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Abstract

Synchrotron light sources of the third generation are very successful and provide high
brilliant light for plenty of experiments in many fields such as physics, chemistry, biology,
medicine, geology or history. Nevertheless, modern experiments require still higher brilliance
and shorter pulses, which are currently provided by Free Electron Lasers (FEL). However,
this kind of synchrotron-based light source of fourth generation is confined by the repetition
rate of the linear accelerator (linac) and especially by the number of users simultaneously
supplied with light, compared to a storage ring. Energy Recovery Linac (ERL)-based light
sources offer higher repetition rates and thus, they are predestinated for experiments which
need a higher middle intensity.
To investigate the expected properties of an ERL-based synchrotron light source, the
Helmholtz Zentrum Berlin (HZB) is building the test facility bERLinPro. The beam energy
of the test facility amounts to Ekin = 50 MeV at a current of 100 mA. Such a high current
electron beam with a medium bunch energy underlies space charge forces. These are a source
of microbunching instability which can lead to a density modulation of the electron distribution in the electron bunch. These modulated bunches can emit high-brilliance coherent
synchrotron radiation; radiation with wavelengths longer than the bunch, i.e. by passing a
dipole. In the framework of this thesis both the occurence and the possible application of
microbunching instability are investigated in bERLinPro.
Planes are to run bERLinPro in two different operation modes: Standard operation mode
and short pulse mode. In the context of this thesis, numerical start-to-end simulations for
standard operation mode have been carried out for the first time. Both were compared and
supported with analytical calculations. Elaborated descriptions of simulation codes and postprocessing tools for numerical investigation are described, as well as a sigma matrix tracking
script as basis for analytical investigation, including impedance and gain calculations. Since
current investigations include lattice design and linac phase adjustments for the short pulse
mode, only analytical calculation could be considered for this operation mode.
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Zusammenfassung

Synchrotronstrahlungsquellen der 3. Generation sind sehr erfolgreich und liefern hochbrillantes Licht für viele Experimente in Fachbereichen wie Physik, Chemie, Biologie, Medizin,
Geologie oder Geschichte. Nichts desto trotz gehen die Anforderungen einiger moderner Experimente zu noch höherer Brillanz und noch kürzeren Pulsen über, wie sie aktuell von Freien
Elektronen Lasern (FEL) bereitgestellt werden. Bei diesen Synchrotronstrahlungsquellen der
4. Generation sind jedoch die Repetitionsrate des Linearbeschleunigers und vor allem die Anzahl der gleichzeitig mit Licht belieferten Nutzer, im Vergleich zum Speicherring, beschränkt.
Lichtquellen basierend auf dem Energy Recovery Linac (ERL) bieten höhere Repetitionsraten und sind somit für Experimente prädestiniert, die eine höhere mittlere Intensität benötigt.
Um die zu erwartenden Eigenschaften einer ERL-basierten Synchrotronstrahlungsquelle
zu untersuchen, baut das Helmholtz Zentrum Berlin die Testanlage bERLinPro. Die Strahlenergie in diesem Testbeschleuniger beträgt Ekin = 50 MeV bei einem Strom von 100 mA.
Solch ein hochstromiger Elektronenstrahl im mittleren Bereich der kinetischen Energie ist
Raumladungskräften unterworfen. Raumladungskräfte sind eine Quelle von Microbunching
Instabilität, die zu einer Dichtemodulation in einer Elektronenverteilung führen kann. Eine
solch modulierte Verteilung kann z.B. beim Durchgang durch einen Dipol kohärente, hochbrillante Synchrotronstrahlung emittieren, also Strahlung mit längeren Wellenlängen als die
Verteilung. Im Rahmen dieser Arbeit wird sowohl das Auftreten, als auch die Einsatzmöglichkeit von Microbunching Instabilität in bERLinPro untersucht.
Es ist geplant, bERLinPro bei zwei verschiedenen Betriebsarten (normaler Betriebsmodus
und Kurz-Puls-Modus) zu betreiben. Im Rahmen dieser Arbeit wurden zum ersten Mal nummerische Simulationen des Testbeschleunigers von dessen Anfang bis dessen Ende durchgeführt, die sowohl von analytischen Rechnungen unterstützt als auch mit ihnen verglichen wurden. Ausführlich werden sowohl der Simulationscode, das Programm zur Nachbearbeitung
der nummerischen Untersuchungen als auch ein Sigmamatrix-Tracking-Skript beschrieben.
Dieses dient als Basis für analytische Rechnungen, dass zusätzlich auch Impedanz Berechnungen und Gain Rechnungen beinhalten. Für den Kurz-Puls-Modus können nur analytische
Rechnungen betrachtet werden, denn das entsprechende Design der Maschine, wie auch die
Anpassung der Phase im Linearbeschleuniger, sind Gegenstand aktueller Untersuchungen.

Schlagwörter: Microbunching Instabilität, longitudinale Raumladung, CSR, ERL, Strahldynamik, Start-Ende Simulation
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1 Introduction
Synchrotron radiation (SR) is an essential tool for modern research. The spectrum of SR ranges
continuously from microwaves to hard x-rays, whereby the wavelengths depend on the emitting
particle’s momentum among other parameters. This electromagnetic radiation is generated any
time that ultra-relativistic charged particles are accelerated, i.e. by passing a magnetic field.
Synchrotron radiation, generated by accelerator-based sources, also exhibits high brilliance and
high flux. Furthermore it is possible to control its polarization (linear, circular or elliptical) [1].
Such properties combined in one light source are very attractive and enable a broad application
for various scientific fields such as material science, chemistry, biology and medicine [2].
The generation of synchrotron radiation was theoretically proposed in the middle of 1940s
[3, 4] and first observed in 1947 [5]. In 1950s and 1960s, synchrotron radiation was used parasitically at accelerators built for high-energy particle physics. Since this first generation, synchrotron
radiation-based light sources have undergone a remarkable development. Due to a growing user
community, the first accelerator optimized solely for producing synchrotron radiation - the electron storage ring Tantalus I - was built in 1968 [6]. It was the first facility of the named second
generation synchrotron light sources. Here, the radiation was still produced with the help of dipole magnets and had a broad spectrum. The third generation of synchrotron radiation-based light
sources is characterized by the use of wigglers and undulators within a storage ring. Wigglers
and undulators - also called insertion devices - are a series of magnets with regularly alternating
magnetic field polarity [7]. An undulator can produce coherent radiation, which is characterized
by in-phase emitted radiation of individual particles. This leads to a very high spectral photon intensity. The fourth generation of SR sources are coherent sources with very high peak or
average brilliance. Brilliance is the number of photons per second per angular divergence and
cross-sectional area within a bandwidth of 1 %. This high brilliance can be achieved by coherent
emission of a microbunched beam in a long undulator. The Free Electron Laser (FEL) is an
example of such a source [8]. A microbunched beam consists of particle ensembles (bunches)
with a spatial modulation. The microbunching has different sources, for example, shot noise within a bunch [9], and is driven by different effects. The interaction between electrons of a bunch
and electromagnetic radiation, whether generated externally [10] or by electrons themselves [11],
is one possibility. A second option is the interaction of electrons with each other in the same
bunch via their longitudinal space charge field [11]. A high brightness electron bunch is generally
influenced strongly by space charge fields because of its high charge and small 6-D phase space.
An Energy Recovery Linac (ERL) provides a high brightness electron bunch [12] and thus is
a suitable driver of a coherent SR source based on space charge-driven microbunching instability.
In 1965, the concept of an Energy Recovery Linac was presented by Maury Tigner for the first
time [13]. Thereby, an electron bunch is accelerated by a linac and turned back by a magnet
system to the same linac. The magnet system is designed in such manner that the electron
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bunch re-enters the linac phase-shifted by 180 degrees. Thus, the bunch is decelerated by the
electric field during this second passage and gives its energy back to the field. This energy is
now available to accelerate a new electron bunch.
At the beginning of 21st century, the principle of an Energy Recovery Linac (ERL) rises in
importance due to the physical restriction of other accelerators like storage rings and FELs. The
major benefits of an ERL are its very small emittance and very small energy spread compared
to a storage ring at similar energies and currents. This is only possible because an equilibrium
state between quantum excitation and damping does not take place. In an ERL, the emittance of
the bunch is directly given by the emittance of the electron injector. Additionally, the delivered
currents are much higher compared to linear accelerators. The beam current depends directly
on the electric radio frequency (RF) power of the linac. Because of the recovered RF power in an
ERL, it is technically feasible to exceed limitations for the beam current [14, 15, 16]. Nowadays,
several concepts for ERL based facilities exist such as ERL-FEL [17, 18], ERL-Light source
[19, 20, 14] and Electron cooling [21, 15].
In 2008, the Helmholtz Zentrum Berlin (HZB) submitted a proposal for the ERL project
bERLinPro in order to develop the concepts, technology and expertise needed for the next
generation ERL-based synchrotron light sources [14]. Currently, bERLinPro is under construction. Within the research programme of bERLinPro, the ERL principle will be demonstrated
at ultimate beam properties, such as a continuous-wave (CW) electron bunch of high brilliance (normalized emittance below 1 mmmrad) and high current (100 mA). Furthermore, a stable
recirculation operation will be guaranteed without beam breakup and with an efficient energy
recovery [14, 22, 23]. bERLinPro will be operated with a medium bunch energy of 50 MeV. Thus,
the test ERL underlies space charge forces and is consequently the most suitable candidate as a
test facility for investigations of microbunching instability (MBI). The ultimate goal of studies
is to verify the suitability of MBI as a driver for a coherent light source. There are two important questions to be answered: Does significant microbunching occur at bERLinPro and is it
possible to amplify the microbunching for a desired wavelength range with a dedicated magnetic
structure?
Both questions are answered within the scope of this thesis. Chapter 2 gives an overview about
the theoretical background of linear beam dynamics, space charge effects and microbunching
instabilities. A detailed description of the bERLinPro test facility is given in Chapter 3. The
utilized numerical and analytical codes ASTRA, elegant and MATLAB are described in Chapter
4. Also, a brief overview of a post-processing tool for ASTRA results and SiMaTrack a matrix
formalism for linear beam dynamics, both written with MATLAB, will be given. Investigations of
possible space charge-driven microbunching instability in bERLinPro are presented in Chapter
5 for both operation modes. To estimate the effect of coherent synchotron radiation, which can
also drive microbunching instability in the arcs of bERLinPro analytical calculations have been
carried out. Because the analytical gain calculations rely on assumptions and are, strictly spoken,
only valid for special cases, numerical simulations are the best method for gain calculations. The
analytical studies have been performed for both operation modes: Standard operation mode and
short pulse mode. The results of analytical calculations are also presented. Chapter 5 answers
the question if an additional magnetic structure could amplify microbunching instability.

2

2 Basics of Beam Dynamics
Beam Dynamics describes the motion of charged particles being accelerated, deﬂected and focused by means of electromagnetic ﬁelds. It obeys the laws of statistics, classical mechanics and
electrodynamics, especially the Maxwell’s equations. This chapter summarises relevant aspects
of beam dynamics related to microbunching instabilities and energy recovery linacs.
All simulations, calculations and ﬁndings presented in this work have been performed for
electron beams. Nevertheless, both theory and results are basically applicable to other charged
particle beams, such as positron beams.

2.1 Linear Beam Dynamics and equation of motion
In accelerator physics, the named co-moving coordinate system is commonly used. Here the
origin of the coordinate system propagates along the design orbit [24], as illustrated in Fig. 2.1.
The design orbit is deﬁned by the path of the nominal particle, which has nominal properties.
For example, in a storage ring the nominal trajectory of the nominal particle is a closed orbit.

Figure 2.1: Bunch with co-moving coordinate system on design orbit.
In synchrotron light sources, a high number of particles up to ~1011 are grouped in an ensemble,
called bunch. Several successive bunches compose the beam in the machine. Not every single
particle in an ensemble has the same properties as the nominal particle. Particles with diﬀerent
initial properties move on diﬀerent trajectories along the accelerator. Not only the particle
trajectories can deviate from the nominal trajectory, other properties such as energy and arrival
time of particles can diﬀer from the nominal values as well.
While the electric ﬁelds inside cavity structures are utilized to accelerate particles up to
relativistic energies, magnetic ﬁelds are used to focus and guide particles in accelerator facilities.
The Lorentz force describes the impact of electromagnetic ﬁelds on particles [24]:


 + v × B

F = q E



,

(2.1)
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~ is the electric field, ~v is the particle velocity and B
~ is
where q is the charge of the particle, E
the magnetic flux density.
Dipole magnets bend the particle trajectories [24]. The bending radius ρ is defined as [24]:
ρ=

p 1
,
·
q B0

(2.2)

where p is the particle momentum and B0 is the homogeneous magnetic flux density. Quadrupole
magnet fields enforce a focusing characterised by their field gradient g = ∂By /∂x = ∂Bx /∂y. Its
focusing strength k is given by [24]:
k=

qg
.
p

(2.3)

A quadrupole magnet with focusing strength k and length l has a focal length f = (k · l)−1 .
The motion of a particle in linear approximation can be described by the Hill’s equation [25]:
x00 (s) +



1
1
∆p
− k (s) · x (s) =
·
ρ2 (s)
ρ (s) p0
y 00 (s) + k (s) y (s) = 0 ,


(2.4)
(2.5)

where x and y are the transverse coordinates of a particle, ρ (s) is the local bending radius at
position s and ∆p = p−p0 is the relative momentum deviation to the momentum of the reference
particle. The position of a particle in the accelerator is given by its position in the configuration
~ (s) are given with respect to the position of
space. The elements of the corresponding vector X
the nominal particle [26, 27]:






x
x
horizontal displacement
p
x 

x0  

horizontal divergence
p0 

  
 

y 

 
y
vertical
displacement

  
~
=
X (s) =  0  = 
p
 .
y
 

y  
vertical
divergence



   p0  
 z   δl   longitudinal displacement 
∆p
z0
relative momentum deviation
p
 

(2.6)

0

In the framework of linear beam dynamics the beam manipulation is restricted to a few
fundamental beam optics elements such as drift space, dipole magnet, quadrupole magnet and
solenoid. This elements are sufficient to guide the beam through an accelerator and to maintain
the desired bunch dimensions. Higher order multipoles, e.g. sextupoles and octupoles, with
complex configurations and higher orders of linear beam dynamics elements are part of the
non-linear beam dynamics and are not discussed in the presented studies.

2.1.1 Transfer matrix formalism
The motion of a charged particle passing through a given sequence of magnets, called lattice, can
be traced using the transfer matrix formalism. In this formalism a transfer matrix is calculated
for each element. This matrix is a 6 × 6 matrix taking all 3 dimensions x, y and z into account.

4
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Every lattice element “affects” the particles in the bunch by its transfer matirx, regardless
of its magnetic properties. By solving the Hill’s equation (2.4) and (2.5), one discovers the
mathematical origins for each matrix element. For a simple quadrupole, the terms with bending
radius ρ can be neglected, so that only the homogeneous Hill’s equation have to be solved:
x00 (s) − k (s) · x (s) = 0

(2.7)

00

y (s) + k (s) · y (s) = 0 .

(2.8)

Equations (2.7) and (2.8) contain two scenarios, i.e. k < 0 for a defocusing (DQ) as well as k >
0 for a focusing (FQ) quadrupole. A quadrupole magnet, which focuses in the horizontal plane
defocuses in the vertical plane and vice versa. Solving
accordingly, the following
p the equations p
transfer matrices for quadrupoles evolve, with ψ =
|k| · l, γ0 = 1/ 1 − (v/c)2 = E0 / m0 c2
and β0 = v/c:


MF Q

 p
− |k| sin (ψ)



0
=


0


0




MDQ

cos (ψ)

√1 sin (ψ)

0

cos (ψ)
0

0
cosh (ψ)

|k|

0
0

0
√1

|k|

|k| sinh (ψ)
0

p

0

0
0
sinh (ψ) 0

cosh (ψ)
0

0
1

0

0

0

0

0

0

cosh (ψ)

√1 sinh (ψ)

0

cosh (ψ)
0

0
cos (ψ)

0
0

− |k| sin (ψ)
0

cos (ψ)
0

0
1

0

0

0

0

p
 |k| sinh (ψ)



0
=


0


0


0

0

|k|

√1

|k|

p

0
0
sin (ψ) 0

0










0 

l 
2
2
γ0 β0 

0
0

(2.9)

1

0








 .

0 

l 
γ02 β02 

0
0

(2.10)

1

Field free segments of length l, called drifts, are described by:
1
0


0
=
0

0



Mdrif t

l
1
0
0
0

0
0
1
0
0

0
0
l
1
0

0
0
0
0
1

0 0 0 0 0

0
0
0
0







 .


l 
γ02 β02 

(2.11)

1

The motion of particles in a dipole magnet is described by the Hill’s equation. Solving these
equations for the body of a dipole magnet we obtain the transfer matrix, with ϕ = l/ρ, where l
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is the arc length, given by:
⎛

Mdipole

cos (ϕ)
ρ sin (ϕ)
⎜ − 1 sin (ϕ)
cos (ϕ)
⎜ ρ
⎜
⎜
0
0
=⎜
⎜
0
0
⎜
⎜− 1 sin (ϕ) − ρ (1 − cos (ϕ))
⎝ β0
β0
0

0

0
0
1
0
0

0
0
s
1
0

0
0
0
0
1

0 0 0

⎞

ρ
β0

(1 − cos (ϕ))
⎟
1
⎟
β0 sin (ϕ)
⎟
⎟
0
⎟ .
⎟
0
⎟
⎟
l
+
ρ
sin
(ϕ)
−
l
⎠
2
2
γ β
0 0

(2.12)

1

In general, two diﬀerent shapes of dipole magnets exist: sector magnet and rectangular magnet.
In the case of a sector magnet the entrance and exit of the magnet are perpendicular to the
nominal trajectory, as shown in Fig. 2.2a. The corresponding transfer matrix is given by Mdipole .

(b)

(a)

Figure 2.2: Sector magnet (a) and rectangular magnet (b) with wedges, obtained from [24].
The rectangular magnet, shown in Fig. 2.2b, is a box-shaped straight magnet where entrance
and exit are not perpendicular to the nominal trajectory. Compared to a sector magnet, the
particles enter and exit a rectangular magnet under a certain angle. This leads to an additional
focusing at the edges of the rectangular dipole, named edge focusing, with θ = ϕ/2 as shown in
Fig. 2.2b:
⎛
⎞
1
0
0
0 0 0
⎜ tan(θ)
1
0
0 0 0⎟
⎜ ρ
⎟
⎜
⎟
⎜ 0
⎟
0
1
0
0
0
⎜
⎟ .
(2.13)
Medge = ⎜
tan(θ)
0 − ρ
1 0 0⎟
⎜ 0
⎟
⎜
⎟
⎝ 0
0
0
0 1 0⎠
0
0
0
0 0 1
Hence, transfer matrix of a rectangular magnet MRM is described by the corresponding sector
magnet matrix surrounded by edge ﬁeld matrices:
MRM = Medge · Mdipole · Medge .

(2.14)

In summary, the eﬀect of a given lattice on a particle x between position s0 and position s1 ,

6

2.1 Linear Beam Dynamics and equation of motion
described by its matrix M , can be calculated by [28]:
x (s1 ) = M · x (s0 ) .

(2.15)

2.1.2 Dispersion
In general particles in a bunch have momentum deviations with respect to the momentum of
the nominal particle. Due to their diﬀerent momenta the particles are enforced on individual
paths along the dipole as illustrated in Fig. 2.3. Particles with higher momentum Δp > 0 are
deﬂected less than the nominal particle. Contrariwise particles with lower momentum Δp < 0
are deﬂected stronger than the nominal particle.

Figure 2.3: Design orbit (black) and two trajectories of particles with lower momentum (red) and
higher momentum (blue) along a sector bending magnet. The momentum deviation
Δp leads to a transverse displacement Δx and to a longitudinal dispersion Δz.
Dispersion D (s) in a dipole magnet is mathematically deﬁned applying the Hill Eq. (2.4)
[25, 29]. The transverse displacement is determined by:
Δp
p0
Δp
ΔxD = D (s)
.
p0

ΔxD = D (s)

(2.16)
(2.17)

Hence, the dispersion D links the transverse deviation in position Δx and in angle Δx with the
momentum oﬀset of the particles. In the matrix formalism the impact of dispersion of a magnetic
element is included via the following matrix elements: M16 , M26 , M36 , M46 , M51 , M52 , M53 ,
M54 and M56 (longitudinal dispersion, corresponding to the common notation: R56 ). Dispersion
couples the motion of a particle in transverse plane with longitudinal plane. Dispersion aﬀects
a particle twice: horizontal and vertical spatial particle coordinates are composed of:
Δp
p
Δp
,
= M33 · y + M34 · y  + M36 ·
p

xnew = M11 · x + M12 · x + M16 ·
ynew

(2.18)
(2.19)

7

2 Basics of Beam Dynamics
while the longitudinal coordinate is composed of:
znew = M51 · x + M52 · x + M53 · y + M54 · y  + M55 · z + M56 ·

Δp
.
p

(2.20)

Thus a change of Δx or Δy leads to a change of Δz, too.
For a dedicated application it can be necessary to compress a bunch, i.e. to shorten its length
or to increase the Peak current to a level that can not be generated at the electron source due
to strong space charge forces [30]. Generally, magnetic chicanes are used for bunch compression.
Possessing the right correlation between energy deviation and particle position within the bunch,
called energy chirp, is a prerequisite for a bunch to become shorter in a magnet chicane. The
connection of correlated energy deviation to uncorrelated energy deviation is depicted in Fig 2.4.

Figure 2.4: Longitudinal phase space with connection of uncorrelated energy deviation (energy
spread) to correlated energy deviation (energy chirp) for both center-of-momentum
frame (COM frame) and laboratory frame of reference (LAB frame).

Diﬀerent path lengths through the magnetic chicane lead to a compression of the bunch as
illustrated in Fig. 2.5. Particles with a higher energy than the nominal particle are less deﬂected
by the bending forces and propagate along a shorter path through the chicane. Conversely,
particles with a lower energy experience stronger bending forces than the nominal particle.
Thus they traverse a longer way through the dipoles.
In storage rings and energy recovery linacs, which contain a large number of dipole magnets,
the eﬀect of diﬀerent time of ﬂights for particles with diﬀerent energies in guiding dipoles can
also be used to compress a bunch.
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Figure 2.5: Schematic view of a compression chicane consisting of four dipole magnets (based on
Fig. 1 from [30]). The corresponding longitudinal phase space of the electron bunch
at the entrance of the chicane is located on the top left corner of the ﬁgure. The time
of ﬂight of particles with higher energy (blue line), which are positioned at the tail of
the bunch (blue till purple) is shorter than the nominal particle, while particles with
lower energy (red line) at the head of the bunch (red till yellow/green) have a longer
time of ﬂight than the nominal particle. Therefore, particles with higher momentum
reach the exit of the chicane at the same time as particles with lower momentum.
The longitudinal phase space at the exit of the chicane is illustrated at the top right
of the ﬁgure.

2.1.3 Beta function and Twiss parameters

In an accelerator, particles oscillate around the design trajectory in each transverse planes. These
oscillations are called betatron oscillations. The location-dependent maximum amplitude β (s)
of such an oscillation in a transverse plane is called betatron function. The betatron function is
caused by the magnetic lattice. The oscillation of a single particle along a lattice section can be
expressed by:

(2.21)
x (s) = ε · β (s) cos (Ψ (s) + φ) ,
where ε is the transverse emittance and φ the initial phase. Ψ (s) is the phase function (also
called phase advance) of the betatron oscillation, deﬁned as:


Ψ (s) =
0

s

ds̃
.
β (s̃)

(2.22)

Thus, if the betatron function is known along a lattice section, the phase function Ψ (s) can
be calculated. In addition to the betatron function, two other parameters named α (s) and γ (s)
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are of interest. They are deﬁned as:
β  (s)
2
1 + α2 (s)
.
γ (s) =
β (s)

α (s) = −

(2.23)
(2.24)

The three related parameters β (s), α (s) and γ (s) represent the Twiss parameters. They describe
the impact of the linear lattice on the particle ensemble in an accelerator.

