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Introduction

The course of everyday life is governed by the outcome of strategic interactions, ranging
from the small scale of a family playing parlor games to the grander dimension of gov-
ernments negotiating international treaties. Economic design aims to better understand
– and to potentially improve – these outcomes. It comprises “the creative art and science
of inventing, analyzing and testing economic as well as social and political institutions
and mechanisms aimed at achieving individual objectives and social goals”, as the journal
Review of Economic Design proclaims in its mission statement.

This thesis studies three specific cases of economic design, each considering a distinct
notion of the aforementioned institutions and objectives. While each of the three chapters
outlined below can be read as a self-contained paper, they all translate certain forms
of strategic interaction into a formal model and show how careful design can foster
advancement of the respective goals. To this end, the thesis borrows from the field of
game theory, providing us with mathematical tools to describe a particular setting (the
“game”) and to analyze the decisions of the parties involved (the “players”). But we
do not need to content ourselves with the mere analysis of a game, taking its rules as
given. Instead, we can ask which rules promote the desired outcome, given the players’
idiosyncratic interests. The optimal choice of such rules is studied by the theory of
mechanism design, sometimes considered “reverse game theory”.1 Throughout this thesis,
we thus take the perspective of a designer – or regulator – who cannot necessarily control
the players’ decisions directly but who can nevertheless steer the outcome indirectly by
modifying the environment within which these decisions are made. This introduction
briefly sketches the three chapters, outlining the respective institutional environment and
the designer’s objective. May a reader versed in economic theory forgive the initial lack
of formal rigor – the first few paragraphs seek to illustrate the key results for a broader
audience (if it exists), while a more technical description of the chapters follows shortly
thereafter.

1See e.g. the back cover of Börgers (2015).



2 INTRODUCTION

The first two chapters – both of which are based on joint work with Martin Pollrich –
study the issue of collusion in the context of vertical hierarchies. As an example of such
hierarchies, consider a municipality seeking to catch and fine drivers exceeding the speed
limit. It hires a police officer to conduct this task. But a speeder caught by the officer
may seek to bribe her so that she turns a blind eye. This bribe increases with the fine
the municipality hopes to levy, as the speeder is willing to spend all the more to avoid
the penalty. To prevent the collusive bargain, the municipality would need to provide
the police officer with a reward scheme, granting a bonus for every fine she issues and
thus “outbidding” the speeder’s corruptive offer. In effect, however, this leads to the
same outcome as bribery: with collusion, the money goes directly from the speeder’s to
the officer’s pocket in the form of a bribe – while without collusion, it merely takes a
detour via the municipality, which reroutes the speeder’s fine to the officer in the form of
a bonus. Nothing is gained.

I therefore propose a different approach to mitigate both the threat and the costs
of collusion. Sticking to the example at hand, the police officer’s willingness to accept
the speeder’s bribe depends on the risk she runs (such as being caught and losing her
job) and the alternative she forgoes (such as missing out on the bonus promised for
issuing a speeding ticket). When the speeder chooses the level of his corruptive offer,
or when the two engage in more complex forms of haggling over a bribe, he therefore
takes into account the officer’s valuation of their bargain. The less he knows about this
valuation, the harder it will be for him to make an offer that is neither too low (so
that the officer refuses) nor too high (so that he spends an unnecessarily high amount
of money which the officer happily pockets). The municipality can thus benefit if the
speeder faces uncertainty about the officer’s payoff. Even more, it can actively generate
such uncertainty by providing the officer with “exclusive” details about payoff-relevant
information – such as variations in the reward levels or the schedule of random monitoring
by superiors. Importantly, the speeder must not be privy to these details, thus creating
an informational asymmetry between the colluding parties.

Asymmetric information makes bargaining less efficient since it impedes the parties
in their search for a mutually acceptable price, where this “price” is represented by a
bribe in our example. In the worst case, informational frictions can cause a complete
breakdown of trade, as Akerlof (1970) showed in his analysis of the market for used cars:
dealers, knowing the value of the cars they seek to sell, are unable to convince potential
buyers – who cannot tell the quality of a vehicle – that they are offering a high-quality
model rather than a nearly defunct “lemon”. While this finding is negative in the context
of the car market, the municipality can exploit it in our example: introducing asymmetric
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information between the speeder and his partner in crime creates “sweet lemons” and
offers a new way to fight collusion.

In the first chapter, I prove this reasoning in a general mechanism design framework,
showing that mechanisms which generate endogenous asymmetric information can fully
mitigate collusion. Formally, I present a model where an agent has private information
and a supervisor observes a signal that is correlated with the agent’s type. Agent and
supervisor can form collusive side agreements. I study the implementation of social choice
functions that condition on the agent’s type and the supervisory signal. The main result
establishes that any social choice function that is implementable if the signal is public
can also be implemented if the signal is private information and collusion is possible.
Despite collusion, the signal is obtained for free, i.e. the supervisor does not receive an
information rent. The mechanisms I propose break collusion via the endogenous creation
of asymmetric information between agent and supervisor, as the associated bargaining
frictions prevent the formation of collusive agreements.

The second chapter exploits a similar idea but differs both in the theoretical model and
in the practical application.2 It studies the problem of auditing in a firm: shareholders
rely on auditors to elicit the cash flow generated by a firm’s management but face
the possibility of collusion between auditors and management. Distinguishing between
internal (cheap, corruptible) and external (costly, honest) auditors, I derive the optimal
audit policy, i.e. the optimal frequency of hiring either type of auditor paired with
the optimal incentive structure. I show that with standard incentive contracts, the
shareholders only make use of either internal control or external inspection, but never
both simultaneously. I then allow shareholders to pair a random audit policy with the
option to privately inform the internal auditor about the realization of this policy, keeping
it random for the management. The internal auditor thus receives an alert about the
imminence of external inspection, while the management is not privy to this alert. This
impedes corruption, lowers wage costs and makes it optimal for shareholders to combine
both forms of auditing. On the applied side, I consider the implementation of such “audit
alerts”: while there does not yet seem to be empirical evidence of them being used, I
argue that existing legislation and auditing standards provide a framework to put them
into practice.

2A distinction is drawn in Section 2.2. In short, a key difference lies in the second chapter allowing
for limited liability, while the results of the first rely on the possibility of rent extractions even on the
equilibrium path. On the other hand, the second chapter merely exploits a pre-existing randomization
while the first generates additional ones.
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In game-theoretic terms, collusion is an act of cooperation, though an undesired form
thereof. After having studied such cooperation in the first two chapters, the third chapter
turns to an analysis of competition. It considers markets where a regulator can control
the number of competitors, for example by issuing licenses to taxi drivers or by assigning
spectrum frequencies to telecommunications companies. I focus on the regulation of
firms’ access to the market rather than their behavior in the market. That is, the size of
the market is restricted but the prices or productions levels chosen by entrants are not.
The regulator’s task is to choose a market size which maximizes social welfare given the
firms’ competitive interaction. Standard economic intuition suggests that in such settings,
welfare is best promoted by opening up the market and granting access to all firms. In
practice, however, we surprisingly observe markets which are rendered oligopolistic by
regulatory design, limiting the number of entrants and thus the degree of competition.

The third chapter seeks to reconcile theoretic intuition and empirical observation by
providing a novel rationale for the regulation of market size. It presents a two-stage game
of, first, a regulator choosing the number of firms to enter and, second, heterogeneous
firms engaging in competition either à la Cournot or à la Bertrand. Opening up the
market for more firms, e.g. by issuing more licenses, has a two-fold effect: it increases
competition and thus welfare, but at the same time, it also attracts firms that are more
cost-intensive, driving down average production efficiency. The regulator hence faces
a trade-off between raising beneficial competition and detrimental costs. If goods are
sufficiently substitutable, the latter effect can outweigh the former. It is then optimal
to restrict the market size, rationalizing a limit to competition. This result holds even
in the absence of entry costs, search costs or increasing returns to scale, which previous
literature required. Hence, the concept of “the more the merrier” does not necessarily
apply in these markets.

Conceptually, a model of non-cooperative (competitive) interaction is much simpler
to analyze than a cooperative (collusive) one. Predicting the players’ choices is thus
easier in the third chapter than in the first two. The mathematical difficulty stems
instead from the number of players rather than from their form of interaction. I show
that, in contrast to the results derived in the first two chapters, analytical solutions for
the designer’s objective in the third chapter do not exist in general. I therefore employ
numerical simulations to derive the regulator’s optimal policy as a function of the market
characteristics.

I conclude with a cautionary note. This thesis uses bold words for ambitious endeavors,
proclaiming to “fight collusion” and to “maximize welfare” by means of economic design.
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It does so without a grain of empirical data, without testing its proposals in the field.
Instead, it relies on theoretic models whose building blocks may seem far from resembling
reality, such as the infamous assumptions about the rationality of players.3 What good
is a model so remote from real life? Ariel Rubinstein, a renowned game theorist himself,
compares game-theoretic models to fables and argues that both are situated “somewhere
between fantasy and reality. [. . .] In this unencumbered state, we can clearly discern
what cannot always be seen in the real world. On our return to reality, we are in
possession of some sound advice or a relevant argument that can be used in the real
world.” (Rubinstein, 2006, p. 881)

It would thus be overly zealous to preach an immediate implementation of the concepts
proposed in the subsequent chapters. Maybe some of these concepts can be of use in the
future design of collusion prevention, auditing policies or market regulation. Maybe a
model built on abstract games, formal rules and players’ rationality can mirror real-world
interactions even though “[h]omo rationalis is a mythical species, like the unicorn”, as
Aumann, yet another game theorist, states (1985, p. 35, original emphasis).

This thesis tells three fables. And the tales of many unicorns.

3For a discussion, see e.g. Sen (1994).





Chapter 1

Sweet Lemons:
Mitigating Collusion
in Organizations

Sed quis custodiet ipsos custodes?
[But who will guard the guards themselves?]

Juvenal, Saturae VI

Γελοῖον γάρ, ἦ δ᾿ ὅς, τόν γε φύλακα φύλακος δεῖσθαι.

[For it would be laughable, he said, if the guard himself
needed a guard.]

Plato, Πολιτεία
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1.1 Introduction

Asymmetric information is known to severely limit the allocation and distribution of
resources. The frictions associated with information asymmetries give rise to new
institutions whose major role lies in reducing the information gap. Examples range from
certifiers asserting the (hidden) quality of products to auditors verifying a company’s
financial statements.1 The benefits these institutions provide crucially depend on their
credibility, i.e. whether they reveal information truthfully. This chapter considers collusion
as a particular threat to credibility. Privately informed parties have an incentive to bribe
information intermediaries into forging favorable information or concealing information
altogether.2

We study a stylized setting with a single privately informed agent and a signal that
is arbitrarily correlated with the agent’s information. We compare two polar scenarios.
Under direct supervision, the signal is public and mechanisms can hence directly condition
on its realization. Under collusive supervision, the signal realization is only observed
by the agent and a third party (the supervisor). In addition, agent and supervisor can
engage in collusive side agreements. Our main result (Proposition 1.1) establishes that
for any outcome which is implementable under direct supervision there is a mechanism
implementing this outcome under collusive supervision without paying the supervisor.
That is, collusion has no bite: it neither impedes implementability, nor does it give rise
to additional (collusive) information rents. Note that our result holds for arbitrarily
informative signals, including the special case of a fully informative one.

We mitigate collusion by exploiting the abovementioned frictions caused by asymmetric
information.3 Collusion is essentially a bilateral bargaining problem: the agent and
the supervisor haggle over reports to be sent about the information each of them holds.
Asymmetric information within the coalition shrinks the set of outcomes that are feasible
for the coalition. The mechanism designer exploits this by rendering the non-collusive

1Further examples include real estate brokers, schools rating the ability of their students, investment
banks evaluating the quality of firms that want to raise capital, as well as (bond) rating agencies. Even
the press (newspapers, scientific journals, etc.) serves as an information intermediary.

2A seller has an incentive to bribe the certifier into inflating a product’s quality because high-valued
goods yield higher prices. A firm’s manager has an incentive to bribe the auditor into forging financial
statements when his wage depends on announced profits. The threat of collusion and corruption is
documented both empirically and theoretically. According to IMF (2016), annual bribes exchanged
worldwide exceed US $1 trillion. The theoretical literature on collusive supervision started with Tirole
(1986), the literature review below provides a comprehensive overview.

3The literature on collusion noted early on that asymmetric information within potential coalitions
weakens their detrimental effects. For early references see Laffont and Martimort (1997), Laffont and
Martimort (2000), Jeon and Menicucci (2005) and Che and Kim (2006).
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outcome more attractive than the best outcome the coalition can achieve. In order to
prove our main result we construct a mechanism which accomplishes this in a particular
way. It shrinks the set of feasible outcomes for the coalition to a singleton: the non-
collusive outcome. Loosely speaking, collusion has no bite because the collusive parties
cannot agree on a way of deviating.

The mechanism we devise creates endogenous asymmetric information. It randomizes
the monetary payments to the agent and the supervisor and confidentially reveals the
realization to the supervisor. By combining the design of these monetary payments
and of the underlying randomness, the mechanism induces payoffs similar to those in
the classical lemons market, c.f. Akerlof (1970).4 The failure of trade, however, is good
news in our case, as this means a failure of collusion. Our strategy for collusion-proof
implementation differs from established strategies. Che and Kim (2006) use pre-existing
informational asymmetries to devise a mechanism that prevents the coalition from
achieving an outcome better than the non-collusive one.5 However, their approach is
of limited use when parties have correlated information, and it does not work in our
setting (we explain in the literature review why this is so). We propose a novel way of
looking at collusion-proof implementation: the mechanism creates a payoff structure and
an information environment that makes collusion impossible from the start.

One implication of our results concerns the revelation principle. The literature
acknowledges that there is no version of a revelation principle applicable to mechanism
design with collusion. Nonetheless, most studies confine attention to “direct mechanisms”,
where each party is asked to report its private information.6 We show that there is a
strict gain from enriching the class of mechanisms. Our mechanisms first send messages
to the players (to inform the supervisor about the realized monetary payments) and only
then ask players to send their reports.7 For the special case of a fully informative signal,

4There is a slight difference regarding these payoffs. In the lemons market, “no trade” does not mean
that no goods are traded, but only goods of the lowest quality. The payoffs in our mechanism are such
that not even the lowest quality is traded because it would be inefficient to do so. Consequently, all
players stick to their outside option which leads to the non-collusive outcome.

5Their “collusion-proofness requirement does not rule out that collusion occurs on the equilibrium
path, but rather ensures that the principal will not be harmed by collusion, even if it occurs.” (p. 1074)
In this sense, they embrace collusion instead of eradicating it.

6Many studies, including Laffont and Martimort (2000), Faure-Grimaud et al. (2003), Celik (2009)
and Asseyer (2018), allow a slightly richer class of mechanisms. They start out with mechanisms in which
each player simultaneously sends a message from some set Mi (where i indexes the player’s identity).
They move on to proving a collusion-proofness principle stating that w.l.o.g. Mi corresponds to player i’s
private information, and one can restrict attention to equilibria in which all reports are truthful and no
collusion occurs. As compared to these studies, we allow the mechanism to send a message to the players
before these make their reports.

7This type of mechanism has been used previously in the context of moral hazard, see
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Proposition 1.2 shows that a restriction to “direct” mechanisms severely restricts the set
of implementable outcomes.

The practical implementation of our mechanisms requires three aspects: random-
ization, conditioning payoffs on these random events, and confidential communication.
Regarding randomization, the mechanisms we propose do not differ from stochastic
mechanisms as analyzed in contract theory and mechanism design. To implement a
stochastic mechanism, the designer resorts to a randomization device or a third party.
We argue that the mechanism designer’s commitment to the specific randomization is
indeed credible. Proposition 1.3 shows that the expected payoff following any draw is the
same, hence the designer is indifferent. The conditioning on random events is a standard
feature of contracts and mechanisms. Remuneration typically consists of a fixed wage
and a flexible bonus, the latter depends on random events such as stock prices, sales
volume, etc. Our mechanism confidentially communicates with its players. Note that
this channel of communication is an essential feature of mechanism design with multiple
agents. For example, the underlying assumption of sealed bid auctions is that agents can
send confidential messages to the mechanism. Our grand mechanisms uses this channel
also in reverse direction.

All three features mentioned above are present in the example of auditing, as discussed
in detail (and in a model adapted for this specific setting) in Chapter 2. Endogenous
randomness is an inherent feature of the audit process: audits are triggered at random,
auditors do not audit the entirety of a firm’s accounts but only random samples, and
there is random cross-checking. The manager’s bonus depends on several indicators of
performance, such as stock prices and sales volume. Many of these indicators are under
scrutiny of auditors, hence the manager’s wage indirectly depends on the auditor’s report.
By randomly auditing subdivisions of a company, the bonus of a division’s manager also
depends on random factors that are specifically designed. Also, differential information
between manager and auditor is commonplace (and designed). The manager in a firm
with several managerial divisions may not know whether he himself or one of the other
managers is subject to the audit. The auditor herself of course knows this. Similarly, the
manager does not know whether the auditor was randomly sent for a general investigation
or whether certain data triggered the search for specific information.8 Another example

Rahman and Obara (2010), Rahman (2012) as well as Ortner and Chassang (2018). In the former
two studies, the mechanism’s message is interpreted as a recommendation to the agent which action to
take, see also Strausz (2012). In Ortner and Chassang (2018), a monitor observes an agent’s decision
whether to become criminal or not. They randomize the monitor’s wage and inform only the monitor
about the realization. This secret randomization allows for preventing crime at strictly lower costs.

8The EU’s Horizon 2020 program prescribes “audits for periodical assessment of simplified cost forms”,
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combining the elements of our mechanism is that of “mystery shoppers”.9 Hidden among
regular customers, the mystery shopper secretly audits a company’s sales staff. From the
employee’s perspective any customer could be an auditor. It is thus random (i) whether
a customer reports, and (ii) what this customer reports on. Clearly, mystery shoppers
are hard to bribe because it is impossible to separate those whom it pays to bribe from
regular customers (who would also accept a bribe but would not provide any benefit to
the staff offering this bribe).

We proceed as follows: after reviewing the literature, we introduce our model in
Section 1.3. Section 1.4 presents our main results, including a comparison of collusive
supervision to the benchmark of direct supervision. Section 1.5 extends the baseline model
into various dimensions, such as risk aversion, limited liability, participation constraints
and commitment to devised mechanism. Section 1.6 concludes. All proofs are in the
Appendix.

1.2 Related Literature

We contribute to the literature on mechanism design with collusion (specifically to the
literature on collusion in hierarchical agency), and to the literature on mechanism design
with endogenous asymmetric information.

Tirole (1986) introduces the three-tier setup of principal–supervisor–agent as the
workhorse model for studying collusion in organizations. The hierarchy consists of a
privately informed agent, a supervisor who observes a signal correlated with the agent’s
information, and the principal who designs the interaction. Tirole shows that supervision
is beneficial despite collusion, but collusion gives rise to additional distortions (both
productive and rents). Kofman and Lawarrée (1993), Strausz (1997), Baliga (1999),
Faure-Grimaud et al. (2003), Kessler (2004), Celik (2009), Motta (2011), Mookherjee
et al. (2018) and Asseyer (2018) study versions of Tirole’s model.10 The objective in

see pages 216–218 on http://ec.europa.eu/research/participants/data/ref/h2020/grants_manual/
amga/h2020-amga_en.pdf (accessed August 26th, 2019). The entity currently being audited does not
know whether the audit was triggered by inconsistencies or whether it is just a periodical assessment.

9See https://thenewinquiry.com/the-secret-shopper/ (accessed August 26th, 2019).
10Kofman and Lawarrée (1993), Kessler (2004) as well as Burlando and Motta (2015) keep Tirole’s

assumption of hard evidence, i.e. evidence can only be concealed and not forged. Baliga (1999), Faure-
Grimaud et al. (2003), Celik (2009), Motta (2011), Mookherjee et al. (2018) and Asseyer (2018) study
collusion with soft supervisory information, where parties can claim to have observed any signal. Also,
this literature differs with respect to the supervisor’s preferences: Strausz (1997), Baliga (1999), Burlando
and Motta (2015) as well as Asseyer (2018) assume limited liability, Faure-Grimaud et al. (2003) and
Motta (2011) assume risk aversion, and all others assume risk neutrality. Kofman and Lawarrée (1993)
assume risk neutrality, but limit the size of penalties.

http://ec.europa.eu/research/participants/data/ref/h2020/grants_manual/amga/h2020-amga_en.pdf
http://ec.europa.eu/research/participants/data/ref/h2020/grants_manual/amga/h2020-amga_en.pdf
https://thenewinquiry.com/the-secret-shopper/
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all studies is to maximize the principal’s profit, whereas we focus on implementability.
In order to generate analytical results, the literature on collusive supervision typically
assumes specific preferences for the agent, which satisfy a single crossing property. Via
this assumption, implementation fades into the background and the focus is on reducing
collusive and information rents. Our focus on implementation allows us to accommodate
quite arbitrary preferences for the agent.

Kessler (2004), Motta (2011), Burlando and Motta (2015) and Asseyer (2018) study
models in which collusion can be completely mitigated. Kessler (2004), Motta (2011)
as well as Burlando and Motta (2015) assume the supervisor’s signal arrives only after
accepting to participate in the grand mechanism. In addition, the agent reports his initial
information before being able to collude with the supervisor. All these studies make
specific assumptions on the type space of the agent, the signal structure and the agent’s
utility function. Crucial for their results are assumptions on the agent’s utility which
allow to unambiguously identify the relevant coalitional deviations to be deterred by the
contract. Asseyer (2018) assumes that the principal directly controls the supervisor’s
signal. He shows that there is a specific signal structure which allows the principal to
realize the first-best profit despite collusion and private information. Our result holds
for any supervisory signal, and in particular, the first-best is implementable with a fully
informative signal.11

The problem of collusion has also been considered in general mechanism design setups,
i.e. not only in vertical hierarchies. Already Green and Laffont (1979) point out that
Vickrey–Clarke–Groves mechanisms are vulnerable to coalition formation.12 Che and
Kim (2006) address the problem of collusion in a general mechanism design setting. They
show that when agents’ private information is independent, collusion causes no harm:
any revenue the mechanism designer attains absent collusion can also be attained in the
presence of collusion. Their construction uses the degrees of freedom in the design of
monetary transfers for Bayesian implementation. They construct a mechanism in which
no coalition of agents can achieve a better outcome for themselves compared to non-
cooperative play. Our approach towards collusion is different: we design a mechanism for
which no collusion can form in the first place, allowing for collusion–proof implementation
when types are correlated. Che and Kim point out that their construction does not
work in settings with correlated types, because the available transfers do not provide
sufficient degrees of freedom to simultaneously implement the desired allocation and

11Faure-Grimaud et al. (2003) also point out a case where collusion is not detrimental: the special case
of their model with a risk-neutral supervisor.

12See also Crémer (1996) and Chen and Micali (2012).
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achieve robustness against collusion. In addition, their construction is only applicable
to settings with at least three agents, for which they construct mechanisms that are
robust to collusion by a grand coalition involving all agents. Smaller coalitions, in
particular coalitions with only two agents, may still form. The results presented in Che
and Kim (2006) generalize earlier findings by Laffont and Martimort (1997) as well as
Jeon and Menicucci (2005) for the case of independent private information. Laffont and
Martimort (2000) and the literature on collusive supervision cited above study models
with correlation and two agents, where collusion restricts implementability.

We follow most of the literature on collusion in assuming that collusion takes place
at the interim stage, i.e. after players decided to participate in the grand mechanism.
The alternative of ex-ante collusion is studied by Pavlov (2008) as well as Che and Kim
(2009) in an auction setting, and by Mookherjee et al. (2018) in a setting with collusive
supervision.

The literature on collusion stressed the lack of a revelation principle early on. Most of
the studies mentioned above restrict their analysis to a form of direct mechanisms which
ask players to report their private information. The literature on collusive supervision
usually invokes a collusion proofness principle, stating that, without loss of generality,
reporting is truthful and there is no collusion in equilibrium.13 In an auction setting, Chen
and Micali (2012) propose mechanisms that ask the agents also about the coalition they
belong to, and show that this possibility allows for implementing the efficient allocation
in dominant strategies. We do not place any ad-hoc restrictions on mechanisms and
show that collusion is completely mitigated by mechanisms that first send messages to
the players. We thereby show that (i) collusion is less harmful than previously thought
of, and (ii) the class of admissible mechanisms is of great significance when studying
mechanism design with collusion.

In a closely related paper, Ortner and Chassang (2018) show that endogenous asym-
metric information helps to reduce the cost of deterring criminal activities. In their
model, an agent decides whether to commit a crime. A monitor observes evidence if a
crime was committed, but the agent may bribe the monitor to destroy evidence. Their
main result establishes that randomizing the monitor’s wage and telling only the monitor
her actual wage strictly reduces monitoring costs. Their setting differs from ours in two
crucial aspects. First, it involves moral hazard: the monitor observes the agent’s action,
not a signal correlated with his type. Second, only the monitor’s wage and information

13Laffont and Martimort (1997) introduced this collusion-proofness principle. It has been henceforth
re-iterated throughout the literature. Che and Kim (2006) introduce a stronger version of collusion-
proofness.
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about it can be designed, while the agent’s payoffs are exogenous. In contrast, we study
a full-fledged mechanism design setting where the designer controls the payoffs of both
the agent and the supervisor. This allows us to identify the exact channel through which
endogenous asymmetric information is helpful, namely by rendering side-bargaining
impossible. Furthermore, we prove that collusion can be completely mitigated. The
optimality of random incentives in Ortner and Chassang (2018) depends on pre-existing
patterns of private information, which is not the case in our setting.

Mechanisms that create endogenous asymmetric information have been previously
investigated in moral hazard problems. Rahman and Obara (2010) study a team problem
with moral hazard and budget-balanced payments. They show that mediated contracts
mitigate moral hazard. Similar to our mechanism, their mediator sends confidential
recommendations to the agents and transfers are conditioned on these recommendations
and on the realized output.14 Quite similar mechanisms are used in Rahman (2012). His
study analyzes the problem of providing a monitor with incentives to actually monitor
the action of an agent. A mediated mechanism, secretly recommending the agent to
sometimes shirk, provides the monitor with incentives.15 In both studies, endogenous
asymmetric information is extremely useful in relaxing moral hazard constraints. Our
setting is of pure adverse selection and we use the frictions associated with the endogenous
private information to prevent coordination of collusion.

1.3 Model

The basic setting: There is a mechanism designer and a single agent. The mechanism
designer controls the decision over an alternative x ∈ X and a monetary transfers t ∈ R.
The agent’s utility when selecting alternative x and paying transfer t is

UA(x, t, θ) = u(x, θ) + t. (1.1)

The parameter θ ∈ Θ = {θ1, . . . , θn} denotes the agent’s type. We shall make no restric-
tions on the function u(· , ·), other than it being real-valued. The set X of alternatives
is arbitrary as well. Additive separability and risk neutrality with respect to monetary
payments for the agent are crucial assumptions as will become clear from our analysis.

14Strausz (2012) relates these mediated contracts back to the revelation principle. In the moral hazard
setting of Rahman and Obara (2010), the revelation applies because their agents cannot collude.

15The mechanism in Rahman (2012) is prone to collusion. Pairing it with the methodology we propose
– adapted to moral hazard – may yield a collusion-proof mechanism that provides the monitor with
incentives to monitor.
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In addition to the agent’s type θ there is a second piece of information: the signal
τ ∈ T = {τ1, . . . , τm}. This signal is payoff-irrelevant (for the agent): it does not directly
enter his utility. We allow for arbitrary correlation between θ and τ . Let π =

(
πij
)

denote the prior, where πij = Pr(θ = θi, τ = τj) for all 1 ≤ i ≤ n and 1 ≤ j ≤ m.
We assume there are no redundant types or signals: ∑j πij 6= 0 6= ∑

i πij > 0 for all
i, j.16 From the unconditional probabilites we can define the conditional probability
πji = Pr(θi|τj) = πij/(

∑
i πij).

We are interested in implementing social choice functions (SCF)

(x, t) : Θ× T → X × R, (1.2)

mapping the agent’s type θ and the signal τ into a decision x(θ, τ) ∈ X and a transfer
to the agent t(θ, τ) ∈ R. Note that we explicitly allow the SCF to depend on the signal
τ , though the latter is not payoff-relevant for the agent. First, we do not rule out
payoff-relevance for outsiders, as this does not conflict with the implementation problem
itself. Second, even if an SCF conditions only on the agent’s type θ, its implementability
may well be affected by the realization of τ (e.g. the case where τ partitions the agent’s
type space Θ).

Information and supervision: Throughout the analysis we assume that only the
agent observes θ. Regarding the signal τ we distinguish two scenarios.

• Direct supervision: the signal τ is public.

• Collusive supervision: both a third party – the supervisor – and the agent observe
τ , but not the mechanism designer. In addition, agent and supervisor can collude,
as specified below. The supervisor’s utility only depends on her wage w ∈ R:

US(x,w, θ, τ ) = w. (1.3)

The supervisor has no intrinsic motivation to misreport information, in particular
the signal τ is also irrelevant for her payoff. Under collusive supervision we face
a nested information structure: the agent observes both θ and τ , the supervisor
observes only τ and any outsider (including the mechanism designer) observes
neither θ nor τ .17

16This specification allows for a fully informative signal, where pii = 1 for all i. It also allows for signals
that partition the type space, as in Celik (2009).

17The agent has private information vis-à-vis the supervisor, and both the supervisor and the agent
have private information vis-à-vis the mechanism designer.
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Mechanisms: The mechanism designer devises an arbitrary grand mechanism (as
opposed to the side mechanisms introduced next), which is an extensive form game.
Formally, a grand mechanism Γ = (ΣA,ΣS , g) consists of strategy sets ΣA,ΣS for the
agent and the supervisor, and an outcome function g : ΣA×ΣS −→ X ×R×R, specifying
an outcome consisting of the selected alternative and payments to the players. We allow
the mechanism to be a Bayesian game, but to keep the section readable we avoid a formal
description of mechanisms as Bayesian games.18 As soon as we bring these mechanisms
to life in the next sections, we will always use explicit mechanisms. We say a mechanisms
Γ implements SCF (x, t) if it exhibits an equilibrium such that the resulting equilibrium
allocation coincides with (x, t).

Collusion: We assume that agent and supervisor can coordinate their play of the grand
mechanism. They can devise a side mechanism committing them to strategy choices in
the grand mechanism and to exchange side payments. We follow Laffont and Martimort
(1997) in assuming that a disinterested third party proposes a collusive side mechanism
Γc.19

Players have two sources of private information at the collusion stage: exogenous and
endogenous private information. The agent knows his type θ, which is not known to
the supervisor and represents exogenous private information. The supervisor does not
have any exogenous private information. The signal τ is known also to the agent and
thus common knowledge at the collusion stage. Now recall that grand mechanisms are
Bayesian games. Let TA (resp. TS) denote the type space induced for the agent (resp.
the supervisor) by the grand mechanism, e.g. via the sending of message to him (resp.
her). These type spaces represent their endogenous private information. We assume that
this information is not verifiable at the side-contracting stage. A direct side mechanism
Γc =

(
Θ×TA, TS , σ

)
asks each player to report their private information, and the outcome

function σ : Θ×TA×TS → ∆(ΣA×ΣS)×R×R selects a vector of strategies to be played
in the grand mechanism (potentially at random) as well as monetary side payments.
Invoking a revelation principle, we can without loss of generality focus on direct side

18Nothing in the previous literature rules out this possibility. The mechanism designer himself is part
of the mechanism. Devise a game where the designer moves first, agent and supervisor thereafter. In
addition, have the players imperfectly and asymmetrically observe the designers initial move. With the
usual assumptions on commitment, the designer commits to his initial move thus creating a Bayesian
game.

19This modeling avoids signaling issues when the informed party proposes a side mechanism, as
discussed in Laffont and Martimort (1997). In particular, our modeling gives collusion its best chance.
Restricting to specific bargaining procedures would leave open the question as to whether our results
depend on our specific modeling of collusive side bargaining.
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mechanisms in which both the agent and the supervisor reveal their private information
truthfully.

We assume that the third party itself does not possess any money. Formally, we
require the side mechanism to be ex-ante budget balanced:

∑
θ

ETA×TS
bA(θ, ta, ts) + bS(θ, ta, ts) ≤ 0,

where bA, bS denote the side payments to agent and supervisor, respectively. With the
weak notion of ex-ante budget-balancedness (as opposed to ex-post) we give collusion its
best chance.20 Furthermore, the side mechanism has to give each player a utility level at
least as high as from playing the grand mechanism non-cooperatively. The reservation
utility is thus determined by the non-cooperative equilibrium of the grand mechanism we
seek to implement.21 To summarize, we focus on direct mechanisms that are incentive
compatible, individually rational and ex-ante budget–balanced.

We assume also that the side mechanism is enforceable. It commits players to strategy
choices and to their respective side payments. Once again, enforceability gives collusion
its best chance. It is a shortcut to capture in a static context the reputations of the third
party, the agent and the supervisor which guarantee that the self-enforceability of these
contracts would emerge in a repeated relationship. A crucial assumption for our results
to hold is that the side mechanism cannot condition on the realized payments (resp.
utility levels) in the grand mechanism. In other words, we assume that all side payments
are made before reporting to the grand mechanism, hence they cannot condition on the
resulting allocation.22

Timing: To conclude this section, we summarize the timing.

0. The mechanism designer selects a grand mechanism.

1. Nature draws (θ, τ) and informs the agent about θ, and both the supervisor and
the agent about τ . If applicable, nature further draws the respective types in the
grand mechanism and confidentially reveals them to the respective player.

20Though in many environments the two notions are equivalent, see Börgers and Norman (2009) for a
discussion.

21Our focus does not lie on unique implementation. We seek to find an equilibrium that collusion
cannot break. For most cases we cannot rule out equilibrium multiplicity for the grand mechanism. In
particular, there may be other equilibria involving collusion on the equilibrium path.

22Mezzetti (2004) shows that efficiency is implementable in a setting with interdependent values
when the mechanism can condition on ex-post utilities. His result, applied to our setting, would render
side-bargaining efficient and lead to collusion breaking the non-cooperative equilibrium.
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2. A third party offers side contract Γc, and players simultaneously decide whether to
participate. If at least one player rejects, we move directly to stage 4, otherwise to
stage 3.

3. Players submit their reports to the side mechanism, determining a joint report and
the exchange of side payments.

4. Both the agent and the supervisor select their strategies in the grand mechanism
(in case of an effective side-contract the strategies determined therein), and the
allocation is determined.

1.4 Analysis

1.4.1 Benchmark Cases

We begin our analysis with the discussion of two benchmark cases: direct supervision
and non-collusive supervision.

Direct supervision: Under direct supervision, the signal τ is publicly observable. A
mechanism can directly condition on the realized τ .23 The following lemma characterizes
the set of implementable social choice functions.

Lemma 1.1. A social choice function (x, t) is implementable under direct supervision if
and only if

u(x(θ, τ), θ) + t(θ, τ) ≥ u(x(θ′, τ), θ) + t(θ′, τ) ∀θ, θ′ ∈ Θ(τ) ∀τ ∈ T , (1.4)

where Θ(τ) := {θ ∈ Θ|Pr(θ, τ) > 0}.24

Note the special case of a fully revealing signal, where T = {τ1, . . . , τn} and πii = 1 for
all 1 ≤ i ≤ n. In this case, Θ(τi) = {θi} for all i, and thus condition (1.4) has no bite.
Consequently any social choice function (x, t) is implementable under direct supervision
when the signal is fully revealing.

23In this case, there is no need for third-party supervision because the supervisor cannot provide
additional information. Hence, we focus on mechanisms that elicit the agent’s (residual) private information
from his knowledge of θ, but ignore the supervisor.

24A direct mechanism allows the agent to report only types that have strictly positive probability under
the realized signal, hence the set of reports for signal τ is Θ(τ).
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Non-collusive supervision: As a second benchmark, we briefly study non-collusive
supervision: the signal τ is not publicly known, but only observed by both the agent and
the supervisor. However, for this benchmark we rule out collusion. Fix an SCF (x, t)
that is implementable under direct supervision. Implementation under non-collusive
supervision exploits the fact that both the agent and the supervisor are symmetrically
informed about the signal, and that the agent has no incentives to misreport his type
provided the signal is reported truthfully.

