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Abstract

In this thesis we investigate the birational geometry of various moduli spaces;
moduli spaces of curves together with a k-differential of prescribed vanishing,
best known as strata of differentials, moduli spaces of K3 surfaces with marked
points, and moduli spaces of curves. For particular genera, we give estimates
for the Kodaira dimension, construct unirational parameterizations, rational
covering curves, and different birational models.

In Chapter 1 we introduce the objects of study and give a broad brush
stroke about their most important known features and open problems. In
Chapter 2 we construct an auxiliary moduli space that serves as a bridge
between certain finite quotients ofMg,n for small g and the moduli space of
polarized K3 surfaces of genus eleven. We develop the deformation theory
necessary to study properties of the mentioned moduli space.

In Chapter 3 we use this machinery to construct birational models for the
moduli spaces of polarized K3 surfaces of genus eleven with marked points
and we use this to conclude results about the Kodaira dimension. We prove
that the moduli space of polarized K3 surfaces of genus eleven with nmarked
points F11,n is unirational when n 6 6 and uniruled when n 6 7. We also
prove that F11,n has non-negative Kodaira dimension for n > 9. In the final
section, we make a connection with some of the missing cases in the Kodaira
classification ofMg,n.

Finally, in Chapter 4 we address the question concerning the birational
geometry of strata of holomorphic and quadratic differentials. We show strata
of holomorphic and quadratic differentials to be uniruled in small genus by
constructing rational curves via pencils on K3 and del Pezzo surfaces respec-
tively. Restricting to genus 3 6 g 6 6 we construct projective bundles over
rational varieties that dominate the holomorphic strata with length at most
g− 1, hence showing in addition, these strata are unirational.
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Zusammenfassung

In dieser Arbeit behandelnwir die birationale Geometrie verschiedenerModul-
räume; die Modulräume von Kurven mit einem k-Differential mit vorgeschier-
benen Nullen, besser bekannt als Strata von Differenzialen, Moduln von K3
Flächen mit markierten Punkten und Moduln von Kurven. Für bestimmte
Geschlechter nennen wir Abschätzungen der Kodaira-Dimension, konstru-
ieren unirationale Parametrisierungen, rationale deckende Kurven und unter-
schiedliche birationale Modelle.

In Kapitel 1 führenwir die zu untersuchenden Objekte ein und geben einen
kurzen Überblick ihrer wichtigsten Eigenschaften und offenen Problemen. In
Kapitel 2 konstruieren wir einen Hilfsmodulraum, der als Brücke zwischen
bestimmten finiten Quotienten vonMg,n für kleines g und den Moduln der
polarisierten K3 Flächen vom Geschlecht 11 dient. Wir entwickeln die Defor-
mationstheorie, die nötig ist, um die Eigenschaften und die oben genannten
Modulräume zu erforschen.

InKapitel 3 bedienenwir uns dieserWerkzeuge, umbirationaleModelle für
Moduln polarisierter K3 Flächen vom Geschlecht 11 mit markierten Punkten
zu konstruieren. Diese nutzen wir, um Resultate über die Kodaira-Dimension
herzuleiten. Wir beweisen, dass der Modulraum von polarisierten K3 Flächen
vom Geschlecht 11 mit nmarkierten Punkten F11,n unirational ist, falls n 6 6,
und uniruled, falls n 6 7. Wir beweisen auch, dass die Kodaira-Dimension
von F11,n nicht-negativ ist für n > 9. Im letzten Kapitel gehen wir noch auf
die fehlenden Fälle der Kodaira-Klassifizierung vonMg,n ein.

Schließlich behandeln wir in Kapitel 4 die birationale Geometrie mit Blick
auf die Strata von holomorphen und quadratischen Differentialen. Wir zeigen,
dass die Strata holomorpher und quadratischer Differentiale von niedrigem
Geschlecht uniruled sind, indem wir rationale Kurven mit pencils auf K3 und
del Pezzo Flächen konstruieren. Durch das Beschränken des Geschlechts
3 6 g 6 6 bilden wir projektive Bündel über rationale Varietäten, die die
holomorphe Strata mit maximaler Länge g− 1 dominieren. Also zeigen wir
auch, dass diese Strata unirational sind.





Once when I lectured at the University of California at Fullerton, a student asked
me for a short, simple definition of reality. I thought it over and answered, ‘Reality

is that which when you stop believing in it, it doesn’t go away.’1

Déjense de preguntas.
En el lecho de muerte

cada uno se rasca con sus uñas.2

1Fragment in VALIS, Philip K. Dick. Ed. Gollancz, 2001. Collection SF Masterworks.
2Quit with the questions. / On the deathbed / everyone scratches with his own nails.

Fragment in Advertencia, De Versos de Salón, Nicanor Parra. Chistes para desorientar a la poesía,
ed. N. Alonso and G. Triviños, Colección Visor de Poesía.
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CHAPTER 1
Introduction

1.1 The moduli spacesMg,n,Hk
g(µ) and Fg,n

The main two objects that concern this thesis are (nodal) projective curves and
projective K3 surfaces. Before going to moduli, let us set up the basic defini-
tions. Our base field will be the field of complex numbers and a variety X over
Cwill be an integral, separated C-scheme of finite type. Following standard
definitions, the variety X is said to be complete if the structure morphism

X→ Spec (C)

is proper and, projective, if it is a closed subvariety of a projective space PnC .

Definition 1.1. A projective curve with at worst nodal singularities is called
stable if the group of automorphisms is finite.

Definition 1.2. A K3 surface S is a compact connected complex manifold of
dimension two, for whichΩ2

S
∼= OS and H1(S,OS) = 0. A polarized K3 surface

of genus g is a pair (S,H), where S is an algebraic K3 surface and H ∈ Pic(S) is
a primitive nef line bundle with

H2 = 2g− 2.

1.1.1 Functors and moduli

This is standard set up in moduli theory, if the reader is familiar with the
functor of points and coarse representability, we recommend to skip this short
section.

Recall that, for a scheme X, its functor of points is defined to be the con-
travariant functor

X(·) : Sch/C→ Sets

1
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from the category of C-schemes to the category of sets, defined at the level of
objects as

X(B) = HomC (B,X)

and defined by post-composition at the level of morphisms;

X(f : B→ B ′) : Hom(B ′,X) → Hom(B,X)
φ 7→ φ ◦ f.

A contravariant functor F : Sch/C → Sets is said to be representable if there
exist a scheme X, whose functor of points is isomorphic to F. One can check
from the definition that, if such X exists, it is unique up to isomorphisms.

We to set up the most basic definition in moduli theory, which is the one
of a family.

Definition 1.3. A family over a C-scheme B is a flat projective morphism

π : X → B.

A family with n markings consists of a family π, together with n sections, that
is, maps

s1, . . . , sn : B→X

such that the compositionπ◦si is the identity onB. Two families are isomorphic
if they are B-isomorphic and two marked families are isomorphic if the B-
isomorphism preserves the sections.

A moduli functor usually refers to a functor M : Sch/C→ Sets that assign
to a scheme B, the set of isomorphism classes of families over B, with extra
conditions. If a moduli functorM is representable by a schemeM, that is, if
there is an isomorphism of functors

Φ :M
∼=→ Hom(·,M),

then, every family X → B, up to isomorphism, corresponds uniquely to a
map B → M and every such map, B → M, gives rise to a family over B. In
particular the identity

1 : M→M

corresponds to a family
C →M

that we call the universal family of the moduli spaceM. Unfortunately, some of
the most basic moduli functors are not representable. There are two ways of
confronting this difficulty. One is to enlarge the category of schemes so the
functor becomes representable; this leads to the theory of algebraic stacks. The
other option is to loosen the conditions of representability hoping to find a
scheme that captures most of the features of the moduli problem that we are
treating. This leads to the notion of coarse moduli, the one that we will follow.



1.1. THE MODULI SPACESMg,n,Hkg(µ) AND Fg,n 3

Definition 1.4. A moduli functor M : Sch/C → Sets is said to be coarsely
represented by a scheme M, if there is a morphism of functors Φ : M → M(·)
such that

• Φ(Spec (C)) : M(Spec (C))→M(Spec (C)) is a bijection and

• for any other scheme M ′ and functor Φ ′ : M→M ′(·), there is a unique
morphism Ψ : M→M ′ such that Φ ′ = Ψ ◦Φ.

Notice that the definition implies:

(1) If M exists, it is unique up to isomorphism.

(2) For every family X → B, one still has an induced map B→M.

(3) Closed points correspond to isomorphism classes of objects that we want
to parametrize, e.g., curves of fixed genus, surfaces with fixed invariants,
vector bundles with fixed slope on a fixed curve, polarized K3 surfaces
of fixed genus or similar moduli problems.

Let us come back to our objects of interest.

Definition 1.5. Let π : X → B be a family.

(1) A family of stable (smooth) curves of genus g is a family π, such that every
fiber Xb = π−1(b) is a stable (smooth) curve of genus g.

(2) A family of polarized K3 surfaces of genus g is a family π, together with a
line bundle L over X , such that for every fiber, the pair (Xb,L |Xb) is
a polarized K3 surface of genus g.

(3) Given positive integers k,g and an integer partition µ = (m1, . . . ,mn)
of k · (2g − 2), a family of smooth curves of genus g together with canonical
divisors of type µ is a family of smooth curveswithnmarkings π : X → B,
si : B→X , such that, for some L ∈ Pic(B), the following relation holds
in Pic(X ):

ω⊗kπ
∼= π∗L⊗ OX

(
n∑
i=1

misi∗[B]

)
.

The moduli spaces Mg,n, Fg,n and Hkg(µ) are the one that coarsely repre-
sent the following moduli functors:

• Mg,n(B) := {families as in (1) with nmarkings}
/
iso,

• Fg,n(B) := {families as in (2) with nmarkings}
/
iso,

• Hkg(µ)(B) := {families as in (3)}
/
iso.
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When n = 0 we omit it in the notation.

Remark 1.6. The question of proving the existence of these moduli spaces is
not the main concern of this thesis. Their existence, together with standard
properties, such as separateness, quasi-projectivity, and normality, will be
taken for granted. We refer to [ACG11] for the construction ofMg,n andMg,n.
From the existence ofMg,n and a universal Picard variety, follows the existence
of Hkg(µ). The construction of Fg will be briefly treated in the next section
§1.2. The existence of Fg,n follows from the existence of Fg, see Remark 1.39.

1.2 Moduli of polarized K3 surfaces

The moduli space of polarized K3 surfaces has a surprising resemblance with
the moduli space of abelian varieties. In both cases it can be constructed as
a quotient of certain period domain by an arithmetic group. For K3 surfaces,
using Hodge Theory, the construction of its moduli is considerably easier than
the construction ofMg.

A fundamental difference between K3 surfaces and curves is that an arbi-
trary K3 surface is not necessarily projective and we are forced to keep track
of a polarization and its numerical invariants if we want to construct a moduli
of algebraic K3 surfaces. Recall that for any compact Kähler manifold X, there
is a decomposition (independent on the Kähler metric) of the complex vector
space

Hn(X,C) =
⊕

p+q=n

Hq(X,ΩpX).

We denote

Hp,q(X) = Hq(X,ΩpX) and hp,q = dimHq(X,ΩpX).

The integershp,q are calledHodge numbers. We refer to [Voi02b] for an excellent
introduction to Hodge Theory. Our starting point to construct the moduli
space of K3 surfaces will be the Hodge diamond and the K3 lattice. For a full
treatment we refer to [Huy16]. The Hodge diamond of a K3 surface S has the
following shape

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h2,1 h1,2

h2,2

=

1
0 0

1 20 1
0 0

1.

The cohomology group H2(S,Z), together with the cup-product 〈·, ·〉, form
a lattice isometric to a fixed lattice called the K3 lattice, denoted by ΛK3. For
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those familiar with lattice theory, ΛK3 is non-degenerate, even, of rank 22 and
signature (3, 19). More explicitely,

ΛK3 = H
⊕3 ⊕ (−E8)

⊕2,

where H is the hyperbolic lattice Z2 (even, unimodular, of rank two and signa-
ture (1,−1) ) and E8 is the even, unimodular, positive definite lattice of rank 8
that corresponds to the Dynkin diagram E8.

Definition 1.7. The two main sublattices of H2(S,Z) are the Néron-Severi

NS(S) = H1,1(S) ∩H2(S,Z)

and the transcendental lattice

T(S) ⊂ H2(S,Z),

defined to be the smallest sublattice such that T(S)⊗C contains a generator of
H2,0(S).

The first step towards the construction of a moduli of K3 surfaces is the
following theorem.

Theorem 1.8 (Weak Torelli, cf. §VIII, Cor. 11.2 in [BHPV04]). Two K3 surfaces
S and S ′ are isomorphic if and only if there exist an isomorphism

H2(S,Z)→ H2(S ′,Z),

whose C-extension H2(S,C)→ H2(S ′,C) is a Hodge isometry (that is, an isometry
that preserves the Hodge decomposition).

Notice that H2(S,Z) is isometric to the K3 lattice ΛK3.

Definition 1.9. A K3 surface with a marking is a pair (S,φ), where

φ : H2(S,Z)→ ΛK3

is an isometry.

Weak Torelli states that two K3 surfaces are isomorphic if and only if there
are markings φ and θ such that θ−1φ is a Hodge isometry. Now we construct
the global parameter space called the period domain. Consider the complex
vector space ΛK3 ⊗ C together with the C-extension of the bilinear form 〈·, ·〉.
We define the period domain of K3 surfaces to be

ΩK3 = {[x] ∈ P (ΛK3 ⊗ C) | 〈x, x〉 = 0 and 〈x, x〉 > 0} .

Notice that 〈λx, λx〉 = λλ̄〈x, x̄〉 and λλ̄ > 0. The space is well defined and
consist of an analytic open subset of the 20-dimensional smooth projective
quadric defined by 〈·, ·〉.
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Let φ : H2(S,C)→ ΛK3 ⊗ C be the C-extension of a marking on S. Recall
that, the cup-product gets identified with the wedge product after the Hodge
isomorphism and, for any non trivial (2, 0)-form σ ∈ H2,0(S),

σ∧ σ = 0 and σ∧ σ̄ > 0.

In other words, the line φ
(
H2,0(S)

)
in ΛK3 ⊗ C correspond to a point on the

period domain. We want the image of the transcendental lattice to determine
the marking φ. The period map is the set theoretic map defined by

{K3’s with marking} → ΩK3
(S,φ) 7→ P

(
φ(H2,0(S))

)
.

As a consequence of Weak Torelli 1.8 and the fact that there are no non-
trivial automorphisms on a K3 surface inducing the identity on H2(S,Z), cf.
[BHPV04, §VIII, Prop. 11.3], one deduces injectivity of the period map. Surjec-
tivity is more involved, but also holds.

Proposition 1.10 (§VIII, Cor. 14.2 in [BHPV04]). The period map is bijective.

Recall that, one of the quintessential properties of a coarse moduli space
is that families of the desired object induce a map to the moduli space. If we
want to understand the local structure of our moduli space or construct it by
gluing local charts, we need to consider families π : S →4 over a small disc.
The choice of a marking φ : H2(S,Z) → ΛK3 in families corresponds to the
choice of a trivialization

Φ : R2π∗Z→ ΛK34,

where the object on the right is the constant sheaf on4 with value ΛK3. This
induces a map

Pπ : 4 → ΩK3
t 7→ Φt

(
H2,0(St)

)
.

Theorem 1.11 (Local Torelli, cf. §VIII, Thm. 7.3 in [BHPV04]). For any marked
K3 surface (S,φ), the map Pπ is a local isomorphism when π is the versal deforma-
tion of (S,φ).

Notice that, points on the period domainΩK3 correspond to marked K3
surfaces, different markings on the same K3 surface correspond to automor-
phisms and families of marked K3 induce a map to the period domain. It
would be enough to quotientΩK3 by the group Γ of isometries of ΛK3 to have
constructed a moduli space of K3 surfaces. The issue is that the action of
Γ on the period domain is not properly discontinuous giving rise to a non-
Hausdorff space. The existence of a universal family of marked K3 surfaces
still holds and can be constructed using the local Torelli theorem, but the base
is not well behaved. We would like to have at least a separated moduli. The



1.2. MODULI OF POLARIZED K3 SURFACES 7

solution to this problem is to add to the marking the data of a Kähler class
κ ∈ H1,1(S,R) and a fixed image for it under the marking.

Definition 1.12. An isomorphism of polarized K3 surfaces, f : (S,H) → (S ′,H ′)
is an isomorphism f : S→ S ′ such that f∗H ′ = H. In particular, they have the
same genus.

And the following theorem is the main building block in the construction
of the moduli space of polarized K3 surfaces.

Theorem 1.13 (Strong Torelli, cf. §VIII, Thm. 11.1 and Cor. 11.4 in [BHPV04]).
For any two polarized K3 surfaces of the same genus (S,H) and (S ′,H ′), if there is
a Hodge isometry φ : H2(S,Z) → H2(S ′,Z) with φ(H) = H ′, then there exists a
unique isomorphism f : S→ S ′ with φ = f∗.

We fix θ ∈ ΛK3 with 〈θ, θ〉 = 2g − 2. A marked polarized K3 of genus g is a
marked K3 surface (S,φ) such that (S,φ−1(θ)) is a polarized K3 of genus g.
Notice that for any σ ∈ H2,0(S),

〈φ(σ), θ〉 = 0.

Thus, the period point of (S,φ) lies in the 19-dimensional refined period
domain

Ωθ := {[x] ∈ ΩK3 | 〈x, θ〉 = 0} .

If Γ(θ) is the group of isometries of ΛK3 that fix θ, then it acts properly discon-
tinuous onΩθ and by the Torelli theorems together with the surjectivity of
the period map, one concludes:

Theorem 1.14 (§VIII, Thm 22.4 in [BHPV04]). The quotient

Fg := Γ(θ)
∖
Ωθ

is independent of the choice of θ and forms a coarse moduli space for polarized K3
surfaces of genus g.

1.2.1 Comments on compactifications

For the moduli of polarized K3 surfaces Fg, there are several well known ways
of constructing compactifications. Probably, the most famous one is due to
Baily and Borel, developed in [BB66], where they construct a general method
to compactify arithmetic quotients of bounded symmetric domains. In this
case, the boundary is the union of zero and one dimensional components with
some modular meaning (corresponding to type II and type III degenerations),
cf. [Sca87]. The downside is that the resulting space is heavily singular. The
boundary is far too small to expect something different. Another well known
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way to compactify Fg is via toroidal compactifications, originally constructed by
Ash-Mumford-Rapoport-Tai in [AMRT75] and Namikawa in [Nam80]. These
are realized as toroidal blow-ups of the boundary of the Baily-Borel compacti-
fication. The disadvantage is that it is non-canonical, in the sense that many
choices are involved in the construction and there is no standard modular
meaning for points in the boundary. The advantage of toroidal compactifica-
tions is that, for certain choices, one can ensure that the resulting space has
canonical singularities. This was used in [GHS07] to compute the Kodaira
dimension of Fg for all, but finitely many g’s.

Over Fg sits a natural Pg-bundle Pg, whose fiber over a point (S,H) in
Fg is given by the linear system |H|. In principle, one could compactify Pg
using the very general construction developed by Kollár, Shepherd-Barron
and Alexeev in [KS88], [Ale96] and [Ale06]. This tool has its origin in the
log-minimal model program and provides a method to compactify moduli
spaces of surfaces of log-general type without making any choices and, in our
case, the the boundary correspond tomoduli of degenerate K3s together with a
divisor on them. Anyhow, this compactification does not come with an explicit
description of the boundary, which makes its study very hard. For small g,
one should add to the list the GIT compactification. For instance, in [Sha80] is
constructed the GIT compactification for F2 and studied its relation with the
respective Baily-Borel compactification. Recently, Laza in [Laz16] compared
the KSBA andGIT compactifications ofF2 and Laza-O’Grady in [LO16]-[LO17],
carried a full comparison between GIT, and Baily-Borel compactifications for
F3. As the reader can notice, the differences and relations among different
compactifications for Fg is subject of current research and we have partial
answers just for a few cases.

1.3 Strata of k-differentials

Let g > 2 be an integer and µ = (m1, . . . ,mn) be a partition of k · (2g− 2).
As we saw in previous sections, the moduli space of k-canonical divisors of
type µ is defined as the closed substack Hkg(µ) ⊂Mg,n, whose set-theoretic
description is given by

Hkg(µ) :=

{
[C,p1, . . . ,pn] ∈Mg,n | OC

(
n∑
i=1

mipi

)
∼= ω⊗kC

}
.

The scheme structure of this space can be constructed as follows. Let

J ac
k·(2g−2)
g →Mg,n

be the universal jacobian overMg,n of degree k · (2g− 2) and

Mg,n
ω⊗k→ J ac

k(2g−2)
g
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the k-th canonical section. The Abel-Jacobi map associated to µ is given by

Aµ : Mg,n −→ J ac
k(2g−2)
g

[C, x1, . . . , xn] 7→ [C, x1, . . . , xn,OC (
∑
mixi)] .

The spaceHkg(µ) is defined as the fiber product

Hkg(µ) Mg,n

Mg,n J ac
k(2g−2)
g .

Aµ

ω⊗k

Though initially studied in Teichmüller dynamics, this space was recently
brought to the attention of algebraic geometers. Among others, Kontsevich,
Zorich, Eskin, H. Masur, Möller, McMullen, Mirzakhani, Veech from the dy-
namics side and Farkas, Grushevsky, Pandharipande, Pixton, Polishchuk, D.
Chen, Zvonkine from the algebraic geometry side, have studied this object in
different contexts for different k’s and partitions. The most interesting case is
when k = 1, as the spaceHg(µ) is closely related to moduli of flat surfaces. We
will briefly explain the connection in the next section. Let’s see some examples.

Example. When the partition is µ = (2, . . . , 2), then the condition
g−1∑
1

2xi ∼ KC

is equivalent to x1 + . . .+ xg−1 being a theta characteristic, i.e. a square root
of the canonical divisor. It is well known (cf. [Mum71]) that for a family
π : X → B over a connected base, if

η⊗2 ∼= ωπ,

the value h0(Xb,ηb) mod 2 is constant. Moreover, two spin curves [C,η] and
[C ′,η ′] can be deformed to each other (i.e., there exists a family of spin curves
over a connected base such that [C,η] and [C ′,η ′] appear as fibers) if and only if
the parity of h0(η) and h0(η ′) is the same. In other words the moduli space of
spin curves (curves with a theta characteristic) has two connected components,
even and odd. There is a natural map

Hg(2, . . . , 2) → S+g
∐

S−g
[C, x1, . . . , xg−1] 7→ [C,OC (x1 + . . .+ xg−1)]

that dominates S−
∐
Z, where Z is the divisor in the even component given

by
Z :=

{
[C,η] ∈ S+g | h0(η) > 2

}
⊂ S+g .

From this, one already sees thatHg(µ) is not always connected.
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The space in not connected for a short list of partitions. Perhaps more
surprising is the fact that Hkg(µ) is always smooth, regardless of the partition.
Because of this, connected components and irreducible components coincide.
This two statements will be treated in the coming subsections, §1.3.3 and §1.3.4.

Example. Another interesting example for a partition of the same length is

µ = (g, 1, 1, . . . , 1).

Recall that, a Weierstrass point x ∈ C, is defined by the condition

h0 (C,OC(gp)) > 2 or equivalently h0(C,KC(−gp)) > 1.

There is a map to the Weierstrass divisor

π : Hg(g, 1, . . . , 1) → W ⊂Mg,1
[C, x1, . . . , xg−1] 7→ [C, x1] .

Moreover, for a general point [C,p] ∈ W, the divisor KC − gp is effective of
degree g− 2, therefore of the form

KC − gp ∼ x1 + . . .+ xg−2.

One can see that the map π factors through the symmetric quotient

Hg(g, 1, . . . , 1)→ Hg(g, 1, . . . , 1)
/
Σg−2 →W (1.1)

and the last map is a birational isomorphism, meaning, the map (1.1) is gener-
ically finite and dominant of degree (g− 2)!.

From these two examples one can see that choosing different partitions we
recover interesting loci inMg,n. Both, the Weierstrass locus and the moduli
space of spin curves, are much studied objects. The strata seems to englobe
different loci providing us with a more general picture. For instance, the space
S−g has rationality properties for g 6 11, more concretely, it can be covered by
rational curves, cf. [FV14]. We will see in the last chapter (Theorem 4.2) that
this is the case for every partition of length g− 1, moreover, for every partition
of length at least g− 1. An important part of this thesis is concerned with the
following problem:

Problem. Describe the geometry ofHkg(µ).

One of the most important invariants in complex geometry is the Kodaira
dimension (denoted Kod), an invariant that measures the complexity of the
variety in question (we will precisely define this in §1.4). At one extreme there
are uniruled varieties (with Kod = −∞). These are varieties having rational
curves passing through a general point. At the other extreme (Kod=dimension
of the variety), we have varieties of general type. In birational geometry,
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varieties that are almost isomorphic to a projective space are called rational
varieties. One step higher in complexity are unirational varieties, varieties that
are dominated by a projective space; this means that one can parametrize the
variety using projective coordinates. The most complex class of varieties that
lie still in the negative Kodaira dimension range are those that can be covered
by rational curves, that is, uniruled varieties. We will give partial answer in
small genus cases to the question:

Question. What is the Kodaira dimension ofHkg(µ)?

Before going to the birational geometry of the strata, there are more funda-
mental aspects to be treated.

Question. Some of the most basic questions that we can ask about the strata
are the following:

• What is the dimension ofHkg(µ)?

• How many connected components it can have?

• IsHkg(µ) singular? What is the tangent space over a point?