2.1.4 Emittance
The amplitude x (s) deﬁned in Eq. (2.21) is a solution of the homogeneous Hill Eq. (2.7). The
solution x (s), its deviation x (s) and the Twiss parameters α (s), β (s), γ (s) are linked to each
other by the Courant − Snyder invariant ε, the emittance [25, 31]:
γx2 + 2αxx + βx2 = ε .

(2.25)

This equation describes an ellipse in the x − x -plane, which enclose a phase space area of
F = π · ε. A particle with the initial coordinates x and x moves along this ellipse during the
passage through a lattice section. The shape of the ellipse is deﬁned by the functions α (s), β (s)
and γ (s) at each position along the lattice section.

Figure 2.6: Horizontal phase space with a sketched emittance ellipse. At the same position in the
lattice section, i.e. for the same α, β and γ, particles with diﬀerent initial conditions
are located at diﬀerent positions within the phase space ellipse as long as their
displacement and divergence is within a standard deviation σ
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In accelerator physics, a Gaussian distribution is commonly assumed to describe displacements
and divergence of particles. At the same position in the lattice section, i.e. for the same α, β and
γ, particles with diﬀerent initial phase advance are located at diﬀerent positions within the phase
space ellipse (Fig. 2.6). According to the Liouville’s theorem the area F of the ellipse maintains
constant during the propagation along the lattice, which includes conservative forces [31]. For
an accelerated particle the emittance decreases inversely proportional to the momentum. Thus,
the normalized emittance is deﬁned as εnorm = (β0 γ0 ) · ε.
Envelope and beam cross section
Particles oscillate around the design trajectory in both transverse planes. The amplitudes of
oscillations for a single particle within 1σ region are limited by an envelope given by E (s) as
illustrate in Fig. 2.7:


E (s) = ± ε · β (s) ,

(2.26)

with ε = εn / (β0 γ0 ), where εn is the normalised emittance.

Figure 2.7: Envelope E of horizontal oscillating motion of a particle ensemble along the design
orbit. E is deﬁned by the emittance ε and the betatron function β (s). Also, a single
particle path is included illustrated [32].
Along the accelerator the value of the normalised emittance is preserved, but the betatron
function changes. Therefore, the envelope and the corresponding standard deviation of the distribution σ (s) change:

σ (s) =

ε · β (s) .

(2.27)

The number of particles in ±1σ interval does not change, as shown in Fig. 2.8, when the shape
of the particle distribution states constant.
To simulate a bunch, it is useful to know the full transverse and longitudinal bunch dimensions.
Also, the value of total bunch length l has to be taken into account. For the conversion, one
usually assumes a 6 · σz total bunch length. An entire particle ensemble can be described by a
sigma matrix, which consists of standard deviations of particle displacements and divergences
as well as of their correlations. For example, the sigma matrix for the horizontal phase space is
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Figure 2.8: On the left hand side, a two-dimensional transverse Gaussian distribution of the
bunch is illustrated. On the right hand side the projection of the charge distribution
ρ in one plane is presented [32]. Thereby, the interval from −1σ to +1σ contains
approximately 68.3 % of the bunch particles, a ±2σ interval contains 95.4 % while a
±3σ interval contains 99.7 % of the bunch particles.
given by the product of horizontal emittance and horizontal beta matrix, which consists of Twiss
parameters:


Σ=

σ11 σ12
σ21 σ22





= εx,x

β −α
·
−α γ



,

(2.28)

where σ11 is the square of the horizontal rms beam size, σ22 is the square of the standard
deviation of the horizontal divergence and σ12 and σ21 are the squares of the standard deviation
of the product of horizontal displacement and divergence. These second order momenta also
deﬁne the emittance:



σ11 σ12 
εx,x = 
(2.29)
.
σ21 σ22 
For the entire bunch, a sigma matrix, which describes the six dimensional phase space ellipsoid,
can be mathematically speciﬁed as [28]:
⎛
⎛

σ11
⎜ ..
Σ=⎝ .
σ61

σx2

⎜
⎜ σ x x
⎞ ⎜
⎜
· · · σ16
⎜ σyx
.. ⎟ = ⎜
..
⎜
.
. ⎠ ⎜ σy  x
⎜
⎜
· · · σ66
⎜ σzx
⎜
⎝

σxx

σxy

σxy

σxz

σx2

σ x y

σ x y 

σx z

σyx

σy2

σyy

σyz

σ y  x

σy  y

σy2

σy  z

σzx

σzy

σzy

σz2

σ Δp x σ Δp x
p

p

σ Δp y σ Δp y
p

p

σ Δp z
p

σx Δp

⎞

p

⎟

p

⎟

p

⎟ .

p

⎟

p

⎠

σx Δp ⎟
⎟
σy Δp ⎟
⎟

σy Δp ⎟
⎟

(2.30)

σz Δp ⎟
⎟
σ 2Δp
p

The square roots of the diagonal elements represents the beam sizes and divergences in x, y
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and z plane. The off-diagonal elements quantify the correlation between the phase space plane
i and j and so the orientation of the ellipsoid. Generally, the assumption σij = σji is valid.
The motion of an entire particle ensemble can be described by means of the matrix formalism
similarly to the motion of a single particle. The transfer matrix M of an arbitrary machine
element, e.g. a drift, transforms the sigma matrix as follows [28, 33]:
Σ (s1 ) = M · Σ (s0 ) · M T .

(2.31)

According to Eq. (2.31) the second order momenta of the particle distribution can be translated
to each position along the accelerator. If the momenta are specified at least, one position and
the corresponding transfer matrix is given.

2.2 Transverse space charge effects
For the presented simulations and calculations in this thesis, it is fundamental to know how
space charge effects arise and act inside a bunch.
The force between two point charges, q1 and q2 , in a stationary system is described by Coulomb’s law:
1 q1 · q2
F~ =
· e~r ,
(2.32)
4πε0 r2
where r is the distance between the two charges and ε0 is the vacuum permittivity. This equation
corresponds to the first term of the Lorentz force (2.1). According to the above equation, two
particles of the same charge repel each other. On the other hand, moving charged particles act
like currents inducing magnetic fields. The magnetic field can be described by the Biot-Savart
law for steady currents:
Z
 
~0
~ (~r) = µ0 d3 r0 ~j r~0 × ~r − r ,
B
(2.33)
4π
|~r − r~0 |3
 

where µ0 is the vacuum permeability and ~j r~0 is the current density. When all charged particles
move in the same direction as is the case with an accelerator, they act like parallel currents
[34]. Thus, they generate attracting magnetic forces between the particles counteracting the
repelling electrical forces. The sum of both forces is named space charge force. The force of
the attractive magnetic field depends on the kinetic energy of the particles. As a result of the
velocity dependence at low relativistic beam the space charge forces are mainly determined by
the repelling term. Therefore, a bunch in a low energy accelerator experiences more from the
repulsive space charge forces than a bunch in a high energy accelerator. Of course, charged
particle ensembles interact also with their environment, e.g. vacuum chamber walls, by means
of their electromagnetic fields. Due to this interaction an indirect interplay between subsequent
particle ensembles can be established, called Wake-Fields. However, those interactions are beyond
the scope of this thesis, as the presented thesis focuses on the interaction of particles within an
ensemble.
In general, an analytical derivation of space charge forces inside the bunch starts with a
uniform particle density model. A detailed discussion of space charge forces for this model
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as well as for other density models can be found in [33, 35, 36]. For simplicity’s sake of the
analytical model used in this work is restricted to a Gaussian particle density model, assuming
a six dimensional Gaussian charge distribution. The amplitude of the electric ﬁeld inside the
bunch depends on its current density, which is assumed as Gaussian. In the transverse plane,
assuming a rotational symmetry, the resulting electromagnetic ﬁelds can be calculated as:




r2
1
I
·
1 − e− 2σ2 · er
βc2πε0 r


2
1
I
− r2
 =
2σ
·
1
−
e
· eϕ .
B
c2 2πε0 r

 =
E

(2.34)
(2.35)

Transforming the transverse space charge force into the laboratory system, a factor γ0−2 needs
to be included to the Lorentz force Eq. (2.1):


Fsc =

2
eI
1
− r2
2σ
·
1
−
e
βc2 2πε0 γ02 r



· er .

(2.36)

Due to the factor γ0−2 , the space charge force Fsc depends on the particle energy. Figure 2.9
presents a plot of the space charge force along the transverse beam size.

Figure 2.9: The space charge force along the transverse rms bunch dimension is plotted. The
force is non-linear except in an interval from −0.8σ to +0.8σ wherein the ﬁeld can
be described by a linear approximation ([36]).
The plot illustrates the dependency between the force and the particle position inside the
bunch. The linear approximation of a ±0.8σ interval allows the use of linear matrix formalism,
known from linear beam dynamics, in order to deal with the overall defocusing eﬀect of the
space charge force.
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2.2.1 Implication of transverse defocusing due to space charge forces
The impact of transverse space charge force on the ensemble along the lattice has to be considered
for the description of particle motion. Therefore, an additional defocusing term ksc to the focusing
strength of a quadrupole magnet kqp needs to be included in the equations of motion:
x (s) +





1
1
Δp
− [kqpx (s) − kscx (s)] · x (s) =
·
2
ρ (s)
ρ (s) p0


y (s) + kqpy (s) − kscy (s) y (s) = 0 .

(2.37)
(2.38)

This means, that the focusing and defocusing quantities of each beam line elements are overlapped with the space charge defocusing. Hence the impact of a focusing quadrupole is reduced
and the defocusing impact of a quadrupole is enhanced. Even a drift features a defocusing eﬀect.
Since the space charge force acts in both transverse planes, the drift element is defocusing in
both planes.
In order to visualise the implication of space charge force on beam dynamics, simulation
studies including and excluding the space charge force are presented in the following. Consider
two bunches with the same initial conditions passing the same lattice. In the simulations, the
ﬁrst bunch does not experience space charge force, while the second one does. This is easily
possible, as the used simulation code ASTRA [37] permits to switch oﬀ and on the space charge
eﬀect (see also Chapter 4). The utilized lattice is a FODO lattice consisting of 4 FODO cells.
An illustration of one FODO cell is given in Fig. 2.10.

Figure 2.10: A FODO cell is shown. Generally a FODO cell consists of a focusing quadrupole
(FQ), a drift (O), a defocusing quadrupole (DQ) and a second drift. Its length is
deﬁned by lF ODO from the ﬁrst FQ along the drift and DQ to the end of the second
drift. In the sketch above, the FODO cell starts with half an FQ and ends with a
half FQ. lf represents the focal length of the quadrupoles. The illustrated envelope
(dotted lines) and an example particle trajectory (dashed line) show a matched
FODO exemplary.
Figure 2.11a shows the simulated transverse beam sizes of an electron bunch passing a matched
FODO lattice excluding space charge impact. The simulation starts in the middle of a focusing
quadrupole and ends in the middle of the last focusing quadrupole. The changes of the beam
sizes in x and y plane are periodic. This behaviour suits the quadrupole positions and theirs
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focusing strength perfectly. The values of maximal, minimal and average sizes are constant.
Figure 2.11b shows simulated transverse beam sizes of the same electron bunch passing the
same FODO lattice including space charge impacts. The changes of the beam sizes in the x
and y plane are not periodic. The behaviour seems not reﬂect the quadrupole focusing strength
anymore. The values of maximal, minimal and average sizes vary along the lattice, there is an
additional beating of the beam sizes. The stronger defocusing and smaller focusing caused by
space charge respectively obviously lead to the additional beating of the beam sizes.

(a)

(b)

Figure 2.11: Comparison of the development of transverse bunch sizes excluding (a) and including (b) space charge forces. In both cases the electron bunch has an energy of
10 MeV and a charge of 77 pC and traverses a four cell FODO channel.
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Figure 2.12 shows exemplary simulations for electron bunches with four diﬀerent energies but
same charge along the same lattice as in Fig. 2.11. Space charge forces are included. Every
plot shows the basic beating behaviour for the rms cross sections. The beam energy has been
increased from 10 MeV, over 100 MeV and 500 MeV to 1000 MeV. Figure 2.12 illustrates eminent
the decrease of space charge impact as a result of increasing kinetic beam energy. By this
examples, it is shown that particle beams with low kinetic energies are highly susceptible to
space charge eﬀects.

Figure 2.12: Comparison of the transverse beam sizes for bunches with diﬀerent energies: 10 MeV
(a), 100 MeV (b), 500 MeV (c) and 1000 MeV (d); but same bunch charge of 77 pC
and same bunch length of σz = 5 ţm. The simulated electron bunches pass through
the same four cell FODO channel as in 2.11a. Thereby, space charge eﬀects are
taken into account for all four cases.
Another consequence of the impact of space charge force concerns the motion of particles
in dipoles. Due to the defocusing space charge force, these elements become combined function
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magnets. External fields of the dipoles bend the trajectory of particles while the internal space
charge fields defocus the bunch simultaneously. Assuming the x-z plane as the bending plane,
the weak focusing of main dipole field reduces and the space charge force in the dipole operates
like a defocusing quadrupole in the y-z plane. For convenience, these additional contributions in
equations of motion 2.37 and 2.38 are summarized to:
s

kx0

1
− kscx
ρ2

(2.39)

kscy .

(2.40)

=

ky0 =

q

Including the space charge force leads to a new description of dispersion path Dsc (s) in the
dipole:
∆p
p0
∆p
0
∆x0 = Dsc
(s) ·
.
p0

(2.41)

∆x = Dsc (s) ·

(2.42)

The first order of the average of the horizontal positions, i.e. the beam trajectory, the average
of the horizontal slope and the average of the particle momentum of the bunch particles are not
changed by transverse space charge fields [38]. However, transverse space charge forces effect the
longitudinal dimension of the particle ensemble via the coupling elements M51 , M52 , M53 , M54
of the dipole. In turn, the longitudinal beam dimension affects the current profile and those the
resulting transverse space charge force. As mentioned for the difference between focusing and
defocusing quadrupoles in Subsection 2.1.1, the transport matrix of a combined function dipole
has also two versions for focusing and defocusing cases. A description of a transfer matrix for a
bend, where the space charge effects are faint and the weak focusing dominates, is given by:


Cx

 −kx0 Sx


0


MCF = 


0

− 1 S
 kx0 ρ x

0

1
kx0 Sx

Cx
0

0
0
Cy

0
−ky0 Sy
1
− k0 ρ (1 − Cx )
0
x
0
0

0
0
0
0
1
S
k0 y 0
y

Cy
0
0

1
kx02 ρ

0
1 − k031 ρ
x
0

(1 − Cx )
1
kx0 ρ Sx
0








 ,

0

s 
(ψx − Sx ) + γ 2 

(2.43)

1

0
where kx,y
is given by Eq. 2.39 and Eq. 2.40, Cx = cos (ψx ), Cy = cos (ψy ), Sx = sin (ψx )
and Sy = sin (ψy ) as well as ψx = kx0 · s and ψy = ky0 · s.
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2.3 Longitudinal space charge forces and microbunching instability
Generation and amplification of spatial modulations in the bunch, called microbunching, have
different sources and are driven by different effects. One possibility is the interaction of electrons
with any externally generated radiation field [10]. A second way is the interaction between
electrons in tail and head of the bunch via synchrotron radiation [11]. For this option, the
electrons in the tail generate radiation, which interact with electrons in the head while passing
a dipole magnet for example, see Section 2.4. Electrons within the same bunch can also interact
with each other via their longitudinal space charge field. The impact of these interactions can
be described by their corresponding impedances. In the following section the details of this
interaction are recapitulated to develop its impedance model.
In case of high brightness electron beams in non-equilibrium accelerators, the required bunch
of high quality is mainly determined by the source. Here, a photo injector is utilized, where an
electron bunch (photoelectrons) dissolves from a cathode by photo effect using laser radiation.
The characteristics of the electron bunch depend strongly on the lasers properties. The laser field
profile is not completely smooth but has some noise. Assuming a Gaussian overall laser profile,
the produced electron bunch is characterised by Gaussian density profiles with some density
perturbation in its longitudinal and transverse planes, i.e. shot noise. For shot noise, one can
imagine some humps (microbunches) on Gaussian current profile. Thus, there are some spatial
modulations involved. The humps have both different height and width and occur at different
distances. The corresponding initial current spectrum describes the initial amplitude of these
spatial modulation, called bunching factor [11]:
b0 (k0 ) =

1
N ec

Z

I0 (z0 ) exp (−ik0 z0 ) dz0 ,

(2.44)

with I0 the initial current profile, which is a function of longitudinal position z0 . N is the number
of electrons of the spatial modulation, e is the elementary charge, c is the speed of light and k0
(k0 = 2π/λ0 ) is the initial modulation wave number. λ0 is the corresponding wavelength.
For the sake of better understanding, the microbunching amplification process will be described in this section in a simplified way before the mathematical description of the process is
presented.

2.3.1 Microbunching instability in simple pictures
A realistic current distribution of the bunch is not smooth, but has some modulations (humps).
Dependent on their positions within the humps, the electrons experience repelling forces from
different directions (Fig. 2.13). The total space charge force for the electrons in the hump center
is zero. Electrons on the edges, on the other hand, experience repelling forces from one side only
and thus are pushed out of the hump. The repelling forces lead to an acceleration (+∆E) of
the head electrons and a deceleration (−∆E) of the tail electrons (Fig. 2.13). This leads to an
energy modulation at different wavelengths within the hump.
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Figure 2.13: Noisy Gaussian current distribution with a magniﬁed hump (microbunch) is shown.
In turn, electrons at the edge experience repelling forces from one side only and are
pushed out of the hump. This leads to an acceleration (+ΔE) and a deceleration
(−ΔE) of the side electrons.
When the electron bunch passes a dispersive element, e.g. a chicane, the path of energy
modulated electrons through the element is longer or shorter than the path of the electrons
inside the humps, whose energy is not changed. As discussed in Section 2.1.2, the diﬀerent
path lengths lead to diﬀerent time of ﬂight and therefore to a spatial modulation. This way,
the energy modulation is transformed to a density modulation via longitudinal dispersion R56 .
Thereby, the electrons can be placed on top of their own humps (microbunch). This way one can
amplify microbunches. Or the electrons can be placed in between neighbouring microbunches,
see Fig. 2.14. This leads to a suppression of the original microbunch. By means of manipulation
of R56 , it is possible to evoke microbunching ampliﬁcation or microbunching suppression. In Fig.
2.15 an example of microbunch ampliﬁcation is illustrated.

Figure 2.14: left hand side: ampliﬁcation of a hump, right hand side: suppression of a hump
The ampliﬁed microbunch can generate more of energy modulation which can in turn be
transformed to a further density modulation by the longitudinal dispersion. This is a positive
feedback loop, launching a non-linear gain process [11].
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Figure 2.15: Gain cycle: Due to the space charge force, edge-electrons of a hump are pushed out.
These electrons are accelerated (+ΔE) or decelerated (−ΔE). Passing a dispersive
element (characterised by the R56 ), the path of the pushed out electrons can be
longer or shorter than the path of the center-electrons of the hump. By this way, the
energy modulation is transformed into a density modulation. R56 can be adjusted so
that the pushed out electrons can be replaced on top of their parent hump. The new
regenerated hump has an increased amplitude and an enhanced density modulation.
This enhanced density modulation generates an increased energy modulation which
can in turn be transformed to a new density modulation due to the longitudinal
dispersion.
In a more detailed mathematical description one distinguishes between an 1-D model approach
and a complete 3-D model of microbunching instability.

2.3.2 1-D model
Fundamental characteristics of the microbunching instability are mainly determined by the
longitudinal charge density. This corresponds to a 1-D model of the space charge impedance,
assuming a relativistic electron bunch moving with a constant velocity in z direction in free
space. Its corresponding longitudinal electric ﬁeld within the bunch is given by [39]:
Ez (x) =

N
e 

4πε0 j

γ0 (z − zj )
2

2

(x − xj ) + (y − yj ) +

γ02 (z


2 3/2

,

(2.45)

− zj )

summing over the transverse and longitudinal position xj , yj , zj of N point charges within the
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electron bunch. Any longitudinal density modulations are also represented in modulations of the
longitudinal electrical field. The occurring modulation wavelengths and their amplitudes can be
described by the Fourier transform of the longitudinal electric field Ez :


N
−eik X
k|~r − r~j |
−ikzj
Ẽz (k) =
e
K0
,
γ0
2πγ02 ε0 j

(2.46)

where the notation E˜k = Ẽz (k) is introduced. This Fourier transform depends on the transverse
positions r~j of the electrons in the bunch and the modulation wave numbers k, which are also
in the argument of the modified Bessel function of the second kind of order zero K0 . Ẽz (k) also
depends on the longitudinal position zj of the electrons. The exponential term eikzj represents
the phase of the microbunching and the modified Bessel function K0 represents its amplitude.
The connection between the Fourier transform of the longitudinal electric field Ẽz , the Fourier
transform of the current density I˜ and the impedance ZLSC1D (per unit length), which is the
inner resistance of the bunch due to longitudinal space charge fields, is given by:
Ẽz (k) = −ZLSC1D (k) · I˜ (k) .

(2.47)

Note that while longitudinal space charge (LSC) impedance ZLSC1D and the geometric impedances of periodic accelerating structures are only imaginary and have no real components,
the coherent synchrotron radiation impedance ZCSR , described in the next Section 2.4, as well
as the impedances connected to the vacuum chamber walls have an imaginary component and
an additional real component, which leads to energy losses. For the bERLinPro facility, these
impedances have been investigated in detail by Glock et. al [40]. The energy loss caused by the
CSR impedances is not subject of the presented work.
The imaginary longitudinal space charge impedance ZLSC1D causes no energy loss but rather
a redistribution of the total energy inside the bunch leading to an energy modulation. Assuming
a uniform density in the transverse planes with radial cross section rb ' 1.747(σx + σy )/2, the
1-D LSC impedance ZLSC1D is given by [41]:
ZLSC1D (k) = i

Z0
1 − ξb K1 (ξb )
·
,
πγ0 rb
ξb

with
ξb =

k · rb
,
γ0

(2.48)

(2.49)

K1 is the modified Bessel function of the second kind of order one and Z0 = 377 Ω is the vacuum
impedance. Figure 2.16 illustrates the relationship between the modulation of current density,
the energy modulation by means of LSC impedance and the amplification of initial current
density.
The gain can be understood as the ratio between the final and the initial bunching:
G (k0 ) =

22

bf (kf )
,
b0 (k0 )

(2.50)
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Figure 2.16: The principles of microbunching ampliﬁcation are shown above. The modulation of
the current density is translated into an energy modulation due to the longitudinal
space charge impedance. The energy modulation leads to a new additional density
modulation as a result of the impact of a dispersive section, which is characterized
by the longitudinal dispersion R56 . This new density modulation can lead to an
increased current density modulation, obtained from [11].

where bf (kf ) is the ﬁnal bunching factor for the compressed or elongated wave number kf
and k0 is the initial wave number. Assuming a longitudinal Gaussian particle distribution and
taking into account the evaluation of the transverse beam size along the accelerator, it leads
to a position dependency of the impedance Z (k0 , s); and allows to formulate a simpliﬁed gain
formula for the microbunching process:

G≈

I0
γ0 IA




energy modulation 









 L
2 σ2
kf2 R56


;
s)
4π
Z
(k
0
δ
 exp −
kf R56
ds
,


Z0
2
0










(2.51)

microbunching

where IA = 17 kA is the Alvén current and I0 is the initial peak current. The exponential term
in the gain formula includes the wave number kf , R56 and the initial relative energy spread

2 σ2  1
σδ = σγ /γ0 , which suppresses the microbunching eﬀect. This means that for kf2 R56
δ




2 σ 2  1 a strongly microbunched electron bunch can
the gain G is small and that for kf2 R56
δ
be obtained.

