ |‘D‘p 1 _p,Q,Qs 1— (%)p_s_Q
1 1 3L 3
1 Do DR D) (9 4 9)Lx-p.s + 2D
m25T32
TG+ PP+ AT = DL =3 o
K Kot Dr 53 (1= 2)Lx-0, 71 =)
— 1 C(-DL(xp, 1)
| ¢ Dep-1) 3 3. 1
+ ZC(—l)L(X—D, —1) <—2 (=)  Lxp—1) 2 + 50—1— 210g(2)> s
+ O(s?)

and hence:

3L 8) = 1C(-DL(x-p, ~1) + 1C(~DL(x_p, ~1)

1 ¢(-1) L(x-p,—-1) 3 1 3 1
1 (—2 D IhopD) 3 2 log(D) + 50 + 3 log(2)> s
+0(s%)

(8.3.7) Example (SIEGEL THREEFOLDS). Let Ly be a five dimensional lattice, which
is the orthogonal sum of the negative of a three dimensional as in example (8.3.5) and
a hyperbolic plane. Let D = 2e > 0 be the discriminant of Ly We get, using (8.2.1, v,
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vi), (8.2.2, iv) and (7.9.1):
1

AN (Lg; s) =T'45(s) 1;[ (== — D[ g(l _pY)
1 (P(as+ (s + (35 +2)T(gs +3)
_16 T25+7
(25 +2)¢(2s +4)2* T [ (p*T — 1)
ple
1 F(As+1)-T(3s+ (s — HT(-2 — )
" 16 T(s+ 1)D(s + 2)m—25+2 '
(=1 =28)¢(=3—-25)2° [[(p*"* — 1)
ple
=~ DB IO - 1) = -De-3) TT0P - 1)
ple ple
L= d(=3) p*log(p) 17 o
( 2<(_1) 26(—3)+§|;p2—1 6+2C’+lg( ))
+ 0(52)
and hence:
ALz 8) = — *C( D¢(=3) [[* —1) - *C( D¢(=3) [[@* - 1)
ple p|D
¢'(-1) g’ -3) 1 17
.(—QC(_D =3 2 2 —€+2C’+flog( ))
+ 0(52)

(8.3.8) Example (A 10DIMENSIONAL SHIMURA VARIETY). Especially simple is the
situation for a Shimura variety of orthogonal type associated with an unimodular lattice
(this has good reduction everywhere, except possibly p = 2). Let for example Ly be the
orthogonal direct sum of a positive definite Eg-lattice and 2 hyperbolic planes. We get,
using (8.2.1, v), (8.2.2, iit) and (7.9.1):

A (Lzis) = %«—1)4(—3)42(—5)@(—7><<—9> bl DEAREE)C(-TI-9)

(=) d(=3) (=) (=T g’(—9)_14717 1., 2
( 200 " rey s Y P C) +0(s")

—-7) ¢(-9) 1260 2
(and here this coincides with X~1).
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9. Hermitian automorphic vector bundles

In the first section of this chapter, we will define (integral) automorphic vector bundles,
using the theory of part I, especially the theory of the (integral) standard principal
bundle (3.5.3). We will define Hermitian metrics on their complexification, giving rise to
Arakelov vector bundles. In particular we will later (10.4.1) define a canonical Hermitian
line bundle Z*& on the canonical model of a Shimura variety of orthogonal type and on
their compactifications. Then we will compute the ‘arithmetic volumes’ of these Shimura
varieties with respect to the first arithmetic Chern class of this bundle (10.5.2). The
natural Hermitian metrics are, however, singular along the boundary of the toroidal
compactifications. More precisely, they have singularities of log-type, giving rise to
singularities of log-log-type for the corresponding Greens functions. Burgos, Kramer
and Kiihn [18, 19] constructed an extended Arakelov theory, which is able to deal with
these more general objects. It is a general theory of cohomological arithmetic Chow rings,
which takes an auxiliary complex of differential forms (with singularities of a prescribed
type) as a parameter. The properties of these Chow rings very much depend on the
properties of the complex used. In their papers [loc. cit.], they develop a theory of pre-
log-log-forms as well as a theory of log-log-forms. While the first allows more general
Greens functions and metrics, the second has a nicer behavior and the properties of
the corresponding arithmetic Chow rings are closer to those of the classical arithmetic
Chow rings as defined, for instance, in [88]. The arithmetic volumes computed with
either theory agree [18, p. 624]. Since we will work only with Arakelov cycles that are
intersections of the first Chern class of an Hermitian automorphic line bundle, we use
here the theory of log-log-forms as developed in [18]. It will be presented in the next
section. In the third section of this chapter, we recall the definition and properties of the
theory of the corresponding arithmetic Chow rings. In the last section, we will define
finally the arithmetic and geometric volume of arbitrary Shimura varieties.

9.1. Hermitian automorphic vector bundles

(9.1.1) Let £X be p-ECMSD (2.4.11) with smooth and complete A, E be the reflex
field and O a reflex ring of it. For each o € Gal(E\Q), where E is the Galois hull
of E, there is a (p-integral) Shimura datum X¢ with the same group scheme Px and
Dx but different hx, with reflex field E? and (conveniently) ring 07, and the property
M(KX7) 2 M(KX)?. The complex structure induced on Dx may vary!

The compact duals MY(X9) can all be identified with geometric components of the
scheme QPAR (1.9.4) associated with Px (cf. 3.4.1). The union J, M¥(X9) is a
subscheme of QP AR defined over Z,) and we may glue all these constructions for all
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reflex rings © C E (corresponding to primes p|(p) of E). Denote the result by MY (X).
Similarly U, M(5X9) descends to a scheme (we assumed K to be neat) defined over
Z(p), and the similarly glued object we denote by M(KX). For a morphism of p-ECMSD

(a,9) : KX — K'Y, we have a morphism
M(@, g) : M(AX) - M(X'Y)

and similarly for MY. We denote by Dy the union of copies of Dx for each o.
Let £ a locally free sheaf on

MY(X)/Px]

(i.e. a Px-equivariant sheaf on MY (X)) and hg be a Px(R)Ux (C)-invariant Hermitian
metric on E¢| h(Ds) (where h(Dx) is embedded into MY (X)(C) via the Borel embedding
—3.4.1).

Recall from (3.5.3) the 1-morphism (here extended to M(X X))

=: M(5X) - [MY(X)/Px]| .

Let D be the boundary divisor (3.3.8). It is a divisor with normal crossings.

(9.1.2) We will define a Hermitian metric Z*hg on (E*E)c, singular along D¢, as fol-
lows!: We do this for each X° separately, so let X be one of them. By definition
E*Ec(U), for any open U C M(KX)(C), is given by the P(Q)-invariant sections of the
pullback of E¢ to the standard principal bundle P([A(X) via the compatibility isomor-
phism of = over C with Z¢ (3.5.3). Now consider the diagram of analytic manifolds (we

assumed K to be neat):

Px(Q)\Dx x (Px(A)/K) Dx x (Px(AC))/K)

T

Px(Q)\Dx x (Px(A®))/K) <— Px(Q)\Dx x Px(C) x (Px(A®))/K) —M"(X)(C)

Let U = M(¥X)(C) be the complement of Dc. The diagram shows that =*Ec|y is
canonically identified with the Px(Q)-invariant sections of the pullback p*(Ec|pny)) to
the standard local system Dx x Px(A(>))/K. But this pullback carries the pullback
of the Hermitian metric hp. For the induced Px(Q)-action on p*(Ec|nmy)) compatible
with the usual action on the standard local system, hg is invariant as well and descends
to a smooth Hermitian metric on U.

(9.1.3) Theorem. Let KX be pure p-ECSD, let (£,hg) as in (9.1.1) and assume that
the unipotent radical of a stabilizer group under the action of Px(C) on MY(X)(C) acts

1This is a slight abuse of notation, since the construction seems to depend on the particular presentation
of the target stack as a quotient of MY
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trivially on E.
The vector bundles E*Ec are the unique extensions to M(KX) of these bundles on M(*X)
such that the metric =*hg is good along the boundary divisor Do in the sense of [79].

Proof. cf. e.g. [42, §3.8]2. O

See also (9.2.9).

(9.1.4) Definition. Let (€,hg) be as in (9.1.1). The locally free sheaf Z*E, together
with the singular (along Dc) Hermitian metric Z*hg is called the Hermitian auto-
morphic vector bundle associated to (€, hg) on M(KX).

Observe that this refines the notation in [18, Definition 6.1]. There merely a rational
automorphic bundle with an arbitrary integral model is considered, the canonical integral
structure (which relies on a chosen integral model of the input bundle) is not taken into
account. We will later see (9.2.9) that these metrics have log-singularities in the sense
of [18, Section 2] along the exceptional divisor, if we assume a pure Shimura datum and
the automorphic vector bundle to be ‘fully decomposed’.

(9.1.5) Remark. It follows directly from the construction of metrics in (9.1.2) that for
a morphism of p-ECMSD
(o, p) : AKXy = 2K

and given (£, hg), with € a locally free sheaf on [M"(X;)/Px] and hg a Px(R)Ux(C)-

invariant Hermitian metric on E(C‘h(ID)X), we have an isomorphism
M(a, p)*(2*E,Z%hg) = (2* MY (a)*E,Z* MY (a)*hE).

Explanation: In (3.5.2, i.) the vertical maps are extensions to the models of the obvious
(analytic) maps on double quotients.
Similarly, in the case of a boundary component

(¢,p) : fiB — KX,

if hg is the restriction of a Pg(R)Ux (C)-invariant metric hg 1 on Dp to Dp—x C Dg,
we have on the formal completion

M(s, p)* (E*E,E*hi) = (2*E|yv (m), E i)

taking into account that the formal isomorphism converges over C. However, in general,
the metrics hg do not come from hg 1’s as above (they are not even defined everywhere

2The reduction to the mentioned reference lacks details. It will be stated more precisely in forthcoming
work
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on Dg), but of course an E*hp is always defined in a neighborhood of D¢ on M(fiB)(C)
and the above statement makes sense.

9.2. The complexes of log-log-forms

(9.2.1) We set up the notation from [18, Section 2.1]:

Let X be a complex algebraic manifold of dimension d and let D a divisor with normal

crossings on X. Set U := X \ D and denote the embedding by i : U — X.

Let V' be an open coordinate subset of X with coordinates z1, ..., z,. Denote r; = |z].

We will say that V is adapted to D if the divisor DNV on V is given by the equation
1--- 2 = 0. Assume that V is small, i.e. such that log |log(r;)| > 1 on V.

(9.2.2) Definition ([18, DEF. 2.2]). Let V be a coordinate neighborhood adapted to
D. For every integer K > 0, we say that a smooth complezx function f on V \ D has
logarithmic growth along D of order K, if there exists an integer Nk, such that
for every pair of multi-indices o, B € 72 $o with a+ B < K, the following inequality holds
true:

glal gl \H - tog(1/r1)|”
PE = EACIEL) PEC=Ey

We say that f has logarithmic growth of infinite order along D, if it has logarithmic
growth along D of order K for oll K > 0. The sheaf of differential forms on X, with
logarithmic growth of infinite order along D, denoted by E% (D) is the subalgebra of
i+Ef; generated, in each coordinate neighborhood adapted to D, by the functions with
logarithmic growth of infinite order along D and the differentials

dzi dzi ok

Zq 2

dz,dz;,i=k+1,...,d.

Its elements are also called simply log-forms along D.

(9.2.3) Definition ([18, DEF 2.17, 2.22]). Let V be a coordinate neighborhood adapted
to D. For every integer K > 0, we say that a smooth complex function f on V' \ D has
log-log growth along D of order K, if there exists an integer N, such that for every
pair of multi-indices o, B € Zio with a + B < K, the following inequality holds true:

Ng
glel 1o Mg 1og<1/n>>\
9z B (F1o- o 7d) Py

We say that d has log-log growth of infinite order along D, if it has log-log growth
along D of order K for all K > 0. The sheaf of differential forms on X, with log-
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log growth of infinite order along D, denoted by E%((D))gtn is the subalgebra of i.E
generated, in each coordinate neighborhood adapted to D, by the functions with log-log
growth of infinite order along D and the differentials

dz; dz;
log(r;)z; " log(ri)z;’
dz,dz;,i=k+1,...,d.

i=1,....k

Its elements are also called simply log-log-growth-forms along D.

The sheaf of log-log-forms along D, E%((D)) is defined as the sheaf of forms w with
the property that w, 0w, dw and 0w are log-log growth forms along D (this is, in this
case, not implied by the requirement for w itself). Its elements are also called simply
log-log-forms along D.

(9.2.4) Definition ([18, DEF. 4.29]). Let E be a rank n vector bundle on X, let Ey
be the restriction to U. A smooth metric on Ey is said to be log-singular along D, if
for every x € D, there exists a trivializing open coordinate neighborhood V' adapted to D
and a holomorphic frame § = {e1,...,en} such that, writing h(§);; = h(e;,e;), we have

i. The functions h(€)ij, det{h(&)}~! are log.
ii. The differential forms Oh(&) - h(€)™1);; are log-log.

(9.2.5) Theorem ([18, Propr. 4.31]). Let E and F' be vector bundles on X, and let
Ey and Fy their restrictions to U. Let hg and hp be smooth Hermitian metrics on Ey
and Fy. Write E = (E,hg) and F = (F, hp).

i. The Hermitian vector bundle E L F is log-singular along D, if and only if E and
F are log-singular along D.

i. If E and F are log-singular along D, then E ® F, A"E, S"E, E*, Hom(E, F),
with induced metrics (see [18] or [88]), are log-singular along D.

Let U be a Zariski open subset of X. There is a compactification 7 : U < U of U, such
that for Y = U \ 7(U),

m(D),Y and m(D)UY

are divisors with normal crossings on U.

(9.2.6) Definition ([18, DEF. 3.9]). Define the complex of sheaves Ef} on X by

Efy(U') = im DU, E5(Bg) (D)),

where the limes is taken over all normal crossing compactifications (U, By7) of U'. Here
5%<Bﬁ><<D>> is the sheaf of forms, which are log along Bg; and log-log along D.
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For each U C X the complex E;jll(U ) is a Dolbeault-algebra with respect to wedge
product.

(9.2.7) Definition ([18, DEF. 3.10]). For any Zariski open subset U C X we put:

Diux.pU,p) = (Dl xpUp),dp) = (D (E (U, DNU),p)?,dp),

where D*(E; (U, DNU),p) is the Deligne algebra associated with the Dolbeault algebra
Efy(U,DNU) and o is the antilinear involution w — Feo(w) [19, Definition 7.18].
The complex Df,  p is called the Diog-complex of log-log forms.

Let U C X be a Zariski open subset and Y = X \ U. Write

-~

Hp. v(X,p) = Hn(Dl*,ll,X,D(Xap)’Dl*,ll,X,D(Ua ),

L

where H"(-,-) means truncated relative cohomology ([19, Def. 2.55]). Similarly for the
non-truncated version:

Hp. v(X,p) = H"(Dry x.p(X, ), Dy x,p(U,p)).

LI
A class g € f[”(Dz“, Y') hence is the class of a pair g = (w, g), where
w € Z(Dly,x,p(X,p))

is a cocycle and
9 € Dy x,p(U,p)/imdp

is such that dp g = w. Explicitly we have:
: 2
Z(Diy x,p(X,p)) ={w € Ej/(X, D) N Eyj p(X,D,p) | dw =0},

* —1,p—1 2p—2
DiuxpUp) {9€E, " (UDNU)NE;zUUNDp—1)}
imdp imod + im0 '

There are morphisms
w: ﬁ%my(X, p) = Z(Dyx,p(X, D)),
given by g = (g,w) — w and
w: ﬁ%;ll,Y(va) — Hpy | v (X, D),

given by sending g = (g,w) to its class in the cohomology groups.

(9.2.8) Definition ([19, DEF. 3.18-3.20]). Let y be a p-codimensional algebraic cycle
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on X with suppy C Y. A weak log-log Green object for y (with support in'Y ) is an
element g, € H%Z; v (X, p) such that

2
Cl(gy) = Cl(:y) € HDI;ZZ,Y(X7p)7

where cl(y) is given by the image of the class of y in the real Deligne-Beilinson cohomol-
ogy transported by the natural morphism H%fY(X,R(p)) — H%; u,Y(X’ p). If Y =suppy
then g, is called a log-log Green object for y. ’

(9.2.9) Theorem. Let KX be pure p-ECSD, let (£, hg) as in (9.1.1). and assume that
the unipotent radical of a stabilizer group under the action of Px(C) on MY(X)(C) acts
trivially on £.

The Hermitian metric Z*hg on the automorphic vector bundle Z*& 1is log-singular along
the boundary Doo of M(KX)(C) in the sense of (9.2.4).

Proof. The assumption means that Z*& is fully decomposed (see e.g. [79] or [18, sec-
tion 6.1]). Recall (9.1.3) that the canonical extension of =*€ defined via the canonical
extension of the standard principal bundle coincide with the unique extensions of [79,
Theorem 3.1]. Hence the statement is proven in [18, Theorem 6.3]. O

9.3. Cohomological arithmetic Chow groups

(9.3.1) Let R be a ring isomorphic to a subring of C. There is a anti-linear involution

Foo:@((:%@@

o:R—C o:R—C

given by Foo(v), = Tz.

For a scheme X over spec(R) we denote by

Xoo= ] X,(C).
o:R—C

If X is regular and flat and quasi-projective over spec(R) with a divisor D, such that
Dy C X is a divisor with normal crossings, then

(X, Dlux..n.)

is a Dypg-arithmetic variety over spec(R) in the sense of [19, Def. 4.4].

Like in [19, Section 4] these induce arithmetic Chow groups:

(/]FI*(X,Dzu) = 7"(X, D) /Rat” (X, Dyy),
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where
Z'(X, D) = {(y,8,) € Z°(X) & Hy} | 5,(X,p) | cl(gy) = cl(yoo)},

Here ﬁ%ﬁll’Zp(X,p) = limyez, I?I%’;’”’Y(Xoo,p)Fm, the limit being taken over the set

Z, of all cycles on X, of codimension > p ordered by inclusion. ﬁ;cp(X ,Dyyi) is the
subgroup of Zp(X ,Dy11) generated by rational cycles [loc. cit.].

(9.3.2) Let R’ be R modulo rational multiples of finitely many log(N), N € N. Define
R®) as R modulo rational multiples of log(q), ¢ # p prime. Define Ry as R modulo
rational multiples of log(q), ¢|N. Obviously Ry injects into the fibre product of all R®)
p1 N over R'.

There is an obvious map (/Jﬁl(spec(Z(p)))@ — R® and in the sequel we will always

consider the image in R®) of elements in 61\-11(spec(Z(p)))Q.

(9.3.3) Any morphism f : X; — Xs such that f~'(D2) C D; induces a morphism
between these Djy.-arithmetic varieties, compare [18, section 3.4], and it induces a
pullback morphism [18, section 5.4., iv, v]:

% %
f*: CH (X2, Dy x, o0,ps o) = CH (X1, Dy xy 00,04 )
which is a ring homomorphism after tensoring with QQ, and which is compatible with the

formation of Chern classes

(9.3.4) If X is projective over spec(R), there is a direct image morphism of groups
[18, section 5.4, ii]:

——d+1 —1
m : CH (X, Dfyx.p.) — CH (spec(R)),
where d is the relative dimension of X.
(9.3.5) Furthermore, there is a degree map deg : éﬁl(spec(R)) — Ry for some N

(see 9.3.2). Explicitly the composition deg o ,, which will be used for the definition of
arithmetic volume, is given by:

1
( Z(X)TLPP,Q) = Y nplog(#k(P)) +(2m.)d/009

pezatt Pez4t(X)

(similarly to the case of classical Arakelov theory).
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(9.3.6) There is an intersection pairing:

=3pt+aq
(

CH’ (X, D) ® CH' (X, Dfy) — CH (X, D)o,

which turns

., .
@ CH (X, D} )

p=0
into a commutative ring [18, section 5.4, i].

If (y,gy) and (z, g.) are such that yo and z intersect properly, the product is given by

(Y, 0y) - (2,82) = ([y - 2], 9y * 92).

Here [y - z] € ZPTY(X) is already determined only up to finite rational equivalence,
however, [y - 2] is just the usual intersection cycle of Yoo and zo. See [19, Theorem
4.19] for details.

(9.3.7) Let U = Xo \ Doo. Let Z{,(X) the group of codimension ¢ cycles y on X such
that y~ intersects Do, properly. There is a height pairing

— ——piqg—d
() : CH"(X, Dyy) @ Z,(X) — CH' ™ “(spec(R), Diu)g.

defined in [19, Definition 7.54].

Let R now be finite over Z,). If we are given any log-log Green object g, = (gy,w,) for
y and are in the case p +q = d + 1, the (degree of the) height may be computed by the
formula:

dea(oly) = dego ma(or- o)) ~ gy [, Glo)

in R?® and does not depend on the choice of gy (it suffices even a pre-log-log Green
object, but we don’t need this here).

In case that y is the image of a morphism ¢ : ) — X with «(Dy) C Dy over spec(R), we
get by the projection formula (follows from the abstract [19, Prop. 4.37])

(aly) = my«ta.
(9.3.8) Definition ([18, DEFINITON 5.4]). We define the ring Ko(X, Dy 1) as the group

generated by pairs (E,n), where E is a vector bundle with log-singular Hermitian metric
on X and

2 1
776@171]101 XP/dDDzzz (X, p)
subject to the relations

(S.n) + @, 1) = (E,n+1n +ch)



184 Part III. Hermitian automorphic vector bundles and Arakelov geometry

for each sequence

0 S E Q 0,
where ch is the Bott-Chern secondary characteristic class of the sequence.

Multiplication in the ring is given by

(E,n) @ (E' ) = (E® E, (ch(E + dpn) e 0/ +n e ch(E)).