There are three different incarnations of the strata with different notations
throughout the literature. The one that we will treat isHkg(µ), but some of the
results are given for the two other incarnations that we list in the following
definition:

Definition 1.15. The k-Hodge bundle is defined to be the total space of the
vector bundle π∗ω⊗kπ , that is,

Ekg := Tot(π∗ω⊗kπ ),

where π : C →Mg is the universal curve. For a partition µ of k · (2g− 2) with
positive entries, we define

Ωkg(µ) :=
{
(C,ω) ∈ Ekg | there are points xi with div(ω) =

∑
mixi

}
.

Notice that the vanishing of ω is constant up to scalar multiplication of ω,
motivating the following definition;

Pkg(µ) := PΩkg(µ) =
{
(C, [ω]) ∈ P

(
Ekg
)
| div(ω) =

∑
mixi

}
.

When k = 1 we omit it in the notation. The spacesΩkg,n(µ) and Pkg,n(µ) are
constructed in the same way, replacing π by the universal curve over Mg,n
and the condition is

(C, x1, . . . , xn,ω) ∈ Ωkg,n(µ) if and only if div(ω) =
∑

mixi.
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When the partition has negative entries, we follow the same construction for a
twisted version of Ekg. Let µ be a partition with r-negative entries, of the form

µ = (−µ1,µ2) = (−m1, . . . ,−mr,mr+1, . . . ,mn).

Let π : C →Mg,n be the universal curve overMg,n, with sections s1, . . . , sn :
Mg,n → C and associated divisors Di = si∗ [Mg,n], we define the twisted
k-Hodge bundle associated with µ as

Ekg(−µ1) := Tot
(
π∗ω

⊗k
π,−µ1

)
,

whereω⊗kπ,−µ1 is the twisted line bundle given by

ω⊗kπ ⊗ OC

(
r∑
1
miDi

)
.

The strata is defined by

Ωkg(µ) :=

{
(C,ω) ∈ Ekg(−µ1) | there are points xi with div(ω) =

n∑
r+1

mixi

}

and its projectivization: Pkg(µ) := PΩkg(µ).

Some of the relations betweenH,P andΩ are summarized in the following
proposition. The proof is straightforward and we included it for sake of
completeness.

Proposition 1.16. Let

µ = (m1, . . . ,m1︸ ︷︷ ︸
n1

,m2, . . . ,m2︸ ︷︷ ︸
n2

, . . . ,mr, . . . ,mr︸ ︷︷ ︸
nk

)

be a partition of k · (2g − 2), where n1 + . . . + nk = n. The product of symmetric
groups

Σn1 × . . .× Σnk

acts onHkg(µ) by permuting the points with the same vanishing and

Hkg(µ)
/
Σn1 × . . .× Σnk ∼= Pkg(µ).

By definitionΩkg,n(µ) is a C∗-bundle over Pkg,n(µ) and

Hkg(µ)
∼= Pkg,n(µ).
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Proof. It is a standard fact that, for two meromorphic sections of a line bundle
s, s ′ ∈ Γ(U,L) having the same vanishing div(s) = div(s ′), there is a non-zero
constant λ ∈ C such that s = λs ′. Therefore, Pkg(ω) can be read as the space of
k-canonical divisors, that is, tuples (C,

∑
mixi), where

∑
mixi is the divisor

associated to a meromorphic section ofω⊗k. On the other hand the quotient
is the space of tuples

[C, x1 + . . .+ xn1 , . . . , xn−nk+1 + . . .+ xn] ∈ Hkg(µ)
/
Σn1 × . . .× Σnk

such that

m1 (x1 + . . .+ xn1) + . . .+mr (xn−nk+1 + . . .+ xn) ∼ kKC.

The morphisms in both directions are the obvious ones. The last statement is
proved in the same way.

In the coming sections we will describe the connected components, follow-
ing [KZ03] and sketch the proof for smoothness, following [Pol06]. First we
treat the question about the dimension.

1.3.1 Dimension of the strata

The fist thing to notice is that, when the partition has positive entries, Hkg(µ)
can be described as a degeneracy locus of certain vector bundle map overMg,n.
As before µ is a partition of k · (2g− 2) of length n and positive entries. Let

π : C →Mg,n

be the universal curvewith sections s1, . . . , sn : Mg,n → C andDi = si∗ [Mg,n].
One can check that both sheaves,

E := π∗ω
⊗k
π and F := π∗

(
ω⊗kπ ⊗OC

Om1D1+...+mnDn

)
,

are vector bundles and the push forward of the evaluation map gives us the
vector bundle map

E F

Mg,n.

φ

Over a point [C, x1, . . . , xn], the map is given by evaluation

φ[C,x1,...,xn] : H
0(C,K⊗kC )→ H0 (C,K⊗C |∑mixi

)
.

By Riemann-Roch, one can see that

rk(F ) = k · (2g− 2) and rk(E ) =

{
g, if k = 1;
2k(g− 1) + 1− g, if k > 2.
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A point [C, x1, . . . , xn] ∈Mg,n lies in the strataHkg(µ) if and only if

rk(φ[C,x1,...,xn]) 6 rk E− 1.

We find the following formula for the expected codimension as a degeneracy
locus

exp-codim(Hkg(µ)) = k(2g− 2) − (rk(E ) − 1) =
{
g− 1, if k = 1;
g, if k > 2.

When the partition has negative entries

µ = (−µ1,µ2) = (−m1, . . . ,−mr,mr+1, . . . ,mn).

We can compute the expected dimension replacing Ekg with

Ekg(−µ1) := π∗ (ωπ ⊗ OC (m1D1 + . . .+mrDr)) .

The vector bundle map over the point [C, x1, . . . , xn] is given by

H0

(
C,ωC

(
r∑
1
mixi

))
→ H0

(
C,ωC

(
r∑
1
mjxj

)
⊗ O∑n

r+1mjxj

)
.

The locus where this fails to have maximal rank defines Hkg(µ), and by the
same argument as before, the expected codimension is

exp-codim(Hkg(µ)) = g.

The lack of dependency on k,n and µ is rather surprising. Moreover, if the
expected codimension equals the codimension, one can use Porteous formula
to compute the class ofHkg(µ) in the Chaw ring of the openMg,n.

There are essentially three ways to show that the expected dimension is
indeed the dimension. From the general theory of determinantal varieties (see
[ACGH85, Ch. II §4]) we obtain

codim (Hkg(µ)) 6 exp-codim(Hkg(µ)).

The first strategy is to show that there is a 2g−1 (resp. 2g−2 ) dimensional locus
inMg,n that is not contained inHg(µ) (respectivelyHkg(µ)). The second a third
strategies rely on local study. This can be done using transcendental methods
that allow us to, not only compute the dimension, but find local coordinated
for Hkg(µ). We will treat the case when k = 1 and µ is holomorphic in the
rest of this subsection. The dimension can also be computed using algebraic
techniques, more explicitly, deformation theory. We will refer to the last
approach in subsection §1.3.4.
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Figure 1.1: Basis of H1(C, {x1, x2};Z) for a genus 2 curve.

For an n-pointed curve (C, x1, . . . , xn), let γ1, . . . ,γ2g+n−1 be a base for the
relative homology group H1(C, {x1, . . . , xn};Z), where

〈γ1, . . . ,γ2g〉 = H1(C,Z)

is the standard symplectic basis and γ2g+i is the class of a cycle connecting x1
and xi+1, i.e.,

∂γ2g+i = [xi+1] − [x1], for i = 1, . . . ,n− 1.

We represent a point (C,ω) ∈ Ωg(µ) in C2g+n−1 by the complex vector

(C,ω) 7→

(∫
γ1

ω, . . . ,
∫
γ2g+n−1

ω

)
∈ C2g+n−1.

Or equivalently,ω ∈ H1,0(C) defines a point in

H1(C, {x1, . . . , xn};C) ∼= H1(C, {x1, . . . , xn};Z)⊗ C

by integration along the paths connecting the points. If (C ′,ω ′) ∈ Ωg(µ)
lies in an analytic neighborhood of (C,ω), with div(ω ′) =

∑
mix

′
i, one can

identity
H1(C, {x1, . . . , xn};C) ∼= H1(C ′, {x ′1, . . . , x ′n};C).

It is proved in [KZ96], that H1(C, {x1, . . . , xn};C) provide us with a local chart
ofΩg(µ) around the point (C,ω). We refer to the image point

(C,ω) 7→ H1(C, {x1, . . . , xn};C) ∼= C2g+n−1 (1.2)

as period coordinate for (C,ω). From this follows that, when the partition has
non-negative entries,

dimΩg(µ) = 2g+ n− 1 and dimPg(µ) = 2g+ n− 2,

wheren is the length of µ. Finally, by Proposition 1.16, dimHg(µ) = 2g+n−2.

The question now iswhat happenswhenwe allowµ to have negative entries
or when k > 2. We can still conclude that, the dimension is the expected one,
by computing the dimension of the tangent space over a general point. This
will be explained in the subsection about smoothness, §1.3.4.
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1.3.2 Flat surfaces and Teichmüller dynamics

The goal of this section is to explain some of the main transcendental aspects
of the strata Hg(µ). We will skip most of the proofs and refer to [Wri15] or
[Che17c], two wonderful surveys that flaunt a more detailed exposition.

An abelian differentialω on a Riemann surface C defines a flat structure
such that C can be realized as a plane polygon with edges identified via
translation. Varying the polygon by the action of GL(2,R) induces an action
on the moduli space of pairs (C,ω). The dynamics of this action is what is
usually referred to as Teichmüller dynamics. Their orbit closures are known to
be affine invariant submanifolds and they have shown to be extremely useful
in understanding the geometry of the global object in question. There are still
many open questions regarding this action and its orbits in the moduli space
of curves.

Definition 1.17. A flat surface is a closed topological surface X together with a
finite set of points Σ ⊂ X, such that

• there is an atlas of charts to C on X \ Σ whose transition maps are trans-
lations and

• for each p ∈ Σ, there exists an integer k > 0 such that, a neighborhood of
p is homeomorphic to the gluing of 2k+ 2 half discs with gluing scheme
as in Figure 1.2 which is an isometry away from p.

Notice that X\Σ is endowed with the Euclidean metric from C. We call a point
p ∈ Σ a singularity of the metric with cone angle 2π(k+ 1).
TEICHMÜLLER DYNAMICS IN THE EYES OF AN ALGEBRAIC GEOMETER 3

B1

B1

B2

B2

Bk+1

Bk+1

A1

A1 A2

A2 A3

Ak+1

Figure 2. A saddle point of cone angle (k + 1) · (2π)
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v1

v2
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v3v3

v3

v4

v4
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Figure 3. An octagon X with four pairs of parallel edges

induced from C. Away from p it admits an atlas of charts with transition functions
given by translation: z′ = z + constant, see Figure 4.

p

p

p

p

p

z

z′

Figure 4. Translation structure on X\p

The differential ω = dz is well-defined and nowhere vanishing on X\p, which further
extends to the entire X. The angle at p is 6π = 3 · (2π), hence ω has a local expression
d(z3) ∼ z2dz at p. In summary, ω is an Abelian differential with a unique zero of order
two on a Riemann surface of genus two.

The above example illustrates the equivalence between translation surfaces and
Abelian differentials in general. Given a translation surface, away from its saddle
points, differentiating local coordinates provides a globally defined Abelian differential.
Conversely, integrating an Abelian differential away from its zeros provides an atlas
of charts whose transition functions are translation, because antiderivatives differ by
constants. In addition, a saddle point p has cone angle (k + 1) · (2π) if and only if
ω = d(zk+1) ∼ zkdz under a local coordinate z at p, namely, if and only if ω has a zero
of order k at p.

Below we provide two more examples. Figure 5 represents a nowhere vanishing
differential on a torus. Conversely every Abelian differential on a torus give rises to

Figure 1.2: Neighborhood around p ∈ Σ. The figure was taken from [Che17c,
p. 3].

Proposition 1.18. Let µ be an holomorphic partition of 2g − 2. Then any point
(C,ω) ∈ Ωg(µ) is a flat surface. On the other hand, any flat surface (X,Σ) induces
a pair (C,ω), with ω vanishing at the singularities Σ with order k for those points
having cone angle 2π(k+ 1).
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Proof. Ifω vanishes with order k and p ∈ C, then we choose a local coordinate
w such that ω = wkg(w)dw, with g(0) 6= 0. We change coordinates w 7→ z,
where

zk+1 := (k+ 1)
∫w
0
g(t)tkdt.

Notice that zkdz = ω. This shows that there are charts such thatω = dz away
for the zeros andω = zkdz at the zeros of order k. Away from the zeroes, the
choice is unique up to translation since dz = d(z + c). The atlas induced by
this charts forms a flat surface.
On the other hand, if we start with a flat surface (X,Σ), we define ω := dz

away from Σ and at p ∈ Σ with cone angle 2π(k + 1), we define ω := zkdz,
where z is the local chart at the neighboorhod of p. One can check that ω
defined a global 1-form at X and (X,ω) ∈ Ωg(µ).

The name “flat” comes from the fact that, the charts ofX\Σ = C\Zeros(ω),
locally induce the standard Euclidean metric on X \ Σ and, since transition
functions are translations, the metric is absent of curvature. The flat metric
does not extend to the singularitiesΣ, that is whywe use the term “singularity”.
This is an easy consequence of Gauss-Bonnet Theorem that, for a Riemann
surface, relates the curvature K with the topological Euler characteristic:∫

X

Kdx∧ dy = 2π(2− 2g).

A high genus curve must have non-vanishing curvature, i.e., it cannot be flat.
At a singular point p ∈ Σ, the metric is the pull-back of the Euclideanmetric on
C by the map z 7→ zk+1, which is exactly the one of Figure 1.2. Let us illustrate
this with an example.

Example 1.19. We start with a polygon as in Figure 1.3 and identify opposite
edges. Notice that opposite edges differ by a translation. If Σ is the set of
vertices represented by color points in the picture, then the transition charts
of X \ Σ are translations. For the fist polygon, there is one singular point (red
point) of cone angle 6π = 2π(2+ 1) and for the second polygon, there are two
singular points (red and blue point), each with cone angle 4π. Thus, both are
Riemann surfaces of genus two and the abelian differential induced by the flat
structure has vanishing

Zeroes(ω) = 2 · •

for the fist polygon and

Zeroes(ω) = 1 · •+ 1 · •

for the second one.



18 CHAPTER 1. INTRODUCTION

Figure 1.3: Example of flat surfaces of genus two inΩ2(2) andΩ2(1, 1) respec-
tively.

It turns out that every flat surface can be realized as a polygon in the plane
with edges of te same length identified via translation. This is a statement that
deserves a proof, we refer to [Wri15] for a detailed proof of this fact.

Let GL+(2,R) be the group of 2 × 2 matrices with positive determinant.
This action has a natural orientation preserving action on C, moreover, the
conjugation of a translation is again a translations and the cone angle of a
singular point is preserved. Therefore, it induces an action on the moduli of
flat surfacesΩg(µ). See Figure 1.4.

Figure 1.4: Action of GL+(2,R) on flat surfaces.

The understanding of the GL+(2,R)-orbits closures inΩg(µ) is one of the
central tasks in Teichmüller dynamics. We discuss two fundamental results in
this regard. Masur and Veech in [Mas82] and [Vee82] showed that for almost
all (C,ω) ∈ Ωg(µ), the closure of the GL+(2,R)-orbit of (C,ω) is the whole
stratum (or a connected component of it). However, for special points in the
stratum, their orbit closure can be a proper subset. The second fundamental
result regarding the nature of orbit closures is more recent, due to Eskin, Mirza-
khani and Mohammadi in [EMM15]. The showed that every orbit closure is
an affine invariant submanifold in Ωg(µ), meaning that locally is given by the
vanishing of real linear homogenous equations in the period coordinates 1.2.
Moreover they are algebraic over Q, cf. [Fil16].

Of special interest are the orbit closures whose image in Mg, under the
forgetful map (C,ω) 7→ [C], are of complex dimension one. They are called



1.3. STRATA OF k-DIFFERENTIALS 19

Teichmüller curves and they have a long list of surprising properties, see [Che17c,
§3]. They where used in [Che10] to estimate the growth of the slope of Mg.
See [CFM13, §3.5] for a comprehensive survey on the matter.

1.3.3 Connected components of the strata

Recall that the space Hg(2, . . . , 2) must break into at least two connected com-
ponents. If we consider the symmetric quotient

Pg(2, . . . , 2) = Hg(2, . . . , 2)
/
Σg−1,

the forgetful map dominates
S−g

∐
Z.

Moreover, for a general odd spin curve [C,η] ∈ S−, one has h0(η) = 1. This
means, there is a unique divisor

∑
x1, with η = OC (

∑
xi). On the other hand

for a general [C,η] ∈ Z, one has h0(η) = 2. Thus, the map

Pg(2, . . . , 2)→ S−
∐

Z

is birational over S− and birationally a P1-bundle over Z. The locus Z is a
divisor in S+, known in the literature (e.g. [Far10b]) as the theta null divisor
and usually denoted by

Θnull :=
{
[C,η] ∈ S+ | H0(C,η) 6= 0

}
.

Remark 1.20. The divisor Θnull has a strong resemblance with the classical
theta divisor in the Jacobian of a curve. In the latter case, it is easy to see
that consist of an irreducible divisor, since it is isomorphic to the image of the
Abel-Jacobi map

C×g−1 → Jacg−1(C).

In [Tei88], Teixidor i Bigas showed that the locus of curves in Mg that admit a
theta characteristic with at least two sections is an irreducible divisor. Probably,
by looking at the monodromy of the finite map S+g →Mg, the irreducibility of
Θnull can be established. In any case, as simple consequence of smoothness
of the strata and the complete account of its possible connected components,
one can easily deduce the irreducibility of Θnull.

From the analysis above, it follows that Pg(µ) has at least two connected
components corresponding to the parity of the associated spin structure. Recall
that for a partition of 2g− 2,

µ = (m1, . . . ,m1︸ ︷︷ ︸
n1

,m2, . . . ,m2︸ ︷︷ ︸
n2

, . . . ,mr, . . . ,mr︸ ︷︷ ︸
nk

),

the quotient
Hg(µ)→ Hg(µ)

/
(Σn1 × . . .× Σnk) .
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is isomorphic to Pg andΩg(µ)→ Pg is a P1-bundle, cf. Proposition 1.16. By
the following lemma, the account of connected components forΩg(µ) carries
on toHg(µ).

Lemma 1.21. The monodromy action on the general fibers of the finite map

Hkg(µ)→ Pkg(µ)

is transitive.

Proof. This lemma is a simple consequence of a local surgery called breaking up
a zero which modifies the curve in a small neighborhood of a chosen zero of a
differential, see [KZ03, §4.2]. Let us assume k = 1 and [C, x1, . . . , xn] ∈ Hg(µ)
with xi and xj close enough so that C has a neighborhood around xi and xj
coming from breaking up a zero of ordermi +mj. See Figure 1.5. By rotating
the neighborhood an angle of π · (mi+mj+ 1), we interchange xi with xj. See
also [KZ03, Lemma 9 and 10]. For k > 2, we use the canonical cover construction,
cf. [BCGGM16b, §4]. For a k-th differential η on a curve C, there is a unique
cyclic cover π : Ĉ → C such that π∗η = ω⊗k is the k-th power of an abelian
differential ω. The abelian differential is defined up to a k-th root of unity,
but the canonical divisor div(ω) is well defined, independent of the choice of
root of unity. This gives us an embedding Pkg(µ) ↪→ Pg(µ̂) and the argument
reduces to the k = 1 case.
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Figure 2. Breaking up a zero into two zeroes (after [3]).

By technical reasons it would be convenient to include into consideration the
trivial case, when k′′ is equal to zero. In this latter case we, actually, do not change
the metric at all; we just mark a point P ′′ at the distance 2δ from the point Pi = P ′.

Note that a small tubular neighborhood of the boundary of the initial cone
is isometric to the corresponding tubular neighborhood of the boundary of the
resulting object. Thus we can paste it back into the surface. Pasting it back we
can turn it by any angle ϕ, where 0 ≤ ϕ < 2π(ki + 1).

We described how to break up a zero of multiplicity k of an Abelian differential
into two zeroes of multiplicities k′, k′′, where k′ + k′′ = k, and k′ ≥ k′′. The
construction is local; it is parameterized by the two free real parameters (actually,
by one complex parameter): by the small distance 2δ between the newborn zeroes,
and by the direction ϕ of the short geodesic segment joining the two newborn
zeroes. In particular, as a parameter space for this construction one can choose a
punctured disk.

Now we can proceed with the second step of the construction.
Bubbling a handle into a slit. Let us slit the surface along the short geodesic

segment of the length 2δ joining the newborn zeroes P ′, P ′′ and let us identify the
endpoints of the slit. The resulting surface has two boundary components joined
together at the point P ′ = P ′′. By construction the boundary components are
geodesics in the flat metric determined by ω; they have the same length 2δ. Take
a small flat cylinder with a waist curve of length 2δ and paste it into our surface.

Figure 1.5: Example of a neighborhood after breaking up a zero of cone angle
6π. The total cone angle around each of the two singular points is 4π.

This lemma implies that, the space Hg(µ) has the same number of con-
nected components as Pg(µ) andΩg(µ). This is pointed out as a remark by
Kontsevich and Zorich, cf. [KZ03, Remark 1]. The full list of possible connected
components ofΩg(µ) (and therefore ofHg(µ)) is described in the following
list.

Theorem 1.22 (Theorems 1 and 2 in [KZ03]). For g > 4, the connected compo-
nents of Ωg(µ) and therefore the connected components of Hg(µ) are described in
the flowing list:
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• When µ = (2g− 2), the spaceHg(µ) breaks into three connected components;
the hyperelliptic oneHhypg (µ) and the two other corresponding to curves with
even and odd associated spin structureH+

g (µ) andH−
g (µ).

• When µ = (2l, 2l) the space Hg(µ) breaks into three connected components;
hyperelliptic, even and odd. We also denoted byHhypg (µ),H+

g (µ) andH−
g (µ).

• When µ = (2l1, . . . , 2ln) different from the two above, there are two connected
components; even and odd.

• Whenµ = (2l−1, 2l−1), there are two connected components; the hyperelliptic
oneHhypg (µ) and H

non−hyp
g (µ).

• For every other partition µ, the strata is non-empty and connected.

Finally for g = 1, 2 and 3, the connected components of the strata are described in the
following list:

• The spaceH1(0) is connected, equals toM1,1.

• BothH2(1, 1) and H2(2) are connected.

• Finally H3(2, 2) and H3(4) have two connected components corresponding to
hyperelliptic and non-hyperelliptic. The last oneH3(1, 3) is connected.

1.3.4 Smoothness of strata

Smoothness of the strata of holomorphic differentials, i.e., for holomorphic
partitions with k = 1, was obtained by Polishchuk in [Pol06]. The general-
ization to any partition with k > 1 was obtained simultaneously by Schmitt,
[Sch16] and the five authors [BCGGM16b, Thm. 1.1]. We will give an account
of the results and explain the main ideas in [Pol06] and [Sch16].

Recall the cartesian diagram

Hkg(µ) Mg,n

Mg J ac
k(2g−2)
g ,

Aµ

φk

where Aµ is the Abel-Jabobi map associated to µ and φk is the k-th canonical
section

φk : [C] 7→
(
C,ω⊗k

)
.

Both maps are sections, meaning, the composition with the natural projection
is the identity onMg,n. For any point [C, x] ∈ Hkg(µ), from the diagram above,
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one concludes the tangent space of the strata at the point [C, x] is given by the
kernel of the map

dφk − dAµ : T[C,x]Mg,n ⊕ T[C,x]Mg,n → T[C,x,ω⊗k]J ac
k·(2g−2)
g . (1.3)

When k > 2, we will call µ primitive if not all entries are divisible by k, as
before, holomorphic if all entries are non-negative and meromorphic otherwise.
If µ is not primitive, then

OC

(∑
mixi

)
∼= ω⊗kC if and only if OC

(
1
k

∑
mixi

)
∼= ωC.

When the partition is not primitive,

Hkg(µ)
∼= Hg

(
1
k
µ

)
and the study reduces to the case k = 1.

Theorem 1.23 (Thm 1.1.a in [Pol06] , Thm. 1.1 and Prop. 2.1 in [Sch16]). Let µ
be a partition of k · (2g − 2), primitive when k > 2. If k = 1 and µ is holomorphic,
for any point [C, x] ∈ Hkg(µ),

dimHkg(µ) = dim T[C,x]H
k
g(µ) = 2g− 2+ n

and
dimHkg(µ) = dim T[C,x]H

k
g(µ) = 2g− 3+ n

otherwise.

The tangent spaces ofMg,n and J ac are given by

T[C,x]Mg,n ∼= H1
(
C, TC

(
−
∑

xi

))
and T[C,x,L]J ac

k·(2g−2)
g

∼= H1(C,AL,x),

where AL,x is the Atiyah algebra of first order differential operators on L with
symbol vanishing at the marked points x1, . . . , xn, cf. [ACG11, Ch. XI §2 Thm
2.12] and [Dia84]. More explicitely, AL is a rank two vector bundle sitting in
the exact sequence

0→ OC → AL → TC → 0

and on an open U of C with coordinate z, AL(U) is generated by 1 and D
where D is the operator that takes derivatives of sections of Lwith respect to
z. The map on the left of the exact sequence is D 7→ ∂

∂z . Now AL,x sits in in
the following exact sequence

0→ OC → AL,x → TC(−x1 − . . .− xn)→ 0,
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and the local generators are 〈1,D〉 if the openU does not contain xi and 〈1, zD〉
if it does and z is a local coordinate vanishing at xi.

We fix d to be the dimension of the cokernel of the map (1.3),

d := dim coker(dφk − dAµ).