Using a more elaborated approach, which involves a perturbation-theory based solution for
the linearised Vlasov Equation [42], Eq. 2.50 transforms into:
G (s) =

|n1,k (s, z)|
(0)

C (s) · n1,k

,

(2.52)
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with the compression factor C (s) = 1/ (1 + hR56 (s)), where h describes the linear energy chirp
(0)
per unit length, n1,k is the amplitude of the initial density modulation and :
n1,k (s, z) = C (s) · gk (s) · eikC(s)z ,
with
(0)

gk (s) = gk (s) +

s

Z

(2.53)

K s, s0 gk s0 ds0 ,
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where gk (s) is proportional to the initial bunching factor. The Kernel K (s, s0 ) is given by:
K s, s0 =
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#

,

with path s0 along the accelerator starting from the initial position to the targeted position s. Z (k C (s0 ) , s0 ) is the total impedance for the compressed or elongated wave number,
R5i (s, s0 ) = C (s) R5i (s) − C (s0 ) R5i (s0 ) (R5i correspond to the used convention M5i of
this work) and R56 (s0 → s) = R56 (s) − R56 (s0 ) + R51 (s0 ) R52 (s) − R51 (s) R52 (s0 ).
Note that the perturbation theory is only valid as long as the perturbations amplitudes are
small. From a strict point of view, as soon as the microbunching instabilities is initialised, the
perturbation theory cannot be applied any more.

2.3.3 3-D model
Shot noise does not only appear in the longitudinal profile of the bunch. The transverse profile can also contain noise. Those additional transverse modulations lead to additional energy
modulations, so that at the same longitudinal position within the bunch, different modulation
amplitudes and modulation wavelengths exist across the transverse profile. In combination with
a suitable longitudinal dispersion R56 these energy modulations are transformed into density
modulations, launching the microbunching process and gain-cycle as discussed before. To study
a 3-D model of microbunching instability, a 3-D impedance is needed. The 3-D LSC impedance
ZLSC3D for a round bunch with radial cross section rb is given by [41]:
Z0
ZLSC3D (k) = i
·
πγ0 rb

s

1 + ξb2 K02 (ξb ) − K12 (ξb )
.
4




(2.56)

The comparison of 1-D impedance ZLSC1D and 3-D impedance ZLSC3D is shown in Fig. 2.17.
For long modulation wavelengths, i.e. ξb . 0.4, the behaviour of both curves is similar. But
the graphs behave very different for short wavelengths ξb & 0.4. The graph based on the 1-D
model (Fig. 2.17-black) drops after a maximum value in order of unity ξb ≈ 1. The graph for the
3-D model (Fig. 2.17-red) reaches a constant value of 1/4 for ξb & 2 [41]. This implicates that
only one modulation wavelength experiences the maximal impedance in the 1-D model. The 3-D
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model permits all shorter modulation wavelength to experience the maximal gain.

Figure 2.17: Comparison of 1-D impedance ZLSC1D and 3-D impedance ZLSC3D . The curve of
the 1-D model (black curve) shows a maximum at ξb ≈ 1 while the curve of the 3-D
model (red curve) reaches the constant value 1/4 for ξb  2. So there is far more
than one modulation wavelength which can obtain the maximum ampliﬁcation in
the 3-D model in contrast to the 1-D model, obtained from [41].
If the transverse density proﬁle is characterised by Gaussian form for an axis-symmetric bunch,
the Fourier component of longitudinal electric ﬁeld can be described by:


ie
ξ2
λ
2
· ξσ · eξσ /2 · Ei − σ
·
E˜k =
2πε σγ0
2



,

with ξσ = kσ/γ0 and the exponential-integral function Ei (x) = −
ded that the mathematical description for the LSC impedance is:
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2.4 Coherent and incoherent synchrotron radiation
2.4.1 Synchrotron radiation
Whenever ultra-relativistic charged particles are accelerated, spontaneous synchrotron radiation
(SR) is emitted. This happens because of a rearrangement of electric ﬁelds of the particles that
becomes necessary during the process of acceleration. The rearrangement causes a perturbation
in the ﬁeld, which travels away from the charge. This electromagnetic perturbation ﬁeld is the
emitted synchrotron radiation [4].
In storage rings, bending magnets change the direction of the particle beam, accelerating
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it effectively. Therefore, dipole magnets are the primary source of spontaneous synchrotron
radiation in storage rings [43]. At the linac based facility, the spontaneous SR is mainly generated
by dipoles. Note that acceleration in longitudinal direction as caused by e.g. cavities leads to a
negligible amount of SR because the radiated power receives a factor of 1/c due to the comparison
with the power supply during the acceleration [29]. Thus the efficiency of the radiated power is
negligibly small.
The spectrum of SR generated in accelerator facilities is generally wide, spanning over wavelengths from infrared to hard X-ray region. In general, ultra-relativistic particle, which moves
along a circular path emits in general incoherent synchrotron radiation (ISR). The continuous
power loss spectrum I (ω) of the incoherent synchrotron radiation is described by [4]:
√
I (ω) =
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where ω0 = 2πf0 is the revolution frequency, f0 is the repetition rate, e is the elementary charge,
~ is the reduced Planck constant, E is the particle energy, m is the particle mass, ωc = 3πcγ03 /2ρ
is the critical frequency, ρ is the bending radius and K5/3 (η) is the modified Bessel function of
the second kind. Integrating the power loss spectrum over all frequencies, the total power loss
rate is obtained [44]:
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.

The total power loss rate dE/dt in Eq. (2.60) corresponds to the radiation of a single particle.
If the electrical fields of charged accelerated particles are in phase, the emitted radiation of the
individual particles are also in phase. In this case, the emitted radiation is coherent. This is
named coherent synchrotron radiation (CSR) [45, 46]. For example, CSR is emitted whenever
the wavelength of the emitted SR is longer than the bunch length or longer than the length of
microbunches. To calculate the power loss spectrum emitted by a bunch, the spectrum of the
bunch current j (ω) has to be taken into account. The power loss spectrum of a whole bunch is
given by the product of the emitted power of a single particle and the square of bunch current
spectrum:
"

Ib (ω) = I (ω) |j (ω) | = I (ω) Nb · 1 + Ncrp
2

ω σcrp
exp −
c


2 !#

,

(2.61)

where Nb is the number of particles in the bunch, Ncrp is the number of particles of a group
of coherently radiating particles and σcrp is the rms bunch length. This group can be the complete bunch if it is short enough, or it can be a microbunch inside the bunch. Equation (2.61)
exhibits two types of radiation represented by the two terms inside the bracket. The first term
characterises the incoherent synchrotron radiation, which does not depend on the longitudinal
modulations of the electron distribution and scales only with the number of particles. The second
term in Eq. (2.61) represents the coherent synchrotron radiation, which depends on the Fourier
transform of the longitudinal electron distribution and whose intensity is proportional to N 2 .
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Figure 2.18: Power loss spectrum of radiated incoherent synchrotron radiation (red line) and
coherent synchrotron radiation for diﬀerent bunch lengths, exemplary (green line,
turquoise line and blue line) from 2 ps to 100 ps for a bunch energy of 50 MeV.
Figure 2.18 gives an illustration of both ISR and CSR and a comparison of their emitted
power. The power loss spectrum of SR emitted by an arbitrary bunch can contain a coherent
synchrotron radiation component additional to the incoherent synchrotron radiation spectrum.
The CSR contribution to the power loss spectrum increases if the bunch length decreases. For a
given wavelength range, the emitted SR becomes fully coherent if the bunch can be create short
enough. A signiﬁcant contribution of the coherent synchrotron radiation exists whenever:
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The total coherent energy loss rate for a Gaussian distribution can be calculated by [47]:
Ptot = −

N 2 e2 c
4/3

4πε0 R2/3 σcrp

·

24/3 31/6 [Γ (2/3)]2
,
π

(2.63)

where N e is the bunch charge, R is the dipole radius and Γ is the gamma function. However, it
is possible to suppress the emission of coherent synchrotron radiation by shielding of conducting
vacuum walls [48, 49].

2.4.2 CSR impedance
As mentioned before, microbunching ampliﬁcation can also be driven by the interaction between
electrons in tail and head of the bunch by means of synchrotron radiation. In an accelerator,
this interaction occurs in dipole magnets.
The particles in the bunch are able to emit and absorb coherent synchrotron radiation. Thus,
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the CSR links the particle in a bunch and is an additional source of energy modulation. The
dispersion in the bending magnets transforms this energy modulation into an additional spatial modulation. The addition modulation leads to an increase in CSR which in turn causes
more energy modulation. This leads to a gain cycle, where this process is very similar to the
microbunching amplification initialised by longitudinal space charge forces.
In the following, the microbunching amplification based one CSR interaction is discussed.
Thereby, the impact of the shielding due to conducting vacuum chamber walls is neglected. To
include the CSR impedance as an additional driver for microbunching instability to the analytic
calculation of the gain, Eq. (2.51), the longitudinal CSR impedance ZCSR has to be calculated.
For the dipole body it is given by [11]:
ZCSR (k (s) ; s) = (1.63 + 0.94i)

k 1/3 Z0
4πρ (s)2/3

(2.64)

.

The CSR impedance has not only an imaginary component but also a real component which
indicates variations of particle energy. Although, the subject of this effect is beyond the scope
of this thesis but its fundamental results are required in the following to calculate the energy
losses in accelerators. The CSR impedance ZCSR occurs primary in the body of dipole magnets.
But while the transition from a drift into a dipole magnet and contrary CSR impedance appears
as well. Using the Laplace transformation of the wake function of the transient at the entrance
ent is obtained [51]:
[50], the corresponding entrance impedance ZCSR
ent
ZCSR
(k (s) ; s)

4
4
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where µ (s) = k (s) · zL (s), with zL (s) = (s∗ )3 /24ρ2 and s∗ = ρ2 · σz · 6
[52]. Γ is the upper
incomplete Gamma function [53].
ext for an electron within a dipole propagating downstream
The exit transient impedance ZCSR
the straight section is given by [54]:

∗


2/s ,

if ρ2/3 λ1/3 ≤ s∗ ≤ λγ02 /2π
ext
.
ZCSR
(k (s) ; s) = 2k (s) /γ02 , if s∗ ≥ λγ02 /2π


0,
if s∗ < ρ2/3 λ1/3

(2.66)

For Eq. (2.66) it is assumed that the coherent edge radiation in the near field region (z < λγ02 )
is the primary source of the exit transient impedance [51].
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Providing high current continuous-wave (CW) beams, Energy Recovery Linacs (ERLs) enable
fascinating new scientific experiments which are not possible with existing machines. This is particularly true for experiments which demand high average current, CW beams with low emittance
and low energy spread [55]. In order to develop these concepts, technology and expertise needed
for the next generation ERL based accelerator facilities, Helmholtz Zentrum Berlin (HZB) submitted a proposal for the ERL project bERLinPro to the Helmholtz Association in 2008 [56].
With this test facility the issues going along with technology and concept should be addressed.
A special focus is on the demonstration of the ERL principle at ultimate beam properties such
as well preserved low emittance at high average current. Also, the stable recirculation-operation
without beam breakup plus efficient energy recovery should be guaranteed [14].
In this chapter, the bERLinPro test facility is described. In order not to waste the enormous
power of the used beam in an ERL, the energy is retrieved before dumping the beam. Thereby,
the preservation of small emittance and small energy spread delivered by the injector is only
possible because there is no state of equilibrium between quantum excitation and damping,
because the beam passes the ERL just once or a few times. This is in contrast to a storage
ring, where a state of equilibrium takes place. The excitation has its origin in the emission of
synchrotron radiation while the damping needs an additionally compensation of energy losses.

3.1 Design
The most simple layout of an energy recovery linac has the shape of an elliptical racetrack.
It consists of two arcs connected by two straight sections, where at least one straight section
accommodates the main linac. The bunch passes the linac section twice. The path length from
the linac-exit to the entrance of the linac is designed in such a way, that the electron bunch
passes through the RF fields of the linac twice, with a phase shift of 180 degree compared to
the first passage. Thereby, the electrons are decelerated and the energy which is released during
this process is used to accelerate a fresh electron bunch. The spent low energy beam is dumped.
Figure 3.1 shows the overall layout of bERLinPro. It is a single-pass ERL with a 6.5 MeV
injection line consisting of an superconducting radio frequency (SRF) photo-injector and a 3 ×
2-cell cavity booster section, as shown in Fig. 3.2. The choice of an SRF-photo-injector combines
advantages of photo-emission sources and high-gradient, low-loss CW operation of a superconducting cavity [14]. The gun module is a cryogenic vessel and includes cavity, cathode, solenoid
and coupler among others. The compact beam diagnostics for the gun consist of a view screen
and a Faraday cup placed between gun and booster. Their configuration is such that phase space
scans are possible for settings of the gun and beam based alignments.
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Figure 3.1: Schematic layout of the bERLinPro facility including injector, linac, recirculator
(ﬁrst arc, straight section and second arc) and beam dump, with dipole magnets
(yellow), quadrupole magnets (red) and sextupole magnets (green).
The produced electron bunches have a low normalised transverse emittance of εnorm <
1 mm mrad and small energy spread of 0.05 % (3.25 keV) at a repetition rate of 1.3 GHz [56].
The beam is merged into the superconducting main linac via a dog-leg merger, where the bunch
will also be compressed [14].

Figure 3.2: Injector line at bERLinPro
The 44 MeV linac of the recirculator is made up of a 3 × 7-cell cavity using the Cornell cell
shape and JLAB style wave-guide higher order mode (HOM) couplers [14]. The normalized
transverse emittance after acceleration is about εnorm = 0.4 mm mrad, while the energy spread
amounts to σδ = 20 keV for a bunch charge of q = 77 pC. The linac and an optimized subsequent lattice form a closed circuit, so that the beam re-enters the linac with a 180 degree phase
shift. Thus during the second pass, the linac decelerates the electrons and retrieves their energy.
The decelerated beam is dumped in a 650 kW-beam dump at 6.5 MeV. The beam diagnostics
in the recirculator assures that relevant parameters such as current, emittance and position of
the beam can be measured accurately [14]. The diagnostics consists of beam position monitor, DC current, fast current, beam loss, beam proﬁle and bunch length monitors. Among the
diﬀerent planned beam proﬁle monitors the Optical Transition Radiation (OTR) monitors are
sensitive to microbunching within the bunch. The detection of the OTR signal will be conducted using a CCD-camera. Also synchrotron radiation monitors can detect CSR, generated by a
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microbunched beam.
For the standard operation mode of bERLinPro the bunch length amounts σz = 2 ps after the
first arc. The arcs consist of bending magnets, quadrupoles and sextupoles in an achromatic
lattice configuration. In the standard operation mode the sextupoles in the arcs are switched off.
It is planned to compress the bunch up to σz = 200 fs in a named short pulse mode. In the short
pulse mode the sextupoles will be used. The configurations of the SRF cavities, quadrupoles and
sextupoles for this mode are subjects to ongoing investigations and are not part of this thesis.
bERLinPro is an accelerator facility housed in a subterranean building. It is necessary to
accommodate a worst-case scenario, where the continuous beam gets lost suddenly. To ensure
a cost-effective radiation protection the surrounding soil is used. Accordingly the space in the
accelerator hall is limited, so that a freely adjustable lengthening of the straight section between
the arcs is not possible. This fact has a significant impact on the lattice design for a section to
amplify microbunching, as described in Chapter 5.
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This chapter gives a brief overview on the used numerical and analytical codes. The numerical
calculations presented in this work have been carried out with the code ASTRA (A Space Charge
Tracking Algorithm) [37]. Additionally, the code elegant (ELEctron Generation ANd Tracking)
[57] for linear lattice calculations and the program MATLAB (MATrix LABoratory) [58] for
creation of own scripts have been used. Thereby, MATLAB enables a more elaborated post
processing of ASTRA results as well as analytical calculations of impedances and microbunching
gain.

4.1 Simulations codes
ASTRA has been developed by Klaus Flöttmann at DESY and is a particle tracking algorithm
for beam dynamics studies with the possibility to include space charge effects [37]. The program
package ASTRA consists of three elements: a particle distribution generator called generator,
particle tracking and visualization tools (postpro and lineplot). Postpro enables a visualisation
of the longitudinal and transverse distribution at selected positions along and at the end of the
simulated path. Lineplot generates several graphics of the averaged bunch properties along the
simulated beam line [59].
With ASTRA it is possible to execute start-to-end simulations along a straight section in
one step. This means that the tracking algorithm is able to track charged particles from the
cathode along a straight accelerator section including the effect of cavities, dipoles and quadrupoles. However, a simulation through a closed circular accelerator is not possible due to the
special implementation of magnets. In ASTRA, quadrupole fields are confined along the nominal
trajectory only. This means that their fields have infinite field dimension perpendicular to the
nominal trajectory (s-axis). Thus, while simulating a ring-accelerator a quadrupole field would
appear twice, once at the intended quadrupole position and a second time as an extended field
on the opposite side of the ring. Therefore, a ring-shaped transport line has to be cut in several
sections, each being simulated in its own simulation run. This is possible because the recorded
particle distribution at the end of a section can be used as an input particle distribution for the
following section.
Tracking in program ASTRA is based on a Runge-Kutta integration of fourth order. Time
steps for the integration can be determined by the user. For the tracking routine including space
charge effects, particles are grouped in cells, Particle in Cell(PIC)-code. Thereby, space charge
fields are considered as external fields along the simulated lattice. A cylindrical symmetric (2-D)
grid is the default modus for space charge calculation. For example, it is possible to switch the
space charge effects on or off. A special feature of ASTRA is the utilization of different tracking
modes. A cubic spline interpolation routine for the cylindrical grid algorithm is used for space
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charge calculations. Furthermore, ASTRA provides a fully 3-D grid calculation of space charge
fields. Therefore a Cartesian grid is utilized in every plane. Within the grid cells, a linear interpolation is used. The 3-D algorithm is based on a fast Fourier transform. In particular, the number
of grid cells especially in the longitudinal plane, is crucial for a good resolution of calculated
fields. The number of grid lines for the 3-D algorithm is equal to 2n (n ∈ ), where n can be
set by the user. The simulations presented in this work use the 3-D space charge calculation
routine, being able to investigate an arbitrary particle distribution with an accuracy as high as
possible.

N

elegant is a code for numerical and analytical calculation of beam dynamics. It is able to track
the 6-D particle phase space through the accelerator with matrices up to third order, and/or
canonical integrators, as well as compute beam and accelerator properties analytically [57, 60].
elegant can also optimise settings of specific lattice elements based on given targeted values for
beam or lattice parameters. However, in contrast to ASTRA, space charge effects are not included for each accelerator element in elegant. Hence, in the framework of this thesis, elegant was
used for lattice optimisation only, whereas space charge effects are crucial to include for particle
tracking.

4.2 MATLAB based routines
The program MATLAB [58] is a matrix based software package for analytical and numerical
calculations. In the framework of this thesis, different MATLAB-based routines have been developed for post processing of ASTRA results, calculation of the transport of sigma matrix
through the bERLinPro recirculator, calculation of CSR impedances as well as calculation of
microbunching gain.
As above-mentioned, for simulations of a ring-shaped transport line in ASTRA, like the bERLinPro recirculator, the arcs are subdivided into subsections. Whenever the electron bunch has
already passed a dipole at the end of a subsection, the simulation run of the next subsection starts after a rotation of the electron bunch. The rotation is necessary because otherwise,
ASTRA can not handle the rotated bunch correctly for the next straight simulation section. For
the bunch rotation in the x-z plane, according to ASTRA particle distribution format (x, y, z,
px, py, pz), the rotation matrix M is applied:


C
 0

−S

M =
 0

 0
0

0 S
0
1 0
0
0 C 0
0 0 C
0 0
0
0 0 −S

0 0
0 0

0 0

 ,
0 S

1 0
0 C


(4.1)

with C = cos(α · π/180◦ ), S = sin(α · π/180◦ ) and α as rotation angle. The sign of the rotation
angle defines the rotation sense clockwise (“+”) or anticlockwise (“−”). The rotation matrix is
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used with an appropriate angle for each rotation along bERLinPro. In ASTRA, the values of
beam sizes and emittances are always calculated in a non-comoving reference system [61]. This
means that grid cells do not rotate with the bunch. Hence, after each subsection, the bunch has
to be rotated back by the deflecting angle at this position. This ensures the correct grid cell
alignment. It is only then that the correct values for σ and ε can be obtained.

4.2.1 Post processing tools
MATLAB post processing routines are necessary to simplify and speed up the analysis of the
ASTRA results as well as to extract information on microbunching which can not be obtained
from the official ASTRA graphic programs postpro and lineplot. To visualise ASTRA results
a MATLAB tool was written to evaluate the data and generating plots similar to postpro and
lineplot [59, 62]. Figure 4.1a exemplary shows a graph depicting the longitudinal phase space
distribution interpreted with the MATLAB tool, where small energy modulations on the bunch
can be seen. To obtain exact information about the development of microbunching and its
wavelengths along the accelerator, it is essential to analyse the corresponding longitudinal phase
space. For this analysis, the bunch form factor (BFF) f (ω), which is a Fourier transform of the
longitudinal particle distribution, is calculated using [63]:
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f (ω) = 2 
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i=1
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cos (ωti )  ,

(4.2)

i=1

where N is the number of particles, ω is the microbunching frequency and ti is the longitudinal
time coordinate of each particle. BFF is a measure for the wavelength-dependent-amplitude of
microbunching.
An example of a longitudinal phase space and its corresponding BFF is illustrated in Fig. 4.1.
The development of microbunching gain for a particle distribution along a given lattice is calculated by the MATLAB post processing tool. As given by Eq. (2.50), the gain is calculated
using the ratio between final and initial bunching amplitudes. By this way, the gain based on
simulated particle distribution is determined in the presented work.
For evaluation of simulation data, analytical calculations of lattice parameters such as R56 are
necessary. Neither ASTRA nor elegant are suited as a basis for these calculations. ASTRA does
not provide the required parameters and elegant includes longitudinal space charge calculations
only in drift elements. Since the BerlinPro beam parameters indicate that space charge effects
induce significant variations of the beam optics, a restriction of the space charge calculations
only to the drift elements is unacceptable. Additionally, in elegant the transverse defocussing
forces caused by space charge fields are not considered.