Lemma 1.2. Any social choice function (x, t) that is implementable under direct super-
vision is also implementable under non-collusive supervision. Implementation does not
require payments to the supervisor in equilibrium.

The proof uses a “shoot the liar” mechanism, which asks agent and supervisor for
reporting the signal and penalizes both for non-conforming reports. These penalties avert
unilateral deviations from truthtelling. Once the mechanism elicits the signal, the agent’s
truthful report of θ is implied by implementability under direct supervision.

1.4.2 Breaking Collusion

We move on to study the general setting with collusion. Now the mechanism has to deter
unilateral as well as joint deviations. With respect to the former, effective deterrence
uses the fact that agent and supervisor have symmetric information on the signal τ . Any
unilateral deviation from truthful reporting yields non-conforming reports.25 Because
such reports can only occur off the equilibrium path, effective punishment is possible.

In contrast, joint deviations typically involve equilibrium reports and can neither be
unambiguously detected nor effectively penalized.26 The logic of deterrence presumes
that the respective deviations are actually feasible. If there were no feasible deviations,
the mechanism would not need to provide deterrent incentives. Our main result takes
up this very point and establishes that collusion does not restrict implementability. We
devise a mechanism that renders all joint deviations from truthful reporting infeasible
for the coalition. More precisely, we devise a mechanism that generates payoffs such
that for any given (true) signal, the agent and the supervisor cannot find a feasible side
mechanism committing them to non-truthful reporting strategies.

25It is known that there was a deviation, but not who deviated. Both players are penalized, which is
irrelevant, though, because deviations occur off the equilibrium path.

26Che and Kim (2006) point out that a direct mechanism lacks instruments to simultaneously deter all
unilateral and all group deviations. Their approach embraces group deviations by ‘selling’ the firm to
the agents. With only two agents and correlated information “the transfer rule does not give a sufficient
number of degrees of freedom to ‘sell the firm to the agents’ while preserving the original incentive design
of t.” (p. 1086)
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τa = τ s = τb τa = τ s 6= τb τa 6= τ s

t(θa, τa, τ s|τb) t(θa, τa) + t− t̂ t(θa, τa) + t −χ

w(θa, τa, τ s|τb) w + ∆ + κ w w

x(θa, τa, τ s|τb) x(θa, τa) x(θa, τa) x̄

Table 1.1: transfer, wage and decision for given report vector (θa, τa, τ s) and bonus
state τb

Proposition 1.1. Any social choice function (x, t) that is implementable under direct
supervision is also implementable under collusive supervision without net payments to the
supervisor.

In the following we describe the mechanism and sketch how it deters collusion. All
formal details and calculations are relegated to the Appendix.

For a given SCF (x, t), define ∆ > 0 as the largest gain for the agent from misreporting
both his type and the signal. Formally,

∆ := max
τ,τ ′,θ∈Θ(τ),θ′∈Θ(τ ′)

u(x(θ′, τ ′), θ) + t(θ′, τ ′)− u(x(θ, τ), θ)− t(θ, τ). (1.5)

The mechanism first draws a bonus state τb ∈ T uniformly at random and confidentially
reveals it to the supervisor. It then asks the supervisor to report a signal, and the agent
to report both a signal and a type. For a given report vector (θa, τa, τ s) and bonus state
τb, the mechanism chooses the allocation as given in Table 1.1, where κ > 0, x ∈ X and
χ > 0 sufficiently large.27 The values t, w, t̂ ∈ R are explained shortly.

The mechanism garbles the monetary payments using the bonus state τb. If the
reported signal equals the bonus state τb, the supervisor receives a bonus ∆ + κ while
the agent pays a penalty t̂. The exact size of this penalty is given in the Appendix,
see eq. (1.11) in combination with Table 1.1. The values t and w are chosen such that
the agent’s expected wage in info state (θ, τ) is t(θ, τ) and the supervisor’s expected
wage is zero. If signal reports do not coincide, penalties apply as in a “shoot the liar”
mechanism (i.e. χ is a penalty large enough to deter unilateral deviations by the agent).
Consequently, the mechanism exhibits a non-cooperative equilibrium that implements
(x, t).28 By construction, in this equilibrium the supervisor’s net wage is zero.

27The value κ > 0 ensures that there is a unique feasible side mechanism. Our result goes through
assuming κ = 0, but then there are multiple feasible side mechanisms which all lead to the same joint
payoff of the agent and the supervisor. The size of χ is given in the Appendix.

28See the proof in the Appendix for details.
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The main difficulty lies in establishing that collusion does not break this equilibrium.
We show in the Appendix that for any signal realization τ , there is a unique feasible side
mechanism which corresponds to playing the truthful equilibrium without exchanging any
side payments. The idea of this proof is as follows. We use incentive and participation
constraints to derive lower bounds on (expected) side payments to the agent and the
supervisor. For the supervisor, this bound takes into account the incentive constraints for
revealing the bonus state to the side mechanism. Adding these lower bounds, we show
that the side mechanism is ex-ante budget balanced if and only if it prescribes truthful
reporting in the grand mechanism.

To sketch the failure of side bargaining, let us consider simple bribes: suppose the
true signal is τ (recall this is common knowledge between agent and supervisor) and
consider the side mechanism that specifies a joint signal report τ ′ 6= τ and a side payment
(henceforth bribe) b from the agent to the supervisor. A bribe b < −(∆ + κ) is never
accepted by the supervisor, irrespective of the supervisor’s knowledge about the bonus
state.29 Bribes b ∈ (−(∆ + κ), 0) are only accepted by the supervisor who knows that
τb = τ ′. But the agent loses from giving in to such a bribe: he gains at most ∆ from
changing the report but pays the penalty t̂. Hence, if t̂ > ∆, such a deviation is not
profitable for the agent. Bribes b ∈ (0,∆ + κ) are accepted by all supervisors, except
for the supervisor who knows τb = τ . Again, the agent loses from giving in to such a
bribe: he gains at most ∆ but pays the penalty with probability 1/(m− 1), leading to a
loss whenever t̂ > (m− 1)∆. Finally, bribes b > ∆ + κ are accepted by the supervisor
irrespective of her knowledge of τb. But such a bribe exceeds the agent’s maximal gain
from misreporting ∆ and is thus not acceptable for the agent. We have thus established
that there is no bribe that is accepted by the agent and by at least some types of the
supervisor. Hence, these simple bribe mechanisms cannot alter truthful reporting.

The payoff structure induced by the grand mechanism resembles the payoff structure
in a lemons market, c.f. Akerlof (1970).30 There is a “lemon supervisor”, who accepts all
bribes that are not too negative, but colluding with this lemon hurts the agent. However,
any bribe that is accepted by non-lemon supervisors will also be accepted by this lemon.
If the loss from colluding with the lemon is large enough, the agent is not willing to
collude at any bribe level. Finally, there is a “cream puff supervisor”, which is the one

29Here and in the following argument we ignore bribes for which some types of the supervisor are
indifferent whether to accept it. Any probabilistic acceptance decision still leads to the desired result.

30There is one notable difference. In the classical lemons market trade is efficient for every type. Market
failure in such a market typically means that only the lowest qualities trade in equilibrium. In our grand
mechanism trade of the lemon is not efficient (the joint payoff from colluding is strictly lower than from
truthful reporting). Hence, the market failure is more severe: no trade, not even for the lowest quality, is
the unique equilibrium outcome.
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who receives a bonus for reporting the true state while the agent pays a penalty. The
agent loves colluding with the cream puff, because doing so avoids the penalty. But again,
any such agreement will be accepted by the lemon such that the agent ends up paying
the penalty anyways.

1.4.3 Perfectly Revealing Signals

We demonstrate the importance of Proposition 1.1 for the case of a perfectly revealing
signal. From Lemma 1.1 and Proposition 1.1 we infer that any social choice function
is implementable under collusive supervision and implementation does not require net
payments to the supervisor. Which social choice functions can be implemented when
the mechanism designer uses only deterministic mechanisms, i.e. the type of mechanisms
that are used in the literature?31

With a fully informative signal, we can simplify notation by considering social choice
functions (x, t)(θ). A deterministic mechanism asks the agent and the supervisor to submit
a report θr ∈ Θ and uses these reports to determine the allocation. As outlined earlier,
when reports do not coincide, the agent and the supervisor pay a large penalty which is
sufficient for deterring unilateral deviations. When reports coincide, the mechanism uses
(x, t) to determine the allocation and pays the supervisor a wage w(θ). Can we find a
wage schedule w : Θ→ R such that collusion does not break the truthtelling equilibrium?

Proposition 1.2. Suppose the signal is perfectly informative and the mechanism designer
is restricted to use deterministic grand mechanisms. Under collusive supervision, the
SCF (x, t) is implementable if and only if x is cyclically monotone, i.e. if and only if for
every sequence of length k ∈ N of types (θ1, . . . , θk) ∈ Θk with θk = θ1, we have

k−1∑
l=1

u(x(θl), θl+1)− u(x(θl), θl) ≤ 0. (1.6)

Because colluding parties have symmetric information, they choose the joint report θr

maximizing their joint payoff and use side payments to split the cake such that each
party receives at least their reservation utility (given by truthful reporting in the grand
mechanism). Hence, in any state θ, the coalition selects the report θr to maximize
u(x(θr), θ) + t(θr) + w(θr). To prevent collusion, we have to satisfy the constraint

u(x(θ), θ) + t(θ) + w(θ) ≥ u(x(θr), θ) + t(θr) + w(θr) (1.7)
31There is no gain from using stochastic mechanisms when these do not create endogenous private

information. Both the agent and the supervisor are risk-neutral with respect to money, and all randomness
on alternatives x is already encoded in the choice rule x : Θ→ X .
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for all θ, θr ∈ Θ. Writing s(θ) = w(θ) + t(θ), these conditions are the standard incentive
compatibility conditions for implementing x : Θ → X in a single agent environment.
Proposition 1.2 states the necessary and sufficient condition for implementability, which
is well known from the literature32

While a complete characterization of implementable SCFs under collusive supervision
for arbitrary signal precision and a focus on deterministic grand mechanisms is not
available, the proposition nevertheless shows that the mechanism designer is severely
limited by this “focus”. For example, Celik (2009) studies a special case of our general
setting with |Θ| = 3 and a binary signal that partitions the type space. He shows that
collusion causes an additional agency cost and it is impossible to extract the supervisor’s
signal for free. Our Proposition 1.1 shows that the designer overcomes this agency cost
with mechanisms that create endogenous asymmetric information.

1.4.4 An Example

We conclude this section with an example to illustrate our main findings. Let X =
Θ = {0, 1} and let the agent’s utility function u(x, θ) satisfy u(x, θ) = 0 if x = θ, and
u(x, θ) = 10 if x 6= θ. We are interested in implementing the social choice function
(x, t) with (x, t)(θ) = (θ, tθ). The designer seeks to match the decision with the state
(x = θ) and pay the agent the transfer tθ, for some values t0, t1 ∈ R. When only the
agent observes θ but not the mechanism designer, implementing (x, t) is impossible: the
agent is not willing to reveal the state θ truthfully.33 From now on assume collusive
supervision with a fully informative signal.

With simple mechanisms that ask the supervisor and the agent to report a signal, the
impossibility prevails. When the reports coincide on θ, the mechanism implements x = θ,
pays the agent tθ and the supervisor wθ. Any such mechanism is prone to collusion.
Recall that the agent and the supervisor collude under complete information, and thus
choose the joint report which maximizes the sum of their payoffs. To rule out collusion in
state θ = 0, it has to hold that t0 +w0 ≥ t1 +w1 + 10. By symmetry, ruling out collusion
in state θ = 1 requires t1 +w1 ≥ t0 +w0 + 10. Adding the two necessary conditions yields
0 ≥ 20, a contradiction. This confirms the result in Proposition 1.2, because the decison
rule x is not monotone (and therefore not cyclically monotone).34

32See for instance Börgers (2015, Proposition 5.2).
33From the revelation principle, if (x, t) is implementable it can be implemented with a direct and

truthful mechanism. The truthtelling constraints are 0 + t0 ≥ 10 + t1, and 0 + t1 ≥ 10 + t0. Adding up
both constraints yields 0 ≥ 20, a contradiction. Formally, the decision rule x is not monotone and thus
not implementable.

34The argument continues to be valid when we allow richer message spaces, random payments, arbitrary
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γ0 γ1

(t, w)(θ = 0) t0 +D,−D
2 t0 −D, D2

(t, w)(θ = 1) t1 −D, D2 t1 +D,−D
2

Table 1.2: transfer schedules γ0 and γ1

If the designer knew θ, the SCF (x, t) would be implementable. Hence, Proposition 1.1
establishes that (x, t) can be implemented despite collusion. The following mechanism
accomplishes this job: assume w.l.o.g. t1 ≥ t0, and define D := t1 − t0 + 10 + 1. First,
draw uniformly at random a transfer schedule from the set {γ0, γ1}, where these schedules
are given in Table 1.2. Second, reveal the draw to the supervisor but not to the agent.
Third, ask each player to report θ. If reports coincide, payments are made according
to the drawn transfer schedule γ, and the decision matching the report is implemented.
If reports do not coincide, the mechanism implements some default decision and each
player pays a large penalty, say −100. All of this is common knowledge – in particular,
the agent knows that the supervisor knows the draw, etc. To illustrate the mechanism
at work, suppose the draw results in γ0. If both report θ = 0, the decision is x = 0, the
agent’s transfer is t0 +D, and the supervisor’s wage is −D

2 .
The example once more highlights that our construction goes beyond reducing

information rents: it does not only allow us to implement a given decision rule x with
fewer rent payments to the agent (without giving rise to an information rent to the
supervisor), but it also increases the entire set of implementable decision rules by virtue
of Proposition 1.1.

1.5 Extensions

This section provides several extensions to our baseline model. First, we add participation
decisions for both the agent and the supervisor. Second, we turn to issues concerning
the practical implementation of our grand mechanisms: commitment by the mechanism
designer and randomization. Third, we study an alternative timing of collusion within
the grand mechanism. Fourth, we extend the class of utility functions for the supervisor,
allowing for limited liability and risk aversion. Fifth, we briefly analyze alternative

reporting strategies and collusion in equilibrium. A collusion-proofness principle applies, which states
any SCF that is implementable with such a mechanism is also implementable with a mechanism that has
message set = type space, and in which players report truthfully and do not collude in equilibrium. See
for exampleLaffont and Martimort (1997), Faure-Grimaud et al. (2003) and Asseyer (2018).
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assumptions on the supervisory information, such as verifiable information and hard
evidence.

1.5.1 Voluntary Participation

Our focus in this chapter is on implementation only. A next step is to add participation
decisions to the grand mechanism. We argue that our main results are robust to the
introduction of outside options and the requirement for voluntary participation in the
grand mechanism.

Let us assume the agent has a type- and signal-dependent outside options ū(θ, τ).
The supervisor’s outside option is zero.35 To account for the agent’s outside option,
we directly add the respective participation constraints to the benchmark of direct
supervision (Lemma 1.1). Adding participation constraints merely shrinks the set of
implementable SCFs (x, t). However, any SCF (x, t) that is implementable under direct
supervision with an outside option is also implementable under direct supervision. Then,
by Proposition 1.1, this SCF is implementable under collusive supervision. Recall that
our grand mechanism merely garbles the original SCF (x, t). Hence, the agent’s expected
payoff in info state (θ, τ ) is u(x(θ, τ ), θ) + t(θ, τ ) ≥ ū(θ, τ ) by assumption. Similarly, the
supervisor’s participation constraint is satisfied, because her expected wage is zero in
every state.

1.5.2 Commitment

The mechanisms we use to prove Proposition 1.1 require randomization and confidential
disclosure of the respective draw. This requires the designer’s commitment to carry out
the specified randomization. So far we did not specify the designer’s preferences over
allocations. With respect to the allocation rule x : Θ× T , we note that our mechanism
implements x irrespective of the draw of the bonus state. With respect to monetary
payments, we can slightly alter the mechanism used for proving Proposition 1.1 to
establish the following proposition.

Proposition 1.3. For any SCF (x, t) that is implementable under direct supervision,
there is a grand mechanism that implements (x, t) under collusive supervision without
paying the supervisor, such that the expected sum of monetary payments is the same
across all bonus states.

35Any strictly positive (signal-dependent) outside option for the supervisor makes the comparison of
direct and collusive supervision meaningless since the signal is costless public information under the
benchmark of direct supervision. It is unclear what constitutes an appropriate (non-collusive) benchmark
for collusive supervision with a signal-dependent outside option for the supervisor.
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We have to adjust the mechanism from the proof of Proposition 1.1 as follows. Because
signals τ have different ex-ante probabilities, each bonus state leads to different expected
payments if bonus states are equally likely. To account for these differences, we vary
the supervisor’s base wage and make it dependent on the bonus state (while keeping
bonus states equally likely). This change does not affect the incentive structure because
only wage differentials matter. The differences in base wages counter the differences in
likelihood of the supervisory signals and allow us to balance payments.

As a consequence of Proposition 1.3, the designer is indifferent between all bonus
states as long as she has quasi-linear preferences. Besides that, commitment to carry
out the randomization can be achieved by resorting to external randomization devices or
delegating this task to a third party. Finally, the designer does not benefit from concealing
the draw from the supervisor, because she risks the agent and the supervisor reach a
collusive agreement. Also, the designer does not gain from leaking this information to
the agent.

1.5.3 Timing of Collusion

We model collusion as a coordination of reporting strategies in the grand mechanism. In
doing so, we assume that collusion takes place before agent and supervisor submit their
reports, but after the supervisor has received information from the grand mechanism. In
the literature, this timing assumption is referred to as interim collusion, as opposed to
ex-ante collusion that takes place before players learn their private information.36 It is
crucial for our results that the supervisor learns the endogenous private information before
there is a chance to collude with the agent, i.e. before any possibility to communicate
with the agent. This is a reasonable assumption in many environments with supervision.
For instance, the auditor meets the company’s manager only after he was instructed on
the scheduling and the department selection to perform the actual audit.

Under voluntary participation (see Section 1.5.1), this gives rise to the following
implementation. The designer reveals the random draw (the bonus state in the mechanism
used so far) and reveals this to the supervisor before she even decides whether or not
to participate in the mechanism. To the agent, the mechanism is described as before.
Provided that the agent and the supervisor can only communicate (and thus collude)
once both agreed to participate in the grand mechanism, this implies collusion can only
take place after the supervisor learned her private information.37 Assuming a reasonable

36Ex-ante collusion is studied by Che and Kim (2009) and Mookherjee et al. (2018).
37In this sense our assumption on the timing of collusion is equivalent to the assumption of interim

collusion.
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outside option for the supervisor, we can prove the following result.

Proposition 1.4. Consider the timing where the supervisor decides whether to participate
in the grand mechanism only after learning the mechanism’s initial draw, and assume
the supervisor’s outside option is zero. For any (x, t) that is implementable under direct
supervision and every ε > 0, there is a grand mechanism that implements (x, t) and pays
the supervisor an expected wage below ε.

To make our construction work, we have to ensure that the supervisor receives a
non-negative (expected) wage for any draw of the grand mechanism. Only then the
supervisor is willing to participate irrespective of the information she receives from the
designer. Note that this is not the case in the mechanism with a random bonus state
used for proving Proposition 1.1: if the supervisor knows the true state differs from
the bonus state, her wage is strictly negative and she may thus wish to refrain from
participating. The workaround introduces a non-bonus state in which the supervisor
receives zero irrespective of her report. Together with vanishing probability of bonus
states, this yields a mechanism with vanishing wage payments to the supervisor. However,
we cannot reduce the supervisor’s expected wage to zero, but only reduce it below any
positive number.

1.5.4 Supervisor’s Preferences

The literature on collusive supervision often assumes specific preferences for the supervisor
which depart from risk neutrality.38 Any departure from risk neutrality exacerbates
the implementation problem because it makes lotteries costly and/or prohibits (large)
penalties. We show that mechanisms with endogenous private information continue
to mitigate the problem of collusion even for the two most commonly studied utility
specifications for the supervisor: limited liability and risk aversion.

38One reason is the common, but false, perception that collusion can easily be overcome in the case of
a risk neutral supervisor, as discussed for instance by Faure-Grimaud et al. (2003). This result, however,
hinges on the restrictions to (i) a binary type space and (ii) a single-crossing property of the agent’s
preferences. If we dismiss either assumption, even a risk neutral supervisor imposes severe limits on
implementability: for the case of (i) a larger type space, we refer to Celik (2009) who considers three
types, and for the case of (ii) preferences violating single crossing, see Proposition 1.2.
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1.5.4.1 Limited Liability

We first consider limited liability, where the supervisor’s utility function is given by

US(x,w, θ, τ ) =

w, w ≥ ŵ,

−∞, w < ŵ,
(1.8)

for some ŵ ≤ 0.39 With limited liability the mechanism cannot impose arbitrarily
large negative payments on the supervisor. But the grand mechanism used for proving
Proposition 1.1 did not rely on large penalties. It uses negative payments to the
supervisor to balance the bonus payments which steers the supervisor’s incentives during
side contracting. Hence, implementation per se is not affected by limited liability.

Corollary 1.1. Assume (x, t) is implementable under direct supervision. Then it is
implementable under collusive supervision with a supervisor who is subject to limited
liability.

Corollary 1.1 is silent about the required rent payment to the supervisor. The
following proposition argues that it is possible to reduce the supervisor’s rent to zero
even though she is protected by limited liability as long as ŵ < 0. When ŵ = 0, the
supervisor always obtains a strictly positive rent, but it is possible to make this rent
arbitrarily small.

Proposition 1.5. Assume (x, t) is implementable under direct supervision. If the
supervisor is subject to limited liability with ŵ < 0, there is a grand mechanism that
implements (x, t) and pays the supervisor an expected wage of zero. If ŵ = 0, then for
all ε > 0 there is a grand mechanism that implements (x, t) and pays the supervisor an
expected wage strictly below ε.

The construction of our grand mechanisms uses bonus payments to the supervisor.
The size of these bonuses is entirely determined by the agent’s preferences. To balance
expected wages to the supervisor, we add another deterministic wage scheme to the grand
mechanism, where the supervisor receives a small payment independent of her report (as
long as it does not contradict the agent’s). We show that adding such a scheme with
appropriate transfers to the agent allows us to reduce the probability of bonus payments
to the supervisor, and thus her expected wage. When ŵ = 0, the supervisor’s expected
wage goes to zero as the probability of paying the bonus converges to zero.

39As before, we rule out ŵ > 0. This case is not very different, but it requires adapting the benchmark
of direct supervision, since it is costly to hire the supervisor in the first place.
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1.5.4.2 Risk Aversion

We next consider a risk-averse supervisor. Formally, the supervisor’s utility US(x,w, θ) =
v(w) only depends on the wage (as before), but is not linear. To cover common examples
of risk-averse preferences, we only assume v(·) is strictly increasing, strictly concave, and
satisfies v(0) = 0. The latter assumption is a normalization to stay in line with the direct
supervision benchmark.

The case of risk aversion is similar to the case of limited liability with ŵ = 0. We use a
grand mechanism that pays the supervisor a bonus with vanishing probability. The bonus
payments and the private knowledge of the bonus state steer the supervisor’s incentives
during side contracting. With appropriate design of the agent’s transfer conditional on
the supervisor’s private information it is possible to design the grand mechanism such
that it is immune to collusion. By making the probability of bonuses arbitrarily small, we
overcome the supervisor’s risk aversion at arbitrarily small costs in the form of a small
ex-ante expected wage.

Proposition 1.6. Assume (x, t) is implementable under direct supervision. With a
risk-averse supervisor who participates whenever her expected utility weakly exceeds zero,
for any ε > 0 there is a grand mechanism that implements (x, t) and pays the supervisor
an expected wage below ε.

1.5.5 Supervisor’s Information

Concerning supervisory information we have made two key assumptions: (i) supervisory
information arrives before participating in the mechanism, and (ii) supervisory information
is soft, i.e. parties can claim any signal irrespective of the truth. These assumptions
give collusion its best chance. The literature on collusive supervision also uses different
assumptions which we briefly discuss here.

Timing of information. In many applications, the signal is observed only after
entering a contract/mechanism. For instance, auditors are first hired (i.e. endowed with
a contract) and then sent to gather information. Formally, this amounts to receiving
the signal only after deciding whether to participate in the grand mechanism. The
pure implementation problem is the same as the one studied in this chapter. When it
comes to participation, the later arrival of information actually facilitates collusion-proof
implementation as the supervisor’s expected wage can be set to zero conditional on every
bonus state.

Partially verifiable information. Our model assumes the signal is soft information:
only cheap talk announcements regarding the signal are possible. In many realistic
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scenarios there is some verifiability, for instance an auditor can present detailed accounts
and verifiable documents. As in Green and Laffont (1986), we can model (partial)
verifiability by assuming that possible messages after signal realization τ are a subset
E(τ) ⊆ T .40 Effectively there are fewer deviations to consider, and thus implementation
becomes simpler to achieve.

Hard information. Many studies on collusive supervision assume evidence is hard.
Formally, the signal either conveys the agent’s true type θ or there is no evidence at
all, i.e. the signal is ∅.41 Parties can reveal the evidence or claim not having received
any, but it is impossible to fabricate false evidence. We can capture such an evidence
structure as follows: let T = {τ1, . . . , τn, ∅} and assume πij = 0 for all i 6= j, as well as
πii ∈ [0, 1] and thus πi∅ = 1− πii ∈ [0, 1]. Hence, receiving signal τi is evidence for type
θi. In addition, the message set after having received signal τi is given by M(τi) = {τi, ∅},
while M(∅) = {∅}, as in the previous paragraph on partially verifiable information.
Consequently, hard evidence is subcase of partially verifiable information with a specific
signal structure, and all our results remain valid in this case.

1.6 Conclusion

This chapter studies collusion when a supervisor is employed to extract the information
held by an agent. Mechanisms which endogenously create asymmetric information
completely mitigate collusion. Any outcome that is implementable if the supervisor’s
information is public is also implementable under collusive supervision. Moreover, the
supervisor does not receive an information rent. Our results help filling a gap in the
literature on collusion–proof implementation. With correlated information and only two
agents previous literature concluded that collusion is costly.

We show our results in a model of collusive supervision. This entails two key
assumptions: (i) the supervisor has no private information vis-à-vis the agent, and (ii) the
supervisor has no stake in the project, i.e. she only cares for her monetary payments. In
a general setting of mechanism design with correlated private information and collusion,
these assumptions are restrictive. Relaxing them is thus a logical next step. Intuitively, a
solution requires the grand mechanism to send private messages to each agent (not only
the supervisor as in our model). The collusive side mechanism now asks each player for
two pieces of information: the exogenous and the endogenous information. Proving that

40Because non-conforming reports are penalized, there is no loss in assuming both players have the
same evidence set.

41See for instance Kofman and Lawarrée (1996b), Kessler (2004), as well as Burlando and Motta (2015).
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the only feasible side mechanism corresponds to the non-collusive equilibrium becomes
harder due to the complexity of the message spaces.

1.7 Appendix: Proofs

Proof of Lemma 1.1. Follows directly from invoking the revelation principle. Note that
the SCF may specify any values x(θ, τ ), t(θ, τ) for θ /∈ Θ(τ) as these events do not occur
and therefore are irrelevant.

Proof of Lemma 1.2. Consider a social choice function (x, t) which is implementable
under direct supervision. Let w̃ < 0, x̃ ∈ X , and t̃ < minθ,τ u(x(θ, τ ), θ)+t(θ, τ )−u(x̃, θ).
Define a deterministic contract γ = (x, t, w) by

(x, t, w)(θ, τ, τ ′) =

(x(θ, τ), t(θ, τ), 0), if τ = τ ′, θ ∈ Θ(τ),

(x̃, t̃, w̃), else.

The deterministic contract γ implements the SCF (x, t) if it exhibits an equilibrium
where both the agent and the supervisor report their information truthfully. Conditional
on the agent reporting truthfully, the supervisor prefers to do so as well since w̃ < 0. By
the definition of t̃ the agent does not want to unilaterally deviate to a non-conforming
signal-report. Implementability of (x, t) under direct supervision further implies the
agent has no incentive to report any θ′ ∈ Θ(τ) different from his true type θ. Lastly,
sending report θ′ /∈ Θ(τ) while reporting τ truthfully, is not optimal by the definition
of t̃.

Proof of Proposition 1.1. Fix a SCF (x, t) to be implemented, and let

∆ := max
1≤i,l≤n

1≤j,k≤m

u(x(θl, τk), θi) + t(θl, τk)− u(x(θi, τj), θi)− t(θi, τj) (1.9)

denote the maximal gain for the agent from misrepresenting both the type and the signal.
Fix values ŵ, t̄ ∈ R, and κ, χ > 0. For each j ∈ {1, . . . ,m} define payments

wj(θ, τa, τ s) =

ŵ + ∆ + κ, τa = τ s = τj ,

ŵ, else,
(1.10)
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and

tj(θ, τa, τ s) =


t(θ, τj) + t̄−m(∆ + κ) + κ

2 , τa = τ s = τj ,

t(θ, τk) + t̄, τa = τ s = τk 6= τj ,

−χ, else.

(1.11)

Further let xj(θ, τa, τ s) = xj(θ, τ) whenever τa = τ s = τ , and xj(θ, τa, τ s) = x̄ ∈ X
otherwise. Assume

min
1≤i≤n,1≤j≤m

{
u(x(θi, τj), θi) + t(θi, τd)− u(x̄, θi) + χ

}
≥ κ > 0, (1.12)

which is the case as long as χ is sufficiently large. Finally set

ŵ = −∆ + κ

m
, t̄ = ∆ + κ− κ

2m.

Consider the following random mechanism:

1. Select uniformly at random a scheme (x, t, w) from the set {(xj , tj , wj)}1≤j≤m,

2. Privately inform the supervisor about the selection,

3. Ask both the agent to report θ and τ , and the supervisor to report τ .

4. Use the reports and the selected scheme to determine the allocation.

In the following steps we show that (a) the described mechanisms exhibits a non-
cooperative equilibrium where both agent and supervisor report truthfully, (b) the latter
equilibrium implements SCF (x, t) and the supervisor’s wage is zero, and (c) collusion
does not break the described equilibrium.

Step (a): there is a non-cooperative equilibrium where both agent and supervisor
report their information truthfully. First, suppose the agent reports both the signal and his
type truthfully. If the true signal is τd and scheme k 6= d realized, the supervisor receives
wage ŵ irrespective of her report (because the agent reports τd by assumption) and has
thus no incentive to lie. If the scheme d realized, the supervisor strictly prefers reporting
τd truthfully, because she receives a bonus. Now consider the agent. Misreporting the
signal (potentially together with a misreport on θ) results in alternative x̄ and transfer
−χ. Following our assumptions, in particular (1.12), the agent does not benefit from
such a lie. If both agent and supervisor report the signal τ truthfully, the agent does
not gain from lying about his type. This follows from incentive compatibility of the SCF
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(x, t) and the fact that the average transfer across schemes adds up to t(θ, τ ) for all θ, τ :

m∑
j=1

ti(θ, τ, τ) = 1
m

(
t(θ, τ) + t̄−m(∆ + κ) + κ

m

)
+ m− 1

m

(
t(θ, τ) + t̄

)
= t(θ, τ).

Step (b): the equilibirium described in step (a) implements (x, t) and pays the
supervisor an expected wage of zero. In the equilibrium described above, the implemented
alternative for all (θ, τ) is x(θ, τ). Also, as shown above, the agent’s (expected) transfer
is t(θ, τ). Finally, the supervisor’s expected wage in state (θ, τ) is

n∑
j=1

wj(θ, τ, τ) = 1
m

(ŵ + ∆ + κ) + m− 1
m

ŵ = 0,

by the definition of ŵ.

Step (c): collusion does not break the equilibrium described in step (a). To show this,
fix a signal realization τd ∈ T . The signal τd is common knowledge between the agent
and the supervior and thus side mechanisms can condition on τd. A side mechanism asks
the agent to report his type and the supervisor to report the selected scheme. Based
on the reports it randomly selects a report vector (θa, τa, τ s) in the grand mechanism
and (potentially negative) bribe payments to the agent and the supervisor. Formally,
a side mechanism Γ = (p,ba,bs) consists of a set of probability vectors p = (plkij ) as
well as bribe vectors ba = (baij) and bs = (bsij). Here, plkij denotes the probability that
the side mechanism demands type report θl and (conforming) signal report τk when the
agent reported θi and the supervisor reported scheme j. With probability p∅ij the side
mechanism demands some non-conforming report, where it is irrelevant which exact signal
reports are sent due to the definition of the mechanism. Furthermore, the agent receives
the bribe baij and the supervisor receives the bribe bsij . Without loss of generality we can
focus on side mechanisms in which both the agent and the supervisor report truthfully.
Before we proceed, let us introduce some short-hand notation. For 1 ≤ j, k ≤ m define

pkj =
n∑
i=1

n∑
l=1

πdi p
lk
ij , (1.13)

the probability that the side mechanism triggers conforming signal report τk when the
supervisor reports scheme j and the agent reports his type truthfully. Recall πdi = Pr(θi|τd)
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is the conditional probability of type θi when the signal is τd. Similarly, let

p∅j =
n∑
i=1

πdi p
∅
ij , (1.14)

the probability that the side mechanism triggers a non-conforming signal-report when
the supervisor reports scheme j and the agent reports his type truthfully. Further, define

bai =
m∑
j=1

1
m
baij , bsj =

n∑
i=1

πdi b
s
ij (1.15)

the respective expected bribe payments, and let Ba = ∑
i π

d
i b
a
i , B

s = ∑
j

1
mb

s
j the ex-ante

expected bribe payments. We continue with a lemma characterizing incentive compatible
side mechanisms.

Lemma A1.1. In any incentive compatible side mechanism it holds for all 1 ≤ j, k ≤ m
that

pjj + pkk ≥ pjk + pkj (1.16)

Proof of Lemma A1.1. The supervisor’s incentive constraints imply that for all j, k

bsj + ŵ + pjj(∆ + κ) ≥ bsk + ŵ + pjk(∆ + κ). (1.17)

Summing constraints for j 7→ k and k 7→ j, and using ∆ + κ > 0 yields the desired
inequality.

Next, we establish a lower bound on bribe payments received by the supervisor.

Lemma A1.2. In any incentive compatible and individually rational side mechanism it
holds that

Bs ≥ (1− pdd)(∆ + κ) + ∆ + κ

m

∑
j 6=d

(
pjd − pjj

)
. (1.18)

Proof of Lemma A1.2. The supervisor who knows scheme d is in place participates in
the side mechanism whenever bsd + ŵ + pdd(∆ + κ) ≥ ŵ + ∆ + κ, which implies

bsd ≥ (1− pdd)(∆ + κ). (1.19)

The supervisor who knows scheme j is in place does not want to pretend scheme d
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whenever bsj + ŵ + pjj(∆ + κ) ≥ bsd + ŵ + pjd(∆ + κ), which implies

bsj ≥ bsd +
(
pjd − pjj

)
(∆ + κ). (1.20)

Hence,

Bs = 1
m

m∑
j=1

bsj

≥ bsd + ∆ + κ

m

∑
j 6=d

(
pjd − pjj

)
≥ (1− pdd)(∆ + κ) + ∆ + κ

m

∑
j 6=d

(
pjd − pjj

)
.

We now establish a lower bound on the bribe payments to the agent.

Lemma A1.3. In any incentive compatible and individually rational side mechanism it
holds that

Ba ≥
m(∆ + κ)− κ

2
m

 m∑
j=1

pjj − 1

− ∆
m

m∑
j=1

∑
k 6=d

pkj + κ

m

m∑
j=1

p∅j . (1.21)

Proof of Lemma A1.3. The agent of type θi participates whenever

bai + t̄+
m∑
j=1

1
m
p∅ij
(
u(x̄, θi)− χ

)
+

m∑
j=1

n∑
l=1

m∑
k=1

1
m
plkij
[
u(x(θl, τk), θi) + t(θl, τk)

]
−

m∑
j=1

n∑
l=1

pljij
m(∆ + κ)− κ

2
m

≥ u(x(θi, τd), θi) + t(θi, τd) + t̄−
m(∆ + κ)− κ

2
m

.