The main claim is

dim T[C,x]H
k
g(µ) = 2g− 3+ n+ d,

where d = 0 if k = 1 and µ is holomorphic and d = 0 otherwise. In [Pol06,
Lemma 2.3] and [Sch16, Cor. 2.5], the induced map of tangent spaces

dφk − dAµ : H1 (C, TC(−x1 . . .− xn))→ H1
(
C,Aω⊗kC ,x

)
is explicitly computed, as well as the kernel and cokernel.

1.4 Some basics on birational geometry

One of the central questions in algebraic geometry is to classify varieties up to
birational isomorphisms. This task involves the understanding of birational
invariants, the study of different birational models for a given variety, the
comparison of singularities and positivity properties of the canonical class
between different birational models, among others. The understanding of the
birational geometry of moduli spaces is a central question in modern algebraic
geometry. Even for curves, many questions about the geometry of Mg remain
open.

1.4.1 Rationality

We recall some basic definitions.

Definition 1.24. A rational map between algebraic varieties, φ : X 99K Y, is
said to be a birational map if there are non-empty open sets UX ⊂ X,UY ⊂ Y
such that φ is defined over UX, its image is UY and the restriction

φUX : UX → UY

is an isomorphism. When such map exists, we say that X and Y are birational
varieties.

Definition 1.25. A variety X is said to be

• rational if it is birational to a projective space,
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• unirational if it is dominated by a rational variety, i.e., if there is a rational
map φ : X ′ 99K X and a non-empty open set U ⊂ X contained in the
image of φ, such that X ′ is rational. Finally, X is said to be

• uniruled if there is a variety Y and a dominant rational map Y × P1 99K X
that does not factors through the projection to Y.

Observe that the list of implications is,

rational =⇒ unirational =⇒ uniruled.

There are two other fundamental intermediate rationality notions. These are
stably rational and rationally connected. One of the main open questions in bira-
tional geometry is to determine which implications are strict and which ones
are actually equivalences. This is usually referred to as the Lüroth problem. For
instance, it is well known that, unirationality and rationality are equivalent
notions among smooth surfaces, this is a consequence of Castelnuovo’s ratio-
nality criterion stating that a smooth surface S is rational if and only if its first
Betti number b1(X) and its bi-genus h0(S,K⊗2S ) vanish. In dimension three
there are examples of unirational but not rational varieties, cf. [CG72], [IM71],
[AM72]. To construct uniruled varieties that are not rational or even unira-
tional is not hard; a projective bundles over a basis of high Kodaira dimension
provides us with an example. To this day, we don’t know a single example of
a rationally connected variety that is not unirational. We refer to [KSC04] for a
comprehensive introduction to the subject.

Proposition 1.26. Any projective bundle over a rational variety is rational.

Proof. Let π : P → X be a projective bundle over a rational variety. For a small
enough open U ⊂ X, the projection map π is isomorphic to

U× Pn → U

and we may assume U ⊂ Pm. It is enough to prove that Pm × Pn is rational,
but this is clear since Am × An ∼= Am+n.

Observe that, two smooth varieties X and Y are birational if and only if
their function fields (fields of meromorphic functions) K(X) and K(Y) are
isomorphic. In particular, X is rational if and only if its function field is purely
transcendental

K(X) ∼= C(z1, . . . , zn) := Frac (C [z1, . . . , zn]) .

Similarly, X is unirational if there exists a field extension K(X) ↪→ C(z1, . . . , zn),
into a purely transcendental field, and X is uniruled if there exists an inclusion
of the form K(X) ↪→ K(t), where K is a transcendental extension of C of the
form K(Y) for Y a variety of dimension dim(x) − 1 and K ⊂ K(t) is a purely
transcendental extension of transcendence degree one.
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1.4.2 Kodaira dimension

Let L be a line bundle on a normal variety X. If, for each m > 1, the vector
space global sections is non-zero, h0(X,L⊗m) 6= 0, then, the linear system
|L⊗m| induces a rational map

X 99K Ph
0(L⊗m)−1.

This map is defined outside the base locus of the linear system Bs|L⊗m| that,
for m big enough, is never the whole variety. We denote by φL,m(X), the
closure of the image of this map inside Ph0(L⊗m)−1.

Definition 1.27. The Iitaka dimension of L is defined to be

κ(X,L) := max{dimφL,m(X) | m > 1}

if h0(X,L⊗m) 6= 0 for some m > 1 and −∞ otherwise. Furthermore, if the
variety is smooth, its Kodaira dimension is defined to be the Iitaka dimension
of the canonical class

Kod(X) := κ(X,KX).

A projective smooth variety is said to be of general type if Kod(X) = dimX.

One can see from the definition that Kod(X) ∈ {−∞, 0, . . . , dim(X)} and, if
KX is ample then the variety X is of general type. On the other hand it is not
hard to check that for X and Y smooth projective varieties

Kod(X× Y) = Kod(X) + Kod(Y).

Using this, one can construct varieties of any allowed Kodaira dimension. For
instance in dimension 3, with E and C smooth curves of genus 1 and g > 2
respectively,

Kod(P3) = −∞, Kod(E× C× C) = 2
Kod(E× E× E) = 0, and
Kod(E× E× C) = 1, Kod(C× C× C) = 3.

An alternative definition for the Iitaka (and Kodaira) dimension is the
following. For an effective line bundle L on a variety X, one can define the
graded ring of sections

R(X,L) :=
⊕
d>0

H0(X,L⊗d).

One can check that R(X,L) ∼= R(X,L⊗N) as graded rings and, if R(X,L) is
finitely generated,

κ(X,L) = dimProj R(X,L).

The ring R(X,L) is not always finitely generated and one of the recent break-
throughs in birational geometry, due to Birkar, Cascini, Hacon and McKernan
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[BCHM10], ensures that the ring R(X,KX) is always finitely generated when
X is of general type. In any case, when finite generation does not holds, one
can always interpret κ as the transcendence of the fraction field Frac(R(X,L))
minus one.

Let f : P1 → X be a non-trivial map. Every vector bundle over P1 splits. In
particular

f∗TX = OP1(a1)⊕ . . .⊕ OP1(an),

with a1 > . . . > an. A rational curve f is called free is an > 0, that is, if f∗TX is
globally generated. On the other hand from the exact sequence

0→ TP1 → f∗TX → Nf → 0

one deduce that a1 > 2 and deg(f∗TX) = −(KX · f(P1)). If f is a free curve and
σ ∈ H0(X,mKX) is a global section, then σmust vanish on f(P1). It is not hard
to see that, over C, uniruledness is equivalent to the existence of a covering
family of free rational curves, cf. [Deb01, §4.2]. In particular, h0(mKX) = 0.
Thus,

X uniruled =⇒ Kod(X) = −∞.

The opposite implication is still conjectural. One of themajor recent achieve-
ments in the area consist of a partial result towards this conjecture due to
Boucksom, Demailly, Paun and Peternell [BDPP13], where they separate the
conjecture in two partial implications and proved one of them. They show
that if KX is not psudo-effective then X is uniruled.

1.4.3 Leray spectral sequence

Let f : X→ Y be a morphism of varieties and F a coherent sheaf on X. There
is a standard way to relate the cohomology of F on X and the cohomology
of Rf∗F on Y, called Leray spectral sequence. We denote the Leray spectral
sequence and its convergency in page two by

E
p,q
2 = Hp(Y,Rqf∗F ) =⇒ Hp+q(X,F ).

This notation carries a considerable amount of information, some of it being:

• Maps
d
p,q
2 : Hp(Y,Rqf∗F )→ Hp+2(Y,Rq−1f∗F ),

called differentials of the spectral sequence in page two, whereR−1 is declared
to be zero.

• The maps dp,q2 for a complex with cohomology Ep,q∞ (i.e., the spectral
sequence converges in page two) and
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• There is a filtration F of the graded object H•(X,F ), i.e., a filtration for
every Hn such that

grp := FpH
p+q

/
Fp−1H

p+q

is isomorphic to Ep,q∞ .

A particular instance is when the sequence degenerates, meaning, the
differentials are all trivial. One example is when the higher derived images
Rjf∗F vanish for j > 0. In this case, the existence of the filtration and conver-
gency traduces in the following lemma that we will use in several occasions.
See also [Laz04, Prop. B.1.1].

Lemma 1.28. If all higher derived images vanish, i.e., Rjf∗F = 0 for j > 1, then

Hi(X,F ) ∼= Hi(Y, f∗F ) for all i.

1.4.4 Birational invariants

For any morphism f : X→ Y and line bundle L on Y,

H0(X, f∗L⊗m) ∼= H0(Y, f∗f∗L⊗m)

and by the projection formula f∗f∗L⊗m ∼= f∗OX ⊗ L⊗m. The condition

f∗OX ∼= OY

is satisfied when f is a fibered space, this means, the map f is surjective and
the field K(Y) is algebraically closed inside K(X). In particular if we assume f
surjective and Y normal, these conditions are satisfied. As a consequence, one
has

κ(X, f∗L) = κ(Y,L).
Almost never the pull back of the canonical class, by a birational morphism,
is again the canonical class. There are several ways to show the Kodaira is a
birational invariant. The choice is a matter of taste, here we will deduce it as a
consequence of a highly non-trivial, but well-know fact stated in the following
two theorems. Both theorems follow from Hironaka principalization theorem, cf.
[Hir64] and [Wlo05] for a survey on the matter. We will make use of these
results in the coming chapters.

Theorem 1.29. Let f : X → Y be a birational map between smooth projective vari-
eties. Then,

Rif∗OX = 0 for all i > 1.

This is the property that characterize rational singularities. In other words,
smooth varieties have rational singularities. This theorem is one of the con-
sequences of Hironaka’s work on resolution of singularities, in this case, the
fact that the map f can be dominated by a sequence of blow-ups over smooth
centers. See [Hir64, Ch. 0 §5]
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Theorem 1.30. Let f : X 99K Y be a birational morphism between smooth projective
varieties. Then there exist a smooth variety X̃ and morphisms

X̃

X Y,

σ

f

such that σ is a sequence of blow-ups over X at smooth centers.

We will take these theorems for granted. Notice, the crucial point is that
the resolution consist of blow ups at smooth centers. One can easily resolve f
by restricting the projection X× Y → Y to the Zariski closure of the graph of f,
moreover this is a blow-up, but not necessarily over smooth centers.

Before coming back to the Kodaira dimension, we state some easy conse-
quences of the first theorem, that will also be used to a great extent.

Corollary 1.31. The integers hi(X,OX),hi(X,ωX) and h0(X,ΩiX) are birational
invariants of smooth projective varieties.

Proof. The first one follows from Lemma 1.28 together with Theorem 1.29. The
second one follows from Serre duality and the third one from the symmetry
in the Hodge diamond, h0,i(X) = hi,0(X).

Corollary 1.32. If f : X → Y is a birational morphism between smooth projective
varieties, then f∗ωX ∼= ωY and RiωX = 0 for i > 1.

Proof. By relative Serre duality in the derived category of D(Y),

Rf∗ωX ∼= RH om (Rf∗OX,ωY) .

Since Rf∗OX = OY , one has

Rif∗ωX ∼= ExtiOY (OX,ωY)

and one can see that f∗ωX ∼= ωY and Rif∗ωX = 0 for i > 1.

Regarding the Kodaira dimension, we have:

Proposition 1.33. The Kodaira dimension is a birational invariant between smooth
projective varieties.

Proof. By the theorem on resolution of rational maps 1.30, it is enough to show
that, for X and Y ⊂ X smooth with Y of codimension at least two, and ε : X̃→ X

the blow up of X along Y,

Kod(X̃) = Kod(X).
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If σ ∈ H0(X̃,mK
X̃
), then ε∗σ is a rational form on Xwith poles concentrated

in Y, but the codimension of Y in X is at least two, therefore, ε∗σ is regu-
lar. Moreover, by smoothness assumptions E is ruled and such global forms
must vanish at E. This proves that the push forward induces and inclusion
H0(mK

X̃
) ⊂ H0(mKX). On the other hand, again by smoothness assump-

tions, one can check that K
X̃
= ε∗KX + (c − 1)E, where E is the exceptional

divisor of ε and c is the codimension of Y ⊂ X. Thus, if η ∈ H0(mKX), then
ε∗η ∈ H0(mε∗KX), but

H0(mε∗KX) ⊂ H0(m(ε∗KX + (c− 1)E)) = H0(mK
X̃
).

this proves the opposite inclusion.

We add one more classical result without a proof.

Lemma 1.34 (Easy addition formula. See, e.g., §10 in [Iit81]). Let f : X→ Y be
a fiber space between normal projective varieties, F a general fiber and L a line bundle
on X then

κ(X,L) 6 dim Y + κ(F,L |F).

Easy addition formula usually refers to the statement above, but for the
Kodaira dimension. One can check thatωF = ωX |F and therefore,

Kod(X) 6 dim(Y) + Kod(F).

The Kodaira dimension is not always additive, for instance, there are K3 sur-
faces that can be realized as elliptic fibrations over P1. In such case

Kod(P1) + Kod(F) < Kod(S) < dim(P1) + Kod(F).

Subadditivity of Kod is best known as the Iitaka Cn,m conjecture and proved in
many cases. We summarize some of the known cases in the following theorem:

Theorem 1.35 ([Kaw79], [Kaw81], [Kol87], [Vie77], [Vie83], [CH11], [Fuj13]
and [Bir09]). Let f : X → Y be a fibration between smooth projective varieties and
let F be a general fiber. The inequality

Kod(F) + Kod(Y) 6 Kod(X)

holds if

• dim F = 1 or 2,

• either F or Y is of general type,

• either F or Y has maximal Albanese dimension (e.g., if one of them is an abelian
variety) or, if

• dim(X) 6 6.
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1.5 State of the art and further questions

The study of the birational geometry of moduli spaces is a very active area
of research and many fundamental questions remain open. For curves, it
is known that Mg has rationality properties for g 6 16 and it is of general
type for g > 24. We refer to [Far10a] for a survey on the subject. The list of
contributions and partial results in the matter is quite long and papers like
[Seg30] and many others where also essential in the understanding of the
birational geometry of Mg. We summarize the main known results regarding
the birational geometry ofMg as follows:

• Mg is unirational for g 6 10, cf. [Sev15].

• Mg is unirational for g 6 14, cf. [Ser81], [Ver05], [CR84].

• M15 is rationally connected and M16 is uniruled, cf. [CR86], [CR91],
[BV05].

• Mg is of general type for g > 24 and Kod(M23) > 1, cf. [HM82], [Har84],
[EH87].

• M22 is of general type and Kod(M23) > 2, cf. [Far00].

The transition from negative to positive Kodaira dimension happens in the
range g ∈ {17, 18, 19, 20, 21, 23}, but it is unclear where. Some of the questions
to ask are whether for some g in this range, the moduli space is of intermediate
type, i.e., is has Kodaira dimension between zero and 3g−2. Another question
would be if the Kodaira dimension grows monotonously of it can decrease.
One expects, when the genus increases, the complexity of Mg increases with
it. This intuition is confirmed by most of the known cases, but there is one
example that suggest that it might be not always the case. As stated in the next
section:

Kod(M10,11) > Kod(M11,11).

1.5.1 Kodaira dimension of Mg,n

Following [HM82], Logan in [Log03] initiated the study of the Kodaira dimen-
sion of Mg,n. The moduli space Mg,n appears naturally in the structure of
the boundary of Mg and the collection of rationality results for small g and
n is quite extensive. Logan pointed out [Log03, Thm 2.4] that given g > 3,
the moduli Mg,n is of general type for, all but finitely many n’s. One deduces
from Theorem 1.35 that for fixed genus g > 3, the numerical function

k(n) := Kod(Mg,n)

is strictly increasing, as soon as k(n) > 0. Moreover, if k(n) > 0, the next
one, k(n+ 1), is at least 3g− 2. See the proof of Corollary 3.13 in section §3.4.
Following notation in the literature, consider the numerical functions:
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f(g) := max
{
n ∈ Z>0 | Kod(Mg,n) = −∞}

and
ζ(g) := min

{
n ∈ Z>0 | Kod(Mg,n) > 0

}
.

In the range 4 6 g 6 11, the state of the art regarding the Kodaira dimension
ofMg,n is summarized in the following theorem:

Theorem 1.36. ([Log03], [FP05], [Far09], [FV13] ) The Kodaira dimension ofMg,n
encoded in the functions ζ and f is described in the table below.

4 5 6 7 8 9 10 11
f(g) 15 13 15 13 12 10 9 10
ζ(g) 16 ? 16 14 ? ? 10 11
h(g) 16 15 16 15 14 13 11 12.

The function h is defined by the property: for n > h(g), the moduli spaceMg,n is of
general type.

For genus grater than 11, the complete account is summarized in [Far09,
Thm 1.10]. One should add to the referred theorem, the results in [Kad17,
Thm 1.2], where it is proved that the moduli spacesM16,8,M17,8 andM12,10 are
of general type.

An interesting question that, as far a we know, has not been investigated
in depth is about the Kodaira dimension of quotients Mg,n/G by different
subgroups of the symmetric group G 6 Σn, that is, the beheavor of the
numerical function

k(g,n,G) := Kod
(
Mg,n

/
G
)
.

For instance, when n > g+ 1, the full symmetric quotient admits a fibration
to the universal Jacobian

Mg,n
/
Σn → J acng

[C,p1 + . . .+ pn] 7→ (C,OC (
∑
pi)) ,

whose fibers are projective spaces, given by the linear systems |
∑
pi|. In

particular, for n > g + 1, our numerical function k(g,n,Σn) = −∞. At the
other extreme, we have k(g,n, {1}) = Kod(Mg,n) and, for those pairs (g,n),
such that Mg,n is of general type, the problem is particularly interesting. This
approach might help us understand the transition phenomenon from negative
to positive Kodaira dimension in moduli of curves. We will briefly treat some
cases at the end of Chapter 3.
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1.5.2 Geometry and Kodaira dimension of Fg

For the moduli space of curvesMg andMg,n, even though different compacti-
fications exists, the one constructed by Deligne and Mumford [DM69], that
allows curves to acquire nodes but in within the stable range, is considered
central or natural. This is due to mainly two reasons. The fist one has to do
with the structure of the boundary and its beautiful stratification and, the
second one, has to do with the fact that, for g > 4 and n > 0, the singularities
ofMg,n are “almost” canonical, in the sense that, if M̃g,n is a desingularization
ofMg,n, then,m-canonical forms on the regular locus

M
reg
g,n := Mg,n \ Sing,

extend uniquely to M̃g,n, that is, there is an isomorphism

H0
(
M

reg
g,n,K⊗mM

reg
g,n

)
∼= H0

(
M̃g,n,K⊗m

M̃g,n

)
. (1.4)

See [HM82, §2] for n = 0 and [Log03, Thm. 2.5] for n > 0.

Remark 1.37. Recall that a normal projective variety X has canonical singular-
ities if, for any resolution π : X̃→ X, the difference K

X̃
− π∗KX is Q-effective.

In [Log03] is stated that Mg,n has only canonical singularities. This is not
entirely true, since there are points ( for instance, a curve with an elliptic tail
with automorphism Z/6Z) that do not satisfy the Reid-Shepherd-Barron-Tai
criterion, i.e., points with an orbifold neighborhood, such thatm-canonical
forms cannot be extended to a resolution without acquiring poles. In any case,
these points do not impose restrictions onm-canonical forms defined on the
whole Mreg

g,n.

This represents a fundamental difference between moduli of curves and
moduli of higher dimensional polarized varieties, where there is no “canoni-
cal” or “natural” compactification. As mentioned in §1.2.1, for these moduli
spaces there are several constructions and each carries its own advantages
and disadvantages. More importantly, in many of them we cannot ensure
the existence of an isomorphism as (1.4), making the estimate for the Kodaira
dimension and other birational invariants very hard.

The choice of compact model has a direct impact on the difficulty to show
non-negative Kodaira dimension results, but they have little to do with ra-
tionality results. The attempt to show that (as expected) for low genus Fg is
rational, unirational or at least uniruled, in most of the cases does not requires
a deep understanding of the boundary or technical singularity control.
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1.5.3 Mukai models

The main contributions regarding rationality results were developed byMukai
in [Muk88], [Muk92b], [Muk06] and [Muk12], where it is showed that, for
g 6 10, and g = 12, 13, 16, 18 and 20, there exists a projective variety Vg ⊂ PNg
and a vector bundle Eg over Vg, such that the general K3 surface of genus g is
given by the vanishing

Z(s) ⊂ Vg
of a general global section s ∈ H0(Vg,Eg), where the polarization is given by
the restriction ofOVg(1) toZ(s). For the explicit list ofVg and Eg, see Appendix
§5.1. In particular, the induced map

PH0(Vg,Eg) 99K Fg
s 7→ (Z(s),O(1))

rationally dominates Fg. From this follows:

Theorem 1.38. The moduli space of polarized K3 surfaces Fg is unirational for

g 6 10 and g = 12, 13, 16, 18, 20.

The genus eleven case is of spacial interest to us. Mori and Mukai showed
in [MM83] the uniruledness ofM11, by exhibiting a dominant rational map

M11 99K F11 (1.5)

with rational fibers. Later, it was proven by Chang and Ran that M11 is uni-
rational, showing via (1.5), the unirationality of F11. We will give a detailed
treatment of the case g = 11 in Chapter 3. One should add [FV18] to the list of
rationality results, where Farkas and Verra showed the universal K3 of genus
fourteen F14,1 to be rational. It would be very surprising if, for genus g = 15 or
g = 17, the moduli space Fg is not unirational. In any case, a proof is missing
and there is no reason beside heuristics that guarantees the Kodaira dimension
of Fg does not decreases as g increases.

In analogy with curves, one could ask the same questions about the moduli
of polarizedK3 surfaceswithmarked points. This space is not hard to construct
assuming the existence of a universal family

S→ Fg.

One can define Fg,n as the n-th fiber product of S over Fg.

Remark 1.39. Such universal family only exists over the open dense subset
F◦g ⊂ Fg parametrizing polarized K3s with trivial automorphism group.
Throughout this thesis one can assume Fg,n defined as the fiber product
of the universal K3 surface over F◦g or use the formalism of stacks as a black
box and accept that Fg, as a stack, carries a universal surface.



34 CHAPTER 1. INTRODUCTION

1.5.4 Fg,n and further questions.

Inspired by the analogy with curves, we could ask all sorts of questions about
the birational geometry of Fg,n. One important feature to observe is that the
forgetful map

Fg,n → Fg

has fibers isomorphic to the n-th fiber product of a K3 surface and, by easy
addition 1.34

Kod(Fg,n) 6 19.

In particular when n > 1, the moduli space Fg,n is never of general type. This
is a fundamental difference with Mg,n, where, for any g > 2, the moduli is of
general type for all, but finitely many n’s. On the other hand, from Theorem
1.35, one deduces that for any fixed g, the numerical function

k(n) := Kod(Fg,n)

cannot decrease, k(n) 6 k(n + 1). This behavior mimics the equivalent for
Mg,n, in the sense that, if we mark more points, the moduli space increases in
complexity.

One of the fundamental questions related to the geometry of Fg is the
structure of its Picard group. It was first conjectured by Maulik and Pandhari-
pande [MP13, Conj. 3] and recently proven in [BLMM17], that PicQ (Fg) is
generated by divisors of the form

NLh,d :=

(S,H) ∈ Fg

∣∣∣∣∣∣
there is an embedding of a rank two lattice
ZH⊕ ZD ↪→ Pic(S)
with H ·D = d and D2 = 2h− 2

 ,

subject to the numerical condition d2 − 4(g− 1)(h− 1) > 0 coming from the
Hodge Index Theorem. It would be interesting to give a precise expression
of KFg in terms of NL-divisors. A. Peterson [Pet15] has partial results in this
direction.

1.5.5 Geometry of strata

Despite the fact that,Hkg(µ) has broad connections with several areas in math-
ematics, and has been studied with an enormous variety of tools, very little is
known about its global geometry. For instance, Chen in [Che17a] addresses the
question, whether Hkg(µ) contains complete curves. He manages to show that
Hkg(µ) does not contain complete curves if some entry of µ satisfiesmi 6 −k.
The question for holomorphic partitions is still open. UnlikeMg, this result
raises the possibility forHkg(µ) to be affine for certain partitions.
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A modular interpretation of the boundary ∂Hg(µ) of the Zariski closure

Hg(µ) ⊂Mg,n

has been the subject of much recent attention. Farkas and Pandharipande
[FP15] constructed a proper moduli space called moduli space of twisted cano-
nical divisors, that it contains Hg(µ) as an open subset. However, the question
of which twisted canonical divisors in the boundary lie in Hg(µ) requires
more information than the dual graph of the curve and the relations in the
Jacobian of each component. The boundary components of the Zariski closure
Hg(µ) are parametrized, not just by the topological type of the nodal curves
and strata in smaller genera, but also by the particular complex structure,
manifesting as residue conditions at the nodes provided by Bainbridge, Chen,
Gendron, Grushevsky and Möller [BCGGM16a]. The five authors generalized
their results for k > 1, cf. [BCGGM16b], providing with a similar description
of the boundary of Hkg(µ) inside Mg,n. The question about the geometry
of the boundary ∂Hkg(µ) is still open. For instance whether it has canonical
singularities or, if singular, how to resolve it.

Another interesting open problem is to describe the Picard group ofHkg(µ)
andH

k
g(µ). In [Che17b], Chen provides a set of generators for

R1(Hkg(µ)) := i
∗PicQ(Mg,n),

where i is the inclusion Hkg(µ) ⊂ Mg,n. It is also known that, divisorial
components of the boundary ∂Hkg(µ) are parameterized by 2-level graphs,
independent of the number of nodes (see [BCGGM16b, §6]) and some relations
among them are expected. Still, we know barely nothing about the full Picard
groups

PicQ
(
Hkg(µ)

)
and PicQ

(
H
k
g(µ)

)
.