4.2.2 SiMaTrack
Bearing in mind the matrix formalism for linear beam dynamics (see Subsections 2.1.1, 2.2.1),
MATLAB was also used for a Sigma Matrix Tracking script (SiMaTrack), which outputs values of
sigma matrix along the accelerator at each element. It calculates and provides transfer matrices
for each lattice element with linear beam dynamics. To achieve a fine lattice-raster, the step
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(a)

(b)

Figure 4.1: Figure (a) shows the longitudinal phase space of an electron bunch at a certain
position in bERLinPro recirculator with a little hint of microbunching. (b) illustrates
the corresponding Fourier transformation of (a). The beige coloured range ((b) left) of
BFF corresponds to the amplitude of possible microbunches, while the rose coloured
range ((b) right) correspond to the bunch itself.
width should be smaller than 25 cm. If an element is longer than 25 cm, it will be subdivided
into several suitable lengths, i.e. 15 cm or 20 cm. The input format for a magnetic lattice in
SiMaTrack is very simple. It contains the magnet properties such as element lengths, focusing
strengths, bending radii and deﬂection angles. Also, the sequence of magnet elements is included.
By varying the lattice input and changing the beam parameters, it is possible to calculate the
sigma matrix evaluation in an arbitrary lattice. Besides, SiMaTrack permits to include or exclude
the defocusing eﬀects of space charge forces in a given lattice.
Tracking of the beam passing bERLinPro with SiMaTrack starts right behind the main linac at
the same position as in the existing elegant reference lattice [64]. Also, the same corresponding
initial transverse beam parameters: βx = 3 m, αx = 0.5, βy = 3 m and αy = 0.5 and the
same emittances of εh = εv = 7.98 × 10−9 m rad and εl ≈ 5.8324 × 10−7 m MeV have been
used. Figure 4.2 compares results of elegant and SiMaTrack for the development of R56 and
transverse beta functions along the bERLinPro recirculator, whereby for these arrangement the
space charge eﬀects in SiMaTrack are switched oﬀ. The small discrepancy in the R56 cumulates
by diﬀerent handling of the drift elements in both codes. These small diﬀerences sum up along
the accelerator. At the end of the tracking, the discrepancy is visible, see Fig. 4.2a.
An explicit discrepancy in vertical beta function is also detectable in Fig. 4.2b. Edge focusing
eﬀects due to fringe ﬁelds are not taken into account in SiMaTrack. The matrix does not include
corresponding additional focusing terms for the vertical plane which results in diﬀerent βy values.
Also, diﬀerences in ﬁneness of the lattice-raster result in visible discrepancies. Such a deviation
in horizontal beta function βx is clearly visible starting at the middle of the free section (25 m)
to the end of the free section (33 m). Furthermore elegant tracks the particle distribution under
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(a)

(b)

Figure 4.2: Results of SiMaTrack and elegant for the development of R56 (a) and transverse beta
functions (b) along bERLinPro recirulator are compared. For this arrangement, space
charge eﬀects in SiMaTrack are switched oﬀ. As elegant does not take longitudinal
dispersion of drift elements into account, results for R56 diﬀer most notably at the
end of the accelerator. The deviation for the vertical beta function βy is a result of
the ﬁrst order edge focusing matrix, Eq. (2.13). This simple matrix depiction does
not take the vertical edge focusing into account.
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consideration of matrices up to the third order [57]. Also, this fact can lead to discrepancies in
beta functions.
From the above discussion, one might conclude that code elegant provides higher accuracy.
In some sense, this is true as SiMaTrack is a linear matrix calculation routine. Nevertheless,
development and usage of SiMaTrack was crucial for deeper understanding of microbunching
instability and its evolving in bERLinPro. Its major advantage is the mathematical description of
interaction between space charge effects and dispersion which leads to a none-closed dispersionpath. Due to this effect, the achromatic lattice configuration of the bERLinPro arcs do not
act fully achromaticly any longer without further optics. The effect of the resulting non-zero
dispersion in the straight section after the first arc is crucial for development of microbunching in
bERLinPro. This effect can not be observed using elegant. Besides, described differences between
both programs are much smaller in vertical plane than the missing space charge calculation in
horizontal plane inside all the magnetic elements. The combination of high peak current and
medium kinetic energy has a strong impact on linear beam dynamics. It is possible to consider
matrices up to higher orders. However, compared to linear space charge effects, the usage of
higher orders gives only a very small contribution to the matrix calculation. Thus, it is acceptable
to disregard higher order matrices. Bearing this in mind, the usage of SiMaTrack for analytical
sigma matrix tracing in bERLinPro is more than justified. Note, in order to consider fringe fields
in the edge focusing matrix, the profile of that fringe field has to be known, which is just the
case for already built magnets so that elegant calculation are in this case somewhat arbitrary,
as well.
In contrast to the recirculator, the injector can not be modelled with SiMaTrack. Along the
injector electrons are accelerated up to 6.5 MeV, intense non-linear space charge effects are
expected. Space charge effects are inversely proportional to the square of kinetic energy. Thus,
the bunch in the injector is far more space charge dominated than in the recirculator. Therefore,
a description of the injector by linear beam optics is inadequate.
Standard operation mode of bERLinPro provides an estimated bunch length of σz = 0.6 mm
(2 ps) at the end of the first arc (see Chapter 3). The bunch length right after the main linac will
has an rms value of 1.5 mm (∼ 5 ps). Thus, the first arc has to provide a compression factor of
2/5. As R56 at exit of the first arc amounts to 14 cm, the required energy chirp of approximately
280 keV/σz can be estimated easily. In order to achieve a better agreement between analytical
calculation and simulations, a value of 240 keV/σz , which was obtained from the simulated
ASTRA results at the exit of the main linac, has been used for SiMaTrack calculations. This
energy chirp corresponds to the following set of longitudinal Twiss parameters: βz ≈ 4.0327 m,
αz = 17 and γz = 72.5 m−1 and the emittances mentioned above. The development of rms bunch
length along bERLinPro is shown for four different energy chirps in Fig. 4.3.
For bERLinPro, a second operation mode is planned the named short pulse mode. Optimization of short pulse mode, whereby the rms bunch length amounts to about 60 µm (∼ 200 fs)
at the exit of the first arc, is subject of ongoing investigation and not part of this thesis. Nevertheless, a short bunch with higher peak current is subdued to stronger space charge effects
and therefore an interesting additional scenario for investigations of microbunching instability.
In principle, there are two possibilities to shorten the bunch length. On the one hand, the initial
energy chirp of a bunch with nominal parameters can be increased. The increased energy chirp
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Figure 4.3: The development of rms bunch length along bERLinPro is shown for four diﬀerent
energy chirps (correspond to α in the longitudinal Twiss matrix); the black line
corresponds to the case of a bunch possessing the nominal bERLinPro values for the
Twiss parameter without energy chirp (αz = 0). The red line shows the development
of the rms bunch length for the standard operation mode with an energy chirp of
240 keV/σz . The green and the blue line show the development of rms bunch length
for two possible short pulse operation modes. Thereby, the value of the energy chirp
for the green line is 380 keV/σz while the initial rms bunch length is still σz = 1.5 mm
(∼ 4.6 ps). For the case of the blue line, the initial rms bunch length is much shorter
σz ≈ 240 μm (∼ 0.8 ps) and the corresponding energy chirp is 124 keV/σz .

can be delivered by the main linac. The combination of energy chirp and R56 of the arc leads to
a stronger compression of the bunch length. On the other hand, a shorter electron bunch coming
from the gun can be compressed to the same short bunch length, even with a smaller energy
chirp from the main linac.
Regarding to the ﬁrst option, the increased initial energy chirp corresponds to an increased
value of longitudinal Twiss-αz in SiMaTrack. For the green line presented in Fig. 4.3, the bunch
length is compressed by a factor of about 1/25 and αz amounts to 30. Indeed, a spatial modulation smears out so that an ampliﬁcation of microbunching can not be expected due to the
high energy deviation, which is the sum of energy chirp and energy spread. For the second option, the used longitudinal Twiss-α, αz = 19.8 and thus the assumed energy chirp for the initial
beta matrix are smaller than in the ﬁrst case. Due to the smaller longitudinal emittance εl =
1.45 × 10−8 m MeV assumed for this second option, the initial bunch length is also shorter. The
blue line in Fig. 4.3 shows the development for rms bunch length along bERLinPro for this case.
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parameter

standard
operation
mode

short pulse
mode
(first option)

short pulse
mode
(second option)

initial rms bunch length
rms bunch length after first arc
energy chirp
compression factor

1.5 mm
0.6 mm
240 keV/σz
2/5

1.5 mm *
60 µm
380 keV/σz *
1/25

240 µm *
60 µm
124 keV/σz *
1/4

Table 4.1: Parameters for analytical calculations of bERLinPro recirculator in SiMaTrack for
standard operation mode and both short pulse operation mode options. Values marked
with * are non-official and estimated values.

4.2.3 Impedance and gain tools
To decide whether the initial microbunching will be amplified or suppressed in bERLinPro ,
analytical calculations of gain have been performed in the framework of this thesis. For these
computations, extensions for SiMaTrack have been written which calculate impedances and gains
using the analytical descriptions detailed in Subsections 2.3.2, 2.3.3 and 2.4.2. Basically, two
types of impedances are considered: the longitudinal space charge impedance and the CSR
impedance.
Regardless of longitudinal space charge impedance, CSR impedances occur for all bERLinPro dipoles and consist of three components for each magnet, entrance (see Eq. (2.65)), dipole
body (see Eq. (2.64)) and exit transient impedance (see Eq. (2.66)). For calculation of longitudinal space charge impedance, the 1-D LSC impedance (see Eq. (2.48)) is used. To calculate
impedances and resulting microbunching gain along bERLinPro recirculator, several beam and
lattice parameters, such as R56 (s), σx (s) and σz (s) have to be known. These parameters are
calculated using SiMaTrack.
Fig. 4.4 shows a comparison of impedance development along bERLinPro including (Fig. 4.4c)
and excluding (Fig. 4.4a) longitudinal space charge impedances. For the shown example, CSR
impedance caused by dipoles generates high peaks. Nevertheless, the contribution of longitudinal
space charge impedance in a wavelength interval from about 2 × 10−6 m to about 2 × 10−4 m
is not insignificant. This happens at the beginning of the accelerator (see Fig. 4.4c): Here, the
impedance along the wavelength forms a kurtosis. This kurtosis can also be observed on top
of CSR impedances, i.e. at s ≈ 8 m, in a coloured (red to turquoise) shape. By means of gain
calculations, illustrated in Fig. 4.5, one can see that there is no proportionality between gain
and impedance as the gain is small in spite of the high impedance value, which is caused by
R56 and the non-zero dispersion at the end of the first arc. A gain value below one represent
a suppression of microbunching. In turn, a gain value above one suggests an amplification of
microbunching.
The microbunching gain can be calculated in two different ways. One option is to calculate the
gain element by element along bERLinPro using Eq. (2.51). The element-wise calculated gain as
a function of wavelength is depicted as 3-D view in Fig. 4.5a and as the corresponding top view
in Fig. 4.5b. The second option is to calculate the gain based on the perturbation theory by
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(a)

(b)

(c)

(d)

Figure 4.4: The development of impedances as a function of wavelength along bERLinPro excluding [(a) (3-D view) and (b) (top view)] and including [(c) (3-D view)
and (d) (top view)] space charge eﬀects are presented. The lattice of bERLinPro recirculator is shown schematically on top of the top view graphs. The
Impedance-peaks at small wavelengths are mainly caused by CSR impedances of
dipoles. Nevertheless, the contribution of longitudinal space charge impedance in a
wavelength interval from about 2 × 10−6 m to about 2 × 10−4 m is not insigniﬁcant.
This can be seen in (c) at the beginning of the accelerator: Here, the impedance
along the wavelength forms a kurtosis. This kurtosis can also be observed on top of
CSR impedances, i.e. at s ≈ 8 m, in a coloured (red to turquoise) shape, respectively
in (d) as turquoise coloured line.

using the Vlasov Equation as discussed in Subsection 2.3.2. The modulation formula Eq. (2.54)
always starts from the same initial distribution and integrates over long lattice sections to the
position of the target element. This approach is only valid for small perturbation (microbunching)
amplitudes. Thus, it may happen that the scope of this approach will be left in the very ﬁrst
meters of the accelerator. Figure 4.5c shows the gain calculation using the Vlasov Equation as
3-D view while Fig. 4.5d depicts the corresponding top view. This calculation utilize an initial
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spatial modulation, which can be calculated analytically by:
(0)

n1,k =

1
=
N (λ)

1
,
(N · λ) /F W HM

(4.3)

where N (λ) is the number of particles per wavelength λ. With both the initial noise and the
sum of impedances, the gain can be computed using the gain formula Eq. (2.52).

(a)

(b)

(c)

(d)

Figure 4.5: Microbunching gain as a function of wavelength along bERLinPro is illustrated, excluding space charge eﬀects. (a) and (b) show the gain calculated element-wise, while
(c) and (d) utilize the Vlasov Equation approach. The perturbation-theory based gain
is on order of magnitude higher than the element-wise gain. At high gain values of
about 10, the assumption about a small perturbation is not valid any more.
Indeed the linearised Vlasov Equation is based on the perturbation theory, which is only valid
for small perturbation and thus the interval of validity for the results is left very quickly. So the
values for the gains based on this theory are too high. But the general behaviour of the gain
is still valid and should not be neglected. Both calculation methods mark extrema in opposite
directions. Together, they indicate the right answer.

42

5 Results
bERLinPro is an accelerator facility where the high brightness electron beam has a kinetic energy of only 50 MeV. At this energy, the particle distribution in the bunch is still affected by space
charge forces. These forces cause bunch lengthening and defocusing, affecting both transverse
and longitudinal bunch dimensions. Transverse components of electric field Ex,y (x, y, z) evoke
defocusing, while longitudinal field component Ez (x, y, z) causes bunch lengthening and microbunching. As longitudinal component of electric field depends on coordinates x, y and z, 3-D
particle tracking algorithms are essential for investigation of space charge driven microbunching
instability. In the arcs of bERLinPro recirculator, coherent synchrotron radiation (CSR) can
also drive microbunching instability which have to be considered as well.
So far, there is no simulation code available which includes both 3-D CSR and 3-D longitudinal
space charge (LCS) effects. The utilized 3-D simulation code ASTRA does not take CSR-effects
into account. Note that code elegant provides space charge effects only as a kick element which
is not practicable for investigation presented in this thesis and does not work for necessary
“concatenation matrix tracking” [65]. Furthermore, it includes space charge forces only for drift
elements [66]. Due to the huge amount of CPU time, a simulation run of CSR effects with 3-D
code CSRtrack [67, 68] was not possible. The huge required CPU time was caused by the fact
that CSR simulation had to have the same number of macro-particle and grid cells as ASTRA
simulations with even shorter simulation step sizes.
However, coherent synchrotron radiation and space charge impedance are exclusive sources
of microbunching instability. Analytical calculations have been carried out in order to estimate
whether the CSR induced microbunching has a significant impact or not. Note that all impedance values are normalised by the vacuum impedance Z0 . In this chapter, results of particle
tracking and corresponding analytical calculations for two operation modes (standard operation
mode and short pulse mode) of bERLinPro facility are presented. Furthermore, a new lattice
section to amplify microbunching is designed, analysed and discussed.
Two modes are planned for bERLinPro facility. Their difference lies in various bunch lengths
[14]. The standard operation mode produces a bunch duration of σz = 2 ps after the first arc,
whereas future short pulse mode will compresses the bunch down to σz = 200 fs.

5.1 Standard operation mode
This section presents both analytical and simulated results of standard bERLinPro operation
mode.
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5.1.1 Analytical results
Analytical results are calculated using MATLAB routines described in Subsections 4.2.2 and
4.2.3 according discussions in Chapter 2, where formulas for LSC and CSR impedances and
gains are provided. The utilized reference optics are extracted from reference elegant files for
standard bERLinPro lattice [64]. In those files, compression in arcs is not included in the frame
of simulation. To compare analytical calculations with simulation results, initial beta matrix,
obtained from reference elegant files, needs to include an energy chirp, which allows to compress
the bunch in the first arc. The energy chirp can either be extracted from reference ASTRA
simulation files [69] or calculated with respect to R56 of the first arc. The corresponding values
of beta matrix are βx = βy = 3 m, αx = αy = 0.5, γx = γy = 5/12 m−1 , βz ≈ 4.0327 m,
αz = 17 and γz = 72.5 m−1 . The values for the emittances are εh = εv = 7.98 × 10−9 m rad and
εl ≈ 5.8324 × 10−7 m MeV. For the presented comparison of the analytical calculation with the
simulated results, the impedances and gains along bERLinPro were investigated for a certain
microbunching wavelength range from 0.6 µm to 1000 µm.
To calculate analytically the gain along bERLinPro, two different methods can be used. On the
one hand, the gain can be calculate element-wise using Eq. (2.51). On the other hand, the gain
can be calculated for a specific distance ∆s along the lattice - which starts from the linac exit and
goes to a certain position along bERLinPro recirculator - using the linearised Vlasov Equation
(2.52). For both methods, CSR and LSC impedances have to be included. Additionally, evolving
beam properties along bERLinPro have to be considered. This means that due to bunch length
compression in the first arc, a compression of investigated microbunching wavelengths and thus
impedances for those compressed wavelengths have to be taken into account as well. Impedances
are depicted as a function of initial microbunching wavelengths. The connection between initial
microbunching amplitude and impedances can easily be traded for each wavelength. Thereby,
an effect of compression in the arc is hidden for the presented impedances as functions of
uncompressed initial wavelengths. If impedances would be measured at a given position along
the recirculator, compression factor will take effect and leads to a compression of the wavelengths
at this position. Therefore, impedance values measured in the straight section would occur for
wavelengths compressed by a factor of about 2/5 as it can be seen in Fig. 5.1b.
In the presented analytical studies, the total impedance, which is a sum of 1-D LSC and 1-D
CSR impedance, is computed for each element. LSC and total impedances are presented in Fig.
5.1 as 3-D view and as top view as a function of wavelengths along bERLinPro recirculator. From
Fig. 5.1c, one can conclude that CSR impedance caused by dipoles is dominant. Nevertheless,
the contribution of space charge impedance is still noticeable, as it can be seen at the lightcoloured blue zones in Fig. 5.1b and in Fig. 5.1c as a curvature right at the beginning of the
calculation.
The maximum value of LSC impedance is reached in the straight section between two arcs for
a wavelengths range from 20 µm to 200 µm, as can be seen in Fig. 5.1a (yellow coloured). Along
bERLinPro recirculator, wavelengths with highest values of LSC impedance change slightly.
There is a small shift towards longer wavelengths from the linac exit up to the middle of the
straight section. After that, wavelengths with highest LSC impedance become shorter. This is
visualized by a pink curve in Fig. 5.1b.
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(a)

(b)

(c)

(d)

Figure 5.1: Analytical calculations of LSC and CSR impedances in bERLinPro depicted as 3D view [(a) and (c)] and as top view [(b) and (d)]. (a) and (b) show longitudinal
space charge impedance along the recirculator only. Red and yellow color represent
maximum values of LSC Impedance. The maxima along bERLinPro are distributed
in a curvature (dotted pink curve). (c) and (d) show the sum of microbunching driving
LSC and CSR impedances. The contribution of CSR impedance in bERLinPro arcs
is dominant, as can be expected.

In order to achieve a better understanding of CSR impedance in a dipole, contributions of entrance, body and exit transient impedances to the total CSR impedance have to be studied. Fig.
5.2 presents all three CSR impedance contributions of a dipole as a function of wavelength. The
dipole body impedance (see Eq. 2.64) decreases exponentially within investigated wavelengths
range. It gives the biggest contribution to total 1-D CSR impedance. The contribution of entrance (see Eq. 2.65) and exit transient impedance (see Eq. 2.66) are almost similar for investigated
wavelength range. Both impedances are much smaller than the dipole body impedance, but
the entrance impedance is larger than the exit transient impedance. At longer wavelengths, the
contributions of entrance and exit transient CSR impedance become more pronounced, as the
body dipole CSR impedance decreases.
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Figure 5.2: The CSR impedance of a dipole consists of three parts: entrance, body and exit
transient impedances. The relation of these impedances, which aﬀect the electron
bunch, is presented for the last dipole of the ﬁrst arc of bERLinPro.
From Fig. 5.1, one can conclude that the contributions of CSR impedance of the ﬁrst three
small dipoles in bERLinPro recirculator have the same magnitudes as the space charge impedance in that positions. This is due to the long overtaking length L0  (24 · R2 · σz )1/3 of
CSR entrance impedance for those dipoles, which directly depends on the bending radius R
and the bunch length σz at the entrance. As the overtaking length is longer than the dipole
length (L0 > ldipole ), the ﬁeld generated by the head particle of the bunch aﬀects the successive
particles during their passage through the entire dipole. This dipole is too short
to be aﬀected

ent
by CSR body impedance. Consequently,it is the entrance impedance ZCSR
that is eﬀective
along the total dipole length, and not the dipole body CSR impedance (ZCSR ). Maximum values for the dipole body impedances are not equal in the two arcs at the lowest wavelength, i.e.
600 nm. This discrepancy is caused by asymmetry of compression and decompression in these
two arcs, reﬂected in the bunch length (Fig. 5.3). Increased values of CSR impedance mirror
the compression of bunch and wavelength in the dipoles of the ﬁrst arc. The CSR value for the
ﬁrst dipole of the second arc arises, since the bunch is still compressed. This is true until it gets
decompressed while passing through the rest of the second arc. The decompression in the second
arc is mirrored again in decreasing peak-values of the CSR dipole body impedance.
Gain calculation can be performed with two diﬀerent methods, as mentioned before. For
element-wise gain calculations, Eq. (2.51) has been used with a relative energy deviation σδ of
0.2 × 10−3 (corresponding to an energy spread of σE = 10 keV). This value has been extracted
from simulation results at the exit of the merger in order to use the most realistic value available.
Figure 5.4 presents the results of element-wise gain calculations, where Fig. 5.4a shows a 3-D
view and Fig. 5.4b shows a top view. Except for a small wavelength range from 2 μm to 10 μm in
the last dipole of the ﬁrst arc, gain values in the chosen wavelength range are below one for single
elements along the recirculator. In arcs, the main contribution to gain is given by CSR generated
in the dipoles, as it was expected from impedance calculations. In comparison to CSR gain, the
contribution of gain driven by LSC is negligible in arcs. In accordance with impedances, gain
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Figure 5.3: Development of rms bunch length for standard operation mode of bERLinPro recirculator.

wavelength range rises towards longer wavelengths along the machine, up to the middle of the
straight section, and moves back towards shorter wavelengths along the second arc. Due to the
curved distribution of gain wavelengths along bERLinPro, an occurrence of small wavelengths
can be observed corresponding to the pink curve in Fig. 5.1b.
Second gain calculation method is performed via Eq. (2.52). The impedances are of course
the same. The theory behind this method is based on linearised Vlasov Equation which identiﬁes microbunches with perturbations of the otherwise smooth particle distribution. Thus, the
default value of the gain equals one. This means that if the perturbation of the distribution
does not change its property, the gain remains one. A result below one indicated a suppression
of perturbation and a result above one suggests an ampliﬁcation of perturbation. Results for
gain calculation using linearised Vlasov Equation are presented in Fig. 5.5a shown as 3-D view
and in Fig. 5.5b shown as top view. Compared to element-wise calculation, microbunches are
mainly ampliﬁed in dipoles. Using this method, the ampliﬁcation due to space charge provides a
signiﬁcantly higher contribution to Vlasov Equation based gain. The preferred wavelength range
for ampliﬁcation is round about 300 μm for bERLinPro. At the end of the ﬁrst arc, Vlasov Equation based gain shows a big contribution for long wavelengths from 100 μm to 1 mm. As particles
travel through the straight section, only 1-D LSC impedance takes eﬀect. The corresponding
maximal gain for the same wavelength range amounts to about seven. For this wavelength range,
the gain curve provides an interesting, serrated shape at the entrance into the second arc. A
hint of a similar serrated shape of gain curve can be seen for the third dipole of the ﬁrst arc
in Fig. 5.5. The R56 of straight section decompresses the bunch somewhat, while the LSC leads
to accumulation of energy modulation which translates to a well deﬁned micobunching gain at
the entrance of the second arc as the R56 is suitable. At the exit of bERLinPro recirculator,
microbunching experiences some suppression. Thus, it might happen that an ampliﬁed microbunching of a given wavelength is suppressed again at recirculator exit. It seems as if the eﬀect
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(a)

(b)

Figure 5.4: Single element gains, calculated element wise, are presented as 3-D view (a) and as
corresponding top view (b) for standard operation mode of bERLinPro.
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(a)

(b)

Figure 5.5: Gain calculation based on linearised Vlasov Equation shown as 3-D view (a) and top
view (b).
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of instability smears out. Wavelengths for which Vlasov Equation based method shows maximal
gain values are of about 100 μm to 1 mm, and thus correspond to the bunch length. A comparison between results of the two utilized methods for gains along the ﬁrst arc reveals signiﬁcant
diﬀerences. Not only that absolute gain values diﬀer signiﬁcantly - of about a factor 20 - but also
the wavelength range of maximum gain values shifts towards longer wavelengths for linearised
Vlasov method, as shown in Fig. 5.6. The gain calculation via Vlasov Equation is based on
the small perturbation approach. The comparison of element gains reveals that perturbations,
microbunches, become too big too fast. Thus, gain calculation via Vlasov Equation becomes
quickly invalid because perturbations are not small any more. Therefore, perturbation theory
can not be applied for wavelengths longer than 100 μm.

