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Abstract

This work studies inference on scaling parameters of a conditionally
Gaussian process under discrete noisy observations in a high-frequency
regime. Our aim is to find an asymptotic characterisation of efficient es-
timation for a general Gaussian framework.
For a parametric basic case model a Hàjek-Le Cam convolution theorem is
derived, yielding an exact asymptotic lower bound for estimators. Match-
ing upper bounds are constructed and the importance of the theorem is
illustrated by various examples of interest such as the (fractional) Brownian
motion, the Ornstein-Uhlenbeck process or integrated processes. The deriva-
tion of the efficiency result is based on asymptotic equivalences and can be
employed for several generalisations of the parametric basic case model.
As such an extension we consider estimation of the quadratic covariation
of a continuous martingale from noisy asynchronous observations, which
is a fundamental estimation problem in econometrics. For this model, a
semi-parametric convolution theorem is obtained which generalises existing
results in terms of multidimensionality, asynchronicity and assumptions.
Based on the previous derivations, we develop statistical tests on the Hurst
parameter of a fractional Brownian motion. A score test and a likelihood
ratio type test are implemented as well as analysed and first empirical im-
pressions are given.
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Zusammenfassung

Diese Arbeit untersucht Inferenz für Streuungsparameter bedingter
Gaußprozesse anhand diskreter verrauschter Beobachtungen in einem
Hochfrequenz-Setting. Unser Ziel dabei ist es, eine asymptotische Charak-
terisierung von effizienter Schätzung in einem allgemeine Gaußschen Rah-
men zu finden.
Für ein parametrisches Fundamentalmodell wird ein Hàjek-Le Cam-
Faltungssatz hergeleitet, welcher eine exakte asymptotische untere Schranke
für Schätzmethoden liefert. Dazu passende obere Schranken werden kon-
struiert und die Bedeutung des Satzes wird verdeutlicht anhand zahlre-
icher Beispiele wie der (fraktionellen) Brownschen Bewegung, dem Ornstein-
Uhlenbeck-Prozess oder integrierten Prozessen. Die Herleitung der Ef-
fizienzresultate basiert auf asymptotischen Äquivalenzen und kann für
verschiedene Verallgemeinerungen des parametrischen Fundamentalmodells
verwendet werden.
Als eine solche Erweiterung betrachten wir das Schätzen der quadrierten
Kovariation eines stetigen Martingals anhand verrauschter asynchroner
Beobachtungen, welches ein fundamentales Schätzproblem in der Öknome-
trie ist. Für dieses Modell erhalten wir einen semi-parametrischen Fal-
tungssatz, welcher bisherige Resultate im Sinne von Multidimensionalität,
Asynchronität und Annahmen verallgemeinert.
Basierend auf den vorhergehenden Herleitungen entwickeln wir einen statis-
tischen Test für den Hurst-Parameter einer fraktionellen Brownschen Bewe-
gung. Ein Score- und ein Likelihood-Quotienten-Test werden implementiert
sowie analysiert und erste empirische Eindrücke vermittelt.
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Chapter 1

Introduction

Over the last decades inference for the covariance structure in continuous-
time Gaussian process models under a high sampling frequency has become
an increasingly significant and relevant topic in statistics. This is due to the
fact that Gaussian processes constitute a versatile class with a wide range
of applications, yielding a first canonical multivariate model in many fields
such as finance, physics or functional data analysis.

Estimation in high-frequency models
In econometrics inference under high-frequency sampling is often performed
conditionally on the underlying volatility process, cf. Mykland [2012] for a
general Gaussian framework. A canonical Gaussian model is given by

Y ′i = Xi/n + ηεi, i = 1, . . . , n, (1.0.1)

where η > 0 andX = (Xt)t∈[0,1] is a centred (conditionally) Gaussian process
that represents the returns of a price process of an asset over a closed time

interval. The noise ε1, . . . , εn
i.i.d.∼ N (0, 1) is independent of X and captures

the so-called microstructure noise that accounts for frictions in the market
due to the high-frequency regime, cf. Zhou [1996].

For (1.0.1) Gloter and Jacod [2001] investigated the basic case model

Xt = σBt, t ∈ [0, 1], (1.0.2)

where σ > 0 and B denotes a one-dimensional Brownian motion. One of
these authors’ main findings is that the optimal rate of estimating σ2 in this
model is of the surprisingly slow order rn = n−1/4.

As extensions of (1.0.2) several time-dependent choices of σ were com-
pared, e.g. by Munk and Schmidt-Hieber [2010]. Probably the most-studied
multivariate extension of (1.0.2) is marked by the semi-martingale approach

Xt =

∫ t

0
Σ1/2(s)dBs, t ∈ [0, 1], (1.0.3)

1



2 CHAPTER 1. INTRODUCTION

in which B is a d-dimensional Brownian motion and Σ : [0, 1] → Rd×d
is unknown. Estimation of the quadratic covariation ψ(Σ) =

∫ 1
0 Σ(t)dt

plays a key role in finance, e.g. for hedging and for risk quantification.
In recent years, there have been numerous estimators created for ψ(Σ) by
economists as well as mathematicians, e.g. scaling by Zhang et al. [2005],
pre-averaging by Jacod et al. [2009], via realised kernels by Barndorff-Nielsen
et al. [2011] and through Hayashi-Yoshida-type estimators, cf. Hayashi and
Yoshida [2005] and Christensen et al. [2013]. Several of these procedures al-
low for generality, such as stochastic Σ with jumps as well as asynchronous
and non-equidistant observation schemes.

In view of the slow rate rn = n−1/4 for (1.0.2), the variance of estimators
could have a significant impact on the finite sample performance. However,
precise lower bounds are not yet completely understood due in part to mod-
els that are mathematically highly involved, as can be observed through the
efficiency results in the literature. Notable works are given by Gloter and
Jacod [2001] and Reiß [2011], whose one-dimensional results are based on
sophisticated arguments such as asymptotic equivalence. The multidimen-
sional Cramér-Rao lower bound by Bibinger et al. [2014] is provided under
rather strong assumptions for synchronous and equidistant finite samples,
in which non-parametric estimators are biased. Precise lower bounds under
asynchronicity and under mild assumptions would yield a useful benchmark
to compare the various known estimation procedures on the basis of basic
case models.

Little is known about efficient estimation if the assumption that the
signal is driven by a Brownian motion is dropped. Due to its long memory
properties the fractional Brownian motion is often used in geophysics and
biomechanics, cf. Mandelbrot and McCamy [1970] and Bardet and Bertrand
[2007], as well as a controversial modelling approach in finance, cf. Rogers
[1997]. The Cramér-Rao bound derived by Sabel and Schmidt-Hieber [2014]
is noteworthy, where in (1.0.1) the signal

Xt = σBH
t , t ∈ [0, 1], (1.0.4)

is driven by a one-dimensional fractional Brownian motion BH . However,
an asymptotic and multidimensional characterisation remains open.

The ever increasing use of sophisticated Gaussian processes such as in-
tegrated processes in physics, biology and meteorology, cf. Boughton et al.
[1987] and Tory [2000], or such as multifractional Brownian motions, cf.
Bianchi et al. [2013], makes an insightful analysis of related statistical mod-
els a necessity, at least for benchmark cases. This is why it is reasonable to
study – as a generalisation of (1.0.2) and (1.0.4) – the fundamental para-
metric model

Xt = Σ1/2Gt, t ∈ [0, 1], (1.0.5)

where Σ ∈ Rd×d is positive-definite and G ∼ N⊗d0,Γ for a centred Gaussian
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measure N0,Γ on L2([0, 1],R) with known covariance operator Γ.

Certainly model (1.0.5) is of a very basic nature and its applicability
in practice might be unrealistic. Nevertheless, a thorough understanding of
an idealised basic case model could serve as a good working basis for more
general models. For instance, Gloter and Jacod [2001] characterised efficient
estimators σ̂2

n of σ2 in model (1.0.2) in the following way:

n1/4(σ̂2
n − σ2)

d→ N (0, 8ησ3). (1.0.6)

Ten years later, Reiß [2011] examined the more general case, in which σ =
σ(t) > 0, t ∈ [0, 1]. He showed that for estimating the integrated volatility
ϑ = ψ(σ2) =

∫ 1
0 σ

2(t)dt statement (1.0.6) slightly changes, becoming:

n1/4(ϑ̂n − ϑ)
d→ N

(
0, 8η

∫ 1

0
σ3(t)dt

)
. (1.0.7)

Finally, Altmeyer and Bibinger [2015] investigated estimation of ϑ if σ =
(σt)t∈[0,1] is random. For some Brownian motion W their estimator satisfies

n1/4(ϑ̂n − ϑ)
st→
∫ 1

0

√
8η|σ3

t |dWt. (1.0.8)

By the evolution of the statements from (1.0.6) to (1.0.7) and to (1.0.8),
it is conceivable that results derived for (1.0.5) might apply in a similar
way to more general classes of models. This reflects the approach in which
semi-parametric efficiency statements will be derived in this thesis.

Tests for self-similar indices
Through the works of Mandelbrot the fractional Brownian motion has be-
come a popular modelling approach in various fields, cf. Mandelbrot and
Van Ness [1968]. His empirical analysis suggests that stock returns exhibit
long-range dependence with Hurst intensity H = 0.55, which is contrary
to standard approaches that model absence of arbitrage. Therefore testing
hypotheses such as H0 : H = 0.5 from observations

Y ′i = σBH
t + ηεi, i = 1, . . . , n, (1.0.9)

is a topic of high interest. From a mathematical point of view, fractional
high-frequency models as (1.0.9) bear several surprising phenomenons. For
instance, asymptotic Fisher information matrices I(H,σ2) are not invert-
ible and the optimal estimation rate depends on (H,σ2) as well as on par-
tial knowledge of (H,σ2), cf. Gloter and Hoffmann [2007], Kawai [2013],
Sabel and Schmidt-Hieber [2014] and Brouste and Fukasawa [2018]. Al-
though Gloter and Hoffmann [2007] provide a rate efficient estimator of H,
an asymptotic level α-test for H is still outstanding.
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Main results
The aim of this thesis is to provide a general asymptotic theory for Gaus-
sian covariance estimation models. To this end, the fundamental parametric
model (1.0.5) is examined. First it is shown how the optimal estimation
rate rn and the asymptotic Fisher information I(Σ) are obtained from the
spectral properties of the signal process G. Then the universal Convolu-
tion Theorem 3.3.1 is derived under mild assumptions, which characterises
efficient estimators Σ̂n of Σ by

r−1
n vec(Σ̂n − Σ)

d→ N
(

0,
1

4
I(Σ)−1Z

)
, as n→∞,

where Z is some normalisation matrix. This contribution extends the knowl-
edge about precise lower bounds from a few one-dimensional models to a gen-
eral class of underlying multidimensional Gaussian processes. Set-ups from
Gloter and Jacod [2001] and Sabel and Schmidt-Hieber [2014] are nested as
special cases and many other models of practical relevance apply as well.

The derived lower bounds are sharp in the sense that regular and efficient
estimators are constructed that match the asymptotics from Theorem 3.3.1.
The upper bounds follow a universal spectral approach that is easy to im-
plement and is robust to small perturbations in the parameter. Moreover,
the upper bounds lay the ground for further asymptotic equivalences which
elevates our understanding of the fundamental parametric model. An in-
teresting finding is the equivalence of lower bounds in related models. For
instance, the bounds for models driven by a Brownian motion, Brownian
bridge or (stationary) Ornstein-Uhlenbeck process coincide, i.e. the mean
reversion of the last has no asymptotic influence on estimating Σ.

The understanding developed in the fundamental model can be used
in far more complex models. Possible generalisations are given by adding
unknown means, random scaling Σ or weakly dependent errors. A sophisti-
cated extension marks the d-dimensional asynchronous observation model

Y
(j)
i = X

(j)

t
(j)
i

+ ε
(j)
i , 1 ≤ i ≤ nj , 1 ≤ j ≤ d, (1.0.10)

where X = (Xt)t∈[0,1] is a continuous martingale in terms of a Brown-
ian motion as in (1.0.3) and the target is given by the quadratic covari-
ation ϑ = ψ(Σ). For this fundamental econometric estimation problem

certain assumptions on Σ : [0, 1] → Rd×d, t(j)i ∈ [0, 1] and ε
(j)
i yield a

semi-parametric convolution theorem, Theorem 4.4.1. More precisely, with
nmin := min1≤j≤d nj efficient estimators ϑ̂n of ϑ are characterised by

n
1/4
min(ϑ̂n − ϑ)

d→ N
(

0,

∫ 1

0
IΣ(t)−1dt

)
, as nmin →∞,

where IΣ is given below. This statement not only extends the findings
by Reiß [2011] and Bibinger et al. [2014] by multidimensionality and asyn-
chronicity, but also weakens the required smoothness assumptions.
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A noteworthy aspect of the semi-parametric lower bound is its deriva-
tion technique. The key idea is the approximation of the infinite dimensional
model by products of mutually independent fundamental parametric mod-
els, such that our former results are simultaneously applicable. This way
we obtain a statement on semi-parametric efficiency as a limit of merged
parametric efficiency bounds. A matching upper bound is given by the local
spectral estimator from Bibinger et al. [2014].

Finally, the gained insight on efficient scaling estimation is adopted for
the construction of statistical tests on the Hurst parameter H in the frac-
tional high-frequency model (1.0.9). For this task we give a brief numerical
study that is not based on an elaborately developed theory. A natural ap-
proach following local asymptotic normality would be score tests, but their
implementation is not straightforward, as diagonal rate matrices do not
provide the right scaling due to the singularity of the Fisher information
matrix. Rooted in the ideas from Whittle [1953] we additionally implement
a (quasi) likelihood ratio test which allows for composite hypotheses. De-
spite the slow theoretical convergence rate, Monte Carlo simulations ascribe
a preferable finite sample performance in terms of level and power, where
the order of magnitude of the sample sizes is realistic in practice. Moreover,
first empirical insights will be reported.

Methodology and outline
As the title of this thesis suggests we will extensively utilise the tools pro-
vided by classical Le Cam theory. The concepts of the latter are of great
importance for an abstract asymptotic analysis of statistical models. Al-
though first ideas in this field go back to Fisher (in the 1920s), Cramér, Rao
[1949] and others, Le Cam became in the late 1950s and beyond a central
figure in theoretical asymptotic statistics1. One contribution of Le Cam
was the introduction of the notion of asymptotical equivalence. Asymptot-
ically equivalent experiments bear the same asymptotic lower bounds and
inference methods can be transferred from one model to the other without
changing asymptotic risks.

In many situations switching between models is desirable. For instance,
instead of the initially discrete model (1.0.1) consider its continuous analogue

dYt = Xtdt+
η√
n
dWt, t ∈ [0, 1], (1.0.11)

where W = (Wt)t∈[0,1] denotes a Brownian motion independent of X. Due
to the absence of discretisation effects (1.0.11) is easier to analyse than
(1.0.1) and thus preferable. Moreover, we will see that for asynchronous
discrete observation schemes as in (1.0.10) the continuous counterparts do
not suffer from the asynchronicity. This is why asymptotic equivalence is
highly significant for the verification of our main results.

1see van der Vaart [2002] for a profound survey of Le Cam’s work
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In the following Chapter 2 we investigate asymptotic equivalence between
discrete and continuous observation models in a general Gaussian setting
that nests both set-ups of our main results – the fundamental parametric
model (1.0.5) as well as the asynchronous martingale model (1.0.10). To
this end, we recall the definition and valuable properties of the so-called Le
Cam distance ∆ and we give reasonable assumptions such that the desired
continuous approximation is valid. This finding is due to its generality a
result of its own interest, which is emphasised by numerous examples given in
Section 2.3. A brief discussion of local asymptotic normality and its relation
to asymptotic equivalence concludes this segment on Le Cam theory.

The third chapter contains the asymptotic analysis of the fundamental
parametric model (1.0.5). We show under which assumptions the model can
be approximated by a continuous observation of type (1.0.11) and eventually
by a sequence space representation. In Section 3.2 the derivation of optimal
rate and asymptotic Fisher information is discussed in detail which paves
the way for the verification of local asymptotic normality thereafter. Fol-
lowing this, the parametric main result Theorem 3.3.1 is stated and proven
in Section 3.3. After discussing various examples we easily find an oracle
estimator and a feasible adaptive version that both attain the established
lower bounds. On this basis, further asymptotic equivalences are obtained
that increase our knowledge on smoothing choices in the spectral domain.
A discussion of possible extensions of the model complete the first part of
our study on asymptotic lower bounds.

Chapter 4 focuses on the asynchronous martingale model (1.0.10). Again
we interchange the initially discrete experiment by its continuous equiva-
lent. In this replacement we additionally exchange the infinite dimensional
parameter by a locally parametric estimate. Although these steps yield an
enormous simplification of the model we additionally employ a local ap-
proximation by a certain uncorrelated sequence space model, which is made
precise in Section 4.3. For the latter model we utilise the analysis for the fun-
damental parametric model which leads to the semi-parametric main result
in the final Section 4.4.

The simulation study on testing hypotheses on the Hurst parameter is ac-
complished in Section 5. We first recall concepts of asymptotic efficiency for
statistical tests, which is followed by an overview on low-frequency and high-
frequency results. We combine our acquired insight from scaling estimation
with standard approaches from the literature to construct and discuss score
and likelihood ratio tests on the basis of Monte Carlo simulations.

Finally we note that, if not already obvious from preceding derivations,
every single proposition, lemma and theorem is followed by its proof, with
Proposition 5.2.1 being the one exception whose tedious verification is post-
poned to the appendix. The latter also contains some basic facts on function
spaces and regularly varying sequences.
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Notation

General symbols
A := B A is defined by B,
[a, b], (a, b) closed and open interval from a to b
N, R the natural and real numbers
A > 0 A is positive definite,
A > B A−B is positive definite
bxc largest integer strictly smaller than x ∈ R
dxe smallest integer strictly larger than x ∈ R
. smaller or equal than up to a constant

independent of the parameters involved
d→ convergence in distribution
st→ stable convergence
� absolute continuity
1A indicator function
Ac complement of a set A
A>, A−1, det(A) transpose, inverse and determinant of A

f (k) k-th derivative or k-th component of f
(should be clear from context)

∇f gradient of f
E, Var, Cov expected value, variance, covariance matrix
ex, exp(x) exponential of x
log natural logarithm
sin, cos trigonometric functions
B(·, ·) Beta function
Γ(·) Gamma function

Si(x), Ci(x) trigonometric integrals
∫ x

0
sin(t)
t dt, −

∫∞
x

cos(t)
t dt

δ(·, ·) one-sided Le Cam deficiency
∆(·, ·) Le Cam distance
δxy Kronecker delta

9
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Id the identity operator
Id identity matrix on Rd
K∗ adjoint of the operator K
L(X), X ∼ P law of the random vector X with P = L(X)

X1, . . . , Xn
i.i.d.∼ P independently and identically distributed

N (µ,Σ) normal distribution on Rd with mean µ
and covariance matrix Σ

Nµ,K normal distribution on L2([0, 1]) with mean µ
and covariance operator K

Rd×dsym set of all A ∈ Rd×d with A = A>,

Rd×d+ set of positive definite matrices A ∈ Rd×d,
O(1), o(1) Landau notation
OP (1), oP (1) stochastic Landau notation
vec(A) vectorisation of a matrix A
| · | modulus or Euclidean norm
‖ · ‖op Operator norm
‖ · ‖HS Hilbert Schmidt norm
‖ · ‖∞ supremum norm

Specific definitions
For A,B ∈ Rv×w and C ∈ Rvw×vw, we introduce the inner product

〈A,B〉C := vec(A)>C vec(B),

and set 〈·, ·〉 := 〈·, ·〉Ivw . Denote the corresponding induced norms by ‖ · ‖C
and ‖ · ‖, respectively, given that C > 0. Note that ‖ · ‖ = ‖ · ‖HS.

Finally, some further conventions and comments:

• We often denote the unit interval [0, 1] by Ω.

• Symmetric co-domains are highlighted via L2
sym := L2(Ωu,Rv×vsym).

• Σ denotes a matrix-valued object, whereas σ takes in values in R.

• The probability measures in this work are mostly defined on Polish
spaces of type (M,B(M)), where B(M) is the Borel σ-algebra on M .

• {Pθ : θ ∈ Θ} denotes a statistical experiment, where the underlying
measurable space should be clear from the context.

• L2-spaces, the Sobolev space Hβ and the Hölder space Cγ are intro-
duced in the appendix.



Chapter 2

From discrete to continuous
time observation models

In this chapter we provide a major tool to facilitate the in-
vestigation on asymptotic efficiency in the statistical models
that we are interested in. At first the Le Cam distance and
the theoretical concept of equivalence of experiments are in-
troduced. The latter gives a mathematical notion of whether
two statistical models are interchangeable in terms of infor-
mational loss about the unknown parameter. A brief review
of the implications arising from asymptotically equivalent ex-
periments is followed by a collection of bounds on the Le Cam
distance between Gaussian experiments. Based on an ap-
proximation result for Sobolev spaces, the subsequent section
presents the verification of asymptotic equivalence between
discrete and continuous versions of a general Gaussian high-
frequency model. The examples in the third section show that
this result encompasses many well-known models from the lit-
erature as special cases. Finally, the last section explains the
connection between asymptotic equivalence and local asymp-
totic normality.

2.1 Le Cam’s ∆-distance

The main results of this work are given in terms of asymptotic efficiency
statements for certain discrete observation models. However, these state-
ments are derived in approximating sequence space models as they offer a
more convenient working basis. The mathematical justification for these
approximations is given by asymptotically vanishing bounds on the Le Cam
distance ∆ between the underlying statistical experiments. In the following
we briefly introduce the quantity ∆ along with some useful properties that

11
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are applied in the remainder of this work. For a more thorough discussion
and understanding of Le Cam’s distance the reader is referred to the works
by Le Cam [1986] and Le Cam and Yang [2000] as well as to Mariucci [2016]
for a recent overview.

For a set Θ of parameters θ the Le Cam distance between two experi-
ments Ei = (Ωi,Fi, (Pi,θ)θ∈Θ), i = 1, 2, is given by

∆(E1, E2) := max{δ(E1, E2), δ(E2, E1)}.

Here δ(·, ·) denotes the one-sided deficiency

δ(E1, E2) := inf
K

sup
θ∈Θ
‖K · P1,θ − P2,θ‖TV ,

where the infimum is taken over all Markov kernels from (Ω1,F1) to (Ω2,F2).
Note that ∆ is symmetric and obeys the triangle inequality. Nonetheless,

∆ only defines a pseudometric on the set of all experiments parametrised
by Θ as ∆(E1, E2) = 0 does not imply that E1 and E2 are actually the
same. Instead we call such a pair of experiments equivalent in Le Cam’s
sense or simply equivalent. Equivalence between E1 and E2 implies that the
observations in E2 can be perfectly reconstructed from the ones in E1 and
vice versa. In particular, estimators can be transferred from one experiment
to the other and the underlying risks coincide for bounded loss functions. In
case of δ(E1, E2) = 0 the experiment E1 is said to be at least as informative as
E2. This terminology is reasonable as any measure P2,θ in E2 can be perfectly
matched by P1,θ, at least under a (possibly limiting) transformation that
guarantees that no information about θ is lost.

Sequences (En)n≥1 and (Fn)n≥1 of experiments are called asymptotically
equivalent if ∆(En,Fn) → 0, as n → ∞. The implications are analogous
to the exact equivalences from the preceding paragraph. More precisely,
asymptotic equivalence implies that the underlying asymptotic statistical
properties transfer from one experiment to the other and vice versa. This
means that the worst case error that could occur by approximating En by Fn
is asymptotically negligible and that the underlying models are asymptot-
ically interchangeable (when using the right transformation). Thus, when-
ever there is a sequence of estimators in En that attains a certain risk asymp-
totically, then there is a sequence of estimators in Fn that attains this risk
as well, at least for bounded loss functions.

Next, we gather some well-known facts about how the Le Cam distance
can be controlled. Let Ei = (Ω,F , (Pi,θ)θ∈Θ), i = 1, 2, be two statistical
experiments on a common Polish space (Ω,F). Assume that E1 and E2 are
dominated by the same σ-finite measure µ. Then, it holds that

∆(E1, E2) ≤ sup
θ∈Θ
‖P1,θ − P2,θ‖TV ≤ sup

θ∈Θ
H(P1,θ, P2,θ). (2.1.1)

Here H(P,Q) := (
∫

(
√
f −√g)2dµ)1/2 denotes the Hellinger distance, where

P and Q are probability measures with µ-densities fP and fQ.
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From Reiß [2011] we gather some bounds for the (squared) Hellinger
distance between Gaussian measures. Let P ∼ Nµ1,Σ1 and Q ∼ Nµ2,Σ2 be
Gaussian measures on some (possibly infinite dimensional) separable Hilbert
spaceH, where µ1, µ2 ∈ H and Σ1 and Σ2 are positive self-adjoint covariance
operators from H to itself. Then it holds that

H2(P,Q) ≤ 4‖Σ−1/2
1 (µ1 − µ2)‖2H +

1

2
‖Σ−1/2

1 (Σ2 − Σ1)Σ
−1/2
1 ‖2HS, (2.1.2)

given that the above quantities are well-defined.
This means that for Gaussian experiments Ei(Θ) = {(H,B(H),Nµi,Ki :

θ ∈ Θ}, i = 1, 2, where the means µ1 and µ2 as well as the covariance
operators K1 and K2 are driven by some θ, it holds that

∆(E1, E2) . sup
θ∈Θ
‖K−1/2

1 (µ1 − µ2)‖H ∨ ‖K−1/2
1 (K2 −K1)K

−1/2
1 ‖HS. (2.1.3)

Note that if K is an integral operator with kernel k ∈ L2 then the identity

‖K‖HS = ‖k‖L2 (2.1.4)

holds, cf. Werner [2007].

2.2 Asymptotic equivalence results

There are many asymptotic equivalence results between discrete and con-
tinuous Gaussian models in the literature. One prominent branch considers
classical Gaussian shift models such as nonparametric regression and their
extensions, cf. Brown and Low [1996], Brown et al. [2002], Carter [2007],
Reiß [2008] and Schmidt-Hieber [2014]. In case of a random signal, where
the parameter of interest is a scaling parameter it is worth to mention Reiß
[2011] and Bibinger et al. [2014]. In all these settings, the underlying driving
process is assumed to be known (or deterministic). In the following, discrete
and continuous versions of a Gaussian model are introduced that are kept
as general as possible in the sense that the unknown parameter consists
of the mean and covariance function themselves. In view of their practi-
cal relevance for models motivated by finance, we allow for non-equidistant
asynchronous observation schemes with heterogeneous noise among the com-
ponents of the observed path. In the spirit of Bibinger et al. [2014] the
corresponding mathematical description is given as follows.