Finally, one should mention the conjectural relation for the class of Farkas
and Pandharipande’s space of twisted canonical divisors H̃kg(µ) with Pixton’s
cycle and the Double Ramification cycle in the Chaw ring A∗(Mg,n). Due to
dimension reasons, one has to consider the strictly meromorphic case. In the
Appendix of [FP15], Janda, Pandharipande, Pixton, and Zvonkine, define the
weighted fundamental class of H̃kg(µ),

Hg,µ ∈ Ag(Mg,n)

as a sum of components of H̃kg(µ) with certain multiplicities coming from
Gromov-Witten theory. They conjectured that this class equals

2−gPgg,µ ∈ Rg(Mg,n),
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famous Pixton’s cycle also deeply related with the double ramification cycle, cf.
[CJ16].

Many other questions and open problems regarding the spaces Hkg(µ) are
being currently studied. Our selection says more about the author’s back-
ground and taste, than the importance of the problems itself.

1.6 Outline of results

The rest of the thesis is organized as follows. In Chapter 2, we develop the
deformation theory of nodal curves with marked points embedded in K3
surfaces. We study the moduli map

cg,δ,l : Vg,δ,l →Mg−δ,2δ+l
/
Z⊕δ2 ,

from the universal Severi variety parameterizing tuples

(S,H,X, x1, . . . , xδ,y1, . . . ,yl),

where (S,H) ∈ Fg is a polarazied K3 of genus g,

x1, . . . , xδ,y1, . . . ,yl ∈ S

are points on the surface and X is a δ-nodal irreducible curve on the linear
system |H|, with nodes at the xi’s and passing through the points yi’s. The
target of the map cg,δ,l, consist of a quotient, where the i-th factor of Z2 acts by
permuting the (2i− 1)-th and 2i-th marked points. In other words, the moduli
of δ-nodal curves in Mg,l. We denote the Z⊕δ2 -quotient by Mg−δ,[2δ]+l. The
aim of Chapter 2 is to establish a range where this map is dominant. We will
see that there are moduli maps as in the diagram

Vg,δ,l

Fg,δ+l Mg−δ,[2δ]+l,

π cg,δ,l

where π is the map that forgets the nodal curve X and cg,δ,l is the map induced
by the normalization. The main results proved in Chapter 2 are the following
theorems:

Theorem 1.40. In the range 3 6 g 6 11, 0 6 δ 6 g − 2 and g 6= 10, the moduli
map

cg,δ,l : Vg,δ,l →Mg−δ,[2δ]+l

is dominant and the dimension of its general fiber is equal to 22− 2g.

Regarding the map on the left:
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Theorem 1.41. For g and δ in the same range as above, the map π is dominant when
3δ+ l 6 g and birational when 3δ+ l = g.

In Chapter 3 we concentrate on the birational geometry of F11,n. We prove
the following theorem:

Theorem 1.42. The moduli space F11,n

• is unirational for n 6 6,

• is uniruled for n 6 7 and

• it has non-negative Kodaira dimension for n > 9.

We will show that the nomalization map cg,δ,l is birational when g = 11.
As a consequence we will construct different birational models for low genus
curves with marked points and K3 surfaces in genus eleven. More explicitly,
we prove:

Theorem 1.43. For δ 6 9, there is a rational map

M11−δ,2δ+l
/
Z⊕δ2 99K F11,δ+l,

dominant for 3δ+ l 6 11 and birational for 3δ+ l = 11.

In the last section of Chapter 3, we discuss further applications. Specifically,
we discuss how this picture can be used to attack some of the missing cases
in the Kodaira classification ofMg,n for small g, such asM9,11,M9,12 andM10,10.

In the last chapter we investigate the birational geometry of the strata
Hkg(µ) for k = 1, k = 2 and µ holomorphic partition of k · (2g− 2). For k = 1,
we show the following theorem regarding its birational geometry.

Theorem 1.44. Let Hg(µ) be an irreducible stratum with length of partition l(µ).
The birational geometry ofHg(µ) is summarized in the following table:

Table 1.1

Unirational Uniruled
3 6 g 6 6 l(µ) 6 g− 1 No restriction on µ
g = 7, 8 ? No restriction on µ
g = 9 ? l(µ) > 7
g = 10 ? 11 6 l(µ) < 18
g = 11 ? l(µ) > 10

For quadratic differentials (i.e., k = 2) we prove the following:
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Theorem 1.45. Let H2
g(µ) be an irreducible stratum of holomorphic quadratic dif-

ferentials. We assume µ to be a primitive partition of length l(µ). Then, for genus
3 6 g 6 6 and l(µ) > g, the moduli spaceH2

g(µ) is uniruled.

We add some results concerning the non-irreducible stratum.

In the last section of Chapter 4, we study the forgetful maps

Hkg(µ)→Mg,n,

when the length of the partition µ ensures generic finiteness. The degrees of
these maps are already known to experts, but the lack of a reference inspired
us to give a full computation of these degrees. Finally, we give an expression
for the canonical class of the open stratum Hkg(µ) in terms of pull back of
divisor classes in Mg,l(µ). We do this by studying the ramification of these
maps together with some relations in the Picard group of Hkg(µ). We prove
the following theorem:

Theorem 1.46. Let µ = (m1, . . . ,ml(µ)) be a partition of length l(µ) > g. We
assume the partition µ to be meromorphic if k = 1 and primitive if k > 2. Then, the
canonical class of the open strata is given by

KHk
g(µ)

= cµλ,

where

cµ = 12+
12k2

(∑ 1
k+mi

)
k · (4g− 4) −

∑ k2+m2
i

k+mi

∈ Q

ifmi 6= −k for all i = 1, . . . , l(µ), and

cµ = 6

if somemi = −k.

We expect that these formulas can be extended to the boundary with the
hope that some positive Kodaira dimension results can be achieved.

This thesis is a more detailed exposition of the results contained in two
submitted preprints; [Bar17b] and [Bar17a]. The first paper contains most of
the results and exposition in Chapter 4 and a weaker version of the results in
Chapter 2, that we used in [Bar17b] to treat uniruledness of the strata in genus
10. The second paper contains a full proof of the results in Chapter 2 and most
of the results in Chapter 3. The computations regarding the canonical class of
the strata constitutes unpublished material that I expect to extend and use in
the future. Also the comments on the Kodaira dimension ofM9,11,M9,12 and
M10,10 are unpublished. We are planing to investigate these further, hoping to
get stronger results.



CHAPTER 2
Nodal curves on K3 surfaces

2.1 Introduction

The aim of this chapter is to study the deformation theory of nodal curves on
K3 surfaces. Curves lying on K3 surfaces are important for many reasons and
the smooth case has been studied by many with very fruitful outcomes. One
of the main interests in smooth curves lying on K3 surfaces is that, in many
contexts, they behave as if they where general curves. For instance, the Brill-
Noether theory of a smooth hyperplane section of a K3 surface with Picard
number one is the same as the theory for a general curve, [Laz86]. Another
example is the use of curves in K3 surfaces to understand the syzygies of a
general curve which ultimately lead to the proof of many instances of Green’s
conjecture; [Voi02a], [Voi05], [FK16] and [FK17].

LetFg,n be themoduli space of polarizedK3 surfaces constructed in section
§1.3. When there are no marked points we omit “n” in the notation. There is
a natural projective bundle Pg over Fg, whose fiber over a point (S,H) is the
projective space of linear sections |H|. By adjunction formula, the genus of a
smooth curve in |H| is g. On a similar fashion, one can define Pg,n over Fg,n
with fiber over (S,H, x1, . . . , xn) being the space of hyperplane sections C ∈ |H|

passing though the points x1, . . . , xn ∈ S, that is, the projective (possibly empty)
space

P
(
H0 (S,H⊗ Ix1+...+xn)

∨
)
,

where Ix1+...+xn is the ideal sheaf of the zero dimensional scheme defined by
the points. We define Ug,n ⊂ Pg,n to be

Ug,n :=

{
(S,H,C, x1, . . . , xn)

∣∣∣∣∣ (S,H, x1, . . . , xn) ∈ Fg,n and
C ∈ P

(
H0 (S,H⊗ Ix1+...+xn)

∨
)

smooth.

}

39
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There are two natural moduli maps

Ug,n

Fg,n Mg,n.

π φ

As we saw in the introduction, the dimension of Fg,n is equal to 19+ 2n
and, when n 6 g and the points x1, . . . , xn are general on S, the dimension
of the fiber of π is g− n. Thus, there is an open subset of Pg,n of dimension
19+g+n. Only when g = 11 and n 6 11, the dimension the source and target
of φ are equal. Mori and Mukai proved in [Muk96], [MM83] that when g = 11,
themapφ is not only finite but also birational, meaning, a general genus eleven
curve [C] ∈M11 lies in a unique K3 surfaces as hyperplane section. One of the
main goals of this thesis is to study the domain of definition of φ. For general
(S,H), the locus of δ-nodal curves is of codimension δ in the linear system |H|.
On the other hand δ-nodal curves define a codimension δ locus inMg. We will
see that the birational isomorphism extends to the nodal locus, giving rise to
a collection of birational isomorphisms between universal Severi varieties and
the moduli of δ-nodal curves of fixed genus. These results establish a deep
connection between K3 surfaces of genus 11 with marked points and moduli
of curves of genus less than or equal to eleven, also with marked points.

Definition 2.1. Let (S,H, x1, . . . , xδ) ∈ Fg,δ and δ 6 g. We define

Vδ(S,H, x1, . . . , xδ) ⊂ |H|

to be the Severi variety of irreducible δ-nodal curves in |H| with nodes at
x1, . . . , xδ. We define the universal Severi variety Vg,δ to be the algebraic stack
parametrizing tuples (S,H,X, x1, . . . , xδ), where (S,H, x1, . . . , xδ) ∈ Fg,δ and
X ∈ Vδ(S,H, x1, . . . , xδ).

The stack Vg,δ is smooth and every irreducible component has dimension
19 + (g − δ). It was conjectured by Ciliberto and Dedieu [CD12, Thm. 2.1]
that the universal Severi variety with unordered nodes, i.e., the symmetric
quotient

Vg,δ
/
Σδ,

is irreducible. They managed to prove it in the range 3 6 g 6 11, g 6= 10 and
0 6 δ 6 g.

We will denote by

Mg,[2m]+n := Mg,2m+n

/
Z⊕m2 ,
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theZ⊕m2 -quotient of themoduli space of smooth curves of genus gwith 2m+n
marked points, where the i-th copy of Z2 acts permuting the 2i− 1 with the
2i-th marked point. A standard element is denoted by

[C,p1 + q1, . . . ,pm + qm,y1, . . . ,yn] ∈Mg,[2m]+n.

There are well defined moduli maps

Vg,δ Mg−δ,[2δ]

Mg−δ,

cg,δ

c

where cg,δ sends a pair (S,X, x1, . . . , xδ) to the isomorphism class of the nor-
malization ofX together with the preimages of the nodes and the vertical arrow
is the usual forgetful map remembering only the curve. For δ = 0, the map c
is Mukai’s map, dominant for g 6 9 and g = 11, not dominant for g = 10 and
generically finite over the image for g > 11 and g 6= 12. See [Muk88], [Muk96],
[Muk92a] and [MM83]. Moreover, for g = 11 and g > 13, Mukai’s map is
birational over its image, cf. [CLM93, Thm. 4.5].

In [Bea04, §5], Beauville studied the differential of cg,0 and gave a deforma-
tion theoretic proof of Mukai’s results. He sowed that for a general element
(S,H,C) ∈ Vg,0, the cokernel of the differential

dcg,0 : T(S,H,C)Vg,0 → T[C]Mg

is isomorphic to
H0(S,Ω1

S(H))

and computed these cohomology groups.

Proposition 2.2 (cf. §5.2 in [Bea04]). For general (S,H) ∈ Fg with g > 2,

• h0(S,Ω1
S(H)) = 0 for g 6 11,g 6= 10.

• h0(S,Ω1
S(H)) = 1 for g = 10.

By a similar approach, but to the nodal case, Flamini, Knutsen, Pacienza
and Sernesi proved in [FKGS08] that for the range 3 6 g 6 11 and 0 6 δ 6 g−2,
the moduli map

c : Vg,δ →Mg−δ

is dominant with general fiber of dimension 22− 2(g− δ). We will show that
by keeping track of the nodes, the geometry of the moduli map cg,δ is much
richer, giving rise no only to finite but birational maps.
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Definition 2.3. We call Vg,δ,l the moduli space of irreducible δ-nodal curves
with lmarked points on a polarized K3 surface,

Vg,δ,l :=

(S,H,X, x1, . . . , xδ,y1, . . . ,yl)

∣∣∣∣∣∣∣∣∣
(S,H) ∈ Fg,
X ∈ |H| irreducible,
δ-nodal at x1, . . . , xδ
and y1, . . . ,yl ∈ X.

 .

The moduli Vg,δ,l is defined as the fiber product

Vg,δ,l := Vg,δ ×Mg
Mg,l,

whereMg,l →Mg is the natural forgetful map and

Vg,δ →Mg

is the map that remembers the nodal curve. There are two natural moduli
maps to consider

Vg,δ,l

Fg,δ+l Mg−δ,[2δ]+l,

π cg,δ,l

where π is the map that forgets the nodal curve X and cg,δ,l is the map in-
duced by the normalization. The aim of this chapter is to show the following
theorems.

Theorem 2.4. In the range 3 6 g 6 11, 0 6 δ 6 g− 2 and g 6= 10, the moduli map

cg,δ,l : Vg,δ,l →Mg−δ,[2δ]+l

is dominant with general fiber dimension equals to 22− 2g.

And regarding the map on the left:

Theorem 2.5. For g and δ in the same range as above, the map π is dominant when
3δ+ l 6 g and birational when 3δ+ l = g.

Remark 2.6. Consider the following diagram:

V10,1 M10−δ,[2]

M9

c

c10,1
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The map c is dominant, but the map c10,1 is not. For a general curve C of genus
nine, the condition on

p+ q ∈ Sym2C

so that the nodal curveC
/
p ∼ q admits a K3 extension of genus ten is divisorial.

It was asked in [FKGS08] what is the class of such locus. One can phrase the
question in a slightly more general way. The situation is the same when we
allow more nodes. Indeed, for 1 6 δ 6 8, the image of the map c10,δ,l :
V10,δ,l →M10−δ,[2δ]+l is always of codimension one and when we composed
with the forgetful map M10−δ,[2δ]+l → M10−δ,l, the map is dominant. Let C
be a general genus 10− δ curve. What is the class in

(
Sym2C

)⊕δ of the locus
of points (p1 + q1, . . . ,pδ + qδ) such that the nodal curve

C
/
{pi ∼ qi}i=1,...,δ

admits a K3 extension of genus 10? Or more generally, one can ask for the class
of the image of c10,δ,l in PicQ(M10−δ,[2δ]+l). This class is easy to compute and
can be seen as the intersection of the class of the K3 locus in M10,l computed
by Farkas and Poppa in [FP05, Thm 1.6], with the boundary strata of δ-nodal
irreducible curves. See Corollary 2.14.

Of particular interest to us is the genus eleven case. In the next chapter
we will show the map c11,δ,l is not only to be dominant, but birational for
0 6 δ 6 9.

2.2 Deformation theory

Deformation theory is a vast and very rich subject that, even though deserves
to be study as a subject by its own, it is an essential tool when it comes to
understanding the local structure of moduli spaces. Using the functorial ap-
proach, one can see that, if we identify Xwith its functor of points, an element
of X(Spec C[ε]/(ε2)) correspond to the choice of a closed point x ∈ X and
a vector on the tangent space of X at x. This motivates the definition of first
order deformations. Recall thatwewant to studymoduli of curves in K3 surfaces.

Let j : X ↪→ S be a closed embedding of a curve (possibly nodal) on a
smooth surface and

C[ε] := C[ε]
/
(ε2)

the ring of dual numbers.
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Definition 2.7. A first order deformation of j is a cartesian diagram

X X

S S

Spec (C) Spec (C[ε]),

j J

φ

s

where φ and φ ◦ J are flat and the horizontal arrows induce isomorphisms
with the pull back of the right column by s. A first order deformation is locally
trivial if there exist an affine open cover {Ui}i∈I of S, such that Vi = Xi ∩ X is
affine and the diagram above restricts to a trivial deformation, that is,

Vi Vi × Spec (C[ε])

Ui Ui × Spec (C[ε])

Spec (C) Spec (C[ε]).

j j×Id

φ

s

Given another first order deformation of j

X ′ S ′

Spec (C[ε]),

J ′

an isomorphism of first order deformations is a pair of C[ε]-isomorphisms

X
∼→X ′,S ∼→ S ′

that restrict to the identity on the central fiber and makes the diagram

X X ′

S S ′

∼

J J ′

∼

commutative.

The set if isomorphism classes

Def(j) := {Locally trivial first order deformations of j}
/
isom
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has a natural C-vector space structure.1 If X is smooth, every first order de-
formation of it is locally trivial. This cease to be true when we allow nodes
and locally trivial deformations are those that keep the nodes. Since we will
consider a moduli space of nodal curves on K3 surfaces, the local triviality
assumption is essential. As usual in deformation theory, out of a locally trivial
deformation one can construct, in a canonical way, a Čech cocycle that induces
an identification between Def(j) and a cohomology group of certain sheaf. We
highlight the main steps of the construction, delegating details to the better
written sources in the subject, e.g. [Ser06].

Let j : X→ S be a closed embedding as above {Ui} an affine open cover of S
with Vi = X ∩Ui the induced affine open cover of X. Every locally trivial first
order deformation J ∈ Def(j) is obtained by gluing the trivial deformations

Vi Vi × Spec (C[ε])

Ui Ui × Spec (C[ε])

j

along the intersectionsUij = Ui ∩Uj, Vij = Vi ∩Vj. Every such gives us pairs
of local automorphisms

θij ∈ Aut
(
Vij × Spec (C[ε])

)
,Θij ∈ Aut

(
Uij × Spec (C[ε])

)
,

making the following diagram commutative:

Vij × Spec (C[ε]) Vij × Spec (C[ε])

Vij × Spec (C[ε]) Vij × Spec (C[ε]).

θij

Θij

One can show that Θij and θij correspond to sections Dij ∈ Γ(Uij, TS)
and dij ∈ Γ(Vij, TX) respectively such that Dij restricts to dij. Moreover Dij
and dij satisfy a cocycle condition inducing a Čech cocycle in H1(S, TS) and
H1(X, TX) respectively. Here TX stands for the dual sheaf ofΩ1

X.

Definition 2.8. Wedefine the sheaf of germs of tangent vectors to S that are tangent
to X, denoted TS〈X〉, to be the inverse image of TX ⊂ TS |X under the natural
restriction map TS → TS |X.

It follows from the definition that Dij ∈ Γ(Uij, TS〈X〉). Locally trivial
deformations of the pair (S,X) are governed by the sheaf TS〈X〉, more specific

Def(X ↪→ S) ∼= H1(S, TS〈X〉).
1 Weare skippingmayor parts of the general theory, for detailed andmore general exposition

we recommend [Ser06].
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Remark 2.9. The sheaf TS〈X〉 is a locally free subsheaf of TS whose restriction
to X is the tangent sheaf TX. When p ∈ X is a node with local coordinates
{xy = 0}, the localization is

TS〈X〉p = OS,px
∂

∂x
⊕ OS,py

∂

∂y
.

An alternative definition is

TS〈X〉 =
(
Ω1
S(logX)

)∨ ,

whereΩ1
S(logX) is the sheaf ofmeromorphic 1-formswith at worst logarithmic

poles along X.

The sheaf TS〈X〉 sits in two standard exact sequences

0→ TS(−X)→ TS〈X〉 → TX → 0

and
0→ TS〈X〉 → TS → N ′X/S → 0, (2.1)

where N ′X/S is the equisingular normal sheaf of X in S. This sheaf governs the
deformation theory when S is fixed. Moreover,

TXVδ(S,H) = H0(X,N ′X/S).

The first order locally trivial deformations of the pair (S,X) are parametrize by
H1(S, TS〈X〉). Obstructions are parametrize by H2 and local automorphisms
byH0. The theory is unobstructed and the coarse moduli space Vg,δ is smooth
as stack [FKGS08, Prop 4.8]. Moreover, for any (S,X)

h2(TS〈X〉) = h0(TS〈X〉) = 0 (2.2)

and
T(S,X)Vg,δ = H

1(S, TS〈X〉).

Muchmore can be said. Given such a pair (S,X) there is a unique embedded
resolution of X given by the following diagram

C ∩ E C S̃

Sing(X) X S,

f ε

where S̃ is the blow-up of S along the nodes, E = E1+ . . .+Eδ is the exceptional
divisor,C is a smooth genus g−δ curve and f : C→ X ⊂ S is the normalization
map. Let us take a look at the tangent exact sequence for the normalization
map

0→ TC → f∗TS → Nf → 0.
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HereNf is the normal sheaf of the map f : C→ S. With this notation [FKGS08,
Lemma 4.16]

f∗(Nf) = N
′
X/S and Hi(N ′X/S) ∼= Hi(Nf) for i = 0, 1. (2.3)

This is not surprising since the groupH0(Nf) can be identifiedwith the tangent
space at [f] of the space of maps f : C→ S from genus g− δ smooth curves to
a fixed target with f∗C = H. There is a one to one correspondence between
δ-nodal curves on S in the linear system |H| and maps f. The correspondence
is given by normalization

Vδ(S,H) → Mg−δ(S,H)
X ⊂ S 7→ f : C→ S.

To recover the differential of the map cg,δ we go to S̃. Consider the following
diagram as in [FKGS08],

0 0

ε∗TS(−C) ε∗TS(−C)

0 FC ε∗TS Nf 0

0 TC f∗TS Nf 0,

0 0

∼=

τ

λ (2.4)

where FC is the kernel of the composition λ : ε∗TS → f∗TS → Nf. Turns out
[FKGS08, Prop. 4.22] that

ε∗FC ∼= TS〈X〉 and Hi(S, TS〈X〉) ∼= Hi(S̃,FC) for i = 0, 1, 2. (2.5)

Moreover, H1(τ) is the differential of the map cg,δ. The four authors proved
that in the desired range, for a general choice H1(τ) is surjective, see [FKGS08,
Thm. 5.1].

Proposition 2.10. With the same notation as above FC |E∼= OE(−1)⊕2.

Proof. Let j : Ei ↪→ S̃ be the close embedding of one of the components of
the exceptional divisor. Notice that ε∗TS |Ei

∼= O⊕2Ei and Nf ∼= ωC. From the
second row in (2.4) we have

0→ L1j∗ωC → FC |Ei→ O⊕2Ei → OEi∩C → 0
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and C ∩ E = pi + qi. Then

deg(FC |Ei) = deg L1j∗ωC − 2.

On the other hand by adjuction ωC ∼= OC(E + C) and pulling back by j the
exact sequence

0→ OS̃(E)→ OS̃(E+ C)→ ωC → 0

we get

0→ L1j∗ωC → OEi(Ei)→ OEi(Ei + C)→ Opi+qi → 0.

Counting degrees we have degOEi(Ei) = −1 and degOEi(Ei + C) = 1. Thus,
deg L1j∗ωC = 0 and degFC |Ei= −2. The sheaf FC |Ei is free on Ei of rank
two and degree −2. By Riemann-Roch,

h0 (Ei, (FC |Ei) = h
1 (Ei,FC |Ei) .

Its enough to prove h0 = h1 = 0. By pushing forward the second row in (2.4),
we get the exact sequence (2.1) and by (2.3) together with (2.5), we obtain

R1ε∗FC = 0.

The exceptional locus of ε is one dimensional, therefore R2ε∗FC(−Ei) = 0.
Thus, from

0→ FC(−Ei)→ FC → FC |Ei→ 0

we get R1ε∗FC |E= 0. In particular h1(Ei,FC |Ei) = h
0(Ei,FC |Ei) = 0.

We have the following corollary:

Corollary 2.11. The inclusion FC(−E) ⊂ FC induces isomorphisms

Hi(S̃,FC(−E)) ∼= Hi(S̃,FC) for i = 0, 1, 2.

In particularH1(FC(−E)) parametrizes locally trivial first order deformations of the
pair (S,X).

Proof. If we pass to cohomology in the short exact sequence

0→ FC(−E)→ FC → FC |E→ 0,

since H0(FC |E) ∼= H1(FC |E) = 0, we obtain our result.

Consider the exact sequence obtained by tensoring the first column (2.4)
with OS̃(−E),

0→ ε∗TS(−C− E)→ FC(−E)
σ→ TC

(
−

δ∑
i=1

pi + qi

)
→ 0.
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Lemma 2.12. The following isomorphism of sheaves holds:

f∗TC

(
−

δ∑
i=1

pi + qi

)
∼= TX.

Proof. The local equation around each node of X is given by

{xy = 0} ⊂ U ⊂ A2,

and ΩU is generated by dx,dy with the relation xdy + ydx = 0. The sheaf
TX = Hom(ΩX,O) restricted to U is generated by the maps (dx,dy) 7→ (x, 0)
and (dx,dy) 7→ (0,y). On the brach defined by x, the first generator is x times
the generator dx 7→ 1 of the tangent bundle at that branch and the same for
y. This means that locally around the node the normalization map give us
an isomorphism xTUx ⊕ yTUy ∼= TU. These local isomorphisms coincide away
from the nodes forming a global isomorphism.

Proposition 2.13. The map

H1(τ) : H1(S̃,FC(−E))→ H1(C, TC(−p1 − q1 − . . .− pδ − qδ))

is the differential of c : Vg,δ →Mg−δ,[2δ].

Proof. The blow-up map ε : S̃→ S restricted to C is finite so the higher derived
images of ε∗ are always trivial and by Lemma 2.12, ε∗TC(−

∑
pi + qi) is the

tangent sheaf of the nodal curve X. Again if we apply ε∗ to the second row in
diagram (2.4), from (2.3) and (2.5) we get (see also [FKGS08, Prop. 4.22])

Riε∗FC ∼= Riε∗ε
∗TS = 0 for i > 0.