(a)

(b)

Figure 5.6: 3-D view of gain development within the ﬁrst third of bERLinPro for element-wise
gain (a) and gain using linearised Vlasov Equation (b). The ﬁrst third ends 30 cm
behind the ﬁrst arc. The 3-D view does not loose information of gain development
because it shows the gain as a function of wavelength at any position.
Results obtained from both gain calculation methods have to be compared to each other in
order to estimate the contribution of CSR induced microbunching for cases including and excluding CSR impedances. This way, the validity range of gain calculation using linearised Vlasov
Equation also can be estimated. For comparison, the analytically described bERLinPro must be
divided into sections. The end of each section is a key position for comparison of the analytically
calculated gains to each other and with the numerically computed gain as well. The ﬁrst key
position (KP 1 in Fig. 5.8) is arranged 30 cm after the last dipole of the ﬁrst arc. This distance is
necessary for ASTRA simulation to take the dipole edge focussing into account. The second key
position (KP 2 in Fig. 5.8) is arranged 10 cm after the last quadrupole of the straight section,
and accordingly about 30 cm in front of the ﬁrst dipole of the second arc. The third and last key
position (KP 3 in Fig. 5.8) is at the end of the second arc section 80 cm after the last quadrupole
and thus directly at the re-entrance of the linac.
Figure 5.7 presents computed gains for both calculation methods at all three key positions.
Each ﬁgure contains gain calculated for ZLSC1D (blue line in Fig. 5.7a and green line in Fig. 5.7b)
only and gain calculated for the sum ZLSC1D + ZCSR1D (red line in Fig. 5.7a and orange line
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.7: Comparison of both gain calculation methods at key positions: after ﬁrst arc [KP 1,
(a) and (b)], after straight section [KP 2, (c) and (d)] and after second arc [KP 3,
(e) and (f)]. (a), (c) and (e) are results of the sum of element-wise gain from the
same origin to the key position, while (b), (d) and (f) present the results of gain
calculation via linear Vlasov Equation.
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in Fig. 5.7b). The method, based on linearised Vlasov Equation, integrates over total section
length, from the starting point to the first (KP 1, Fig. 5.7b), second (KP 2, Fig. 5.7d) and
third key position (KP 3, Fig. 5.7f). In order to compare both calculation methods, elementwise gain has to be computed along the same lattice as the Vlasov based gain. From elementwise gain calculation theory, described e.g. by Huang et al. [11], it is clear that the gain of
consecutive lattice periods has to be multiplied in a periodic amplification structure. However,
for symmetrical lattice sections inside the periodic structure, it is not obvious how the gain of
various elements has to be passed to account. Note that bERLinPro recirculator is as a whole a
periodic structure, while arcs with subsequent drifts are symmetric lattice sections. This is due to
the difference between linac and its opposite straight section. On the one hand, an electron bunch
passing a lattice section accumulates microbunching inducing effects in every passed element.
Thus, the gain has to be summed up. On the other hand, the transformation of an energy
modulation into a density modulation, which happens also in quadrupole magnets and drifts,
can also justify a multiplication of various element gains. Nevertheless, as the theory explicitly
applies periodic gain multiplication, only a summation of element gains for each section, and the
summation of sections for comparison to the gain of Vlasov based method is defensible. Because
of net summation of element-wise gain along the lattice to a key position, it is possible that the
gain value of a key position is higher than for the previous key position. This summation method
would prevent that a possible out-smearing for a microbunching wavelength or a suppression
of a previous amplified wavelength is visible. In this sense, Vlasov based formalism reflects the
behaviour of gain along the lattice much better.
A comparison of results of Vlasov based method at the first key position (KP 1, Fig. 5.7b) to
3-D view of the first section (Fig. 5.6b) might surprise due to the small gain values of the key
position graphs. This is because the smaller gain values at this position are not visible in 3-D
plots right behind the high gain values caused by the dipole body. The ratio of ZLSC1D -based
to ZLSC1D + ZCSR1D -based gain possesses a distinct difference for both calculation methods.
ZLSC1D -based element-wise gain is much smaller than the gain for sum ZLSC1D + ZCSR1D . This
is not true for the ratio in Vlasov based calculation. It is because the interconnection between
transverse and longitudinal particle positions within the bunch is not considered in the elementwise gain formula while passing a dipole. This is included in Vlasov based gain, explaining
the lower ratio for Vlasov based gain calculation. Thus, if element-wise gain calculation would
consider this interconnection, the ratio would decrease and would be better matched to the ratio
of Vlasov based method.
For the next key position (KP 2), section gains are added to total gain. Because CSR impedance vanishes in the straight section, the additional gain of this section is only caused by LSC.
Therefore, the contribution of CSR gain remains constant while LSC gain increases.
Adding element-wise gain of the second arc, the total gain at the third key position (KP 3)
is obtained. The element-wise gain shifts towards longer wavelengths in the second arc, so that
the sum of gains obtains a shoulder towards longer wavelengths caused by CSR gain. An other
eye-catching difference can be seen in dissimilar wavelength ranges, in which the respective gain
calculation method results. While Vlasov based method peaks towards longer wavelengths of
investigated range, element-wise gain peaks in the median wavelength from 10 µm to 100 µm
range.
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Note again, that the calculation method based on linearised Vlasov Equation is a perturbative
approach. In the ﬁrst arc dipole, microbunching gains are already too high for this approach to
be valid any more for shorter wavelengths. Due to high impedance values, see Fig. 5.1c, energy
modulation amplitudes that are too high smear out microbunching in connection with total R56
values that are used for the calculation by this method. Gain for longer wavelengths seems also
to be too large and to smear out microbunching in combination with total R56 in the second
arc.
From comparison between gains calculated including and excluding CSR eﬀects, one can
conclude that CSR impedance can lead to an increase of microbunching gains of about 30%.

5.1.2 bERLinPro start to end simulation
Using ASTRA, start-to-end-simulations of bERLinPro have been performed, including 3-D space
charge eﬀects. Due to the way ASTRA deals with quadrupoles, as discussed in Chapter 4, it is
necessary to split the ERL in several simulation sections as it is illustrated in Fig. 5.8. Thereby,
each section ends after a dipole. At the end of a section, it is necessary to rotate the deﬂected
electron bunch back to its initial orientation/alignment so that the bunch can pass through the
next section correctly. To verify numerical results, a number of simulation runs, named statistical
runs, are performed for bERLinPro. Thereby, for each statistical run a new electron bunch with
new initial shot noise at the photo cathode is generated.

Figure 5.8: Schematic view of bERLinPro [22], including the subdivisions used for the simulation
study. Each subdivision is dyed in a diﬀerent color, as example violet for the injector,
pink for the ﬁrst subsection which includes the linac, and the second subsection is
peach coloured.

Injector section
Simulations start with the photo cathode in the injector section. The bERLinPro injector is
described in Chapter 3. Figure 5.9 presents simulation results at the injector exit. There, longitudinal phase space (Fig. 5.9a), corresponding current distribution (Fig. 5.9c), bunch form factor
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(a)

(b)

(c)

(d)

Figure 5.9: Longitudinal phase space (a), corresponding bunch form factor (b) and Current
proﬁle (c) at the end of the injector. Graph (d) shows microbunching gain as a
function of wavelength at the exit of the injector.

(BFF) (Fig. 5.9b) and gain (Fig. 5.9d) calculated as the ratio of BFFs at injector exit and booster
exit are shown. There is a hint of microbunching visible in Fig. 5.9d for a wavelength range from
100 μm to 400 μm. For bERLinPro injector simulations, the longitudinal particle distribution is
cut oﬀ by ±2.5 · σz [69]. This causes step ﬂanks in the current distribution, see Fig. 5.9c. In a
range of λ > 0.4 mm the rising signal for microbunching is due to the shape of the current distribution (see Appendix 6 for selected examples of Fourier Transformations for diﬀerent current
proﬁles). The gain plot shows that ampliﬁcation does not take place for most wavelengths. There
are some wavelengths where the gain value is below one. For these wavelengths, microbunching
is suppressed. On the other hand, microbunching is ampliﬁed for some wavelengths in the range
of 100 μm to 400 μm. Gain values for these microbunching wavelengths are far below ten. This
means that the ampliﬁcation of wavelengths is present, but not signiﬁcant. It seems as if the R56
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of the injector lattice is not suﬃciently high enough to transform potential energy modulation
into density modulation, neither for suppression nor ampliﬁcation of microbunching.
First arc
For recirculator simulations, the ﬁrst arc is subdivided into four subsections. The ﬁrst subjection
starts directly behind the injector exit. The simulation run starts after a rotation of about 20 ◦
of the electron bunch, which has already passed the injector. The simulation and post-processed
results for the subsections are presented in Appendix 6.

(a)

(b)

(c)

(d)

Figure 5.10: Longitudinal phase space (a) and corresponding Bunch Form Factor (b) at the end
of the ﬁrst arc are presented. Graph (c) illustrates current proﬁles at the exit of the
main linac (red curve) and behind the ﬁrst arc (blue curve). Graph (d) shows the
gain as a function of the wavelength for the ﬁrst arc. Note, the results are averaged
above 25 statistical runs.
Figure 5.10 shows the simulation and post-processed results at the end of the ﬁrst arc. Here,
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longitudinal phase space, corresponding current proﬁle, bunch form factor and gain are presented. Compared to the current proﬁle at the linac exit, the new current proﬁle shows the
compression of bunch length, as expected (Fig. 5.10c). To calculate the gain (i.e. ratio of ﬁnal
BFF to inital BFF) of the ﬁrst arc, an additional aspect needs to be taken into account. Due to
the compression, the bunch length behind the main linac and bunch length behind the ﬁrst arc
diﬀer from each other. Thus, it is not correct to use the corresponding BFF results for the gain
calculation without further adjustment. The electron distribution at the start point, which is
the exit of the main linac, has to be compressed to the same bunch length as at the exit of the
ﬁrst arc. The compression for the bunch is calculated using the R56 of the arc and the relative
energy deviation of electrons, via:
znew = zold + R56 ·

Δγ0
γ0

(5.1)

After the computation of the bunch length compression, the bunch form factor of the compressed bunch has to be calculated. Using this result, the microbunching gain at the exit of the
ﬁrst arc can be calculated (see Fig. 5.10d). The wavelength range of the BFF for the compressed
bunch is of course the same as for the bunch which has passed the ﬁrst arc. As the bunch is
compressed, the BFF shifts towards smaller wavelengths, see Fig. 5.10b. The gain curve contains
a good hint of microbunching ampliﬁcation. The wavelengths with ampliﬁed microbunching arrange between 20 μm to 200 μm. Thus, right behind the ﬁrst arc, there might be a potential for
ampliﬁcation of microbunching generated in the ﬁrst arc.

Figure 5.11: Enlarged piece of the longitudinal phase space of Fig. 5.10a. For comparison the
average coherent energy loss per electron of about ΔE ≈ 50 eV and the energy
modulation of a microbunch (in this example ΔEM B ≈ 10 keV) are depicted.
Because the numerical simulations do not take CSR into account an estimation has to be
executed. According to Eq. (20) in [47] the coherent energy loss for the last dipole in the ﬁrst
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arc amounts to about 656 W. This corresponds to an average energy loss per electron in the
last dipole of about 50 eV. This leads to a change in energy spread of about ΔσE ≈ 5 ‰.
The longitudinal phase space in Fig. 5.10a contains small microbunches. An enlarged range of
this longitudinal phase space is presented in Fig. 5.11. The diagram also depicts the energy
modulation of a microbunch of about ΔEM B ≈ 10 keV and the average coherent energy loss
per electron ΔECSR ≈ 50 eV. From the comparison between the CSR energy charge and energy
modulation it is clear, that the impact of coherent energy loss does not disturb the ampliﬁed
microbunches.
The ﬁrst arc has been simulated as presented above, from the merged point at injector exit
through several subsections, including back rotations to the end point behind the fourth arc
dipole. Cutting a four dipole arc into pieces may evoke a problem if the intersection points are
not at dispersion free (ηs = 0) points. The ﬁrst bERLinPro arc is constructed to have such a
dispersion free point in the middle of the arc, which is in the middle of the focussing quadrupole.
To decide whether the application of back rotation in dispersive points causes numerical errors or
not, an additional set of simulations has been performed. They involve a diﬀerent arrangement
of the ﬁrst arc section. The ﬁrst subsection, a pure linear section, starts at the merged point as
before, but it ends directly in front of the ﬁrst arc dipole. Now, the pure arc is divided into two
halves. Thus, the intersection point is in the middle of the focussing quadrupole, where ηs = 0.
This alternative arrangement is illustrated in Fig. 5.12.

Figure 5.12: Scheme of alternative arrangement for simulation of ﬁrst arc section.
The application of the alternative arrangement of the ﬁrst arc section is only possible under
a speciﬁc condition. If the electron bunch is tracked through a half arc with unequal numbers
of grid cells, for example N x = 32 and N z = 1024, an additional grid-caused structure can
be observed in the longitudinal phase space in ASTRA simulations. To avoid this eﬀect and to
ensure a good resolution, a high number of grid cells has to be used for each dimension in the
deﬂection plane. For presented case, the alternative ﬁrst arc section is tracked with 1024 grid
cells in longitudinal plane and 1024 grid cells in horizontal plane. Furthermore, it is not possible
for ASTRA to track a particle distribution in a negative longitudinal direction. Therefore, it is
necessary to mirror the second arc part and choose a suitable point of origin for the lattice input
to complete a 180 degree turn.
The longitudinal phase space and the current proﬁle of the electron distribution at the intersection point, where ηs = 0, are presented in Figs. 5.13a and 5.13b. The bunch is slightly
compressed, as expected in the middle of a compressing arc. Due to the ﬁxed coordinate system
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(a)

(b)

(c)

(d)

Figure 5.13: Longitudinal phase spaces and current proﬁles at the middle of the ﬁrst arc [(a) and
(b)] and at its end [(c) and (d)]. The blue curve in graph 5.13d depicts the current
proﬁles at the end of the ﬁrst arc simulated with alternative , while the red curve
shows the average of the 25 sub-sectionally simulated runs. Due to the averaging of
statistical simulations, the noise of the red curve is reduced in comparison.

of the ﬁrst half of the arc and the deﬂection of the bunch, the bunch dimension in x and z are
interchanged at the beginning and at the exit of the ﬁrst half. Thus, the presented longitudinal
phase space has been extracted from the values for the horizontal plane of the ASTRA output.
The form of the electron distribution in the phase space already resembles the longitudinal phase
space at the end of the arc. No additional grid structure can be recognised, verifying the correct
choice of the grid parameters. The current proﬁle in Fig. 5.13b shows no hint of microbunching.
Figure 5.13d depicts a comparison of the current proﬁles at the exit of the ﬁrst arc, simulated
once with the alternative arrangement and once with 25 sub-sectionally simulated runs. The
electron distribution is compressed to the same bunch length, as expected from the simulation
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results previously presented. The bunch in the phase space seems to have a bigger uncorrelated
energy spread as the sub-sectionally simulated electron bunch (Fig. 5.10a). Also, the head of
the bunch is not that drawn-out and snapped off. Some of these differences may arise from the
fact that the alternative arrangement has been simulated only once due to the long computation
time and thus, the curve is not an average. Both, the electron distribution presented in the longitudinal phase space (Fig. 5.13c) and current profile (Fig. 5.13d) give a hint of microbunching.
The current profile of the alternative simulation (blue curve) shows the same form, even the
small shoulder at the bunch’s head, as the current profile of the sub-sectional simulations (red
curve). Note that sub-sectional simulations have been performed 25 times, while the alternative
simulation has been performed only once. Thus, the red curve has an average of 25 runs that
leads to an increased signal-to-noise ratio of the otherwise spiky current profile. However, from
the comparison discussed above, one can conclude that cutting the arc in subsections evokes no
problems, if the intersection point is not a dispersion free point.
Free drift section
In nominal design, the straight section includes twice a four quadrupole sequence, which belongs
to the achromatic system of the first and the second arc. Between the arcs, there is an about
13 m long drift.
The simulation results at the exit of the straight section are presented in Fig. 5.14, where
current profile, BFF, longitudinal phase space and gain curve are shown. Considering the current
profiles at the beginning (Fig. 5.10c, blue curve) and end of the section, no clear difference can
be observed. The energy deviation increases, see Fig. 5.14a. The BFF shows a curve with nearly
the same behaviour as the curve at the end of the first arc. But the maxima of the curve is
shifted towards longer wavelengths. This fact explains the shape of the gain plot. The shift of
the BFF towards longer wavelengths - compared to the beginning of the free drift section (see
Fig. 5.10b) - results in the suppression of the microbunching. It seems as if the R56 of the free
drift section is not suitable for an increase of micobunching. For the nominal operation of the
bERLinPro facility, it is the best possible result, because is means that the test facility is free of
micobunching instabilities. However, by changing the lattice in the drift section, adding a FODO
lattice or a chicane for example, this fact can be changed, if desired. Section 5.2 discusses this
possibility and merit of such a change.
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(b)

(c)

(d)

Figure 5.14: Longitudinal phase space (a) and corresponding Bunch Form Factor (b) and current
density (c) at the end of the straight section are depicted. Graph (d) shows the gain
of the straight section.

Second arc
The second arc of bERLinPro comprises four subsections as well. The subsections can be seen
in Fig. 5.8. The second arc ends directly in front of the re-entrance into the linac. Figure 5.15
presents simulation results at the end of the second arc and illustrates the longitudinal phase
space (Fig. 5.15a), the current proﬁle (Fig. 5.15c), the BFF (Fig. 5.15b) and the gain (Fig. 5.15d).
The change in current proﬁle in comparison to the end of the straight section (Fig 5.14c)
shows the impact of the second arc, where the R56 ensures a decompression of the bunch, so
that the bunch is much longer than at the end of the free drift section. Nevertheless, the bunch
length at the exit of the second arc is shorter than in front of the entrance into the ﬁrst arc.
Because of the space charge forces, the energy chirp has changed during the passage through
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the recirculator. In combination with the R56 in the straight section, this lengthens the bunch.
Thus the second arc operates on an already longer electron bunch with a slightly modiﬁed
energy chirp. The longitudinal phase space still presents a similar energy chirp, while the energy
spread increases. The bunch form factor shows no hint of increased microbunching. So, the ﬁnal
result for bERLinPro recirculator is that bERLinPro does not show a signiﬁcant or disturbing
development of microbunching instability in nominal operation mode.

(a)

(b)

(c)

(d)

Figure 5.15: Longitudinal phase space (a) and corresponding Bunch Form Factor (b) and current
proﬁle (c) at the end of the second arc. (d) shows the gain of the second arc.

5.1.3 Comparison of analytical and simulated gains
In this subsection, the comparison between simulated results and analytical gain calculations is
presented. The lattice sections presented here are determined by the necessities of the simulation runs. Accordingly, the numerically and analytically calculated sections are the same as for
simulation of the the ﬁrst arc, the straight section and the second arc. The gains extracted from
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the simulation results are computed using the respective initial and end particle distribution
for each section. Hence, the analytical results have to be prepared in the same manner. For the
element-wise gain (e-lsc and e-lsc + csr), the calculated values have to be summed up in each
section. The gain calculated based on the linearised Vlasov Equation (V-lsc and V-lsc + csr) is
not easy to compute, as the calculations have to start always from the initial location, which
corresponds to a small perturbation amplitude. Thus, the total gain up to sections two (free
drift) or three (second arc) have to be divided by the gains of their previous sections, in order
to provide the respective single section’s gain. Hence, the second section’s gain, based on the
Vlasov method, is calculated by:
GV lasov =

bf
GV lasovsec2
=
, sec2 ,
GV lasovsec1
b0sec2

(5.2)

while the third section gain is calculated by:
GV lasov =

bf
GV lasovsec3
=
, sec3 .
GV lasovsec2
b0sec3

(5.3)

For comparison, Fig. 5.16 depicts results of the numerical and analytical studies at KP 1.
The gain of the numerical calculation contains a hint of microbunching for many wavelengths
from roughly 20 μm to 90 μm and from roughly 110 μm to 200 μm. Interestingly, the behaviour
of the numerical gain calculation is not mirrored by one of the analytical methods, but it is
approximately mirrored when both methods are considered together. The element-wise gain
(blue and red curve) mirrors the behaviour of the ﬁrst range of smaller wavelengths for the
simulated electron distribution. The Vlasov based gain (green and orange curve) mirrors the
numerical gain for the second range of longer wavelengths, but is slightly shifted towards longer
wavelengths. The analytical gain amplitudes are half as big as the numerical gain amplitude.

(a)

(b)

Figure 5.16: Gain at KP 1 (end of ﬁrst arc) for the simulated results (a) and for both analytical
methods (b), element-wise (blue and red) and Vlasov based (green and orange), are
shown. The analytical curves included LSC and LSC + CSR driven gains.
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Figure 5.17 displays gain calculations for the simulated studies and for the analytical methods
at the end of the straight section, which is KP 2. The numerical studies show that the potential
to generate new energy modulation due to the previous microbunching is basically passed. The
R56 along the straight section is also not suﬃcient for further transformation of existing energy
modulation into new density modulation. On the contrary, it leads to a smearing out of the
previous existing energy modulation. The result for the Vlasov based method conﬁrms the
behaviour of the gain for simulated studies. For wavelengths smaller than 100 μm, the value of
the gain equals still one. For wavelengths longer than 100 μm, the value of the gain is slightly
below one. Hence, previous wavelengths with a hint of microbunching are suppressed again.
Thus, this analytical method reﬂects the numerical gain result.

(a)

(b)

Figure 5.17: Comparison of the gains based on numerical results (a) and the gains of the analytical based methods (b), element-wise calculation (blue and red) and Vlasov based
calculation (green and orange), at KP 2 (end of straight section).

An apparent eye-catching result is the gain based on the element-wise calculation, see
Fig. 5.17b blue curve. Due to the lattice structure of the straight section (no dipoles), there
is no diﬀerence between the contribution of LSC induced gain and the sum of LSC and CSR
induced gain. Similar to the ﬁrst section, the gain also hints towards further microbunching here.
The element-wise gain calculation does not include the development of energy spread during
the passage through the recirculator. It uses the initial intrinsic energy spread for each element.
Since the development of the energy spread up to sections entrance can only be computed approximately in analytical calculations, a value for the initial energy spread for each element has
to be assumed. The assumed value for the initial energy spread used in the presented analytical
calculations is equal to the ﬁrst initial energy spread of about 10 keV. This assumption leads
to high gain value for the analytical element-wise calculation. It is possible to accumulate an
energy modulation at the end of the ﬁrst section to estimate the impact for the element-wise
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gain in the straight section according to [11]:
Δγm (k0 )
I0
=
b0 (k0 )
IA



L

ds
0

4π Z (k0 , s)
.
Z0

(5.4)

Figure 5.18 depicts this energy modulation amplitude as a function of the wavelength, normalized by the initial shot noise of the particle distribution. For the investigated wavelength range,
a negative increasing energy modulation amplitude for shorter wavelengths is computed. Thus,
the energy modulation for shorter wavelengths is higher than the used energy spread for the gain
calculation. Including this fact, the element-wise gain would be much smaller than presented in
Fig. 5.17b. It would correlate indeed to the Vlasov based method and the numerical gain results.
However, as the initial bunching b0 (k0 ) is unknown in the analytical element-wise calculation,
a direct computation of the gain calculated this way is not presented here.

Figure 5.18: Energy modulation amplitude normalized by the initial bunching b0 as a function
of modulation wavelength for the electron bunch at the end of the ﬁrst section.

Figure 5.19 presents the results of the gain calculation at the end of the third section, directly
in front of the re-entrance into the linac. The numerical gain shows a suppression in a small region
from 20 μm to 300 μm. Gain in this range, which correlate to the wavelength range at KP 1, are
suppressed ﬁnally. Interestingly, the gain determined by the numerical calculation can not be
reﬂected by one of the analytical methods, just similar to the ﬁrst key position. The element-wise
calculation shows suppression in the LSC gain curve (blue line in Fig. 5.19b), while the results of
the Vlasov based gain correlate only to the range of smaller wavelength (λ < 20 μm), even when
a suppression and a small hint of microbunching exists for the Vlasov based gain calculation. The
wavelength range from 20 μm to 300 μm, where the simulated results exhibit an suppression of
microbunching, can be reﬂected only approximately for both analytical gain calculation methods.
Consequently, bERLinPro is an ERL facility with no increasing microbunching instability.
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(a)

(b)

Figure 5.19: Comparison of the numerically calculated gain (a) and the gains obtained from
analytical calculations (b) [blue and red for element-wise gain calculation and green
and orange for Vlasov based gain calculation] at KP 3 (in front of linac re-entrance).