For n = (n1, . . . , nd) ∈ Nd, consider the discrete observation model

Y
(j)
i = µ(t

(j)
i )(j) +X

(j)

t
(j)
i

+ ε
(j)
i , 1 ≤ i ≤ nj , 1 ≤ j ≤ d, (2.2.1)

where µ ∈ L2([0, 1],Rd), X = (Xt)t∈[0,1] denotes a centred d-dimensional
Gaussian process which is independent of the mutually independent noise
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ε
(j)
i ∼ N (0, η2

j ), 1 ≤ i ≤ nj , 1 ≤ j ≤ d, with η1, . . . , ηd positive. The

unknown parameters are given by µ and the L2([0, 1]2,Rd×d)-function

k(s, t) := Cov(Xs, Xt), s, t ∈ [0, 1],

whereas η1, . . . , ηd are nuisance parameters. It is further assumed that for
each j = 1, . . . , d there is a differentiable distribution function Fj : [0, 1] →
[0, 1] with Fj(0) = 0, Fj(1) = 1, F ′j > 0 and F ′j ∈ CγN such that the
observation times satisfy

t
(j)
i = F−1

j (i/nj), i = 1, . . . , nj ,

where γ ∈ (0, 1] and N > 0. As the observation times t
(i)
j are usually known

in practice, it should be always possible to find such functions Fj for nj finite.
For instance, an equidistant observation scheme corresponds to Fj(t) = t,
t ∈ [0, 1], where F ′j = 1. In the following, we restrict ourselves to the case
that

nmax/nmin → κ ∈ (0,∞)

as this is the set-up of interest in the semi-parametric special cases considered
in Section 4 with nmin := min1≤j≤d nj and nmax := max1≤j≤d nj .

Next, we introduce the continuous counterpart of (2.2.1) given by

dYt = (µ(t) +Xt)dt+ Ψn(t)dWt, t ∈ [0, 1], (2.2.2)

where W = (Wt)t∈[0,1] is a standard Brownian motion independent of X and

Ψ2
n(t) := diag((η2

j /(njF
′
j(t)))1≤j≤d).

Because F ′j is the derivative of a distribution function the quantity njF
′
j

captures the local sample size. This means that, locally, few occurrences of
observations lead to high noise levels.

Definition 2.2.1. Denote by Gn and Gcn the general Gaussian experiments
that are generated be the observations in (2.2.1) and (2.2.2), respectively.
The underlying parameter set is given by

Θ = {(µ, k) : µ ∈ Hα
L , k ∈ H

β
M},

where α ∈ (1/2, 2), β ∈ (1, 2) and L,M > 0.

Remark 2.2.2. In the following, we will always assume that we work with
the continuous versions of µ and k. Note that continuity of k implies stochas-
tic continuity of X, which is an immediate consequence of Markov’s inequal-
ity. Thus, the scaling η2

j can almost surely be calculated from the continuous

observation (2.2.2) by the quadratic variation of (Yt)j as
∫ t

0 (µ(s)+Xs)jds is
of bounded variation. This is why we assume for simplicity that all η2

1, . . . , η
2
d
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are known. Asymptotic equivalence for unknown η2
j has been considered for

nonparametric regression by Carter [2007], where η2
j in the continuous model

has to be replaced by an asymptotically sufficient statistic for estimating η2
j .

Again this statistic can be explicitly obtained by the quadratic variation.

In order to verify asymptotic equivalence between Gn and Gcn, we make
use of the well-known standard approach based on piecewise constant in-
terpolations, which is sufficient for uni- and bivariate approximation prob-
lems, cf. Reiß [2008]. More precisely, for Inj ,i := ((i − 1)/nj , i/nj ] and
gij(t) := 1Inj,i

(Fj(t)), 1 ≤ i ≤ nj , 1 ≤ j ≤ d, consider the d-dimensional
continuous observation given by the interpolation

Ȳt :=
( nj∑
i=1

Y
(j)
i gij(t)

)
j=1,...,d

, t ∈ [0, 1]. (2.2.3)

By the following theorem, the approximation error between Gn and Gcn is
captured by the error of approximating µ by Πnµ and k by kΠn , where

Πnht := (
∑nj

i=1 h
(j)

t
(j)
i

1Inj,i
(Fj(t)))1≤j≤d, for h : [0, 1] → Rd, and kΠn denotes

the covariance function of ΠnX.

Theorem 2.2.3. The Le Cam distance between Gn and Gcn satisfies

∆(Gn,Gcn) . sup
θ∈Θ

(√
nmaxcη‖µ−Πnµ‖L2(Rd) ∨ nmaxc

2
η‖k − kΠn‖L2(Rd×d)

)
,

where c2
η := max1≤j≤d ‖F ′j‖∞/η2

j .

Proof. Note that observing (2.2.3) is equivalent to (2.2.1) in Gn and that
independence between X and the noise gives

Cov(Ȳs, Ȳt) = Cov(ΠnXs,ΠnXt) + diag
((
η2
j

nj∑
i=1

gij(s)gij(t)
)

1≤j≤d

)
.

The Cauchy-Schwarz inequality implies that for h ∈ L2([0, 1],Rd)
nj∑
i=1

〈hj , gij〉2L2 ≤
1

nj

nj∑
i=1

∫
Inj,i

hj(F
−1
j (t))2

F ′j(F
−1
j (t))2

dt =
1

nj

∫ 1

0

hj(t)
2

F ′j(t)
dt.

Thus, by adding uninformative noise, the observation

dŶt := Πn(µ(t) +Xt)dt+ Ψn(t)dWt, t ∈ [0, 1], (2.2.4)

can be constructed from (2.2.3). On the other hand, it is easy to see that

the law of (Y
(j)
i )i=1,...,nj ;j=1...,d coincides with

L
((
nj

∫
F−1
j (Inj,i)

F ′j(t)dŶ
(j)
t

)
i=1,...,nj ;j=1...,d

)
,
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i.e. observations of type (2.2.3) can be constructed from (2.2.4). In par-
ticular, (2.2.1) and the experiments generated by (2.2.3) and (2.2.4) are
equivalent.

Denote by KX and KΨn the covariance operators of X and ΨndW , re-
spectively. Then, the bound (K+KΨn)−1/2 ≤ √nmaxcηId along with (2.1.3)
and (2.1.4) gives the claim.

As we have seen, the Le Cam distance between Gn and Gcn can be bounded
by the L2-approximation errors of piecewise constant versions of θ = (µ, k).
Therefore Sobolev balls appear as an appropriate choice of the parameter
space Θ. This is made precise by the following statement for which it is
crucial that functions of point-wise interpolation errors are locally vanishing.

Lemma 2.2.4. Let Ω = [0, 1]u, where u ∈ {1, 2}, and let s ∈ (u/2, 2).
Then, there is some cs > 0 such that

‖f‖L2(Ω) ≤ cs|f |Hs(Ω), (2.2.5)

for all f ∈ Hs(Ω,R) vanishing at some x0 ∈ Ω.

In particular, for Q = Πu
k=1[ak, ak + εk] with ε1, ε2 > 0 it holds that

‖f‖L2(Q) ≤ cs(ε1 ∨ ε2)s|f |Hs(Q), (2.2.6)

for all f ∈ Hs(Q) vanishing at some x0 ∈ Q.1

Proof. Assume that the statement (2.2.5) is not true, i.e. there is a sequence
(fn)n≥1 in Hs(Ω,R) such that fn vanishes at x0 and such that

‖fn‖L2(Ω) > n|fn|Hs , n ≥ 1, (2.2.7)

where without loss of generality we can assume that ‖fn‖L2 = 1.

Assume first that (fn)n≥1 is a bounded sequence in Hs. Then there is
some weakly convergent subsequence (fn′) with fn′ ⇀ f in Hs, for some f .
As the embedding from Hs into L2 is compact, it follows that also fn′ → f
in L2 and that ‖f‖L2 = 1. In view of (2.2.7), it holds that |f |Hs = 0 and
that f vanishes at x0, where the latter can be easily seen due to ‖fn‖L2 = 1
and the Hölder continuity of fn. Now, |f |Hs = 0 means that f must be
constant and since f is vanishing in x0, we get f = 0, which contradicts
‖f‖L2 = 1.

In order to show that (fn)n≥1 is indeed bounded in Hs it suffices to check
the case s > 1. Now we simply use the same argument by contradiction, i.e.
for h ∈ Hs vanishing at some x0 the uniform bound

‖h‖Hs ≤ c′s(‖h‖L2(Ω) + |h|Hs)

1Note that Hβ(Q) is defined in an analogous way as Hβ(Ω).
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is verified by assuming that there is some (hn)n≥1 in Hs, such that

‖h‖Hs > n(‖h‖L2(Ω) + |h|Hs), n ≥ 1,

and with ‖hn‖Hs = 1, n ≥ 1. This means that there is a subsequence with
hn′ ⇀ h in Hs, such that ‖h‖L2 = 0 and |h|Hs = 0. But then again, it must
hold that h = 0. Because the embedding from Hs into H1 is compact, we
obtain |hn′ |H1 → 0. Hence, ‖hn′‖Hs → 0, which contradicts ‖hn′‖Hs = 1.

Finally, by a scaling argument, (2.2.6) can be easily verified: We express
‖f‖Hs(Q) in terms of ‖f‖Hs(Ω) and apply (2.2.5).

The proof of (2.2.5) by contradiction relies on well-known arguments in
the theory of Sobolev spaces and it is used in a similar way to obtain the
Poincaré inequality, cf. Theorem 1 of Chapter 5.8.1 in Evans [2010]. Note
that analogous results can be obtained for higher regularities s ≥ 2 as long
as the derivatives of f have vanishing points as well. As a consequence of
Theorem 2.2.3 and the preceding lemma we obtain the following.

Theorem 2.2.5. Let the regularity of Fj satisfy γ > (α ∨ β) − 1, for j =
1, . . . , d. Then the Le Cam distance satisfies

∆(Gdn,Gcn) = O(Ln1/2
maxn

−α
min ∨Mnmaxn

−β
min).

In particular, Gn and Gcn are asymptotically equivalent.

Proof. Set mn := ((µ − Πnµ)j ◦ F−1
j )1≤j≤d and further F ′min :=

min1≤j≤d mint∈[0,1] F
′
j(t) > 0. The approximation error of µ satisfies

‖µ−Πnµ‖2L2(Ω) ≤
1

(F ′min)2

d∑
j=1

nj∑
i=1

‖(mn)j‖2L2(Inj,i)
. (2.2.8)

Note that F−1
j ∈ C1

N ′ and (F−1
j )′ ∈ CγN ′′ with N ′ = (F ′min)−1 and N ′′ =

N(F ′min)−3, which implies that |(mn)j |2Hα(Inj,i)
≤ L′ij with

L′ij =


‖F ′j‖2∞(N ′)2α+1|(µ)j |2Hα(Inj,i)

, α ∈ (1/2, 1),

N ′|(µ)j |2Hα(Inj,i)
, α = 1,

2(N ′′)2|(µ)j |2Hα(Inj,i)
+ 2N ′′‖(µ)j‖2L2(Inj,i)

n−κj /κ, α ∈ (1, 2),

where κ := 2(α − γ) ∈ (0, 4). In particular, (mn|Inj ,i)j lies in ∈ Hα(Inj ,i)

and has a root at i/nj , 1 ≤ i ≤ nj , 1 ≤ j ≤ d. Thus, by (2.2.6), (2.2.8) and
the explicit bounds L′ij it follows that

sup
µ∈Bα,M

‖µ−Πnµ‖2L2(Ω) ≤ sup
µ∈Bα,M

c2
α,Fn

−2α
min ‖µ‖

2
Hα(Ω) ≤ c

2
α,FL

2n−2α
min ,

where cα,F depends on α and F only. The statement for ‖k − kΠn‖2L2(Ω2)

follows analogously, where a similar bound as L′ij for α ∈ (1, 2) is used.
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The asymptotic equivalence results above hold uniformly over a large
class of Gaussian processes. This means that under mild assumptions, it is
possible to work in a continuous model – even though the distribution of
the driving Gaussian process might be completely unknown. Note that the
desired regularities α > 1/2 and β > 1 are commonly sufficient (and often
necessary) assumptions among uni- and bi-variate asymptotic equivalence
results, cf. for instance Reiß [2008]. The limitations α < 2, β < 2 lie in
the nature of piecewise linear interpolations. In order to gain from higher
regularities α, β ≥ 2, more derivatives have to be controlled which can be
ensured by smoother approximations (e.g. piecewise linear interpolations).
However, this lies beyond the scope of this work. Theorem 2.2.5 also applies
to more general models in which the noise level η or the number d of observed
paths depends on n.

2.3 Examples

Next particular cases of Gn and Gcn are considered in which k is assumed to be
known except for a parameter Σ. In the following, we always let α ∈ (1/2, 2)
and β, β′ ∈ (1, 2) be regularity indices of Sobolev balls whose radii are
omitted for the sake of brevity. Moreover, for simplicity we consider only
the equidistant synchronous case with n1 = . . . = nd and set n := n1. The
more general case for asynchronous observation schemes is easily obtained
as long as the regularity γ of the ‘distribution densities’ F ′1, . . . , F

′
d fulfils

γ > (α ∨ β ∨ β′)− 1 as in Theorem 2.2.5.

Example 2.3.1. For a fixed centred d-dimensional Gaussian process
(Gt)t∈[0,1] with covariance function k ∈ Hβ , let Xt = Σ1/2Gt, t ∈ [0, 1].
Assume that for θ = (µ,Σ), the underlying parameter set Θ is contained in
Hα
L × Θ0, where Θ0 ( Rd×d+ satisfies supA∈Θ0

‖A‖ < ∞. Then the Le Cam
distance satisfies

∆(Gn,Gcn) = O(n1/2−α ∨ n1−β).

The assumption k ∈ Hβ , β > 1, is met by several well-known processes,
such as the d-dimensional standard Brownian motion, Brownian bridge or
Ornstein-Uhlenbeck process whose covariance functions all lie in Hγ , for
any γ < 3/2. This can be seen as the covariance functions of all these
processes have weak partial derivatives with exactly one jump at s = t
and by the fact that indicator functions of rectangles such as 1[−0.5,0.5]u

lie in Hγ([0, 1]u), for any γ < 1/2 and u ≥ 1. The latter can be easily
verified under characterisations of Sobolev spaces by Fourier transforms on
the entire Ru. Especially stationary Gaussian processes whose covariance
functions depend on |s − t| in a sufficiently smooth way yield additional
examples, e.g. processes with Matérn covariance function.
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A particular set-up of this model is the fundamental parametric model
Fn, where the components of G are assumed to follow the same distribution
independently. This model will be studied extensively in Chapter 3.

Example 2.3.2. For a more general case of the preceding example let Xt =
ΣtGt, t ∈ [0, 1], with G and k as above. If for θ = (µ,Σ) the underlying

parameter set Θ is contained in Hα
L ×H

β′

M ([0, 1],Rd×d), then

∆(Gn,Gcn) = O(n1/2−α ∨ n1−β∗),

where β∗ := β ∧ β′. One-dimensional models of this type have been studied
for µ = 0 by Munk and Schmidt-Hieber [2010] in case that G is a standard
Brownian motion.

Example 2.3.3. Let X be a continuous martingale given in terms of a
d-dimensional standard Brownian motion B such that

Xt =

∫ t

0
Σ1/2(u)dBu, t ∈ [0, 1].

In Chapter 4 this model will be considered under the assumptions that
θ = (µ,Σ) is subject to Θ ⊆ Hα

L × Hβ
M , where β > 1/2. Note that the

covariance function

k(s, t) =

∫ s∧t

0
Σ(u)du, s, t ∈ [0, 1],

of X has weak partial derivatives with one jump at s = t. Thus by similar
arguments as in Example 2.3.1, the Le Cam distance satisfies

∆(Gn,Gcn) = O(n1/2−α ∨ nε−1/2),

for any ε ∈ (0, 1/2). In fact, this asymptotic equivalence includes the im-
portant class of statistical experiments that are generated by d-dimensional
Itô-process, where µ(t) =

∫ t
0 a(s)ds, for a ∈ L2(Ω,Rd). Note that for µ = 0

this equivalence is also given by Bibinger et al. [2014] who consider a more
sophisticated construction based on linear interpolations and who addition-
ally allow for certain cases with nmax/nmin →∞.

Example 2.3.4. For a fractional Brownian motion BH = (BH
t )t∈[0,1] with

Hurst exponent H ∈ (0, 1) the covariance function kH(s, t) = 1
2(s2H + t2H −

|t− s|2H), s, t ∈ [0, 1], is weakly differentiable. These weak derivatives have
jumps but no further singularities (poles) in case that H ≥ 1/2. The con-
dition H > 1/2 is common in the literature. For instance, the rate efficient
estimator of H provided by Gloter and Hoffmann [2007] is based on the
continuous interpolation of discrete observations and omits a discretisation
effect that calls for H being bounded away from 1/2. However, the works
by Sabel and Schmidt-Hieber [2014] and Schmidt-Hieber [2014] suggest that
the crucial boundary is in fact located at H = 1/4. Indeed, the following
holds.
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Proposition 2.3.5. Denote by kH the covariance function of the fractional
Brownian motion on [0, 1]. If H ≤ 1

4 , then kH /∈ H1. If H = 1
4 + κ, with

κ ∈ (0, 3/4), then kH ∈ H1+ε, for any ε < (2κ ∧ 1). Moreover,

sup
H∈[H,H]

|kH |H1+ε . |kH |H1+ε , (2.3.1)

for [H,H] ⊂ (1/4, 1) and for any ε ∈ (0, (2H − 1/2) ∧ 1).

Proof. The partial derivative of kH(s, t) with respect to t satisfies

k
(0,1)
H (s, t) = H(t2H−1 − (t− s)2H−1), s ∈ [0, t), t ∈ (0, 1].

Thus the substitution x = 1− s/t with ds/dx = −t yields∫ 1

0

∫ t

0
k

(0,1)
H (s, t)2dsdt = H2

∫ 1

0
t4H−1dt

∫ 1

0
(1− x2H−1)2dx <∞

if and only if H > 1
4 . Similarly,

∫ 1
0

∫ 1
t k

(0,1)
H (s, t)2dsdt < ∞ for H > 1

4 , i.e.
kH ∈ H1 if and only if H > 1

4 .

Let H = 1/4 + κ and ε be as supposed above. Denote by f
(0,1)
H (s, t)

the weak derivative of t 7→ −1
2 |t − s|2H and set for 0 ≤ a ≤ b ≤ 1 and

0 ≤ c ≤ d ≤ 1:

FH(a, b, c, d) :=

∫ 1

0

∫ b

a

∫ 1

0

∫ d

c

(f
(0,1)
H (s, t)− f (0,1)

H (u, v))2

((s− u)2 + (t− v)2)ε+1
dsdtdudv.

Clearly, F0.5(v, 1, t, 1) = F0.5(0, v, 0, t) = 02 and for H 6= 0.5 the substitu-
tions x = s − t, y = t − v, z = u − v with ds/dx = dt/dy = du/dz = 1
yield

FH(v, 1, t, 1) ≤H2

∫ 1

0

∫ 1−v

0

∫ 1−v

−v

∫ 1

0

(x2H−1 − z2H−1)2

((x+ y − z)2 + y2)ε+1
dxdydzdv

≤H2

∫ 1

0
x4H−2−2εdx

∫ ∞
0

∫ ∞
−∞

(1− q2H−1)2

((1 + p− q)2 + p2)ε+1
dpdq,

where the further substitutions p = y/x and q = z/x with dy/dp = dz/dq =
x have been used. By ((1 + p− q)2 + p2 = 2(p+ (1− q)/2)2 + (1− q)2/2 and
r = p+ (1− q)/2 such that dr/dp = 1 we obtain

FH(v, 1, t, 1) ≤2

∫ 1

0
x4H−2−2εdx

∫ ∞
0

∫ ∞
0

(1− q2H−1)2

(2r2 + (1− q)2/2)ε+1
drdq

≤4

∫ 1

0
x4H−2−2εdx

∫ ∞
0

1

(s2 + 1)1+ε
ds

∫ ∞
0

(1− q2H−1)2

((1− q)2)ε
dq.

2Note that the names s, t, u and v, of the integration variables in the definition of FH
are fixed and not interchangeable.
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By assumption,
∫ 1

0 x
4H−2−2εdx < ∞ and

∫∞
0 (s2 + 1)−(1+ε)ds < ∞ due

to Remark 3.2.3-2 below. For 0 < δ < 1 it holds
∫ δ

0
(1−q2H−1)2

((1−q)2)ε
dq < ∞.

Moreover, a Taylor expansion of q 7→ q2H−1 in 1 yields∫ 1

δ

(1− q2H−1)2

((1− q)2)ε
dq ≤

∫ 1

δ

∑
j≥1

(1− q)j−ε
2

dq ≤ (1− δ)2−2ε

δ2
.

Similarly,
∫ 1+δ

1
(1−q2H−1)2

((1−q)2)ε
dq < ∞ can be shown and

∫∞
1+δ

(1−q2H−1)2

((1−q)2)ε
dq < ∞

holds due to 4H − 2− 2ε < 0, hence FH(v, 1, t, 1) <∞. Similarly,

FH(0, v, 0, t) ≤ 4

∫ 1

0
x4H−2−2εdx

∫ ∞
0

1

(s2 + 1)1+ε
ds

∫ ∞
0

(1− q2H−1)2

((1− q)2)ε
dq,

which is finite by the preceding. Moreover, for any H > 1/4 as above

FH(0, v, t, 1) ≤ 4

∫ 1

0
x4H−2−2εdx

∫ ∞
0

1

(s2 + 1)1+ε
ds

∫ ∞
0

(1 + q2H−1)2

((1 + q)2)ε
dq

is a finite bound, which applies by symmetry to FH(v, 1, 0, t) as well. All in

all, we obtain FH(0, 1, 0, 1) <∞, hence f
(0,1)
H satisfies the Sobolev condition.

Using similar arguments, the derivative g
(0,1)
H (s, t) of gH(s, t) = 1

2(s2H +
t2H) can be shown to satisfy∫

[0,1]4

(g
(0,1)
H (s, t)− g(0,1)

H (u, v))2

((s− u)2 + (t− v)2)ε+1
d(s, t, u, v)

≤2

∫ 1

0
t4H−2−2εdt

∫ ∞
0

∫ ∞
0

(1− y2H−1)2

(x2 + (1− y)2)1+ε
dxdy <∞.

Therefore, f
(0,1)
H and g

(0,1)
H satisfy the characterisations of H1+ε, which im-

plies kH ∈ H1+ε by symmetry. The claim for any ε < (2κ∧ 1) is implied by
the relation |f |2

H1+ε′ ≤ 2ε−ε
′ |f |2H1+ε , for 0 < ε′ ≤ ε < 1 and f ∈ H1+ε. This

and the semi-norm bounds for f
(0,1)
H and g

(0,1)
H imply (2.3.1) as well.

Example 2.3.4 (continued). Let H := [H,H] ( (1/4, 1) and introduce the
process Xt = Σ1/2(BH1

t , . . . , BHd
t )>, t ∈ [0, 1], where BH1 , . . . , BHd are inde-

pendent fractional Brownian motions with Hurst parameters H1, . . . ,Hd ∈
H. If θ = (µ,Σ, H) is subject to Θ := Hα

L × Θ0 × Hd, where Θ0 is as in
Example 2.3.1, then the Le Cam distance satisfies

∆(Gn,Gcn) = O(n1/2−α ∨ n−ε),

for any ε ∈ (0, (2H−1/2)∧1). If H1, . . . ,Hd are known and if Θ = Hs
L×Θ0

then
∆(Gn,Gcn) = O(n1/2−α ∨ n−ε),

for any ε ∈ (0, (2 min1≤i≤dHi − 1/2) ∧ 1).
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Remarks 2.3.6.

1. Sabel and Schmidt-Hieber [2014] derive their Cramér Rao bounds for
estimating σ in Gn when µ = 0 and H is known. Their bounds have
matching asymptotic counterparts in the model Gcn for each H ∈ (0, 1).
Therefore one might conjecture that Gn and Gcn are even asymptotically
equivalent for any H ∈ (0, 1), at least locally. However, there may exist
testing problems that still separate Gn and Gcn.

2. For classical nonparametric regression asymptotic equivalence was
shown to hold true if the Hölder regularity of the signal path is greater
than 1/2, cf. Brown and Low [1996]. As the paths of BH are al-
most surely (H-ε)-regular, for any ε ∈ (0, H), even signal trajectories
with regularities only greater than 1/4 are allowed in the present work.
Therefore only the regularity of the unknown parameter is crucial for
asymptotic equivalence.

Example 2.3.7. Let d = 1. A straightforward extension of Example 2.3.4
is obtained, if µ + X in (2.2.1) and (2.2.2) denotes a fractional Ornstein-
Uhlenbeck process with Hurst parameter H ≥ 0.5, i.e. it holds that

µ(t) = e−λtν, Xt = σe−λt
∫ t

0
eλsdBH

s , t ∈ [0, 1],

where Xt is the centred Gaussian process whose covariance is given by

k(s, t) = H(2H − 1)σ2

∫ t

0

∫ s

0
eλ(u+v−s−t)|u− v|2H−2dudv, s, t ∈ [0, 1],

cf. Cheridito et al. [2003] for a precise introduction. Let the unknown
parameter θ = (λ, ν, σ2, H) be subject to Θ := (0, L)× (−N,N)× (0, S)×H,
where L,N, S > 0. Then, the Le Cam distance satisfies

∆(Gn,Gcn) = O(n−ε),

for any ε ∈ (0, (2H − 1/2) ∧ 1). In case that H is known, it holds that

∆(Gn,Gcn) = O(n−ε),

for any ε ∈ (0, (2H − 1/2) ∧ 1), where θ = (λ, ν, σ2) is subject to Θ :=
(0, L) × (−N,N) × (0, S). Note that due to the smoothness of µ(t), the
mean approximation error is negligible for both convergence orders above.

Example 2.3.8. Another example is given by so-called integrated processes.
For a d-dimensional centred Gaussian process G and for Σ ∈ L2(Ω,Rb×d)
let X in Gn and Gcn be of the form

Xt =

∫ t

0
Σ(s)Gsds, t ∈ [0, 1].
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Then one needs to ensure that the map (s, t) 7→ Cov(Xs, Xt), s, t ∈ [0, 1], lies

in Hβ
M (Ω2,Rb×b) for some β ∈ (1, 2), M > 0. For instance, this is satisfied

if the covariance function of G is in Hβ−1 and if Σ belongs to a Hölder ball
of regularity β′ − 1 with β′ > β. In this case, the Le Cam distance satisfies

∆(Gn,Gcn) = O(n1−β),

where we have assumed µ = 0 for simplicity. This setting includes the
integrated Brownian motion, which is used as a Gaussian process prior in
Bayesian statistics, cf. van der Vaart and van Zanten [2007], but is also of
importance in mechanics, biology and quantum probability, cf. Chen et al.
[2003]. In physics, the integrated Brownian motion

∫ t
0 Btdt is used to model

a particle’s position at time t (as the particle’s velocity is often modelled by
Bt), cf. Tory [2000].

Other integrated processes can be considered as well such as the
Ornstein-Uhlenbeck position process, which is used in Meteorology, cf.
Boughton et al. [1987]. Moreover, the result obviously extends to m-fold
integrated processes over higher orders m ≥ 2.

2.4 Local asymptotic normality and asymptotic
equivalence

In the following we gather some basic facts from Strasser [1985] and van der
Vaart [2000]. Let Θ be an open subset of a linear subspace H of some Hilbert
space and denote the corresponding inner product on H by 〈·, ·〉H. Further
let En = {Pnθ : θ ∈ Θ} be a sequence of experiments. For θ0 ∈ Θ fixed and
some rate rn with rn → 0, as n→∞, consider the local reparametrisation

En,θ0 = {Pnθ0+rnh : h ∈ H}.