(9.3.9) Theorem ([18, THEOREM 5.5, 1., V.]). The arithmetic Chern character is a
ring homomorphism:

@ : R\o(X, Dl,ll) — @ (/jﬁp(X, Dl,ll)(@'
p

9.4. Geometric and arithmetic volume of Shimura varieties

(9.4.1) Assume first in this section that all occurring K’s are neat, see (9.4.6) for the
general case. For a pure Shimura variety (version over Z,) as in 9.1.1) M(XX) with
complete and smooth A, the exceptional divisor D has normal crossings (3.3.8) and
we define @(M(gi)) as él\{p(M(gi),Dl,”), where Dy ; is the complex of forms with
log-log-singularities along D¢ (9.2.7). The underlying arithmetical ring is Lpy with its
embedding into C. We assume that M(XX) exists — this requires that A is sufficiently
fine and that conjecture (3.3.2) is true (cf. 3.3.5).

(9.4.2) Definition. Let KX be p-ECMSD with complete and smooth A, and € = (€, hp)
be an invertible sheaf £ on {MV(X)/PX} and hg a Px(R)Ux(C)-invariant Hermitian
metric on EC‘h(Di)y respectively.
The geometric volume

volg(M(AX))
is defined as the volume of M(XX)(C) with respect to the volume form (c1(Z*Ec))?.
The arithmetic volume at p .

volz, (M(KX)

is defined as
1

deg(E : Q)
in éﬁl(spec(Z(p))) =R® where m: M(KX) — spec(Zy)) is the structural morphism

If Px is a group scheme of type (P) over spec(Z[1/N]), and K is admissible for all pt N,
then we define the global arithmetic volume

m(€1(2*E, E*hp)?)

volg(M(£X))
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in Ry as the value determined by the arithmetic volumes at p (compare 9.3.2, see also
9.4.7).

If (a, p) : K,/YQ — KXQ is an embedding of rational Shimura data, we define the height
at p:

M<M<a7 DME)) (@276, 5 hir) ) 9),

where (-|-) is the height pairing (9.3.7), q is the codimension, and M(@, p) is the Z,)-
morphism (9.1.1). Similarly for the (global) height.

htz ,(M(XY)) =

(9.4.3) Question. We mention that there is a proportionality principle [79] in the
geometric case. This means that all polynomials of degree dim(M(gX)C) in the Chern
classes of an automorphic vector bundle (Z*E)c, considered as a number, are proportional
to the same expression in the Chern classes of the original bundle £, computed on M (X).

Is there an analogue in the arithmetic case? — cf. also [51].

(9.4.4) Remark. If (a,p) was in fact an embedding of p-integral data: [A(,/Y — £X,
we have, by the projection formula (cf. 9.3.7) and (9.1.5):

(9.4.5) Lemma. The geometric and arithmetic volumes do not depend on the rational
polyhedral cone decomposition A, i.e. not on the chosen toroidal compactification.

Proof. For each pair A;, i = 1,2, there is a common refinement A, cf. (2.4.12), and we
have two projections (3.2.2):

M(3X)

SN

M(ZR,X) M(R,X)

Furthermore this diagram is compatible with formation of Z*£,Z*hg by (9.1.5). TIts
Chern forms are therefore transported into each other by pullback along the arrows in
the diagram. Since the forms are integrable on every M(KX) (see [79], cf. also 9.1.3),
the geometric volume agrees.

Now, there is pullback map

p*: CH (M(X, X))g — CH (M(KX))g

as well, which is a ring homomorphism and compatible with Chern classes (9.3.3).
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Therefore the assertion for the arithmetic volume boils down to the fact that for a class
x = (z,9) € cH"" (KX), where z is a zero-cycle in the fibre above p and g is a top-
degree Green element, we have (Te\g(mp*(w)) = (Te\g(rr*w), where the 7 are the respective
structural morphisms. This is true, since we may assume w.l.o.g. that z is supported
outside of D and the push-forward of g which is computed by an integral. These integrals
are equal by the same reason as above. O

(9.4.6) Remark. If K is not neat, M is only a Deligne-Mumford stack. Instead of
extending the theory of [18, 19] to stacks like e.g. in [29], we define the arithmetic
volume in this case as follows: We take some neat admissible K/ C K and define

volg ,(M(AX) 1= o vol (M5 X))

as value in R(®). Similarly for the global arithmetic volume in Ry, assuming that both K
and K’ are admissible for all p{ N. It follows from (9.1.5), (9.3.3) and (9.3.5) that this
is independent of the choice of K’. In particular, if K is neat — or using any reasonable
extension of the theory of [18, 19] to stacks — this definition agrees with the previous
one.

In this sense the geometric and arithmetic volume do not depend essentially on K, as
they are both multiplied by the index, if K is changed. For the arithmetic case this is of
course only true for admissible K and the more primes are considered the less admissible
groups there are.

(9.4.7) Remark. From the construction process in part I of this work, since we defined
the models as the normalization of a Zariski closure in a variety defined over some
Z[1/N], it follows that there is even a model of M(KX) defined over some Z[1/N],
yielding the models coming from the canonical over the various reflex rings O, such that
the arithmetic volume of this model is the value determined above. This justifies a priori
that our value lies in Ry. Otherwise we will not care about this (global) model.
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10. Shimura varieties of orthogonal type

10.1. The spin groups

Let S be a scheme, L a locally free sheaf and @ : L — Og be a quadratic form (6.1.1).

(10.1.1) Definition. We call the Clifford algebra C(L) of L an algebra with the
following universal property

Homgyy(C(L), A) = {f : Homog (L, 4) | f*=eoQr}
for any algebra A over S with unit e : Og — A.
(10.1.2) Lemma. The Clifford algebra of L exists, and is obtained from the tensor al-

gebra T(L) by factoring out the relation v? —Qr(v). Since the relations are homogeneous
if the degree is considered mod 2, a 2-grading

C(L)=C(L)y" & C(L)~

survives. It is locally free of finite dimension.
From v? = Q(v) one derives vw + wv = (v, w)q.

(10.1.3) Definition. We define the main involution on C(L) by

(v1---vn) = (=vn) -+ (=v1).

(10.1.4) Definition/Theorem. There are group schemes Spin(L) and GSpin(L) over
S, characterized by the following functors of points:

Spin(L)(R) = {g € C(L)}; | 9¢' =1,9Lg™" = L}

GSpin(L)(R) = {g € C(L); | 99’ = Mg),gLg™" = L}
where A(g) € O%(R) and R is any ring with morphism spec(R) — S.
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(10.1.5) They sit in an exact diagram of group schemes

1 H2 Spin(L) —— SO(L) ——=1 (1)

1—G,, — GSpin(L) —=SO(L) ——=1

We let SO(L) act on L by its natural operation and GSpin(L) by gv — gvg’. Note that
these actions are not compatible with the projection GSpin(L) — SO(L).

From now on, we assume that S = spec(Zy), p # 2. Actually most of the statements
in part III should be true for p = 2, but since the theory of part I and also several pieces
of part Il are not available yet for p = 2, we have not rigorously checked this.

(10.1.6) Remark. The middle row remains exact on sections over any discrete valu-
ation ring or field (1.1.2). Here po (resp. G,,) are not equal to the center of Spin(L)
(resp. GSpin(L)). This is only true for n even. For n odd, the center of Spin(Lg) is of
the form Z/2 x Z/2 or Z/4 (over fields of char 0), according to parity of n/2.

(10.1.7) Theorem. GSpin, Spin and SO are reductive, if (-,-)q induces an isomor-
phism L* — L.

Proof. The definition is compatible with base change and over an algebraically closed
field k the statement is well-known.
Hence GSpin, Spin and SO are reductive group schemes over S (cf. 1.6.1). O

There exists an orthogonal basis {v;} of L (6.4.15), such that all Qr(v;) are units. We
have the basis
Viq "'Uij;il <0 <K ij,j even

of CT(L) and the basis
Uil"'Uijail < e <ij,j odd

of C7(L). The trace of any basis element (acting by left multiplication on C*(L) or
C™ (L)) except 1 is 0. The trace of 1 is 2™~ ! in any case.

(10.1.8) Lemma. For an element § € CT(L)* with &' = —4, the form

(m,y)s — tr(zdy’)

on CT(L) is symplectic, non-degenerate and Spin(Q)-invariant (respectively GSpin(Q)-
invariant up to scalar given by X\), where these groups act by left multiplication.
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Proof. The form is invariant because tr(AB) = tr(BA). Since § is invertible, non-
degeneracy is equivalent to that of tr(zy’) which is given by an invertible diagonal matrix
with respect to the basis chosen above. The form is symplectic because tr is invariant
under " and ¢’ = —¢. O

10.2. Hermitian symmetric domains of orthogonal type

In this section we will describe the Shimura data of orthogonal type, in particular, their
associated Hermitian symmetric domains.

(10.2.1) Suppose again, LZ(p> is a lattice with non-degenerate, unimodular quadratic
form. Suppose that Ly has signature (m —2,2), m > 3. A polarized Hodge structure of
type (—2,0), (—1,—1),(0,-2) on L¢ with dim(L~2°) = 1 is determined by an isotropic
subspace L0 satisfying (z,Z) < 0 for nonzero z € L=2%. Then the other spaces in the
Hodge decomposition are determined by L% 2 = L=20 and L=b~1 = (L=20 4 L0:=2)L,
We define Dg(z,) = Do(z) to be the set of these Hodge structures. It is identified with

{<z>eP(Lc) | (2,2)=0,(z%) <0}.

Hence it is equipped with a natural complex structure.
Dg has 2 connected components. There is a 2:1 map

DS(L) — Grass™ (Lr)

< 2> Deys = (< 2,7 >)5ICR)

onto the Grassmannian Grass™ of negative definite subspaces of Lgr. It has a section
determined by a choice of C-orientation! on any of the subspaces D. The images of
these sections are the 2 connected components of Dg. It will be convenient to fix an
orientation on some (hence on all) of the negative definite subspaces D. This identifies
mo(Dg(ry) with Du, = Hom(Z,Z(1)) and induces a morphism of p-MSD

S(L) — Ho.

The space D~ has an orthonormal (with respect to Q) basis given by

. 2FZ
x1—7m, (2)
Ty = £l (3)

(2.2)

Let Py = GSpin(LZ(p)) acton Lz, via g-v = gug'.

i.e. the choice of a linear isomorphism D 2 C
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(10.2.2) Lemma. S(L) is p-integral pure Shimura data.

In the case that LZ(p) is as above, with Lg of signature (0,2), GSpin does not operate
at all on Dg, if the latter is defined as above (i.e. consisting of 2 points). In this case
we get 2 different p-integral Shimura data S(L)y. If L' is a saturated sublattice of L of
signature (m —n —2,2), 0 <n < m — 2, it induces an embedding of p-integral Shimura
data

S(L') < S(L).

There is an embedding

and accordingly S(L) is of Hodge type.

Proof. To each < z >€ Dg(z) the associated morphism h factors through GSpin(Lg). It
is explicitly given by

S — CT(L,R)
2Z — 2z

(2,2)

for any choice of i € C (note: z2 depends on the choice of i € C as well).

w=a+bi—a+bh = a+ bx1x9

It even defines a field isomorphism C = C*(D.,~,R). It operates on L2 by w?, on
L%=2 by w? and on L=~ by ww. The second statement is true because the inclusion
C* (L") c C*(L) induces a closed embedding GSpin(L’) < GSpin(L) and any morphism
h of the first datum defines a morphism h for the second datum of the same type.

For the property of Hodge type, fix a positive definite Z,-sublattice Dy which is a
direct summand (exists because the form is assumed to be unimodular — 6.4.15) and an
orthonormal basis z1, 22 (hence an induced orientation of D). Consider the element
d := z1x9. It satisfies the requirements of lemma (10.1.8).

Let < z > be a point in Dgy). P10 = (ZZ% resp. its complex conjugate, satisfy P; 104
POl =id, (Pi)? = P4, and on P C*(L¢) the morphism h operates as w™‘w 7.
Furthermore, for z chosen, such that D, = Dy, the form (-, z122-)s = (-, h(i)-)s =
tr(zdy’'d’) = —tr(xdy’'d) is symmetric and definite. (Here i € C it the root of —1
determined by the orientation x1 A x9 of Dy = D,, see (2)). The substitution x — gz,
y — gy for any g in the spin group changes xjxy in g(x1)g(z2) but does not affect the
properties of symmetry and definiteness. The sign of definiteness, however, is reflected

by the chosen orientation of Dy.

Hence the map < z >— P, 19 C*(L¢c) may be seen as a map D)y = Derct(n),(,99)-
Together with the closed embedding

GSpin(L) <= GSp(CH(L), (-, -)5),

it induces an embedding S(L) — H(CT (L), (-, -)s). O
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(10.2.3) Theorem. If dim(L) > 3, the reflex field of S(L) is Q. The compact dual is
the zero quadric, i.e.

MY(S(L))(R) = {< =z >€ P(Lg) | (2,2) =0}

for any ring R over Z,).

If dim(L) = 2, the reflex field of S(L)+, resp. S(L)— is the imaginary quadratic field (in
C) associated with the (negative) definite binary quadratic form L. The compact dual is
a point given by the isotropic vector corresponding to the filtration in Dg(r,), , respectively

DS(L),-

Proof. There is a negative definite subspace D defined over Z, (6.4.15). Over an
imaginary quadratic field F', unramified at p, there is a morphism

u: Gy, — GSpin(L),

acting with exponent 2 on one isotropic vector z, with exponent 0 on Z and with exponent
1 on the orthogonal complement. Over C it yields the associated morphism wy (3.1.1),
where h is one of the 2 morphisms corresponding to D. The morphism %y is also of the
form up and hence conjugated to uy if n > 3. The conjugacy class of these morphisms
is therefore defined over Q. If n = 2, GSpin(L) is a torus and hence the reflex field is
F. Furthermore, the morphism u defines the filtration 0 C< z >C< z >+C L which is
completely determined by < z >. O

(10.2.4) Remark. The Hodge embedding from (10.2.2) induces a map (3.4.1)
MY(S(L)) = MY(H(CT(L), (-, )s)).

Here MY (S(L)) is the space of isotropic lines in L and MY (H(C™* (L), (-,-)s)) is the space
of Lagrangian subspaces of C* (L) with respect to the form (-,-)s. One can read of from
the proof of (10.2.2) that this map is given (for any R) by sending a < z > in Lg, with
z assumed to be primitive to the subspace 2w C*(Lg), where w is a primitive vector
with (z,w) = 1 (this subspace actually does not depend on w). One also immediately

sees that this is compatible with the Borel embedding because w = <ZEE> leads to the

projector considered in the proof of (10.2.2).

(10.2.5) Lemma. Let Lg be a vector space with non-degenerate quadratic form. Let
K be a compact open subgroup of SO(Ly(e)). There is a compact open subgroup K' C
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GSpin(Ly(~)) and a surjection

GSpin(Lg)\(Dg(ry x GSpin(Ly«))/K’)

i

SO(Lg)\(Do(ry % SO(L =)/ K).

If LZ(p) is a lattice in Lg such that the induced form in non-degenerate (i.e. induces
an isomorphism Ly, — L%(p) and if K' is admissible, K can be chosen admissible.

The induced morphism GSpin(Lz,, )(Z)) — SO(Lz, )(Zy,)) is surjective in this case
as well.

Proof. First, some subgroup K’ with p(K') C K exists. From (10.1.5) and Hilbert 90
we see that we have a surjection GSpin(Lg,) — SO(Lgq,). Since the application

GSpin(sz) — SO(LZP)

is surjective for almost all p (the group are defined by smooth group schemes), we
get a surjection GSpin(Lj()) — SO(L,()). The last statements follow because we
have a map of reductive group schemes GSpin(Lz ) — SO(Lz, ). It is surjective by
(1.1.2). O

(10.2.6) Remark. The Shimura datum O(L) = S(L)/G,, itself is not of Hodge type
but satisfies the requirement of (3.3.7)2, hence we have also integral models M(¥ O(L))
with all the good properties required. We will work predominantly with those.

(10.2.7) Lemma. Let K be an admissible compact open subgroup of SO(Lj)) and
A a K-admissible rational polyhedral cone decomposition. The (geometric) connected
components of M(fO)@ and M(IA(O)E are in bijection and defined over spec(Z,)[(n]),
where (n, p1 N is an N-th root of unity.

Proof. This follows directly from (3.2.2, 3.3.5) using the previous (10.2.5) and [77, The-
orem 5.17]. O

(10.2.8) Lemma. Let Ly, be a lattice with quadratic form of discriminant D # 0. Let
K be a compact open subgroup of SO(Ly()) and pick a set of representatives

gi € SO(Q)\ SO(A™)) /K.

2(3.3.7) lacks details. This will be remedied in forthcoming work
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For each g; there is the lattice L(Zi) characterized by L(le = giLz,. We have

[S0(Q)\Do x (SO(A™)/K)| = J[F\Dol,

7

where T; is the subgroup of SO(LY,) defined by SO(Q) N g;Kg; "

If K is the discriminant kernel, each T'; is the discriminant kernel of the respective L(9).
Proof. [46, 1.10] or [77]. O

(10.2.9) Remark. The embedding of (3.4.1, v) is just the restriction to those < z >
satisfying (z,Z) < 0. Note that although MY (S(L)) is defined over Z,), there are cases
where MY (S(L))(Z,)) is empty (Witt rank 0). These cannot occur if n > 5 by Meier’s
theorem.

The rest of this section is devoted to an investigation of all boundary components (2.4.5)
of O(L), or S(L), respectively.

According to (2.4.4) we have to classify admissible parabolic subgroups of SO(L) or
GSpin(L) (this amounts to the same). We may also restrict ourselves to SO(Lg) because
of the projectivity of PAR (1.9.4).

We first examine all parabolics of SO(L¢). We identify the Lie algebra of SO(L) with
A2L acting by (v Av)w = (', w)v — (v, w)v'.

We will examine the cases m = 4,6,8,... and m = 3,5,7,... separately.

(10.2.10) Let m = 2g > 4 be even. Choose a decomposition L¢ = Lo @ L where Lo, L
are maximal isotropic with bilinear form given by (v1 + v}, va +v3) = v3v1 + vjva, and a
basis v1,...,vg of Ly. Denote the dual basis by v7,...,v;. There is a maximal torus, a

G, acting by v; — A\jv; and vf — A, 'uf. A set of roots together with their root spaces
in Lie(SO(L)) = A%L is given by

Tig )\i)\j < v ANvj > i<j#—g(g—1)/2

] )\i)\j_l <viAv; > 1< #=g(g—1)/2
—Tij ()\Z')\j)_l <’U;</\’U;-K> 1< J #:g(gfl)/Q
—rl s AThN <viAv;> i<j|#=9g(g—1)/2

These are 2g(g — 1) roots in total. A set of simple roots Ay is given e.g. by 7“2:4_1
1,...,9—1and r4_14. This set induces the decomposition into negative and positive
roots as in the table. A parabolic subgroup is, up to conjugation, given by a subset of
this set of simple roots (1.9.4).

The roots r4_1,4 and rg_l play a special role. Let Ly be the isotropic space generated by
v1,- -+, vy as above and Ly be the isotropic space generated by vq,- - ,vg-1,vy. These

two do not lie in the same orbit under SO(L¢) or GSpin(Lc).

U=
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Associated filtrations for the occurring subsets fall into 4 classes according to which of
the roots ry_1 4 and rg_l lie in the corresponding subsets:

parabolics of type S C Ag | ~, [filtrations 0 C I1 C --- C I; of isotropic subspaces,
with rg_14 €5, 7“571 es with dimI; < g — 2

with rg_1,4 € S, rg_l Z5s with I; ~ Lo, dimI;_1 < g — 2

{parabolics of type S C Ag } ~ {ﬁltrations 0C I1 € --- C I; of isotropic subspaces, }

parabolics of type S C Ag | ~, [filtrations 0 C I C --- C I; of isotropic subspaces,
with rg_1,4 ¢ S, r9_, € with I; ~ Ly, dimI;_1 < g —2

parabolics of type S C Ag | ~, [filtrations 0 C Iy € --- C I; of isotropic subspaces,
{With rg—1,9 €5, 7"571 Z5S } { withdim/l; =g —1 }

Here in the curled brackets, we mean everything up to conjugation or action respectively.

This exceptional behavior in even dimensions, which is also reflected in the branching of

the Dynkin diagram, is due to the fact that an isotropic subspace I of dimension g — 1

already determines 2 isotropic subspaces of dimension g, namely the pre-images of the

2 isotropic lines in the 2-dimensional quadratic space I+ /1.

A parabolic is defined over Q, if and only if the associated filtration
0CICItCL,

is defined over Q. Hence we read off that for signature (m — 2,2), maximal Q-parabolics
are given by isotropic subspaces if n > 6 and SO is simple in this case, hence admissible
parabolics (2.4.4) are maximal parabolics. If m = 4, we have either only isotropic lines
defined over Q, in which case the maximal Q-parabolics correspond to these lines, or
there exists a isotropic plane, in which case SO(Lgq) is split and isomorphic to PGL(2) x
PGL(2), so each proper parabolic is admissible and again admissible parabolics are given
by maximal isotropic subspaces up to conjugation. We have only one element in each of
the 4 sets above. The first (point-)set do not correspond to a proper parabolic. However,
we have two kinds (horizontal and vertical, if you wish) of boundary components of
dimension 1.

(10.2.11) Let now m = 2g + 1 > 3 be odd. Choose a decomposition L¢ = Ly & L§ L<
vo > where Lo, L are maximal isotropic, (vp,v9) = 1, and a basis v1,...,v4 of Ly.
Denote the dual basis by vj,...,vy. There is then a maximal torus, a Gf, acting by
A-vp = Nv; and A - vf = Ao

A set of roots together with their root spaces in Lie(SO(L)) = A%L is given by

TN < v; Nvg > #=y
Tij i AN <viAvg> i1<j #=g(g—1)/2

rf: )\i)\j_l <viAv; > 1< #=g(g—1)/2
-7 ()\Z’)_l < ’U;( A vg > # =g
—Tiy A\~ < or Avi> i<j|#=9g(g—-1)/2
-l )\;1)\]- <viAv> i<j|#=g9(g—1)/2
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These are 2¢° roots in total. A set of simple roots is given e.g. by r;“,i =1,...,9—1
and ry. This set induces the decomposition into negative and positive roots as in the
table. It is now easier to see that in any case:

{ parabolics } = {filtrations 0 C I; C --- C I; of isotropic subspaces } .