5.2 Straight section with additional FODO lattice
This section is devoted to the possibility of microbunching ampliﬁcation in the free lattice
section. The bunch shape in standard operation mode of bERLinPro can be described as a
pencil beam, where the longitudinal bunch length is much bigger than the transverse bunch
size. According to references [41] and [70], the 1-D model for the longitudinal space charge
impedance is valid for a pencil beam. In 1-D model, the impedance reaches its maximum value
for a particular wavelength. Thus, the LSC-driven microbunching has its maximal value for this
wavelength. Fig. 2.17 shows the maximum impedance value for the 1-D case for ξb ≈ 1. Since
ξb depends on the transverse size rb , which in turn depends on the position along the straight
section, the wavelength with the maximum impedance value varies. The smallest wavelength
for the maximum 1-D LSC impedance amounts to about λ ≈ 22 μm after ∼ 8.5 m along the
straight section. For all other transverse cross sections along this section, the value increases up
to λ ≈ 44 μm. Note that the resolution of microbunching wavelengths for the ASTRA simulation
presented in this work is limited by the number of grid cells, and also by the fact that for optimal
simulations, the grid cells should contain a certain number of particles. The presented studies
have a minimum wavelength resolution of λ ≤ 3 μm.
Questions which arise concering the microbunching ampliﬁcation are: Is the charge density of
the pencil beam high enough to achieve a signiﬁcant energy modulation and is the “natural” R56
in the straight section big enough to transform the energy modulation into a density modulation?
Or rather: How can a high gain be achieved in the straight section?
From the discussion in Section 2.3 one can conclude that a charge density as high as possible
is beneﬁcial for a high gain. Keeping the given longitudinal bunch length and the total charge
ﬁxed, there is only one way to obtain a higher charge density. The beam cross section has to be
reduced. For this aim, a FODO lattice in the straight section is most suitable.
In the FODO structure, an average value has been chosen for the transverse cross section
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(a)

(b)

Figure 5.20: Comparisons of the standard bERLinPro beam cross sections excluding and including a 12.5 cell FODO structure, schematically shown as blue structure inside the
lattice on top of each graph are depicted. To investigate the merit of a FODO
structure as a mean for microbunching ampliﬁcation in bERLinPro, a FODO lattice consisting of 25 10 cm long quadrupoles each with a k-value of 25 m−2 , has been
included into the bERLinPro lattice. Subﬁgure 5.20a presents the beam cross section, calculated excluding space charge forces, while Subﬁg. 5.20b shows the cross
section, calculated including space charge forces for exactly the same lattice. Note
that the diﬀerences in the betatron oscillation amplitudes between both cases result
in a matched FODO in (a) respectively in an not well matched FODO in (b).
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of about σx,y ≈ 85 µm. The given bERLinPro lattice and bunch parameter set some limiting
conditions to the structure leading to a 12.5 FODO-cell structure placed in the free drift, which
are surrounded by two guiding quadrupoles respectively (coloured purple in Fig. 5.20). The
length of one FODO cell amounts to lF ODO = 80 cm, which contains quadrupoles with a length
lQP of 10 cm and a focusing strength of k = 25 m−2 each. The guiding quadrupoles are also of a
length lQP of 10 cm with a focusing strength k of about −2.98 m−2 for first and last quadrupole
and a focusing strength k of about −5.93 m−2 for second and third quadrupole.
Figure 5.20 depicts the analytically computed beam cross section for the standard operation
mode (dotted lines) and for bERLinPro with the additional 12.5 FODO-cell structure (solid
lines) excluding (Fig. 5.20a) and including (Fig. 5.20b) space charge forces. In order to utilized
the FODO lattice, the beam optics have to be matched. For this, the strength of two added
defocusing quadrupoles (coloured purple in Fig. 5.20) and the last two existing quadrupoles of
the first arc’s achromatic system have to be matched. The matching process is performed with
the program elegant. Thereby, the quadrupole strengths of the two quadrupoles described above
is increased by a factor of about 10.
Including the space charge forces, the additional FODO lattice seems not to be well matched
although the lattice is well matched when the space charge forces are not taken into account.
In general, it is possible to match the lattice including space charge forces. In order to achieve
this, one needs to match every single quadrupole successively. Note that the FODO lattice is
only matched for a specific bunch charge and bunch length. For small differences in the initial
conditions, the lattice has to be rematched again. This permanent re-matching is time consuming.
As the differences in the beam size are rather small, not-well matched FODO lattices including
space charge forces seem acceptable and are used in presented studies.

5.2.1 Analytical results
Figure 5.21 presents the result of the analytical impedance calculation (LSC + CSR) for standard
mode of bERLinPro including the FODO lattice. The additional optics changes the contribution
of the 1-D LSC impedance in the straight section, which is best visible in the top view (see Fig.
5.21b) due to the light blue color, compared with Fig 5.1. One can see where the FODO-cells
initiate and end their contribution. The light blue region shows that the wavelengths with maximum impedance exist in the middle of the investigated wavelength range (9 µm to 100 µm).
Compared to the analytical impedance calculation of nominal bERLinPro recirculator, (shown
in Fig. 5.1) the 1-D ZLSC in this case amounts to about a fourth of the total maximum impedance value. Thus, in a wavelength range from 9 µm to 100 µm, the contribution of the ZLSC
is comparable to the contribution of the ZCSR . Since the sum of impedances (LSC + CSR) in
Fig. 5.21 are depicted versus the uncompressed wavelengths as discussed in Subsection 5.1.1,
the compression factor of 2.5 needs to be taken into account for comparison with the 1-D theory. Thus, the final wavelength range with maximum impedance values amounts from 9 µm/2.5
to 100 µm/2.5. The wavelength range with maximum ZLSC value is extended towards longer
wavelengths, as expected for a broad band impedance in combination with an electron bunch
of an average cross section of about σx,y ≈ 85 µm. According to Venturini [41], the main LSC
impedance is achieved for ξb ≈ 1 (see Section 2.3.2) in the 1-D model. This corresponds to a
wavelength of 9 µm for a bunch cross section of 85 µm and 50 MeV beam energy.
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(a)

(b)

Figure 5.21: Analytical impedance (LSC + CSR) as 3-D view (a) and as top view (b), including
a matched FODO lattice in the straight section of the bERLinPro recirculator.
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(a)

(b)

Figure 5.22: Analytical element-wise gain calculation as 3-D view (a) and as top view (b) of
bERLinPro including a matched FODO lattice.
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(a)
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Figure 5.23: Analytical gain calculation based on linearised Vlasov Equation as 3-D view (a)
and as top view (b), including a matched FODO lattice.
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The increase of the longitudinal space charge impedance due to the FODO structure in the
straight section does not have a significant effect on the calculated element-wise gain, depicted
in Fig. 5.22, as was expected. Only at entrance and exit of the additional optics, a small increased contribution to the gain for a wavelength range of about 600 nm to 20 µm is observed
(Fig. 5.22b). But the values for the gain remain below one and thus the gain is still suppressed.
The utilization of the additional FODO lattice on its own does not lead to the desired microbunching amplification. For this, also an optimisation of R56 value is needed, which will be discussed
in the next section. The microbunching at wavelengths around 6 µm, which delivers a contribution to the total gain, is mainly caused by ZCSR in the second arc. Furthermore, the biggest
gain along the second arc at position s ≈ 45 m is caused by the last dipole. These maximal gain
value, coloured light lemon green, is increased in comparison to the standard operation mode.
But the values are still below one. Any possibly amplified microbunch will be smeared out in
the second arc.
Figure 5.23 shows the results for the Vlasov Equation based gain calculation. It can be observed
that the including the FODO structure causes a stable gain contribution for long wavelength
range (100 µm to 1 mm). The values increase from a maximum about 7 for a small wavelength
range in the middle of the straight section in the standard operation mode to about 9 for
the entire FODO optic. Due to this change, the gain contributions along the following second
arc lattice are also changed. For example, at position s ≈ 40 m (second dipole of second arc),
the maximal gain of the standard operation mode is at the wavelength range of about 600 µm
to 1 mm. Including the FODO lattice, the maximal gain values are extended towards shorter
wavelengths ranging from about 400 µm to 1 mm. Indeed, the linearised Vlasov Equation is based
on the perturbation theory, which is only valid for small perturbation and thus, the interval of
validity for the results is left very quickly. So, the values for the gain based on this theory are
too high. Also, the maximal gain values are given for long wavelengths. The general behaviour of
the gain is still valid and should not be neglected. In conclusion there seems to be an indication
for an microbunching amplification.

5.2.2 Simulation study with FODO cells for the standard operation mode
In order to clarify whether the chosen FODO lattice provides an indication of microbunching
amplification for different charges, and whether the “natural” R56 is sufficient to transform the
energy modulation in density modulation, additional simulation studies have been performed.
For simulation studies, the total charge of the particle distribution which enters the FODO
structure has been changed, while the particle number, coordinates and momenta are the same
as in the case with nominal charge. The utilized charges are besides the nominal value q = 77 pC,
q = 38.5 pC and q = 154 pC. For each charge-case, the same FODO lattice was utilized, which
has been described in the last section. As discussed before, in principle, quadrupoles have to be
matched successively for each case. However, assuming that the changes in the beam size are
not significant, the successive matching has been foregone. Figure 5.24a depicts the transverse
beam size for q = 77 pC. The transverse beam size slightly differ for the other both charges. The
different bunch charges can be best seen from the current profiles in Fig. 5.24c. According to
charge for the same bunch length the peak current increases for the case with the double charge
value (q = 154 pC, blue curve) or decreases for the half charge value (q = 38.5 pC, green curve).
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For all three charges, a space charge driven energy modulation develops along the free FODO
section. Figure 5.24b shows the longitudinal phase space after a distance of s = 11.43 m, where
the diﬀerent energy modulation of the three cases is visible. Passing 8.5 FODO cells, the bunch
with q = 154 pC (blue) has the strongest energy modulation, followed by the bunch with q =
77 pC (red). The smallest energy modulation amplitude possesses the bunch with q = 38.5 pC
(green). The charge density is crucial for diﬀerent energy modulation amplitudes.

(a)

(c)

(b)

(d)

Figure 5.24: Figure 5.24a shows the rms transverse beam size for the bunch with q = 77 pC
along the FODO section. Fig. (b) shows the longitudinal phase space, while (d)
shows the corresponding bunch form factor and (c) shows the current proﬁle after
s = 11.43 m (8.5 FODO cells) for three diﬀerent bunch charges: 77 pC (red), 38.5 pC
(green) and 154 pC (blue).
The results of the corresponding bunch form factor are most interesting which represents the
eﬀective density modulation. The “natural” R56 along the free FODO section seems suﬃcient
for the transformation of energy modulation into density modulation even for the lowest charge
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of 38.5 pC as shown in Fig. 5.24d. The density modulation is stronger for small amplitudes
of energy modulation (see the green line: q = 38.5 pC bunch) than for big energy modulation
amplitudes (see the blue line: q = 154 pC bunch). Thus, R56 suppresses microbunching.
Because the “natural” positive R56 does not transform energy modulation into an ampliﬁcation
of density modulation, it seems beneﬁcial to add a small section with small negative R56 , for
example a small chicane built with small dipoles called steerer to apply a suitable R56 value. On
the other hand even the ﬁrst dipole of the second arc will transfer the energy modulation into
higher density modulation amplitudes. Thus deﬁnitely more microbunching can be expected in
a particular position along the second arc. If a small additional dipole chicane is used the change
of R56 in terms of the recirculator must not be too large. How big does the R56 have to be, in
an acceptable level, for a better transformation? With the help of Eq. (5.1), this question can
be answered.

(a)

(b)

(c)

(d)

Figure 5.25: Average BFF in the case of standard operation mode for various R56 (box in the
ﬁgures) at diﬀerent positions along the straight section are shown. The positions
are right behind (a) s = 11.43 m (8.5 FODO cells), (b) s = 12.7 m (10 FODO cells),
(c) s = 13.97 m (11.5 FODO cells) and (d) s = 15.24 m (12.5 FODO cells + 1
additional defocussing quadrupole) within the straight section.
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Using the statistical runs’ average of standard bunch with a charge of q = 77 pC, the average
BFF can be calculated for diﬀerent R56 values. Fig. 5.25 depicts bunch form factors for various
R56 at diﬀerent positions along the FODO structure. The results for the diﬀerent positions do
not diﬀer substantially, but the diﬀerences are not negligible. All four results show that with
increasing R56 , the microbunching amplitudes of the wavelength range from 10 μm to 100 μm
increase. The eye-catching, very broad peak between λ ≈ 20 μm and λ ≈ 75 μm points to
maximal ampliﬁcation of microbnching. From position s = 11.43 m (Fig. 5.25a) to position
s = 13.97 m (Fig. 5.25c), the microbunching amplitudes increase even if not in a linear manner
for all wavelengths. For a small range from 4 μm to 11 μm, the highest R56 values cause more
microbunching ampliﬁcation, while the lower values are rather ineﬀective. The values in this
range are not as high as the broad peak, but the whole range exhibits the same value. The
change of R56 seems to aﬀect the BFF values for a wavelength range from 100 μm to 300 μm
slightly, while longer wavelengths are unaﬀected. One step further at position s = 15.24 m
(Fig. 5.25d), the BFF values still increase for predominant wavelengths. This is a good example
to see how susceptible the microbunching process induced by space charge forces is. Figure 5.26
depicts the gain at s = 13.97 m and passing a small dispersive chicane with R56 = 2 mm. The
strongest ampliﬁcation of microbunching is in the middle of the wavelength range. Thus, it is
possible to amplify microbunching for the middle wavelength range in standard operation mode
with the aid of a combination of FODO lattice and small steerer chicane.
To use the LSC driven microbunching instability in bERLinPro, R56 and transformation position have to be chosen according to the speciﬁcation of which wavelength respectively wavelength
range should be ampliﬁed.

Figure 5.26: Averaged simulated gain for 25 bunches in the standard operation mode right behind s = 13.97 m, and passing a small dispersive chicane with R56 = 2 mm. This
correspond to case of R56 = 2 mm in Fig. 5.25c.
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5.3 Analytical results for short pulse modes in bERLinPro
A short pulse mode for bERLinPro is planned but the configurations of the SRF cavities, quadrupoles and sextupoles in the corresponding recirculator lattice are subjects to ongoing investigations and not part of this thesis. Since under these circumstances start-to-end simulations for
the recirculator arcs were not possible, the short pulse mode is mainly considered analytically.
It is planned to compresses the electron bunch down to about σz ≈ 200 fs. Thus, the charge
density is increased. Such a short bunch at the exit of the first arc can be obtained with different
settings. On the one hand a standard-bunch from the injector - generated with the standard
settings - can be accelerated at a different cavity RF phase in the main linac. Thus the bunch
enters the recirculator with a bigger energy chirp and is consequently stronger compressed in the
first arc. On the other hand the configuration of the injector can also be readjusted in order to
generate a shorter bunch, which then enters the main linac on a standard RF phase. This case
of the shorter incoming bunch seems a more reasonable approach. Nevertheless both possible
scenarios are discussed in the following.

5.3.1 Standard initial bunch length - stronger compression
Analytical gain calculations for a bunch which passes through the injector lattice with the
same configurations as the standard operation mode are discussed first. In this case electron
distribution needs to be accelerated by a different phase of the SRF cavity, so that the bunch
exits the main linac with a stronger energy chirp than in the standard operation mode. Thus,
while passing the first arc, the bunch is compressed to the desired bunch length.
High charge case
The corresponding values for the initial beta matrix in this scenario are assumed to be βx =
βy = 3 m, αx = αy = 0.5, γx = γy = 5/12 m−1 , βz ≈ 4.0327 m, αz = 30.1058 and γz = 225 m−1 .
The values for the emittances are the same as in the standard operation mode, namely h = v =
7.98 × 10−9 m rad and l = 5.8324 × 10−7 m MeV. The charge per bunch is 77 pC, this mode of
operation is termed high charge case in this study.
As shown in Fig. 5.27, for short pulse mode the bunch is stronger compressed compared to
the standard operation mode because of the 1.5 times higher energy chirp. Due to the fact that
the reciruclator lattice is not matched for this case and because of the higher energy chirp, the
“short pulse” bunch is over-compressed respectively over-decompressed at the entrance and the
exit of the second arc as depicted in Fig 5.27a. Also the transverse bunch dimensions overstep
somewhat the reasonable parameter limits (Fig 5.27b).
The 1-D model for the analytical calculation of the gain as described in [11] and [70] is based
on its application to a well defined structure consisting of a transport line and a sub-sequential
bunch compressor. Within this analytical description the energy deviation is split into energy
chirp and energy spread. While the energy spread (σδ ) enters the exponential function, see Eq.
(2.51), the energy chirp is utilized for the description of the compression (expressed by the
compression factor C (s)) as a mathematical straight line in the phase space. When this model
is expanded to an entire accelerator, for example the bERLinPro recirculator, this approach can
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(a)

(b)

Figure 5.27: Analytically calculated longitudinal (a) and transverse bunch dimensions (b) for the
short pulse mode (chirp = 380 keV/σz ) in comparison with the standard operation
mode (chirp = 240 keV/σz ).

lead to an artiﬁcial over-compression. During the compression, the particle ensemble rotates in
the longitudinal phase space. Accordingly in the utilized approach the energy chirp - i.e. the
mathematical straight line, which has no width - rotates in the phase space as well, passing thus
through a zone, where its z-projection is much shorter than a realistic case - i.e. a case including
the proper energy spread - would yield. This manifests itself in the analytical results with a
negative and thus not physical wavelength. Therefore, in the presented work, when this model
is applied for an entire recirculator, a minimal bunch length corresponding to the actual energy
spread is assumed for the over-compression cases.
The space charge forces within the short pulse with a charge of 77 pC are much stronger than
for the standard pulse. Because of the stronger space charge defocussing forces caused by the
high peak current of the shorter bunch, the transverse cross sections σx and σy are also larger
(see Fig. 5.27b). The longitudinal space charge impedance has its maximum at ξb = 1 as discussed in Subsection 2.3.3. ξb in turn depends on the beam cross section, thus the corresponding
wavelength for the maximum impedance shifts towards higher values.
The results of impedance calculations are depicted as a function of initial microbunching wavelengths in Fig. 5.28. This way the connection between initial microbunching amplitude and
impedances can be easily tracked for the gain at each wavelength. However, presenting the impedances as functions of initial, thus uncompressed wavelengths, hides the eﬀect of compression in
the arc. Would one measure the impedances at a given position along the recirculator, the compression factor at this position would take eﬀect, leading to a compression of the wavelengths.
Therefore, the impedance values, measured in the straight section, would occur for wavelengths
compressed by a factor of about 20. For example, for the smallest transverse size along the
straight section, which occurs at s ≈ 23.5 m the ZLSC reaches its maximum at λ ≈ 550 μm. The
maximal transverse size occurs at s ≈ 32.2 m where the wavelength with the maximal ZLSC is
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λ ≈ 1.6 mm. Dividing 550 μm and 1.6 mm by the compression factor 20, one obtains 27.5 μm
and about 80 μm see Figs. 5.28a and 5.28b.

(a)

(b)

(c)

(d)

Figure 5.28: Analytical calculations of the LSC and CSR impedances for the high charge case
of the ﬁrst short pulse mode conﬁguration for bERLinPro depicted as 3-D view
((a) and (c)) and as top view ((b) and (d)). The red and yellow color in (a) and
(b) represent the maximum values of LSC Impedance. The maxima are distributed
in a curved form along bERLinPro recirculator. (c) and (d) show the sum of the
microbunching driving impedances (LSC + CSR). The contribution of the CSR
impedance in the bERLinPro arcs is clearly dominant.
In general the impedance values for all lattice elements are in a normal range which can be
expected from comparison of bunch sizes of the short pulse and the standard operation mode.
The maximum values of the LSC impedance are coloured orange and red in Figs. 5.28a and
5.28b. In the straight section the maximal values are located in the ﬁrst half of the recirculator,
where the beam cross sections have their minimum, and are obtained for longer (uncompressed)
wavelengths as discussed before. Due to the compression of the bunch the maximal values are
distributed as a kurtosis from the middle wavelength range to long wavelength range along
bERLinPro. Due to the compression very high values for LSC + CSR impedance occurs in the
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dipoles (see Fig. 5.28d) surrounding the straight section.
In this conﬁguration for short pulse operation the CSR based impedances dominate the LSC
impedance, see Fig. 5.28c. The biggest diﬀerence to the standard operation mode (see Fig. 5.1)
lies in the contribution of the sum impedance LSC + CSR in the arc dipoles, which surround
the straight section. In standard operation mode the impedance values for the ﬁrst dipole of
the second arc are much higher than the values in the last dipole of the ﬁrst arc. For this short
pulse mode conﬁguration the maximum impedance values at both dipoles seem to be similar.
This is because the bunch is already very short at the entrance of last dipole of the ﬁrst arc. At
the position of the ﬁrst dipole in the second arc the eﬀect of artiﬁcial over-compression had to
be treated according to the discussion above.

(a)

(b)

(c)

(d)

Figure 5.29: Analytical calculations of the element-wise gain ((a) and (b)) and gain based on the
linearised Vlasov Equation ((c) and (d)) for high charge case of the ﬁrst proposed
short pulse mode conﬁguration in bERLinPro are depicted as 3-D view ((a) and
(c)) and as corresponding top view ((b) and (d)).
Microbunching gains for this short pulse conﬁguration are depicted in Fig. 5.29. For short
pulse mode, the Vlasov Equation based gains show higher values compared to the standard
operation mode. They are also higher towards longer wavelengths, compared to the element-wise
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calculated gains. Interestingly, in Fig. 5.29 the highest gain values arise for the element-wise gain
calculation and not for the Vlasov Equation based gain calculation. The results for the elementwise gain calculation show a big micobunching amplitude for wavelengths about 0.6 μm to 2 μm
at s ≈ 15 m with a maximal value of about 40 for the last dipole in the ﬁrst arc. This has its origin
in an ampliﬁcation due to the CSR impedance leading to an CSR induced microbunching for
this wavelength range, which could be further ampliﬁed in the straight section with a suitable
additional lattice. In the second arc the next small gain maximum with values of about 10
appears at the ﬁrst dipole for a wavelength range from about 10 μm to 30 μm. The maximal
values are distributed as a periodic spiky structure. The element-wise gain values for all other
lattice elements, both in the straight section and the second arc, are not high enough for further
ampliﬁcation of microbunches. So even strong induced microbunches will smear out. The results
of the Vlasov Equation based gain calculation gives a hint of microbnuching ampliﬁcation only
for the middle of the ﬁrst arc. For the main investigated wavelength range along the recirculator
there is neither an ampliﬁcation nor a suppression of microbunching visible. The maximal gain
values in the straight section, coloured turquoise to red in Figs. 5.29c and 5.29d, for wavelengths
about 800 μm to 1 mm correlate to the length of the electron bunch.
Low charge case
Operating the short pulse mode by starting with nominal bunch length from the injector and a
charge of about 77 pC can entail some problems, for example emittance growth or the growth
of non-linear energy deviation due to CSR eﬀect in the arcs, which can also cause problems
for the energy recovery process. To avoid these eﬀects the bunch charge can be reduced, for
example down to 7.7 pC. This mode of operation is termed low charge case here. Figure 5.30
depicts longitudinal and transverse bunch sizes and by comparison one can see diﬀerences for
two charge cases 77 pC and 7.7 pC. Due to the charge reduction in low charge case the “short

(a)

(b)

Figure 5.30: Analytically calculated longitudinal (a) and transverse bunch dimensions (b) for
the short pulse mode with two diﬀerent bunch charges.
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pulse” behaves similar to the bunch in the standard operation mode, although the recirulator
lattice is not matched for the short pulse mode. Considering, the decompression of the bunch in
the second arc shown in Fig. 5.30a, it can be concluded that the artiﬁcial over-decompression is
also avoided in the low charge case. Of course the transverse beam sizes in the straight section
do not expand strongly due to the weaker space charge force, as it is shown in Fig. 5.30b.