Note that θ0 is known, whereas h is the unknown parameter. For simplicity
we assume that Pnθ � Pnθ′ , for any θ, θ′ ∈ Θ. This resembles the set-up in
the present work (otherwise contiguous sequences can be regarded for more
generality).

Definition 2.4.1. The sequence En,θ0 is said to satisfy local asymptotic
normality (LAN) if for any h ∈ H under Pnθ0 it holds that

log
dPnθ0+rnh

dPnθ0
= ∆n,h −

1

2
‖h‖2H(Σ) + oPnθ0

(1),

where ∆n,h
d→ ∆h, as n→∞, with ∆h being the centred Gaussian process

with Cov(∆h1 ,∆h2) = 〈h1, h2〉H(Σ), for some inner product 〈·, ·〉H(Σ) on H.
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Remark 2.4.2. The definition above is stated in the so-called isonormal
representation. If the model is regular in the sense that the asymptotic
Fisher information I(Σ) is well-defined, it usually holds that 〈·, ·〉H(Σ) =
〈·, I(Σ)·〉H, cf. Proposition 3.2.4 below for a specific example.

The notion of local asymptotic normality can be related to asymptotic
equivalence as follows. For a sequence of experiments En = {Pnθ : θ ∈ Θ}
and I ⊆ Θ, denote by En(I) the restriction of En to the parameter set I.
Then En is said to converge weakly to an experiment E = {Pθ : θ ∈ Θ} if

∆(En(I), E(I))→ 0, as n→∞,

for any finite I ⊆ Θ. Obviously asymptotic equivalence between En and E
implies weak convergence of En to E . If Pθ � Pθ′ and Pnθ � Pnθ′ , for any
θ, θ′ ∈ Θ and n ≥ 1, then weak convergence of En to E is equivalent to

L
(( dPnθ

dPnθ0

)
θ∈I
|Pnθ0

)
→ L

(( dPθ
dPθ0

)
θ∈I
|Pθ0

)
,

for any finite I ⊆ Θ and any θ0 ∈ Θ. This means that verification of the
LAN-property for En at θ0 with rate rn and with 〈·, ·〉H(Σ) = 〈·, I(Σ)·〉H
implies weak convergence of En,θ0 to the Gaussian shift model

G = {N (I(Σ)h, I(Σ)) : h ∈ H}.

Now suppose that there is another sequence Fn of experiments whose
localisation Fn,θ0 at θ0 with respect to the rate rn satisfies for any I ⊆ Θ

∆(En,θ0(I),Fn,θ0(I))→ 0, as n→∞.

Since the distance ∆ obeys the triangle inequality, we also obtain
∆(Fn,θ0(I),G(I)) → 0, as n → ∞, for any I ⊆ Θ. This means that the
LAN-property of En at θ0 also applies in Fn and therefore also any straight-
forward implication carries over, e.g. convolution theorems.

Finally we recall the following definition.

Definition 2.4.3. In the experiment En,θ0 a sequence of estimators ϑ̂n of a
target ψ(θ) ∈ Rk is called regular if it holds under Pnθ+rnh that

r−1
n (ϑ̂n − ψ(θ + rnh))

d→ Lθ,

as n→∞, for any h ∈ H, where the distribution Lθ does not depend on h.



Chapter 3

Fundamental parametric
model

In this chapter we establish a general parametric basic case
framework under high-frequency observations, which we call
fundamental parametric model. This framework nests several
models that are of interest in the literature. In the first section
we introduce the fundamental parametric model along with
central assumptions that ensure asymptotic equivalence with
its continuous counterpart. For the spectral representation of
the model in the sequence space we then discuss thoroughly
the asymptotic properties such as optimal estimation rate,
asymptotic Fisher information and eventually local asymp-
totic normality. Particularly the impact of the spectrum of
the underlying Gaussian process to the optimal convergence
rate is revealed. This provides a more general understand-
ing of efficiency, especially for well-known special cases but
also for many further Gaussian processes of interest. The
parametric main result is stated, proven and discussed in the
third section and realised in the subsequent section in terms
of various examples. The fifth section contributes a universal
efficient estimation approach that furnishes optimality of the
matching lower bounds. In section six these efficient estima-
tors are employed to establish further asymptotic equivalence
which generates more insight into the model. Finally, several
extensions of the fundamental parametric model are discussed
in the last section.
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3.1 Model and assumptions

Consider the d-dimensional discrete observation model generated by the
observations

Y ′i = Σ1/2Gi/n + εi, i = 1, . . . , n, (3.1.1)

where G = (Gt)t∈[0,1] is such that G ∼ N⊗d0,Γ , for a centred Gaussian measure

N0,Γ on L2(Ω,R) with covariance operator Γ. Assume that G is independent
of the i.i.d. errors ε1, . . . , εn ∼ N (0, η2Id). The noise level η > 0 is a nuisance
parameter, whereas Σ is the parameter of interest subject to

Θ0 := {Σ ∈ Rd×d+ : S−1Id < Σ < SId},

where S > 1. Here Rd×d+ denotes all positive-definite Rd×d-matrices and the
ordering S−1Id < Σ < SId is meant with respect to positive definiteness.

The set-up (3.1.1) nests many well-known models from the literature.
For instance, the case when G denotes a one-dimensional Brownian motion
has been treated by Gloter and Jacod [2001] who verified a LAN-expansion
with rate n−1/4. Sabel and Schmidt-Hieber [2014] investigated more general
signal processes driven by a fractional Brownian motion with Hurst parame-
ter H ∈ (0, 1). Their main result is a finite sample Cramér-Rao bound with
respect to the rate n−1/(4H+2) along with a matching maximum likelihood
type estimator. The model (3.1.1) encompasses further Gaussian processes
of interest such as the Brownian bridge, the Ornstein-Uhlenbeck process,
integrated processes and many others such as several other examples from
Section 2.3.

An important tool paving the way to asymptotic lower bounds in the
present work are several asymptotic equivalences in Le Cam’s sense. In the
spirit of Chapter 2 consider the continuous observation model

dYt = Σ1/2Gtdt+
η√
n
dWt, t ∈ [0, 1], (3.1.2)

where W is a Wiener process independent of G.

Definition 3.1.1. Denote by Fn and Fcn the statistical experiments that
are generated by the observations (3.1.1) and (3.1.2), respectively.

It is evident that Fn and Fcn are just special cases of the general con-
tinuous Gaussian models Gn and Gcn, respectively, cf. Example 2.3.1. In
particular, in the set-up of Chapter 2 it holds that n1 = . . . = nd =: n,
η2

1 = . . . = η2
d =: η2 and F (t) = t, t ∈ [0, 1], for j = 1, . . . , d. By the choice

of Θ0 the covariance function of the signal process is both, regular and
bounded with respect to Σ. Therefore the following assumption is sufficient
to ensure asymptotic equivalence between Fn and Fcn.

Assumption 3.1.2-G(β).G(β).G(β). The function k : (s, t) 7→ Cov(Gs, Gt), s, t ∈
[0, 1], is subject to Hβ for some β ∈ (1, 2).
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Proposition 3.1.3. Under Assumption 3.1.2-G(β) it holds that

∆(Fn,Fcn) = O(n1−βSη−2‖k‖Hβ ).

In particular, the two experiments are asymptotically equivalent.

Proof. First note that Theorem 2.2.3 and supΣ∈Θ0
‖Σ‖op < S imply

∆(Fn,Fcn) . nSη−2‖k − kΠn‖L2 ,

where kΠn is the covariance function of ΠnG. The bound for ‖k− kΠn‖L2 is
now obtained by proceeding as in the proof of Theorem 2.2.5.

Next a few words on how the experiment Fcn is mathematically compre-
hended. Observing a continuous outcome (3.1.2) is consistent with observing
for each f ∈ L2([0, 1],Rd) the stochastic bilinear form

Yf := (f, dY ) :=

d∑
j=1

∫ 1

0
(f(t))jdY

(j)
t . (3.1.3)

Note that Yf is Gaussian with E[Yf ] = 0 and Cov(Yf , Yg) = 〈KΣ,nf, g〉L2 .
The underlying covariance operator KΣ,n is given by

KΣ,n := TΣ1/2diag(Γ)1≤j≤dTΣ1/2 +
η2

n
Id,

with TΣ1/2 : f 7→ Σ1/2f, Id : f 7→ f and diag(Γ)1≤j≤d : f 7→ (Γfj)1≤j≤d
being the covariance operator of G. The self-adjoint operator Γ is com-
pact due to the continuity assumption 3.1.2-G(β). Therefore Γ possesses an
orthonormal eigenbasis (ϕp)p≥1 of L2([0, 1],R) corresponding to real eigen-
values λ = (λp)p≥1. If we set epi := (1{i=j}ϕp)1≤j≤d then the vectors

Yp := (Yep1 , . . . , Yepd)
>, p ≥ 1, yield an independent sequence (Yp)p≥1 with

Yp ∼ N (0, Cp), Cp := Σλp +
η2

n
Id, p ≥ 1. (3.1.4)

Definition 3.1.4. Denote by Fsn the statistical experiment that is generated
by the observations (3.1.4).

Since (ϕp)p≥1 is a basis, any bilinear form Yf in (3.1.3) can be constructed
from (Yp)p≥1. In particular, observing the sequence (Yp)p≥1 is equivalent to
observing any continuous outcome of type (3.1.2). Therefore ∆(Fcn,Fsn) = 0
and the triangle inequality for ∆(·, ·) gives the following.

Proposition 3.1.5. Under Assumption 3.1.2-G(β) the experiments Fn and
Fsn are asymptotically equivalent. More precisely, the Le Cam distance obeys

∆(Fn,Fsn) = O(n1−βSη−2‖k‖Hβ ).
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As an important consequence of asymptotic equivalence, possible LAN-
expansions and convolution theorems in Fsn are also valid in Fn, cf. Sec-
tion 2.4. However, as there are infinitely many non-identically distributed
vectors Yp in (3.1.4) it is not clear at all whether a LAN-expansion holds
since the sum of infinitely many remainder terms needs to be controlled.
For the latter it will be crucial that the behaviour of certain subsequences
(λpn)n≥1 carries over to the entire sequence (λp)p≥1 which can be done under
the following.

Assumption 3.1.6-λ(δ).λ(δ).λ(δ). The eigenvalues λ = (λp)p≥1 of Γ are regularly
varying at infinity with index −δ, δ > 1, i.e. for any a > 0 it holds that

lim
p→∞

λbapc

λp
= a−δ. (3.1.5)

We assume that λ is a strictly positive decreasingly ordered sequence. An
immediate implication of Assumption 3.1.6-λ(δ) is that λ ∈ `2, which coin-
cides with Γ being Hilbert-Schmidt. Note that a regularly varying sequence
λ can be identified with some continuously interpolated non-increasing ana-
logue λ : R+ → R+ in L2([0, 1],R). It is well-known, that then the repre-
sentation

λ(p) = p−δL(p) (3.1.6)

is valid, for some slowly varying L : R+ → R+, cf. Bingham et al. [1989].
Major implications of regular variation that are utilised in the following can
be found in the Appendix A.2.

3.2 Local asymptotic normality

The convolution theorems in this work consider targets ψ(Σ) that are given
by vector-valued functionals ψ of Σ ∈ Rd×d, where the case ψ(·) = vec(·) is
of higher importance. Particularly the score function in Fsn given by

∇`n(Σ) :=
∑
p≥1

∇`np(Σ) :=
λp
2

vec(C−1
p YpY

>
p C

−1
p − C−1

p ), (3.2.1)

is simply a gradient with respect to vec(Σ). For the calculation of the
corresponding covariance, the Fisher information matrix, it will be crucial
to make use of the interplay

vec(ABC) = (C> ⊗A) vec(B)

between vec-operator and the Kronecker matrix product, where in our case
A, B and C are square matrices of same size. The trace representation

tr(A>B) = vec(A)> vec(B),
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with A and B as above, is another helpful identity in the following. With
these rules we obtain by independence among the sequence (Yp)p≥1

Cov(∇`n(Σ)) =
1

4

∑
p≥1

(C−1/2
p ⊗ C−1/2

p ) Cov(vec(ZpZ
>
p ))(C−1/2

p ⊗ C−1/2
p ),

where Zp ∼ N (0, Id), p ≥ 1, i.i.d. The normalisation quantity

Z := Cov(vec(ZZ>)) ∈ Rd
2×d2

is twice the so-called symmetriser matrix, i.e. for any A ∈ Rd×d it satisfies

Z vec(A) = vec(A+A>).

A further remarkable property of Z is the fact that it commutes with ma-
trices of type A ⊗ A, where A ∈ Rd×dsym . Therefore the Fisher information
matrix is given by Cov(∇`n(Σ)) = In(Σ)Z =

∑
p≥1 Inp(Σ)Z with

Inp(Σ) :=
1

4
λ2
p(C

−1
p ⊗ C−1

p ) p ≥ 1.

More details about Z and references for its properties are given by Abadir
and Magnus [2005] and Bibinger et al. [2014].

Remarks 3.2.1.

1. Note that ∇`n(Σ) is well-defined with probability one. This follows
from the fact that the partial sums

∑m
p=1∇`np(Σ), m ≥ 1, form an L2-

martingale which converges in L2 due to λ ∈ `2. In particular, In(Σ) is
finite for any Σ ∈ Θ0 and n ≥ 1.

2. For d > 1 the matrix Z is positive semi-definite but not positive definite
and therefore not invertible. This means that the Fisher information
I(Σ)Z is singular. This is not surprising as Θ0 is a subset of the d(d+
1)/2-dimensional space Rd×dsym and ∇`n(Σ) is thus derived with respect
to a d2-dimensional overparametrisation. Nevertheless, it is not obvious
how classical implications from LAN-theory, e.g. a convolution theorem,
are derived. This problem is overcome by the symmetrising property of
Z which allows for certain isometries for Rd×dsym on which Z is positive-
definite, cf. Remark 3.3.2 below.

3. We note that another approach is obtained if ∇`n(Σ) was derived as
gradient with respect to the half-vectorisation vech(·). Although this
would lead to regular Fisher information matrices in the first place we
stick to the vec(·) regime in this work as the latter allows for a more
compact representation of quantities of interest and as it is used in
the literature, cf. Bibinger et al. [2014]. Additionally, the so-called
duplication and elimination matrix allow switching between vec(·) and
vech(·), cf. Abadir and Magnus [2005].
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Besides score ∇`n(Σ) and Fisher information In(Σ) the third crucial
quantity in LAN-expansions is the rate rn with rn → 0, as n → ∞, such
that the asymptotic Fisher information

I(Σ)Z := lim
n→∞

r2
nIn(Σ)Z

is well-defined. In the following we always assume that rn is standardised
or normalised with respect to scalars, e.g. rn = n−1/4 but not rn = 2n−1/4.
The key to finding this rate rn lies in the interplay between the operators
diag(Γ)1≤j≤d and 1

n Id along with the regular variation of λ. More precisely,

in the covariance matrices Cp = Σλp + η2

n Id, the impact of signal and noise
is (nearly) balanced at the index pn

λ(pn) =
1

n
.

In fact, In(Σ) grows linearly in pn as given by the following statement.

Theorem 3.2.2. Grant Assumption 3.1.6-λ(δ) on Γ. Then with pn given
by λ(pn) = 1/n the Fisher information satisfies

r2
nIn(Σ)Z → I(Σ)Z, as n→∞. (3.2.2)

for rn ∼ p
−1/2
n standardised. If Q is an orthogonal matrix such that Σ =

Q>diag(s1, . . . , sd)Q then the asymptotic Fisher information is given by

I(Σ) = (Q⊗Q)>diag(v11, . . . , v1d, v21, . . . , v2d, v31, . . . , vdd)(Q⊗Q),

where with ζ := limn→∞ r
2
npn the eigenvalues satisfy

vi,j =
ζ

4η2/δ

∫ 1

0
(si + xδ)−1(sj + xδ)−1dx, i, j = 1, . . . , d.

Moreover, the convergence in (3.2.2) already holds for Iπn(Σ) :=∑
p∈πn Inp(Σ), whenever πn = [πn, πn] ∩ N, with πn/pn → 0 and (πn ∧

πn/pn)→∞.

Proof. Set Dnp := diag{diag{Dij
np}1≤j≤d}1≤i≤d, where

Dij
np := (si + η2/(λpn))−1(sj + η2/(λpn))−1, i, j = 1 . . . , d. (3.2.3)

Then In(Σ) = 1
4Q
⊗2(
∑∞

p=1 Dnp)(Q
>)⊗2 and for i, j = 1, . . . , d it holds

∑
p≥1

Dij
np =

∫ ∞
0

(si + η2

λ(p)n)−1(sji+ η2

λ(p)n)−1dp+ o(pn)

=pn

∫ ∞
0

(si + η2xδ)−1(sj + η2xδ)−1dx+ o(pn). (3.2.4)
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The equality in (3.2.4) follows from λ(pn) = n−1 along with dominated
convergence over sets (0, y] and [y,∞) under usage of Theorem A.2.2 (2)
and (3) applied to 1/λ and λ, respectively. In particular, we obtain

lim
n→∞

r2
n

∞∑
p=1

Dij
np = ζ

∫ ∞
0

(
si + η2xδ

)−1(
sj + η2xδ

)−1
dx. (3.2.5)

For an index set πn as given in the above theorem it is clear that

lim
n→∞

∫
(πn/pn,πn/pn)c

(
si + η2xδ

)−1(
sj + η2xδ

)−1
dx = 0, i, j = 1, . . . , d.

Thus the right-hand side of (3.2.5) is the limit attained for sums over πn.

Remarks 3.2.3.

1. By the above statement the rate rn satisfies λ(r−2
n ) ∼ n−1, i.e.

rnL(r−2
n )1/(2δ) ∼ n−1/(2δ), (3.2.6)

where L is the slowly varying function within λ, cf. (3.1.6). Thus
the rate rn is completely determined by the decay of λ. The slower λ
decreases the more observations Yp carry significant information about
Σ and the faster Σ can be estimated, cf. also Example 3.4.2 below for
a connection to the smoothness of the latent paths. Note that, solely
the limiting behaviour of L determines the constant ζ. For instance,
in the Brownian motion case λBM

p = (p − 1/2)−2π−2 one has δ = 2,

L(p) = p2(π(p−1/2))−2 and pn =
√
n/π+1/2. This gives r2

n/π ∼ n−1/2,
hence rn = n−1/4 and ζ = 1/π.

2. For δ > 1 and b ∈ N simple calculations show

∫ ∞
0

(
1 + xδ

)−b
dx =

1

δ
B
(
b− 1

δ
,

1

δ

)
=
π
∏b−1
j=1

(
b− j − 1

δ

)
δ(b− 1)! sin(π/δ)

. (3.2.7)

where
∏
j∈∅

(
b− j − 1

δ

)
= 1, and that∫ ∞

0

(
si + η2xδ

)−1(
sj + η2xδ

)−1
dx

=
1

si(sj − si)

∫ ∞
0

(1 + xδη2/si)
−1dx− 1

sj(sj − si)

∫ ∞
0

(1 + xδη2/sj)
−1dx,

whenever si 6= sj . This implies that the eigenvalues of I(Σ) obey

vi,j =
ζπ

4δ sin(π/δ)η2/δ
·
s

1/δ−1
j − s1/δ−1

i

si − sj
, i 6= j,
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and that they are driven by the slope of x 7→ −x1/δ−1 between all pairs
(si, sj). Whenever si = sj the slope equals the derivative at si, i.e.

vi,i =
ζπ(1− 1/δ)

4δ sin(π/δ)η2/δ
s

1/δ−2
i , i = 1, . . . , d.

In particular, for d = 1 and Σ = σ2 > 0 the Fisher information becomes

I(σ2) =
ζπ(1− 1/δ)

4δ sin(π/δ)η2/δ
σ2/δ−4.

3. Sufficient information to estimate Σ efficiently in asymptotics is already
provided by those observations Yp in Fsn, such that p is subject to an
interval πn as in Theorem 3.2.2. This means that maximal informa-
tion about Σ is asymptotically contained in (arbitrarily slowly) increas-
ing neighbourhoods of pn within the spectrum of Yt in Fcn. This gives
canonical choices of smoothing and truncation indices, e.g. for spectral
estimators of Σ, cf. Section 3.5.

As we have collected the necessary ingredients ∇`n(Σ), In(Σ) and rn we
are able to derive a LAN-expansion in Fsn. For this let Σ ∈ Θ0 and consider
local alternatives of the form Σ + rnH, H ∈ Rd×dsym , where rn is chosen
according to Theorem 3.2.2. Note that Σ + rnH ∈ Θ0 for n sufficiently
large, i.e. PnΣ+rnH

might be defined arbitrarily, whenever Σ + rnH /∈ Θ0.

Denote by ∆H the centred Gaussian process on Rd×dsym with

Cov(∆H1 ,∆H2) = 〈H1, H2〉I(Σ)Z , H1, H2 ∈ Rd×dsym ,

where it is noted that I(Σ)Z is positive definite on Rd×dsym .

Proposition 3.2.4. In Fsn let Σ ∈ Θ0 be fixed and suppose that Assump-
tion 3.1.6-λ(δ) is met. Then the following asymptotic expansion is satisfied:

log
dPnΣ+rnH

dPnΣ
= ∆n,H −

r2
n

2
‖H‖In(Σ)Z + ρn, H ∈ Rd×dsym , (3.2.8)

where ∆n,H
d→ ∆H , under PnΣ , and r2

n‖H‖In(Σ)Z → ‖H‖I(Σ)Z , as n → ∞.
Moreover, the remainder satisfies ρn = oPnΣ (1).

Proof. With Hn := rnH it is easy to see that

log
dPnΣ+Hn

dPnΣ
=
∞∑
p=1

(
− 1

2
log(det(Id + λpC

−1
p Hn)) (3.2.9)

− 1

2
Y >p

(
(Cp +Hnλp)

−1 − C−1
p

)
Yp

)
. (3.2.10)
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In the following let n be large enough in the sense that λpC
−1
p ≤ Σ−1 implies

| tr(λpC−1
p Hn)| ≤ ‖Σ‖‖Hn‖ < 1/2, p ≥ 1. (3.2.11)

A Mercator series expansion applied to the determinant in (3.2.9) yields

− 1

2
log(det(Id + λpC

−1
p Hn))

=− 1

2
tr(λpC

−1
p Hn) +

1

4
tr((λpC

−1
p Hn)2)− 1

2
R(1)
np ,

where R
(1)
np = 1

2

∑∞
k=3(−1)k+1 tr((λpC

−1
p Hn)k)/k. The term

−1
2 tr(λpC

−1
p Hn) is the deterministic part of vec(Hn)>∇`p(Σ) and it

holds that
1

4
tr((λpC

−1
p Hn)2) =

1

2
vec(Hn)>Inp(Σ)Z vec(Hn). (3.2.12)

For R
(1)
n :=

∑∞
p=1R

(1)
np the bound | tr(A2+k)|2 ≤ tr(A4) tr(A2k) ≤

tr(A2)2‖A‖2k, A ∈ Rd×dsym , as well as λpC
−1
p ≤ Σ−1 and (3.2.12) give

|R(1)
n | ≤

1

2

∞∑
p=1

∞∑
k=1

| tr((λpC−1/2
p HnC

−1/2
p )k+2)|

≤1

2

∞∑
p=1

tr((λpC
−1
p Hn)2)

∞∑
k=1

‖Σ−1‖k‖Hn‖k

≤2 vec(H)>r2
nIn(Σ)Z vec(H)‖Σ−1‖‖Hn‖ = O(rn), (3.2.13)

where Theorem 3.2.2 was used. Denote the approximation error between
(3.2.10) and the stochastic part of vec(Hn)>∇`p(Σ) by Y >p AnpYp, where

Anp :=
1

2

(
C−1
p − (Cp +Hnλp)

−1 − λpC−1
p HnC

−1
p

)
=−

λ2
p

2
(Cp +Hnλp)

−1HnC
−1
p HnC

−1
p .

Then ρ
(1)
n :=

∑∞
p=1 Y

>
p AnpYp−E[Y >p AnpYp] is a sum of independent random

variables and with ρ
(2)
n := R

(2)
n − 1

2R
(1)
n one gets

log
dPnΣ+Hn

dPnΣ
= ∆n,H −

1

2
vec(Hn)>In(Σ)Z vec(Hn) +R(2)

n −
1

2
R(1)
n + ρ(2)

n ,

where R
(2)
n := vec(Hn)>In(Σ)Z vec(Hn) +

∑∞
p=1 E[Y >p AnpYp] and

|R(2)
n | ≤

∞∑
p=1

λ2
p

2
| tr((C−1

p − (Cp + λpHn)−1)HnC
−1
p Hn)|

=
∞∑
p=1

λ3
p

2
| tr((Cp + λpHn)−1Hn(C−1

p Hn)2|

≤rn‖Σ−1‖‖H‖ vec(H)>r2
nIn(Σ)Z vec(H) = O(rn).
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Using independence the stochastic remainder satisfies

Var(ρ(1)
n ) =

∞∑
p=1

vec(Anp)
>(Cp ⊗ Cp)Z vec(Anp)

=
∞∑
p=1

λ4
p

2
tr(Hn(Cp + λpHn)−1HnC

−1
p Hn(Cp + λpHn)−1HnC

−1
p )

≤r2
n‖Σ−1‖2‖H‖2r2

n vec(H)In(Σ)Z vec(H) = O(r2
n).

Let πn ⊆ N be as in Theorem 3.2.2. Then ∇`πn(Σ) :=
∑

p∈πn ∇`np(Σ)
satisfies Cov(rn`πn(Σ)) → I(Σ)Z. Denote by Iπn(Σ) the invertible matrix
such that Iπn(Σ)−1/2 Cov(rn`πn(Σ)) = Z. Note that C−1

p YpY
>
p C

−1
p follows

the law of the Wishart distribution Wd(C
−1
p , 1) with characteristic function

A 7→ det(Id − 2iAC−1
p )−1/2. Thus for T ∈ Rd×dsym and t := vec(T ) we obtain

that the characteristic function of rn∇`πn(Σ) satisfies

ϕrn∇`πn (Σ)(t) =E[exp(irnt
>∇`πn(Σ))]

=
∏
p∈πn

det(Id − iλprnT>C−1
p )−1/2 exp

(
− λp

2
irnt

> vec(C−1
p )
)

We obtain∑
p∈πn

log(det(Id − iλprnT>C−1
p )) = −i

( ∑
p∈πn

λprnt
> vec(C−1

p )
)

+

2t>r2
nIπn(Σ)t+O(rn),

where the asymptotics O(rn) can be shown similar as done for the remainder

R
(1)
n above. Therefore we get

log(ϕrn∇`πn (Σ)(t)) = −1

2
t>r2

nIπn(Σ)Zt+O(rn),

hence rn∇`πn(Σ) is asymptotically centred normal with covariance I(Σ)Z.
Finally, note that the derivations of Theorem 3.2.2 imply

Cov

rn ∑
p∈πcn

∇`np(Σ)

 = r2
n

∑
p∈πcn

Inp(Σ)Z → 0, as n→∞,

which itself implies rn
∑

p∈πcn ∇`np(Σ) = oPnΣ (1). Slutsky’s Lemma applied
to ∇`πn(Σ) and rn

∑
p∈πcn ∇`np(Σ) therefore yields the claim.