Since SO is simple in these cases, proper admissible parabolics are Q-maximal and
correspond to single nonzero isotropic subspaces over Q.

Now let @) be any proper admissible parabolic. We have seen that ) corresponds to a
filtration
0OcICItclL,

whose stabilizer it is. We will now determine the boundary components in the sense of
(2.4.5) associated with them:

(10.2.12) Case: I 1 dimensional (boundary point).

Choose a 1-dimensional lattice I’ = I*. This is possible because the discriminant is a
unit at p.

We have the group

GSpin(I' & I) = {az2’ + 32’2} C GSpin(L).
Here z, 2’ are generators of I, I’ respectively. We get a Levi decomposition
Q=WII'/I)xG.

We interpreted the set Dg (1) as the set of Hodge structures of weight 2 on Lg with L_2
isotropic. h(Dp) can be interpreted as an orbit in the set of mixed Hodge structures
with respect to the weight filtration

0 i<=-5

i=—4,-3

W= = 5
L >0

This follows from (2.4.4) because a splitting cocharacter for this splitting is given by the
A of (2.4.3) times the original weight (A — (A72,...,A72) for Dg). The real torus is for
n > 5 given by S = {A, Ao, 1,--- 1, AL A2 1, [ 1|A AL = A\aA2 = 1}, where we assumed
that vy, v}, resp. vg,v3 are spanning the 2 real hyperbolic planes. The long roots (2.4.3)
are in this case: r% and 719.

The associated A hence is the given by

A= (A2 A% A2 N0 09
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because it is the only morphism satisfying:
<)\,7’12> =2 (/\,7“%> = 2.

The conditions on an isotropic line F* C L¢ to yield a mixed Hodge structure are,
W_y C (FO4 FO)L + W_3, Fy # Fy. The induced Hodge structures on gryy (L) have to
be trivial.
Choose FO = I with the notations above.
Therefore, by weight-reasons, a morphism h,, composed with the projection above has
to be

w s (ww) " 1, (wiw) " € Gy, X Gy, x GSpin(Lo).

~

The semi-direct product of this image (= G,,) with the unipotent radical is hence iso-
morphic to the smallest normal subgroup over which the morphisms factor. It is

Pg =W @ I*/I) x Gy,

where a € Gy, is mapped to azz'+2'z € GSpin(L). It operates, however, via the natural
action of G,,, on W(I ® I+/I). Tts intersection with G,, C GSpin(L) is trivial, hence it
is isomorphic to the corresponding boundary component of SO(L). « here goes to the
element z — az, 2’ — o~ 12/,

(10.2.13) Definition. We will denote the corresponding morphism Gy, — SO by pr 1.

Recall the chosen representations for SO and GSpin (10.1.4).

Consider
Wo(Ds) X Hom(SC, PB,(C)-

Any G,,, pre-image of the group determined above, acts by the obvious nontrivial oper-
ation on the set 7y(Dg). mo(Dsg) can be identified (after choice of a common orientation
of the negative definite subspaces) with the set of isomorphisms Z == Z(1) (choice of root
of —1).

Hence the Pg(R)Ug(C)-orbits contained in the image are canonically isomorphic to

DHo [I®I+/1,0]

and we get an isomorphism:
B = Hy[I ®I/I,0],

cf. (2.2.10) for the definition.

Suppose I is spanned by the vector z, and consider the mixed Hodge structure deter-
mined by FO = H=20 =< 2/ >. Assume (z, 2) # 0.

Consider the isomorphism Lo = I ® I*+/I,k + z ® k, where Lo is the orthogonal
complement of z and z’. Letting it act on 2/, we get an isomorphism Dg = 79(Dg) X
Lo(C). Explicitly a vector in k € Lo(C) on the right hand side corresponds to the mixed
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Hodge structure determined by
1
FO—< 2/ 4 (2, )k — ((k,z’> + 2<z,z’>(/~c,k)) ..

To any isotropic line < z > there corresponds precisely 1 boundary component, and an
embedding
Do — Dg.

The compact dual of MY(S(L)) is given by the zero quadric and the ‘compact’ dual
MY (B) is the (scheme-theoretic) complement of < z >*.

It is (non canonically) isomorphic to W(I®1I+/I), depending on the choice of a primitive
vector 2’ with (z,z’) =1 (this exists because the discriminant is a unit at p).

Let K C SO(L,(~)) be the discriminant kernel of a lattice Lz, Consider K; := K N
Pg(A(®),

(10.2.14) Claim: K; N Ug(A(>®) = Lo,i =<z>5 Q<2 >% / <z >z

Proof. First of all K is a product of K ;’s because K is. For an element (z ® v) X g €
Ig, ® I@ /Ig, to be in the discriminant kernel, we need to have: (z,z)v — (v,z)z € Ly,
for all z € L}, , hence v € IZLZ/IZI (We have < z >+ NL7, = (Lz,/ <z >)". Now test for
all z €<z > nNLy,.

(10.2.15) If 2’ € LZ(p> is any primitive isotropic vector not perpendicular to z, K; will

then definitely contain a group Kz x K(N) C U (A(>) x A" where the splitting is
chosen according to < 2’ >, as explained above. Of course, N will depend on the choice
of 2/. Furthermore K itself may not be of this form.

(10.2.16) Case: I 2 dimensional (boundary curve). If I+ # I, there is a surjective
morphism

P — GL(I) x GSpin(I*/I),

with kernel the unipotent radical. The unipotent radical consists of the exponential of
elements in I A I+, We have an exact sequence (in the Lie algebra)

0 A2(1) INF—=T®(I/I)—=0

where A%(I) are the elements shifting the filtration by 2 and a corresponding central
extension

00— Up := W(A%(D)) Ws Ve =W ® (I+/I)—=0

We interpreted the set Do as the set of Hodge structures of weight 2 on L, such that
L_5 is isotropic. h(DB) can be interpreted as the set of mixed Hodge structures with
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respect to the weight filtration

0 i<=—4
I i=-3

W= -y
L i>-1

The associated A hence is given by
PYENOTIOLID LIS LI S S SRS )
because its the only morphism of correct weight, satisfying
(A, r12) =0 (A7) =2
The conditions on an isotropic line FO C L¢ to yield a mixed Hodge structure are, if
dimW_o=2: FONW_5 =0, W_o C (FO4+ FO)* +W_3, Fy # Fy. The Hodge structure

on gr_;(L) = gr_3(L)*(2) can be arbitrary. Choose an I* which is the dual of I with
respect to the bilinear form. This determines L = Ly L I ® I'* and a splitting

GL(I) x GSpin(L') — Q,

as well as an embedding
DH( I — Dp.

The composition of any w, o ho with the projection above, has to look like
2 (W'(2), 27),

(for some ' € h(Dy(s))) for weight reasons. The corresponding smallest normal sub-
group, such that all morphisms h factor through it, is hence isomorphic to GLa. We see
that the group P has to be isomorphic to the group Wp x GLo, Wg as above. Further
investigation as in the case dim I = 1 shows that in this case

B =~ H(I)[A%(]),I ® (I*/1)]

(2.2.10).
We may summarize the discussion of this section:

10.2.17) Theorem. There is (similar to 2.5.4) a bijection
( j
{ isotropic subspaces Iy of Lo } = { boundary components B of S(L) or O(L)}.

Let Ig be an isotropic subspace, I = Iz(p) the corresponding saturated sublattice and B
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the corresponding boundary component.

We have
B~ Ho[l ® (I+/1),0] if dim (1) = 1,
= (DAL T @ (1)) if dim(T) =2,
where in the first case G, acts on IQ I /I by scalars and GL(I) in the second case acts
trivial on I /1 (see the definition of unipotent extension (2.2.10)).

The isomorphisms depend on a common choice of orientation on the mazrimal negative
definite subspaces of Lg.

10.3. Special cycles

Let LZ(p) be a lattice with non-degenerate unimodular quadratic form, i.e. inducing an
isomorphism Lz(p) — L%( X and L’Z< ) be a saturated sublattice with non-degenerate
p P

unimodular form, of signature (m —2,2) and (m — 2 — n, 2), respectively, where 0 < n <
m — 2.

Recall the embedding (10.2.2, here used mod G, ):
t:O(L") = O(L),
in the case m —n > 2 and the 2 embeddings
v 1 O(L)x = O(L),

in the case m —n = 2.

Let an admissible compact open subgroup K be given. For each g € SO(L (c.»)) We get
a conjugated embedding:

(1.9) : ®1O(L') = FO(L)
for K, = K Nu(K)9.

In addition, we may find smooth, complete and projective A, and AJ for each g (2.4.12)
such that models exist (3.3.5) and we have, in the end, embeddings of p-ECMSD:

(.9): AfO(L) = KO(L)

(resp. with +).

Let Mz, be another lattice with non-degenerate quadratic form and recall from (6.2.4)
the set
I(M,L)r ={a: Mp — Lr | «is an isometry}.

We have I(M,L)g # 0 < I(M, L), () # (0 by Hasse’s principle. We assume that these

sets are nonempty throughout. We may then find even an x € I(M, L)Z<p).
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For a K-invariant admissible® Schwartz function ¢ € S((M* ® L) ,())

I(M, L)y Nsupp(p) = [[ Kg; 'a
J

with finitely many g; € SO(Ly (). We assume that A has been refined such that Af_
exists, with the properties claimed above for all j.

(10.3.1) Definition. We define the p-integral special cycle associated with Mz(p) and
¢ on M(KO(L)) as

Z(L, M, K) =3 (g ) im(M(z, g5))

(m —mn > 2) resp.

Z(L, M, K) = o(g; 'x) im(M(e+, g5))
J,x

(m—n=2).
(xt is of course saturated, non-degenerate and unimodular).

This is a finite sum and independent of the choice of the g;. The formation is compatible
with Hecke operators (2.4.11) in the obvious sense. Observe also that in the case m—n =
2, > im(M(e+, g5)) = im(M(z, g;)) for the morphism

M(z, gj) : M(¥'O(L')) = M(X'O(L))

of (9.1.1).
If Mg is only a Q-vector space with non-degenerate quadratic form and ¢ any Schwartz
function, we write

I(M, L) ) Nsupp(p) = [[ Kg; '
j

for any x € I(M, L)g, assumed again to exist. We define

(10.3.2) Definition. We define the rational special cycle associated with Mg and ¢
on M(KO(L)) as (assume m —2 > 2)

Z(L M. @i K) = 3 plg; a)im(M(i )"

Here v is associated with the embedding x- — Lg and M(¢, g;) is only a morphism of

3by this we mean that ¢ is the product of a Schwartz function ¢ € S((M* ® L), (.py) with the
characteristic function of (M* ® L)z,
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rational Shimura varieties. It is defined similarly for m — 2 = 2, too.

From the construction of models by Zariski closure (3.3.5) follows that this definition
coincides with the previous one, if there exists a lattice MZ(p), such that the restriction
of the quadratic form is non-degenerate and ¢ is admissible.

10.4. Orthogonal modular forms

Let L be a lattice over Z,) with non-degenerate unimodular quadratic form of signature
(m — 2,2), i.e. such that it induces an isomorphism L — L*. SO(L) is then reductive
over Z(p)

Denote O = O(L) the corresponding p-integral orthogonal Shimura datum (resp. one
of them, if m = 2, 10.2.1).

(10.4.1) Definition. Let & be the restriction of the canonical line bundle on P(L) to the
zero-quadric MY (O). It carries a SO(L) action. Ec|ypg) carries a natural Hermitian
metric, too, which we normalize as follows:

1
hg :v,w —§€7C<U,@>,

where C = v+ log(27) and v = —I"(1) is Euler’s constant.
Denote € = (€, hp).

We are going to deal with the Hermitian automorphic line bundles (9.1) Z*(€) on the
various M(X O) in this section.

(10.4.2) Remark. The normalization factor e~¢ is dictated by (10.4.12) and (11.2).
In contrast, the explicit formulse for the arithmetic volumes in terms of derivatives of
L-series at negative integers (8.3) would look more appealing if we omitted it.
(10.4.3) Lemma. With respect to the Hodge embedding
S(L) — H(C+(L)7 <7 )5)a
the pullback of the canonical bundle AIL via the ‘dual’ embedding
MY(S(L)) — MY(H(CT(L),{(,)s))

1s, up to a bundle coming from a character P — G, and up to a negative tensor-power,
the bundle € above.
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Proof. Recall that the induced map on compact duals (10.2.4) is given by < z >+
2w CT (L), where z is assumed to be primitive in Lz, and w is any primitive vector
with (w, z) = 1. The fibre of £ at the image of < z > is given by the space zw CT (L)
and the fibre of £ is given by < z >. By an explicit determination of the action of the
stabilizer group in both cases the result follows. O

(10.4.4) Corollary. The pullback of the bundle of Siegel modular forms =Z*(AIL)®"
of some weight n is equal to some negative power of the bundle of orthogonal modular
forms E*E®™ . In particular (Z*E)~" is ample on every M(*S(L)) and M(¥O(L)) and
a suitable power has no base points on M(KO(L)).

Proof. Follows from (10.4.3) and (9.1.5). The bundle of Siegel modular forms =*(A9L)®"
is ample [27]%. The ampleness of Z*€ follows from the fact that the Hodge embedding
induces an embedding (up to a normzlization) of the corresponding Shimura varieties
(3.2.2) for suitable levels and the fact that all M(XS(L)) and M(¥O(L)) are related
by finite etale maps that pullback the Z*£’s into each other. The assertion on base
points is true, because a suitable power of =*(AY9L) defines a morphism to the minimal
compactification on every M(X,H,) [27, Theorem 2.3, (1)]. O

We will compare the measure given by the volume form c; (2*€)™~2, the highest power
of the Chern form of the canonical Hermitian line bundle defined above with the quotient
 of the canonical volume form (6.2.3) on SO(Lg) by the one giving K, = stabilizer of
some positive definite subspace N in Ly, the volume 1.

(10.4.5) Lemma.
A (L 0)p = (—c1(E7E,E°h)) ™2

Proof. We will ignore henceforth all signs of volume forms, whenever they have no in-
fluence because we know that the 2 volume forms are positive and invariant. Choose
an orthogonal basis of Lr with (e;,e;) = —1,0 = 1,2 and (e;,e;) = 1,4 > 2. Set
z=1(e3 —e2),2' = L(e3 + e2). We have (z,2) = 0 and (z,2') = 1. Choose a base point
< Z >€ Do C PY(L¢), E = iey + e. It induces an isomorphism SO(Lg)/Ko = Do.
The tangent space at = in Do C MY(O(L))(C) is canonically identified with

Hom(< 2 >¢, < E>¢ / <E>).
The induced map

Lie(SO(Lg)) — Hom(< E >¢, < E>¢ / < E >¢)

4 An explicit comparison of our language to the one used in [27] will be provided in forthcoming work
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is given by
A~ {Z— A= mod < ZE >c}.

On Lie(SO(Lg)) we have the basis:

Lij = {ei N ej},

whose associated volume form is the canonical p (6.2.10). The basis elements L2, L;j,
1,7 > 3 are mapped to 0. Its associated volume form is the canonical (6.2.3) on K
(6.2.10). The induced volume form on Do hence is:

m.o m 2(m—2)
NLiiANLy e /\ Hom(<E>¢,<E>F /< E>¢),

where L1; = {2 — ie;} and Lo; = {E — ¢;} (wedge product over R!).
Now let K =< eq,e4,...epn >c=< 2,7 >f5. We calculate

4081og Y? = log(Y?)d z; A dz;
JZEI aylayj ) J
48,8:y;
= ZI—Y]gy]dZZ/\dZ]-FZ dzz/\dzz
4,J€E

where K5 Z =X +iY, I ={1,4,...,m} and §; = —1 and ¢; = 1 otherwise.
At the point iey this yields:

1 m—2
(dd°log V)™~ (27r> (m—2'dzy Adyr A Adag Adyn

(observe dd° = —%mf)g and dz; AdzZ; = 2idz; Ady;).
Under the parametrization

K¢ — MY(O(L))(C)
Zw— Z+2 —(Z,2)z

ie1 is mapped to Z. The tangent map 1" at this point is
Z— {2~ Z—-2i(Z,e1)z mod <ZE >c}

and we have: T'(ey) = E23,T(i61) = —L5 and T(e;) = Zu,T(iei) = Lo, for i > 4.
This yields the volume form

1 m—2 m 2(m—2)
(m—2)!(2) N L3 /\/\Lgle /\ Hom(<E>¢,<E>F /< E>¢)"

@ =3

Now observe that K. = SO(N) x SO(N+) because K, is not allowed to change the
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orientation of N (the C-oriented negative definite plane corresponding to < = >). Hence

the volume of K, is 275 Hm 29 ”;72) (6.2.9). This gives the factor 2 ][, 2 (J) which
72

is 221 (L; 0). O

(10.4.6) Remark. This will be used in the proof of (10.5.2, i) to give an alternative
calculation of the geometric volume of these Shimura varieties using the Tamagawa
number directly and avoiding the use of Kudla-Millson Greens functions (7.6.9).

(10.4.7) In (10.2.17) we proved that isotropic lines I C L are in 1:1 correspondence
with the set of boundary components of O(L) of the form considered in (5.7). Let I be
an isotropic line and B be the corresponding boundary component. So Up is isomorphic
to W(U), with U := I ® (I*/I)). For every choice of a line I* which is dual to I with
respect to the integral bilinear form, we get a decomposition L = (I @ I*) L Ly, and a
splitting
PB = UB bl Gm,

where G, acts via the morphism p, ,» of (10.2.13) acting via the natural representation
of SO (10.1.4) by A -z = Az for z € I and \- 2 = A~'2/, for 2/ € I'. Whenever I* has

been chosen, we write the corresponding element of Pg(Z,)) as (Z, A), where Z € Uz,
NETLT .
(»)

We have Dg = Dy, x D°, for D° ~ Ug non canonically (D° can be identified canonically
with the set of isotropic complex lines, not perpendicular to I¢).

Abbreviate O = O(L).

Let K be an admissible compact open subgroup and Let A be a K-admissible complete
rational polyhedral cone decomposition for O(L) and let (¢,p) : IEB = KO be a
boundary map (2.4.11).

We have a corresponding boundary map (3.3.5):
M(s, p) : M(A1B) — M(X0),

where the completion is taken with respect to a boundary stratum corresponding to a
rational polyhedral cone ¢ € Ay, 0 C Kgr(—1). Over C the map converges, and on
the complement of the boundary, the image of Do in Dp is contained in the region of
convergence and there it is just given by the map

P(Q)\Do x Pg(A))/Ky — SO(Lg)\Do x SO(Ly )/ K
[z, p] = [z, pp].
Consider a rational function f on M(XO). There will be a 0 € Ay, 0 C Ur(—1) of

maximal dimension, such that on each connected component o € Dy, of D x p C
Dp x Pg, there is a Fourier expansion of f defined on the set Ugr + x + a(o), for some
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HASH A
f:Z— Z FC(f,a,1,I', p,k,0) exp(kZ) Z € Ug,
keUZ (1)

with bounded denominators (all k£ will actually lie in (K7 N U(Q))*(1)).
K will contain a group of the form Ky x K(N) (cf. the end of 10.2.12). The pullback

-

of the corresponding formal function to M(ZUXK(N)B)

boundary map will be just

via projection followed by the

Z FC(f,a, 1,1, pB,a(k),o)[k]

keUs

in the fibre over some (y = exp(a(5/N)) for § € K(1). Recall from (5.7.3) that

KyxK(N *
M(xV*NB) = spf(Zgy) [Cnllo Y NUZD).
Observe furthermore that changing the boundary map from p to pS or permuting the
fibers of M(KvE(N)B) over M(X(MHj) by the operation of 3 is equivalent.

(10.4.8) Recall from (9.1.2) the definition of automorphic vector bundle. Corresponding
to £, hg above, we have a line bundle =*(€) with Hermitian metric Z2*(hg), singular along
the boundary, on any M(KO). Its complex sections on M(¥O)(C) are identified with
SO(Lg)-invariant functions

Do x SO(A®))/K — €

(compatible with the Borel embedding in, respectively projection to MY (O)).
We may pullback &, hg by the ‘dual’ boundary map MY (¢) and consider the automorphic
vector bundle =5 MY (1)*(€, hg) on any M(I&B) By the commutative diagram

S

e
L — —

M\ M(5'B) <— 1\ P({B) —— MY(B)

T

M(30) P(R0)

we get a canonical identification of Zf MY (:)*(€, hg) with M(¢, p)*E*(E, hg) (cf. also
9.1.5). If a (meromorphic) section f of Z*(€) on M(X0) is given, we may pullback the

corresponding formal section to M(EB) The corresponding series over C will converge

®Reason: We can pullback f to a rational function on M(%,0) for refinements A’ of A defined by subdi-
viding a cone and making A K-invariant again. This corresponds to blowing up of the corresponding
boundary point. After finitely many steps no pole of f around some boundary point corresponding
to a shiver of the cone will be not on the boundary divisor.
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in a set of the form Ur + = 4+ (o), 0 € A; maximal dimensional (assuming A is
appropriately chosen, see above) and compare to fc just by restricting functions along
the analytic boundary map:

Do x Pg(A®) /K| —=¢&

|

Do x Po(A™)/K

where, as usual, in the first line, we imagine Do as an open subset of Dg.
By abuse of notation, we will denote =} MY (1)*(€) just by Z5(&).
Recall from (5.7) that there is section

l:Dp =Dy, xD° — Pg(C) =Uc x C*
(splitting, as usual, determined by I*) given by
(a, ZI') = (Z, a(1)).
Now choose a primitive vector z/ € I’ and consider the section

Dy x PB(A(OO))/Kl — &
(,Z <I'>),[p] = la, ZI') 0 2’ = a(1) " (exp(Z)2) for pe KyK(1).

Recall that for Z = 2z Ak, exp(Z)2' = 2" + (2,2")k — ((k, 2"y + (2, 2YQL(k))z.