Hence,

Ba =
n∑
i=1

πdi b
a
i

≥
m(∆ + κ)− κ

2
m


n∑
i=1

m∑
j=1

n∑
l=1

πdi p
lj
ij − 1


+

n∑
i=1

m∑
j=1

πdi
m
p∅ij

[
u(x(θi, τd), θi) + t(θi, τd)− u(x̄, θi) + χ

]

+
n∑
i=1

m∑
j=1

n∑
l=1

m∑
k=1

πdi
m
plkij

[
u(x(θi, τd), θi) + t(θi, τd)− u(x(θl, τk), θi)− t(θl, τk)

]
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=
m(∆ + κ)− κ

2
m


m∑
j=1

pjj − 1

+ 1
m

m∑
j=1

p∅j
[
u(x(θi, τd), θi) + t(θi, τd)− u(x̄, θi) + χ

]
︸ ︷︷ ︸

≥ κ

+
n∑
i=1

m∑
j=1

n∑
l=1

πdi
m
pldij

[
u(x(θi, τd), θi) + t(θi, τd)− u(x(θl, τd), θi)− t(θl, τd)

]
︸ ︷︷ ︸

≥ 0

+
n∑
i=1

m∑
j=1

n∑
l=1

∑
k 6=d

πdi
m
plkij

[
u(x(θi, τd), θi) + t(θi, τd)− u(x(θl, τk), θi)− t(θl, τk)

]
︸ ︷︷ ︸

≥ −∆

≥
m(∆ + κ)− κ

2
m


m∑
j=1

pjj − 1

+ κ

m

m∑
j=1

p∅j −
∆
m

m∑
j=1

∑
k 6=d

pkj .

Combining (1.18) and (1.21), a side mechanism that is incentive compatible and
individually rational requires total expected budget B of at least

B ≥ (1− pdd)(∆ + κ) + ∆ + κ

m

∑
j 6=d

(
pjd − pjj

)

+
m(∆ + κ)− κ

2
m

 m∑
j=1

pjj − 1

− ∆
m

m∑
j=1

∑
k 6=d

pkj + κ

m

m∑
j=1

p∅j

= κ

2m
(
1− pdd

)
+ ∆
m

∑
j 6=d

∑
k 6=j,d

[
pjj + pkk − pkj − pjk

]

+ κ

2m(2m− 3)
∑
j 6=d

pjj + κ

m

∑
j 6=d

pjd + κ

m

m∑
j=1

p∅j .

Because κ,∆ > 0, m ≥ 2 and all p’s are probabilities we have that all terms in the above
expression are non-negative. To guarantee a balanced budget the side mechanism has to
satisfy (i) pdd = 1, (ii) pjj + pkk = pkj + pjk for all j, k 6= d, (iii) pjj = pjd = 0 for all j 6= d,
and (iv) p∅j = 0 for all j = 1, . . .m. Properties (ii) – (iv) imply that pdj = 1 for all j 6= d.
Together with (i) this yields that there is a unique side mechanisms that is incentive
compatible, individually rational and budget-balanced: the side mechanism prescribing a
truthful report of the signal τd without exchanging side payments.

In steps (a) to (c) we have thus shown that the described mechanisms implements
(x, t), while paying the supervisor an expected wage of zero.

Proof of Proposition 1.2. We first show that when x(·) is cyclically monotone the social
choice function (x, t) is implementable. From Börgers (2015, Proposition 5.2) we know
that if x is cyclically monotone, there is a function s : Θ→ R such that u(x(θ), θ)+s(θ) ≥
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u(x(θ′), θ) + s(θ′) for all θ, θ′. Setting w(θ) = s(θ) − t(θ), this implies that condition
(1.7) is satisfied as well.

For the reverse, assume (x, t) is implementable under collusive supervision. Without
loss of generality we can focus on direct mechanisms where both agent and supervisor
report truthfully.42 Let (θ1, θ2, . . . , θk) be some sequence with θ1 = θk. By assumption,
in state θl+1 the coalition prefers a truthful report over reporting θl. That is,

u(x(θl+1), θl+1) + t(θl+1) + w(θl+1) ≥ u(x(θl), θl+1) + t(θl) + w(θl)

⇔ t(θl+1) + w(θl+1)− t(θl)− w(θl) ≥ u(x(θl), θl+1)− u(x(θl+1), θl+1).

Summing these inequalities from l = 1, . . . k − 1 yields

k−1∑
l=1

u(x(θl), θl+1)− u(x(θl+1), θl+1) ≤ 0.

A reformulation of this inequality as in Börgers (2015, Proposition 5.2) yields cyclical
monotonicity of x.

Proof of Proposition 1.3. Devise a mechanism similar to the one used for proving Propo-
sition 1.1. For each j = 1, . . . ,m define the same payments, except that we replace w
in the definition of supervisor’s wage by wj . Hence, the supervisor receives a different
base wage for each resulting draw of the bonus state, but the incentive structure remains
unaffected. Consequently, Lemma A1.1 applies and we obtain the same lower bound on
the supervisor’s expected side payment Bs. Because the agent’s transfer and allocation
are unchanged, the lower bound on the agent’s side payment Ba (and thus its expected
value) is not affected. Hence, there is a unique feasible side mechanism, and this side
mechanism prescribes truthful reporting in the grand mechanisms without any side
payments.

In this new grand mechanism, for any bonus state τb the expected total monetary
payment is

n∑
i=1

m∑
j=1

pij
(
t(θi, τj) + t+ wb

)
+

n∑
i=1

pib
(
∆ + κ−m(∆ + κ) + κ

2
)

= E(t(θ, τ)) + t+ wb +
n∑
i=1

pib
(
∆ + κ−m(∆ + κ) + κ

2
)
.

42See the Appendix of Faure-Grimaud et al. (2003). Their proof for a supervisor with a CARA utility
function and an agent whose preferences are linear in his type and the alternative directly carries over to
our setting if only deterministic direct contracts are used.
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Recall t = ∆ + κ− κ
2m . Setting

wb = −
n∑
i=1

pib
(
∆ + κ−m(∆ + κ) + κ

2
)
− t

yields the desired result. Note that this mechanism still pays the supervisor an expected
wage of zero. The alteration of the base wage wb accounts for the differences in ex-
ante likelihood of particular signal realizations. The mechanism compensates a higher
probability of the signal τb with a higher base wage wb, because the of the agent’s large
penalty.

Proof of Proposition 1.4. Fix (x, t) and ε > 0. Let ∆ > 0 be defined as in the proof of
Proposition 1.1.

We define a class of mechanisms that allows us to prove Proposition 1.4, as well as
Proposition 1.5 and Proposition 1.6. Fix values δ ∈ (0, 1), w0 ≥ 0 and κ > 0. Further let
x̃ ∈ X , and

y > max
{
m
δ − 1,m+ κ

∆

}
, (1.22)

χ > u(x̃, θi)− u(x(θi, τj), θi)− t(θi, τj), ∀1 ≤ i ≤ n, 1 ≤ j ≤ m. (1.23)

For 1 ≤ l ≤ m and any report profile (θa, τa, τ s) define

xl(θa, τa, τ s) =

x(θa, τa), τa = τ s, θa ∈ Θ(τa),

x̃, otherwise,
(1.24)

and

tl(θa, τa, τ s) =


t(θa, τa)− y∆, τa = τ s = τl, θ

a ∈ Θ(τl),

t(θa, τa) τa = τ s 6= τl, θ
a ∈ Θ(τa),

−χ, otherwise,

(1.25)

as well as

wl(θa, τa, τ s) =

∆ + κ, τa = τ s = τl,

0, otherwise.
(1.26)

In addition, define

x0(θa, τa, τ s) =

x(θa, τa), τa = τ s, θa ∈ Θ(τa),

x̃, otherwise,
(1.27)
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and

t0(θa, τa, τ s) =

t(θa, τa) + δ
1−δ

y∆
m , τa = τ s, θa ∈ Θ(τa),

−χ, otherwise,
(1.28)

as well as
w0(θa, τa, τ s) = −w0. (1.29)

Consider the random mechanism that first selects an allocation rule at random from the
set

{
(xl, tl, wl)

}
0≤l≤m according to the distribution q = (q0, q1, . . . , qm) with q0 = 1− δ,

and qi = δ/m for 1 ≤ i ≤ m. In a second step the mechanism confidentially reveals this
draw to the supervisor. Then it asks the agent and the supervisor to send reports on the
type and the signal.

We show the following useful results.

Proposition A1.1. Assume (x, t) is implementable under direct supervision. For any
δ ∈ (0, 1), κ > 0 and w0 ≥ 0 the mechanism defined above implements (x, t) under
collusive supervision.

Proof of Proposition A1.1. As in the proof of Proposition 1.1, it is straightforward to
verify that the mechanism features a non-cooperative equilibrium in which both the agent
and the supervisor report truthfully. In any state (θ, τ ) the mechanism selects alternative
x(θ, τ) and pays the agent an expected transfer t(θ, τ), hence it implements (x, t).

It remains to be shown that collusion does not break this non-cooperative equilibrium.
We follow the strategy that we used in proving Proposition 1.1 in showing that there is
no feasible side mechanism other than non-cooperative play. Recall, a side mechanism
(w.l.o.g. direct) consists of a collection of probabilities pklij , where i ∈ {1, . . . , n} is the
agent’s report to the side mechanism, j ∈ {0, 1, . . . ,m} is the supervisor’s report to
the side mechanism, and (θk, τl, τl) is the collective report to the grand mechanism.
Furthermore, there are probabilities p∅ij for sending non-conforming signal reports (all
non-conforming reports lead to the same outcome, hence we do not distinguish these any
further). The side mechanism specifies payments (baij , bsij), where baij (and bsij , respectively)
is the payment the agent (supervisor) receives after type report θi by the agent and a
the report j by the supervisor. We invoke a revelation principle on the collusion stage,
and focus w.l.o.g. on direct side mechanisms in which both the agent and the supervisor
report truthfully. The agent’s (resp. supervisor’s) expected side payments bai (resp. bsj)
are defined as before. Similarly, we have pjl = ∑n

i=1
∑n
k=1 π

d
i p
ij
kl and pj∅ = ∑n

i=1 π
d
i p
ij
∅ .

Now, fix a true signal τd ∈ T . As before, we derive lower bounds on the expected
side payments to the agent and the super. We begin with the supervisor.
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Lemma A1.4. In any incentive compatible and individually rational side mechanism
we have that

Bs =
m∑
j=1

δ

m
bSj + (1− δ)bS0 ≥

(
1− pdd

)
(∆ + κ) + δ

m
(∆ + κ)

∑
j 6=d

(
p0
j − pjj

)
. (1.30)

Proof of Lemma A1.4. Suppose the side mechanims is incentive compatible. The su-
pervisor of type j = 1, . . . ,m prefers reporting truthfully whenever pjj(∆ + κ) + bsj ≥
pkj (∆ + κ) + bsk for all 0 ≤ k ≤ m. Pairwise comparison of these inequalities for j, k 6= 0
yields

pjj + pkk ≥ pkj + pjk. (1.31)

The supervisor of type 0 prefers reporting truthfully whenever bs0 ≥ bsj for all 1 ≤ j ≤ m.
Adding the incentive constraints of type j and 0 yields

pjj ≥ p0
j , (1.32)

for all j = 1, . . . ,m. The supervisor of type d (i.e. who know her wage comes from wd)
participates in the side mechanism whenever pdd(∆ + κ) + bsd ≥ ∆ + κ, or equivalently
whenever bsd ≥ (1− pdd)(∆ + κ). Together with the respective incentive constraints, this
further implies bsj ≥ bs0 + (p0

j − pjj)(∆ + κ) ≥ bsd + (p0
j − pjj)(∆ + κ). Summing the

derived lower bounds on bsj yields (1.30).

Next consider the agent. Using only participation constraints, we obtain the following
lemma.

Lemma A1.5. In any incentive compatible mechanism we have that

Ba ≥ δ
∆y
m

m∑
j=1

(pjj − p0
j ) +

 δ

m

m∑
j=1

pj∅ + (1− δ)p0
∅

 ∆̄ (1.33)

−∆

1− p0
d + δ

m− 1
m

∑
j 6=d

(
pjj − p0

j

)
− δ

m
(pdd − p0

d)−
(

1− δ

m

)
p0
∅ −

δ

n
pd∅

 .
Proof of Lemma A1.5. For an agent of type θi to participate in the side mechanism, the
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following constraint has to be satisfied:

bai +
m∑
j=1

δ

m

(
n∑
k=1

m∑
l=1

pijkl

[
u(xj(θk, τl, τl), θi) + tj(θk, τl, τl)

])

+(1− δ)
n∑
k=1

m∑
l=1

pi0kl

[
u(x0(θk, τl, τl), θi) + t0(θk, τl, τl)

]

+

 δ

m

m∑
j=1

pij∅ + (1− δ)pi0∅

 (u(x̃, θi)− χ)

≥ u(x(θi, τd), θi) + t(θi, τd).

After rearranging we get

bai ≥
m∑
j=1

δ

m

n∑
k=1

m∑
l=1

pijkl

[
u(x(θi, τd), θi) + t(θi, τd)− u(xj(θk, τl, τl), θi)− tj(θk, τl, τl)

]

+(1− δ)
n∑
k=1

m∑
l=1

pi0kl

[
u(x(θi, τd), θi) + t(θi, τd)− u(x0(θk, τl, τl), θi)− t0(θk, τl, τl)

]

+

 δ

m

m∑
j=1

pij∅ + (1− δ)pi0∅

[u(x(θi, τd), θi) + t(θi, τd)− u(x̃, θi) + χ
]

≥ − δ

m

m∑
j=1

 n∑
k=1

∑
l 6=d

pijkl∆−
n∑
k=1

pijkjy∆

− (1− δ)

 n∑
k=1

∑
l 6=d

pi0kl∆ + δ

1− δ
y∆
m


+

 δ

m

m∑
j=1

pij∅ + (1− δ)pi0∅

 ∆̄

= −δ∆
m

m∑
j=1

n∑
k=1

∑
l 6=d

pijkl − (1− δ)∆
n∑
k=1

∑
l 6=d

pi0kl + δ
y∆
m

m∑
j=1

n∑
k=1

(
pijkj − p

i0
kj

)

+

 δ

m

m∑
j=1

pij∅ + (1− δ)pi0∅

 ∆̄,

where the second inequality uses

(i) u(x(θi, τd), θi) + t(θi, τd) ≥ max{u(x(θk, τd), θi) + t(θk, τd), u(x̃, θi) − χ} for all
θk ∈ Θ(τd), by incentive compatibility of (x, t) and the definitions of x̃ and χ,

(ii) u(x(θi, τd), θi) + t(θi, τd) −max{u(x(θk, τl), θi) + t(θk, τl), u(x̃, θi) − χ} ≥ −∆ for
all τl and θk ∈ Θ(τl) by the definitions of ∆, κ and x̃,

(iii) ∆̄ := mini,d ∆̄(θi, τd) = mini,d χ+ u(x(θi, τd), θi) + t(θi, τd)− u(x̃, θi) > 0 by (1.23).
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Summing the lower bounds for agent’s payment in the side mechanism yields

Ba ≥ − δ∆
m

m∑
j=1

∑
l 6=d

pjl − (1− δ)∆
∑
l 6=d

p0
l + δ

∆y
m

m∑
j=1

(pjj − p0
j )

+

 δ

m

m∑
j=1

pj∅ + (1− δ)p0
∅

 ∆̄

= δ
∆y
m

m∑
j=1

(pjj − p0
j ) +

 δ

m

m∑
j=1

pj∅ + (1− δ)p0
∅

 ∆̄

−∆

 δ

m

∑
l 6=d

pdl + δ

m

∑
j>l 6=d

(pjl + plj) + δ

m

∑
j 6=d

pjj + (1− δ)
∑
l 6=d

p0
l


(1.31)
≥ δ

∆y
m

m∑
j=1

(pjj − p0
j ) +

 δ

m

m∑
j=1

pj∅ + (1− δ)p0
∅

 ∆̄

−∆

 δ

m

∑
l 6=d

pdl + δ
m− 1
m

∑
j 6=d

pjj + (1− δ)
∑
l 6=d

p0
l


= δ

∆y
m

m∑
j=1

(pjj − p0
j ) +

 δ

m

m∑
j=1

pj∅ + (1− δ)p0
∅

 ∆̄

−∆

 δ

m
(1− pdd − pd∅) + δ

m− 1
m

∑
j 6=d

(
pjj − p0

j

)
+
(

1− δ

m

)
(1− p0

d − p0
∅)


= δ

∆y
m

m∑
j=1

(pjj − p0
j ) +

 δ

m

m∑
j=1

pj∅ + (1− δ)p0
∅

 ∆̄

−∆

1− p0
d + δ

m− 1
m

∑
j 6=d

(
pjj − p0

j

)
− δ

m
(pdd − p0

d)−
(

1− δ

m

)
p0
∅ −

δ

n
pd∅

 .
Using (1.30) and (1.33) we can derive a lower bound on the side mechanism’s budget.

We have that

Bs +Ba ≥
(
1− pdd

)
κ+ ∆

(
δ
my + δ

m − 1
)(

pdd − p0
d

)
+ δ

m

∑
j 6=d

(
y∆−m∆− κ

)(
pjj − p0

j

)
+ δ

m∆̄
∑
i 6=d

pi∅ + δ
m

(
+ ∆̄ + ∆

)
pd∅ + [(1− δ)∆̄ + (1− δ

m)∆]p0
∅.

Following (1.32), and assumptions (1.22) and (1.23), all terms on the right-hand side
are non-negative. Hence, a side mechanism is incentive compatible, individually rational
and ex-ante balanced budget only if the right-hand side equals zero. The latter requires
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pdd = 1, as well as 0 = pjj − p0
j and pj∅ = 0 for all 1 ≤ j ≤ m. Using pdd = 1 and

pdd − p0
d = 0 we get p0

d = 1. Then p0
j = 0 for all j 6= d and thus also pjj = 0 for all j 6= d.

Using (1.31) we further get 0 ≤ pkj + pjk ≤ pjj + pkk = 0 for all j, k 6= d, and thus pjk = 0
for all j, k 6= d. Since 1 = ∑m

k=1 pjk + pj∅ for all j = 0, 1, . . . ,m, we thus have pjd = 1 for
all j = 0, 1, . . . ,m.

We have thus shown that in the only incentive-compatible, individually rational,
and ex-ante balanced budget side mechanism both the agent and the supervisor report
truthfully in the grand mechanism. The grand mechanism implements (x, t) under
collusive supervision.

We are now in a position to prove Proposition 1.4. Let w0 = 0. Then all wages to
the supervisor in the grand mechanism described in Proposition A1.1 are non-negative.
Consequently, the supervisor participates even after observing the grand mechanism’s
initial draw with an outside option of zero. The supervisor’s expected wage payment is

(1− δ)(−w0) +
m∑
l=1

δ

m

(
n∑
i=1

πil
(
∆ + κ

))
=
(
∆ + κ

) δ
m

With 0 < δ < mε
∆+κ the expected wage payment to the supervisor in this grand mechanism

is lower than ε.

Proof of Proposition 1.5. When ŵ = 0 we can use the mechanism used to prove Proposi-
tion 1.4. When ŵ < 0, set w0 = −ŵ and choose δ such that

(1− δ)(ŵ) +
m∑
l=1

δ

m

(
n∑
i=1

πil
(
∆ + κ

))
= 0,

i.e. set δ = −mŵ
∆+κ−mŵ ∈ (0, 1).

Proof of Proposition 1.6. The proof uses the same construction as for proving Proposi-
tion 1.4. During the proof we have to account for the supervisor’s risk preferences, but
all steps are essentially identical. We omit the details.





Chapter 2

Alerting the Auditor:
Combating Corruption
in Accounting

There is gold for you,
Sell me your good report.

Shakespeare, Cymbeline



46 CHAPTER 2. ALERTING THE AUDITOR

2.1 Introduction

Shareholders of a firm employ managers to run the business on their behalf. A manager’s
conduct, however, is not directly observable and he may seek to siphon off some of the
firm’s cash flow. Hence, an auditor is hired to monitor the manager and to elicit his
information. But this setting is prone to corruption: the manager can bribe the auditor
to enshroud evidence or to forge reports. This chapter is concerned with the shareholders’
mission to break collusion using tools from contract and information design.

The problem of collusion is a recurring one in auditing with many prominent cases.
In 2001, the energy company Enron filed bankruptcy, with its auditor Arthur Andersen
collapsing the following year. Andersen had presumably faced a conflict of interests when
monitoring Enron’s accounting, as it had benefited from various consulting services for
its client and was later found to have applied only lax standards in its audit.1 In a
similar vein, the auditing firm Ernst & Young was accused of having aided its client CUC
International in fraudulent accounting prior to a merger with HFS. Both CUC (by then
Cendant) and Ernst & Young only avoided possible convictions in court by acquiescing
in costly extrajudicial settlements with the shareholders.2

Various potential remedies against the persistent occurrence of collusion in auditing
have been discussed. Borrowing from Becker’s (1968) work on the economics of crime, a
first step is to increase the probability of fraud detection as well as the potential penalty.
But monitoring is limited by technological and cost constraints, while penalties are
bounded by legal and ethical concerns. A more sophisticated approach involves incentive
payments to elicit evidence: by the Major Fraud Act Amendments of 1989, for instance,
individuals can be remunerated for aiding in the discovery of misreports or fraud, while
the US Internal Revenue Service (IRS) has set up an “informant reward” scheme whereby
whistle-blowers can claim a fraction of the tax revenue generated or penalty collected
following their report.3 However, such incentive payments are a double-edged sword:
in order to elicit evidence from the auditor, the reward needs to be sufficiently high
to compensate her for the foregone bribe she could have obtained by concealing the
evidence. Effectively, shareholders need to “outbid” the manager, trumping the bribe
offer by providing an even higher reward offer. This makes incentive payments a costly
endeavor of limited practicability.

1See Chaney and Philipich (2002) as well as Healy and Palepu (2003) for a timeline and detailed
description.

2Lee (2001) describes the case in detail.
3See 18 U.S. Code §1031(g)(1) (2012) as well as the IRS’s Internal Revenue Bulletin of April 16, 2012

on “Rewards and Awards for Information Relating to Violations of Internal Revenue Laws” (T.D. 9580).
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This chapter proposes a new solution to the problem, pairing incentive provision with
information provision. In their collusive bargaining, manager and auditor haggle over
bribes. This “trade” – a bribe paid in exchange for a forged report – is less efficient in
the presence of asymmetric information. The shareholders should thus seek to sunder the
colluding parties by introducing such asymmetries. We show that endogenously generated
informational frictions hamper collusion and reduce the costs borne by the shareholders.

More specifically, we introduce the concept of “audit alerts”: we use random in-
spections double-checking the auditor’s report on the management and privately inform
the auditor about the timing of such inspections. The manager, not having learned
whether inspection is imminent, does not know the specific bribe required to corrupt his
partner on crime: the auditor’s willingness to collude will depend on whether detection
is imminent or not. The shareholders can target their incentive provision to the case
where no inspection occurs, saving rent payments in the case where external scrutiny is
available. The manager, on the other hand, can not distinguish between the two cases
when offering his bribe. The differences in perceived value of bribery between auditor
and manager drive a wedge between the colluding parties.4

We argue that the formal concept presented in this chapter is readily implementable
with the use of existing auditing practices. While the terminology used here may be new,
we invoke tools that are available given present standards and legislation in the context of
auditing. First, consider the aforementioned external inspections. A separation of internal
and external auditing is common practice and mandated e.g. by the Sarbanes-Oxley Act of
2002. Internal audits are the primary form of financial examination within an organization,
while external (or “statutory”) accounting firms periodically report on compliance and
check for potential fraud. Due to the proximity to a firm’s management, an internal
auditor is more prone to collusion and may forge reports or misstate evidence. Therefore,
external auditors act as a safeguard, “detecting material misstatement resulting from [...]
collusion, forgery, intentional omissions”.5 Second, our findings suggest to privately inform
the internal auditor about the imminence of external inspection, without interference of
the manager. This is achieved by exploiting separate channels of communication between
the stakeholders involved in the process of auditing, allowing differential provision of
information. Both legislation by regulators as well as codes of conduct by the industry

4The motivation to privately inform the auditor instead of the manager is both practical and theoretical:
we show in Section 2.5 that the shareholders do not benefit from an alert which is either sent to the
manager in private or which is public, and we argue below that existing auditing practices facilitate
sending it to the auditor.

5From the International Standard on Auditing 700 on “Forming an Opinion and Reporting on Financial
Statements”, revised version of June 2016.
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prescribe such independent forms of communication, e.g. between an audit committee –
overseeing the financial reporting process – and the internal auditor.6 In a similar vein,
private communication between internal and external auditor is mandated, precluding
corruptive intervention of the management.7 Hence, there is ample opportunity within a
firm to trigger “alerts” to its internal auditor without this warning being intercepted by
the manager in question. Preventing communication between management and internal
auditing, on the other hand – a task hardly viable in practice without crippling the
whole auditorial process – is not necessary: as long as the alert takes the form of soft
(rather than hard) evidence, the auditor cannot credibly pass it on to the manager,
resulting in the possibility of lying in their collusive bargaining. Such a “soft” alert can
be implemented e.g. by informing the internal auditor about the schedule of her external
counterpart without providing her with a copy of this piece of information.

Combining these two instruments – twofold auditing and private information provision
– we show how the cost of collusion prevention can be greatly diminished. We present a
model of adverse selection, where shareholders can use both internal and external auditing
to extract a firm’s cash flow from the manager. The internal auditor is corruptible due to
her close interaction with the firm’s management, while the external auditor is immune to
corruption but costly to employ.8 Shareholders can offer incentives to the internal monitor
for revealing a high cash flow, and they can choose the frequency of an external audit,
randomly verifying the internal report at a cost. However, they face limited liability
of auditors and management. With standard incentive contracts and no differential
information, hiring both forms of auditors is never optimal: either the incentives required
for the internal auditor – in order to “outbid” the manager’s bribe offer – are too high,
or the external auditor is too costly. In the absence of asymmetric information between
the colluding parties, the shareholders therefore always rely on only one of the auditing
schemes and bear considerable costs caused by the threat of collusion.9

With “audit alerts”, on the other hand, the shareholders can make more efficient use of
the auditors. They can now combine incentive provision with information provision. The
external auditor is employed with a likelihood publicly specified by the shareholders,10

6Examples include the European Parliament Resolution 2010/C 87 E/06 on the “Implementation
of Directive 2006/43/EC on Statutory Audits of Annual Accounts and Consolidated Accounts”, the
Securities and Exchange Act of 1934, Pub.L. 73–291 Sec. 10A(m)(2) and the NYSE Corporate Governance
Rule 303A.07(b)(iii)(E).

7See the position paper on “Improving Cooperation Between Internal and External Audit” by the
European Confederation of Institutes of Internal Auditing (2013).

8Jensen (2005) provides a justification of this stylized fact.
9Despite the differences between internal and external auditing, Goodwin-Stewart and Kent (2006)

show empirically that in practice the two are indeed used as substitutes to some extent.
10 In practice, such randomized audits are realized not only by stochastic inspection schedules but also
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and the internal auditor is privately informed about the realization of this random policy,
generating asymmetric information between herself and the manager. It now suffices
to reward her in those instances where her (internal) report is pivotal as no (external)
verification occurs. Incentive payments are reduced and the benefit of external audits
are increased, as they now act not only as means of control but also as a wedge driven
between the colluding parties. As we show, it becomes optimal to hire both an internal
and an external auditor simultaneously.

The chapter proceeds as follows: the existing literature is reviewed in Section 2.2,
while Section 2.3 formalizes the model sketched above. A formal analysis is presented in
Section 2.4. Section 2.6 concludes. Proofs are in the Appendix.

2.2 Related Literature

We contribute to previous work employing a contractual framework in the context of
auditing. A firm’s manager (an agent) privately observes the cash flow, which the
shareholders (resembling a principal) seek to extract. They rely on an auditor to elicit
information on this cash flow but face the possibility of collusion between manager and
auditor. Such setting pairs two strands of literature. First, there is a rich literature on
contractual approaches to accounting, tying remunerations to auditorial reports. Ng
and Stoeckenius (1979) as well as Baron and Besanko (1984) initiated this strand by
considering a disinterested auditor, work by Baiman et al. (1987) and Antle (1982) studies
the auditor as a utility-maximizing party. Lambert (2001) provides a survey. Second,
adding an agent as an information intermediary to the interaction of shareholders and
manager gives rise to the problem of collusion. In the setup of general vertical hierarchies,
this issue was pioneered by Tirole (1986), who models collusion as an enforceable side
contract. The principal’s contract design problem then is subject not only to individual
incentive constraints but also to a coalitional one.

Combining these two strands, we add to the literature studying collusion in auditing.11

The work of Kofman and Lawarrée (1993) is the one most closely related to ours. They
consider both an internal (cheap but corruptible) and an external (costly but honest)
auditor, just as we do. Given the context of auditing, their model involves asymmetric
lying – i.e. the auditor can reveal evidence of a high cash flow but cannot forge it, ruling

by a random selection of audited departments and data, described as “statistical sampling” by the Public
Company Accounting Oversight Board (PCAOB) overseeing external audits in the US. See the PCAOB’s
General Audit Standard AS 2315: Audit Sampling.

11For a general translation of the real-world financial reporting process into the theoretical framework
of information economics, see Ng (1978).
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out the option of blackmailing – and limited liability on both the manager’s and the
auditor’s side12. Both kinds of auditors report on the manager’s hidden information: the
internal auditor’s report may be subject to collusion with the manager, while the external
auditor acts as a deterrent against this collusion. Such deterrence, however, can act as
a double-edged sword: raising penalties for the manager in case of fraud detection will
increase the bribe he offers to the auditor, which in turn drives up incentive payments
paid by the shareholders to elicit audit information truthfully. As a result, the costs
of collusion are only partially mitigated. In addition, the optimal policy may involve
random external audits.13

We take this result one step further by exploiting the existence of such randomization:
providing the colluding parties with signals of differing precision about the external
audit, we endogenously create asymmetric information. As Samuelson (1984) shows, such
asymmetry hampers the efficiency of trade and hence also of side bargaining. This allows
us to mitigate the costs of collusion well beyond the results of Kofman and Lawarrée.

The use of randomized audits in a setting of adverse selection and limited liability is
also studied by Border and Sobel (1987). In their optimal contract, (external) audits
trigger not only penalties but also rewards. In particular, if an internal report is verified
by an external one, the shareholders extract a lower cash flow than would maximally be
possible. Our results, in contrast, imply that rewards to the internal auditor should be
provided only in the absence of an external one, as only in this case shareholders rely on
the internal (potentially collusive) report and hence on incentive pay. These differences
in the results stems from differences in the model. First, the authors do not assume
asymmetry in lying and hence have to consider countervailing effects from penalties
causing deviation in the opposite direction (Border and Sobel, 1987, p. 531). Second,
they do not allow for collusion. Third, they employ a dynamic setting where the audit
policy depends on the internal auditor’s report rather than a static one where the policy
is set prior to reports, as in Kofman and Lawarrée (1993) and our model.

Two further papers consider the issue of collusion in auditing but differ in the way
of modeling it. First, Baiman et al. (1991) do not formalize the side bargaining of the
colluding parties. That is, they ignore the incentive problem between manager and
auditor, which would require the former to offer a bribe sufficiently large so that the latter

12Moore and Scott (1989) analyze in detail how varying degrees of limited liability affect the optimal
auditing policy.

13The work of Mookherjee and Png (1989) also quantifies the gain from randomized audits as compared
to deterministic contracts, though with risk aversion rather than limited liability. Kräkel and Schöttner
(2019) consider the use of random audits to mitigate the costs of collusion in a setting of moral hazard
and with the pricing authority being (partially) delegated to the agent, while we study a model adverse
selection and centralized contracting.
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is willing to forgo the bonus she could receive from the shareholders for revealing a high
cash flow. Instead of a distinction whereby the implementability of a collusive bargain
hinges on the remuneration contract offered by the shareholders, the authors postulate
that depending on the manager’s effort, collusion can be “contract proof” against every
remuneration scheme.14 Second, Kessler (2004) presents a model where the first-best
outcome can be implemented even in the presence of collusion as long as the auditor’s
signal is sufficiently precise. Her result, however, hinges on the assumed timing: the
manager makes an effort choice prior to the auditor observing her signal. This effort is
“sunk” at the collusion stage, making the side bargaining less of a threat to the owner as
compared to the case where the colluding parties can interact before effort is chosen.15

Finally, our work adds to the above literature on collusive auditing by exploiting the
endogenous creation of asymmetric information. The benefit of this idea in a general
mechanism design framework has been studied by von Negenborn and Pollrich (2018)
(see Chapter 1 of this thesis) and the papers cited therein. Their pairing of stochastic
menchanisms and differential information provision does, however, require realizations
where manager/agent or auditor/supervisor obtain negative utility levels even on the
equilibrium path (i.e. not only off equilibrium to deter deviations). This option is
precluded in the presence of limited liability, which this chapter studies. While the
results in the general mechanism design setting still hold virtually (i.e. in the limit)
if the supervisor has limited wealth, they do not extend to the case if it is the agent
whose wealth is limited. In addition, the present paper is concerned with the objective
of maximizing shareholder utility, hence minimizing the required incentive pay, while
our work from 2018 focuses on the implementability of arbitrary social choice functions
and asks whether there are any payments – not necessarily utility-optimizing ones – to
achieve this end.

2.3 Model

The basic setting. A firm produces a cash flow which is either high or low, y ∈ {yL, yH}
with ∆y ≡ yH − yL > 0 and p = Pr(y = yH). The cash flow is obtained by the firm’s
manager. The shareholders of the firm seek to extract the cash flow via a transfer t from
the manager. They can always demand a low transfer t = yL but need a report of the

14For a more detailed critique of this assumption, see Kofman and Lawarrée (1996a). The more
prominent approach of modeling collusive agreements as enforceable side contracts is justified by Tirole
(1992).

15Burlando and Motta (2015) analyze in more detail why the timing is crucial in this setting and show
that the first-best is otherwise not implementable.
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true cash flow being high in order to demand a high value t = yH . As the shareholders
cannot observe y themselves, they rely on auditor reports.

Auditors. In order to elicit information on the true cash flow, the shareholders can
make use of two different auditing schemes: internal and external auditing. Both auditors
can report to the shareholders on the cash flow they have observed but differ in their
costs and their behavior. The external auditor, on the one hand, is costly to hire but
always reports her observation truthfully. The internal auditor, on the other hand, is
costless for the shareholders but may be bribed by the manager to collude. Both types
of auditors, if hired, perfectly observe the true cash flow.16

We first discuss the external auditor’s report rE . Hiring an external auditor comes at
a cost c > 0. The shareholders choose a probability q ∈ [0, 1] of such an external audit.
The outcome of the (possibly stochastic) audit policy is denoted by the random variable
x ∈ {0, 1}: the realization of x specifies whether an external auditor is hired (x = 1) or
not (x = 0), where q = Pr(x = 1). Whenever there is an external audit, the true cash
flow is reported, while there is no report otherwise:

rE =


L if x = 1, y = yL,

H if x = 1, y = yH ,

∅ if x = 0.

(2.1)

Next, we turn to the internal auditor. Hiring her is costless for the shareholders
but may cause fraud. Whenever the true cash flow is high, she can pretend to have
observed only a low one. This fraud may be motivated by her own wage structure or
by a collusive offer of the manager (described below). We assume asymmetric lying for
internal auditor’s report rI in that she can claim the cash flow was low if it was in fact
high, but not vice versa:17

rI ∈

{L} if y = yL,

{L,H} if y = yH .
(2.2)

In the baseline model, the probability q of an external audit is common knowledge

16The ex ante informational symmetry between manager and auditors with respect to the cash flow
allows us to focus on the effect of endogenously created asymmetric information described later on.