From the exact sequence

0→ FC(−E)→ FC → OE(−1)⊕2 → 0,

we can conclude that Riε∗FC(−E) = 0 for i > 0. By Proposition 2.10 and (2.5)
we have isomorphisms

ε∗FC(−E)
∼→ ε∗FC ∼= TS〈X〉.

Therefore, the natural isomorphisms coming from the Leray spectral sequence
sit in the diagram

H1(S̃,FC(−E)) H1(C, TC(−
∑
pi + qi))

H1(S, ε∗FC(−E)) H1(TX),

∼=

H1(σ)

∼=

H1(ε∗σ)

(2.6)

where themap at the bottom factors through a natural isomorphismH1(ε∗FC(−E)) ∼=
H1(TS〈X〉) and H1 of the restriction map TS〈X〉 → TX sending locally trivial
first order deformations of the pair (S,X) to nodal deformations of X.
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As stated in [FKGS08], if Vg,δ → Vg,δ is an étale atlas and X ↪→ S is the
universal family of pairs (X,S) induced by it, there is a universal embedded
resolution

C S̃

X S

Vg,δ

ρ ε

where ε is the blow-up ofS along the nodal locusNδ ⊂X ↪→ S and ρ is fiber-
wise over Vg,δ the normalization. Every locally trivial first order deformations
of a pair (X,S) induce one of the pair (C, S̃) parametrized by H1(S̃,FC).

Proof of Theorem 2.4. First of all, notice that we can assume l = 0. By Definition
2.3, the diagram

Vg,δ,l Vg,δ

Mg−δ,[2δ]+l Mg−δ,[2δ]

cg,δ,l c

π

is cartesian, where π is the map that forgets the last l marked points. The
forgetful map π is surjective, therefore dominance of cg,δ,l is equivalent to
dominance of c.

Wewill prove that the differential of c is onto in the assumed range. Indeed,

dc : H1(S̃,FC(−E))→ H1(C, TC(−p1 − q1 − . . .− pδ − qδ))

And by Corollary 2.11, the isomorphisms (2.5) and the vanishing (2.2), we
have

coker dc ∼= H2(S̃, ε∗TS(−C− E)).

We call H the polarization OS(X). By Serre duality and since ε∗H = C+ 2E,

H2(S̃, ε∗TS(−C− E)) ∼= H0(S̃, ε∗Ω1
S(H)).

But
Rε∗(ε

∗Ω1
S(H))

∼= Ω1
S(H)⊗ Rε∗OS̃

and since ε is birational Rε∗OS̃ ∼= OS, i.e., the higher direct images Riε∗OS̃
vanish for i > 0,

H0(S̃, ε∗Ω1
S(H))

∼= H0(S,Ω1
S(H))

and this last group is trivialwheng 6 9 org = 11. Wheng = 10,H0(S,Ω1
S(H))

∼=
C, meaning, the image is divisorial. See [Bea04, §5.2].
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Corollary 2.14. When g = 10, the image of cg,δ,l has always codimension one and
its class in PicQ(M10−δ,[2δ]+l) is given by(

cg,δ,l
)
∗ [V10,δ,l] = p

∗
(

1
2δ!

(7λ+ψ)
)
,

where p : M10,[2δ]+l →M10,[2δ] is the map that forgets the l-marked points and ψ is
the Z⊕δ2 -invariant class induced by ψ = [ψ1 +ψ2] + . . .+ [ψ2δ−1 +ψ2δ].

Proof. To compute the class of this divisor in PicQ(M10−δ,[2δ]) we just need to
pull back the class K of the closure of the K3 locus in M10 by the boundary
map ξ : M10−δ,2δ →M10 and then push it down by the Z⊕22 -quotient

π : M10−δ,2δ →M10−δ,[2δ].

If we call c the map cg,δ, then

c∗[V10,δ] =
1
n!π∗

(
ξ∗K

)
.

If we restrict this to M10−δ,[2δ], we have our result.

Remark 2.15. Take for example g = 10 and δ = 1. If C is a general genus 9
curve there is a codimension one cycle in the symmetric product without the
diagonal Γ ⊂ C[2] \4 consisting of points p + q such that after identifying
them, the nodal curve C/p∼q lies on a K3. Let C[2] \4 be a general fiber of
π : M9,[2] → M9, since the complex structure of the curve along the fiber is
constant, the Hodge bundle restricts to the trivial bundle and the class of Γ in
Pic(C[2] \4) is given by

7λ+ψ1 +ψ2
2 · π∗(pt) = KC + C.

The same argument works for δ > 1.

2.3 Deformation theory of pointed nodal curves on K3
surfaces

The goal of this section is to show dominance of the map

π : Vg,δ,l → Fg,δ+l,

when 3δ + l 6 g. If we count dimensions naively, every marked point
y1, . . . ,yl ∈ S should impose one linear condition on the linear system |H| and
for an hyperplane section to be nodal at x1, . . . , xδ we need to impose that it
contains all tangent 2-planes at those points. Thus, every node should impose
3 linear conditions on |H|. If the conditions imposed are independent, the map
π should be dominant when 3δ + l 6 g. The issue is to disregard cusps or
higher singularities at x1, . . . , xδ.
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Definition 2.16. Let S be a K3 surface, X ⊂ S a (nodal) curve and y1, . . . ,yl ∈ X
marked points away from the nodes. We define

TS〈X | y1, . . . ,yl〉 ⊂ TS ⊗ Iy1+...+yl

to be the inverse image of TX(−y1 − . . .− yl) ⊂ (TS ⊗ Iy1+...+yl) |X under the
natural restriction

TS ⊗ Iy1+...+yl → (TS ⊗ Iy1+...+yl) |X .

The sheaf TS〈X | y1, . . . ,yl〉 is called the sheaf of germs of tangent vectors to the
pointed K3 (S,y1, . . . ,yl) which are tangent to the pointed (X,y1, . . . ,yl).

To simplify the notation we write y = y1 + . . .+ yl. The sheaf

TS〈X | y1, . . . ,yl〉

sits in two exact sequences coming from restriction and inclusion respectively:

0→ TS(−X)⊗ Iy → TS〈X | y1, . . . ,yl〉 → TX(−y)→ 0,
0→ TS〈X | y1, . . . ,yl〉 → TS ⊗ Iy → N ′X/S(−y)→ 0.

(2.7)

The following proposition can be found in [Ser06, §3.4.4] without the
markings. The case of closed embeddings with markings is straightforward to
extend, but for sake of completeness we give a proof.

Proposition 2.17. Locally trivial first order deformations of the pointed closed em-
bedding

(y1, . . . ,yl ∈ X ↪→ S)

are parametrized by H1 (S, TS〈X | y1, . . . ,yl〉). The spaces H0 and H2 of the same
sheaf parametrize local automorphisms an obstructions respectively and they both
vanish when g > 3 and δ 6 g− 2.

Proof. Let X ↪→ S be a locally trivial first order deformation of X ↪→ S and

ỹ1, . . . ỹl : I→X

the sections corresponding to the markings. Here I denotes the scheme
Spec (C[ε]/ε2). Let {Ui}i∈I be an affine open cover of S,

{Vi = X ∩Ui}i∈I

the induced affine open cover of X and {Wi = (∪k{yk}) ∩ Ui} the induced
cover of the zero dimensional scheme y = y1 + . . .+ yl ⊂ X. Notice that some
Wi might be empty. As usual, every locally trivial first order deformation is
obtained by gluing the trivial deformations

Wi × I ↪→ Vi × I ↪→ Ui × I
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along the intersections Wij × I, Vij × I and Uij × I. This is equivalent to
giving local automorphisms (Aij,Bij,Cij) such that the following diagram
commutes:

Wij × I Vij × I Uij × I

Wij × I Vij × I Uij × I.

Cij Bij Aij

This correspond to sections Dij ∈ Γ(Uij, TS ⊗ Iy), dij ∈ Γ(Vij, TX ⊗ Iy) such
thatDij |X= dij, that is, sectionsDij of TS〈X | y1, . . . ,yl〉. To check the cocycle
condition and obstruction space is the same as without the markings, we
refer to [Ser06, Prop. 1.2.9 and Prop. 1.2.12] for details. The vanishing of H0

follows from the vanishing ofH0(TS) = 0 and the inclusion in the second exact
sequence of (2.7). The vanishing of H2 follows from the inclusion

TS〈X | y1, . . . ,yl〉 ⊂ TS〈X〉.

The cokernel of this inclusion is supported on the pointsy1, . . . ,yl andH2(TS〈X〉)
vanishes in the established range, cf. [FKGS08, Prop. 4.8].

We can give an alternative proof for the dominance of the normalization
map. Let

(S,X, x1, . . . , xδ,y1, . . . ,yl) ∈ Vg,δ,l

be a general point and f : C→ X the normalization. We call

p+ q = p1 + q1 + . . .+ pδ + qδ

the preimage of the nodes and y = y1 + . . .+ yl the marked points.

Proposition 2.18. The differential of the normalization map

dcg,δ,l : Vg,δ,l →Mg−δ,[2δ]+l

can be identified with

H1 (S, TS〈X | y1, . . . ,yl〉)→ H1 (X, TX(−y)) .

The identification on the right is given by the isomorphism induced by f∗;

H1 (C, TC(−(p+ q) − y))
∼→ H1 (X, f∗ (TC(−(p+ q) − y))) ∼= H1(X, TX(−y)).

Proof. From the proof of Proposition 2.17, one can see that the map induced
by restriction sends locally trivial first order deformations of (S,X,y) to locally
trivial first order deformations of (X,y). By Lemma 2.12, there is a natural
isomorphism

f∗TC(−(p+ q)) ∼= TX.
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After tensoring with O(−y), the composition with the natural isomorphism

H1(C, TC(−(p+ q) − y)) ∼= H1(X, f∗TC(−(p+ q) − y)),

identifies first order deformations of (X,y) preserving the nodes with defor-
mations of (C,y) together with the marked points p+ q.

As corollary we have:

Corollary 2.19. The normalization map cg,δ,l is dominant for g > 3, δ 6 g − 2,
and g 6 11 with g 6= 10.

Proof. By the first exact sequence (2.7), and Prop. 2.17, the cokernel of dcg,δ,l
is isomorphic to

H2(S, TS(−X)⊗ Iy).

On the other hand, the cokernel of the inclusion TS(−X) ⊗ Iy ⊂ TS(−X) is
supported on the points y. Thus,

H2(S, TS(−X)⊗ Iy) ∼= H2(S, TS(−X)) ∼= H0(S,Ω1
S(X)).

The dimension of the last vector space for general (S,OS(X)) ∈ Fg is zero when
g 6= 10 and g 6 11, cf. [Bea04, §5.2].

Recall that if f : C → X ⊂ S is the normalization, and Nf is the normal
sheaf of f sitting in the exact sequence

0→ TC → f∗TS → Nf → 0,

then (cf. [FKGS08, Lemma 4.16]),

f∗Nf ∼= N ′X/S (2.8)

and from the exact sequence above, since S is a K3 surface, Nf ∼= ωC. Thus,
h1(N ′X/S) = 1 and the kernel of the surjection

λ : H1(S, TS)→ H1(X,N ′X/S)

is 19 dimensional. The kernel of λ can be thought as the tangent space of Fg
at (S,OS(X)) and the short exact sequence

0→ H0(NX/C)→ H1(TS〈X〉)→ ker(λ)→ 0

as the natural differential sequence

0→ T[X] (Vδ(S,H))→ T(S,X)Vg,δ → T(S,H)Fg → 0.
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Here H = OS(X), see [FKGS08, Prop. 4.8]. Let ε : S̃→ S be the blow-up of S at
the marked points x1, . . . , xδ,y1, . . . ,yl and

E = E1 + . . .+ Eδ, F = F1 + . . .+ Fl

the exceptional divisors corresponding to the nodes and marked points respec-
tively. The proper transform C of X lies in |ε∗H − 2E − F| and the following
sequence is exact:

0→ FC(−E− F)→ ε∗TS(−E− F)→ Nf(−(p+ q) − y)→ 0. (2.9)

Lemma 2.20. In the same setting as above,

ε∗ (FC(−F)) ∼= TS〈X,y1, . . . ,yl〉 and H1(FC(−E− F)) ∼= H1(FC(−F)).

Proof. There are maps as in the following diagram:

0 TS〈X,y1, . . . ,yl〉 TS ⊗ Iy N ′X/S(−y) 0

0 ε∗ (FC(−F)) ε∗ (ε
∗TS(−F)) N ′X/S(−y) 0.

∼

The map in the middle comes from the isomorphism ε∗ (O(−F)) ∼= ε∗ε
∗Iy.

This induces an isomorphism

TS〈X,y1, . . . ,yl〉 ∼= ε∗ (FC(−F)) .

The second assertion is equivalent to Proposition 2.10, replacing FC with
FC(−F).

Now consider the diagram coming from (2.9):

H1 (S̃,FC(−E− F)
)

H1 (S̃, ε∗TS(−E− F)
)

H1 (C,Nf(−(p+ q) − y))

H1 (C,Nf) .

α

β

(2.10)

Proposition 2.21. The tangent space of Fg,δ+l at (S,H, x1, . . . , xδ,y1, . . . ,yl) can
be identified with ker(β) and the differential of the map π : Vg,δ,l → Fg,δ+l is given
by

dπ : H1 (S,FC(−E− F))→ ker(α) ⊂ ker(β).
In particular, π is dominant if for some point (S,X, x1, . . . , xδ,y1, . . . ,yl) the map
induced by inclusion

H1 (C,Nf(−(p+ q) − y))→ H1 (C,Nf)

is an isomorphism, and generically finite onto its image if

H0 (C,Nf(−(p+ q) − y)) = 0.
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As corollary we have Theorem 2.5:

Proof of Thm 2.5. Recall that in the established range, the map

Vg,δ,l →Mg−δ,[2δ]+l

is dominant. In particular, for a general point

(S,X, x1, . . . , xδ,y1, . . . ,yl) ∈ Vg,δ,l,

the points lying over the nodes and marked points

p+ q = (p1 + q1) + . . .+ (pδ + qδ), y = y1 + . . .yl

are general in the symmetric product Sym2δ+lC. Since S is a K3 surface,
Nf ∼= ωC and the surjection

H1
(
C,Nf

(
−
∑

ỹi − E |C

))
→ H1

(
C,Nf

(
−
∑

ỹi

))
is an isomorphism if and only if h0(C,OC((p+ q) + y)) 6 1. This holds when
2δ + l 6 g − δ. Now assume that 3δ + l = g. We will show that the general
fiber of Vg,δ,l → Fg,δ+l is a point. Let (S,H, x1, . . . , xδ,y1, . . . ,yl) be a general
point in Fg,δ,l and ε : S̃→ S the blow up along the marked points, with

E = E1 + . . .+ Eδ, F = F1 + . . .+ Fl

the exceptional divisors corresponding to x = x1+ . . .+xδ and y = y1+ . . .+yl
respectively. Since

Riε∗OS̃(−2E− F) = 0 for i > 0,

the push forward give us an isomorphism

H0 (S̃,OS̃(−2E− F)
) ∼→ H0(S,H⊗ I2x+y).

We are under the assumption that 3δ+ l = g 6 11 and g 6= 10. By dominance
of cg,δ,l, there exists an smooth curve C ∈ |ε∗H− 2E− F| intersecting E and F
transversally at exactly two and one points respectively. Therefore, the general
element of |C− 2E− F| is smooth and intersects E and F transversally. After
pushing forward, the general element of

P
(
H0(S,H⊗ I2x+y)

)
is a nodal curve at x passing through y. By dimension count there are finitely
many of them and the linear subspace P

(
H0(S,H⊗ I2x+y)

)
⊂ |H| consist of a

single element.

Now we prove the main proposition.
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Proof of Proposition 2.21. We call x = x1 + . . . + xδ and y = y1 + . . . + yl the
nodes and marked points on S. The map ε : S̃ → S is birational and finite
when restricted to C. Thus,

Riε∗OS̃
∼= Riε∗O(−E− F) ∼= 0 for i > 0,

and there is an isomorphism coming from the Leray spectral sequence sending
isomorphically the right triangle in (2.10) to

H1 (S, TS ⊗ Ix+y) H1
(
X,N ′X/S ⊗ Ix+y

)

H1
(
X,N ′X/S

)
.

α

β

The map β is the composition

β : H1(S, TS ⊗ Ix+y)→ H1(S, TS)→ H1(N ′X/S).

Thus, elements of ker(β) can be interpreted as first order deformations of the
pointed surface (S, x1, . . . , xδ,y1, . . . ,yl) such that after forgetting the marked
points, they lie in the kernel of H1(TS)→ H1(N ′X/S), that is, deformations that
preserve the genus gmarking. This proves the first assertion.

As showed in Proposition 2.10, the restriction of FC to E is isomorphic to
OE(−1)⊕2. From the exact sequence

0→ FC(−E− F)→ FC(−F)→ OE(−1)⊕2 → 0,

one deduces that Riε∗FC(−E − F) = RiOS̃(−E − F) = 0 for i > 0. The exact
sequence (2.9) induces natural isomorphisms coming from the Leray spectral
sequence

H1(S̃,FC(−E− F)) H1(S̃, ε∗TS(−E− F))

H1 (S, ε∗(FC(−E− F))) H1(S, TS ⊗ Ix+y).

∼= ∼=

On the other hand, by Lemma 2.20, one has the following isomorphisms

H1(S̃,FC(−E− F)) H1(S̃,FC(−F))

H1 (S, ε∗(FC(−E− F))) H1 (S, TS〈X,y1, . . . ,yl〉) .

∼=

∼=

∼=

∼=

Therefore the induced isomorphism

H1(S̃,FC(−E− F))→ H1 (S, TS〈X,y1, . . . ,yl〉)
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identifies the tangent space ofVg,δ,lwith the vector space on the left. Moreover,
the map

H1 (S̃,FC(−E− F)
)
→ H1(S̃, ε∗TS(−E− F)),

after the Leray isomorphism compose with the identification above, pushes
down isomorphically to the tangent map

H1 (S, TS〈X,y1, . . . ,yl〉)→ H1(S, TS ⊗ Ix+y).

Finally, we state a slight refinement of Proposition 2.21 that will become
handy in the next chapter. Let r, s be non-negative integers such that r 6 δ,
and s 6 l. Let

φr,s : Vg,δ,l → Fg,r+s

be the forgetful map that forgets the nodal curve, the last δ− r nodes and l− s
marked points, that is,

φr,s : (S,X, x1, . . . , xr, . . . , xδ,y1, . . . ,ys, . . . ,yl) 7→ (S,O(X), x1, . . . , xr,y1, . . . ,ys).

This map is the composition of π : Vg,δ,l → Fg,δ+l with the forgetful map
Fg,δ+l → Fg,r+s. Before going to the differential, let us fix some notation. As
above, we call ε : S̃→ S the blow-up of S at the marked points, C the proper
transform of the nodal curve, Ei the exceptional divisor over the point xi and
Fi the one over yi. Let

E = E1 + . . .+ Er
E ′ = Er+1 + . . .+ Eδ

and F = F1 + . . .+ Fs
F ′ = Fr+1 + . . .+ Fl.

As in (2.10), the diagram

H1(S̃, ε∗TS(−E− E ′ − F− F ′)) H1(C,Nf)

H1 (S, ε∗TS(−E− F)) H1(C,Nf)

β1

β2

induces a surjection ker(β1) → ker(β2), corresponding to the differential of
the forgetful map

T[S,x1,...,xδ,y1,...,yl]Fg,δ+l → T[S,x1,...,xr,y1,...,ys]Fg,r+s.

Therefore, the differential of the composition Vg,δ,l → Fg,r+s is given by the
composition

H1 (S̃,FC(−E− E ′ − F− F ′)
)
→ ker(β1)→ ker(β2).
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Proposition 2.22. The differential of Vg,δ,l → Fg,r+s at (S,X, x1, . . . ,yl) is sur-
jective if

H0

(
C,OC

(
r∑
1
(pi + qi) +

s∑
1
yj

))
= 1

and injective if s = l and

H1

(
C,OC

(
r∑
1
(pi + qi) +

l∑
1
yj

))
= 0.

Proof. To simplify the notation, let

p+ q = (p1 + q1) + . . .+ (pr + qr)
p ′ + q ′ = (pr+1 + qr+1) + . . .+ (pδ + qδ)

and y = y1 + . . .+ ys
y ′ = ys+1 + . . .+ yl.

Consider the diagram

H1(S̃,FC(−E− E ′ − F− F ′)) H1(S̃, ε∗TS(−E− E ′ − F− F ′)) H1(C,Nf(−(p+ q) − (p ′ + q ′) − y− y ′))

H1(S̃,FC(−E− F)) H1 (S, ε∗TS(−E− F)) H1(C,Nf(−(p+ q) − y))

H1(C,Nf).

γ

α

β

The vertical arrow in the middle is surjective and, the map induced by the
composition,

H1(S̃,FC(−E− E ′ − F− F ′))→ H1 (S, ε∗TS(−E− F)) ,

is surjective onto ker(α). Since the tangent space of Fg,r+s is identified with
ker(β), the differential is surjective if and only if the inclusion

ker(α) ⊂ ker(β)

is an isomorphism. This holds when the map induced by inclusion

H1 (C,Nf(−(p+ q) − y))→ H1 (C,Nf)

is an isomorphism. Since Nf ∼= ωC, this is equivalent to

H0 (C,OC((p+ q) + y)) = 1.

For the second claim, notice that if s < l, the map contracts copies of the nodal
curve X. If we assume s = l, then F ′ = 0 and, by the same argument as in
Proposition 2.10,

FC(−E− F)⊗ OE ′ ∼= OE ′(−1)⊕2.
In particular, the map γ is an isomorphism and injectivity is equivalent to

H0(C,Nf(−(p+ q) − y)) = 0.

By Serre’s duality this is equivalent to the vanishing ofH1(C,O(p+q+y)).
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2.4 Comments on k-ampleness

Let L be a line bundle on a surface S. The line bundle L is said to be k-very
ample if the restriction map

H0(S,L)→ H0(S,L⊗ OZ)

is surjective for every 0-dimensional scheme Z of length h0(OZ) = k + 1.
This notion generalizes the usual notion of very ample. For instance, 0-very
ampleness is equivalent to being globally generated, and 1-very ampleness
is equivalent to the usual definition of very ample. The standard geometrical
interpretation of this property is the following: if S[k+1] is the Hilbert scheme
of 0-dimensional subschemes of length k+ 1, then, the map

S[k+1] → Gr(k+ 1,H0(L))

that sends Z ∈ S[k+1] to the quotient H0(L) → H0(L⊗ OZ), is a morphism if
and only if S is k-very ample.

A point (S,H, x1, . . . , xδ,y1, . . . ,yl) ∈ Fg,δ+l lies in the image of te map

π : Vg,δ,l → Fg,δ+l

if
h0(H⊗ I2x1+...+2xδ+y1+...+yl) > 1

and, for a general section s ∈ H0(H⊗ I2x1+...+2xδ+y1+...+yl), the curve

{s = 0} ⊂ S

is nodal and irreducible. Notice that, if the points are pairwise distinct, then

h0(O2x1+...+2xδ+y1+...+yl) = 3δ+ l.

From the exact sequence

0→ H⊗ I→ H→ O2x+y → 0,

(3δ+ l− 1)-very ampleness would imply

h0(H⊗ I2x+y) = g+ 1− (3δ+ l),

where x = x1 + . . . + xδ and y = y1 + . . . + yl. The inequality g > 3δ + l is
a necessary condition for the dominance of the map π. Knutsen in [Knu01]
showed that, for a polarized K3 surface (S,H) of genus g > 2, the polarization
H is k-very ample if and only if H2 > 4k and there is no effective divisor D on
S such that

2D2 6 H ·D 6 D2 + k+ 1 6 2k+ 2,
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with equality at the first "6" if and only ifH ∼ 2D andH2 6 4k+4, and equality
at the last "6" if and only if H ∼ 2D and H2 = 4k + 4. In particular, when
k = g−1

2 , and (S,H) is very general, Pic(S) = ZH and D = aH. Plugging in D
in the inequalities, one concludes that there is no such divisor, in particular,
when 3δ+ l− 1 6 g−1

2 , then

h0(H⊗ I2x+y) > 1.

Question. When 3δ+ l− 1 6 g−1
2 , is the general member of the linear system

P(H0(H ⊗ I2x+y)) nodal? For (S,H, x1, . . . , xδ,y1, . . . ,yl) ∈ Fg,δ+l general in
the locus where h0(H⊗ I2x+y) > 1. Is the general element of the linear system
nodal?

If the answer to the first question is yes, the moduli map

Vg,δ,l → Fg,δ+l

would be dominant whenever

3δ+ l 6 g+ 1
2 .

We strongly believe that this bound can be improved. We have proven that in
the range g 6 11 and g 6= 10, the bound g+1

2 is not close to be sharp, moreover
when

3δ+ l 6 g,

then h0(H⊗ I2x+y) > 1 and the general member of the linear system is nodal.