Extend it to a Pg(Q)-equivariant section over all of D x Pg(A(*))/K . The quotient
mod Pg(Q) constitutes an integral trivializing section s,/ of Z5(&) over M(¥1B), extend-
ing to a trivializing section over M(fiB) (5.7), see also the analytic description of =
(9.1.2). Similarly, we get trivializing sections sgl for any =*(&)%L.

Starting with a (meromorphic) section f of Z*(£)®! on M(KX) and trivializing the

pullback via the boundary map by means of s?l, we get Fourier coeflicients
[44 f ”
FC(f,a, 1,7, p,k,o) ::FC(@,a,I,I',p,k:,a) .

Z/

Observe that they now depend on the special 2z’ € I'. However: FC(f,a,< z >
A p ko) = NFC(f,a,< z>,2,p, k,0).
The corresponding formal function ﬁ on the canonical model M(IA(f K(N)B) for some
Ky x K(N) C K is then given by

> FC(f,o, 1,7, pB,c(N),0)[A]

AUy

z

in the fibre over some (y = exp(a(8/N)) for g € K(1).
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Note that the Fourier expansions considered in [4] and [11] of modular forms (of weight
1) differ by (427i)!, the sign being determined by .

(10.4.9) Assume for the rest of this section that m > 4, and that, if m = 4, the Witt
rank of Ly (which can be 0, 1 or 2) is one. This is because we want the Koecher principle
to hold, i.e. the boundary in the Baily-Borel compactification should be of codimension
> 2. Furthermore, we want to prove and use a g-expansion principle, i.e. there should
be at least a non-empty boundary.

Choose a common orientation of the negative definite subspaces of L. Recall Dy, =
mo(Do) (isomorphism determined by this orientation — 10.2.1). Choose representatives
gi € SO(A(OO)), a; € Dg, of the classes

[, gi] € SO(Q)\Dg, x SO(A)) /K.

Denote by ¢; the embedding Grass™ (Lr) in Do with ‘image «;’. Let Lg) C Lg be the

corresponding lattices, i.e. determined by L(zi) = gil7.

Call a function: Grass™ (Lr) — £ C L¢ an ¢-holomorphic orthogonal modular form
with respect to '@, if it is T®-invariant, and if it is holomorphic when considered
via the embedding ¢ : Grass™ (Lg) < Dgo. If the function is t-meromorphic, call it a
t-meromorphic orthogonal modular form.

We have an isomorphism

P\ Grass™ (L) - SO(Lg)\Do x SO(A®)/K = M(O(L)(©) ()

given by v+ [1;(v), gi] and where T(®) = SO(Lg) N (SO(Lg)* K).

We know (10.2.7) that these geometric connected components and their closures in any
M(XO(L)) are defined over R = Z,)[(a,c] considered as a subring of C for some M € N.
A section f € HO(M(K S( ))c, =* ) pulled back via the isomorphism (4), yield orthog-
onal ¢;-modular forms f® with respect to 'Y on every connected component and vice
versa, by the Koecher principle (we excluded the cases where it does not hold). The
same holds true for meromorphic sections, resp. collections of ¢;-modular forms.

We also have

HYM("S(L))c, E°€) = H'(M(AS(L))c, E*¢)

for any A, and again the same for meromorphic sections.

(10.4. 10) Theorem (g-EXPANSION PRINCIPLE FOR ORTHOGONAL MODULAR FORMS).
Let I,2', K be as before. There is an M such that for R := Z)[(nc] € C, M|N,

we have (for any A) an isomorphism

H°(M(RO)R,E*E) =
{feB'M(FO)c, =" ]vz VA€ UG, FC(f 01 1,7, gi,a(N) € R}
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and similarly®
H(M(30)R,E"Eporz) =
{£ € HOOU(FO)c, " Emerom.) [ Aerrs, reit s et mer)
Moreover, we have
FO(f7,a, 1,2, p,a(N),0) = FO(f, o, 1,2/, ppr p(kr), a(N), )" V7 € Gal(Q(Cw)|Q),
hence f is (in both cases) defined over Zy, instead of R, if it satisfies
FO(f,a, 1,2 p,a(N),0) = FC(f, e, 1,2, pur p(kr), a(N),0)" Y7 € Gal(Q(Cw)|Q).

Here k; is the image of T under the natural isomorphism Gal(Q(¢n)|Q) ~ K(1)/K(N).

Proof. We may show the theorem for a particular A. A posteriori, it will then be true
for any A (for the first statement, this involves the Koecher principle).

Assume, by choosing M appropriately, that R contains the ring of definition of every
connected component of M(¥0) (10.2.7).

Let f be a complex section of the bundle Z*(£)®! over M(X0). By the abstract ¢-
expansion principle (5.9.1) a section of a locally free sheaf is defined over M(X O)p if on
any connected component (over R), there is a point p, defined over R, such that after
passing to the completion at p, the corresponding formal series is defined over R. Now,
by assumption on any connected component described by «;, g;, there is a boundary
point corresponding to I and an open (= maximal dimensional) r.p.c. cone o C Kr(—1)
such that there exists a Fourier expansion with respect to it, with values in R. Choosing
A such that it contains these cones or is a refinement of one containing them, we see
that there is a boundary point, around which f has only poles along the boundary. By
the boundary/isgnorphism M(¢, g;) (3.3.5), it suffices to show that the pullback of f to

=3(€) over Sh(ﬁB) is defined over R. By the consideration in (10.4.8) above, the formal

function f/s,, on some M(ffK(N/)B) for K K(N') C Ky (splitting via I') is given by

(f)C - Z Fc(f, Cti,L Zlvgiﬂl,l’<k)7a()‘)va)[A]'

5 veK(—1)*

Here, [, k] € Q*\Dg, x A" /K(N') describes (ys. (It suffices of course to look at the
fibre over the (ys corresponding to [a;, 1]). We may assume that for all i, M divides the
occurring N'’s here.

Then, since by assumption these coefficients lie in R, f/s,/ is defined over R and hence
f itself. The first statements follows because we investigated at least 1 boundary point
on each connected component.

Furthermore the Galois operation on a formal function (with possible poles along the

Shorz. means that we inverted all functions, which have no component of the fibre above p in its divisor.
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boundary) R
el xyrwy .  @R= @ R[Uz N a(c")][Uz],
M(, o)
CN/,C
AEU
is given by

(fT)CNI,C,'U = fTT_l ’U.
N’/,C’

And hence, a formal function is in @M (KUK QD) if and only if|

Y
A B)
_ T
fCN’,C’v - fCITVT;:’,U

If we are given a section f of Z*(€)r and we know this for all boundary components,
and p, we may infer that f a section of =*(€) defined over spec(Z,)). O

(10.4.11) Recall from (7.8.1) the definition of the Borcherds lift ®(v, h; F') associated
with an automorphic form

F : Sp(Mg)\ Sp'(My00)) = S(Lgco0))

for the Weil representation, corresponding to a weakly holomorphic classical modular
form.

Let p # 2 be a prime’.

Assume that F' has Fourier coefficients of the form ¢(q) = xr,, ®c’(q), ”(q) as in (7.8.1)
with values in S(L,(sop)). F then is invariant under an (w.l.o.g.) admissible compact
open subgroup K C SO(A(®)), with Fourier coefficients ¢(q) € S(Ly ), ¢ € Q.

For this to exist, it is necessary that p does not divide a minimal discriminant of L.
Let R be a huge® ring of roots of unity Zipylinel CC,pt N.

Using the g-expansion principle proven in this section (10.4.10), we will show the follow-
ing strengthening of the main results [4, Theorem 13.3] and [57, Theorem 2.12] (resp.
[13, Theorem 4.11]):

(10.4.12) Theorem. Up to multiplication of F' by a large constant € Z, we have

1. For any A, there is a section

U(F) € HOM(EO)r, (E*€)mt”")

horz.

7= 2 in order to be able to apply results of part I
8containing the ring given by the last theorem (g-expansion principle) but maybe bigger. Its size will
become clear from the proof.
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.

such that on M(¥0)(C), we have

O(v,h; F) = —2logh(¥Y(v, h; F)).
There is a locally constant, invertible function A on M(KO)g such that

AY(F) € HOM(KO), (€)%

horz.

(i.e. AV(F) is defined over Z,)).

(1]

div(¥(v, h, F)?) = > Z(Lz,< —q >,c(q); K) +

q<0

(cf. 10.3.1), where E has support only within the support of the exceptional divisor.

—/ log h(AU (v, h; F))er (EE,Z"h)"
M(%0)c

d _
=Y vole(M("0)) - ——(L, < —q >z,¢(q); 5)
q<0 dS s=0

in R,
A Fourier expansion of W(F)?:

> FC(U(F),a, 1,7, 1,a(N),0)[N]
A€U6

is up to a constant of absolute value

_e0.0) C(8.0) gy

> [ (—x((s,2)) 2 4= (5)
5€IA(OO)
x((6,2"))#1

given by:
Lo B TT TI (=&, ) 15N ()

)\EU&QO’V 6€IA(OO)

here d--- is any invariant measure on A which has the property that all sets
{(/,0) | 0 € I o), F'(x +6,-) = f(-)} for all z, f have volumes in Z>o. The
products (in fact multiplicative integrals) over A then have the obvious meaning.
X s the corresponding character (such that d § is self-dual with respect to it) and C
is the conductor, i.e. the volume ofi with respect to it. Y(\), is the isomorphism

9This suffices to know every Fourier expansion of ¥(F) by property (12) above.
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U* — U induced by the quadratic form

Qz’ (21 A k) = <217 Z/>2Q(k) = Q((Zl A k) © z/)'

The Weyl vector € U* is characterized by
8mp(< z >,0,F)v = /Q.(v)¥(< v >, FU?) forv e o C U,
where FUZ' is defined as:

FU (w,g) :=C™* Fwoz +6,¢")d(<,9)
(5€IA<OO>

(any invariant measure).

Proof. First observe that F is a finite linear combination of functions valued in C[Lz /L% ]
for various lattices Ly of Lz, . Hence, we may assume that F' is of this kind, observing
that all properties are stable under taking finite linear combinations, resp. change of K.
Hence w.l.o.g. F' corresponds (as above) to an f considered in [4].

Recall the normalization of the Hermitian metric & (10.4.1). Consider a boundary com-

ponent associated with some I and 2’. % may be seen as a function on Ly c. We have

he (W) = |° Phi(s)

and
c0(0)

he(s) = ((2m) e (3(2), 3(2)) (2m)%)

Hence we get

c(0)

5 (108({3(2), 3(2))) + log(2m) — )

v
log he (V) = log |—|* +
and (i) follows from [4, Theorem 13.3], (iii) is essentially [57, Theorem 2.12 (ii)], using
(7.10.1) and (7.6.12). See [13, Theorem 4.11] for an independent proof (use 6.4.5 for the

c0(0)

comparison). Observe that the function ¥ differs from the one in [57] or [4] by (27i) "2
However, important here is only the overall constant relating an F with given integral
Fourier coefficients to a Greens function which is to be integrated. This constant has
been adjusted, such that (i) and (iii) hold. See also (11.2), where the same constant also
appears (almost) naturally.

That some multiple of F' exists, such that all coefficients are integral and even is due to
the classical g-expansion principle. Further multiplication with the order of the character
of SO(Q) occurring in [4], we get a section of the complex bundle.

Before proving (iv), we need some lemmas stating well-definition and invariance proper-
ties of the expressions (6) and (5). O
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(10.4.13) Lemma. The expressions (6) and (5) do not depend on the choice of measure,
provided it has the property stated above.

Proof. Rewrite the first integral as

<(0.0) 4
H&eIA@)(l—X(<z’,5>)[0—1)\]) 7 d(z',0)

c(0,0)

(1 —=[C=A) =~

A=0

Now consider the product

[I  @-x(&ahe D = 1 - x((,a))CA).
5€(2)~1(CZ)+a
The above multiplicative integrals split into a product of these integrals by hypothesis on

the measure (substitute A — C !\ in the second product). Now changing the measure
to N dd, we get the expression

I - x(N U a)x (N, ) [(NC) AN )
se(2/)~1(CZ)
= I @—x " a)¢((NC)7'A)
i€Z/NZ
=(1 - x((z, a))[C~1N)

here ¢ is some primitive N-th root of unity in C. This shows invariance of the products.
We have to check what happens to

1
(- ot

1 -0y hence gets multiplied by
(I-x(NC)~1) T2

It changes to

c(0,0)

1+ MCN) N+ 2MCN) ]+ + [(N=DACN) )=,

¢(0,0) ¢(0,0) ¢(0,0)

which for A = 0 is equal to N72. C~ "2 gets (NC) "2 Therefore the whole
expression is invariant as well. O

(10.4.14) Lemma. This expression multiplied with the trivialization is invariant under

2 B2 for B € Qsg

Proof. If we multiply 2’ by a factor 8 € Qsg, the trivialization gets multiplied by /5,
where [ = ¢(0,0)/2 is the weight of the modular form. On the other hand changing 2’ in
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the various (2, §) has the same effect as scaling the measure, hence (by the last lemma)
as multiplying C' by 8. The expression Ao 2’ gets divided by S (note that it depends on
2’ in several ways), Q()\) gets divided by 2. Hence we get the same expression.

Furthermore the expression claimed for the Weyl vector does not depend on the choices:
Scaling 2’ to 82’ changes the woz' to fwoz’. FU(w, z') changes to S~ FY(Bw, g'). Recall
the definition of the Weyl vector above. Here, since the argument of the quadratic form
on Ug and the argument in K () of FU are both scaled by 3, ¥(...) is only scaled by
57! coming from scaling F'V, hence invariance of the Weyl vector. ¢ is invariant under
scaling. O

(10.4.15) Lemma. If the Fourier expansion of a section
f € HO(M(KO)Ca E*(‘S)merom.)

for the trivialization defined by 2’ is given as in (6), it is for any 2" € I", given by the
same expression involving z”, with respect to the trivialization defined 2".

Proof. The change of 2’ to 2" = 2/ + (21, 2/Yk — ((k, 2) + (21, 2)Q(k))z1 = exp(w)z’ has
on the trivialization the effect of translation by w = 21 A k in the argument. We have
to see that this is the same effect that occurs in the expression (6) above. First of all
Q. = Q. because (2, 2') = (2,2"). c((\). 02’ +dz is changed to c(*(\) 02"+ (5+ <Z)‘Z}/>)Z-
Now substitute § — é‘—g,)) for § and get the same expression, but [AC~!] multiplied by

exp(—27i(Aw)C~1) | the same happening under translation. The expression claimed for
the Weyl vector, which implicitly depends on 2/, is invariant under this operation as
well. In the end, every 2’ can be transformed in any vector with (z,2’) > 0 by the two
operations of translation by Ug and scaling. O

Proof of theorem, iv. By the previous lemmas it suffices to prove it for any choice of 2/,
It / S . . .
so take 2’ 1= 2. heras — Q(ZBoreherds)?Borcherds, Which is now isotropic, but satisfies

still (zBoreherds, 2y = 1. As measure we may choose the standard invariant measure on
~ .\ ¢(0,0)
A giving Z the volume 1. The trivialization now coincides (up to the factor (27i) 2

that we incorporated in the characterization of W(F')) with the one given in [4], up to
identification of I't/I with I ® I'/I with by k + k A 2Borcherds- This interchanges @Q
and Q.

Recall from [4, Theorem 13.3 (v)] that the Fourier expansion with respect to this par-
ticular choice is (up to a constant of absolute value 1) given by

[T (—e@/N))=vO2p@,w, Fo)] ] [T (—e(s )=/ ()
(5€Z/NZ )\E(Uép))* 5€(Lz):/LZ
oWwyso  Ole=A
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(5) now may be rewritten as

c(62,0)
2

I[I -e)

LI YA/

and coincides with the product in Borcherds’ expression. The Weyl vector is the same
as well.
Claim: There is a bijection between

{kBorcherdS € (< z >%_ / <z >Z)*753m'che7'ds € L%/LZ#S’ZL = k}

and
{keUg,deQ/Z=AY)T | ko +6ze L)}

Proof: The map is given sending k to kporcherds ® z and § to ko 2’ + dz. From the fact
koz +0z = kBorcherds_ < kBorcherds; 4 >z+0z € L%,

we get kporcherds € (< 2 >%‘ / < z >z)*. In the other direction, we map dporcherds tO
0 = (kBorcherds, 2'). These maps are inverse to each other. One direction is clear; for the
other we have to show:

5Borcherds:!kBorcherds + (<5Borcherd57 Z/> - <kBorcherd57 Z/>)Z.

This expression, however, is true for dporcherds € Lo because Lq is generated by Lo = Lo
and z and 2. Furthermore changing it by an element in Lz changes the expression
by some integral multiple of z € Ly. This shows that the 2nd product occurring in
Borcherds’ Fourier expansion is equal to our 2nd product above.
To prove the theorem, it remains to check the integrality properties stated. By multiply-
ing F' again by a large constant, we may also assume that the Weyl vector with respect
to I and with respect to any i is integral.
We can just multiply ¥(F') one every connected component by an appropriate absolute
value of 1, hence may assume that one Fourier expansion for each connected component
is given precisely by the product of (5) and (6). We get ¢ different expansions with
coefficients in some ring R = Z,)[(n,c], p ¥ N which we assume to contain the ring
described by (10.4.10).

¢(0,0)

Therefore by (10.4.10) U(F) extends to an (integral) section of H*(M(X O)r,E*(€),,2. )
for any A.

Furthermore, the expansion is invertible integrally, hence we may infer that W(F)~! is a
¢(0,0)

section'® of HO(M(KO)g,=Z*(£),,,.2 ). It follows that ¥(F) cannot have any connected

horz.
(=irreducible) component of the fibre above p in its divisor.
¢(0,0)

i.e. liesin HO(M(K0),E%(€),.2. ), let

horz.

To prove that W(F') is actually defined over Z,
us check the requested invariance property of the Fourier coefficients.

10Up to the problem of constants, this is ¥(—F).
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Let us compute
FC(Y(F),a,1,2 p,\,o) = FC (Y(F),a,1,2, pusp(k:),\,0)"

for all 7 € Gal(Q({n)|Q).

By the transformation property (12), we are reduced to compute
FC(U(F'),a,1,7,1,\,0) = FC (\I/(w(up(kT))*lF’),a,I, 21, A,U)T

for F' = w(p)~'F. We will, however, keep the letter F.

We have

e, m, W 1 ()~ F) = clyur (ks ), m, B(F)
by definition of the Weil representation of SO(L,(~)) and pp(k,) operates trivial on
t(CN).r 02 because the latter is perpendicular to I @® I’ and it operates by multiplication
by kr on 8. Substituting k716 for § and using invariance of the measure (k, € Z*!),
we get the same expression, but all x((z/,d)) changed to x({z',k:9)) = x(k-(2',9)) =

X(/,8)7 "

However, note that the Fourier expansion in (iv) is only defined up to a complex constant
of absolute value 1. Since for the computation above, we need maybe more than one
Fourier expansion for the same connected component, we are not able to normalize
anymore. However, our previous normalization shows that the occurring constants lie
in R*. They are invertible because otherwise there would be a connected component of
the fibre above p in the divisor. We hence can infer from the above calculation that

ffT=Af

for all 7 € Gal(Q(Cn)|Q), where A, locally constant invertible on M(¥ Q) g with |A;|se =
1 constant. From (an easily derived variant of) Hilbert 90 follows that there exists a A,
locally constant invertible on M(®¥O)g such that

Af)T =7f
(1e AT/A = AT)
The evaluation of
J1og 1 Af 1| ea(=7(€))

differs from the same expression for f by

Z vol(a) log(|A(a)|so)-

acmo(M(X0))
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Since [A(T7'a) oo = |A(@)|oo We may write this as

1
W Z vol(a) log(|A(T7 ) o)
T€Gal(Q(¢wm)|Q),a€m(M(K O))
:¢(1M) 3 vol(ra) log(JA()|oo)
T7€Gal(Q(Cam)|Q),aemo (M(X0))
1 > vol(a)log(|N (A(@))|se) =0  in R®
o(M) SUNQ(¢m)IQ 00
aemy(M(X0))

Here we used vol(7a) = vol(«), which is true because ¢1(Z2*(€)) is Galois invariant.
O

(10.4.16) We will briefly investigate orthogonal modular forms, i.e. the bundle =*(&)
along higher dimensional boundary strata (only over C). Let I be a 2-dimensional
isotropic subspace. Denote B the corresponding boundary component (10.2.17). We

have a morphism
B — H(I)

and also a splitting of this morphism corresponding to a choice of an isotropic I* in Lz,
The ‘dual’ morphism maps < z >€ MY(H(I)) to the corresponding < z >+ P(I*) C
MY(B) € MY(O). Assume such a splitting is chosen. Denote by Lo the orthogonal
complement of I @ I*.
The fibre over a point [< z >,p] € GL(Ig)\Dg(r) X GL(Iy())/K is of the form (K
appropriate)

Wa(Q)\Wa(C) x Wis(A)/FO(Wa)K,

where [wg,wy ()] is mapped to [we < z >1,wy ) p] ([< 2 >,p] embedded via the
splitting). FY(Wg) is the stabilizer of < z >+ in Wg(C); it maps down to FO(L) =<
z > ®Lg in VB((C) =1® Lyg.

The fibre itself is a G,,-torsor over the Abelian variety Vg (Q)\ Vs (C)x Vi (A(>))/FO(L)x
K.

(10.4.17) Lemma. =*(&) is trivial locally on the base.

Proof. This is because F°(V) has no nontrivial 1-dimensional representations. Hence
we have a map

W(QN\W(C)/FO(W)) x (W(A))/K) = W(Q)\E x (W(C)/FO(W)) x (W(A)/K)

given by mapping [w, 1] to w applied to any chosen point (trivialization) in the fibre &,.
We may do the same with a local section. O
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We will give the trivialization more explicitly as follows: Chose a basis of I and a corre-
sponding dual basis of I*. This induces as well U(C) = A%I¢ ~ C and an isomorphism

IQI+/I=1® Ly SL%. We will write vectors as ( g ) , Tesp. < g )
I I*

B
Writing an element in w € Wg(C) as w = (u, k1, k2), w € C = U(C), ki, k2 € Loc, we

get
’r (o7 B . aQ(kl)
w2_<5>1*+u<—a>l+akl+ﬁk2 (BQ(k2)+a<k1,k2>>I'

Note that we have an isomorphism Ir®@rLor = (Ic/ < 2z >)®cLo,c (because < z >€ Do
by assumption). Hence we have an isomorphism (as usual)

Let 2/ = ( @ ) € I*, in the fibre of £ over < 2/ >. It lies in < z > for ( f ) .
I* I

UC)W(R) = W(C)/F'(W).

