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Abstract

Cyanobacteria are the only known prokaryotes that perform oxygenic photosynthesis.
As key primary producers in the open ocean and other habitats, cyanobacteria are play-
ing an essential role in the earth’s ecosystem. In addition to their important global role,
cyanobacteria also hold significant potential as sustainable resources for the production
of numerous industrially and medically relevant compounds. Despite their importance,
however, the (molecular) limits and cellular economy of photoautotrophic growth are
still insufficiently understood.

In this thesis, I present a mathematical framework to describe cyanobacterial growth
based on a coarse-grained model of cellular protein allocation. The model describes cellu-
lar trade-offs considering solely proteins that are involved in key cellular processes (carbon
uptake, fixation, and metabolism, as well as photosynthesis and protein translation). Of
particular interest are the resulting microbial growth laws, i.e., correlations between the
growth rate and the protein distribution observed during balanced growth. The model
predicts a characteristic kink for the growth laws of the light harvesting components and
the translational machinery induced by photoinhibition, a decrease in growth rate due
to high light intensities. The resulting growth laws are supported by quantitative mass
spectrometry-based proteomics data of the cyanobacterium Synechocystis sp. PCC 6803.

The proteomics data shows that the mathematical model has intrinsic predictive power,
and thus, provides a suitable starting point for extending it from describing single cells
to describe a growing population in a light-limited chemostat. The extended modeling
framework goes beyond current models using phenomenological growth equations and
establishes a mechanistic link between intracellular protein allocation, population growth
and cultivation properties. The model predicts the maximal biomass productivity of
phototrophic cultivation and identifies the corresponding optimal proteome allocation
strategies.

Taken together, the mathematical framework presented in this thesis has proven to
be useful in providing insights into the cellular economy of cyanobacterial growth, and
moreover, has biotechnological implications regarding the optimization of photosynthetic
productivity.



Zusammenfassung

Cyanobakterien sind die einzig bekannten Prokaryoten, die in der Lage sind oxygene Pho-
tosynthese zu betreiben. Als Primärproduzenten im offenen Ozean und anderen Leben-
sräumen spielen Cyanobakterien eine wesentliche Rolle im Ökosystem der Erde. Neben
ihrer wichtigen globalen ökologischen Bedeutung besitzen Cyanobakterien auch ein er-
hebliches Potenzial als nachhaltige Ressourcen für die Herstellung zahlreicher industriell
und medizinisch relevanter Wirkstoffe. Trotz ihrer Bedeutung sind jedoch die (moleku-
laren) Limitierungen und die zelluläre Ökonomie von photoautotrophem Wachstum bis
jetzt nur unzureichend verstanden.

Im Rahmen dieser Arbeit habe ich daher ein mathematisches Modell entwickelt, das das
Wachstum von Cyanobakterien auf der Grundlage von intrazellulärer Proteinverteilung
beschreibt. Die Gesamtheit aller Proteine wurde dabei in wenige relevante Klassen un-
terteilt, die an fundamentalen zellulären Prozessen beteiligt sind, darunter Kohlenstof-
faufnahme, -fixierung und -stoffwechsel, sowie Photosynthese und Proteintranslation.
Besonders interessant sind die aus dem Modell resultierenden sogenannten mikrobiellen
Wachstumsgesetze, sprich die Korrelationen zwischen der Wachstumsrate und der Pro-
teinverteilung, die im stationären Zustand des Wachstums beobachtet werden. Das Mod-
ell prognostiziert eine charakteristische Krümmung für die Wachstumsgesetze jener Pro-
teine, welche mit Lichtabsorption und Proteintranslation assoziiert werden. Verursacht
wird diese Krümmung durch hohe Lichtintensitäten, die eine Abnahme der Wachstum-
srate zur Folge haben, was auch als Photoinhibition bekannt ist. Die prognostizierten
Wachstumsgesetze werden durch mittels quantitativer Massenspektroskopie erhobener
Proteindaten vom Cyanobakterium Synechocystis sp. PCC 6803 gestützt.

Die Proteindaten zeigen, dass das mathematische Modell eine gute Vorhersagekraft be-
sitzt und somit einen geeigneten Ausgangspunkt für die Erweiterung des Modells von der
Charakterisierung von Einzelzellen zu einer Population von Zellen in einem lichtlimitierten
Chemostat bietet. Das erweiterte Modell stellt einen mechanistischen Zusammenhang her
zwischen intrazellulärer Proteinverteilung, Populationswachstum und Kultivierungseigen-
schaften. Mit Hilfe des Modells ist es möglich die maximale Biomasseproduktivität für
die Kultivierung von Cyanobakterien zu prognostizieren und entsprechende Strategien
zur optimalen Proteinverteilung zu identifizieren.

Mit Hilfe des in dieser Arbeit vorgestellten Modells ließen sich quantitative Einblicke
in die Zellökonomie von cyanobakteriellem Wachstum erhalten. Darüber hinaus hat das
Model Potenzial für biotechnologische Verwendungen wie die Optimierung der photo-
synthetischen Produktivität.
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Chapter 1 General introduction

1.1 Research motivation and aim of the thesis

Oxygenic photosynthesis is one of the most fundamental metabolic processes of life.
During this process, sunlight is harvested and converted into biochemical energy. The
biochemical energy is then used for carbon fixation which involves the conversion of
inorganic carbon, such as carbon dioxide (CO2), into organic building blocks. In fact, all
carbon based energy that we are consuming and on which we all rely, has been harvested
by means of photosynthesis. Another essential aspect of this process is the production
of oxygen as a byproduct. Oxygen plays a critical role in respiration, i.e., the process
of recovering the biochemical energy from decomposing organic compounds and at the
same time releasing CO2. This cycle of oxygenic photosynthesis and respiration forms
an important balance for life (Figure 1.1).

Organisms that are able to use light as a source of energy to fix CO2 and produce
complex organic compounds are called photoautotrophs. Well-known examples of pho-
toautotrophs are plants and algae that perform oxygenic photosynthesis in specific or-
ganelles called chloroplasts. However, there is a group of bacteria called cyanobacteria
that are capable of performing oxygenic photosynthesis as the only known photoau-
totrophic prokaryotes. It is assumed that cyanobacteria are the ancestors of today’s
chloroplasts that have originated through endosymbiosis (Mereschkowsky, 1905; Raven
and Allen, 2003). Cyanobacteria represent a diverse group of unicellular to filamentous
microorganisms that are found in almost every habitat ranging from cold Antarctica to
hot springs and deserts, as well as from freshwater to highly saline ecosystems (Oren,
2014). Small marine cyanobacteria, mainly of the genera Prochlorococcus and Syne-
chococcus, numerically dominate the phytoplankton communities in the open ocean and
are the most abundant primary producers on Earth (Jardillier et al., 2010).

Whereas cyanobacteria are commonly known for producing ’algal blooms’ and tox-
ins known as cyanotoxins that are harmful for humans, many cyanobacterial secondary
metabolites are increasingly recognized as useful compounds for pharmaceutical purposes
(Mynderse et al., 1977; Kehr et al., 2011). Due to their fast growth rates and simple
structure (compared to eukaryotic photoautotrophs), cyanobacteria are considered as
promising host organisms for the synthesis of sustainable and environmentally friendly
bioproducts from atmospheric CO2 (Al-Haj et al., 2016). Conceivable biotechnological
applications of cyanobacteria are proposed in Figure 1.3, these include for instance the
production of energy, food (or food supplements) and other biopolymers that are sus-
tainable and compostable. Some strains are also capable of fixing atmospheric nitrogen
(performed simultaneously with oxygenic photosynthesis), making them ideal for the us-
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1.2 Scope of the thesis and outline
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Figure 1.1: Photosynthesis and respiration: an important balance for life. According to
global estimates, approximately half of the CO2 fixed on Earth is performed by phytoplankton
in the open ocean (Jardillier et al., 2010).

age in agricultural purposes as biofertilizers. Overall, new sustainable technologies are
becoming increasingly important to overcome the challenges of the 21st century to meet
the expanding needs for energy, food, and other resources without increasing the emission
of green house gases, such as CO2, that further impact climate and environment.

However, despite their importance, cultivation of cyanobacteria (or in general pho-
totrophic cultivation) is still challenging and limited by production costs, furthermore,
the development of toolboxes for genetic manipulation of cyanobacteria lags behind
(Zhou et al., 2016). Therefore, the major aim of this thesis is the investigation of the
cellular economy of photoautotrophic growth which is a prerequisite to understand the
limitations and difficulties of cultivating or engineering cyanobacteria.

1.2 Scope of the thesis and outline

Since the seminal studies of Monod (1949) about formal laws of growth in E. coli,
there has been a great interest in understanding the basic principles of heterotrophic
microbial growth, which has led to a wealth of quantitative insights over the past decades
(Schaechter et al., 1958; Bremer and Dennis, 2008; Scott et al., 2014). In comparison,
quantitative knowledge related to photoautotrophic microbial growth is still scarce. Thus,
the main purpose of this thesis is to provide quantitative insights into photoautotrophic
microbial growth using a systems biology approach.

The systems biology approach involves the development of a mechanistic computa-
tional model to describe the dynamics of the studied system as a whole. The computa-
tional model is based on a general mathematical framework of microbial growth that is

3



Chapter 1 General introduction

Research aim: understanding the cellular economy during photoautotrophic growth

Mathematical framework Experimental study Biotechnological application

Testing model predictions and 
obtaining quantitative insights 

into the cellular economy

Developing the theory and 
computational model of 

photoautotrophic growth

Applying the model to a light-
limited chemostat to study 
photosynthetic productivity 

Figure 1.2: Thesis outline.

derived from basic assumptions about the underlying biochemical reaction system. The
derivation of this general mathematical framework is reviewed in chapter 2.

The thesis is composed of three studies (briefly outlined in Figure 1.2). The first study
(chapter 3) presents the computational model that is built around cellular trade-offs and
allows the study of fundamental properties of photoautotrophic growth. The model pre-
dicts growth laws for photoautotrophic growth, i.e., correlations between the growth rate
and the proteome distribution observed during balanced growth. The predicted growth
laws are then tested in chapter 4 by quantitative proteomics using the model cyanobac-
terium Synechocystis sp. PCC 6803. The analyses from the second study show that the
model provides a reasonable description of photoautotrophic growth and proteome allo-
cation, and thus, provides a suitable starting point for extending the single-cell model
to describe population dynamics (chapter 5). The extended modeling framework is
then used to study the productivity of photoautotrophic microorganisms in high-density
cultures.

Finally, the key findings are summarized in chapter 6 together with a critical overview
of the model predictions and further applications of the model.

1.3 Biological background

The following section provides a brief introduction to the model organism that is subject
to the studies presented here and the key cellular processes of photoautotrophic growth
that are considered in the computational model.

4
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Figure 1.3: Conceivable applications of cyanobacteria in biotechnology.

1.3.1 The model organism Synechocystis sp. PCC 6803

The model organism used in this study to investigate photoautotrophic growth is the
cyanobacterium Synechocystis sp. PCC 6803 (hereafter referred to as Synechocystis),
depicted in Figure 1.4. Synechocystis is a unicellular cyanobacterium with a cell size of
approximately 2 µm (Zav̆rel et al., 2017). The strain was isolated in 1968 from a fresh-
water lake in California, USA (Stanier et al., 1971). The genome of Synechocystis was
first sequenced in 1996, being the first phototrophic organism and the third bacterial
genome whose entire genome was sequenced (Kaneko et al., 1996). The genome consists
of a single chromosome and seven plasmids (Kaneko et al., 2003) with a complete size
of approximately 3,95 Mb1. UniProt2 currently lists 3,507 protein-coding genes. Syne-
chocystis achieves a maximum growth rate of approximately 0.135 h−1 corresponding to
a doubling time of 5.13 h (Zav̆rel et al., 2015).

1.3.2 Key cellular processes of photoautotrophic growth

Photoautotrophic growth is based on complex metabolic processes of which the most
important are light absorption and conversion into biochemical energy that is used for
assimilation of atmospheric CO2 into organic building blocks required for the biosynthesis
of macromolecules in the cell. The mathematical model of photoautotrophic growth
described in the later chapters focuses on these key cellular processes that are briefly
outlined here.

Photosynthesis can be divided into two stages: light-dependent and light-independent

1http://genome.microbedb.jp/cyanobase/GCA_000009725.1
2https://www.uniprot.org/proteomes/UP000001425

5
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0.5 µm

*

Figure 1.4: A dividing Synechocystis sp. PCC 6803 cell. Electron micrograph is taken
from Kerfeld et al. (2005). Reprinted with permission from AAAS. White arrows indicate the
thylakoid membrane and the asterisk a carboxysome (arrows and asterisk are added here).

reactions. The former takes place in the thylakoid membranes (see Figure 1.4) of cyanobac-
teria and is facilitated by light-harvesting complexes and an electron transport chain that
produces adenosine triphosphate (ATP) and reduced nicotinamide adenine dinucleotide
phosphate (NADPH) which are required for the light-independent reactions, also called
dark reactions.

Cyanobacteria have large light-harvesting antenna called phycobilisomes that are at-
tached to the cytoplasmic surface of the thylakoid membrane and that absorb light
at wavelengths ranging from 500 nm to 670 nm (Mullineaux, 2014). The captured
light energy is directed to the electron transport chain (ETC) that contains a series of
membrane-bound protein complexes that are involved in the transfer of electrons across
the thylakoid membrane which results in a proton gradient that is used for ATP synthesis
(Vermaas, 2001). The electron transfer along the ETC results also in the regeneration of
NADPH as an energy carrier and reductant (Westermark and Steuer, 2016). The main
protein complexes within the ETC that are present at the highest concentrations are
photosystem I and photosystem II (Mullineaux, 2014). The photosystems contain reac-
tion centers that initiate the light-induced electron transfer reactions. At the reaction
center of photosystem II, the light energy is used to extract electrons by water splitting
which results in the release of oxygen.

The light-independent reactions of photosynthesis describe the processes of carbon
fixation and the production of organic building blocks. Fixation of CO2 is a difficult
task since it easily leaks from the cell. In addition to CO2 leakage, the CO2-fixing en-
zyme ribulose-1,5-bisphosphate carboxylase/oxygenase (RuBisCO) has a (relatively) low
affinity for CO2: The Km for CO2 is ranging from 80 µM to 300 µM, while the con-
centration of CO2 in water is only 10 µM (Kupriyanova et al., 2013). To overcome

6
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this obstacle cyanobacteria evolved an effective CO2-concentrating mechanism (CCM)
to increase the concentration of CO2 in the vicinity of RuBisCO. The CCM comprises
active uptake systems for CO2 and bicarbonate (HCO3

-) that are both accumulated
in the form of HCO3

- to prevent CO2 leakage. Subsequently, accumulated HCO3
- is

converted into CO2 within specialized compartments that contain RuBisCO, called car-
boxysomes (Price et al., 2008). Carboxysomes are protein bodies (see Figure 1.4) that
are surrounded by a protein shell which minimizes CO2 leakage. Finally, the fixed carbon
is further metabolized into organic building blocks.

7
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Chapter 2 Mathematical modeling of microbial growth

The purpose of this chapter is to show from which basic assumptions the mathematical

model is derived that is used throughout this thesis. The model of photoautotrophic

microbial growth will be described in detail in the next chapter.

The conceptual idea of how to derive the general mathematical framework from ba-

sic assumptions about microbial growth is adopted from a review of de Jong et al.

(2017). In their review, de Jong et al. (2017) point out the connection between the

most common mathematical models of microbial growth by bringing together the

fundamental modeling choices into one general framework. The framework is based

on ordinary differential equations (ODE) that establish a mechanistic link between

growth, metabolism, and gene expression.

Going beyond the review of de Jong et al. (2017), this chapter also describes how

to account for gene expression in the model without having any predefined gene ex-

pression levels or a predefined gene regulatory network which allows to study optimal

adaptation of cells to different environmental conditions.

2.1 Growth and volume of microbial populations

Growth of a microbial population can be described by its expanding volume. Let n(t) be
the number of cells at time t and Volk(t) the volume at time t of a cell k (hereafter the
time-dependence of the variables is dropped to simplify the notation). The dynamics of
each cellular volume can be described by the following differential equation

ÛVolk = µk · Volk , (2.1)

with µk denoting the growth rate of a cell k. The population is represented by cells that
have different sizes and that are in different phases between cell growth and division.
However, instead of considering a distribution of individual cells, as a first approximation
the cells are lumped together into an aggregated volume (Figure 2.1). The total volume
of the population is then given by

Vol =
n∑

k=1

Volk . (2.2)

Assuming further that all cells k have the same growth rate µk = µ, then the dynamics
of the total volume can be expressed by

10



2.2 Cellular constituents and biochemical reactions

A B C

Figure 2.1: Modeling assumptions. (A) Population of cells. (B) Volume of a growing pop-
ulation. (C) Total mass of molecular constituents (indicated by dots) in a growing population.
The Figure is adapted from de Jong et al. (2017). Republished with permission of The Royal
Society (U.K.); permission conveyed through Copyright Clearance Center, Inc.

ÛVol =
n∑

k=1

µk · Volk = µ
n∑

k=1

Volk = µ · Vol , (2.3)

meaning that the growth rate dynamics of the individual cell and of the population are
assumed to be the same for simplicity.