Note that ∆n,H is given by the common relation ∆n,H =

rn vec(H)>∇`n(Σ). Moreover, ρn = ρ
(1)
n + ρ

(2)
n with E[ρ

(1)
n ] = 0 and

Var(ρ(1)
n ) ≤r2

n‖H‖2‖Σ−1‖2r2
n‖H‖In(Σ)Z = O(r2

n), (3.2.14)

ρ(2)
n ≤2rn‖H‖‖Σ−1‖r2

n‖H‖In(Σ)Z = O(rn). (3.2.15)

In the following Chapter 4 we will make use of (3.2.14) and (3.2.15), where
a simultaneous application of Proposition 3.2.4 is made.
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3.3 Parametric main result

An implication of local asymptotic normality in (3.2.8) is weak convergence
of the localisations {PnΣ+rnH

: H ∈ Rd×dsym} to the Gaussian shift experiment

G := {N (I(Σ)Z vec(H), I(Σ)Z) : H ∈ Rd×dsym}.

By Z vec(H) = 2 vec(H), H ∈ Rd×dsym , it is plausible that – based on an
observation Y in G – an unbiased estimator of ϑ = vec(H) with minimal
covariance should naturally be given by ϑ̂n = 1

2I(Σ)−1Y such that

(ϑ̂n − ϑ) ∼ N
(

0,
1

4
I(Σ)−1Z

)
, (3.3.1)

where we note that Σ is assumed to be known. As a major consequence
in classical LAN-theory any weakly converging sequence of statistics in Fsn
is ‘matched’ by a statistic in G, cf. Chapter 7.3 in van der Vaart [2000].
This means that the law in (3.3.1) determines the asymptotic distribution
of efficient regular estimators in Fsn, which we make precise in the following.

As we have shown regularity of the model Fsn in Section 3.2, the only
missing ingredients for a convolution theorem are regular estimators and
regular estimation targets. Let such a target of estimation be given by
ψ(Σ) ∈ Rk, where ψ is a differentiable function in the sense that

‖r−1
n (ψ(Σ + rnH)− ψ(Σ))− ψΣ vec(H)‖ → 0, as n→∞, (3.3.2)

holds, for some∇ψΣ ∈ Rk×d2
and any H ∈ Rd×dsym . In the following, sequences

of regular estimators ϑ̂n of ψ(Σ) are regarded, cf. Section 2.4 for a definition.

Theorem 3.3.1. In the experiment Fsn let ϑ̂n be a sequence of regular esti-
mators of ψ(Σ) with (3.3.2). Then for H ∈ Rd×dsym it holds that

r−1
n (ϑ̂n − ψ(Σ + rnH))

d→ N
(

0, 1
4∇ψ

>
ΣI(Σ)−1Z∇ψΣ

)
∗R, (3.3.3)

under PnΣ+rnH
, for some distribution R. In particular, if Assumption 3.1.2-

G(β) is met then (3.3.3) also applies (under the corresponding measures) in
Fn.

Proof. We only give an outline of the proof as the statement is obtained by
closely following the steps as in the verification of the general (convolution)
Theorem 3.11.2 in van der Vaart and Wellner [2013]. The only peculiarity to
be taken into account is the matrix Z. More precisely, for an orthonormal
basis h1, . . . , hd∗ , d

∗ := d(d + 1)/2, of vec(Rd×dsym) := {vec(A) : A ∈ Rd×dsym}
with respect to the inner product 〈·, ·〉I(Σ)Z , Proposition 3.2.4 and Le Cam’s
third lemma yield that under PnΣ+rnH

the convergence

r−1
n (ϑ̂n − ψ(Σ + rnH))

d→ N

(
0,

d∗∑
k=1

∇ψΣhkh
>
k∇ψ>Σ

)
∗R, (3.3.4)
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holds, for some R. For the Gaussian part of the limit law in 3.3.4 we obtain

( d∗∑
k=1

∇ψΣhkh
>
k∇ψ>Σ

)
i,j

=
d∗∑
k=1

〈∇ψ(i)
Σ , hk〉〈∇ψ

(j)
Σ , hk〉

=
1

4

d∗∑
k=1

〈I−1
Σ ∇ψ

(i)
Σ , hk〉I(Σ)Z〈I−1

Σ ∇ψ
(j)
Σ , hk〉I(Σ)Z =

1

4
〈∇ψ(i)

Σ , I−1
Σ ∇ψ

(j)
Σ 〉Z ,

where ∇ψ(i)
Σ ∈ Rd2

denotes the i-th column of ∇ψ>Σ and 1 ≤ i, j ≤ d.
Finally, the same derivations can be done in the discrete experiment Fn

as the LAN-property of Fsn carries over to Fn by asymptotic equivalence
between Fn and Fsn, cf. Section 2.4.

Remarks 3.3.2.

1. The covariance of a convolution is given by the sum of the covariances of
the two convoluted random vectors. This means that efficient sequences
of regular estimators in Fn satisfy R = 0 in the limit law of (3.3.3). In
Section 3.5 we will construct such estimators showing that the lower
bound provided by Theorem 3.3.1 is sharp.

2. Note that the singularity of I(Σ)Z has no critical impact as the essential
isometry-type ingredient 〈·, hk〉I(Σ)Z = 〈·, hk〉2I(Σ) allows to insert Z
in the previous proof. However, the quantity Z cannot be removed in
(3.3.3) as in general I(Σ)−1 alone does not capture the dependence with
respect to the (coinciding) entries Σij and Σji. In particular, I(Σ)−1Z
cannot be replaced by 2I(Σ)−1, at least not in general.

The deduction of the above result offers a comprehensive understanding
of how efficient estimation, particularly the optimal estimation rate rn and
the geometry of the Fisher information matrix, depends on the spectral
properties of the signal. Moreover, Theorem 3.3.1 extends the knowledge
of asymptotic lower bounds in a few one-dimensional models to a general
class of underlying multidimensional Gaussian processes. It is noted that
only the leading term of (λp)p≥1 has to be known for the derivation of lower
bounds. As we have extensively discussed the underlying quantities rn and
I(Σ) already in the previous section we refer the reader for more insight
regarding Theorem 3.3.1 to the various examples in the subsequent section.

3.4 Examples

In the following we give a selection of lower bounds for various well-known
Gaussian processes that can be derived under the established results for
the sequence space model Fsn. The obtained examples apply to the discrete
model Fn as well, which can be seen for most cases by the examples given
in Section 2.3.
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Example 3.4.1. As seen in Remark 3.2.3, a basic example is given if G
denotes a d-dimensional Brownian motion, in which case the eigenvalues
are given by λBM

p = (π(p − 1/2))−2, p ≥ 1. Clearly Assumption 3.1.5-δ is
satisfied with δ = 2. Thus according to Theorem 3.3.1 efficient sequences of
regular estimators ϑ̂n of ϑ = vec(Σ) satisfy under local alternatives

n1/4(ϑ̂n − ϑ)
d→ N (0, 2η(Σ⊗ Σ1/2 + Σ1/2 ⊗ Σ)Z). (3.4.1)

For d = 1, where Z = 2, this result coincides with the lower bounds derived
by Gloter and Jacod [2001]. Moreover, for d ≥ 1 (3.4.1) extends and matches
asymptotically the Cramér-Rao bound of Bibinger et al. [2014].

Example 3.4.2. If G is a fractional Brownian motion with Hurst exponent
H ∈ (0, 1), then due to Chigansky and Kleptsyna [2018] the corresponding
eigenvalues satisfy (3.1.5) with δ = 2H + 1:

λfBM
p =

sin(Hπ)Γ(2H + 1)

(πp)2H+1
+O(p−(2H+2)), p ≥ 1. (3.4.2)

Precise asymptotic lower bounds have only been known for d = 1 in a
non-noisy setting, cf. Brouste and Fukasawa [2018]. In the multivariate
noisy set-up Theorem 3.3.1 implies for H ≥ 1/2 that the rate of of efficient
estimators is rn = n−1/(4H+2). Since BH has almost surely almost H-Hölder
regular paths there is a negative correlation between smoothness and rate of
estimation. It is intuitive that the unknown scaling is easier to detect from
a more volatile signal paths.

The optimal asymptotic covariance can be easily calculated by Theo-
rem 3.2.2. For d = 1 Theorem 3.3.1 gives the asymptotic analogue of the
Cramér-Rao bound in Sabel and Schmidt-Hieber [2014]. The gained in-
sight regarding this model will be used in a further extension to the case of
unknown H, cf. Chapter 5.

Example 3.4.3. The eigenvalues λBB
p = (πp)−2 corresponding to a Brown-

ian bridge have the same leading term as λBM
p in Example 3.4.1, hence the

central limit theorem (3.4.1) is valid in both these models. Similarly, regard
the (stationary) Ornstein-Uhlenbeck process

Σ1/2Gt = Σ1/2G0e
−βt + Σ1/2

∫ t

0
e−β(t−s)dBs, t ∈ [0, 1],

where G0 ∼ N (0, (2β)−1Id), β > 0 and B is a standard Brownian motion.
Under the normalisation β = 1/2 the eigenvalues λOU

p = 2β
p2π2 + o(p−2)

imply the convergence in (3.4.1) as well, cf. Wang [2008]. This means
that the behaviour of the Ornstein-Uhlenbeck process or the behaviour of
the Brownian bridge for t → 1 have no impact on asymptotically efficient
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estimation of Σ. In fact, the three models corresponding to λBM
p , λBB

p and

λOU
p are even asymptotically equivalent, cf. Proposition 3.6.2 below.

Similarly, examples of a fractional Brownian bridge and a fractional
Ornstein-Uhlenbeck process seem to offer the very same asymptotic lower
bounds as for λfBM

p , cf. the (yet unpublished) drafts by Chigansky et al.
[2017] and Chigansky et al. [2018].

Example 3.4.4. For the m-fold integrated Brownian motion the eigenval-
ues satisfy λmIBM

p = (πp)−(2m+2) + o(p−(2m+2)), cf. Wang [2008]. This

implies that the optimal rate of convergence is given by rn = n−1/(4m+4),
which reveals the same interplay between regularity and estimation rate as
in Example 3.4.2.

Example 3.4.5. Consider a one-dimensional observation model and let Σ =
σ2, for some real number σ > 0. In view of Theorem 3.3.1 the optimal
asymptotic variance of estimating σ2 is given by

AV1(σ2) = 4ζασ
4−2/α,

for some constant ζα > 0 depending only on α and η2.

Figure 3.1: Plot of AV2(Σ11) (left) and AV1(σ2)−AV2(Σ11)
(right) for σ2

1 = 0.2 and some constant ζ.

Consider now the two-dimensional case in which Σ is given by

Σ =

(
σ2 ρσ2

ρσ2 σ2

)
,

where ρ ∈ (−1, 1) denotes the (unknown) correlation. Then the optimal
asymptotic variance of estimating Σ11 = σ2 is given by

AV2(Σ11) = ζα

(
(σ2ρ+)2−1/α + (σ2ρ−)2−1/α − 4(1− 1/α)σ2ρ

(σ2ρ+)1/α−1 − (σ2ρ−)1/α−1

)
,

where ρ+ = 1 + ρ and ρ− = 1 − ρ. It is not hard to see that AV1(σ2) ≥
AV2(Σ11), where equality holds if and only if ρ = 0. This means that es-
timation of σ2 from noisy observations of a one-dimensional path can be



3.5. ESTIMATION 39

improved by looking additionally at another (correlated) path. The corre-
sponding gain in efficiency increases monotonically in |ρ|. The maximum is
attained for |ρ| → 1, where the asymptotic variance is reduced by the factor
2−1/α. Bibinger et al. [2014] obtained this result for the special case α = 2.

Example 3.4.6. Consider the two-dimensional observation model, in which
the underlying volatilities satisfy Σ22 = Σ11 + ε, ε ≥ 0. Then the optimal
asymptotic variance of estimating Σ12 = ρ

√
Σ11Σ22 is given by

AV ε
2 (Σ12) = ζ ′α

(
(v+)2−1/α + (v−)2−1/α

)
,

where v+ = Σ11 + ε
2 +

√
Σ12 + ε2

4 , v− = Σ11 + ε
2 −

√
Σ12 + ε2

4 and ζ ′α > 0

depends only on α and η2. The optimal asymptotic variance AV ε
2 (Σ12) is

increasing in ε. Thus the correlation between the two processes is harder
to determine if their variances differ significantly, cf. Figure 3.2. This also
remains true for the normalised loss AV ε

2 (Σ12)/AV 0
2 (Σ12), which grows faster

than linearly in ε – even if there is no correlation at all!

Figure 3.2: Plots of AV ε
2 (Σ12) for Σ11 = 1.2 fixed (left) and

ρ = 0 fixed (right) for α = 2 and ζ ′α = 1.

3.5 Estimation

We have mentioned in the introduction that several estimators have been
designed for particular cases of the fundamental parametric model Fn. In
this work we provide a universal spectral estimation approach that yields
optimality in the sense of Theorem 3.3.1. We begin with the construction in
the sequence space model Fsn. For each observation Yp in (3.1.4) an unbiased
estimator of ψ(Σ) = vec(Σ) can be obtained via

ϑ̂p := λ−1
p vec

(
YnpY

>
np −

η2

n
Id

)
, p ≥ 1.
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Since (ϑ̂p)p≥1 constitutes an independent sequence, it is reasonable to con-
sider a weighted average to reduce variability. Additionally, in view of fea-
sibility we have to make a truncation choice for the involved index p. The-
orem 3.2.2 suggests the natural choice of index sets πn = [πn, πn] ∩ N such
that πn/pn → 0 and (πn ∧ πn/pn) → ∞, as n → ∞. To obtain unbiased
estimators we therefore consider weights Wp ∈ Rd2×d2

and averages∑
p∈πn

Wpϑ̂p

with
∑

p∈πnWp = Id2 . To achieve minimal asymptotic covariance we select

Wp(Σ) := Iπn(Σ)−1Inp(Σ), (3.5.1)

where Iπn(Σ) :=
∑

p∈πn Inp(Σ) denotes the truncated Fisher information
matrix. Note that Wp(Σ) is an oracle choice and we denote by

ϑ̂or
n :=

∑
p∈πn

Wp(Σ)ϑ̂p

the corresponding estimator. The choice of Wp(Σ) in (3.5.1) follows a well-
known principle. For instance, in a parametric shift model Yi = µ + σiεi,
i = 1, . . . , n, with εi ∼ N (0, 1) i.i.d. the least squares estimator of µ ∈ R is
the weighted average

∑n
i=1WiY

2
i , where Wi = (

∑n
j=1 σ

−2
j )σ−2

i as in (3.5.1).

In order to obtain an adaptive version of ϑ̂or
n we employ a consistent

pre-estimate Σ̂pre
n of Σ and simply use Wp(Σ̂

pre
n ) as an estimate of Wp(Σ).

A weighted spectral approach under pre-estimators has been already used,
e.g. by Bibinger et al. [2014] and by Altmeyer and Bibinger [2015] for a
covariation estimator, where properties from the Brownian motion are a key
argument. In contrary, for our proposed estimator it is essential to construct
Wp independently of (Yp)p∈πn , which yields both, generality and efficiency
of the approach, at the same time. More precisely, we select a sequence of
subsets π′n, where π′n is in the complement of πn (with respect to N), such
that |π′n| < ∞ and |π′n| → ∞. A possible choice is then Σ̂pre

n := matr(ϑ̂pre
n )

with

ϑ̂pre
n :=

∑
p∈π′n

W π′n
p (SId)ϑ̂p, (3.5.2)

where W
π′n
p (Σ) := Iπ′n(Σ)−1Inp(Σ). Naturally, many other choices are pos-

sible, e.g. an equally weighted average |π′n|−1
∑

p∈π′n ϑp. In the following we

stick to the pre-estimate Σ̂pre
n given via (3.5.2) and denote the corresponding

adaptive estimator by

ϑ̂ad
n :=

∑
p∈πn

Wp(Σ̂
pre
n )ϑp. (3.5.3)
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Theorem 3.5.1. The estimators ϑ̂orn and ϑ̂adn of ψ(Σ) = vec(Σ) are regular
and efficient in the sense of Theorem 3.3.1. In particular, it holds that

r−1
n (ϑ̂adn − ψ(Σ + rnH))

d→ N (0, 1
4I(Σ)−1Z),

under PnΣ+rnH
, for any H ∈ Rd×dsym .

Proof. Let A,B ∈ Θ0 and Ap := Aλp+η2/nId and Bp = Bλp+η2/nId, p ≥
1. Then ‖λpB−1

p ‖ ≤ ‖B−1‖ . S implies ‖A−1
p − B−1

p ‖ . ‖A − B‖S(S−1 +
η2/(λpn))−1, uniformly in p, which gives

‖Inp(A)− Inp(B)‖ . ‖A−B‖‖Inp(A)‖, (3.5.4)

uniformly in p ≥ 1. By similar arguments, (3.5.4) implies (again uniformly)

‖Iπn(A)− Iπn(B)‖ . ‖A−B‖‖Iπn(A)‖. (3.5.5)

By construction, ϑ̂or
n is unbiased. Under the measure PnΣ+rnH

it can be easily
seen that

Cov
(
ϑ̂or
n − ψ(Σ + rnH)

)
=

1

4
Iπn(Σ + rnH)−1Z =

1 +O(rn)

4
Iπn(Σ)−1Z,

where the last equality is a consequence of (3.5.5). With r−2
n Iπn(Σ)−1 →

I(Σ)−1, cf. Theorem 3.2.2, the central limit theorem follows in the same
way as in Proposition 3.2.4. Similarly, vec(Σ̂pre

n ) is unbiased and one has

Cov
(
ϑ̂pre
n − ψ(Σ + rnH)

)
≤ 1

4
Iπ′n(SId)

−1Z = O(π−1
n )Id4 ,

under PnΣ+rnH
, where an integral approximation as in (3.2.4) was used. In

particular, there is some εn → 0 such that π
−1/2
n = o(εn) and such that the

event En := {‖Σ̂pre
n − (Σ + rnH)‖ ≤ εn} satisfies

PnΣ+rnH(Ecn) = o(1). (3.5.6)

By Slutsky’s Lemma, the claim for ϑ̂ad
n follows if ‖ϑ̂or

n − ϑ̂ad
n ‖ = oPnΣ+rnH

(rn).

Without loss of generality assume that Σ̂pre
n ∈ Θ0 (otherwise project onto

Θ0). Then ‖Iπn(Σ)−1‖ = O(r2
n), ‖Inp(Σ)‖ . (S−1 + 1/(λpn))−2, (3.5.4)

and (3.5.5) yield

‖Wp(Σ + rnH)−Wp(Σ̂
pre
n )‖1En . r2

nεn(S−1 + 1/(λpn))−2, ∀p ∈ πn.
(3.5.7)

By ‖Inp(Σ + rnH)−1 − Inp(Σ)−1‖ . rn/(λpn), uniformly in p ∈ πn, (3.5.7),∑
p∈πn Inp(Σ) = O(r−2

n ) and independence due to πn ∩ π′n = ∅ imply

E[tr((ϑ̂or
n − ϑ̂ad

n )(ϑ̂or
n − ϑ̂ad

n )>1(En))] =
1

4

∑
p∈πn

tr
(
Inp(Σ + rnH)−1Z

· E[(Wp − Ŵp)
2
1(En)]

)
= O(r2

nε
2
n).
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This along with Markov’s inequality now gives

PnΣ+rnH(r−1
n ‖ϑ̂or

n − ϑ̂ad
n ‖ ≥ ε) = P (Ecn) +O(ε2

nε
−2),

which implies ‖ϑ̂or
n − ϑ̂ad

n ‖ = oPnΣ+rnH
(rn), by (3.5.6) and εn → 0.

The estimator ϑ̂ad
n = ϑ̂ad

n ((Yp)p≥1) in Fsn can be obtained in the initial
model Fn by the explicit construction via interpolations given in the proof
of Theorem 2.2.5. In particular, for an interpolated version (Ȳt)t∈[0,1] of

(2.2.1), cf. (2.2.4), the estimator ϑ̂ad
n = ϑ̂ad

n ((Ȳp)p≥1) in Fn can be built as
in (3.5.3) from the stochastic bilinear forms

Ȳp := ((epj , Ȳ ))1≤j≤d, p ≥ 1, (3.5.8)

where epi = (1{i = j}ϕp)1≤j≤d, i = 1, . . . , d, and ϕp is the eigenfunction
of the covariance operator Γ corresponding to λp, cf. Section 3.1. For the

limit distribution of ϑ̂ad
n ((Ȳp)p≥1) note that for Pn := L((Yp)p≥1), P̄n :=

L((Ȳp)p≥1) and f continuous and bounded it follows that

EP̄n [f(ϑ̂ad
n )] = EPn [f(ϑ̂ad

n )] +O(‖f‖∞ · ‖Pn − P̄n‖TV)

where the total variation norm satisfies ‖Pn − P̄n‖TV → 0, by the proof
of Theorem 2.2.5. In particular, the estimator ϑ̂ad

n ((Ȳp)p≥1) has the same
asymptotic properties as its counterpart constructed in Fsn and it satisfies the
statement of Theorem 3.5.1. A simulation for a test based on interpolations
is accomplished in Section 5.2.

3.6 Further asymptotic equivalences

The existence of feasible upper bounds guarantees further asymptotic equiv-
alence statements that complete our asymptotic analysis of the fundamen-
tal parametric model Fn. By Theorem 3.2.2 the asymptotically significant
information for estimating Σ efficiently in Fsn is already contained in the
subexperiment Fsn,πn that is generated by the observations (Yp)p∈πn , where
πn is as in Theorem 3.2.2, i.e. for some an → 0 and bn →∞ we have that

πn = [anpn, bnpn] ∩ N, an ↓ 0, bn →∞,

where it is meaningful to assume an ≥ p−1
n with pn ∼ r−2

n as in Theo-
rem 3.2.2. Clearly, Fsn is at least as informative as Fsn,πn as the latter one
is simply the restriction of (Yp)p≥1 to πn. In addition, even the reverse can
be shown, at least asymptotically.

Proposition 3.6.1. The experiments Fsn and Fsn,πn are asymptotically
equivalent in Le Cam’s sense. More precisely, the Le Cam distance satisfies

∆(Fsn,Fsn,πn) = O(log n)O(aδ−1/2
n ∨ b1/2−δn ).
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Proof. In the spirit of the pre-estimator Σ̂pre
n = matr(ϑ̂pre

n ), cf. (3.5.2),
introduce the estimator Σ̂′n := matr(ϑ̂′n) of Σ with

ϑ̂′n :=
∑
p∈πn

Wp(SId)ϑ̂p.

Note the difference between the underlying index sets in for ϑ̂′n and ϑ̂pre
n .

The estimator Σ̂′n is unbiased and consistent, which can be seen by following
the arguments for ϑ̂or

n in the proof of Theorem 3.5.1. For a sequence (Zp)p≥1

of independent standard normal random vectors in Rd set further

Ŷp := (Σ̂′nλp + η2/nId)
1/2Zp, p ∈ πcn.

Given (Yp)p∈πn the vector Ŷp is centred Gaussian with covariance Σ̂′nλp +
η2

n Id. Let Y := (Yp)p≥1 and Ŷ := (Yp)p∈πn ∪ (Ŷp)p∈πcn . Now observe that
with P πnΣ := L((Yp)p∈πn) the squared Hellinger distance satisfies

H2(L(Y ),L(Ŷ ))

≤EπnΣ [H2(L(Y |(Yp)p∈πn),L(Ŷ |(Yp)p∈πn))1An ] + 2P πnΣ (Acn),

where An := {‖Σ̂′n − Σ‖ ≤ Cvn} with vn := rn log(n) and C > 0 specified
below. With the Hellinger bound (2.1.2) and the choice of Θ0 we deduce

EπnΣ [H2(L(Y |(Yp)p∈πn),L(Ŷ |(Yp)p∈πn))1(An)]

.C2v2
n

∑
p∈πcn

(S−1 +
η2

λpn
)−2 . C2S−1δη−2/δ log2(n)

∫
(an,bn)c

(1 + xδ)−2dx

.C2S−1δη−2/δ log2(n)(a2δ−1
n ∨ b1−2δ

n ),

where standard calculus involving regular variation as for Theorem 3.2.2 has
been used. It remains to show that

sup
Σ∈Θ0

P πnΣ (Acn) . log2(n)(a2δ−1
n ∨ b1−2δ

n ).

For this let ξp := r−1
n Wp(SId)(ϑ̂p − ϑ) and observe that the ordering 0 ≤

Wp(SId)Ip(Σ)−1/2 ≤ Iπn(SId)
−1Ip(SId)1/2 holds. Thus it is easy to see that∑

p∈πn
E[‖ξp‖s] ≤ E[‖ZZ> − Id‖s]

∑
p∈πn

(
r−1
n Iπn(S)−1Ip(S)1/2

)s
(3.6.1)

holds, for any s > 2, where Z ∼ N (0, Id). Clearly E[‖ZZ>− Id‖s] <∞ and
the scalar (!) information type quantities Ip(S) and Iπn(S) satisfy

(r2
nIπn(S))−srsn

∑
p∈πn
Ip(S)s/2 = O(rs−2

n ), (3.6.2)
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where the same arguments as in the proof of Theorem 3.2.2 are used. The
bound (3.6.1) along with (3.6.2) yields supΣ∈Θ0

∑
p∈πn E[‖ξp‖s] = O(rs−2

n ),
for any s > 2, hence Jensen’s inequality gives for n sufficiently large

sup
Σ∈Θ0

P πnΣ (Acn) ≤ sup
Σ∈Θ0

P

(∥∥∥ ∑
p∈πn

ξp

∥∥∥ ≥ 2E
[∥∥∥ ∑

p∈πn
ξp

∥∥∥]+ (C − 1) log(n)

)
.

Finally the Fuk-Nagaev type inequality Theorem 3.1 in Einmahl and Li
[2008] yields

sup
Σ∈Θ0

P πnΣ (Acn) = O(n−1), (3.6.3)

where C has to be chosen such that (C − 1)2 ≥ 3
∑

p∈πn E[‖ξp‖2].

Proposition 3.6.1 gives a further intuition on smoothing choices for sev-
eral known estimation methods such as pre-averaging for Brownian motion
driven models, where it is well-known that frequencies of order

√
n play a

central role, cf. Jacod et al. [2009].

Next the impact of deviations in the underlying eigenvalue sequence λ
is investigated. As seen in Theorem 3.2.2, the leading term of (λp)p≥1 com-
pletely determines the asymptotic lower bounds. In Example 3.4.1 the cases
in which G in (3.1.2) is a Brownian bridge (BB) or a Brownian motion (BM)
have been shown to provide the same asymptotic lower bounds. Therefore it
is conceivable that the corresponding experiments are even asymptotically
equivalent. In fact, even a general characterisation of asymptotic equiva-
lence on the basis of the underlying eigenvalue sequence can be given as
follows.

