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Abstract

In almost all organisms on Earth, many behavioral, physiological, and biochemical activities
oscillate with a circadian rhythm, a rhythm with a period of about 24 hours. This oscillating
behavior is the result from a combined influence of the external day-night-cycle and an internal
timekeeping system.

In gene expression, the 24-hour-rhythm can be found on all stages: from transcription initiation
to protein degradation. On the transcript level, circadian mRNA production and mRNA abundance
are comprehensively charted through numerous genome-wide high throughput studies from various
model organisms and tissues. Circadian post-transcriptional regulation, however, comprising many
different processes, is less well understood. In this thesis, I will investigate how unobserved post-
transcriptional processes influence rhythmic properties of gene expression. To this end, I quantify
the life-stages of biomolecules using one modeling motif, a simple ordinary differential equation de-
scribing production and degradation with time-dependent rhythmic rates. This basic modeling motif
is systematically varied to examine and discuss various influences of post-transcriptional regulation
(PTR) on circadian mRNA expression.

First, the influence of PTR on the circadian transcriptome is theoretically investigated, specifically,
the effects on phase and amplitude of transcript abundance. Constant PTR dictates restrictions on
phase and amplitude relations between transcript production and abundance: mRNA can peak at
most 6 hours (in circadian context) after its production, the mRNA amplitude is smaller than the
production amplitude. However, genome-wide studies of production and abundance show many
genes where these relations do not hold true, and thus an oscillation also in a post-transcriptional
process must be assumed. A careful discussion of known post-transcriptional processes suggests
that only rhythmic mRNA degradation, rhythmic mRNA export or rhythmic alternative splicing
are able to explain measured circadian expression profiles.

The model provides the basis for a statistical test to quantify the extent of rhythmic PTR in
genome-wide studies. Analyzing two data sets on mouse liver and kidney, I find that 18% of circadian
genes in kidney and 34% in liver are under rhythmic post-transcriptional control. The untranslated
regulatory regions (UTR) of circadian mRNAs are longer in liver compared to kidney and phase
analysis points to a peak in mRNA degradation around CT12 for liver and around CT0 in kidney.

In a second part, I analyze more specific aspects of PTR in a hypothesis-driven approach. Firstly,
I find that splicing with a rhythm of 24 hours is able to generate 12-hour rhythms in abundance
of mature mRNA, and I further characterize the requirements for this phenomenon. Secondly, I
propose and analyze a model to investigate rhythmic degradation of core clock genes. And finally,
I extend the core modeling motif to a partial differential equation (PDE) model that accounts for
the “aging” process of molecules. I first use the PDE to investigate oscillations in oxidized proteins:
Long-lived proteins tend to “forget” their production history and – although rhythmically produced
– proteins have a constant total abundance. However, the production rhythm is still observable in
fractions of damaged proteins and this might have biological implications. As a second application
of the PDE, I describe the time course of poly(A) tail length distributions. The Poly(A) tails is a
stabilizing element of mRNA. This description is motivated by novel methods to measure poly(A)
tails genome-wide (e.g. “TAIL-seq”) and can be used to predict poly(A) tail deadenylation rates
from such data. Here, the original modeling motif finds a new and independent application apart
from describing circadian gene expression.

In this thesis, I varied a minimal modeling motif to query large datasets for evidence of specific
hypotheses on underlying mechanisms. This is essentially an Occam’s razor approach: only very
minimal assumptions are made and rigorously tested. The approach offers a promising general
solution, unifying the disparate scientific approaches of data-driven vs. hypothesis-driven research
in molecular biology.
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Zusammenfassung

Viele biologische Prozesse im Verhalten von ganzen Organismen, aber auch in den Prozessen
und der biochemischen Zusammensetzung von Zellen zeigen einen zirkadianen Rhythmus, also einen
Rhythmus mit einer Periode von etwa 24 Stunden. Diese Oszillationen sind das Resultat vom
äußeren Tag-Nacht-Rhythmus und einer inneren biologischen Uhr.

Diese 24-Stunden-Rhythmen sind in der Genexpression auf allen Ebenen zu finden: von der Tran-
skriptionsinitiation bis zur Proteindegradation. Auf Transkriptebene, zirkadiane mRNA-Produktion
und mRNA-Abundanz ist umfassend durch zahlreiche genomweite Hochdurchsatzstudien in mehre-
ren Modellorganismen und Geweben gemessen. Auf der anderen Seite, zirkadiane posttranskrip-
tionelle Regulation, die verschiedenste Prozesse umfasst, ist weit weniger verstanden. In dieser
Arbeit untersuche ich, wie bisher ungemessene, posttranskriptionelle Prozesse die rhythmischen
Eigenschaften von Genexpression beeinflussen. Dazu beschreibe ich die Lebensstadien eines beliebi-
gen Bio-Moleküls mit einem Modell-Motiv, einer einfachen Differentialgleichung mit zeitabhängigen,
rhythmischen Raten. Diese Differentialgleichung wird variiert um systematisch den Einfluss von
posttranskriptioneller Regulation (PTR) auf zirkadiane Genexpression zu untersuchen.

Als erstes untersuche ich theoretisch den Einfluss von PTR auf das zirkadiane Transkriptom,
speziell den Effekt auf Phase und Amplitude. Konstante PTR setzt Einschränkungen für die Phasen-
und Amplitudenbeziehung zwischen mRNA-Produktion und mRNA-Abundanz fest: mRNA kann
höchstens 6 Stunden (im Kontext der zirkadianen Uhr) nach der Produktion ihren Hochpunkt
erreichen, die mRNA-Amplitude ist kleiner als die Produktionsamplitude. Genomweite Studien
zeigen jedoch, dass für viele Gene diese Beschränkungen nicht erfüllt sind. Diese Eregbnisse können
nur erklärt werden, wenn es auch eine Oszillation in einem posttranskriptionellen Prozess gibt.
Eine sorgfältige Diskussion bekannter posttranskriptioneller Prozesse zeigt, dass nur rhythmischer
mRNA-Abbau, rhythmischer mRNA-Export und alternatives Spleißen die gemessenen zirkadianen
Expressionsprofile erklären können.

Das Modell liefert die Grundlage für einen statistischen Test um das Ausmaß von rhythmischer
PTR in genomweiten Studien zu quantifizieren. Durch die Analyse zweier Datensätze von Mausle-
ber und -niere finde ich, dass 18% aller zirkadianen Gene in Niere und 34% in Leber rhythmisch
posttranskriptionell reguliert sind.

Im zweiten Teil analysiere ich weitere Aspekte von PTR in einem Hypothesen-getriebenen Ansatz.
Als erstes weise ich nach, dass Spleißen mit einem Rhythmus von 24 Stunden 12 Stunden-Rhythmen
in der Abundanz von reifer mRNA erzeugen kann, das heißt die Abundanz hat zweimal pro Tag
einen Hochpunkt. Zusätzlich charakterisiere ich die Bedingungen für dieses Phänomen. Als näch-
stes schlage ich ein Modell vor, das rhythmische Degradation von Mitgliedern der zentralen in-
neren Uhr, der zirkadianen Uhr, beschreibt, und charakterisiere dieses. Schließlich erweitere ich das
Modell-Grundmotiv zu einer partiellen Differentialgleichung (PDG), die das “Altern” von Molekülen
beschreibt. Ich schlage zwei Beispiele für die Anwendung vor. Als erstes benutze ich die PDG um
Oszillationen in oxidierten Proteinen zu untersuchen: Langlebige Proteine “vergessen” ihre Produk-
tionsgeschichte und weisen trotz rhythmischer Produktion ein konstantes totales Proteinlevel auf.
In Anteilen von beschädigten Proteinen können aber die Produktionsrhythmen noch beobachtet
werden, was biologische Auswirkungen haben kann. Als zweites Beispiel beschreibe ich die Län-
genentwicklung von Poly(A)-Schwänzen, ein stabilisierendes Element von mRNA-Molekülen. Diese
Beschreibung ist motiviert durch eine neue Messmethode, die genomweit die Längenverteilung von
Poly(A)-Schwänzen misst (“TAIL-seq”), und dazu benutzt werden kann, von solchen Daten die
Poly(A)-Schwanz-Deadenylierungsrate vorherzusagen.

In dieser Arbeit variiere ich ein minimales Modellierungsmotiv um große Datensätze nach Hin-
weisen von darunterliegenden Mechanismen zu untersuchen. Damit folge ich im Wesentlichen
dem Ockhams-Rasiermesser-Prinzip: Es werden nur minimale Annahmen gemacht und gründlich
getestet. Dieser Ansatz bietet eine vielversprechende, generelle Lösung, die die ungleichen wis-
senschaftlichen Ansätze von datengetriebener vs. hypothesengetriebener Forschung in der Moleku-
larbiologie vereinigt.
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Abandon the urge to simplify everything, to look for
formulas and easy answers, and to begin to think

multidimensionally, to glory in the mystery and paradoxes
of life, not to be dismayed by the multitude of causes and

consequences that are inherent in each experience –
to appreciate the fact that life is complex.

M. Scott Peck

Everything must be made as simple as possible.
But not simpler.

Albert Einstein

The scatter of the experimental data contrasted with the
convincing clarity of the theoretical model.

Matthias Beuse et al. [1]
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1 Introduction

1.1 Biological 24-Hour Rhythms

For more than three billion years, the organisms on this planet have known, just like Little
Orphan Annie, that “The sun’ll come out tomorrow”, and many have honed their biochemistry
to exploit this knowledge.1 At this time Cyanobacteria, one of the oldest clades on Earth, started
to use water as the electron-donor for photosynthesis, releasing oxygen, and thus slowly building
up the earth’s atmosphere. About 1 billion years ago these bacteria developed an internal time-
keeper. With this internal “clock” they were able to synchronize the timing of their metabolic
events with the predictable turning of the earth and its implications for daily changes in light,
temperature and humidity. Such clocks are nearly ubiquitous among existing higher organisms,
plants, fungi and animals [3].
Such inner clocks regulate a diverse range of cellular and organismic processes, the so-called

“circadian behavior”. For a process to be considered as circadian it must possess three charac-
teristic properties [4]:

• It oscillates with a period of around 24 hours (“circa dies” - about a day) even in the
absence of environmental cycles.

• The phase can change or “be reset” upon environmental cues such as light or temperature.
The behavior is “entrainable”.

• The period does not change for different temperatures, i.e. it does not run faster in higher
temperatures or slow at lower temperatures. The behavior is “temperature-compensated”.

In mammals, the internal time keeping system is complex and comprises of hierarchical struc-
ture, reviewed in Section 1.1.4. On the cellular level, this hierarchical system results in 24-hour-
oscillations in the abundance of thousands of transcripts, see also Section 1.1.5. Genome-wide
studies also found oscillating abundances in nascent RNA [5, 6]. However, these findings sug-
gest that many of the rhythmic RNA levels cannot originate solely from their production. Many
RNAs were found to oscillate on the level of mature transcript concentration, although they were
not rhythmically produced, in other cases production oscillated with a smaller amplitude than
the final transcript abundance; or, in some case both, production rate and transcript abundance
oscillated, but the phase difference between production and transcript abundance was greater
than 6 hours. In all these cases, post-transcriptional processes must play an important role

1I stole this sentence from Susan Golden’s review on Cyanobacterial circadian clocks [2]. The song comes from
a musical “Annie” composed by Charles Strouse and lyrics by Martin Charnin. The musical is based on a
comic strip series which was published from the 1920s until mid 1970s. It was created by Harold Gray.
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1 Introduction

in shaping the circadian abundance profile of the biomolecule. These results were the start-
ing point for our investigation of rhythmic post-transcriptional regulation in more depth. The
weapon of choice when tackling the diverse scientific questions that arise was mathematical mod-
eling. Specifically, I described rhythmic processes with ordinary differential equations or partial
differential equations. The results of this journey are concentrated in this doctorial thesis.
Before we start our exploration of the varied aspects of rhythmic post-transcriptional reg-

ulation, I will first give an introduction to the circadian clock, in particular the mammalian
clock, review what current knowledge of rhythmic post-transcriptional regulation gained from
experimental studies. I will then introduce the central theoretical concepts, such as amplitude
and phase, which will be employed throughout this thesis.

1.1.1 A Brief History of Chronobiology

The existence of internal time keepers was originally proposed in the year 1729. De Mairan [7]
noticed that the plant Mimosa pudica lowers its leaves and folds them away during night. He
also found that this behavior continues in constant darkness. This opened the question on the
existence of internal timekeepers. Almost 200 years later, the search for clocks started to spread.
Several studies were undertaken (in chronical order) into: primates [8] (1906), rodents [9, 10, 11],
insects [12], birds [13], single-cell eukaryotes [14], 1962 by Aschoff et al. [15] humans, fungi [16]
and finally, 1986, also bacteria [17]. All these studies tested various behaviors which continued
to oscillate with a period of around 24 hours in darkness or in different light environments,
strengthening the inital idea of the existence of internal time-keepers in all domains of life.
1959, Franz Halberg introduced the term “circadian” derived from the two Latin words “circa”
and “dies” accounting for oscillations with a period of “about a day”.
Evidence for a genetic base of the internal time keeper was presented in 1935 by Bünning [18]

who showed that period length is inheritable in bean plants. A genetic component, however,
was first identified in the late 20th century. Here, Konopka et al. [19] identified a gene locus
in Drosophila Melanogaster where mutations resulted in either longer or shorter periods of
pupal eclosion and locomotor activity. The encoded gene Per (Period) was characterized 10
years later [20]. In mice, a large mutant screen in the laboratory of J. Takahashi lead to the
discovery of the first clock gene, named Circadian Locomotor Output Cycles Kaput (Clock) in
the mid 90s [21]. Only 5 years later, the main components of the clocks in mammals, Drosophila
melanogaster, Neurospora crassa and Synechococcus were characterized [3].2

1.1.2 “Evolutionary Why” Clocks?

The first circadian clocks are thought to have evolved 1 billion years ago [23] in cyanobacteria,
one of the oldest clades on earth. In these bacteria, cycles in the phosphorylation state of
the protein KaiC drive alternation between periods of nitrogen fixation and photosynthesis [2].
Additionally, a circadian cycle of genome compaction, potentially driven by changes in the extent
of DNA supercoiling, has been observed in a variety of species [24, 25]. In the early days of Earth

2Of course, these two paragraphs are a very condensed summary and can only provide a glimpse on the devel-
opment of research of the circadian clock. For further reading, I highly recommend the comprehensive and
entertaining introduction to chrono-history in the book “Circadian Physiology” by Roberto Refinetti [22].
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1.1 Biological 24-Hour Rhythms

ultra-violet (UV) irradiation from the sun - not yet filtered by the Earth’s atmosphere and its
ozone layer - was both a threat and the main energy source. One theory for the emergence of
clocks in cyanobacteria is the “escape from light” hypothesis. This hypothesis states that clocks
evolved to temporally separate cellular processes that are sensitive against UV radiation, such
as DNA replication, from other, UV-insensitive processes. Hence, the DNA may be compacted
during daytime in order to protect the genomic information. Records of DNA compaction and
decompaction, however, show that, in modern cyanobacteria, compaction occurs at night, not
during the day [26]. Hut et al. [27] hence argue that clocks have evolved in order to store ATP
for periods where no photosynthesis is possible. To date it is unclear which of the two theories
holds true.
Clocks in plants, fungi, and animals are quite distinct from each other and have no apparent

homologies with KaiC from cyanobacteria [3, 28, 29]. This indicates that clocks have evolved
more than once. It is interesting to note that cryptochrome, a light-sensitive protein and main
component of the circadian clock in mammals [30, 31] and D. Melanogaster [32, 33], has a close
relationship to photolyases, an ancient enzyme family that uses light to repair UV-induced DNA
damage [34]. Further, it has been observed that despite their different clocks in all domains of
life oxidation-reduction cycles of peroxiredoxin proteins oscillate with a circadian period [35].
Peroxiredoxin proteins protect cells from excessive amounts of reactive oxygen species (ROS),
which are produced during respiration and photosynthesis. These observations fit with the “es-
cape from light” hypothesis and may suggest a primordial role of DNA damage in the evolution
of circadian clocks in eukaryotes [36, 37].
Other lessons may be learned from another exisiting clock. Budding yeast has evolved a

metabolic cycle which is tightly coupled to the cell division cycle [38, 39, 40, 41]. The cycle
shares a variety of features with the circadian clock, discussed in Causton et al. [42], and both
clocks might even share a common ancestor [43, 44]. The metabolic oscillations were first ob-
served in a synchronous oscillation in the pH value and dissolved oxygen levels in continuously
growing cultures of budding yeast [45, 38], but could recently be observed in single cells growing
in a microfluidic system [41]. Akin to the “escape from light” hypothesis, it was proposed that
this metabolic cycle may serve to protect DNA from ROS during replication [39]. However,
oscillations were also observed in non-growing cells [46], and it was recently shown that phases
of high oxygen consumption, where ROS are produced, are not strictly separated from DNA
replication [40, 47]. These results put forward original interpretations of this cycle from the
1960s [38, 48], that initiation of cell division (in budding yeast: “budding”) and DNA replica-
tion occur only after accumulation of sufficient carbohydrate reserves to supply the increased
energy demand during these time-critical cellular processes. Machne et al. [49] proposed the
existence of a global mechanism of growth regulation, where a direct feedback exists between
energy metabolism, ATP-dependent remodeling of chromatin structure, and large groups of
differentially expressed genes in budding yeast. They further suggested a similar system to
be tightly integrated with the circadian clock of cyanobacteria, where DNA structure (“DNA
supercoiling” and DNA compaction) were previously observed to oscillate in a circadian manner.
However, energy metabolism is a major source of ROS. With this in mind, it can be argued,

that protection from ROS- or UV-induced DNA damage, or gating replication for times of high
energy supply may be two sides of the same came coin and hence both “evolutionary whys” are

3



1 Introduction

compatible.

1.1.3 Architecture of Cellular Clocks
Circadian clocks in multi-cellular organisms consists of several intertwined transcriptional-trans-
lational feedback-loops. A genome-wide small interfering RNA (siRNA) screen showed that more
than 200 genes affect properties of mammalian circadian gene expression, such as period and
amplitude of mRNA abundance [50]. Hence, a clock network is large and complex becoming eas-
ily incomprehensible. The consensus view focuses therefore on small sets of a few transcriptional
(co-)regulators, so-called core clock proteins, that operate in most cell types and necessary for
a functioning cellular clock.
In plants, fungi, and animals these core-clock genes act as transcriptional activators and re-

pressors, mutually regulating each other in negative transcriptional-translational feedback loops,
as has been shown in several key experiments [51, 52, 53]. A negative feedback loop is one major
ingredient to produce oscillations, also comprehensively understood from the modeling perspec-
tive [54, 55, 56]. The other two ingredients for oscillation production are delay and a sufficient
non-linearity in the describing equations. A delay results from the inclusion of intermediate
steps within the negative feedback loop. While a single transcriptional auto-repressor acts too
quickly on its own transcription, a chain of cross-regulating transcription factors can easily cause
oscillatory expression patterns [57, 58]. Non-linearity is introduced by cooperativity in transcrip-
tional activation or suppression, i.e. more than one protein at a time is required to activate or
inhibit transcription. Because of this, the e.g. inhibition of transcription, which is dependent
on the concentration of inhibitory proteins, follows a step function, which is highly nonlinear.
Delay and non-linearity are inversly dependent on each other. If the delay is large, less non-
linearity is needed to produce oscillations [56]. In many cases, circadian clocks are equipped
with additional positive feedback loops. These might weaken the requirements on nonlinearity
and provide robustness with regards to degradation parameters [59].
In mammals, the proteins BMAL1 and CLOCK form a dimer activating the transcription of -

among others - the transcriptional co-repressors PER1/2 and CRY1/2 which in turn inhibit the
activation of BMAL1/CLOCK and thereby exert a negative feedback on their own expression,
see Figure 1.1. The consensus view considers this to be the main negative feedback loop in
the mammalian circadian clock [60, 28] supported by the fact that a knock-out of either one
of its components, namely BMAL1 [61], CLOCK and its substitute NPAS2 [62], PER1 and
PER2 [63, 64] or CRY1 and CRY2 [65, 66], completely stops the clock. However, a very recent
computational approach pointed to a different main negative feedback-loop. Here, Pett et al. [67]
systemically substituted oscillations of core-clock members by their mean mRNA concentration
in a comprehensive, already published mathematical model of the circadian clock [68] and inves-
tigated if circadian-like oscillations still persist. With this approach Pett et al. [67] were able to
reduce the circadian network structure to essential parts. A motif appeared in this systematic
analysis was the “repressilator”, a network motif consisting of a serial inhibition [69], and origi-
nating in Goodwin’s model of cellular oscillators [57]. The identified repressilator motif Pett et
al. [67] represented the serial inhibition of the clock genes Cry1→ RevErbα→ Per2→ Cry1,
see Figure 1.1. It is interesting to see, that PER2 and CRY1 in the model described previ-
ously form a dimer acting as one transcriptional co-repressor, but their DNA binding profiles
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BMAL1

CLOCK

CRY1/2

PER1/2

Cry1

Per2RevErbα

Figure 1.1: Two models of the core negative feedback loop in the circadian clock. The
consensus view favors the idea shown in the left. The proteins BMAL1 and CLOCK
form a dimer which activates the transcription of the transcriptional co-repressors
PER1/2 and CRY1/2 which in turn inhibit the activation of BMAL1/CLOCK. Re-
cently, Pett et al. [67] identified a repressilator (right) as core negative feedback of
the circadian clock.

tend to support sequential DNA binding [70] of both proteins. These binding profiles favor the
repressilator model over the consensus feedback-loop. Knock-out studies further support the
repressilator motif as the core negative feedback loop, see [67] and references therein. However,
the model and hence finding a repressilator as a possible main negative feedback-loop is based
on mRNA expression profiles and does not take protein levels into account. Including protein
levels might, yet again, alter the picture.
In summary, the overall architecture of the mammalian core clock is well understood and the

details are currently worked out in an exemplary loop between theoretical modeling and wet lab
experimentation.

1.1.4 Time-Keeping in Higher Organisms

Every cell with a nucleus is equipped with the core clock described above. However, even
cells without nucleus, i.e. blood cells show sustained 24-hour-oscillations in their peroxiredoxin
protein levels [71] indicating the existence of additional oscillators within single cells [72]. Hence,
most, if not all, cells show oscillations, even in the absence of transcription. To function as a
proper time-keeper these oscillators must transmit their information about time to other cellular
processes and they must listen to their environment in order to synchronize to the external cues
(“entrainment”). How is this achieved?

In mammals - highly complex organisms - single cell oscillators are organized in a hierarchical
structure. Single cells group together to form larger structures. It is believed that these larger
structures divide in so-called “peripheral oscillators”, associated with whole organs such as
liver or kidney, and “master oscillators”, which respond to environmental cues. The peripheral
oscillators listen to the master oscillators.
A master oscillator, or central pacemaker, is able to restore complex rhythmic behavior in

modified, arrhythmic animals and is connected to the environment [73]. There are three knwon
master oscillators, the suprachiasmatic nuclei (SCN), the food entrainable oscillator (FEO) and
the methamphetamine sensitive circadian oscillator (MASCO).
From these three, the SCN is best understood. It is a small organ in the hypothalamus

and consists of about 20,000 neurons [74]. The individual clocks of these neurons are tightly
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coupled such that each neuron in the SCN oscillates with almost exactly the same period [75]
and therefore with a fixed phase relationship. The SCN receives information directly via light
reaching the retina of the eye [76]. The SCN reacts upon different photoperiods, accounting
for long or short days, with modulated phase distributions of its neurons [77, 78], also which
has also been investigated from a modeling perspective [79]. The SCN transmits its timing
information via neuronal and humoral signals [76], which are yet incompletely understood [73].
SCN lesioned animals have arrhythmic locomotor activity [80]. A transplant of an intact SCN
restores rhythmicity [81], with the original period of the transplanted SCN [82]. All this together,
the coupling to the environment and the capability to induce rhythms in complex behavior,
support the role of the SCN as a pacemaker and rhythm provider.
The two other pacemakers, FEO and MASCO, investigated and put forward by Michael

Menaker and colleagues, are less well understood. Evidence for their existence is based on exper-
iments where rhythms in locomotor activity, body temperature and gene expression profiles can
be restored in SCN-lesioned animals by restricted feeding [83, 84, 85, 86] or methamphetamine
exposure [87, 85, 86]. In SCN-intact animals a phase de-synchrony between food-dependent
and food-independent tissues is induced by restricted feeding [88]. In genetically modified mice
lacking a functional transcriptional-translational clock, rhythmic locomotor-activity is induced
both by methamphetamine administration [89] and restricted feeding [90], suggesting that the
molecular mechanisms that generate these oscillations are fundamentally different from those
that generate SCN rhythmicity. However, neither the anatomical location nor the molecular
mechanisms of the FEO or the MASCO are yet known. They might even be two aspects of
the same mechanism [73]. However, these experiments strongly support the idea that oscillators
other than the SCN can act as pacemakers.
Peripheral oscillators on the other hand are rhythm listeners. Individual organs are thought

to have their own clock which coordinates tissue-specific behavior and which is induced by cues
from the SCN and other pacemakers [91, 92, 93]. Every organ shows its own specific circadian
transcriptome profile [94] accounting for different organ-specific functions, see also Sec. 1.1.5. If
peripheral organs, i.e. organs beside the SCN, are explanted they show damped oscillations [95].
This is in contrast to SCN explants which were reported to oscillate indefinitely [95]. Theoret-
ically, the observed dampening could either arise from attenuated oscillations in single cells or
from increasing de-synchrony among clocks in adjacent cells. Bio-luminescent or fluorescent
recordings of fibroblasts cells in culture [96, 97] and of different tissue explants [98] supports
the latter hypothesis: Single cells show long-lasting oscillations - each with a slightly different
period - but fail to synchronize without external stimuli. Westermark et al. [99] compared time
series of SCN neurons and fibroblasts to two models, firstly a damped oscillator driven by noise,
secondly a self-sustained noisy oscillator. These two models account for a “weak” and a “strong”
oscillator, comparable to the concept of peripheral (weak) oscillator and (strong) pacemaker.
However, it was found that single cell time series from fibroblasts and SCN neurons were both
described by the two oscillators, indicating that both cell types contain similar clocks. Since
SCN and peripheral organs are similar at the single-cell level, the differing behavior of tissue ex-
plants, non-dampened versus dampened rhythms, most likely arises from a missing intercellular
coupling in peripheral organs. Consequently, there is no experimental evidence that peripheral
organs form one meta-oscillator. They rather consist of single-cell oscillators which are inde-
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pendently entrained by the pacemakers. Different cell types in heterogeneous tissues might be
entrained by different input-pathways. These results would suggest that the concept of one clock
per organ, e.g. “liver clock”, may be misleading.

Furthermore, there is evidence for a secondary hierarchical structure within peripheral organs.
For example, the adrenal gland which “listens” to the SCN [100, 101], produces hormones which
in turn influence rhythmicity in other organs such as liver or kidney [102, 103, 104, 105]. It may
even be possible that several more layers exist within this hierarchy.
Consequently, an oscillating transcriptome measured in a peripheral tissue reflects the in-

fluence of a myriad of inputs from different levels of organization: from the transcriptional-
translational negative feedback loop, the core clock, to hormonal and neuronal inputs of the
pacemakers, and environmental cues such as metabolic activity upon feeding or locomotor ac-
tivity. The transcriptome of cell lines, a system where inputs from pacemakers do not exist,
showed rhythms in about only a dozen transcripts, in liver tissue however rhythms in over 3000
transcripts could be detected [106]. This indicates the large majority of circadianly expressed
genes in tissues is directly influenced by systemic cues from the pacemakers.

1.1.5 Circadian Output

Depending on tissue, experiment and analysis (see next section) 5% to 50% of transcripts show
a circadian rhythm in their abundance. Depending on protein half-lives and cell growth, many
cellular processes could thus be modulated by a circadian rhythm. This includes both basic
cellular processes, which are needed for a functioning cell, and functions specific for certain cell
types and organs. Additionally, as outlined above, transcription-independent oscillations further
point to autonomous metabolic or physiological clock-like systems. However, very little is known
about the mechanics and main actors in these systems.

Basic cellular functions are under circadian control Cellular metabolism and the core cir-
cadian clock are interlocked. Most of cellular metabolism oscillates with a circadian rhythm
and it is influenced by members of the core clock. This includes glycolysis [107], gluconeogen-
esis [108, 109, 110], fatty acid oxidation [111] and lipid biogenesis [112]. Thus, both build-up
and consumption - anabolism and catabolism - of the main cellular energy sources are con-
trolled by the clock. It has also been shown that mitochondrial respiration activity [113, 114]
is circadianly regulated, both by controlling rate-limiting enzymes [115, 114] and mitochondrial
dynamics [113], i.e. fusion and fission of the mitochondrial network, which is connected to
the mitochondrial activity [116]. Consequently, ATP levels are circadian in a multitude of tis-
sues [117]. The metabolic state of a cell feeds back to the core clock via the NAD+-NADH axis,
reviewed in [118].

Cellular maintenance processes, often connected to the bioenergetic state of the cell [119,
120, 121], are under circadian control, such as autophagy [122] and the cellular redox state,
exquisitely reviewed by Putker et al. [120]. Thus, probably the whole bioenergetic state of most
- if not all - cells oscillates with a diurnal rhythm, reminiscent again of the metabolic oscillations
in budding yeast cells outlined above. And just like in these metabolic oscillations, the other
large oscillator in the cell, the cell cycle, and the circadian clock are coupled [123, 124].
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But cells do not simply exist, they must also fulfill a function in a complex organism. How
does the clock affect tissue specific functions, especially in liver and kidney, the two organs I
analyze in this thesis with regard to their post-transcriptional regulation? According to Zhang
et al. [94] liver and kidney are the two organs with the highest fraction of circadianly expressed
genes, i.e. 16% and 13% of expressed genes in liver and kidney, respectively, have a circadian
rhythm in their transcript abundance. What does this mean for organ function?

Liver - virtually all processes oscillate The liver is the second largest organ in our body after
the skin and mainly consists of hepatocytes. It is a metabolic organ that performs numerous
functions in the human body, including regulation of glycogen storage, decomposition of red
blood cells, plasma protein synthesis, hormone production, and detoxification. The liver is
considered the prototypic experimental model tissue for circadian research in peripheral organs.
Hence, numerous studies have covered the circadian transcriptome [125, 126, 127, 128, 129, 130,
131, 5, 6, 132, 133, 94], proteome [134, 135, 136, 137] and metabolome [130, 138, 139, 140, 141] of
the liver. Many key findings for the global regulation of circadian gene expression were generated
using mouse liver as modelling system [6, 5, 123, 135]. But the data also served for elucidating
circadian hepatic processes. Virtually all hepatic processes appear to be under control of the
circadian clock, including detoxification, cholesterol and bile acid metabolism, glucose and lipid
homeostasis, thyroid hormone metabolism, and many more (reviewed in [142]).

Kidney function is modulated with diurnal rhythm The kidneys are two bean-shaped organs,
which function to filter water soluble waste products of metabolism from the blood, maintain
fluid and ion homeostasis and regulate blood pressure. In contrast to the liver, a kidney is a
very heterogeneous organ and consists of many different cell types. The functional filtering unit
in kidney is the tubular structured nephron. Each kidney contains about 1 million nephrons.
Blood enters the nephrons and is filtered through the glomerulus, a ball-shaped structure within
the nephron. The filtrate flows through the nephron, and the many specialized cell types in each
segment of the nephron reabsorb or secrete solutes according to the needs of the body. The final
filtrate flows into the ureter to eventually become the urine.
The overall kidney function seems to exhibit circadian fluctuations. For example, the glomeru-

lar filtration rate, i.e. the flow rate of filtered fluid through the kidney [143], and the renal blood
flow [144] show diurnal oscillations.
Urinary sodium excretion oscillates with a diurnal rhythm [145]. This might be explained by

clock-mediated regulation of several renal sodium transport genes [146, 147, 148]. Several key
pathways in the kidney are affected by core clock knock-outs (reviewed in [149]).
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1.2 Rhythmic Post-Transciptional Regulation
Let’s start this introduction by investigating the statement below:

Messenger RNAs (mRNAs) are the central conduits in the flow of information from
DNA to protein. In eukaryotes, mRNAs are first synthesized in the nucleus as pre-
mRNAs that are subject to 5’-end capping, splicing, 3’-end cleavage, and polyadeny-
lation. Once pre-mRNA processing is complete, mature mRNAs are exported to the
cytoplasm, where they serve as the blueprints for protein synthesis by ribosomes and
then are degraded.