In general, if (X,L) is a polarized surface, x1, . . . , xn ∈ X are distinct point
on it andm1, . . . ,mn are multiplicities, one could ask if there is a curve in |L|

passing through the points xi with multiplicitiesmi. The scheme
∑
mixi has

length

h0(Om1x1+...+mnxn) =

n∑
1

mi · (mi − 1)
2

and (h0 − 1)-very ampleness of L implies the existence of such curve. The
property of k-very ampleness is the one that guarantees the conditions of
vanishing at xi with multiplicity mi to be independent conditions on the
linear system |L|. This is certainly not always true, even if we assume the
points to be general. For P2 there is the well known result ([Hir89]) stating that,
general points pi with multiplicitiesmi fail to impose independent conditions
on the linear system |OP2(d)| when

n∑
1

mi · (mi + 1)
2 > b(d+ 3)2

4 c.
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Our case is simpler, since mi ∈ {1, 2}. We don’t need k-very ampleness,
but some weaker condition on H. Moreover for (S,H) general, H is ample.
We believe that we don’t need to impose further conditions on H, as long as
3δ+ l 6 g. By Proposition 2.22, to show this for arbitrary genus, one needs to
find a point (S,X, x,y) ∈ Vg,δ,l, such that

H0 (C,OC ((p+ q) + y)) = 1, (2.11)

where C is the normalization of X and p + q is the pull-back of x under
the normalization map. What is special in g 6 11 and g 6= 10 is that, the
normalized curve is general inMg−δ and the divisor p+ q+ y is general in
Pic2δ+l(C). It was already pointed out in the introduction of this chapter that
curves lying on K3 surfaces capture properties of the general curve in various
senses. It is plausible to expect that the same principle holds when the curves
are nodal, in particular the inequality (2.11), for a general δ-nodal curve lying
on a K3 surface. This motivates the following conjecture.

Conjecture. With the same notation as above,

• for every g, δ, l satifying 3δ+ l 6 g, there is a K3 surface (S,H) ∈ Fg and an
l-pointed δ-nodal curve X ⊂ S, such that

H0(C,OC(p+ q+ y)) = 1.

• For every g, δ, r, l such that r 6 δ and 2r + l 6 g − δ, there is a K3 surface
(S,H) ∈ Fg and an l-pointed δ-nodal curve X ⊂ S, such that

H0(C,OC(p ′ + q ′ + y)) = 1,

where p ′ + q ′ is the pull back of the first r nodes.

From the fist conjecture would follow that the map π1 in the diagram

Vg,δ,l Fg,δ+l

Fg,r+l

π1

π2

is always dominant and from the second conjecture would follow the domi-
nance of π2. Notice that, the difference in dimensions

dimVg,δ,l − dimFg,r+l = g− (δ+ l+ 2r)

is positive if 2r + l 6 g − δ. Notice also that when r = δ, the fibers of π1 are
linear spaces. If the conjecture is true, then the map π1 is would be generically
finite of degree one when 3δ + l = g. We still don’t know whether Vg,δ,l is
irreducible or not for g > 12. In any case, the conjecture would single out a
component of Vg,δ,l by the property of being birational to Fg,δ+l.



CHAPTER 3
The geometry of F11,n

3.1 Introduction

The question that concerns this chapter is about the birational geometry of the
moduli space of polarized K3 surfaces of genus g, with marked points. The
fist birational invariant that comes to mind is the Kodaira dimension defined
in section §1.6. One should think the Kodaira dimension as an invariant that
measures the complexity of the variety in question.

Question 3.1. What is the Kodaira dimension of Fg,n?

Throughout this chapter Kod(Fg,n) stands for the Kodaira dimension of
any smooth compactification of Fg,n. As mentioned in the first chapter, it is a
birational invariant between smooth projective varieties so, granted smoothnes,
the choice of compactification is irrelevant.

We place the question in historical context. For 6 6 g 6 10, Mukai [Muk88]
constructed a rational variety Vg ⊂ PNg , withNg = g− 2+dimVg, where the
general K3 surface of genus g can be realized as g-linear section of Vg, that is,

S = Vg ∩Λ with H = OS(1),

whereΛ ∈ G(g,Ng), cf. Appendix §5.1. This produces a unirational parametriza-
tion of Fg

G(g,Ng) 99K Fg
Λ 7→ (Vg ∩Λ,O(1)) .

Moreover, any (g+ 1)-tuple of general points on Vg spanns a g-linear section
Λ. This induces a unirational parametrization of Fg,g+1

(Vg)
×g+1 99K Fg,g+1,

63
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that sends a general tuple (x1, . . . , xg+1) ∈ V×g+1
g to

(Vg ∩ Spann(x1, . . . , xg+1),O(1), x1, . . . , xg+1) ∈ Fg,g+1.

For g = 2, 3, 4 and 5 the analysis can be done explicitly, since a general K3
surface is a complete intersection on certain (weighted) projective space and
for g = 12, 13, 16, 18, 20 Mukai also established structure theorems for the
moduli space Fg. It follows from Mukai’s work the following theorem.

Theorem 3.2 (cf. [Muk88], [Muk92b], [Muk06] and [Muk12]). The moduli space
Fg,n is uniruled for

• g 6 10 and n 6 g+ 1, or

• n = 0 and g = 12, 13, 16, 18, 20.

On the non-rationality side, Kondo [Kon93] sowed that when g = p2 + 1,
where p is a sufficiently large prime number, the moduli space Fg is of gen-
eral type and later Gritsenko, Hulek and Sankaran [GHS07] showed that Fg
is of general type for all g > 62 and g = 47, 51, 55, 59, 61. Both results are
of transcendental nature and use the theory of toroidal compactifications of
arithmetic quotients of bounded symmetric domains developed in [AMRT75].

The next major result regarding the birational geometry of Fg is due to
Hassett [Has00]. Recall that, for a very general cubic fourfold X ∈ |OP5 |, the
lattice of integral (2, 2) Hodge classes

A(X) = H2,2(X) ∩H4(X,Z)

is generated by a single element h2, where h is the hyperplane class

h = c1(OX(1)).

See [Vee86]. Hassett studied the loci of cubic fourfolds where this condition
fails. More explicitly, let Cd be the locus of cubic fourfolds X that admit an
embedding of a saturated rank two lattice

L = 〈h2, [T ]〉 ↪→ A(X)

with discriminant disc(L) = d and the surface T is algebraic not homologous
to a complete intersection. He showed in [Has00] that Cd is an irreducible
divisor in the moduli of cubic fourfolds and non-empty for d > 6 and d ≡ 0, 2
mod 6. Moreover, for n > 2 and X ∈ Cd, when the discriminant satisfies the
condition d = 2(n2 + n+ 1), the Fano variety of lines

F(X) = {` ∈ G(1, 5) | ` ⊂ X}
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is isomorphic the the Hilbert scheme S[2] of subschemes of length two on a
polarized K3 surface (S,H) of degree H2 = d. This induces a rational map

Cd 99K Fd/2+1

that is birational when d ≡ 2 mod 6. This map establishes a dictionary
between K3 surfaces of genus g = n2+n+ 2 and special cubic fourfolds. Nuer
[Nue16] showed that C26 is unirational and therefore F14 is also unirational.
Farkas and Verra [FV18] also used this dictionary tho show that F14,1 is rational.

Before we continue, let me remark that the forgetful map

u : Fg,n → Fg

is a morphism fibered in Calabi-Yau varieties. By Iitaka’s easy addition for-
mula,

Kod(Fg,n) 6 dim(Fg) = 19.
In particular, Fg,n is never of general type for n > 1. Moreover, by [Kaw79],

Kod(Fg,n+1) > Kod(Fg,n).

When Fg is of general type, Kod(Fg,n) = 19.

3.1.1 Genus eleven.

The genus eleven case is particularly interesting. In Mukai’s analysis, the
description of the general K3 of genus eleven as the vanishing of a section of
certain vector bundle over an homogenous projective variety is missing. As
we already mention in Section §2.1, a general curve [C] ∈M11 lies in a unique
K3 surfaces as hyperplane section, cf. [Muk96]. For n 6 11, this induces a
rational map

φ : M11,n 99K F11,n,
sending a general curve [C, x1, . . . , xn] ∈M11,n to the associated K3 extension

(S,OS(C), x1, . . . , xn) ∈ F11,n.

The fiber over a general point (S,H, x1, . . . , xn) ∈ F11,n is given by all hyper-
plane sections of S ⊂ P11 passing through the points x1, . . . , xn. The general
fiber is birational to

P
(
H0 (S,H⊗ Ix1+...+xn)

∨
)
,

where Ix1+...+xn is the ideal sheaf of the points. This map is dominant for
n 6 11 and birational for n = 11, moreover is birationally a P11−n-bundle
over F11,n. Using this map and the unirationality ofM11 (cf. [CR84]) one can
conclude that F11 is unirational. On the other hand the Kodaira dimension of
M11,11 is equal to 19, cf. [FV13, Thm 0.5] which implies

Kod (F11,11) = 19.
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Remark 3.3. It is claimed in [Log03, Table 3] that M11,n is unirational for
n 6 10. Logan’s argument only establishes the uniruledness of M11,n by
means of the Mukai map ψ. The birational description of the base is still
missing when n 6 10 and one of the motivations that inspired this work was
to settle this issue.

The goal of this chapter is to answer the following question:

Question 3.4. What is the Kodaira dimension of F11,n for 1 6 n 6 10?

We were able to give partial answers described in the following theorems.

Theorem 3.5. The moduli space F11,n

• is unirational for n 6 6,

• is uniruled for n 6 7 and

• it has non-negative Kodaira dimension for n > 9.

Using the already mentioned fibration ψ : M11,n 99K F11,n, we obtain the
following corollary.

Corollary 3.6. The moduli spaceM11,n

• is unirational for n 6 6 and

• is not unirational for n = 9, 10.

In the previous chapter we defined the moduli space Vg,δ,l and showed
that the moduli map induced by normalization

Vg,δ,l →Mg−δ,[2δ]+l

is dominant for small g, cf. Theorem 2.4. In particular, this map is dominant
when g = 11 and δ 6 9. In this chapter we will show that the map is not
only dominant but birational, giving us the following birational model for the
Z⊕δ2 -quotient of the moduli of small genus curves with marked points.

Theorem 3.7. The space V11,δ,l is birational toM11−δ,[2δ]+l, for 0 6 δ 6 9.

Using the geometry of the forgetful map
V11,δ,l → F11,δ+l

established in Theorem 2.5, we have as corollary:

Corollary 3.8. For δ 6 9, there is a rational map

M11−δ,[2δ]+l 99K F11,δ+l,
dominant for 3δ+ l 6 11 and birational for 3δ+ l = 11.

This, together with the known results about the Kodaira dimension of
Mg,n for small g and n, give us a way to compute Kod(F11,n) and conclude
Theorem 3.5.
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3.2 Hilbert scheme and projective cone.

As explained in the introduction, we will make full use of the diagram

V11,δ,l

F11,δ+l M11,[2δ]+l.

π cg,δ,l

Recall that
dim

(
Vg,δ,l

)
= 19+ l+ (g− δ)

and this equals the dimension of Mg−δ,[2δ]+l, when g = 11. The moduli map

c11,δ,l : V11,δ,l →Mg−δ,[2δ]+l

is generically finite for δ 6 9. We will show that the general fiber of c11,δ,l is
irreducible, giving us Theorem 3.7. Recall that the diagram

Vg,δ,l Vg,δ

Mg−δ,[2δ]+l Mg−δ,[2δ]

cg,δ,l c

π

is cartesian, cf. Definition 2.3. Showing irreducibility of the general fiber of
the cg,δ,l can be reduced to show irreducibility of the general fiber of c. As in
the proof of Theorem 2.4, we may assume l = 0.

Claim. The general fiber of c11,δ,l is irreducible.

The generalities of this section can be found in [CD12, §2.1]. Let Fg be the
component of the Hilbert scheme whose general point parameterize primitive
K3 surfaces in Pg of degree 2g − 2. The group PGL(g + 1) acts on Fg, the
dimension is 19+ (g+ 1)2 − 1 and the quotient map

Fg → Fg

is a PGL(g+1)-bundle over an open set ofFg. HereFg stands for the projective
quotient. LetHilbg be the component of the Hilbert scheme of curves on Pg
whose general point parameterizes canonical curves lying on an hyperplane
of Pg. The quotient

Hilbg →Mg,

over an open set, it is a (Pg)∨ × PGL(g)-bundle. We also define Vg to be the
component of the flag Hilbert scheme (see [Kle81]) whose general point consist
of a pair (S,X) with S a general point on Fg and X an hyperplane section of S.
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An open subset of Vg is a Pg-bundle over Fg. The natural forgetful maps sit
in a diagram

Vg

Fg Hilbg.

p

Our situation is slightly different from the one described in [CD12], since we
need to keep track of the nodes. For 0 6 δ 6 g − 2, we define the incidence
variety

Vg,δ ⊂ Vg × (Pg)δ

to be the closure of the set of points (S,X, x1, . . . , xδ)with X irreducible δ-nodal
with nodes at x1, . . . , xδ. We denote byNodg,δ the closure of the locally closed
subset in Hilbg × (Pg)δ consisting of irreducible δ-nodal curves X together
with points (x1, . . . , xδ) ∈ (Pg)δ such that X is nodal at x1, . . . , xδ.

Proposition 3.9. The scheme Nodg,δ is irreducible.

Proof. The rational map induced by normalization

Nodg,δ 99K Hilbg−δ
(X, x1, . . . , xδ) 7→ C

is dominant and the fiber over a general canonical curve C ⊂ Pg−δ−1 is, up to
projective transformations, birationally

(Sym2C)×δ.

Notice that dimNodg,δ = g2− 4g− 4− δ. Now, consider the forgetful map

pg,δ : Vg,δ → Nodg,δ.

Notice that
dimVg,δ = g2 + 3g+ 19− δ,

since for 0 6 δ 6 g− 2, dimVδ(S,H) = dim |H|− δ, see [Tan82].

Proposition 3.10 ( §2.2 [CD12]). The general fiber of the map pg,δ is irreducible.

The irreducibility of the fiber relies on two facts. The first was proven by
[Pin74] and states that a smooth K3 surface S ⊂ Pg can flatly degenerate inside
Pg to the projective cone over any hyperplane section SX ⊂ Pg. Moreover,
(cf. [CD12, Lemma 2.3]) one can do this inside the fiber of pg,δ, see Figure 3.1.
Thus, if SX is the projective cone over the nodal curve X ⊂ S inside Pg, then
(SX,X, x1, . . . , xδ) lies in every irreducible component of the general fiber of
pg,δ.
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Figure 3.1: Flat degeneration from S to SX in the fiber of pg,δ.

The second ingredient is the smoothness of the fiber at the point (SX,X, x1, . . . , xδ).
If so, then irreducibility of the general fiber pg,δ follows.

The map
Vg,δ → Vg,δ

/
Σδ

(S,X, x1, . . . , xδ) 7→ (S,X)

is étale and the tangent space of the fiber at (SX,X) (see [Ser06, §4.5.2] and
[CD12, Lemma 2.4]) is isomorphic to

H0(SX,NSX/Pg(−1)) ∼=
⊕
k>1

H0(X,NX/Pg(−k)).

The computation of these cohomology groups was done in [CM90, §3] by
specializing to a canonical graph curve, that is, the union of 2g− 2 lines in Pg−1,
each meeting three other lines at distinct points. The dual graph of such a
curve is a trivalent graph with 2g− 2 nodes and 3g− 3 edges as exemplified
in Figure 3.2 for g = 3.

Figure 3.2: Canonical graph curve Γ3 and its dual graph. This figure was taken
from [BE91]
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For such curve Γg, when g = 11⊕
k>1

H0(Γ11,NΓ11/P11(−k)) = H0(Γ11,NΓ11/P11(−1)) = 12.

Every irreducible δ-nodal curve degenerates to such a graph curve inside Pg−1,
see [CD12, Prop 2.6]. By upper semi-continuity of h0(SX,NSX/Pg(−1)) one
shows that the dimension of the general fiber of p11,g is exactly 12. Thus, the
fiber is smooth at (SX,X) and irreducibility follows.

We have proved Theorem 3.7. We summarize the proof.

Proof of Theorem 3.7. By Theorem 2.4 the map

cg,δ : V11,δ →M11−δ,[2δ]

is dominant when 1 6 δ 6 9, moreover it has zero dimensional general fiber.
On the other hand p11,δ is PGL(g+ 1)-equivariant and the diagram

Vg,δ Nodg,δ

V11,δ M11−δ,[2δ]

p11,δ

c11,δ

commutes, where the vertical arrows are the corresponding PGL(g+ 1) quo-
tients. Recall that, the quotient separates orbit closures. The general fiber of
p11,δ is irreducible, thus the general fiber of c11,δ is connected. Since is finite,
consist of a single point.

3.3 Birational models for F11,n

We have constructed a birational map

c11,δ,l : V11,δ,l →M11−δ,[2δ]+l

for δ 6 9 and a dominant map

V11,δ,l → F11,δ+l,

for 3δ+ l 6 11. Moreover, the map is birational when 3δ+ l = 11. In particular,
when δ 6 9 and 3δ+ l 6 11, there is rational dominant map

M11−δ,2δ+l 99K F11,δ+l,

birational when 3δ+ l = 11.
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Proof of Theorem 3.5. The moduli space M11−δ,[2δ]+l is the Z⊕δ2 -quotient of
M11−δ,2δ+l and it is known [Log03, Thm 7.1] thatM9,n is unirational for n 6 8
and therefore its quotient. In particular V11,2,4 is unirational and dominates
F11,6. On the other hand M9,n is uniruled for n 6 10, cf. [FV13, Thm. 0.6].
Thus, the moduli space V11,2,5 is uniruled and the map V11,2,5 → F11,7 is bira-
tional.

Finally, V11,1,8 → F11,9 is birational giving us a birational map

M10,10
/
Z2

∼
99K F11,9.

It is know (cf. [FV13, Thm. 0.1]) that the Kodaira dimension of the universal
Jacobian overM10 has Kodaira dimension

Kod
(
J ac

10
10

)
= 0.

There is a generically finite rational map

M10,10
/
Z2 →M10,10

/
Σ10

∼
99K J ac

10
10,

where Σ10 is the symmetric group on 10 letters. Thus,

Kod(F11,9) = Kod(M10,10
/
Z2) > 0.

3.4 Comments on M9,11,M9,12 andM10,10.

As mentioned in the first chapter §1.5.1, for g > 3, the moduli spaceMg,n is of
general type for n large enough. In the range 4 6 g 6 11, the tuples (g,n) for
witch

Kod(Mg,n)

is unknown are just a few. These are:

(g,n) = (5, 14), (7, 14), (8, 13), (9, 11), (9, 12), and (10, 10).

For the second and last tuple we have lower bounds (cf. [FV13]);

Kod(M7,14) > 0 and Kod(M10,10) > 0.

Regarding the middle cases, we don’t even know the sign of the Kodaira
dimension. This short section offers a possible path to provide lower bounds
for the Kodaira dimension of Mg,n in the cases (g,n) = (9, 11) and (9, 12). We
also discuss an upper bound for (g,n) = (10, 10). The fact that we cannot
say anything bout F11,8 is not a coincidence, the geometry of the moduli of
genus eleven K3 surfaces with eight marked points is closely related with the
geometry ofM9,11 andM9,12.
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Remark 3.11. In [FV13] is stated that Kod(M7,14) > 2, but we were not able to
reconstruct the argument for such bound. On the other hand, one can check
that the canonical class KM7,12

can be expressed as an effective combination of
the pull back of the Brill-Noether divisor in M7 corresponding to the closure
of the locus of 4-gonal curves, the symmetrization of the divisor D7 ⊂ M7,7
constructed by Logan [Log03], corresponding to the closure of the locus of
curves [C, x1, . . . , x7] such that the divisor x1 + . . .+ x7 moves on a pencil, and
boundary divisors.

For any subset S ⊂ {1, . . . , 14} of cardinality |S| = 7, there is a forgetful map

πS : M7,14 →M7,7.

By “symmetrization” of D7, we mean

1(14
7
)∑
S

π∗SD7.

3.4.1 Plugging in δ = 2 and l = 7.
Consider the diagram

V11,2,7

F11,1+7 M9,[4]+7,

π1

Where π1 is the map that forgets the nodal curve together with the first
marked node. The map on the right is a birational isomorphism, giving us
the dashed arrow that is generically finite as a consequence of the following
lemma.

Lemma 3.12. The map π1 is generically finite of degree 57.

Proof. By Proposition 2.22, the map π1 is dominant if for a general point

(S,X, x1, , x2,y1, . . . ,y7) ∈ V11,2,7,

it holds that
H0(C,OC(p2 + q2 + y1 + . . .+ y7)) = 1,

where C is the normalization of X and p2 + q2 is the divisor lying over the
node x2. The curve C has genus 9 and the divisor

p2 + q2 + y1 + . . .+ y7

is general in Pic9(C), cf. Theorem 2.4. Comparing dimensions we have generic
finiteness.



3.4. COMMENTS ONM9,11,M9,12 ANDM10,10. 73

Let ε : S̃→ S be the blow up of S at the marked points and E+ F1 + . . .+ F7
the exceptional class. Let P ⊂ |ε∗H− 2E− F1 − . . .− F7 | be a general pencil on
the linear system. The base locus of P consist of

(ε∗H− 2E− F1 − . . .− F7)2 = 2g− 13 = 9

points. Consider the diagram induced by the pencil and its resolution

U S̃

P.

Bl9S̃

p

The degree of π1 is equal to the number of singular fibers of p. By compar-
ing the difference between the topological Euler characteristic of U and the
product of the Euler characteristic of the base and the general fiber we have

deg(π1) = χ(U ) − χ(P1) · χ(p−1(point)).

The surface U is the blow-up of S at 8+ 9 points, therefore χ(U ) = 41 and

deg(π1) = 41− (2− 2(g− 1)) · 2 = 57.

We have the following corollary:

Corollary 3.13. If the Kodaira dimension of F11,8 is non-negative, then

Kod
(
M9,11

)
> 0 and Kod

(
M9,12

)
> 25.

Proof. From the lemma above follows that, the rational mapM9,[4]+7 99K F11,8,
is generically finite of degree 57. In particular, there is a generically finite
rational map of degree 228 from M9,11 to F11,8. The lower bound for M9,12
follows from the fact that the relative dualizing sheaf ωπ of the universal
family π : C9 → M9 is big, cf. [CHM97, §3]. The moduli space M9,n is
birational to the n-th fiber product of C9 over M9. Since the relative dualizing
sheafωπ and the sheaf of relative one formsΩπ differ in codimension two,

K
C
×12
g

= p∗K
C
×12
g
⊗ q∗ωπ, (3.1)

where p and q sit in the cartesian diagram

C
×12
9 C9

C
×11
9 M9.

q

p π
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Since Kod
(
M9,11

)
> 0, from (3.1),

dim
∣∣∣∣mKC

×12
g

∣∣∣∣ > dim |mq∗ωπ| .

This gives us our result.

The question now is whether there is any reason to believe that

Kod(F11,8) > 0.

Notice that, when δ = 1 and l = 7, the map π on the diagram

V11,1,7

F11,8 M10,[2]+7,

π

F

is birationally a P1-bundle. Thus, the rational map F contracts rational curves.
The moduli space M10,[2]+7 is uniruled [FP05] as for M10,[2]+8, the Kodaira
dimension is non-negative. It would be enough to show that through a general
point ofM10,[2]+7 passes a rational curve, but not a rational surface.

3.4.2 Comments onM10,10.

It seems to be the case that for g > 2, themoduli spaceMg,n has either negative
Kodaira dimension (enjoys some rationality properties) or it is of general type.
The only known example where this fails to be the case isM11,11. As we already
saw, this space is birational to F11,11 and both are 41 dimensional varieties of
Kodaira dimension equals to 19. The goal of this short section is to discuss the
existence of another example of intermediate Kodaira type.

Theorem 3.14. The moduli space M10,10
/
Z2 is of intermediate Kodaira type,

0 6 Kod
(
M10,10

/
Z2
)
6 19.

Proof. By Corollary 3.8, the moduli space M10,[2]+8 is birational to F11,9 and
the last one admits a fibration

F11,9 → F11

with general fiber isomorphic to the 9-fold product of a K3 surface. By easy
addition,

Kod(M10,[2]+8) 6 19.
On the other hand, the full quotient

M10,[2]+8 →M10,10
/
Σ10

is generically finite and the target has Kodaira dimension zero, cf. [FV13, Thm.
0.1].
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Notice that the quotient map

q : M10,10 →M10,[2]+8

is ramified over the boundary divisor δ0:{1,2}. Thus,

KM10,10
= q∗KM10,[2]+8

+ δ0:{1,2}.

In order to have Theorem 3.14 for M10,10, instead of the Z2-quotient, it would
be enough to show thatmδ0:{1,2} lies in the fixed locus of the linear system∣∣∣mq∗KM10,[2]+8

+mδ0:{1,2}

∣∣∣ .
The divisor δ0:{1,2} enjoys some negativity properties, for instance; it is extremal
and rigid. Moreover, δ0:{1,2} is anti-effective when restricted to itself. Probably,
this can be used to show that M10,10 is also of intermediate type. But we don’t
have a proof yet.





CHAPTER 4
Birational geometry of the strata

4.1 Introduction

As mentioned in the first chapter, the strata of differentials has gathered in-
creasing attention from the algebraic geometry community. This chapter’s
main concern consist of giving a partial answer to the following question.

Question 4.1. How rationalHkg(µ)?

As usual in moduli theory, the expectation is that for small genus at least
some of the strata should be unirational, maybe even rational. We establish a
non trivial range for g and partition µ, where the strata of holomorphic and
quadratic differentials (i.e. k = 1, 2) has negative Kodaira dimension.

Theorem 4.2. Let Hg(µ) be an irreducible stratum with length of partition l(µ).
The birational geometry ofHg(µ) is summarized in the following table:

Table 4.1

Unirational Uniruled
3 6 g 6 6 l(µ) 6 g− 1 No restriction on µ
g = 7, 8 ? No restriction on µ
g = 9 ? l(µ) > 7
g = 10 ? 11 6 l(µ) < 18
g = 11 ? l(µ) > 10

The lack of dependency on the partition µ is surprising. As one can see, it
only depends on the length of the partition, but not on the partition itself. The
space that serves us as model and highlights the change from uniruledness to

77



78 CHAPTER 4. BIRATIONAL GEOMETRY OF THE STRATA

general type should be the moduli space of odd spin curves S−g . Our work is
inspired in [FV14].