17This assumption is motivated by the prevalent intuition of auditing theory that "evidence" of a high
cash flow can be concealed (claiming it was low) but not fabricated. It also rules out the possibility of
blackmailing.
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while the realization x is unknown to both the manager and the internal auditor. We will
later introduce the possibility for the shareholders to privately inform the internal auditor
about x while not disclosing it to the manager. Effectively, this issues an “audit alert”
notifying about the imminence of an additional external audit. (Section 2.5 considers
two alternative approaches: first, warning the manager instead of the internal auditor
and second, warning both.)

Collusion. The manager may find it favorable to deceive the shareholders about the
true cash flow. He therefore seeks to collude with the internal auditor so that she claims
to have observed a low cash flow instead of truthfully revealing a high one. He does
so by offering her a bribe b ≥ 0 in exchange for a report rI = L when in fact we have
y = yH . Following Tirole (1992) and the subsequent literature on collusion, we consider
their collusive agreement an enforceable side contract where the manager effectively
trades his bribe for a forged report. The covert side payments may, however, be subject
to transaction costs, caused e.g. by the necessity of a clandestine transfer or by the
conversion from money to non-pecuniary incentives. For any bribe b paid by the manager,
the internal auditor therefore only receives kb, where k ∈ (0, 1) denotes the efficiency of
the side payments.18 The manager makes a take-it-or-leave-it offer to the internal auditor
which the latter accepts (and thus reports a low cash flow) or rejects (and reports a high
cash flow if she finds it profitable to do so).

Note that due to the possibility of collusion, the shareholders do not benefit from
also asking the manager for report. He has the same information as the internal auditor
and since they could coordinate their reports, a “shoot the liar” contract scheme will not
elicit this information.

Contracts, utilities, and timing. In their objective to extract the firm’s cash flow,
the shareholders have three instruments: the wage w offered to the internal auditor, the
frequency q of hiring the external auditor, and the transfer t demanded from the manager.
We refer to the triple (t, w, q) as a contract. Both the wage w and the transfer t can be
made contingent on the profile of reports (rI , rE) by internal and external auditor, where
rI , rE ∈ {L,H}. The internal auditor is protected by limited liability and hence w ≥ 0
for all reports. The manager has no own budget19 and a high transfer can thus only be

18The case of k = 0 is of little interest as collusion as no bite at all. For k = 1, the internal auditor is
of no use for the shareholders as rent payments are merely shifted from the manager to the auditor.

19This assumption of limited liability has both a practical and a theoretical motivation. In practice,
legal requirements usually restrict the monetary amount extractable from a firm’s management, see e.g.
Border and Sobel (1987). In theory, a wealthy manager would provide the shareholders with the simple
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extracted if evidence has been provided:

t(rI , rE) ≤

yH if H ∈ {rI , rE},

yL if rI = rE = L.
(2.3)

This gives rise to the following utility functions for the shareholders (S), the manager
(M) and the internal auditor (I):

US = t− w − xc,

UM = y − t− b, (2.4)

UI = w + kb,

where we replace x by the probability q of an external audit if we are interested in
expected utilities. Since the external auditor is a disinterested player, we can ignore her
utility function. We conclude by presenting the timing:

1. Shareholders choose contract (t, w, q).

2. Manager and auditors learn y; x is realized (privately).

3. Manager offers bribe b, internal auditor accepts/rejects.

4. Internal auditor reports rI cooperatively (under collusion) or non-cooperatively (no
collusion), external auditor report rE realizes, payments are implemented.

In Section 2.4.3, we will add an interim step in between stages 2 and 3, where the
internal auditor is privately informed about the realization of x and thus receives an
“audit alert”. At first, however, we maintain the standard framework presented above.

2.4 Analysis

In this section we present our main result on the shareholders’ possibility to combat
collusion between manager and internal auditor. We start by considering two benchmarks
in Section 2.4.1: first, the case where there is no auditing at all, and second where the
shareholders directly observe the auditors’ information. The latter case is equivalent
to the presence of a non-collusive internal auditor. We then turn to the scenario where
the shareholders can employ both internal and external auditors but face the threat of

solution of simply “selling the firm”, rendering any auditing irrelevant.
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collusion. In Section 2.4.2, we restrict the shareholders to using standard contracts as
introduced above and as used in the literature. The optimal incentive payments are
derived and the costs of collusion are computed. Subsequently, we introduce “audit alerts”
in Section 2.4.3, where the shareholders privately inform the internal auditor about the
imminence of an external audit. This alert allows the shareholders to reduce the required
rent payments and mitigates collusion at a lower cost. In addition, the optimal auditing
scheme changes.

2.4.1 Benchmarks

Consider first the case where neither an internal nor an external auditor is available to
the shareholders. Lacking a report about the cash flow being high, they can therefore
only demand a low transfer from the manager, irrespective of the state. Setting t = yL

for the case of “no auditing” (NA) yields a payoff of UNA
S = yL for the shareholders.

Turning to the other extreme, consider the shareholders directly observing the true
cash flow. They hence do not require any auditor reports and can tie transfers t(y)
directly to the realized state by demanding t(yL) = yL, t(yH) = yH . For the case of
“direct auditing” (DA), this provides an expected payoff of E[UDA

S ] = yL + p∆y.
There are further scenarios where this outcome can be implemented: if the internal

supervisor cannot collude with the manager by assumption, or if side payments are
extremely inefficient (k = 0), the internal supervisor is indifferent between all reports
and truthtelling becomes a weakly dominant strategy if her wage is set to zero for all
report profiles. Similarly, the polar case of a costless external supervisor (c = 0) provides
the shareholders with the same payoff as direct auditing if they choose to always conduct
external audits, setting q = 1.

2.4.2 Internal & External Auditing: Standard Contracts

We now introduce both an internal and an external auditor as defined above. The
shareholders can make use of these auditors by offering a bonus to the internal auditor
for revealing evidence and by specifying a probability of external auditing. In this section,
we focus on standard contracts (t, w, q) without any private information provision for the
internal auditor. We characterize the shareholders’ optimal contract.

Given a contract offered by the shareholders, there are two ways in which the truthful
revelation of the cash flow can be impeded. First, the internal auditor may find it
profitable to unilaterally misreport. The shareholders therefore need to offer a reward for
disclosing a high state. Second, even in the presence of such reward, the manager may
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offer a more attractive bribe in exchange for a forged report, trumping the reward. If the
shareholders want to prevent collusion, they hence have to “outbid” this bribe to deter
collusion. Elicitation of information thus requires provision of incentives both on the
individual and on the coalitional level. These incentive constraints are costly in that they
involve rent payments if truthelling is to be induced. In the light of these costs, should
the shareholders really seek to uncover the true cash flow, rather than tacitly accepting
fraudulent reports? As the following lemma states, the answer is positive.

Lemma 2.1. If the shareholders are restricted to standard contracts, it is optimal for
them to always elicit the true cash flow.

Formally speaking, the lemma states the following: take any contract (t, w, q) which
involves misreporting – either due to collusion or due to the internal auditor’s unilateral
deviation. We can then construct a new contract (t′, w′, q′) which causes truthful reporting
and which provides the shareholders with a weakly higher expected utility. The proof (see
the Appendix) identifies the incentive payments of this new contract inducing truthtelling:
it starts by considering the individual level to derive a “revelation principle”20, then it
moves to the coalitional level and establishes a “collusion proofness principle”.21

The optimal contract. We now turn to the shareholders’ search for an optimal audit
policy. Our goal is to identify the standard contract (t, w, q) which maximises the
shareholders’ expected utility. The above lemma greatly simplifies this search as we
can restrict attention to those contracts which induce truthtelling. We introduce the
shorthand notation trI rE ≡ t(rI , rE) and equivalently for wages w.

To formalize the set of contracts we can focus on, first consider the requirement of
collusion proofness. Given some contract (t, w, q), the manager will offer a bribe b ≥ 0 to
the internal auditor for forging a low cash flow report as long as his expected payoff from
doing so exceeds his payoff under truthtelling:

yH − qtLH − (1− q)tL∅ − b > yH − qtHH − (1− q)tH∅
⇔ b < q(tHH − tLH) + (1− q)(tH∅ − tL∅) ≡ b̄, (2.5)

where the parameter b̄ describes the lowest upper bound of the manager’s willingness to
pay for corruption.22

20See Theorem 2 in Myerson (1979) for a more general statement.
21Tirole (1986), who first derived this result in a principal-agent model, originally called it an “equiva-

lence principle” (p. 195).
22We assume that in case of indifference, both the manager and the internal auditor prefer truthtelling.
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The internal auditor, on the other hand, may forgo a bonus offered by the shareholders
if she fails to reveal a high cash flow. She therefore accepts a bribe b and reports rI = ∅
if the bribe compensates her for the expected wage loss:

qwLH + (1− q)wL∅ + kb > qwHH + (1− q)wH∅

⇔ b >
1
k

[q(wHH − wLH) + (1− q)(wH∅ − wL∅)] ≡ b, (2.6)

with b being the highest lower bound of the bribe values she is willing to accept. A
contract therefore is collusion proof if and only if we have b̄ ≤ b, i.e. if there is no mutually
agreeable “price” paid by the manager to the internal auditor for misreporting.

In addition to this constraint on the coalitional incentives, the shareholders have to
consider the constraint on the internal auditor’s individual incentives so that she prefers
truthtelling if no collusion occurs. Combining both, they face the following maximization
problem:

max
t,w,q

pq(tHH − wHH) + p(1− q)(tH∅ − wH∅)

+ (1− p)q(tLL − wLL) + (1− p)(1− q)(tL∅ − wL∅)− qc (2.7)

subject to, first, the collusion proofness constraint

b̄ ≤ b, (2.8)

and, second, the internal auditor’s incentive constraint

qwHH + (1− q)qH∅ ≥ qwLH + (1− q)wL∅. (2.9)

Solving this problem yields the shareholders’ optimal auditing scheme. It is described
in the following proposition and illustrated graphically in Section 2.4.4.

Proposition 2.1. If the shareholders are restricted to standard contracts (SC), they
always use only either an internal or an external auditor, but never both simultaneously.

This is for convenience only as it simplifies notation of the optimal contract derived below. Formally, b̄ is
the supremum of the set of manager-accepted bribes, but it is not an element of this set. Furthermore,
collusion with a bribe b = 0 is essentially just a unilateral deviation of the internal auditor, which we
discuss below.
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The shareholders’ expected utility is given by

E[USC
S ] =

yL + p∆y − c if c ≤ c̃ (only external auditing),

yL + (1− k)p∆y if c > c̃ (only internal auditing)

with c̃ = kp∆y.

If the costs of an external audit are sufficiently low (c ≤ c̃), the shareholders use it
with certainty – but when doing so, there is no need to provide the internal auditor with
incentives to also report truthfully. The expected utility is thus equal to the first-best
benchmark of direct auditing, yL+p∆y, net the external auditing costs c. If, on the other
hand, these costs become too large (c > c̃), the shareholders instead fully rely on the
internal auditor. To ensure truthtelling, they need to “outbid” the manager’s bribe offer.
But since this collusive offer is subject to an inefficiency captured by k, the shareholders’
incentive provision to the internal auditor can be reduced by the same factor, i.e. k∆y.
The expected utility in this case is equal to the first-best benchmark net the discounted
information rent.

In both cases, the shareholders’ utility decreases compared to the benchmark of direct
auditing unless a polar case of free external auditing (c = 0) or no bribery (k = 0) arises.
A graphical interpretation follows in Section 2.4.4.

2.4.3 Internal & External Auditing: Using Audit Alerts

We now ask whether the shareholders can make better use of external audits. So far, the
schedule of these audits was unknown to both the manager and the internal auditor –
while the probability q of external inspection was public, the realization x was a random
variable. In this section, we consider shareholders unilaterally informing the internal
auditor about the realization of x, precluding the manager from this information.23 Can
such “audit alerts” improve on the outcome presented in Proposition 2.1?

An example. Recall from the previous section the threshold case c = kp∆y, where
either internal or external audits are used at the optimum, but never both simultaneously.
Each auditing technique provided the shareholders with an expected utility of yL +
p∆y(1− k). Now consider the following contract. We maintain the transfers levied from
the manager: whenever there is some (internal or external) report of a high cash flow, a
high transfer is charged, and a low transfer otherwise. The auditor, however, receives

23We defer a discussion of the practical implementation to Section 2.5.
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a bonus only if her report is “pivotal”, i.e. if there is no external inspection. We set
this bonus to the maximum bribe offered by a manager who does not know whether
such external inspection occurs, which equals (1− q)∆y from eq. (2.5), and discount this
by the collusion inefficiency parameter k. That is, we have wH∅ = k(1− q)∆y and all
other wages equaling zero. In addition, we issue the aforementioned “alerts” by privately
informing the internal auditor about the realization of x.

Which reports will be induced by this contract? In the absence of collusion, the
internal auditor obviously prefers truthtelling. The manager will offer a bribe of at most
(1− q)∆y if he assumes the internal auditor will accept it irrespective of the state – but
this offer is just outbid by the shareholders’ bonus and hence rejected by the internal
auditor whenever she has received an alert. Note that for the manager, it is not possible
to bribe the auditor only in the absence of external inspection (any such bribe will also
be accepted if an inspection occurs) and not attractive to bribe her only in presence of
external inspection (since it does not improve his payoff). The contract hence is collusion
proof and provides the shareholders with an expected utility (in the case of c = kp∆y) of

E[US ] = pqyH + p(1− q)[yH − k(1− q)∆y] + (1− p)qyL + (1− p)(1− q)yL − qkp∆y

= yL + p∆y(1− k[q + (1− q)2]).

Compare this value to the utility without audit alerts, where the shareholders expected
to gain yL + p∆y(1 − k). We find that, first, the alerts provide a strict improvement
whenever q ∈ (0, 1) and, second, the optimal audit policy uses external inspection with a
probability of q = 1

2 . That is, when alerts are issued, it becomes optimal to use internal
and external auditor simultaneously, as opposed to the dichotomy of the standard setup.
In the following, we generalize this result and show that the bonus scheme just presented
actually is optimal among all contracts paired with audit alerts.

Collusion revisited. With the internal auditor knowing whether an external inspection
occurs, her willingness to collude now depends on this piece of information. That is, the
bribe she requires is contingent on whether she has received an alert or not. If there is
no external verification and her internal report is pivotal (x = 0), she accepts a bribe
whenever

wL∅ + kb > wH∅

⇔ b >
1
k

(wH∅ − wL∅) ≡ b0. (2.10)
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If, on the other hand, the internal auditor knows that her report is going to be subject
to external scrutiny (x = 1), she accepts any bribe b satisfying

b >
1
k

(wHH − wLH) ≡ b1. (2.11)

For the manager, the value of collusion also depends on the realization of x, but
he has not learned this information. When offering a bribe to the internal auditor, he
thus faces four possible scenarios. First, the offer could corrupt the auditor only if she
observed an alert (i.e. for x = 1). Second, the opposite could hold where the auditor
colludes only if there was no alert (x = 0). Third, a bribe could be accepted in either
case or, fourth, never. Since the wage structure is public, the manager can infer which
scenario will arise depending on his bribe offer. Bribes paid in scenarios two (x = 0)
and three (x ∈ {0, 1}) will be the most relevant in our analysis below. In case two, the
manager is willing to offer up to

b̄0 = tH∅ − tL∅, (2.12)

while for case three we already identified his maximum offer in eq. (2.5), given by
b̄ = q(tHH − tLH) + (1− q)(tH∅ − tL∅).

If the shareholders seek to elicit the true cash flow, they do not need to worry about
collusion in the presence of an external auditor. The contract may well induce a misreport
for x = 1 as long as truthtelling is ensured whenever x = 0. They therefore only need to
prevent the collusive scenarios two and three from above. As the following lemma states,
the shareholders indeed prefer contracts which induce truthtelling of the internal auditor
at least in the absence of an external one.

Lemma 2.2. If the shareholders use audit alerts, it is optimal for them to always elicit
the true cash flow.

Formally, the lemma states that for any contract (t, w, q) which does not disclose
the cash flow, we can find a new contract (t′, w′, q′) which does and which provides the
shareholders with a weakly higher payoff in expectation. The statement is thus analogous
to Lemma 2.1 for standard contracts – but the constraints to ensure such disclosure have
changed, as we have to distinguish between collusive offers capturing the internal auditor
irrespective of x and those which cause her to collude only if x = 0.

The optimal contract. As we can limit the search for an optimal auditing scheme
when paired with alerts to those contracts which elicit the true cash flow (c.f. Lemma 2.2),
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the shareholders maximize the same objective function as in the standard case given
by eq. (2.7). However, the constraints differ as the collusive bargaining now takes place
under asymmetric information. In the following, we initially only consider the constraint
preventing collusion from always taking place, i.e. we devise a contract ruling out bribes
paid by the manager and accepted by the internal auditor irrespective of an alert being
triggered or not (scenario three from above). We do not explicitly prevent the manager
from selectively colluding with the internal auditor in the absence of external inspections
(scenario two) and only show ex post that such bargaining is prevented as well.

Formally, the shareholders’ problem is thus given by

max
t,w,q

pq(tHH − wHH) + p(1− q)(tH∅ − wH∅)

+ (1− p)q(tLL − wLL) + (1− p)(1− q)(tL∅ − wL∅)− qc, (2.13)

subject to, first, the internal auditor’s unilateral incentives to report truthfully,

wH∅ ≥ wL∅. (2.14)

Second, we require that the highest bribe offered by a manager who believes to capture
the internal auditor irrespective of the realization of x is turned down by the auditor at
least if x = 0:

b̄ ≤ b0. (2.15)

The solution to this optimization problem extends the introductory example and
features an audit policy which stands in contrast to the results for the standard case.
Recall that in the absence of “alerts”, the shareholders rely solely on external audits
as long as these are sufficiently cheap (c ≤ c̃ = kp∆y) and employ only an internal
auditor when the costs are too large (c > c̃). With an informational advantage of the
internal auditor vis-à-vis the manager, this dichotomy vanishes and the shareholders find
it optimal to use both types of auditors simultaneously.

Proposition 2.2. If the costs of an external audit are not too high, the shareholders
benefit from privately informing the internal auditor about the imminence of external
auditing, i.e. issuing an “audit alert” (AA). Their expected utility increases to

E[UAA
S |c ≤ c̄] = yL + p∆y − c(1− c

4kp∆y ) > E[USC
S ], (2.16)

with c̄ = 2kp∆y.
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Figure 2.1: optimal external audit probability q∗ (left) and rent to the internal auditor
(right) as a function of external audit cost c

We take a closer look at the optimal auditing policy. For the standard case (without
alerts), the shareholders’ objective function incorporating the constraint was given by
yL + p∆y[1− k(1− q)]− qc from eq. (2.20), i.e. it was linear in q. If audit alerts are used,
this function becomes quadratic and the shareholders maximize yL+p∆y[1−k(1−q)2]−qc,
derived from eq. (2.23) in the Appendix. Instead of corner solutions, we now obtain an
audit policy where the probability q of external inspections decreases linearly in the costs
of such inspections:

q∗ =

1− c
2kp∆y if c ≤ 2kp∆y = c̄,

0 else.
(2.17)

Note that the threshold c̄ above which the shareholders rely solely on internal auditing
(and do not use an external auditor any more) has increased in comparison to the threshold
for the standard case, where c̃ = kp∆y < c̄. Figure 2.1 illustrates these differences in the
optimal external audit policy q∗ for the standard case and for audit alerts.

Turning from the external to the internal auditor, we obtain a new incentive wage
given by

wH∅ = k(1− q)∆y = c

2p (2.18)

which is strictly less than the bonus paid for the case of standard contracts (k∆y) as long
as there is also some chance of an external audit (i.e. for any q > 0). The new contract
thus not only changes the likelihood of the internal auditor being pivotal (whenever there
is no external audit, x = 0), but it also changes the rent she obtains when she is pivotal
indeed (by reducing wH∅). The external auditor now acts not only as a source of cash
flow elicitation but also as a deterrent against collusion. This reduces the bonus required
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to “outbid” the manager’s bribe offer.

Collusion prevention at reduced costs. For a better understanding of the afore-
mentioned cost reduction, we take a closer look at the way in which the new contract
induces collusion proofness. By depriving the internal auditor of a bonus if she reports
a high cash flow without being pivotal (wHH = 0), she will accept any bribe to forge
a low cost report if she knows there is going to be an external audit: b1 = 0. If, on
the other hand, she observed an audit alert, she demands a bribe offer exceeding the
bonus wH∅ −wL∅ = k(1− q)∆y she would otherwise obtain. The manager thus is unable
to collude with the internal auditor only in the more “lucrative” state of no external
auditing: any bribe accepted by the internal auditor in case of x = 0 will necessarily
also be accepted in case of x = 1. This situation resembles a “market for lemons”,24

as the internal auditor holds private information on the value of collusion vis-à-vis the
manager. By offering a bribe, the manager effectively seeks to extract this information,
but the internal auditor has an incentive to lie in order to always pocket the bribe.
The impossibility to selectively collude only for x = 0 reduces the manager’s maximum
bribe offer, since he knows that a bribe accepted if x = 1 is useless (but nevertheless
costly) for him. The reduction in the bribe offer also reduces the bonus offer which
the shareholders need to provide and hence the rent payment the need to concede, as
illustrated in Figure 2.1.

Once the costs of an external audit exceed the new threshold (c > c̄), the shareholders
again only rely on internal auditing. Their expected utility then coincides with the one
under standard contracts for costs above c̃. Section 2.4.4 provides a graphical comparison
of the utility levels. For a proof that the optimal contract derived above satisfies even
the collusion proofness constraints that we initially omitted, see the Appendix. As a
final remark, we point out that the shareholders do not need to be informed about the
realization of x themselves. The signal to the internal auditor could, for example, be issued
by the external party instead, considering that communication channels between internal
and external auditors are mandated by most accounting standards (see footnote 7).

2.4.4 The Value of Audit Alerts

We identify the value added for the shareholders from using audit alerts. With standard
contracts, the shareholders found it optimal to rely on only one auditing scheme at a
time. If the costs of external inspection are low (c ≤ c̃ = kp∆y), they hire the external

24See Akerlof (1970).
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Figure 2.2: shareholders’ exp. utility E[US ] as a function of ext. audit costs c

auditor with certainty and do not provide the internal auditor with any incentives – that
is, they effectively ignore her report because she is susceptible to collusion in the absence
of incentive payments. If, on the contrary, external inspection is too costly (c > c̃), the
shareholders only rely on the internal auditor but have to offer her a reward for the
revelation of a high cash flow, wH∅. This reward is equal to the bribe offer ∆y of the
manager, discounted by the (in)efficiency k of collusion, and applies whenever the cash
flow is high, which occurs with probability p. Hence, the internal auditor’s rent, whenever
she is hired, is given by kp∆y.

The shareholders’ expected utility when using standard contracts is depicted by the
dashed blue line in Figure 2.2. For c = 0, the utility coincides with the first-best scenario
of direct auditing (DA), where E[UDA

S ] = yL + p∆y. As the costs c grow, the utility
decreases linearly until the threshold c̃ is reached where it becomes preferable to change
auditing schemes. The shareholders now obtain the same payoff as in a scenario where
only internal auditing (I) but no external inspection is available, providing them with
E[U I

S ] = yL + (1− k)p∆y.
With the introduction of audit alerts, the internal auditor is warned when an additional

external audit occurs. In order to make use of this possibility, shareholders employ both
types of auditor simultaneously. The probability of external inspections is given by
eq. (2.17): it decreases in the costs c but is strictly positive until the costs reach a new
threshold c̄ = 2kp∆y > c̃. The internal auditor, on the other hand, is hired either way.
But the reward she obtains for bonus provision is now discounted by the probability
of external inspection, as the shareholders do not mind collusion if a high cash flow is
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revealed by the external auditor instead: wH∅ = (1− q)k∆y. External inspection now
has a twofold purpose: first, it serves to elicit information, and second, it reduces the
rent payment to the internal auditor.

The solid red line in Figure 2.2 shows the shareholders’ utility with audit alerts.
Again starting at the first-best benchmark, the utility now decreases quadratically rather
than linearly in the costs, and is strictly above the value for standard contracts. For costs
in between c̃ and c̄, external audits are still used if audit alerts are available while they
are no longer used under standard contracts. Only when the costs exceed the threshold
c̄, both cases coincide: the shareholders again rely solely on the internal auditor and
they have to grant her the same rent of (1 − k)p∆y since the probability of external
inspections q now is equal to zero.

2.5 Discussion

This section discusses different aspects of the concept of “audit alerts” proposed above.
First, we show that choosing the recipient of the alerts is crucial: their benefit to the
shareholders if the alert, rather than being sent to the internal auditor in private, is
made public or if it sent to the manager (instead of the internal auditor. Second,
we briefly discuss the practical implementation of payoff-relevant alerts and auditorial
randomization. Third, we turn to the assumptions made on the haggling over bribes
between the colluding parties.

Whom to alert? So far we have assumed that only the internal auditor observes the
alert while the manager is deprived of it. This choice of recipients could be modified in
two ways: first, alerts could be made public instead, and second, they could be sent to
only the manager rather than to internal auditor.

If alerts were made public, manager and internal auditor would be symmetrically
informed when haggling over bribes. We could thus no longer exploit the frictions
generated by alerting only one of the collusive parties. It therefore comes at no surprise
that the shareholders prefer one-sided revelation of the external auditing schedule.

Lemma 2.3. The shareholders do not benefit from public alerts compared to no alerts at
all.

In the proof, we solve the shareholders’ new optimization problem and show that the
resulting expected utility levels (as well as the optimal auditing schedule) mirrors the
case of no alerts.
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In a similar vein, alerts lose their value if they are issued to the manager (in private)
instead of the internal auditor. With the manager being privately informed, he can
condition his bribe offer on his knowledge about x, i.e. whether an external inspection
will occur. This allows for selection in the side bargaining, where the manager only seeks
to corrupt the internal auditor if he knows that the misreport will remain disguised. For
an intuition, consider the optimal contract derived in Section 2.4.3 and assume the true
cash flow was high. A manager having observed an alert knows that irrespective of the
internal auditor’s report, he will have to concede a high transfer to the shareholders
(t•H = yH). He will hence not offer any bribe to the internal auditor. If he knows,
on the other hand, that no external inspection occurs, he is willing to offer a bribe up
to tH∅ − tL∅ = ∆y. The internal auditor can thus infer the true state of x from the
manager’s offer and will accept since she gains a bribe of k∆y and foregoes a bonus of
only wH∅ − wL∅ = k(1 − q)∆y. Effectively, the manager is able to credibly signal his
information on the realization of x via his bribe offer b, creating a form of “separating”
collusion that only arises if x = 0.

As the following lemma states, if private alerts are sent to the manager, there is no
contract that prevents both such “separating” collusion as well as “pooling” one (where
manager and internal auditor collude irrespective of the state of x) and which at the same
time provides the shareholders with a payoff higher than the case of standard contracts
without any alerts.

Lemma 2.4. The shareholders do not benefit from privately alerting the manager com-
pared to no alerts at all.

As argued above, this negative finding does not diminish the practical relevance of our
main result: given the existence of separate channels of communication in the auditing
process, represented e.g. by audit committees, private alerts to the internal auditor should
be feasible. These results are of use to the shareholders as they allow for a prevention of
collusion at reduced cost – a benefit not provided by alerts sent to the manager instead.

How to alert? Regarding the implementation of alerts, we stressed two important
requirements. First, the alerts need to be sent to the internal auditor in private, satisfied
by making use e.g. of the aforementioned audit committees which allow shareholders to
deprive the manager of the information they need to transmit. Second, these alerts need
to create an informational asymmetry that is actually payoff relevant. This is facilitated
by tying payments to external inspections and making these inspections random. In
practice, such randomization can stem from a) the timing of inspections, b) the choice
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of managerial divisions and c) “statistical sampling” (see Footnote 10). The internal
auditor then is privately informed about her external counterpart’s schedule.

So far, we have made a further assumption on the nature of the alert: it must
not provide the internal auditor with hard evidence about the imminence of external
verification. She observes the realization of x but has no way of credibly transmitting
it. This is implemented e.g. by showing the external inspection schedule to the internal
auditor but not providing her with a copy which she could show to the manager as a
“proof”. While the manager could still ask her whether she has received an alert, the
optimal contract provides her with an incentive to claim that she did so when she in fact
did not.

We can also rule out the possibility of collusion by repeated interaction, where bribes
are contingent on the realization of rE ex post. If we introduce noise in the alert, the
internal auditor effectively observes an imperfect signal on the external report. The
manager will then not be able to infer whether the internal auditor whom he sought
to bribe has been lying or was misinformed. Even in a setting of repeated interaction
(which is often prevented by a mandatory rotation of auditors), this creates a game of
imperfect monitoring and the Folk Theorem – usually facilitating cooperation – does not
apply. Importantly, while the presence (or absence) of external auditors may be public
ex post, their reports must be sent to the shareholders or the audit committee in private.

How to bribe? While we have initially assumed that it is the manager to make a
take-it-or-leave-it offer to the internal auditor, our results are robust to more general
forms of corruptive side agreements – including, but not limited to, the case where the
bribe is offered by the internal auditor rather than by the manager. For an intuition,
consider again the optimal contract derived for the case of audit alerts. If the internal
auditor was to make an offer to the manager, she would demand a bribe of at least
wH∅ − wL∅ = k(1− q)∆y whenever she knows that no external inspection occurs. Any
bribe claim below this value would reveal to the manager that there was no alert, causing
him to refuse this demand. The internal auditor will therefore ask for the same bribe
irrespective of the realization of x as she can not credibly reveal her information to the
manager even if she wanted to – in analogy to market for used cars where the dealer
has no way to prove a car is a “cream puff” rather than a lemon. The following lemma
proves and extends this finding.

Lemma 2.5. When audit alerts are paired with the optimal contract derived in Sec-
tion 2.4.3, they are robust to arbitrary forms of collusion.
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More formally speaking, there is no budget-balanced side mechanism which induces
misreporting of the cash flow to the shareholders. The only side mechanism which both
the internal auditor and the manager can possibly agree on involves truthtelling, i.e. it is
the “null” side contract.

2.6 Conclusion

Auditors are employed to elicit information from management on the shareholders’ behalf.
Obtaining this information requires either costly expertise – provided by external auditing
companies – or proximity to the manager under supervision – as exhibited by internal
auditors. This proximity, however, also makes an internal auditor prone to collusion. The
manager may seek to bribe her such that she forges her report. The external auditor acts
as a safeguard against such bribery and verifies the reports occasionally. These random
costly inspections are supposed provide a deterrent such that the internal auditor shies
away from engaging in venal activities. But modeled formally, the threat of collusion still
bears considerable costs for the shareholders. In fact, they find it optimal to only rely on
either internal or external auditing: either the costs of hiring external, veridic expertise
are too high, or the costs of incentivizing internal, corruptible staff are excessive. Using
standard contracts, shareholders never hire both auditors simultaneously.

This chapter therefore studied the shareholders’ possibility to endow auditors not
only with monetary incentives but also with information. It introduced the concept
of “audit alerts”, whereby internal auditors learn the schedule of external inspections
while the manager continues to face the uncertainty of random audits. When manager
and internal auditor now engage in collusive bargaining, they do so in a situation of
asymmetric information: the manager does not know whether an alert was triggered and
hence is not privy to the specific bribe required to corrupt the internal auditor. The
asymmetry causes a friction in their haggling over acceptable bribes and makes collusion
less efficient.

We show that the shareholders can exploit this loss of collusion efficiency. The optimal
audit policy now involves using both internal and external audit simultaneously and
improves the shareholders’ payoff. Putting the theory into practice, our results emphasize
the importance of information provision in the context of auditing. Importantly, private
communication must be possible, informing only the party desired. We argue that
existing accounting standards already prescribe such communication channels between
the stakeholders involved in the process of financial reporting, allowing for the differential
provision of information. Similarly, random external inspections are common practice,
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generating the stochasticity required. Nevertheless, we do not yet see empirical evidence
of a one-sided revelation of this randomization, as mandated by “audit alerts”. The
institutional framework required for such alerts is available – it remains to implement
them.

2.7 Appendix: Proofs

Proof of Lemma 2.1. Suppose the contract (Γ = (t, w, q) induces the internal auditor
to conceal evidence of a high state yH . Note that given our evidence structure with
asymmetric lying, this is the only possible deviation from truthfully revealing all evidence.
The shareholders’ revenue is

E[US(Γ)] = pq(tLH − wLH) + (1− p)q(tLL − wLL) + (1− q)(tL∅ − wL∅)− qc

Consider the alternative contract Γ̃ defined via w̃L• ≡ wL•, t̃L• ≡ tL• and w̃H• ≡ wL•,
t̃H• ≡ tL• as well as q̃ = q. The new contract replaces all payments conditional on an
internal report rI = H with their counterparts for an internal report rI = L. In the new
contract the internal auditor reveals the true state and there is no collusion. To see this,
note that

qw̃HH + (1− q)w̃H∅ = qwHH + (1− q)wH∅ = qw̃LH + (1− q)w̃L∅,

hence the internal auditor prefers truthfully revealing the state yH . From the latter
condition, the internal auditor is willing to accept bribes b > 0 for misreporting the state.
But the manager’s payoff from offering bribe b > 0 is

qt̃LH + (1− q)t̃L∅ − b = qtLH + (1− q)tL∅ − b

< qtLH + (1− q)tL∅
= qt̃HH + (1− q)t̃H∅

and thus lower than her payoff from not colluding. In the truthtelling equilibrium of Γ̃
the shareholders’ revenue equals the revenue in mechanism Γ.

Proof of Proposition 2.1. Note that the objective function increases in all transfers t
and the constraint has more slack for larger values of tLL, tL∅ and tLH . We hence set
tLL = tL∅ = yL (recall the shareholders must not demand high payments unless they hold
evidence from either the internal or the external auditor) and tLH = yH . Similarly, the
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objective function decreases in all wages w and the constraint has more slack for lower
values of wLL, wL∅ and wLH . We therefore set these three parameters equal to zero, the
lowest value possible. Since w ≥ 0 for all report profiles, the internal auditor’s incentive
constraint, given by eq. (2.9), thus is satisfied and the collusion proofness constraint,
eq. (2.8), simplifies to

qwHH + (1− q)wH∅ ≥ k[q(tHH − yH) + (1− q)(tH∅ − yL)], (2.19)

which binds at the optimum (else we could decrease the wages wHH or wH∅ and increase
the shareholders’ payoff). Plugging the binding constraint into the objective function, we
obtain the modified optimization problem

max
t,w,q

p[(1− k)(qtHH + (1− q)tH∅) + k(qyH + (1− q)yL)] + (1− p)yL − qc.

Given the linearity in transfers, the shareholders optimally set tHH = tH∅ = yH . We are
thus left with the choice of the optimal frequency of external auditing q, which again is a
linear problem:

max
q
yL + p∆y[1− k(1− q)]− qc. (2.20)

The bonus paid to the internal auditor for reporting a high cash flow can also
be rewritten, using the contract parameters derived so far and the binding constraint
eq. (2.19):

qwHH + (1− q)wH∅ = k(1− q)∆y. (2.21)

We obtain corner solutions for the optimal contract, depending on the costs c of
external auditing. For c ≤ kp∆y ≡ c̃, the shareholders choose q = 1, i.e. they always
hire the external auditor. But at the same time, they do not offer any incentives for the
internal auditor as wHH = 0 becomes optimal (note w10 is redundant in this case). The
shareholders’ expected utility is then given by yL + p∆y − c. For c > c̃, the shareholders
never hire an external auditor (q = 0) and offer a bonus of wH∅ = k∆y to the internal
auditor for revealing a high state. This bonus is equal to the manager’s maximum
willingness to pay for a low cost report, ∆y = tH∅ − tL∅, discounted by the inefficiency of
collusion captured by k. The contract provides the shareholders with an expected utility
equal to yL + (1− k)p∆y, while the internal auditor’s rent is given by pk∆y.

Proof of Lemma 2.2. We begin by proving an auxiliary lemma, ensuring that transfers
and wages are always weakly higher if the internal auditor reported a high cash flow
compared to her having reported a low cash flow. The somewhat sloppy wording below
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that “the shareholders prefer a contract which satisfies property X” formally translates
to “for any contract (t, w, q) which does not satisfy X, there exists a contract (t′, w′, q′)
which does satisfy X and which yields the shareholders a weakly higher expected payoff”.