This text snippet, taken from the excellently written review by Melissa Moore [150]3, contains
most of the key words which one needs to discuss about post-transcriptional regulation and serves
its purpose of introducing the topic. However, in this review it is given as a counter example
which is not capable to reflect, in reality, vast and fascinating complexity of post-transcriptional
regulation.
Another example for this complexity is provided by the beautiful figure of Gerstberger et

al. [151]4 where post-transcriptional regulation of both mRNA and non-coding RNA is shown.
In this paper, the authors derive a census of about 1500 RNA binding proteins (RBP). The
subsequent analysis reveals that most RBP are ubiquitously expressed, typically at higher levels
than average proteins, and almost all of them are involved in protein synthesis (692 mRNA
binding proteins, 169 ribosomal proteins, 130 proteins in biogenesis and delivery of charged
tRNAs to the ribosome).
In principle, any abundance or activity of proteins involved in post-transcriptional regulation,

any depicted step in the figure, or any processing rate could exhibit circadian rhythms affecting
single mRNAs, groups of mRNA or even all expressed mRNAs in specific cell types. In the
following, I will briefly review what is already known regarding rhythmic post-transcriptional
regulation in mammals and Drosophila.
Post-transcriptional regulation is affected by mRNA-associated factors, such as RNA binding

proteins (RBP) and micro-RNAs (miRNAs). The mRNA-associated factors act as trans-factors
that recognize cis-acting binding sites on (pre)mRNA. Rhythmic post-transcriptional regulation
can be generated either by a time-dependent activity or abundance of trans-factors or by dynamic
changes of cis-elements on the (pre)mRNA achieved e.g. by alternative splicing.

3Reprinted by permission from Macmillan Publishers Ltd: Science, “From Birth to Death: The Complex Lives
of Eukaryotic mRNAs”, Melissa J. Moore, copyright 2005.

4Reprinted by permission from Macmillan Publishers Ltd: Nature, “A census of human RNA-binding pro-
teins”,Stefanie Gerstberger, Markus Hafner, Thomas Tuschl, copyright 2014.
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Overview of the main post-transcriptional gene regulation pathways in eukary-
otes. An overview is given for the biogenesis, decay and function of the most abundant RNAs:
tRNAs, ribosomal RNAs, small nuclear RNAs (snRNAs), small nucleolar RNAs (snoRNAs), mR-
NAs, microRNAs (miÂRNAs), PIWI-interacting RNAs (piRNAs) and long non-coding RNAs
(lncRNAs). Processes are described from left to right. a tRNAs are transcribed by RNA poly-
merase III (Pol III); the 5’ leader and 3’ trailer sequences are removed, introns are spliced, and
the ends are joined. CCA nucleotides are added to 3’ ends, and nucleotide modifications - such
as methylation (M), pseudouridylation (ψ) and deamination of adenosines to inosines (I) - are
introduced before tRNA aminoacylation195 . b The 5S rRNA is transcribed by Pol III, whereas
28S, 18S and 5.8S rRNAs are transcribed as one transcript by Pol I. The precursor is processed
by RNA exonucleases, endonucleases and the ribonucleoprotein (RNP) RNase MRP, guided
by U3 small nucleolar RNP (snoRNP). Nucleotide modifications are introduced by snoRNPs.
rRNAs are assembled together with ribosomal proteins into ribosomal precursor complexes in
the nucleus and transported to the cytoplasm, where they mature to functional ribosomes. c
Most snRNAs are transcribed by Pol II, capped and processed in the nucleus. When exported
to the cytoplasm, they undergo methylation and assemble with LSM proteins into small nuclear
ribonucleic particles (snRNPs) in a process aided by the survival motor neuron 1 (SMN1). These
snRNPs are re-imported into the Cajal body (CB) within the nucleus, where they undergo final
maturation and snRNP assembly. U6 and U6atac snRNAs are transcribed by Pol III and are
alternatively processed in the nucleus and the nucleolus. Mature snRNPs form the core of the
spliceosome. d snoRNAs and small Cajal body-specific RNAs (scaRNAs) are processed from
mRNA introns, capped and modified before they assemble into snoRNPs or scaRNPs in the CB.
snoRNPs and scaRNPs carry out methylation and pseudouridylation of rRNAs, snoRNAs and
snRNAs, or function in rRNA processing (for example, processing of U3 snoRNA). e mRNAs are
transcribed by Pol II, capped, spliced, edited and polyadenylated in the nucleus. Correctly ma-
tured mRNAs are exported into the cytoplasm. Regulatory RNA-binding proteins (RBPs) con-
trol correct translation, monitor stability, decay and localization, and shuttle mRNAs between
actively translating ribosomes, stress granules and P bodies. f miRNAs are either transcribed
from separate genes by Pol II as long primary miRNA (pri-miRNA) transcripts or expressed
from mRNA introns (mirtrons) and processed into hairpin pre-miÂRNAs in the nucleus. After
transport into the cytoplasm, they are processed into 21-nucleotide-long double-stranded RNAs.
One strand is incorporated into Argonaute (AGO) proteins (forming miRNA-containing RNPs
(miRNPs)) and guides them to partially complementary target mRNAs to recruit deadenylases
and repress translation. g piRNAs are ∼28-nucleotides-long, germline-specific small RNAs.
Primary piRNAs are directly processed and assembled from long, Pol II-transcribed precursor
transcripts, whereas secondary piRNAs are generated in the “ping pong” cycle by the cleav-
age of complementary transcripts by PIWI proteins. Mature piRNAs are 2’-O-methylated and
incorporated into PIWI proteins. The piRNA-PIWI complexes (piRNPs) silence transposable
elements (TEs) either by endonucleolytic cleavage in the cytoplasm or through transcriptional
silencing at their genomic loci in the nucleus. h Most lncRNAs are transcribed and processed in
a similar way to mRNAs. Nuclear lncRNAs play an active part in gene regulation by directing
proteins to specific gene loci, where they recruit chromatin modification complexes and induce
transcriptional silencing or activation. Other non-coding RNAs (for example, 7SK RNA) reg-
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ulate transcription elongation rates or induce the formation of paraspeckles (PS). Cytoplasmic
non-coding RNAs can modulate mRNA translation. i Incorrectly processed RNAs are recognized
by several complexes in the nucleus and cytoplasm that initiate and execute their degradation.
CPSF, cleavage and polyadenylation specificity factor; EJC, exon junction complex; hnRNP,
heterogeneous nuclear RNP; NGD, no-go decay; NMD, nonsense-mediated RNA decay; NSD,
non-stop decay; PABP, poly(A)-binding protein.

1.2.1 First Advances and Investigation of Trans-Factors
The complement of possible trans-factors is large. 1500 RBPs [151] and more than 5500 mi-
RNA [152] in humans have been identified, each one of them targeting groups rather than
single mRNAs. It is predicted that mi-RNA affect ∼50% of all protein-coding genes [153] by
downregulating gene expression via either inhibition of translation or mRNA degradation [153].
Additionally, some non-coding RNA are shown to inhibit translation [154].
The first observation of a rhythmic post-transcriptional regulation was made by Robinson et

al. [155] who found that the mRNA encoding for SCN vasopressin had two different poly(A) tail
lengths whose relative abundance varied throughout the day. They hypothesized that this is the
underlying mechanism for rhythmic protein abundance in the SCN. Sol et al. [156] discovered a
rhythmic stability for the Per transcript in Drosophila. Cheng et al. [157] found that the 3’UTR
of this gene is alternatively spliced and results in two isoforms. Later, it was shown that the mode
of splicing depended on temperature and photoperiod and contributed to locomotor-activity in
long and hot days[158], which may help to avoid desiccation of the fly.
In subsequent studies, single core clock transcripts were the focus, with the aim to find the

trans-acting factors. For the mouse transcripts of per3 [159], per2 [160] and cry1 [161] rhythmic
half-lives have been noted. In each of these cases the trans-factor, a known RBP, binds to
the 3’UTR of the transcript in a rhythmic manner which leads to a time-dependent mRNA
destabilization.
Another RBP known to affect the circadian clock is RBM4. RBM4, also known as LARK, has

a circadian abundance in mouse SCN and Drosophila [162]. LARK is involved in diverse cellular
processes that include alternative splicing of pre-mRNA, translation, and RNA silencing [163].
Altering the endogenous abundance of LARK in mice leads to an altered core clock period most
likely by changing translational efficiency of the per1 transcript [162].

Different deadenylases attack the poly(A) tail, a stabilizing element at 3’end of each mRNA,
and thereby affect transcript stability and translational efficiency. Nocturnin, one of the mam-
malian deadenlysases, exhibits circadian rhythms at the transcript level in the retina of Xeno-
pus [164] and in several mouse tissues with an especially high amplitude in mouse liver [165].
The targets of Nocturnin are not yet known [166]. However, Nocturnin knocked-out mice stay
lean under a high-fat-diet indicating an altered lipid metabolism, accompanied by changes in
glucose and insulin sensitivity [167].
With the advances of sequencing techniques it was possible to characterize the complement

of RNAs bound by specific RBPs. To date this has been done for two RBPs with a circa-
dian abundance, the cold-inducible RNA binding protein (CIRBP) and RNA binding protein
3 (RBM3). Both proteins are rhythmically expressed upon temperature cycles [168, 169] due
to temperature-dependent splicing efficiency [170]. This expression behavior possibly enables
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a synchronization of peripheral tissues via the body temperature. Identification of the binding
sites of both proteins resulted in genome-wide listings of possible target mRNAs. More than
8500 binding sites for CIRBP and over 9500 for RBM3 were assigned to annotated transcript
regions [169].
The importance of miRNAs for the circadian output is not clear. Gatfield et al. [171] in-

vestigated miR-122, a highly abundant, hepatocyte-specific microRNA [172]. Transcription of
miR-122 is under circadian control, however due to a long half-live (see also Section 2.1) the
miR-122 level is constant throughout the day [171]. Downregulation of miR-122 revealed that
this miRNA affects a disproportionately large range of RNA with a circadian abundance and
consequently, a knock-down results in reduction of lipid and cholesterol metabolism [173, 174],
processes known to have diurnal rhythms. In line with this, a recent genome-wide study found 57
miRNA, all originating from primary transcripts of clock-controlled genes [175]. Consequently,
the pre-miRNA levels oscillated, but the mature miRNA did not. An overexpression of one of
these miRNA, miR-378, again revealed that this miRNA regulates many circadian genes.
Genome-wide screenings identified only a very small number of miRNA with oscillating abun-

dances, six in Drosophila head [176] and 54 in mouse liver [129]. Du et al. [177] investigated
the circadian transcriptome within a global disruption of miRNA biosynthesis. Here, 30% of
circadian 1630 transcripts changed their mean abundance, however only 20 transcripts showed
alterations in rhythmicity. Very few cycling miRNA and almost no alteration in mRNA abun-
dance rhythms may indicate that miRNA generally do not induce circadian rhythms. This is
supported by results showing that the kinetics of miRNA interactions are too slow to affect circa-
dian rhythms in mRNA levels [178]. This is further supported by our study [179], where mRNA
predicted to be under rhythmic post-transcriptional regulation show no over-representation of
target sites for the rhythmic miRNAs suggested in above studies [129].
A very recent study suggests that long non-coding RNA may be involved in rhythmic post-

transcriptional regulation. Torres et al. [180] investigated the content of paraspeckles, struc-
tures that are formed by a long non-coding RNA molecule and a number of RNA binding
proteins [181, 182]. Paraspeckles are thought to prevent certain mRNAs from leaving the nu-
cleus and, therefore, stop them from being decoded to proteins [183]. Both, the composition
and the abundance of paraspeckles changed with a circadian rhythm in cells of the rat pituitary
glands [180]. Disruption of the paraspeckles resulted in rhythm-loss of cytosolic mRNA levels
known to be recruited by paraspeckles.

1.2.2 Investigation of Cis-Acting Elements
Charting of trans-factors is one way of investigation post-transcriptional regulation. However,
insight can also be gained through methods: by investigating the modifications of cis-acting
elements on the (pre)mRNA regardless of the mediating molecule. Such cis-acting motifs can
be mediated by alternative splicing, poly(A) deadenylation and RNA methylation.
Alternative splicing in mammals is widespread, affecting 94% of genes in humans [184]. It does

not only result in different proteins by, e.g., exon-skipping, but can also affects the regulatory
regions of mRNA, the 5’ and 3’UTRs [185]. It is estimated that 20% of expressed genes in
mouse liver contain a circadian exon [186]. McGlincy et al. [186] also demonstrated that certain
splicing factors have clock-controlled transcript expression. Gotic et al. [170] observed that
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temperature-dependent splicing efficiency of cold- and heat-inducible proteins lead to a circadian
accumulation of mature mRNA. Only properly spliced mRNA can serve as a protein template,
unspliced mRNA is degraded in the nucleus. Gotic et al. [170] found that a regulatory element
in the first intron of Cirbp mRNA is responsible for changes in splicing efficiency.
The poly(A) tail is a stabilizing element of about 250 adenosides at the 3’end of mRNAs. Its

length is connected to mRNA stability and translational efficiency. Once the mRNA is in the
cytosol, the poly(A) tail length is attacked by different deadenylases [187]. But this shortening
is not constant: It can slow down, stop, and even re-lengthening is possible to accommodate
different mRNA fates [188]. Kojima et al. [189] investigated the poly(A) tail length of transcripts
over the course of a day and find 230 transcripts with oscillating poly(A) tails. Surprisingly, most
of them are not affected by a knock-out of Nocturnin, the only known rhythmic deadenylase [190].
m6A RNA methylation is the post-transcriptional addition of a methyl group to an adenosine.

Dominissini et al. [191] identified RNA methylation in more than 7000 human genes, typically
around stop codons and within long internal exons. Fustin et al. [192] identified RNA methyla-
tion on many clock gene transcripts and demonstrated that upon inhibition of m6A methylation
the core clock period was longer.

1.2.3 Quantifying the Extent of Post-Transcriptional Regulation
If interested in rhythmic post-transcriptional regulation one may not simply ask and investigate
the specific situations and players, but also how many of all expressed genes are affected by
post-transcriptional regulation.
Since post-transcriptional regulation comes in many different flavors, as the previous section

demonstrated, no single experiment can capture every possible post-transcriptional regulation
at once. Hence, the problem is tackled the other way around by charting production and
abundance of mRNA. If production and abundance “match” each other, there is no reason to
assume rhythmic post-transcriptional regulation. For this approach it is crucial to find a clear
and statistically sound definition of such a “match”.
Charting of the mRNA abundance is achieved by common RNA-sequencing or hybridization-

based (“micro-arrays” or “tiling arrays”) studies. However, monitoring of production in a
genome-wide manner is not as straight-forward. Different approaches have been developed,
both experimental [193] and computational [70, 194], also employed to characterize the extent
of rhythmic post-transcriptional regulation.
Experimental approaches to characterize transcriptional activity based on sequencing in-

clude ChIP-seq of polymerase II, GRO-seq and Nascent-seq. ChIP-seq (Chromatin Immuno-
Precipitation & DNA-Sequencing) is used to examine the DNA binding sites of specific proteins.
Proteins are cross-linked to DNA, followed by DNA fragmentation and immunoprecipitation by
antibodies specific to polymerase II (Pol II). The sequencing of DNA fragments bound by Pol
II allow the identification of Pol II enriched regions [195], however this covers all stages of
transcription, including sites of Pol II pausing, where there is no active transcription. Global
Run-On Sequencing (GRO-seq) [196] attempts to chart engaged polymerases. Here, nuclei with
artificially halted transcription are isolated, the transcription is restarted in vitro and newly
synthesized RNA fragments are isolated and sequenced. NascentSeq [197] is based on isolation
of chromatin together with bound Pol II and transcribed RNA followed by RNA extraction.
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1.2 Rhythmic Post-Transciptional Regulation

This RNA is then depleted of poly(A) tails and rRNA and subsequently sequenced. Hence, all
these three experimental approaches attempt to capture current transcriptional activity.
An established computational approach estimates RNA transcription from RNA sequencing

data. Here, exons and introns are annotated separately accounting for mature RNA and pre-
RNA, respectively. Exons reads can originate from both mRNA and pre-RNA, while intron reads
can only stem from pre-RNA. However, most transcripts are spliced co-transcriptionally [198].
Hence, the complete set of introns is not part of the sequencing library. This leads to reduced
mean level of pre-RNA quantification. A reduced mean level does not necessarily effect rhyth-
micity, and the data can still be used for qualitative interpretation (phase) of oscillations in
transcriptional activity. However, to enrich for mRNA, the sequencing libraries are commonly
generated via Poly(A) tails. These are added after completing the transcript. This means,
firstly, that the moment we capture with this computational approach is after the completed
transcription in contrast to the experimental approaches where transcription is “caught in the
act”. Secondly, due to co-transcriptional splicing transcripts may already be properly spliced
and we cannot detect any pre-RNA levels for some transcripts. Despite these limitations, the
quantification of pre-RNA and mRNA from one RNA sequencing run is an established method
and seems to give useful insight also in data concerning the circadian transcriptome [70, 194].
To estimate the extent of rhythmic post-transcriptional regulation Koike et al. [70] and Menet

et al. [5] divide their findings in 3 classes of genes: first, genes with rhythmic transcriptional ac-
tivity and rhythmic mRNA abundance; second, genes with rhythmic transcriptional activity but
an arrhythmic or flat mRNA abundance; and third, genes with arrhythmic transcriptional ac-
tivity, but rhythmic mRNA abundance. They conclude, that the first class (rhythmic-rhythmic)
is not under control of rhythmic postranscriptional regulation; in the second class (rhythmic-
arrhythmic) rhythms are lost due to long mRNA half-lives; and only the third class (arrhythmic-
rhythmic) contains genes under rhythmic post-transcriptional control. Although not completely
wrong, these conclusions do not hold for every examined gene. For example, even if both, tran-
scriptional activity and mRNA abundance are rhythmic, there are cases where transcriptional
activity cannot explain mRNA abundance, for example if the phase difference between both is
large or mRNA abundance oscillates with a larger relative amplitude than the corresponding
transcriptional activity. This can be comprehensively understood using a simple ordinary dif-
ferential equation model, see also Section 2.1. The detailed analysis of Le Martelot et al. [6] is
based on this model.
In our study [179] we reexamined the data of Le Martelot et al. [6]. We developed a sta-

tistical test to precisely estimate how likely it is for a given mRNA to be under rhythmic
post-transcriptional control. The main advantages of this test is, firstly, to overcome potentially
misleading assignments of binary categories, either rhythmic or arrhythmic, and secondly, to
handle every gene separately whilst dealing with its specific measurement noise. Using this test
we were able to estimate that about one third of the circadian transcriptome in mouse liver
(data from [6]) is under rhythmic post-transcriptional control. A very similar result was found
for Drosophila head (data from Rodriguez et al. [199]) where 34% of circadian genes showed
evidence of rhythmic post-transcriptional control.
In the last section of my introduction, I will briefly outline the ideas behind this modeling

approach. This thesis is based mostly on these ideas, as published in [179], but I will present
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significant extensions of the model and show its versatility by applying it to a series of hypotheses
on rhythmic regulation on various of above outlined levels in the complex life of genetically
encoded macromolecules.

1.3 Modeling Idea and Detection of Rhythms
In this last section I will briefly comment on the modeling technique I have implemented. First
of all, I concentrate on describing deterministic behavior and, with that, exclude any stochastic
variation. Almost all models described in this thesis, except for the partial differential equation
from section 3.3, are compartment models with time-dependent rates.
The compartments emplyed are not physical spaces but pools of molecules. With applying

compartment models I assume that

• There is an instant homogeneous distribution of molecules within a “compartment.”

• The cell volume is constant, that is, effects of cell growth are not accounted for.

In many cases I describe only a single compartment with a time dependent input, molecule
production, and time dependent output, generally molecule degradation. This rather simple
description does not account for the underlying biochemistry, for example molecular interaction,
inhibition etc., in any detail. This makes the models universally applicable. Although I focus on
RNA production and degradation, many conclusions hold true for other molecules, e.g. proteins,
orthophosphate proteins, nuclear import/export, etc., see Section 4 for more examples.

1.3.1 Rhythms in Time Series and Rates
Any sustained oscillation can be characterized by four features, see also Figure 1.3A:

• magnitude: the mean value

• period: the time it needs to complete one oscillation

• phase: the peak (or trough) of an oscillation with reference to an external point such as
time

• amplitude: the difference between peak (or trough) and magnitude

For circadian behavior the period is fixed to about 24 hours and will not be of great interest. In
this thesis I also will rarely mention the mean value since I will not concentrate on comparison
of absolute expression levels but on comparison of their dynamics, their rhythmicity. Of specific
interest are the phase of the signal (when does molecular abundance or activity peak) and
amplitude (how strong does it vary over one cycle).

Here, it is convenient to introduce a normalized amplitude, the so-called relative amplitude.
The dimensionless, relative amplitude is defined by the absolute amplitude normalized by the
mean and is a measure for rhythmicity. It can take values between 0, no rhythmicity, and 1,
maximally possible oscillation.
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The rhythms in time series and rates are then characterized by a phase and a relative ampli-
tude.
I will describe most time-dependent rhythmic rates r(t) as cosine functions, if not stated

otherwise, with magnitude M , phase φ and relative amplitude Arel, see Figure 1.3A.

R(t) = M (1 +Arel cos(ωt− φ)) (1.1)

The angular frequency is set to ω = 2π/(24h) ≈ 0.26 h−1 throughout this thesis to reflect
circadian biology. The extreme values of the relative amplitudes, 0 and 1, indicate for 0, rate is
constant, and 1, rate oscillates between 0 and twice its mean.

1.3.2 Vector Model to Describe Rhythms
To visualize rhythmic properties of cosine functions it is convenient to use a vector description.
Here, one vector represents one cosine function. Its length represents the oscillation strength or
relative amplitude and the vector’s direction the oscillation phase, see Figure 1.3B. If we want to
describe processes with a circadian rhythm the phase can take values between 0 and 2π, which
represent values between 0 and 24 hours in the circadian time frame. Although, all calculations
are done in angular frequency I will display and write about the corresponding values in the
circadian time frame. As with the rates also rhythmic time series can also be approximated with
cosine functions. Here, a linear model, e.g.

x(t) = a cos(ωt) + b sin(ωt) (1.2)

is fitted to a time series, estimating the parameters a and b. Since both models, Equation 1.1 and
1.2 are equivalent, we can calculate from the parameters a and b phase φ and relative amplitude
Arel with

Arel =
√
a2 + b2 (1.3)

φ = arctan 2
(
a

b

)
, (1.4)

where the function arctan2 maps the two arguments a and b onto the whole phase plane, see
Appendix A.1.2. With this the time series is described as a cosine function and can be displayed
as a vector as previously described. The derivation between fit and time series, the residuals of
the fit, are displayed as a so-called confidence ellipses in this graph, see Figure 1.3C. For most
experimental designs, namely fully measured periods, the ellipse is a circle, see Appendix C.1.3.
The circle covers a very small proportion of possible phase values compared to possible amplitude
values. This has the consequence that phase can be estimated by much greater accuracy than
the relative amplitude.
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1.3.3 Statistics of Rhythmicity Detection

Numerous high-throughput studies on the circadian transcriptome obviously ask for the num-
ber of cycling genes compared to the overall expression. Often it is implicitly assumed that
rhythmicity in transcript abundance implies rhythmicity in biological function. To be biologi-
cally functional rhythms should exhibit a sufficient amplitude, oscillations must be strong. In
contrast, when, for example, asking for principal regulatory mechanisms of the circadian clock
one might also be interested in rhythmic gene expression with low amplitude regardless if the
rhythm has a function or not. Hence, different scientific questions pose different demands on
rhythmicity detection. I argue it is useful to test for rhythmicity and amplitude independently,
although both are related, as I will outline in the following. With this I follow the suggestion
by Thaben et al. [200].

To find circadian rhythms in time series often a statistical hypothesis testing is employed
which tests for rhythmicity against a null hypothesis as some sort of random noise without any
rhythmicity. There are statistical tests based on both parametric [201, 202] and non-parametric
methods [203, 204, 200] available, reviewed in [205], with non-parametric often being more robust
against biological outliers.
In the literature, fixed percentages or numbers of genes are often given, as I also reported

in Section 1.1.5. These are almost always based on applying a p-value cut-off of e.g. 0.05,
chosen arbitrarily. However, testing thousands of genes for rhythmicity is a multiple testing
problem and hence asks for correcting the p-values, for example by using the Benjamini-Hochberg
procedure [206].
In this thesis, in order to detect rhythms in time series I apply RAIN [200] together with a

false-discovery rate of 25%. RAIN is a further development of a non-parametric method to detect
not only symmetric, but also asymmetric wave-form rhythms. This yields very high numbers of
rhythmic transcripts, e.g. applying this method to the liver data set by Zhang et al.[94], we find
that at least 49% of transcripts are rhythmic, much more than the published number of 16%.
However, most of these detected rhythms have a very low amplitude. Hence, this detection

method is accompanied by an amplitude cut-off. This amplitude cut-off can be motivated
biologically. For example, as it is well established and as I also outline in Section 2.1, rhythms
are lost easily due different processing steps. Accordingly, if I want to deduce from rhythmicity
in transcript abundance to rhythmicity in protein I should choose a high amplitude cut-off. On
the other hand, if I am rather interested in basic regulatory principles in RNA processing, a low
amplitude cut-off is sufficient.
Using this approach to search for rhythmic transcripts I first find a reliable set of cycling time

series and then chose a motivated, in contrast to arbitrary, amplitude cut-off which serves best
for my scientific question.

1.4 Outline of the Thesis

This thesis aims to elucidate the effect of post-transcriptional, especially rhythmic post-transcrip-
tional regulation on the circadian transcriptome. How can the circadian clock tune its output
to specific times and keep a desired oscillation strength? I investigate the main properties of
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rhythmicity, phase, relative amplitude and period.
First, in Section 2.1 I look at constant, i.e. not time-dependent, post-transcriptional regu-

lation, and how it affects amplitude and phase of a transcript. This is the starting point to
developing different tests which estimate the extent of rhythmic post-transcriptional regulation
in Section 2.3 and 2.4. I apply these tests to two data sets on mouse liver and kidney, revealing
34% of circadian genes in mouse liver and 18% in mouse kidney for which a rhythmic post-
transcriptional regulation must be assumed. In Section 2.5 I introduce a model for rhythmic
mRNA degradation and show that rhythmic degradation could account for the measurements.
In Section 2.6 I ask if rhythmicity in other stages of mRNA processing could equally explain
the data. In Section 2.7 I finally search for additional evidence of rhythmic post-transcriptional
regulation in mouse liver and kidney.
The second part of this thesis complements this general investigation of the prevalence of mul-

tiple rhythmic processes with more specific questions. First, I ask if and when higher harmonics
in time series could be induced by rhythmic post-transcriptional regulation (Section 3.1). I fur-
ther inspect rhythmic post-transcriptional regulation of core clock genes in Section 3.2. Finally,
in the last section I introduce a partial differential equation model, which describes an “aging”
molecule. This model is applied to damaged proteins and shortening of poly(A) tails.
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2 Post-Transcriptional Regulation of Clock
Controlled Genes

The transcriptome of clock controlled genes in different mouse organs show a phase distribu-
tion throughout the day. It seems different genes require different phases in order to properly
fulfill their function. This requires for a fine adjustment of phases and amplitudes of mRNA
abundances. Transcript levels are tightly regulated via different steps, starting with the tran-
scription initiation, followed by splicing and other post-processing and finally the degradation
of the mature transcript. Genome-wide diurnal profiles of mRNA abundances are obtained by
next generation sequencing technology. A genome-wide approach for transcriptional activity
can be achieved by different techniques such as “nascent-seq” [197], “GROseq” [207], ChIPSeq
of Polymerase II or identification of introns in RNA sequencing data. However, for the diverse
range of most PTR steps a genome-wide approach has not yet been established.
In this work I aim to elucidate the importance of post-transcriptional regulation (PTR) for

circadian gene expression with a focus on rhythmic PTR. With ordinary differential equation
(ODE) models I will characterize the limits of constant PTR, how rhythmic PTR affects mRNA
levels and how rhythmic PTR can be detected without direct experimental evidence. I will use
2 data sets on mouse liver and kidney to test this. In the second part I will extend these models
to characterize other interesting aspects of rhythmic PTR. I will investigate if rhythmic PTR
can produce higher harmonics in mRNA abundance, briefly characterize rhythmic PTR in the
core clock and lastly describe the life cycle of a molecule as an “aging” process by a partial
differential equation (PDE) model.
Part of this work has been published in “Rhythmic degradation explains and unifies circadian

transcriptome and proteome data” [179], in particular the solution and stability discussion of
the model in Section 2.5, and the test which uses half-lives presented in Section 2.4. This test I
developed in collaboration with Paul Thaben and Pål Westermark. Apart form this, the work
I present here is completely my own.