This means that we may write an element in W(C)/F°(W) uniquely as (u, k1, k2) with
u e U(C) and ki, kz € Lor The map

(u, ]{71, kg) — %(u)

is then the projection onto the imaginary part (2.4.6). The norm of the trivializing
section of £ determined by M« - as explained, is hence given by

23(@B)3(u)-

If we choose a local lift s : M(XH(I)) — Dyy(yy — I* mapping a point < z >C [ to some
point in < z >+C I*, we may extend this trivializing section to a neighborhood of any
point in M(XH(T)).

Now, one may find a local map p : Loc — L%,(C such that the image is a direct summand
of FY(L) for all points on the base.

A local chart around any point of the exceptional divisor hence may be described as
follows:
B(R,C) x B(R,C)™* x B(R,C).

The third type ball mapping to a neighborhood of < z >€ Dy) to the corresponding
a, 3. the second type are just the parametrization of Lyc by means of some basis
followed by p. The first is a ball mapping via log to the u-coordinate. The trivializing
section here has norm:

23(u)3(af) + 2/a*(Qy1)) + 218*(Q(y2)) + S(aB k1, y2)),

(here we wrote k; = x; +iy;). In the sequel we only need to remember that it has the
form

log(r1)Yn (zm—2) + vo(z2, ..., 2m-3),
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where 1); are bounded C*°-functions on the neighborhood chosen.

10.5. Main results: Geometric and arithmetic volume of
Shimura varieties of orthogonal type and of their special
cycles

The results of this section finally connect Arakelov geometry on the models constructed
in part I with the analytic functions p and A defined in part II. We emphasize again that
the ‘main theorems’ of part I hold true conditionally on the conjecture (3.3.2), hence all
‘theorems’ in this section as well.

(10.5.1) Recall (7.10.4) from the definition of the complex function

AL s) = [Ta(Lss)

and its modification . There are explicit computations of them in (8.2) for the local
factors and in (8.3) for the product. They are related to the Fourier coefficients of
Eisenstein series by the orbit equation (7.10.4).

(10.5.2) Main theorem (GLOBAL FORMULATION). Let Lz be a lattice with quadratic
form of discriminant D # 0 and signature (m — 2,2). Let K be the discriminant kernel
of Li‘ It is an admissible compact open subgroup for all pt D. Let A be a complete and

smooth K -admissible rational polyhedral cone decomposition and let M = M(X O(L)).
Let € be as before. We have

(i) volp(M) = 4(=1)"A"}(Lz;0)
(i) volz(M) = L4(-1)mA\"1(Lz; s)|s=0 in Rap

Proof of theorem (10.5.2, i). The theorem is true for Heegner points (i.e. all lattices
Ly with signature (0,2)) by the classical class number formula. A proof of this in our
language is given in section (11.2). We are thus left with the case m > 3 and will give 2
different proofs in this case:

First proof:

Recall the definition of the function p(Lg, Mg, ¢; s) (in 7.10.1) related strongly to Fourier
coefficients of an associated Eisenstein series. Let a lattice Lz C Lg be given and
K € L% / Lz and My =< ¢ >. Let especially ¢ be the characteristic function of kK ® M.
We denote the corresponding cycle by Z(Lz, < q >, k; K).

Recall the orbit equation (7.10.4):

w(Lz, < q>,r;5)A(Lz;s) " =D A(g; 'x)58) 7"
i
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From formula (7.6.9), we get for the discriminant kernel K:

volg(Z(Lz,< q >,k; K))

1Lz, < q>,5;0) = Vol MEO(L)) (8)

Hence the assertion (10.5.2, i) is true for lattices of signature (m — 2,2) if and only
if it is true for lattices of signature (m — 3,2), whence it is proven by induction on m.
(Observe that Y, 4(—1)m_1)\((gj_1x)l; 0)~tisvolg(Z(Lz, < q >, k; K)) by the induction
hypothesis).

Second proof: We use 7(SO(Lg)) = 2, where 7 is the Tamagawa number.
We have the following elementary relation (see also the proof of (7.6.8)):

A1 = vol(K) VOIE(M(KO(L)))a

where A = 207 }(L;0) is the comparison factor from lemma (10.4.5) and vol(K) is com-
puted with respect to the product of the canonical volumes. Recall that A involved
the canonical volume on SO(Lgr) and their product over all v is a Tamagawa mea-
sure. We have vol(K) = [], Ap(L;0) by definition. Everything put together yields

volp(M(KO(L))) = 4(=1)™A"1(Lz;0) (which equals also 4(—1)"A~1(Lz;0)). O

(10.5.3) The proof of (10.5.2, ii) is the heart of this thesis and will occupy the rest of
part III, see (10.5.7) for the starting point. In principle, we will use a similar induction
proof, using a comparison of the derivative of the orbit equation with the formula for the
height in Arakelov geometry. In a sense the 2 terms of the derivative of the product in
the orbit equation correspond to the 2 terms defining (or characterizing) the *-product
of Greens functions.

In more detail: If we take the derivative at 0 of the orbit equation (7.10.4):

(10.5.4) Corollary. Let My be another lattice of dimension n with positive definite
form Qys, let K be the discriminant kernel of Ly, D be the discriminant of Ly and D’
be the discriminant of My and m —n > 2.

d

= (4(=1)" A" (L3 )Lz, M, i ) )

= htz(Z(Lz, Mz, R K))

s=0
in Raoppr.
Plugging in formulas (10.5.2) and (8), we get
# (Lz, Mz, &;0) volp(M(R O(Lg)))
+ degp(Z(Lz, Mz, k; K) Jvolg(M(KO(L)))
= Y vole(MEO((g; ")) (= he(Z(Lg, Moo i K)



220 Part III. Hermitian automorphic vector bundles and Arakelov geometry

m RQDD/. Here

VOIE(Z(LZa MZa K3 K))

degp(Z(Lz, Mz, 1 K)) = — R ®0 @)

is the (relative) geometric degree.

The idea is, however, to prove a certain average of (10.5.4) directly (using Borcherds’
products and the calculation of its integral [13, 54]) and then to deduce theorem (10.5.2,
ii) by induction. This average version is (11.6.2) below. The main difficulties are

e The multiple of Gglg(M(K O(L))) occurring in the average version of the formula
should not be 0. This corresponds to the task of constructing Borcherds products
of non-zero weights (11.3).

e All quantities JEIE(M(ij((gflx)J-))) have to be known already. This is not so
easy as in the geometric volume case because the method of using Borcherds prod-
ucts works only if the Witt rank of L is not zero (i.e. if M(®O(L)) has cusps).
Therefore, we first calculate the arithmetic volume of the surrounding variety,
avoiding cycles without boundary in the divisor of the constructed Borcherds
product. Then we allow certain cycles without boundary (in a controlled way)
and reverse the argument to calculate the arithmetic volume of those (11.3).

e Certain boundary terms in the integrals over star products of the occurring Greens
functions (log of the Hermitian norm of sections) have to be shown to vanish
(11.6.3).

Corollary (10.5.4) is very weak because it contains no information from bad primes
whatsoever. We will also prove the following strengthening of (10.5.4). In our opinion
this is the most general statement one can obtain by this method, i.e. by using Borcherds
products without knowledge of the bad fibers of the varieties involved. It partially
answers conjectures of Bruinier, Kudla, Kiihn, Rapoport, Yang, and others.

(10.5.5) Main theorem. Let My be a lattice of dimension n with positive definite
Qnr. Let K be the discriminant kernel of Lz, D be the discriminant of Ly and D"
be the product of primes p such that sz/sz is mot cyclic. Assume m —n > 4, or
m =4,n =1 and Lg is has Witt rank 1. We have

d _
T3 A" ()\ 1(LZ;3)M(LZ,MZ,K;5)> L:O = htx(Z(Lz, Mz, r; K))
m RZDD” .
Note that for n = 1 always D” = 1. This theorem will follow from its local ver-

sion (10.5.8).
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(10.5.6) Remark. The last theorem has been proven in full generality, also including
information at 2D and oo in [68-70] for Shimura curves and in [97] for the modular curve
(n = 1). For the equality at oo, with ps replaced by the full oo-factor of the Fourier
coefficient of the Eisenstein series, the special cycles have to be complemented by the
Kudla-Millson Greens functions (7.6.8) made dependent on the imaginary part as well,
cf. also the introduction.

There are stronger results also for Hilbert modular surfaces [15, 65, 67] and for Siegel
threefolds [67]. It was proven also for the product of modular curves (The Z’s for n =1
are the Hecke correspondences in this case) in [19, section 7.8].

The global formulation of (10.5.2, ii) immediately follows from the following local one:

(10.5.7) Main theorem (LOCAL FORMULATION). Letp # 2. Let Ly, be a unimodular
(at p) lattice and signature (m — 2,2). Let K be any admissible compact open subgroup
and A be complete and smooth and let M = M(KO(L)). Let € be as before. We have

dy—1
—~ L\"H(Lg; s)
— V) = \/I ds ’
VOISJ)( ) — VOIE( C) /\71(LZ, S)

s=0

in R®) and any Z-model Ly, C LZ(p)-

Proof. First of all the statement is independent of multiplication of 7, by a scalar € Z*p
because the Shimura datum and & as a SO-equivariant bundle are not affected by this
and the Hermitian metric changes by a factor in Z’(kp) with does not change the arithmetic

volume (considered in R(®)).

The strategy of induction, similar to the proof of (10.5.2, i), is to walk through the set
of (unimodular at p) lattices in a special way, starting from lattices Lz(p) with known

volg ,(M(RO(Lz,,))))
(for admissible K') and then to construct special Borcherds products by the results in
section (11.3) in a way such that all quantities in (11.6.2) - except the next unknown one
- are already known. This path through the set of lattices will be (mostly) according
to the dimension and Witt rank of the lattice. It is illustrated by the following scheme,
wherein an arrow indicates logical dependence (i.e. the inverse walking direction):
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STEP 1: We start with the case of a lattice Ly, of signature (1,2) and Witt rank 1.

*

These are up to multiplication of @), by scalars in Z(p) of the form Qp(z) = 2129 — 23
which is equivalently the space {X € My(Z,)) | 'X = X} with Q1 (X) = det(X), con-
sidered in (11.1.1). The volume ;Slap(M(g O(Lz,,))) has been calculated in Kiihn’s
thesis, see (11.1.1) for the comparison.

STEP 2: Hilbert modular surfaces of prime discriminant ¢ =1 (4). This is the
case considered in [15]. We reproduce their argument here as follows: (11.3.15, i) shows
that a Borcherds lift of non-zero weight can be found, such that all occurring Shimura
varieties in Z(Lz, < —q >, ¢q; K) for the occurring ¢, are of the form already treated in
STEP 1. Hence comparison of the formula in (11.6.2) with the derivative of the orbit
equation (7.10.4) shows the truth of theorem (10.5.7).

STEP 3: Siegel modular threefold. In (11.3.16) it is shown that a Borcherds
liftt of non-zero weight can be found, such that every Shimura variety occurring in
Z(Lz,< —q >,cq; K) for the non-zero ¢;’s is of the form considered in STEP 2 (even
copies of the same). Then proceed as in STEP 2.

STEP 4: general Hilbert modular surfaces. In (11.3.16) it is shown that a Borcherds
liftt of non-zero weight can be found, such that every Shimura variety occurring in
Z(Lz,< —q >,cq; K) for the non-zero ¢;’s is a M(IA(O(LZ@))) for a given lattice Ly,
of signature (2,2), Witt rank 1. Now \78157P(M(IA{O(L))) is known by STEP 3, and

\Talap(Z(LZ, < —q >,cq; K)) may be deduced from the comparison of the formula in
(11.6.2) with the derivative of the orbit equation.

STEP 5: twisted Siegel threefolds. This is the case L is of signature (2,3) and Witt
rank 1. We have only to avoid Z(Lz, < —q >, ¢q; K)’s with occurring Shimura varieties
for lattices with are not unimodular at p or compact ones. This is achieved by theorem
(11.3.14, i).

STEP 6: dimension 4 and higher. We know all arithmetic volumes for orthogonal
Shimura varieties of dimension 3. Hence we may proceed by induction on the dimension
and have only to avoid Z(Lz, < —q >, cq; K)’s containing Shimura varieties for lattices
with are not unimodular at p. This is achieved by (11.3.13).

We are left with a couple of cases that have been omitted in the above process. They
can be treated analogously to STEP 4 above, by reversing the usual argument.

STEP 7: product of modular curves. This is the case of signature (2,2), Witt rank
2. Use (11.3.16) again. This can also be treated directly, using STEP 1 (Kiihn’s thesis),
see [19, section 7.8] for a proof.

STEP 8: compact surfaces. This is the case of signature (2,2), Witt rank 0. Use
(11.3.14, ii).

STEP 9: Shimura curves. This is the case of signature (1,2), Witt rank 0. Use
(11.3.15, ii)

STEP 10: Heegner points. These are quadratic positive definite lattices. They may
up to multiplication of Q7 by scalars in Zz‘p) be embedded in a space considered in STEP
1. (11.6.2) and also the construction of Borcherds products are not available in this case,
but this is the easiest case and we prove the truth of (10.5.7) directly in (11.2) using the
A modular form (which is, in a sense, a Borcherds product, too). O
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The global formulation of (10.5.5) follows immediately from the following local version:

(10.5.8) Main theorem (LOCAL FORMULATION). Letp # 2. Let Ly, be a unimodular
(at p) lattice and of signature (m — 2,2), Let My, be a positive definite lattice of
dimension n with cyclic Mip/MZ,,- Assume m —n > 4, orm = 4,n = 1 and Lg is
isotropic, or m = 5,n = 2 and Lg has Witt rank 2. Let Lz, Mz any Z-models of
LZ<p) and MZ<p) respectively and let K be any admissible compact open subgroup in the
discriminant kernel of Ly. We have:

1 (Lz, Mz, k;0) volg(M(XO(L)))
+ degp(Z(Lz, Mz, r; K))volz(M(KO(L)))
= htE(Z(Lz, My, k; K))

in RW). Here degp(Z(Ly, My, k; K)) is the (relative) geometric degree VO%E(Z&L(@A(;[@?)‘;{)).

Proof. We first prove it for n = 1: Here it follows immediately from (11.6.2), using
a Borcherds product such that all Z’s in the divisor consist of Shimura varieties cor-
responding to lattices, which are unimodular at p, except for Z(Lz, < q >, k; K) which
shall occur, too, with non-zero multiplicity. Theorem (11.3.13, ii) enables us to construct
such a product. Note that the assumptions imply that M(XO(L)) has cusps.

Proof for n > 2: Because Mi(p) /Mz(p> is cyclic, we may find lattices M/}, unimodular at
p, and < g >z such that

My =< q>1 My

is a model of Mz, . Let k = K, ® k/ be a corresponding decomposition. Let SO’ (Li)ai C
I(Ls, Mé) N« be a decomposition into orbits. We may form the cycles Z(a;-, < ¢ >, k)
on M(IAQ:O(O%L)), where the K are the respective discriminant kernels (all admissible
by construction of M/). The latter Shimura varieties are all equipped with morphisms
into M(KO(LZ@))) (the union of their images is the cycle Z(L, M’, ')). (These Shimura
varieties all have the same Shimura datum, and one could see their images as conjugated
images of a single Shimura variety with varying K as in the definition of special cycle
(10.3)). In each of these Shimura varieties, we have cycles Z(a;-, < q >, K,). Identifying
them with their image in M(KO(LZ(M)) we get

Z(L,M, k) = U Z(ait, < q >, kg).
SO/(Z/Z\)acI(l/Z\,A%)mn'

By the proof for n = 1 we know the height of the right hand side. For this note that the
assumptions imply that M(X1O(a;")) has cusps!'. Comparing this with global Kitaoka

1 One could certainly weaken those assumption slightly, to allow more cases with m —n = 3, and even
with m — n = 2, using the formula claimed in (11.2.12) for the modular curve, and [70] for Shimura
curves.
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(7.10.5), we get the general result and its truth does, of course, not depend on the models
Lz, My, chosen and not on K (cf. also 9.4.6). O

Since the local orbit equation for Xp and /1, remains true, if Lz, is unimodular, Mz, =<
q >, where p? 1 M, see also (7.10.4), we get as a direct corollary of (10.5.8):

(10.5.9) Corollary (LOCAL FORMULATION). Let p # 2. Let Ly, be a lattice with
quadratic form of discriminant p and signature (m — 2,2), m > 3. For any bigger
unimodular lattice L’Z<p) and signature (m’ —2,2) such that Lz, is a saturated sublattice
(and these exist), the following holds true:

Let M = M(KO(L)) and M’ = M(X,O(L")), where K’ is an admissible compact open and
such that we have an embedding (of rational ECMSD): RO(Lg) — g;O(LfQ) (K will
then be ‘admissible’ with respect to the discriminant kernel K, C SO(Lq,) which does
not come from a reductive group scheme anymore (i.e. is not hyperspecial) - compare
6.4.2).

Let € be as before. We have

dy—-1 .

htap(M) = VOIE(M((:) M

A YLz s) |4y

in R®) and any Z-model Ly, C Lz(p), where the height is computed in M’.

(10.5.10) Question. (10.5.5) in conjunction with determination of orbits in (6.4.18)
allows to calculate the height at p for embeddings of Shimura varieties of lattices with
cyclic L%p/LZP and m > 3 into such associated lattices unimodular at p. It would be
the first derivative of a weighted sum over some 4(—1)™A"Y (LY s)u(L', < q >, K;8)’s for
the unimodular L' and different q’s. But we do not know how to characterize this value
independently of L7, and even whether it is independent at all from the embedding. Note
that the naive orbit equation is not true for A anymore (cf. also 11.2.12).

How is the situation for arbitrary Ly ? Is the height independent of the embedding? Is
there a canonical model, or at least a canonical arithmetic volume? If yes, is it the first
derivative of a natural function in s, depending only on Lz ¢ How is the situation for
different K, which do not occur as discriminant kernels of lattices?
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11. Calculation of arithmetic volumes

11.1. Kiihn’s thesis

(11.1.1) Consider the lattice
Lz(p) = {X S MQ(Z(p)) | tx = X}

Q1 = det. It has signature (1,2).
The group GLs acts by go X = gX%g on LZ(p>, preserving Q7 up to scalar. This defines
a group isomorphism GSpin(L) = GLy and yields an isomorphism of Shimura data

Here, the underlying map Dy, — Dg(y) is the restriction of the following map on compact

duals MY (Hy) — MY(S(L)):
a a’ ab
< <b> S (ab b2> >, (1)

> is a Lagrangian subspace (in this case an arbitrary one dimensional

where < (Z

(12

72
subspace) in Ly and < <ab b2

) > is the corresponding isotropic subspace of Lz(p)-

We have a boundary component B | associated with the parabolic group @ = { ¥ : 1
. . . 1 10 .

resp. its quotient modulo the center, fixing < 0 >, resp. < 0 0 >. Pp is the

1 %
subgroup scheme ( . of ), resp. its image in the quotient.

1 z 1
under the boundary map. In addition D(B) = C x Dg,, where Dy, = Hom(Z,Z(1)
canonically. The image of Dy, (or equivalently Dg(zy) is the union of H* x (27i),
H~ x (—27i). This is the usual identification with the upper and lower half plane.
Recall that the bundle £ was defined as the restriction to MY (S(L)) of the tautological
bundle on P(L) with the natural group action of SO, hence by the action g o X =

1

Ty 9X tg. Similarly on MY (H1) we have an £ = O(1) (anti-tautological bundle) coming

2
We have MY(B) = Al, where » € A! is mapped to < v >, resp. < v $> >
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from identification with P'. We see from (1) that the bundles € and £L®~2 are isomorphic
under the above identification, if we forget the group action.

We recall the integral trivializing section (5.7.5 - determined by the point (?) above

< <0> >) of Z*£7! on M(XB) which is (in this case) given by

1
o () )00

2
(x x a,1f) = a(l) (2 T) .

resp. of Z*&:

(11.1.2) To a classical modular form for SLy(Z) of weight 2k with Fourier series
f = Z a‘qua
k

we may therefore associate the section f’ of Z*£®%* whose restriction to HT x 1 7 is
given by

®—2k
T f(r)(2mi) G) ,

resp. the section f’ of Z*£®* given by

Rk
T f(T)(Qm')k (1 T2>

T T

of Z*&.
The latter has norm (10.4.1):

he(f') : 7= | F(7)](2m) 28 (2m) Fe M1S(7)*F,
We have

log(he (1)) = log(I|f|[3er) — 2k log(4m) + 2k log(2m) + klog(2) — klog(7) — klog(2m)
— log([|fI[%e) — klog(2m) — klog(y) — klog(2).

(11.1.3) We have the well-known formula:

volg (Sh(KWS(L)) = —Z¢(~1) = —
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and therefore

vole (SIS (L) = (1) = .
and )
volg (Sh(FWO(L)) = 2¢(~1) = -

Recall that the volume is computed as an orbifold volume and & = £¥~2 forgetting the
group action.

Since multiplying the norm (square root of the metric) by a scalar p changes the arith-
metic volume of an arithmetic variety X of arithmetic dimension dim(X) by

—dim(X) log(p) vol,
comparing to [71, Theorem 6.1], we see that

¢'(=1)
¢(=1)

volz(Sh(FMO(L)) = volg(Sh(FVO(L))(~2 — 1+ 1log(2) + log(2m) + 7).

On the other hand, we have (8.3.4):

¢(=1)
¢(=1)

Hence formulas (10.5.2, i, ii) are true. (ii) in this case up to a 1 log(2), hence in R,.

4(=13X "L, 5) = 2¢(—1)+2¢(—1) <—2 —1+ %log@) + log(27) + 7) s+0(s%).