Proposition 3.6.2. For eigenvalue sequences λ and λ′ satisfying Assump-
tion 3.1.6-λ(δ) (with possibly different δ) let Fsn and Fs′n , respectively, be
sequence space models of type (3.1.4). Then the following are equivalent:

1. λp/λ
′
p → 1, as p→∞.

2. rn/r
′
n → 1, as n→∞, and I(Σ) = I ′(Σ), for all Σ ∈ Θ0.

3. ∆(Fsn,Fs
′
n )→ 0, as n→∞,

where r′n and I ′(Σ)Z are the rate and asymptotic Fisher information in Fs′n .

Proof. (i) implies (iii): Assume λp/λ
′
p → 1 and denote by Fs,even

n and Fs,odd
n

the experiments that are generated by (Yp)p∈2N and (Yp)p∈2N+1, respectively,

such that Fsn = Fs,even
n ⊗Fs,odd

n . Similarly, obtain the decomposition Fs′n =

Fs
′,even
n ⊗Fs

′,odd
n . Since ∆ satisfies the triangle inequality it suffices to show

that both, Fsn and Fs′n are asymptotically equivalent to the experiment

En := Fs′,even
n ⊗Fs,odd

n ,
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which will be shown under the localisation approach of Grama and Nuss-
baum [2002]. Let vn := Crn log(n) with C specified below and denote for
fixed Σ ∈ Θ0 by Fsn,loc and Fs′n,loc the localisations that are generated by

Yp ∼ N (0, (Σ + vnH)λp + η2

n ), p ≥ 1,

Y ′p ∼ N (0, (Σ + vnH)λ′p + η2

n ), p ≥ 1,

respectively, where H ∈ Br(Σ) := {A ∈ Rd×dsym : ‖A − Σ‖ ≤ r} is un-

known, r > 0. Similarly introduce the local experiments Fs,even
n,loc ,Fs

′,even
n,loc

and Fs,odd
n,loc ,F

s′,odd
n,loc that are generated by the even and odd indices, respec-

tively.

Comparing Fs,even
n,loc with Fs

′,even
n,loc it is evident that whenever λp ≥ λ′p

then Yp is at least as informative as Y ′p . To see this consider the equivalent

normalisation λ
−1/2
p Yp and add uninformative noise to match (λ′p)

−1/2Y ′p in
law. Therefore, without loss of generality we assume that λp < λ′p, ∀p ∈ 2N.
By adding uninformative and independent N (0,Σ(λ′p − λp))-noise to Yp we
obtain the independent sequence

Y ′′p ∼ N (0,Σλ′p + vnHλp + η2

n Id), p ∈ 2N.

For an → 0 such that anpn → ∞ let πn := [anpn,∞) ∩ 2N. Then Proposi-
tion 3.6.1, the Hellinger bound (2.1.2) and S−1Id < Σ give

H2(L((Y ′′p )p∈2N),L((Y ′p)p∈2N)) . (log2(n)a2δ−1
n ) ∨

( ∑
p∈πn

v2
n(λp − λ′p)2

(S−1λp + η2

n )2

)
.

(3.6.4)
By an integral approximation (cf. the proof of Theorem 3.2.2) it follows
with τ(p) := |λ(p)− λ′(p)|/λ(p) = o(1) that

v2
n

∑
p∈πn

(λp − λ′p)2

(S−1λp + η2

n )2
.τ(anpn)2v2

n

∑
p∈πn)

(S−1 + η2/(λpn))−2

=O(r2τ(anpn)2 log(n)2C2S2−1/δη−2/δ),

which along with (2.1.1) and (3.6.4) implies

sup
Σ∈Θ0

∆(Fs,even
n,loc (Br(Σ)),Fs

′,even
n,loc (Br(Σ))) = o(rτ(anpn) log(n)C2S1−1/2δη−1/δ).

(3.6.5)
Analogously to the proof of Proposition 3.6.1 it is possible to construct an
unbiased consistent estimator Σ̂′n of Σ in Fs,odd

n . Similarly it is possible to
obtain for An = {‖Σ̂′n − Σ‖ ≤ vn} that a tail bound as in (3.6.3) gives

sup
Σ∈Θ0

PnΣ(Acn) = o(1).
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Since PnΣ(Acn) can be controlled uniformly in Σ ∈ Θ0, and since under the
event An the bound (3.6.5) applies, one has ∆(Fsn, En) = o(1). In the same
way ∆(Fs′n , En) = o(1) can be obtained and (i) follows.

(ii) implies (i): By assumption, I(Σ) = I ′(Σ) and rn/r
′
n → 1,

which implies pn/p
′
n → 1. Due to uniform convergence of λ′(· p)/λ′(p)

on [infn pn/p
′
n,∞) ( (0,∞) (cf. Theorem A.2.2 (2)) it follows that

λ(pn)/λ′(pn) = λ′(p′n)/λ′(pn)→ 1. Therefore, for any p > 0

lim
n→∞

λ(pn · p)
λ′(pn · p)

= lim
n→∞

λ(pn · p)
λ′(pn · p)

λ′(pn)

λ(pn)
= 1. (3.6.6)

By Proposition A.2.1 (3) g := λ/λ′ is slowly varying, hence the convergences
in (3.6.6) hold uniformly over any [a, b] ⊂ R+, cf. Theorem A.2.2 (1). Thus
for any ε > 0 and reals 0 < x < y < ∞ there is some n∗ ∈ N with
|g(p) − 1| ≤ ε, for all p ∈ [pnx, pny], n ≥ n∗. Since there is some N ≥ n∗

such that

[pnx,∞) =
⋃
n≥N

[pnx, pny],

we have for any p ≥ pnx that |g(p)− 1| ≤ ε, i.e. λ/λ′ → 1.

(iii) implies (ii): Assume ∆(Fsn,Fs
′
n ) → 0. Then for Σ ∈ Θ0 fixed also

any pair of local sub experiments satisfies ∆(Fs,even
n,loc ⊗ F

s,even
n,loc ,Fs

′,even
n,loc ⊗

Fs
′,even
n,loc ) → 0 and therefore, by Proposition 3.2.4, both experiments satisfy

the same LAN-expansion with rn/r
′
n → 1 and I(Σ) = I ′(Σ).

Remarkably, an accurate characterisation of asymptotic equivalence for
classes of fundamental models can be given that is coincidental with obeying
the same LAN-property. In fact, so-called weak and strong convergence
of experiments hold equivalently in the present set-up. Note that we did
not mention a specific rate of convergence for the Le Cam distance in the
statement of Proposition 3.6.2. This is due to the fact that our Le Cam
bound (3.6.5) for the localisations highly depends on the appearance of τ .
With no further assumptions on τ it thus remains unclear whether P (Acn)
is of possibly smaller order.

As a consequence of Proposition 3.6.2 there are no statistical tests that
separate models with common leading term within the underlying eigenvalue
sequences. Moreover, Assumption 3.1.5-λ(δ) induces a precise characterisa-
tion of asymptotic equivalence such that weak convergence of experiments
even implies strong convergence. Another possible interpretation offers a
characterisation of equivalence between Gaussian measures. If the covari-
ance operators of two Gaussian measures commute then (λ/λ′− 1) ∈ `2 is a
sufficient condition to infer equivalence of the measures and thus asymptotic
equivalence, cf. Da Prato and Zabczyk [2014].
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The impact of the leading term of λ yields an interesting finding in the
particular scenario, in which the signal process is a mixture

Gt = Z1,t + Z2,t,

of two independent Gaussian processes Zi = (Zi,t)t∈[0,1], i = 1, 2. If the
covariance operators of Z1 and Z2 are diagonalisable by the same basis then
the process with more slowly decaying eigenvalues completely determines
the asymptotic properties of the estimation problem. Therefore one might
conjecture for G being a so-called mixed fractional Brownian motion of Hurst
index H > 1/2, cf. Cheridito [2001], that solely the Brownian motion part
contributes to the underlying asymptotics.

3.7 Extensions of the fundamental parametric
model

In the following we discuss possible generalisations of the fundamental para-
metric model Fn, partly motivated by referee suggestions in the revision
process for the corresponding work Holtz [2018]. Therefore some of the
derivations are not worked out in full detail and imposed assumptions might
be rather restrictive. Nevertheless, the considered extensions provide more
insight of how the derived lower bounds convert to more general models. We
note that Assumption 3.1.2-G(β) and Assumption 3.1.5-λ(δ) are imposed in
any of the following statements.

3.7.1 Mean estimation

Assume that an unknown mean µ ∈ R is added to Fn such that

Y ′i = µ+ Σ1/2Gi/n + εi, i = 1, . . . , n, (3.7.1)

is observed with Σ, G and ε1, . . . , εn as in the initial model (3.1.1). The
model (3.7.1) is a Gaussian shift model with serially correlated heteroscedas-
tic noise. The additional parameter µ is smooth in the sense that asymptotic
equivalence of the model generated by (3.7.1) and the one generated by

dYt = (µ+ Σ1/2Gt)dt+
η√
n
dWt, t ∈ [0, 1], (3.7.2)

holds, as long as µ is subject to a bounded subset of Rd, cf. Theorem 2.2.5.
Let us regard one more time the eigenbasis (ϕp)p≥1 of the covariance

operator Γ. Denote their averages by νp :=
∫ 1

0 ϕp(t)dt and set µp := µνp,
p ≥ 1. Then, observing (3.7.2) is equivalent to observing the independent
sequence

Yp ∼ N (µp, Cp), p ≥ 1, (3.7.3)
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where Cp is as in (3.1.4), cf. Section 3.1 for an analogous derivation. In the
sequence space model (3.7.3) the score as a function of µ is given by

∇`(1)
n (µ) :=

∑
p≥1

νpC
−1
p (Yp − µp)

and its covariance, the Fisher information, equals

I(1)
n (µ) :=

∑
p≥1

ν2
pC
−1
p .

In order to derive asymptotics for I(1)
n (µ), the interplay of νp and λp is

crucial. Assume for simplicity that there is some constant C > 0, such that
it holds

νp = C
√
λp, p ≥ 1. (3.7.4)

For instance, if G is a Brownian motion or Brownian bridge then ϕp(t) =√
2 sin(λ

−1/2
p t), hence (3.7.4) holds with C =

√
2, cf. Example 3.4.3.

In similarity to the verification of Theorem 3.2.2, it can be seen that

under (3.7.4) and under Assumption 3.1.5-λ(δ) it holds that r2
nI

(1)
n (µ) =

I(1)(µ) + o(1), where the asymptotic information equals

I(1)(µ) =
C2ζπ

δ sin(π/δ)
η−2/δΣ1/δ−1,

with ζ as in Theorem 3.2.2 and the rate rn satisfies the usual relation given
in (3.2.6). In particular, this means that both, µ and Σ can be estimated
at rate rn. Moreover, both the rate rn and the information I(1)(µ) are
decreasing in δ in the sense that a smooth signal process encumbers the
separation of µ from the stochastic parts in (3.1.1).

Remark 3.7.1. In analogy to (3.2.1) the centred random vector

∇`(2)
n (Σ) :=

1

2

∑
p≥1

λp vec(C−1
p (Yp − µp)(Yp − µp)>C−1

p − C−1
p ).

denotes the score with respect to Σ based on (Yp)p≥1 in (3.7.3). Note that

Cov(`(1)
n (µ)j , `

(2)
n (Σ)k) = 0,

for any j ∈ {1, . . . , d} and k ∈ {1, . . . , d2}. Thus the two tasks of estimating
µ and Σ efficiently are independent. In particular, the derived asymptotic
lower bounds for estimating Σ from the previous sections are still valid if an
unknown mean µ is added to the model.
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Note that local asymptotic normality with respect to µ is obvious as in
this case (3.7.3) is just a Gaussian shift model. More precisely, denoting the
measure of (Yp)p≥1 by Pnµ,Σ we immediately obtain for h ∈ Rd and hp := νph

log
dPnµ+rnh,Σ

dPnµ,Σ
=− 1

2

∑
p≥1

(
− 2rnh

>
p C
−1
p (Yp − µp) + r2

nh
>
p C
−1
p hp

)
=rnh

>∇`(1)
n (µ)− r2

n

2
h>I(1)

n (µ)h,

where rnh
>∇`(1)

n (µ)
d→ N (0, h>I(1)(µ)h), as n→∞, can be easily obtained

as in the proof of Proposition 3.2.4.

Proposition 3.7.2. For h ∈ Rd and H ∈ Rd×dsym it holds that

log
dPnµ+rnh,Σ+rnH

dPnµ,Σ
= log

dPnµ+rnh,Σ

dPnµ,Σ
+ log

dPnµ,Σ+rnH

dPnµ,Σ
+ oPnµ,Σ(1).

In particular, the model satisfies the LAN property with rate matrix rnId+d2

and with asymptotic Fisher information matrix

I(µ,Σ) =

(
I(1)(µ) 0

0 I(2)(Σ)

)
.

Proof. It is not hard to see that

log
dPnµ+rnh,Σ+rnH

dPnµ,Σ
= log

dPnµ+rnh,Σ

dPnµ,Σ
+ log

dPnµ,Σ+rnH

dPnµ,Σ
+R(4)

n +R(5),

where (sticking to the notation from the proof of Proposition 3.2.4)

R(4)
n :=

∑
p≥1

rnh
>
p (C−1

p − C̃−1
p )(Yp − µp),

R(5)
n :=− r2

n

2
h>p (C−1

p − C̃−1
p )hp,

with C̃p := Cp + rnHλp. Note that the bound

‖C−1
p − C̃−1

p ‖ = rnλp‖C−1
p HC̃−1

p ‖ ≤
rnd‖H‖λp

(S−1λp + η2/n)2
(3.7.5)

holds for n sufficiently large. Note further that R
(4)
n is centred and that

Cov(|R(4)
n |) . r4

n

∑
p≥1

ν2
pλ

2
p

(S−1λp + η2/n)3
= O(r4

n‖I(2)
n (S−1)‖) = O(r2

n),

which follows from (3.7.5). Similarly, we conclude |R(5)
n | = O(r3

nIn(S−1)) =
O(rn), and the claim follows.
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The above proposition implies that under Pnµ+rnh,Σ+rnH
an efficient reg-

ular sequence estimators ϑ̂n of ϑ = (µ, vec(Σ))> satisfies

rn(ϑ̂n − (ϑ+ rn(h, vec(H))>))
d→ N (0, V (ϑ)),

where

V (ϑ) :=

(
I(1)(µ)−1 0

0 1
4I

(2)(Σ)−1Z

)
.

An example is given by the case in which G is a Brownian motion or Brow-
nian bridge. Then rn = n−1/4 and an expression for 1

4I
(2)(Σ)−1Z can be

obtained from (3.4.1). Moreover it is easy to see that

I(1)(µ)−1 = ηΣ1/2.

Next, let us comment on the case that the assumption in (3.7.4) does
not hold. For instance, let G = BH be a fractional Brownian motion with
Hurst parameter H 6= 0.5. Chigansky and Kleptsyna [2018] show that the
eigenfunctions (ep)p≥1 of the covariance operator of BH satisfy

νp =

∫ 1

0
ep(t)dt = κHp

−1 +O(p−2), p ≥ 1,

where κH > 0. On the other hand, the eigenvalues satisfy

λp = τHp
−2H−1 +O(p−(2H+2)), p ≥ 1,

where τH > 0 can be obtained from (3.4.2). It is evident that our initial
assumption in (3.7.4) is violated, even asymptotically. For simplicity let
d = 1. Then the Fisher information satisfies

n−
2H

2H+1In(µ) =n−
2H

2H+1

∫ ∞
0

κ2
Hp

2H−1

τH(Σ + η2p2H+1/(τHn))
dp+ o(1)

=(ΣτH)−
1

2H+1κ2
Hη
− 4H

2H+1

∫ ∞
0

x2H−1

(1 + x2H+1)
dx+ o(1), (3.7.6)

where the integral in (3.7.6) is finite, for any H ∈ (0, 1). This means that
we just have derived the following unexpected result.

Proposition 3.7.3. Consider for d = 1 the sequence space model (3.7.3),
where G denotes a fractional Brownian motion with Hurst index H ∈ (0, 1).
Then the rate of estimating µ and Σ is rµ,n ∼ n−H/(2H+1) and rΣ,n ∼
n−1/(4H+2), respectively.

Note that rµ,n is decreasing in H whereas rΣ,n is increasing. Moreover,
for H > 0.5 µ can be estimated at a faster rate than Σ, and vice versa for
H < 0.5. The above derivations extend to the case d > 1 in the sense that
Σ in (3.7.6) has to be replaced with the eigenvalues of Σ, cf. Theorem 3.2.2
for an analogous statement.
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3.7.2 Random Σ

As a further possible extension of the fundamental Gaussian experiment Fn
we drop the assumption that Σ is deterministic. Random volatility and
covariation models are common in modern econometrics, cf. Altmeyer and
Bibinger [2015] for a literature overview. Often Σ is modelled subject to a
wider class of time-dependent stochastic processes that might possess jumps.
However, as mentioned in the introduction of this section, the verifications
for stochastic but constant Σ below still provide an understanding of how
deterministic bounds might extend to more general random set-ups, cf. also
Section 4 for a discussion of random and time-dependent settings.

In the following let Σ be a random matrix with respect to some proba-
bility law PΣ on (Θ0,B(Θ0)). We assume that Σ is independent of G and
of the noise ε1, . . . , εn. This means that conditioned on Σ the process Σ1/2G
is still centred Gaussian and that the same theory for asymptotic equiva-
lences between Fn, Fcn and Fsn can be developed. Therefore – as in the
deterministic set-up – the experiment Fsn will be our working basis.

In order to derive asymptotic lower bounds for Fsn we illustrate how
Theorem 1 from Clement et al. [2013] can be applied. The latter one marks
a universal infinite-dimensional convolution theorem and it is required to
check its imposed Assumptions H0-H3. In the following let us focus on
the crucial ones, Assumption H0 and H2(a). Assumption H0 is a certain
regularity condition made on PΣ, which replaces the usage of Le Cam’s
third lemma for the change of measures in the verification of the convolution
theorem. More precisely, we assume for H ∈ Rd×dsym that

‖PΣ+rnH − PΣ‖TV → 0, as n→∞, (3.7.7)

where PΣ+rnH(A) := PΣ(A− rnH), for A ∈ B(Θ0) and n sufficiently large.
Clement et al. [2013] states that (3.7.7) holds if PΣ possesses a Lebesgue
density.

Assumption H2(a) calls for local asymptotic mixed normality of the law
Pnf of (Yp)p≥1 given Σ = f . Note that we assume that Pnf follows the same
law as in the fundamental sequence space model (3.1.4) with Σ = f . It is
evident that Proposition 3.2.4 yields Assumption H2(a). More precisely, for
H ∈ Rd×dsym and n→∞ we observe that

dPnf+rnH

dPnf
= ∆n,f,H +

1

2
‖H‖2I(f)Z + oPnf (1),

where ∆n,f,H
d→ ∆f,H , under Pnf and ∆f,H denotes the centred Gaussian

process such that Cov(∆f,H1 ,∆f,H2) = 〈H1, H2〉I(f)Z and rn as well as I(·)
are as in Theorem 3.2.2. Note that ∆n,f,H = rn vec(H)>∇`n(f), where
∇`(f) is still the same object as in (3.2.1). Under the preceding assumptions
we obtain the following.
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Proposition 3.7.4. Let ϑ̂n be an estimator of ϑ = vec(Σ) satisfying

r−1
n (ϑ̂n − ϑ)

d→ Z

under L((Yp)p≥1), for some random vector Z. Then it holds that

Z = V (Σ)1/2N +R,

where V (Σ) = 1
4I(Σ)−1Z and conditionally on Σ, R is a random vector

independent of N and N is a d2-dimensional standard Gaussian random
vector.

Proof. First note that the underlying Hilbert space is given by
(vec(Rd×dsym), 〈·, ·〉Z) and that we identify Θ0 with vec(Θ0) in the following.
Clearly, H0 is satisfied by (3.7.7) and H1 is met as the law of (Yp)p≥1 equals

Pnf · PΣ =

∫
Θ0

Pnf (·)dPΣ(f).

Moreover, for any f ∈ Θ0, I(f) is a linear bounded positive self-adjoint
operator on vec(Rd×dsym). Since I(f) is deterministic it fulfils the measurability
condition in H2(a) and particularly, I(f) can be easily defined on some
probability space (Ω,F , P ) that does not depend on any f ∈ Θ0. This and
the continuity of the maps f 7→ I(f) and ((Yp)p≥1, f) 7→ rn vec(H)>∇`n(f)
show condition H2. Note that the latter map is linear in vec(H).

Finally, since I(f) has full rank Condition H3 holds. Under the notation
of Clement et al. [2013] this can be seen by Φ̇k(f) = 1

2 vec(Ek) and hkf =

I(f)−1/2Φ̇k(f), k = 1, . . . , d2. Here Ek ∈ Rd×dsym is the matrix with at most

two non-zero entries Eik,jk = Ejk,ik = 1
2(1 + δikjk), where (ik, jk) is obtained

from (vec(Ek))k = (Ek)ik,jk . This gives the expression for V (Σ).

3.7.3 Weakly dependent noise

The given derivation technique of both, lower and upper bounds, allows for
an extension to serially correlated noise. For simplicity let us consider the
one-dimensional fundamental parametric model

Y ′i = σGi/n + εi, i = 1, . . . , n, (Fwn )

under stationary m-dependent noise, i.e. the errors are centred normal ran-
dom variables with E[εiεi+j ] = ηj and ηj = 0, j > m. Noise assumptions
of this kind are regarded in financial econometrics under high-frequency
statistics, e.g. by Hautsch and Podolskij [2013]. With

η2
n := Var(n−1/2

n∑
i=1

εi) = η0 + 2

m∑
j=1

n− j
n

ηj



3.7. EXTENSIONS 53

a ‘big-block-small-block’ argument gives rise to the desired connection be-
tween discrete and sequence space model in the sense that η2 in (3.1.4) has
to be replaced with η2

∗ := limn→∞ η
2
n and the theory provided by this work

can be applied. For m constant in n and given that η2
∗ > 0 we introduce the

continuous model by

dYt = σGtdt+

√
η∗
n
dWt, t ∈ [0, 1], (Fw,cn )

where W = (Wt)t∈[0,1] is a Brownian motion that is independent of G.

Proposition 3.7.5. Assume that cn := ‖Cov((S−1Gi/n+εi)1≤i≤n)‖op obeys

n1−β = o(cn)

and that the polynomial system of equations

m−h∑
j=0

αjαj+hη
2
∗ = ηh, h = 0, . . . ,m, (3.7.8)

has at least one solution for α1, . . . , αm. Then it holds for J ∈ N that

∆(Fwn ,Fw,cn ) = O(nJ−β ∨ n−1r−1
n J ∨ n1−βc−1

n ).

Proof. We first show that Fwn is at least as informative as Fw,cn . Fix J ∈ N
and consider the partition of [0, 1] into disjoint blocks Bj :=

(
j−1
J , jJ

]
, j =

1, . . . , J . For each j define a sub-block of Bj by

Ij :=
{
aj +

i

n
: i = 0, . . . ,

⌊n
J

⌋
− (m+ 1)

}
( Bj ,

where aj := min
{
i
n : i

n >
j−1
J , i ∈ N

}
. Note that by definition

n · dist(Ij , Ij′) > m,

whenever j 6= j′, hence E[εiεi′ ] = 0, for i ∈ Ij and i′ ∈ Ij′ , whenever j 6= j′.

Note further that |Ij | =
⌊
n
J

⌋
−m, j = 1 . . . , J . Set |I| := |I1| and construct

centred Gaussian random variables Ȳj := |I|−1
∑

i∈Ij Yi, j = 1, . . . , J , with

E[Ȳj Ȳj′ ] =
σ2

|I|2
∑
i∈Ij ,
i′∈Ij′

k
( i
n
,
i′

n

)
+
δjj′

|I|

(
η0 + 2

m∑
h=1

|I| − h
|I|

ηh

)
. (3.7.9)

Introduce further the centred Gaussian process

Ȳ (t) :=

k∑
j=1

Ȳj1Bj (t), t ∈ [0, 1].
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With (3.7.9) and Cauchy Schwarz’ inequality it is easy to see that for f ∈ L2

E[〈f, Ȳ 〉2] =
σ2

|I|2
J∑

j,j′=1

∑
i∈Ij ,
i′∈Ij′

k
( i
n
,
i′

n

)
〈f,1Bj 〉〈f,1Bj′ 〉+

η2
∗ + τn
|I|

J∑
j′′=1

〈f,1Bj′′ 〉
2

≤ σ2

|I|2
J∑

j,j′=1

∑
i∈Ij ,
i′∈Ij′

k
( i
n
,
i′

n

)
〈f,1Bj 〉〈f,1Bj′ 〉+

η2
∗ + τn
|I|k

‖f‖2L2 ,

(3.7.10)

where τn := −2
∑m

h=1
h
|I|ηh = O(Jn−1).

Consider the (intermediate) experiment generated by observing

dY ′t = σGtdt+

√
η2
∗ + τn
|I|J

dW ′t , t ∈ [0, 1], (Fw,c
′

n )

where W ′ = (W ′t)t∈[0,1] is a Brownian motion independent of G. By (3.7.10)
uninformative noise can be added to Ȳ such that the resulting process un-

derlies the same noise level as in Fw,c
′

n . Therefore the bounds (2.1.1), (2.1.2)
and a L2-bound for the Sobolev function k (cf. the proof of Theorem 2.2.5)
yield

δ(Fwn ,Fw,c
′

n ) . sup
σ2

[
n2σ4

∫ 1

0

∫ 1

0

( J∑
j,j′=1

∑
i∈Ij ,
i′∈Ij′

|I|−2k
( i
n
,
i′

n

)
1Bj (s)1Bj′ (t)−

k(s, t)
)2
dsdt

]1/2

≤nS
( J∑
j,j′=1

∑
i∈Ij ,
i′∈Ij′

|I|−2

∫
Bj′

∫
Bj

(
k
( i
n
,
i′

n

)
− k(s, t)

)2
dsdt

)1/2

=O(nJ−β |k|Hβ ). (3.7.11)

Now the claim δ(Fwn ,F
w,c
n ) = o(1) follows if we can show that

∆(Fw,cn ,Fw,c
′

n ) = o(1). For this note that Fw,cn and Fw,c
′

n is equivalent to
the experiment generated by observing the independent sequence

Ynp ∼ N
(
σ2λp +

η2
∗
n

)
, p ≥ 1,

and

Y ′np ∼ N
( η2

∗|I|Jσ2

n(η2
∗ + τn)

λp +
η2
∗
n

)
, p ≥ 1,
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respectively. Let rn be the estimation rate for σ obtained from (3.2.6). Then

with φn := 1− η2
∗|I|J

n(η2
∗+τn)

= O(n−1J), (2.1.1) and (2.1.2) it follows that

∆(Fw,cn ,Fw,c′n ) . sup
σ2

(
φ2
n

∑
p≥1

σ4λ2
p

(σ2λp + η2
∗/n)2

)1/2

.φnr
−1
n S

(
r2
n

∑
p≥1

(S−1 + η2
∗/(λpn))−2

)1/2
= O(n−1r−1

n J).

(3.7.12)

Thus, by (3.7.11) and (3.7.12) we obtain

δ(Fwn ,Fw,cn ) = O(nJ−β ∨ n−1r−1
n J).