Lemma A2.1. The shareholders prefer a contract with wHH ≥ wLH , wH∅ ≥ wL∅,
tHH ≥ tLH and tH∅ ≥ tL∅.

Proof of Lemma A2.1. To distinguish the different forms of (mis)reports verbally, we
introduce the following nomenclature: if the (internal) auditor forges a report unilaterally,
we say that she “lies”. If this misreport is incentivized by a bribe of the manager rather
than by the wage of the shareholders, we say that they “collude” at a bribe b. If, however,
the auditor prefers to unilaterally report a low cash when it in fact is high, and the
manager bribes her to instead make a (truthful) high report, we call this “t-collusion” at
a bribe b. If collusion (or t-collusion or lying) takes place only in case of an external audit
(where x = 1), we speak of “1-collusion” (or “1-t-collusion”, “1-lying”) and analogously
for x = 0. “Full collusion” refers to bribery occurring irrespective of the realization of x.

As defined in the main text (see Section 2.4), the manager’s (internal auditor’s)
maximum bribe offered (minimum bribe required) to collude given x = 1 is denoted by
b̄1 (b1), analogously for x = 0. The maximum offer to cause collusion irrespective of the
realization of x is denoted by b̄, i.e. without an index. We continue to assume truthtelling
in case of indifference and use US as shorthand notation for the shareholders’ expected
utility.

Consider first the internal auditor’s wage and assume at least one of the lemma’s
statements to be violated. The auditor thus prefers to lie for at least one realization of x.
This can induce either individual deviation or t-collusion. For each case below, we show
that we can construct a new contract which does satisfy the statement and provides the
shareholders with a weakly higher payoff.

a) If wHH < wLH and wH∅ < wL∅:
We distinguish between different forms of collusion in the original contract. For
each case, construct a new contract with w′LH = wHH , w′L∅ = wH∅ and all other
parameters left unchanged unless explicitly stated otherwise.

i) If there is full t-collusion, i.e. b̄ ≥ max{b0, b1}:
The new contract satisfies b0 = b1 = 0, i.e. the auditor does not lie. The
manager still prefers a high cash flow report and hence there is no collusion.
The shareholder’s utility is unchanged: U ′S = US .
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ii) If there is 0-lying and 1-t-collusion, i.e. b̄1 ≥ b1, b̄ < max{b0, b1}:
Under the new contract, the manager does not need to 1-t-collude any more
since the auditor now prefers truthtelling. However, she also prefers truthtelling
if x = 0. The manager therefore either seeks to collude for x = 0, which will
necessarily also capture the auditor if x = 1, or he never colludes.

1) If b̄ > 0 (i.e. b̄ < 0):
The new contract induces full collusion and we find U ′S = q(tLH −w′LH) +
(1−q)(tL∅−w′L∅) > q(tHH−wHH)+(1−q)(tL∅−wL∅) = US , which follows
from the construction of w′ and from b̄1 > 0 (implying tLH > tHH).

2) If b̄ ≤ 0 (i.e. b̄ ≥ 0):
The new contract induces no collusion and we obtain U ′S = q(tHH −
wHH) + (1− q)(tH∅ −wH∅). If tH∅ −wH∅ ≥ tL∅ −wL∅, this improves the
shareholders’ payoff. If the opposite holds, let t′H∅ = tL∅, which still does
not induce collusion since b̄′ = q(tHH − tLH) ≤ 0 but improves the payoff
over the original contract.

iii) If there is 0-t-collusion and 1-lying, i.e. b̄0 ≥ b0, b̄ < max{b0, b1}:
The proof is analog to case ii).

iv) If there is full lying, i.e. b̄0 < b0, b̄1 < b1, b̄ < max{b0, b1}:
As in case ii), we need to identify whether the new contract induces collusion
since the auditor will now accept any strictly positive bribe to misreport for
both realizations of x.

1) If b̄ > 0:
The new contract induces full collusion, i.e. the same reports as the original
contract (although they are now caused by coalitional rather than on
individual deviations). By construction of w′, the shareholders’ utility
increases.

2) If b̄ ≤ 0:
The new contract induces full truthtelling. Let t′HH = tLH and t′H∅ = tL∅,
implying b̄′ = 0 and hence still no collusion. We obtain U ′S = q(t′HH −
wHH) + (1− q)(t′H∅ − wH∅) > US since wHH < wLH and wH∅ < wL∅.

b) If wHH < wLH and wH∅ ≥ wL∅:
Note that in this case any bribe b which causes the auditor to misreport if x = 0
(i.e. which induces 0-collusion) will also be accepted by her if x = 1 (implying full
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collusion). The manager prefers full collusion over no collusion iff

yH − qtLH − (1− q)tL∅ − b0 > yH − qtLH − (1− q)tH∅,

so he is willing to offer a bribe b up to (1− q)(tH∅− tL∅) = (1− q)b̄0. Similarly, any
bribe b which causes the auditor to report truthfully if x = 1 (i.e. which induces
1-t-collusion) will also be accepted by her if x = 0 (implying full t-collusion). The
manager prefers full t-collusion over no collusion iff

yH − qtHH − (1− q)tH∅ − b1 > yH − qtLH − (1− q)tH∅,

so he is willing to offer a bribe b up to q(tLH − tHH) = qb̄1. Comparing both forms
of bribery, the manager prefers full collusion over full t-collusion iff

(1− q)b̄0 + b0 > qb̄1 + b1.

As in a), we distinguish between the different forms of collusion in the original
contract. For each case, construct a new contract with w′LH = wHH and all other
parameters left unchanged unless explicitly stated otherwise (implying b′0 ≥ 0,
b′1 = 0).

i) If there is full collusion, i.e. (1− q)b̄0 > b0 and [(1− q)b̄0 + b0 > qb̄1 + b1 or
qb̄1 < b1]:
With b′1 = 0, the conditions still hold for the new contract, thus still implying
full collusion and increasing the shareholders’ payoff since w′LH < wLH .

ii) If there is full t-collusion, i.e. qb̄1 > b1 and [(1 − q)b̄0 + b0 ≤ qb̄1 + b1 or
(1− q)b̄0 ≤ b0]:
Under the new contract, the auditor no longer has an incentive to 1-lie and
the manager hence no longer needs to offer a bribe to t-collude. The new
contract therefore induces the same reports as the original one, although in a
different manner, and the shareholders’ payoff is unchanged.

iii) If there is no collusion, i.e. (1− q)b̄0 ≤ b0 and qb̄1 < b1:
Under the new contract, (1 − q)b̄′0 ≤ b′0 still holds, i.e. there is no collusion.
The auditor’s new wage implies truthelling, which changes the shareholders’
payoff for x = 1. If tHH − wHH ≥ tLH − wLH , their payoff increases under
the new contract. Otherwise, let t′HH = tLH , yielding b̄′ = (1 − q)(tH∅ −
tL∅) ≤ b0. Hence, there is still no collusion and the shareholders obtain
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U ′S = q(t′HH −wHH) + (1− q)(tH∅−wH∅), improving upon the original payoff
since wHH < wLH .

c) If wHH ≥ wLH and wH∅ < wL∅: the proof is analog to case b).

We now turn to the transfer levied from the manager and assume that the lemma’s
statement is violated, i.e. that the manager prefers a high cash flow report over a low one
for some realization of x. Again, we can construct a new contract which does satisfy the
statement and provides the shareholders with a weakly higher payoff. From the previous
steps we know that in the absence of collusion, the auditor reports a high cash flow
truthfully.

d) If tHH < tLH and tH∅ < tL∅:
The manager does not offer any bribe and the auditor reports truthfully for all
x. Construct a new contract with t′HH = tLH and t′H∅ = tL∅, which still does not
cause collusion but strictly increases the shareholder’s payoff.

e) If tHH < tLH and tH∅ ≥ tL∅:
The manager prefers 0-collusion but truthtelling for x = 1. This can induce 0-
collusion, full collusion (if he automatically captures the auditor for both realizations
of x) or no collusion (if 0-collusion is too costly or if full truthtelling is preferred
over capturing the auditor for both realizations of x). For each case, construct a
new contract with t′HH = tLH and all other parameters left unchanged.

i) If there is 0-collusion, i.e. b̄0 > b0, b0 < b1:
Since b̄′0 = b̄0 and b̄′1 = 0, there is still 0-collusion without the auditor being
corrupted if x = 1. The reports thus are unchanged and the shareholders’
payoff increases due to t′HH > tHH .

ii) If there is full collusion, i.e. b0 ≥ b1, b̄ > b0:
Since b̄′ > b̄, there is still full collusion and the shareholders’ payoff is un-
changed.

iii) If there is no collusion, i.e. b̄0 ≤ b0 or [b̄0 > b0, b0 ≥ b1, b̄ ≤ b0]:
If there is no collusion under the original contract, this is either because the
manager’s bribe offer for x = 0 is too low for the auditor to accept, or because
this bribe offer will also be accepted for x = 1 but the manager’s benefit of
0-collusion is outweighed by the loss of 1-collusion. We distinguish both cases.
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1) If b̄0 ≤ b0:
Since b̄′ = (1 − q)b̄0 ≤ b0, there is still no collusion and shareholders’
payoff increases due to t′HH > tHH .

2) If b̄0 > b0, b0 ≥ b1 and b̄ ≤ b0:
The new contract still induces truthtelling if b̄′ ≤ b0. If this holds true,
the shareholders’ payoff is the same as in case 1) and hence increased.
If the opposite holds, modify the new contract such that w′H∅ = wL∅ +
k(1 − q)(tH∅ − tL∅) (we will use this modification again in the proof of
Lemma 2.2). This implies b′0 = (1− q)b̄0 = b̄′, hence there is no collusion.
The change in the shareholders’ payoff changes is given by

U ′S − US = q(tLH − wHH) + (1− q)(tH∅ − wL∅ − k(1− q)(tH∅ − tL∅))

− q(tHH − wHH)− (1− q)(tH∅ − wH∅)

= q(tLH − tHH) + (1− q)(wH∅ − wL∅ − k(1− q)(tH∅ − tL∅))︸ ︷︷ ︸
≥kq(tHH−tLH) (∗)≥ q[1− k(1− q)](tLH − tHH)

> 0,

where the inequality (∗) follows from b0 ≥ b̄ = qb̄1 + (1− q)b̄0.

f) If tHH ≥ tLH and tH∅ < tL∅: the proof is analog to case e).

We continue with the proof of Lemma 2.2. In three steps, we consider contracts which
induce collusion a) irrespective of whether an alert occurred, b) only for the case of no
alert being triggered, and c) only if there was an alert. For each scenario, we construct
a new contract which induces truthtelling and provides the shareholders with a weakly
higher payoff. From Lemma A2.1 we know that the internal auditor reports truthfully in
the absence of collusion.

a) Collusion for x ∈ {0, 1}:
A necessary condition for collusion to arise irrespective of the realization of x is
kb̄ > max{b0, b1}. Construct a new contract with w′H∅ = wL∅+ k(1− q)(tH∅− tL∅),
w′HH = wLH , t′HH = tLH and all other parameters left unchanged. For this new
contract we find kb̄′ = k(1− q)(tH∅ − tL∅) = b′0, kb̄′1 = 0 = b′1 and kb̄′0 = kb̄0 ≥ b′1.
That is, the manager seeks to collude only for x = 0 but any bribe offered to this
end will also be accepted by the internal auditor if x = 1. Collusion irrespective of
the realization of x (or only for x = 1), on the other hand, is rendered unattractive
for the manager. Turning to the shareholders’ expected payoff, the new contract is
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an improvement over the original one if and only if

E[US(t′, w′, q′)] ≥ E[US(t, w, q)]

⇔ q(t′HH − w′HH) + (1− q)(tH∅ − w′H∅) ≥ q(tLH − wLH) + (1− q)(tL∅ − wL∅)

⇔ [1− k(1− q)](tH∅ − tL∅) ≥ 0,

which holds true given Lemma A2.1.

b) Collusion for x = 0:
For collusion to occur if and only if no alert was triggered, the condition kb̄0 > b

must be satisfied. Construct a new contract with wH∅′ = wL∅ + k(tH∅ − tL∅),
w′LH = wHH , t′LH = tHH and all other parameters left unchanged, implying
kb̄′0 = kb̄0 = b′0 and thus ensuring collusion proofness for x = 0. Since kb̄′1 = 0 = b′1

and kb̄′ = k(1 − q)b̄′0 ≤ b′0, no other form of collusion arises, either. For the
shareholders, we find

E[US(t′, w′, q′)] ≥ E[US(t, w, q)]

⇔ q(tHH − wHH) + (1− q)(tH∅ − w′H∅) ≥ q(tHH − wHH) + (1− q)(tL∅ − wL∅)

⇔ (1− k)(tH∅ − tL∅) ≥ 0,

which again is satisfied – hence, the shareholders weakly prefer the new contract.

c) Collusion for x = 1:
With the original contract inducing collusion only for the case of the internal
auditor having received an alert, it must hold that kb̄1 > b1. Construct a new
contract with w′HH = wLH , t′HH = tLH and all other parameters left unchanged.
Since kb̄′1 = 0 = b′, there will no longer be collusion just for x = 1. If the new
contract induces full collusion proofness, it is readily verified that it provides the
shareholders with the same payoff as the original contract. If it causes collusion to
occur irrespective of the realization of x, or for x = 0 only, proceed to Steps 1) or
2), respectively.

Proof of Proposition 2.2. Consider the objective function eq. (2.13) with the constraints
eqs. (2.14) and (2.15). First turn to those transfers t which weakly increase the value
of the objective function and the slack of the constraint linearity, as well as those
wages w for which the opposite holds. We find: tLH = yH , tL∅ = tLL = yL and
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wL∅ = wLL = wHH = 0. Second, we rewrite eq. (2.15), which binds at the optimum,

wH∅ = k[q(tHH − yH) + (1− q)(tH∅ − yL)], (2.22)

and show eq. (2.14) ex post. We plug the constraint into the objective function to obtain

max
t,q

p([1− k(1− q)][qtHH + (1− q)tH∅] + k(1− q)[qyH + (1− q)yL]) + (1− p)yL − qc.

The transfers t levied from the manager therefore mirror the standard case: tHH = tH∅ =
yH . Rewriting the problem, we find that it is no longer linear in the probability q of an
external audit:

max
q
yL + p∆y[1− k(1− q)2]− qc, (2.23)

yielding the optimal audit policy

q∗ =

1− c
2kp∆y if c ≤ 2kp∆y ≡ c̄

0 else.

From eq. (2.22) we also obtain the optimal bonus wage to the internal auditor,

wH∅ = k(1− q)∆y = c

2p,

with the wage for all other report profiles being zero.

It is readily verified that this contract satisfies all constraints required for truthful
revelation. First, it meets the internal auditor’s individual incentive constraint given
by eq. (2.14) since wH∅ = k(1− q)∆y = c

2p ≥ 0 = wL∅. Second, there is no bribe which
the manager is willing to offer and which the internal auditor accepts only if there is no
external audit: any bribe b > 0 corrupting the internal auditor conditional on having
observed x = 0 will also corrupt her if she observed x = 1, since b1 = 1

k (wHH − wLH) =
0 ≤ 1

k (wH∅ − wL∅) = (1− q)∆y = b0. Third, from eq. (2.15) there is no bribe which the
manager will offer whilst believing that it is accepted by the internal auditor irrespective
of x, and which is indeed accepted if x = 0: b̄ = (1− q)∆y = b0.

We conclude the proof by computing the shareholders’ expected utility for costs below
the threshold:

E[UAA
S |c ≤ c̄] = pqyH + p(1− q)(yH − k(1− q)∆y) + (1− p)qyL + (1− p)(1− q)yL − qc

= yL + p∆y − c(1− c

4kp∆y ).



78 CHAPTER 2. ALERTING THE AUDITOR

Proof of Lemma 2.3. Recall eqs. (2.7) and (2.13) for the objective function of the share-
holders given truthful revelation of the cash flow:

max
t,w,q

pq(tHH − wHH) + p(1− q)(tH∅ − wH∅)

+ (1− p)q(tLL − wLL) + (1− p)(1− q)(tL∅ − wL∅)− qc.

A necessary condition for truthtelling is collusion proofness conditional on both
manager and internal auditor having received no alert, i.e. both parties knowing that
there is no external inspection,

1
k

(wH∅ − wL∅) ≥ tH∅ − tL∅.

We set tHH = yH , tLL = tL∅ = yL as well as wHH = wLL = wL∅ and note that
the constraint binds at the optimum: wH∅ = k(tH∅ − yL). Plugging into the objective
function yields

max
t,q

yL + pq∆y + p(1− q)(1− k)tH∅ − qc,

where we find tH∅ = yH to obtain

max
q
yL + p∆y[1− k(1− q)]− qc,

which is equal to the linear problem obtained for the case of standard contracts, c.f.
eq. (2.20). The shareholders’ expected utility as well as the optimal audit scheme thus
is the same as in Proposition 2.1 and there is no use of public audit alerts vis-à-vis not
using any alerts at all.

Proof of Lemma 2.4. We prove the lemma by studying the shareholders’ optimization
problem subject to constraints which are necessary for truthful elicitation of the cash
flow but not sufficient. We then show that even with these minimum requirements,
the optimal contract with managerial alerts does not outperform the standard contract
without alerts from Section 2.4.2.

The shareholders’ expected utility takes the same form as in the previous settings, i.e.

max
t,w,q

pq(tHH − wHH) + p(1− q)(tH∅ − wH∅)

+ (1− p)q(tLL − wLL) + (1− p)(1− q)(tL∅ − wL∅)− qc.

To ensure truthful revelation, we again need to consider individual and coalitional
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incentives. The internal auditor – now privy of the information whether external
inspection will occur – does not know the realization of x, posing the incentive constraint

qwHH + (1− q)wH∅ ≥ qwLH + (1− q)wL∅. (2.24)

On the coalitional level, we need to distinguish between bribes which “separate” and
those which “pool”. The former are only offered by a manager having received an alert,
while the latter are offered irrespective of the realization of x. In the first case, the
internal auditor can thus infer whether an alert occurred from the manager’s bribe offer.
Now consider the constraint

wH∅ − wL∅ ≥ k(tH∅ − tL∅), (2.25)

stating that the maximum bribe the manager is willing to offer after having observed an
alert is less than the minimum bribe required by the internal auditor if she infers this
alert from the offer. Note that this condition is not necessary to rule out “separating”
collusion: eq. (2.25) may well be violated, thus allowing for the existence of a mutually
acceptable “separating” bribe, but at the same time, the manager may prefer to offer a
different bribe which causes “pooling” collusion instead. This is captured by

q(wHH − wLH) + (1− q)(wH∅ − wL∅) ≥ k(tH∅ − tL∅), (2.26)

which states that an internal auditor who believes to be offered a bribe irrespective of the
state of x demands a price which is higher than what the manager is willing to pay at
least if x = 0. Yet again, we stress that eq. (2.26) by itself is not a necessary constraint
to prevent “pooling” collusion as it can be violated but manager and internal auditor opt
for “separating” collusion instead. Nevertheless, to ensure truthtul revelation, at least
one of these coalitional constraints must always be satisfied in addition to the individual
incentive constraint eq. (2.24). In the following, we therefore consider the shareholders’
optimization problem for both pairs of constraints separately.

a) Optimization with constraints (2.24) and (2.25):
From the linearity of the problem, we infer wLH = wL∅ = 0 as well as tLL = tL∅ = yL

and tHH = yH . This also implies wHH = 0 at the optimum since wH∅ ≥ 0 due to
the internal auditor’ limited liability and hence the shareholders do not benefit from
additional slack created in the individual incentive constraint by setting wHH > 0.
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Rewriting the problem, we obtain:

max
t,w,q

pqyH + p(1− q)(tH∅ − wH∅) + (1− p)yL − qc

s.t. wH∅ ≥ 0

and wH∅ ≥ k(tH∅ − yL)

It is readily verified that at the optimum, the second constraint is binding (the
shareholders do not benefit from having the first constraint binding instead, setting
wH∅ = 0 and tH∅ ≤ yL). Plugging it into the objective function, we find tH∅ = yH ,
yielding maxq yL+p∆y[(1−k(1−q)]−qc, i.e. the same problem as for the standard
case given by eq. (2.20). Hence, the shareholders do not benefit from alerting the
manager in this case.

b) Optimization with constraints (2.24) and (2.26):
For the same reasoning as above, we find wLH = wL∅ = 0 as well as tLL = tL∅ = yL

and tHH = yH . Note we can not infer wHH = 0 since the shareholders may benefit
from the increased slack in eq. (2.26) by choosing wHH > 0. Plugging in yields:

max
t,w,q

pqyH + p(1− q)tH∅ + p[qwHH + (1− q)wH∅] + (1− p)yL − qc

s.t. qwHH + (1− q)wH∅ ≥ 0

and qwHH + (1− q)wH∅ ≥ k(tH∅ − yL)

Assume first that the second constraint is binding and plug it into the objective
function. We find tH∅ to be optimal and obtain the rewritten problem given by
maxq yL + p∆y(1 − k) − qc. The shareholders thus choose to never use external
audits (q = 0) and obtain the same expected utility as they do under the standard
case with internal audits only.

Next, assume the first constraint to be binding instead. We obtain tH∅ from the
new objective function, which now reads maxq yL + pq∆y − qc. The shareholders
thus choose to use only external audits whenever c ≤ p∆y and only internal ones
otherwise. Again, the standard contract without any alerts is weakly preferred,
strictly for c > kp∆y (see their payoffs in Proposition 2.1).

Proof of Lemma 2.5. Consider a side mechanism governing the collusive interaction. We
can restrict attention to deterministic direct mechanisms, asking players about their
privately held information and prescribing actions conditional on this input. More
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specifically, the side mechanism asks the internal auditor about her observation of
x ∈ {0, 1} and specifies as a cash flow report rI ∈ {yL, yH} she is to send to the
shareholders. The mechanism needs to be individually rational for both the manager and
the internal auditor, i.e. both need to be provided with an expected utility level at least
as high as under non-cooperative play where the internal auditor reports the cash flow
truthfully. In addition, incentive compatibility of the internal auditor has to be satisfied,
incentivizing her to state the true value of x.

Let y = yL and denote by b0 (b1) the side payment from the manager to the
internal auditor conditional on the latter having reported x = 0 (x = 1) to the side
mechanism.25 Recall the structure of optimal wages and transfers from Section 2.4.3,
where wH∅ = k(1 − q)∆y and zero otherwise, while tHH = tH∅ = tLH = yH and
tLL = tL∅ = yL. Distinguish the three different forms of misreporting which the side
contract can induce:

a) Forged report only for x = 1:
Individual rationality for the internal auditor requires26

wH∅ + kb0 > wH∅ if x = 0,

wL∅ + kb1 > wHH if x = 1.

Plugging in the optimal wages, we find b0, b1 > 0. For the manager, however,
individual rationality mandates

yH − (1− q)(tH∅ + b0)− q(tLH + b1 > yH − (1− q)tH∅ − qtHH ,

which yields (1− q)b0 + qb1 < 0 given the optimal transfers. This contradicts the
above statement that bribes are strictly positive – hence, no such bribes exist.

b) Forged report only for x = 0:

25More generally, the side mechanism would pay the amount bA
0 (bM

0 ) to the internal auditor (to the
manager) after a report of x = 0 and bA

1 (bM
1 ) after x = 1, respectively, but since budget-balancedness

prevents the printing of money, and since burning money does not allow for richer forms of collusion, we
can assume bA

0 = bM
0 (bA

1 = bM
1 ) and use the notation above.

26We continue to assume that in case of indifference, manager and internal auditor prefer non-cooperative
play of collusion. This simplifies notation as we would otherwise need to add some ε > 0 to wages and
transfers.
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Incentive compatibility for the internal auditor requires

wL∅ + kb0 > wH∅ + kb1 if x = 0,

wHH + kb1 > wLH + kb0 if x = 1.

The first inequality paired with the optimal wages implies b0 ≥ b1 + (1 − q)∆y,
while the second implies b1 ≥ b0. Combining both, we obtain 0 ≥ (1− q)∆y, which
is a contradiction unless q = 1 is chosen by the shareholders – but if this is the
case, x = 0 does not occur and hence reports are never actually forged.

c) Forged report irrespective of x:
Incentive compatibility for the internal auditor requires

wL∅ + kb0 > wL∅ + kb1 if x = 0,

wLH + kb1 > wLH + kb0 if x = 1.

Combining both and plugging in the optimal wages, we find b0 = b1 ≡ b. If x = 1,
individual rationality of the internal auditor implies wL∅ + kb0 > wH∅ and hence
b > (1− q)∆y. For the manager, individual rationality mandates

yH − (1− q)(tL∅ + b0)− q(tLH + b1 > yH − (1− q)tH∅ − qtHH ,

yielding b > (1− q)∆y and hence contradicting the above.



Chapter 3

The More the Merrier?
On the Optimality
of Market Size Restrictions

“You will agree, I’m sure, that there’s nothing more
destructive than a monopoly.”

“Yes,” said Taggart, “on the one hand. On the other,
there’s the blight of unbridled competition.”

“That’s true. That’s very true. The proper course is
always, in my opinion, in the middle. So it is, I think,
the duty of society to snip the extremes, now isn’t it?”

“Yes,” said Taggart, “it is.”

Ayn Rand, Atlas Shrugged



84 CHAPTER 3. THE MORE THE MERRIER?

3.1 Introduction

Why do we observe markets where regulation restricts the number of firms allowed to
compete, effectively creating oligopolies of a certain – at times seemingly arbitrary – size?
After all, economic intuition suggests that in a market of profit-seeking firms, welfare
is maximized by ensuring the highest possible degree of competition instead of limiting
market entry. Even beyond the realm of economic theory, “competition is, in our system,
a political and social desideratum” (McNulty, 1968, p. 639).

In some markets existing in practice, however, competition is limited in that only a
number of firms are allowed to enter. In 2016, the Greek government cut the number
of TV licenses granted to privately owned broadcasters from eight to four – only to
change it again to five licenses two years later.1 Similarly, the German football league
(Bundesliga) raised the amount of licenses issued for live pay-TV broadcasts of its matches
in 2016, claiming an improvement not only for fans and viewers, but also for the league’s
finances.2 In New York City, the number of taxis in operation is regulated by the Taxi
and Limousine Commission, which has barely varied the amount of “medallions” since
the 1930s – despite the city having grown rapidly both in population and size, and
despite the socially optimal number of such medallions estimated to be about 55% higher
than its current value.3 Further examples include the number of licenses given out
to telecommunication companies in spectrum auctions or to betting agencies in sport
wagering.

Regulators are interested in both consumer surplus and industry profits in most
markets, since the latter can (partly) be extracted using e.g. license auctions.4 Theory
suggests that, unless specific market assumptions are made (which we discuss in the
literature review), utmost competition is optimal: welfare is maximized by having as
many firms as possible compete with one another. While there may be practical reasons
to restrict the market size in specific settings (technical constraints, health concerns, etc.),
from an economic perspective “the limit appears to be rather arbitrary” (Borenstein,
1988, p. 357).

1See Iosifidis and Papathanassopoulos (2019) for a timeline.
2Heller and Sudaric (2019) describe the legal and procedural background. For the Bundesliga’s

statement, see http://www.bundesliga.com/de/bundesliga/news/dfl- stellt- eckpunkte- der-
ausschreibung-der-audiovisuellen-medienrechte-fuer-deutschland-ab-2017-18-vor-agmd29-
2.jsp (accessed August 26th, 2019).

3The historical development of the number of taxis granted to operate in NYC is outlined by Lagos
(2003), while today’s optimal number is computed by Fréchette et al. (2019).

4Kasberger (2018) describes the maximization of firm profits plus consumer surplus as the objective
of “social efficiency” (p. 2).

http://www.bundesliga.com/de/bundesliga/news/dfl-stellt-eckpunkte-der-ausschreibung-der-audiovisuellen-medienrechte-fuer-deutschland-ab-2017-18-vor-agmd29-2.jsp
http://www.bundesliga.com/de/bundesliga/news/dfl-stellt-eckpunkte-der-ausschreibung-der-audiovisuellen-medienrechte-fuer-deutschland-ab-2017-18-vor-agmd29-2.jsp
http://www.bundesliga.com/de/bundesliga/news/dfl-stellt-eckpunkte-der-ausschreibung-der-audiovisuellen-medienrechte-fuer-deutschland-ab-2017-18-vor-agmd29-2.jsp
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This chapter explains restrictions to competition from an economic perspective and
in a standard market absent specific assumptions required by previous work on entry
regulation. We consider a two-stage model. First, a welfare-maximizing regulator specifies
a market size, thus allowing a subset of finitely many interested firms to operate in a
market. She does so e.g. by issuing licenses. Second, those firms to which access is
granted compete à la Cournot. Crucially, firms differ in their marginal costs, with the
costs unknown to the regulator. We show that raising market size by issuing more licenses
has a two-fold effect: an increase in competition and a decrease in average production
efficiency. We disentangle the two and study their welfare effects.

Intuitively, opening up the market gives rise to countervailing forces. On the one
hand, it fosters competition. On the other hand, a greater market size also attracts less
efficient firms: since firms with lower marginal costs generate higher profits, they enter
the market first (as they place higher bids when licenses are auctioned off), while entrants
arriving later produce at higher costs. To single out each effect, consider this market
opening in two steps. First, add a new firm with production costs equal to the market
average. This heats up competition while leaving production efficiency unchanged. As a
result, prices are driven down, which is detrimental to firms but beneficial for consumers.
Next, raise the entrant’s cost to the value expected by the regulator. Surprisingly, this
cost increase does not necessarily harm firms as a whole: it is possible that an increase
in average marginal costs, keeping the total number of firms fixed, raises total firm
profits. The more efficient firms can exploit the inefficiencies of their high-cost rivals,
taking over their market share. The additional firm profits overcompensate the loss for
consumers caused by the increase in production costs. When more firms are admitted to
a market, we therefore observe a trade-off due to the two – potentially countervailing –
effects: fostering competition always increases welfare, while the simultaneous decrease in
production efficiency has an ambiguous impact on welfare. The regulator has to consider
both the competition and the cost effect in her choice of the market size.

Identifying the welfare maximizing market size, we first consider the benchmark
scenario of homogeneous firms. Here, the standard intuition applies as utmost competition
is optimal. The regulator does not impose any restrictions and allows all firms to enter.
But with firms being heterogeneous, the regulator may face the aforementioned trade-off
between competition and production costs, depending on market characteristics. It
can now become optimal in terms of welfare to enforce an oligopoly, granting market
access only to a limited number of firms. In this case, competition is desirable only to
some extent such that the usual notion of “the more the merrier” does not apply. After
establishing this result analytically, the chapter then employs numerical methods to study
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how the optimal regulatory policy varies with the market specifications.
The chapter is structured as follows: the existing literature is reviewed in Section 3.2,

while Section 3.3 presents the formal model. In Section 3.4, we first analyze the market
equilibrium given a fixed market size. Subsequently, we solve the regulator’s problem
of choosing the optimal market size to maximize expected total welfare. Section 3.5
shows that the results are robust to changes to the model: we analyze both Cournot
and Bertrand competition, i.e. firms setting either prices or quantities; heterogeneity is
studied both in marginal costs and in quality levels; a regulator interested in auction
revenue is considered. All proofs as well as the accompanying Mathematica code are
in the Appendix.

3.2 Related Literature

This chapter builds on three strands of literature. First, it uses the framework of
oligopolistic competition in a differentiated market. Second, it adds to the work on
regulation and in particular on welfare-optimizing restrictions of competition. This line
of research considers a certain market structure and asks what the optimal market size
is. A third line takes the market size as given and varies the structure, showing that a
decrease in production efficiency can lead to a surprising increase in welfare. We elaborate
on each strand in detail.

In the analysis of the present’s chapter competition stage, we extend the model of
a differentiated duopoly to the case of an arbitrary number of competing firms. The
duopoly set-up is introduced in the seminal paper of Singh and Vives (1984). They
study the competition of two firms who differ in their marginal costs and in their goods’
value to consumers. In addition, there are substitutability effects between the goods.
This differentiated market has been extended to the case of oligopolies of arbitrary size.
Authors differ, however, in their modeling of firm heterogeneity: either via production
costs or via quality levels. The first path is taken by Ledvina and Sircar (2011, 2012).
Their model also is the closest to ours. However, they focus on the case of unregulated
entry and analyze which firms want to be active. This chapter, on the other hand,
considers the question which firms should be active from a welfare perspective: if entry
is attractive for all firms, how many of them should a regulator allow to operate in order
to maximize total surplus? We therefore endogenize market size, which the authors take
as given. The second path captures the heterogeneity of firms via quality rather than via
production costs. Häckner (2000) presents such a model, assuming production costs of
zero for all firms. He focuses on a comparison of equilibria under Cournot and Bertrand
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competition. We adopt this framework in an extension. In particular, we show that our
results qualitatively carry over to this form of heterogeneity. Hsu and Wang (2005) also
use this model and add a welfare analysis. Again, however, they consider a fixed market
size, while we are interested in the regulator’s optimal choice of this variable.

A vast literature has emerged on the optimal regulation of market sizes. In particular,
this literature endogenizes the number of firms competing with one another and seeks to
provide a rationale for limiting competition. A classic argument goes back to Schumpeter
(1942), who argues that increasing returns to scale can outweigh the downsides of a
monopoly. He thus requires decreasing marginal costs to justify a lack of competition.
Stiglitz (1981) and Spence (1984) study a dynamic model where firms’ choices of R&D
lead to inefficiently low welfare levels: incumbents deter potential entrants by investing
excessively in R&D in order to keep their productions costs low. While the authors do
not explicitly study optimal regulatory policies, a limit to the market size would remedy
the detrimental impact on welfare stemming from the firms’ incentive to create entry
barriers via wasteful investment levels. In a different approach, von Weizsäcker (1980) as
well as Suzumura and Kiyono (1987) consider a static model with production levels being
the firms’ strategic choices. Their works, however, require the existence of fixed costs to
explain an inefficiently high number of market entrants. Yet another path is taken by
Stiglitz (1987): he considers search costs incurred by consumers who are looking for the
preferred offer. Having too many firms operating in a market can cause inefficiently high
search costs for only minor utility gains. In addition, there are works analyzing specific
markets and the optimal regulation of their size, e.g. Kawakami (2017) who considers
the case of securities trading. All of the literature in this strand therefore hinges on
specific assumptions in order to rationalize a regulation of the market size. In particular,
their analyzes require either fixed costs, search costs, decreasing marginal costs or R&D
investments. None of them carry over to the case of constant marginal costs, which we
consider. We thus add to this literature by providing a rationale for regulation in a more
standard situation.

Finally, we turn to the third strand, analyzing how welfare is affected by production
efficiency. This line of research considers a fixed market size and varies the production
costs of some of the competing firms. Salop and Scheffman (1983) show that a firm
may prefer to raise its competitor’s costs – e.g. by inducing suppliers to boycott this
rival – over predatory pricing. This competitor, however, obviously suffers, raising the
question of the net effect of such behavior. Kimmel (1992) therefore studies the effect
on total firm profits, arguing that the net effect may in fact be positive: if a small firm
becomes less efficient, the benefit to its competitors from taking over the market share
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may outweigh the loss for the small firm. Yet, he does not consider consumers, whose
utility decreases if any firm’s production costs rise. The net effect thus remains unclear.
Lahiri and Ono (1988) [henceforth LO] add consumers to the welfare analysis. They show
that “helping” a small firm, e.g. by boosting its efficiency, may in fact lower total welfare.
Our model differs mainly in three aspects. First, we allow for a differentiated market,
while goods are necessarily homogeneous in the case of LO. We can therefore, second,
explicitly study how market characteristics (degree of substitutability, quality of goods,
size of the firm pool) affect the necessity for a regulator to intervene. Third, in the setup
of LO, the regulator is perfectly informed about the firms’ costs. As Baron and Myerson
(1982) argue, “[t]his assumption is unlikely to be met in reality, since the firm would be
expected to have better information about costs than would the regulator” (p. 911). We
therefore model asymmetric information between firms and regulator. In particular, we
assume firms’ costs are random variables whose realization is unknown to the regulator.
A more detailed analysis of the relevance of information in oligopolistic competition is
conducted by Eliaz and Forges (2015). They consider the strategic interaction between a
regulator and competing firms in an environment of asymmetric information. In their
paper, however, it is the regulator who has an informational advantage and seeks to
maximize welfare by choosing an optimal information structure for the firms. In our
model, the asymmetry is to the regulator’s disadvantage and she needs to maximize
welfare by specifying the market size instead. All papers in this strand take the market
size as given, while we endogenize it.