11.2. Heegner points

(11.2.1) For L/, a quadratic negative definite lattice of discriminant D, we may find an
embedding L7, < L where Ly is the lattice occurring in the last section, but maybe only
with @7 multiplied by a scalar. This does not affect the arithmetic volume vol € Rp
(see the comment in the proof of 10.5.7).

We want to compute the height (cf. 9.4.2) of ¥ = M(*"O(L/)) corresponding to the
embedding above. It is equal to (the closure of) Y (C) 4+ Y (C)?, where o is complex
conjugation.

There exitst a modular form A of weight 12 with integral Fourier coefficients, such that

a; = 1 and such that the divisor of A’ on M(f(l)S(L)) (with the canonical A) does
not intersect Y. This is because points in Y correspond to elliptic curves with complex
multiplication which have good reduction everywhere.

Hence the height of Y with respect to (E*€,E*h) is given by (cf. 11.1.2 above):

o 2 tog(/ne(A0)(2) = 5 (log(IAP) — 1 log(2m) + 5 log(x) — 5 log(2).

z€Y (C)
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Comparison with (8.1) yields

E(z,5) = volg(Sh(*MO(L)))+ htz(Sh(*PO(L))-(s—1)+ O((s—1)?),

2€Y (C) ( )

where ht is the global height (9.4.2), equal to the (canonical) global arithmetic volume
vol in Ryp.

(11.2.2) Theorem. Let L7, be a primitive negative definite lattice of square-free dis-
criminant D and Y as above. We claim:

Z ZZ(2$+12)E(2;8 +1) =227 (Ll ).
2€Y(C) (s +1)

If D is not square-free, we have at least

Z ME(@ s+1)

= 2071 (17;0)
Y () Z(s+1)

s=0

and

p> dsm 27 (225 9)

E(z; 1 —
(z;8 + )8:0 15

s=0

ey (C

in all R®) | where p? { D.
The proof will occupy the rest of this section.

(11.2.3) Corollary. Formulas (10.5.2, i, ii) are true for two dimensional primitive
lattices, in the case of (i) even as an identity in Ron, where N is the product of primes
p with p?|D, if instead of the arithmetic volume the height of the Zariski closure in
MEMO(L)) is considered.

(11.2.4) Remark. (11.2.2) shows in particular that a better definition of a function in

s giving the correct volumes for all two-dimensional lattices (with primitive form) would
be > .cv(c) %E(z, s+ 1). This value may be decomposed into a product over all
primes as well, which satisfy the local orbit equation, too (for Xp and i, instead of A,
and fp)! This fact will be discussed in (11.2.12) in the end of this section.

(11.2.5) Let us now take the task of proving (11.2.2). Recall the notation from (11.1.1).
Via 1, maximal negative definite sublattices N N Lz correspond bijectively to vectors

S = (Z l;) of positive length ac — b> > 0 with a < 0,c < 0, 2|a, 2|c and (5,0,5) =1.
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They correspond as usual to certain complex vectors of length 0

1 7
ZT:(T 7'2>’

b
at® —2br +c¢=0,i. e. 7= + il (2)

Pali)
2

(11.2.6) Remark. Be aware that the lattice N, N Z3 is not equivalent to Z2,S. This
is however true locally, if |det(S)|, = 1, but not necessarily, if |det(S)|, # 1. The
discriminant of NN Lz is equal to det(S) if S satisfies the conditions above (the generators

of N given above span a lattice of index § in a primitive one).

too, with 7 € H, by virtue of

(@) V1o

N:ZTEBZT:R<

(@) SIfS)
1Y

(11.2.7) Let K be the stabilizer of NV;, where i is a square root of —1 in C. Its image
in PGL(R) is a maximal compact subgroup. Explicitly: K. = { _ab Z) a,be R}.
We identify the symmetric space associated with this quadratic form with GLa(R)/ K
via g — ‘gN;g = Ngi. Each g € GL(Lg) decomposes as

g = Zg‘rkoo

with

T=r+iy=goi, gr= (1 :1C> (‘/17 \/y‘1> = u(x)gi(\/y)-

Suppose given an oriented negative definite subspace N, defined over Q. Its stabilizer
in GL2(Q) is given by

T = {g € GL2(Q) | det(g) '*gSg = S},

hence PT := T/G,, is a quotient mod +1 of the orthogonal group associated with the
bilinear form given by S, or equivalently it is the special orthogonal group SO of the
quadratic form given by N..
Consider K = [], PGLa(Zp). It is equally the discriminant kernel associated with the
lattice Ly (because the discriminant is 2). K N PT(A()) hence is the discriminant
kernel of the quadratic from < S >t= N, N Lz (6.4.2).
Consider the respective complex Shimura varieties associated with O(L) and O(< § >+
):

X = [PGLy(Q)\(PGL2(A)/ Koo K)] = [PGLa(Z)\H*]
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and
Ys = [PTQ\(PT(A)/PT(R)(K N PT(A®)))],

which we consider as analytic stacks (orbifolds) with a natural embedding;:

L YS — X (4)
[hfv hOO] = [hf> hoogr] (5)

We will now consider the standard Eisenstein series (of weight 0) associated with ¥(s) =

(07

IL, Y.(s), with ¥, (s, u(B)k) = |ad~t* and compute its ‘trace’ over the set Y.

0
Observe that we have a different normalization than in (7.4). Assume throughout that
the real part of s is big enough. All infinite series, resp. integrals considered in this
section will then converge absolutely.

First we have
1 1
> #Tt(h)E(\I’(S%h) => ZAut(h) > VU (s; ghgr) (6)

h€Ys h€Ys g€ P(Q\ GL2(Q)
= > U(s; hgr) =: f(s), (7)
hePT(A())/KNPT(A(>))
where we used GL2(Q) = P(Q)T(Q) in the last step. We will denote this quantity by
f(s) in this section.

Considering the right invariance of W(s) under K, this may be rewritten as:

Jom(@o\1(@,) Yrls 2)H ®
vol,,(K N T(AG)))

F(s) = Veo(si9-) [ ]

p

where p is any translation invariant measure on G, (Q,)\7'(Qp).

S

US| gnd U,(s;h) =

a

det(h) §
ged(hi2,ha2)? »

(11.2.8) Lemma. We have Voo (s;9,) = ‘

Proof. The first assertion follows from the evaluation of the relation of g, and S, given
above. For the second assertion consider the case vp(h12) > v, (ha2),
hence ged(hig, hag) = haa. We get:

1 —hgldet(h)flhgg det(h)_lhzg h11 hop . 1
1 h2_21 hia  hoo % 1

where the matrix on the right hand side is integral. Analogously for the case v,(hi2) <
Vp(ha2). O
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(11.2.9) The lemma shows that it is convenient to parameterize the torus T" as follows
(recall a # 0):

— {0} = T(Qp)

x o x+22y gy
) -y €T

We have det(c(v)) = QL) where Qr(v) = %2? 4 bzz + Sy*. A translation invariant
2

measure on T(A(®)) is given by det(¢(v))~" dv, where dv is the standard measure on
QPQ. We choose the measure fi, quotient of this by a measure giving Z,"* volume 1.

This yields:

/ ( )|s Ly = Z p—QZS/ U, (s;z)p

M G (@\T(Qp)

and therefore:

(e8]

|det(S)28 Jz2 QL) dw
25¢(2s) L[4l vol{z,y | Ly, x,x 4+ 2Ly,y € Zp,2? + 2Ly + S? € 7))

f(s)

Substituting §y for y and then z — gy for z in the volume computation in the denomi-
nator, we get:

ac — b2

]%|;1V01{- Y =vol{z,y € 2,2 | 2+ y? € 7,7}

if b is even or p # 2, otherwise substitute in addition = + % for z and get

P41,

4 €Ty}

a
]5\;1vol{- Y =vol{z,y € Z,* | 2* +ay + 2
Hence in any case:

£(s) = |det

where (,(Lz,, 5) is the normalized local zeta function of the lattice, by definition (see 6.5).
Note that it depends only on the discriminant for 2 dimensional lattices.

Write

. |det(
fls) = NCON IH)R
CP(LZp’S)

R(p~®) = Cro(5)
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where K = Q(v/—Dg) and D = Dgf?, Dy is fundamental.

1 1
We have R,(1) = ‘% * = |fl,t or Ry(1) = ‘% (11— (7TD0)p*1), in case vp(D) > 2 is
even. P P
Now calculate
s 1
Z(2s+2) _I(s+1)m2t2
- = 1)=27°% det(S)|2° 1L 1
Z(8+1) f(8+ ) 7TS+1F(%+%)| e( )|2 (X78+ )

Applying the doubling formula for the I'-function, we get:

Z(2s+2)
Z(s+1)

'é+1
fls+1) = (271)| det(S)| 2TV L(x, s + 1),
T2

On the other hand, we have by (8.2.1) and the definition of A (7.10.4) for square-free
discriminant: PS4 1)
~ 1T(5 +
—1 /. _ - 2
)\ (L ’S) - 2 ﬂ_%_j’_l
Hence the first part of (11.2.2) is proven. Note that multiplying the discriminant by
some p’ j > 2 multiplies both quantities by a rational function in p~2 with the same
value at s = 0. Hence the second statement of (11.2.2) is true as well.

D]z Ly, s + 1).

(11.2.10) More explicitly, we get for bad discriminants the following correction factors:
If v, (D) is odd, this yields (6.5):

B, l-p=
R R
and if v,(D) > 2 is even (6.5):
RO _, 1 (=22)—1) . (=5e)
Bp(1)  p=1 0 (F)—p)pz —prh) = (F0)

(cf. 11.2.12).

(11.2.11) Remark. The functional equation of the Eisenstein series forces a functional
equation for the R,’s, namely

Ry(p%) = Ry(p° ).

(11.2.12) Remark. Let Lz be the lattice of (11.1.1) again and ¢ a positive integer.
Recall that the quantities pu(L, < ¢ >;5), A(L; s), A(a’; s) are products over all v of p1,’s
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and A, ’s, respectively. The \,’s satisfy the local orbit equation:

ALz $)pp(Lz,, < q >3 5) = > A et s),
SO’ (Lz,)aCl(<g>,L)(Zyp)

~ 1
If we substitute A and ji (correcting factors, e.g. |D|Z, distributed to the respective
primes) for the respective A and p’s, this equation is destroyed, unless there is only one

1 .
orbit (¢ square-free at p). If we let ()\’)gl(al;s) be the quantity |D|, Q(SH)%

Z(2542) n
Z(s+1)

with X; L(a*t;s) if p? § D, then the following equation is true for all ¢:

(local factor of E(Y,s+ 1), for Y corresponding to o~ as above), which agrees

X;l(LZp;S)ﬁp(LZP,< q >;S) = Z (A/);1<al;8)'
SO'(Lz, )aCl(<q>,L)(Zy)

This is particularly striking from our point of view because classical resp. Arakelov
geometry only tell us that the first two coefficients in the expansion at s = 0 in its product
over all v should be equal. From the point of view of the Shimura correspondence, this
is maybe not so amazing because the two Eisenstein series determining fi, resp. A are
(roughly) Shimura lifts of each other. I am indebted to J. Bruinier and T. Yang for this
last comment.

11.3. Preparation of Borcherds forms

(11.3.1) We will work first in the classical setting, with modular forms on H for any
subgroup I' C Sp)(R) commensurable with Sp)(Z) with values in any representation V'
of Sp5(Z). Here Sp) is either Spy, = SLy or Mp,. Let k be a weight, half integral, if
Sp’ = Mp and an integer, if Sp’ = Sp.
Let

ModForm(T', V, k)

be the space of modular forms of weight k for I' of representation V', meromorphic at
the cusps. Let
HolModForm(I', V, k)

be the space of modular forms of weight k for I' of representation p, which are holomor-
phic at the cusps.

(11.3.2) We consider now a more abstract setting. Consider the modular curve
M(*UH(),

M = M & M* with one dimensional M, and standard symplectic form, where K(N)
is formed with respect to a latice Mz © M. We are interested merely in the rational
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canonical model in this section. There is a boundary component B associated with the
* ok 1 =%

0 1) and Wg =Up = WM e M) = 0 1). Let
U:= (M ® M)z. The boundary component is of the type considered in (5.7). There we
saw that there is a morphism B — Hy and for each complementary line, e.g. < M™* >,

there is a splitting of this morphism. The morphism determines a diagram

line < M > with group P = (

M(KNUNK(]\EGm)B)Q —— SpeC(Q[CN} [%U*])

L

M(K(VGn) Hg) spec(QICn])

where the obvious splitting on the right hand side corresponds to the splitting determined
by < M* > on the left. There is a trivializing section s, defined over Q, of the bundle
of (nearly holomorphic) modular forms of weight k as described in (5.7).

The expansion of a classical modular form, pulled back via the boundary map and
trivialized by means of this trivializing section looks as follows. For each (yc € C,
primitive N-th root of unity, we have a series

Z Ax(n,c [)‘]

AexU*

(function, defined over C, of a suitable completion of the top-right element of the dia-
gram). In (5.7.2) and (5.7.3) we saw that, up to a power of (27i), the a; ¢, . are the
classical Fourier coefficients of f pulled back via the map

MDg — GL(OMg)\Du x GL(OM,(~))/K(N)
T [T, K]

where (o, k) € Dy, x K (1) describes (nc = exp(a(%)),
Hence f7 for 7 € Gal(C|Q) has the series

Z a)\7<17\-7,_(51 [AL

AU

in the fibre over (nc.

Modular forms of level K(NN) are the same as modular forms for K (1) with values the
induced representation

LdED (o

ind;e N)( ).
Such a form f has an expansion

Z Ax(Nc [)‘]’

e U*
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too, with a; ¢y . € indﬁ&%(@). This is now, however, completely determined by its
coeflicients a; := a; exp(2i/n)-

The coefficients of f7 are hence given by

/ k;l 0 T

where k; € K(1,G,,)/K(N,G,,) is such that exp(2mi/n)" = exp(2wik./n).
We are interested in the subspace indﬁé%}v)(x, 1) C indgg\;) (C) transforming under

Ko(N) by the character (x,1), where x is some character of A(®" with values in +1.
The Galois operation on modular forms restricts to those with values in this subspace,
as it should be.

(11.3.3) Let Z be the kernel of Mpy(Z) — SLa(Z) and define T'o(N)" as T'o(N) in the
integral case and as its pre-image in Mpy(Z) in the half-integral case. In the half-integral
case, we always assume 4|N and that we are given a character

X :To(N) = pa,

such that Z acts nontrivially.
We have the space

ModForm(Sph(Z), k, indy 74 (x)) = ModForm(I'g(N)', £, X)-

Consider now the integral weight case again. There are isomorphisms

Lo(N)\H
SLa(Q)\H x SL(A®)/Ko(N, SL)

GLy(Q)\H* x GL(A())/Ky(N,GL).

and a modular form on the bottom with character (x, 1) pulls back to a modular form
of character x for I'g(/N). We have an isomorphism

. 1Spo(Z . 1K . K
1ndF§f](\,)) (x) = de(EgV) (x) C deS\),) (®)

and can read off the Galois action on Fourier coefficients.

(11.3.4) Let N be an integer such that the Weil representation Weil(L3,/Lz) factors
through Sp’(Z/NZ), and consider the line bundle of modular forms Z*£®* of integral
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weight k over M(IA((N)H(E)ITI))Q. We have a morphism
K(N
ML) g — M(E g, (10)

induced by the determinant H(9)) — Hy, and the fibers of this map are geometrically
connected (A is the canonical complete one). The automorphism group of the bundle
(E*LZF)M hence is GLM(Opyxvemimy)) We have Oppxivemm,) = Q(Cv) (for any
x € GLy(Q(¢n)) and we denote the corresponding automorphism by a(z)), such that
the inclusion Q({x) — C, (nx + (nc is identified with (the class of) (a, k) € D, x
K (1), where a, k are such that (y,c = exp(a(#k)). The Weil representation defines a
morphism
w: SL(Z/NZ) v GLQ(CN)IL* /L),

using the identification (y — exp(2m'%), where 7 is the root of —1 used in the definition
(via the underlying characters on the various Q,).

On E*L®F — M(f(N)H(?J)T))Q we have the (right) action of the Hecke operators in
GL(Z/NZ), defined over Q. We denote the corresponding action by multiplication on
the right.

From the morphism (10) and the explicit description of its target, we may infer the
formula

(a(z™)2)k = a(z)(Zk) (11)

for Z € (E*LZ*)M | where 7, is the image of k under
GL(Z/NZ) <~ (Z/NZ)* — Gal(Q((w)|Q).

From the explicit formulze for the Weil representation (7.2.1) follows':

(11.3.5) Lemma.

w(<‘8‘ ?) k (a; ?)) — w(k)™. (12)

Proof. The operators z* — (‘az*) are Galois invariant. If we act on the operator

x* = exp(2miQr(z*)B)p(x*) by T4, we get the same as by substituting g by af. If

we act on the operator z* — [, - o(yx) exp(—2miz*z) dx by 74, we get the same as
A oo

by substituting v by a~!v, provided dz is chosen Galois invariant (e.g. such that Ly

has a volume in Q). Now an actual operator w(g;(«)) differ by those considered by a
Tr(aQr)

;@1 in the first case, which is a sign because m is even, hence Galois invariant. In
the third case w(d(y)) differs by ¢(v) := %, where |v| is calculated with respect to
% 2

Tn other words, the Weil representation extends semi-linearly to GLy if we let (g ?) act by 74
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the chosen measure and its dual. Now consider the equation (U(—’y_l)d(y)f — 1. Since
c(v)? € Q, it shows c(a™1y) = c(y)™. -

Therefore we may define a twisted right action of GL(Z/NZ) on =*L%* ®q Q[L%/Lz] by

Z -k = a(w(k™1))(Zk) for k € SL(Z/NZ) and by Z - @ 0 =z 0). Formula

0 1 0 1
(11) and (12) show that this is a well defined action of GL(Z/NZ).
Let us denote the quotient bundle by this action by WETL(L%/Lz). 1t is a bundle over

the stack M(i(l)H(im))Q. A section f € H'(M¢, WETL(LY/Lz)) is a modular form for
the Weil representation in the classical sense. It has a ‘g-expansion’

> a\,

e M3

where ay € C[L}/Lz]x and they coincide with the usual Fourier coefficients (up to a
power of +27i, which we may and will ignore). In this case the discussion shows that f7
for 7 € Gal(C|Q) has the coefficients a} (usual Galois action). Hence f is defined over
Q, iff ay € Q[L},/Lz] for all A, and, more importantly for us:

(11.3.6) Lemma. Let k be a (half-)integral weight and Spy either Spy, or Mpy according
to whether k € Z or not. For f € ModForm(Spy, Weil(L},/Lz), k) with Fourier expansion

f= Z aiq’,
a; € Weil(Ly,/Lyz,);, we have for 7 € Gal(C|Q) and
fri=>ald,

that f™ € ModForm(Sph, Weil(L% /Lz), k), too.

Proof. We have proven the statement for & € Z above. For half integral weight, consider
the space L7, = Lz® < 1 >. We have

Weil((LY)* /L) = Weil(L}, /Lz) @ Weil(< 1 >* / <1 >).
We have the classical theta function

1
6 € HolModForm(Mp,, Weil(< 1 >* / <1 >), 5)

(with integral Fourier coefficients!). Multiplication with it yields a map

1
ModForm(Mp,, Weil(L3,/Lz), k) — ModForm(Mpy, Weil((L%)*/L7,), k + 5),
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which commutes with the Galois action on Fourier coefficients. By an elementary cal-
culation, one sees that any holomorphic function on H (or even formal Fourier series)
with values in Weil(L},/Lz)(C) which lies in ModForm(Mp,, Weil((L%)*/L%,), k+3) after
multiplication with 6 has to lie in ModForm(Mp,, Weil(L7,/Lz), k). Hence the statement
of the lemma. O

(11.3.7) Recall the following construction from [5].
Denote

PowSer(T") = @C[[QH]L
Laur(I") = @ Clax]lg=",

Sing(I") = €P Clax]lax"1/axClax].

where £ runs through all cusps for I'. Mpy(Z) operates on these sets.
Let IV C T be a subgroup of finite index, which acts trivial on V. We define

PowSer(I', V) = (PowSer(I") @ V)",

where I' acts on both factors.
Similarly we define Laur(I',V') and Sing(T", V). We have still (abstractly) a 1:1 corre-
spondence between f € PowSer(I',V) (say) and a collection f,. for each cusp of I" (not
I'"!) where

fr = Z amqlT7 (13)

meQ>o

and a,, lies in a subvector space V,, of V', depending on m.

0 1
Vi is zero if m ¢ %Z for some N, depending on I".

For I' = Sp)(Z), we have explicitly V,, = {v € V| (1 1) v = €2™My} and in particular

There are maps

A : HolModForm(T', k, V*) — PowSer(I", V"), (14)
A : ModForm(I',2 — k, V) — Sing(I", V), (15)

which in the representation (13) for the right hand side, this corresponds to taking
Fourier series.
There is a non-degenerate pairing between PowSer(I', V') and Sing(T", V*) given by

(fi9) = Z res(fﬁqﬁﬁq;l d gx)-

Here, the product fi¢, involves duality between V and V*. This pairing is invariant
under the operation of Mp,(Z) and hence gives a well defined pairing between the spaces



11. Calculation of arithmetic volumes 241

in question.

For example if I' = Mp,(Z) and standard parameter g, up to a scalar this pairing is the
same as

<fa ¢> = Z<a—m7 bm>,

m

for f =Y, ang™ and ¢ = 3, bg™.

In [loc. cit., Theorem 3.1] it is sketched that one can deduce from Serre duality that
A(ModForm(Mpy(Z), 2 — k, V) = (A(HolModForm(Mpy(Z), k, V*))*

and in [loc. cit., Lemma 4.3] this is refined to
_ 1
A(ModForm(Mpy(Z),2 — k, V)z) © C = (Gal(Q|Q)A(HolModForm(Mp, (Z), k, V*))

It is also shown that the last space has finite index in Sing(Mp,(Z), V).