2.1 Time Matters

The kinetics of mRNA processing are crucial for generating rhythms in mRNA abundance. They
dictate strict boundaries for maintaining oscillations. In the following I will use an ODE model
to show what determines the oscillation strength (amplitude) and how oscillations are passed
during mRNA processing steps.
Rhythmicity or oscillation refers to relative amplitude. The relative amplitude defines how

strong the rhythm is. A loss in amplitude means a loss of rhythmicity.
How is a rhythm in transcription initiation passed on to the mature transcript? Since we are
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interested in oscillation only, we can describe several life stages of an mRNA by one model equa-
tion. This is then a global description without taking into consideration underlying molecular
mechanisms. In this equation a species x is rhythmically produced and constantly degraded:

dx
dt = prod(t)− γx

prod(t) = k (1 +Aprod cos (ωt− φprod)) .
(2.1)

The time dependent production rate prod(t) is a cosine function with period ω = 2π
24h
−1, mean

k, relative amplitude Aprod and phase φprod. γ is a constant degradation rate characterizing the
removal of the molecule out of the described system. This rate is related to the species’ half-life
or processing time τ1/2 by the relationship

γ = ln(2)
τ1/2

. (2.2)

The different interpretations for the different life stages are achieved by interpreting the variable
and rates differently. For example, let x stand for nascent, unspliced RNA. Then the rhythmic
production rate describes a rhythmic transcription initiation. In this interpretation, splicing
destroys nascent RNA, hence the splicing rate constitutes the degradation rate. The degradation
rate is defined by the processing time, here, how long it takes for splicing. The subsequent
species spliced RNA is rhythmically produced due to rhythmic pre-RNA abundance, the pre-
RNA passes its rhythm down to the spliced RNA. In the same manner every life stage of an
mRNA is described by the same model, where the previous species is approximated by a rhythmic
production rate.
Solving the model Equation 2.1 gives a cosine function describing the abundance of x with

magnitude, relative amplitude and phase:

x(t) = Mx (1 +Ax cos (ωt− φx)) , (2.3)

Mx = k

γ
, (2.4)

Ax = γAprod√
γ2 + ω2 , (2.5)

φx = φprod + arctan
(
ω

γ

)
. (2.6)

According to this solution, the relative amplitude of x is determined by the relative amplitude
of the production, reduced by the factor γ√

γ2+ω2
. Consequently, the processing time or species’

half-life in the described system dictates the strength of amplitude reduction. Accordingly,
every processing step of the mRNA will result in an amplitude reduction in its abundance or
diminishes oscillation strength. Figure 2.1 shows the amplitude reduction in relation to the
rhythm’s period. For example, the species’ oscillation is reduced by one half if the processing
time takes about 20% of the period.
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Which steps in mRNA processing will therefore contribute most to an amplitude reduction
in a circadian time frame where the period equals 24 hours? In Figure 2.1 the time scales of
some mRNA processing steps are plotted against the amplitude reduction. The life of an mRNA
begins with its transcription initiation. Assuming transcription speed is ∼35 base per second as
measured by Bahar et al. [208], the completion of a transcript with a length of 100kb takes 45
min. Further processing of the freshly transcribed mRNA includes splicing, adding its stabilizing
elements, poly(A) tail and the 5’cap, and finally transport out of the nucleus. Splicing of one in-
tron takes about 10 minutes [209]. However, since most splicing occurs co-transcriptionally [198]
this step will not prolong the processing time of mRNA during transcription. The same is true
for the co-transcriptional mRNA capping. Adding the poly(A) tail, in mammals consisting of
250 adenosides, takes no longer than 5 minutes [210]. Nuclear export can take up to 30 minutes
depending on where in the nucleus the transcript is produced [211]. In total, the time from
transcription start to the nuclear export can take up to 1.5 hours. Hence, an oscillation in
transcription initiation, e.g. by an oscillating transcription factor, is already reduced by 40%
due only to the long mRNA processing time.
However, 1.5 hours is quite an extreme example for mRNA processing. In most cases the

processing, from the start of transcription until nuclear export, will probably not exceed 0.5
hours due to shorter transcripts and faster nuclear export and hence this step will not play
the dominant role in rhythm loss. By far the most amplitude reduction can be expected due
to the mRNA’s half-life. Friedel et al [212] and Schwanhäusser et al. [213] measured half-lives
of mRNAs in mammalian cell lines. Both studies used labeled nucleotides to distinguish newly
transcribed from pre-existing RNA. Half-lives were then estimated by the ratio of both fractions.
According to these studies, mRNA half-lives span a range from a few minutes to up to 25 hours,
with a median of 5 hours. Hence, for long-lived mRNA the oscillation of its production will be
lost even if production strongly oscillates.
Long mRNA half-lives weaken rhythms. Furthermore, the half-life also influences the phase

of the mRNA. It is intuitively clear, that a product abundance peaks after its production, the
abundance of a mature mRNA will peak after its rhythmic transcription initiation. The solution
of the ODE Equation 2.6 gives a more precise time frame. The product abundance peaks after
its production at most at 1/4 of the period, 6 hours for the circadian period. The longer the
half-life the longer is the phase shift.
In summary, it depends mainly on the mRNA half-life if an mRNA has a rhythmic abundance

due to a rhythmic transcription initiation. Long half-lives result in a loss of rhythms accompanied
with a phase shift of up to 6 hours between transcription initiation and mRNA abundance. This
result also gives a good starting point to characterize 2 RNA sequencing data sets with additional
information about transcriptional activity. In the next section, I will introduce both data sets
in more detail.
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Figure 2.1: Time matters for oscillations. Above: Amplitude reduction in percentage plotted
against the processing time in number of periods. Below: Range of different mRNA
processing steps.
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2.2 RNA Abundance and Transcriptional Activity:
2 Data Sets on Mouse Liver and Kidney

All further analyses in the following sections will examine two data sets. In this section I will
first characterize the properties regarding circadian gene expression. The first data set is derived
from mouse liver and is published by Menet et al. [5], the second data set was generated from
mouse kidney by our group in collaboration with the group of Achim Kramer (Charité) and
Roman-Ulrich Müller from University of Cologne. Both data sets are based on RNA sequenc-
ing. To access transcriptional activity, the second feature of the data sets, different methods
are utilized. Menet et al. [5] make use of the so-termed “nascent-seq” method, explained in
Section 1.2.3. Here, they separate experimentally pre-mature mRNA from mature mRNA fol-
lowed by sequencing. In contrast, transcriptional activity in kidney is obtained from the same
RNA sequencing data set which provides mRNA abundance. Separation between transcriptional
activity and mRNA abundance is performed computationally by individually quantifying tran-
scripts with (pre-RNA) or without (mature mRNA) introns, a method which possibly provides
not as “clean” results as the method applied by Menet et al. [5] as described earlier. Further-
more, the sampling frequency is different between the two data sets. Mouse liver was sampled
every 4th hour, 6 time points per period and 12 time points in total, mouse kidney was sampled
with a slightly higher frequency, every 3rd hour, 8 time points per period and 16 in total.
In the following 3 sections, there will be a lot of numbers arising regarding these two sets. For

the convenience of the reader these numbers are summarized in a table in Appendix F.2.
In mouse liver 13698 genes are expressed with information on both, mRNA and transcriptional

activity, in kidney 14324 genes are expressed. I consider circadian genes as genes with mRNA
or transcriptional activity with a 24 hour-periodic pattern (detected with RAIN [200] and a
false discovery rate ≤ 0.25) and a relative amplitude larger than 0.1, see also Section 1.3.3.
With these cut-offs I find 3813 (30%) of expressed mRNA to be rhythmic in liver and 4137
(29%) in kidney. If I include transcriptional activity into this analysis I find that 5581 (43%)
of expressed genes have a circadian rhythm in either their RNA abundance or transcriptional
activity, for kidney this is true for 6489 (47%) of expressed genes. Compared to other studies
these percentages of circadianly expressed genes are more than twice as high [94, 5]. This can be
in part explained by a higher sampling frequency and the different experimental methods. RNA
sequencing employed in the present studies produce data less prone to technical noise compared
to microarrays [214]. Both, sampling with higher frequency and less noise, increases the detection
of rhythms. Furthermore, RAIN, not employed by the other studies, is able to detect rhythms
which other known detection algorithms miss [200]. However, this is not enough to explain the
large discrepancy, also the parameter thresholds which separate circadian from non-circadian
gene expression play an important role. Here, rather the choice of relative amplitude than a
different false discovery rate affects the proportion, see Appendix C.1.2. Hence, many genes I
classify as circadian have a low relative amplitude, see also Figure 2.2A. One may argue, that a
large proportion of these genes are not able to fulfill a circadian function in the cell. However,
the main purpose of this study is to investigate rhythmic PTR. Not asking for specific gene
functions but rather for fundamental regulation principles justifies rather loose parameters for
gene classification in order to keep the test set as large as possible.
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A different phase distributions of mRNA abundance and transcriptional activity for liver and
kidney suggest that circadian gene expression is organ specific, see Figure 2.2B. A clear difference
between both organs is also found for the phase difference of transcriptional activity and mRNA
abundance, see Figure 2.2C. In kidney most of the mRNA abundance peaks within 6 hours after
its transcriptional activity, while in liver a broader distribution of phase differences is observed.
The theoretical boundary for a phase difference is 6 hours when rhythms in mRNA abundance
stem only from rhythmic transcriptional activity, see previous section. Hence, one would expect
the proportion of genes where rhythms in mRNA are only generated by a transcriptional activity
to be much higher in liver than in kidney. However, this needs further validation.
Consistent with the organ specific circadian transcriptome, I find that most of the genes

(12148) are expressed in both organs, but only a small proportion (1361 genes, 11% of genes
expressed in both organs) is found to be circadian in both organs.
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High relative amplitudes suggest that rhythmicity is important for gene function. With that in
mind it is not surprising that genes with a high relative amplitudes in their mRNA abdunance
in both kidney and liver are almost exclusively core clock genes, see Figure 2.3A. For some
other genes no connection to the circadian clock has yet been investigated, despite their strong
rhythmicity, see Figure 2.3A. It seems that, to date, we have only scratched the tip of the iceberg
when it comes to knowledge of output and consequences of the circadian clock. Furthermore,
there are mRNA which show a relative amplitude larger than 1, which would include theoretically
(see Section 1.3.1) negative RNA abundances. However, the time series of these mRNAs have a
distinct, rather pointy shape and a sine fit results in larger relative amplitudes, see Figure 2.3C.
It might be desirable to introduce a different fit to these time series. This is beyond the scope
of this thesis.
The phases of genes expressed in both organs often differ among organs, see Figure 2.3B. In

contrast, phases of genes with a high relative amplitude correlate quite well, see Figure 2.3B.
Interestingly however, we observe a systematic phase shift between those genes whose phases
correlate. Transcript abundances peak later, while transcriptional activities peak earlier in
kidney than in liver. For the latter, the experimental setup may be blamed. Nascent-seq
applied for transcriptional activity in liver captures a broad range of newly synthesized RNA
including already spliced RNA. The computational separation of exons, proxy for the mature
mRNA, from introns accounting for transcriptional activity captures only unspliced RNA. Since
RNA is often spliced very early in its life time, the phase of transcriptional activity in kidney
appears earlier than in liver.
However, the systematic phase difference in mRNA abundance - especially in core clock genes

- is rather odd. It could mean that the core clock oscillates with a phase difference of about
5 hours in both organs. But we must take into consideration that the two data sets were
generated in different laboratories, each with its own routines, mouse strains etc.. Although
both experiments used mice housed in LD 12:12, probably the most significant influence on
possible phase differences, it would still require an investigation of both organs in one laboratory
in order to exclude any other experimental influences.
Two organs, two distinct circadian transcriptomes with some similarities, especially in core

clock gene expression, leads to the question: How much of the circadian transcriptome can be
explained by the transcriptional activity? There seems to be a difference between the two organs
because many more mRNA in liver in comparison to kidney have phase differences between
transcriptional activity and mRNA abundance larger than 6 hours, the theoretical boundary
for constant PTR, see also Figure 2.2C. In the following section I examine both data sets by
comparing transcriptional activity and transcript abundance with respect to the model from
Section 2.1.
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2.3 Rhythmic Transcriptional Activity Cannot Fully Explain Rhythms
in mRNA Abundances

How many of all rhythmically expressed genes can be explained by rhythmic transcriptional
activity alone? I will develop in the following chapter a 2-stage-test which tests first mRNAs
without half-lives. In the second, refined test stage half-lives are included. In this way, more
genes can be tested.
The overarching strategy in both test-stages is to compare the model prediction from the

previous Section 2.1, where only rhythmic transcriptional activity was considered, with the
actual findings. If prediction and findings agree the mRNA abundance can be explained by only
transcriptional activity.

2.3.1 A Test in Two Stages - Without and With Half-Life

To make full use of the model Equation 2.1 one needs three ingredients: time series of mRNA
abundances, transcriptional activities as proxy for the production rate and the mRNA half-
lives. However, information on only mRNA abundance and transcriptional activity allows a first
estimate on the extent of rhythmic PTR as I will outline in the following. This estimate is not as
precise as if mRNA half-lives were included, but it takes more transcripts into account since the
majority of transcript half-lives were not measured and a more precise analysis is not possible
for these transcripts.
The graphical representation of the model solution gives an intuitive understanding of the

comparison between model prediction and measurement. As outlined in Section 1.3.1, every os-
cillation can be represented by a vector, where the vector direction indicates the oscillation phase
and the vector length the oscillation strength or relative amplitude. The model solution predicts
that the mRNA abundance peaks at most 6 hours after the transcriptional activity and is ac-
companied by an amplitude reduction. Exact phase shift and amplitude reduction depends on
the transcript’s half-life. This result translates into a semicircle in the vector-representation, see
Figure 2.4A. The upper edge of the semicircle marks the phase shifts and amplitude reductions
for a transcriptional activity with relative amplitude of 1, the highest possible relative ampli-
tude. Consequently, this semicircle marks the maximal range for rhythmic transcripts which are
only influenced by a rhythmic transcriptional activity. Transcripts influenced by transcriptional
activity with a smaller amplitude lie within the semicircle. Transcript abundances outside of
this semicircle cannot be explained by the model, indicating that there is an additional rhythmic
process which influences the transcript abundance. These two fractions of mRNA rhythms, lying
either inside and outside the semi-circle, allow for a first distinction between transcripts with or
without additional rhythmic PTR regardless of their half-life.
Including the half-life allows for a further refinement of this distinction. For all transcripts

within the semi-circle and for which the half-life is known, we can check if phase and amplitude
match the model prediction.
This two-stage-test, first to test all transcripts regardless of their half-life and second further

validation of phase and amplitude, will give an estimate for the extent of rhythmic PTR taking
as much information as possible into account.
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2.3.2 Two-stage-test on Mouse Liver and Kidney

To apply the first stage of the test, namely to test if transcripts are inside or outside the
semicircle, I align all mRNA phases to one production phase and allow the semicircle to be
larger than dictated by the model, which takes uncertainties in amplitude and phase estimation
into account, see Figure 2.4B for kidney.
With this set-up I find that of all rhythmic transcripts 939 (∼14%) are outside the semicircle

in kidney and 2191 transcripts (∼36%) in liver, see Figure 2.4B.
The second stage of the test is applied to the remaining fraction, namely transcripts inside

the semi-circle, for which a half-life was measured by Friedel et al. [212] and/or Schwanhäusser
et al. [213]. That is the case for 1163 transcripts in kidney and 850 transcripts in liver. With
the model solution Equation 2.6, 2.5 I calculate the expected phase and amplitude of transcript
abundance based on the transcriptional activity and half-life. Next, these results are compared
to the transcript phases and amplitudes that were actually measured and I allow again for a
certain deviation to account for uncertainties in phase and amplitude estimation, see Figure 2.5
for kidney.
Here, a large part of the examined transcripts fail to pass the second test and hence their

rhythmic abundance profiles cannot be explained by rhythmic transcriptional activity alone. In
kidney this comprises of 483 transcripts (∼42%) and in liver 419 transcripts (∼49%). It seems
that in many cases relative amplitudes are larger than the model prediction, see Figure 2.5. This
may indicate that PTR generally leads to an increase in relative amplitude of mRNA abundance.
Additionally, PTR might fine-tune phases, i.e. the timing of abundance peaks, as the differences
between the phase distributions of model prediction and measurement suggest.
In summary, I could quantify in a two-stage-test that the majority of rhythmic transcripts

cannot be explained by rhythmic transcriptional activity alone. The nature of the test, that is,
to first test data on transcriptional activity and transcript abundance regardless of their half-life
and second, to test the remaining fraction with known half-lives again, gives only a relative
number of total transcripts under rhythmic post-transcriptional control. This is obtained by
summing results from both stages. Accordingly, in the transcriptome of kidney more than half,
56% of all rhythmic transcripts, are under rhythmic-post-transcriptional control, in liver this
fraction is with 85% extraordinary high.
These percentages are surprisingly high. Consequently, one may question the reliability of

this result. Each test result depends on a binary decision, namely, does the oscillation belong
to an allowed range or does it not. Uncertainties in phase and amplitude determination are
generally handled as if uncertainties would be the same for all measured transcripts. Choosing
a different threshold which allows a greater divergence from the model prediction would greatly
influence the fraction of genes which cannot be explained by their transcriptional activity alone.
For example, if I allow for a divergence from the model prediction by 30% instead of 20%,
see Figure 2.5, the gene fraction which cannot be explained by their transcriptional activity
decrease to 31% in kidney and 53% in liver. Such a strong dependence of the result on an
arbitrary threshold is not desirable. Furthermore, there is transcript specific information on the
reliability of phase and amplitude estimation for each transcript available, hence there is no need
to choose one threshold valid for all genes.
However, no matter how trustworthy the fraction of transcripts with rhythmic PTR is, the
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result demonstrates one fact: the observed rhythms in mRNA abundance cannot be generated
by rhythmic production alone. To alter propterties of rhythm such as phase and amplitude it
needs the influence of other rhythms. When a rhythmic transcriptional activity does not explain
the rhythm in transcript abundance then there must be a rhythmic post-transcriptional process
involved.
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2.4 Quantifying the Extent of Rhythmic PTR

In the following section I will set out to reliably quantify the proportion of transcripts with a
rhythmic PTR. Again, I will compare model prediction and measurement for transcript abun-
dance, however this time I shall include all available information. This has the disadvantage
that not every transcript can be tested or the test becomes very stringent and will only detect
extreme cases.

2.4.1 PA-test – A Statistical Test with Half-Life

A good approach is to construct a statistical test which not only gives a yes-or-no-answer but
also provides a p-value, a measure for the unlikeliness of the null-hypothesis, that is in this case
“Oscillation in a transcript stems only from its rhythmic production”.
To construct a statistical test based on the model results we require information about the

uncertainties for all measured quantities. The uncertainties of phase and amplitude of transcript
abundance and transcriptional activity are obtained by the residuals of the fit, see derivation in
Appendix C.1.3. To estimate the errors of transcript half-life measurements, we would require
more than one measurement per transcript, assume a Gaussian distribution and obtain its
standard derivation. But only a small fraction of half-lives is measured in both Friedel et
al. [212] and Schwanhäusser et al. [213]. This restricts the transcripts to which the test can be
applied to only 23% of all circadian transcripts in kidney and 24% in liver. In Appendix C.2 I
outline how I retrieve means and standard deviation for half-lives from Friedel et al. [212] and
Schwanhäusser et al. [213].

The null hypothesis of the test is that an observed oscillation of a transcript stems only from
the oscillation in its transcriptional activity. The model from Section 2.1 predicts a transcript
abundance with only rhythmic transcriptional activity. If model and data do not agree within
the assumed measurement errors, we can reject the null hypotheses.
In mathematical terms an oscillation is represented by a vector consisting of its cosine and

sine fractions. Their uncertainties, depicted as ellipses, are defined by their two-dimensional co-
variance matrices, see Appendix C.1.3. To derive the covariance matrix in the model prediction,
a quantity derived from transcriptional activity and half-life, we need to apply error propagation
as outlined in Appendix A.2.1.
The test compares the two dimensional vectors describing transcript abundance derived from

model prediction ~amodel and the fit of the time series ~ameasure. I assume that both quantities are
characterized by a two-dimensional Gaussian-distribution with means µmeasure, µmodel and co-
variance matrices Σmeasure, Σmodel, derived with error propagation (Appendix A.2.1). Then the
mean difference between model prediction and measurement ∆ = µmodel−µmeasure describes the
deviation of the measurement from the model prediction. Its distribution can be approximated as
a two-dimensional Gaussian distribution N(∆,Σ) with covariance matrix Σ = Σmodel +Σmeasure.

To test if model prediction and measurement have the same mean leads us to a multivariate
equivalent of a Student’s t-test. This multivariate test statistic is characterized by Hotelling’s
T-squared distribution T 2:

T 2 = n∆TΣ∆, (2.7)
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where n is the number of observations. It can be shown, that for a large number of observations
T 2 follows a Chi-square distribution with, in this case, 2 degrees of freedom [215]:

T 2 ∼ χ2
2. (2.8)

The estimation of covariance matrices from the fit of time series and estimation of p-values
according to the chi-squared statistic were implemented by Paul Thaben as the function pa.test
in the R package “patest”.
Figure 2.6A shows an illustration of the test. Note that we predict from transcript abundance

together with the half-life the transcriptional activity. This prediction is then compared to the
actually measured transcriptional activity. For each gene a different test will be performed,
each with its own oscillation properties, half-lives and measurement errors to provide the best
possible accuracy.
Another major advantage of this test is to avoid detecting a disagreement between model

prediction and measurement solely based on the binary decision, either rhythmic or arrhythmic
as has been done in the previous section. In this mind set, an arrhythmic transcriptional activity
alone is not able to produce rhythmic transcript abundances. Camk2b, an example from liver,
Figure 2.6B, proves the opposite. It has an arrhythmic transcriptional activity, but a rhythmic
mRNA abundance. However, the χ2 test detects no significant difference between measured and
predicted transcriptional activity due to the large noise in transcriptional activity. This proves
arrhythmic transcriptional activity is able to produce rhythmic mRNA abundances.
In the following I will use the χ2 test to quantify the proportion of transcripts under rhythmic

post-transcriptional control.
To apply the test, we need an estimate of the transcript’s half-life and its variance as mentioned

earlier. Furthermore, I only investigated genes which are rhythmic in their abundance and/or
their transcriptional activity (false discovery rate below 0.25 and relative amplitude larger than
0.1). These restrictions result in 899 genes in kidney and 1023 genes in liver from the previously
introduced data sets.
I estimated phase and amplitude of each time series by fitting a sine-function using the R-

package Harmonic.Regression implemented by Pål Westermark. The package further provides
the sum-squared-residuals (ssr) of the fit. With information on phase, amplitude and their
uncertainties for transcript abundance and transcriptional activity, together with the mean and
standard deviation of half-life measurements of Friedel et al. [212] and Schwanhäusser et al. [213]
I can now apply the statistical test. It reveals that 158 out of 899 (18%) genes in kidney and
349 out of 1023 (34%) in liver have a rhythmic PTR (FDR ≤ 0.25), Figure 2.6D.
Comparing transcripts in both organs reveals a very small overlap. 393 genes were tested

in both organs, but only 44 of these show a positive test result for rhythmic PTR (FDR ≤
0.25). This suggests, that not only the circadian abundance of many transcripts is organ spe-
cific but also their rhythmic PTR. I will discuss the test result in more detail in Section 2.7.
Figure 2.6C shows the Cold-inducible RNA binding protein (Cirbp) which ranked low according
their q-values in both organs. This figure also illustrates what a significant test-result means
in the vector representation. Cirbp is also already experimentally shown to be under rhythmic
post-transcriptional control [170]. Interestingly, Cirbp itself is known to control circadian gene
expression by affecting PTR in a rhythmic manner [169].
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2.4.2 Test without Half-Life

The previous test results made use of measured half-lives. However, half-life measurements are
only available for a small fraction of transcripts. Is there a way to test every transcript for
rhythmic PTR regardless of its half-life? Ignorance of the half-life needs to be compensated
by taking into account every possible half-life. This will weaken the power of a possible test
significantly, but may still yield more insight on the data structure and provide potential for
detection of PTR.
The overall idea for this test follows the geometrical consideration from the previous Section 2.3

but additionally includes the uncertainties of each oscillation derived from the sum-squared
residuals of the sine-fit.
Any oscillation in the transcriptional activity is represented by a two-dimensional vector with

an error ellipse. The model from Section 2.1 dictates that a rhythm in the transcript abundance
appears on a point on the edge of a semi-circle if the rhythm is only influenced by a rhythmic
transcriptional activity. The exact point is defined by the half-life. The semicircle spans between
transcriptional activity and the origin, see Figure 2.6A. These two points correspond to very short
transcript half-life, no phase shift and no amplitude reduction on one hand and very long half-life,
maximal possible phase shift of 6 hours and complete loss of oscillation on the other hand, see
also Figure 2.4A. The line of the semicircle describes only one possible oscillation derived from
the mean of the distribution of the transcriptional activity. Taking into account the uncertainty
or measurement error of transcriptional activity means that an error ellipse of transcriptional
activity is spanned from each point on the semicircle. This yields an area which contains all
possible transcript abundances which could be produced by the specific transcriptional activity
distribution, see Figure 2.6A. If an oscillation of a transcript abundance cannot be explained by
the transcriptional activity then the transcript abundance and its error ellipse will lie outside of
this semicircle.
Note that, in this case, the transcriptional activity is used to predict possible transcript

abundance. This approach is the other way around than the previous test, where transcript
abundance was used to predict the transcriptional activity, see Figure 2.6A.
To apply the test I follow a similar procedure as previously. Only genes which have a circadian

oscillation (FDR ≤ 0.25 and relative amplitude larger than 0.1) in either their transcriptional
activity and/or their transcript abundance are tested. For each of these genes I fit a sine curve to
transcriptional activity and transcript abundance using the package Harmonic.Regression, which
also provides the sum-squared residuals to construct the error ellipses. For each transcriptional
activity I construct a semicircle-area as described above and check if there is an overlap with
the error ellipse of its associated transcript abundance. In this way, only 52 genes in liver and
11 genes in kidney were tested to have a rhythmic PTR.

The size of error ellipses influences the outcome of this test significantly, smaller error ellipses
would decrease a possible overlap. Smaller error ellipses can be achieved if the oscillation, a
dot in the vector plane, is measured more often and hence the confidence of the measurement is
increased. In Atger et al. [216] transcriptome of mouse liver was measured by RNA sequencing
with a high sampling frequency, every 2 hours over the course of 4 days, in total 48 samples.
An estimation of the transcriptional activity can be achieved from the intronic reads of RNA
sequencing as has been done for the kidney data set.
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Equipped with this data I receive 8109 out of 12351 (66%) circadianly expressed genes, either
in transcriptional activity or transcript abundance. Here, already the higher confidence of
oscillation is visible in the higher percentage of circadian genes. This can be seen even better
when we apply the test. Here, 69 genes instead of 52 genes in mouse liver were tested to have
a rhythmic PTR. However, this result is still far lower than the results of the test which uses
half-lives.
In conclusion, I described two tests which compare model prediction with measurement. The

first test, a statistical test taking into account the transcript half-lives was used on a representa-
tive subset of the circadian transcriptome liver and kidney and found that 18% of the circadian
transcriptome in kidney and 34% in liver are under rhythmic PTR. The second test does not
require the transcript half-life. However, with this test only very few genes can be detected. The
test could be used to find genes for which a rhythmic PTR has a strong influence. Compared
to the χ2-test the second test (without half-life) revealed a few genes which were not detected
by the first test due to a missing measured half-life: 10 genes in kidney and 48 genes in liver.
Accordingly, 1 and 4 genes for kidney and liver, respectively, were detected by both tests.
For convenience of the reader, the whole set of genes positively tested for rhythmic PTR is

published in Appendix F.3. Can you find your favorite gene?
Additionally, the numbers of how many circadian genes and which genes were tested from

Sections 2.2, 2.3 and this section are summarized in a table in Appendix F.2.
Having quantified the amount of genes under rhythmic PTR the following questions emerge:

Which post-transcriptional processes can explain the discrepancies between model prediction
and measurement? Is rhythmicity in any step of PTR sufficient to explain the findings? To
answer these questions I will introduce in the following a second model which describes not
only rhythmic production, but also rhythmic degradation. This will be the starting point to
investigate other post-transcriptional processes.
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2.5 Rhythmic Post-Transcriptional Degradation

More than 15% and up to one third of the circadian transcriptome cannot stem from rhythmic
transcription alone, see previous section. The search for additional rhythmic processes influ-
encing mRNA abundance leads the focus to PTR. To investigate rhythmic PTR I will again
use an ODE model similar to the one presented in Section 2.1. Instead of rhythmic production
and constant degradation, I will now describe an mRNA which is rhythmically produced and
rhythmically degraded. I will use this model further not only to examine rhythmic degradation
but also to answer the question if other rhythmic post-transcriptional processes such as rhythmic
splicing or rhythmic nuclear export can explain the findings.

2.5.1 An ODE Model: Production and Degradation with Oscillating Rates

An mRNA x is rhythmically produced and rhythmically degraded with circadian rates (see
Figure 2.7A):

dx
dt = prod(t)− deg(t)x,

prod(t) = k (1 +Aprod cos (ωt− φprod)) ,
deg(t) = k (1 +Adeg cos (ωt− φdeg)) .

(2.9)

The time dependent rates are described by cosine functions with angular frequency ω, means k
and γ, relative amplitudes Aprod and Adeg, phases φprod and φdeg for production and degradation
rate, respectively. The angular frequency is set to ω = 2π

24 h−1 to reflect circadian dynamics.
The mean degradation rate is connected to the half-life as described before in Equation 2.2.
The solution x(t) of Equation 2.9 cannot be calculated analytically. I therefore use a Fourier

expansion to find an approximation for the solution. The derivation is described in
Appendix A.1.2. Furthermore, I verified, that this approach is suitable for this problem. Specif-
ically, I verified that Fourier terms in the approximation vanish for higher order and I quantified
the error made by the approximation by comparing it to the numerical solution of the model
Equation 2.9. This inspection of the approximated solution is published in Appendix A.1.3 and
A.1.4.

The solution can be understood intuitively as vector calculation. Rhythms in production and
degradation rate characterized by phase and amplitude are represented by vectors in the 24-hour
plane as described in Section 1.3.1. The vector of mRNA abundance, the solution of the model
Equation 2.9, is then determined by first taking the vector difference of production and degra-
dation rate. We termed this vector difference “production-degradation-vector”, see Figure 2.7B.
The production-degradation-vector is further shifted and decreased in length by very similar
half-life-dependent factors to the ones already received from the model of constant degradation
(Equation 2.6, 2.5). Hence, it follows that this solution in the limes of constant degradation falls
together with the solution of the previous model describing constant degradation.
In mathematical terms the vector describing the mRNA abundance is characterized by its
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2.5.2 Rhythmic Degradation Explains All Observed Phases and Amplitudes.
Phase and amplitude of a transcript is determined by the production-degradation-vector and
therefore by the production and degradation rates’ properties.
The rates’ amplitudes can add up and form an amplitude boost if the phase relation between

both rates is appropriate. The maximal amplitude is reached when production and degradation
are in antiphase. A reduction of oscillation occurs if both rates oscillate in phase. The reduc-
tion is strongest for similar oscillation strengths. When production and degradation rate have
the same oscillation strength and have exactly the same phase the length of the production-
degradation vector is zero and there is no oscillation in the mRNA abundance, see Fig 2.8A.
The phase of production-degradation-vector, and hence the transcript phase, is dictated by the

phase of the dominant rate, i.e. the rate with the strongest oscillation. A transcript peaking 6 to
12 hours before the production peak can only be realized when the degradation rate dominates,
Figure 2.8B. Such phase relationships have been observed in both kidney and liver, see also
Figure 2.4B. Furthermore, if a production and degradation rate oscillate with similar strength,
i.e. the ratio of relative amplitudes is close to 1, the transcript’s amplitude is low, but - at
the same time - the biomolecule’s phase is highly sensitive to changes in the relative amplitude
in production or degradation. This is reflected by the sensitivity coefficient, Figure 2.8C and
Appendix A.2.2.
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Figure 2.8: Conclusions drawn from model solution: rhythmicity properties of the
rates. A Production and degradation can cancel or boost each other depending
on phase and amplitude relationship. Shown is the model solution for different pa-
rameter sets of degradation and production rate. Half-life t1/2 = 2 h. B Possible
phase ranges of mRNA abundance phase for different relations of production and
degradation amplitudes. An mRNA which peaks 12 to 6 hours before its transcrip-
tional activity must be influenced by a dominating oscillation in the degradation. C
The sensitivity coefficient characterizes the change of mRNA phase under slightly
different rate parameters. There is a high sensitivity, i.e. the mRNA phase is highly
susceptible for changes in rate parameters, if production and degradation oscillate
with a similar strength and phases are similar (see blue curve). A complete derivation
of the coefficient is shown in Appendix A.2.2.
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The production-degradation vector is further shifted and decreased in length. This shifting
and shorterning is dictated by factors depending mainly on the transcript’s half-life. These are
very similar to the factors, which already describe the phase shift and amplitude decrease in the
model of constant degradation, Equation 2.6, 2.5. Consequently, the same conclusions are also
true for rhythmic degradation. For long mRNA half-life the oscillation of mRNA abundance
vanishes accompanied by a phase shift of up to 6 hours. This was also verified through numerical
simulations of the model, Figure 2.9A.
However, an additional rhythm in degradation can lead to an amplitude boost. Because of

this additional amplitude gain, transcripts with longer half-lives can oscillate with functional
rhythms. Let us assume only rhythmic mRNA abundances with amplitudes larger than 0.1 are
biologically functional. Then, the half-life of transcript influenced only by rhythmic production
can take values of up to 26.5 hours and still be biologically functional. However, transcripts
under the influence of rhythmic production and rhythmic degradation can have a half-life twice
as large, up to 53 hours, due to the amplitude boost. These values depend strongly on the rates’
amplitudes and phase differences, Figure 2.9B.
In conclusion, the model solution tells us that the phase range and amplitude range of tran-

scripts under the control of rhythmic production and rhythmic degradation spans between the
extreme values, all possible values between these can be reached. Consequently, rhythmic degra-
dation is able to explain the discrepancy between transcriptional activity and transcript abun-
dance found in mouse liver and kidney. What about other PTR steps? Can a rhythm in any
PTR explain the discrepancies? Or is there something special in rhythmic degradation? This
will be looked at in the next main section. However, before we proceed I briefly present how
possible degradation rates can be predicted using the ODE model. This is useful since in the
data we tackle degradation is the unknown variable.
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Figure 2.9: Conclusions drawn from model solution: influence of half-lives. A Phase
shift and amplitude reduction for long half-lives if mRNA also is influenced by rhyth-
mic production and rhythmic degradation. Shown are numerical simulations. Depen-
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Adeg = 0.15, k = 1 h−1, t1/2 = 2 h. B The relative amplitude Ax vanishes for
long half-lives. Shown are maximal mRNA half-lives required to generate a relative
amplitude Ax > 0.1 for different rate parameters.
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2.5.3 Predicting Possible Degradation Rates

The model Equation 2.9 uses given production and degradation rates to predict the transcript
abundance. The data I investigate contains information of production rate and the transcript
abundance. The degradation rate is not measured.
However, I can use the approximated solution of the model to predict an unmeasured degra-

dation rate by transforming Equations 2.10, 2.11.
The vector annotation provides an intuitive understanding of this transformation. Phase and

amplitude of an unknown degradation can be estimated by the reverse calculation of the model
solution. The vector of the now known molecule abundance x is rotated backwards and increased
in length by a half-life dependent factor. From the resulting production-degradation vector the
production-rate-vector is subtracted. The resulting vector is the degradation rate-vector in
opposite direction, see Figure 2.10.
In mathematical terms this reads:

φdeg ≈ arg
(
Aprode

iφprod −Apde
iφpd

)
, (2.12)

Adeg ≈
∣∣∣Aprode

iφprod −Apde
iφpd

∣∣∣ (2.13)

where the relative amplitude Apd and phase ϕpd of the production-degradation vector are
calculated using the half-life and the phase and relative amplitude of the molecule, yielding
Apd = Ax

√
γ2 + ω2/γ and φpd = ϕx − arctan(ω/γ).

In order to verify this approach, I estimated the degradation rates from numerical simulations
with different parameter sets for rhythmic production and degradation rates. I found there is
a reasonably good agreement between degradation rate used for the numerical simulation and
estimated degradation rate. Especially for low relative amplitudes in the rates, the estimation of
the degradation phase deviates by up to 2 hours (12% of 24 hours) from the numerical simulation
and the degradation amplitude deviates by up to 0.2 (20% of the maximal relative amplitude),
see Appendix A.1.4. This is useful for an application since most transcript abundances have
small relative amplitudes, which would translate into even smaller relative enzyme abundances
and possibly activity rates and hence production and degradation rates might often oscillate
with a small amplitude.

2.6 Rhythms in Other Stages of PTR

The previous model describes one post-transcriptional process, degradation, to be rhythmic. Is
it possible to use the same model to investigate any other post-transcriptional process? Can
other processes besides degradation explain discrepancies between transcriptional regulation
and transcript abundance? Or, in other words, which post-transcriptional process can result
in a phase shift of more than 12 hours between transcriptional activity and mRNA abundance
and which processes are able to increase amplitudes? These are findings which are seen in
the data and cannot be explained simply by transcriptional activity. In the following I will
examine other post-transcriptional processes to investigate if any of these can explain observed
phase and amplitude relationships. Since PTR is complex involving different steps acting on
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of m6 mRNA methylation would be filtered out already by the first question.
After ensuring that the post-transcriptional process of interest is captured by the data and

that this process corresponds to the overall dynamics of the analyzed model the last question
reveals if the model must be extended in order to fully describe the rhythmic post-transcriptional
process.
There is no need for an extension if the post-transcriptional process of interest removes mature

mRNA with no return. Besides mRNA degradation, this could be realized, for example, by
rhythmic mRNA export out of the cell [217]. Every conclusion drawn from the previous analysis
is also true for these processes and they serve for an explanation of the observed phase and
amplitude discrepancies between transcriptional activity and mRNA abundance.
However, if the rhythmic post-transcriptional process of interest acts on pre-mRNA, it is

necessary to expand the model by one additional species. In this expanded model, the pre-RNA
is rhythmically produced by transcriptional activity and rhythmically transformed to RNA or
in other words rhythmically “destroyed” as pre-RNA. The rhythmic transformation serves as
rhythmic production of the biomolecule mature RNA. In mathematical terms this reads

dx
dt = prodx(t)− degx(t)x,

dy
dt = degx(t)x− degyy,

prodx(t) = k (1 +Aprod cos (ωt− φprod)) ,
degx(t) = L (1 +Adeg cos (ωt− φdeg)) ,

degy = γ.