2.2 Cellular constituents and biochemical reactions

Cellular growth depends on the uptake and conversion of nutrients in the environ-
ment into biomass facilitated by a network of intracellular biochemical reactions. The
biomass B is defined as the total mass of molecular constituents Ci contained in the
aggregated population volume Vol. It is assumed that the biomass is proportional to the
population volume

Vol ∼
∑

i

Ci = B , (2.4)

in other words, the biomass density is constant

Vol = δ ·
∑

i

Ci = δ · B , (2.5)

with 1/δ (in units of gram per liter) denoting the constant biomass density. This im-
portant assumption about microbial growth is supported by experimental data of several
studies (e.g., Klumpp et al. (2009); Basan et al. (2015)). It is further assumed that all
molecular constituents are evenly distributed between the cells, so that the concentration
ci of each molecular constituent i in a population, given by

ci =
Ci

Vol
, (2.6)

11



Chapter 2 Mathematical modeling of microbial growth

is the same as the concentration in the individual cells. Furthermore, from equation 2.5
and 2.6 it follows that ∑

i

ci =

∑
i Ci

Vol
=

B
Vol
=

1

δ
, (2.7)

implying that the total concentration of molecular constituents in a growing population
is constant – a direct consequence of the assumption about the proportionality of vol-
ume and biomass. The dynamics of the concentration of each molecular constituent in
Equation 2.6 is given by (obtained with Equation 2.3)

Ûci =
ÛCi · Vol − Ci · ÛVol

Vol2
=
ÛCi

Vol
−

Ci

Vol
·
ÛVol
Vol

=
ÛCi

Vol
− µ · ci . (2.8)

Note that the dynamics of ci account for a dilution term due to growth of the population.

In what follows, the units for the molecular constituents are changed from gram (g)
to molar (mol) by Xi = Ci/ωi, with Xi denoting the molar quantity and ωi (in units
of g mol-1) the molar mass of constituent i. This change in units is motivated by the
fact that kinetic models of biochemical reactions are best expressed in terms of molar
quantities. Thus, Equation 2.8 can be rewritten, with xi = Xi/Vol, as follows

Ûxi =
ÛXi

Vol
− µ · xi . (2.9)

The first term ÛXi/Vol can be further described by biochemical reactions that continually
produce and consume the molecular constituents (Figure 2.2). To this end, a stoichio-
metric matrix N is introduced, with the entries Nij denoting the stoichiometric coefficient
that determines the participation of the ith constituent in the jth reaction. If for exam-
ple Ni j > 0, then the reaction produces i, whereas if Ni j < 0 then the constituent i
is consumed (if not altered in the reaction, then Ni j = 0). Furthermore, let v(x) be a
vector of reaction rates (in units of mol L-1 h-1) depending on the concentration of the
molecular constituents, then Equation 2.9 can be formulated by means of the underlying
biochemical reaction network

Ûx = N · v(x) − µ · x . (2.10)

Equation 2.10 applies also to the individual cells, by assuming that the reaction rates

12



2.2 Cellular constituents and biochemical reactions

structured model

Figure 2.2: Underlying biochemical reactions of microbial growth. The molecular con-
stituents (indicated by dots) are evenly distributed in the population and produced by nutrients
that are taken up from the environment. Conversion of nutrients into the molecular constituents
is facilitated by intracellular biochemical reactions (indicated by arrows). The Figure is adapted
from de Jong et al. (2017). Republished with permission of The Royal Society (U.K.); permission
conveyed through Copyright Clearance Center, Inc.

on the population level are the same as in the individual cells. Following from the unit
conversion and introduction of biochemical reactions, the growth rate can be expressed
by

µ =
ÛVol

Vol
= δ ·

∑
i

ÛCi

Vol
= δ ·

∑
i

ωi ·
ÛXi

Vol

= δ ·
∑

i

ωi · Ni · v(x) . (2.11)

Thus, the growth rate is directly connected to the concentrations of the molecular con-
stituents (obtained from Equation 2.3 and 2.5).

In summary, the mathematical model describing microbial growth is given by the
following equations

Ûx = N · v(x) − µ · x , (2.12)

µ = δ ·
∑

i

ωi · Ni · v(x) . (2.13)

In addition to Equation 2.12 and 2.13, the general mathematical framework formulated
by de Jong et al. (2017) considers the changing environment from which nutrients are
taken up by the cells and into which byproducts are excreted. However, the differential
equation for the changing environment is neglected here, as for the computational model
presented in the next chapter a constant environment is considered and the system is
studied under steady-state conditions.
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Chapter 2 Mathematical modeling of microbial growth

2.3 A simple coarse-grained whole-cell model

Dealing with large biochemical reaction networks that underly microbial growth causes
practical difficulties regarding implementation and simulation of the networks. To over-
come these difficulties, additional simplifying model assumptions are made resulting in
an approximate description of the system. A well-known example is flux balance analysis
(Orth et al., 2010), a method that allows the description of microbial growth by means
of the underlying large metabolic network only without requiring any kinetic informa-
tion. However, the absence of kinetic information entails excluding proteins from the
mathematical description and their beneficial effect on the reaction rates. As noted by
Molenaar et al. (2009), the trade-offs arising from the costs and benefits of synthesizing
specific proteins are important properties affecting the growth rate. To consider these
trade-offs while still avoiding the full complexity of the underlying biochemical reaction
network, a coarse-grained approach is applied by Molenaar et al. (2009) that involves
lumping together the molecular constituents into few classes.

An example of such a coarse-grained whole-cell model is depicted in Figure 2.3. Based
on preceding coarse-grained models (Molenaar et al., 2009; Weiße et al., 2015; Maitra
and Dill, 2015), proteins are the only macromolecules considered in the model. Proteins
account for approximately half of the total cellular dry mass (Neidhardt et al., 1990;
Maitra and Dill, 2015) and play an important role in regulating cellular biochemical
processes. The example considered here accounts for three classes with x = (e, R, P)T

representing the concentration of a precursor metabolite e (a surrogate for all intracellular
energy supplies), the concentration of ribosomes and other components of the transla-
tional machinery R, and of other enzymes P involved in nutrient uptake and metabolism.
The reaction rate vector v = (vm, γR, γP)

T includes the uptake and conversion rate of
the nutrient s into the precursor metabolite vm and the production rate of ribosomes γR

and non-ribosomal proteins γP. Thus, the general model defined by the Equations 2.12
and 2.13 can be reformulated as


Ûe

ÛR

ÛP


=


ne −nR −nP

0 1 0

0 0 1


·


vm(s, P)

γR(e, R)

γP(e, R)


− µ ·


e

R

P


, (2.14)

µ = δ · ωe · ne · vm(s, P) , (2.15)
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Ribosomes

Proteins
eNutrients

ƔR

ƔP

vm

Figure 2.3: A simple coarse-grained model of microbial growth. Extracellular nutrients
are taken up the cell and converted into a precursor, here denoted as e, that is used to produce
ribosomal and non-ribosomal proteins. Uptake and conversion of nutrients is catalyzed by the
non-ribosomal proteins and ribosomes catalyze the production of proteins, including their own
production.

with ωe denoting the molar mass coefficient of the precursor metabolite. The molar
mass coefficients of the ribosomes and non-ribosomal proteins are ωR = ωe · nR and
ωP = ωe · nP, obtained from mass conservation. The reaction rates are described by
(irreversible) Michaelis-Menten kinetics and depend on the concentration of the substrate
and the enzyme that catalyzes the respective reaction.

2.4 Gene expression and constraint-based
modeling

The hypothetical cell, depicted in Figure 2.3, possesses a constant amount of proteins
(obtained from the constant biomass density assumption, see Equation 2.7). The finite
proteome imposes trade-offs on the allocation of the protein classes to the different
reactions. The protein allocation in turn will affect the growth rate of the cell and depend
on the concentration of the external nutrient. Thus, adjusting the protein composition
based on the different nutrient concentrations can be seen as a form of adaptation to
environmental conditions, resembling gene regulation in real cells (Molenaar et al., 2009).

Of particular importance is the fact that the gene regulatory network is not predefined.
Instead, the optimal protein allocation should arise from the basic model assumptions
made about the physiology of microbial growth. To this end, additional parameters are
introduced to the general modeling framework, called gene regulatory parameters βρ,
that determine the fractions of ribosomes R that are engaged in the synthesis of a
protein class ρ. The gene regulatory parameters βρ are integrated in the reaction rates
for protein production that are described by Michaelis-Menten equations
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Chapter 2 Mathematical modeling of microbial growth

γρ = βρ · R ·
γmax

nρ
·

e
Ke + e

, (2.16)

with the maximal turnover rate of the ribosomes γmax divided by the length nρ of the
respective protein ρ (longer proteins require more time to be translated) and with Ke

denoting the half-saturation constant for e.
In what follows, the task will be to find the optimal protein allocation by adjusting

the ribosome fractions for a given environmental condition. This is achieved by using a
constraint-based modeling approach and optimization of the cellular growth rate. The
concept of constraint-based modeling is to describe the limits of a biological system
set by biochemical (and other) constraints. The constraints are generally formulated as
balances or bounds, whereas balances result in equality constraints and bounds generally
limit the ranges of the individual variables (Price et al., 2004). Finally, an objective
function is defined to determine an optimal protein allocation strategy. Under steady-
state conditions, it is assumed that the objective of a unicellular organism is to maximize
its growth rate (Molenaar et al., 2009).

Taken together, microbial growth can be described (without predefined gene expression
levels) by the following nonlinear optimization problem

max
β, x

µ = δ · ω · N · v(β, x) (2.17)

s.t. 0 = N · v(β, x) − µ · x (2.18)∑
ρ

βρ ≤ 1 (2.19)

xi ≥ 0, βρ ≥ 0 (2.20)

with the growth rate expression as objective function and the biochemical reaction net-
work as constraints together with an upper bound for the ribosome fractions. This non-
linear optimization problem is the basis for the computational model of photoautotrophic
growth developed in the next chapter.
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Chapter 3 A coarse-grained model of cyanobacterial resource allocation

In Faizi et al. (2018), I developed a computational model of photoautotrophic growth

that is based on a coarse-grained description of key cellular processes, in particular

carbon uptake, fixation and metabolism, protein translation, and photosynthesis. Of

particular interest is the optimal allocation of finite cellular resources to these processes

under different environmental conditions. To this end, the model was parameterized

using literature data and growth rate measurements from Synechocystis. The modeling

framework from Faizi et al. (2018) will be presented here (with a few modifications

described in this chapter) together with the most important model predictions.

3.1 Introduction
As pointed out in the introduction to this thesis, a wealth of information has been
acquired with respect to the physiology of growing bacterial cells (Neidhardt, 1999;
Schaechter, 2015). Of particular interest are fundamental characteristics of growth that
are independent of the chemical nature of the medium, such as the gross chemical
composition in terms of protein, RNA, DNA, carbohydrates, and lipids (Neidhardt, 1999).
An early key observation was that several of these characteristics are simple monotonic
functions of growth rate (Marr, 1991; Neidhardt, 1999) – in particular the concentration
of ribosomes was found to be a linear function of growth rate (Ecker and Schaechter,
1963).

Since then a number of experimental and theoretical studies have addressed the co-
variation between the cellular composition of macromolecules and the growth rate for
heterotrophic microorganisms (Marr, 1991; Klumpp et al., 2009; Scott et al., 2010; Bos-
driesz et al., 2015). The theoretical studies include mathematical models that are either
large-scale and analyzed by constraint-based approaches, such as the resource balance
analysis (Goelzer et al., 2015; Goelzer and Fromion, 2017) and related time-dependent
approaches (Waldherr et al., 2015), or small-scale kinetic models that describe funda-
mental processes of cellular growth by coarse-graining the proteome into few essential
classes (Molenaar et al., 2009; Maitra and Dill, 2015; Weiße et al., 2015).

However, photoautotrophic growth is quite distinct from heterotrophic growth empha-
sizing the need of modified methods and models. Only recently a number of computa-
tional models (Burnap, 2015; Rügen et al., 2015; Mueller et al., 2017; Reimers et al.,
2017), as well as experimental studies (Bernstein et al., 2016; Yu et al., 2015; Abernathy
et al., 2017), have begun to investigate the molecular limits and cellular physiology of
photoautotrophic growth. Properties of the respective models are typically evaluated
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3.2 Single-cell model of photoautotrophic growth

in the context of evolutionary optimality: The allocation of proteins to the respective
processes is assumed to be optimal in the sense that the growth rate in a given environ-
ment is maximal, and that synthesizing more protein within one class, at the expense of
other classes, would lower the overall growth rate (Marr, 1991). While there are certainly
caveats concerning the assumption of optimality, the application of optimization meth-
ods has a long tradition in the study of metabolic systems (Heinrich and Schuster, 1996)
and represents a useful starting point to investigate and benchmark protein allocation in
growing cells (Klipp et al., 2002; Gottstein et al., 2014; Müller et al., 2015).

While several large- and medium-scale constraint-based models have been proposed
that consider resource allocation during photoautotrophic growth (Rügen et al., 2015;
Reimers et al., 2017), up to now only a single study has considered photoautotrophic
resource allocation from the perspective of a coarse-grained kinetic model (Burnap,
2015). To address this issue, in Faizi et al. (2018), I developed a model that goes
beyond the study of Burnap (2015) and considers the consequences of photodamage on
protein allocation.

This chapter presents the coarse-grained model of Faizi et al. (2018) with a few mod-
ifications described in the next section. The model is based on recent resource allocation
models for heterotrophic growth, in particular the models of Molenaar et al. (2009) and
Weiße et al. (2015), but accounts for the specific properties of photoautotrophic growth.
These properties are manifested in the intracellular processes considered by the model,
including carbon uptake, fixation and metabolism, protein translation, and photosyn-
thesis. The model is parameterized using literature data and experimentally determined
growth curves for the cyanobacterium Synechocystis. By considering the optimality of the
macromolecule composition for cyanobacterial balanced growth under different environ-
mental conditions, the model predicts photoautotrophic growth laws that are discussed
in the context of growth laws observed for heterotrophic microorganisms. Finally, the im-
plications of the model for the understanding of the limits of photoautotrophic growth
will be discussed in this chapter.

3.2 Single-cell model of photoautotrophic growth
Photoautotrophic growth is described by coarse-graining key cellular processes into three
functions: (i) carbon uptake, fixation and metabolism, (ii) light harvesting and cellular
energy production, (iii) and protein translation. The proteins that catalyze these processes
are divided into four different protein classes: transporters ET that facilitate carbon
uptake, metabolic enzymes EM that catalyze carbon assimilation and anabolic reactions,
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vtcix aa

dp

γρ

v2

light

ci
e

proteins

e

e

e
vi

vm

Figure 3.1: A single-cell model of photoautotrophic growth. External inorganic carbon ci
x

is actively imported (vt) into the cell via transporters ET. Metabolic enzymes EM convert (vm)
inorganic carbon molecules into amino acids aa which serve as precursors for the synthesis of
proteins. Synthesis (γρ) of a protein ρ is catalyzed by ribosomes R. All reactions are dependent
on a cellular energy source, denoted as e. Cellular energy is produced (v2) by photosynthetic
units PSU and is subject to an energy maintenance term. The photosynthetic units are affected
by photodamage (vi). All proteins are degraded at a constant rate (dρ).

ribosomes R that catalyze protein translation, and light-absorbing photosynthetic units
PSU that produce cellular energy. The model is depicted in Figure 3.1 and the respective
stoichiometric coefficients of the reactions are listed in Table 3.1.

In the following sections the core components of the model are outlined. In brief,
the dynamics of the system are described by 8 ordinary differential equations (ODEs)
including 5 protein classes and 3 metabolites. Different to the model published in Faizi
et al. (2018), here I assume that half of the proteome accounts for quota proteins PQ that
are not involved in growth-related reactions. The units of all intracellular constituents are
indicated by numbers of molecules per cell. Following Molenaar et al. (2009) and others
(Maitra and Dill, 2015; Weiße et al., 2015), the average cell density accounts only for
proteins, whereas other macromolecules are neglected. Furthermore, for simplicity and
following Weiße et al. (2015), it is assumed that the average cell volume is constant.