(11.3.8) Let Lz, a quadratic lattice with non-degenerate quadratic form @y, of signa-
ture (m — 2,2) and Lz C Ly, a Z-lattice s.t. Q € Sym?(L3).

Consider the Weil representation Weil = Weil(L3/Lz) associated with a lattice Lz.
We know from (7.7) that on the characteristic function XL the Weil representation of
[o(N) is given by a character, which on T'o(N) may be described by a — x(a) :=

+Y(aQr)Y(Qr)~! extended to T'o(N — x(a). It has values in £1 if m is

a b
DY\ Ne d
even and in py4 if m is odd. The sign of x(a) is determined by the lift to I'o(N)". It is
always +1, if m is even.

Hence, by the adjunctions

Homr, vy (x, Weil) = Homgy (7 )(mdSp%( )) X, Weil)

and
Homr, ) (Weil, x) = Homgyy 7y (Weil, ind p%](VZ)), X)
and considering injection of XL T€SP. evaluation at 0, on the left hand sides, we get
maps
o indpPe ) (x) — Weil
and
B Weil — mdF (J(V)), (x)

on the right hand sides.
Accordingly we get maps

o : HolModForm(Sph(Z). k. ind{P2 1) (x)) — HolModForm(Spj(Z), k, Weil)
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and

A’ : HolModForm(Sp4(Z), k, Weil) — HolModForm(Sp5(Z), k, ind?ﬁ%%), (X))

as well.
This yields a corresponding decomposition:

HolModForm(To(N)', k,C) = ker(a') @ im(8').

(11.8.9) Lemma. « and 8 are Galois invariant with the coordinate-wise Galois action
on Weil and the action (9) on ind. The above decomposition is defined over Q(i) (or Q
if m is even).

Proof. This second statement follows immediately from the first because the condition
of being in ker(a’) or im(f’) is Galois invariant.
The first statement is proven by an explicit examination (cf. 12) of Weil for invariance

under Gal(C|Q(7)) in any case and for Gal(C|Q), if m is even. O

(11.3.10) Remark. For prime-cyclic L}, /Ly = T, (in particular m even), we have
x(a) = (%), and the decomposition above is well-known as decomposition into + and —
space: We have im(a),, = CXin+Li where Qr(r) = (1), hence for (m, p) =1 we get
0

% is not represented by L7 /L,
C % is represented by L7 /Ly,

im(f3)m = {

and with interchanged conditions for ker(«). (For the comparison with other work, note:
the am via the above identification with C are the coefficients a,, of the image of f under

P
the Fricke involution).

(11.3.11) Assume now that n > 3 or n = 2 and Witt rank of Lg = 1.
With the result above, we are able to construct a Borcherds product W(F') whose divisor

div(U(F)?*) = Y Z(Lz,< —m >, am; K) + =

meQ<o

satisfies certain special properties (see theorems 11.3.13-11.3.16 below).
First we need a lemma:

(11.3.12) Lemma. Let Ly be a lattice of signature (m — 2,2), m > 4. Let Weily be
a subrepresentation of the Weil representation Weil(L%/Li), which is, as a subspace

defined over Q. Let {M(m)}meqs, be a collection of subvector spaces M(m) C Weilg ,,
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(for the notation, see 11.3.8), such that Y, dim(M(m)) — oo.
Assume that any modular form in HolModForm(Spy(Z), Weils, ) with Fourier coeffi-
ctents supported only on M vanishes.

i. There is an F' € ModForm(Spy(Z), Weily, 2 — ) with Fourier expansion.:

ANF) = Z emq™

meQ

with ¢o(0) # 0 and all ¢, L M(—m),m <0,
ii. Let 0> 1€ Q and ¢; € Weily; with ¢; J M(—1) be given.
There is an ' € ModForm(Spy(Z), Weilg, 2 — ) with Fourier expansion.:

AMF) = Z Cmq™

meQ

with ¢o(0) # 0, all ¢y, L M(—m),m < 0,m # 1 and ¢; is the given one.

Proof. (Compare [15, Lemma 4.11])

(i) Let Sing,,(Sph(Z), Weily) C Sing(Sp5(Z), Weily) be the subspace, where the coef-
ficients satisfy ¢, L M(m),m > 0. Obviously Sing,,(Sp5(Z), Weilp)* is the sub-
space PowSer™ (Sph(Z), Weil}), where ¢, € M(m) for all m > 0 and ¢}, = 0. Since
A(ModForm(Sp5(Z),2 — %, Weily)g) ® C has finite index in Sing(Sp5(Z), Weily) [5] and
S, dim(M (m)*+) — oo, we have

A(ModForm(Sp(Z), 2 — % Weilg)g) N Sing,; (Spy(Z), Weilg)g # 0.

We want to show that the application [co(0)] : Sing(Sp5(Z), Weilp)gp — Q does not vanish
on this intersection. Since

L
()\(ModForm(Sp’Q(Z), 2 — %, Weilp)g) N Sing,, (Spsy(Z), Weilo)@)

=A(HolModForm(Sp4(Z), %, Weily)) + PowSer™ (Sph(Z), Weil})q,
Note that A(HolModForm(Sps(Z), %5, Weil(; ¢)) is a Galois invariant subspace because of
(11.3.6), and because Weily is, as a subspace, defined over Q.
Let us assume that there is a relation

[0 (0)] = A(f) + ¢,

where f € HolModForm(Sph(Z),2 — 2, Weil§) and ¢ is in PowSer™ (Sph(Z), Weilj).
From this follows that f is a modular form, whose coefficients satisfy ¢, € M(m).
Therefore f = 0, a contradiction.
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(ii) Since ¢; L M(l), we find a ¢ € M(l) such that ¢j¢; # 0. We have to show that also
the element [cq'] : Sing(Sp5(Z), p)o — Q does not vanish on the intersection above,
where now M () has been set to 0.

For if this is not the case, we can add an appropriate element not being in its kernel to
our original F' to get the result. Suppose that [c}"ql] vanishes. Then we get a relation:

[cid'] = A(f) + o,

where f € HolModForm(Sp5(Z),2 — 2, Weil§) and ¢ is in PowSer™ (Sp5(Z), Weilf)).
Therefore f = 0 as above, a contradiction. O

We will now show several theorems, stating that there exist Borcherds lifts, whose divisor
has special properties. This is an essential ingredient in the calculation of arithmetic
volumes later. To not interrupt the discussion, we refer to the next section (11.4) for
several elementary lemmas on quadratic forms which are needed, and to section (11.5)
for several facts about vanishing of modular forms with sparse Fourier coefficients.

(11.3.13) Theorem. i. Let Ly, be an isotropic lattice of signature (m—2,2),
m > 4, there is a lattice Ly C Lz(p), such that up to multiplication of Qr with a
scalar € Z, there is an I € ModForm(Sp5(Z),2 — &, Weil(L}, / Lz)) with integral
Fourier coefficients, such that W(F') has nonzero weight,

all occurring Z(Lz, < —m >, apm; K) in div(¥(F)) are p-integral, i.e. consist of
canonical models of Shimura varieties M(KO(L’Z(p>)), for wvarious lattices L/Z(p)

with non-degenerate quadratic form.

it. We find an F above, such that div(V(F)) contains, in addition, precisely one
Z(Lz,< m >, k; K), plm with non-zero multiplicity.

Proof. (i) Choose any lattice of the form Ly = H @ Ly, in Ly, . Let

Weily,  |m|, # 1.

Then all Z(Lz, < —m >, ¢y K) with ¢, L M(m) consist of p-integral canonical models
of Shimura varieties M(KO(L'Z(p))) because v+, for any v € Lz, with Q.(v) = m,
|m|, = 1, is unimodular.

To construct the required Borcherds form, by lemma (11.3.12, i), we have to show that
any modular form f € HolModForm(Sp5(Z), %, Weil*) whose Fourier coefficients are
supported only on M, vanishes. But every component of f is (in particular) a modular
form for some I'(NNV). It vanishes by lemma (11.5.1).

For (ii), use lemma (11.3.12, ii). O
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11.3.14) Theorem. 1. Let Ly, . be a lattice of signature (3,2) and Witt rank
(p)
1, there is a lattice Ly C Lz, such that up to multiplication of Qr with a scalar

€ Zf,. there is an F € ModForm(Mpy(Z),2 — 5, Weil) with integral Fourier

coefficients, such that W(F') has nonzero weight, all occurring Z(Lz,< —m >
yam; K) in div(¥(F)) are p-integral, i.e. consist of canonical models of Shimura
varieties M(KO(L’Z( ))) for wvarious lattices L’ - with non-degenerate quadratic

form, such that L' has signature (2,2) and Witt rank 1.

7. Up to multiplication of Qr with a scalar € Z* , for every L’( ) of signature

(2,2), Witt rank 0, we find a lattice L of szgnature (3,2), Witt rank 1, such that
in div(U(F)) above there occurs, in addition to the subvarieties above, precisely
one Z(L,< 1 >,¢; K) with non-zero coefficient, consisting of canonical models of
Shimura varieties M(KiO(L’Z(m)) for various different admissible K;’s.

Proof. (i) By lemma (11.4.3), we may multiply @7, by a scalar such that there is a lattice
Lz C Lz, with cyclic L; %/ Lz of order 2D’ where D' is square-free of the form

Ly=Hea L

By the very construction (7.1) of the Weil representation, we know that Weil(L¥ /Lz)
decomposes
Weil(L3,/Lz) = Q) Weil(L7, /Lz,),
)

and for each [ we have a decomposition
Weil(L3, /Lz,) = Weil(L3, /Lz,)* & Weil(L3, /Lz,)~,

into irreducible representations, here LE; /Lz, cyclic of prime order (resp. order 2 or 4)
is used. (If the order is 2, Weil(L7, /Lz,)~ is zero).
We will work with the irreducible representation

Weil (L}, /Lz)™ ® Weil(L3, /Lz,) ",

with product basis build from the basis XtrtLz, € Weil(L%l/ Ly,)*. There will be a
basis vector of the form

V=D XetIn

where the sum runs only over primitive k € L7, /Ly,

Let N
(Cy) Imlp, =1,
M(m) =
(m) {(Weil(L%/LZ)ﬂ* Im|, # 1.

m

Note: Every vt such that v(v) # 0 with Qr(v) = m, |m|, = 1 is unimodular. It is also
isotropic because by lemma (11.4.3) m is already represented by L/Z’
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To construct the required Borcherds form, by lemma (11.3.12, i), we have to show
that any modular form f € HolModForm(Mpy(Z), %, (Weil(Ly,/Lz)")*) with Fourier
coefficients supported only on M vanishes. Note that Weil(L3/Ly)" is defined over Q
as a subvectorspace.

Now ~ o f vanishes by (11.5.1). Since Weil(L}/Lz)™ is irreducible, lemma (11.5.3) tells
us f=0.

(ii) Use (11.4.5) to construct the lattice Lz and Z(Lz, < x >, Lz; K) consists obviously
of the required models. Since XL~ L ~%, apply lemma (11.3.12, ii). O

(11.3.15) Theorem. i. Let Lz, be an isotropic lattice of signature (2,2) and
fundamental discriminant —q, q a prime = —1 4, there is a lattice Ly C
LZ(p), such that up to multiplication of Qr with a scalar € Z’(kp), there is an F €
ModForm(Spy(Z), 2 — %5, Weil(L7,/ Lz)) with integral Fourier coefficients, such that
U(F) has nonzero weight,

all occurring Z(L, < —m >,am; K) in div(V(F)) are p-integral, i.e. consist of
canonical models of Shimura varieties M(KO(L’Z(p))), for warious lattices L’Z(p)

with non-degenerate quadratic form, such that L' has signature (1,2) and Witt
rank 1.

1. Up to multiplication of Qr with a scalar € pr), for every L’Z(p) of signature

(1,2), Witt rank 0, we find a lattice L of signature (2,2), Witt rank 1 and fun-
damental discriminant —q, q a prime = —1 4 (as in i), such that in div(V(F))
above there occurs, in addition to the subvarieties above, precisely one Z(L,< | >
, 03 K) with non-zero coefficient, consisting of canonical models of Shimura vari-

eties M(KiO(L’Z(m)) for various different admissible K;’s.

Proof. (i) Let Weilp be < Spy(Z) XL >, which is irreducible in this case, hence isomor-
phic to im(/3) (11.3.8), and as a subspace defined over Q.

By lemma (11.4.3) we may multiply @, by a scalar such that there is a lattice Ly C Lz,
with cyclic L7, /Ly of order ¢, of the form

1—
LZ:H@<:L"2+:Ey+Tqy2>.

A Z(L,< m >,k; K) (for admissible K) consists of Shimura varieties of the required
form, if v+ for v € +k + Lz, Qr(v) = m is isotropic. This is the case, if and only if m

is represented by < 22 4 xy + 14;qy2 >. Hence define

Wil mlp £1,
M(m) = i
(m) {Weilam ﬁR(m)L Iml|, =1,

where R(m) = {f € Weilp,, | Jv €< 2% + 2y + 14;(13/2 > a0t f(v) #0,Qr(v) =m}.
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We know (11.3.10) that Weilal- is zero, if x4(j) = —1. The definition of M (m) and
q

(11.4.4) imply that for primes p’ # p with x4(p’) =1, M(%) is also zero.

To construct the required meromorphic modular form, by lemma (11.3.12), we have
to show that any modular form f € HolModForm(Spy(Z), %, Weilg) with Fourier co-
efficients supported only on M vanishes. Let f' := p( (1) _01 )f. We have f) =
fo+ >4 f+i- We know that fj(¢7) is a modular form for I'g(¢) again. From the above
follows that all Fourier coefficients a, of f((q7) for p’ # p vanish. The vanishing of f}
now follows from theorem (11.5.2) and that of f by lemma (11.5.3).

(ii) Use (11.4.2) to construct the lattice Lz and Z(Lyz, < x >, Lz; K) consists obviously
of the required models. Since XL~ L ~t, apply lemma (11.3.12, ii). O

(11.3.16) Theorem. Let Lz, be a lattice of signature (3,2) of Witt rank 2. There
s a lattice Ly C Lz<p), such that up to multiplication of Qr with a scalar € Z’(kp), there
is an F' € ModForm(Mpy(Z),2 — 5, Weil(L},/Lz)) with integral Fourier coefficients,
such that W(F') has nonzero weight, div(V(F)) consist of exactly one Z(Lz,< —l >, a;)
with non-zero coefficient, which itself consists of canonical models of a Shimura varieties
M(KO(L’Z(p>)), for any (a priori) given lattice L/Z(p) of signature (2,2), Witt rank > 1.

Proof. Define Ly, = L’Z(p> 1< x >, where z is represented by LlZ(p) and |z[, = 1.

Up to multiplication of @ by a scalar, we find a lattice Ly = H?> 1< 1 >C LZ<p).
Weil = Weil(L7,/Lz) is irreducible in this case. Define

Weilr, m # z,

0 m=x.

M(m):{

To construct the required meromorphic modular form, by lemma (11.3.12), we have to

show that any modular form f € HolModForm(Mp,(Z), %,Weﬂ*) with Fourier coeffi-

cients supported only on M vanishes. This follows because
5
HolModForm(Mp,(Z), 2’ Weil*) =
5 5
HolModForm(Mp,(Z), 2 im(a*)) C HolModForm(T(4)’, 2 X41)-

The last space is 1-dimensional in this case, hence the first contains only the Eisenstein
series, which has a non-zero coeflicient a,. ]

11.4. Lemmata on quadratic forms

(11.4.1) Lemma. Let Lz, be an unimodular lattice of signature (2,2) and Witt rank
1, with (fundamental) discriminant D. Up to multiplication of Qr by a unit, there exists
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a lattice Ly C Ly, of the form

2>

1-D
LZ:HEB<x2+xy—I—Ty
if D =1 modulo 4 or

2

D
LZ:H@<$2*Zy >

if 4|D.

Proof. We may write Lz, = H & L’Z(p) and assume that L’Z(p) represents 1. L’Z(p) is

anisotropic by assumption. Then it is well-known and elementary that Lz, contains a
Z-lattice of the required form. O

(11.4.2) Lemma. Let Ly, be a unimodular anisotopic lattice of signature (1,2). Up
to multiplication of Qr with a scalar, there exists a unimodular lattice L’Z(p) = LZ(p>EB <
x > which is isotropic and of prime fundamental discriminant —q, q # p and a lattice
L, C L/Z(p) of the form

1_
L’Z:H@<x2+xy+Tqy2>.

Proof. Write Lz(p) =< aq,...,a3 >, with «; square-free. Let D be the square-free part
of [T ;. We may find a prime ¢, different from p, such that ¢ = —1(4) and for any [ # 2
with v([T ;) = 2 (hence [ { D), we have Dq = —a; modulo Q7, where «; is the one not
divisible by .
We may also prescribe its residue mod 8, such that Lg,® < Dg > is isotropic. For if they
were anisotropic for ¢, ¢' congruent to —1, —5 (8) respectively, we would get < Dg >~<
Dq' > from Witt’s theorem and the uniqueness of the 4-dimensional anisotropic space,
which is absurd.
Hence

Lz(p)-i- < Dq >

is unimodular, of signature (2,2) with square-free discriminant ¢. It is isotropic at all
I # 2 either because of the congruence condition on Dq. Hence the Witt rank is 1 and
we may apply the previous lemma to it (this changes also the form on Lz(p) by a scalar)
to get the result. O

(11.4.3) Lemma. Let Lz, be a unimodular anisotropic lattice of signature (1,2). Up
to multiplication of Qr, by a scalar, there is a lattice Ly, C Lz, of discriminant D = 2D’
where D' is square-free and with L% /Ly, cyclic.

It has the property that a primitive k € L%/Lz represents an m € Q if and only if

q(k) =m (1).
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Proof. First we prove the existence of the lattice. Write LZ(p) =< a1,...,a3 >, with
«; € Z square-free. It suffices to construct them locally. The lattice Ly =< aq,...,a3 >z
already satisfies the assumption for all [ £ 2. For [ = 2 there are 2 cases:
1. The space is isotropic, whence there is, up to multiplication of the lattice by 2, a
lattice of the form

Ly, =H 1<1>,

which has discriminant 2.
2. The space is anisotropic, hence, up to multiplication of the lattice by 2, of the form

Lg, =< 1,3,2¢ >
with € € {1,3,—3,—1}. In it there exists the lattice
Lz, =< z? + zy —I—y2 > 1< 2e >

of discriminant 4, with L7, /Lz, cyclic of order 4.

The only-if part of the claimed property is clear. For the if part, it suffices to show
that m is represented by Lg, for all I. Consider the space Lg,® < —m >. It is
automatically isotropic at all [ ¥ D. But at all I|D it is isotropic as well because of
the condition ¢(k) = m (1). For | = 2, we need only to consider the case, where
Ly, =< 2? + 2y + y* > 1< 2¢ >. We get the equation

ez? = 8m (8),

with z € (Z/8Z)%. Hence m(Q%)? = 2¢(Q3)2. This forces the form Lg,® < —m > to be
isotropic. U

The strong form of the lemma is wrong for lattices of dimension 2. However, we have
the following weaker form:

(11.4.4) Lemma. Let Lz(p> be a unimodular anisotropic lattice of signature (1,1) and
of prime discriminant ¢ = —1 (4). Up to multiplication of Qr by a unit € Zz‘p), there is
a lattice Ly, C LZ(p) of discriminant q of the form
1_
Lz =< :c2+xy+Tqy2 > .
It has the property that a primitive K € L%/Li represents an m = % € Q, where q is
prime, if and only if ¢(k) =m (1).

Proof. The existence of the lattice is well-known (compare also 11.4.1). The property
follows directly from the law of quadratic reciprocity. O
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(11.4.5) Lemma. Let Lz, be a unimodular anisotopic lattice of signature (2,2). Up to
multiplication of Q1 with a scalar, there exists a unimodular lattice L/Z(p) =Lz,®<z>

of signature (3,2) and a Z-lattice LY, C L’Z<p) of discriminant D = 2D', where D’ is
square-free of the form

L, =H®& Ly,
such that (LY,)* /LY, is cyclic.

*

Proof. Take L’Z( = Lz,&®<x> for an arbitrary negative = € Z(p). It is automatically
p
isotropic, hence of the form
/ . Vi
2oy — 7 ® Lz,

Applying lemma (11.4.3) to L%(p), we get the result (this multiplies also Qr, on Lz, by

a scalar — note that multiplying the quadratic form on H by a scalar does not affect its
class). O

11.5. Lacunarity of modular forms

(11.5.1) Lemma. Let N > 0 be an integer and p a prime with pt N.
Let f be a holomorphic modular form of (half-)integral weight k # 0 for the group T'(N).
If f has a Fourier expansion of the form

f= Z ang",

n€Qx>o

where ay, is zero, unless n is an integral multiple of &, then f = 0.

Proof. The assumption implies that f is periodic with period &. It is hence a modular

—3 2

1
form for the group I', generated by I'(N) and the matrix <O

N N2 N
c— (Y w) (L OY_(1+% )
0 1 N 1 N 1

The trace of C is equal to 2+ N72. Since p 1 N, its p-adic valuation is > 1. Hence at least
one of the eigenvalues of C has p-adic valuation > 1. (We choose some fixed extension
of the p-adic valuation to Q). It follows that ||C?|| — oo for any chosen p-adic matrix
norm || - ||. From this, it follows that [I" : T'(V)] = co. For assume that there are finitely
many representatives «;. Let v be the maximum of their p-adic matrix norms. Every
element v € I' is of the form

). This group contains
the product

¢

gy
for v* € I'(N). The matrix norm of « is hence < v. A contradiction. Hence I' cannot be
a discrete subgroup, and since k # 0, we have f = 0. O
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(11.5.2) Theorem. Let g =1 (4) be a prime and S a finite set of primes. Let xq(z) =
(g) and k > 2 be an integer.
If f € HolModForm(I'o(q), k, xq) has a Fourier expansion of the form

f= Z ang",

TLEZZO
with algebraic a,, where (i) a, = 0, whenever xp(n) = —1, and (it) a, = 0, whenever
peS.
Then f = 0.