In order to show δ(Fw,c
′

n ,Fw,cn ) = o(1) set Ji :=
[
i−1
n+m ,

i
n+m

)
, Ỹi :=

n
∫
Ji
dYt, i = 1, . . . , n+m, and define the centred Gaussian random variables

Ŷi :=
m∑
j=0

αj Ỹi+j , i = 1, . . . , n,

where α0, . . . , αm are as in (3.7.8). Note that (
∑m

j=0 αj)
2 = 1 and that

Cov(Ŷi, Ŷi′) =
(
n2σ2

m∑
j,j′=0

αjαj′

∫
Ji+j

∫
Ji′+j′

k(s, t)dsdt
)

+ η|i−i′|,

for 1 ≤ i, i′ ≤ n. With K̂σ2,n := (E[ŶiŶj ])1≤i,j≤n, K ′σ2,n := (E[Y ′i Y
′
j ])1≤i,j≤n

and Ai :=
⋃m
j=0 Ji+j , i = 1, . . . , n, it is easy to see that

‖K̂σ2,n −K ′σ2,n‖
2 =

n∑
i,i′=1

(
n2σ2

m∑
j,j′=0

αjαj′

∫
Ji+j

∫
Ji′+j′

k(s, t)− k
( i
n
,
i′

n

)
dsdt

)2

.
n∑

i,i′=1

n2S2
( m∑
j=0

α2
j

)2
∫
Ai

∫
Ai′

(
k(s, t)− k

( i
n
,
i′

n

))2
dsdt

.
η2

0

η4
∗
n2
(m
n

)2β
n∑

i,i′=1

|k|2Hβ(Ai×Ai′ )

.
η2

0

η4
∗
n2
(m
n

)2β
m2‖k‖2Hβ ,

uniformly in σ2. By ‖(K ′σ2,n)−1/2‖2op ≤ c−1
n , it follows with (2.1.3) that

δ(Fw,cn ,Fwn ) = O(n1−βc−1
n ).
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Remarks 3.7.6.

1. Consider the polynomial system in (3.7.8) and without loss of gen-
erality let η2

∗ = 1. It is not obvious whether (3.7.8) is solvable
for every covariance matrix H := Cov((εi)1≤i≤n). In fact, a simple
counterexample was provided by Bernd Sturmfels1 for m = 3 with
(η0, . . . , η3) = (20, 11, 4, 6). Many more examples can be obtained if
the image of the map

ℵ : (α0, . . . , αm) 7→
(m−k∑
j=0

αjαj+k

)
0≤k≤m

is studied. First investigations for small m suggest that Im(ℵ) is a con-
vex cone. For instance, for m = 1 Im(ℵ) seems to consist of all real
points (x, y) in R2 that are below y = x/2 and above y = −x/2. Thus
the set of allowable matrices H seems to be quite restricted. However,
note that the system (3.7.8) is rooted in the choice of the linear trans-
formation that maps (Ỹi)1≤i≤n+m onto (Ŷi)1≤i≤n. Instead of the choice
taken in the proof above many others can be made to construct certain
approximations (Ŷi)1≤i≤n. Further investigations in this direction are
currently pursued in collaboration with the research group for nonlinear
algebra at MPI Leipzig.

2. Assume that the system in (3.7.8) admits a solution and assume that
G is a Brownian motion. The derivations in the previous sections show
that in this case rn = n−1/4 and k ∈ Hβ , for any β < 3/2. Thus the
choice J ∼ n7/10 gives for the Le Cam distance

δ(Fwn ,Fw,cn ) = O(n−1/20+ε ∨ n−1/2+εc−1
n ),

for ε > 0 arbitrary small. Therefore asymptotic equivalence between
Fwn and Fw,cn holds, given that n−1/2+εc−1

n = o(1).

1University of California, Berkeley & Max Planck Institute (MPI) for Mathematics in
the Sciences in Leipzig



Chapter 4

Semi-parametric theory

The previous chapter yields a deep understanding of asymp-
totic efficiency for parametric basic case models. In the follow-
ing, we illustrate how this insight can be transferred to more
advanced models. To this end, we consider the specific gen-
eralisation given by semi-parametric covariation estimation
from a continuous martingale under noisy and asynchronous
observations. This estimation task marks an essential and
well-studied problem in the literature. After a brief intro-
duction of the model and its assumptions in the first section,
we deduce stepwise a locally parametric approximation of the
semi-parametric model. In this model the unknown parame-
ter is still highly involved in the covariance operator of the
signal process. This is why we first have to compare the
equivalent but correlated sequence space model with an in-
dependent but less informative sequence. The latter has the
major advantage that it is simply a product of independent
fundamental parametric models to which we can simultane-
ously apply the developed theory from Chapter 3. This leads
to a semi-parametric convolution theorem which is derived
and discussed in Section 4.

4.1 Model and assumptions

On the basis of the parametric results from Chapter 3, asymptotic lower
bounds in a more sophisticated setting are derived. To this end, we introduce
the d-dimensional asynchronous observation model

Y
(j)
i = X

(j)

t
(j)
i

+ ε
(j)
i , 1 ≤ i ≤ nj , 1 ≤ j ≤ d, (4.1.1)

where Xt = X0 +
∫ t

0 Σ1/2(s)dBs denotes a continuous martingale in terms of
a d-dimensional standard Brownian motion B = (Bt)t∈[0,1]. The noise vari-

57
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ables ε
(j)
i ∼ N (0, η2

j ) are mutually independent and independent of the signal

X = (Xt)t∈[0,1], for 1 ≤ i ≤ nj , 1 ≤ j ≤ d. The noise levels η2
1, . . . , η

2
d > 0

are nuisance parameters. We assume that Σ belongs to the parameter set

Θ1 :=
{
A : Ω→ Θ0 : A ∈ Hβ

M

}
,

for some β ∈ (1/2, 1) and M > 0. Moreover, we identify n := (n1, . . . , nd)
and impose for the asymptotics nmin := min1≤j≤d nj →∞ such that

nmin/nj → νj , j = 1, . . . , d

for some ν1, . . . , νd ∈ (0, 1]. In view of the general asymptotic equivalence
result established in Theorem 2.2.5, we further assume the following.

Assumption 4.1.1-F (γ).F (γ).F (γ). The observation times satisfy t
(j)
i = F−1

j (i/nj)
for a differentiable distribution function Fj : [0, 1]→ [0, 1] with

(i) Fj(0) = 0 and Fj(1) = 1,

(ii) F ′j ∈ C
γ
N and F ′j > 0,

for j = 1, . . . , d, and some γ ∈ (β, 1], N > 0.

4.2 Locally parametric approximation

As in the parametric set-up, observing (4.1.1) is approximated by its con-
tinuous analogue. However, in order to use the parametric results, locally
constant approximations of Σ and F = (Fj)1≤j≤d are considered. More pre-
cisely, for m disjoint blocks Imk := [k/m, (k + 1)/m), k = 0, . . . ,m − 1, and
Σm,k := Σ(k/m) introduce

Σm :=
m−1∑
k=0

Σm,k1Imk(·), F ′j,m :=
m−1∑
k=0

F ′j

( k
m

)
1Imk(·), j = 1, . . . , d.

and the corresponding continuous observation model

dY m
t =

(∫ t

0
Σ1/2
m (s)dBs

)
dt+ Ξm(t)dWt, t ∈ [0, 1], (4.2.1)

where
Ξ2
m := diag(η2

j /(njF
′
j,m))1≤j≤d.

Definition 4.2.1. LetMn andMc
n be the statistical experiments that are

generated by observing (4.1.1) and (4.2.1), respectively.

The Le Cam distance between Mn and Mc
n is bounded by the approx-

imation errors of Σm and F ′j,m. As m will have to be chosen such that
m = o(

√
nmin), the restriction β > 1/2 is evident in view of the following.



4.2. LOCALLY PARAMETRIC APPROXIMATION 59

Proposition 4.2.2. Assume that Assumption 4.1.1-F (γ) is met. Then, the
Le Cam distance between Mn and Mc

n satisfies that for any ε > 0,

∆(Mn,Mc
n) = O

(
Mnmaxn

−3/2+ε
min

)
+O(SMn1/4

maxm
−β).

In particular, asymptotic equivalence holds for m = o(
√
nmin).

Proof. LetMc′
n be the statistical experiment that is generated by observing

dYt = Xtdt+ Ψn(t)dWt, t ∈ [0, 1],

where Ψ2
n := diag(η2

j /(njF
′
j))1≤j≤d. Then, Theorem 2.2.5 (or equivalently

Theorem 3.4 from Bibinger et al. [2014]) gives that for ε > 0

∆(Mn,Mc′
n ) = O(Mnmaxn

−3/2+ε
min ).

Next ∆(Mc′
n ,Mc

n) = o(1) is shown. Consider the L2([0, 1],Rd)-operators
TΣ : f 7→ Σf, R : f 7→ −

∫ 1
· f(s)ds and R∗ : f 7→ −

∫ ·
0 f(s)ds. Then the

covariance operator in Mc′
n can be written as

K ′Σ,n := KΣ + TΨ2
n

= R∗TΣR+ TΨ2
n
.

Note that Kd
BM := R∗R is just the covariance operator of the d-dimensional

standard Brownian motion. Let further

KΣ,n := KΣm + TΞ2
m

be the covariance operator in Mc
n. Since TΨ2

n
− TΞ2

m
is not Hilbert-Schmidt

in most cases, it is meaningful to consider the one-to-one transformations

K̃ ′Σ,n := TΨ−1
n
K ′Σ,nTΨ−1

n
and K̃Σ,n := TΞ−1

m
KΣ,nTΞ−1

m
.

Then (2.1.3) yields the following bound for the Le Cam distance

∆(Mc′
n ,Mc

n) . sup
Σ∈Θ1

‖(K̃ ′Σ,n)−1/2(K̃ ′Σ,n − K̃Σ,n)(K̃ ′Σ,n)−1/2‖HS. (4.2.2)

Let τn := nmin min1≤j≤d mint∈[0,1] F
′
j(t)/η

2
j . By S−1Id < Σ and τ

1/2
n Id ≤

TΨ−1
n

it clearly holds that

τnS
−1Kd

BM + Id < K̃ ′Σ,n. (4.2.3)

Let ϕp(t) :=
√

2 sin((p − 1/2)πt), p ≥ 1, be the eigenbasis of K1
BM and

eip := (1{i=j}ϕi)1≤j≤d, i = 1, . . . , d, p ≥ 1, be a basis of L2([0, 1],Rd). For

A = diag(a1, . . . , ad) : [0, 1]→ Rd×d+ , integration by parts yields

|〈TAKΣTAeip, eip〉| =
∣∣∣ d∑
l=1

∫
[0,1]2

(∫ s∧t

0
(Σ(u))lidu

)
ai(s)ϕp(s)ai(t)ϕp(t)dsdt

∣∣∣
=
∣∣∣ d∑
l=1

∫
[0,1]

(Σ(u))li

(
−
∫ 1

u
ai(s)ϕp(s)

)2
du
∣∣∣

=〈ΣEA,ip, EA,ip〉.
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Here, EA,ip(t) := −
∫ 1
t A(s)eip(s)ds satisfies with λp := ((p− 1/2)π)−2

‖EA,ip‖∞ ≤
√

2λp‖A‖∞, (4.2.4)

because s 7→ −
√

2 cos(λ
−1/2
p s)sgn(ϕp(s))λ

1/2
p is the anti-derivative of |ϕp(s)|.

For B := Ψ−1
n and C := Ξ−1

m the bound ‖F ′j − F ′j,m‖∞ ≤ Nm−γ implies

‖(B − C)jj‖∞ = n
1/2
j η−1

j

∥∥∥√F ′j −√F ′j,m∥∥∥∞ ≤ n1/2
maxm

−γNν−1
j ‖(F

′
j)
−1/2‖∞,

(4.2.5)
for any j = 1, . . . , d. Moreover,

|〈(TBKΣTB − TCKΣmTC)eip, eip〉|
≤|〈ΣEB,ip, EB−C,ip〉|+ |〈(Σ− Σm)EB,ip, EC,ip〉|+ |〈ΣmEC,ip, EB−C,ip〉|.

(4.2.6)

Now, by ‖C‖∞ ≤ ‖B‖∞ ≤ n
1/2
max max1≤j≤d ‖(F ′j)1/2‖∞/η2

j , (4.2.4) and
(4.2.5),

|〈ΣEB,ip, EB−C,ip〉|+ |〈ΣmEC,ip, EB−C,ip〉| . Snmaxm
−γNλp, (4.2.7)

|〈(Σ− Σm)EB,ip, EC,ip〉| . nmaxm
−βMλp, (4.2.8)

uniformly in Σ ∈ Θ1 and p ≥ 1, where the Sobolev-bound supΣ∈Θ1
‖Σ −

Σm‖L2(Rd×d) = O(Mm−β) has been used, cf. the proof of Theorem 2.2.5.

Thus γ > β, (4.2.6), (4.2.7), (4.2.8) and λp = 〈Kd
BMeip, eip〉 imply

|〈(K̃ ′Σ,n − K̃Σ,n)eip, eip〉| . SMnmaxm
−β〈Kd

BMeip, eip〉. (4.2.9)

By (4.2.3) and (4.2.9), the right-hand side of (4.2.2) can be bounded by

SMnmaxm
−βτ−1

n ‖(S−1Kd
BM + τ−1

n Id)−1Kd
BM‖HS . (4.2.10)

Applying (τnS
−1Kd

BM + Id)−1Kd
BM to the basis (eip)i=1,...,d;p≥1 yields

‖(S−1Kd
BM + τ−1

n Id)−1Kd
BM‖2HS = d

∞∑
p=1

(S−1 + λ−1
p τ−1

n )−2 = O(τ1/2
n ),

(4.2.11)
cf. the proof of Theorem 3.2.2 for δ = 2. Therefore, ∆(Mc′

n ,Mc
n) =

O(Mnmaxn
−3/2+ε
min ) follows from (4.2.2), (4.2.10) and (4.2.11).

4.3 LAN for correlated and uncorrelated sequence
space models

As described in Section 3.1, a continuous experiment can be represented in
the sequence space. To this end, we adapt the approach from [Reiß, 2011] to
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the multidimensional setting. Consider the (normalised) L2([0, 1],R)-basis

ϕ0,0(t) :=
√
m1Im,0(t),

ϕ0,k+1(t) :=

√
m√
2

(1Imk(t)− 1Im,k+1
(t)), k = 0, . . . ,m− 2,

ϕpk(t) :=
√

2m cos(pπ(tm− k))1Imk(t), p ≥ 1, k = 0, . . . ,m− 1.

Via epki = (1{i=j}ϕpk)1≤j≤d Gaussian random vectors

Spk := ((epki, dY
m))1≤i≤d, p ≥ 0, k = 0, . . . ,m− 1 (4.3.1)

are obtained, cf. (3.1.3). Clearly, observing the correlated vectors
(Spk)p≥0,k=0,...,m−1 is equivalent to observing (4.2.1) and it is more infor-
mative than observing (Spk)p≥1,k=0,...,m−1. However, observing the latter
sequence is close to observing the independent random vectors

Ypk ∼ N (0, Cpk), k = 0, . . . ,m− 1, p ≥ 1, (4.3.2)

where Cpk := Σ(k/m)λmp + n−1
minΞ2(k/m), λmp := (πpm)−2 and

Ξ2(t) := diag(η2
j νj/(F

′
j(t)))1≤j≤d.

Definition 4.3.1. Denote by Sn :=
{
QnΣ : Σ ∈ Θ1

}
, S ′n :=

{
Qn
′

Σ : Σ ∈ Θ1

}
and Ms

n =
{
PnΣ : Σ ∈ Θ1

}
the statistical experiments that are generated

by (Spk)p≥0,k, (Spk)p≥1,k and by the observations in (4.3.2), respectively.

The advantage of the observations (4.3.2) lies in the fact that for each
k = 0, . . . ,m−1 the sequence (Ypk)p≥1 is similar to a fundamental parametric
model of type Fsn which has been intensively studied in Section 3. Indeed,
it will turn out that the parametric LAN-result from Proposition 3.2.4 can
be applied simultaneously over k = 0, . . . ,m−1 to obtain a semi-parametric
LAN expansion for Ms

n. This expansion carries over to Mc
n if Ms

n and
Mc

n are asymptotically equivalent, which was shown by Reiß [2011] for d =
1 and β ≥ (1 +

√
5)/4 ≈ 0.81. However, already local approximations

under localisations Σ +n
−1/4
min H, H ∈ Hβ

sym are sufficient as a corresponding
asymptotic equivalence result would be the right ingredient to ensure that
LAN-expansions in the sequence space Ms

n carry over to Mc
n. Moreover,

this will lower the needed regularity of β as we do not have to consider rate
optimal constructions with respect to the nonparametric rate. To this end,
let Σ ∈ Θ1 be fixed and r > 0 denote the localisations of Sn, S ′n andMs

n by

Sn,loc =
{
Qn

Σ+n
−1/4
min H

: H ∈ Bβ
r,n(Σ)

}
,

S ′n,loc =
{
Qn
′

Σ+n
−1/4
min H

: H ∈ Bβ
r,n(Σ)

}
,

Ms
n,loc =

{
Pn

Σ+n
−1/4
min H

: H ∈ Bβ
r,n(Σ)

}
,

respectively, where Bβ
r,n(f) := {f + n

−1/4
min g ∈ Hβ

sym : ‖g‖∞ ≤ r}.
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Proposition 4.3.2. Let Assumption 4.1.1-F (γ) and m = o(
√
nmin) be sat-

isfied. Then the Le Cam distance satisfies

∆
(
Sn,loc,Ms

n,loc

)
= o(1). (4.3.3)

In particular, any LAN-expansion in Ms
n with respect to perturbations Σ +

n
−1/4
min H, H ∈ Hβ

sym, is also valid in Mc
n and Mn.

Proof. We first show that for any r > 0, it holds that

∆(Sn,loc,S ′n,loc) = O
(
rmn

−1/2
min

)
. (4.3.4)

For this note that the anti-derivatives Φp,k(t) = −
∫ 1
t ϕp,k(s)ds satisfy

Φ0,0 = 2
∞∑
p=1

Φp,0, Φ0,k =
∞∑
p=1

(−1)p+1Φp,k−1 + Φp,k

and the signals X0,k of S0,k, k = 0, . . . ,m− 1, can be represented by

XH
0,0 := 2

∞∑
p=1

XH
p,0, XH

0,k :=

∞∑
p=1

(−1)p+1XH
p,k−1 +XH

p,k

with XH
p,k = (−

∫ 1
0 E

>
pkj(t)(Σ

H)
1/2
m (t)dBt)1≤j≤d and ΣH := Σ+n

−1/4
min H. Note

that L(XH
pk|Spk) = N

(
MH
pkSpk, V

H
pk

)
with

MH
pk := ΣH

pk(Σ
H
pk + Ξ2

m,k)
−1, V H

pk := ((ΣH
pk)
−1 + Ξ−2

m,k)
−1,

ΣH
pk := ΣH(k/m)λpm,

where Ξ2
m,k := Ξ2

m(k/m). For an i.i.d. sequence Zpk ∼ N (0, Id), k =

0, . . . ,m− 1, p ≥ 1, independent of (Spk)p≥1,k, construct the signals X0
p,k :=

M0
pkSpk + (V 0

pk)
1/2Zpk and create the corresponding X0

0,k by plugging in via

X0
0,0 := 2

∞∑
p=1

X0
p,0, X0

0,k :=

∞∑
p=1

(−1)p+1X0
p,k−1 +X0

pk.

With an independent d-dimensional Brownian motion W ′ set

S′0,k := X0
0,k +

(∫ 1

0
ϕ>0,k(t)Ξm(t)dW ′t

)
1≤j≤d

, k = 1, . . . ,m− 1.

Conditioned on (Spk)p≥1,k the expectation of S0,k is given by

mH
0 := 2

∞∑
p=1

MH
p,0Sp,0, mH

k :=

∞∑
p=1

(−1)p+1MH
p,k−1Sp,k−1 +MH

pkSpk,
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for k = 1, . . . ,m− 1, and the conditional covariance KH of (S0,k)k=0,...,m−1

is a Rdm×dm-triangular block matrix with block diagonal

KH
0,0 := 2

∞∑
p=1

V H
p,0 + Ξ2

m,0,

KH
k,k :=

∞∑
p=1

V H
p,k−1 + V H

pk +
1

2
(Ξ2

m,k−1 + Ξ2
m,k), k = 1, . . . ,m− 1,

and lower and upper block diagonal

KH
0,1 := 2

∞∑
p=1

(−1)p+1V H
p,0 +

1√
2

Ξ2
m,0,

KH
k,k+1 :=

∞∑
p=1

(−1)p+1V H
pk −

1

2
Ξ2
m,k, k = 1, . . . ,m− 2.

For S′0,k the conditional mean and covariance are given by m0
k and K0,

respectively. With An ∼ Bn meaning An . Bn as well as Bn . An, regular
variation of λpm as in the proof of Theorem 3.2.2 yields

∞∑
p=1

Vpk =

∞∑
p=1

((ΣH
pk)
−1 + Ξ−2

m,k)
−1 ∼ 1

√
nminm

Id,

∞∑
p=1

(−1)p+1Vpk ∼ Id,

hence n
−1/2
min m−1Idm . K0. Let S := (Spk)k=0,...,m−1,p≥0 and S′ :=

(S′0,k)k=0,...,m−1∪(Spk)k=0,...,m−1,p≥1. Then, conditioning on (Spk)p≥1,k along
with (2.1.2) yields

H2(L(S′),L(S′)) = Ep≥1,k[H
2(L(S|(Spk)p≥1,k),L(S′|(Spk)p≥1,k))]

.
√
nminmEp≥1,k[‖mH −m0‖2] + nminm

2‖KH −K0‖2HS.
(4.3.5)

If the underlying bounds on Θ0 and the same calculations as for Theo-
rem 3.2.2 are used it is not hard to see that for any k = 0, . . . ,m− 1,

Ep≥1,k[‖mH
k −m0

k‖2] .
∞∑
p=1

‖(MH
p,k −M0

p,k)
>(ΣH

pk + Ξ2
m,k)

1/2‖2HS

. r2n
−3/2
min

∞∑
p=1

‖λ1/2
pm (Σp,k + Ξ2

m,k)
−1/2‖2HS .

r2

nminm
,

uniformly in H ∈ Bβ
r,n, as well as

‖KH −K0‖2HS . r2
m−1∑
k=0

∞∑
p=1

‖V H
pk − V 0

pk‖2HS

. n
−5/2
min r2

m−1∑
k=0

∞∑
p=1

‖λpm(Σm,kνp + Ξ2
m,k)‖2HS . r2n−2

min,
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uniformly in H ∈ Bβ
r,n. Thus, (2.1.1) and (4.3.5) yield the first claim (4.3.4).

Next, we show that for any r > 0 it holds that

∆(S ′n,loc,Ms
n,loc) = O(rξn), (4.3.6)

where ξn := max1≤j,j′≤d |nmin/
√
νjνj′ −

√
njnj′ | = o(1).

Let J := {j : (Kn)jj ≥ (K ′n)jj}. Then, for k = 1, . . . ,m, p ≥ 1, the
observations in Ms

n,loc and S ′n,loc are given by

Ypk ∼N
(

0, λmpΣ
H(k/m) +G(k/m)K2

n

)
,

Spk ∼N
(

0, λmpΣ
H(k/m) +G(k/m)(K ′n)2

)
,

respectively, where K2
n := diag(νj/nmin)1≤j≤d, (K ′n)2 := diag(n−1

j )1≤j≤d
and G := diag(η2

j /F
′
j,m)1≤j≤d. As in the proof of Proposition 4.2.2, consider

equivalent one-to-one (covariance) transformations. More precisely, set

Y ′pk := K−1
n Ypk, k = 1, . . . ,m, p ≥ 1,

which generates an experiment Ms′
n,loc equivalent to Ms

n,loc. For i.i.d. vec-
tors Zpk ∼ N (0, Id), k = 1, . . . ,m, p ≥ 1, independent of (Spk)k=1,...,m, p≥1,
set

S′pk := (K ′′n)−1(Spk + (G(k/m)Wn)1/2Zpk), k = 1, . . . ,m, p ≥ 1,

where
Wn := diag((K2

n − (K ′n)2)jj1(j ∈ J))1≤j≤d

and

K ′′n := (K ′)2
n +Wn = diag((K2

n)jj1(j ∈ J) + ((K ′n)2)jj1(j ∈ Jc))1≤j≤d.

Take a further i.i.d. sequence Z ′pk ∼ N (0, Id), k = 1, . . . ,m, p ≥ 1, inde-

pendent of ((Spk, Zpk))p≥1,k. With K ′′′n := K−1
n − (K ′′n)−1 ≥ 0, set

S′′pk := S′pk + (λmpK
′′′
n Σ(k/m)K ′′′n )1/2Z ′pk, k = 1, . . . ,m, p ≥ 1.

Note that µn,H := L((Y ′pk)p≥1,k) and µ′n,H := L((S′′pk)p≥1,k) are Gaussian
product measures with

Y ′pk ∼ N (0, λmpK
−1
n ΣH(k/m)K−1

n +G(k/m)),

and

Cov(Y ′pk)− Cov(S′′pk) = n
−1/4
min λmp

(
K−1
n H(k/m)K−1

n

− (K ′′n)−1H(k/m)(K ′′n)−1
)
. (4.3.7)
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Set νmax := max1≤j≤d νj , ηmin := min1≤j≤d ηj and F ′max :=
max1≤j≤d maxt∈[0,1] F

′
j(t). Then by (2.1.1), (2.1.2) and (4.3.7) one easily

gets

sup
H
‖µn,H − µ′′n,H‖2TV . n

−1/2
min mξ2

nr
2d
∑
p≥1

( S−1

νmax
+

η2
min

λmpnminF ′max

)−2
.

(4.3.8)
The sum on the right-hand side of (4.3.8) can be approximated by an in-
tegral, which is of order O(

√
nmin/m) (by the substitution x = pm/

√
nmin

and Remark 3.2.3). This gives supH ‖µn,H − µ′′n,H‖TV = O(ξnr), hence

δ(S ′n,loc,Ms
n,loc) ≤ δ(S ′n,loc,Ms′

n,loc) = O(ξnr).

Finally, proceed analogously to obtain δ(Ms
n,loc,S ′n,loc) = O(ξnr). All in all,

we obtain the claim (4.3.6).

4.4 Semi-parametric main result

Let us consider the independent sequence space model (Ypk)p≥1,k from (4.3.2)
and let the target of estimation be given by

ψ(Σ) :=

∫ 1

0
(W (Σ))(t)dt, (4.4.1)

where the weight W : Θ1 → L2(Ω,Rd2
) is assumed to satisfy

‖n1/4
min(W (Σ + n

−1/4
min H)−W (Σ))−∇WΣ · vec(H)‖L2 → 0, H ∈ Hβ

sym,
(4.4.2)

for some ∇W· ∈ L2(Ω,Rd2×d2
), as nmin →∞.