(2.14)

Here, prodx(t) and degx(t) are the time dependent production and degradation rate of pre-
RNA x with relative amplitudes Aprod, Adeg and phases φprod, φdeg, respectively. L is the
mean rate of the rhythmic post-transcriptional process. The mature mRNA y is constantly
degraded with rate γ. Although constituting a new system the dynamics of this ODE system
can be broken down to the already known solutions stated in the previous section. The first
equation describes a biomolecule being rhythmically produced and degraded, the second can be
interpreted as RNA with rhythmic production and constant degradation. The phase difference
and amplitude relation between measured transcriptional activity and mRNA abundance is then
stated by the phase and amplitude relation between rhythmic production of x and the abundance
of y. It is given by combining solutions from the two models. The rhythmic post-transcriptional
process in this formulation acts as rhythmic degradation of the pre-RNA. The model of rhythmic
production and rhythmic degradation dictates that production and degradation rate or rhythmic
post-transcriptional process form the production-degradation vector which is shifted and reduced
by a factor depending on the mean rate of the rhythmic post-transcriptional process. The
resulting vector is then further shifted and reduced in length by a factor depending on the mRNA
half-life, as described by the model of constant degradation, see Sec. 2.1. Consequently, an
unknown rhythmic post-transcriptional processing of pre-RNA can also result in any phase and
amplitude relation between transcriptional activity and mRNA abundance. However, a possible
amplitude boost, arising from an advantageous relation between rhythmic rates of transcriptional
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activity and post-transcriptional process, is subject to a stronger decrease in amplitude due to
more processing steps, i.e. rhythmic post-transcriptional processing and mRNA degradation,
between generation of the oscillation and measurement of mRNA abundance.
In summary, with a systematic analysis guided by three questions, I systematically examine

the influence of a rhythmic post-transcriptional process on available data. I first ensure that any
particular rhythmic post-transcriptional process is captured by the data and can be described by
the model of rhythmic production and rhythmic degradation. I then use the previously achieved
results to deduce if this rhythmic process can explain every observed phase and amplitude in
mRNA abundance.
I will discuss this approach using the process of splicing. Rhythmic splicing of certain tran-

scripts occurs due to the rhythmic abundance of splicing-(co-)factors, availability of splicing
sites due to changed conditions [218] or possibly due to variation of transcriptional speed which
changes the availability and consequently the cooperativity between splice sites. A single gene
can code for many proteins. This is realized by so-called alternative splicing, i.e. including or
excluding certain exons due to different splicing conditions. In mouse liver it is estimated that
20% of expressed genes contain a circadian exon [186].

2.6.2 Systematic Analysis of Rhythmic Splicing
Can rhythmic splicing result in any phase and amplitude relation between transcriptional activity
and mRNA abundance? Let us follow the proposed system to answer this question. The data
on pre-RNA or transcriptional activity represents unspliced RNA, RNA sequencing accounts
for spliced RNA. Splicing is hence represented by the data. Furthermore, splicing transforms
pre-RNA into mature RNA with no return, the overall dynamics of the model of rhythmic
production and rhythmic degradation is valid. Splicing changes the level of pre-RNA. The
process is therefore described by an 2-ODE-system, where a pre-RNA (x in model model 2.14)
is rhythmically transcribed and rhythmically spliced, the rhythmic splicing serves as a rhythmic
production of mature RNA (y in model 2.14). The phase and amplitude of an mRNA is then
determined by the phase and amplitude relation of transcriptional activity and splicing. Since
the mean splicing rate is fast (see Section 2.1), the mRNA abundance is mainly influenced
by the transcript’s half-life. To have any resulting phase relationship between pre-RNA and
mature RNA, observations that we seek to explain, splicing should oscillate independently from
transcriptional activity. However, in many cases splicing occurs co-transcriptionally [198] and
is thus timely coupled to transcriptional activity. Rhythmic splicing that is not coupled to a
rhythmic transcription would furthermore lead to accumulation of unspliced transcripts in the
nucleus. However, RNA accumulation in the nucleus has, to date, been rarely observed and
is rather a reaction to stress signals [219, 220, 221] than a common cellular program. Hence,
rhythmic splicing resulting in only one transcript is not supported by existing knowledge on
splicing and furthermore, would fail to explain a wide range of phase relationships owing to the
coupling of transcription and splicing and hence similar phases in the rates.
Alternative splicing, however, produces 2 or more transcripts. The switching between one

transcript variant to another due to alternative splicing is not coupled to the transcription
itself. Transcription rate and splicing rate of a certain transcript variant can take any phase
relationship and, hence, circadian alternative splicing together with circadian transcription can
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produce any phase and amplitude in mRNA abundance.
In summary, many phase and amplitude relationships between transcriptional activity and

mRNA abundance cannot be explained by rhythmic transcription alone. Consequently, mRNA
abundance is further influenced by other rhythmic post-transcriptional processes. Only rhythmic
processes which are reflected by the data and are not timely coupled to the transcription can
explain the wide range of phases in mRNA abundance. Processing of pre-RNA, however, is
often coupled to transcription, for example adding the 5’cap is completed before the end of
transcription, most splicing occurs co-transcriptional [198] and the poly(A) tail is added once the
transcription is terminated. Regulating nuclear export seems to be transcription independent
and if being rhythmic, nuclear export could possibly explain observed phase relation ships.
However, rhythmic nuclear export together with uncoupled rhythmic transcription would lead
to RNA accumulation in the nucleus. As explained earlier, this does not seem to be a regular
cellular program such as circadian gene expression. With that I conclude, up to the current
state of knowledge, only three biological processes are able produce every relationship between
transcription and mRNA abundance, that is rhythmic alternative splicing, rhythmic degradation
and rhythmic mRNA export out of the cell.

2.7 Characterizing and Analyzing Rhythmic PTR in Liver and Kidney

About 18% transcripts of all circadian transcripts in kidney and 34% in liver are positively tested
for rhythmic post-transcriptional control, see Section 2.4. With that the fraction of genes with
rhythmic PTR is twice as large in liver compared to kidney. Only processes with an independent
phase from transcription can explain these findings, see previous section. Furthermore, it is
possible to predict the phase and amplitude of the rhythmic post-transcriptional process, see
Section 2.5.3. All of these findings are based on mathematical modeling. This is of course only
a hint towards actual evidence.
Is it possible to support these findings with additional evidence derived from a different source?

Already, in our paper Lück et al. [179] we showed that genes positively tested for rhythmic PTR
are also overrepresented in targets for CIRBP (Cold induced RNA binding protein), a protein
which has a circadian abundance and destabilizes transcripts [169]. Furthermore, we showed
that predicted degradation rates correlate with measured rhythmic poly(A) tail lengths [189].
Poly(A) tail length of a transcript is connected to its half-life. These two findings verify that
RNAs we classify using our test as under rhythmic post-transcriptional control are also found
experimentally to be under rhythmic post-transcriptional control.
Is there further evidence? Why are the fractions of circadian transcripts with rhythmic PTR

so different between both organs? To answer these question I will try to find the “footprints”
of rhythmic PTR, either in biologically motivated evidence or based on the shape of mRNA
abundance time series.

2.7.1 Circadian Genes Have Longer UTRs in Liver than in Kidney

Any PTR is mediated by so-called trans-factors, which bind to their recognition sites in the
un-translated regions (UTRs) of mRNA. It is interesting to see that genes circadianly expressed
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in liver have slightly longer UTRs in liver than kidney, see Figure 2.11. This difference is not
observed for all expressed genes in liver and kidney, see Figure 2.11. With longer UTRs and
presumably more recognition sites transcripts are prone to a more complex PTR. This might
explain the larger proportion of genes positively tested for rhythmic PTR in liver.

UTRs contain recognition sites for trans-factors, known examples are miRNA and RNA bind-
ing proteins. The first, miRNA, are, most likely, not able to influence circadian rhythms because
timescales in miRNA-dependent regulation are too long [178], see also Section 1.2.1. Therefore,
I will concentrate in my investigations on RNA-binding proteins (RBPs). RBPs bind to the
mRNA and determine the mRNA’s fate by controlling post-transcriptional processing on every
step of an mRNA’s life time. More than 1500 RBPs have been identified in humans [151], each
usually targeting groups of mRNAs rather than single mRNAs. These groups of genes are then
each co-regulated by one RBP. It has been argued that each group encodes functionally related
proteins [222]. I will therefore investigate, which RBP are rhythmic in mouse liver and kid-
ney. Furthermore, I will investigate if binding sites of these RBPs are enriched in those genes
which are positively tested for rhythmic PTR. And finally, I will investigate if those genes group
together regarding their gene function which would support that there is a co-regulation.

2.7.2 Rhythmic RBPs and Predicted Degradation Rates are Different in Both
Organs

A rhythmic RBP activity is induced by three situations: First, a rhythmic RBP abundance;
second, a constant abundance but rhythmic protein activity caused by post-translational modi-
fications or third, the rhythmic appearance of RBP recognition motives on the transcript itself
mediated by alternative splicing. It is estimated that 20 % of circadian genes contain a circadian
exon [186]. Likewise, one can assume the regulatory region and with that availability of RBP
binding sites to be affected by alternative splicing. However, to characterize alternative splicing
of UTRs in circadian genes is far beyond the scope of this thesis. To my knowledge, there
is no comprehensive investigation of RBP activity available. Rhythmic abundance of RBPs in
mouse liver and kidney, however, can be estimated from their transcript abundance. I used three
curated databases to find a comprehensive list of RBPs. I excluded those with non-circadian
transcripts and transcripts which have only a small relative amplitude. Additionally, I excluded
those, for which a long protein half-life was reported [213]. In this way I found 25 RBPs in liver
and 15 RBPs in kidney whose transcript have a circadian abundance, which is an indicator for
rhythmic protein abundance. Only 4 RBPs have rhythmic RNAs in both organs. A complete
list, together with known gene functions, can be found in Appendix F.4. Phase distributions of
the RBP transcript phases reveal that in both organs certain phases are more prominent, see
Figure 2.12A, in kidney more RNA binding proteins are expressed during the first half of the
day, in liver more transcripts are expressed in the second half of day. Although the phase of
a transcript is not a reliable estimator for the protein phase, the accumulation of RBP tran-
script phases indicate that rhythmic PTR might be more pronounced at some specific times
throughout the day.
This is supported by distributions of predicted degradation phases for genes with rhythmic

PTR, see Figure 2.12A. Here, I also found an accumulation of degradation phases at some
times of the day. Interestingly, these peaks in the distribution are almost antiphasic between
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both organs. Different phases in RBP transcripts and predicted degradation rates indicate that
rhythmic post-transcriptional is highly organ specific, not only that there are different RBPs but
also they act at different times during the day. Furthermore, PTR seems to cluster at specific
times in both organs.

2.7.3 RBP Binding Sites and Gene Functions
Are genes with rhythmic PTR enriched in targets of specific RBPs? To investigate this I searched
for RNA binding sites in the regulatory regions, 5’untranscribed region (UTR) and 3’UTR, of
transcripts with rhythmic PTR. To test for enrichment I used a Fisher’s exact test and tested
an enrichment of bindings sites against binding sites in all circadian transcripts. With this
I found that 4 RBPs in kidney and 70 RBPs in liver have significantly more targets in the
group of transcripts with PTR than in all circadian transcripts. If these RBP truly mediate
rhythmic PTR they would act at specific times of the day, that is to say, their action itself
is circadian. Hence the predicted degradation phases of the RBPs’ targets would accumulate
at those times. However, the degradation phase distribution of the target genes for each RBP
shows no pronounced accumulation of phases for any of the RBP (not shown). Instead, each
distribution is similar to the distribution of all degradation phases.

It seems that looking at RBP binding sites is not an appropriate way to search for hints on
rhythmic PTR. Most of the binding sites found are, most likely, not functional which results in
many false-positives. This is supported by the fact that a larger number of significant RBPs
have been found in liver. In liver rhythmic transcripts have much longer UTRs, which contain
more RBP binding sites.
The search for RBP binding sites ended in a dead end due to unspecific binding sites. Although

I could not pinpoint single RBPs which regulate groups of transcripts these groups might exist,
since one RBP targets several RNA. These genes are possibly connected through their gene
function [222].
Are genes with similar degradation phases and hence a possible co-regulation enriched for

certain gene functions? To test for enrichment in gene functions I used the DAVID Function
Annotation Tool [223, 224]. This tool uses a diverse range of annotation databases to identify
gene functions. It then tests for enrichments of gene functions which are related in their biological
function. These genes form gene function clusters. To test for enrichment the tool uses a
Fisher’s exact test where the background can be provided by the user. The tool then provides
an enrichment score for each gene function cluster.
To use the DAVID Function Annotation Tool I carefully chose my background against which

genes I wanted to test for enrichment. The genes I tested for rhythmic PTR had to fulfill certain
requirements, namely rhythmicity in either transcript abundance or transcriptional activity and
sufficient certainty about the half-life. These requirements limited the set of genes substantially.
Hence, I first searched for enrichment in all genes tested for rhythmic PTR against all circadian
genes. It turns out that this gene-set is highly enriched, i.e. high enrichment scores, for protein
maintenance in a broad sense, see Figure 2.12B. I now tested the genes with rhythmic post-
transcriptional for a gene function enrichment against all tested genes, see Figure 2.12B. I also
found gene function clusters which relate to protein maintenance and could even relate them
to degradation phases. However, the small enrichment scores for each cluster and high false
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discovery rate for each single gene function indicate that the gene functions I found do not
relate directly to rhythmic PTR.
In summary, it is possible to draw some general conclusions regarding the nature of rhythmic

PTR. The investigation of predicted degradation phases and phases of rhythmic RBP transcripts
indicate that rhythmic PTR is more pronounced at specific times of the day. These times
do not relate to the overall RNA phases, see Figure 2.2B. Furthermore, comparison between
both organs reveals that rhythmic PTR is highly organ-specific. However, revealing further
biologically motivated evidence for rhythmic PTR was not feasible. Functional RBP binding
site were drowned in noise and gene function enrichment failed due to the small and specific
gene set and possibly also to an incomplete gene function annotation. It seems only direct
experimental evidence can support the modeling findings, as for example the investigation of
single RBPs with rhythmic abundance or activity together with the RBPs’ targets.
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2.7.4 Shape of Time Series
Another approach implemented to investigate hints for rhythmic PTR is to look at the shape of
the time series. A numeric simulation of the model from Section 2.5 reveals that rhythmic degra-
dation changes the form of the RNA time series in a specific way. While rhythmic production
described by cosine-function results again in a cosine-function in the RNA abundance, rhythmic
degradation rate introduces narrow peaks and broad valleys to the time series, see Figure 2.13A.
If interpreted as time-dependent functions these abundances can be approximated by Fourier
series with a limited number of terms. A Fourier series of a pure cosine function consists only
of the first term. More complicated functions as, for example, generated by a rhythmic degra-
dation require more Fourier terms to be approximated, see Figure 2.13 A&B. In this way, RNA
abundance mainly influenced by rhythmic production would be approximated by a Fourier series
with the same number of Fourier terms as its rhythmic production, while rhythmic degradation
would increase the number of Fourier terms.
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Figure 2.13: Rhythmic degradation alters the shape of mRNA time series. Shown are
simulations of the model 2.9 in blue, in yellow for comparison the production rate,
squares illustrate how many Fourier terms are needed to describe each function.
A Production described by cosine function, B production described by a cosine
production + 0.3 times its second harmonic.
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Hence, I argue that if fitting of an RNA time series would need more Fourier terms than a fit
of its transcriptional abundance this gene is likely to be tested positively to be under rhythmic
PTR (methods see Appendix C.6). Accordingly, I first tested how many Fourier terms would
be needed to describe transcriptional activity and secondly, if transcript abundance would be
better fitted with a Fourier Series with one more term than its transcriptional activity. To
compare different model fits I used the ANOVA-package implemented in R. The p-values of
both tests, test of the time series shape and for rhythmic PTR, do not correlate. Also large
relative amplitudes of the predicted degradation rate, an indicator for a strong influence of
rhythmic PTR, only correlate with the test result testing for rhythmic PTR but not with the
test for a different shape of the time series, see Figure 2.14A. However, both tests test different
things. The p-value distribution of any test under the null-hypothesis is uniformly distributed.
Hence, large p-values of independent tests are always uncorrelated. I therefore tested if hits of
one test are enriched in the hits of the other test, see Appendix C.6. It turned out that this is
true, with high significance, see Figure 2.14B.
Consequently, investigation of the shape of time series of transcripts returns the genes found

to be under rhythmic degradation. However, not every gene with rhythmic PTR shows this
characteristics in the time series. A possible reason for this may be the limited number of
measured time points, which does not allow to fit Fourier series with many terms. Additionally,
other kinetic influences, not captured by the simple model, might shape time series.
It is worth mentioning that the shape of time series altered by rhythmic degradation also influ-

ences the RNA’s magnitude. This leads to higher magnitudes for RNA influenced by rhythmic
degradation compared to magnitudes of RNA influenced by rhythmic production. We termed
this phenomenon “magnitude effect” in the paper [179].
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ity and RNA abundance are enriched in genes with rhythmic PTR. A
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2.8 Discussion of the First Part

In the preceding chapter, I answered the main question of what effect post-transcriptional reg-
ulation, constant or rhythmic, have on rhythms in mRNA abundance. First, in Section 2.1, I
investigated how rhythms from transcription are transmitted to mRNA abundance. The anal-
ysis showed that every mRNA processing step dampens the rhythm. The longer it takes for
processing, the greater the loss. Since mRNA half-lives introduce the longest time scales in
mRNA processing, half-lives contribute most to rhythm loss. The presented mathematical rela-
tion between processing time and loss of rhythm allows the quantification of such effects. If a
transcript is influenced by only one rhythm in its production, it can peak at most 6 hours (one
quarter of a period) after the peak in production. The exact phase difference depends again on
its processing time.
If mRNA abundance and transcriptional activity are compared on a genome-wide scale, one

can observe several transcripts where mRNA peaks much later than 6 hours after its tran-
scriptional peak activity. Furthermore, rhythm gain from transcriptional activity to mRNA
abundance can be observed, that is, mRNA abundance shows a higher relative amplitude then
mRNA transcriptional activity. These observations imply additional rhythms influencing the
mRNA abundance. My model was kept general, allowing to systematically test diverse couples
of potentially rhythmic processing steps. An obvious example for this is rhythmic degradation. I
introduced a model describing rhythmic production and rhythmic degradation in Section 2.5 and
presented an analytical solution together with an intuitive interpretation of the model solution.
In Section 2.6 the model is re-interpreted and extended to test other candidates of rhythmic
processing steps. The discussion of the model solution revealed that any phase relationship
between mRNA abundance and transcriptional activity is now possible. For extreme cases,
e.g., a phase shift of 12 hours between production and abundance, the second rhythmic process
must, firstly, be the dominating oscillation, that is, it has to oscillate with a higher relative
amplitude and, secondly, it must be uncoupled from transcription. After a careful discussion
of the known post-transcriptional processes, I conclude that, with the information we have to
date, only rhythmic degradation, cellular export or alternative splicing can explain the wide
range of phase relationships between transcriptional activity and transcript abundance. In our
publication we analyzed two specific data sets[179]. Transcripts that showed evidence of a sec-
ond rhythmic processing step were enriched in targets of the RBP CIRBP and in mRNA with
rhythmic poly(A) tail lengths. Poly(A) tail length is connected to its transcript’s half-life and
CIRBP is known to destabilize its target mRNA. Hence, both experimental findings point to
rhythmic mRNA degradation.
If a transcript is influenced by rhythmic production and constant degradation there are strict

limits for phase and amplitude relationships between mRNA abundance and transcriptional
activity. This understanding allowed the development of a variety of tests whether a rhythm in
mRNA abundance can be explained by the rhythm of its transcriptional activity alone. These
tests are presented in Section 2.3 and 2.4. The most powerful of these is the so-called PA-
test (production-abundance-test). It takes time series specific noise into account and provides
a probability (p-value) to reject the null hypothesis of no additional rhythmic process. The
test has, however, quite stringent data requirements: For each tested gene the half-life must
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be independently measured at least twice. This is not provided for many genes. Therefore, I
presented and discussed alternative ideas to test for rhythmic post-transcriptional regulation.
I used the modeling ideas together with the PA-test to investigate two data sets on mouse liver

and kidney. This led to an estimate that 34% of circadian genes in liver are under rhythmic post-
transcriptional control, while in kidney this portion is found to be much smaller, with only 18%.
One reason for this discrepancy might stem from the longer regulatory sequences in liver RNA
of circadian genes compared to circadian genes in kidney, a difference which was not observed
between all expressed genes in liver and kidney, see Section 2.7.1. Longer regulatory sequences
give rise to the possibility of harboring more RBP-binding sites and, hence, might provide
more regulation possibilities. Furthermore, the predicted phases of the post-transcriptional
processes and measured phases of rhythmic transcripts of RNA-binding proteins, showed no
systematic correlation between the two organs. These observations may indicate that rhythmic
post-transcriptional regulation is highly organ-specific. Notably, unusually long 3’UTR have
been observed in the mammalian brain [225]. An investigation of circadian transcriptomes of
the brain would be an intriguing application of the tool set presented herein.
I took another approach to verify genes with post-transcriptional control and investigated the

shape of time-series, an idea based on numerical simulations of the model. Here, I could show
an enrichment of genes where the shape of the time series indicate a rhythmic PTR in hits of
genes positively tested for rhythmic PTR with the PA-test.
Unfortunately, the search for further independent evidence for rhythmic post-transcriptional

regulation of the identified candidates in liver and kidney was not very fruitful. Neither RNA-
binding site nor gene function enrichment analyses revealed further confirmation. Further exper-
imental evidence might be necessary to verify the post-transcriptional control for the identified
candidates. However, motif enrichment analysis is an art in itself, and further improvements may
change the picture. One possibility for example would be to account for RNA accessibility of
RBP-binding sites, that is, to exclude motifs that are masked by RNA secondary structure [226]
into the previous analysis to reduce false-positives. Probably, other refinements of the proposed
investigation methods are also possible.
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3.1 Can Harmonics be Generated by Post-Transcriptional
Regulation?

In all of the previous results I left the period untouched and implicitly assumed that every
transcript under rhythmic post-transcriptional regulation has a circadian period of about 24
hours. However, besides the circadian period, 12 hour rhythms were also observed in transcript
abundances in mouse liver [106, 129, 227], although in only 1% of all circadian transcripts [106].
Cretenet et al. [228] investigated a pathway which activates with a 12-hour rhythm, the IRE1α
pathway, in more depth. They not only showed 12-hour rhythms in mRNA abundances, but
also that proteins oscillate in this shorter rhythm. Furthermore, they demonstrated that a
disruption of the clock also diminishes the 12 hour-rhythms. They hypothesize the rhythmic
pathway activation relates to a stress response of the endoplasmatic reticulum which is also
reported to have a 12 hour rhythm. The findings of Cretenet et al.[228] not only demonstrate
that 12 hour rhythms fulfill a biological function, but also that the circadian clock is needed for
their generation.
A 12 hour rhythm is the second harmonic of a 24 hour rhythm, that means the frequency is

twice as high as the original frequency. Which biological processes can generate this higher har-
monic? At present an experimental proof is missing. Westermark et al.[229] showed that 12-hour
rhythms can be generated by certain transcriptional activation patterns. If two transcription
factors with a circadian abundance activate independently from each other the transcription of
one gene, they can generate a second harmonic in the gene’s transcript. The second harmonic is
most pronounced if the abundance of the two transcription factors oscillate in anti-phase. Here,
the coordination of the two rhythms with the same frequency gave rise to higher harmonics. Can
rhythmic post-transcriptional regulation combined with rhythmic transcriptional activity, i.e.
two rhythms influencing the transcript abundance, generate a 12 hour rhythm? In the following
I want to use the previous model results to investigate this question.
Any rhythmic time series can be approximated with a Fourier Series, a linear combination of

sines and cosines with whole-number multiples of the frequency:

x(t) = A0
2 +A1 cos(ωt) +B1 sin(ωt) +A2 cos(2ωt) +B2 sin(2ωt) + ... (3.1)

Here, ω = 2π
24h
−1 describes the angular frequency related to the circadian period, and A0,

A1, B1 ... are the Fourier coefficients, which determine the contribution of each sine or cosine
function. We observe a second harmonic in the time series if the contribution of the first
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frequency is smaller or equal compared to the contribution of the second, i.e. A1 ≤ A2 and
B1 ≤ B2.

For a transcript which is rhythmically produced and rhythmically degraded I show in Ap-
pendix A.1.3 that the Fourier coefficients are proportional to 1 over the Fourier terms order,
that is An 1/n and Bn 1/n. Hence, the first Fourier term is larger than the second. Conse-
quently, rhythmic production together with rhythmic degradation cannot generate a 12 hour
rhythm. This is supported by extensive numerical investigation.

Rhythmic splicing, however, is able to generate a 12 hour rhythm as I will show in the following.
An mRNA which is rhythmically produced and rhythmically spliced reads:

dx
dt = prodx(t)− splic(t)x,

dy
dt = splic(t)x− degy,

prodx(t) = k (1 +Aprod cos (ωt− φprod)) ,
splicx(t) = L (1 +Asplic cos (ωt− φdeg)) ,

degy = γ.

(3.2)

Here, x describes the unspliced pre-RNA, y the mature mRNA. The time-dependent produc-
tion and splicing rate is again described with a specific relative amplitude and a phase. The
production term of y, the mature mRNA, consists of a product of two periodic functions: the
rhythmic splicing rate and the rhythmic level of the unspliced pre-RNA x. This product gives
rise to the 12 hour rhythm. In principle, a product of two pure cosine functions always oscillates
with the doubled frequency, independent of their phase relation ship. This can be shown with
the calculation of the product of two cosines with a phase difference φ

cos(ωt) cos(ωt− φ) = 1
2 (cos(2ωt− φ) + cos(φ)) . (3.3)

While the input oscillations oscillate with ω their product oscillates with 2ω, independent of their
phase relationship. However, the reduction of the pre-RNA to a cosine function is misleading.
Numerical investigation reveal that the generation of 12 hour rhythms is not as immanent as
the calculation suggests, but, in contrast, strongly depends on the properties of production and
splicing rates. Here, not only the relative amplitude of each rate and the phase difference between
both rates play an important role, but also the shape of the rates influences the generation
of 12 hour rhythms. If we assume that production and splicing rate follow cosine functions,
then in order to observe 12 hour rhythms either the oscillation in splicing rate must be very
strong or splicing peaks more than 12 hours later than the production, see Figure 3.1A. This
result changes if we assume that the production is described by a rather pointy function, see
Figure 3.1B and Appendix D.1. Such a pointy function has been observed both for kidney and
for liver as exemplified in Section 2.2. In Figure 3.1B the parameter range which generates 12
hour rhythms for a pointy production rate is shown. Comparison with the previous result reveals
that the graph is rotated. This means, in order to produce a 12 hour rhythm and assuming a
pointy production rate, the phase difference between both rates must be smaller compared to a

62



3.1 Can Harmonics be Generated by Post-Transcriptional Regulation?

system with a cosine-shaped production rate. However, a large relative amplitude in the splicing
rate is still required.

Are these results biologically relevant? Are large phase differences between production and
splicing plausible? What about a strong oscillation in the splicing rate? A large phase difference
means that unspliced transcripts remain in the nucleus for a quarter day or longer. Most of the
splicing, however, is coupled to the transcription [198]. Furthermore, it seems that the splicing
machinery protects the pre-RNA from early nuclear degradation [230]. A long residence of
unprocessed pre-RNA in the nucleus seems therefore to be unlikely. Hence, I expect the phase
difference between production and splicing to be small, rather in the range of minutes than
hours. Therefore, a large proportion of phase differences which would, in principle, generate 12
hour rhythms are not realistic. High relative amplitudes in the rates, on the other hand, are
in principal possible. However, most circadian transcripts, an indicator for enzyme abundance
and therefore also for rate amplitudes, have low relative amplitudes. Additionally, oscillations
observed in mRNA can be easily lost in protein abundances due to the kinetics explained in
Section 2.1. An increase of amplitude is possible due to several mechanisms, e.g. rhythmic
protein degradation as discussed in this work to great extent. But this requires a finely tuned
regulation of protein abundance.
Hence, the model results suggest that splicing can theoretically produce 12 hour rhythms. If

we observe 12 hour rhythms due to splicing this process seems to be highly regulated as it poses
high demands on the shape of the production rate and the splicing rate’s relative amplitude.
I argue that this would need a high evolutionary pressure to evolve, there would have to be a
strong advantage of 12 hour rhythms over 24 hour rhythms.
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Figure 3.1: Rhythmic splicing can produce 12 hour rhythms. Shown are two systems
for which the generation of 12 hour rhythms by rhythmic splicing were investigated.
The large circles show the result, on the left is the legend. If a 12 hour rhythm was
observed for certain parameters, a colored dot is plotted. All results are aligned to
one production phase φprod. The position of the dot is determined by the relative
amplitude of production Aprod and the splicing phase φsplic. The splicing amplitude
is encoded by color and size of the dot. They can stack onto each other and still be
visible, see legend in gray box. A The model was simulated with a cosine shaped
production. B The model was simulated with a pointy production, see Appendix D.1.
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3.2 Post-Transcriptional Regulation of Clock Genes

The circadian core clock is a network of transcription-translational feedback loops. With its
tuned inhibition and activation of gene expression the clock components oscillate with a period
of about 24 hours. They are the molecular basis for any circadian regulation, including rhythmic
PTR. However, core clock genes themselves are targets for rhythmic degradation, both at the
transcript [159, 160, 161] and the protein level [231, 232]. How does a rhythmic degradation of
a core clock component effect its oscillation properties, amplitude and phase? Is rhythmic PTR
of core clock components able to change the period, a key feature of the circadian clock?
Rhythmic degradation within the core clock is not captured by the model presented in Sec-

tion 2.5. Up to now I investigated only genes which do not feed back into a gene network system,
see Figure 3.2A. A basic description of a network system which can produce oscillations is pro-
vided by the Goodwin model [57]. It provides a phenomenological description of a protein which
suppresses the transcription of its own gene. It features the three important components that
generate oscillations: negative feedback, delay and nonlinearity [56, 233]. The circadian clock is
modeled by the Goodwin oscillator itself [234, 235] or by closely related models [236, 237, 238].
Consequently, the Goodwin model provides a good starting point to characterize the influence
of rhythmic PTR on core clock components.
The Goodwin model is a 3-variable model with two activations and one inhibition. The

synthesis and degradation rates are linear except of the inhibition rate, which takes the form of
a sigmoidal curve, a Hill-curve. To simulate rhythmic PTR in the core clock I let the degradation
rate of either one of the variables be rhythmic. This is achieved by introducing a cosine function
with phase and amplitude which does not affect the average degradation rate, see Figure 3.2B,
Appendix E.1. For each degradation phase and degradation amplitude I simulate the system
and determine the oscillation properties, period, magnitude, relative amplitude and phase, of
each system variable, see Appendix E.1 for details. In Figure 3.2C an example for a Goodwin
oscillator with rhythmic degradation rate is plotted together with the original Goodwin oscillator
with constant degradation rates.
Since it is well established that longer half-lives prolong the period of the Goodwin oscilla-

tor [234], I expected the period to be affected also by periodic half-lives. This could not be
confirmed, instead the period remained stable for almost all parameters, see Figure 3.3. One
exception was observed: If the degradation rate of the repressing species oscillated with an am-
plitude larger than 0.7 I observed a period doubling. All species then oscillated with twice the
period, however this oscillation still contained the original period, see Figure 3.2D.
Apart from this exception, introducing a rhythmic degradation to the Goodwin model had

a very stable effect, irrespective which variable was affected by rhythmic degradation. An
increasing relative amplitude in the degradation rate resulted in an stronger overall oscillation
of the whole system regardless of the degradation phase. This amplitude increase was very large,
with up to a 2 fold increase for strongly oscillating degradation rates. This degradation phase
independent amplitude increase contrasts with the results of clock-controlled genes, where only
a specific phase range produced an amplitude boost, see Section 2.5. Increasing the degradation
amplitude also increased the magnitude of all variables, see Figure 3.3. The degradation phase
affected only the phase of the oscillating system. The relationship between degradation phase
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and phase of the system is linear and the phase range of the system spans over all possible
phases.
These results suggest that rhythmic degradation of core clock genes is beneficial to the core

clock as it increases the overall amplitude and, hence, the biological impact of oscillations. Fur-
thermore, rhythmic degradation could serve to easliy shift the phase of all core clock genes since
there is a linear relationship between degradation phase and system phase. It seems, that oscil-
lating degradation rates in this model system contribute to the overall energy of the oscillating
system. However, the Goodwin oscillator is a toy-model which only consists of one negative
feedback loop. The circadian clock network, on the other hand, contains several intertwined
negative and positive feedback loops. Conclusions drawn from the Goodwin oscillator’s prop-
erties are not necessary true for the circadian clock itself. For example, the fact that longer
half-lives cause generally longer periods is true for the Goodwin model [234] but could not be
confirmed for a more complex model of the circadian network [239]. Experimental evidence
underlines this. A longer period of the core clock was observed either with a longer Cry1-mRNA
half-life [161] or with a shortened Cry1-protein half-life [232].
Interestingly, downregulation or upregulation of degradation rate influencing factors - common

experimental tools to investigate biological systems - primarily changes the average degradation
rate, but not necessarily its rhythmic properties, relative amplitude and phase. To investigate
only the rhythmicity of degradation one would need a tightly controlled down or upregulation
at specific times of the day in a system which forgets quickly relative to circadian time scales.
To my knowledge, such an experimental system has not been established. At present, it is not
possible to disturb and, with that, investigate experimentally the rhythmicity of degradation
rates and their contribution to the clock properties. Consequently, this problem can only be
tackled by mathematical modeling.
In summary, for a rather simple model I find that when introducing oscillating degradation the

system’s period remains stable for most of the cases. Any rhythmicity in the degradation rate
contributed to a stronger overall oscillation in all system’s variables, which might be desirable
for biological function. For more complex systems, these very general findings must be reviewed.
In order to do that, one could introduce rhythmic degradation to an already established math-
ematical model of the circadian clock, for example in the model of Relogio et al. [239] or Woller
et al. [240].
However, the proposed model, a Goodwin oscillator with modulated rates, should be discussed

a little further. In this model I actually modulated the degradation rate externally. With this,
the model describes an oscillating system driven by an oscillating degradation rate with the
system’s period. This means we are looking at an oscillator driven by an external force in
resonance and this easily explains the contribution of oscillating degradation rates to the overall
system’s oscillation strength. Another implementation of this system is realized when the core-
clock itself modulates the degradation rate. Hence, the degradation rates are modulated by one
of the variables, for example dx = dx(y).
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3.3 Aging of Molecules - Poly(A) Tail and Oxidized Proteins

I started this journey through rhythms and post-transcriptional regulation with the fundamental
statement that time matters for rhythms and long-lived molecules will loose their rhythms. In
this last section I want to partially withdraw this statement and show that molecules do not
completely loose their rhythms, but rather remember their history. If the age of a molecule is
measurable it is possible to see traces of rhythmic production also in long-lived molecules.
I describe the aging of a molecule by a Partial Differential Equation (PDE), a direct extension

of the ODE model describing rhythmic production and rhythmic degradation from Section 2.5.
In this chapter, I will introduce this model and characterize its dynamics. I will present two
examples where the cryptic concept of a molecule’s age can be related to actual data. And lastly,
I will demonstrate how a molecule remembers its history and how the PDE model can be used
to predict other, yet unmeasurable, dynamic quantities.