3.3 Model

We study a two-stage game. In the first stage, a welfare-maximizing regulator specifies
the market size. She does so by choosing the number of firms allowed to enter, e.g. via
issuing licenses. In the second stage, those firms that are granted access compete in a
Cournot style. Firms are heterogeneous in their marginal costs, where we refer to a firm
with lower costs as “more efficient” throughout this chapter.

Regulator: The regulator faces a pool of m ∈ N firms that seek to enter a market. She
chooses the market size n ≤ m, specifying the number of firms allowed to enter. Her goal
is to maximize total welfare, given by consumer surplus and firm profits. The regulator
is unaware of each firm’s marginal costs. She knows only the cost distribution and the
fact that given a market size n, the n firms with the lowest costs are going to enter the
market.
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We discuss this form of market regulation in more detail in Section 3.4.3. It is shown
that the regulator could benefit from more sophisticated mechanisms allocating permits
to enter the market. We will argue that entry of the most efficient firms – rather than
selecting specific firms – is a political desideratum rather than an economic one in many
regulatory settings. We construct a mechanism and equilibrium strategies implementing
this goal, ensuring that more efficient firms indeed enter the market first.

In addition, we follow the empirical observation that the regulator can grant or deny
market access to firms, but that she cannot prevent the firms’ strategic profit-maximizing
behavior once in the market. The socially optimal solution would require a regulation of
production levels and prices to their first-best levels, which in practice is not available to
the regulator in competitive markets. Our results extend to the case where the regulator’s
objective is not to maximize total welfare but rather the sum of consumer surplus and
auction revenue generated from selling licenses for market entry, as shown in Section 3.5.3.

Firms: There are m ∈ N firms seeking to participate in the market. Each firm
i ∈ {1, . . . ,m} produces quantity qi of a good at marginal cost ci. Firms sell their goods
at price pi given by the consumers’ inverse demand. A firm’s profit function is given by

πi(pi, qi) = qi(pi − ci). (3.1)

Firms are heterogeneous in marginal costs ci. Their costs (or “types”) are i.i.d. draws
from U [0, 1].5 Denote a cost profile by c = (c1, . . . , cm) ∈ [0, 1]m. Firms know each
others’ types, while the regulator does not. This information structure is motivated by
producers having more detailed insights into the technical requirements of the specific
market and the cost structure of their rivals than a government does. It allows us to
focus on the regulator’s optimal policy facing both imperfect competition and imperfect
information without the additional complexity of firm’s strategic choices made under
uncertainty.6 We later identify conditions such that indeed all firms find it profitable to
engage in competition.

After the regulator has specified a market size n ≤ m in the first stage, the n
firms with the lowest marginal costs enter, e.g. by having obtained a license. In the

5The results presented in this chapter qualitatively carry over to other cost distributions such as a
binary one. However, even for these relatively “simple” distributions, closed form solutions do not exist
in general. We therefore focus on the uniform case as opposed to more complex ones in order to identify
more easily the different effects that come into play from the regulator’s perspective.

6For a motivation for this information structure commonly used in the regulation of competitive
markets, see e.g. by Vickers (1995). For an analysis of optimal information provision to competing firms,
see Eliaz and Forges (2015).
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second stage, they engage in competition à la Cournot and choose their production levels
q ≡ (q1, . . . , qn).7

Consumers: There is a unit mass of consumers (or a single representative consumer,
equivalently) with a standard utility function: utility is quadratic in the goods q, while it
is linear and separable in the numeraire good. With prices denoted by p ≡ (p1, . . . , pn),
the consumers’ optimization problem is

max
q∈Rn

+
U(q)−

n∑
i=1

piqi, (3.2)

yielding the inverse demand function p(q). We extend the standard model of a differenti-
ated duopoly à la Singh and Vives (1984) to an oligopolistic setting, writing

U(q) = α
n∑
i=1

qi −
1
2

( n∑
i=1

q2
i + γ

n∑
i=1

∑
j 6=i

qiqj

)
. (3.3)

Here, γ specifies the degree of product differentiation: for γ = 0, goods are independent,
while for γ = 1 they are perfect substitutes. We allow for arbitrary γ ∈ [0, 1]. The factor
α can be interpreted as a common quality of all goods, which is sufficiently large such
that market entry is profitable for all firms (see Lemma 3.2 below).8

3.4 Analysis

To identify the optimal market size, we use backward induction. We first solve the
consumers’ optimization problem to obtain the inverse demand function p(q) given a
profile of quantities q posted by the firms. Second, firms anticipate consumer demand
and choose their production levels qi as a function of the cost profile c. This gives
rise to equilibrium quantities and prices in a market of n firms. Third, we determine
the regulator’s choice of the market size n to maximize total welfare, where her choice
determines the cost distribution of those firms active in the market.

The analysis is structured as follows: Sections 3.4.1 and 3.4.2 study the competitive
market stage where firms and consumers interact. All results presented here are inde-

7The results presented qualitatively carry over to a Bertrand market. This robustness is studied in
Section 3.5.1. For a comparison of firm entry under Cournot and Bertrand competition see Cellini et al.
(2004).

8Alternatively, firms could be heterogeneous in quality levels (α1, . . . , αm) rather than in costs. Again,
the results presented in this chapter a robust to such change of the model. See Section 3.5.2 for an
analysis.
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pendent of the cost profile and hence do not hinge on the assumption of only the most
efficient firms being active in the market. In Section 3.4.3, we turn to the mechanism
governing market entry. We introduce and motivate an auction ensuring the entry of
the n most efficient firms whilst also discussing superior mechanisms. Given this form of
entry, Section 3.4.4 assesses the optimal market size and presents the main result, while
Section 3.4.5 considers comparative statics.

3.4.1 Equilibrium Prices and Quantities

Consumers face the optimization problem given by eq. (3.2). Observing quantities q

produced by the firms, consumers’ inverse demand is given by

pi = α− qi − γ
∑
j 6=i

qj . (3.4)

Each firm i sets its production level qi to maximize profit πi = qi(pi − ci), given
inverse demand and a cost profile c. Taking into account its rivals’ production levels
qj (j 6= i), firm i thus chooses

qi = 1
2(α− ci − γ

∑
j 6=i

qj). (3.5)

Summing over all firms and rearranging yields a firm’s chosen quantity as a function of
the cost profile. We define λ = {(2− γ)[2 + γ(n− 1)]}−1 > 0 and obtain:

qi = λ
[
α(2− γ)− [2 + γ(n− 2)]ci + γ

∑
j 6=i

cj
]
, (3.6)

resulting in prices

pi = λ
[
α(2− γ) + [2 + γ(n− 2)− γ2(n− 1)]ci + γ

∑
j 6=i

cj
]
. (3.7)

Regarding the comparative statics of these equilibrium strategies,9 consider an increase
in firm i’s marginal costs ci: the firm reacts by producing a lower quantity, while its rivals
increase production to take over the market share. This increase is more aggressive if
goods are more substitutable as consumers are more easily persuaded to switch producers
( d2qj/dγ dci > 0 for j 6= i).

9Omitting solutions where all production levels and prices are zero, this equilibrium is unique, which
follows from applying the Poincaré-Hopf index theorem, see e.g. Vives (1999).
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Prices paid by consumers rise for all goods following a rise in firm i’s marginal
costs: with ci increasing, the supply of good qi is lowered. At this lower level of
consumption, consumers’ marginal benefit is greater for all goods, see eq. (3.8) below.
Thus, also the firm whose costs have increased will enjoy a higher price for its goods. The
willingness of consumers to pay higher prices to this specific firm, however, decreases in
the substitutability of goods: consumers start purchasing some of the alternative goods
instead ( d2pj/dγ dci is negative for j = i and positive for j 6= i). As goods become less
differentiated (more substitutable), the price increase accepted by consumers diminishes
for the firm whose production costs have grown and becomes larger for the competitors’
goods.

The following lemma summarizes these results and mirrors standard observations
from Cournot competition in a differentiated market. It focuses on the comparative
statics of equilibrium prices and quantities, while effects on profits, expenditure and
welfare are studied in subsequent sections.

Lemma 3.1. When the marginal costs of firm i increase, . . .

a) this firm’s production level decreases,

b) its competitors’ production levels increase,

c) all prices increase.

The market equilibrium given by eqs. (3.6) and (3.7) resembles the results of Ledvina
and Sircar (2012). We extend their analysis by also identifying conditions ensuring that
production is profitable for every firm. Since we are interested in the regulator’s choice of
optimal market size, we want to focus on the case where each firm finds market entrance
attractive. That is, we want to ensure that each firm wants to enter the market but
should not necessarily do so from a welfare perspective. To this end we need to require a
sufficiently large quality α of all goods. Intuitively, consider the marginal benefit to a
consumer purchasing some (not necessarily optimal) quantity qi,

∂U(q)
∂qi

= α− qi − γ
∑
j 6=i

qj . (3.8)

For α large enough and low consumption levels, this marginal benefit outweighs the
marginal costs pi from additional consumption (note that ∂pi

∂α < 1). If, on the other
hand, the quality α is too low, the detrimental effects dominate. These effects stem
from, first, diminishing marginal utility and, second, substitutability of goods. The
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equilibrium quantity given by eq. (3.6) would then prescribe negative consumption levels.
The following lemma derives a lower bound on the quality ensuring positive supply levels
and prices.

Lemma 3.2. A sufficient condition for prices and quantities given by eqs. (3.6) and (3.7)
to be weakly positive is α ≥ m, i.e.

α ≥ m⇒ pi, qi ≥ 0 ∀i, n,m, c, γ s.t. 1 ≤ i ≤ n ≤ m, (c, γ) ∈ [0, 1]m+1. (3.9)

Throughout this chapter, we assume that α ≥ m is satisfied. If α < m, the least
efficient firms would instead choose a production level of zero rather than following
eq. (3.6). Market entry would thus be unattractive for them in the first place. As seen
from the equilibrium quantities, we have qi ≥ qj ⇔ ci ≤ cj . That is, only those firms with
costs below a threshold c̄ would choose their production according to eq. (3.6), where n is
replaced by the number of firms in this set, i.e. |{i|ci ≤ c̄}|. In this case, opening up the
market and allowing more firms to enter does not have any effect: the cost distribution
of firms with strictly positive production levels is truncated at c̄ and all newly arriving
firms affect neither prices nor quantities of the incumbents. The number of active firms,
however, depends on the specific cost realization and is not known ex ante.

Note that α ≥ m ensures strictly positive production levels for all firms apart from the
polar case of n = m = α, γ = ci = 1 and cj = 0 ∀j 6= i, where we obtain qi = 0. However,
all firms (including firm i) still produce according to eq. (3.6), and i can thus still be
considered “active”. The assumption α ≥ m hence is sufficient to prevent discontinuities
in production decisions.

Finally, it is readily verified from eq. (3.6) that for any market size n and any cost
profile c, the entry of an additional firm causes all incumbents to lower their production
levels irrespective of the new rival’s costs, while the total production level increases:

qi(c1, . . . , cn, cn+1) ≤ qi(c1, . . . , cn) ∀i, n, c,
n+1∑
i=1

qi(c1, . . . , cn, cn+1) ≥
n∑
i=1

qi(c1, . . . , cn) ∀n, c. (3.10)

Having computed the equilibrium behavior of firms and consumers, we next turn to an
analysis of their respective welfare levels.
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3.4.2 Consumer Surplus, Firm Profits and Total Welfare

In the previous section we derived equilibrium prices and quantities as well as their
changes following an increase in a firm’s marginal costs. We now analyze how these
effects carry over to the welfare of consumers, firms, and both sides taken together. That
is, we still consider a fixed market size n with a known cost profile c and will only later
turn to the regulator’s optimal choice of n.

Given a profile of production levels q, prices p and marginal costs c, we can determine
consumer surplus WC(n) = U(q) −∑n

i=1 piqi as well as firm profits WF(n) = ∑n
i=1 πi.

Together, they constitute total welfare,

Wtot(n) =WC(n) +WF(n) = [U(q)−
n∑
i=1

piqi] +
n∑
i=1

πi. (3.11)

To single out the effects caused by a change in marginal costs, we separate terms linear
in the costs (ci), squared (c2

i ) as well as mixed (cicj) terms. This way, welfare expressions
take the following form:

Wtot(n) = η1 + η2

n∑
i=1

ci + η3

n∑
i=1

c2
i + η4

n∑
i=1

∑
j 6=i

cicj , (3.12)

with the same form (but different coefficients η) if we only consider consumer surplus or
firm profits. Each coefficient η is a function of quality α, product substitutability γ and
market size n.10 Due to the complexity of these expressions, we defer their explicit form to
3.7, see eq. (3.22). Analyzing the effect of a change in marginal costs on welfare, however,
is insightful for the regulator’s decision studied below. The first set of observations comes
at no surprise:

Lemma 3.3. When the marginal costs of some firm i increase, . . .

a) this firm’s profit decreases,

b) its rivals’ profits increase,

c) consumer expenditure on this firm’s good decreases,

d) consumer surplus decreases.

For an intuition, recall the effect on equilibrium prices and quantities caused by
an increase in marginal costs, as stated in Lemma 3.1: when firm i’s costs increase,

10The total number of firms, m, only enters through the regulator’s expectations over marginal costs.
Here, we consider a known cost profile c. Therefore, eq. (3.12) is independent of m.
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it responds by lowering its own output, while its rivals increase their quantities. At
the same time, all prices rise. Thus, there are two countervailing effects for firm i: a
detrimental cost increase and a beneficial price increase. As Lemma 3.3 shows, the former
effect outweighs the latter (that is, we have dpi

dci
< dci

dci
=1), so that the increase in costs

drives down i’s profits.
Next, consider the effect on consumer behavior. As the production level of good qi is

lowered, consumers’ marginal benefit increases, see eq. (3.8). Hence, they are willing to
pay an increased price. Regarding consumers’ total spending on firm i’s good, there thus
also are two countervailing effects at work: a decrease in the quantity produced and an
increase in the price paid. This resembles the impact of distortionary taxation under
imperfect competition, where an exogenous change causes prices to rise and quantities
to shrink.11 Again, Lemma 3.3 shows that the former effect dominates and consumer
spending on firm i’s good, qipi, decreases. Given this decrease in their expenditure,
consumers substitute by purchasing more of the other goods. Since the prices of these
other goods have also increased subsequent to the change in i’s marginal costs, consumer
surplus is lowered.

We now turn to the rivals of firm i. They benefit from the cost increase in a two-fold
way. First, there is the consumers’ reallocation of money just mentioned, enabling them
to spend a larger fraction of their budget on all goods other than qi. Second, quantities
of these firms also increase: as firm i decreases production given its increased marginal
costs, the rivals take over some of the market share. Both of these effects increase profits
of the competitors whose cost have not changed. Furthermore, consumer expenditure on
the goods of the competitors trivially increases, as both quantities and prices have grown.

As a final remark, note again the (standard) finding that firms with lower marginal
costs have higher profits when participating in the market. This rationalizes our assump-
tion that more efficient firms enter the market first, e.g. because they accept higher prices
for licenses permitting such entry, or because they place higher bids in an auction setting.

The effect on total welfare: An increase in a firm’s marginal costs drives down
consumer surplus but raises profits for all competitors of this firm, as just shown. This
poses the question in which direction total welfare and total firm profits can change.
In particular, is it possible that total welfare increases due to a firm’s marginal costs
having grown, ceteris paribus? (Note that if this is the case, total firm profits also
necessarily increase.) In standard Cournot settings with homogeneous firms, total welfare

11See e.g. Anderson et al. (2001) for an analysis.
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unambiguously decreases in marginal production costs.12 With heterogeneous costs,
however, we find:

Proposition 3.1. When a firm’s marginal costs increase, total welfare may increase.

We separate the effects on total welfare caused by a change in firm i’s marginal costs,
where we know the sign of each effect from Lemma 3.3. First, consumers suffer from an
increase in marginal costs and their surplus decreases. Second, firm i’s profit is driven
down, and third, the profits of i’s competitors rise. More formally, we have

dWtot
dci

= dWC
dci︸ ︷︷ ︸
≤0

consumer effect

+ dπi
dci︸︷︷︸
≤0

firm effect

+
∑
j 6=i

dπj
dci︸︷︷︸
≥0

competitor effect

R 0. (3.13)

When does the positive competitor effect outweigh the negative consumer and firm
effects? As shown in the proof of Proposition 3.1, this is the case if, first, firm i is
relatively inefficient even before the increase in its costs (ci large), and hence it has a
small market share. Second, (most of) its competitors need to be relatively efficient, i.e.
their costs cj should be low. To shed light on these requirements, we look at higher order
derivatives of total welfare. In particular, we analyze how the magnitude of each effect
varies with the costs of firm i and its competitors.

We start with the competitor effect. Recall from eq. (3.6) that firm j has larger
production levels if its own costs are low and those of its rival i are high. This production
level qj precisely drives the magnitude of the competitor effect: note we can write
πj = qj(pj − cj) = [qj(c)]2 for firm profits and the competitor effect size is hence given
by 2qj dqj

dci
. This term is large for firm j being efficient and i being inefficient, as such a

cost profile drives up qj according to eq. (3.6) and the derivative dqj

dci
is independent of

the costs. The positive impact on total welfare hence is amplified if the two requirements
introduced above are met.

Next, consider the firm effect, analogously given by 2qi dqi
dci

. The effect size is small (in
absolute terms) if firm i produces sparsely. This, again, is the case if i itself is inefficient
while its rivals are efficient. If so, we therefore have a small negative effect on firm i’s
profits and a large positive effect on the competitors’ profits. The detrimental impact
of i’s loss on total firm profits and on total welfare will be outweighed by the positive
competitor effect. Before discussing the consumer effect, we capture this finding that the
net effect on firm profits may in fact be positive, which directly follows from combining
Proposition 3.1 and Lemma 3.3 d):

12This is shown e.g. by Corchón (2008) as well as by Lemma 3.5 below in the present chapter.
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Corollary 3.1. When a firm’s marginal costs increase, total firm profits may increase.

Finally, we turn to the consumer effect. From eq. (3.12) we know that it is given by
dWC
dci

= ηC2 + 2ηC3 ci + 2ηC4
∑
j 6=i cj . As shown in the proof, it holds that ηC3 > 0: although

consumers suffer from the cost increase of firm i, they do so to a lesser extent if firm i’s
costs are high. Intuitively, given a high value of ci, consumers purchase only little of
qi anyway. Now, if the costs ci grow, the price pi does so, too. But since consumption
levels qi are low, this affects consumers’ net utility less than if i was more efficient
and hence consumption levels were higher. Just as for the firm effect, the detrimental
consequences of an increase in some firm’s costs are diminished if this firm already is
relatively inefficient in the first place.

To conclude, Proposition 3.1 shows that there are specific cost profiles where an
increase in a firm’s marginal costs can cause a somewhat surprising increase in total
welfare. More specifically, this is the case if the firm whose costs increase is relatively
small and inefficient, while the opposite is true for its rivals.13

3.4.3 Market Entry

So far, we have studied the competitive market stage where firms and consumers interact.
We now turn to the regulator’s task of governing market entry. While this section
motivates her choice to admit only the most efficient firms and proposes an auction
implementing this outcome, while the subsequent Section 3.4.4 analyzes the optimal
number of efficient firms that should be allowed to compete given this specific form of
regulation.

Optimal regulatory mechanisms: Note first that regulation ensuring competition
of only the most efficient firms is not necessarily optimal ex post. Denote a profile of
the firms’ realized costs by its order statistics (c(1), . . . , c(m)), where c(i) ≤ c(i+1) for
all i. Having the n ≤ m most efficient firms enter the market will induce the profile
(c(1), . . . , c(n)) at the competition stage. But from Proposition 3.1 we have learned that
total welfare can increase if a small firm becomes less efficient. Hence, keeping the cost
profile and the market size fixed, inducing firms (c(1), . . . , c(n−1), c(m)) to compete instead
may be socially preferable.

The optimal composition of firms at the competition stage therefore depends on the
realized cost profile. Any regulatory mechanism striving to maximize total welfare should

13This resembles findings presented by Lahiri and Ono (1988) for the effect on total welfare and by
Kimmel (1992) for firm profits only.
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thus seek to elicit this profile and then select individual firms to enter the market. Recall
that each firm knows the marginal costs of all of its (potential) competitors. Since a firm’s
profit – and hence its valuation of entering the market – depends on the whole cost profile,
the regulator faces a problem of interdependent valuations and symmetric information
among the bidders. In the spirit of Crémer and McLean (1988), this information can
easily and costlessly be extracted using a “shoot the liar” mechanism, where each firm
is asked for a report on the whole cost profile and deviations from the consensus are
penalized. Having obtained the cost profile, the regulator then hand-picks the firms she
finds preferable in her objective to maximize total welfare.

Practical considerations: In the light of this observation, why do we nevertheless
focus on an entry of the firms with lowest production costs? The focus is motivated by a
perception governing many procurement processes and license auctions in practice: when
striving for efficient outcomes, “[e]fficiency [is] understood as putting the licenses into
the hands of the bidders with the best business plans” (Binmore and Klemperer, 2002,
p. C79). Rather than maximizing total welfare ex post, the auction merely “ensures that
the object is allocated to that bidder that values it most” (van Damme, 2002, p. 7). Now
recall that in the present model, a firm’s profit decreases in its marginal costs irrespective
of the rivals active in the market (Lemma 3.3). Hence, more efficient firms have a higher
valuation of market entry independently of the firms they are going to compete with.
An auction that causes the firms with lowest costs to enter in equilibrium therefore
satisfies the requirement of granting access only to those with highest valuations and
meets a political rather than a purely economic objective.14 This requirement forms the
constraint subject to which total welfare will be maximized in the next section: given
that only the most efficient firms enter, how large should the market be?

Before turning to this question, we introduce an auction that does indeed implement
the desired order of entry. For a fixed market size n, we can describe the process of
allocating licenses by a multiunit auction in which n identical items are sold to m bidders
with a cap of one item per bidder. The following lemma states that if licenses are
auctioned off sequentially, with all bids being revealed after each round15 and each round
selling a single license to enter the market at a second price auction, then there is an
equilibrium where indeed the n most efficient firms enter the market. In addition, firms

14An additional economic rationale for procurement to the most efficient firms is given by the incentives
for R&D investments thus created: regulators want to induce firm innovations due to spillover effects and
hence “reward” more efficient firms for their investments by choosing allocations accordingly. Che et al.
(2016) analyze the provision of innovation incentives in public procurement.

15As shown in the proof, it suffices to reveal the winning bid and the winning bidder’s identity.
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bid their valuation truthfully on the equilibrium path.

Lemma 3.4. Consider n sequential second-price single-unit open-bid auctions. There is
an equilibrium in bidding strategies where each of the n most efficient firms wins one of
the units for any cost profile.

The equilibrium hinges on grim trigger strategies preventing more efficient firms from
postponing their bids in hope of acquiring a license in later rounds at a cheaper price.
More specifically, a selection of the remaining firms then starts bidding the monopoly
profit, thus punishing the deviant, while also ensuring that overbidding is unattractive
for the less efficient firms. For details, see the proof.

Note three remarks on the auction and the equilibrium discussed above. First, the
allocation of licenses does not change if we allow for an aftermarket where firms can sell
their licenses to those rivals who failed to place winning bids. Only less efficient firms
have not yet obtained a license, but their valuation of holding one is lower than for each
of the firms in possession of a license as long as the profile of competitors is unchanged.
Bilateral exchange between firms therefore does not lead to a reallocation, although a
centralized clearing house with side transfers could. Second, the equilibrium outcome of
the n most efficient firms acquiring one item each is not unique. Consider the case of
m = 3, n = 1 and c1 < c2 < c3, implying π1 > π2 > π3. The bidding profile (b1, b2, b3)
with b2 > π1 > π2 > π3 > b3 > b1 is an equilibrium where firm 2 instead of the more
efficient firm 1 wins the only item. Third, an equilibrium of only the most efficient firms
entering can also be implemented using a uniform-price auction selling all licenses at the
same market-clearing price. This does, however, generate a much lower auction revenue.

To conclude, the focus on firms entering in the order of their efficiency as mandated
in practice puts an additional constraint on the regulator’s optimization problem. Rather
than first eliciting the firms’ privately held information and maximizing total welfare ex
post, she only regulates the number of firms allowed to enter and maximizes welfare ex
ante, considering the expected costs of those firms who will compete.

3.4.4 Regulating the Market Size

We are now able to identify the optimal market size from the perspective of the welfare-
maximizing regulator. Given a size n, she knows that the n most efficient firms will enter
into competition – but she has to form expectations about the costs of the firms seeking
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to compete. Formally, her optimization problem is to find

n∗ = arg max
n∈{1,...,m}

Ec[Wtot(n)]. (3.14)

This section now presents the chapter’s key results. We first consider a benchmark
scenario of homogeneous firms, all having the same marginal costs. These costs may
or may not be known by the regulator. In this setting, the standard intuition of more
competition being optimal does apply: welfare is always maximized by having all firms
compete, as shown in Lemma 3.5. This result changes, however, if firms are heterogeneous:
it can now be optimal to restrict market size, thus limiting the number of firms allowed
to compete. An increase in competition, caused by opening up the market, no longer
necessarily implies an increase in total welfare, as Proposition 3.2 shows. This result
therefore justifies the restrictions to market sizes observed in practice.

We motivated the regulator’s interest in total welfare by her possibility to (partly)
extract firm profits via the sale of permits to participate in the market, e.g. by auctioning
off licenses. Her objective hence is to maximize the sum of consumer surplus and firm
profits. If she was only interested in the former, full competition would always be optimal
and there would be no restriction at the optimum.

3.4.4.1 Homogeneous Firms

As a benchmark, we consider the pool of m firms to be homogeneous. That is, they all
share the same marginal costs ci = c ∈ [0, 1]. Their goods may still be differentiated, i.e.
we still allow for any degree of product differentiation γ ∈ [0, 1] as well as any quality
level α satisfying the condition stated in eq. (3.9). The results presented here hold both
if the regulator observes c and if she is unaware of the costs realized, knowing only that
they are uniformly distributed.

As the following lemma states, an increase in competition always (weakly) increases
total welfare if firms are homogeneous. That is, the regulator always finds it optimal to
grant market access to all firms. There is no rationale to limit the market size.

Lemma 3.5. If firms are homogeneous, it is always welfare-optimal to allow all firms to
enter the market:

If ci = c ∈ [0, 1] ∀i : arg max
n∈{1,...,m}

Ec[Wtot(n)] = m ∀α, γ,m s.t. 0 ≤ γ ≤ 1 ≤ m ≤ α.

This result confirms the standard intuition that in a market where firms cannot be
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forced to set their prices or production levels in a welfare-maximizing way, it is optimal
to have as many of them as possible compete with one another. Allowing more firms
to enter the market increases competition and has a known two-fold effect. First, it
reduces each firm’s profits by lowering both production levels and prices. This is seen
from recalling eqs. (3.6) and (3.7), where we can write qi = q, pi = p ∀i if firms are
homogeneous:

dq
dn = dp

dn = −λ2γ(α− c) ≤ 0. (3.15)

Second, opening up the market increases consumer surplus: there is a larger variety
of goods available and prices are lowered. In a setting of homogeneous firms, the latter
effect outweighs the former: the benefit to consumers from having more competition
overcompensates the loss to each firm. In consequence, total welfare is maximized by
allowing all firms to enter.

As a final remark, note the result above is independent of the distribution of c.
Unrestricted market access is optimal for any homogeneous cost realization c ∈ [0, 1] and
even if the regulator knows the realized costs ex ante.

3.4.4.2 Heterogeneous Firms

Having considered a setting with symmetric firms, we now turn to a more realistic market
with heterogeneous firms whose production costs may differ. We start with a simple
numerical example. Let there be two potential entrants with marginal costs c1 = 0, c2 = 1.
Their goods are perfectly differentiated and consumer utility is given by U(q1, q2) =
4(q1 + q2)− 1

2(q2
1 + q2

2). We compare total welfare in a monopoly of the more efficient firm
1 with an duopoly where both firms compete. In the monopoly, we find qmon = pmon = 2,
resulting in a total welfare of W tot

mon = πmon +WCS
mon = 4 + 2 = 6. In contrast, the duopoly

setting yields q1 = p1 = p2 = 5
3 , q2 = 2

3 andW tot
duo = π1+π2+WCS

duo = 25
9 + 4

9 + 49
18 = 107

18 < 6.
Opening up the market to allow for more competition hence slightly lowers welfare.

We extend this example to the general model introduced above to identify market
characteristics making restrictions to competition optimal. That is, we allow for an
arbitrary degree of product differentiation γ, quality level α and firm pool size m. In
addition, we consider asymmetric information on the firms’ marginal costs, where the
regulator only knows the cost distribution. Each firm i has a cost type ci ∼ U [0, 1] i.i.d.
Recall from eq. (3.12) the form of the expression for total welfare: it contains terms
which are linear in the costs (ci), squared (c2

i ) as well as mixed (cicj). We compute the
expected value of these expressions, given a firm pool size m (exogenous) and a market
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size n (chosen by the regulator), in 3.8.
As the following proposition shows, optimal market regulation can change dramatically

if firms are heterogeneous. For homogeneous firms (see Section 3.4.4.1) we saw it is
always preferable to have as many firms as possible compete with one another. This no
longer holds true if production costs differ. Instead, total welfare may now be maximized
by restricting market access, creating a setting which is neither monopolistic nor fully
competitive. This provides a rationale for the seemingly arbitrary restriction of market
access sometimes observed in practice.

Proposition 3.2. If firms are heterogeneous, it can be welfare-optimal to limit competi-
tion:

∃α, γ,m with 0 ≤ γ ≤ 1 < m ≤ α s.t. 1 < arg max
n∈{1,...,m}

Ec[Wtot(n)] < m.

When the regulator opens up the market by allowing more firms to enter, there are
two forces affecting total welfare: a competition effect and a cost effect. The competition
effect resemble the observation made in the setting of homogeneous firms. As the number
of firms competing increases, prices and production levels are driven down. This harms
each firm’s profits, but raises consumer surplus. In addition, there now is an increase
in variety: consumers benefit from a larger number of different goods, each yielding
quality α, but they also face more substitution, lowering their utility. The net impact of
this competition effect, however, is positive, as seen from Lemma 3.5: in a market with
homogeneous firms, a larger number of entrants unambiguously improves total welfare.

Under firm heterogeneity, we now observe a second effect caused by a change to the
market size: the cost effect. Since firms enter the market in the order of their efficiency,
a newly arriving firm is known to be less efficient than those already in the market.
This obviously changes the number of firms, captured by the competition effect. But
it also changes the cost distribution, as it increases expected average production costs
or, equivalently, decreases expected average efficiency. Intuitively, we can single out the
latter effect by first adding a firm whose marginal costs are equal to the current market
average (changing only the market size and thus creating a competition effect) and then
decreasing the entrant’s costs to the expected value given by the (n+ 1)-th order statistic.
In this second step, we effectively reduce the efficiency of a single firm and can hence
recall Proposition 3.1, stating that such a reduction may in fact raise welfare. That is,
the impact of the cost effect is ambiguous. It is hence not straightforward to see the net
effect on total welfare if the market size is increased: the competition effect drives up
total welfare, the cost effect may point in either direction.

As Proposition 3.2 shows, the cost effect caused by opening up the market can in fact
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be so detrimental to welfare that it outweighs the positive competition effect. Conversely,
it can be beneficial to limit the market size: at the optimal market size n∗, the two
opposing effects balance each other and welfare is maximized. As opposed to a setting of
homogeneous firms, the net effect of an increase in competition no longer is necessarily
positive. Instead, restrictions to market access are rationalized if firms are heterogeneous.

Total production level: The two opposing forces of competition and cost effect can
also be observed when looking at the expected total quantity of goods produced in
equilibrium. Again, opening up the market and allowing more firms to enter has two
countervailing consequences. From a firm’s individual quantity choice qi in eq. (3.6) we
obtain the total production level,

Q ≡
n∑
i=1

qi = nα−
∑n
i=1 ci

2 + γ(n− 1) . (3.16)

First consider the competition effect. We increase the number of firms while keeping
costs constant, i.e. setting marginal costs ci = c for all firms. This yields

dQ|ci=c
dn = (2− γ)(α− c)

[2 + γ(n− 1)]2 > 0, (3.17)

driving up the production level. At the same time, a newly arriving firm lowers expected
average efficiency. To single out this cost effect, let the number of firms n be fixed
and increase average costs 1

n

∑n
i=1 ci in eq. (3.16). This lowers the total level of goods

produced and hence works against the competition effect. As the following lemma shows,
the net effect is positive nevertheless:

Lemma 3.6. If firms are heterogeneous, opening up the market always increases the
expected level of total production.

In a market with homogeneous firms, this result comes at no surprise: as more firms
enter, the total production level moves from an inefficiently low level towards the efficient
competitive level. Under heterogeneity, however, the net effect is not as obvious, as the
increase in (expected) average costs drives down the overall quantity of goods. In the
case of total welfare, this cost effect may outweigh the competition effect, as we saw in
Proposition 3.2. Concerning production levels, however, the competition effect always
dominates. In short, more firms always cause more production, but they may cause less
welfare.
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The optimal market size: So far, we have focused on the qualitative finding that
some restriction to the market size may be optimal. On the quantitative side, one may
be interested in, first, the actual size optimally chosen by the regulator and, second, the
requirements that need to be met for such restriction to be optimal. The answers to
both questions will depend on the market characteristics – that is, on the exogenous
parameters: quality level α, degree of product differentiation γ, and size of the firm pool
m.

However, an explicit solution to the regulator’s optimization problem given by
arg maxn∈{1,...,m} Ec[Wtot(n)] does in general not exist. This is because it is has the
implicit form of a quintic polynomial equation to which there is no general algebraic
solution in radicals.16 Given a specific set of market characteristics, a solution can
nevertheless be derived numerically. In the next section we therefore use simulations to
analyze the way in which the market characteristics affect the regulator’s optimal policy.

3.4.5 The Effect of Market Characteristics

Interaction of consumers and firms is determined by the characteristics of the market we
study. In particular, the specific strategies chosen and outcomes implemented depend
on the exogenous parameters observed by both sides. Market interaction therefore is
driven by quality level α, degree of product differentiation γ, and size m of the firm pool.
In this section, we analyze how each of these values affects the regulator’s policy, i.e.
their effect on the optimal market size n∗. We do so using computational methods, in
particular numerical simulations. Observations stemming from such simulations will be
referred to as Results, as opposed to the lemmata and propositions above, which were
analytically proved.

In the following, we plot the optimal market size n∗ as a function of the market
characteristics α, γ,m. In each of the Figures 3.1 to 3.3, the solid bold line indicates
where n∗ = m is just optimal. The line thus separates two parameter ranges: to one side
of the line, the regulator optimally allows all firms to enter. This area is depicted by the
diagonal plane in Figures 3.1 and 3.3 and by the horizontal plane in Figure 3.2. The
regulator would even prefer a larger market size (n > m) but is restricted to the number
of firms m available in the pool. To the other side, we observe the effect this chapter
rationalizes: the regulator finds it optimal to restrict access by setting some interior value
n∗ < m.

16The impossibility to derive an explicit solution follows from the Abel–Ruffini Theorem, see e.g. Rosen
(1995). Even for the simplifying assumption that α = m, γ = 1, the first order condition cannot be solved
analytically, while for α = m, γ = 0, restriction is not optimal.
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γ = 0.9

n*=m

Figure 3.1: opt. market size n∗ as a function of pool size m and quality level α

3.4.5.1 Quality Level α

The quality level α describes how much utility consumers derive from the consumption
of some good before considering decreasing marginal benefits or substitution effects. If
this quality is large, consumers greatly benefit from large consumption levels even in
the presence of these detrimental effects. Formally, the value of α enters total welfare
via the term αQ in eq. (3.11). Quality thus has a larger (positive) impact on welfare if
production levels are high.