Theorem 4.4.1. In the experiment Ms
n let ϑ̂n be a sequence of regular

estimators of ψ(Σ) with (4.4.2). Then for H ∈ Hβ
sym it holds that

n
1/4
min(ϑ̂n − ψ(Σ + n

−1/4
min H))

d→ N
(

0,
1

4

∫ 1

0
(∇WΣI−1

Σ Z∇W
>
Σ )(t)dt

)
∗R,

(4.4.3)
under PnΣ+rnH

, for some distribution R. The quantity I−1
Σ is given by

I−1
Σ (t) = 8(Σ

1/2
Ξ (t)⊗ Σ(t) + Σ(t)⊗ Σ

1/2
Ξ (t)), t ∈ [0, 1],

and Σ
1/2
Ξ := Ξ(Ξ−1ΣΞ−1)1/2Ξ.

In particular, under Assumption 4.1.1-F (γ) (4.4.3) also holds in Mn.

Proof. We apply the parametric theory developed in Section 3.2 stepwise and
simultaneously to the present set-up. First note that the score induced by
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(4.3.2) equals ∇`n(Σ) := vec(∇`(0)
n (Σ), . . . ,∇`(m−1)

n (Σ)), where ∇`(k)
n (Σ) is

of the exact same shape as the parametric score in (3.2.1) with λmp, Cpk and
Ypk replacing λp, Cp and Yp, respectively. Therefore the (not Z-normalised)
Fisher information in Ms

n is given by the block diagonal matrix

In,m(Σ) :=


I(0)
n (Σ) 0 · · · 0

0 I(1)
n (Σ) · · · 0

...
. . .

...

0 · · · · · · I(m−1)
n (Σ)

 ,

with blocks

I(k)
n (Σ) :=

1

4

∞∑
p=1

λ2
mp(C

−1
pk ⊗ C

−1
pk ), k = 0, . . . ,m− 1.

As in Theorem 3.2.2, regular variation of the eigenvalues λ yields that on
each block Imk the Fisher information grows with rate

√
nmin/m such that

n
−1/2
min

m−1∑
k=0

I(k)
n (Σ) =

1

m

m−1∑
k=0

IΣ(k/m) + o(1)→
∫ 1

0
IΣ(t)dt, (4.4.4)

where the integrand equals

IΣ(t) =
1

8
(Σ

1/2
Ξ (t)⊗ Σ(t) + Σ(t)⊗ Σ

1/2
Ξ (t))−1, t ∈ [0, 1].

For H ∈ Hβ
sym – in the sense that Σ + n

−1/4
min H ∈ Θ1, for n sufficiently

large – and Hm,k := H(k/m), k = 0, . . . ,m− 1, applying Proposition 3.2.4
simultaneously leads to

log

dPn,m
Σ+n

−1/4
min H

dPn,mΣ

=
m−1∑
k=0

(
vec(Hk)

>∇`(k)
n (Σ)− 1

2
√
nmin

‖Hm,k‖I(k)
n (Σ)Z,L2

+ ρ(1,k)
n + ρ(2,k)

n

)
,

where (4.4.4) implies n
−1/2
min

∑m−1
k=0 ‖Hm,k‖I(k)

n (Σ)Z,L2 → ‖H‖IΣZ,L2 with

〈H,H〉IΣZ,L2 :=
∫ 1

0 〈H(t), H(t)〉IΣ(t)Zdt (similarly for ‖·‖I(k)
n (Σ)Z,L2). More-

over, for k = 0, . . . ,m − 1 (3.2.14) and (3.2.15) imply E[ρ
(1,k)
n ] = 0 as well

as

Var
(m−1∑
k=0

ρ(1,k)
n

)
= O(n

−1/2
min ),

m−1∑
k=0

|ρ(2)
n,k| = O(n

−1/4
min ).
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Since a central limit theorem applies for n
−1/4
min

∑m
k=1 vec(Hk)∇`

(k)
n (Σ) anal-

ogously as in Theorem 3.2.8, the sequence of experiments Ms
n satisfies

log

dPn,m
Σ+n

−1/4
min H

dPn,mΣ

= ∆n,Σ,H +
1

2
‖H‖2IΣZ,L2 , H ∈ Hβ

sym, (4.4.5)

where ∆n,Σ,H
d→ ∆Σ,H , under Pn,mΣ , with ∆Σ,H being the centred Gaussian

process with Cov(∆Σ,H1 ,∆Σ,H2) = 〈H1, H2〉IΣZ,L2 .
In order to establish a convolution theorem, the verification of Theorem

3.11.2 in van der Vaart and Wellner [2013] is closely followed once more.
First denote for the asymptotic perturbation error

n
1/4
min(ψ(Σ + n

−1/4
min H)− ψ(Σ))→

∫ 1

0
(∇WΣ vec(H))(t)dt =: κ̇(H).

For U ≥ 1 let LU be a U -dimensional subspace of L2
sym(Rd×d) and let

H1, . . . ,HU be an orthonormal basis of LU with respect to 〈·, ·〉IΣZ,L2 . De-

note by Ẇ
(i)
Σ the i-th column of (∇WΣ)> and let hu := vec(Hu), u =

1 . . . , U . Then (4.4.5) and Le Cam’s 3rd Lemma yield that the limit dis-
tribution of regular estimators under Pn

Σ+n
−1/4
min H

is a convolution of some

R with N (0,
∑U

u=1 κ̇(Hu)κ̇(Hu)>), cf. (3.3.4). This implies that the (i, j)-

entry of the optimal asymptotic covariance of estimating ψ(Σ + n
−1/4
min H) is

obtained by a limiting argument and (again) by the properties of Z via

lim
U→∞

U∑
u=1

(κ̇(Hu)κ̇(Hu)>)i,j = lim
U→∞

U∑
u=1

〈Ẇ (i)
Σ , hu〉L2〈Ẇ (j)

Σ , hu〉L2

= lim
U→∞

1

4

U∑
u=1

〈I−1
Σ Ẇ

(i)
Σ , hu〉IΣZ,L2〈I−1

Σ Ẇ
(j)
Σ , hu〉IΣZ,L2

=
1

4
〈I−1

Σ Ẇ
(i)
Σ , I−1

Σ Ẇ
(j)
Σ 〉IΣZ,L2 .

Remarks 4.4.2.

1. The statement above extends the one-dimensional asymptotic efficiency
results of Reiß [2011] in various ways. Firstly, the needed Hölder-
regularity (1 +

√
5)/4 ≈ 0.81 in Reiß [2011] can be relaxed to Sobolev

regularity β > 1/2. This relaxation is achieved by focussing on asymp-
totically equivalent experiments that share the same semi-parametric
lower bounds for targets as in (4.4.1), whereas Reiß even considers
experiments with common asymptotic non-parametric lower bounds.
Moreover, Theorem 4.4.1 allows for multidimensionality of Σ as well as
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for asynchronicity and therefore extends asymptotically the basic case
Cramér-Rao bound that was derived for continuously differentiable Σ
by Bibinger et al. [2014]. Since the local method of moments estimator
provided by Bibinger et al. [2014] attains the Gaussian part of the limit
distribution of Theorem 4.4.1, the derived bounds are sharp.

2. The steps that are taken to establish Theorem 4.4.1 can be developed
analogously if Σ = (Σt)t∈[0,1] is treated as a stochastic process. Again,
the result by Clement et al. [2013] gives a conditional convolution the-
orem, cf. Section 3.7.2 for an analogous verification. The estimator
provided by Altmeyer and Bibinger [2015] attains the corresponding
asymptotic stochastic lower bounds. Similarly, extensions by unknown
means or weakly dependent noise can be obtained as illustrated for the
fundamental parametric model in Section 3.7.



Chapter 5

Simulation study: Tests on
the Hurst parameter

The derived theoretical results from the previous chapters are
the basis for the following simulation study in which an exten-
sion of the fundamental parametric model Fn from Chapter 3
is regarded. Various results from the literature are discussed
and modified to construct a score test as well as likelihood ra-
tio test. The two methods are analysed in a brief simulation
study based on their empirical size as well as power.

5.1 Model, related results and aim

In the following, we are interested in the one-dimensional noisy high-
frequency model that is generated by observing the random variables

Y ′i = σBH
i/n + ηεi, i = 0, . . . , n, (5.1.1)

where BH = (BH
t )1≤t≤1 denotes a fractional Brownian motion on [0, 1] with

Hurst parameter H ∈ (0, 1). The errors ε1, . . . , εn are i.i.d. standard normal
random variables and independent of BH . The unknown parameter is given
by the triplet

ϑ = (H,σ2, η2)>

and is subject to the parameter set Θ := (0, 1) × (0,∞)2. Our aim is to
implement a statistical test for hypotheses on H. To the best knowledge of
the author, there are no central limit theorems on estimators of ϑ available
in the literature. Moreover, numerous variants of the model (5.1.1) have
been shown to bear interesting peculiarities. This is why we first gather a
few important results on related models.

69
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5.1.1 Low-frequency results

Let (Xi)i≥1 denote a self-similar stationary process that is observed under
low-frequency sampling and without noise. In this set-up, estimation of
the unknown self-similarity index has been analysed from several angles, cf.
Whittle [1953], Fox and Taqqu [1986] and Dahlhaus [1989]. Let us denote
by ϑ the unknown parameter. A common estimation approach is based on
the spectral density

fϑ(x) =
1

2π

∞∑
j=−∞

e−ijxrϑ(j), x ∈ [−π, π],

where rϑ(j) = Cov(X1, X1+j) is the autocovariance function. Note that the
inverse relation of fϑ and rϑ is obtainable from rϑ(j) =

∫ π
−π e

ijxfϑ(x)dx,
j ≥ 0. If (Xi)1≤i≤n has a Lebesgue density pn(ϑ, x), then minimising
− 1
n log(pn(ϑ, x)) with respect to ϑ is asymptotically equivalent to minimising

the so-called Whittle likelihood function

LWn (ϑ) =
1

4π

∫ π

−π
log(fϑ(x)) +

In(x)

fϑ(x)
dx. (5.1.2)

given that the spectral density fϑ satisfies certain regularity conditions, cf.
Whittle [1953]. The quantity In denotes the periodogram, which is given by

In(x) :=
1

2πn

∣∣∣ n∑
j=1

eijxXj

∣∣∣2, x ∈ [−π, π].

The corresponding minimiser ϑ̂qMLE
n := argminϑL

W
n (ϑ) is efficient with

√
n(ϑ̂qMLE

n − ϑ0)
d→ N (0,W (ϑ0)−1), (5.1.3)

where W (ϑ0) := 1
4π

∫ π
−π(∇ log(fϑ0(x)))(∇ log(fϑ0(x)))>dx, cf. Dahlhaus

[1989]. Cohen et al. [2013] verified the LAN-property for this model.

5.1.2 High-frequency results without noise

Under high-frequency asymptotics, the properties of the model differ signif-
icantly from the low-frequency set-up. Kawai [2013] showed that the exper-
iment generated by Yi = σBH

i/n, i = 1, . . . , n, satisfies the LAN-property.
The underlying rate matrix and asymptotic Fisher information are

rn =

(
1√

n log(n)
0

0 1√
n

)
and I(H,σ2) =

(
2 −2/σ
−2/σ 2/σ2

)
, (5.1.4)

respectively. The first remarkable observation is that in the high-frequency
set-up the rate of estimating H is slightly faster than in the low-frequency
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set-up. Secondly, the matrix I(H,σ2) is singular and does not depend on
H. This means that the joint parameters (H,σ2) are not identifiable, at
least not for the diagonal scaling rn in (5.1.4). In mathematical statistics,
singular Fisher information matrices are a known phenomenon. In several
regimes of singularity, Cramér Rao lower bounds are still obtainable and
maximum likelihood estimators follow central limit theorems with singular
asymptotic covariance, cf. Rotnitzky et al. [2000] and Stoica and Marzetta
[2001]. Convolution theorems, however, cannot be obtained as straight-
forward implications of a LAN-property, at least not if they are based on
I(H,σ2). Brouste and Fukasawa [2018] remedied this problem by a differ-
ent choice of rn that takes the dependency structure between H and σ2 into
account. In particular, the two authors derive LAN-properties based on non-
diagonal rate matrices rn = rn(H,σ2) yielding invertible asymptotic Fisher
information matrices. The gained asymptotic lower bounds imply that the
rate of estimation for H is 1/(

√
n log(n)) if σ2 is known but 1/

√
n if σ2 is

unknown. Similarly, the rate of estimating σ2 efficiently is of order 1/
√
n, if

H is known and of order log(n)/
√
n, if H is unknown. This emphasises the

strong interplay between the two estimation tasks.

5.1.3 High-frequency results with noise

Further structural changes are obtained if noise is added to the high-
frequency observations σBH

i/n. In case that σ is unknown the lower and

upper bounds for estimating H are of order n−1/(4H+2), cf. Gloter and Hoff-
mann [2007]. This estimation rate heavily depends on H and is significantly
slower compared to the non-noisy set-up. Moreover, analogous phenomena
to the findings of Brouste and Fukasawa [2018] appear. For instance, the
rate of estimating σ is n−1/(4H+2), if H is known but log(n)n−1/(4H+2), if H
is unknown. Lower and upper bounds for estimating σ for known H have
been derived by Sabel and Schmidt-Hieber [2014] as well as in the present
work. Conversely, there are no central limit theorems for estimating H or
even ϑ = (H,σ2, η2) from observing (5.1.1).

5.1.4 Asymptotic optimality in test theory

Before we construct suitable tests for H, we first have to clarify what char-
acterises a ‘good’ asymptotic performance in statistical test theory. To this
end, we closely follow the chapters 14 and 15 in van der Vaart [2000] from
which we briefly sketch some concepts on relative efficiency of tests.

For an arbitrary sequence of experiments En = {Pnϑ : ϑ ∈ Θ}, where
Θ ⊂ Rk is open, we consider testing some hypothesis H0 : ϑ ∈ ΘH0 versus an
alternative H1 : ϑ ∈ ΘH1 . We assume that there is a sequence of statistical
tests of the form ϕn = 1(Tn ∈ Kn), where Tn is some test statistic and Kn
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is the rejection region. Commonly, ϕn is judged by the power function

πn(ϑ) := Pnϑ (Tn ∈ Kn), ϑ ∈ Θ.

More precisely, we are firstly interested in whether a given level α ∈ (0, 1)
is attained asymptotically in the sense that lim supn→∞ supϑ∈ΘH0

πn(ϑ) ≤
α and secondly we would like to know how the function πn(ϑ) behaves
asymptotically for ϑ ∈ ΘH1 .

Considering the function π(ϑ) = limn→∞ πn(ϑ) as a performance mea-
sure is too naive, as any meaningful sequence of tests will have asymptotic
level α and satisfy π(ϑ) = 1, for ϑ ∈ ΘH1 . Instead, it is reasonable to
consider the local behaviour of πn, as this gives a better insight into the
finite sample behaviour of ϕn. Assume that the sequence En possesses the
LAN property at ϑ0 with (possibly matrix-valued) rate rn and invertible
asymptotic Fisher information I(ϑ0). Then, any sequence of power func-
tions ϑ 7→ πn(ϑ) in En generates a sequence h 7→ πn(ϑ0 + rnh) in the local
experiments. If the power function h 7→ πn(ϑ0 + rnh) converges point-wise
to some map h 7→ π(h), then π is a power function in the limit experiment
{N (h, I(ϑ0)−1) : h ∈ Rk}. Therefore we can derive a concept of optimality
by regarding tests on normal means in the limit experiment. With this aim,
van der Vaart [2000] considers functionals ψ : Θ→ R that are differentiable
at ϑ0 with ∇ψ(ϑ0) 6= 0 and such that ψ(ϑ0) = 0. Let hypothesis and alter-
native be given by H0 : ψ(ϑ) ≤ 0 and H1 : ψ(ϑ) > 0, respectively. Then the
power functions πn of any sequence of level α tests satisfy

lim sup
n→∞

πn(ϑ0 +rnh) ≤ 1−Φ

(
z1−α−

∇ψ(ϑ0)>h√
∇ψ(ϑ0)>I(ϑ0)−1∇ψ(ϑ0)

)
(5.1.5)

for every h with ∇ψ(ϑ0)>h > 0, where Φ denotes the distribution function
of the standard normal distribution and z1−α is the (1− α)-quantile of Φ.

5.2 A score test

In statistical models that satisfy the LAN-property, the score function ad-
mits a central limit theorem in which the normal limit distribution is driven
by the Fisher information matrix. This knowledge can be used to construct
a test that is optimal in the sense of (5.1.5). In order to get a first idea of
asymptotic information, we consider the continuous analogue

dYt = σBH
t dt+

η√
n
dWt, t ∈ [0, 1], (5.2.1)

of the discrete observation model (5.1.1). As in the previous chapters, W =
(Wt)0≤t≤1 is a Brownian motion independent of BH . Since η is perfectly
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identifiable from an observation of (5.2.1), we restrict the parameter to
ϑ = (H,σ2). The covariance operator induced by (5.2.1) is given by

Kϑ,n := σ2KH +
η2

n
Id,

where KH is the integral operator with kernel kH(s, t) := Cov(BH
s , B

H
t ),

s, t ∈ [0, 1]. Further, denote by K̇H the integral operator with kernel ∂
∂H kH .

It is conceivable that

∇Kϑ,n :=

(
σ2K̇H

KH

)
is the gradient of Cϑ,n, i.e. there us some rn ∈ R2×2 such that Kϑ+ρnh,n −
Kϑ,n − (rnh)>K̇ϑ,n tends to zero in some suitable sense, as n→∞, for any
h ∈ (0, 1)× R+. In order to identify rn, consider the score

∇`n(ϑ, x) =
1

2

(
〈σ2K−1

ϑ,nK̇HK
−1
ϑ,nx, x〉L2 − tr(σ2K

−1/2
ϑ,n K̇HK

−1/2
ϑ,n )

〈K−1
ϑ,nKHK

−1
ϑ,nx, x〉L2 − tr(K

−1/2
ϑ,n KHK

−1/2
ϑ,n )

)
,

where x ∼ N0,Kϑ,n , and its covariance matrix

In(ϑ) =
1

2

(
σ4〈K̇H , K̇H〉ϑ,n σ2〈K̇H ,KH〉ϑ,n
σ2〈K̇H ,KH〉ϑ,n 〈KH ,KH〉ϑ,n

)
,

where 〈C,D〉ϑ,n := 〈K−1/2
ϑ CK

−1/2
ϑ ,K

−1/2
ϑ DK

−1/2
ϑ 〉HS. As general deriva-

tions of the asymptotic behaviour of In are tedious, we restrict ourselves to
the case of main interest in which H = 0.5.

Proposition 5.2.1. Let ϑ = (0.5, σ2). Then the score function equals

∇`n(ϑ) =

(
−2σ2n1/4 log(

√
n)An + n1/4Bn + n1/4Rn
n1/4An

)
,

where Rn = oP (1) and (An, Bn)>
d→ N (0, V (ϑ)), as n→∞, with

V (ϑ) =
1

2π

( ∫∞
0 φϑ(x)dx 2σ2

∫∞
0 ψ(x)φϑ(x)dx

2σ2
∫∞

0 ψ(x)φϑ(x)dx 4σ4
∫∞

0 ψ(x)2φϑ(x)dx

)
,

φϑ(x) = (σ2 + x2η2)−2 and ψ(x) = (1− γ − log(x)).

In particular, the choice rn = n−1/4diag((log(
√
n))−1, 1) yields

I(ϑ) := lim
n→∞

Cov(r>n∇`n(ϑ)) =
1

8η

(
4σ −2/σ
−2/σ 1/σ3

)
.

Proof. See Appendix.
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The singularity of I(ϑ) is not surprising as the above statement reveals
a linear dependence between the components of ∇`n(ϑ). Moreover, if σ is
known, we see that the rate of estimation at H = 0.5 increases by a log(n)
factor, which is analogous to the high-frequency results in Section 5.1.2.
Although I(ϑ) is singular, it is possible to utilise the normal limit law of
(An, Bn)> along with the regularity of V in order to obtain regular Fisher
information matrices in the spirit of Brouste and Fukasawa [2018]. More
precisely, we consider rate matrices of type

rn = n−1/4

(
αn ᾱn
βn β̄n

)
such that, as n→∞, it holds that

(i) αn → α and ᾱn → ᾱ with αnβ̄n − ᾱnβn 6= 0,

(ii) γn := −αn2σ2 log(
√
n) + βn → γ and γ̄n := −ᾱn2σ2 log(

√
n) + β̄n → γ̄

with γᾱ− γ̄α 6= 0.

These choices imply by Proposition 5.2.1 that

r>n∇`n(H,σ) =

(
γn αn
γ̄n ᾱn

)(
An

Bn +Rn

)
→ N (0, J(ϑ))

with

J (ϑ) =

(
γ α
γ̄ ᾱ

)
V (ϑ)

(
γ γ̄
α ᾱ

)
.

This means that asymptotic efficiency statements can be derived with re-
spect to the scaling offered by local alternatives rnh, h ∈ R2, such that the
regular object J (ϑ) is used instead of I(ϑ).

Example 5.2.2. Consider the rate matrix and its inverse given by

rn = n−1/4

(
1 0

2σ2 log(
√
n) 1

)
and r−1

n = n1/4

(
1 0

−2σ2 log(
√
n) 1

)
,

respectively, i.e. α = 1, ᾱ = 0, γ = 0 and γ̄ = 1. Therefore, for ϑ =
(0.5, σ2), the covariance satisfies

J (ϑ) =
1

2π

(
4σ4

∫∞
0 ψ(x)2φϑ(x)dx 2σ2

∫∞
0 ψ(x)φϑ(x)dx

2σ2
∫∞

0 ψ(x)φϑ(x)dx
∫∞

0 φϑ(x)dx

)
.

As a consequence from Theorem II.11.2 in Ibragimov and Has’minskii [1981]
we obtain the lower bound

lim inf
n→∞

En[l(r−1
n (ϑ̂n − ϑ))] ≥ E[l(ζ)] with ζ ∼ N (0,J (ϑ)−1),
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where En denotes the expectation under local alternatives with respect to
rn and l is even with l ≥ 0 and {x : l(x) < c} convex for any c. In particular,
for H = 0.5 it holds that

lim
n→∞

√
nEn[(Ĥn −H)2] ≥

∫∞
0 φϑ(x)dx

det(J (ϑ))
.

Similarly, it is possible to obtain convolution theorems with respect to J (ϑ).

Next, asymptotically efficient tests are derived for testing the hypothesis
H0 : H ≤ 0.5 versus the alternative H1 : H > 0.5 under ϑ0 = (0.5, σ2

0), for
some σ2

0 > 0. In the set-up of Section 5.1.4 we therefore consider

ψ(ϑ) = ϑ− 0.5

with ∇ψ(ϑ0) = (1, 0)> and ϑ0 = (0.5, σ2
0). This means that – according

to the hypothesis – there is no long-range dependence present in the model
given that σ2

0 is the true volatility. Consider the test statistic

Tn =
∇ψ(ϑ0)>J (ϑ0)−1r>n∇`n(ϑ0)√
∇ψ(ϑ0)>J (ϑ0)−1∇ψ(ϑ0)

, (5.2.2)

where rn and J (·) are defined in Example 5.2.2. By our previous derivations,
Tn is asymptotically standard normal under Pnϑ0

. Hence, we obtain a test
by

ϕn := 1(Tn ≥ z1−α),

where z1−α is the (1− α)-quantile of Φ. Then ϕn is asymptotically optimal
in the sense that its power function πn satisfies

lim
n→∞

πn(ϑ0 + rnh) = 1− Φ

(
z1−α −

∇ψ(ϑ0)>h√
∇ψ(ϑ0)>J (ϑ0)−1∇ψ(ϑ0)

)
,

for any h with ∇ψ(ϑ0)>h > 0, i.e. it attains an upper bound in the sense
of (5.1.5), cf. Addendum 15.5 in van der Vaart [2000].

5.3 A likelihood ratio test

An advantage of a likelihood ratio test over the score test lies in the fact that
it is possible to consider composite hypotheses, i.e. we do not need to specify
values for σ2

0 and η2
0. On the other hand, even if the LAN-property holds,

likelihood ratio tests are in general not optimal as their power functions
do not asymptotically match theoretical optimal bounds, cf. van der Vaart
[2000]. In the following, we consider our initial model (5.1.1) with parameter

ϑ = (H,σ2, η2)>
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subject to the parameter set Θ := (0, 1) × (0,∞)2. We would like to test
the composite hypothesis H0 : H = 0.5 versus the alternative H1 : H 6= 0.5,
where σ2 > 0 and η2 > 0 are arbitrary and unknown. We set

ΘH0 := {(0.5, σ2, η2) : σ > 0, η > 0}

and consider the Whittle likelihood LWn (ϑ) (5.1.2), where the spectral den-
sity of the increments of Yi from (5.1.1) is approximated for n ≥ 1 by

fn,ϑ(x) := σ2gn,H(x) + η2h(x), x ∈ [−π, π]. (5.3.1)

Here, hn(x) = π−1(1− cos(x)) is the spectral density of the noise and

gn,H(x) =
2HΓ(2H)

πn2H
sin(Hπ)(1− cos(x))

n∑
j=−n

1

|x+ 2jπ|2H+1

is the spectral density of the signal, where we have truncated the spectrum
at n. In the spirit of classical likelihood ratio tests, we further set

Λn := n
(

inf
ϑ∈ΘH0

LWn (ϑ)− inf
ϑ∈Θ

LWn (ϑ)
)
, (5.3.2)

where we expect that

Λn
d→ χ2

1, as n→∞.

The degrees of freedom are determined by dim(Θ) = 3 and dim(ΘH0) = 2.

5.4 Simulation of the score test

Let Y1, . . . , Yn be a discrete sample as in (5.1.1), where the parameter η2 is
assumed to be known. We implement a score test in the spirit of (5.2.2)
as follows. For simplicity, we restrict ourselves to perturbations of type rnh
with h = (y, 0)> for y ≥ 0 and rn as in Example 5.2.2 such that

rnh = n−1/4y

(
1

2σ2 log(
√
n)

)
.

Assuming that indeed ϑ0 = (1/2, σ2
0) for some σ2

0 > 0, we first apply our
result on asymptotic equivalence. More precisely, we interpolate the discrete
sample and add non-informative noise such that we obtain sequence space
observations (Ȳp)1≤p≤P , cf. (3.5.8).

The choice of P is crucial in the following. We specify P with respect to

Jn,P (ϑ) :=
1

2π

(
4σ4

∫ Pπ/√n
0 ψ(x)2φϑ(x)dx 2σ2

∫ Pπ/√n
0 ψ(x)φϑ(x)dx

2σ2
∫ Pπ/√n

0 ψ(x)φϑ(x)dx
∫ Pπ/√n

0 φϑ(x)dx

)
,
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which measures the information carried by (Ȳp)1≤p≤P . We quantify the gap
between truncated and full information by

I(ϑ, n, P ) := min
i,j∈{1,2}

∣∣∣(Jn,P (ϑ))ij
(J (ϑ))ij

∣∣∣
For x ∈ (0, 1) we further introduce the quantity qx = qx(ϑ, n) with

qx(ϑ, n) := min{y ∈ N : I(ϑ, n, y) ≥ x}.