Carbon uptake, fixation, and metabolism

Cellular growth starts with nutrient uptake from the environment. The nutrient source
considered here is inorganic carbon which is taken up by transporters ET and then
assimilated into organic carbon and converted into amino acids. For simplicity, the model
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3.2 Single-cell model of photoautotrophic growth

Table 3.1: Stoichiometry of model reactions. Stoichiometric coefficients are taken from
Faizi et al. (2018).

protein stoichiometry reaction

ET : cix + e → ci uptake of extracellular inorganic carbon

EM : 5 · ci + 45 · e → aa carbon fixation and metabolism

R : nρ · aa + 3 · nρ · e → protein protein translation

PSU : 8 · photons → 8 · e photosynthesis

does not distinguish between the two inorganic carbon sources carbon dioxide (CO2) and
bicarbonate (HCO3

-), instead they are summarized into one inorganic carbon constituent,
denoted as ci. Assimilation of inorganic carbon ci and its assembly into a (generic) amino
acid aa is catalyzed by a metabolic enzyme complex EM that represents all enzymes that
are required to catalyze the conversion from ci to aa. Taken together, the dynamics of
intracellular inorganic carbon ci is determined by the uptake rate (vt) and the conversion
rate (vm) into amino acids

d[ci]

dt
= vt − nci,vm · vm − µ · [ci] , (3.1)

with nci,vm denoting the number of inorganic carbon molecules required to produce one
amino acid. Note the last term that describes dilution due to cellular growth with µ

denoting the growth rate (see chapter 2 for a detailed description). Both reaction rates,
vt and vm, are described by irreversible Michaelis-Menten kinetics and depend on cellular
energy e

vt = k t
cat · [ET ] ·

[cx
i ]

Kt + [cx
i ]
·
[e]

Ke + [e]
(3.2)

and

vm = km
cat · [EM] ·

[ci]

Km + [ci]
·
[e]

Ke + [e]
, (3.3)

where k t
cat and km

cat denote the maximal turnover rates of the transporter and metabolic
enzyme, and Kt and Km denote the corresponding half-saturation constants of both
enzymes. The half-saturation constant Km of the metabolic enzyme is set to mimic the
low (relative) affinity of RuBisCO for its substrate CO2. The half-saturation constant Ke

is, for simplicity, assumed to be identical for all energy-dependent reactions.
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Chapter 3 A coarse-grained model of cyanobacterial resource allocation

Ribosomes and protein translation

Protein translation is defined analogous to earlier models for heterotrophic microbial
growth (Molenaar et al., 2009; Maitra and Dill, 2015; Weiße et al., 2015), as described
in the previous chapter in Equation 2.16. Different from Weiße et al. (2015), transcription
and synthesis of mRNA is not explicitly modeled. Here, protein complexes are translated
by ribosomes R, using the precursor metabolite aa and energy e. The translation rate γρ
of a protein complex ρ is then given by

γρ = βρ · [R] ·
γmax

nρ
·
[e]

Ke + [e]
·
[aa]

Ka + [aa]
, (3.4)

the time necessary for translation further depends on the maximal elongation rate γmax

and the size of the protein complex nρ (in units of amino acids). The half-saturation
constant of ribosomes for the amino acids is denoted as Ka. The factor βρ determines
the fraction of total ribosomes that is allocated for the translation of protein complex ρ
and fulfills the following constraint∑

ρ∈P

βρ ≤ 1 , ∀ρ : βρ ≥ 0 , (3.5)

with P = {ET, EM, R, PSU, PQ}. The dynamics of the amount of each protein complex
ρ is determined by a balance of synthesis γρ and dilution due to cellular growth and
protein degradation. For example, the amount of ribosomes is governed by the following
differential equation

d[R]
dt
= γR − (µ + dρ) · [R] , (3.6)

and analogously for the protein complexes ET, EM, and PQ (the dynamics of the photo-
synthetic units PSU are described in the next section). Finally, the differential equation
for the precursor metabolite aa is defined as follows

d[aa]
dt
= vm + nPSU · vi +

∑
ρ∈P

(dρ · nρ · ρ − nρ · γρ) − µ · [aa] . (3.7)

Note that amino acid molecules are also generated due to protein degradation dρ and
degradation of photosynthetic units induced by photodamage vi (the latter process is
described in the following section). The amount of aa produced due to degradation of
proteins depends on the length of the respective protein nρ. The protein lengths of all
classes are listed in Table 3.2.
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3.2 Single-cell model of photoautotrophic growth

Table 3.2: Protein lengths and cell density. Protein lengths for the ribosomes, transporters,
and photosynthetic units were determined in Faizi et al. (2018) using the UniProt database
(Consortium, 2017) with respect to Synechocystis. The protein length of the metabolic enzyme
complex is derived from the metabolic reconstruction of Knoop et al. (2013) and the cell density
is estimated with the data from Faizi et al. (2018).

name description value

nET transporter length 1681 [ aa per molecule ]

nEM length of metabolic enzyme complex 28630 [ aa per molecule ]

nR ribosome length 7358 [ aa per molecule ]

nPSU length of photosynthetic unit 95451 [ aa per molecule ]

nPQ average length of quota proteins 300 [ aa per molecule ]

δ−1 cell density 1.4 · 109 [ aa per cell ]

Photosynthesis and photodamage

The conversion of light into cellular energy is described by means of a simplified repre-
sentation of the electron transport chain with photosynthetic units, following the model
of Han (2002). The photosynthetic unit PSU is usually defined as an assembly of light-
harvesting complexes, photosystems I and II, and the photosynthetic electron transport
chain (Han, 2001). The concept of describing photosynthetic response to light with sim-
ple models of photosynthetic units is in accordance with published three-state models
of phototrophic growth (Megard et al., 1984; Eilers and Peeter, 1988; Zonneveld, 1997;
Han, 2001). The process of light harvesting and energy production is facilitated by the
transition of the photosynthetic unit between two states: inactivated PSUo and activated
PSU*. Absorption of light I facilitates the transition from the inactivated to the acti-
vated state (v1). The transition back to the inactivated state results in the production
of cellular energy e (v2). The fast transitions between both states of the photosynthetic
unit are described by mass-action kinetics

v1 = σ̂ · I · [PSUo] (3.8)

and

v2 = τ · [PSU∗] , (3.9)

where τ denotes the maximum turnover rate of the photosynthetic unit and σ̂ the effec-
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Chapter 3 A coarse-grained model of cyanobacterial resource allocation

tive absorption cross section, i.e., the effective surface area involved in light absorption.

An important hallmark of phototrophic growth is the potential photodamage. Light
absorption damages the photosynthesis machinery proportional to the light intensity
(Tyystjärvi, 2008). Photodamage is modeled, following the model of Han (2002), by
assuming that the photosynthetic unit in the activated state can be irreversibly damaged
by further light absorption. The complete photosynthetic unit PSU* is then degraded into
amino acids, mimicking the repair-cycle of the D1 subunit of photosystem II (Tyystjärvi,
2008). The rate of photodamage is assumed to be a linear function of light intensity

vi = kd · I · [PSU∗] , (3.10)

with kd denoting the first-order photodamage rate constant. The respective equations
for both states of the photosynthetic unit are given by

d[PSUo]

dt
= γPSU −

v1

nhv
+ v2 − (µ + dp) · [PSUo] (3.11)

and

d[PSU∗]
dt

=
v1

nhv
− v2 − vi − (µ + dp) · [PSU∗] (3.12)

with nhv denoting the amount of photons required to activate one photosynthetic unit.
The dynamics of both states can be summed up and described by means of the total
photosynthetic unit concentration [PSU] = [PSUo] + [PSU*], with

d[PSU]
dt

= γPSU − vi − (µ + dp) · [PSU] . (3.13)

Furthermore, the rate equations depending on the activated state of the photosynthetic
unit can be expressed in terms of the total amount of photosynthetic units by assuming
a quasi-steady state for its activated form, so that

[PSU∗] = [PSU] ·
σ̂

nhv
· I

σ̂
nhv
· I + τ + kd + µ + dp

. (3.14)

Finally, the energy balance with respect to e is given by the equation

d[e]
dt
= ne,v2 · v2 − vt − ne,vm · vm − ne,γ ·

∑
ρ∈P

nρ · γρ − vme − µ · [e] , (3.15)
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3.2 Single-cell model of photoautotrophic growth

with the energy maintenance term vme defined as follows

vme =
kme · [e]
10 + [e]

. (3.16)

The stoichiometric coefficients in Equation 3.15 denote the amount of energy units
produced per photosynthetic cycle ne,v2 , required for producing one amino acid ne,vm ,
and required for one translation elongation step ne,γ. For simplicity, the energy unit e
is understood as an abstract entity that combines contributions from ATP, GTP, and
NADPH and has no carbon backbone but are only ’recharged’.

Model parametrization and implementation

In Faizi et al. (2018), we aimed for a semi-quantitative model, i.e., all relevant param-
eters should be within reasonable ranges and have a sound justification based on the
biochemical literature. Model results, however, are understood as approximations suit-
able to investigate general properties of photoautotrophic growth. Kinetic parameters
were sourced from the literature and are summarized in Table 3.3.

The activity of RuBisCO is considered as the rate-limiting step in metabolism. Its
affinity of Km = 181 µM (Marcus et al., 2005) is converted into molecules per cell using
the conversion factor 1 µM = 10-6·NA·Vcell, with NA denoting the Avogadro constant
and Vcell the cell volume. The cell volume is calculated by assuming a spherical shape with
an average cell diameter of 2 µm. The remaining intracellular half-saturation constants
(Ka, Ke) are set to low arbitrary values.

In addition to the model of Faizi et al. (2018), the model presented here considers
protein degradation (Maier et al., 2011) and an energy maintenance term resulting in
a basal energy expenditure. The value for the energy maintenance rate is taken from
Knoop et al. (2013).

The remaining unknown parameters are the effective absorption cross-section σ̂ of
PSU, the photodamage rate kd, as well as the maximal turnover rate of the photosyn-
thetic unit τ. For a turnover rate of τ = 100 s -1 the parameters σ̂ and kd were fitted
using experimentally obtained growth rates for Synechocystis under CO2-saturating con-
ditions (Faizi et al., 2018). For the model the concentration of external inorganic carbon
was set to cix = 100 mM. The fit was obtained using the negative logarithm of the
likelihood l(θ) as a distance measure

l(θ) =
∑

i

((Υ(θ)i − χi

ξi

)2
+ log(2 · π · ξ2i )

)
, (3.17)
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Chapter 3 A coarse-grained model of cyanobacterial resource allocation

where χi represents the experimental data points with their standard error ξ i and the
simulated data calculated with the model parameters θ are denoted as Υ(θ)i. Figure A1
in the Appendix shows the range of possible growth curves that can be simulated within
the predefined parameter boundaries for σ̂ and kd.

As explained in the previous chapter, microbial growth is described by means of an op-
timization problem to obtain the optimal proteome allocation for a specific environmen-
tal condition (here light intensity and external inorganic carbon). The photoautotrophic
growth model presented here, is based on the biochemical reaction network described in
the previous sections. The variable parameters in the optimization problem are the ribo-
somal fractions βρ. The amount of ribosomes βρ that are engaged in the translation of a
protein ρ are varied in order to maximize the cellular growth rate µ. The corresponding
nonlinear optimization problem is outlined in the Equations 2.17 – 2.20. The optimiza-
tion problem is implemented with the APMonitor Optimization Suite (Hedengren et al.,
2014) and solved using the IPOPT (Interior Point Optimizer) method. The model and
a Python script to run the simulations are available in the electronic copy of this thesis.
Furthermore, the APMonitor code for the single-cell model is provided in the Appendix
section.

3.3 Results and Discussion

3.3.1 Comparison to experimental growth and photosynthesis
rates

As described earlier, the model was fitted to growth rate measurements of Synechocystis
from the study of Faizi et al. (2018). Figure 3.2A shows the comparison of the optimized
growth curve derived by the model and the experimental growth curve obtained from
the Synechocystis cultures that were cultivated in a turbidostat under carbon saturated
conditions and red light intensities in the range of 27.5 – 1100 µE m-2 s-1. The model
reproduces the characteristic phototrophic growth curve, that is a decline of the growth
rate for high light intensities, also known as photoinhibition.

The fitted model was subsequently used to predict the functional form of the oxygen
evolution rate as a function of light intensity. The oxygen evolution rate was approximated
in the model with the turnover of the photosynthetic unit (v2), since the model does
not explicitly account for oxygen evolution. As shown in Figure 3.2B, the functional
form of the model-derived turnover rate is in good agreement with the measured oxygen
evolution (no further parameters were adjusted).
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Table 3.3: Kinetic parameters. Parameters are taken from Faizi et al. (2018)• and sourced
from the primary literature (Dornmair et al., 1989; Omata et al., 2002; Marcus et al., 2005;
Bremer and Dennis, 2008), or estimated here◦ (see section 3.2, Model parametrization and
implementation).

name description value source

ktcat maximal import rate 45360 [ h-1 ] •

Kt half-saturation constant of ET 15 [ µM ] •

kmcat maximal carbon fixation rate 32700 [ h-1 ] •

Km carbon fixation threshold 181 [ µM ] •

γmax maximal translation rate 79200 [ aa molecules-1 h-1 ] •

Ka, Ke half-saturation constants for aa and e 10000 [ molecules cell-1 ] •

dρ protein degradation rate 0.043478 [ h-1 ] ◦

kme energy maintenance rate 7·109 [ molecules cell-1 h-1 ] ◦

σ̂ effective absorption cross section 6 [ nm2 PSU-1 ] ◦

τ maximal turnover rate of PSU 360000 [ h-1 ] ◦

kd rate constant for photodamage 1.2 · 10-6 ◦

3.3.2 The protein economy of photoautotrophic growth

Protein allocation and photoautotrophic growth laws

To study growth laws for photoautotrophic microorganisms, the optimization problem
was solved for different light intensities and external inorganic carbon conditions cix,
meaning that the optimal proteome allocation was determined that maximizes the cellular
growth rate. Figure 3.3 shows the protein mass fractions optimized for maximal growth
rates as a function of cix (with fixed light intensity) and as a function of light (with
fixed cix). The corresponding concentrations of all cellular constituents are provided in
Figure A2 and A3 in the Appendix section.

In Figure 3.3A the protein growth relations for increasing cix (and fixed light intensity)
show for every protein class a linear correlation. Corresponding to the results obtained for
earlier models of heterotrophic growth, the ribosomal mass fraction is a linear function of
the growth rate for increasing cix. Specific for phototrophic organisms, the mass fraction
of the photosynthetic unit PSU increased with increasing cix. Interestingly, the amount
of metabolic enzymes EM, relative to total protein, increased linearly with growth rate
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Figure 3.2: The model reproduces the qualitative behavior of cyanobacterial growth.
(A) Growth rate measurements of Synechocystis (black circle) compared to model simulations
(gray line) using a constant external inorganic carbon value of ci

x = 100 mM, corresponding to
carbon saturating conditions. Growth rates were measured in a turbidostat culture for 8 different
light intensities with 6-11 biological replicates each. (B) Model-derived energy production rate v2
compared to the experimentally observed photosynthetic oxygen evolution rate per dry weight.
Both curves qualitatively agree (no further parameters were adjusted).

irrespective of whether the increase in growth was caused by increasing cix or increasing
light intensity. In contrast, the relative mass fraction of the transporter ET decreased
with increasing cix, and increased with increasing light intensity. A decrease of transporter
with increasing availability of the carbon source, was also observed in the (heterotrophic)
model of Molenaar et al. (2009).

For increasing light (and fixed cix) the ribosomal mass fraction also initially increased
with the growth rate. For high light intensities and fast growth rates the ribosomal mass
fraction continued to increase even as the growth rate started to decrease again due
to photoinhibition. A similar phenomenon is observed for E. coli when nutrient amount
is fixed and translational inhibitors are added to the medium (Scott et al., 2010): the
cell compensates the inhibition of ribosomes by increasing the ribosomal mass fraction.
Here, the light-induced repair-cycle of the photosynthetic unit acts analogously to a
translational inhibitor and requires to increase the ribosomal mass fraction. The mass
fraction of the photosynthetic units decreased for increasing light intensities and growth
rate and then increased with growth when photodamage prevailed. The former agrees
with the numerical result of Burnap (2015) where the mass fraction of the light-harvesting
complex (LHC) decreases with increasing light intensity.

The data that allow the most direct comparison with experimental protein allocation
is the recent study of Bernstein et al. (2016). The authors measured the transcriptional
responses to changing irradiance, and hence changing growth rate, in a turbidostat.
Among the genes whose relative abundance of transcripts increases in direct proportion
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Figure 3.3: Photoautotrophic growth laws. (A) Protein mass fractions for increasing external
inorganic carbon concentrations ci

x and a fixed light intensity of I = 100 µE m -2 s -1 (dashed
line) and I = 1000 µE m -2 s -1 (solid line). Both lines overlay exactly, if only one is visible.
(B) Protein mass fractions for increasing light intensity and fixed external inorganic carbon
ci

x = 2 µM (dashed line) and ci
x = 100 mM (solid line). The constant protein quota fraction

is not shown.
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Figure 3.4: Effects of photodamage on photoautotrophic growth laws. (A) Photodamage
is eliminated in the model by setting kd = 0. (B) Protein mass fractions are optimized for
increasing light intensity I and fixed external inorganic carbon ci

x = 100 mM (solid line), and
vice versa for increasing ci

x and fixed I = 1000 µE m -2 s -1 (dashed line).

with growth rate were genes involved in translation (ribosomal proteins), amino acid
biosynthesis and other genes involved in central carbon metabolism (Bernstein et al.,
2016). Among the genes whose relative abundance of transcripts inversely correlates with
growth rate were genes encoding photosystems I (PSI) and II (PSII), antenna proteins,
as well as transcripts related to niche-adaptive protein functions (Bernstein et al., 2016).
These results indicate similar trends as predicted here.

Photoinhibition induces nonlinear protein growth relations

For the following simulations photoinhibition was eliminated from the model to study
if the nonlinear protein growth relations for increasing light intensity are induced by
photoinhibition. To this end, the photodamage constant kd was set to zero. Figure 3.4
shows the model-derived optimal protein allocation for maximal growth without the
effects of photodamage. All protein fractions exhibited a linear relationship with respect
to the growth rate. What is interesting in this simulation is that the ribosomal mass
fraction increased linearly with the growth rate, irrespective of whether light conditions
or cix was changed. Similar results are predicted by the large-scale model of Reimers et al.
(2017) for steady-state day metabolism, namely an increase in the number of ribosomes
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Figure 3.5: The model without photodamage reproduces Monod-like growth curves.
Maximal growth rates (black circles and squares) are optimized for different light intensities and
external inorganic carbon concentrations. Solid gray lines indicate the Monod equation fitted
to the model-derived growth rates.

with increasing growth rate due to an increasing light intensity, as well as a decrease in
the number of photosystems with increasing light intensity.