As more firms enter the market, the expected level of total production Q increases, as
we know from Lemma 3.6. Such an increase in production level affects total welfare both
positively and negatively: positively via the quality α as just mentioned and negatively, on
the other hand, via decreasing marginal benefits to consumers as well as via substitution
effects. In addition, total firm profits may decrease. For large quality levels α, the
positive effect receives greater weight. The market can thus be opened further than if α
was small. Only if the number of firms in the market becomes too large, the negative
effects dominate and a restriction is optimal. We therefore expect the optimal market
size n∗ to increase with α: more quality puts more emphasis on large consumption levels
and hence mandates a large market, despite the cost effects.

This expectation is confirmed by Figure 3.1: take a fixed degree of product differen-
tiation γ. For small sizes m of the firm pool size, it is optimal to have all firms enter
the market, irrespective of the quality level α. This is seen in the diagonal plane left
of the solid line. Here, we have n∗ = m and ideally, the regulator would allow even
more firms compete but she cannot do so as only m are available (we study the role
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α = 20

n*=m

Figure 3.2: opt. market size n∗ as a function of pool size m and product differentiation γ

of m in more detail in Section 3.4.5.3). At some point, however, increasing the market
size – and thus total production – brings increasingly negative effects, such that n∗ < m

becomes optimal. This tipping point is indicated by the solid line, to the right of which a
restriction of the market size is optimal. Now we increase the quality level α: this shifts
the tipping point – beyond which the negative effects dominate – further up. As the
welfare gain from the level of production Q increases with α, the regulator wants more
firms to enter. We therefore find:

Result 3.1. Restricting the market size is optimal if the quality of goods is sufficiently
low.

3.4.5.2 Degree of Product Differentiation γ

We now turn to the question how the degree of product differentiation γ affects the
optimal market size. Recall that goods are rather independent if γ is close to 0, and
rather substitutable if γ is close to 1. For large values of γ, consumers’ utility derived
from the goods is greatly diminished by the substitutability effects. Formally, γ enters
consumer surplus negatively via the term γ

∑n
i=1

∑
j 6=i qiqj in eq. (3.11), and it affects

total welfare in the same way.
With a growing number of firms, this detrimental impact on welfare increases. There

is a larger level of total production, and a larger number of different goods between which
substitution effects arise. That is, we expect the negative consequences of substitutability
to be more severe for larger values of n. At the same time, recall the beneficial competition
effect stemming from an increase in market size. The larger γ is, the more will substitution
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outweigh competition, i.e. the sooner we will observe a welfare loss when allowing more
firms to enter.

Figure 3.2 illustrates this finding. Again, the diagonal plane indicates where the
regulator fully opens the market and would prefer to have even more firms in competition.
At some point, however, we reach the tipping point, indicated by the solid line, beyond
which more competition lowers welfare. This point is reached earlier for larger values of
γ: substitution effects dominate and only a fraction of those firms in the pool is allowed
to enter the market. If goods are too differentiated or the pool size is too small, the
regulator will not want to limit competition. We summarize this finding:

Result 3.2. Restricting the market size is optimal if the goods are sufficiently substi-
tutable.

So far, we have varied either the quality level α or the degree of product differentiation
γ while keeping the other parameter fixed. Now, we also consider their interplay. Recall
the threshold at which n∗ = m was just optimal, i.e. where the regulator grants market
access to all firms in the pool, yet she would not want to admit more if the pool was
larger. We have referred to this as the “tipping point” beyond which restrictions to the
market size became optimal.

In Figure 3.3, we now fix some pool sizem. If the goods are sufficiently differentiated (γ
small) and have sufficiently high quality (α large), we expect no restriction to competition.
This is observed in the left, flat part of the graph, where access is granted to all firms. As
differentiation or quality decrease, the benefits of more competition shrink. By varying
either of the two parameters, we reach the point where restriction starts becoming optimal.
Figure 3.3 reveals that the less differentiated the goods are (i.e. the larger γ), the lower
is the quality threshold below which the regulator limits market access. Conversely, the
higher the quality of the goods (i.e. the larger α), the more substitutability is required
for such a limiting policy to be optimal.

3.4.5.3 Pool Size m

Finally, we analyze the third market parameter and its effect on regulation: the number
m of firms seeking to enter. It captures the number of independent draws from the
uniform distribution, forming a profile of costs c. This profile characterizes the pool of m
firms hoping to compete. When we compare different values of m, we therefore compare
different sample sizes and ask how the regulator’s policy changes if this size increases.

A larger value of this pool size has two effects. First, it simply allows the regulator
to open up the market further, as she is constrained by her choice to set n ≤ m. Second,
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m = 20

n*=m

Figure 3.3: opt. market size n∗ as a function of quality level α and product diff. γ

however, for a fixed choice of n, the pool size also determines the cost distribution of
those firms entering the market. For any market size, the n most efficient out of the m
available firms enter. Since the firms’ costs are uniformly distributed on the unit interval,
the i-th most efficient firm has expected costs of i

m+1 (see 3.8 for details). As the pool
size increases by a single firm, this expectation changes to i

m+2 . Similarly, the expected
efficiency of all other firms grows.

When the regulator opens up the market by increasing n, we identified two counter-
vailing effects: a gain in welfare due to increased competition, and a loss of welfare due
to increased costs. The latter effect now is diminished if the pool size has increased, as
each firm has become more efficient. The competition effect dominates for larger values
of n and we expect the regulator to allow more firms to enter. Only as n gets very large,
the detrimental cost effect becomes more relevant.

Figures 3.1 and 3.2 show this interplay. For low values of m, the regulator wants all
firms to engage in competition. Increasing m hence increases the optimal market size n∗

by the same amount, as observed in the diagonal plane in both plots. At some point, the
detrimental cost effect mentioned above dominates, however, and the regulator starts
restricting access. But even then, a further increase in m has a positive effect on n∗:
instead of a flat plane beyond the “tipping point” indicated by the solid line, we still
observe a growth of n∗, even though it remains below m. This growth stems from the
fact that as the pool size increases to m+ 1, the expected efficiency of the m original
firms rises – both of those that were operating in the market and of those still seeking
entry. The cost effect driving down welfare is reduced and the regulator allows some
additional firms to enter.
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The above analysis explains why the optimal market size increases in the pool size.
First and foremost, however, we restate the main observation: only if sufficiently many
firms are available, the regulator finds it optimal to deny access to some of them. For a
small pool size, the competition effect still dominates the cost effect and she prefers to
have all firms compete.

Result 3.3. Restricting the market size is optimal if there are many firms seeking to
compete.

This observation can equivalently be explained in terms of statistical sampling: the
average costs of the n most efficient firms decrease in the sample size m. Only if this
size is sufficiently large does the regulator prefer to have a subset of the sample compete
rather than all firms. The advantage of a cost-efficient yet oligopolistic market then
outweighs a more competitive alternative with higher average costs.

As a final remark, recall the results from Sections 3.4.5.1 and 3.4.5.2. We just stated
that the pool size m needs to reach some threshold beyond which the regulator limits
market access. Combining this finding with the previous sections, we can determine the
effect of the other market parameters on this threshold of m. First, it increases with the
quality level α, see Figure 3.1: if the quality of goods is large, consumers derive large
utility values from high production levels. Unrestricted access becomes more beneficial
and is only dominated if the pool size increases even further. Second, the threshold
decreases in the degree of product differentiation γ, as seen in Figure 3.2. If goods are
rather substitutable (large γ), opening up the market hampers welfare early on. Even for
small pool sizes, the regulator therefore only allows a fraction of firms to enter.

This section has shed some light on the market characteristics and their effect on the
regulator’s optimal policy. Given the lack of an explicit solution for the optimal market
size, we have resorted to numerical analyzes. These allowed us to see when restriction
becomes optimal from a total welfare perspective, given the parameter ranges for quality
levels, product differentiation and pool size.

3.5 Robustness & Extensions

The model introduced in Section 3.3 is a standard extension of the differentiated duopoly
setting. So far, we have been focusing on a Cournot market with firms which are
heterogeneous in their marginal costs. In such a market it can be optimal for a welfare-
maximizing regulator to restrict competition by limiting the market size, as Proposition 3.2
states.
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In this section, we show that the result is robust to changes in the setup. First
(Section 3.5.1), we study the move to a Bertrand market, where firms compete in prices
rather than in quantities. Second (Section 3.5.2), we adapt the model such that firms’
heterogeneity stems from the quality αi (which we so fare assumed to be the same
value α for all firms) of their goods rather than from their marginal costs ci. Finally
(Section 3.5.3) we change the regulator’s objective function. Up until now, we have
assumed she maximizes total welfare, given by the sum of consumer surplus and firm
profits. She might, however, be more interested in the auction revenue generated from
selling the licenses rather than the actual industry performance. We therefore extend our
findings to the case of a regulator maximizing consumer surplus plus auction revenue.

3.5.1 Bertrand Competition

In a Cournot market studied above, firms were setting their quantities qi strategically,
with consumers responding via an inverse demand function. If we move to a Bertrand
market, firms instead choose their prices, expecting consumers’ consumption levels. Again,
we can derive equilibrium prices p and quantities q as a function of the cost profile c:
consumers face the optimization problem given by eq. (3.2), which firms anticipate. Each
firm therefore chooses its profit-maximizing price equal to arg maxpi

qi(pi − ci). We defer
the derivation of the equilibrium to the Appendix given the complexity of the expressions,
see eqs. (3.29) and (3.30).

Just as in the case of Cournot competition, we want to focus on the case where all
firms want to participate in the market but should not necessarily do so from a total
welfare perspective. We therefore need to identify conditions such that the equilibrium
yields positive prices, demand and profits for all firms, irrespective of the particular
cost profile. Under Bertrand competition with perfect substitutability of goods (γ = 1),
however, we have the standard “winner takes it all” outcome, where the most efficient
firm can always undercut the zero-profit price of its competitors. We hence focus on
product differentiation levels γ ∈ [0, 1). In addition, to ensure positivity and uniqueness
of the equilibrium, we again need to assume a lower bound on the joint quality level α,
analogously to eq. (3.9).

Lemma 3.7. If firms compete in a Bertrand market and the quality α of their goods is
sufficiently high, there exists an equilibrium in which each firm finds it profitable to enter
the market.

More formally speaking, Lemma 3.7 states that for any pool size m ∈ N+ and any
degree of product differentiation γ ∈ [0, 1), there exists a lower bound α(m, γ) on the



3.5. ROBUSTNESS & EXTENSIONS 111

quality such that, if α > α, there is an equilibrium with (q,p) ∈ R2n
+ and πi > 0 ∀i for

every market size n ∈ {1, . . . ,m} and every cost profile c ∈ [0, 1]m. As opposed to the
simple threshold we derived in the case of Cournot competition, where Lemma 3.2 required
α ≥ m, the lower bound is more complex in the case of Bertrand. In particular, we have
limγ→1 α =∞. As shown in the proof of Lemma 3.7, positivity of the equilibrium in a
Bertrand setting neither implies nor requires positivity in a Cournot setting. Omitting
solutions where firms set excessively large prices (pi → ∞) and consumers respond
with zero demand, the equilibrium we derive is unique, which follows follows from the
Poincaré-Hopf index theorem just as for the Cournot case.

In analogy to the Cournot setting, we want to ascertain that more efficient firms
enter the market first. That is, firms with lower marginal costs are supposed to generate
higher profits. The regulator, unaware of the firms’ respective costs, can then expect
those with lower cost realizations to place higher bids in a license auction, allowing them
to be among the restricted set of market participants. We show at the end of the proof
of Lemma 3.7 that indeed each firm’s profit decreases in its own marginal costs.

Having ensured that all firms find market participation profitable, and that they enter
in the order of their efficiency, we now turn to the regulator’s problem. She specifies the
market size, seeking to maximize expected total welfare. In particular, we ask whether
she may again find it optimal to limit market access by setting a market size n smaller
than the firm pool size m. The answer is positive:

Proposition 3.3. If firms compete à la Bertrand, it can be welfare-optimal to limit
competition:

∃α, γ,m with 0 ≤ γ < 1 < m, α ≥ α s.t. 1 < arg max
n∈{1,...,m}

Ec[WB
tot(n)] < m.

The qualitative finding of firm heterogeneity rationalizing restrictions to market size
therefore extends to a Bertrand setting. While the computations are more involved given
the more complex market equilibrium (q,p), the intuition is the same as in the Cournot
case, see the discussion in Section 3.4.4.2.

3.5.2 Quality Heterogeneity

So far, we have studied firms which are heterogeneous in marginal costs ci but share the
quality α which their goods have for consumers. Instead, firms could be heterogeneous
in quality, which we analyze in this section. Let each firm’s quality level αi be separable
into a common “base” quality α and a private margin xi ∼ U [0, 1], such that αi = α− xi.
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We denote a quality profile by x = (x1, . . . , xm). With such individual values for quality,
consumer utility now is given by

U(q) =
n∑
i=1

αiqi −
1
2

( n∑
i=1

q2
i + γ

n∑
i=1

∑
j 6=i

qiqj

)
. (3.18)

For simplicity, we assume all firms’ marginal cost to be zero, i.e. ci = 0 ∀i. Häckner (2000)
derives firm prices and consumer demand under Cournot competition:

pi = qi =
[γ(n− 2) + 2]αi − γ

∑
j 6=i αj

(2− γ)[γ(n− 1) + 2] (3.19)

Again, we want to ascertain that all firms find market entrance profitable. We can
ensure positivity of all prices and quantities by requiring a sufficiently high base quality
α:

Lemma 3.8. A sufficient condition for prices and quantities given by eq. (3.19) to be
positive is α ≥ m, i.e.

α ≥ m⇒ pi, qi ≥ 0 ∀i, n,m, γ s.t. 1 ≤ i ≤ n ≤ m, (x, γ) ∈ [0, 1]m+1. (3.20)

With zero marginal costs, firm profits are given by ∑n
i=1 πi = ∑n

i=1 qipi. Total
welfare Wαi

tot with heterogeneous quality levels αi thus simply equals U(q). The following
proposition states that there again are markets where the regulator finds it optimal to
restrict entry in order to maximize welfare.

Proposition 3.4. If firms are heterogeneous in quality, it can be welfare-optimal to limit
competition:

∃α, γ,m with 0 ≤ γ ≤ 1 < m ≤ α s.t. 1 < arg max
n∈{1,...,m}

Ex[Wαi
tot(n)] < m.

3.5.3 A Regulator Interested in Auction Revenue

Up until now, the regulator’s objective was to maximize total welfare given by consumer
surplus plus firm profits. Suppose now the regulator is not intrinsically interested in
industry performance but rather in the extraction of firm profits by auctioning off licenses
for market entry. Does she still find it optimal to restrict the market size?

To answer this question, we recall Lemma 3.4, which stated that in n sequential
second-price single-unit open-bid auctions, there is an equilibrium where firms bid their
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valuations – i.e. their profits from entering the market – truthfully. Auction revenue in
the first round thus is given by the profits of the second most efficient firm, in the second
round by the third most efficient firm, and so forth to the n-th round, where the revenue
is equal to the profit the (n+ 1)-th most efficient firm would generate if it entered the
market instead of the n-th most efficient one. Using the bidding strategies and notation
introduced in the proof of Lemma 3.4, we can compute the total auction revenue R and
compare it to total firm profits:

R(n) =
n∑
i=2

π(i)(c(1), . . . , c(n)) + π(n+1)(c(1), . . . , c(n−1), c(n+1))

=WF − π(1)(c(1), . . . , c(n)) + π(n+1)(c(1), . . . , c(n−1), c(n+1)). (3.21)

The regulator now chooses the market size n∗ maximizing the expected sum of
consumer surplus and auction revenue, Ec[WC(n) + R(n)]. The following proposition
considers the above auction, the equilibrium bidding strategies and the regulatory
objective function to conclude that it can again be optimal to restrict the market size:

Proposition 3.5. If the regulator maximizes expected consumer surplus plus auction
revenue, it can be welfare-optimal to limit competition:

∃α, γ,m with 0 ≤ γ < 1 < m, α ≥ α s.t. 1 < arg max
n∈{1,...,m}

Ec[WC(n) +R(n)] < m.

3.6 Conclusion

This chapter presents a novel explanation for restrictions to the market size. We show
that a regulator seeking to maximize total welfare may find it optimal to grant market
access only to a limited number of firms, e.g. by issuing a certain number of licenses.
Considering a two-stage game, the regulator faces a finite number of firms seeking to
enter a market. Firms differ in their marginal costs, with the regulator knowing only the
distribution. In the first stage, the regulator specifies a market size, allowing the most
efficient firms to enter. In the second stage, these firms engage in Cournot competition.

If firms are homogeneous, the standard notion of more competition being better does
apply. That is, the regulator finds it welfare-optimal to allow unrestricted market entrance.
But if firms are heterogeneous, this chapter rationalizes regulation. In particular, expected
welfare can be maximized by choosing a certain oligopolistic market size.

We identified a two-fold effect driving this result. When the market is opened up
and more firms are admitted, there is a change to, first, the degree of competition and,
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second, the distribution of production costs in the market. The competition effect harms
firms and benefits consumers, with a positive net effect on total welfare. The cost effect
is ambiguous: new entrants are less efficient and hence drive up average production costs,
but firm profits and total welfare may nevertheless rise – despite a decrease in consumer
surplus. This stems from the observation that if a small firm becomes less efficient, its
more efficient rivals may take over some of its market share. The loss to this small firm is
overcompensated by the additional profit of its competitors, causing overall firm profits
and total welfare to increase.

When the regulator opens up the market, she thus faces a trade-off between beneficial
competition and a potential decrease in production efficiency. The latter effect may
outweigh the former, such that she optimally limits the number of firms allowed to
operate. This result does not hinge on the existence of entry costs, search costs or
decreasing returns to scale, which previous literature required.

The two-fold effect and the optimality of regulation are robust to changes to the model.
We looked at both Cournot and Bertrand competition, at firms being heterogeneous
either in their production costs or in the quality of their goods, and at a regulator
interested in the revenue generated from auctioning off licenses for market entry. The
chapter thus rationalizes the regulatory practice observed in many real-world markets,
where competition is limited by restricted market access.

3.7 Appendix A: Proofs

Proof of Lemma 3.1. The lemma directly follows from differentiating the equilibrium
price and quantity values with respect to marginal costs. Let i, j ∈ {1, . . . , n}. From
eq. (3.7), we obtain

dqi
dcj

=

−λ[2 + γ(n− 2)] < 0 if i = j

λγ ≥ 0 if i 6= j

proving part a) and b). Differentiating eq. (3.7) yields

dpi
dcj

=

λ[2 + γ(n− 2)− γ2(n− 1)] > 0 if i = j

λγ ≥ 0 if i 6= j

and thus proves part c).

Proof of Lemma 3.2. Since pi ≥ qi, it suffices to show positivity of qi. The denominator
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of eq. (3.6) is strictly positive while the numerator is decreasing in ck for k = i and
increasing for k 6= i. Hence, consider the cost profile ci = 1, cj = 0. The numerator
becomes α(2 − γ) − [2 + γ(n − 2)], which decreases in γ for n ≥ 2 (for n = 2, qi is
trivially positive). Hence, let γ = 1. We have qi ≥ {(2 − γ)[2 + γ(n − 1)]}−1(α − n).
Since n ≤ m, weak positivity is ensured if α ≥ m. Note that positivity is strict unless
α = m = n, γ = 1, ci = 1, cj = 0.

Proof of eq. (3.12). We use the equilibrium prices and quantities (q, p) derived in Sec-
tion 3.4.1 to compute the total surplus given a profile of costs c, where we continue to
write λ = {(2−γ)[2+γ(n−1)]}−1. Here and in subsequent proofs we make use of several
auxiliary computations derived for arbitrary equilibria (q, p) in 3.8.

Wtot = α
n∑
i=1

qi −
1
2

n∑
i=1

q2
i −

γ

2

n∑
i=1

∑
j 6=i

qiqj −
n∑
i=1

qici

= λ2

2
(

α2(2− γ)2[γ(n− 1) + 3]n

− 2α(2− γ)2[γ(n− 1) + 3]
n∑
i=1

ci

− [γ3(n− 2)(n− 1)− γ2{n(3n− 13) + 13} − 12γ(n− 2)− 12]
n∑
i=1

c2
i

− γ[γ{γ + (3− γ)n− 6}+ 8]
n∑
i=1

∑
j 6=i

cicj
)
. (3.22)

This yields the four factors η1, η2, η3 and η4 of eq. (3.12). Note that η1, η3 > 0, while
η2, η4 ≤ 0. For expressions of consumer surplus WC and firm profits WF, we use the
same form and obtain the respective coefficients. Consumer surplus is given by

WC = U(q)−
n∑
i=1

piqi = ηC1 + ηC2

n∑
i=1

ci + ηC3

n∑
i=1

c2
i + ηC4

n∑
i=1

∑
j 6=i

cicj , (3.23)

with

ηC1 = λ2

2 α
2(2− γ)2[γ(n− 1) + 1]n > 0

ηC2 = − λ2α(2− γ)2[γ(n− 1) + 1] < 0

ηC3 = λ2

2 {γ[−γ2(n− 2)(n− 1) + γ(n− 7)n+ 7γ + 4n− 8] + 4} > 0

ηC4 = λ2

2 γ
2[γ(n− 1)− n+ 2] R 0.
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For firm profits, we find:

WF =
n∑
i=1

πi =
n∑
i=1

(pi − ci)qi = ηF1 + ηF2

n∑
i=1

ci + ηF3

n∑
i=1

c2
i + ηF4

n∑
i=1

∑
j 6=i

cicj , (3.24)

with

ηF1 = λ2α2(2− γ)2n > 0

ηF2 = −2λ2α(2− γ)2 < 0

ηF3 = λ2[γ{3γ + n[γ(n− 3) + 4]− 8}+ 4] > 0

ηF4 = −λ2γ[γ(n− 2) + 4] ≤ 0.

Proof of Lemma 3.3. To compute the profits of firm i given a profile of costs c, we again
consider the equilibrium quantities and prices (q,p) derived Section 3.4.1.

πi = qi(pi − ci)

= qiλ{α(2− γ) + [2 + γ(n− 2)− γ2(n− 1)− λ−1]ci + γ
∑
j 6=i

cj}

= q2
i .

Differentiation with respect to marginal costs yields

dπi
dcj

= 2qi
dqi
dcj

.

Recall from Lemma 3.2 that for α ≥ m we have qi ≥ 0 ∀i. Invoke Lemma 3.1 for the sign
of dqi

dcj
. Combining, we obtain

dπi
dci
≤ 0, dπi

dcj
≥ 0 if i 6= j,

which proves parts a) and b) of the lemma, respectively.

For part c), consider

d
dci

qipi = qi
dpi
dci

+ pi
dqi
dci

= λ2{α(2− γ)− [2 + γ(n− 2)]ci + γ
∑
j 6=i

cj}[2 + γ(n− 2)− γ2(n− 1)]

− λ2{α(2− γ) + [2 + γ(n− 2)− γ2(n− 1)]ci + γ
∑
j 6=i

cj}[2 + γ(n− 2)]
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= − λ2{α(2− γ)γ2(n− 1) + 2[2 + γ(n− 2)][2 + γ(n− 2)− γ2(n− 1)]ci
+ γ3(n− 1)

∑
j 6=i

cj}

≤ 0

Finally, for part d), we need to show that the derivative of consumer surplus with
respect to any firm’s marginal costs is negative. From eq. (3.23), we obtain

dWC
dci

= ηC2 + 2ηC3 ci + 2ηC4
∑
j 6=i

cj .

Recall that ηC2 < 0 and ηC3 > 0, while the sign of ηC4 is ambiguous. Since the derivative is
linear in cj , we consider the case of both cj = 0 and cj = 1. For ηC4 > 0, we have

dWC
dci

≤ ηC2 + 2ηC3 + 2ηC4 (n− 1)

= − λ2(α− 1)(2− γ)2[1 + γ(n− 1)] ≤ 0.

If, on the other hand, ηC4 ≤ 0, it holds true that

dWC
dci

≤ ηC2 + 2ηC3

= λ2{4[1 + γ(n− 2)] + γ2[7− 2γ + n{3γ − 7 + n(1− γ)}]− α(2− γ)2[1 + γ(n− 1)]}

≤ −λ2(n− 1){4 + γ[{4− γ(5− 2γ)}n+ γ(7− 2γ)− 8]}

≤ 0,

where we have used that α ≥ n at the second inequality. This proves that consumer
surplus WC is weakly decreasing in every firm’s marginal costs.

Proof of Proposition 3.1. From eq. (3.22) for total welfare Wtot we obtain

dWtot
dci

= η2 + 2η3ci + 2η4
∑
j 6=i

cj ,

where η2, η4 ≤ 0, η3 > 0. Hence, we consider the cost profile ci = 1, cj = 0 ∀j 6= i and
assume γ = 1, yielding

dWtot
dci

∣∣∣∣γ=ci=1,
cj=0

= 2n2 + n(2− α)− 2α− 1.
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Since we need α ≥ m by Lemma 3.2 and n ≤ m by assumption, we consider n = α.
Here, the derivative takes the form n2 − 1, which is strictly positive unless there is a
monopoly. We thus have identified market situations where, given the model at hand, an
increase in some firm’s marginal costs can cause total welfare to rise.

Proof of Lemma 3.4. We introduce the following notation. We refer to the firms by the
order statistics of their marginal costs c(1) ≤ . . . ≤ c(m), such that the index (i) signifies
the i-th most efficient firm. Denote by [c]n the set of subsets with n elements, i.e. the
possible combinations of firms which can be active in a market of size n. π(i)(cn) is the
profit of firm i in a market where the firms cn ∈ [c]n compete. Note that this profit
is equal to zero if c(i) /∈ cn (i.e. if the firm is not active in the market) and that it is
strictly positive otherwise by Lemma 3.2 apart from the polar case discussed at the end of
Section 3.4.1, when it is zero. Recall that this polar case as well as a cost realization with
c(i) = c(j) for i 6= j have zero probability mass due to m being finite and can be covered
using a tie breaking rule. Finally, for each of the k ∈ {1, . . . , n} sequential auctions,
denote by w(k) ∈ {1, . . . ,m} the firm winning this auction, identified by the firm’s order
statistic (i). Since bids are public and a second-price auction is played each round, a
bidding strategy for round k can be contingent on w(k′) for all k′ < k.

We now construct a profile of bidding strategies as follows: in equilibrium, the k-th
auction will be won by the k-th most efficient firm, i.e. w(k) = k for all k ∈ {1, . . . , n},
such that the n most efficient firms will indeed each hold one item (“license”) each. In
each round k, we therefore check whether for all past auctions k′ < k the k′-th round
was won by the k′-th most efficient firm, i.e. whether w(k′) = k′ for all k′ < k.

On-path strategies: Let all firms i ≤ n bid their on-equilibrium market valuation given
by π(i)(c(1), . . . , c(n)), while the remaining firms i > n bid the off-equilibrium valuation
of them entering the market instead of firm (n), i.e. instead of the least efficient active
firm: π(i)(c(1), . . . , c(n−1), c(i)). Finally, since there is a cap of one item per bidder, firms
having won an item (i.e. in round k all firms i s.t. ∃k′ < k with w(k′) = i) in a previous
round bid zero in the future.

Recall that a firm’s profit decreases in its marginal costs and hence for all cn we have
π(i)(cn) ≥ π(j)(cn) if and only if i ≤ j. For the same reason it holds that for all c and
i > n: π(n)(c(1), . . . , c(n)) ≥ π(i)(c(1), . . . , c(n−1), c(i)). Note that in the latter statement
we compare two different profiles of active firms while in the first the firms are the same.
Combining these inequalities we conclude that, ceteris paribus, a more efficient firm
always has a higher valuation and places a higher bid if it follows the strategies above.
Using these strategies, the k-th auction will be won by the k-th most efficient firm and
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the desired outcome is implemented.

Off-path strategies: We now need to ensure that more efficient firms have no incentive
to initially lower their bids in order to wait for rounds when only very inefficient rivals
are still bidding, providing them with much lower second-highest bids of their rivals. The
most efficient firm, for example, could obtain the n-th license at a price much lower than
the first license without running the risk of not obtaining a license at all. To avoid this,
we now define bids for the case where in some past round k′ a different firm than the
k′-th most efficient has placed the highest bid, i.e. if in round k ∃k′ < k s.t. w(k′) 6= k′.
Using the notation introduced above, π(1)(c(1)) denotes the monopoly profit of the most
efficient firm. Given a cost profile c, this value is an upper limit for the possible profits
across firms i and market market sizes n.17 Now for every round after some k′ 6= w(k′),
all firms with i < n who do not yet hold a license bid π(1)(c(1)), while all firms with i > n

bid zero. Firm n bids the monopoly profit if the deviant is among the more efficient
firms, i.e. if w(k′) < n, while it bids zero otherwise, i.e. if a firm that was not supposed
to enter the market in equilibrium has done so.

This grim trigger strategy deters deviations in two ways. First, it prevents more
efficient firms (i < n) from postponing their bids in order to win later, cheaper rounds.
If they do not acquire their item in the round they are supposed to, they will only be
able to do so at a price equal to the monopoly profit, making a later entry unattractive.
Second, it also prevents overbidding of less efficient firms (i > n). Initially, none of these
firms have an incentive to acquire a license: in any round k ≤ n, a firm i > n would be
paying a price π(k)(c(1), . . . , c(n)), which is greater than its own profit if the profile of
competitors remained unchanged. However, if all firms – instead of only the remaining
n− k most efficient ones – would then move to monopoly bids, the deviating firm i could
hope that a tie breaking rule will cause less efficient firms (j > n) to enter, increasing its
own profit beyond the price initially paid. The off-path strategies above ensure that if a
less efficient firm enters the market it will nevertheless only face the n− 1 most efficient
rivals, making overbidding unattractive.

Proof of Lemma 3.5. First consider the case where the costs are not known by the
regulator. With ci = c ∼ U [0, 1] ∀i, we have E[ci] = 1

2 , E[c2
i ] = E[cicj ] = 1

3 . Plugging

17This follows from noting that for any market size n, any cost profile cn and any firm i we have
π(i)(cn) = [q(i)(cn)]2 from eq. (3.6). Since the production level q(i) decreases if an additional firm is
added irrespective of the entrant’s costs, the profit of i also decreases.
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this into eq. (3.22) for total welfare yields

Ec[Wtot] = Ec[η1 + η2

n∑
i=1

ci + η3

n∑
i=1

c2
i + η4

n∑
i=1

∑
j 6=i

cicj ]

= η1 + 1
2nη2 + 1

3[nη3 + n(n− 1)η4]

= n[1 + 3α(α− 1)][3 + γ(n− 1)]
6[2 + γ(n− 1)]2 .

To analyze the effect of an increase in the market size n on expected welfare, we take
the derivative:

d
dn Ec[Wtot] = [1 + 3α(α− 1)]{6 + γ[n(1− γ) + γ − 5]}

6[2 + γ(n− 1)]2 ,

which is strictly positive ∀α, γ, n,m s.t. 0 ≤ γ ≤ 1 ≤ n ≤ m ≤ α. Next, consider the
case where the costs are ci = c ∀i with c being public. We have

Wtot = η1 + nη2c+ [nη3 + n(n− 1)η4]c2

= n(α− c)2[3 + γ(n− 1)]
2[2 + γ(n− 1)]2 ,

⇒ d
dnWtot = (α− c)2{6 + γ[n(1− γ) + γ − 5]}

2[2 + γ(n− 1)]3 ,

which again is weakly positive ∀α, γ, n,m, c s.t. 1 ≤ n ≤ m ≤ α, (c, γ) ∈ [0, 1]2 and equal
to zero only for the polar case of a monopoly with α = c = 1 (recall that n ≤ α).

Proof of Proposition 3.2. We combine eq. (3.22) and 3.8 for the computation of total
welfare with expectations over marginal costs:

Ec[Wtot] = η1 + η2

n∑
i=1

Ec[ci] + η3

n∑
i=1

Ec[c2
i ] + η4

n∑
i=1

∑
j 6=i

Ec[cicj ]

= η1 + η2
n(n+ 1)
2(m+ 1) + η3

n(n+ 1)(n+ 2)
3(m+ 1)(m+ 2) + η4

n(n− 1)(n+ 1)(n+ 2)
4(m+ 1)(m+ 2)
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= n · {24(2− γ)2(m+ 1)(m+ 2)[2 + γ(n− 1)]2}−1

·
[
12α(2− γ)2(m+ 2)[3 + γ(n− 1)][α(m+ 1)− (n+ 1)]

+ 4(n+ 1)(n+ 2){12 + γ[γ(13− 2γ) + (3− γ)n[4 + γ(n− 3)]− 24]}

− 3γ(n− 1)(n+ 1)(n+ 2){8 + γ[γ + (3− γ)n− 6]}
]
, (3.25)

for arbitrary parameters satisfying 0 ≤ γ ≤ 1 ≤ n ≤ m ≤ α. The numerator is a
polynomial of fifth degree in n, the denominator one of second degree. We hence cannot
find a general solution for the welfare-maximizing value of n by the Abel–Ruffini Theorem.
To prove existence of interior solutions, consider the case of α = m = 10, γ = 1. We
obtain Ec[Wtot] = [n(n+ 2)(156 965 + n{(2n+ 7)n− 1 430})][3 168(n+ 1)2]−1, which can
be maximized numerically.18 There are five values for n∗ satisfying d

dn Ec[Wtot]|n∗ = 0.
Ignoring the solutions n∗1 < 0, n∗2 > m as well as complex values n∗3, n∗4 s.t. Im(n∗3),
Im(n∗4) 6= 0, we obtain the interior optimum n∗5 ≈ 5.38, noting that 1 < n∗5 < m.
Computing the second order derivative, it is readily verified that n∗5 is indeed a maximizer.

To verify that consumers benefit from an increase in competition, consider d
dn Ec[WC(n)]

and note that it is increasing in both α and m. Hence, let α = m = n to see that the
derivative is positive for all 0 ≤ γ ≤ 1 ≤ n.

Proof of Lemma 3.6. The expected level of total production is given by

Ec[Q] = nα−
∑n
i=1 E[ci]

2 + γ(n− 1) . (3.26)

Using ∑n
i=1 E[ci] = n(n+1)

2(m+1) from 3.8, we obtain

dEc[Q]
dn = λ2(2− γ)2

2(m+ 1) {−γn
2 − 2(2− γ)n+ (2− γ)[2α(m+ 1)− 1]}. (3.27)

Since we have n ≤ m by assumption and m ≤ α from Lemma 3.2, the positive term in
{. . .} dominates the negative ones and the whole derivative is positive.

Proof of Lemma 3.7. From the consumers’ optimization problem, eq. (3.2), we derive
their consumption levels. Differentiating and summing over all firms yields demand qi
given prices p:

qi = ξ1 − ξ2pi + ξ3
∑
j 6=i

pj , (3.28)

18The computations using Mathematica is found in the Appendix.
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with coefficients

ξ′ = {(1− γ)[1 + γ(n− 1)]}−1, ξ1 = ξ′α(1− γ), ξ2 = ξ′[1 + γ(n− 2)], ξ3 = ξ′γ.

Firms anticipate this demand when setting their prices by maximizing πi = qi(pi − ci).
Considering eq. (3.28), their optimization problem is given by

max
pi∈R+

(ξ1 − ξ2pi + ξ3
∑
j 6=i

pj)(pi − ci).

Summing the respective first order conditions over all firms and rearranging yields

pi = 1
(2ξ2 + ξ3)[2ξ2 − (n− 1)ξ3]

[
ξ1(2ξ2 + ξ3) + ξ2[2ξ2 − (n− 2)ξ3]ci + ξ2ξ3

∑
j 6=i

cj

]
= ξ4 + ξ5ci + ξ6

∑
j 6=i

cj , (3.29)

with coefficients

ξ′′ = {[2 + γ(n− 3)][2 + γ(2n− 3)]}−1, ξ4 = ξ′′α(1− γ)[2 + γ(2n− 3)],

ξ5 = ξ′′[1 + γ(n− 2)][2 + γ(n− 2)], ξ6 = ξ′′γ[1 + γ(n− 2)].