Note that ‖J (ϑ)− Jn,qx(ϑ)‖ ≤ (1− x)‖J (ϑ)‖, i.e. the larger x the smaller
is the relative loss of information when using Jn,qx instead of J . Tables 5.1
and 5.2 show how sensitive the choice of P = qx is in regard to x, ϑ and n.
In particular, a small noise level η2 leads to large values of P as information
is decreasing in η2. We note that the quantity qx is most commonly driven
by the entry (Jn,P (ϑ))22.

n 1.000 5.000 25.000

q0.95(ϑ1, n) 255 570 1.274
q0.95(ϑ2, n) 887 1.984 4.434

Table 5.1: Values of q0.95 for several n, for ϑ1 = (0.5, 0.25) and η2 = 0.005
as well as for ϑ2 = (0.5, 0.652) and η2 = 0.0005.

n 1.000 5.000 15.000

q0.5 88 196 339
q0.75 128 285 493
q0.95 255 570 987
q0.99 501 1.120 1.939

Table 5.2: Values of qx for several choices of x and n for ϑ = (1/2, 1/4) and
η2 = 0.005.

In the following we let η2 = 0.005 and we set for ϑ0 = (0.5, 0.25)

Tn,P =
∇ψ(ϑ0)>Jn,P (ϑ0)−1r>n∇`n(ϑ0, P )√
∇ψ(ϑ0)>Jn,P (ϑ0)−1∇ψ(ϑ0)

, (5.4.1)

where ∇`n(ϑ0, P ) is the score based on (Ȳp)1≤p≤P . The corresponding test
ϕ := 1(Tn,P ≥ z0.95) is designed to asymptotically achieve level 0.05. The
performance of ϕ is evaluated with respect to its empirical size and its em-
pirical power obtained from 10.000 Monte Carlo simulations. The empirical
size estimates the probability that ϕ rejects the null hypothesis given that
ϑ0 = (0.5, 0.25)> is indeed the true parameter. The power y 7→ πn(ϑ0+rnh),
h = (y, 0)>, is estimated and compared with the theoretical asymptotic
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benchmark given on the right-hand side of (5.1.5), which (in our set-up)
equals

π(y) := 1− Φ

(
z0.95 −

y√
(J (ϑ0)−1)11

)
, y ≥ 0.

The simulations show that already for moderate choices of n and P 1,
Tn,P approximates a standard normal random variable. Thus, the empirical
size of ϕ is close to 0.05. With increasing n, the size approximates 0.05, at
least as long as the level of information provided by P is maintained. In
contrary, the quantity πn converges very slowly to the optimal object π. A
surprising finding is that πn is first increasing in y but eventually decreasing.
This behaviour can be explained by the fact that Tn,P concentrates as its
variance decreases for increasing y. This might be rooted in our specific
construction of (Ȳ )1≤p≤P . Additionally, the index P has been chosen with
respect to ϑ0 but does not guarantee the same level of information under
Pnϑ0+rnh

. For instance, the choice P = q0.95 made under y = 0 for n = 15.000

implies I(ϑ0 + rnh, q0.95) ≈ 0.84, for h = (2.5, 0)>. Note that the empirical
power is increasing in the amount of information used, cf. Table 5.4.

n 5.000 25.000 100.000 π(y)

y = 0 (size) 0.0568 0.0532 0.046 0.05
y = 0.5 0.1158 0.1432 0.166 0.53
y = 1 0.1319 0.1955 0.31 0.96
y = 1.5 0.0832 0.1805 0.35 0.99
y = 2 0.0376 0.112 0.34 0.99
y = 2.5 0.0227 0.0545 0.287 0.99

Table 5.3: Empirical outcomes of πn(ϑ0 + rnh) for several choices of y and
n in comparison with π(y).

q0.5 q0.75 q0.95 q0.99

y = 0 (size) 0.058 0.0525 0.0549 0.0535
y = 0.5 0.1059 0.122 0.1392 0.1447
y = 1 0.1239 0.1451 0.1748 0.1979

Table 5.4: Empirical outcomes of πn(ϑ0 + rnh) for n = 15000 and for
several several choices P = qx and y.

1High-frequency tick data often permits sample size of 70.000 and more observations.
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Figure 5.1: Histogram (left) and QQ-Plot (right) of T15.000,q0.95 in
comparison with the N (0, 1)-distribution (red).
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5.5 Simulation of the likelihood ratio test

We have already noted that for the likelihood ratio test the null hypothe-
sis, the parameters involved as well as possible concepts of optimality differ
from the score test. Additionally, the choice of truncation indices does not
have such a big impact on the performance of the test. In particular, we
approximate the signal part gn,H in fn,ϑ = σ2gn,H + η2h(x) (cf. (5.3.1)) by

gn,H,C(x) := 2HΓ(2H)
πn2H sin(Hπ)(1 − cos(x))

∑C
j=−C

1
|x+2jπ|2H+1 . For the sake

of a fast implementation, we restrict ourselves to n ≤ 15.000 and C = 50,
which is suitable as the relative error between the information type quan-
tity 1

4π

∫ π
−π∇ log(fn,ϑ(x))(∇ log(fn,ϑ)(x))>dx and its truncated analogue is

sufficiently small. Nevertheless, we note that the more of the spectrum is
used the more improve the corresponding empirical results.

With gn,H,50 replacing gn,H in fn,ϑ, we denote the test statistic by Λn in
analogy to (5.3.2) and set ϕ := 1(Λn > z0.95,χ2

1
), where z0.95,χ2

1
is the 0.95-

quantile of the χ2
1-distribution. We let H = 0.5 and σ2 = 4 and evaluate the

estimator of ϑ and the test ϕ on the basis of 10.000 Monte Carlo simulations.
The estimator of ϑ yields good results, even for n = 1.000. Each component
of ϑ̂ seems to approximate a normal distribution. Moreover, the finding
that small noise levels lead to small root mean squared errors (RMSE) is
intuitive. We note that the estimator of σ2 is sensitive to the employed
starting value, at least for small n. The empirical size of ϕ is close to the
desired level 0.05. The power becomes large for more realistic choices such
as n ≥ 50.000 but is for n = 15.000 already much larger than for the score
test, even if the true parameter is close to H = 0.5.

n 1.000 5.000 15.000

RMSE(Ĥ) 0.0314 0.0057 0.0034
RMSE(σ̂2) 1.373 0.0989 0.0323
RMSE(η̂2) 0.0006 0.0001 6.654 · 10−5

size 0.087 0.0503 0.048

Table 5.5: Key quantities for several n under η2 = 0.005.

H 0.46 0.48 0.5 0.52 0.54

power 0.5841 0.1804 0.005 0.209 0.6526

Table 5.6: Empirical power of ϕ under several H, for n = 15.000 and
η2 = 0.0005.
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Figure 5.2: Histogram (upper left) of Λn in comparison with the
χ2

1-distribution (red); standardised histograms of the estimates of H
(upper right), σ2 (lower left) and η2 (lower right) in comparison with

N (0, 1) (red), for n = 15.000 and η2 = 0.0005.

Remark 5.5.1. The flexibility in terms of allowable null hypotheses to-
gether with the good simulation results show that the likelihood ratio test
offers a suitable method for testing the martingale hypothesis H0 : H = 0.5.
A first study on real data in tick time for Apple stocks supports the early
claims of Mandelbrot. In fact, for the majority of the observed trading days,
our estimator suggests that H ∈ (0.52, 0.56). Moreover, in most cases, the
likelihood ratio test rejects the null hypothesis H0 : H = 0.5 with a highly
significant p-value.
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Appendix A

Appendix

A.1 Function spaces

For u ∈ N and f, g : Ωu → Rv×w measurable, the inner product

〈f, g〉L2 :=

∫
Ωu
〈f(t), g(t)〉dt

induces the norm ‖ · ‖L2 and the space L2 = L2(Ωu,Rv×w).
For β ∈ (0, 2) the L2-subspace Hβ = Hβ(Ωu,Rv×w) consists of all f :

Ωu → Rv×w such that

‖f‖Hβ :=
∑

k:|k|<β

‖f (k)‖L2 + |f |Hβ <∞.

Here | · |Hβ denotes the Sobolev-Slobodeckij semi-norm given for β 6= 1 by

|f |2Hβ := sup
k:|k|=bβc

∫
Ωu

∫
Ωu

‖f (k)(x)− f (k)(y)‖2

|x− y|2(β−bβc)+u dxdy,

and by
∑

k:|k|=1 ‖f (k)‖2L2 otherwise, where k = (k1, . . . , ku) ∈ {0, 1}u denotes

a multiindex and |k| :=
∑u

i=1 ki. Within a Sobolev space Hβ the ball of
radius L > 0 is defined via

Hβ
L := {f ∈ Hβ : ‖f‖Hβ ≤ L}.

For γ ∈ (0, 1] and N > 0 Hölder balls are given by

CγN := {f : Ω→ R : sups,t∈Ω |f(s)− f(t)|γ/|s− t| ≤ N}.

For symmetric co-domains we use the subscript ‘sym’, e.g. we write
Hβ

sym(L) := Hβ(Ωu,Rv×vsym).

It is a basic fact, that if β > u/2 for any f ∈ Hβ(Ωu,Rv×w) a continu-
ous version can be obtained after possibly modifying f on a zero-subset of
Ωu. An overview over Sobolev spaces and their embedding properties with
respect to Hölder spaces can be found in Triebel [2010].
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A.2 Regular variation

In the following let f, g : (0,∞) → (0,∞) be regularly varying. Then an
immediate consequence is the following.

Proposition A.2.1. If f and g are regularly varying with index δ then

1. f2 is regularly varying with index 2δ,

2. 1/f is regularly varying with index −δ,

3. f/g is slowly varying.

An important property of regularly varying functions is the following
uniformity result that is stated as Theorem 1.5.2 in Bingham et al. [1989].

Theorem A.2.2. For a regularly varying function f the convergence

lim
x→∞

f(ax)

f(x)
= aδ,

holds uniformly

1. on each [y, z], if δ = 0 (i.e. if f is slowly varying),

2. on each [y,∞), if δ < 0,

3. on each (0, y], if δ > 0 and if supx∈(0,y] f(x) <∞, for any y > 0.

A.3 Proofs for simulation results

In order to verify Proposition 5.2.1 we first calculate the coefficients
〈K̇Hej , ek〉 at H = 0.5 with respect to the eigenbasis ej(t) =

√
2 sin(νjt),

j ≥ 1, of K0.5, which is the covariance operator of the standard Brownian
motion.

Proposition A.3.1. Let νj := (j − 1/2)π, j ≥ 1. Then

〈K̇0.5ej , ek〉 =

2
(

Ci(νj)−log(νj)−γ+1

ν2
j

− sin(νj)

ν3
j

)
, j = k

2
(

(νk+(−1)k+jνj) Si(νk)−(νj+(−1)k+jνk) Si(νj))

(ν2
j−ν2

k)νjνk

)
, j 6= k,

where γ is the Euler-Mascheroni constant and Si and Ci denote the sine and
cosine integral, respectively.

Proof. We have to calculate integrals of type∫ 1

0

∫ 1

0
(s log(s) + t log(t) + |t− s| log(|t− s|)) sin(νjs) sin(νkt)dsdt.
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For this note that for a, b ∈ R, partial integration yields the identity∫
x log(x) sin(ax+ b)dx (A.3.1)

= a−2
(

sin(ax+ b) + log(x) sin(ax+ b)− ax log(x) cos(ax+ b)

− sin(b) Ci(|a|x)− cos(b) Si(ax)
)

With Si(0) = 0, Si(∞) = π/2 and x log(x)→ 0, as x→ 0, we obtain

lim
x→0

log(x) sin(ax+ b)− sin(b) Ci(|a|x) = −(log(|a|) + γ) sin(b). (A.3.2)

Thus with a = νj and b = 0 (A.3.1) and (A.3.2) imply∫ 1

0
t log(t) sin(νjt)dt =

sin(νj)− Si(νj)

ν2
j

=
(−1)j+1 − Si(νj)

ν2
j

,

and therefore ∫ 1

0

∫ 1

0
(s log(s) + t log(t)) sin(νjs) sin(νk)dsdt

=
(−1)j+1 − Si(νj)

ν2
j νk

+
(−1)k+1 − Si(νk)

ν2
kνj

. (A.3.3)

It remains to consider the integral∫ 1

0
|t− s| log(|t− s|) sin(νjt)dt

=

∫ s

0
z log(z) sin(νj(s− z))dz +

∫ 1−s

0
z log(z) sin(νj(z + s))dz. (A.3.4)

Now with a = −νj , b = νjs, (A.3.1) and (A.3.2) it follows that∫ s

0
z log(z) sin(νj(s− z))dz = ν−2

j

(
I1,j(s)− I2,j(s)− I3,j(s) + I4,j(s)

)
,

(A.3.5)
where

I1,j(s) := νjs log(s), I2,j(s) := sin(νjs) Ci(νjs),

I3,j(s) := cos(νjs) Si(−νjs), I4,j(s) := (log(νj) + γ − 1) sin(νjs).

Now, by partial integration it is not hard to see that for any j, k∫ 1

0
I1,j(s) sin(νks)ds =νj

((−1)k+1 − Si(νk)

ν2
k

)
,∫ 1

0
I4,j(s) sin(νks)ds =

1

2
(log(νj) + γ − 1)δjk.
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Similarly we obtain for j 6= k that∫ 1

0
I2,j(s) sin(νks)ds = −1

2

(Si(−νk) + Si(2νj − νk)
2(νj − νk)

− Si(νk) + Si(2νj + νk)

2(νj + νk)

)
,∫ 1

0
I3,j(s) sin(νks)ds =

Si(−νk) + Si(νk − 2νj)

4(νk − νj)
+

Si(−2νj − νk) + Si(νk)

4(νk + νj)

−
(cos(νk − νj)

2(νk − νj)
+

cos(νk + νj)

2(νk + νj)

)
Si(−νj),

as well as∫ 1

0
I2,j(s) sin(νjs)ds =

Ci(νj)

2
− sin(νj)

2νj
+

Si(νj) + Si(3νj)

8νj
,∫ 1

0
I3,j(s) sin(νjs)ds =

Si(−νj)
4νj

+
Si(−3νj) + Si(νj)

8νj
.

For the second term on the right-hand side of (A.3.4) we obtain∫ 1−s

0
z log(z) sin(νj(z + s))dz = ν−2

j

(
I5,j(s)− I6,j(s)− I7,j(s) + I4,j(s)

)
,

(A.3.6)
where

I5,j(s) := (−1)j+1(1 + log(1− s)), I6,j(s) := sin(νjs) Ci(νj(1− s)),

I7,j(s) := cos(νjs) Si(νj(1− s)).

Now ∫ 1

0
I5,j(s) sin(νks)ds = (−1)j+1

(1 + (−1)k+1 Si(−νk)
νk

)
.

For j 6= k we obtain∫ 1

0
I6,j(s) sin(νks)ds =− cos(νj − νk) Si((νk − 2νj)) + cos(νj − νk) Si(νk)

4(νk − νj)

− cos(νj + νk) Si(−(2νj + νk)) + cos(νj + νk) Si(−νk)
4(νk + νj)

,∫ 1

0
I7,j(s) sin(νks)ds =

( 1

2(νk − νj)
+

1

2(νk + νj)

)
Si(νj)

− cos(νk − νj)(Si(2νj − νk) + Si(νk))

4(νk − νj)

− cos(νj + νk)(Si(−νk) + Si(2νj + νk))

4(νk + νj)
,
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as well as∫ 1

0
I6,j(s) sin(νjs)ds =

Ci(νj)

2
− sin(νj)

2νj
+

Si(−3νj) + Si(−νj)
8νj

,∫ 1

0
I7,j(s) sin(νjs)ds =

Si(3νj) + Si(νj)

8νj
.

Thus the claim follows by (A.3.3), (A.3.4), (A.3.5), (A.3.6) along with the
explicit expressions for I1,j , . . . , Ij,7.

Proof of Proposition 5.2.1: Consider the independent sequence (Yj)j≥1 that
is obtained from (ej , dY ), cf. (3.1.3), where dY is as in (5.2.1). It holds that

Yj ∼ N (0, Cj), j ≥ 1,

with Cj := σ2ν−2
j +η2n−1. Thus, by Proposition A.3.1, it is easy to see that

the score in (5.2.1) satisfies for ϑ = (0.5, σ2)

`n(ϑ) =
1

2

(
〈K−1

ϑ K̇0.5K
−1
ϑ x, x〉 − tr(K

−1/2
ϑ K̇0.5K

−1/2
ϑ )

〈K−1
ϑ K0.5K

−1
ϑ x, x〉 − tr(K

−1/2
ϑ K0.5K

−1/2
ϑ )

)

=
1

2

∑j

〈σ2K̇0.5ej ,ej〉(Y 2
j −Cj)

C2
j

+
∑

j 6=k
〈σ2K̇0.5ej ,ek〉YjYk

CjCk∑
j

〈K0.5ej ,ej〉(Y 2
j −Cj)

C2
j


=

(
2σ2n1/4 log(1/

√
n)An + n1/4Bn + n1/4Rn
n1/4An

)
,

where

An :=
1

2n1/4

∑
j≥1

Y 2
j − Cj
ν2
jC

2
j

, (A.3.7)

Bn :=
1

n1/4
σ2
∑
j≥1

(1− γ − log(νj/
√
n))(Y 2

j − Cj)
ν2
jC

2
j

,

Rn :=
1

n1/4
σ2
∑
j≥1

(
(Ci(νj)− sin(νj)ν

−1
j )(Y 2

j − Cj)
ν2
jC

2
j

+
∑
k 6=j

〈K̇0.5ej , ek〉YjYk
2CjCk

)
.

Using independence among (Yj)j≥1 along with the same regular variation
argument for (νj)j≥1 as in the proof of Theorem 3.2.2 yields

Cov(An) =
1

2π

∫ ∞
0

(σ2 + x2η2)−2dx+ o(1), (A.3.8)

Cov(Bn) =
2σ4

π

∫ ∞
0

(1− γ − log(x))2

(σ2 + x2η2)2
dx+ o(1), (A.3.9)

Cov(An, Bn) =
σ2

π

∫ ∞
0

(1− γ − log(x))

(σ2 + x2η2)2
dx+ o(1). (A.3.10)
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Moreover, the remainder Rn is centred and satisfies Cov(Rn) =
n−1/22σ4

∑
j 6=k Cjk with

Cjk :=
((νk + (−1)k+jνj) Si(νk)− (νj + (−1)k+jνk) Si(νj)))

2

(ν2
j − ν2

k)2CjCk
.

Let k < j and assume that k+j is even, which we denote by 2|(k+j). Then∫ νj
νk

sin(t)dt = 0 gives

| Si(νj)− Si(νk)| =
∣∣∣ ∫ νj

νk

sin(t)

t
dt
∣∣∣ =

∣∣∣ ∫ νj

νk

νj − t
tνj

sin(t)dt
∣∣∣

≤
∫ νk+π/2

νk

νj − t
tνj
| sin(t)|dt ≤ νj − νk

νjνk

and therefore ∑
k<j, 2|(j+k)

Cjk ≤
∑

k<j, 2|(j+k)

1

ν2
j ν

2
k

<∞. (A.3.11)

Let k < j and assume that k + j is odd, which we denote by 2|(k + j + 1).
Then

n−1/2
∑

k<j, 2|(j+k+1)

Cjk ≤ ‖ Si ‖2∞(J1,n + J2,n + J3,n), (A.3.12)

where substitution and regular variation (as in the proof of Theorem 3.2.2)
give

J1,n :=n−1/2

∫
j,k≥

√
n

1

(νj + νk)2(σ2 + η2ν2
j /n)(σ2 + η2ν2

k/n)
djdk

≤n−1/2

∫
x,y≥1

π

(x+ y)2(σ2 + η2x2)(σ2 + η2y2)
dxdy + o(1),

J2,n :=n−1/2

∫ ∞
√
n

∫ √n
0

1

(νj + νk)2(σ2 + η2ν2
j /n)(σ2 + η2ν2

k/n)
dkdj

≤n−1/2

∫ ∞
1

∫ 1

0

π

(x+ y)2(σ2 + η2x2)(σ2 + η2y2)
dxdy + o(1),

J3,n :=n−1/2

∫ √n
1

∫ j

0

1

(νj + νk)2(σ2 + η2ν2
j /n)(σ2 + η2ν2

k/n)
dkdj

≤n−1/2

∫ 1

1/
√
n

∫ y/
√
n

0

π

(x+ y)2
dxdy + o(1) = n−1/2π + o(1).

All in all, (A.3.11) and (A.3.12) along with the bounds for J1,n, J2,n, J3,n

give

Cov(Rn) = O(n−1/2),
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hence Rn tends to zero in probability.
It remains to show the convergence of (An, Bn)> to a normal random

vector. Denote by An,J orthogonal projection of An onto span(e1, . . . , eJ)
in the sense that the sum in (A.3.7) is truncated at index J . As C−1

j Y 2
j is

χ2
1-distributed it is easy to see that

E[eitAn ] = lim
J→∞

E[eitAn,J ] = lim
J→∞

J∏
j=1

(
1− itn−1/4ν−2

j C−1
j

)−1/2
e
− t

2n1/4ν2
j
Cj .

A series expansion of the logarithm gives for n sufficiently large

log(E[eitAn ]) =− 1

2

∞∑
j=1

∞∑
p=2

(−1)p
(itn−1/4ν−2

j C−1
j )p

p

=− 1

2
t2 Cov(An) + o(1), (A.3.13)

where the last equality follows in the same way as the bound for the re-

mainder R
(1)
n of the log expansion in the LAN result Proposition 3.2.4, cf.

(3.2.13). In the same way we obtain for the characteristic function of Bn

log(E[eitBn ]) = −1

2
t2 Cov(Bn) + o(1).

This along with (A.3.13) and (A.3.8), (A.3.9) and (A.3.10) gives the claim.
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tion for multivariate continuous itô semimartingales with noise in non-
synchronous observation schemes. Journal of Multivariate Analysis, 120:
59–84, 2013.

E. Clement, S. Delattre, and A. Gloter. An infinite dimensional convolution
theorem with applications to the efficient estimation of the integrated
volatility. Stochastic Processes and their Applications, 123(7):2500–2521,
2013.

S. Cohen, F. Gamboa, C. Lacaux, and J.-M. Loubes. Lan property for
some fractional type brownian motion. ALEA: Latin American Journal
of Probability and Mathematical Statistics, 10(1):91–106, 2013.

G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions,
volume 152. Cambridge university press, 2014.

R. Dahlhaus. Efficient parameter estimation for self-similar processes. The
Annals of Statistics, pages 1749–1766, 1989.



BIBLIOGRAPHY 93

U. Einmahl and D. Li. Characterization of lil behavior in banach space.
Transactions of the American Mathematical Society, 360(12):6677–6693,
2008.

L.C. Evans. Partial Differential Equations. Graduate studies in mathemat-
ics. American Mathematical Society, 2010.

R. Fox and M.S. Taqqu. Large-sample properties of parameter estimates
for strongly dependent stationary gaussian time series. The Annals of
Statistics, pages 517–532, 1986.

A. Gloter and M. Hoffmann. Estimation of the hurst parameter from discrete
noisy data. Annals of Statistics, 35(5):1947–1974, 2007.

A. Gloter and J. Jacod. Diffusions with measurement errors. i. local asymp-
totic normality. ESAIM: Probability and Statistics, 5:225–242, 2001.

I. Grama and M. Nussbaum. Asymptotic equivalence for nonparametric
regression. Mathematical Methods of Statisitics, 11(1):1–36, 2002.

N. Hautsch and M. Podolskij. Preaveraging-based estimation of quadratic
variation in the presence of noise and jumps: theory, implementation,
and empirical evidence. Journal of Business & Economic Statistics, 31
(2):165–183, 2013.

T. Hayashi and N. Yoshida. On covariance estimation of non-synchronously
observed diffusion processes. Bernoulli, 11(2):359–379, 2005.

S. Holtz. Asymptotic efficiency for covariance estimation under noise and
asynchronicity. arXiv preprint arXiv:1809.02360, 2018.

I.A. Ibragimov and R.Z. Has’minskii. Statistical Estimation: Asymptotic
Theory. Applications of mathematics. Springer New York, 1981. ISBN
9783540905233.

J. Jacod, Y. Li, P. A Mykland, M. Podolskij, and M. Vetter. Microstruc-
ture noise in the continuous case: the pre-averaging approach. Stochastic
processes and their applications, 119(7):2249–2276, 2009.

R. Kawai. Fisher information for fractional brownian motion under high-
frequency discrete sampling. Communications in Statistics-Theory and
Methods, 42(9):1628–1636, 2013.

L. Le Cam. Asymptotic Methods in Statistical Decision Theory. Springer
Series in Statistics. Springer New York, 1986.

L. Le Cam and G.L. Yang. Asymptotics in Statistics: Some Basic Concepts.
Springer Series in Statistics. Springer New York, 2000.



94 BIBLIOGRAPHY

B.B. Mandelbrot and K. McCamy. On the secular pole motion and the
chandler wobble. Geophysical Journal International, 21(2):217–232, 1970.

B.B. Mandelbrot and J.W. Van Ness. Fractional brownian motions, frac-
tional noises and applications. SIAM review, 10(4):422–437, 1968.

E. Mariucci. Le cam theory on the comparison of statistical models. Grad-
uate Journal of Mathematics, (1):81–91, 2016.

A. Munk and J. Schmidt-Hieber. Nonparametric estimation of the volatility
function in a high-frequency model corrupted by noise. Electronic Journal
of Statistics, 4:781–821, 2010.

P.A. Mykland. A gaussian calculus for inference from high frequency data.
Annals of Finance, 8(2-3):235–258, 2012.

C Radhakrishna Rao. Sufficient statistics and minimum variance estimates.
In Mathematical Proceedings of the Cambridge Philosophical Society, vol-
ume 45, pages 213–218. Cambridge University Press, 1949.

M. Reiß. Asymptotic equivalence for nonparametric regression with multi-
variate and random design. Annals of Statistics, 36(4):1957–1982, 2008.

M. Reiß. Asymptotic equivalence for inference on the volatility from noisy
observations. Annals of Statistics, 39(2):772–802, 2011.

L.C.G. Rogers. Arbitrage with fractional brownian motion. Mathematical
Finance, 7(1):95–105, 1997.

A. Rotnitzky, D.R. Cox, M. Bottai, and J. Robins. Likelihood-based infer-
ence with singular information matrix. Bernoulli, 6(2):243–284, 2000.

T. Sabel and J. Schmidt-Hieber. Asymptotically efficient estimation of a
scale parameter in gaussian time series and closed-form expressions for
the fisher information. Bernoulli, 20(2):747–774, 2014.

J. Schmidt-Hieber. Asymptotic equivalence for regression under fractional
noise. Annals of Statistics, 42(6):2557–2585, 2014.

P. Stoica and T.L. Marzetta. Parameter estimation problems with singular
information matrices. IEEE Transactions on Signal Processing, 49(1):
87–90, 2001.

H. Strasser. Mathematical Theory of Statistics: Statistical Experiments and
Asymptotic Decision Theory. De Gruyter studies in mathematics. W. de
Gruyter, 1985. ISBN 9783110102581.

E.M. Tory. Stochastic sedimentation and hydrodynamic diffusion. Chemical
Engineering Journal, 80(1-3):81–89, 2000.



BIBLIOGRAPHY 95

H. Triebel. Theory of Function Spaces. Modern Birkhäuser Classics. Springer
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