The resulting growth curves for the model without photodamage, shown in Figure 3.5,
are consistent with the Monod equation. Similar results have been obtained for mod-
els of heterotrophic bacteria (Molenaar et al., 2009; Weiße et al., 2015). The Monod
curves allow to estimate the (model-based) maximal growth rate µmax under saturating
conditions of external inorganic carbon and light. The resulting value µmax = 0.167 h -1

corresponds to a doubling time of approximately 4.15 h, well within a reasonable range for
the growth rate of Synechocystis, and slightly slower than the fastest reporting doubling
times for cyanobacteria (Yu et al., 2015; Bernstein et al., 2016).

3.3.3 Limits of photoautotrophic growth

A sensitivity analysis was applied for the fitted model (including photoinhibition) to eval-
uate the impact of all kinetic model parameters, as well as the impact of the input param-
eters (external inorganic carbon and light intensity), on the growth rate (Figure 3.6). Two
scenarios were considered: growth under carbon-saturated conditions (cix = 100 mM),
as well as carbon-limited growth (cix = 2 µM). The (logarithmic) sensitivity ε i of the
growth rate µ for a given parameter pi is given by the derivative

εi =
pi

µ
·
∆µ(pi)

∆pi
, (3.18)

and approximated by finite-size difference (0.01%) of a parameter in steady-state at the
optimized growth rate. The (logarithmic) sensitivity coefficient ε i describes the impact
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of a change in a parameter on the growth rate: a sensitivity coefficient close to unity
implies an (approximately) linear dependence.

Figure 3.6B shows the sensitivity coefficients for the growth rate with respect to the
input parameters light and cix. The sensitivity coefficients with respect to the intracel-
lular parameters are shown in Figure 3.6C for three different growth phases. The first
growth phase is characterized by light limitation for both values of external inorganic
carbon availability. The model parameter with the highest impact on the growth rate was
the effective absorption cross section σ̂ that determines the amount of light absorbed
per photosynthetic unit. The second growth phase corresponds to the point where the
highest growth rate is attained. In this case, the sensitivity with respect to light inten-
sity is zero. The model parameter with the highest impact on the growth rate was the
turnover rate of the photosynthetic unit τ. The third growth phase is characterized by
increasing photoinhibition. In this case, the model parameter with the highest impact on
the growth rate was the turnover rate of the photosynthetic unit τ, whereas an increasing
photodamage constant kd had a negative impact on growth. An increase of the turnover
rate minimizes the abundance of the photosynthetic unit in its activated state and hence
reduces the impact of photoinhibition. Other model parameters had comparatively low
impact on the estimated growth rate.

3.4 Conclusion
The present coarse-grained model of cyanobacterial growth was designed to determine
photoautotrophic growth laws. The model incorporates key processes related to pho-
toautotrophic growth, i.e. carbon uptake, fixation and metabolism, photosynthesis and
protein translation. Different from typical models of heterotrophic microbial growth, the
model distinguishes between two potentially limiting nutrients, external inorganic carbon
and light.

The model was able to reproduce experimentally obtained phototrophic growth curves,
including the inhibition of growth at high light intensities. Going beyond the basic de-
scription of photoautotrophic growth by Burnap (2015), the model described here also
considers potential photodamage. It was shown that photodamage, mimicking the pho-
toinhibition repair-cycle of enzymatic degradation and synthesis of the D1 subunit of
photosystem II, places an additional burden on the ribosomal capacity – the resulting
curves are similar to growth laws obtained for heterotrophic bacteria that are subject to
a translational inhibitor. However, it is likely that the model overestimates the effects of
photodamage on the ribosomal mass fraction due to the fact that the model does not
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Figure 3.6: Sensitivity analysis of the optimized growth rate. (A) Optimized growth curves
for two scenarios: carbon-saturated conditions (ci

x = 100 mM, solid line) and carbon-limited
conditions (ci

x = 2 µM, dashed line). (B) The (logarithmic) sensitivity of the optimized growth
rate with respect to environmental conditions: external inorganic carbon ci

x (gray line) and
light intensity (yellow line). (C) The sensitivity coefficients with respect to intracellular model
parameters. The three growth phases correspond to the marked points in panel (A). Green
bars indicate model parameters associated to carbon uptake, assimilation and metabolism, and
model parameters associated to protein translation and photosynthesis are indicated by red and
yellow bars, respectively.
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consider other repair mechanisms that might be active in Synechocystis (in the model
PSU is only regenerated by ribosomes).

The results show that the bacterial growth laws, previously reported for heterotrophic
microorganisms, hold also for models of photoautotrophic growth where the carbon
and energy source are separate – albeit with several important modifications obtained
by considering potential photodamage in the model. These findings indicate that the
growth laws for photoautotrophic microorganisms may be more complex than the simple
linear dependencies hitherto described for heterotrophic growth.

The growth laws obtained with the coarse-grained model without photodamage are
also in good agreement with the results observed for day metabolism in a recent large-
scale constraint-based model of the cyanobacterium Synechococcus elongatus PCC 7942
(Reimers et al., 2017). Constraint-based models, such as the model of Reimers et al.
(2017), typically involve several hundreds of reactions and require that all cellular in-
terdependencies are formulated as a set of linear constraints. Such models are therefore
complementary to the approach described here. The fact that both models exhibit similar
growth laws indicates that the observed laws are robust with respect to model formula-
tions.

The study presented in this chapter has provided quantitative insights into the regula-
tion of microbial growth under steady-state conditions. Building on these results, future
work should focus on changing growth conditions such as fluctuating light to study
energy dissipation and adaptation to varying light intensities. An ultimate goal is to im-
prove our understanding of day/night regulation in diurnal environments, necessitating
the inclusion of storage metabolism. Computational models, such as the one presented
here, will undoubtedly play an important role in interpreting quantitative studies with
respect to optimal adaptation of cyanobacteria to different growth conditions.
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In Zav̆rel et al. (2019), we provided a quantitative analysis of light-limited, light-

saturated, and light-inhibited growth of the cyanobacterium Synechocystis using a

reproducible cultivation setup. Within this study key physiological parameters were re-

ported including growth rate, cell size, and photosynthetic activity over a wide range of

light intensities, as well as important cellular components including proteins, glycogen,

and pigments. In this chapter I will focus on the analysis of the cellular protein abun-

dances that were quantified to monitor proteome allocation as a function of growth

rate. For the proteome allocation data we observed an upregulation of the translational

machinery as well as a downregulation of light harvesting components with increasing

light intensity and growth rate. These proteome allocation results will be discussed

here in the context of the coarse-grained model presented in the previous chapter.

4.1 Introduction
Understanding the cellular economy of photoautotrophic growth in cyanobacteria requires
quantitative data about cellular physiology and growth: accurate accounting is central
to understand the organization, growth and proliferation of cells (Vázquez-Laslop and
Mankin, 2014). As mentioned in previous chapters, quantitative insights into the cellular
economy of photoautotrophic microorganisms are still scarce, compared to the cellular
economy of heterotrophic growth that has been studied extensively (Neidhardt et al.,
1990; Neidhardt, 1999; Klumpp et al., 2009; Scott et al., 2010; Peebo et al., 2015).
Only recently, a few experimental studies have emerged that focus on the limitations of
cyanobacterial growth (Bernstein et al., 2016; Yu et al., 2015; Abernathy et al., 2017;
Ungerer et al., 2018). While these studies point to strain-specific differences and are
important for characterizing non-model microbial metabolism (Abernathy et al., 2017),
the general principles of resource allocation in photoautotrophic metabolism and the laws
of photoautotrophic growth are still poorly understood. However, there is one recent
study of Jahn et al. (2018) that has addressed cyanobacterial protein allocation from an
experimental perspective.

The study of Zav̆rel et al. (2019), that is the subject of this chapter, provides a com-
prehensive analysis of cyanobacterial physiology and protein abundance under different
light conditions ranging from light-limited, light-saturated, and photoinhibited growth –
and discusses the data in the context of a sophisticated model of photosynthetic resource
allocation (presented in the previous chapter). The data is obtained under highly repro-
ducible and controlled experimental conditions (Nedbal et al., 2008), using the model
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cyanobacterium Synechocystis, and inventories key physiological properties, such as cell
size, dry weight, photosynthesis and respiration rates, as well as key cellular components,
including pigments, DNA, total protein, and glycogen.

In this chapter I will focus on the protein abundances that were measured by quanti-
tative proteomics. Analyzing the proteomics data showed that approximately 57% of all
proteins (779 out of 1356 identified proteins) changed their abundance in dependence
of growth rate (and light intensity). Further detailed analysis of changes in individual
protein fractions revealed photoautotrophic growth laws: Abundances of proteins asso-
ciated with light harvesting decreased with increasing light intensity and growth rate,
whereas abundances of proteins associated with translation and biosynthesis increased
with increasing light intensity and growth rate.

4.2 Materials and Methods

4.2.1 Experimental setup

The cyanobacterium Synechocystis (substrain GT-L) was cultivated in flat panel photo-
bioreactors (400 mL) using at least 5 independent reactors in a quasi-continuous (tur-
bidostat) regime (Zav̆rel et al., 2015). In a turbidostat the cell density is held at a
constant value, achieved by measuring the optical density (measured at 680 nm, OD680)
that was set to a range of 0.60 – 0.66 (corresponding to approximately 2 – 4 x 107

cells mL-1). Once the culture density reached OD680 = 0.66, controlled dilution of the
culture suspension was initiated with fresh medium. Synechocystis was cultivated under
red light intensities of 27.5 – 1000 µE m-2s-1, supplemented with a blue light intensity of
27.5 µE m-2s-1, and the CO2 concentration in the sparging gas (0.5%) was set to satu-
rate Synechocystis growth (Zav̆rel et al., 2015). Under each light condition the cultures
were growing for at least 24 h. The cultivation of Synechocystis cells was performed by
T. Zav̆rel. The methods are reproduced here for completeness.

4.2.2 Statistical analysis

Kruskal-Wallis test

The Kruskal-Wallis test (from the Python module scipy.stats) was used to identify pro-
teins that significantly changed with growth rate and light intensity. The Kruskal-Wallis
test was performed for each single protein out of a total of 1356 proteins that were identi-
fied by quantitative mass spectrometry-based proteomics. To this end, the measurements
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of a protein were grouped together for one light condition and a pair-by-pair comparison
was made with two conditions each. The null hypothesis of the test is that the median
of all compared groups is equal. For the test only those proteins were considered that
had at least three measurements for each light condition. The amount of a protein was
determined as significantly changing with light intensity and growth rate if at least one
group (or light condition) differed significantly (from the other light conditions) with a
p-value < 0.05.

Fisher’s exact test and gene ontology annotation

A gene ontology (GO) annotation analysis was performed for the proteomics data to
classify the molecular functions of the identified proteins. The GO categories were further
mapped to a higher-level subset of GO terms, called GO slim categories (Klopfenstein
et al., 2018), to provide an overview of the range of molecular functions.

A Fisher’s exact test was then performed to investigate which of the GO slim cate-
gories are significantly associated to growth related proteins. For the Fisher’s exact test
the first classification was made using the Kruskal-Wallis test, explained above, to iden-
tify proteins that are growth dependent (change their abundances with growth rate) or
growth independent. The second classification criterion assessed whether a given protein
belonged to a specific GO group or not. The test was then performed for each GO slim
category. An imbalance for one GO slim category between the amount of growth depen-
dent and growth independent proteins was determined as significant for a p-value < 0.05.

4.3 Results and Discussion

4.3.1 Immunoblotting analysis of selected proteins

The first set of analyses tested the changes of selected proteins (representative for the
protein classes considered in the coarse-grained mathematical model) as a function of
growth rate using immunoblotting. To this end, the (relative) protein abundances were
measured for 8 different light intensities. The respective growth rates for each sample
are shown in Figure 4.1A. The selected proteins are PsaC (an essential component of
photosystem I), PsbA (the D1 protein of photosystem II), the RuBisCO subunit RbcL,
and the ribosomal proteins S1 and L1. The immunoblotting results are summarized in
Figure 4.1 together with the model predictions from the previous chapter.

The ribosomal proteins S1 and L1 increased with increasing growth rate, with a char-
acteristic upwards ’kink’ (for the L1 protein) under photoinhibition. The relative amount
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Figure 4.1: Relative protein abundances obtained by immunoblotting analysis. Relative
protein abundances (median fold change) in comparison with coarse-grained model predictions.
Experimental values represent the averages from 5 independent experiments, the error bars
represent standard deviations.

of PsbA, the D1 protein of photosystem II, decreased with increasing growth rate, with
a characteristic downward ’kink’ under photoinhibition (albeit less pronounced than for
the ribosomal protein). PsaC, associated to photosystem I, followed a similar trend but
with high variance. The subunit RbcL of RuBisCO exhibited a slight but not significant
increase for increasing growth rates.

4.3.2 Clustering analysis of mass spectrometry-based
proteomics data

Culture samples were harvested for 6 light intensities to analyze the quantitative pro-
teome profiles using mass spectrometry (with 5 biological replicates for each light inten-
sity). A label-free quantification (LFQ) approach was chosen to access the relative protein
amounts. The peptide precursor ion intensities (MS1) were used for protein quantifica-
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Figure 4.2: Synechocystis proteome allocation as a function of growth rate.
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Figure 4.2: Synechocystis proteome allocation as a function of growth rate (cont’d).
(A) Samples were harvested and analyzed by mass spectrometry (the proteomics dataset is
available in Zav̆rel et al. (2019)). The Kruskal-Wallis test was used to distinguish between
growth-dependent and growth-independent proteins. (B) Based on k-means clustering analysis
the 779 growth-dependent proteins were separated into 7 clusters. Gray dashed lines represent
protein abundances as medians of 5 biological replicates, normalized by the respective means.
Blue dashed lines represent centroids of the respective clusters. (C) Proteins were annotated
using the GO database, the matrix represents the annotation mapped to GO slim categories
(proteins can be associated to several GO slim categories). The highest ranking annotation per
cluster is highlighted in dark blue.

tion. With this approach 1356 proteins were identified (the complete proteomics data
set is provided in Zav̆rel et al. (2019), Figure 3 – source data 1). Notably, the (relative)
abundances of 779 proteins (57%) significantly changed with the growth rate (Kruskal-
Wallis test: p-value < 0.05 ), and the (relative) abundances of the remaining 577 proteins
were independent of the growth rate. Functional annotations for all 1356 proteins were
obtained using the Gene Ontology (GO) database (Ashburner et al., 2000). Of the 779
growth-dependent proteins, 450 were annotated with non-trivial categories (excluding
categories such as unknown or putative), and of the 577 growth-independent proteins,
303 were annotated with non-trivial categories. To facilitate the analysis, the functional
annotations were mapped to GO slim terms (higher-level subset of GO terms) which re-
sulted in 40 distinct GO slim categories (note that each protein might be associated with
more than one annotation). Significant differences (Fisher’s exact test: p-value < 0.05 )
between growth-dependent and growth-independent annotations are summarized in Ta-
ble 4.1. Growth-dependent proteins exhibited an overrepresentation of categories such
as translation, protein folding, cell division and photosynthesis, among others.

For an initial overview growth-dependent proteins were clustered into seven groups us-
ing k-means clustering (the number of clusters was determined using the elbow method,
see Figure A4 in the Appendix section). The results of the clustering analysis are summa-
rized in Figure 4.2, along with an annotation matrix that highlights the prevalent function
categories (GO slim) for each cluster. The growth-dependent proteins encompass 37 dis-
tinct annotations mapped to GO slim categories. The identified clusters corresponded
either to upregulation (cluster 1 and 6), or downregulation of the protein abundance
with growth rate and increasing light intensity (cluster 2, 5, 7) or more complex changes
(cluster 3 and 4).

Cluster 1 (192 proteins) and 6 (41 proteins) exhibited increasing abundance for in-
creasing light intensity and growth rate. Prevalent annotations are biosynthetic processes,
such as cellular nitrogen compound metabolic processes, cellular amino acid metabolic
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Table 4.1: Gene Ontology categories of growth-dependent and independent proteins.
Shown is the number of annotations per Gene Ontology (GO) slim category (Klopfenstein
et al., 2018). A complete list of the GO categories is provided in (Zavr̆el et al., 2019) and in the
electronic copy of this thesis. Here, only categories that exhibit a significant difference (Fisher’s
exact test: p-value < 0.05) between growth-dependent and independent groups are listed.

Gene Ontology categories Growth Growth

dependent independent

Translation 40 13

Transport 36 14

Photosynthesis 36 8

Catabolic process 32 4

Protein folding 14 3

Cell division 12 0

Cell wall organization or biogenesis 10 1

Cell cycle 9 0

processes, as well as translation (only cluster 1). Clusters with low variation (cluster 2,
218 proteins) and with ambiguous shapes (cluster 4, 124 proteins) exhibited a similar set
of categories as cluster 1 and 6. In contrast, both clusters that exhibited a clear decrease
with increasing light intensity and growth rate (cluster 5, 65 proteins and cluster 7, 79
proteins) are both annotated with photosynthesis as the highest-ranking annotation. Fi-
nally, cluster 3 (2 proteins) exhibited a sharp upregulation during photoinhibition, with
both proteins annotated with the categories transport and transmembrane processes.
Note that similar to the immunoblotting results described in the previous section, the
abundances of cluster 1, 3, 4, 6 and 7 exhibited a characteristic ’kink’ at high growth rates
corresponding to a sharp up- or downregulation under photoinhibition (Figure 4.2B).