3.3.1 The Aging of Molecules - a PDE with a Physical Background

When we look at a person we can easily make a good guess how old he or she is by taking
into account several signs of aging such as gray hair or wrinkles. This concept of age does not
translate directly to biological molecules since neither proteins nor mRNAs get wrinkles, but
in both cases we can find different aspects which can be an indicator for a molecule’s age. In
the case of proteins it is known that long-lived proteins accumulate damage, mainly caused by
reactive oxygen species (ROS). mRNAs however, receive after their transcription a stabilizing
element, the poly(A) tail, a chain of about 250 adenosides. This chain is eroded during an mRNA
life time. Roughly speaking an “aged” protein is then a protein which accumulated damage and
an aged mRNA is an mRNA where the poly(A) tail is shortened. However, both processes,
accumulation of damage in proteins and erodation of the poly(A) tail in mRNA, do not always
proceed linearly in time as the term “aging” might suggest. For example there might be times
during the day with an increased ROS production and consequently a higher protein damage.
Similarly, it has been suggested that erodation or deadenylation of a poly(A) tail happens quite
quickly for the first adenosides but slows down for the last ones it. In both cases the “aging” of
either proteins or mRNA occurs faster or slower depending on the condition and background.
The McKendrick [241, 242] or von-Foerster [243] equation describes the aging of a population.

I use this model to describe “aging” molecules and modify it in such a way that the molecule’s
aging do not occur linearly in time. For simplicity, and to avoid the poor analogy of “aged”
molecules, I will refer from now on to “damaged” molecules. This can be directly translated into
damaged proteins. To translate this concept to mRNA with shortened poly(A) tail we calculate
the mRNA with a “damaged” tail, a newly synthesized mRNA with a full poly(A) tail has no
damage.
In the modified McKendrick model a molecule is characterized by two variables, time t and

damage d. It can be represented in a three-dimensional graph, see Figure 3.4A. Let then x(t, d)
be the number of molecules of damage (d, d+ dd) at time t. Hence, x(t, d) is a density function
in the damage d. An integration by the whole damage range gives the total concentration of
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molecules X with all possible damages at a specific time t

X(t) =
∫ ∞
d=0

x(t, d) dd. (3.4)

The concentration of molecules within a certain damage rangeD+∆d is given by an integration
over a certain range of damage

X(t,D) =
∫ D+∆d

D
x(t, d) dd. (3.5)

The fact that the modeling variable actually refers only through integration to a physical
property, molecule concentration, requires a careful derivation of the rates. This and a mathe-
matical justification of the model is presented in Appendix B.1 and B.2. However, to translate
from x(t, d) to X(t,D) in an intuitive way is rather straightforward, despite the not informative
integration. Figure 3.4B illustrates the integration and hence the intuitive understanding for
two cases. In short, x(t, d) is linear to X(t,D) for sufficiently small ∆d. Using this linear rela-
tionship it is possible to find a translation from x(t, d) to X(t,D). To avoid cluttered text I will
use in the following the term molecule concentration for x(t, d), although technically speaking
it is a molecule concentration density.
A molecule which is produced, damaged during its life time and degraded is described with

the PDE

∂x(t, d)
∂t

= −q(t, d)∂x(t, d)
∂d

− x(t, d)∂q(t, d)
∂d

− v(t, d)x(t, d).

x(t, 0) = k(t)
q(t, 0)

(3.6)

Here, k(t) is the production rate of newly synthesized proteins without damage, it characterizes
the initial condition x(t, d = 0). The rates v(t, d) and q(t, d) refer to molecule degradation
and damage accumulation, respectively. Since I want to describe a system under the influence
of the circadian clock all rates contain a time dependent, periodic function which describes
the oscillating variation of the rates. Degradation and damage accumulation can additionally
depend on damage. This can reflect different scenarios: For example, in the case of protein
oxidation, highly damaged proteins are more likely to be recognized for degradation than proteins
with lower damage. In this case the degradation rate increases with damage. In the same
manner the damage accumulation rate could depend on damage as I will show later. The actual
mathematical formulation of this damage dependent term depends on the biological situation.
In Appendix B.2 I discuss different scenarios for damage dependent degradation and damage
accumulation rates and suggest some mathematical description.
The Equation 3.6, known from population dynamics, is also well known in physics in a very

different context. In physics, this equation is used to describe the gas flux through a tube, its
name is then “transport equation”. In the following I want to use this physical interpretation to
discuss the different influences of the rates. This will, hopefully, provide us with a very intuitive
understanding.
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In this picture, the concentration of molecules x(t, d) at time t and damage d is the gas density
at time t and position d in the tube, see Figure 3.4C. This gas is poured into the tube only at
one end of the tube. During this pouring the gas density is varied with a time-dependent rate.
In this way, there are packages of highly dense gas and packages of low density gas produced at
the opening and then further transported. In our damaged molecule system, the pouring of gas
represents the production rate k(t) of molecules with zero damage. The gas is further transported
through the tube with small pumps, with a pump placed on each point along the tube. In this
way different speeds of transport can be enforced. Furthermore, all pumps are controlled by one
clock which dictates the same periodic rhythm to all pumps. If the small pumps have different
power outputs they locally change the gas density. The time dependency of gas transport,
however, can not generate a change in gas density since all pumps are controlled together. The
time dependency of transport rate only changes the overall transport. Transport changes the
position of gas, in the molecule image this is the damage of a molecule, hence the transport
reflects the rate of damage accumulation. The last rate to be explained is the degradation rate.
This rate can be imagined as little holes in the tube where gas escapes. Again, the hole size and
therefore the escape rate can depend on the position on the tube. But all holes together are
controlled by one clock which can close and open the holes. Also this rate is able to change the
gas concentration, in this case both time and position dependent. However, degradation rate
can only decrease gas density because it removes gas. In contrast to that the transport rate is
able to both increase and decrease locally gas density when gas is pooled or thinned out.
It is worth mentioning that the model is only analytically solvable if damage accumulation and

degradation rate do not depend on damage, see Appendix B.3. Hence, I will rely on numerical
solutions. In Figure 3.5 some numerical simulations for different rates are shown.
This model describing a molecule concentration with two features, time and a property ac-

quired over time is very general. Also the two very different examples which I will introduce in
the following in more detail underline the model’s generality. In the first example the model is
used to describe long-lived proteins and their oxidation, the second describes the poly(A) tail of
mRNA.
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3.3.2 Oxidized Proteins – Rhythms are Conserved
Proteins, in contrast to mRNAs, have much longer half-life, for proteins a median of 46 hours
compared to 9 hours for mRNA was detected [213]. Long half-lives destroy rhythms. Hence,
despite their rhythmic production many proteins possibly do not oscillate in their abundance.
Proteins however are exposed to reactive oxygen species (ROS), highly reactive molecules which
are a by-product from mitochondrial respiration. These free radicals attack proteins in different
ways. The most frequent alteration of attacked proteins is introducing a carbonyl group [244].
These alterations can be detected using an immunoblot technique (OxyBlot by Millipore). This
makes it possible to measure the concentration of damaged proteins.
With that we now have all ingredients to implement the model: the two variables time t

and damage d given by the concentration of proteins with carbonyl groups characterize the
protein concentration x(t, d). A simulation of long-lived proteins with a rhythmic production
demonstrates that the protein concentration is almost constant if we look at the total proteins
content whilst neglecting the damage variable. However, proteins with a certain damage, the
measured carbonyl groups, still show the conserved rhythm in production rate, see Figure 3.3.2.
Rhythmic production can cause a rhythm in damaged proteins. Desvergne et al. [245] observed

rhythms in proteins with carbonyl groups in two cell lines. They monitored all carbonylated
proteins using OxyBlot. However, production of all proteins does not oscillate, especially not
with one phase. This deems it very unlikely that rhythmic production caused the observed
rhythms in damaged proteins. In addtion, an oscillating degradation rate, oscillating damage
accumulation or a combination of both can generate oscillating levels of damaged proteins.
Biological evidence is found for all these cases. Desvergne et al. [245] demonstrated that key
components of the 20s proteasome, the proteasome which removes damaged proteins [246],
oscillate with a circadian rhythm and hence the degradation rate oscillates. Mitochondrial
activity and, with that, the ROS production and damage accumulation rate is controlled by the
circadian clock [113, 114]. This could be caused by oscillating mitochondrial key enzymes [115,
114] as well as an oscillating mitochondrial dynamic [113] which is correlated with mitochondrial
activity [116]. With further information on rate constants the proposed model Equation 3.6 can
be used to discriminate these different influences.
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3.3.3 Deadenylation of Poly(A) Tail
Another example to which we can apply the model characterizes a post-transcriptional process,
deadenylation of poly(A) tails. After transcription the poly(A) tail, in mammals a chain of
usually 250 adenosides [247], is added to the pre-mRNA. This stabilizing element at the 3’-end
of the mRNA is successively shortened in the cytosol by several deadenylases. The orchestration
of the diverse deadenylases is not yet fully understood but it seems that different deadenylases
successively attack the poly(A) tail [248, 187] and hence the poly(A) deadenylation rate depends
on the poly(A) tail length. Once the poly(A) tail is removed from the mRNA the whole mRNA
is attacked usually by exonucleases and quickly degraded. The half-life of an mRNA is therefore
mainly determined by the deadenylation of the poly(A) tail. Furthermore, only mRNA with
sufficient long poly(A) tails can be efficiently translated [249]. With that the length of the
poly(A) tail dictates two key features of the mRNA, namely for how long and how efficiently can
the mRNA fulfill its function i.e. being translated. However, the whole process of deadenylation
is incompletely understood.
How can we elucidate the deadenylation process and its involved deadenylases in more detail?

A big step in this direction is to look at deadenylation rates. Qualitatively changes in this
rate over the length of the poly(A) tail or over the course of a day provides hints that the tail
is attacked by different deadenylases or that deadenylases are controlled in a time-dependent
manner. To my knowledge, an experimental approach to measure genome-wide deadenylation
rates in vivo is not feasible at the moment. It is only possible to measure deadenylation rates
of radio-labeled bulks of different RNA or deadenylation rates of single RNA using qPCR-based
methods [250, 251]. However, we can describe the deadenylation of mRNA with the PDE model
and use this with new sequencing-data to predict deadenylation rates in a genome-wide manner
as I will outline in the following.

PDE-model Describing Poly(A) Tail Deadenylation

I will first translate this process of deadenylation into the PDE-model. In this framework, x(t, d)
describes the mRNA concentration with d already deadenylated adenosides, a newly synthesized
mRNA has zero deadenylated adenosides. This means d counts as removed adenosides. Newly
synthesized mRNA have a very narrow poly(A) tail length distribution of about 250 adenosides.
This allows us to introduce a new variable d′ in the model solution in order to translate to the
actual length of the poly(A) tail, a more accessible variable. The new variable d′ is determined
by the variable transformation

d′ = 250− d. (3.7)

In the model, the production rate k(t) refers to the transcript synthesis or transcriptional activity.
The damage accumulation rate q(t) describes the deadenylation rate and the degradation rate
the mRNA removal by exonucleases. Transcription of specific mRNA can exhibit a circadian
rhythm, accordingly the production rate is time dependent. Degradation rate, the removal of
the mRNA by exonucleases, depends strongly on the tail length. Only when the poly(A) tail
length is removed, the mRNA is degraded. If there are exonucleases with a circadian rhythm is
not known yet, however I deem it unlikely since this would mean accumulation of mRNA with
no tail and hence nonfunctional mRNA with a circadian manner. To my knowledge, this has
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not been observed. Consequently, the degradation rate is described well by a step function with
a steep increase for d ≈ 250 or d′ ≈ 0 and has no time-dependence.

Since deadenylation is performed by different proteins which successively attack the poly(A)
tail, possibly each at a different rate, the deadenylation rate depends on the poly(A) tail length
d′. The deadenylation rate can also exhibit a circadian rhythm due to circadian activity of
Nocturnin, a deadenylase with cycling gene expression in various tissues [166]. Hence, the
deadenylation rate depends on the poly(A) tail length d′ and on time. It is not yet known if
Nocturnin’s activity requires a specific poly(A) tail length. If this was the case, the mathematical
descriptions requires a function dependent on poly(A) tail length coupled to the time, best
described by an amplitude which depends on the tail length d′. Kojima et al. [189] identified
mRNA with long (60-250 adenosides) and short (<60 adenosides) poly(A) tails over the course
of a day. Even with this coarse distinction they identified 237 mRNA with a rhythm in their
short/long ratio of poly(A) tail length. Obviously, there is some influence of the circadian
clock on poly(A) tail length control. As we learned from the previous example, an oscillating
production rate results in an oscillation of mRNA with a specific poly(A) tail length. An
oscillating deadenylation rate that additionally depend on length causes rhythmic profiles in
poly(A) tail length. Although I discussed in detail time-dependent rates, for many mRNA
no time-dependence in any of the rates is required. The model can serve to describe a time-
independent, non-circadian deadenlytation aswell.
I will now use this PDE model to predict deadenylation rates.

Prediction of Deadenlytation Rates from Poly(A) Tail Sequencing

The basis of predicting genome-wide deadenylation rates is provided by an advancement in
RNA sequencing. In 2014, two methods were published which sequenced the poly(A) tail.
Up to this date, sequencing of long homopolymeric sequences (longer than 30 nucleotides)
was not possible. The sequencing of long stretches of one nucleotide, adenosides for example,
contain reading errors. The possibility for errors increases with the length. This makes it
impossible to define the correct end of a long homopolymeric sequence. However, Chang et
al. [252] and Subtelny et al. [253] independently found two methods called TAIL-seq and PAL-
seq to overcome this problem. TAIL-seq uses a machine-learning based method to interpret
the inaccurate signal [252], in PAL-seq the beginning and end of a poly(A) tail is chemically
tagged [253]. With these methods both groups were able to measure distributions of poly(A)
tail lengths in a genome-wide fashion.
In the model description the poly(A) tail length distribution is described by the solution x(t, d)

of the model. Inferring the deadenylation rate from the sequencing data, TAIL-seq or PAL-seq,
poses a so-called inverse problem. What does this mean?
Usually, a model solution x(t, d) is defined by its input parameters, here the production k(t),

deadenylation q(t, d) and degradation rate v(t, d). One can say, the model input parameters cause
the model solution. To identify the deadenylation rate we have to inverse this problem. With
the now known model solution, the information on poly(A) tail lengths, we want to recalculate
one of the input parameters, the deadenylation rate. In order to obtain a unique solution we
have to neglect the influence of other parameters. This can be done with two, biologically
reasonable, assumptions. First, only mRNA with a short poly(A) tail, e.g. <20 nucleotides,
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gets degraded, consequently, the degradation rate does not affect the mRNA for most of the
poly(A) tail length. The second assumption demands that the poly(A) tail length distribution
changes only slowly over time. Deadenylation is fast compared to circadian time scales. This
neglects the time dependence of all rates. An investigation of oscillating deadenylation rates,
hence time-dependent rates, would require a time series of snapshots of poly(A) tail length
distributions. Each snapshot is analyzed independently and a comparison between deadenylation
rates of different time points would reveal oscillations. Up to now, TAIL-seq of a time series
is not available, but I know from personal communication that two groups are working on this
problem.
If all these assumptions are fulfilled we can recalculate the deadenylation rate up to one linear

factor, which accounts for the production rate. Mathematically this is done by a discretization
of the solution and the model. Comparison of both results in a linear system of equations
from which the deadenylation rate in dependence of the poly(A) tail length is calculated. In
Appendix B.4 the method is outlined in more detail. Figure 3.7B shows a very simple simulation
of some data. Interestingly, already the simple assumption on the deadenylation rate, namely

q(d) e−0.1d, (3.8)

can reproduce the appearance of already published data, see Fig 3.7A1. In Figure 3.7C the
deadenylation rate is shown twice, once the one used for the simulation in Figure 3.7B and
secondly, the one I calculated from the simulated data using the method described above. Both
deadenylation rates agree very well proving the reliability of the proposed method.

1Reprinted from Molecular Cell, 53/6, Hyeshik Chang, Jaechul Lim, Minju Ha, V. Narry Kim, TAIL-seq:
Genome-wide Determination of Poly(A) Tail Length and 3’ End Modifications, 6, 2014, with permission from
Elsevier.
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Figure 3.7: Prediction of deadenylation rates. A Measured poly(A) tail length distribu-
tion for Cdh11, reproduced from [252]. B Simulated data with time-independent
production, damage accumulation and degradation rate. Damage accumulation
q(t) = 5e−0.1d, degradation is modeled as step function similar to the one in Fig-
ure 3.5C&D, see also Appendix B.2 for details. C Deadenylation rate q(d). Gray:
q(d) used for simulation shown in panel B. Blue: q(d) recalculated from simulation
by using the inverse method, see Appendix B.4 for details.
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3.4 Discussion of the Second Part

In the second part of this thesis I analyzed more specific aspects of post-transcriptional regula-
tion in a hypothesis-driven approach. Can rhythmic splicing generate 12-hour periods? What
happens if the core clock experiences rhythmic degradation? And finally, I extend my model to
a partial differential equation model that accounts for an “aging” process of molecules.
It had been suggested that 12-hour rhythms can serve a biological function within a circadian

context [228]. Using a two component model I found that rhythmic splicing is able to generate
12-hour rhythms in abundance of mature mRNA from circadian pre-mRNA production profiles.
However, this poses stringent requirements on the ryhthms in transcription, i.e. transcription
must oscillate with a very high relative amplitude. Such amplitudes are only observed in a
hand-full of genes in liver and kidney; many of them are core clock members, see also Figure 2.3
for which, to my knowledge, no such harmonic expression patterns have been reported.
To investigate rhythmic degradation of core clock genes I introduced rhythmic degradation

rates to a Goodwin oscillator. A systematic analysis showed that increasing rhythms in one of
the degradation rates can strongly increase the amplitudes of all variables, driving the system
in resonance. Thus, rhythmic degradation could well be involved in the observed exceptionally
strong amplitudes of the core clock.
Interestingly, a rhythmic degradation of an inhibiting component of the Goodwin oscillator

can yield periods twice as large as the original period, pointing towards a “period doubling bi-
furcation”. Notably, such period doubling bifurcations had been suggested to have accompanied
the evolution from primordial clocks to the extant circadian clocks during lengthening of earth’s
rotation period in early evolution [44]. The observed effect of rhythmic degradation may thus
serve as an interesting starting point for further theoretical investigations. An interesting next
extension of the model could be to let one of Goodwin variables directly modulate a degradation
rate.
In the last section, I revisited the model of rhythmic production and rhythmic degradation and

expanded it by another variable, the age or rather the damage of a molecule. This PDE describes
the development of a molecule during its life. The PDE is described by three rates, molecule
production, damage accumulation and finally molecule degradation. I discuss the influences of
the rates with the help of an intuitive interpretation as a transport equation. With different
mathematical formulation of the rates, also outlined in Appendix B.2, the PDE can be applied
to describe different biological processes. In this thesis, I presented two distinct applications.
First, I described proteins which accumulate damage through accumulation of oxidation. Here,

I showed that rhythms of a rhythmic production are lost if one observes the whole population,
but are still pronounced when specifically looking at damaged, e.g. oxidized, proteins. This
result implies that experimental observations of non-oscillatory protein levels should be taken
with a grain of salt, since an oscillation in damaged fractions of the protein may still serve
biological functions.
The second application of the PDE model is a description of poly(A) tail length development.

This description provided the basis to calculate yet unmeasured genome-wide deadenylation rates
using TAIL-seq data. In this thesis I provided a proof of concept and presented an example based
on a numerical solution of the PDE model. This will be used to interprete upcoming TAIL-seq
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data from the laboratory of Carla Green.
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4 Concluding Remarks and Outlook
This thesis is based on one very simple modeling motif, rhythmic production and rhythmic
degradation. One can think of it as a building block. This building block can be tuned to also
describe constant production or degradation by switching rhythms on and off, simply by setting
relative amplitudes to zero.
An analytical solution, an equation, together with its intuitive vector representation was

presented. This is useful for a systematic analysis of parameters or fitting the model to data.
The intuitive interpretation allows also scientists which are not trained in mathematics to work
with this model. Furthermore, it facilitates a quick inspection of scientific ideas.
This building block was further varied to examine different aspects of rhythmic post-transcrip-

tional processes. First, I varied the interpretation of the model. The same model described a
diverse range of biological processes, such as rhythmic transcription, rhythmic splicing or rhyth-
mic mRNA degradation. This could be achieved because the main motivation of the modeling
approach was to investigate a very general idea, that is how rhythms in these very different
processes affect mRNA abundance. This generality is in contrast to the idea of asking very
specific questions regarding biological processes, such as how protein x influences the splicing
efficiency.
I further varied the main building block and joined several of these blocks together. With

this I obtained a modeling system describing more than one species, allowing the investigation
of arbitrary phase relationships between transcriptional activity and mRNA abundance, and
how rhythmic splicing can in theory, account for higher harmonics of mRNA abundance in the
context of circadian transcription.
The PDE describing aging of molecules is also a variation of the main building block. Here,

a second dimension besides time is introduced, the age of a molecule. This second dimension
provieds the life of a molecule assigning different life stages to the molecule. Folding together
this dimension and the life stages to the binary molecule’s existence or non-existence reduces
the PDE to our main building block. Mathematically, this is achieved by integration over all
ages as described in Section 3.3.
Interestingly, also the modification of the Goodwin oscillator is inspired by the core modeling

motif. As in the core motif I let the degradation rate be rhythmic by modeling them with cosine
functions.
I applied this set of modeling tools to explain and analyze different aspects of rhythmic

PTR, such as the extend of rhythmic PTR, which rhythmic post-transcriptional processes can
contribute to the observed data and many more as explained in the discussion sections at the end
of each chapter. I concentrated on post-transcriptional processes because the life of an mRNA
is extensively covered by the diverse sequencing techniques. The birth of an mRNA can be
monitored using ChIP-seq of polymerase II, GRO-seq and Nascent-seq. Transcript abundance
is readily accessible by common RNA sequencing. Today, aspects of the mRNA decay is now
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4 Concluding Remarks and Outlook

available by monitoring the poly(A)tail length through TAIL-seq or PAL-seq. All of these
techniques work genome-wide and, with that, give a comprehensive insight into the lives of all
expressed mRNAs. This data situation provides a rewarding ground to ask and answer specific
questions using modeling.
However, it is equally possible to find other interpretations for the presented models. One

obvious interpretation is to describe not rhythmic production and degradation of mRNA but of
proteins or any other molecules. Also different binary states of molecules could be described by
this model, for example an mRNA inside or outside of the nucleus. The rates can be reinter-
preted. Instead of degradation, one can think of a permanent modification, for example RNA
editing. It should also be tested how well the model can serve as a description of rhythmic
reversible modifications, for example protein phosphorylation. In addition, the PDE model can
probably be used to explain and analyze many more processes than the two presented in this
thesis. The fact that the two presented processes describe very different biological processes
underlines this.
Taken together: the model’s modularity on one hand and the very general description of

rhythmic processes on the other hand, makes the model a powerful tool to describe a diverse
range of rhythmic biological processes, some of them outlined in this thesis, many more yet
to be found. Hence, this thesis does not only provide a comprehensive analysis of rhythms in
post-transcriptional processes, summarized in Section 2.8 and 3.4, but also provides some tools
to handle models build out of the main building block and its variations in future. I expect
that the analytical solution of a model with rhythmic production and rhythmic degradation
degradation and the PDE, together with its intuitive understanding as a transport equation and
the implementation of different rates will be useful. One indicator for this is that the analytical
solution of the ODE has been already used elsewhere [254].
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Appendix A: ODE Model - Rhythmic
Production and Rhythmic Degradation

All following derivations from this chapter plus the accompanying text were taken from the
supplement of our published paper “Rhythmic Degradation Explains and Unifies Circadian
Transcriptome and Proteome Data”, S. Lück, K. Thurley, P.F. Thaben, P.O. Westermark in
Cell Reports, 2014 [179]. The solution of the model derivation, its analytical and numerical
justification and the error propagation used in the statistical test to test for rhythmic post-
transcriptional regulation were my main contribution to this publication. The text has been
slightly modified to fit to the text of this thesis.
Elsevier asks to make the following statement: Some rights reserved. This work permits non-

commercial use, distribution, and reproduction in any medium, provided the original author and
source are credited.

A.1 ODE Model

A biomolecule x is rhythmically produced and rhythmically degraded:

dx

dt
= u(t)− v(t)x(t), (A.1)

where u(t) and v(t) are a zero-order-production coefficient (unit = abundance× time−1) and a
first-order-degradation coefficient (unit = time−1), respectively. The degradation rate coefficient
u(t) and the half-life t1/2(t) are connected by the relationship

v(t) = log 2
t1/2(t) . (A.2)

We use both terms interchangeably here, as well as in the main text. Equation A.1 is a linear
differential equation with periodic coefficients. It has the ω-periodic solution [255]:

x(t) = x0e
∫ t

0 v(s)ds +
∫ t

0
u(t′) et

′−
∫ t

0 v(s)ds dt′. (A.3)

However, even for simple cases, the integrations in Equation A.3 cannot be performed analyti-
cally.
In circadian biology, data (e.g. gene expression profiles) are often well described by cosine-
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shaped functions, and we assume:

u(t) = k(1 +Aprod cos(ωt− φprod))
v(t) = γ(1 +Adeg cos(ωt− φdeg)).

(A.4)

Thus, we assume the time-dependent production degradation rate coefficients u(t) and v(t) are
cosine-shaped functions determined by their mean values k and γ, the relative amplitudes Aprod
and Adeg, the angular frequency ω and the phases φprod and φdeg. The relative amplitudes
take values between 0 and 1 and are indicators for the strength of the oscillation. The relative
amplitude is normally the amplitude parameter that can be best inferred from experimental
data, as absolute concentrations are rarely determined. The angular frequency is set to

Without loss of generality, the phase φdeg can be described with reference to the phase of
production φprod, so that only the phase difference ∆φdeg = φdeg − φprod between production
and degradation needs to be considered. The model then takes the form

dx

dt
= u(t)− v(t)x(t)

u(t) = k(1 +Aprod cos(ωt))
v(t) = γ(1 +Adeg cos(ωt−∆φdeg)).

(A.5)

The phase difference ∆φdeg takes values between −π and π, i.e. between −12 h and +12 h
in the circadian time frame. A negative value indicates that the degradation peaks before the
production.

A.1.1 Constant Degradation: Exact Solution

In the following, the exact solution (Equation 2.4, 2.5 and 2.6 in Section 2.1 in the
main text) for the special case of constant degradation (Adeg = 0) is derived. The
solution of model Equation A.5 is found by standard techniques for solving ordinary differential
equations [256]. After an initial transient (i.e., for t → ∞), the abundance is described by a
cosine-shaped function:

x(t) = Mx (1 +Ax cos(ωt− φx)) , (A.6)

with magnitude Mx, relative amplitude Ax, and phase φx. The abundance x is described with
its phase shift with respect to the production rate ∆φx = φx − φprod:

x(t) = Mx (1 +Ax cos(ωt−∆φx)) . (A.7)
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The solution for mean, amplitude and phase read then:

Mx = k

γ

Ax = γAprod√
γ2 + ω2

φx = φprod + arctan
(
ω

γ

)
or

∆φx = arctan
(
ω

γ

)
.

(A.8)

The last expressions show that in the case of constant degradation, the mean concentration
equals the non-oscillatory steady-state (i.e., Aprod = Adeg = 0 and dx/dt = 0 in Equation A.5).

In Equations A.8, the range of ∆φx is limited to the range of the arctan function for positive
argument, which is between 0 and π/2, so that ∆φx can only vary between 0 and 6 hours on
the circadian time scale. Another direct conclusion from Equations A.8 is that M → ∞ and
Ax → 0 for γ → 0. This means that for long half-lives, magnitudes increase but amplitudes
vanish, so that circadian rhythms are lost.

A.1.2 Rhythmic Degradation:
Approximation with Fourier Expansion and Harmonic Balancing

Floquet theory guarantees that the solution to Equation A.1 is an ω-periodic function [255].
Thus, after an initial transient, the abundance x can be approximated by Fourier expansion to
the order of n:

x(t) ≈ A0 +A1 cos(ωt) +B1 sin(ωt) + ...+An cos(nωt) +Bn sin(nωt). (A.9)

The exact Fourier coefficients in such a truncated Fourier expansion cannot be calculated in
closed form. Therefore, we use the following idea: We plug the truncated Fourier expansion
Equation A.9 into the model, Equation A.1, and compare the coefficients. This leads to a
system of linear equations which can be solved to obtain the approximate coefficients A0, A1,
B1, ..., An, Bn. These coefficients are not the exact Fourier coefficients, since we use a truncated
Fourier series to obtain the describing linear equations. Below, we show that the error of this
approximation vanishes as the expansion becomes longer, and that the coefficients then converge
to the exact Fourier coefficients.

Numerical solutions generally exhibit shapes close to cosine-functions, this means that al-
ready a Fourier expansion to the first order is generally sufficient, see also numerical validation,
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Section A.1.4, to describe the solution of the full model Equation A.5. Hence we obtain

A0 =k

γ

2(γ2 + ω2) +AprodAdegγ(ω sin(∆φdeg)− γ cos(∆φdeg))
2(γ2 + ω2)−A2

degγ
2

A1 =2kγ(Aprod −Adeg cos(∆φdeg))− 2kAdegω sin(∆φdeg)
2(γ2 + ω2)−A2

degγ
2 −

AprodA
2
degkγ sin2(∆φdeg)

2(γ2 + ω2)−A2
degγ

2

B1 =2kω(Aprod −Adeg cos(∆φdeg)) + 2kAdegγ sin(∆φdeg)
2(γ2 + ω2)−A2

degγ
2 −

AprodA
2
degkγ sin(∆φdeg) cos(∆φdeg)
2(γ2 + ω2)−A2

degγ
2 .