The idea of the proof of Theorem 4.2 for uniruledness goes as follows; when
the length of µ is grater than g−1 the forgetful mapHg(µ)→Mg is dominant
and, for small enough genus, the general smooth curve can be realized as a
canonical curve given by a hyperplane section of a K3 surface S ⊂ Pg. Since
the divisor

∑
mixi is canonical, it is the intersection of a codimension 2 plane

with S. The rational curve is induced by the pencil spanned by this plane in
Pg.

The genus g = 10 is especially delicate and we treat it by studying 1-nodal
models of geometric genus 10 curves lying on a K3 surface. We will make full
use of our Theorem 2.4, that rephrased for g = 11 and δ = 1, says that for a
general genus 10 curves with two unorderedmarked points [C,p+q] ∈M10,[2],
after identifying the points, the curve

X := C
/
p ∼ q

has a unique K3 extension of genus eleven. As it will be seen in the proof,
keeping track of the two unorderedmarked points is essential to our argument.
It is not enough to use the fact that a general genus ten curve has a 1-nodal
model lying on a K3, already proved in [FKGS08].

Recall that, for g > 3 and a holomorphic partition ν of 4g− 4, if at least one
entry is odd, the space Q(ν) is smooth and of pure dimension 2g− 3+ l(ν),
cf. [Lan02, Thm. 3 and 4], [Vee90] and [Sch16, Thm. 1.1]. In section §4.3.2, we
turn to del Pezzo surfaces to construct rational curves on Q(ν), obtaining the
following result:

Theorem 4.3. Let Q(ν) be an irreducible stratum of holomorphic quadratic differ-
entials. We assume ν to be a primitive partition of length l(ν). Then, for genus
3 6 g 6 6 and l(ν) > g, the moduli space Q(ν) is uniruled.

Regarding non-connected strata, we show the following:

Theorem 4.4. For every genusHhyp(2g−2) is unirational and even and odd strata
are uniruled for any partition in the range g 6 8. In genus g = 9, 11 the odd stratum
H− is uniruled for partitionµ = (2, . . . , 2) and theΣg−1-quotient of the even stratum
H+ for the same partition is uniruled in every genus.

Remark 4.5. In [Lan02, Thm. 3 and 4], Lanneau provides an account of all
the possibles connected components of the strata of quadratic differentials. In
genus g = 4, this was found incomplete and improved by Chen and Möller
[CM14]. In any case, merging these results together we have that, for homo-
morphic partition µ with at leas one odd entry (i.e., primitive) and length
l(µ) > g,

• the moduli space Q(ν) is connected for g = 3, 5, and 6.
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• For g = 4, the moduli space Q(ν) is connected, unless ν = (3, 3, 3, 3),
where Q(ν) breaks into three connected components;

Q(3, 3, 3, 3) = Qhyp ∪ Qirr ∪ Qreg.

See [CM14, §7] for the precise description of each component.

In the proof of Theorem 4.3, we show that, when 3 6 g 6 6 and ν is a
primitive partition of length l(ν) > g, every component of Q(ν) dominating
Mg is uniruled. In particular, regarding g = 4 case, we will have:

Theorem 4.6. The connected component of the moduli space of quadratic differentials

Qreg(3, 3, 3, 3)

is uniruled and, the quotient of Qirr(3, 3, 3, 3) by the full symmetric group Σ4, is also
uniruled.

4.2 Unirationality for small genus

Irreducible strata

Recall that a variety is unirational if it is dominated by a rational variety. As
above, µ = (m1, . . . ,mn) is a holomorphic partition of 2g− 2, with g > 3. We
will assume the length of the partition partition to be at most g− 1 andHg(µ)
to be connected. A similar argument as in [FV14, Thm 3.1] can be used to
obtain unirationality for 3 6 g 6 6. The strategy is to construct a projective
bundle Pg over a rational variety Σ that dominatesHg(µ), and use Proposition
1.26 to prove the following theorem:

Theorem 4.7. Every connected strata Hg(µ), with 3 6 g 6 6 and l(µ) 6 g− 1 is
unirational.

For 3 6 g 6 6, ρ(g, 2, 6) > 0. By choosing [C,y1, . . . ,yg−1] ∈ Mg,g−1 and
A ∈ G2

6(C) general, we can assume that the map φA : C→ Γ ⊂ P2 realizes C
as a (10− g)-nodal sextic and the marked points y1, . . . ,yg−1 are disjoint from
the preimages of the nodes φ−1

A (Sing(Γ)). Consider the following diagram of
rational maps

Pg

Mg,n Σ,

π2νg (4.1)

where Σ ⊂ |OP2(3)|× (P2)9 is defined as

Σ :=
{
(E, x1, . . . , xδ,y1, . . . ,yg−1) ∈ |OP2(3)|× (P2)9 | x1, . . . ,yg−1 ∈ E

}
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and the fiber of π2 over a general point (E, x̄, ȳ) ∈ Σ is the linear space of plane
sextics Γ , nodal at x1, . . . , xδ and with µ contact at the points y1, . . . ,yg−1 with
the cubic E. In other words,

π−1
2 (E, x̄, ȳ) :=

{
Γ ∈ |OP2(6)|

∣∣∣∣ Γ is nodal at x̄ andΓ · E =
∑g−1

1 miyi + 2(x1 + . . .+ xδ)

}
.

See Picture 4.1, for an example where E is a conic instead of cubic and g = 4
. If the partition µ has length less than g− 1, we complete it with zeros so that
the length is g− 1.

One can see that the map induced by the projection Σ→ (P2)9 is birational.
The map νg sends (Γ ,E, x̄, ȳ) to [C, ỹ], where C is the normalization of Γ and ỹ
is obtained by omitting from (y1, . . . ,yg−1) the terms yi wheremi = 0.

Proposition 4.8. The map π2 is dominant.

Proof. Let (E, x̄, ȳ) be a general point in Σ and ε : X→ P2 the blow up of P2 at
x1 + . . .+ xδ with F the exceptional divisor and L the pull back of the line. Let
K(µ) be the kernel of the composition

OX(6L− 2F)→ OE(6L− 2F)→ OE(6L− 2F) |∑miyi .

Since E = 3L − F = −KX and 4 6 δ 6 7, we obtain h1(−KX) = 0. From this
one deduces that H0 of the first map is surjective. If the general element of
P(H0(X,K(µ))) is nodal, then

dimπ−1
2 (E, x̄, ȳ) = h0(K(µ)) − 1 > 27 − 3δ− 2(g− 1) = 9− δ.

By specialization, its enough to show that the general element of the linear
system |K(µ)| is nodal, when the points coincide, that is, y1 = . . . = yg−1 = y.
In this case, the fiber of π2 consists of δ-nodal sextics, with nodes at x̄ and
intersecting the tangent line `y of E at ywith order 2g− 2. This is a generalized
Severi variety, and by [CH98, Prop. 2.1], the space of δ-nodal sextics with such
prescribed tangency with a given line in non-empty, in particular |K(2g− 2)|
contains nodal curves and therefore, so it does |K(µ)|.

Now we can give a proof of unirationality in the established range.

Proof of Theorem 4.7. Let 3 6 g 6 6 and δ = 10− g. We need to prove that νg
dominatesHg(µ). Let (Γ ,E, x̄, ȳ) ∈ Pg, with Γ · E =

∑
miyi + 2(x1 + . . .+ xδ)

and ν : C→ Γ the normalization. Then

OC

(∑
miyi

)
∼= ν∗OΓ (3)

(
−ν−1(x̄)

)
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Figure 4.1: Unique conic through 5-points and 2-nodal curve with tangency
µ = (3, 2, 1).

and by adjunction ∑
miyi ∼ KC.

Thus, the image of νg lies in Hg(µ). Now we prove dominance. Let [C, ỹ]
be a general point in Hg(µ). By assumption on g, we can choose A ∈ G2

6(C)
general so that the associated map φA : C→ P2 realize C as a δ-nodal curve
and again by adjunction

h0

(
C,ν∗OΓ (3)

(
−ν−1(x̄) −

n∑
1
miyi

))
= 1.

Thus, there exist a cubic E ∈ |OP2(3)| such that

Γ · E =
∑

miyi + 2(x1 + . . .+ xδ).

By adding with multiplicity zero any g− 1− n points on E, we have that the
image of

(φA(C), x1, . . . , xδ, ȳ) ∈ Pg

is exactly [C, ỹ] ∈ Hg(µ).

This completes the first column in the table of Theorem 4.2.

4.2.1 Non-irreducible strata

Herewe prove the unirationality ofHhypg (2g−2). LetHg,1 ⊂Mg,1 be the space
of pairs [C,p], where C is an hyperelliptic curve and p ∈ C is a Weierstrass
point on it. Can be defined as the fiberproduct over Mg of the Weierstrass
divisor W and the hyperelliptic locus Hypg,1 ⊂Mg,1;

Hg,1 = Hypg,1 ×Mg
W .
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Recall that the space Hypg ⊂Mg is birrational toM0,2g+2
/
Σ2g+2, where

the map is the one that sends a smooth rational curve with divisor

x1 + . . .+ x2g−2 ⊂ P1,

to the unique double cover ramified over that divisor:(
P1, x1 + . . .+ x2g−2

)
7→ Spec (OP1 ⊕ OP1(−(g− 1))) .

Here the algebra structure is given by the unique polynomial f of degree 2g−2
with zeroes at the points x ′is,

f−1 : OP1(2g− 2)→ OP1 .

In particular there is a dominant map

M0,2g+2 →Hg,1

sending the tuple of points (x1, . . . , x2g+2) on P1 to the unique double cover

C→ P1

together with the Weierstrass point f∗(x1)red. This gives us unirationality of
Hg,1.

Lemma 4.9. Let C be an hyperelliptic curve of genus g > 2. A point x ∈ C is a
Weierstrass point if and only if

(2g− 2)x ∼ KC.

Proof. If x is Weierstrass, then is a ramification point of the unique g12, with
associated cover π : C→ P1. By Riemann Hurwitz one concludes that

(2g− 2)x ∼ KC ∼ π∗O(−2) + O(R).

On the other hand if (2g− 2)x ∼ KC,

OC ∼= KC(−(2g− 2)x) ↪→ KC(−gx)

and h0(KC − gx) > 1. By Riemann-Roch we have that h0(gx) > 2.

As a consequence
Hg,1 = Hhypg (2g− 2)

and the first part of Theorem 4.4 follows.
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4.3 Uniruledness results

As explained in the introduction, the general strategy is to construct pencils
on K3 surfaces to prove uniruledness.

Lemma 4.10. Let (S,H) ∈ Fg be a general polarized K3 of genus g > 2 and P ⊂ |H|

a general pencil whose general element is a smooth curve of genus g. Then the induced
rational map P 99K Mg is non trivial.

Proof. As mentioned in the introduction, for general (S,H) ∈ Fg and δ 6 g,
the Severi variety of δ-nodal curves

Vδ(S,H) = {C ∈ |H| | C is δ-nodal and irreducible}
is non-empty, regular and of codimension g in |H|. Choosing the pencil P
general, it will intersect V1(S,H) non-trivially. Thus the induced map toMg

cannot be trivial.

We need a slight refinement of the previous lemma.

Lemma 4.11. Let (S,H) ∈ Fg be a general polarized K3 of genus g > 2 and P ⊂ |H|

any pencil whose general element is a smooth curve of genus g. Then the induced
rational map P 99K Mg is non trivial.

Proof. By contradiction we assume the induced rational map toMg is trivial.
We blow-up S at the base locus of P:

U S

P.

BlZS

π (4.2)

Since the automorphism group ofU is finite, up to an étale base change B→ P,
Ũ := U ×P B

is birational to C× B, cf. [MM64, Thm. 2]. But U is simply connected, thus
Ũ ∼= U and B ∼= P1. It follows that S is birational to C × P1, but S is not
ruled.

Moreover, for (S,H) ∈ Fg general, every curve on a general pencil P ⊂ |H|

is irreducible and at worst nodal. The base locus of P consist of 2g− 2 points.
If we resolve the map S 99K P by blowing up, we obtain a family U over P as
in the proof of the lemma above. The general fiber F is a smooth genus g curve.
From the relation

χ(U ,Z) = χ(P,Z) · χ(F,Z) + number of singular fibers
one deduces that on Mg, P · δirr = 6g + 18, where δirr is the divisor on Mg

whose general element correspond to a one nodal irreducible curve. In other
words, the hypersurface parametrizing singular curves in the linear system
DS,H ⊂ |H| has degree 6g+ 18.
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4.3.1 Uniruledness for g 6= 10.

Let µ = (m1, . . . ,mn) be an holomorphic partition of 2g− 2 with length n and

[C, x1, . . . , xn] ∈ Hg(µ)

a point on the stratum. Assume 3 6 g 6 9 or g = 11. The forgetful map
π : Hg(µ) → Mg is dominant when the length of the partition is greater
or equal than g − 1. See [Gen15]. The curve C is general and therefore can
be embedded as a hyperplane section on a genus g polarized K3 surface
[S,H] ∈ Fg, cf. [Muk88] and [Muk96].

We will construct a rational curve

P1 99K Hg(µ)

passing through [C, x1, . . . , xn]. Our curve is embedded in S as hyperplane
section

C ∼= S ∩H ↪→ S ⊂ PH0(S,H)∨ ∼= Pg.

See Figure 4.2, the blue curve represents C. The divisor

m1x1 + . . .+mnxn ∈ Div(C)

is canonical so it can be realized as a hyperplane section of H ∼= Pg−1, i.e. a
point Λµ ∈ G(g− 2,Pg) such that

Λµ · S = m1x1 + . . .+mnxn.

The red line in Figure 4.2 represents Λµ. Let

P ∼= {H ′ ∈ (Pg)∨ | Λµ ⊂ H ′}

be the pencil of hyperplanes containing Λµ in Pg. Since C ∈ P is smooth, for a
general hyperplaneH ′ ∈ X, the curveC ′ = H ′∩S ↪→ H ′ ∼= Pg−1 is smooth and
canonically embedded. Moreover, the hyperplane Λµ ⊂ Pg−1 is a canonical
divisor of the form

Λµ · S = Λµ · C = m1x1 + . . .+mnxn.

This construction gives us a map defined on an open subset of P ∼= P1

γ : P1 99K Hg(µ)
H ′ 7→ [H ′ ∩ S, x1, . . . , xn] .

The map can be extended and, by Lemma 4.11, it cannot be trivial. This gives
us Theorem 4.2 for g 6 9 and g = 11, when the length of µ is at least g− 1.
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Figure 4.2: Pencil of canonical curves with a fixed canonical divisor.

Special Cases for Genus g 6 8.

Let C be a smooth curve of genus g > 2. An ample K3 extension of C is a K3
surface S with at worst rational double points which contains C in the smooth
locus as ample divisor. Let us recall a result of Ide.

Theorem 4.12 ([Ide08]). All smooth curves of genus 2 6 g 6 8 have ample K3
extensions. Moreover, they have smooth ample K3 extensions except in the following
cases;

• g = 6, 7, 8 and KC = 2D where D is a g2g−1, or

• g = 8 and KC = A+ 2B where A is a g14 and B is a g15.

Every complex surface S with at worst ADE singularities admits a crepant
resolution (see [Rei87]). In our case S is a K3 surface with at worst rational
double points, so there is a unique resolution

π : S̃→ S.

The resolution is crepant meaning π∗KS = KS̃ = 0 and h1(OS) is a birational
invariant for surfaces with mild enough singularities. The smooth surface S̃
is again a K3 and if C̃ is the proper transform of C, as divisor C̃might cease
to be ample (it can have trivial intersection with (−2)-curves) but the self
intersection is positive; it is still big and nef. We can rephrase Ide’s theorem as
follow.

Theorem 4.13. Every smooth curve C of genus 2 6 g 6 8 can be embedded in a
smooth K3 surface S with C ⊂ S big and nef.
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Let [C, x1, . . . , xn] ∈ Hg(µ) be a general point on the stratumwith 3 6 g 6 8,
Hg(µ) connected and S be a big and nef K3 extension of C. Then the map
φC : S 99K Ŝ ⊂ Pg restricted to C is the canonical map

φC |C: C→ Pg−1.

The point [C, x1, . . . , xn] is general andwe are under the assumption thatHg(µ)
is connected. Therefore, C is not hyperelliptic and φKC is an embedding. We
can repeat the same construction as for the general case. Since the general
hyperplane of Pg in the pencil of hyperplanes through Λµ as before intersects
Ŝ in a smooth curve, the pull back is smooth (it does not contains −2-curves).

This gives us uniruledness for every irreducible stratumHg(µ) in the range
3 6 g 6 8.

Genus g = 9.

We have already proven in §4.3.1 thatH9(µ) is uniruled for l(µ) > 8. We can
improve the lower bound by one. For small length partitions the forgetful
map π : Hg(µ) → Mg is no longer dominant and, in order to carry out the
argument above, one has to prove that the image of Mukai’s map

Vg,0 → Mg

(S,H,C) 7→ [C]

intersects π(Hg(µ)) on a non-empty open in π(Hg(µ)). A smooth complex
curve of genus 9 can be realized as an hyperplane section of a K3 if the curve
is not pentagonal (has no g15), cf. [Muk10, Thm. A]. In particular the image of
V9,0 →M9 contains the complement of the Brill-Noether divisorD1

5 consisting
of pentagonal curves. Recall that PicQ

(
Mg

)
is generated by λ and the boundary

divisors δirr, δ1, . . . , δbg/2c and the slope of a divisor D = aλ − birrδirr −∑
16i6bg/2c biδi not containing any boundary components is defined to be

s(D) :=
a

min{birr,b1, . . . ,bbg/2c}
.

One can check that if D and D ′ are two divisors on Mg, with D,D ′ their
closures inside Mg, then D 6 D

′ implies that s(D) 6 s(D
′
). Mullane [Mul17,

§5] computed the class of the closure of the image Hg(µ)→Mg when l(µ) =
g − 2. In genus 9 the slope is strictly bigger than eight, in particular, bigger
than the slope of the pentagonal locus (cf. [HM90])

s(D
1
5) = 6+ 12

10.

In any case, whenH9(µ) is irreducible and l(µ) = g− 2, the classes

π∗
[
H9(µ)

]
and D

1
5
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are not proportional, moreover since the slope of π∗
[
H9(µ)

]
is strictly bigger

than s(D1
5), the image ofH9(µ) cannot be contained in the pentagonal locus.

We can conclude that for a general point [C, x1, . . . , x7] ∈ H9(µ), with partition
length l(µ) = 7, the curve C can be embedded in a K3 surfaces and the
argument above can still be carried out. This finishes the proof of Theorem 4.2
for g = 9.

Remark 4.14. By specialization, to have uniruledness for every holomorphic
partition in genus nine, it would be enough to show that there is a Brill-
Noether general curve in the non-hyperelliptic component of Hg(2g− 2), but
to construct a Brill-Noether general curve C admitting a subcanonical point is
not a trivial task.

4.3.2 Uniruledness for quadratic differentials

Let S be the blow-up of P2 along 0 6 r 6 8 many point in general position.
The surface S is a del Pezzo surface and the class −2KS is ample. There is a
moduli space for such surfaces Pr realized as the quotient of an open subsetU
of (P2)r by the group PGL(3). The moduli space has dimension min{2r− 8, 0}
and over it sits a natural space

Br = {(S,C) | S ∈Pr and C ∈ |− 2KS| smooth and irreducible} ,

whose fibers over each del Pezzo surface S ∈ Pr are open subsets of the
projective space |− 2KS|. Since χ(OS) = 1 and, by Riemann-Roch and Kodaira
vanishing,

dimH0 (S,OS (−2KS)) = χ(OS) + 3K2
S = 28− 3r.

The fiber dimension of the map Br →Pr is 27 − 3r and the dimension of Br
is 19− r. On the other hand if C ∈ |− 2KS| is a smooth irreducible curve on S,
the genus of C satisfies

2g− 2 = C2 + KS · C = 2KS = 18− 2r

and there is a natural map

ψr : Br → M10−r
(S,C) 7→ [C].

Proposition 4.15. When 4 6 r 6 7 the map ψr is dominant.

Proof. Let [C] ∈ Mg be a general smooth curve with 3 6 g 6 6. The Brill-
Noether number ρ(g, 2, 6) > 0 and the general curve [C] ∈ Mg has a plane
nodal model Γ ⊂ P2 of degree 6 with 10− g nodes. Take r = 10− g, S = BlrP2

the blow-up of P2 along the nodes, E1, . . . ,Er the exceptional divisors and L
the proper transform of the line. Then the proper transform of Γ is smooth
and lies in the linear system |−2KS| = |6L− 2E1 − . . .− 2Er|.
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Lemma 4.16. Let ν = (n1, . . . ,nm+g) be a partition of 4g−4, of lengthm+g and
at least one odd entry. The forgetful map

Q(ν) → Mg,m
[C,p1, . . . ,pm+g] 7→ [C,p1, . . . ,pm] .

is dominant.

Proof. The diagram
Q(ν) Mg,n+g

Mg,n J ac
2·(2g−2)
n

i

π σν

c

is cartesian, where J ac
4g−4
n is the universal jacobian of degree 4g − 4 over

Mg,n, the map c is the 2-canonical section and σν is the global Abel-Jacobi
map given by

σν : [C,p1, . . . ,pm+g] 7→

[
C,p1, . . . ,pm,OC

(
m+g∑
i=1

nipi

)]
.

For a smooth curve with marked points [C,p] ∈Mg,m, we fix

L[C,p] = OC

(
m∑
i=1

nipi

)
.

For dimension reasons the locus of curves [C,p] ∈Mg,m such thatω⊗2−L[C,p]
is supported at less than g points is of codimension at least one. Then, if [C,p]
is general inMg,m, the image of the restriction σν to the fiber of the map

J ac4g−4
n →Mg,m

over a point [C,p], that is,

σν : C×g \4 → Pic4g−4(C)
(pm+1, . . . ,pm+g) 7→ L[C,p] + OC (nm+1pm+1 + . . .+ nm+gpm+g) ,

containsω⊗2. Therefore, the Abel-Jacobi map σν dominates the image of the
2-canonical section c.

Proof of Theorem 4.3. Let g 6 6 and ν a partition of 4g − 4 with at least one
non-even entry and length l(ν) > g. Let [C] ∈ Q(ν) be a general curve on the
strata, then C is general in moduli so we can assume lies on the image of ψr
with r = 10− g. As before, the linear system |− 2KS| embeds S in P3g−3 and
realizes C as an hyperplane section

C = S ∩H ⊂ P3g−3.
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The restriction of −2KS to C is 2KC thus the map S ↪→ P3g−3 restricted to
C is the 2-canonical embedding and since

∑
nixi ∈ Div(C) is a quadratic

differential, there must be a codimension 2 hyperplane Λµ ⊂ P3g−3 with

Λµ · S =
∑

nixi.

Again let P be the pencil of hyperplanes H ∈ (P3g−3)∨ containing Λµ. The
points x1, . . . , xn lie on the base locus of this pencil and there is a rational map

P 99K Q(ν)
H ′ 7→ [S ∩H ′, x1, . . . , xn] .

Is left to prove that the map is non-trivial. Let π : U → P1 be the family of
curves induced by the pencil P, Z the base locus of P and ε : U → S → P2

the composition of the blow-up of S at Z with the blow up map ε : S→ P2. If
every fiber of π is smooth, then the topological Euler characteristic of U is

χ(U ,Z) = χ(P1,Z) · χ(π−1(point),Z) = 2 · (2− 2g).

But U is the composition of the blow up of P2 at r points together with the
blow up at |Z| points on S. Thus,

χ(U ,Z) = 3+ r+ |Z| > 3

which is a contradiction. Thus, π : U → P1 must have singular fibers. This
proves non-isotriviality. Fibers of πmight still be curves isomorphic to C with
a rational tail attached in which case the moduli map induced by the pencil is
still trivial. But this cannot happen since if we see the pencil as a P1-family of
r-nodal sextics in P2, if C ∼ R+ C ′ where R is an irreducible rational tail, then
Rmust be a line or a conic on P2 in which case the residual curve C ′ drops in
genus.

Finally, recall that for genus g = 4 and holomorphic partition ν = (3, 3, 3, 3),
the moduli space of quadratic differentials breaks into three connected com-
ponents

Q(ν) = Qhyp ∪ Qirr ∪ Qreg,

where

[C, x1, . . . , x4] ∈ Qirr if and only if h0

(
C,OC

( 4∑
1
xi

))
= 2

and

[C, x1, . . . , x4] ∈ Qreg if and only if h0

(
C,OC

( 4∑
1
xi

))
= 1.
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Proof of Theorem 4.6. One can see that, the forgetful map Qreg →M4 is domi-
nant, and the same argument applies. As for Qirr, the forgetful map

Qirr →M4

dominates a divisor and fibers of the induced map on the Σ4-quotient corre-
spond to pencils of the form |x1 + . . .+ x4|.

4.4 Uniruledness for g = 10
We define the open set U10 ⊂ H10(µ) by the condition

[C, x1, . . . , xn] ∈ U10

if and only if there exist a polarized K3 surface [S,H] ∈ F11 and a non trivial
map f : C → S, such that f∗[C] ∈ |H| and f is the normalization map of the
irreducible nodal curve f(C) having a single node at f(x1) = f(x2).

Proposition 4.17. Every component of U10 ⊂ H10(µ) is uniruled.

Proof. Let [C, x1, . . . , xn] be a general point on U10 and

ε : S̃→ S

the blow up of S at the node f(x1) = f(x2). Then, the curveC can be embedded
in S̃. Moreover, C ∈ |ε∗H− 2E|, where E is the exceptional divisor of ε. By
adjunction

OC (C) ∼= KC (−x1 − x2) ∼= OC

(m1 − 1)x2 + (m2 − 1)x2 +
∑
i>3

mixi

 .