4.3.3 A coarse-grained model provides insights into proteome
allocation

The semi-quantitative coarse-grained model of cyanobacterial growth from the previous
chapter is used here to interpret the proteomics and immunoblotting results. The model
was fitted only to the growth rate measurements (shown in Figure 4.1A) and no pro-
teomics or immunoblotting data were used during model parametrization and fitting. All
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Figure 4.3: Relative proteomics data compared to model predictions. Mean fold change
of label-free quantification intensities (LFQ, left axes) from the respective protein classes in
comparison with the model predictions (gray lines, right axes). Experimental values represent
averages from 5 independent experiments, the error bars represent standard deviations. Lists of
proteins considered for the ribosome, photosynthetic unit, metabolic enzyme, and transporter
classes are provided in the electronic copy of this thesis.

parameters and model definitions are provided in the previous chapter.
Evaluation of the model is based on the assumption of (evolutionary) optimality. That

is, the model is solved using an optimization algorithm that maximizes the specific growth
rate µ as a function of protein allocation. In this way the model is able to predict how the
coarse-grained proteome fractions are optimally allocated with increasing light intensity.
These predictions provide a reference to which the experimental data can be compared
(Figure 4.1 and Figure 4.3).

The model predicted that the protein fraction associated with biosynthesis (EM), as
well as the ribosomal fraction (R), increases with increasing growth rate, in accordance
with known growth laws of heterotrophic growth (Scott et al., 2010; Peebo et al., 2015;
Molenaar et al., 2009). In contrast, the model predicted a decrease for the protein fraction
associated with photosynthesis (PSU, light harvesting and photosystems) for increasing
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Chapter 4 Testing model predictions by quantitative proteomics

light intensity and growth rate. Interestingly, the growth laws predicted here by the model
exhibited a characteristic ’kink’ under conditions of photoinhibition – a feature that is
different from all reported growth laws for heterotrophic growth.

Model predictions for the ribosomal and photosynthetic protein fractions are in good
agreement with the immunoblotting and proteomics data (Figure 4.1 and Figure 4.3),
including the ’kink’ at high light intensities – albeit the fold changes for the ribosomal
fraction are overestimated. As previously noted in Faizi et al. (2018), the model is likely
to overestimate this effect due to the fact that within the model photodamage is ex-
clusively related to an increase in protein turnover, whereas in Synechocystis cells other
repair mechanisms might be active, resulting in a less pronounced upregulation of ribo-
somes and energy usage elsewhere. Indeed, the observed upregulation in the data is less
pronounced than in the model simulations. Interestingly, the characteristic ’kinks’ were
not observed in the recent study of Jahn et al. (2018) – possibly because the experimen-
tal condition used therein only considered a single light condition in the photo-inhibited
growth regime.

The experimentally observed fractions of the proteome assigned to metabolic functions
(EM, using the metabolic reconstruction of Knoop et al. (2013)) and carbon uptake and
concentrating mechanisms (ET) exhibited no significant change, in contrast to model
predictions and growth laws predicted by other (heterotrophic) models (Molenaar et al.,
2009; Weiße et al., 2015). The recent study of Jahn et al. (2018) reported an increase in
the metabolic proteome fraction with increasing light intensity, albeit less than expected
compared to their computational growth model. However, a direct comparison with the
results of Jahn et al. (2018) is challenging, due to differences in the definition of the re-
spective enzyme classes: The proteome fraction corresponding to the metabolic enzyme
class (EM) within the analysis presented here was assigned using the metabolic recon-
struction of Knoop et al. (2013), and consists only of the respective metabolic enzymes
(excluding transporters and proteins that are associated to carbon concentrating mech-
anisms and excluding the electron transport chain). The metabolic enzyme class of Jahn
et al. (2018) follows a manually curated definition based on annotation from Cyanobase
and is considerably broader (the carbon uptake, fixation, and metabolism class (CBM)
also includes proteins annotated with translation and other processes). Furthermore, the
fold changes of proteins within the EM-fraction here are inhomogeneous: As can be ob-
served in Figure 4.2, proteins associated with biosynthesis and small molecule metabolic
processes exhibit up- as well as down-regulation as a function of growth rate.
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4.3.4 Impact of non-adaptive protein fractions on the growth
rate

The proteomics and immunoblotting results in Figure 4.1 and in Figure 4.3 show that
proteins that are associated with metabolic functions and carbon uptake or concentrating
mechanisms are growth independent (at least for the tested light conditions). Therefore,
in this section the potential influence of a constant (non-adaptive) protein mass fraction
on the predicted growth rate was investigated for the existing protein classes in the
model. To this end, an additional constraint was added to the optimization problem,
such that the concentration of the respective constant protein class ρ is given by

[ρ] =
ϕρ · δ

nρ
, (4.1)

with δ-1 denoting the cell density (in units of amino acids per cell), nρ denoting the
length of the protein ρ, and ϕρ determining the (constant) mass fraction of the protein
class ρ. Furthermore, I considered that enzymes from the constant protein class can be
de- or activated (by post-translational modifications such as phosphorylation). For this
reason, an additional variable αρ was introduced that determines the amount of active
enzymes, such that the amount of catalytically active enzyme ρa is [ρa] = αρ · [ρ]. The
growth rate was then optimized using the βρ fractions of the remaining protein classes,
as well as the parameter αρ as variables. The value for the constant protein fraction was
set such that it corresponds to the mass fraction of the respective protein class at the
highest growth rate.

Figure 4.4 shows that a constant ribosome or photosynthetic unit protein fraction
has a significant impact on the growth rate, whereas a constant fraction of metabolic
proteins or transporters slightly changes the protein allocation but has no significant
impact on the growth curve compared to the optimal solution.

4.4 Conclusion

Insights into cyanobacterial resource allocation is restricted to only a few studies (Aber-
nathy et al., 2017; Burnap, 2015; Faizi et al., 2018; Jahn et al., 2018). Therefore,
the purpose of the study presented in this chapter was to close this gap with respect
to knowledge and interpretation of key physiological parameters of the cyanobacterium
Synechocystis in dependence of light intensity and growth rate. This chapter focused
on the trends in proteome allocation as a function of growth rate. In contrast to most
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Figure 4.4: Influence of constant protein fractions on the cellular growth rate. Protein
allocation is optimized for maximal growth each with a constant (non-adaptive) protein fraction
for one of the existing protein classes in the model (here indicated by sub-optimal allocation).
The optimization problem allows for an additional variable that determines the active catalyzing
fraction of the non-adaptive protein class.
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previous studies, the range of light intensities tested here also included conditions of
photoinhibition. In several measurements a characteristic ’kink’ was observed that is a
sharp in- or decrease of the respective abundances. This finding emphasizes photoinhibi-
tion as a distinct growth regime and distinguishes phototrophic growth laws from their
heterotrophic counterparts. The interpretation of data was facilitated by a coarse-grained
computational model of cyanobacterial resource allocation.

Overall, the resulting growth laws (decrease of proteome fraction associated with light
harvesting and increase of proteome fraction associated with translation with increasing
light intensity and growth rate) are in good agreement with previous theoretical (Burnap,
2015; Faizi et al., 2018) and experimental studies (Jahn et al., 2018), whereas the
observed invariance of the proteome fraction associated with metabolic processes and
nutrient uptake differed from the model predictions. This finding indicates that the
transporter and metabolic capacity itself is sufficient for high growth rates, even under
conditions where lack of light input limits faster growth.

In Zav̆rel et al. (2019), we hypothesized that the most pronounced changes with
changing light intensity are observed for proteins related to translation and photosyn-
thesis due to two facts: Firstly, translation is typically limited by ribosomal capacity,
requiring an upregulation of translational capacity with faster growth rates. In addition,
the short half-life of the D1 protein requires the cell to adjust the translational capacity
at high light intensities. Secondly, overcapacity of light harvesting may give rise to detri-
mental effects, such as increased cellular (photo-)damage. In comparison, overcapacity
in the metabolic dark reaction does not entail obvious detrimental consequences (other
than the loss of the invested resources) and therefore might be under less evolutionary
pressure to change with changing light intensity. This hypothesis could be corroborated
in silico using the proteome allocation model: By artificially forcing a constant mass
fraction of a proteome class, it was possible to evaluate the impact of such sub-optimal
acclimation on the specific growth rate as a function of light intensities. While constant
mass fractions of ribosomal and photosynthetic proteins resulted in a marked deviation
in the specific growth rate, a constant metabolic or transporter fraction only resulted in
a minor deviation.

The study presented here focused on light as the only variable environmental param-
eter, however, light is not the only factor that affects photoautotrophic growth. Further
studies are required to investigate cyanobacterial cell economy under different environ-
mental conditions, in particular biotechnologically or environmentally relevant macro-
or micronutrients that limit cyanobacterial growth. The insights into cyanobacterial re-
source allocation (and the coarse-grained computational model presented in the previous
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chapter) provide a suitable framework and reference to facilitate and to contribute studies
that promote green biotechnology.
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Chapter 5

From the optimality of cells to the
productivity of cultures
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Chapter 5 From the optimality of cells to the productivity of cultures

The computational model of cyanobacterial growth, which was presented in chapter 3,

provided insights into the cyanobacterial cell economy and was supported by a quan-

titative study of proteome allocation as a function of growth rate. In this chapter the

single-cell model was extended to investigate the limits of cyanobacterial productivity

in a light-limited chemostat. To this end, the coarse-grained model was integrated into

a light-limited chemostat and its heterogenous light-gradient induced by self-shading of

the cells. Different from previous models based on phenomenological growth equations,

the model presented here provides a mechanistic link between intracellular protein al-

location, population growth and cultivation properties. This novel approach allows to

investigate the maximal productivity of phototrophic cultivation, and identifies the

respective optimal proteome allocation strategies. The results showed that the maxi-

mal specific growth rate is not necessarily the best predictor for culture productivity,

thereby providing a counterpoint to the current quest to identify the fastest growing

cyanobacterium.

5.1 Introduction
A major challenge of cultivating phototrophic microorganisms on a commercial scale
is still the low photosynthetic productivity (Wijffels and Barbosan, 2010; Khana et al.,
2018). Large-scale cultivation is limited by production costs, thus a prerequisite for re-
ducing production costs are improvements in photosynthetic productivity (amount of
product per volume per time) and in particular important for phototrophic microorgan-
isms the efficient use of light, i.e., improvements in photosynthetic efficiency (amount
of product per absorbed photons) (Wijffels and Barbosan, 2010).

Previous research has established the critical role of the photobioreactor design for
improving the overall performance by efficient mixing rates, gas exchanges, temperature,
pH, or short light paths (Richmond, 1996; Huang et al., 2017). In particular, there
has been significant progress to model phototrophic culture systems, making use of
sophisticated computational methods to describe reactor geometry, light transfer, and
fluid dynamics (Cornet and Dussap, 2009; Herraiz et al., 2017; Papacek et al., 2018).
Despite this progress, there remains a need for an improved computational framework
to better understand the physiological acclimation of cyanobacteria in heterogenous
light environments typically encountered in dense cultures. The mathematical framework
presented in this chapter is built upon an established theory of the light-limited chemostat
as developed by Huisman et al. (2002) and later refined in other studies (Gerla et al.,
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2011; Martínez et al., 2018). Previous analyses were based on phenomenological growth
equations, such as the Monod or Haldane-type equation, and only a few studies, such as
the computational analysis of He et al. (2015), explicitly integrate intra- and extracellular
information. For this purpose, the single-cell model presented in the previous chapters is
combined with a model of population dynamics in a light-limited chemostat.

The mathematical framework establishes a mechanistic link between the allocation
of intracellular proteins, growth rate, and culture parameters such as light intensity,
dilution rate, vessel depth, and overall culture productivity, and thus, allows to study
optimal proteome allocation strategies that maximize the culture productivity. The model
supports previous studies by Richmond (1996) that a high areal phototrophic productivity
can be achieved using reactors that are maximally exposed to light with a short light-
path and turbulent mixing. Furthermore, the model predicted that a high growth rate
itself is not sufficient for maximal productivity, and recovered the well-known trade-offs
between a reduced light-harvesting apparatus and increased population density. Finally,
the link between intracellular proteome allocation and culture productivity allowed to
study optimal engineering strategies for heterologous production.

5.2 Light-limited chemostat model
Population dynamics and limiting nutrients

To investigate cellular proteome allocation in dense cultures, the mathematical descrip-
tion of a chemostat was used, a continuous culture system developed by Novick and
Szilard (1950) and, independently, by Monod (1950). Continuous culture conditions
signify a constant well-defined environment where growth occurs at a constant rate. Dy-
namics of the population density % (in units of cells per mL) of genetically identical and
well mixed cells in the chemostat depend on the population growth, determined by the
specific cellular growth rate µ and population loss by dilution D of the culture medium

d%
dt
= µ · % − D · % . (5.1)

Steady-state of the system is reached as soon as the cells divide at the same rate as
the dilution rate. In what follows, the population density was converted into units of
gram dry weight per liter (gDW L-1) by assuming that 1 mg of dry weight contains
approximately 108 cells (calculated with the experimental data from Faizi et al. (2018)).

The chemostat system used in this study is illustrated in Figure 5.1. Minerals and
fresh medium are continuously fed into the culture, with the same rate D as the culture
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medium is removed, so that the volume of the culture vessel stays constant. Only the
dynamics of growth-limiting substrates are considered in the mathematical framework.
In the classical chemostat model the dynamics of the nutrient concentration s depend on
the inflow and outflow rate, as well as on the nutrient uptake rate of the microorganisms

d[s]
dt
= Vin,s − D · [s] −

1

Ys
· µ · % , (5.2)

where Vin,s denotes the inflow rate of the nutrient s, with Vin,s = [s0] · D for a soluble
nutrient that is supplied with a concentration of [s0] via the medium. Gaseous nutrients,
such as CO2, are supplied by sparging. The uptake rate of nutrients by the microorgan-
isms is approximated with the specific growth rate µ and the yield coefficient Ys denoting
the amount of nutrients that have to be consumed to form one microorganism.

Light attenuation in the chemostat

Different to nutrients that can be well mixed within the culture, photons cannot be
homogeneously distributed through the culture by vigorously mixing. Instead the photon
flux decays with vessel depth and a light gradient is formed. Following Huisman et al.
(2002) and others (Gerla et al., 2011; Bernard, 2011; He et al., 2015; Martínez et al.,
2018), the light gradient within the culture vessel is modeled according to Lambert-
Beer’s law that relates the attenuation of light to the concentration of light-absorbing
substances in the medium (including cells) and the local light intensity. The light intensity
I(z) at depth z is then given by

dI(z)
dz
= −(α · % + Kbg) · I(z) , (5.3)

=⇒ I(z) = I0 · e −z · ( α·% + Kbg ) , (5.4)

where I0 denotes the incident light intensity at the vessel surface, α denotes the species-
specific light attenuation coefficient per cell, and all other light-absorbing substances
in the medium are summarized as background turbidity Kbg (Huisman et al., 2002).
Note that Lambert-Beer’s law is an approximation and neglects aspects such as back-
scattering.

In the following, the model considers monochromatic light as the only limiting nutrient.
This assumption is motivated by the fact that in biotechnological applications mineral
nutrients are typically supplied in sufficient quantities. Strategies to supply sufficient CO2

to dense cultures were recently discussed (Bähr et al., 2016; Lippi et al., 2018).
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Phototrophic growth models

Based on the assumption that light is the only limiting nutrient in the light-limited
chemostat, implies that the specific growth rate is defined as a function of the light
intensity µ(I). Previous studies have based their growth rate definition on phenomeno-
logical rate equations, such as the Monod equation (Monod, 1949) used by Huisman
et al. (2002) or a Haldane-type equation (Haldane, 1930) for a more detailed analysis
(Gerla et al., 2011; Martínez et al., 2018).

The study presented here uses the coarse-grained mechanistic single-cell model, de-
scribed previously in the thesis, as underlying growth model in order to gain insights
into the cellular economy during phototrophic cultivation. The model is formulated as
an optimization problem (as described in chapter 2, section 2.4) that is based on the
optimal allocation of cellular resources to achieve a maximal growth rate. The variables
of the optimization problem are the fractions of ribosomes βρ that translate specific
proteins ρ, and thus, govern the abundance of the respective proteins. This approach
goes beyond phenomenological growth functions and allows to study the consequences
of different proteome allocation strategies, including allocation strategies that are op-
timized for maximal culture productivity, as well as the trade-offs that arise from an
heterologous synthesis and excretion of a metabolic compound of interest.

The optimization problem is depicted in Figure 5.1D together with the resulting max-
imal growth rate in dependence of the light intensity (Figure 5.1C). The corresponding
underlying biochemical reaction network was adopted from chapter 3, with minor modifi-
cations illustrated in Figure 5.1B. In brief, assimilation of inorganic carbon ci into organic
carbon c3 and the subsequently conversion of it into amino acids aa was modeled here
explicitly. Furthermore, the remaining cellular dry weight (not accounting for proteins)
was summed up in quota compounds cq that are produced from the organic carbon
constituent c3. The dynamics of the cellular constituents and stoichiotmetries of the
reactions of this modified model are listed in Table A2 and provided in the Appendix
section.