Proof. This follows from an idea of [82], see also [15, Lemma 4.14]: Condition (i) forces
f to be in the subspace HolModForm(SLy(Z), k,im(c)) (see 11.3.10). Since ¢ =1 (4),
there are no forms of type ‘CM’ in this space.

Since the a, are algebraic, we can write f as a linear combination

n
f = COEO + CooEoo + Zcifi7
=1

where the ¢; are algebraic, the f; are cuspidal Hecke eigenforms and Fy, F, are the
Eisenstein series. Assume n minimal.

In [82, Lemma 1] it is shown that for all sufficiently large primes [ the mod [ represen-
tation p := p1; X -+ X p, contains a subgroup conjugated to

G = SLQ(Fl) X oo X SLQ(FH)

and im(p)/G is Abelian, where the FF;’s are defined in [loc. cit.]. Choose [ such that all
lcili = 1, whenever ¢; # 0.

If ¢g or ¢ is # 0, we proceed as follows: By Chebotarev, there is a positive density of
primes p, such that the image of Frob, is conjugated to

a= () ()

Choose ¢ = %1 according to whether ¢y = cs (I) or not. Since G has no nontrivial
Abelian quotient (I > 4) and because im(p)/G is Abelian, by possibly multiplying A by
a scalar matrix, we may assume in addition that x,(p) = € and p*~! = ¢ (I). Hence
lap(coEo + cooEoo)|i = 1 and |ap(fi)|; < 1, We get a,(f) # 0 for infinitely many primes,
a contradiction. If ¢g = co, = 0, choose

a= (o 9) (0 0) e (5 0)

and argue as before. O
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(11.5.3) Lemma. Let I' C Mp,y(R) be an arithmetic subgroup and V,, p an irreducible
representation of I'. Let f € HolModForm(T', p, k) and 8 : V, = C be a non-zero linear
form. If Bo f =0 then f =0.

Proof. This follows immediately from the irreducibility: Choose a basis {e;} of V,, such
that 8 = ej. Since V), is irreducible, for any 4 there is an operator of the form

O; = Z a;p(;i),

J

which interchanges e; and eg. Consider the form O; o f. ejo O; o f is equal to €] o f
on the one hand. On the other hand it is equal to >, a;(ef o f)|xvi, which is zero by
assumption. Hence f = 0. O

11.6. Borcherds products and Arakelov geometry

(11.6.1) Let the signature of Lg be (m — 2,2) with m > 4 and assume the Witt rank
to be 1 if m = 4. Let Lz be a lattice of the form Ly = H L L/,.
Take a modular form F' as in (11.3) with Fourier expansion

F(r)= Z cmq™,

meQ

where ¢, € Weil(L3,/Lz) C S(A), with ¢y(0) # 0.
We will now prove an average and local version of (10.5.4). It is used in an essential way
in the proofs of (10.5.7) and (10.5.8).

(11.6.2) Theorem. Under the conditions above, we have:
Z 1 (Lz, < —q >,cq;0) volg(M(KO(L)))
q
+ 2 degp(Z(Lz, < ~4 >, ¢ K))volg ,(M(£O(L)))

q
= Z VOlap(Z(Lz, < —=q >,Cq; K))
q
in RW). Here deg denotes the relative geometric degree.

Proof. Let fo:= ¥(F) be the Borcherds lift of ' — cf. (7.8) and (10.4.12).

We may calculate \78131)(1\/[(2( O(L))) In the following way:

First assume w.l.o.g. (e.g. by taking a lattice with large discriminant in the construction
of F or by just pulling back W(F) afterwards) that K is neat.

We know by (10.4.4) that Z*(£)~! is ample on M(XO) and that some power of it has no
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base points on M([A( 0O). Choose some sufficiently fine, smooth, complete, and projective
A (by lemma 9.4.5 the arithmetic volume does not depend on this choice) such that
all models exist and all special cycles involved embed nicely as projective schemes (cf.
10.3). =*(&)®*, for some negative k, defines a morphism

a: M(RO) — P (Z,)),

whose restriction to M(X0) is an embedding. Let D be the boundary divisor. Recall:
M and D are defined over Z,. We have dim(im(D)c) < 1 because =* (£)E* induces
the Baily Borel compactification. In addition, we may also choose k and F' such that
fo e HOM(K0),=%(£)%F) (10.4.12).

Up to increasing k again, we may find hyperplanes Hy,..., H, intersecting properly
with im(div(fp)), not intersecting (simultaneously) in im(D) at all, and not intersecting
(simultaneously) in the locus, where ap, is not finite. Furthermore, we may assume
that already Hq and Hjy do not intersect in im(D)c. Let fi,..., fn be the corresponding
sections. Furthermore by (10.4.12, ii)

. . . 1 . .
div(fo) - div(fi) - div(fa) = 5 D ZLz, < —m >, e(m); K) - div(fy) - -+ div(fn)
m<0
because the f;,7 > 1 do not intersect in D simultaneously.

Note that the arithmetic volume is the sum of this expression and

(1)”/ * g * *
20 go * g1 9n,
where

gi = (kQ,log Z°h(f;))

is the corresponding Green object. Here
Q:=c1(E°(E),E"(hg))

is the first Chern form of the bundle Z*(&) with respect to the (log-singular) Hermitian
metric Z*he. On any parametrization defined by a point-like boundary component as
in (10.2.17) it is given by

dd°log(Y?)

where Z = X +1iY € Ly(C).
By (11.6.3) below, we may write this integral as

1
N / Gok QA -+ A K
(2mi)™ Jm(K0)e
1

+.7_/ g
(2m1)" 1 Jsupp(div(fo))nM(K 0)c

L%k Gn
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hence we get the equation (€ R®))

! / Gok QA -+ A kO
(2mi)n M(XO0)c

+ kol (M(SO(1)
kY volg (2L, < —q >0 K))
q

(cf. also 9.3.7) and therefore the required one, taking into account that

1
3 ZdegE(Z(LZ, <—q>,c;K))=k=
q

(relative degree) and by (10.4.12, iii):

1
: GoQA---AQ=
(2mi) /M(Kom ‘

—vole(M(A0)c) Y 4/ (Lz, < —q >, c4;0),
q

in R(®), O

(11.6.3) Theorem. Let Lg be as before, i.e. of signature (m — 2,2) with m > 5, or
m = 4 and the Witt rank is 1.

Let fo,..., fn be sections of Z*()®* on M(KO), intersecting properly:
(supp(div(f)) = 0,

such that
supp(div(f1)) N supp(div(f2)) Nsupp(D) = @
(Witt rank 2), resp.
supp(div(f1)) Nsupp(D) = 0
(Witt rank 1).

We have
1 / *k *k
@ri)" hacgoye ™ o
_ 1 / Gok QA - A KO
(2m8)™ Jm(x0)c
1
+ ooy g1 %k G

(271)" 1 Jsupp(div(fo))NM(K 0)c

All occurring integrals exist.
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Proof. According to [15, Theorem 1.14], we have
5
(2mi)"™ JM(E0)c o in
1
= lim ‘ / Gowi A+ ANw
e=0 ((27r2)” M(EO)e—B(D) !

—2/ GAdCGO—GOAdCG>
9B.(D)

(2mi)n—1
1

T
(278)" 1 Jsupp(div(fo))NM(K O)c

g1 %% On

where we take any representation
gr*-kgy = (w1 A Awg,,G).

The integral
1

W/NI(KO)G()Wl/\/\wn

exists by [12, Theorem 2] because
WLA - Awp ~ QT

and we excluded the cases n = 1, Witt rank 1 and n = 2, Witt rank 2.

Any point on the boundary maps either to a 0 or 1-dimensional boundary stratum in
the Baily-Borel compactification. We will prepare special neighborhoods of these points
and call them of first (resp. second) type for the rest of this section.

(11.6.4) A point of the first type lies (identification via boundary map) on the excep-
tional divisor of a torus embedding constructed by means of the torus G,, ® Kz, where
Kz is a lattice in < 2 > ® < z >+ / < z >, where < z > is a corresponding isotropic
line. The bundle =Z*& is trivial over the whole torus and the trivializing section s has
norm
he(s) =D (N, Aj) log(ry) log(r),
0.
where \; constitutes a basis on K7z and r; is the corresponding absolute value in A™ =
M(ﬁB) (here A’ is just 1 top-dimensional cone together with all its faces, generated by
AL, , Ap. At a point of any other stratum of the compactification we may write this
as
> (XA log(ri) log(ry) + > log(rs)vi(2) + vbo(z),
<m,j<m <m
where the 1); are smooth functions in a neighborhood of the point, satisfying d d®; = 0.
(just incorporate all terms with logr;, ¢ > m which are non-singular at the point in
question. ).
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(11.6.5) A point p of the second type lies (again, identification via boundary map)
at the zero section of the line bundle over M([A{iB) over M(giB /Us) which a family
of Abelian varieties over M(XH(I)). Choose a trivializing section s of Z*€ on a small
neighborhood of the projection of p to M(XH(I)). Such a section was calculated in
(10.4.16), with norm of the form

he(s) = log(r1)1(zn) +1bo(2),

where 1 is harmonic and does only depend on z, (coordinate on M(XH(I))) and 1 is
smooth.

(11.6.6) We will prepare an e-tube neighborhood of D as follows. We prepared neigh-
borhoods around every point of the boundary above. Take a finite cover U; consisting
of these. Let o; be a partition of unity defined on D, corresponding to the chosen cover.
Consider a neighborhood U; with coordinates z1, - - - z;. Assume that D has the equation
(21)* -+ (2p)% = 0. In any other cover U; overlapping with U;. D has the equation
(20)%1 .. (24)% = 0, where after a renumbering of the coordinates ay, is either equal to
ai or one of them is 0. If they are equal (i.e. the components of the divisor correspond),
we have

~

Zi = Zk(f]g,o(zl, -~ > Zn) + Zkf]i(zl, s 72"))’

where flg,o (z1,...%, 2,) does not depend on z;, and is everywhere non zero on the overlap

in question. Define rj, = - aj|z£|. A global e-tube neighborhood around D may now be
described as 1"2; < ¢ for all k, where aj # 0 if € is chosen small enough.

Write .
te=n (S oslRuta - F o)l + g )

where ¢ is a bounded C*° function. If e is small enough, 0 < r} < e will ensure

Tk = |2k| > 0. For each point 21,...%, 2,, {¢ € [0,27],7} = e} will parameterize a loop
around the corresponding component of D, independent of the current chart.

We may cover 0B (D) by sets (in our local neighborhood U; = B(R))
Sti(R) ={z € B(R) | 1}, = ¢,7; > e if aj # 0},
for all k, where a; # 0.

We have for small r}c and some bounded C*°-function h:

, N -1
Tk ZT;C ((Zaﬂf&k(zla'”kvzk‘)’) +T;ch> 5
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' - 1
dry =dry’ (Z Jj’f(g,k(zh Lk >zn)‘)
+ rfﬂdrk/h

, - -1
+ r;d((z 7l Rl F 2 +r;h). (16)

(11.6.7) It suffices to show that on each of the sets
Sti(R) = {z € B(R) | r}, =¢&,r; > dc if aj # 0},

for some small §, the limit of the absolute integral

lim |GANd“Gy — Gy ANd°GY,
e—0 St, (R)

for some (globall) representation
gr#-xgn ~ (2°,G)

is zero. First of all supp(div(f1)) N supp(div(f2)) Nsupp(D) by construction, hence we

may represent
G = UGLQQn_Q + ddc((l — O’)Gl’z)G/,

where, however, o is equal to 1 in a neighborhood of D. We may furthermore represent
g1 % g0 = (92,G1,2) with
GLQ = 01G10) + ddc(O'QGl)GQ,

where 01 + 09 = 1 is a partition of unity of the following form: The intersection of
div(f1) with D occurs precisely on the pre-image under the projection on the Baily-
Borel compactification of a set of isolated points in the 1-dimensional boundary stratum
isomorphic to some M(XH(I)). Choose a C*-function po on M(¥H(I)) with support
on some disc B(R) around one of these points, which is 1 on a smaller neighborhood of
the point.

We may assume that in B.(D) for very small ¢, o1 is just the pre-image of po under the
projection M(KTB) — M(KH(I)).

We have hence in a neighborhood of D:

G =01G1Q" !+ 09Go0" ! £ (doa Ad°Gy) G A Q™2
—(dc o9 N\ dGl)GQ A QP2 + (d d¢ Ug)GlGQ AQP2,

Since in any of the neighborhoods constructed above

G1 =) _ajlog(r)) +log(he(s)) + (2) (17)
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for some harmonic function 1, where s is the corresponding trivializing section of Z(&).
Since in any case (by 11.6.10) the limit of integrals of log-log growth-forms is 0, we are
reduced to show one the one hand that

lim |dp;07G2Q" " =0
)

e—0 St} (e

and

lim log(r;) d°(07G2)Q2" | =0

) St;(a)| g(rj) d(o2G2) |
in neighborhoods of both types. Every other term in (17) yields a limit over an integral
of a form of log-log type, which is zero by (11.6.10).

If j = k we may rewrite r; by means of r} and apply (20) of lemma (11.6.11). In the
other case we apply (21) of lemma (11.6.11). (Note that de; is trivially of the form
log(r;) times a loglog-form.) After this, the vanishing of the limit ¢ — 0 follows from
(11.6.9).

On the other hand, we have to show

lim |dpy (dog Ad°Gy) —doa AdGy + (dd°a9)Gi) AGa A2 =0
)

e—0 St) (e
(18)
lim ‘ 10g(7“1) (dUg Ad° Gl) —d°oo ANdGy + (d d¢ Ug)Gl) ANd®Ga A Qn—2‘ =0
=0 /st (e)
(19)

(here j = k = 1 because there cannot be an intersection of components above M(XH([I)))

Claim: For (19), we may w.l.o.g. assume that G2 is of the form log(hg(s)), where s is
the trivializing section valid around the whole neighborhood of a point on M(XH(I)), if
we in addition show

dT’l

lim |7 (dO’Q ANd°Gy —d°oo ANd Gy + (ddcdg)Gl) Ad¢Ga A Qn_2| =0.
e=0Jst (e) T1

For this, note that we constructed o9 (in B:(D)!) as the pre-image (by the projection
M(EB) — M(KH(I)) of a function supported on a small disc around the zeros or poles

of f1 in the boundary of the Baily-Borel compactification. Let X be the pre-image of
the disc in some neighborhood of the boundary in M(IA(TB). Applying the theorem of
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Stokes to X N 9B:(D), we get

0:—/ GO(dUQAdCGl—dCU2/\dG1+(ddCO'2)G1)
XNB.(D)
AdSGa AQAQ3
+/ GO(dUQ/\dCGl—dCU2/\dGl+(ddCO'2)G1)
XNB.(D)

Add® Gy A dlog(he(s)) A QM3

+/ Gy (—do‘z/\dchl—dch'Q/\dG1+dch'2/\dG1)
XNB.(D) ~
A d¢Go A dClog(he(s)) A Q"3
+ dGO/\(dUQ/\dCGl—dCO'Q/\dG1+(ddCO'2)G1)
XNB.(D)
A d¢ Gy A dClog(he(s)) A Q3

The first line is the one we have to estimate. We may hence instead consider the
remaining three lines. Here all problematic integrals are of the form

/ log(r1)&" A &€ A d°log(he(s)) A Q2
XNB.(D)

or
d
/ L e A E A Gy A dClog(he(s)) A QP
XNB«(D) T1

where £’ is a smooth form generated by r,d¢, and dr, and £ is log-log. The latter poses

no problem because (1—:1 is, up to terms involving dr}, a smooth form (16).

Now, after the estimates (22, 23) of lemma (11.6.11) we get vanishing of the limit € — 0
by (11.6.9) again. O

(11.6.8) We will write the quantities in question in the basis
dey, -+, den, dry, - % dry, drt,

Only the term R
dgpl/\---/\dgpn/\drl/\---k/\drn

gives a nonzero contribution.
Call a form a (*)-form, if it is generated by log(log(r;))™,

dry % dr,

det,--- ,doy, ——, - F — 0
Pl P Tog(r1) T log (1)

and fdrj for any f, which is smooth outside D.
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(11.6.9) Lemma. For every (*)-form o:
[, o= Oltog(l1oge))™)
St (&)

for some M.

Proof. Easy, see e.g. [12]. The (maybe highly singular) terms fdrj play no role because
terms involving drj, do not give any contribution to the integral. O

(11.6.10) Corollary. For every log-log-growth-form &:

lim £=0.
e—0 St;c(s)
Proof. We have by (16)
dyp; < o,
log(ri) * " log(r})
and
dry 1
0-7

<
rilog(ry)  log(ry,)

where the o are of (*)-form.
dry,

1 log(ry) *

1
log(r)

If € has correct degree, by definition, it involves at least either
Hence

dey, or
1
£ log(r}c)a7

for some (*)-form o. The statement follows by (11.6.9) because, of course, log grows
faster than any power of log — log. O

(11.6.11) Lemma. If U = B(R) is a neighborhood of any type and i =2, ori =1 if
the Witt rank of Ly is 1. For any log-log-growth form & of rank 2(n — i) — 1, we have

o 2
N g 2
where o is a (*)-form.
Also we have for any j # k
ENQ < ! (21)
S S—
log(r},) log(r;)

where o is another (*)-form.
IfU = B(R) is a neighborhood of the second type (11.6.5), we have for any log-log-growth
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form & A& of rank 2n — 5 where £ is a smooth form, generated by r,dp, and dr,. where
Tn, ©n are the polar coordinates of the projection to a M(®H(I)) in a neighborhood of
the point.

dcpk/\fl/\ﬁ/\Q-<10g(T,)a (22)
k
and 1
ENENd log(he(s)) AQ < WO’. (23)
k
Proof. We have in any case:
dlog(r;) = dwi, (24)
dlog(r;) = %, (25)
and
d°h
dloghs(s) = 20 (26)
dh
dloghe(s) = ), (27)
dh d°h, dd°h
Q ~ dd¢log he(s) = h;(S) hg(gs()s ) - (z)(s). (28)

In a neighborhood of the first type (11.6.4), we may write

he(s) = Y (N, Aj) log(rs) log(ry) + D log(ri)whi(2) + to(2),
3,j<m i<m
where 1; are harmonic functions and 1 is smooth. Here the A; are linearly independent
and (X, A\j) > 0 if ¢ # j. Hence for i # j always
he(s) > log(r;) log(r;) (29)

and if Qr(\;) >0
he(s) > log(r)>. (30)

Hence
d®he(s) =log(re) (D (M Aj)dep; + d°vr) + D dpihi
j<m i<m

+ Z (Aiy Aj) log(r;)dep; + Z log () d° ¢y, + d“4g (31)

<m,j<m,iF#k i<m,iF£k
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dhg(s) :log(rk)(z <)\k, )\ﬂ% + d?/J,Ig) + Z dﬁ"ﬁz
J

j<m i<m ' J

Y e loer) Y S logrduy +dye (32)

r
i<m,j<m,i#k J i<m, itk

dr; dr;
dd®he(s) =dor( D (A, Aj>r—? +dar) + > TJ d°
J

j<m i<m ' J

d .
+ Y Daade 4+ S dgid gy, + dd . (33)
. : . r; . :
i<m,j<m,i#k J i<m,iF£k

dry

Tk

We now substitute by a form of shape

dr
fi/k + 57
Tk
where ¢ is smooth. This is possible by means of formula (16).
First assume i = 2. Q2 is proportional to

ddChe(s) |, dd°he(s)
he(s) he(s)
dhe(s)dhe(s) dd®heg(s)
he(s)  he(s) he(s)

In (34), multiplying out the expression (33) squared, we have for every occurring sum-
mand S

(34)

(35)

1 1
log(r)2” ~ Tog(r})2”"

where o is a (*)-form, using the estimate (29).
In (35), multiplying out the product of (31-33), we have

S <

1 1
=< < .
log(rr)2” ~ log(r,)2”

using the estimate (29) again, except for the summands of the form

dT’j

T

log(rk) log(rx)( Z (Ak, Aj)depj +d ) A (Z (Aes Aj) +dy) AS, (36)

j<m j<m
where S is any summand of (33).

But now in the expression & A Q2 either occurs a %“(% from £, hence the estimate (20)

is true, or a ridyy occurs in S which satisfies a much stronger estimate, or a dpy occurs
in S. It occurs, however, multiplied with (Zj<m<)\k,)\j>dr—:j + d ) so (36) is zero in
that case.

The estimate (21) is more easy and left to the reader.
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Now assume ¢ = 1 and Witt rank not 2. Then, by the estimate (30), already every
summand S in (31-33) divided by hg(s) satisfies

1 1

S .
~log(r)” " log(r)°

The estimates (22, 23) do not involve neighborhoods of the first type.
In a neighborhood of the second type (11.6.5), we may write

he(s) = log(r1)i1(zn) + vo(2),

where 1 is harmonic and depends only on 2, and g is smooth.
Clearly in this case:
he(s) > log(ry). (37)

Also

d®he(s) = log(r1) d“v1(2zn) + dp191(2) + debo(2),

dhe(s) = log(r) der(zn) + i?@ul(zn) +dyo(2),

dd° he(s) = dipr dupn () + d 0 by (zn) + dd° o (2).

We now substitute again Cl—? by a form of shape

/
dry

f / +£7
51

where £ is smooth. This is possible by means of formula (16).
Here, for (20), we may argue exactly as before. (21) is vacuous in this type of neighbor-
hood. For (22): Write once again (2 as

dd€ he(s)

he(s) (38)
d®he(s)  dd®hg(s)

he(s) " he(s) (39

In (38), using (37), we have for any summand

1

5= o)

g.

In (39), using (37) again, we get the same for any summand except possibly for

log(r1)2 d¢1(zn) Ad 1 (zn),

which cancels, however, with ¢ because d°1(2,) A d1(2y) is proportional to r,dp, A
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dry,.
For (22): Consider:
w5 s

Using (37) again, we now have for any summand

1

S < 710g(7”£)2 o,

except possibly for
de; dep1(zn)log(r1) d“ ¥ (zn),

which cancels with & because d°v1(z,) A d1(2y) is proportional to r,dp, Adr,. O
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