(a)

(b)

(c)

(d)

Figure 5.31: Analytical calculations of the LSC and LSC + CSR impedances for low charge case
of the ﬁrst short pulse mode in bERLinPro depicted as 3-D view ((a) and (c)) and as
top view ((b) and (d)). (a) and (b) show only longitudinal space charge impedance
along the recirculator. The red and yellow color represent the maximum values of
LSC Impedance, which are distributed in a curve form along bERLinPro. (c) and
(d) show the sum of the microbunching driving impedances, LSC and CSR. The
contribution of the CSR impedance in the bERLinPro arcs is dominant.
Not only the transverse and longitudinal sizes of the low charge charged beam behave similar
to the standard operation mode, also the LSC impedances are alike. Of course the compression
factor is still the same, thus the wavelength for LSC impedances are shifted towards longer
wavelengths, see Fig. 5.31. The maximal values in the straight section appear at approximately
s ≈ 26 m, in the section’s middle. Also the maximal values at start and end of the recirculator
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are very similar to the values in the standard operation mode. A discrepancy between the
low charge case and standard operation mode occurs for the development of the sum of the
impedances LSC + CSR. Because the same strong compression as for the high charge case is
applied, the maximal CSR impedances for the dipoles increase up to 1200 Z0 /m. Therefore, the
main impedance contribution is caused by CSR similar as in the high charge case. This had
been expected. The bunch charge aﬀects the space charge force, which in turn aﬀects also the
transverse bunch size rb . The transverse bunch size enters only the LSC impedance calculations.
Thus none of the parameters for the CSR impedance calculation have been changed.

(a)

(b)

(c)

(d)

Figure 5.32: Analytical calculations of the element-wise gain ((a) and (b)) and the gain based
on the linearised Vlasov Equation ((c) and (d)) in slices for low charge case of the
ﬁrst short pulse mode in bERLinPro depicted as 3-D view ((a) and (c)) and as
corresponding top view ((b) and (d)) are presented.
Figure 5.32 depicts the results of the gain calculations for the low charge case of the ﬁrst short
pulse mode conﬁguration. The calculated values are reduced compared to high charge case for
both gain calculation methods. So the decrease of the gain is the result of the reduced current
density for the low charge case. However, the factor between both charge cases is ten, but the
ration between gains of high charge and low charge case is much lower for Vlasov based gain.
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Thus there is no linear relationship between the impact of the charge on the space charge force
and the results of Vlasov Equation based gain calculation.
The element-wise gain calculation shows, beside the general decrease, a small difference for the
gain values of the last dipole of the first arc. Here for very small wavelengths the maximal gain
value seems not to have been achieved. Nevertheless, with the achieved gain value of about 4 it
is possible to amplify microbunching for very small wavelengths. This preview for the straight
section shows a potential of growing energy modulation. But the combination of charge density
and R56 in the straight section is not strong enough to amplify microbunches significantly. The
increased gain value with a periodic structure of the first dipole of the second arc is also an
interesting feature. Even though the calculated gain value is only somewhat above one and thus
not satisfying.
The Vlasov based gains show also an interesting picture. The contribution of the ZLSC based
gain values, good to see for the straight section, has been decreased from 3 (77 pC) to 1.5 (7.7 pC).
The gains in the straight section still correlate to the bunch length. The strongest LSC + CSR
contribution in the first arc appears at the second dipole with a value of about 2.5. Between
the second and the third dipole the LSC based Gain is more than a half (1.5) of the dipole
contribution. In this short section of the arc the combination of charge density and R56 seems
to be good enough to transform the energy modulation into an increasing density modulation.
The result can be seen in the third dipole. Here the gain (Fig. 5.32d) shows an alternating
amplitude of microbunching in the wavelength range of 80 µm to 500 µm. The last dipole of the
first arc seems to give a contribution to the gain only for long wavelengths, which correlate to
the bunch length as well. For the second arc only the second and third dipole give considerable
contribution to the gain. Increased amplitudes appear now in the range of longer wavelengths
compared to the first arc. Due to the decompression of the electron bunch in the second arc the
corresponding decompressed microbunches are suppressed at the end of the recirculator. The
decompressed wavelengths in the range of about 4 µm to 30 µm are coloured dark blue in Fig.
5.32d.

5.3.2 Starting with a short bunch - moderate compression
An expedient option to produce a short bunch in the straight section is to generate a bunch
shorter than the nominal bunch from the cathode and pass it through the injector. This bunch
does not need to be as short as planned for the short pulse mode, because it also can be
compressed in the first arc. However the arc compression in this case is not strong as depicted in
Fig. 5.33a. As the compression is moderate, some of the unwanted non-linear effects for example
emittance growth can be reduced. Furthermore an electron bunch, which is shorter from the
beginning, does not needs a strong energy chirp to be compressed down to the desired rms
bunch length of about σz = 60 µm (σt ≈ 200 fs).
High charge case
For the analytical calculation presented in Fig. 5.33 the initial transverse Twiss parameters (βx =
βy = 3 m, αx = αy = 0.5, γx = γy = 5/12 m−1 and emittances h = v = 7.98 × 10−9 m rad)
assumed also for the standard mode have been used. The longitudinal Twiss parameters are
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chosen to be βz = 19.8 m, αz = 4.0327 and γz = 97.463 m−1 . They provide a factor six shorter
bunch at the linac exit in combination with a longitudinal emittance of l = 1.45 × 10−7 m MeV.
A further compression occurs during passage through the ﬁrst arc, so that the bunch is about
60 μm long at the exit of the ﬁrst arc. Figure 5.33b depicts the transversal beam cross section
along the recirculator for the high charge case. Because the lattice is not matched for a short
pulse mode the transverse cross sections do not agree with the beam cross section of the standard
operation mode, especially in the second arc.

(a)

(b)

Figure 5.33: Analytically calculated longitudinal (a) and transverse bunch dimensions (b) for
second short pulse mode case (chirp = 124 keV/σz ) in comparison with the standard
operation mode (chirp = 240 keV/σz ). The bunch charge is 77 pC.
Figure 5.34 shows the LSC and LSC + CSR impedances for high charge case. Also for this
second short pulse conﬁguration the CSR impedance contribution is dominant. Because of the
moderate compression factor the maximal values of LSC + CSR impedances for the dipoles have
smaller maxima up to above 700 Z0 /m. Also “the virtual arc” of the maximal LSC impedance
values along the recirculator, which are coloured yellow-green to red in Figs. 5.34a and 5.34b,
is not as pronounced as for the ﬁrst short pulse conﬁguration. The maximal values for LSC
impedance in the straight section are located only in the ﬁrst half. This correlates of course
with the smallest transverse beam size rb at about s ≈ 25 m as it can be seen in Fig. 5.33a. The
highest impedance value of about 60 Z0 /m is located at the beginning of the recirculator. Along
the ﬁrst arc the maximal value of the impedance is reduced by a factor of two. Only for the ﬁrst
and the last dipole in the second arc similar impedance values occur. The LSC impedance value
at the end of the recirculator is lower than at the beginning. This behaviour is similar to the
high charge case of the ﬁrst conﬁguration for short pulse mode.
The gains based on the sum of impedances (LSC + CSR) using both calculation methods for
high charge case are presented in Fig. 5.35. The maximal element-wise gain value of somewhat
above 10 is located at the last dipole of the ﬁrst arc for a range of wavelengths from 4 μm to 20 μm
as it is expected for short pulse mode. Also during the compression in the ﬁrst arc the analytical
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(c)
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Figure 5.34: Analytical calculations of the LSC and CSR impedances for high charge case of
the second short pulse mode in bERLinPro depicted as 3-D view ((a) and (c)) and
as top view ((b) and (d)) are presented. (a) and (b) only show longitudinal space
charge impedance along the recirculator. The red and yellow color represents the
maximum values of LSC Impedance. (c) and (d) show the sum of the microbunching
driving impedances, LSC + CSR. The contribution of the CSR impedance in the
bERLinPro arcs is dominant.
element-wise gain calculation shows an ampliﬁcation value about 7.5 for microbunches of small
wavelengths about 1 μm to 7 μm. In the second dipoles of the ﬁrst arc, the amplitude of microbunches in a wavelength range from 10 μm to 40 μm are somewhat ampliﬁed. The element-wise
gain for the ﬁrst dipole of the second arc shows also a somewhat ampliﬁed microbunching, with
gain of 4, for a wavelength range of about 30 μm to 300 μm. These gain values are distributed as
a periodic spiky structure mirroring the microbunching. Altogether the microbunches ampliﬁed
during the passage through the ﬁrst arc seem to be smeared out in the straight section and the
microbunches ampliﬁed along the second arc seem also to be smeared out behind it.
The Vlasov Equation based gain calculation displays two recirculator elements which generate
the main microbunching ampliﬁcation. The impedance in the arc dipoles which surround the
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(b)

(c)

(d)

Figure 5.35: Analytical calculations of the element-wise gain ((a) and (b)) and the gain based
on the linearised Vlasov Equation ((c) and (d)) in slices for high charge case of the
second short pulse mode in bERLinPro depicted as 3-D view ((a) and (c)) and as
corresponding top view ((b) and (d)) are presented.
straight section are responsible for the high gain values of about 130. Both, the maximal gain
values for the dipoles and the lower gain value for the straight section correspond to the bunch
length. The compression factor is about 3 here, so that the diﬀerence between uncompressed
and compressed wavelengths is about a factor of 3 and does not change qualitatively this result
strongly. Thus the Vlasov Equation based gain calculation shows the emission of coherent synchrotron radiation from the very short electron bunch for a range of long wavelengths (100 μm
to 1 mm). High gain values occur also at the positions of the central dipoles in the ﬁrst arc. In
contrast to the ﬁrst short pulse conﬁguration, where for each element along the centre of the
ﬁrst arc similar gain values are calculated, the maximal gains in this conﬁguration are clearly
located only at the dipoles. This hints towards CSR impedances. Interestingly during the passage through the second arc there is no visible suppression or ampliﬁcation of microbunching
in central part of the lattice. This might be caused by a combination of the dispersive coupling
between transverse and longitudinal phase space and the bunch length decompression in the
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dipoles. Both change the eﬀective bunch length and thus the bunch current. Only at the last
arc dipole microbunching amplitudes in a wavelength range from 3 μm to 40 μm are ampliﬁed.
In the range of very short to medium wavelengths no further suppression occurs.
Low charge case
Also for the second short pulse conﬁguration a low charge case with q = 7.7 pC has been analysed.
Fig. 5.36 depicts the development of the rms bunch length and the rms beam cross sections for
the low charge case in comparison to the high charge case. Also for the low charge case of
the second short pulse mode σx , σy and σz mirror the rms bunch dimensions of the standard
operation mode, as it was observed for the low charge case of the ﬁrs short pulse conﬁguration.
This is even the case for an not well matched “short pulse mode lattice”. Due to the moderate
compression of the initially shorter bunch and thus the moderate decompression during the
passage through the second arc (see Fig. 5.36a) the artiﬁcial over-compression is avoided for the
7.7 pC-bunch. Additionally, because of the reduced charge and thus weaker space charge force
the transverse beam sizes do not increase.

(a)

(b)

Figure 5.36: Analytically calculated longitudinal (a) and transverse bunch lengths (b) for the
short pulse mode (chirp = 124 keV/σz ) with two diﬀerent charges.
The impedance results for the second shot pulse conﬁguration with low charge are depicted in
Fig. 5.37. Due to the moderate compression, which is similar to the standard operation mode,
the results for LSC and LSC + CSR impedance calculation are very alike to the standard
operation mode. For the second short pulse conﬁguration, the LSC impedance in the straight
section reaches a slightly higher impedance value. The maximal values in ﬁrst half of the second
arc are shifted to shorter wavelengths compared to the standard mode, although the compression
factor of the second short pulse conﬁguration amounts to about 3.4 and thus is slightly higher.
The results of the both methods of analytical gain calculations for the low charge case are
presented in Fig. 5.38. Due to the charge reduction, the values of the element-wise gains in
this case are approximately ten times lower than for the high charge case. This can be seen for
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(a)

(c)

(b)

(d)

Figure 5.37: Analytical calculations of the LSC and CSR impedances for low charge case of the
second short pulse mode in bERLinPro depicted as 3-D view ((a) and (c)) and as
top view ((b) and (d)) are presented. (a) and (b) only show longitudinal space
charge impedance along the recirculator. The red and yellow color represents the
maximum values of LSC Impedance. (c) and (d) show the sum of the microbunching
driving impedances, LSC + CSR. The contribution of the CSR impedance in the
bERLinPro arcs is dominant.
example from the gain amplitude of the last dipole of the ﬁrst arc, the gain amplitudes of the
second dipole (in wavelength range from 20 μm to 50 μm) and the third dipole (in wavelength
range from 30 μm to 100 μm) and the gain amplitudes in a wavelength range from 2 μm to 10 μm
for the second dipole of the ﬁrst arc. Although these element-wise calculated gains are reduced
to about the ratio of low charge to high charge case. Some other previously presented maxima
of gain amplitudes are reduced only by a factor of ﬁve, for example the gain amplitude for the
drift directly after the ﬁrst arc for very short wavelengths (about 0.6 μm to 2 μm), the edge of
which is coloured orange in Fig. 5.38a. This is in contrast to the gains for the low charge case
of the ﬁrst short pulse conﬁguration. There are also gain amplitudes which do not occur until
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after the charge reduction: For the third dipole in the ﬁrst arc a gain amplitude for a wavelength
range from 0.8 μm to 8 μm is found. Also for the last dipole of the second arc a gain amplitude
for a wavelength range from 1 μm to 10 μm appears. An interesting change occurs for the ﬁrst
dipole in the second arc. Here two gain amplitudes with diﬀerent shapes are found. The ﬁrst
spiky amplitude occurs for a range of small wavelengths from 3 μm to 20 μm while the second
“smooth” amplitude occurs for a wavelength range from 30 μm to 200 μm. Thus it seems as if
a reduction of charge results in a reduction of ZLSC based microbunching but it supports a
ZCSR based microbunching instability. In spite of all changes in occurrence and behaviour of
gain amplitudes the charge reduction is responsible for an overall microbunching suppression
along the recirculator except for the gain amplitude in the last dipole in the ﬁrst arc. But even
this maximal gain value is only somewhat above one and thus insigniﬁcant.

(a)

(b)

(c)

(d)

Figure 5.38: Analytical calculations of the element-wise gain ((a) and (b)) and the gain based
on the linearised Vlasov Equation ((c) and (d)) in slices for low charge case of the
second short pulse mode in bERLinPro depicted as 3-D view ((a) and (c)) and as
corresponding top view ((b) and (d)) are presented.
Also for the Valsov Equation based gain calculation the results in Figs. 5.38c and 5.38d do
not only mirror the results for high charge case reduced by a factor of ten, while it applies for
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the ZLSC based gain in the straight section and also for the last dipole of the first arc, where
the reduction factor is slightly above ten. For the gain amplitudes of the second and the third
dipoles in the first arc the reduction factor is below ten. Other serious changes occur at the
entrance into the second arc. Especially the first dipole in the second arc has two main gain
wavelength ranges. For the first half of the dipole a small gain amplitude occurs for wavelengths
from 150 µm to 300 µm and a second gain amplitude follows for wavelengths from about 300 µm
to 1 mm. For the second dipole a half of a high peak occurs for wavelengths from 600 µm to
1 mm. In the following second dipole a further but smaller peak occur also for long wavelengths.
The charge reduction encounters a further prominent change in the last dipole of the second
arc. Although the gain amplitude for long wavelengths (500 µm to 1 mm) is reduced by about
ten, the former gain amplitude for the high charge case with a wavelengths range about 600 µm
to 1 mm is missing in this low charge case. At the end of the recirculator microbunches with
wavelengths from about 3 µm to 50 µm are suppressed again.

5.4 straight section with additional FODO lattice - short pulse mode
starting with a short bunch
As discussed before, the amplification of microbunches depends on bunch energy and charge
density. In the short pulse mode the charge density is much higher than in the standard operation
mode. Therefore it is interesting to study the microbunching amplification driven in a FODO
lattice for short pulse mode of bERLinPro. To investigate the impact of the microbunching
instability on a bunch in short pulse mode the same FODO lattice as used for the standard
operation mode has been utilized. This way a direct comparison between both operation modes
with FODO lattice is possible. For a better comparison the low charge case of the short pulse
mode has been used, because some of the properties of its electron bunch are similar to bunch
properties in the standard operation mode. In this section the analytical results for the low
charge case of the second short pulse configuration are discussed. In the next section a numerical
study/survey for the short pulse mode is presented.
Figure 5.39 presents the beam cross sections in the second short pulse configuration including
an additional FODO lattice. As explained before, the 12.5 FODO-cells, each with a length lF ODO
of 80 cm, consists of quadrupoles with a length lQP of 10 cm and a focusing strength k of 25 m−2 .
The earlier specified average transverse cross section of about σx,y ≈ 85 µm is still valid. Because
the space charge forces are considered in the calculation, the FODO lattice seems not to be well
matched anymore. Four more quadrupoles, coloured purple in Fig. 5.39, two in front and two
after the FODO lattice have been used to guide the electron beam into the additional lattice
and back to original bERLinPro recirculator. These guiding quadrupoles are also of a length
lQP of 10 cm with a focusing strength k of about −2.98 m−2 for first and last quadrupole and a
focusing strength k of about −5.93 m−2 for second and third quadrupole.
The influence of the FODO lattice on the impedances are presented in Fig. 5.40. Compared
to a simple drift the ZLSC values are increased by a factor of about 2.5 to 6 because of the
additional FODO lattice, depicted in Fig. 5.40b. The median wavelength of the impedance
maxima does not correspond to the median impedance maxima when excluding the FODO
lattice in the second short pulse configuration. Compared to the ZLSC in the second short
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Figure 5.39: Transverse beam dimensions for a bunch in short pulse mode with charge of 7.7 pC
including an additional FODO lattice is presented.

pulse conﬁguration with low charge (see Fig. 5.37b) the wavelength range for the maximal
values is shifted towards shorter wavelengths. This and the increased impedance values from up
to 120 Z0 /m seem to result in ampliﬁed microbunches with amplitudes shifted towards shorter
wavelengths. The increased ZLSC values in the straight section are now a signiﬁcant contribution
to the LSC + CSR impedance as it was to be expected (see Fig. 5.40d). The total coherent energy
loss rate, Eq. (2.63), in the last dipole in the ﬁrst section depends quadratically on bunch charge.
Thus for a charge of 7.7 pC the coherent energy loss rate amounts to about Ptot ≈ 141 W, for
a charge of 15.4 pC the coherent energy loss rate amounts to about Ptot ≈ 565 W, for a charge
of 38.5 pC the coherent energy loss rate amounts to about Ptot ≈ 3.5 kW and for a charge of
77 pC the coherent energy loss rate amounts to about Ptot ≈ 14 kW. These energy loss rates
have to be compared to the coherent energy loss rate of the standard operation mode. In spite
of the high power loss for high bunch charges, the average energy loss per electron is in the
same magnitude as for the standard operation mode because of the smaller bunch length, i.e.
for a charge of 38.5 pC the average coherent energy loss per electron is about ΔECSR ≈ 50 eV.
Of course a short pulse mode with a charge of 77 pC seems not to be reasonable for machine
operation, because such a high energy loss can not be recovered. Nevertheless to investigate
space charge forces particularly for the short pulse mode the high charge case is still considered
for further recirculator calculations including this FODO lattice.
Figure 1 presents the corresponding results of both gain calculation methods. As it was to
be expected, no signiﬁcant eﬀect of the increased LSC impedance in the straight section on the
element-wise gain occurs. Only for the guiding quadrupoles, coloured purple in Fig. 5.41b, in
wavelengths in a range from about 600 nm to 20 μm an additional small contribution to the
element-wise gain is noticable. The gain amplitudes in the second arc are somewhat shifted
towards smaller wavelength compared to the second short pulse conﬁguration excluding FODO
lattice. Nevertheless the maximal values for the amplitudes remain below one.
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(a)

(b)

(c)

(d)

Figure 5.40: Analytical calculations of the LSC impedance ((a) and (b)) and LSC + CSR impedance ((c) and (d)) in slices for low charge case of second short pulse conﬁguration
with a short bunch in bERLinPro including an additional FODO lattice depicted
as 3-D view ((a) and (c)) and as corresponding top view ((b) and (d)).
As it also was expected for the Vlasov Equation based gain that the larger ZLSC causes an
increase of the amplitudes in the straight section upto an uniform maximal value of about 7. The
decreased beam cross sections at the entrance in the second arc result in higher gain amplitudes.
Thus, the gain in the ﬁrst half of dipole wavelengths from 300 μm to 1 mm are so much high,
that they overlap with the gain in the second half of the dipole, which has its maximum values
for wavelengths from 200 μm to 1 mm. The gain values for the remaining arc lattice do not
signiﬁcantly change.
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(c)
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Figure 5.41: Analytical calculations of the element-wise gain ((a) and (b)) and the gain based on
the linearised Vlasov Equation ((c) and (d)) in slices for low charge case of second
short pulse mode starting with a short bunch in bERLinPro depicted as 3-D view
((a) and (c)) and as corresponding top view ((b) and (d)) are presented.
In the following the impact of diﬀerent bunch charges on the microbunching ampliﬁcation
during the passage through the recirculator including the FODO lattice is discussed. The transverse beam cross sections for the low charge case (7.7 pC) and a case with higher charge (38.5 pC)
are depicted in Fig. 5.42 as an example for the second short pulse conﬁguration with diﬀerent
charges. Of course due to the diﬀerent space charge forces the beam cross sections in the ﬁrst
arc are slightly diﬀerent. In the straight section the eﬀect of diﬀerent space charge conﬁguration
leads to an additional beating along the FODO lattice as was expected. Obviousely, the LSC
impedance increases with the high bunch charge. Thus it is a simple conclusion that the higher
charge has an impact on the microbunching ampliﬁcation for both gain calculation methods.
Figure 5.43 shows the results of element-wise and Vlasov Equation based gain calculations for
a charge of 15.4 pC, which is a factor two higher than the low charge case. The element-wise gain
calculation shows for the ﬁrst arc approximately a doubling of the gain values. For example the
main peak for the last dipole increased from about 1.1 to 2.1. Thus the new gain value is above
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Figure 5.42: Comparison of two charged electron bunches (7.7 pC and 38.5 pC) for short pulse
mode starting with a short bunch for bERLinPro recirculator including a FODO
lattice.
one and leads to a small increase of microbunching amplitudes in a wavelength range of about
2 μm to 70 μm. In the FODO section, the beating of the beam cross sections - caused by the
slight mismatched, discussed above - leads to an increase of the gains. The gain values are indeed
doubled but the gain amplitudes along the FODO section are not continuously distributed. It
seems as if the FODO section is divided into ﬁve areas. For each Δs the maximal gain amplitudes
occur for a slightly diﬀerent range of wavelengths. The range at entrance and exit of such an area
is smaller than in the middle of the area. The changes in the gain, which occur in the FODO
section, lead to an increased gain amplitude for the last dipole of the second arc, which is also
shifted towards shorter wavelengths. All other gain amplitudes in the second arc are doubled
compared to the low charge case. The gain values based on the Vlasov Equation calculation are
mostly doubled as well. The gain values in the second arc are increased by slightly more than a
factor of two. The most pronounced diﬀerence to the low charge case occurs for the gain in the
FODO section.
The microbunching gains along recirculator for a charge of 38.5 pC calculated element-wise
and also Vlasov Equation based are presented in Fig. 5.44. Despite the ﬁve times higher charge,
the values for the element-wise gain are increased by a factor smaller than ﬁve. Due to the
increased space charge forces the gain amplitude for the third dipole in the ﬁrst arc is shifted
to smaller wavelength of about 0.6 μm to 5 μm. The maximal gain amplitudes in the ﬁrst arc
increases to values above one. The contribution to gain in the straight section increases too, but
it is still below one. At the entrance into the ﬁrst dipole of the second arc a spiky structure for a
wavelength range of 2 μm to 20 μm reaches also maximal values of slightly above one. Similar to
the 15.4 pC charge case, the wavelength range with the maximal amplitude in the fourth dipoles
of the second arc is again shifted to smaller wavelengths.
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Figure 5.43: Analytical calculations of the element-wise gain ((a) and (b)) and the gain based
on the linearised Vlasov Equation ((c) and (d)) in slices for a charge of 15.4 pC in
second short pulse mode starting with a short bunch in bERLinPro depicted as 3-D
view ((a) and (c)) and as corresponding top view ((b) and (d)) are presented.
The Vlasov Equation based gain calculation shows a suppression of microbunching in front of
the ﬁrst arc for wavelengths of about 5 μm to 11 μm. All values for the maximal gain amplitudes
are increased by a factor smaller than ﬁve. In contrast to this, gain amplitudes, which occur in
the second arc, are increased by a factor above ﬁve, i.e. for high wavelengths in the third dipole
and an extended range of wavelengths of about 2 μm to 20 μm in the last dipole of the second
arc. For the last 3 m (s ≈ 50 m) of the recirculator, directly in front of the re-entrance into the
linac, possible ampliﬁed microbunches will be suppressed. The maximal gain values inside the
straight section are increased by a factor of about four. The areas where the maximal gain values
are achieved along the FODO section becomes shorter for the same range of wavelengths.
Figure 5.45 depicts the analytical gains calculated with both methods for the high charge case
(77 pC). The values for the element-wise gains are increased by a factor of ten. Similar to the
last two charge cases also for the high charge case a shift in the gain amplitudes in the ﬁrst arc
can be observed for the third and fourth dipole for small wavelengths. The contribution to the
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Figure 5.44: Analytical calculations of the element-wise gain ((a) and (b)) and the gain based
on the linearised Vlasov Equation ((c) and (d)) in slices for 38.5 pC charge case
of second short pulse mode starting with a short bunch in bERLinPro recirculator
depicted as 3-D view ((a) and (c)) and as corresponding top view ((b) and (d)) are
presented.
gain in the FODO section is even for the high charge case below one. But close to the end of
the FODO lattice almost no further gain occurs. The same behaviour is visible for the Vlasov
Equation based gain results. From the same position on no further gain occurs, except for long
wavelengths in order of the bunchlength during the entrance into the second arc. It seems as if
for the high charge case any previously generated energy modulation is smeared out.
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Figure 5.45: Analytical calculations of the element-wise gain ((a) and (b)) and the gain based on
the linearised Vlasov Equation ((c) and (d)) in slices for high charge case (77 pC)
of second short pulse mode starting with a short bunch in recirculator depicted as
3-D view ((a) and (c)) and as corresponding top view ((b) and (d)) are presented.