Integrating the coarse-grained model into the light-limited chemostat

The coarse-grained model described above was integrated into the chemostat frame-
work, together with its heterogeneous light environment that is induced by self-shading
of the culture. As described in Equation 5.4 by the Lambert-Beer’s law, the local light
intensity decays exponentially as a function of vessel depth, and depends on the amount
of light-absorbing organisms % and their species-specific light attenuation coefficient α.
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Figure 5.1: Light-limited chemostat model. (A) Schematic representation of the chemostat.
Light irradiates sideways through the culture vessel with a mixing depth of zm. Homogeneously
mixing of the cells and nutrients is ensured by flushing the culture with small gas bubbles
supplemented with CO2. The photon flux decays exponentially with depth and a light gradient
is formed within the culture. The culture medium is diluted with the same rate as fresh medium
flows into the culture vessel. (B) Cells within the culture are attributed with the following
biological processes: carbon uptake, assimilation and metabolism, photosynthesis and protein
translation. External inorganic carbon ci

x is transported into the cell, assimilated into organic
carbon c3, and then metabolized to amino acids aa. Amino acids serve as precursors for protein
synthesis. Quota compounds cq are produced from organic carbon. The model consists of 7
coarse-grained protein complexes, including transporters ET, metabolic enzymes EC, EM, and
EQ, ribosomes R, photosynthetic units PSU, and quota proteins PQ. The photosynthetic units
convert light into chemical energy compounds e that fuel all catalyzed reactions. High light
intensities cause photodamage to the photosynthetic units and degradation of them into amino
acids. The model contains protein degradation dp as well as an energy maintenance term vme.
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Figure 5.1: Light-limited chemostat model (cont’d). (D) Cellular growth depends on the
proteome allocation which is formulated as an optimization problem. The ribosome fractions
βρ are optimized to maximize the effective growth rate µ̂ that depends on the average light
intensity Î. The average light intensity is determined by the population density % and the
cellular light attenuation coefficient α. (C) The model was fitted to growth rate measurements
of Synechocystis taken from Faizi et al. (2018). Measurements were obtained from optically
thin cultures.

Within this combined mechanistic framework the species-specific cellular light attenua-
tion coefficient α is characterized by the cellular amount of photosynthetic units PSU
and their effective absorption cross section σ̂, so that α is given by

α = α0 + σ̂ · PSU , (5.5)

with α0 denoting the basal light absorption per cell independent of photosynthesis. De-
scribing α by means of the intracellular PSU amount, draws a connection between the
acclimation state of the cell and the culture. Connecting further the mathematical de-
scription for the chemostat in Equation 5.1 with the photoautotrophic growth model
proposed in this thesis, and considering the light gradient, results in the following defi-
nition for the population dynamics

d%
dt
= µ̂ (β, x, Î) · % − D · % , (5.6)

with µ̂ denoting the effective specific growth rate that depends on the average light
intensity Î and is composed of the local specific growth rate µ at depth z integrated
over the complete vessel depth zm and subsequently divided by the vessel depth to obtain
the average effective specific growth rate of the population

µ̂ (β, x, Î) =
1

zm
·

∫ zm

0
µ (β, x, I(z)) dz

=
1

zm
·

∫ zm

0
δ · ω · N · v (β, x, I(z)) dz . (5.7)

To solve the integral in Equation 5.7 analytically a substitution of variables is used, as
suggested by Huisman et al. (2002). To this end, the integral over the vessel depth is
replaced with an integral over the light intensities by using Equation 5.3
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µ̂ (β, x, Î) =
1

zm · (α · % + Kbg)
·

∫ I0

I(zm)

δ · ω · N · v (β, x, I(z))
I(z)

dI(z) , (5.8)

and note that

ln (I0) − ln (I(zm)) = zm · (α · % + Kbg) . (5.9)

The reaction rates in the flux vector v can be distinguished here between light-dependent
vl(β,x,I(z)) and light-independent reaction rates vk(β,x). The reaction rates vl(β,x,I(z))
are directly affected by light and exhibit a first-order dependency on the light intensity,
whereas the reaction rates vk(β,x) are not directly affected by light and remain unchanged
after solving the integral. The light-dependent reactions can be expressed by means of
an average light intensity Î, so that µ̂(β,x,Î) = δ · ω · N · v(β,x,Î) with

µ̂ (β, x, Î) =
1

ln (I0) − ln (I(zm))

·

∫ I0

I(zm)

(∑
k δ · ω · Nk · vk (β, x)

I(z)
+

∑
l δ · ω · Nl · vl (β, x, I(z))

I(z)

)
dI(z)

=
∑

k

δ · ω · Nk · vk (β, x) +
∑

l

δ · ω · Nl · vl (β, x, Î) (5.10)

with the average light intensity Î defined as

Î :=
I0 − I(zm)

ln (I0) − ln (I(zm))
=

I0 − I0 · e −z · ( α·% + Kbg )

zm · (α · % + Kbg)
. (5.11)

The expression for the average light intensity is added to the optimization problem (see
Figure 5.1D), illustrating the coupling between the population density %, the cellular light
attenuation α, and the effective growth rate. Note that the derivation is only possible
under the assumption that no further variables depend on the (momentary) position in
the chemostat, i.e., the culture is rapidly mixed.

The fact that the effective growth rate can be described by means of an average light
intensity is a nontrivial result and crucially depends on the fact that light absorption and
photoinhibition are modeled as first-order reactions. There is indeed significant empirical
evidence for the latter assumption that the rate constant of photodamage is directly
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Table 5.1: Parameters for the light-limited chemostat model. If not otherwise noted, the
following parameters are used for the chemostat model. For the parameter estimation procedure
see ’Chemostat model parametrization and implementation’ section.

parameter description value

cix external inorganic carbon concentration 100 mM

zm mixing depth 2.4 cm

Kbg background turbidity 0.06 cm-1

α0 basal light attenuation coefficient 0.01 µm2 per cell

I0 incident light intensity 440 µE m-2 s-1

proportional to light intensity (Tyystjärvi et al., 1994; Tyystjärvi and Aro, 1996), contrary
to the belief that photoinhibition does not occur under low light. While also previous
models used the concept of an average light intensity as a reasonable approximation,
e.g., Du et al. (2016) and Clark et al. (2018), the description presented here emerges as
a consequence of the functional form of the rate equations.

Chemostat model parametrization and implementation

The parameters for the intracellular processes are taken from the previously coarse-
grained model described in chapter 3, with a few modifications noted in Table A1 in the
Appendix section. Unless otherwise noted, the average length of a protein was set to
300 amino acids, the average turnover rate was set to kcat = 20 s -1, and the average
half-saturation constant was set to 104 molecules per cell. Only the turnover rate of the
photosynthetic unit τ, its effective absorption cross section σ̂, and the photodamage
constant kd were refitted here. To this end, the photosynthetic turnover rate was set to
τ = 500 s -1 and the remaining parameters (σ̂ and kd) were fitted to the experimentally
determined growth curve from Faizi et al. (2018) (as explained in chapter 3, section 3.2).
The experimental growth rates are shown in Figure 5.1C together with the best fit that
was obtained with σ̂ = 15 nm2 PSU -1 and kd = 2.7 · 10 -7. Finally, the concentration
of quota compounds was set to 1011 molecules of carbon per cell, with respect to the
measurements from Zav̆rel et al. (2019). As mentioned before, the concentration of
quota compounds represent the amount of carbon molecules contained in the cellular
dry weight without proteins.

The extracellular parameters of the chemostat model are given in Table 5.1. To param-
eterize the chemostat model the light attenuation through the culture vessel filled only
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with medium was determined. The resulting light profile data is provided in Figure A5
(see Appendix) and was used to determine the background turbidity Kbg, by fitting the
data to Equation 5.4, for a vessel depth of zm = 2.4 cm and without microorganisms
α · % = 0. The fitting resulted in a background turbidity of Kbg = 0.06 cm-1 for the
culture medium. Furthermore, the species-specific basal light attenuation coefficient was
set to α0 = 0.01 µm2 cell -1, which is approximately one order of magnitude smaller
than the varying light attenuation coefficient determined by the total photosynthetic unit
amount and the absorption cross section at high light conditions.

The chemostat model is also implemented as an optimization problem and solved using
the IPOPT (Interior Point Optimizer) method from the APMonitor Optimization Suite
(Hedengren et al., 2014). The model as well as a Python script to run the simulations
are provided in the electronic copy of this thesis. Furthermore, the APMonitor code for
the chemostat model is provided in the Appendix section. In what follows, three different
strategies were tested that differ by their objective functions. The first objective function
is suggested as wild-type strategy (WT-strategy) and involves the maximization of the
specific growth rate. The second objective function includes the maximization of the
volumetric biomass productivity of the culture, determined by the product of the dilution
rate and population density (PE-strategy). The third objective function aims to maximize
the productivity of a desired product (PH-strategy).

5.3 Results and Discussion

5.3.1 Steady-state of the population density and bistability

The optimization problem depicted in Figure 5.1D was solved under steady-state con-
ditions and gives rise to the effective growth rate µ̂ and the population density %, for
different average light intensities Î. As a first optimization scenario, the effective growth
rate µ̂ was maximized for a given average light intensity Î, by adjusting the intracellular
protein distribution (including the photosynthetic units PSU that determine the amount
of light that is absorbed per cell). Meaning that the cyanobacterial cells have no explicit
information about the culture density, but acclimate to the average light intensity only.
This allocation strategy is denoted as WT-strategy and corresponds to the scenarios
previously analyzed in chapter 3 and 4.

The solution for the WT-strategy is illustrated in Figure 5.2. The maximal effective
growth rate as a function of the average light intensity µ̂(Î) in Figure 5.2A follows
the same relation as seen before for the coarse-grained single-cell model. Note that the
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Figure 5.2: Steady-state properties of the light-limited chemostat. (A) The maximal
effective growth rate µ̂ optimized for different effective average light intensities Î. The shaded
area indicates other possible lower growth rates obtained by sub-optimal proteome allocation
strategies. The average light intensity Î is bounded from above by the (a function of the)
incident light intensity I0. The limits for three different light intensities are shown. A steady-
state is reached if the effective growth rate µ̂ equals the dilution rate D. (B) The corresponding
steady-state population density depends on the incident light intensity I0: higher incident light
intensities result in a higher steady-state population density for an identical dilution rate D.
(C) Acclimation of cells to different light intensities irrespective of the incident light intensity.
(D) Higher incident light intensities result in a higher steady-state productivity PE = µ̂ · %. At
steady-state the culture productivity can also be calculated by PE = D · %.

maximal value for the average light intensity has an upper bound set by the incident light
intensity I0. Additionally, Figure 5.2A shows that the WT-strategy is (evolutionary) stable
with respect to changes in the proteome allocation: A sub-optimal proteome allocation
strategy results in a lower growth rate for this average light intensity (indicated by the
shaded area in Figure 5.2A), and the respective strain would be outcompeted by a strain
that attains a higher specific growth rate at the same average light intensity.

Different to phenomenological models the cellular light attenuation coefficient α is not
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Chapter 5 From the optimality of cells to the productivity of cultures

constant, in other words, the changes in the protein distribution induces changes in the
respective cellular light attenuation coefficient shown in Figure 5.2C. Thus, higher aver-
age light intensities resulted in a lower expression of photosynthetic units, and therefore
in a lower value for the cellular light attenuation coefficient α. Whereas the cellular light
attenuation coefficient was independent of the incident light intensity, the correspond-
ing population density % (Figure 5.2B) differed depending on the chosen incident light
intensity: higher incident light intensities resulted in higher population densities for the
same effective growth rate.

The chemostat is in steady-state when the effective growth rate µ̂ equals the dilution
rate D. For the steady-state three scenarios are possible. First, the dilution rate D is
sufficiently low, so that there is only one stable steady-state. In this case, any perturbation
towards a higher average light intensity results in a higher growth rate and hence in an
increasing culture density, which again reduces the average light intensity. Second, an
intermediate value of D, and for sufficiently high I0, the effects of photoinhibition induce
a second potential steady-state: the chemostat becomes bistable. In the second state,
however, an increase in the average light intensity results in a decrease of the effective
growth rate, resulting in a decrease of the population density and hence a further increase
in the resulting average light intensity: The steady-state is unstable and the culture is
washed out (% = 0). Third, the dilution rate D exceeds the maximal effective growth
rate µ̂ max and no positive steady-state is feasible, so that the culture is again washed
out (% = 0).

The observed bistability for high incident light intensities recapitulate the results previ-
ously obtained for phenomenological growth models. In particular, Gerla et al. (2011) and
Martínez et al. (2018) provided a detailed theoretical analysis of the light-limited chemo-
stat using Haldane-type rate equations and highlighted the consequences of bistability
induced by photoinhibition, for instance a threshold in the (initial) population density
below which the culture will be washed out. However, here the focus is on the stable
steady-state only and in the following sections different proteome allocation strategies
will be compared to the WT-strategy described here.

5.3.2 Maximizing culture productivity

The overall culture productivity is for many biotechnological applications a crucial pa-
rameter that determines the economic viability of phototrophic cultivation. Here, culture
productivity is defined as the volumetric biomass productivity PE with
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PE,max = 0.32 gDW L-1 h-1

PE,max = 0.16 gDW L-1 h-1

A B

Figure 5.3: Maximizing photosynthetic productivity. (A) The chemostat model was opti-
mized for maximal culture productivity PE as a function of the dilution rate D for two different
incident light intensities I0. (B) The maximal productivity PE represents a trade-off between a
high population density % and a high dilution rate D, resulting in a maximal value for interme-
diate dilution rates.

PE = µ̂ · % , (5.12)

in units of gram dry weight per culture volume per hour (gDW L-1 h-1), by using a
conversion factor for the population density (given in cells per mL) of 108 cells gDW -1.
The proteome allocation strategy that maximizes the volumetric biomass productivity
is denoted as PE-strategy. Note that the steady-state culture productivity can also be
calculated by PE = D · %, as shown in Figure 5.2D.

Figure 5.3 shows the results obtained by maximizing the volumetric biomass produc-
tivity as a function of the dilution rate D for two different incident light intensities I0.
The results reflect a trade-off between maximizing the dilution rate D, which leads to
a decrease in population density, or maximizing the population density % by decreasing
the dilution rate. Interestingly, the maximal culture productivity PE was attained for
intermediate values of D, that is well below the maximal growth rate of the strain. For
example, for an incident light intensity of I0 = 440 µE m -2 s -1, the maximal productivity
PE = 0.16 gDW L -1 h -1 was achieved at a dilution rate of Dopt = 0.026 h -1.

The effects of the other culture parameters (incident light intensity I0 and vessel
depth zm) are summarized in Figure 5.4. Maximizing the culture productivity for in-
creasing incident light intensity I0, revealed that the optimal dilution rate Dopt, leading
to the maximal culture productivity for a given I0, converges to a maximal value of
Dmax ≈ 0.027 h -1 (Figure 5.4B). Furthermore, the model predicted that for higher inci-
dent light intensities the culture becomes denser with no obvious upper bound imposed
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by the model itself (Figure 5.4A), in contrast to earlier findings of Martínez et al. (2018)
where the maximal culture productivity showed an upper bound independent of the light
intensity. In practice, high culture densities might be, however, limited by other nutri-
ents, in particular inorganic carbon – resulting in a de facto upper bound on the feasible
culture density that is outside the scope of the current model. Nonetheless, previous
studies have shown that cultivation of Synechocystis cells at high culture densities is
possible in excess of 20 gDW L-1 and for light intensities exceeding 1000 µE m-1 s-1 with
no apparent detrimental effects due to photoinhibition, based on a sufficient supply of
inorganic carbon (Bähr et al., 2016; Lippi et al., 2018).

Next, the impact of the vessel depth zm on the maximal culture productivity was
studied (Figure 5.4D). The volumetric biomass productivity PE decreased with increas-
ing vessel depth, whereas the productivity per surface area PE · zm (as well as the
total biomass within the bioreactor) remained approximately constant for different vessel
depths. The small decrease of the productivity per surface area is a consequence of the
increasing effect of the background absorption (Kbg in Equation (5.4)). Taken together,
these findings support the idea of previous studies (Richmond, 1996; Cuaresma et al.,
2009) and suggest for cultivation at high population densities, high light intensities in
shallow rapidly mixed cultures with short light-paths.

Another important indicator of phototrophic cultivation is the photosynthetic efficiency
YE, defined as the photosynthetic yield in gDW per photon (Zijffers et al., 2010),

YE =
PE · zm

I0
. (5.13)

Figure 5.4C shows an initial increase for the photosynthetic efficiency YE as a function of
I0 which then saturates at YE, max = 2.37 gDW mol photons -1. The maximal photosyn-
thetic efficiency obtained here is approximately twice as high as the measured efficiencies
from Touloupakis et al. (2015). The observed increase suggests that the operation of a
light-limited chemostat is more efficient at high light intensities.