(A.10)

The relative amplitudes Aprod and Adeg take values smaller than or equal to 1, and the
same is true for the absolute values sin(∆φdeg) and cos(∆φdeg). Mixed products of these terms
as AprodA

2
deg sin(∆φdeg) cos(∆φdeg) and AprodA

2
deg sin2(∆φdeg) are small, and are therefore ne-

glected in the following, to obtain a more convenient approximation:

A0 = k

γ

2(γ2 + ω2) +AprodAdegγ(ω sin(∆φdeg)− γ cos(∆φdeg))
2(γ2 + ω2)−A2

degγ
2

A1 ≈
2kγ(Aprod −Adeg cos(∆φdeg))− 2kAdegω sin(∆φdeg)

2(γ2 + ω2)−A2
degγ

2

B1 ≈
2kω(Aprod −Adeg cos(∆φdeg)) + 2kAdegγ sin(∆φdeg)

2(γ2 + ω2)−A2
degγ

2 .

(A.11)

A Fourier Series to the first order describes a harmonic function as linear combination of a
cosine function and a sine function. We reformulate this linear combination to gain a cosine
function with a relative amplitude Ax and a phase ∆φx [256] (cp. also Equation A.7):

x(t) = A0 +A1 cos(ωt) +B1 sin(ωt) = Mx(1 +Ax cos(ωt−∆φx)), (A.12)

where

Mx =A0

Ax = 1
A0

√
A2

1 +B2
1

∆φx = arctan 2 (B1, A1) .

(A.13)

The function arctan 2(y, x) is the arctangent function with two arguments, which computes the
principal value of the argument function applied to the complex number x+ iy. The definition
of arctan 2(y, x) is given in Figure A.1. With this ansatz we neglect higher order terms in the
Fourier expansion, which is justified below.
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A.1 ODE Model

Figure A.1: Definition of the function arctan 2(y, x). The function arctan(y/x) covers a range from −π/2
to +π/2, which would not be suitable to describe an arbitrary phase shift. To consider all
possible phases, we use the function arctan 2(y, x), which covers the full range from −π to +π
and is defined as follows: ∆φx = arctan 2(y, x) is the angle between (x, y) and (y = 0, x > 0)
in the x-y plane. If y > 0, the angle is taken counterclockwise from 0 to π, and if y < 0,
then the angle is taken clockwise from 0 to −π.

With Equations A.11 we obtain the following expressions:

Mx =k

γ

2(γ2 + ω2 − AprodAdeg
2 γ (ω sin(∆φdeg) + γ cos(∆φdeg)))
2(γ2 + ω2)− γ2A2

deg

Ax =
γ
√
A2

prod +A2
deg − 2AprodAdeg cos(∆φdeg)√

γ2 + ω2 − AprodAdeg
2 γ (ω sin(∆φdeg) + γ cos(∆φdeg))

∆φx = arctan 2
(
ω (Aprod −Adeg cos(∆φdeg))−Adegγ sin(∆φdeg),
γ (Aprod −Adeg cos(∆φdeg)) +Adegω sin(∆φdeg)

)
.

(A.14)

For the special case of constant degradation (Adeg = 0), these equations reduce to the exact
expressions, Equations A.8. As defined previously, we used the relative phase ∆φdeg =
φdeg − φprod.

Vector Representation of Phase and Amplitude

The Fourier expansion resulted in a good approximation for biologically relevant parameter val-
ues, see also numerical validation, Section A.1.4, and if needed it is possible to use the same ap-
proach and expand to a higher order to achieve higher accuracy. However, Equations A.14 do not
provide intuitive insight into the properties of phase and amplitude of a rhythmically degraded
biomolecule. In the main text (see also Section 2.5), we introduce phase and relative
amplitude as a result of a vector addition in the complex plane (Equations 2.10,
2.11. In the following we derive this description from the Fourier expansion derived
above.
The phase ∆φx is formulated in Equations A.14 with an arctan 2(y, x) function. This equation

can be reinterpreted as a calculation in a two-dimensional vector space. Then, the phase is the
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angle of a vector with the entries x and y:

∆φx = arctan 2(y, x) def= angle
(
x
y

)
.

Now the phase is described as the result of a vector calculation. The expression in Equation A.14
can be rewritten as an angle:

∆φx = angle
{

[Aprod −AdegR(∆φx)]
(
γ
ω

)}
. (A.15)

Here, R(∆φx) is a rotation matrix that describes a counterclockwise rotation by the angle ∆φx:

R =
(

cos (∆φx) − sin (∆φx)
sin (∆φx) cos (∆φx)

)
.

From the two-dimensional vector space to the complex plane, a rotation matrix by the angle
φ translates to eiφ and a vector with positive entries x and y to

√
x2 + y2ei arctan(y/x). Thus,

Equation A.15 translates to:

∆φx = arg
{[
Aprod −Adege

i∆φdeg
]√

γ2 + ω2ei arctan(ω/γ)
}

∆φx = arg
(
Aprod −Adege

i∆φdeg
)

+ arg
(
ei arctan(ω/γ)

)
. (A.16)

To derive the Fourier approximation we reduced the number of parameters by describing all
phases in relation to the phase of the production. We now return to a description in the
absolute time frame and rewrite ∆φdeg = φdeg−φprod and ∆φx = φx−φprod. This gives for the
calculation A.16 in the complex space:

φx = arg
(
Aprode

iφprod −Adege
iφdeg

)
+ arctan

(
ω

γ

)
. (A.17)

This is the vector representation of the phase in the main text (Equation 2.11).
We introduced the term Aprode

iφprod −Adege
iφdeg in the main text as the so-called “production-

degradation vector”. It describes the influence of only the oscillatory part of the production
and degradation rate independent from their mean rates. The absolute value of the effective
production is:∣∣∣Aprode

iφprod −Adege
iφdeg

∣∣∣ =
√
A2

prod +A2
deg − 2AprodAdeg cos(φdeg − φprod) . (A.18)

Replacing ∆φdeg = φdeg − φprod, the square root in Equation A.18 can be identified in the
previously derived amplitude of x (see Equation A.14), which yields:

Ax =
γ
∣∣∣Aprode

iφprod −Adege
iφdeg

∣∣∣√
γ2 + ω2 − AprodAdeg

2 γ (ω sin(φdeg − φprod) + γ cos(φdeg − φprod))
. (A.19)
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We refer to the factor AprodAdeg
2 γ (ω sin(φdeg − φprod) + γ cos(φdeg − φprod)) as a correction fac-

tor and replace it by C in the main text. With this step we have derived the vector
description of the amplitude (Equation 2.10 in the main text).

A.1.3 Analytical Validation of the Approximation

The approximation Equation A.14 is derived by a truncated Fourier expansion. In
the following we justify this truncation and the convergence of the approximation.
Assume that u(t) and v(t) in Equation A.1 are smooth and bounded ω-periodic functions. This
ensures that x(t) and x′(t) are smooth and bounded ω-periodic functions [255], and therefore
the Fourier series of x(t) converges [257]. Moreover, the sequence of the Fourier coefficients
A0, A1, · · · and B1, B2, · · · decays in a way that |An| < K/n2, |Bn| < K/n2, with a constant K
independent of n. If in addition u′(t) and v′(t) are smooth functions, we can take the derivative
on the right-hand side of Equation A.1, and therefore also on the left-hand side, and so on. If
the differential coefficients of a function x(t) are bounded and continuous up to the order p− 1,
the sequence decays even faster [257]:

|An| < K/np, |Bn| < K/np. (A.20)

Therefore, the smoothness of the input functions u(t) and v(t) determines the error made by
truncating the Fourier series of the (unknown) function x(t). Since cosine functions, which we
use here (Equations A.5), are indefinitely often differentiable, a reasonably good approximation
can be expected, even if only the first Fourier coefficients are taken into account. We were able to
justify this expectation by numeric simulations (see Figure A.4). In principle, the approximation
procedure outlined in the last section can also be used for other types of input functions u(t) and
v(t) such as square-waves or spikes. However, the reasoning above suggests that the convergence
of the Fourier series will be weaker for input functions that are not as smooth as cosine functions.
Thus, it might be necessary to include higher order Fourier coefficients in that case.

There is no exact formula for the Fourier coefficients of x(t), which is why we derived an
approximation procedure for the first Fourier coefficients (Equation A.10). Here, we show that
such approximations improves with the number of terms of the series that are included. A
Fourier expansion to the nth term results in the following set of linear equations:

γ A1×2 · · ·
A2×1 RS1 RS− · · · 0RS+ RS2 RS− · · ·

RS+ RS3 · · ·
...

...
...

... . . . ...
...

...

0 · · · RS+ RSn−1 RS−
· · · RS+ RSn


·



A0
C1
C2
C3
...

Cn−1
Cn


=



a
vec

0...
0


, (A.21)
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with these abbreviations:

A1×2 =
(
γ
2Adeg cos(∆φdeg) γ

2Adeg sin(∆φdeg)
)
, A2×1 =

(
γAdeg cos(∆φdeg)
γAdeg sin(∆φdeg)

)
,

RS− = γ

2Adeg

(
cos(∆φdeg) sin(∆φdeg)
− sin(∆φdeg) cos(∆φdeg)

)
, RS+ = γ

2Adeg

(
cos(∆φdeg) − sin(∆φdeg)
sin(∆φdeg) cos(∆φdeg)

)
,

RSn =
(

γ nω
−nω γ

)
, Cn =

(
An
Bn

)
and vec =

(
Aprodk

0

)
.

The matrix that defines the approximated Fourier coefficients has a block-structure and by
following this pattern, the matrix can readily be extended to higher orders. It consists of mainly
three submatrices RS+, RS− and RSn. The first two submatrices can be identified as matrices
that rotate either clockwise (RS+) or counterclockwise (RS−) by the angle ∆φdeg, and scale
by the constant factor γ

2Adeg. The third submatrix RSn can also be interpreted as a rotation-
scaling-matrix:

RSn =
√
γ2 + n2ω2

 γ√
γ2+n2ω2

nω√
γ2+n2ω2

−nω√
γ2+n2ω2

γ√
γ2+n2ω2

 =
√
γ2 + n2ω2

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)
,

RSn =
√
γ2 + n2ω2 R(θ) . (A.22)

It describes a rotation R(θ) by the angle θ = arctan(nω/γ) and scaling by the factor
√
γ2 + n2ω2.

With increasing order n this scaling factor becomes larger. In the following, we justify that in a
truncated Fourier expansion to the order of n, the coefficients have a small approximation error
compared to the exact Fourier coefficients and that with increasing n, the approximated Fourier
coefficients converge to the exact Fourier coefficients.
The block-structure of the matrix shows that the nth coefficients are only determined by the

neighboring coefficients Cn+1 and Cn−1:

RSn ·
(
An
Bn

)
= RS− ·

(
An+1
Bn+1

)
+ RS+ ·

(
An−1
Bn−1

)
. (A.23)

We reformulate Equation A.23 by multiplying with the inverse of RSn. Using Equation A.22
yields:(

An
Bn

)
= 1√

γ2 + n2ω2 R(−θ)RS− ·
(
An+1
Bn+1

)
+ 1√

γ2 + n2ω2 R(−θ)RS+ ·
(
An−1
Bn−1

)
. (A.24)

If the coefficients An+1 and Bn+1 were known and identical to the exact Fourier coefficients,
then with Equation A.24 and with the equations for the following coefficients defined by the
block-structure of the matrix, every exact Fourier coefficient of order n and lower could be solved
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Figure A.2: Numerical simulation and analytical approximation of the model. Marked is the
error made by the approximation. Parameter values: Aprod = 0.2 and Adeg = 0.8
(black/gray) or Aprod = 0.8 and Adeg = 0.2 (blue), ω = 2π/24 h, γ = 0.35 h−1,
k = 1 h−1, ∆φdeg = π/2.

for. However, the coefficients An+1 and Bn+1 are always unknown, and in our approximation

the Fourier series are truncated by setting the term
(
An+1
Bn+1

)
to zero:

(
An
Bn

)
≈ 1√

γ2 + n2ω2 R(−θ)RS+ ·
(
An−1
Bn−1

)
. (A.25)

The coefficients
(
Ai
Bi

)
, i < n, are also defined only by their neighboring coefficients, higher

coefficients do not contribute. This means setting the (n + 1)th coefficients to zero is the only
approximation we apply to derive the coefficients. We define a relative error as the ratio of the
approximation error to the nth coefficients:

error def=

∣∣∣∣∣(γ2 + n2ω2)−
1
2 R(−θ)RS− ·

(
An+1
Bn+1

)∣∣∣∣∣∣∣∣∣∣
(
An
Bn

)∣∣∣∣∣
= γAdeg

2
√
γ2 + n2ω2

∣∣∣∣∣
(
An+1
Bn+1

)∣∣∣∣∣∣∣∣∣∣
(
An
Bn

)∣∣∣∣∣
. (A.26)

Here, | · | denotes the Euclidean vector norm. With increasing n the ratio in front of the vector
norm ratio becomes small. In addition to that, the vector norm ratio becomes small since Fourier
coefficients decay fast with increasing order, as outlined above. Thus, with increasing order n,
the relative approximation error becomes small and the coefficients of the truncated Fourier
series converge to the exact Fourier coefficients.

A.1.4 Numerical Validation of the Approximation

To validate the Fourier approximation, we compared the approximation to numer-
ically computed abundances for different parameter sets by variation of the mean
degradation rate γ, the phase difference between production and degradation ∆φdeg,
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and the relative amplitudes Aprod and Adeg, as outlined in the following. We denote
the difference between numerical solution and approximation by the model as “Error”, see also
Fig. A.2. For example, the Error(φprod − φx) stands for:

Error(φprod − φx) = (φprod − φx)numerical − (φprod − φx)approximation (A.27)

The production term and degradation rate were either cosine-functions simulated with

u(t) = k (1 +Aprod cos(ωt)) and (A.28)
v(t) = γ (1 +Adeg cos(ωt−∆φdeg)) , (A.29)

or a Fourier series to the seventh order of periodic parabolas:

u(t) = γ

(
1− Aprod

6 + 4Aprod
π2

(
cos(ωt) + 1

22 cos(2ωt) + 1
32 cos(3ωt) + 1

42 cos(4ωt)+

1
52 cos(5ωt) + 1

62 cos(6ωt)
))

and (A.30)

v(t) = γ

(
1− Adeg

6 + 4Adeg
π2

(
cos(ωt−∆φdeg) + 1

22 cos(2(ωt−∆φdeg))+

1
32 cos(3(ωt−∆φdeg)) + 1

42 cos(4(ωt−∆φdeg))+
1
52 cos(5(ωt−∆φdeg)) + 1

62 cos(6(ωt−∆φdeg))
))

. (A.31)

As an example we plot a degradation rate defined by this Fourier series in Figure A.3. It reflects
non-cosine-shaped time series similar to typical transcript abundances [5].

The difference between the numerical solution and approximation depends on the set of pa-
rameters and of the form of production and degradation rate. From the theoretical point of view
we expect for both rate forms that the approximation by the model is close to the numerical
solution, since the proposed rates are both smooth functions and therefore higher Fourier coef-
ficients, which we do not include in the model, vanish fast, as we discussed earlier. However, for
rates described by a Fourier series with higher terms, we expect less conformity.

For numerical simulation a C-script was used. To detect phase, amplitude and magnitude
in the time series I used a similar algorithm as I later did to detect oscillation properties in
the Goodwin model described in Appendix E.1. The same C-script was also used to produce
Figure 2.9A.

In Figure A.4, we show the absolute error between model prediction and numerical solution
of cosine-shaped rates, in Figure A.5 the absolute error for rates defined by the Fourier series
of periodic parabolas. As expected for the rates modeled by periodic parabolas, the absolute
error is higher than for cosine-shaped rates although there is no qualitative change. For most
parameter combinations, the error is below 10% for both phase difference and
amplitude. The approximation is particularly accurate if the degradation rate oscillates weaker
than the production term (Aprod > Adeg), and for small phase differences ∆φdeg ≈ 0.
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Figure A.3: Function with non-sinusoidal shape as in Equation A.31. Parameters: γ = 0.35 h−1, Adeg =
0.2, ∆φdeg = 0.5π.

Unknown Degradation Phase

In the main text we used our model to predict the unknown degradation rates for given produc-
tion rates and RNA abundances (see Section 2.5.3). In the Section 2.5.3, we present equations for
phase φdeg and amplitude Adeg of the degradation (Equations 2.12, 2.13). Figures A.6 and A.7
show that these approximations of the phase and amplitude are particularly good at moderate
to long half-lives. We compared the approximations to numerical simulations as follows: We first
chose a certain parameter set [k, γ, Aprod, Adeg, φprod, φdeg] and ran the numerical integration of
our model Equation A.5. Then, we estimated the relative amplitude Ax and phase φx from the
obtained time series and used these parameters together with our approximation, Equation 7, to
recalculate the values of Adeg and φdeg. The differences between the values of Adeg and φdeg in
the parameter set and those obtained from the approximation show the accuracy of the latter.
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Figure A.4: Validation of the Fourier approximation. The production term and the degradation rate
were modeled as cosine functions. The expressions for amplitude, phase and magnitude
(Equations A.14) were compared with the numerical solution of Equations A.5 (see Exper-
imental Procedures), shown are absolute errors. Parameters: Aprod = 0.5, k = 1 h−1.
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Figure A.5: Validation of the Fourier approximation. The production term and the degradation rate are
modeled as non-sinoidal functions (see text). Same procedure and parameter choice as in
Figure A.4.

97



Appendix A: ODE Model - Rhythmic Production and Rhythmic Degradation

Δ φ = 12 hdeg

Δ φ = -6 hdeg

Δ φ = 0 hdeg

Δ φ = 6 hdeg

-0.5

0

0.5

0.1 1 10 100

er
ro

r
(
A

de
g

)

-0.5

0

0.5

0.1 1 10 100

er
ro

r
(
A

de
g

)

-0.5

0

0.5

0.1 1 10 100

er
ro

r
(
A

de
g

)

-0.5

0

0.5

0.1 1 10 100

er
ro

r
(
A

de
g

)

-5

0

0.1 1 10 100

er
ro

r
(

de
g

)
(h

)
Δ
φ

Δ φ = 12 hdeg

-5

0

0.1 1 10 100

er
ro

r
(

de
g

)
(h

)
Δ
φ

Δ φ = 6 hdeg

-5

0

0.1 1 10 100

er
ro

r
(

de
g

)
(h

)
Δ
φ

Δ φ = 0 hdeg

-5

0

0.1 1 10 100

er
ro

r
(

de
g

)
(h

)
Δ
φ

Δ φ = -6 hdeg

A = 0prod

A = 0.2prod

A = 0.4prod

A = 0.6prod

A = 0.8prod

A = 1prod

mean half-life t (h)1/2 mean half-life t (h)1/2

mean half-life t (h)1/2 mean half-life t (h)1/2

mean half-life t (h)1/2 mean half-life t (h)1/2

mean half-life t (h)1/2 mean half-life t (h)1/2

Figure A.6: Validation of the Fourier approximation for an unknown degradation rhythm at varying
half-lives. The approximation (Equations 2.12, 2.13) is compared to the numerical solution
of the inverse problem (see text). We show absolute errors at indicated parameter values.
Parameters: k = 1, Adeg = 0.5
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Figure A.7: Validation of the Fourier approximation for an unknown degradation rhythm at varying
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A.2 Additional Results from the ODE model

A.2.1 Error Propagation of Half-Lives for the Production-Degradation Vector

Here we derive the point estimate and the covariance matrix for the production-
degradation vector. These estimates are needed for the chi-squared test described
in Section 2.4.1 and implemented in the R package “patest”.
We estimate amplitudes and phases using harmonic regression: Ordinary least squares fitting

to a linear combination of cosine- and sine-functions:

x(t) = m+ a cos(ωt) + b sin(ωt) + ε, (A.32)

where x(t) stands for the abundance of a molecule at time t, and ε is an error term. The
parameters a and b define (span) the circadian phase plane and constitute the vector x

x =
(
a
b

)
,

and the fitting procedure results in estimates of a and b denoted µx with symmetric covariance
matrix covx:

µx =
(
µa
µb

)
, (A.33)

covx =
(
σ2
a σa,b

σa,b σ2
b

)
. (A.34)

If the measured time series is evenly sampled and consists only of fully measured periods the
covariance matrix reduces to a diagonal matrix:

covx =
(
σ2
ab 0
0 σ2

ab

)
. (A.35)

Estimates µx and covx are obtained from the residuals of the fit [215, 258]. In the same way,
a vector p representing production phase and amplitude is obtained from measurements of
transcriptional activity for the case of mRNAs (in practice, these are often also abundances, for
example of nascent mRNA), together with an estimated covariance matrix covp.
In our model for rhythmic degradation we define the so called production-degradation vector

pd, which is determined by a shift in the x- and y-coordinate of x depending on the half-life
τ . Our chi-squared test is based on the difference between the production-degradation vector
and the measured production vector. The null distribution for this difference can be estimated
if an estimation for the covariance matrix of the production-degradation vector is available.
Such an estimate can be obtained from the abundance vector (harmonic regression estimates
from mature mRNA-seq data in the present study), the production vector (harmonic regression
estimates from nascent mRNA-seq data), and the estimated covariance matrices for these. Also
needed is the estimated half-life of the mRNA molecule, and the variance of this estimate. The
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half-life τ of the molecule is measured with mean µτ and standard deviation στ .

The x-component of the production-degradation vector pd follows:

xpd =
√
γ2 + ω2

γ

√
a2 + b2 cos (arctan2(b, a)− arctan(ω/γ))

=
√
γ2 + ω2

γ
(a cos (arctan(ω/γ)) + b sin (arctan(ω/γ)))

=
(aγ + bω)

√
1 + ω2

γ2√
γ2 + ω2

= a+ bω

γ
. (A.36)

Here, γ is the mean degradation rate which is inversely related to the half-life: γ = log(2)/τ .
The y-component of the vector pd follows:

ypd = b− aω

γ
. (A.37)

We search the estimate µpd and covariance matrix covpd for the vector pd:

µpd =
(
µxpd
µypd

)
, (A.38)

covpd =
(

σ2
xpd σxpd,ypd

σxpd,ypd σ2
ypd

)
. (A.39)

The components of the vector pd are functions of three variables, a, b, and τ . The mean µpd
is then obtained from the definitions of pd, Eqns. (A.36 and A.37)

µpd =
(
µa + µbµτ

log(2)
µb − µaωµτ

log(2)

)
. (A.40)

To derive the covariance matrix we apply multivariate error propagation. In the general case of
m functions yk in n variables x1, ..., xn = x, each function yk is linearized around the mean µx

yk ∼ yk(µx) +
n∑
i=1

(xi − µi)
∂yk
∂xi

∣∣∣∣
µx

. (A.41)
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To derive the covariance matrix cov of the functions yk, the definition of variance is used:

covkl(y) = 〈[yk(x)− 〈yk(x)〉][yl(x)− 〈yl(x)〉]〉
= 〈[yk(x)− yk(µx)][yl(x)− yl(µx)]〉 EquationA.41 applied

=
m∑
k=1

m∑
l=1

∂yk
∂xi

∣∣∣∣
µx

∂yl
∂xj

∣∣∣∣∣
µx

〈(xi − µi)(xj − µj)〉

=
m∑
k=1

m∑
l=1

∂yk
∂xi

∣∣∣∣
µx

∂yl
∂xj

∣∣∣∣∣
µx

covij(x).

In a compact notation:

cov(y) = J|µx
cov(x) JT

∣∣∣
µx

, (A.42)

where cov(y) is the covariance matrix of y, cov(x) is the covariance matrix of the variables x,
and J|µx

is the m × n Jacobian Jij = ∂yi
∂xi

evaluated at the mean of x. Using this method, the
covariance matrix of pd can be derived:

covpd =
(
∂xpd
∂a

∂xpd
∂b

∂x∆pd
∂τ

∂ypd
∂a

∂ypd
∂b

∂ypd
∂τ

)∣∣∣∣∣
µa,µb,µτ

 σ2
a σa,b 0

σa,b σ2
b 0

0 0 σ2
τ



∂xpd
∂a

∂ypd
∂a

∂xpd
∂b

∂ypd
∂b

∂xpd
∂τ

∂ypd
∂τ


∣∣∣∣∣∣∣
µa,µb,µτ

=
(

σ2
xpd σxpd,ypd

σxpd,ypd σ2
ypd

)
(A.43)

with

σ2
xpd = log(2)2σ2

a + ω
(
ωµ2

τσ
2
b + ωµ2

bσ
2
τ + σa,b log(4)µτ

)
log(2)2 , (A.44)

σ2
ypd = log(2)2σ2

b + ω
(
ωµ2

τσ
2
a + ωµ2

aσ
2
τ − σa,b log(4)µτ

)
log(2)2 and (A.45)

σxpd,ypd =σa,b log(2)2 − ω
(
σa,bωµ

2
τ + log(2)

(
σ2
a − σ2

b

)
µτ + ωµaµbσ

2
τ

)
log(2)2 . (A.46)

If the time series is evenly sampled and over an integer number of periods, the covariance matrix
has a simpler form:

covpd =
(
∂xpd
∂a

∂xpd
∂b

∂xpd
∂τ

∂ypd
∂a

∂ypd
∂b

∂ypd
∂τ

)∣∣∣∣∣
µa,µb,µτ

σ2
ab 0 0
0 σ2

ab 0
0 0 σ2

τ



∂x∆pd
∂a

∂y∆pd
∂a

∂x∆pd
∂b

∂y∆pd
∂b

∂x∆pd
∂τ

∂y∆pd
∂τ


∣∣∣∣∣∣∣∣
µa,µb,µτ

=

σ2
ab + ω2(µ2

bσ
2
τ+µ2

τσ
2
ab)

log(2)2 −µaµbσ
2
τω

2

log(2)2

−µaµbσ
2
τω

2

log(2)2 σ2
ab + ω2(µ2

aσ
2
τ+µ2

τσ
2
ab)

log(2)2

 . (A.47)
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A.2.2 Sensitivity
In Section 2.5 we describe how a small change of the relative amplitudes Aprod and Adeg can
have a large effect on the phase φx. This can be quantified as the sensitivity of the phase φx
with respect to changes in the input parameters Aprod, Adeg, φprod and φdeg. In the following
we derive the sensitivity coefficient for the phase φx as a measure of the sensitivity.
First, we introduce the ratio between the amplitudes of the production term and the degradation
rate: c = Aprod/Adeg. Then, the phase φx is calculated from Equation A.17:

φx = arctan 2

c cos
(
φprod + arctan

(
ω
γ

))
− cos

(
φdeg + arctan

(
ω
γ

))
,

c sin
(
φprod + arctan

(
ω
γ

))
− sin

(
φdeg + arctan

(
ω
γ

))  . (A.48)

We now define the sensitivity coefficient Sφxc as the derivative of the phase φx with respect to
the relation c:

Sφxc
def= ∂φx

∂c
= sin(φdeg − φprod)

1 + c2 − 2c cos(φdeg − φprod)) . (A.49)

In Figure 2.2C we plotted the sensitivity coefficient for different values of c. Here, a large value
means that a small change in the input parameters results in a large change in the phase φx.
The sensitivity is large when production and degradation peak roughly at the same time, i.e.
φprod−φdeg ≈ 0. This effect becomes very pronounced when the amplitudes Aprod and Adeg are
similar, i.e. c ≈ 1. The large sensitivity coefficient implies a phase inversion in this range of c.
This means that a small change in the relation of Aprod and Adeg can cause a phase shift of up
to 12 h.
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In this section I derive the PDE model used in Section 3.3, discuss different rate functions which
describe different scenarios and present an analytical solution of the PDE for a specific case.
Furthermore, I formulate the inverse problem which can be used to recalculate unmeasured
deadenylation rates TAIL-seq data.

B.1 Derivation of the PDE Model

Let x(t, d′) be the number of molecules of damage (d, d + dd) at time t. Therefore x(t, d) is
a density function in the damage d. If we integrate x(t, d) over all possible damage values we
receive the total molecules concentration at time t:

X(t) =
∫ ∞
d=0

x(t, d) dd. (B.1)

The rate of change in molecules of a given damage interval ∆d is defined by

∂x(t, d)
∂t

∆d =

+ rate of entry at d
− rate of departure at d+ ∆d
− degradation

 (B.2)

or
∂x(t, d)
∂t

∆d = J(t, d)− J(t, d+ ∆d)− v(t, d)x(t, d)∆d, (B.3)

where v(t, d) is the degradation rate of molecules with damage d at time t. J(t, d) is a flux of
molecules with damage d at time t in more detail examined below. Division by ∆d yields

∂x(t, d)
∂t

= −J(t, d)− J(t, d+ ∆d)
∆d − v(t, d)x(t, d). (B.4)

Taking the limit ∆d→ 0 we receive a ’transport equation with advective flux’ for the molecules

∂x(t, d)
∂t

= −∂J(t, d)
∂d

− v(t, d)x(t, d). (B.5)

The flux J is not a flux in space as in the original transport equation but a flux in the damage
domain and describes the movement of molecules towards higher damage. As a flux in space
the damage-dependent flux depends on the molecule density x(t, d) and the speed of damage
accumulation q(t). The speed q(t) is defined by the change of damage per time unit q(t, d) = dd

dt
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and the flux J therefore is given by:

J(t, d) = x(t, d)q(t, d). (B.6)

The model equation Equation B.5 calculates thus to

∂x(t, d)
∂t

= −q(t, d)∂x(t, d)
∂d

− x(t, d)∂q(t, d)
∂d

− v(t, d)x(t, d). (B.7)

This equation is defined for positive d, we assume there is no negative damage, and the damage is
steadily increasing, hence we need a boundary condition x(t, 0) where molecules with no damage
enter the system.

x(t, d) describes the molecule density in damage. For any acceptable solution x(t, d) the
integral Equation B.1 is well defined and hence converges which requires that

lim
d→∞

x(t, d) = 0. (B.8)

The integral of the model equation EquationB.7 over damage d calculates then∫ ∞
0

∂x(t, d)
∂t

dd =
∫ ∞

0

(
−q(t, d)∂x(t, d)

∂d
− x(t, d)∂q(t, d)

∂d

)
dd ,

dX(t)
dt =

∫ ∞
0

(
−q(t, d)∂x(t, d)

∂d
− x(t, d)∂q(t, d)

∂d

)
dd−

∫ ∞
0

v(t, d)x(t, d)dd . (B.9)

The first integral on the right hand-side can be reduced by using partial integration∫ (
− q(t, d) ∂x(t, d)

∂d
− x(t, d)∂q(t, d)

∂d

)
dd (B.10)

= −
(
x(t, d)q(t, d)−

∫
x(t, d)∂q(t, d)

∂d
dd
)
−
∫
x(t, d)∂q(t, d)

∂d
dd (B.11)

= −x(t, d)q(t, d) . (B.12)

Taking into account borders and Equation B.8 we receive∫ ∞
0

(
− q(t, d) ∂x(t, d)

∂d
− x(t, d)∂q(t, d)

∂d

)
dd

= −
[
x(t, d)q(t, d)

]∞
0

= x(t, 0)q(t, 0).

(B.13)

The time development of molecule concentration reads therefore (EquationsB.9,B.13)

dX
dt = x(t, 0)q(t, 0)−

∫ ∞
0

v(t, d)x(t, d)dd . (B.14)

The equation for a general time development of a molecule concentration X where molecules

106



B.2 Rates - Personalize your Model

d

v(t,d)v(t,d)

ΔdU(t)

Jin Jout
q(t,0)

Figure B.1: Illustration of the model Equation B.17. Illustration of the model as transport.
The molecule density x(t, d) of a given damage interval ∆d is determined by the entry
Jin, the departure Jout and degradation v(t, d). Newly synthesized molecules enter
the system with the rate x(t, 0) = U(t)

q(t,0) .

are produced with a production rate k and is degraded with a degradation rate V is given by:

dX
dt = U − V X. (B.15)

We assume that the production rate is time dependent U = U(t). Comparison of EquationB.14
and B.15 gives us then an expression for the boundary condition:

x(t, 0) = U(t)
q(t, 0) . (B.16)

With that we received the model Equation 3.6 which describes a molecule density in damage
where molecules are born with zero damage, accumulate damage over time described by a flux
in d-direction and get eventually degraded (see Fig.B.1):

∂x(t, d)
∂t

= −q(t, d)∂x(t, d)
∂d

− x(t, d)∂q(t, d)
∂d

− v(t, d)x(t, d)

x(t, 0) = k(t)
q(t, 0)

(B.17)

To calculate from the molecule density x(t, d) the actual molecule concentration of molecules
within a certain damage range [d, d+ ∆d] one has to take the integral

Xd,d+∆d(t) =
∫ d+∆d

d
x(t, d)dd . (B.18)

B.2 Rates - Personalize your Model

In the following we take a closer look at the three rates we use in our model: k(t) is the
production rate, v(t, d) is connected to the degradation of molecules, and q(t, d) describes the
speed of damage accumulation.
With a specific mathematical formulation of the rates the very general model Equation B.17
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can describe specific biological situations. Additionally, besides the mathematical description of
biological processes, we need to make a connection to measurable quantities. In this section I will
draw a connection from the damage-dependent degradation rate v(t, d) to the general molecule
degradation rate V (t) which is damage independent and usually measured in experiments when
investigating molecule half lives. Furthermore, I will present some general ideas how all rates,
k(t), q(t, d) and v(t, d) can be formulated in the context of circadian biology and in the examples
presented in this thesis where I used the model to describe such diverse phenomena as protein
damage and poly(A) tail deadenylation.