5.5 Simulation study with FODO cells for short pulse mode starting
with a short bunch
The conﬁguration of bERLinPro for operating in a short pulse mode is not determined yet.
The appropriated lattice and the linac conﬁguration as well as the actual bunch parameters
are object of current investigation. For this reason and to achieve a general survey of possible
short bunch conﬁguration for an ERL with space charge driven microbunches, numerical studies
have been performed for the free recirculator section including the previously presented FODO
lattice. Based on the results of the analytical calculations of second short pulse conﬁguration
the initial bunch parameters at the entrance of the straight section have been determined.
For a variation of charge, with q1 = 7.7 pC, q2 = 15.4 pC, q3 = 38.5 pC and q4 = 77 pC,
and energy, with Ekin1 = 50 MeV, Ekin2 = 100 MeV, Ekin3 = 150 MeV and Ekin4 = 200 MeV,
initial electron bunches were generated and pass through the FODO lattice. For comparison
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every simulated electron bunch has to have the same charge density as well as the same length
after the ﬁrst arc. Therefore the same longitudinal emittance was assumed for all bunches. The
utilized projected emittances amount to εl = 4.826 × 10−9 m MeV for longitudinal emittance,
εhnorm = 2.325 × 10−6 m rad for horizontal emittance and εvnorm = 1 × 10−6 m rad for vertical
emittance. Since each electron bunch with diﬀerent parameters passes the same FODO lattice the normalised transverse emittances supposed to be ﬁxed for all bunches. Thus taking
defocussing space charge forces into account for Ekin1 = 50 MeV the bunch length leads to
σx = 2.477 × 10−4 m, σy = 2.679 × 10−4 m, and σz = 7.7 × 10−5 m and the corresponding cor
related divergence amount to xcor = 1.751 × 10−4 rad, and ycor
= 3.123 × 10−5 rad respectively.
The corresponding energy chirp amounts to 124.3 MeV/σz . Figure 5.46 gives two examples of
transverse size for bunches with energy and charge combination of q1 = 7.7 pC, Ekin1 = 50 MeV
and q3 = 38.5 pC, Ekin1 = 50 MeV passing the straight section including the additional FODO
lattice. The eﬀect of increased space charge forces lead to a small additional beating of the beam
sizes (blue and dark turquoise lines).

Figure 5.46: Two simulated electron bunches (7.7 pC and 38.5 pC, both with Ekin = 50 MeV)
exemplary for numerical FODO section studies for second short pulse conﬁguration.
For an electron bunch with energy of Ekin1 = 50 MeV the development of the bunch in the
FODO section is presented in Fig. 5.47 for all four charge cases. As for the standard operation
mode with the additional FODO the longitudinal phase space and the corresponding bunch form
factor are presented after s = 11.5 m (8.5 FODO cells, Figs. 5.47a and 5.47b), s = 12.7 m (10
FODO cells, Figs. 5.47c and 5.47d) and s = 13.97 m (11.5 FODO cells, Figs. 5.47e and 5.47f).
Note that the results of the BFF calculation are based on electron bunches which have been
simulated once, i.e. they are not averaged over many statistical runs. Therefore, they are more
noisy for shorter wavelengths.
The space charge force is a non-linear force. The non-linearity leads to an s-shaped electron
distribution in the longitudinal phase space as it is depicted for example in Fig. 5.47c as well as
in Fig. 2.9 (black line) in Section 2.2. The noticeable eﬀect of non-linear components of space
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Figure 5.47: Longitudinal phase space (a), (c) and (e) and corresponding BFF (b), (d) and (f)
at s = 11.5 m (8.5 FODO cells, (a) and (b)), s = 12.7 m (10 FODO cells, (c) and
(d)) and s = 13.97 m (11.5 FODO cells, (e) and (f)) for electron bunches with
Ekin1 = 50 MeV and four diﬀerent charges are presented.
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charge forces depends on a combination of bunch energy and bunch charge and can be seen
in Fig. 5.47 for different charges. For a bunch energy of 50 MeV it seems as if for the smallest
charge case only linear components of space charge forces appear due to the too small ratio of
charge density to energy. Thus, the electron distribution in phase space is almost linear. With an
increase of charge density also the non-linear components of space charge forces increase. Thus,
the electron distribution in the longitudinal phase space forms more and more an s-shape. Both,
the increasing energy deviation and the development of energy modulation along the FODO
lattice are depicted in the longitudinal phase space graphs in Fig. 5.47.
The main peaks at a wavelength of about 200 µm in the corresponding bunch form factors
correlate to the bunch length. Although the results for wavelengths from 0.5 µm to 20 µm are
noisy, it is possible to distinguish trends. For example for very short wavelengths it seems as if
microbunching amplitudes are available for all charge cases, albeit with different intensity. For
wavelengths in the range of about 3 µm to 7 µm an increase of microbunching amplitudes for
the 15.4 pC charge case along the FODO lattice is visible. For the 38.5 µm charge case in the
wavelength ranges of about 3 µm to 7 µm stable microbunching amplitudes are also visible. Thus
the FODO lattice provides a possible amplification of broadband microbunching amplitudes for
small wavelengths.
Four clear visible amplitudes occur for wavelengths between 30 µm and 200 µm. The first
amplitude (about 30 µm) is stable for low charge cases while for higher charge cases the amplitude
increases along the lattice. The second amplitude (about 50 µm to 70 µm) decreases for increasing
charges, but it seems to be present for all charge cases. The highest charge case seems to have
no significant amplitude there. The third clearly visible amplitudes is located between 80 µm to
100 µm and does not change for all different charges along the FODO lattice. This amplitude
is not a harmonic of Fourier Transformation of the current distribution with steep edge profiles
because the current profile has a Gaussian form. Thus, it must be real microbunching. The fourth
clearly visible amplitude, especially for the blue line, is directly in front the bunch length and
the amplitude value decreases with decreasing bunch charge density. These amplitudes base on
the non-linear distribution of the bunch electrons in the longitudinal phase space. For example
at s = 13.97 m the non-linear distribution is most pronounced for the highest charge case,
which leads to the highest amplitude for wavelengths between 80 µm to 100 µm in the BFF. In
contrast to this the lowest charge case has an approximately linear electron distribution in the
longitudinal phase space, which leads only to a very small shoulder of the bunch length in the
bunch form factor graph.
Figure 5.48 depicts two bunch distributions with two different charges at s = 13.97 m. Figures
5.48a and 5.48b present the longitudinal phase space and the corresponding bunch form factor
for electron bunches with a charge of 7.7 pC and a variation of energy from Ekin1 = 50 MeV to
Ekin4 = 200 MeV. Longitudinal phase spaces with energy variations for bunches with a charge of
77 pC are depicted in Fig. 5.48c and their corresponding BFF in Fig. 5.48d. The high charge case
in Fig. 5.48c visualises the effect of non-linear components of space charge very good. For each
increase in bunch energy the ratio of charge density to energy decreases. Thus for high charge
and high energy no non-linear space charge effect are visible any more. The effect of space charge
forces for high energy could be retrieve by increasing the bunch charge. The absolute energy
chirp increases with the bunch energy in both longitudinal phase space graphs and is a result
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Figure 5.48: Simulation results for the FODO section for two electron bunch conﬁgurations
with a charge of 7.7 pC [(a) and (b)] and a charge of 77 pC [(c) and (d)] for various
energies at s = 13.97 m are presented. Graphs (a) and (c) present the longitudinal
phase space, while graphs (b) and (d) depict the corresponding BFF.
of the ﬁxed relative energy deviation for the same bunch length. Along the FODO lattice the
electron bunch with lowest energy and thus most space charge force becomes somewhat longer
than a electron with higher energy. This results in two diﬀerent shapes of amplitude peaks in
the bunch form factors in Fig. 5.48d (one peak corresponds to the bunch length). Nevertheless,
for both charge cases clearly visible amplitudes occur for wavelengths smaller than the bunch
length. The energy modulation for the high charge case occurs for 50 MeV to 150 MeV. Although
the ratio of bunch charge density to energy is very small the space charge forces are not entirely
suppressed.

5.5.1 R56 study for low kinetic energy case
The real positive R56 of the straight section does not transform the energy modulation, as it can
be seen for example in Fig. 5.47e, into a density modulation, see Fig. 5.47f. Thus a small dipole
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chicane with a negative R56 is added to apply a suitable R56 value for a better transformation.
Under the use of Eq. (5.1) an investigation of electron bunches with an kinetic energy of 50 MeV
and various charges was realised. The results are presented exemplary for two diﬀerent positions
inside the FODO lattice.

(a)

(b)

(c)

(d)

Figure 5.49: Bunch Form Factors of second short pulse conﬁguration for various R56 (box in the
ﬁgures) after s = 11.43 m (8.5 FODO cells) for four diﬀerent charges: 7.7 pC (a),
15.4 pC (b), 38.5 pC (c) and 77 pC (d).
Figure 5.49 presents the bunch form factors for a variation of R56 from 200 μm to 2 mm
for all four charge cases at position s = 11.43 m. Of course even for a small chicane a bunch
compression appears for increasing R56 values in all charge cases. This is illustrated by the
shifted main peak. For the small charge cases amplitudes for wavelengths between 7 μm and
10 μm increase stronger for 15.4 pC charge case with increasing R56 values. The wavelength range
of about 1.5 μm to 7 μm shows that the microbunching amplitudes are not growing in the same
manner for each wavelength with increasing R56 . In addition the 15.4 pC charge case seems to
provide a microbunching ampliﬁcation of a broader wavelength range. The best ampliﬁcation of
microbunching for the lower charge cases is given by an R56 value of 2 mm. For the same range of
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small wavelengths the higher charge cases seem to provide ampliﬁed microbunches for particular
wavelengths of this range. Other than for the lower charge cases the particular wavelengths of
ampliﬁed microbunches diﬀer for each higher charge case. The best microbunching ampliﬁcation
for this wavelength range occurs not always at an R56 value of 2 mm but also at a value of 1.8 mm
(wavelengths about 2 μm in Fig. 5.49c) or 1.6 mm (wavelengths about 4 μm in Fig. 5.49d). The
38.5 pC charge case seems to provide an additional application of the microbunching in the
wavelength range between 9 μm and 25 μm in comparison with the high charge case (77 pC).
Both higher charge cases provide also a bigger microbunching ampliﬁcation for wavelengths
about 30 μm and about 50 μm. The maximal amplitudes increase with the increasing R56 values.
For this range of middle wavelengths the best ampliﬁcation is given by an R56 value of 2 mm.

(a)

(b)

(c)

(d)

Figure 5.50: Bunch form factors of short pulse mode bunch, which starts as a short bunch,
for various R56 (box in the ﬁgures) after s = 13.97 m (11.5 FODO cells) for four
diﬀerent charges: 7.7 pC (a), 15.4 pC (b), 38.5 pC (c) and 77 pC (d).
Figure 5.50 depicts the bunch form factors for various R56 values and various charge cases after
s = 13.97 m. For the lowest charge case the microbunching ampliﬁcation decreases somewhat
compared to the previous position, which was about 2.5 m before. Consequently, to obtain an
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R56 for ideal support of microbunching for this lowest charge case a small chicane should be
placed at s = 11.43 m. The microbunching amplitudes for a wavelength range from 1.5 µm to
7 µm decrease more than for a wavelength range from 7 µm to 60 µm for the lower charge case
(15.4 pC) after s = 13.97 m along the FODO. Consequently a chicane should be placed after
s = 11.43 m to achieve the best microbunching amplification for the lower charge case. Also
for the higher charge case (38.5 pC) a decreasing microbunching amplification of wavelengths of
about 1.5 µm to 7 µm occurs for all various R56 values, which affects the electron bunch after
s = 13.97 m. The microbunching amplification for wavelengths of about 4 µm to 7 µm is much
higher, though. The stronger energy modulation due to the higher charge density leads to a
transformation of microbunches with shorter wavelengths. For this higher charge case (38.5 pC)
the operation of a small dipole chicane with a negative R56 of 2 mm after s = 13.97 m in the
FODO section is recommended. The highest charge case shows in addition to the known decrease
of microbunching amplification also an increase of microbunches of wavelengths of about 1.5 µm
to 20 µm. Depending on the microbunching wavelengths range it seems that an R56 value of
2 mm is not the only possible beneficial value, except for longer wavelengths of this range. For
the smaller microbunching wavelengths values from 1.4 mm upto 2 mm for the R56 can achieve
the strongest amplification. Note that in general an offset of the bunch centroid in a quadrupole
leads to an additional effective dipole field for the bunch. So, small steerers between quadrupoles
allow to change the position of the virtual chicane inside an existing FODO structure.
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Within the scope of this thesis, the impact of space charge-driven microbunching instability
on medium-energy high brightness beams generated in an energy recovery linac has been studied. Thereby, as an example for such beams, the electron beam expected for the test facility
bERLinPro was utilized for the presented investigation.
The microbunching gain calculations are based on two different methods - element-wise and
by means of linearised Vlasov Equation - which are suitable for different parameter spaces. The
theory of element-wise gain calculation considers the energy modulation separated from longitudinal dispersion R56 . Transverse dispersion, expressed via R51 and R52 in the transport matrix,
is not considered, which actually leads to a shift of gain amplitudes to higher wavelengths if
considered. The second gain calculation method utilizes the linearised Vlasov Equation. This
method is more comprehensive because it integrates over the product of a Kernel, which includes dispersion R51 , R52 and R56 , and the modulation process among others. Both calculation
methods mark extremes in opposite directions. Together, they indicate the right answer.
Within the presented investigation, the impact of space charge-driven microbunching instability is subdivided into several analytical and numerical studies of bERLinPro standard lattice
and including an additional FODO structure for standard operation mode, as well as two options of short pulse configuration. For these, dedicated software was developed, including a post
processing routine for numerical ASTRA-results, beam transport calculation described by sigma
matrix through the bERLinPro recirculator (SiMaTrack) as well as LSC and CSR impedances
calculation and determination of microbunching gains.
This study of bERLinPro includes an additional FODO structure to amplify space chargedriven microbunching instability for standard operation mode. One can conclude that the implementation of FODO structure alone does not lead to an amplification of microbunching. The
transformation of energy modulation into more intense density modulation needs an additional
chicane following the FODO structure. Of course, the first dipole of the second arc will have
the same effect, but not in a controlled manner. It is apparent from the study that a small
chicane with a suitable R56 leads to a gain of 1 % amplitude at wavelengths of about 30 µm
to 80 µm, which seems reasonable. A bunch which experiences too strong of a microbunching
is no longer recoverable, mainly because the microbunched beam will emit too much coherent
synchrotron radiation in the second arc. This will disturb the longitudinal phase space. The
presented study reveals that microbunching increases with bunch charge. Interestingly, the natural R56 suppresses the high energy modulation with a strength dependent on charge, while a
chicane with suitable R56 leads to a stronger gain. However, because bERLinPro is constructed
for 100 mA, an increased bunch charge beyond the charge in standard operation mode makes a
reduction of the repetition rate necessary.
Analytical studies of bERLinPro recirculator for two possible short pulse configurations have
been performed, both excluding and including a FODO structure. From the analytical consi-
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deration, it is known that the coherent synchrotron radiation depends on both bunch length
and bunch charge. The discussed cases of highest charge and lowest charge surround the investigated charge case range. The analytical calculations of bERLinPro recirculator, including the
additional FODO structure, show that an increase in bunch charge causes an increase of both
impedance values and gains.
The presented microbunching investigation is completed with a parameter space study for
the FODO section based on a short pulse configuration with variation in energy and charge.
From the study, it is apparent that an increase in energy modulation depends strongly on the
ratio of bunch energy and charge density. As shown in simulations utilizing various R56 for
an attractive energy charge-density ratio, the microbunching amplitudes have maximum gains
for wavelengths from 1 µm to 10 µm. Thereby, the increase of microbunching amplitudes of a
particular wavelength does not increase linearly with the bunch charge. Nevertheless, the results
of short bunch configuration for lowest charge case are comparable to the results of the standard
operation mode. The wavelength of highest gain is much shorter in short pulse mode of operation
compared to standard operation mode. At first glance, one might think this is because of the
shorter bunch length. However, as the wavelengths for maximum LSC impedance depend only
on transverse beam size and beam energy, this assumption is not correct. As the bunch becomes
shorter, it assumes a more pancake-like bunch shape. Thus, the 3-D effects are the reason for the
shift towards shorter wavelengths. On closer examination, the shift towards shorter wavelengths
amounts to an order of magnitude. A question for future investigation is: Which bunch shape is
best suitable to receive a maximum microbunching gain and whether an optimal ratio between
transverse to longitudinal bunch size exists?
The analytical impedance and gain calculations show that the impedance behaviour can not
be translated one-to-one into gain behaviour, because the impact of dispersion is highly dominant. The analytical calculations are in reasonable agreement to the numerical results. The
bERLinPro injector shows only a hint of microbunching. At the end of the first arc, both analytical calculations and numerical simulation results document microbunching instability. On the
one hand, this instability could lead to an increase and a perturbation of the phase space in
all three dimensions, which would be a curse for high brightness beam facilities because they
need a stable small phase space. On the other hand, it could be a blessing in consideration of
microbunching-based coherent light sources. The analytical and numerical results show that the
natural R56 suppresses the emerged microbunching instability in the straight section of bERLinPro. At the end of the second arc, no significant or disturbing development of microbunching is
present. Finally, microbunching instability does not simply depend on the kinetic bunch energy.
The energy charge-density ratio has to be high enough to generate energy modulation, which in
turn can be translated into density modulation.
In the end, the recommended operation mode for driving microbunching instability is the
short pulse mode, since one can adjust the bunch charge and bunch length in bERLinPro facility.
Based on the fact that a short pulse configuration with lowest charge does not require to run
bERLinPro at the beam current limit (I = 100 mA), it is in principally possible to increase
the bunch charge. Because of the enhancement of total coherent energy loss rate in the arcs
at the same time, a compromise between higher bunch charge and acceptable coherent energy
loss rate has to be found. The most attractive energy charge-density ratio lies in a region be-
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tween (15.4 pC/0.2 ps)/50 MeV and (38.5 pC/0.2 ps)/50 MeV. The presented FODO lattice and
a following chicane with a negative R56 of about 2 mm is the recommended optics to amplify
microbunching for bERLinPro short pulse operation mode.
To the present date CSR-based microbunching instability is the most common driver for
a coherent light source. The LSC-based instability was considered to be a disturbance in the
operation of such light sources. This study, however, revealed how the LSC-driven microbunching
instability can be controlled and exploited.
The upcoming simulation code IMPACT-Z [71] from Lawrence Berkeley National Laboratory
could be a candidate for a numerical code which includes both 3-D space charge calculations
and 3-D coherent synchrotron radiation calculations. In order to perform necessary start-to-end
simulations and statistical runs for short pulse operation mode the configuration of the SRF
cavities, quadrupoles and sextupoles in the corresponding recirculator lattice configuration has
to be known. Thus, it is possible to investigate the short pulse configuration including CSR
effects. This provides the initial bunch parameters for the straight section to develop a more
elaborate additional magnetic structure to amplify microbunching instability.
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According to [41] the entire electromagnetic field of the electron bunch can be calculated by the
expectation value of the electric field h|E˜k |2 i including shot noise:
(ec)2
hE˜k E˜k∗0 i =
Nb |Z (k) |2 δk,k0 .
(2π)2

(1)

During the 1D model the density depends only on the longitudinal dimension z. Resultant
the expectation value can be described by:
hE˜k E˜k∗0 i1D =

e2
1 − ξb K1 (ξb )
Nb
2
ξb
(2π 2 0 γrb )


2

δk,k0 .

(2)

Assuming the same transversaly circular uniform beam for the 3D model the density depends
on the longitudinal dimension z and on the transversal dimension r and φ. The corresponding
expectation value can be calculated by [41]:
hE˜k E˜k∗0 i3D =

e2
1 + ξb2 K02 (ξb ) − K12 (ξb )
δk,k0 .
N
b
4
(2π 2 0 γrb )2




(3)

The differences of the expectation values of the different dimensions are shown at Fig. 2.17.
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Gaussian current distribution

Figure 1: On the left hand side a longitudinal Gaussian current distribution is illustrate. The
corresponding Bunch Form Factor is depicted on the right hand side .

Trapezoidal current distribution

Figure 2: On the left hand side a longitudinal trapezoidal current distribution is illustrate. The
corresponding Bunch Form Factor is depicted on the right hand side .
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Rectangular current distribution

Figure 3: On the left hand side a longitudinal rectangular current distribution is illustrate. The
corresponding Bunch Form Factor is depicted on the right hand side .
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Appendix C
In this appendix all numerical results of the diﬀerent bERLinPro arc-subsections are presented. Thus at the end of each section the current density, the BFF and the corresponding the
longitudinal phase space are depicted.

Results end of section 1

Figure 1: Current density (up left), Bunch Form Factor (up right) and longitudinal phase space
(down) at the end of section 1 (ﬁrst arc).
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Results end of section 2

Figure 2: Current density (up left), Bunch Form Factor (up right) and longitudinal phase space
(down) at the end of section 2 (ﬁrst arc).
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Results end of section 3

Figure 3: Current density (up left), Bunch Form Factor (up right) and longitudinal phase space
(down) at the end of section 3 (ﬁrst arc).
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Results end of section 6

Figure 4: Current density (up left), Bunch Form Factor (up right) and longitudinal phase space
(down) at the end of section 6 (second arc).
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Results end of section 7

Figure 5: Current density (up left), Bunch Form Factor (up right) and longitudinal phase space
(down) at the end of section 7 (second arc).
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Results end of section 8

Figure 6: Current density (up left), Bunch Form Factor (up right) and longitudinal phase space
(down) at the end of section 8 (second arc).
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(a)

(b)

(c)

(d)

Figure 1: Analytical calculations of LSC impedances for diﬀerent charges: 7.7 pC (a), 15.4 pC
(b), 38.5 pC (c) and 77 pC (d).
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