5.3.3 Engineering strategies for maximal culture productivity

So far the analysis of the (maximal) culture productivity focused only on the effects
of the culture parameters (dilution rate D, incident light intensity I0 and vessel depth
zm). Therefore, the focus now is on the intracellular parameters, more precisely on the
optimal proteome allocation that maximizes the productivity of the culture, indicated by
the PE-strategy. Figure 5.5 compares the optimal proteome allocation of the PE-strategy
and the WT-strategy, both were obtained at a dilution rate of D = 0.026 h -1 for a light
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Figure 5.4: Effects of the incident light intensity and mixing depth on the produc-
tivity. (A) The productivity of the culture PE was maximized for different incident light in-
tensities I0 and a mixing depth of zm = 2.4 cm. (B) The optimal dilution rate Dopt, for
which the maximal culture productivity is attained, saturates at a value of Dmax ≈ 0.027 h -1.
(C) The photosynthetic efficiency YE for a maximally productive chemostat saturates at
YE,max ≈ 2.474 gDW mol photons -1. (D) The maximal culture productivity PE was optimized
as a function of the mixing depth for I0 = 440 µE m -2 s -1. While the volumetric productiv-
ity PE decreases, the surface productivity PE · zm remains approximately constant. The slight
decrease is due to the increasing effect of the background turbidity.

intensity of I0 = 440 µE m -2 s -1. Cells optimized for culture productivity (PE-strategy)
exhibited a reduced expression of photosynthetic units (proteins that are associated to
light harvesting and photosynthesis). Interestingly, the reduction in photosynthetic units
did not results in an increase of other protein fractions, instead free metabolites were
accumulated. The reason for this accumulation is that the specific growth rate within
a chemostat is set by the dilution rate, and thus, the excess capacities, for example
additional ribosomal capacity for translation, are not contributing to an increased pro-
ductivity. Note that, for simplicity, quota components are neglected for the visualization
of the proteome distribution in Figure 5.5 (55% of the cell mass corresponds to non-
protein components, represented by the metabolic compound cq, and 50% of the protein
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Figure 5.5: Cellular composition for different proteome allocation strategies. (A) PE-
strategy: protein allocation was optimized for maximal culture productivity at a dilution rate of
D = 0.026 h -1 with I0 = 440 µE m -2 s -1. (B) WT-strategy: protein allocation was optimized
to give rise to a maximal effective growth rate for the same dilution rate and incident light
intensity. The PE-strategy results in a significant reduction of photosynthetic units that are
involved in photosynthesis. Instead, intracellular metabolites are accumulated. For simplicity,
the cellular composition is shown without (protein and metabolic) quota components (quota
components correspond to approximately 77.2% of the cellular dry weight).

mass corresponds to quota proteins).

A more detailed comparison of both proteome allocation strategies is provided in Fig-
ure 5.6. The optimization results from Figure 5.3 (PE-strategy) are presented together
with the results from Figure 5.2 (WT-strategy) and are shown as a function of the av-
erage light intensity, as well as the dilution rate. Cells that were optimized for culture
productivity exhibited a slightly lower effective growth rate µ̂ as a function of the av-
erage light intensity compared to cells optimized for maximal growth (Figure 5.6A) – a
consequence of the different proteome allocation. The difference in proteome allocation
is shown in Figure 5.6B where the lower light attenuation coefficient α of cells optimized
for maximal culture productivity is caused by a lower expression of photosynthetic units
PSU (shown in Figure 5.6E). Furthermore, the lower lower light attenuation coefficient
for cells following the PE-strategy, resulted in a higher population density % at the same
average light intensity (Figure 5.6C). Whereas the optical depth θ of both cultures, de-
fined as θ = α · %, remained unchanged and the overall light absorption of both cultures
was identical (Figure 5.6D).

The differences of both strategies were restricted to low dilution rates (including the
dilution rate at which the maximal productivity was attained). For higher dilution rates,
both optimization strategies gave rise to an identical proteome allocation. The observed
convergence of allocation strategies for higher dilution rates is due to increasing invest-
ment of cellular resources to ribosomal and metabolic proteins, to match the higher
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BA

C D

E F

Figure 5.6: Optimal cellular growth rate versus optimal culture productivity. Proteome
allocation was optimized for culture productivity (PE-strategy) at different dilution rates D and
compared to the respective values obtained for the WT-strategy (growth rate maximization).
Simulations were obtained for an incident light intensity of I0 = 440 µE m -2 s -1. (A) The
PE-strategy results in a reduced effective growth rate µ̂ at low average light intensities caused
by a reduced cellular light attenuation coefficient (B) and increased population density (C). (D)
The optical depth θ, with θ = α · %, for both strategies results in the same outcome. The black
circle (E, F) indicates the optimal culture productivity for the PE-strategy.

growth rate imposed by the dilution rate. Despite the significant differences in cellu-
lar composition, the quantitative differences in culture productivity between cells that
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Figure 5.7: Sensitivity analysis of the maximal culture productivity. The (logarithmic)
sensitivity of the maximal culture productivity is calculated with respect to variations in kinetic
parameters, using an incident light intensity of I0 = 440 µE m -2 s -1. The dilution rate was
allowed to vary as part of the optimization problem.

were optimized for culture productivity and cells that were optimized for growth rate
were rather small (Figure 5.6F). However, the small quantitative differences in culture
productivity may also be strain-specific and may depend on the parameterization of the
model.

5.3.4 Sensitivity analysis of the maximal culture productivity

To study the effect of other intracellular parameters (other than proteome allocation),
a sensitivity analysis was performed for the maximal culture productivity with respect
to the intracellular kinetic parameters. The (logarithmic) sensitivity ε i of the culture
productivity PE with respect to a given model parameter pi is defined as

εi =
pi

PE
·
∆PE (pi)

∆pi
, (5.14)

and approximated by a small variation (±0.1%) of each parameter pi. As explained
earlier (in chapter 3, section 3.3.3), a (logarithmic) sensitivity of ε i = 1 indicates a
linear dependency here of the culture productivity on the respective parameter pi.

The sensitivity coefficients are summarized in Figure 5.7 and indicate that parameters
that positively influence growth rate also improve the overall culture productivity. In par-
ticular, a higher catalytic activity (catalytic cycles per second) of the photosynthetic unit
τ increased culture productivity, whereas the influence of most other catalytic activities
kcat were modest. Interestingly, a reduction of the effective absorption cross section σ̂

per PSU did not improve culture productivity, rather cells with higher σ̂ contributed to
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an increased culture productivity. Furthermore, kinetic parameters that were expected to
negatively affect growth reduced the maximal culture productivity, such as an increased
protein degradation constant dp, increased basal maintenance vme, and an increased
photoinhibition constant kd, as well as an increased basal light attenuation α0.

5.3.5 Engineering strategies for optimal heterologous
production

In the final part of the analyses, the (hypothetical) cells were tested for their potential
of the heterologous production of a desired product. To explore the trade-offs between
growth and optimal product synthesis, the coarse-grained model was extended with
an additional enzyme complex EH (representing a set of heterologous proteins) that
catalyzes the synthesis and excretion of a product of interest. In brief, an additional
reaction was introduced vh that is catalyzed by EH and uses the carbon precursor c3
as substrate to produce and exports a metabolite cp into the extracellular medium (see
Table A2 in the Appendix section for model definitions). The compound cp represents
a small molecule of interest, such as lactate (Angermayr et al., 2012), ethanol (Dexter
and Fu, 2009), or a volatile product (Zavr̆el et al., 2016), whose heterologous production
has been successfully achieved in cyanobacteria. For simplicity, the effects of product
inhibition or toxicity (Kamarainen et al., 2012) are neglected here (but these could be
readily incorporated into the definition of vh if the respective data is available).

First, the trade-off between expression of the heterologous protein EH and the biomass
productivity (the ’protein burden’) was considered. To this end, the heterologous expres-
sion of the protein EH was forced by introducing a lower bound on its concentration
(in molecules per cell) as an additional constraint into the optimization problem. The
optimization problem was then solved for different lower bounds of EH expression with
the objective function set to maximize the growth rate (WT-strategy). The optimization
establishes a ’best case’ scenario for growth under the constraint of heterologous expres-
sion. The resulting trade-off between culture productivity and heterologous expression
is shown in Figure 5.8A for three different dilution rates D. As expected, the culture
productivity decreased with increasing heterologous expression until a maximal expres-
sion was reached, then the remaining proteome resources were not sufficient to ensure a
specific growth rate that matches the dilution rate D, thus, the culture was washed out.

In addition to the trade-off between culture productivity and heterologous expression,
Figure 5.8B shows the corresponding concentration of the product of interest cp that is
produced by the culture per hour, also denoted as the productivity PH of cp production
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Figure 5.8: Effects of heterologous protein production on culture productivity. The
heterologous expression of a protein EH is enforced that catalysis the synthesis and export of
a product of interest. The culture productivity (WT-strategy) as a function of the expression
of the heterologous protein EH is shown in (A) for different dilution rates D and the resulting
productivity of the product of interest PH is shown in (B). In both plots I0 = 440 µE m-2 s-1.

and secretion. The productivity PH is defined as the synthesis rate of product cp per cell
multiplied by the population density, with PH = vh · %. This definition holds independently
on how the product is removed from the medium, as part of the outflux or with a rate
Dh different from the dilution rate D. In either case, the mass-balance equation holds,

0 = vh · % − Dh · [cp] , (5.15)

and the concentration of cp adjusts accordingly.
From Figure 5.8B it can been seen that the productivity PH as a function of heterolo-

gous protein expression exhibits a maximum for a specific expression of EH that depends
on the dilution rate D. In order to see if a higher productivity PH can be achieved, the
proteome allocation was optimized for maximal productivity PH, denoted here as the
PH-strategy. Figure 5.9 summarizes the results for the maximization of PH for differ-
ent dilution rates D. Figure 9A shows the maximal productivity PH that decreases with
increasing dilution rates and the corresponding optimal heterologous expression that is
necessary for a maximal productivity PH is shown in Figure 5.9B. The distribution of
the remaining cellular constituents is illustrated in Figure 5.9D for a dilution rate of
D = 0.03 h -1, together with the cellular composition of cells optimized for maximal
growth (WT-strategy) at the same dilution rate. Comparing both proteome strategies
reveals that cells optimized for maximizing the productivity PH invested less proteins
into processes associated with light-harvesting and photosynthesis and rather directed
the cellular resources to carbon uptake and assimilation as well as to product synthesis.
These findings indicate that the maximally productive state of the culture (for heterol-
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Figure 5.9: Maximizing secretion of a product of interest. (A) The productivity of the
compound of interest is maximized (PH-strategy) for different dilution rates and an incident
light intensity of I0 = 440 µE m-2 s-1. (B) The resulting optimal amount of the heterologous
protein EH that catalysis product synthesis and export. (C, D) Optimal cellular compositions
at a dilution rate of D = 0.03 h-1 for the PH-strategy (indicated by the black circle) compared
to the WT-strategy without heterologous protein production at the same dilution rate.

ogous production) is attained when growth (almost) ceases, i.e., the reactor has a low
dilution rate and all cellular resources are directed to carbon metabolism and product
synthesis. Note that this finding holds independently of the removal rate of the prod-
uct. In practice, however, product inhibition and possible toxicity of the accumulated
dissolved products will either prohibit very low dilution rates or necessitate fast removal
of the product.

5.4 Conclusion
The aim of the current study was to assess the limitations of phototrophic cultivation.
To this end, a mathematical framework was developed that connects a mechanistic
single-cell model of cyanobacterial growth with the established theory of the light-limited
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chemostat.
The framework developed here considered a first-order dependence of photodamage

leading to the fact that phototrophic growth in the light-limited chemostat can be effi-
ciently described using the concept of an average light intensity. This first-order depen-
dency of photodamage is experimentally well supported and further implies that culture
density itself provides an effective mechanism of light dilution – given that the cells are
rapidly mixed and other nutrients are available in non-limiting concentrations. In fact,
the model predicted an increasingly dense culture for higher light intensities with no
obvious upper limit induced by photoinhibition. Another major finding of this study is
that maximal culture productivity was typically attained at dilution rates well below the
maximal growth rate of the cells. This result indicate that only finding the fastest grow-
ing cyanobacterium (Yu et al., 2015; Ungerer et al., 2018) is not enough to maximize
culture productivity.

Moreover, the mathematical framework presented here provided insights into the cellu-
lar economy of cyanobacterial growth and allowed to study optimal proteome allocation
strategies that maximizes the culture productivity. The results obtained with the frame-
work showed that the composition of cells optimized for maximal culture productivity
differs significantly from the composition of cells that were optimized for maximal cellular
growth. The former exhibited a significantly reduced expression of proteins associated
with light harvesting and photosynthesis. This reduction is reminiscent of antennae trun-
cation strategies (Melis, 2009) that follow the idea of reducing the light absorption per
cell in order to increases the population density of the culture. Surprisingly, the differ-
ences in culture productivity between cells that were optimized for culture productivity
and cells that were optimized for growth rate were rather small. This difference, however,
may be strain-dependent and coarse-grained growth models parameterized for other data
or strains might exhibit larger differences.

The computational model presented here provides a basic framework to guide pho-
totrophic cultivation and the development of phototrophic cell factories. The results
obtained from the model have strong implications for the understanding of limitations in
phototrophic culture productivity and allows further to optimize culture conditions and
cellular composition. Finally, it is worth noting that this study was limited to steady-state
conditions, and further work may assess the dynamics of cellular proteome allocation and
the resulting population dynamics.
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Purpose of the work and main contribution

Being the only prokaryotes capable of performing oxygenic photosynthesis, cyanobacteria
have gathered great interest in recent years as potential host organisms in green biotech-
nology applications. The aim of this work was to gain a (more detailed) understanding
of cyanobacterial resource allocation by means of a mathematical model that describes
photoautotrophic growth on the basis of intracellular mechanisms.

The mathematical model presented here is based on a coarse-grained description of
key cellular processes relevant for photoautotrophic growth, including carbon uptake,
assimilation and metabolism, as well as photosynthesis and protein translation. These
processes are described by ordinary differential equations and are embedded into an op-
timization problem that consists of maximizing the cellular growth rate with respect to
cellular trade-offs emerging from limitations in intracellular resources. Compared to the
other two available coarse-grained models (Burnap, 2015; Jahn et al., 2018), the key
strengths of the model presented here are its sophisticated description of photoinhibited
growth and its parametrization using literature data.

The most striking observations to emerge from the model predictions were the so-called
microbial growth laws elucidated here for photoautotrophic microorganisms. Microbial
growth laws have been extensively studied for heterotrophic microorganisms over decades
and resulted in various simple laws that relate growth rate to environmental and intracel-
lular parameters under balanced growth conditions (Neidhardt, 1999; Schaechter, 2015).
For example, one of the well-known and well studied growth laws is the linear relation
between the growth rate and the ribosomal content of the cell (Ecker and Schaechter,
1963; Scott et al., 2010). The importance of knowing these growth laws arises from
the fact that there is a strong coupling between the growth state of the cell and its
gene expression, and hence its intracellular composition (Scott and Hwa, 2011). There-
fore, mathematical models present an important toolset to predict and understand those
relations in the context of complex biological systems (Scott et al., 2010).

Summary of the key findings and implications

Growth laws for photoautotrophic microorganisms were evaluated with the coarse-grained
model presented in chapter 3. It was shown that phototrophic growth laws differ consid-
erably from their heterotrophic counterparts due to the inhibitory effect of light apparent
for high light intensities. This inhibitory effect is reflected in a decrease of the growth
rate at high light intensities, also known as photoinhibition. Protein growth relations for
proteins associated with ribosomes and translation as well as with light harvesting and
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photosynthesis exhibited a characteristic ’kink’: For increasing growth and light intensity,
the model predicted an upregulation of the ribosomal content and a downregulation of the
light-harvesting and photosynthetic machinery, whereas for the photoinhibited regime,
characterized by a decreased growth rate for increasing light intensity, the general trend
was maintained leading to a kink in the protein growth relations. The excessive invest-
ments of cellular resources into the ribosomal fraction during photoinhibited growth is
caused by an increased photodamage effect on the light-harvesting and photosynthetic
machinery (which in the model can be compensated only by ribosomes that reproduce
the damaged proteins). This finding characterizes photoinhibited growth as a distinct
growth regime. Further research has to be undertaken to assess the effects of photoin-
hibition on the cellular economy of photoautotrophic growth.

The following study, presented in chapter 4, comprises a comprehensive analysis of
the cellular physiology and composition in the model cyanobacterium Synechocystis.
Various key physiological parameters and cellular components were measured under dif-
ferent light conditions ranging from light-limited, light-saturated, and most importantly,
photoinhibited growth. Among them, protein abundances were assessed by quantitative
mass spectrometry-based proteomics. The experimentally observed proteome allocation
as a function of growth rate supported the qualitative behavior of the model predictions,
including the reported kink observed in the growth laws. Taken together, the coarse-
grained model has proved to be a useful tool to analyze and discuss quantitative data
with respect to trade-offs in the cellular economy of cyanobacteria.

Furthermore, the model has strong implications for the cultivation of photoautotrophic
microorganisms and the development of cyanobacteria into photoautotrophic microbial
cell factories. This was demonstrated to some extent in the third study (chapter 5)
by extending the mathematical framework describing single cells to a model that de-
scribes a growing population within a photobioreactor. To this end, the coarse-grained
model was combined with the established theory for the light-limited chemostat. The
coarse-grained model replaces the phenomenological growth equations that were used
for previously analyses and thus provides further mechanistic insights by connecting in-
tracellular protein allocation, population growth and cultivation properties. The most
interesting predictions from the extended model were related to the maximal produc-
tivity of the culture which was attained for intermediate growth rates well below the
maximum specific growth rate and which also did not show an upper limit with respect
to increasing light conditions. These findings have important implications for the de-
sign of photobioreactors. In addition to implications for phototrophic cultivation, the
extended framework can also be used for metabolic engineering purposes to investigate
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the trade-offs between growth and heterologous production.