The production rate describes only a production of undamaged proteins (d = 0). Hence, in
contrast to the degradation rate the production rate k(t) of the molecule concentration X(t)
therefore already only depends on time

U(t) = k(t) (B.19)

and is the production rate which would be measured. For example if describing deadenylation
of poly(A) tails the production rate is constituted by transcriptional activity.
To get a meaningful degradation rate, i.e. an experimentally measurable rate, we compare

Equation B.14 and Equation B.15 and extract the term which describes the degradation of
molecules:

V (t)X(t) =
∫ ∞

0
v(t, d)x(t, d)dd. (B.20)

V (t) is the damage-independent degradation rate of molecules and connected to the half-life τ
via τ(t, d) = ln(2)/V (t).
How should all these rates k(t), q(t, d) and v(t, d) be formulated? Describing phenomena with

a circadian rhythm demands a time dependence in each rate. I will model this time dependence
as periodic cosine-function with mean M , relative amplitude Arel and a phase shift φ

f(t) = M (1 +Arel cos(ωt− φ)) . (B.21)

Since production depends only on time it is described only by this cosine function with specific
mean k, relative amplitude Aprod and phase φprod:

k(t) = k (1 +Aprod cos(ωt− φprod)) (B.22)

The rate of damage accumulation is also circadian but additionally it can depend on the
damage d:

q(t, d) = c (1 +Adam cos(ωt− φdam)) · f(d). (B.23)

The function f(d) modulates the mean damage accumulation c and should hence do not exceed
a certain value range, e.g. f(d) ∈ [0, 1] to be reasonable (within the measured range) damage d.
To reproduce the data from Chang et al. [252] I used a simple exponential function for the

damage dependency:
q(d) = e−0.1d. (B.24)

This describes that deadenylation slows down exponentially with shortened poly(A) tail. How-
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ever, any other description could be plausible, for example a step-like function describing two
different (constant) deadenylation speeds of two different deadenylases acting only at specific
poly(A) tail lengths.

Also the degradation rate can be damage dependent. To describe RNA molecules which are
degraded only with a short poly(A) tail I used a tunable step-like function v(t, d):

v(t, d) = γ · (1 +Adeg cos(ωt− φdeg))︸ ︷︷ ︸
time-dependence

·

(
d−β
s

)h
1 + d−β

s

·H(d− β)︸ ︷︷ ︸
damage-dependence

. (B.25)

Here, the function is defined by the mean degradation rate γ and two terms, the first only
dependent on time, the second only dependent on damage. While the time-dependence has the
same structure as time-dependence defined in Equation B.21, the part with damage-dependence
deserves more explanation. We assume that degradation eventually get switched on at a certain
threshold of accumulated damage or shortened poly(A) tail. The damage-dependence part has
to reflect this behavior. It consists of a sigmoid Hill-function to reflect a switching behavior. This
function is defined by the parameter h and s, the first is the so-called Hill factor h and defines the
steepness of the slope, the second scales the slope to a given range. The Hill-function is further
shifted in d-direction by the parameter β and the Heaviside-function H(d− β) assures that the
shifted Hill-function takes only values higher than zero. In Fig. B.2 the damage-dependence of
the rate v(t, d) is plotted for different parameter values.

How can we translate the proposed rate v(t, d) to the measurable degradation rate V (t) defined
by Equation B.15. Inserting v(t, d) into Equation B.20 gives:

V (t, d)X(t) =
∫ ∞

0
γ (1 +Adeg cos(ωt− φdeg))

(
d−β
s

)h
1 + d−β

s

H(d− β)x(t, d)dd (B.26)

V (t, d)X(t) = γ (1 +Adeg cos(ωt− φdeg))
∫ ∞

0

(
d−β
s

)h
1 + d−β

s

H(d− β)x(t, d)dd. (B.27)

The integral in Equation B.27 is now defined by the damage-dependence of v(t, d) and the
molecule density x(t, d). As the integral is not solvable in the present form we examine the limit
case for a small scaling factor s and a high Hill factor h. This limit case will result in a step-like
function and the damage dependence of v(t, d) reduces to

v(d) =

(
d−β
s

)h
1 + d−β

s

H(d− β) −−−−−−−→
s� 1, h� 1

{
0 for d < β

1 for d ≤ β
(B.28)

Inserting this extreme case EquationB.28 in EquationB.27 gives an estimate for the degradation
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Figure B.2: The damage dependence of v(t, d) (Equation B.25) for different parameter
values. The Hill factor h defines the steepness of the step, parameter s scales the
slope to a range. Parameter, if not indicated: s = 1, h = 2, β = 6, γ = 0.05.

term which the molecule concentration X(t) experiences:

V (t)X(t) = γ (1 +Adeg cos(ωt− φdeg))
∫ ∞
β

x(t, d)dd (B.29)

B.3 Analytical Solution of the PDE

Here, I will demonstrate the derivation of an analytical solution for the PDE. However, a closed
solution is only possible for damage-independent rates. In this section I denote

∂x(t, d)
∂t

= xt and (B.30)

∂x(t, d)
∂d

= xd. (B.31)

The PDE with time-dependent production and degradation rates and constant damage accu-
mulation rate reads then:

0 = xt + cxd + v(t)x with

x(t, 0) = k

c
(1 +Aprod cos(ωt− φprod)) quadand

v(t) = γ (1 +Adeg cos(ωt− φdeg))
(
eβd − 1

)
.

(B.32)

To solve this equation I use the method of characteristics, where one variable is limited by
basically changing the coordinate system such that the eliminated variable constitutes the new
coordinate system. It is only applicable for first order linear PDEs with constant coefficients.
In this case it means, in order to use the method the damage accumulation rate is required to
be constant. I learned this standard technique for solving PDEs from the well written script on
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PDEs by Victor Grigoryan (http://web.math.ucsb.edu/~grigoryan/124A/lectures.html).
The new variables ξ and η then read

ξ = t+ cd (B.33)
η = ct+ d. (B.34)

The old variables expressed by the new ones:

t = ξ + cη

1 + c2 (B.35)

d = cξ − η
1 + c2 . (B.36)

With this new variables the PDE turns into an ODE:

0 = (1 + c2)xξ + v(ξ, η)x (B.37)

v(ξ, η) = γ
(
1 +Adeg cos

(
ωξ + cη1 + c2 − φdeg

))(
e
β cξ−η

1+c2 − 1
)

(B.38)

This homogeneous ODE can be solved by separating the variables. After some integration and
retransformation to the old variables one obtains for the general solution of the homogeneous
ODE

x(t, d) = f(ct− d) exp
{
γ

[
− 1

1 + c2 (t+ cd)−Adeg

[
sin (ωt− φdeg)

(
− 1
ω

+ ω

(βc)2 + ω2 e
βd
)

+

+ + cos (ωt− φdeg)
(

βc

(βc)2 + ω2 e
βd
)]]}
(B.39)

The unknown function f(ct− d) is determined by the initial condition:

x(t, 0) =k

c
(1 +Aprod cos(ωt− φprod)) = k(ct) = (B.40)

=f(ct) exp
{
γ

[
− 1

1 + c2 t−Adeg

[
sin (ωt− φdeg)

(
− 1
ω

+ ω

(βc)2 + ω2

)
+

+ cos (ωt− φdeg)
(

βc

(βc)2 + ω2

)]]}
(B.41)

=f(ct)g(ct). (B.42)
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It follows

f(ct) = k(ct)
g(ct) and (B.43)

f(ct− d) = k(ct− d)
g(ct− d) . (B.44)

With this one receives the final solution for the PDE Equation B.32:

x(t, d) =k

c

(
1 +A− prod cos

(
ωt− ω

d

c
− φprod

))
·

· exp

{
− γ

[
1
βc

(
e−βd − 1

)
− d

c
+

+Adeg

[
sin (ωt− φdeg)

(
− 1
ω

+ ω

(βc)2 + ω2 e
βd + (βc)2

ω ((βc)2 + ω2) cos(ωd/c) − βc

(βc)2 + ω2 sin(ωd/c)
)

+ cos (ωt− φdeg)
(

ω

(βc)2 + ω2 e
βd − (βc)2

ω ((βc)2 + ω2) cos(ωd/c) + βc

(βc)2 + ω2 sin(ωd/c)
)]]}

(B.45)

B.4 Recalculation of Deadenylation Rates: Inverse Problem

I use the model Equation B.17 in Section 3.3.3 to describe the deadenylation of poly(A) tails,
stabilizing elements at the 3’end of an mRNA. A new sequencing techniques allows genome-wide
measurement of poly(A) tails. With this data, in the model description constituting x(t, d), it
is possible to recalculate unmeasured mRNA specific deadenylation rates q(t, d) by formulating
an inverse problem as I will outline in the following.
The model describes development of the concentration of mRNA x(t, d) with certain poly(A)

tail lengths d in time t. In this description d = 0 means an intact, unshortened poly(A) tail of
250 adenosides, x(t, d = 250) describes the concentration of mRNA with completely removed
poly(A) tail. These mRNA with their poly(A) tails are transcribed with rate k(t) and degraded
with v(t, d). The poly(A) tail is shortened with rate q(t, d). These processes are captured by
the PDE model from the previous section:

∂x(t, d)
∂t

= −q(t, d)∂x(t, d)
∂d

− x(t, d)∂q(t, d)
∂d

− v(t, d)x(t, d)

x(t, 0) = k(t)
q(t, 0)

(B.46)

The TAIL-seq data gives poly(A) tail length distributions for each gene, in the model description
a time-independent solution of the model x(d). To use these data to recalculate poly(A) tail
length-dependent deadenylation rates, in the model description q(d), we need to discuss the
influence and make assumptions with regards to all other parameters. It is well established
that a poly(A) tail of about 250 nucleotides is added to each mRNA right after completion
of its transcription [247] and mRNA are mostly only degraded after complete removal of their
poly(A) tails [187]. For the model this means mRNAs are born only with a complete poly(A) tail,
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consequently the transcription rate enters the model only as boundary condition. Furthermore,
mRNAs are not degraded if the poly(A) tail is longer than 20 nucleotides and hence for d < 230
the degradation rate equals zero, v(t, d < 230) = 0. Furthermore, to formulate an inverse
problem with an unique solution I need to assume that poly(A) tails are not relengthened. This
is true for most RNA, however it is known that cytosolic relengthening is possible. For example,
some mRNA of housekeeping genes are stored in stress granules, where mRNA are translationally
silenced via a shortened poly(A) tail and upon stress the translation is reactivated through
poly(A) tail relengthening [259]. Since one TAIL-seq measurement captures one snapshot in
time the model description does not include time dependence. To capture a poly(A) tail length
distribution which changes in time, e.g. a poly(A) tail length distribution which is influenced by
the circadian deadenylase Nocturnin [166], one would need a time series of these measurements
and apply the following procedure to each TAIL-seq data separately.
Applying all the above mentioned reduces the Equation B.46 for d < 230 to

0 = −q(d)dx(d)
dd − x(d)dq(d)

dd

x(0) = k

q(0) .
(B.47)

This model describes the development of a poly(A) tail length of one mRNA species for d < 230.
The unknown function x(d) solves this equation. However, with the TAIL-seq data x(d) is
known and the deadenylation rate is the unknown function. To recalculate the length-dependent
deadenylation rate from the TAIL-seq data I discretize the derivatives, for example:

dq(d)
dd = qk − qk−1

∆d , (B.48)

where the step size ∆d equals one adenoside, the smallest reasonable solution in this description.
With this I gain from Equation B.47 a system of linear equations

x0 = k

q0
(B.49)

0 = −qk
xk − xk−1

∆d + xk
qk − qk−1

∆d , k = 0...220. (B.50)

This system of linear equation with given xk from the TAIL-seq data is solvable for qk except
for a proportionality factor k, discrete values of the deadenylation rate q(d). To relate qk to
absolute values one would need additionally information on the transcriptional activity k.

In the main text, Section 3.3.3, the discretization and recalculation of q(d) has been done on
a simulated model which resembled measured data. To apply it on real data would follow the
same procedure. However, I expect that the data has to be smoothed beforehand.
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C.1 Sequencing Data

C.1.1 Read Quantification

For the liver data set, already published in Menet et al. [5], raw data was downloaded from the
public domain at GEO with the accession number GSE36916
(http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE36916). The raw data for mouse
kidney was provided by Roman-Ulrich Müller from University of Cologne.
All raw data was annotated using Bowtie2 [260].
Read quantification was done using an R-script which is geared to the vignette “Overlap

encodings” of the package “GenomicAlignments” [261]. Read counts were normalized to Reads
Per Kilobase per Million mapped reads (RPKM).
In short, for each gene a list of the genomic ranges of exons and introns were extracted

from the reference genome TxDb.Mmusculus.UCSC.mm9.refGene. For liver, two sequencing data
sets were available, nascent-sequencing and common RNA sequencing. Reads from nascent-seq
which overlapped with exons of a gene were counted as its transcriptional activity, reads from
RNA sequencing which overlapped with exons of a gene were counted as RNA abundance. For
kidney, information on both transcriptional activity and mRNA abundance came from one RNA
-sequencing data set. Aligned reads from introns of a gene were counted as its transcriptional
activity. Aligned reads from exons were counted as RNA abundance.
The threshold for expressed genes were set after inspection of histograms of read counts

according to the following table.

data set Expressed genes are genes with
mean read count larger than

kidney, transcriptional activity 2−7.
kidney, RNA abundance 2−5.

liver, transcriptional activity 2−5.
liver, RNA abundance 2−3.

From now on I only consider expressed genes without an explicit statement.

C.1.2 Circadian Genes

To test if time series of either transcriptional activity or RNA abundance are rhythmic I tested
each time series with RAIN [200] by using R-package “rain” (Version 1.4.0) and used Benjamini-
Hochberg correction to calculate for each time series a False Discovery Rate (FDR). Additionally,
I fitted a cosine curve to each time series using the R-package “HarmonicRegression” [179].
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Figure C.1: Proportion of genes which are classified as circadian. RNA abundances were
classified as circadian or not circadian with different threshold values. Color-coded
are percentages of circadian RNA from all expressed RNA. FDR comes from RAIN,
relative amplitude from cosine fit.

From this fit I obtained the relative amplitudes. In Fig. C.1 the proportion of genes which are
classified as circadian of all expressed RNA abundances for different thresholds are shown. It is
interesting to see that mainly the relative amplitude is the determining factor if gene is classified
as circadian. If not stated elsewhere I classified time series with a FDR≤ 0.25 and a relative
amplitude > 0.1 as circadian.

C.1.3 Estimate Uncertainty of Cosine Fit

A rhythmic abundance of a species x is measured by a time series consisting of n points. The
time series is fitted with a linear model

xt = A cos (ωt) +B sin (ωt) + at (C.1)

where {at} are random and uncorrelated errors with a standard deviation σ:

E(at) = 0

E(ata′t) =
{
σ2, t = t′

0, otherwise.
(C.2)

C.1.4 Covariance Matrix of Fitting Parameters

In matrix form the fitting problem Equation (C.1) can be stated as

y = βX (C.3)
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with

y =


x1
x2
...
xn

 , X =


cos(ωt1) sin(ωt1)
cos(ωt2) sin(ωt2)

...
cos(ωtn) sin(ωtn)

 and β =
(
A
B

)
(C.4)

In the method of linear least squares we are now seeking for parameters A and B which minimize
the sum of squared vertical distances S(A,B) between the observed responses in the dataset
and the responses predicted by the linear approximation:

S(A,B) =
n∑
i=1

(xi −A cos (ωt)−B sin (ωt))2 = (y− βX)T (y− βX) (C.5)

This function has a global minimum at β̂ =
(
µA
µB

)
. The covariance matrix of the fitting

parameters covβ is given by

covβ = σ2
(
XTX

)−1
(C.6)

where σ2 is the standard deviation given in Equation (C.2). The time series are measured
at equally distributed along the period time points and can consists either of fully measured
periods or fully measured periods plus additional time points. Assuming, we have m fully
measured periods with N time points each and k additional time points. An example would be
a circadian time series (period = 24) measured at time points 0, 5, 11, 17, 23, 29. This would
mean 6 time points in total, m = 1 fully measured period of N = 4 time points per period and
k = 1 additional time point.

We can now rewrite the matrix X:

X =


cos
(

2π
N

0
)

sin
(

2π
N

0
)

cos
(

2π
N

1
)

sin
(

2π
N

1
)

...
cos
(

2π
N
m ·N + k

)
sin
(

2π
N
m ·N + k

)
 (C.7)

To calculate the covariance matrix of the fitting parameters Equation (C.6) we first look at the
matrix XTX

XTX =
(

cos
(

2π
N

0
)

cos
(

2π
N

1
)

. . . cos
(

2π
N
m ·N + k

)
sin
(

2π
N

0
)

sin
(

2π
N

1
)

sin
(

2π
N
m ·N + k

)) ·


cos
(

2π
N

0
)

sin
(

2π
N

0
)

cos
(

2π
N

1
)

sin
(

2π
N

1
)

...
cos
(

2π
N
m ·N + k

)
sin
(

2π
N
m ·N + k

)


=
(
CC CS
CS SS

)
(C.8)
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with following symbols:

CC =
mN+k−1∑

i=0
cos2

(2π
N
i

)
(C.9)

SS =
mN+k−1∑

i=0
sin2

(2π
N
i

)
(C.10)

CS =
mN+k−1∑

i=0
cos

(2π
N
i

)
sin
(2π
N
i

)
(C.11)

All these sums can be divided into two parts of fully measured periods and the rest. As an
example I show this for the entry CC Equation C.9:

CC =
mN+k−1∑

i=0
cos2

(2π
N
i

)

=
mN−1∑
i=0

cos
(2π
N
i

)
+
mN+k−1∑
i=mN

cos2
(2π
N
i

)
= CCfull periods + CCrest (C.12)

The sums of fully measured periods can be strongly simplified. The sum of squared cosines
reduces to

mN−1∑
i=0

cos2
(2π
N
i

)
=

mN−1∑
i=0

1 + cos
(

4π
N i
)

2 used trigonometric identity

= mN

2 + 1
2

mN−1∑
i=0

cos
(4π
N
i

)
︸ ︷︷ ︸

= 0, sum of mN

cosines
which are evenly dis-
tributed on a 4π-period

= mN

2 = CCfull periods. (C.13)
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We use this result and the Pythagorean identity to calculate the sum of squared sines:

mN =
mN−1∑
i=0

1

=
mN−1∑
i=0

(
cos2

(2π
N
i

)
+ sin2

(2π
N
i

))
used Pythagorean identity

=
mN−1∑
i=0

cos2
(2π
N
i

)
+
mN−1∑
i=0

sin2
(2π
N
i

)

= mN

2 +
mN−1∑
i=0

sin2
(2π
N
i

)
used result in Equation C.13

⇔
mN−1∑
i=0

sin2
(2π
N
i

)
= mN

2 = SSfull periods. (C.14)

The sum of the mixed product reduces to

mN−1∑
i=0

cos
(2π
N
i

)
sin
(2π
N
i

)
=

sin
(

4π
N i
)

+ sin(0)
2 used trigonometric identity

=
mN−1∑
i=0

sin
(

4π
N i
)

2︸ ︷︷ ︸
= 0, sum of mN sines
which are evenly dis-
tributed on a 4π-period

= 0 = CSfull periods (C.15)

Taken together the results from Equations (C.8-C.15) the matrix XTX transforms to:

XTX =
(
CC CS
CS SS

)

=
(
CCfull periods + CCrest CSfull periods + CSrest
CSfull periods + CSrest SSfull periods + SSrest

)

=
(
mN

2 + CCrest CSrest
CSrest

mN
2 + SSrest

)
(C.16)

The covariance matrix of the parameters covβ of only full measured periods (CCrest = SSrest =
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CSrest = 0) is then given by Equation (C.6):

covβ, full = σ2
(
XTX

)−1

= σ2
(
mN

2 0
0 mN

2

)−1

= σ2
(

2
mN 0
0 2

mN

)
(C.17)

and for time series with fully measured periods and some additional time points the covariance
matrix covβ reads

covβ = σ2
(
XTX

)−1

= σ2
(
mN

2 + CCrest CSrest
CSrest

mN
2 + SSrest

)−1

= σ2(
mN

2 + CCrest
) (

mN
2 + SSrest

)
− CS2

rest

(mN2 + SSrest
)

−CSrest

−CSrest
(
mN

2 + CCrest
) (C.18)

with following abbreviations:

CCrest =
mN+k−1∑
i=mN

cos2
(2π
N
i

)
,

SSrest =
mN+k−1∑
i=mN

sin2
(2π
N
i

)
and

CSrest =
mN+k−1∑
i=mN

cos
(2π
N
i

)
sin
(2π
N
i

)
.

(C.19)

C.2 Half-Lives

Half-lives were collected from two studies: Friedel et al. [212] and Schwanhäusser et al. [213],
where mRNA half-lives in NIH3T3 mouse fibroblasts were assayed. In these two studies, a
technique based on labeling of newly synthesized mRNA was used, resulting in significantly
more accurate half-life estimates than obtained by older technique based on transcriptional
arrest induced by actinomycin [262]. These data were merged on MGI gene symbol, a geometric
mean (equivalent to mean of the inverse half-lives or, in other words, degradation rates) was
used for the cases several transcripts mapped to the same gene. In total, 9595 mRNA half-lives
mappable to MGI symbols were assayed by at least one of these two studies, 3308 were assayed
in both. A simple linear least squares fit log(t1/2, Friedel) = a + b log(t1/2, Schwanhäusser) yielded
estimates a = −0.22 and b = 0.98. Since b is within the error margin of 1 the fit is excellent, and
we chose to correct the Schwanhäusser et al. [213] data for the offset by multiplication with the
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factor 10a. For the 3308 cases where half-lives were obtained in both studies, unbiased estimates
of their variances were made, using the corrected values of Schwanhäusser et al. [213].

C.3 UTRs

In Section 2.7.1 I investigated the 5’ and 3’ UTRs of genes positively tested for rhythmic post-
TRXreg in mouse liver and kidney. For this I reprocessed the annotated reads and quantified
all reads not on gene annotation but on transcript annotation, see Section C.1.1, followed by
finding circadian transcripts using a q-value cut-off obtained by RAIN and an amplitude cut-off
(FDR<0.25, Arel ≤ 0.1), see Section C.1.2. Then I applied to these transcripts the PA-test to
find transcripts under rhythmic post-transcriptional control as I also already did for sequencing
data quantified using the gene annotation.

From these transcripts in liver and kidney, which are positively tested for rhythmic post-
transcriptional regulation I retrieved the UTRs. A complete list of all 5’UTRs and 3’UTRs
of mouse transcripts was obtained using the R-package GenomicRanges [261] together with
the reference genome TxDb.Mmusculus.UCSC.mm9.refGene. To use these lists it was neces-
sary to map the RefSeq identifier gained during transcript quantification to UCSC transcript
identifier. For that I used a list downloaded from the USCS Genome Browser, complete
url: http://hgdownload.cse.ucsc.edu/goldenPath/mm9/database/knownToRefSeq.txt.gz.
When inspecting this list I noticed that mapping of RefSeq, already a transcript identifier, to
UCSC identifier was a one to many mapping and upon inspection these UCSC mapping to one
RefSeq were also annotated with the same UTRs. Consequently, using the unprocessed list of
UCSC identifier would result in several annotation of many UTRs for no identifiable reason. I
therefore kept for each RefSeq identifier only one UCSC identifier.
I used this list of UCSC identifiers together with the lists of 5’ and 3’UTRs to get the UTR

lengths. For each organ and each UTR (either 5’ or 3’) I used two reference lists of transcripts:

• all expressed transcripts

• circadian transcripts positively tested for rhythmic post-transcriptional regulation
(FDR<0.25 obtained from PA-test [179]).

C.4 RNA Binding Proteins

In Section 2.7.2 I search for rhythmically expressed RNA binding proteins (RBPs). In order to
do that I use a combination of three curated lists of RBPs in mouse:

• http://rbpdb.ccbr.utoronto.ca: a collection of experimental observations of RNA-
binding sites, both in vitro and in vivo, manually curated from primary literature by Cook
et al. [263]

• http://cisbp-rna.ccbr.utoronto.ca: a Catalog of Inferred Sequence Binding Prefer-
ences of RNA binding proteins by Ray et al. [264]
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Appendix C: Data Processing

• http://rbpmap.technion.ac.il: a database of 114 human/mouse RBPs together with
their motifs by Paz et al. [265]

This gives list of 463 RBPs in mouse. To find circadianly expressed RBPs I identify for each
RBP the transcript in liver and kidney and choose these RBPs whose mRNA abundance have
a strong circadian rhythm, i.e. FDR≤ 0.25 obtained from RAIN and Arel > 0.2. Furthermore, I
exclude all RBPs whose half-lives has been measured by Schwanhäusser et al. [213] since all of
these have a half-life are much longer than 15 hours and I expect for these RBPs that rhythms in
protein level has vanished, see Section 2.1. With that I receive 15 and 25 RBPs with a rhythmic
transcript in kidney and liver, respectively. 4 of them are rhythmic in both organs. A complete
list of these RBPs can be found in Section F.4.

C.4.1 Enrichment of RBP Binding Sites

In Section 2.7.3 I searched for RNA binding sites in the 5’ and 3’UTRs of transcripts. I then
test if RBP binding sites of specific RBPs are enriched in genes positively tested for rhythmic
postTRXreg.
To find the number of RNA binding sites for each transcript I again used the transcripts

quantification described in Section C.3 and downloaded the UTR-sequences from Ensembl
BioMart Browser (www.ensembl.org/biomart/martview) [266] accessed by ENSEMBLE Tran-
script identifier. These sequences I used in the online tool “RBPmap (Mapping Binding Sites of
RNA Binding Protein)” [265]. This tool provides a curated list of 114 human/mouse RBP bind-
ing motifs. I allowed to search for occurrence of any of these motifs in the uploaded sequences
together with options “High stringency”, which applies a very low p-value cut-off (p < 0.001).
I identified in this way RBP binding motifs in two transcript sets for each organ:

• all circadian transcripts (FDR≤ 0.25 obtained from RAIN and Arel > 0.1)

• circadian genes positively tested for rhythmic postTRXreg (FDR≤ 0.25 obtained from
PA-test).

For each transcript I annotated if a RBP binding motif of a specific RBP in the UTRs occurred.
In this way I received how many transcript UTR contained a binding site for each RBP. These
counts of binding site occurrences I used to test for enrichment of transcripts positively tested
for rhythmic postTRXreg against all circadian transcripts. The enrichment test was done using
Fisher’s Exact test implemented in R (function fisher.test).

C.5 Gene Function and Enrichment of Gene Functions

In Section 2.7.3 I also tested for gene function enrichment. For that I extracted different subsets
of genes and used them as test set and background set in the DAVID Function Annotation Tool.
I accessed gene functions via the genes’ Entrez gene ID.
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C.6 Shape of Time Series

I investigated following subsets for each organ (see also text and figure in Section 2.7.3):
subset used as

all circadian genes background1 (bg1)
all genes tested for

rhythmic postTRXreg testset with bg1 / background2 (bg2)
testset1 testset with bg2

genes from testset1 + pdp btw 0 & 12 h testset with bg2
genes from testset1 + pdp btw 12 & 0 h testset with bg2
genes from testset1 + pdp btw 6 & 18 h testset with bg2
genes from testset1 + pdp btw 18 & 6 h testset with bg2
genes from testset1 + pdp btw 0 & 6 h testset with bg2
genes from testset1 + pdp btw 6 & 16 h testset with bg2
genes from testset1 + pdp btw 16 & 24 h testset with bg2

Abbreviations:
all circadian genes = all expressed genes (either mRNA or transcriptional activity) with RAIN
FDR≤ 0.25 and Arel > 0.1
testset1 = all circadian genes positivly tested for rhythmic postTRXreg (FDR≤ 0.25 from PA-
test)
pdp btw = predicted degradation phase between

C.6 Shape of Time Series

In Section 2.7.4 I investigate the shape of time series. For that I first find for the transcriptional
activity the best fit out of different lengths of Fourier series. Then I test if a fit of the transcript
abundance would work better if the fitting model has one more Fourier term than the fit of the
corresponding transcriptional activity. To compare fits I use the ANOVA package implemented
in R.
The algorithm to find the best suitable fit for the transcriptional activity is as follows:

1. Initialize number of terms: n = 1, corresponds to a cosine function∗

2. Initialize fake start p-value: pcompare = 0.1

3. Perform two linear fits:

a) Fourier series with n terms

b) Fourier series with n+ 1 terms

4. Perform ANOVA test to compare both fits, get p-value pANOVA

5. If pcompare
pANOVA

> 10, then best fit for transcriptional activity is a Fourier series with
order= n + 1.

6. Else: n = n+ 1, pcompare = pANOVA, go to 3.
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∗ My first try is already an oscillating fit and with that I loose all constant time series. However,
I feared that the step from a constant to a rhythmic fit will give highly significant test-result
and any differences between fits of Fourier series with higher terms would be not as significant.

I then used the order received from the first algorithm to compare two fits for the corresponding
mRNA abundance, first a Fourier series with order from transcriptional activity fit, second a
Fourier series with order+1. The comparison was done using again the ANOVA test which
provided the in the main text reported p-values.
To test for enrichment between both tests I used again a Fisher exact test. My contingency

table I tested had the following form for each organ with x =q-value in Figure 2.14B:

q-value<x q-value≥ x Total
PA-test A B A+B

test for shape C D C+D
Total A+C B+D A+B+C+D
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Appendix D: Harmonics Generated by
Rhythmic Splicing

D.1
In Section 3.1 I investigate if rhythmic splicing can result in higher harmonics in the mRNA
abundance, i.e. mRNA with a period of 12 hours instead of 24 hours.