Let us assume that l(µ) > 2. Then, the divisor

D = (m1 − 1)x2 + (m2 − 1)x2 +
∑
i>3

mixi

is effective on C. The following sequence is exact

0→ OS̃ → I
D
/
S̃
(C)→ OC → 0,

where themiddle term is the ideal sheaf of the closed subschemeD ⊂ S̃ twisted
by C. Since S̃ is simply connected (recall that h0,1 is a birational invariant of
smooth surfaces)

PH0
(
S̃, I

D
/
S̃
(C)

)
∼= P1.
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There is a rational map
P1 99K U,

sending the generic element C ′ ∈ |ε∗H− 2E| passing through Supp(D) to

C ′ ∈ P1 7→ [C ′, x1, x2, . . . , xn].

The same argument as in Lemma 4.11 applies to prove non-isotriviallity. We
might assumem1 > m2 > . . . > mn. Notice that the argument fails when the
set {x1, x2} is not contained in the support of D. Ifm1 > m2 = 1, we still can
keep track of the points since x1 ∈ Supp(D) and forC ′′ general,C ′′∩E = x1+q.
We impose x2 = q and the argument still holds.

When m2 = m1 = 1, then µ = (1, . . . , 1) with l(µ) = 18 and our map is
well defined in the quotient

P1 99K U10
/
Z2

C ′′ 7→ [C ′′,y1 + y2, x3, . . . , xn]

where y1 + y2 = C ′′ ∩ E and we have uniruledness for the quotient

U10 → U10
/
Z2.

Recall the second chapter; V11,1 is the moduli space of polarized K3’s of
genus 11 with a 1-nodal hyperplane section. Consider the cartesian diagram

V11,1 ×H10(µ) H10(µ)

V11,1 M10,[2].

p2

p1 π

c

Notice that the image of p2 is exactly U10 and, in the range l(µ) > g + 1, the
map π is dominant. But we already proved that c is dominant (Theorem. 2.4)
and as corollary we have:

Corollary 4.18 (of Theorem 2.4). For every holomorphic partition µ of length 18 >
l(µ) > 11 the inclusion defined above U10 ↪→ H10(µ) is dominant.

Corollary 4.19 (of Theorem 2.4). For every partition of length l(µ) > 11, the
set U10 ⊂ H10(µ) is non-empty and contains an open dense subset. In particular
H10(µ) is uniruled for 11 6 l(µ) < 18.

4.5 Miscellanea

The next task in the study of the birational geometry of the strata is to determine
whenH

k
g(µ) is of general type or, at least, to establish a range for k,g and µ,
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where Hkg(µ) has no rationality properties. The possible strategies to attack
such problem are essentially two. As we did for Hhypg (2g− 2) and F11,n, one
strategy consist on finding a birational model forHkg(µ) for which we know
the Kodaira dimension. But, to do this for infinitely many g’s seems unlikely.
The second strategy would be to find a compactification of the strata Ĥkg(µ)
with singularities mild enough so that pluricanonical forms on the smooth
locus

ω ∈ H0
(
Ĥkg(µ)

reg,nK
Ĥk
g(µ)

reg

)
extend to Ĥkg(µ). After that, showing non-negative Kodaira dimension trans-
late into proving that K

Ĥk
g(µ)

is Q-effective and showing that the strata is of
general type translate into being able to decompose the canonical class

K
Ĥk
g(µ)

= A+ E,

wehre A is Q-ample and E is a Q-effective divisor. In any case, having a good
understanding of the canonical class of the strata is essential. The goal of this
section is to give some partial results in this direction.

4.5.1 Finite maps toMg,n

Let n, s > 0, k > 1 and g > 3 be positive integers and

µ = (m1, . . . ,mn,mn+1, . . . ,mn+s)

a primitive partition of k · (2g− 2) with length l(µ) = n+ s. Let

π : Hkg(µ)→Mg,n

be the restriction of the map Mg,n+s → Mg,n that forgets the last smarked
points. The goal of this section is to compute the degree of πwhen the map
is generically finite. As already treated in §1.3.1, by dimension reasons, if
k = 1 and every entry of µ is positive, the source and target of π have the same
dimension when s = g− 1. In all other cases source and target have the same
dimension for s = g.

Proposition 4.20. The forgetful map

π : Hkg(µ)→Mg,n

is generically finite if

• k > 2 and l(µ) = n+ g, or

• k = 1 and µ is meromorphic of length l(µ) = n+ g, or
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• k = 1 and µ is holomorphic of length l(µ) = n + (g − 1), with the only
exception of the spin partition (2, . . . , 2).

Proof. The first two cases follow from the diagram (4.5) and the generic finite-
ness of the Abel Jacobi map

AJµ : Cg → Jac(C)
(pn+1, . . . ,pn+g) 7→

∑n+g
i=n+1mi(pi − p0).

We will compute the degree of AJµ in the coming Lemma 4.21. For the case
k = 1 and µ holomorphic we do it by induction on n. The base case n = 0 is
proved in [Gen15, Thm. 5.7], where Gendron used a chain of elliptic curves
E1 ∪ . . . ∪ Eg, with first and last member of the chain (E1,N1) and (Eg,Ng)
having one marked point on them and the intermediate ones (Ei,Ni,1,Ni,2)
having twomarked points, such that Ei and Ei+1 are glued alongNi,2 ∼ Ni+1,1
and for each Ei the line bundle associated to the divisor Ni,1 −Ni,2 is torsion
of order 2i. One can check that, for such a curve there are only finitely many
preimages. Assume that we have generic finiteness for l(µ) = n− 1+ (g− 1).
We consider the partial compactification, where we allow the points to come
together. This is the same as allowing rational tails, under the identification,

Mrt
g,n

∼= C×ng ,

where Cg →Mg is the universal curve and the fiber product is taken overMg.
The partially compactified

Hg(µ)
rt ⊂ C

×n+(g−1)
g

can be interpreted as Hg(µ), where we allow points to come together. By
induction hypothesis, the forgetful map

π : Hg(µ)
rt → C×ng ,

restricted to a diagonal Di=j, where i, j ∈ {1, . . . ,n}, is generically finite. Since
the pull back of Di=j under the map C

×n+(g−1)
g → C×ng is again the diagonal

Di=j and, source and target have the same dimension, the full map πmust be
generically finite.

In what follows we compute the degree of πwhen generic finiteness holds.
We start studying the case l(µ) = n+ g with

dimHkg(µ) = dimMg,n = 3g− 3+ n.

We fix a general genus g curve C and a point p0 ∈ C on the curve. Consider
the Abel-Jacobi map associated to the partition µ

AJµ : Cg → Jac(C)
(pn+1, . . . ,pn+g) 7→

∑n+g
i=n+1mi(pi − p0).
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Lemma 4.21. The map AJµ is generically finite of degree

deg(AJµ) = g!
n+g∏
i=n+1

m2
i.

Proof. The map AJµ seats in the following diagram

Jac(C)×g Jac(C)×g Jac(C)

Cg

∏multmi m

∏
Fi∏

e AJµ

(4.3)

where

e(p) = p− p0, Fi(p) = mi(p− p0) and multn(D) = nD.

Recall that
e∗ [C] =

θg−1

(g− 1)! = w1

where θ is the theta divisor on Jac(C). If L = −L, as consequence of the
Theorem of the Cube we have

mult∗nL = n2L.

These two facts, together with

m∗

(∏
w1

)
= θg = g!,

give us our result.

Corollary 4.22. Let k > 2 and l(µ) = n+g, or k = 1 and µ is meromorphic and of
length l(µ) = n+ g. We assumeHkg(µ) irreducible. Then the degree of the forgetful
map

π : Hkg(µ)
rt →Mrt

g,n

is given by

deg(π) = g!
n+g∏
i=n+1

m2
i

Similarly, one can compute the degree of π when k = 1 and µ is holo-
morphic. Recall that, for a general curve C of genus g, the virtual number of
sections of a grd with ordered zeros of vanishing k1, . . . , kd−r and

∑
ki = d is

given by De Jonquières’ formula (cf. [ACGH85, VIII §5] or [Coo31, p. 288])

g!
(g− d+ r− 1)!

d−r∏
i=1

ki

d−r−1∑
j=0

 (−1)j
g− d+ r+ j

∑
|I|=j

∏
i 6∈I

ki

+
(−1)d−r

g

 .
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One deduces that, for a general point [C, x1, . . . , xn] ∈Mg,n, the degree of
π is given by the number of sections of

ωC

(
−

n∑
i=1

mixi

)
with vanishingmn+1, . . . ,mn+(g−1). This is,

deg(π) = g!
g−1∏
i=n+1

mi

g−2∑
j=0

(−1)j
j+ 1

∑
|I|=j

∏
i 6∈I

mn+i

+
(−1)g−1

g

 ,

ifm1 + . . .+mn 6 g− 2, and deg(π) = (g− 1)!, ifm1 + . . .+mn = g− 1.

4.5.2 The canonical class of the strata for partitions of length
l(µ) > g

As explained above, when µ is holomorphic, k = 1, and the length of the
partition is

l(µ) = n+ g− 1,
the forgetful map

Hkg(µ)→Mg,n (4.4)
is generically finite. The same holds when µ is primitive, meromorphic or
k > 2, and of length l(µ) = n + g. The aim of this section is to compute the
ramification divisor of the map (4.4).

Definition 4.23. We define the tautological Picard group of the strata

R1(Hkg(µ)) ⊂ Pic(Hkg(µ))⊗Q

to be the restriction of PicQ(Mg,l(µ)) to Hkg(µ). For the general definition of
Ri(Hkg(µ)), see [Che17b].

Let µ be a primitive partition of k · (2g− 2)with length l(µ) = n+ s. Recall
that, our space of interest sits in the cartesian diagram

Hkg(µ) Mg,n+s

Mg,n J ac
k·(2g−2)
g,n ,

i

π σµ

c

(4.5)

where c : [C,p1, . . . ,pn] 7→ [C,p1, . . . ,pn,ω⊗kC ] is the k-canonical section and

σµ : [C,p1, . . . ,pn, x1, . . . , xs] 7→
[
C,p1, . . . ,pn,O

(
n∑
1
mipi +

s∑
1
mn+ixi

)]
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is the universal Abel-Jacobi map associated to µ. Then,

Ω1
π = i∗Ω1

σµ

and, when π is generically finite,

KHk
g(µ)

= π∗KMg
+Dg,µ |Hk

g(µ)
(4.6)

where Dg,µ is the class corresponding to the degeneracy locus of the vector
bundle map

dσµ : TMg,n+s → σ∗µTJ ac
k·(2g−2)
g,n

over Mg,n+s. Notice that the map i is an embedding and, when Dg,µ has
codimension two or higher, the restriction might still be a divisor in Hkg(µ).
Moreover, by purity of the ramification locus [Stacks, Tag 0EA1, §52.21], the
map (4.4) is always ramified over a divisor, regardless of the codimension of
Dg,µ inside Mg,n+s.

Proposition 4.24. For s 6 g the differential

dσµ : TMg,n+s → σ∗µTJ
k·(2g−2)
n

is degenerate in codimension g-s+1. The locus where it degenerates is given by the
pull back under the forgetful mapMg,n+s →Mg,s of the reduced divisor

Ds = {[C, x1, . . . , xs] ∈Mg,s | h
0(C, x1 + . . .+ xs) > 2} ⊂Mg,s.

Remark 4.25. Notice that it does not depends on µ. When s = g, Dg is a
divisor on Mg,g and, when k = 1 and µ has negative entries or when k > 2,
the map (4.4) is ramified at the restriction toHkg(µ) of the pull back of Dg to
Mg,n+g. The class of the closure of Dg insideMg,g was computed by Logan
[Log03, Thm. 5.4] and it is given by

Dg = −λ+

g∑
i=1

ψi −
∑

i=0,...,bg/2c
S⊂{1,...,g}

(
||S|− i|+ 1

2

)
δi:S ∈ PicQ(Mg,g). (4.7)

As a corollary we have:

Corollary 4.26. For k = 1 and µ meromorphic or k > 2 and µ primitive. When
l(µ) > g, the canonical class of the strata lies in R1(Hkg(µ)) and it is given by

KHk
g(µ)

= 12λ+
l(µ)∑
i=1

ψi,

where λ and ψi are the restrictions to the strata of the standard tautological classes.
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Proof. We assume l(µ) = n+ g. It is well known that

KMg,n = 13λ+
n∑
1
ψi,

see [Log03]. Let p1 : Mg,n+g →Mg,n be themap that forgets the last gmarked
points and p2 : Mg,n+g →Mg,g the one that forgets the first nmarked points.
As in the diagram (4.5), π is the generically finite map in question and

i : Hkg(µ)→Mg,n+g

the inclusion. Since π = p1 ◦ i, we have

KHk
g(µ)

= i∗
(
p∗1(KMg,n) + p

∗
2Dg

)
.

By (4.7) and by the pull-back formulas for tautological classes ( see [ACG11,
Ch. XVII]) we have

KHk
g(µ)

= i∗

(
12λ+

n+g∑
i=1

ψi

)
.

Remark 4.27. As we will see in the next section, the dependency of KHk
g(µ)

with the partition µ is hidden in the relations between λ and the ψi classes.

Proof of Proposition 4.24. We fix a general curve [C] ∈Mg, general point x0 ∈ C
and a basis {ω1, . . . ,ωg} of H0(C,KC). Let AJ : C×s → Jac(C) be the Abel-
Jacobi map associated the truncated partition µ>n = (mn+1, . . . ,mn+s). In
the analytic setting

AJ(x1, . . . , xs) =
(
s∑
i=1

mn+i

∫xi
p0

ω1, . . . ,
s∑
i=1

mn+i

∫xi
p0

ωg

)
mod H1 (C,Z) .

The differential of this map does not depends on p0 and it is given by

dAJ |(x1,...,xs)=

 ω1(x1) . . . ω1(xs)
... . . . ...

ωg(x1) . . . ωg(xs)


g×s

· diag(mn+1, . . . ,mn+s).

In local coordinates, ifωi = fidz, with z a centered coordinate around xi, then
ωi(xj) = fi(0). Disregarding diagonals, dAJ cease to have maximal rank only
when there is an holomorphic 1-formω ∈ H0(C,KC) vanishing at every point
x1, . . . , xs, that is, when h0(KC − x1 − . . .− xs) > 1. By Riemann-Roch, if

Ds = {(x1, . . . , xs) ∈ Cs \4 | rk
(
dAJ(x1,...,xs)

)
6 s− 1}
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is the locus where the differential degenerates, then

Ds = {(x1, . . . , xs) ∈ Ck \4 | h0(x1 + . . .+ xs) > 2}.

The locus Ds might be empty, if not, at the generic point of Ds,

h0(KC − x1 − . . .− xk) = 1

and the differential form vanishes with order one at the points xi. Thus, the
class of the degeneracy locus Ds ∈ Ag−s+1(Cs \4) is reduced.

Now lets fix a pointed curve [C,p1, . . . ,pn, x1, . . . , xs] ∈ Mg,n+s and con-
sider the splitting of the tangent spaces

0 ⊕TxiC T[C,p,x]Mg,n+s T[C]Mg,n 0

0 H1(OC) T[C,p,O(
∑n

1 mipi+
∑s

1mn+ixi)]J
k·(2g−2)
n T[C]Mg,n 0.

dAJ dσµ id

The map dσµ fails to have maximal rank at [C,p1, . . . ,pn, x1, . . . , xs] if and only
if the Abel-Jacobi map dAJ degenerates at (x1, . . . , xs), that is, if

h0(x1 + . . .+ xs) > 2.

Remark 4.28. In the holomorphic case with k = 1 and l(µ) = n+ (g− 1), the
differential of the universal Abel-Jacobi map σµ degenerates in codimension
two. Nevertheless, π : Hg(µ) → Mg,n is either étale or ramified along a
divisor.

Example 4.29. Let µ be theWeierstrass partition µ = (g, 1, . . . , 1). Consider the
locus of pointed curves [C, x1, . . . , xg−1] ∈Mg,g−1 where C a general hyperel-
liptic curve of even genusg, x1 is aWeierstrass point onC and (x2, x3), . . . , (xg−2, xg−1)
are pairwise distinct points related by the hyperelliptic involution. The dimen-
sion of such locus inMg,g−1 is the dimension of the moduli of hyperelliptic
curves 2g− 1 plus the choice of (g− 2)/2 points on it. When g = 4 this is codi-
mension one inHg(µ) and the pointsmove in a pencil, i.e., h0(x1+. . .+xg−1) >
2. Therefore, the map π is ramified over this locus.

The example above shows that when k = 1 and l(µ) = n+g−1, we cannot
ensure the ramification divisor of

Hg(µ)→Mg,n

to lie in the tautological ring R1(Hg(µ)). The shovel bends at this point because
we don’t have a description of PicQ(Hg(µ)), we don’t know the rank, neither
its generators.
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4.5.3 Picard relations

The goal of this section is to establish relations among divisor classes in the
strata that come from divisors onMg,n. This section follows the expositions
in [Che17b] and [Sau17].

Proposition 4.30. Let µ = (m1, . . . ,mn) be a partition of k · (2g − 2). For any
i ∈ {1, . . . ,n}, the following relation holds in PicQ(Hkg(µ))

12k2λ+
n∑
i=1

(k2 +m2
i)ψi = k · (4g− 4)(k+mi)ψi.

Sauvaget proved in [Sau17, §5 Thm. 6] that, in the open strata, ψ classes
are proportional. More precisely, when k = 1 and µ is holomorphic, for all
i, j ∈ {1, . . . ,n},

(mi + 1)ψi = (mj + 1)ψj in PicQ (Hg(µ)) .

As a corollary of the proposition above we have:

Corollary 4.31. Let µ = (m1, . . . ,mn) be a partition of k · (2g− 2) where negative
entries are allowed. Then, for every i, j = 1, . . . ,n

(k+mi)ψi = (k+mj)ψj in Pic
(
Hkg(µ)

)
⊗Q.

Corollary 4.32. If no entry of µ equals−k, then R1(Hkg(µ)) is generated by a single
(possibly trivial) element. If some entry of µ equals−k, then R1(Hkg(µ)) is generated
by all ψi withmi = −k.

As corollary we have the following theorem:

Theorem 4.33. Let µ = (m1, . . . ,ml(µ)) be a partition of length l(µ) > g. We
assume the partition µ to be meromorphic if k = 1 and primitive if k > 2. Then the
canonical class of the open strata lies in R1(Hkg(µ)) and it is given by

KHk
g(µ)

= cµλ,

where

cµ = 12+
12k2

(∑ 1
k+mi

)
k · (4g− 4) −

∑ k2+m2
i

k+mi

∈ Q

ifmi 6= −k for all i = 1, . . . , l(µ), and

cµ = 6

if somemi = −k.
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Proof. Using the relations of Corollary 4.31 and Proposition 4.30, and the
expression for the canonical class in Corollary 4.26, one deduces the first case.
For the second case, we assume that the partition has the following shape

µ = (−k, . . . ,−k︸ ︷︷ ︸
r

,mr+1, . . . ,ml(µ)).

From Corollary 4.31 we have that ψi = 0 for i > r and, from Proposition 4.30,
we have

12k2λ+ 2k2
r∑
i=1

ψi = 0.

Again, from Corollary 4.26, one deduces that cµ = 12− 12k2
2k2 = 6.

Proof of Proposition 4.30. Let π : C → B be a family of smooth genus g curves
over a smooth base and

s1, . . . , sn : B→ C

pairwise disjoint sections such that

ω⊗kπ
∼= OC

(
n∑
i=1

miDi

)
+ π∗L (4.8)

where Di = si∗[B] and L is a line bundle on B. Recall that κ = π∗(c1(ω)2)
and, since the fibers of π are smooth,

λ =
1
12

(
κ−

n∑
i=1

ψi

)
,

where λ is the first Chern class of the Hodge bundle on B. Notice that π∗(π∗L )
is trivial and π∗(L | Di) = L . Thus,

k2κ = −
∑

m2
iψi + k · (4g− 4)c1(L ).

On the other hand, if we restrict (4.8) to Di and then push down to B, we get

c1
(
π∗(ω

⊗k |Di)
)
= −miψi + c1(L ). (4.9)

This gives us
c1(L ) ∼= (mi + k)ψi.

An alternative construction that gives us the same set of relations goes as
follows:
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Let π : C →Mg,n be the universal curve over Mg,n and

s1, . . . , sn : Mg,n → C

the sections corresponding to the marked points. Let Di = si∗[Mg,n] be the
associated divisors. We fix a line bundle L on C such that, when restricted to
the fibers of π, is base point free. There is a natural evaluation map of sheaves
on Mg,n

evi : π∗L → π∗ (L |Di) .

Notice that π∗ (L |Di) = Ei is a line bundle over Mg,n. Now consider the
projective cone

p : P (π∗L )→Mg,n.

There is a natural section of O(1)⊗ p∗Ei given by

s : O(−1)→ p∗Ei
α 7→ evi(α).

The class of {s = 0} is the one of the subvariety

P(π∗(L ⊗ O(−Di))) ⊂ P(π∗L ).

Thus, if ξ is the first Chern class of O(1), then

[P(π∗(L (−Di)))] = ξ+ p
∗c1(Ei) in A1(P(π∗L )).

Replacing L by ω⊗kπ (+poles− zeros) we have an alternative proof of
Corollary 4.31. Indeed, let

L := ω⊗kπ

(
−

n∑
i=1

miDi

)
.

The evaluation map goes to

π∗L |Di= L⊗mi+k
i ,

where Li is the line bundle whose fiber over [C, x1, . . . , xn] is the cotangent
line of C at xi. The line bundle L has fiberwise degree zero, thus,

π∗L (−Di) = 0

and
0 = ξ+ p∗ψmi+k

i .

But notice that π∗L is supported onHkg(µ), since

h0
(
C,ω⊗kC

(
−
∑

mixi

))
= 1
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if and only if [C, x1, . . . , xn] lies on the strataHkg(µ). Moreover,

p : P(π∗L )→Mg,n

is a close embedding with imageHkg(µ). From this follows that

(mi + k)ψi = (mj + k)ψj = −p∗ξ |Hk
g(µ)

in PicQ
(
Hkg(µ)

)
. This construction, in the case k = 1, was used in [Sau17, §5]

to extend this relations toHg(µ).



CHAPTER 5
Appendix

5.1 Mukai models

The following table summarizes the list of projective varieties Vg and vector
bundles Eg on Vg, such that the generic member of Fg is given by the zero
locus of a global section of Eg on Vg. The table was taken from [PSY16].

g Vg Eg g Vg Eg
2 P(1, 1, 1, 2) O(6) 9 Gr(3, 6) O(1)⊕4 ⊕

∧2
Q

3 P3 O(4) 10 Gr(2, 7) O(1)⊕3 ⊕
∧4

Q

4 P4 O(2)⊕ O(3) 12 Gr(3, 7) O(1)⊕
(∧2

E∨
)⊕3

5 P5 O(2)⊕ O(2)⊕ O(2) 13 Gr(3, 7)
(∧2

E∨
)⊕2
⊕
∧3

Q

6 Gr(2, 5) O(1)⊕3 ⊕ O(2) 16 T(2, 3;C4) E⊕23 ⊕ E⊕22
7 OGr+(5, 10) S⊕81 18 OGr(3, 9) S⊕52

8 Gr(2, 6) O(1)⊕6 20 Gr(4, 9)
(∧2

E∨
)⊕3

• P(1, 1, 1, 2) stands for thewighted projective spacewithweights (1, 1, 1, 2)
and O(−1) is the tautological line bundle. Observe that any double
cover of P2 ramified over a sextic is given by the restriction of the usual
projection to the vanishing of such section, Z(s) ⊂ P(1, 1, 1, 2)→ P2.

• For any Grassmannian Gr(r,n), O(1) is the pull back of the hyperplane
class under the Plücker embedding, E is the tautological bundle, whose
fiber at [U] ∈ Gr(r,n) is given by the vector spaceU andQ is the universal
quotient bundle. They are related by the sequence

0→ E→ O⊗C Cn → Q→ 0.
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• LetQ be a non-degenerate, symmetric, bilinear form on a complex vector
space V . The space OGr(r,V) ⊂ Gr(r,V) parameterizes r-dimensional
isotropic subspaces of (V ,Q), that is, subspaces where Q vanishes. This
variety can also be interpreted as the Fano variety of r−1 linear subspaces
of the vanishing ofQ in P(V). They are homogenous spaces for the group
Spin(V). This means that

OGr(r,V) = Spin(V)
/
P,

where P is certain parabolic subgroup. If 2r = dimV , OGr(r,V) has two
connected components and OGr+(r,V) is one of them. The pull back
of O(1) by the induced Plücker embedding OGr+ ↪→ Gr ↪→ P(

∧r V),
in the case 2r = dimV , is twice the generator of Pic(OGr+(r,V)). The
ample generator is called S1. See [Ott88] or [Kuz08, §6] for more on
spinor varieties. The bundle S2 correspond to the rank two spin bundle
of OGr(3, 9). We refer to [Ott88, Thm. 2.8] or [Kuz08, Cor. 6.5 and Prop.
6.6] for the properties that define higher rank spin bundles and their
relations with O(1).

• The moduli space T(2, 3;C4) is called EPS moduli space of twisted cubics in
P3. It is constructed by Ellingsrud, Piene and Strømme in [EPS87]. For V
a four dimensionalC-vector space, the moduli T(2, 3;V) is constructed as
the GIT quotient of C2⊗C3⊗V , by the induced action of GL(2)×GL(3)
on the first two factors. A point t ∈ T represents an equivalence class
of a 2× 3-matrix with entries in V . By construction, T comes with two
tautological bundles E2 and E3 of ranks 2 and 3 respectively, together
with a tautological map

E3 ⊗ V∨ → E2

and an isomorphim detE3 = detE2. We refer to [EPS87] for details.
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