Future directions

As already pointed out in chapter 3, several large-scale models are available that de-
scribe cyanobacterial growth by means of a detailed metabolic network (e.g., Reimers
et al. (2017)) and that can also be used for the analysis of cellular proteome alloca-
tion. These models contain detailed information about intracellular processes and can
comprise hundreds of reactions and cellular constituents. However, due to their complex-
ity, detailed large-scale models are difficult to construct, maintain, and revise (de Jong
et al., 2017). Thus, the advantage of using a coarse-grained model lies in its simple and
concise structure. These simple models therefore can be used as a basic framework to
be integrated into other mathematical models that use phenomenological equations to
describe photoautotrophic growth. One such use case was presented in chapter 5 where
the coarse-grained model was integrated into a light-limited chemostat model to pro-
vide further insights into cellular trade-offs and culture productivity. Another intriguing
application for the framework developed in this study would be its extension to ecolog-
ical networks, for instance, to model microbial marine ecosystems and bridging a gap
between cellular economy and ecology (Hellweger, 2017).

Despite the fact that coarse-grained models have been shown to be well suited for
making quantitative predictions of cell growth and economy, one potential drawback
might be that some key features of microbial cells could be overlooked (de Jong et al.,
2017). Therefore, as noted by de Jong et al. (2017), future studies should concentrate on
a combined approach of large-scale and coarse-grained models, that is the combination
of local fine-graining with a coarse-grained description of cellular physiology. Thus, rather
than focusing on a single model, future approaches might comprise a collection of models
that are specifically targeted to the respective research question (de Jong et al., 2017).

From an experimental perspective, further studies are required that investigate cyanobac-
terial protein economy under changing environmental conditions. This is particularly im-
portant since in their natural habitats, cyanobacteria evolved in changing environments
and had to continuously adapt to them which shaped their cellular resource allocation
strategies. The need for continuous adaptation is especially important for phototrophic
organisms that rely on harvesting the sun’s energy. Thus, in order to understand why
cyanobacteria exhibit a specific proteome allocation for a given external condition and
how this is regulated, further experimental studies are required that investigate the effects
of fluctuating environmental conditions on cellular composition and physiology.
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Figures
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Figure A1: Parameter fitting. Results of the optimization problem for the single-cell model of
photoautotrophic growth. Experimental data (black circle) in comparison to simulated growth
curves (gray lines) with different parameter sets for the photodamage rate kd and the effective
absorption cross section σ̂. The range of growth rates that can be simulated within the param-
eter boundaries for τ = 100 s -1 are shown. The lower growth curve (dashed line with dots)
was simulated with kd = 3 · 10 -6 and σ̂ = 2 nm 2 per PSU and the upper growth curve (solid
line) with kd = 10 -7 and σ̂ = 20 nm 2 per PSU. The best fit (dashed line) was obtained with
τ = 100 s -1, kd = 1.2 · 10 -6, and σ̂ = 6 nm 2 per PSU.
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Figure A2: Cellular species concentration for increasing external inorganic carbon. Re-
sults of the optimization problem for the single-cell model of photoautotrophic growth. Growth
rates are maximized as a function of external inorganic carbon ci

x.
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Figure A3: Cellular species concentration for increasing light intensity. Results of the
optimization problem for the single-cell model of photoautotrophic growth. Growth rates are
maximized as a function of light intensity I.

78



A.1 Supplementary material for chapter 3

Single-cell model in APMonitor

! Coarse−g r a i n e d model o f pho t o au t o t r oph i c growth

Model

Cons tan t s

NA = 6.022 e23
f = NA∗1 .0 e −6∗1.0 e −18∗3600.0

End Cons tant s

Parameter s

! i n pu t pa ramete r s
I = 100 .0
c i x = 1 . e5

! f i x e d pa ramete r s
V c e l l = 4 .19 e−15
P r o t e i n s = 1 .4 e10
n_et = 1681.0
n_em = 28630.0
n_er = 7358 .0
n_psu = 95451.0
n_pq = 300 .0

! s t o i c h i o m e t r i c c o e f f i c i e n t s
nc_vm = 5.0
ne_vt = 1 .0
ne_vm = 45 .0
ne_gamma = 3 .0
n_hv = 0.125
ne_v2 = 8 .0

! k i n e t i c pa ramete r s
kcat_t = 43560.0
Kt = 15 .0
kcat_m = 32700.0
Km = 181 .0∗1 . 0 e−6∗NA∗ Vc e l l
gamma_max = 79200.0
Ka = 1 .0 e4
Ke = 1 .0 e4
dp = 1 .0/23 . 0
kme = 7 .0 e9

! amount o f quota dry we ight and quota p r o t e i n s
PQ = ( P r o t e i n s ∗0 . 5 )/ n_pq

! e s t ima t ed pa ramete r s
tau = 100 .0∗3600 .0
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kd = 1 .2 e−6
sigma = 6 .0

End Parameter s

V a r i a b l e s

! s p e c i e s c o n c e n t r a t i o n s
c i = 1 .0 e8 , >=0.0
aa = 2 .0 e6 , >=0.0
ET = 1.0 e4 , >=0.0
EM = 1.0 e4 , >=0.0
ER = 3.0 e4 , >=0.0
PSU0 = 1 .0 e4 , >=0.0
PSU1 = 3 .0 e4 , >=0.0
e = 5 .0 e11 , >=0.0

! gene r e g u l a t o r y pa ramete r s
beta_et = 0 . 1 , >=0.0
beta_em = 0 .02 , >=0.0
beta_er = 0 .01 , >=0.0
beta_psu = 0 .76 , >=0.0
beta_pq = 0 . 1 , >=0.0

growth_rate = 0 .1 >=0.0

End V a r i a b l e s

I n t e rm e d i a t e s

! n u t r i e n t uptake
v t = ET∗ kcat_t ∗( c i x /(Kt+c i x ) ) ∗ ( e /(Ke+e ) )

! carbon metabo l i sm
vm = EM∗kcat_m∗( c i /(Km+c i ) ) ∗ ( e /(Ke+e ) )

! p r o t e i n t r a n s l a t i o n
vgamma = ER∗gamma_max∗( e /(Ke+e ) ) ∗ ( aa /(Ka+aa ) )

! l i g h t h a r v e s t i n g
v1 = PSU0∗ s igma ∗ I ∗ f
v2 = tau ∗PSU1
v i = PSU1∗kd∗ I ∗ f

! ene rgy maintenance
vme = kme∗e /(10.0+ e )

End I n t e rm e d i a t e s

Equa t i on s

1 . 0 >= beta_et + beta_em + beta_er + beta_psu + beta_pq
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P r o t e i n s = c i /nc_vm + aa + n_et∗ET + n_em∗EM + n_er∗ER
+ n_psu ∗(PSU0+PSU1) + n_pq∗PQ

0 = vt − nc_vm∗vm − growth_rate ∗ c i
0 = vm + n_psu∗ v i + dp ∗( n_et∗ET+n_em∗EM+n_er∗ER+n_psu ∗(PSU0+PSU1)

+n_pq∗PQ) − vgamma∗( beta_et+beta_em+beta_er+beta_psu+beta_pq )
− growth_rate ∗aa

0 = beta_et ∗(vgamma/n_et ) − ( growth_rate+dp )∗ET
0 = beta_em ∗(vgamma/n_em) − ( growth_rate+dp )∗EM
0 = beta_er ∗(vgamma/n_er ) − ( growth_rate+dp )∗ER
0 = beta_psu ∗(vgamma/n_psu ) + v2 − n_hv∗v1 − ( growth_rate+dp )∗PSU0
0 = n_hv∗v1 − v2 − v i − ( growth_rate+dp )∗PSU1
0 = beta_pq ∗(vgamma/n_pq) − ( growth_rate+dp )∗PQ
0 = ne_v2∗v2 − ne_vt∗ v t − ne_vm∗vm

− ne_gamma∗vgamma∗( beta_et+beta_em+beta_er+beta_psu+beta_pq )
− vme − growth_rate ∗e

maximize l o g ( growth_rate )

End Equat i on s

End Model
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Figure A4: Elbow method for the identification of an appropriate number of clusters.
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Figure A5: Light profile of photobioreactor filled only with medium. The background
turbidity is fitted to Kbg = 0.06 cm-1. Data points (black dots) represent mean values of three
photobioreactors. Data was provided by T. Zavr̆el (personal communication).
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Tables

Table A1: Updated parameters for the light-limited chemostat model. Kinetic parameters
and protein sizes are shown only for carbon metabolism and heterologous production processes.
The remaining parameters are the same as described in chapter 3 for the single-cell model.
Parameters that were refitted for the light-limited chemostat model are listed as well.

name description value

kccat maximal carbon fixation rate 32700 [ h-1 ]

Kc carbon fixation threshold 181 [ µM ]

kmcat, k
q
cat, k

h
cat average maximal turnover rate of an en-

zyme
72000 [ h-1 ]

Km, Kq, Kh half-saturation constant of the metabolic
enzymes EM and EQ and the heterolo-
gous enzyme EH

10000 [ molecules cell-1 ]

nEC length of carbon fixation enzyme 5400 [ aa per molecule ]

nEM length of metabolic enzyme complex 23230 [ aa per molecule ]

nEQ length of quota catalyzing enzyme 23230 [ aa per molecule ]

nEH length of heterologous enzyme 1000 [ aa per molecule ]

cq remaining cellular dry weight 1011/3 [ carbon per cell ]

σ̂ effective absorption cross section 15 [ nm2 PSU-1 ]

τ maximal turnover rate of PSU 1800000 [ h-1 ]

kd rate constant for photodamage 2.7·10-7
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Table A2: Stoichiometry and reaction rates for the extended carbon metabolism. Stoi-
chiometric coefficients and reaction rates for the light-limited chemostat model are shown only
for the carbon metabolism and heterologous production. The remaining stoichiometric coeffi-
cients and reaction rates are the same as described in chapter 3 for the single-cell model.

reaction enzyme stoichiometry description

vc Ec : 3 · ci + 23 · e → c3 carbon assimilation

vm Em : 2 · c3 + 22 · e → aa synthesis of amino acids

vq Eq : c3 + e → cq synthesis of quota compounds

vh Eh : c3 + e → cp synthesis and secretion of a product

reaction rates:

vc = [Ec] · kc
cat ·

[ci]
Kc+[ci]

·
[e]

Ke+[e]

v j = [E j] · k
j
cat ·

[c3]
Kj+[c3]

·
[e]

Ke+[e]
, with j ∈ {m,q,h}

Chemostat model in APMonitor

! Popu l a t i on model − L ight − l i m i t e d chemostat

Model

Cons tan t s

NA = 6.022 e23
f = NA∗1 .0 e −6∗1.0 e −18∗3600.0
to_cm2 = 1 .0 e−14

End Cons tant s

Parameter s

! i n pu t pa ramete r s
I 0 = 1760 .0
c i x = 1 .0 e5
I e f f = 200 .0

! f i x e d pa ramete r s
V c e l l = 4 .19 e−15
P r o t e i n s = 1 .4 e10
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Quota = 1 .0 e11
n_et = 1681.0
n_ec = 5400.0
n_eq = 23230.0
n_em = 23230.0
n_er = 7358 .0
n_psu = 95451.0
n_pq = 300 .0
! n_eh = 1000 .0

! s t o i c h i o m e t r i c c o e f f i c i e n t s
nc_vc = 3 .0
nc_vm = 2.0
ne_vt = 1 .0
ne_vc = 23 .0
ne_vq = 1 .0
ne_vm = 22 .0
ne_gamma = 3 .0
n_hv = 0.125
ne_v2 = 8 .0

! k i n e t i c pa ramete r s
kcat_t = 43560.0
Kt = 15 .0
kcat_c = 32700.0
Kc = 181 . 0∗1 . 0 e−6∗NA∗ Vc e l l
kcat_q = 72000.0
Kq = 1 .0 e4
kcat_m = 72000.0
Km = 1.0 e4
gamma_max = 79200.0
Ka = 1 .0 e4
Ke = 1 .0 e4
dp = 1 .0/23 . 0
kme = 7 .0 e9
! kcat_h = 72000.0
!Kh = 1 .0 e4

! amount o f quota dry we ight and quota p r o t e i n s
cq = Quota/nc_vc
PQ = ( P r o t e i n s ∗0 . 5 )/ n_pq

! e s t ima t ed pa ramete r s
tau = 500 .0∗3600 .0
kd = 2 .7 e−7
sigma = 15 .0

! c u l t u r e pa ramete r s
zm = 2 .4
Kbg = 0.06
a lpha0 = 1 .0 e−10
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End Parameter s

V a r i a b l e s

! s p e c i e s c o n c e n t r a t i o n s
c i = 1 .0 e8 , >=0.0
c3 = 1 .0 e8 , >=0.0
aa = 2 .0 e6 , >=0.0
ET = 1.0 e4 , >=0.0
EC = 3 .0 e4 , >=0.0
EQ = 1.0 e5 , >=0.0
EM = 1.0 e4 , >=0.0
ER = 3.0 e4 , >=0.0
PSU0 = 1 .0 e4 , >=0.0
PSU1 = 3 .0 e4 , >=0.0
e = 5 .0 e11 , >=0.0
rho = 1 .0 e8 , >=0.0
!EH = 1 .0 e4 , >=0.0
! cp = 1 .0 e2 , >=0.0

! gene r e g u l a t o r y pa ramete r s
beta_et = 0 . 1 , >=0.0
beta_ec = 0 .02 , >=0.0
beta_eq = 0 . 1 , >=0.0
beta_em = 0 .02 , >=0.0
beta_er = 0 .01 , >=0.0
beta_psu = 0 .56 , >=0.0
beta_pq = 0 . 1 , >=0.0
! beta_eh = 0 . 1 , >=0.0

growth_rate = 0 .1 >=0.0

End V a r i a b l e s

I n t e rm e d i a t e s

! n u t r i e n t uptake
v t = ET∗ kcat_t ∗( c i x /(Kt+c i x ) ) ∗ ( e /(Ke+e ) )

! carbon metabo l i sm
vc = EC∗kcat_c ∗( c i /(Kc+c i ) ) ∗ ( e /(Ke+e ) )
vq = EQ∗kcat_q ∗( c3 /(Kq+c3 ) ) ∗ ( e /(Ke+e ) )
vm = EM∗kcat_m∗( c3 /(Km+c3 ) ) ∗ ( e /(Ke+e ) )

! p roduc t s e c r e t i o n
! veh = EH∗kcat_h ∗( c3 /(Kh+c3 ) ) ∗ ( e /(Ke+e ) )

! p r o t e i n t r a n s l a t i o n
vgamma = ER∗gamma_max∗( e /(Ke+e ) ) ∗ ( aa /(Ka+aa ) )

! l i g h t h a r v e s t i n g and l i g h t g r a d i e n t
a lpha = a lpha0+sigma ∗to_cm2∗(PSU0+PSU1)
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A.3 Supplementary material for chapter 5

v1 = PSU0∗ s igma ∗ I e f f ∗ f
v2 = tau ∗PSU1
v i = PSU1∗ s igma ∗kd∗ I e f f ∗ f

! ene rgy maintenance
vme = kme∗e /(10.0+ e )

End I n t e rm e d i a t e s

Equa t i on s

1 .0 = beta_et + beta_ec + beta_eq + beta_em + beta_er + beta_psu
+ beta_pq

P r o t e i n s = c i /( nc_vc∗nc_vm) + c3/nc_vm + aa + n_et∗ET + n_ec∗EC
+ n_eq∗EQ + n_em∗EM + n_er∗ER + n_psu ∗(PSU0+PSU1)
+ n_pq∗PQ

I e f f = ( ( I0 − I 0 ∗ exp (−zm∗( a l pha ∗ rho+Kbg ) ) ) / (zm∗( a l pha ∗ rho+Kbg ) ) )

0 = ve t − nc_vc∗ vc − growth_rate ∗ c i
0 = vc − vq − nc_vm∗vm − growth_rate ∗ c3
0 = vq − growth_rate ∗cq
0 = vm + n_psu∗ v i + dp ∗( n_et∗ET+n_ec∗EC+n_eq∗EQ+n_em∗EM+n_er∗ER

+n_psu ∗(PSU0+PSU1)+n_pq∗PQ) − v e r ∗( beta_et+beta_ec+beta_eq
+beta_em+beta_er+beta_psu+beta_pq ) − growth_rate ∗aa

0 = beta_et ∗(vgamma/n_et ) − ( growth_rate+dp )∗ET
0 = beta_ec ∗(vgamma/n_ec ) − ( growth_rate+dp )∗EC
0 = beta_eq ∗(vgamma/n_eq) − ( growth_rate+dp )∗EQ
0 = beta_em ∗(vgamma/n_em) − ( growth_rate+dp )∗EM
0 = beta_er ∗(vgamma/n_er ) − ( growth_rate+dp )∗ER
0 = beta_psu ∗(vgamma/n_psu ) + v2 − n_hv∗v1 − ( growth_rate+dp )∗PSU0
0 = n_hv∗v1 − v2 − v i − ( growth_rate+dp )∗PSU1
0 = beta_pq ∗(vgamma/n_pq) − ( growth_rate+dp )∗PQ
0 = ne_v2∗v2 − ne_vt∗ v t − ne_vc∗ vc − ne_vq∗vq − ne_vm∗vm

− ne_gamma∗vgamma∗( beta_et+beta_ec+beta_eq+beta_em+beta_er
+beta_psu+beta_pq ) − growth_rate ∗e − vme

maximize l o g ( growth_rate )

End Equat i on s

End Model
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