A pre-RNA x is rhythmically transcribed and rhythmically spliced and serves as production
for an mRNA y which is then degraded with a constant degradation rate. This is described by
the model

dx
d
t

= prod(t)− γsplic(1 +Asplic cos(ωt− φsplic)) (D.1)

dy
d
t

= kγsplic(1 +Asplic cos(ωt− φsplic))− γdeg (D.2)

I simulated the model with the parameters, if not indicated, ω = 2π
24h
−1, γsplic = ln 2/0.5h−1,

k = 1h−1, γdeg = 0.5h−1. For the function describing the transcriptional activity, I tested two
periodic functions, in the main text termed cosine and “pointy” function. The equations for
both read:

prodcos(t) = (1 +Aprod cos(ωt)) (D.3)

prodpoint(t) = (1 +Aprod
1

1 + 0.8 cos(ωt)) (D.4)

In Figure D.1 prodpoint(t) for different relative amplitudes is shown.
Detection of period was done by counting maxima of the time series within 24 hours. The

simulation, analysis of simulated time series and graphical representation was done using a
Mathematica script.
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Figure D.1: The function prodpoint(t) for different relative amplitudes.
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Appendix E: Rhythmic postTRXreg in Core
Clock

E.1
In Section 3.2 I investigated a Goodwin model with rhythmic degradation rates. The Goodwin
model I used reads:

dx
d
t

= kx
Kh

Kh + zh
− dx(1 +Ax cos(ωt− φx))x (E.1)

dy
d
t

= kyx− dy(1 +Ay cos(ωt− φy))y (E.2)

dz
d
t

= kzy − dz(1 +Az cos(ωt− φz))z (E.3)

For simulation I used the following parameters kx = ky = kz = 1, dx = dy = dz = 0.1, K = 1,
h = 10. If simulated this system with constant degradation rates, that is Ax = Ay = Az = 0,
all variables oscillated with a period T = 39.71. I used this period as reference and fixed the
angular frequency of the degradation rates with ω = 2π

T .
I simulated the system and let either one of the degradation rates oscillate, all others were

set to constant, or in other words their relative amplitude was set to zero. I determined the
oscillation properties of each variable by following algorithms (x stands for any variable of
interest, x, y or z in the model equation):

period/phase:

1. Iterate through time points starting at t=500,
find a peak (x_t < x_t+1 & x_t+1 > x_t+2).

2. Iterate further through time points, find second peak.

3. phase = t_peak2 - t_peak1

4. period = t_peak2 - t_peak1
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Appendix E: Rhythmic postTRXreg in Core Clock

magnitude:

1. M = 0

2. Iterate through time points over one period:
For each time point n: M = M + x[n]*(time[n+1]-time[n])

3. M = M/period

rel. amplitude:

1. x_max=0, x_min=1E+06

2. Iterate through time points n over one period:
For each time point n:
if x[n] < x_min: x_min = x[n]

if x[n] > x_max: x_max = x[n]

3. relAmp = 1/M * 0.5 * (x_max-x_min)

Simulation, time series analysis and graphical representation was done using a python script.
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Appendix F: Summary Tables

F.1 List of Circadian Core Clock Genes
List of circadian genes used in Figure 2.3 (MGI-symbols):
Arntl, Npas2, Cry1, Cry2, Per1, Per2, Per3, Dbp, Nr1d1, Nr1d2
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F.3 List of Genes with Rhythmic Post-Transcriptional Control

F.3 List of Genes with Rhythmic Post-Transcriptional Control
List of genes with rhythmic post-transcriptional regulation found by the pa-test with FDR≤ 0.25
in Section 2.4. If the gene was found in liver or kidney the predicted degradation phase φdeg is
shown.
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MGI predicted φdeg Kidney predicted φdeg Liver
1 1190002N15Rik 2.09
2 2410002F23Rik 15.83
3 2510039O18Rik 13.98
4 Aco1 20.45
5 Aco2 23.08 18.23
6 Acot9 19.87
7 Acsl5 7.99
8 Actn1 22.64 13.43
9 Adar 11.05

10 Adk 20.82
11 Aebp1 17.36
12 Aes 23.32
13 Agpat4 17.79
14 Agps 15.83
15 Ahctf1 0.81
16 Ahcy 18.33
17 AI837181 18.92
18 Ak2 15.16
19 Akap11 10.99
20 Akr1b8 17.69
21 Alad 22.18
22 Aldh9a1 21.62
23 Alg2 3.01
24 Amacr 8.66
25 Angptl2 19.47 17.13
26 Ank3 14.76
27 Ankrd12 18.76
28 Anp32b 17.41
29 Anxa11 16.57
30 Anxa2 2.24
31 Anxa3 15.31
32 Anxa7 18.82 14.54
33 Ap1m1 22.27
34 Ap2a2 4.58 2.80
35 Ap2s1 16.47
36 Aprt 8.86
37 Arhgap28 3.30
38 Arl8a 12.65
39 Asna1 21.77
40 Atad2 20.27
41 Atp6ap1 1.46
42 Atp6v1e1 13.31
43 B230219D22Rik 12.64
44 Bag2 23.94
45 Bag3 21.16
46 Baz1b 18.13
47 BC017643 7.20
48 Becn1 21.43
49 Bgn 19.09
50 Bicd2 1.51
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MGI predicted φdeg Kidney predicted φdeg Liver
51 Bid 3.93
52 Bloc1s2 14.50
53 Cacybp 0.22
54 Cald1 6.60 5.25
55 Cand2 7.05
56 Cask 19.97
57 Casp3 13.17
58 Cbl 20.83
59 Cbx6 15.92
60 Cct3 23.77
61 Cct5 0.96 23.96
62 Cd2ap 9.36
63 Cd3eap 18.56
64 Cd9 7.47
65 Cdca8 12.56
66 Cdh11 8.01
67 Cdk5rap2 10.86
68 Cdkn2c 10.42
69 Chaf1b 15.74
70 Chchd4 15.71
71 Chka 3.42
72 Chmp2a 17.09
73 Chmp6 7.33
74 Chordc1 1.76 22.76
75 Cirbp 13.87 9.11
76 Clic4 3.63 0.09
77 Clk1 5.75
78 Clpp 19.68
79 Clpx 7.39 2.85
80 Cltb 23.02
81 Cmtm7 10.23
82 Cobll1 14.87
83 Coil 4.32
84 Col6a1 23.01 10.69
85 Comt 7.64
86 Cpne8 8.39
87 Cpsf2 5.45
88 Cpt1a 16.43 15.48
89 Crcp 18.12
90 Creld2 23.49
91 Csad 19.25
92 Cstf2t 13.43
93 Cttn 12.01
94 Cttnbp2nl 16.61
95 Cyc1 20.43
96 Cyr61 7.68
97 D1Ertd622e 17.47
98 Dab2 15.29 18.91
99 Dap3 15.46
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MGI predicted φdeg Kidney predicted φdeg Liver
100 Dazap1 13.23
101 Dbi 1.00
102 Dbn1 19.90
103 Dbr1 5.68
104 Dcakd 0.72
105 Ddx20 20.64
106 Ddx47 10.08
107 Ddx5 18.64
108 Ddx52 7.79
109 Dhfr 10.68
110 Dlst 18.00
111 Dnajb1 22.29
112 Dnajb6 16.52
113 Dnajc1 21.86
114 Dpy19l1 23.75
115 Dus3l 21.12
116 Dusp14 22.87
117 Dusp3 17.90
118 Dynll1 1.46
119 Ecm1 18.79
120 Eef1e1 2.57
121 Efhd2 16.99
122 Ehbp1 5.28
123 Ehd1 1.99
124 Eif4b 12.26
125 Elavl1 4.49
126 Emb 8.67
127 Emg1 23.57
128 Eml3 4.62
129 Eml4 0.99
130 Esd 0.02
131 Etfa 21.91
132 Evi5 2.76
133 Exoc3 9.87
134 Extl2 12.12
135 F3 10.73
136 Fadd 11.30
137 Faim 8.92
138 Fbxo21 10.69 10.83
139 Fbxo22 12.34
140 Fbxo4 8.74
141 Fdxr 16.04
142 Fis1 16.78
143 Fkbp10 17.36
144 Fkbp4 1.36 23.24
145 Fkbp5 18.71
146 Flot1 11.23
147 Foxk1 13.25
148 Foxk2 1.12
149 Fpgs 0.69
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MGI predicted φdeg Kidney predicted φdeg Liver
150 Fundc2 9.89
151 Fyn 14.18
152 Gclc 3.05
153 Gclm 4.15
154 Gga2 21.44
155 Glrx 18.05
156 Glud1 0.18
157 Glul 21.21
158 Gne 14.02
159 Gng12 13.24
160 Gnpnat1 10.85
161 Gns 20.66 15.29
162 Golgb1 12.52
163 Gopc 20.33
164 Gpd1l 17.10
165 Gsk3a 22.63 17.36
166 Gsk3b 21.58
167 Gsto1 12.06
168 Gtf2h5 20.93
169 H2-D1 17.36
170 Hdgf 0.69 17.99
171 Hdgfrp3 10.55
172 Higd2a 0.91
173 Hmg20a 12.47
174 Hmgb2 11.55 10.40
175 Hmgb3 12.48
176 Hn1 8.36
177 Hpcal1 17.11
178 Hs1bp3 11.21
179 Hsd17b7 21.34
180 Hsp90aa1 22.61
181 Hsp90ab1 22.01
182 Hsp90b1 1.55
183 Hspa14 15.43
184 Hspa4l 1.09 22.72
185 Hspa8 21.39
186 Hspb8 17.36
187 Ifit1 11.95
188 Igf2r 9.48
189 Igfbp7 20.88
190 Ilf2 11.02
191 Immt 14.66
192 Ints3 1.65
193 Iqgap1 12.75
194 Itpr1 19.60
195 Ivns1abp 16.78
196 Jmjd1c 2.93
197 Kars 9.98
198 Kdelr2 21.81
199 Khdrbs1 11.24
200 Klf13 17.45
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MGI predicted φdeg Kidney predicted φdeg Liver
201 Kpna1 2.89
202 Kpnb1 1.79
203 Lamp2 3.54
204 Lasp1 4.88
205 Leo1 3.66 1.29
206 Lgals3 11.80
207 Lima1 13.17
208 Lman2 1.57
209 Lmnb2 2.93
210 Lmo7 17.21
211 Lrrc8d 7.12
212 Luc7l2 8.58
213 Mad2l1bp 3.01
214 Man2a1 18.69
215 Maoa 12.13
216 Map2k7 10.29
217 Mapk14 21.85 19.95
218 Mapre2 19.40
219 Marcks 11.70
220 Mbnl2 18.39
221 Mcc 1.70
222 Mcfd2 22.86 22.07
223 Mcm2 18.67
224 Mdh2 19.12
225 Med19 8.53
226 Med28 7.80
227 Med8 3.30
228 Metap1 0.38
229 Mical2 6.15 2.47
230 Mnat1 12.99
231 Mocs3 13.82
232 Morc3 19.78
233 Mrpl22 8.90
234 Mrpl32 10.20
235 Mrpl50 11.11
236 Mrpl9 17.42
237 Mrps18b 17.86
238 Mrps24 12.80
239 Mrps26 16.58
240 Mrps30 5.48
241 Mrps34 12.72
242 Mrps5 13.26
243 Msh6 11.48
244 Msn 12.93
245 Mtap 22.16
246 Mtx1 15.74
247 Myadm 16.29
248 Myo1b 1.13
249 Myo5a 18.70
250 Napa 16.62
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F.3 List of Genes with Rhythmic Post-Transcriptional Control

MGI predicted φdeg Kidney predicted φdeg Liver
251 Nat10 1.63
252 Ncoa5 3.24
253 Ndufa2 20.11
254 Nedd4l 1.75
255 Nek6 6.17
256 Nin 11.13
257 Nisch 18.89
258 Noc3l 5.18
259 Npc2 13.94
260 Npr3 17.65
261 Nt5c 17.13
262 Nt5c2 16.77
263 Nubp2 19.28
264 Nucb1 8.31
265 Nudcd3 16.10
266 Nudt16l1 14.77
267 Nudt3 16.96
268 Nup62 0.31
269 Nup93 9.60
270 Ogfod1 19.60
271 Ormdl3 23.47
272 Osbpl11 1.95
273 Oxnad1 19.73
274 P4ha2 1.89 21.66
275 Pak1ip1 12.13
276 Palld 0.69
277 Pcbp4 17.47 12.24
278 Pdcl 10.26
279 Pdia6 1.18
280 Pdss2 4.91
281 Pdxk 17.71
282 Pebp1 21.21
283 Pex16 14.38
284 Pfdn2 15.19
285 Pfn1 4.24
286 Pgk1 1.90
287 Phb 19.11
288 Pik3r1 19.96
289 Plk1 13.53
290 Plod2 8.09
291 Plscr1 9.64
292 Pmpca 20.92
293 Pmvk 21.98
294 Pnp 8.30 23.61
295 Pold3 14.04
296 Pole3 14.44
297 Polr2b 19.06
298 Polr2d 8.74
299 Polr3g 23.91
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MGI predicted φdeg Kidney predicted φdeg Liver
300 Pon2 13.37
301 Pop4 11.70
302 Pop5 2.35
303 Por 16.99
304 Ppat 15.60
305 Ppfibp1 11.84 8.46
306 Ppm1l 20.79
307 Ppp1ca 2.81
308 Ppp1r14b 20.22
309 Ppp2r1a 7.58
310 Ppp2r1b 4.40
311 Ppp2r5e 20.04
312 Pptc7 16.20
313 Prepl 6.49
314 Prkar2a 23.00
315 Prkcd 12.48
316 Prkci 1.02
317 Prmt6 6.10
318 Prpf38a 9.32
319 Prpf38b 5.00
320 Prps1 5.50
321 Psen1 20.97
322 Psip1 5.28
323 Psma4 10.23
324 Psmc2 3.92
325 Psmc5 22.90
326 Psmd10 8.05
327 Psmd11 5.45
328 Psmd2 8.06
329 Psmd7 0.60
330 Psmd9 14.53
331 Psme3 22.56
332 Ptpn1 13.81
333 Ptpn12 1.76
334 Pura 5.86
335 Pus7 17.58
336 Qtrtd1 13.58
337 Rab1b 11.85
338 Rab21 3.33
339 Rab34 18.08 8.54
340 Rabep1 2.78
341 Rad50 14.02 5.87
342 Rai14 4.39
343 Rapgef1 15.57
344 Rapgef6 9.10
345 Rasa3 14.21 14.50
346 Rbm14 17.77
347 Rbm17 12.31
348 Rbm3 20.71
349 Rbm7 13.23
350 Rbms1 13.07
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F.3 List of Genes with Rhythmic Post-Transcriptional Control

MGI predicted φdeg Kidney predicted φdeg Liver
351 Rcl1 9.78 12.21
352 Rcor1 3.52
353 Reps1 10.64
354 Rfx1 1.03
355 Rhob 16.74
356 Rhoc 10.84
357 Rpl26 22.44
358 Rpl32 20.41
359 Rps15 21.73
360 Rps25 18.14
361 Rps27a 2.57
362 Rps29 14.41
363 Rps4x 19.72
364 Rps6ka2 14.10
365 Rps6ka4 13.43
366 Rpusd4 13.84
367 Rragc 13.90
368 Rrm2 18.79
369 Rtkn 20.31
370 Samhd1 13.70
371 Scd2 1.31
372 Sdc1 23.86
373 Sec23b 20.68
374 Sephs1 9.59
375 Sept8 16.98
376 Setd7 4.91
377 Sf3b2 19.16
378 Sf3b5 15.42
379 Sfxn1 17.29
380 Sgpl1 2.42
381 Shmt1 7.06
382 Shmt2 17.42
383 Slc12a4 12.81
384 Slc16a1 3.20
385 Slc1a4 5.67
386 Slc25a13 19.38
387 Slc25a20 21.65
388 Slc25a24 11.20
389 Slc25a32 15.97
390 Slc25a4 17.16
391 Slc44a2 12.48
392 Slc6a6 14.41 3.29
393 Smarcd2 18.01
394 Smarce1 6.07
395 Snw1 13.42
396 Snx12 4.01
397 Snx3 0.32 22.91
398 Sod2 17.67
399 Spag5 22.54
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MGI predicted φdeg Kidney predicted φdeg Liver
400 Spag7 14.79
401 Spast 2.84
402 Sra1 18.53
403 Srgap3 3.16
404 Stip1 0.50 23.82
405 Stx18 2.07
406 Stx5a 20.72
407 Syngr2 16.15
408 Taf9 19.12 10.02
409 Tars 3.09
410 Tbc1d15 11.07
411 Tbrg4 17.70
412 Tceb3 3.82
413 Tcp1 22.76 23.60
414 Tex10 7.17
415 Tex2 2.98
416 Timm13 18.49
417 Timm17a 12.19
418 Tmed1 10.74
419 Tmem109 19.81
420 Tmem50b 23.69
421 Tmem97 16.69
422 Top2a 11.66
423 Tor1a 17.19
424 Tor1b 15.86
425 Tor3a 10.78
426 Trappc3 12.97
427 Trappc4 11.66
428 Trappc5 21.20
429 Trim24 17.66
430 Trim65 20.91
431 Trip10 15.72
432 Trove2 2.48
433 Tsc22d1 23.91 5.83
434 Tspan4 19.75 20.56
435 Tubb2b 3.83 4.10
436 Tubb6 6.31
437 Tubg1 22.19
438 Txnrd3 9.63
439 Ube2z 0.47
440 Ubl3 17.19
441 Ubqln1 2.98 2.91
442 Ubr2 17.95
443 Ubtf 13.77
444 Upf1 19.77
445 Utp14a 8.75
446 Utp15 12.52
447 Utp6 8.72
448 Utrn 12.57
449 Vamp2 16.65 16.48
450 Vamp3 15.74
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MGI predicted φdeg Kidney predicted φdeg Liver
451 Vcam1 17.41
452 Vps13a 23.26 19.33
453 Vps37c 14.51
454 Wbp2 14.98
455 Wdr33 6.01
456 Wdr6 9.94
457 Wrnip1 2.10
458 Ypel5 13.91
459 Ywhag 19.75
460 Zcchc11 14.79
461 Zcrb1 21.02
462 Zfr 23.35
463 Zmym4 9.27

F.4 RNA Binding Proteins with Rhythmic Transcript
All gene functions were taken either from OMIM (www.omim.org), Wikipedia (wikipedia.org)
or direct publications abstracts, indicated byO,W or P. I tried to find gene functions associated
with the RNA-binding. However, this was not always possible.

141

www.omim.org
wikipedia.org


Appendix F: Summary Tables

MGI Organ Function
1 A1cf kid APOBEC1 complementation factor

Mammalian apolipoprotein B (APOBEC1 = A1cf) mRNA under-
goes site-specific C to U deamination, which is mediated by a multi-
component enzyme complex containing a minimal core composed of
APOBEC1 and a complementation factor encoded by this gene [267].
The gene product has three non-identical RNA recognition motifs and
belongs to the hnRNP R family of RNA-binding proteins. It has been
proposed that this complementation factor functions as an RNA-binding
subunit and docks APOBEC1 to deaminate the upstream cytidine.
Studies suggest that the protein may also be involved in other RNA
editing or RNA processing events. Its deletion results in lethality in
mice. [268] W

2 Aptx liv Aprataxin
associated with DNA single-strand breaks and their repair, see OMIM
entry for more details.
APTX efficiently repairs adenylated RNA-DNA, and acting in an RNA-
DNA damage response, promotes cellular survival and prevents S-phase
checkpoint activation in budding yeast undergoing RER. Structure-
function studies of human APTX-RNA-DNA-AMP-zinc complexes de-
fine a mechanism for detecting and reversing adenylation at RNA-DNA
junctions. This involves A-form RNA binding, proper protein folding,
and conformational changes, all of which are affected by heritable APTX
mutations in ataxia with oculomotor apraxia-1. Tumbale et al. [269]
concluded that accumulation of adenylated RNA-DNA may contribute
to neurologic disease. Garcia-Diaz et al. [270] found that most, but not
all, cell lines derived from AOA1 patient fibroblasts showed coenzyme
Q10 (CoQ10) deficiency due to reduced mRNA and protein expression of
PDSS1, the first committed enzyme of CoQ10 biosynthesis. Low PDSS1
was caused by reduced activity of a transcriptional regulatory pathway
that included APE1, NRF1, and NRF2. Knockdown of APTX or APE1
in HeLa cells recapitulated CoQ10 deficiency and other mitochondrial
abnormalities, and these abnormalities were reversed by upregulation
of NRF2. Garcia-Diaz et al. [270] concluded that mitochondrial dys-
function in APTX-depleted cells is not due to involvement of APTX in
mtDNA repair, but rather to a role for APTX in transcriptional regula-
tion of mitochondrial function. O

3 Cirbp liv/kid Cold inducible RNA binding protein
Morf et al. [168] showed that simulated body temperature cycles, but
not peripheral oscillators, controlled the rhythmic expression of cold-
inducible RNA-binding protein (CIRBP) in cultured fibroblasts. In
turn, loss-of-function experiments indicated that CIRBP was required
for high-amplitude circadian gene expression. The transcriptomewide
identification of CIRBP-bound RNAs by a biotin-streptavidin-based
crosslinking and immunoprecipitation (CLIP) procedure revealed several
transcripts encoding circadian oscillator proteins, including CLOCK.
Moreover, CLOCK accumulation was strongly reduced in CIRBP-
depleted fibroblasts. Because ectopic expression of CLOCK improved
circadian gene expression in these cells, Morf et al. [168] concluded that
CIRBP confers robustness to circadian oscillators through regulation of
CLOCK expression. O
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MGI Organ Function
4 Cpeb1 liv Cytoplasmic polyadenylation element binding protein 1

CPEB1 binds the cytoplasmic polyadenylation element (CPE), a
uridine-rich sequence element within the mRNA 3-prime untrans-
lated region (UTR) involved in directing cytoplasmic polyadenyla-
tion and translational activation. CPEB1 has been implicated in
mediating both polyadenylation-dependent translation activation
and CPE-directed translational repression [271, 272] O

5 Cpeb3 liv/kid Cytoplasmic polyadenylation element binding protein 3
Using an in vitro self-selection technique, Salehi-Ashtiani et
al. [273] identified self-cleaving ribozymes associated with ol-
factory receptor OR4K15, insulin-like growth factor-1 receptor
(IGF1R), a LINE-1 retrotransposon (LRE1), and CPEB3. O

6 Cpeb4 liv Cytoplasmic polyadenylation element binding protein 4
Cytoplasmic polyadenylation elements (CPEs) are located in the
3-prime UTRs of hundreds of mRNAs involved in cell prolifera-
tion, chromosome segregation, and cell differentiation. CPEs func-
tion as docking sites for CPE-binding proteins (CPEBs), which
can either repress or activate mRNA translation. CPEB4 acti-
vates mRNA translation by adding poly(A) tails to target mRNAs
[274]O

7 Cpsf4l kid Cleavage and polyadenylation specific factor 4 like
8 Csdc2 kid Cold shock domain-containing C2
9 Dnajc17 kid DnaJ heat shock protein family (Hsp40) member C17

Members of the Heat-shock 40-kd protein family, such as
DNAJC17, are involved in transcriptional regulation [275]. O

10 Enox1 kid ecto-NOX disulfide-thiol exchanger 1
Electron transport pathways are generally associated with mito-
chondrial membranes, but non-mitochondrial pathways are also bi-
ologically significant. Plasma membrane electron transport path-
ways are involved in functions as diverse as cellular defense, intra-
cellular redox homeostasis, and control of cell growth and survival.
Members of the ecto-NOX family, such as CNOX, or ENOX1, are
involved in plasma membrane transport pathways. These enzymes
exhibit both a hydroquinone (NADH) oxidase activity and a pro-
tein disulfide-thiol interchange activity in series, with each activity
cycling every 22 to 26 minutes [276] O

11 Fus liv/kid FUS RNA binding protein
FUS is a nucleoprotein that functions in DNA and RNA
metabolism, including DNA repair, and the regulation of tran-
scription, RNA splicing, and export to the cytoplasm. Transloca-
tion of the FUS transcriptional activation domain results in fusion
proteins and has been implicated in tumorigenesis (summary by
Vance et al. [277])
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MGI Organ Function
12 Igf2bp2 liv/kid Insulin-like grwoth factor2 mRNA-binding protein 2

The Diabetes Genetics Initiative of Broad Institute of Harvard
and MIT, Lund University, and Novartis Institutes for BioMedical
Research analyzed 386,731 common SNPs in 1,464 patients with
type 2 diabetes (see 125853) and 1,467 matched controls, each
characterized for measures of glucose metabolism, lipids, obesity,
and blood pressure. With collaborators Finland-United States In-
vestigation of NIDDM Genetics (FUSION) and Wellcome Trust
Case Control Consortium/United Kingdom Type 2 Diabetes Ge-
netics Consortium (WTCCC/UKT2D), this group identified and
confirmed a locus associated with type 2 diabetes in the second
intron of IGF2BP2. [278] O

13 Khdrbs3 kid KH RNA binding domain containing, signal transduction associ-
ated 3
KHDRBS3 is an RNA-binding protein involved in regulation of
alternative splicing [279]. O

14 Lsm3 liv Lsm3 protein
Sm-like proteins were identified in a variety of organisms based
on sequence homology with the Sm protein family. Sm-like pro-
teins contain the Sm sequence motif, which consists of 2 regions
separated by a linker of variable length that folds as a loop. The
Sm-like proteins are thought to form a stable heteromer present in
tri-snRNP particles, which are important for pre-mRNA splicing.
O

15 Lsm8 liv see Lsm3
16 Mbnl2 liv Muscleblind-like splicing regulator 2

MBNL2 belongs to a conserved family of RNA-binding proteins
characterized by 2 pairs of C3H-type zinc finger-related motifs.
These proteins function as target-specific regulators of pre-mRNA
splicing [280]. O

17 Parn liv Poly(A)-specific ribonuclease deadenylating nuclease
The PARN gene, which belongs to a highly conserved family of
exoribonucleases, acts by shortening mRNA poly(A) tail length
through the process of deadenylation, thus regulating gene ex-
pression [166]. O

18 Parp14 liv Poly(ADP-ribose) polymerase 14
Poly(ADP-ribosyl)ation is an immediate DNA damage-dependent
posttranslational modification of histones and other nuclear pro-
teins that contributes to the survival of injured proliferating cells.
PARP14 belongs to the superfamily of enzymes that perform this
modification [281]. O

19 Pcbp3 kid Poly(rC)-binding protein 3
The poly(rC)-binding proteins are a subfamily of KH-domain-
containing RNA-binding proteins that bind C-rich pyrimidine
tracts and play pivotal roles in a broad spectrum of posttran-
scriptional events [282]. O144



F.4 RNA Binding Proteins with Rhythmic Transcript

MGI Organ Function
20 Pcbp4 liv Poly(rC)-binding protein 4, see Pcbp3
21 Ppargc1a liv Peroxisome proliferator-activated receptor-gamma, coactivator 1

PPARGC1A is a coactivator of nuclear receptors and other tran-
scription factors that regulate metabolic processes, including mito-
chondrial biogenesis and respiration, hepatic gluconeogenesis, and
muscle fiber-type switching [283]. The PPARGC1 protein contains
a putative RNA-binding domain and 2 SR domains. Proteins con-
taining paired RNA-binding motifs and SR domains interact with
the C-terminal domain of RNA polymerase-2. O

22 Pspc1 liv Paraspeckle component 1
Fox et al. [284] found that PSPC1, PSPC2, and p54NRB re-
localized from paraspeckles to the perinucleolar cap region upon
transcriptional blockade. O

23 Ralyl kid Raly-like protein
24 Rbfox1 kid RNA-binding protein Fox1

Rbfox1 regulates tissue-specific splicing by binding to the element
(U)GCAUG in mRNA precursors. Depending on where it binds
relative to the regulated exon, Rbfox1 can regulate splicing posi-
tively or negatively [285]. O

25 Rbm11 kid RNA-binding motif protein 11
Tissue-specific splicing regulator. RBM11 is selectively expressed
in brain, cerebellum and testis, and to a lower extent in kidney.
[286] P

26 Rbm12b1 liv RNA-binding motif protein 12B1
27 Rbm25 liv RNA-binding motif protein 25

Rbm25 associated with multiple splicing components, including
CBP80 (NCBP1), Sm proteins, and small nuclear RNAs. Rbm25
maintained its association with mRNA after splicing, and it as-
sociated with an mRNA-derived exon product following splicing
more efficiently than a cDNA-derived exon. [287]O

28 Rbm38 kid RNA-binding motif protein 38
RNPC1 expression was induced by DNA-damaging agents in cells
expressing wildtype p53, but not in cells lacking p53 expres-
sion [288]. Overexpression of RNPC1a, but not RNPC1b, induced
cell cycle arrest in G1, and cell cycle arrest was independent of
p53 or expression of the p53 target protein p21. Both RNPC1a
and RNPC1b bound the 3-prime region of the p21 transcript, but
only RNPC1a increased p21 mRNA and protein levels. Northern
blot analysis revealed that the half-life of p21 mRNA was more
than doubled by RNPC1a expression. Shu et al. [288] concluded
that RNPC1a mediates p53-induced cell cycle arrest by stabilizing
p21 mRNA. O
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29 Rbm46 kid RNA-binding motif protein 46
Blastocyst formation represents the first lineage specification by
segregation of the trophectoderm from the inner cell mass in early
embryonic development. Rbm46 regulates trophectoderm differ-
entiation by stabilizing Cdx2 mRNA in early mouse embryos [289].
P

30 Rbm47 liv RNA-binding motif protein 47
Alternative splicing (AS) plays a critical role in cell fate transi-
tions, development, and disease. Recent studies have shown that
AS also influences pluripotency and somatic cell reprogramming.
Cieply et al. [290] profiled transcriptome-wide AS changes that
occur during reprogramming of fibroblasts to pluripotency. This
analysis revealed distinct phases of AS, including a splicing pro-
gram that is unique to transgene-independent induced pluripotent
stem cells (iPSCs). Changes in the expression of AS factors Zc-
chc24, Esrp1, Mbnl1/2, and Rbm47 were demonstrated to con-
tribute to phase-specific AS. P

31 Rbpms liv RNA-binding protein gene with multiple splicing
Using yeast 2-hybrid screens, coaffinity purification analysis of
transfected HEK293 cells, and bioinformatic analysis, Lim et
al. [291] developed an interaction network for 54 human pro-
teins involved in 23 inherited ataxias. By database analysis,
they expanded the core network to include more distantly re-
lated interacting proteins that could function as genetic modi-
fiers. ATXN1 (showed a strong direct interaction with RBPMS,
and the N-terminal portion of ATXN1 was required for interaction
with RBPMS. RBPMS was a main hub in the network and inter-
acted with many proteins, including 2 cerebellar ataxia-associated
proteins, ATN1 and QK1. O

32 Recql4 liv Recq protein-like 4
RECQL4 from HeLa cells was isolated as a stable complex with
UBR1 and UBR2, which are ubiquitin ligases of the N-end rule
pathway, Although the known role of UBR1 and UBR2 is to medi-
ate polyubiquitylation (and subsequent degradation) of their sub-
strates, the UBR1/2-bound RECQL4 was not ubiquitylated in
vivo and was a long-lived protein in HeLa cells [292].
RECQL4 siRNA knockdown human fibroblasts accumulated more
H2O2-induced DNA strand breaks than control cells, suggesting
that RECQL4 may stimulate repair of H2O2-induced DNA dam-
age [293]. O

33 Sugp2 liv splicing factor, Arginine/Serine-rich 14 (SFRS14)
SFRS14 is a member of the SURP family, proteins containing the
RNA binding motif SURP, of splicing factors. O

34 Synj2 liv Synaptojanin 2
Chuang et al. [294] found that small interfering RNA-mediated
depletion of RAC1 or SYNJ2 in 2 human glioblastoma cell lines
inhibited migration of the cells through 3-dimensional gel and rat
brain slices, and it inhibited cell migration on glioma-derived ex-
tracellular matrix. O
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35 Tab2 liv TAK1-binding protein 2
connected to NfκB regulation, see OMIM entry for more details

36 Thumpd2 kid Thump domain-containing protein 2
37 Tra2a kid Transformer 2 alpha

Tacke et al. [295] showed that human TRA2A and TRA2B pro-
teins are present in HeLa cell nuclear extracts and that they bind
efficiently and specifically to a previously characterized pre-mRNA
splicing enhancer element. Both purified proteins bind preferen-
tially to RNA sequences containing GAA repeats, characteristic of
many enhancer elements. Neither TRA2 protein functions in con-
stitutive splicing in vitro, but both activate enhancer-dependent
splicing in a sequence-specific manner and restore it after inhibi-
tion with competitor RNA. These findings indicate that mam-
malian TRA2 proteins are sequence-specific splicing activators
that are likely to participate in the control of cell-specific splic-
ing patterns. O

38 Trnau1ap liv tRNA selenocysteine 1 associated protein 1
39 Trove2 liv Trove domain family, member 2

Hung et al. [296] cataloged the Trove2-associated RNAs in hu-
man cell lines and found that among other RNAs, Trove2 bound
an RNA motif derived from endogenous Alu retroelements. Alu
transcripts were induced by type I interferon and stimulated proin-
flammatory cytokine secretion by human peripheral blood cells.
Trove2 deletion resulted in enhanced expression of Alu RNAs and
interferon-regulated genes. O

40 Zc3h12a liv Zinc finger CCCH domain-containing protein 12A
ZC3H12A is a CCCH-type zinc finger protein, whereas most mam-
malian zinc finger proteins are CCHH- or CCCC-type proteins.
The ZC3H12A gene encodes an essential RNase that controls the
stability of a set of inflammatory genes [297]. O

41 Zc3h12d liv/kid Zinc finger CCCH domain-containing protein 12D
Liang et al. ( [298] found that ZC3H12B, also known as MCPIP2,
and other MCPIP proteins, MCPIP1 (ZC3H12A), MCPIP2
(ZC3H12B), and MCPIP3 (ZC3H12C), regulate macrophage ac-
tivation. O

42 Zc3h6 liv/kid Zinc finger CCCH domain-containing protein 6
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43 Zc3hav1l liv Zinc finger CCCH-type containing, antiviral 1 like
Interchromosomal chimeric RNA molecules are often transcription
products from genomic rearrangement in cancerous cells. Fang et
al. [299] report the computational detection of an interchromoso-
mal RNA fusion between ZC3HAV1L and CHMP1A from RNA-
seq data of normal human mammary epithelial cells, and experi-
mental confirmation of the chimeric transcript in multiple human
cells and tissues. Our experimental characterization also detected
three variants of the ZC3HAV1L-CHMP1A chimeric RNA, sug-
gesting that these genes are involved in complex splicing. The
fusion sequence at the novel exon-exon boundary, and the absence
of corresponding DNA rearrangement suggest that this chimeric
RNA is likely produced by trans-splicing in human cells. P

44 Zcchc11 liv Zinc finger CCCH domain-containing protein 11
Minoda et al. [300] showed that a substantial proportion of ZC-
CHC11 translocated from the nucleus to the cytoplasm follow-
ing lipopolysaccharide (LPS) stimulation of HEK293T cells. ZC-
CHC11L coimmunoprecipitated with TIFA only following LPS
treatment, and it specifically suppressed LPS-induced NF-kappa-
B activation. Jones et al. [301] found that recombinant mouse Zc-
chc11 and endogenous human ZCCHC11 showed nucleotidyltrans-
ferase activity. ZCCHC11 did not show RNA substrate specificity
and used all RNA substrates examined. O

45 Zcrb1 liv Zinc finger CCCH domain- and RNA-bindng motif-containing pro-
tein 1
In the first step of U12-type spliceosome formation, U11 and U12
small nuclear ribonucleoproteins (snRNPs) bind U12-type pre-
mRNAs as a preformed U11/U12 di-snRNP. The U11 and U12
components recognize the 5-prime splice site and the branch site,
respectively, and together form a molecular bridge connecting both
ends of the intron. ZCRB1 is a component of the U11/U12 di-
snRNP [302]. O

46 Zfp36 liv Zinc finger protein 36-like
Galloway et al. [303] demonstrated in developing B lympho-
cytes, the RNA-binding proteins ZFP36L1 and ZFP36L2 are crit-
ical for maintaining quiescence before precursor B cell receptor
(pre-BCR) expression and for reestablishing quiescence after pre-
BCR-induced expansion. These RBPs suppress an evolutionarily
conserved posttranscriptional regulon consisting of mRNAs whose
protein products cooperatively promote transition in the S phase
of the cell cycle. O
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