Plugging eq. (3.29) into eq. (3.28), we obtain consumer demand given c:

qi = ξ7 − ξ8ci + ξ9
∑
j 6=i

cj , (3.30)

with coefficients

ξ7 = ξ′ξ4[1+γ(n−2)], ξ8 = ξ′′ξ2{2+γ(−6+5γ+n[3+γ(n−2)])}, ξ9 = ξ′ξ6[1+γ(n−2)].

We now turn to positivity of the equilibrium. Note that all coefficients ξ1, . . . , ξ9

are weakly positive. Since ξ4 > 0 (recall that γ < 1 in the Bertrand setting), prices
are trivially strictly positive. To ensure positivity of demand, note that qi ≥ ξ7 − ξ8 ∀c.
Hence, a sufficient condition is ξ7

ξ8
> 1, which is equivalent to

α ≥ 2 + γ(−6 + 5γ + n[3 + γ(n− 2)])
(1− γ)[2 + γ(2n− 3)] ≡ α∗(n, γ).

Note that ∂α∗

∂n ≥ 0 ∀γ ∈ [0, 1). Since the model requires n ≤ m, it suffices to have
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α > α∗(m, γ) ≡ α. We hence conclude that

∀m ∈ N+, γ ∈ [0, 1) ∃α > 0 s.t.: α > α⇒ pi, qi > 0

∀i, n, c s.t. 1 ≤ i ≤ n ≤ m, c ∈ [0, 1]m,

with α = 2 + γ(−6 + 5γ +m[3 + γ(m− 2)])
(1− γ)[2 + γ(2m− 3)] . (3.31)

We make several remarks. First, let α = α. All firms still post strictly positive
prices and have strictly positive demand, unless the polar case ci = 1, cj = 0 ∀j 6= i

and n = m occurs. Here, the demand for firm i goes to zero. Second, note there
is no finite lower bound on α ensuring positive quantities for all degrees of product
differentiation, as opposed to the case of Cournot competition. This follows from ∂α

∂γ ≥ 0
and limγ→1 α =∞. Third, sufficiency in a Bertrand setting neither implies nor requires
sufficiency in a Cournot setting. That is, α ≥ α does not necessarily imply α ≥ m or
vice versa. This is readily seen from α|γ=0 = 1 and limγ→1 α =∞∀m ∈ N+.

Next, we turn to firm profits. In particular, we want to ascertain that πi = qi(pi − ci)
is positive for every firm and every profile of costs. We have already identified a condition
ensuring that qi > 0. Hence, we only need to check whether pi ≥ ci holds for all c ∈ [0, 1]m.
Recalling the equilibrium price from eq. (3.29), this is equivalent to

ξ4 + (ξ5 − 1)ci + ξ6
∑
j 6=i

cj ≥ 0.

Noting that ξ5− 1 ≤ 0 and ξ6 ≥ 0, this expression is bounded below by setting ci = 1 and
cj = 0 ∀j 6= i. The requirement thus is satisfied if ξ4

1−ξ5
≥ 1, which holds true if α ≥ α.

To see that each firm’s profit decreases in its marginal costs, consider

dπi
dci

= dqi
dci

(pi − ci) + qi(
dpi
dci
− 1)

= −ξ8(pi − ci) + qi(ξ5 − 1) ≤ 0,

using ξ8 ≥ 0, pi − ci ≥ 0, qi ≥ 0 and ξ5 − 1 ≤ 0 from above for α ≥ α.

Proof of Proposition 3.3. The proof mirrors the Cournot case. Only differences are the
market equilibrium (q,p), where prices and quantities are now given by eqs. (3.29)
and (3.30), as well as the quality threshold α now defined by eq. (3.31). We compute
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total welfare given a profile of costs c:

WB
tot = 1

2{(1− γ)[2 + γ(n− 3)][1 + γ(n− 1)[2 + γ(2n− 3)]}−2

·
(

nα2(1− γ)2[3 + γ(n− 4)][1 + γ(n− 2)][1 + γ(n− 1)][2 + γ(2n− 3)]2

− 2α(1− γ)2[3 + γ(n− 4)][1 + γ(n− 2)][1 + γ(n− 1)][2 + γ(2n− 3)]2
n∑
i=1

ci

+ (1− γ)[1 + γ(n− 2)][1 + γ(n− 1)]

·
{
γ4[n(n[n(3n− 28) + 94]− 132) + 66]

+ γ3(n− 2)[85 + n(18n− 85)] + 3γ2[55 + n(13n− 55)]

+ 36γ(n− 2) + 12
} n∑
i=1

c2
i

− γ(1− γ)[1 + γ(n− 1)][1 + γ(n− 2)]2
{
3γ2[5 + n(n− 5)]

+ 11γ(n− 2) + 8
} n∑
i=1

∑
j 6=i

cicj
)
.

Applying the expected order statistics from 3.8, we obtain

Ec[WB
tot] = {24(1− γ)(m+ 1)(m+ 2)[2 + γ(n− 3)]2[1 + γ(n− 1)][2 + γ(2n− 3)]2}−1

· n[1 + γ(n− 2)]
[
3n6γ4 + n5γ3(30− 31γ)

+ n4γ2(γ(64γ + 48α(γ − 1)(m+ 2)− 175) + 99)

− n3γ
{
γ
(
γ(69− 151γ) + 48α2(γ − 1)γ(m+ 1)(m+ 2)

+ 48α(γ − 1)(6γ − 5)(m+ 2) + 192
)
− 120

}
+ n2

{
γ
(
γ((965− 379γ)γ − 723) + 48α2(γ − 1)γ(7γ − 5)(m+ 1)(m+ 2)

+ 12α(γ − 1)(γ(29γ − 60) + 28)(m+ 2) + 96
)

+ 48
}

− 3n
{

(4γ − 3)(γ(γ(7γ + 20)− 40) + 16)

+ 4α2(γ − 1)γ(3γ − 2)(19γ − 14)(m+ 1)(m+ 2)

− 4α(γ − 1)(3γ − 2)(γ(7γ + 3)− 6)(m+ 2)
}
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+ 2(3γ − 2)
{
γ(γ(58γ − 129) + 96)

+ 6α2(γ − 1)(3γ − 2)(4γ − 3)(m+ 1)(m+ 2)

− 6α(γ − 1)(3γ − 2)(4γ − 3)(m+ 2)− 24
}]
.

Again, no explicit solution exists for general parameters 0 ≤ γ ≤ 1 ≤ n ≤ m ≤ α.
To show the existence of an interior solution 1 < n∗ < m, we considers the case α = 90,
γ = 0.9 and m = 20. Computing the extreme values numerically and excluding all
those which are either below 1, above m or whose imaginary part is nonzero, we obtain
n∗ ≈ 16.898, with the second order derivative verifying that it is a maximum indeed.

Proof of Lemma 3.8. We have γ ∈ [0, 1] and m ≥ n ≥ 1. For n > 1, the denominator of
eq. (3.19) is concave in γ and positive for γ ∈ {0, 1}, thus for all γ ∈ [0, 1]. For n = 1,
positivity is trivial.

The numerator is increasing in αk for k = i and decreasing for k = j 6= i. By
assumption, we know α ≥ m and xi ∈ [0, 1]. Hence

[γ(n− 2) + 2]αi − γ
∑
j 6=i
αj = (2− γ)α− [γ(n− 2) + 2]xi + γ

∑
j 6=i
xj

≥ (2− γ)α− [γ(n− 2) + 2]

≥ (2− γ)m− [γ(m− 2) + 2]

≥ 0,

with equality only if n = m = α.

Proof of Proposition 3.4. Using αi = α−xi, we can rewrite the production levels qi in the
market equilibrium given by eq. (3.19). Recall the definition λ = {(2−γ)[2 +γ(n−1)]}−1

to obtain
qi = λ

[
α(2− γ)− [2 + γ(n− 2)]xi + γ

∑
j 6=i

xj
]
, (3.32)

which mirrors the equilibrium output in the case of cost heterogeneity from eq. (3.6) with
costs ci replaced by marginal quality xi. Total welfare in the case of quality heterogeneity
is given by

Wαi
tot = U(q) = α

n∑
i=1

qi −
1
2

n∑
i=1

q2
i −

γ

2

n∑
i=1

∑
j 6=i

qiqj −
n∑
i=1

qixi, (3.33)

which in turn mirrors the expression for total welfare in the case of cost heterogeneity
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from eq. (3.22). But since xi and ci are both i.i.d. draws from U [0, 1], the distributions of
their order statistics coincide. Hence, all results for the expected value Ec[Wtot] directly
carry over to Ex[Wαi

tot] and we can apply Proposition 3.2. That is, from the regulator’s
perspective, expected total welfare is given by eq. (3.25) and the same interior maxima
exist.

Proof of Proposition 3.5. Recall that for all firms i and all cost profiles c it holds that
πi(c) = [qi(c)]2. We can therefore rewrite the profit of the most efficient firm by separating
the effect of c1, (c2, . . . , cn−1) and cn:

π(1)(c(1), . . . , c(n)) = λ2{ α2(2− γ)2 − 2α(2− γ)[2 + γ(n− 2)]c(1) + 2α(2− γ)γc(n)

+ 2α(2− γ)γ
n−1∑
i=2

c(i) + [2 + γ(n− 2)]2c2
(1) + γ2c2

(n) + γ2
n−1∑
i=2

c2
(i)

− 2[2 + γ(n− 2)]γc(1)c(n) − 2[2 + γ(n− 2)]γc(1)

n−1∑
i=2

c(i)

+ 2γ2c(n)

n−1∑
i=2

c(i) + γ2
n−1∑
i=2

n−1∑
j=2
j 6=i

c(i)c(j)} (3.34)

The bid of the (n+ 1)-th most efficient firm is the second highest in the n-th auction
and hence is paid by the n-th most efficient firm for obtaining the last license. Firm (n+1)
bids the profit it would generate if it was to enter the market instead of firm (n), the
other rivals’ costs remaining the same. We directly obtain π(n+1)(c(1), . . . , c(n−1), c(n+1))
from eq. (3.34) by replacing c(1) with c(n+1) and c(n) with c(1). This allows us to write
the total auction revenue:

R(n) =WF − [π(1)(c(1), . . . , c(n))− π(n+1)(c(1), . . . , c(n−1), c(n+1))]

=WF − λ2{ 2α(2− γ)[2 + γ(n− 2)](c(n+1) − c(1)) + 2α(2− γ)γ(c(n) − c(1))

− [2 + γ(n− 2)]2(c2
(n+1) − c

2
(1)) + γ2(c2

(n) − c
2
(1))

+ 2[2 + γ(n− 2)]γ[(c(n+1) − c(n))c(1) + (c(n+1) − c(1))
n−1∑
i=2

c(i)]

+ 2γ2(c(n) − c(1))
n−1∑
i=2

c(i)} (3.35)

We combine eq. (3.23) for consumer surplus with eq. (3.35) for auction revenue and
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use the order statistics from 3.8 to obtain:

Ec[WC(n) +R(n)]

= {24(2− γ)2(m+ 1)(m+ 2)[2 + γ(n− 1)]2}−1

·
[
n5γ2(3− γ) + n4γ2(8 + 3γ) + n3γ[144− 12α(2− γ)2(m+ 2)− γ(83− 11γ)]

+ n2{240 + 12α2γ(2− γ)2(m+ 1)(m+ 2)

− 12α(2− γ)(6 + γ)(m+ 2) + γ[48− γ(140 + 3γ)]}

+ 2n{312− 6α(7− γ)(2− γ)2(m+ 2)

+ 6α2(3− γ)(2− γ)2(m+ 1)(m+ 2)− γ[528− γ(214− 5γ)]}

+ 48(2− γ)[αγ(m+ 2)− 2 + γ]
]
, (3.36)

for arbitrary parameters satisfying 0 ≤ γ ≤ 1 ≤ n ≤ m ≤ α. Just as in the proof of
Proposition 3.2, we observe that the numerator is a polynomial of fifth degree in n,
the denominator one of second degree. We hence cannot find a general solution for the
welfare-maximizing value of n by the Abel–Ruffini Theorem. To prove existence of interior
solutions, again consider the case of α = m = 10, γ = 1. We obtain Ec[WC+R(n)] = [2n5+
11n4 − 1 368n3 + 148 465n2 + 308 146n+ 5712][3 168(n+ 1)2]−1, which can be maximized
numerically. There are five values for n∗ satisfying d

dn Ec[WC(n) +R(n)]|n∗ = 0. Ignoring
the solutions n∗1 < 0, n∗2 > m as well as complex values n∗3, n∗4 s.t. Im(n∗3), Im(n∗4) 6= 0,
we obtain the interior optimum n∗5 ≈ 5.10, noting that 1 < n∗5 < m. Computing the
second order derivative, it is readily verified that n∗5 is indeed a maximizer.

3.8 Appendix B: Auxiliary Computations

Order Statistics

To compare the welfare for different values of the market size n, the regulator has to form
expectations over the marginal costs ci of those firms that will be active in the market.
In particular, we need to compute expectations of the terms appearing in eq. (3.12).
Recalling Lemma 3.3, more efficient firms – i.e. those with lower marginal costs – can be
expected to enter the market first as they generate higher profits.

Thus, from the regulator’s perspective, we are interested in the expected costs of the
n most efficient firms out of m, with firm costs c1, . . . , cm being an i.i.d. sample from
U [0, 1]. That is, we need to compute expectations for the first n order statistics.
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Incorporating the cases of heterogeneity in both costs (ci) and quality (αi), we follow
the notation of David and Nagaraja (2003) in that we write X for the random variable
(“cost type”) and denote by X(i:m) the i-th order statistic of a sample with size m. That
is, the variables are ordered such that

X(1:m) ≤ . . . ≤ X(n:m) ≤ . . . ≤ X(m:m).

To simplify notation, we write X(i) whenever the sample size is m. Realizations are
denoted by lowercase letters. The following paragraphs closely follow David and Nagaraja
(2003), Chapter 2.

Distributions: Let F (x) be the cumulative distribution function (cdf) of the unordered
random variables Xk and F(i)(x) the cdf of the i-th order statistic X(i). Verbally, the
latter denotes the probability that at least i of the m (unordered) Xk are less than or
equal to x:

F(i)(x) =
m∑
k=i

(
m

k

)
[F (x)]k[1− F (x)

]m−k
. (3.37)

Differentiating and rearranging yields the probability density function (pdf):

f(i)(x) = d
dxF(i)(x)

= f(x)
[ m∑
k=i

m!
k!(m− k)!k[F (x)]k−1[1− F (x)]m−k

−
m∑
k=i

m!
k!(m− k)! (m− k)[F (x)]k[1− F (x)]m−k−1

]

= f(x)
[ m−1∑
k=i−1

m!
k!(m− k − 1)! [F (x)]k[1− F (x)]m−k−1

−
m−1∑
k=i

m!
k!(m− k − 1)! [F (x)]k[1− F (x)]m−k−1

]

= mf(x)
(
m− 1
i− 1

)
[F (x)]i−1[1− F (x)]m−i (3.38)

For the third equality, we have shifted the index of the first sum while at the second sum
we note that the last term (where k = m) equals zero.

Using the specific distribution X ∼ U [0, 1], the pdf of the i-th order statistic for
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x ∈ [0, 1] is given by:

f(i)(x) = m!
(i− 1)!(m− i)!x

i−1(1− x)m−i. (3.39)

Since we will encounter “mixed terms” when computing expected types, we also need to
consider the joint pdf of X(i), X(j). For i ≤ j and xi ≤ xj , it holds that

f(i,j)(xi, xj) = m!
(i− 1)!(j − i− 1)!(m− j)!x

i−1
i (xj − xi)j−i−1(1− xj)m−j . (3.40)

For a derivation, see e.g. David and Nagaraja (2003) eq. (2.2.2).

Expected values: To compute expectations of the order statistics x(i) as well as
squared and mixed terms, we make use of the Beta function defined by

B(i, j) =
∫ 1

0
xi−1(1− x)j−1 dx for general i, j > 0

= (i− 1)!(j − 1)!
(i+ j − 1)! for i, j ∈ N+. (3.41)

This yields the expected marginal cost of the i-th most cost efficient firm:

E[x(i)] =
∫ 1

0
xf(i)(x) dx

= 1
B(i,m− i+ 1)

∫ 1

0
x(i+1)−1(1− x)(m−i+1)−1 dx

= B(i+ 1,m− i+ 1)
B(i,m− i+ 1)

= i

m+ 1

The following equalities will prove useful. They are computed in a similar way.

E[x2
(i)] = i(i+ 1)

(m+ 1)(m+ 2)

E[x(i)x(j)] = i(j + 1)
(m+ 1)(m+ 2) for i < j
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Summing over the first n out of m order statistics – that is, the n most efficient firms –
allows us to compute the expectations of the terms appearing in eq. (3.12):

n∑
k=1

E[x(k)] = n(n+ 1)
2(m+ 1)

n∑
k=1

E[x2
(k)] = n(n+ 1)(n+ 2)

3(m+ 1)(m+ 2)
n∑
k=1

∑
l 6=k

E[x(k)x(l)] = n(n− 1)(n+ 1)(n+ 2)
4(m+ 1)(m+ 2) = 2

n∑
k=1

k−1∑
l=1

E[x(k)x(l)]

Summations

In the proofs of 3.7, we computed welfare for the default scenario of Cournot competition
with cost heterogeneity as well as for extensions with Bertrand competition, quality
heterogeneity and auction revenue maximization. For these computations, general
expressions for arbitrary equilibrium profiles (q,p) in quantities and prices were used,
both in the analytical derivation and in the computational implementation. This section
briefly presents summations frequently occurring in these derivations.

Since market equilibria differ across the scenarios, consider an arbitrary profile (q,p)
with qi = µ1 + µ2ci + µ3

∑
j 6=i cj and pi = ν1 + ν2ci + ν3

∑
j 6=i cj for i ∈ {1, . . . , n}. We

find:

n∑
i=1

qi = nµ1 + [µ2 + (n− 1)µ3]
n∑
i=1

ci,

n∑
i=1

ciqi = µ1

n∑
i=1

ci + µ2

n∑
i=1

c2
i + µ3

n∑
i=1

∑
j 6=i

cicj ,

n∑
i=1

q2
i = nµ2

1 + [2µ1µ2 + 2(n− 1)µ1µ3]
n∑
i=1

ci + [µ2
2 + (n− 1)µ2

3]
n∑
i=1

c2
i

+ [(n− 2)µ2
3 + 2µ2µ3]

n∑
i=1

∑
j 6=i

cicj ,

n∑
i=1

qipi = nµ1ν1 + [µ1ν2 + (n− 1)µ1ν3 + µ2ν1 + (n− 1)µ3ν1]
n∑
i=1

ci

+ [µ2ν2 + (n− 1)µ3ν3]
n∑
i=1

c2
i + [µ2ν3 + µ3ν2 + (n− 2)µ3ν3]

n∑
i=1

∑
j 6=i

cicj .
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n∑
i=1

∑
j 6=i

qiqj = (n− 1)nµ2
1 + 2(n− 1)µ1[µ2 + µ3(n− 1)]

n∑
i=1

ci

+ (n− 1)µ3[2µ2 + µ3(n− 2)]
n∑
i=1

c2
i

+ [µ2
2 + 2(n− 2)µ2µ3 + µ3{1 + n2 + 2µ3 − n(2 + µ3)}]

n∑
i=1

∑
j 6=i

cicj .

The summations above allow us to derive general expressions for total welfare and its
components – consumer surplus and firm profits – given different equilibria. We make
use of these equations in Section 3.7.
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3.9 Appendix C: Mathematica Code

1. Setup (market equilibrium)

1.1. Market parameters

define parameters & respective ranges

m firm pool size

n market size

α quality level

γ degree of substitutability

i, j, k firm indices

xi, x j cost realisations

In[1]:= (* specify ranges *)

SetAttributes[{asmptStd, assume}, HoldAll];

asmptStd := 

1 < n ≤ m ≤ α, n ≤ α,

0 ≤ γ ≤ 1,

1 ≤ i ≤ n, 1 ≤ j ≤ n, 1 ≤ k ≤ n,

m ∈ Integers, n ∈ Integers, i ∈ Integers, j ∈ Integers, k ∈ Integers,

0 ≤ xi ≤ 1, 0 ≤ xj ≤ 1

;

(* allow for additional assumptions locally *)

assume[asmptAdd___ : {}] := FlattenasmptAdd, asmptStd, $Assumptions;

optAssume[x___ : {}] := Assumptions ⧴ Evaluate@assume[x];

(* usage: doterm,assumptions simplifies "term" using standard assumptions

above and additonal "assumptions" *)

do[cmd_, x_: {}] := FullSimplify[cmd, optAssume[x]] ;

(* surplus of consumers (C), firms (F) or total (tot) *)

whoName[who_] := Piecewise{"C", who === cs}, "F", who === fi, {"tot", who === tot},

"error"

1.2. Equilibrium prices and quantities

1.2.1. Definitions

denote equilibrium quantities and prices by 

qi = μ1 + μ2 ci + μ3 ∑j≠i c j,

pi = ν1 + ν2 ci + ν3 ∑j≠i c j,

given a cost profile (c1, ..., cn)

prices and quantities of firm ihave one summand independent of costs (1), one for firm i’s cost (2), and one for the rivals’ 

costs (3)

the following code defines functions to display the market equilibrium

In[7]:= (* input notation for different terms *)

termInput = 1, ci, cj;

MapThreadSet[termOutput[#1], #2] &, termInput, "1", "ci", "
j≠i

cj";



In[9]:= (* print each term using termName[term] *)

Modulerow, list, grid,

row[term_] := termOutput[term], "[" <> ToString@term <> "]";

list := row[#] & /@ termInput;

grid := Grid

"Term", "input notation",

{"----", "------------"},

Sequence @@ list

, Alignment → Left;

Print@grid;



Term input notation
---- ------------

1 [1]
ci [ci]

∑j≠icj [cj]

In[10]:= (* print equilibrium of prices & quantities*)

showEqm := Modulefactors, lhs, rhs, row, print,

factors[pORq_] := MapThread

doλ^(-1) * ToExpressionEvaluate@Which[pORq === q, "μ", pORq === p, "ν"] <>

ToString@# <> "e" &,

{Range[3]};

lhs[pORq_] := ToStringSubscriptToString@pORq, "i", StandardForm;

rhs[pORq_] := Row[Flatten[Transpose[{

Table["[", 3],

factors[pORq],

Table["]*", 3],

termOutput /@ termInput,

{" + ", " + ", ""}

}]

]];

row[pORq_] := Row[{lhs[pORq], " = λ{ ", rhs[pORq], " }"}];

Print@Column

row[q], row[p], Row"with λ = ", λ;



1.2.2. Equilibrium

In[11]:= λ = ((2 - γ) (2 + γ (n - 1)))^(-1);

μ1e = λ α (2 - γ);

μ2e = λ (-(2 + γ (n - 2)));

μ3e = λ (γ);

ν1e = λ α (2 - γ);

ν2e = λ (2 + γ (n - 2) - γ^2 (n - 1));

ν3e = λ γ;

eqm = {μ1e, μ2e, μ3e, ν1e, ν2e, ν3e};

showEqm

qi = λ{ [-α (-2 + γ)]*1 + [-2 - (-2 + n) γ]*ci + [γ]*∑j≠icj }

pi = λ{ [-α (-2 + γ)]*1 + [2 + γ (-2 + n + γ - n γ)]*ci + [γ]*∑j≠icj }

with λ =
1

(2-γ) (2+(-1+n) γ)
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2. Setup (welfare)

2.1. Arbitrary prices & quantities

2.1.1. Definitions

Welfare functions (for firms, consumers and total) depend on linear, squared and mixed terms of prices, quantities and 

costs.

Since equilibrium prices & quantities differ in baseline model and extensions, we define general functions computing the 

welfare given arbitrary prices & quantities.

In[20]:= (* specify input notation for different summations and create printed output

using sumName[sum] *)

mySums = qi, "
i=1
n qi", qi2, "

i=1
n qi

2", qiqj, "
i=1
n


j≠ i

qi qj ",

ciqi, "
i=1
n ci qi", qipi, "

i=1
n qi pi";

MapThread[Set[sumName[#1], #2] &, Transpose@mySums];

(* print the notation *)

Print@Grid

"Sum", "input notation",

{"---", "------------"},

Sequence @@ Reverse /@ mySums

, Alignment → Left

Sum input notation
--- ------------

∑i=1
n qi qi

∑i=1
n qi

2 qi2

∑i=1
n ∑j≠ i qi qj qiqj

∑i=1
n ci qi ciqi

∑i=1
n qi pi qipi

Each of the summations above depends on the specific cost profile (c1, ..., cn). Different (linear, quadratic, mixed) 

combinations of the cost profile can arise, see list below (next output). We therefore write each summation above as a 

function of these terms.

In[23]:= (* input notation for different terms *)

termIn = 1, ci, ci2, cicj;

(* create printed ouput of each term using termName[rv][term] *)

termOut := "1", "
i=1
n c", "

i=1
n ci

2", "
i=1
n


j≠i

cicj"

MapThread[Set[termName[Unevaluated@#1], termOut[[#2]]] &, {termIn, Range[4]}];

(* print the notation *)

Modulerow, list, grid,

row[term_] := termName[term], "[" <> ToString@term <> "]";

list := row[#] & /@ termIn;

grid := Grid

"Term", "input notation",

{"----", "------------"},

Sequence @@ list

, Alignment → Left;

Print@grid;



Term input notation
---- ------------

1 [1]

∑i=1
n c [ci]

∑i=1
n ci

2 [ci2]

∑i=1
n ∑j≠icicj [cicj]
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For a general equilibrium 

qi = μ1 + μ2 ci + μ3 ∑j≠i c j,

pi = ν1 + ν2 ci + ν3 ∑j≠i c j

given a cost profile (c1, ..., cn), we want to compute the sums above, i.e. we want to compute the general form of e.g.

∑i=1
n qi

2 = ξ1(μ1, μ2, μ3) + ξ2(μ1, μ2, μ3)∑i=1
n ci + ξ3(μ1, μ2, μ3)∑i=1

n ci
2 + ξ4(μ1, μ2, μ3)∑i=1

n ∑j≠i ci c j.

For each sum, we want to compute the generic factors of the terms "1", ∑i=1
n ci,...

Note that for the sum ∑i=1
n qi pi, the factors ξ1,... additionally depend on ν1,...

notation:
fGen[sum name][term name]

usage:
setGenericF[sum name,

all factors of term “1”,

all factors of term ∑i=1
n ci,

etc.]

→ this defines fGen[sum][term] for all terms and prints the output

In[27]:= setGenericFsum_, set1_, setci_, setci2_, setcicj_ :=

(* for the sum qipi, we need additional arguments ν1,2,3 *)

MapThreadSet[fGen[sum][#1][μ1_, μ2_, μ3_, ν1_, ν2_, ν3_], do[#2]] &,

termIn, set1, setci, setci2, setcicj;

Module{row},

row[term_] := Delete[{Row[{"[", fGen[sum][term][μ1, μ2, μ3, ν1, ν2, ν3], "]"}],

"*" <> termName[term]}, 0];

PrintGrid

{sumName[sum] <> " = ", " ", row[1]},

Delete{"", "+", row[#]} & /@ ci, ci2, cicj, 0

, Alignment → Left



Using the summations just computed, we set up a general expression for welfare (of consumers, firms, total) given arbitrary 

prices & quantities
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In[28]:= setGenericW := 

(* arbitrary equlibrium values *)

aeq = {μ1, μ2, μ3, ν1, ν2, ν3};

(* general formula for consumer surplus *)

SetwFactorGen[cs][#][μ1_, μ2_, μ3_, ν1_, ν2_, ν3_], do

α fGenqi[#] @@ aeq - 1 / 2 fGenqi2[#] @@ aeq - γ / 2 fGenqiqj[#] @@ aeq -

fGenqipi[#] @@ aeq

 & /@ termIn;

(* general formula for firm profits *)

SetwFactorGenfi[#][μ1_, μ2_, μ3_, ν1_, ν2_, ν3_], do

fGenqipi[#] @@ aeq - fGenciqi[#] @@ aeq

 & /@ termIn;

(* general formula for total welfare *)

SetwFactorGen[tot][#][μ1_, μ2_, μ3_, ν1_, ν2_, ν3_], do

α fGenqi[#] @@ aeq - 1 / 2 fGenqi2[#] @@ aeq - γ / 2 fGenqiqj[#] @@ aeq -

fGenciqi[#] @@ aeq

 & /@ termIn;

Modulerow, grid,

row[who_, term_] := Sequence[Row[{"[", wFactorGen[who][term][μ1, μ2, μ3, ν1, ν2, ν3], "]"}],

"*" <> termName[term]];

grid[who_] := ToStringSubscript"", ToString@whoName[who], StandardForm,

"= ", " ", row[who, 1], "", Delete{"", "", "+ ", row[who, #]} & /@ ci, ci2, 0,

"", "", "+ ", rowwho, cicj;

Print

Column

"Welfare for arbitrary equilibrium quantities and prices given by\n

qi=µ1+μ2ci+μ3j≠i
cj, pi=ν1+ν2ci+ν3j≠i

cj\n",

GridFlattenTablegrid[whose], whose, cs, fi, tot, 1, Alignment → Left;



2.1.2. Computations

In[29]:= setGenericFqi,

n μ1,

μ2 + (n - 1) μ3,

0,

0



∑i=1
n qi = [n μ1] *1

+ [μ2 + (-1 + n) μ3] *∑i=1
n c

+ [0] *∑i=1
n ci

2

+ [0] *∑i=1
n ∑j≠icicj
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In[30]:= setGenericFciqi,

0,

μ1,

μ2,

μ3



∑i=1
n ci qi = [0] *1

+ [μ1] *∑i=1
n c

+ [μ2] *∑i=1
n ci

2

+ [μ3] *∑i=1
n ∑j≠icicj

In[31]:= setGenericFqi2,

n μ1^2,

2 μ1 μ2 + 2 (n - 1) μ1 μ3,

μ2^2 + (n - 1) μ3^2,

(n - 2) μ3^2 + 2 μ2 μ3



∑i=1
n qi

2 = [n μ1
2] *1

+ [2 μ1 (μ2 + (-1 + n) μ3)] *∑i=1
n c

+ [μ2
2 + (-1 + n) μ3

2] *∑i=1
n ci

2

+ [μ3 (2 μ2 + (-2 + n) μ3)] *∑i=1
n ∑j≠icicj

In[32]:= setGenericFqiqj,

(n - 1) n μ1^2,

(n - 1) μ1 μ2 + (n - 1) n μ1 μ3 - (n - 1) μ1 μ3 + (n - 1) μ1 μ2 + (n - 1)^2 μ1 μ3,

(n - 1) μ2 μ3 + (n - 1) μ2 μ3 + (n - 1)^2 μ3^2 - (n - 1) μ3^2,

μ2^2 + (n - 1) μ2 μ3 - μ2 μ3 + (n - 2) μ2 μ3 + (n - 1)^2 μ3^2 - (n - 2) μ3^2



∑i=1
n ∑j≠ i qi qj = [(-1 + n) n μ1

2] *1

+ [2 (-1 + n) μ1 (μ2 + (-1 + n) μ3)] *∑i=1
n c

+ [(-1 + n) μ3 (2 μ2 + (-2 + n) μ3)] *∑i=1
n ci

2

+ [μ2
2 + 2 (-2 + n) μ2 μ3 + (3 + (-3 + n) n) μ3

2] *∑i=1
n ∑j≠icicj

In[33]:= setGenericFqipi,

n μ1 ν1,

μ1 ν2 + (n - 1) μ1 ν3 + μ2 ν1 + (n - 1) μ3 ν1,

μ2 ν2 + (n - 1) μ3 ν3,

μ2 ν3 + μ3 ν2 + (n - 2) μ3 ν3



∑i=1
n qi pi = [n μ1 ν1] *1

+ [μ2 ν1 + (-1 + n) μ3 ν1 + μ1 (ν2 + (-1 + n) ν3)] *∑i=1
n c

+ [μ2 ν2 + (-1 + n) μ3 ν3] *∑i=1
n ci

2

+ [μ2 ν3 + μ3 (ν2 + (-2 + n) ν3)] *∑i=1
n ∑j≠icicj
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2.1.3. Welfare

In[34]:= setGenericW

Welfare for arbitrary equilibrium quantities and prices given by

qi=µ1+μ2ci+μ3∑j≠icj, pi=ν1+ν2ci+ν3∑j≠icj

C = [-
1

2
n μ1 (-2 α + μ1 + (-1 + n) γ μ1 + 2 ν1)] *1

+ [α (μ2 + (-1 + n) μ3) - (μ2 + (-1 + n) μ3) ν1 -

μ1 (μ2 + (-1 + n) γ μ2 + (-1 + n) (1 + (-1 + n) γ) μ3 + ν2 + (-1 + n) ν3)]

*∑i=1
n c

+ [
1

2
-μ2

2 - 2 μ2 ((-1 + n) γ μ3 + ν2) -

(-1 + n) μ3 (μ3 + (-2 + n) γ μ3 + 2 ν3)]

*∑i=1
n ci

2

+ [-
1

2
γ μ2

2 + 2 (-2 + n) μ2 μ3 + (3 + (-3 + n) n) μ3
2 -

μ2 (μ3 + ν3) -
1

2
μ3 ((-2 + n) μ3 + 2 (ν2 + (-2 + n) ν3))]

*∑i=1
n ∑j≠icicj

F = [n μ1 ν1] *1

+ [(μ2 + (-1 + n) μ3) ν1 + μ1 (-1 + ν2 + (-1 + n) ν3)] *∑i=1
n c

+ [μ2 (-1 + ν2) + (-1 + n) μ3 ν3] *∑i=1
n ci

2

+ [μ2 ν3 + μ3 (-1 + ν2 + (-2 + n) ν3)] *∑i=1
n ∑j≠icicj

tot = [-
1

2
n μ1 (-2 α + μ1 + (-1 + n) γ μ1)] *1

+ [-μ1 (1 + μ2 + (-1 + n) γ μ2) -

(-1 + n) (1 + (-1 + n) γ) μ1 μ3 + α (μ2 + (-1 + n) μ3)]

*∑i=1
n c

+ [
1

2
-μ2 (2 + μ2) - 2 (-1 + n) γ μ2 μ3 - (-1 + n) (1 + (-2 + n) γ) μ3

2] *∑i=1
n ci

2

+ [-
1

2
μ3 (2 + 2 μ2 + (-2 + n) μ3) -

1

2
γ μ2

2 + 2 (-2 + n) μ2 μ3 + (3 + (-3 + n) n) μ3
2]

*∑i=1
n ∑j≠icicj

2.2. Equilibrium prices & quantities

2.2.1. Definitions

we now compute the factors explicitly for each term in each sum using the specific values for the generic factors μ1, μ2, μ3

notation:
factor

[sum name: qi, piqi, ...]

[term name: 1, ci, ci2, cicj]

usage:

setF[μ1, μ2, μ3, ν1, ν2, ν3]

→ this defines factor[sum][term] for all terms and prints the output

In[35]:= showfactors :=

Modulesums, exponent, row, grid,

sums = First /@ mySums;

Outer[Set[factor[#1][#2], do[fGen[#1][#2] @@ eqm]] &, sums, termIn];

exponent[sum_] := IfMemberQqi2, qiqj, qipi, sum, 2, 1;

row[sum_, term_] := Sequence[Row[{"[", do[λ^(-exponent[sum]) * factor[sum][term]], "]"}],

"*" <> termName[term]];

grid[sum_] :=

sumName[sum], "= " <> ToStringSuperscript["λ", exponent[sum]] // StandardForm <> "(",

" ", row[sum, 1], "", Delete{"", "", "+ ", row[sum, #], ""} & /@ ci, ci2, 0,

"", "", "+ ", rowsum, cicj, ")";

PrintColumn"", "Summations with λ = " <> ToString[λ // StandardForm], "",

GridFlattenTablegrid[sum], {sum, sums}, 1, Alignment → Left;



given these factors, we compute the welfare of consumers, firms, total
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notation:
wFactor(welfare)[who: consumers (cs), firms (fi), total (tot)]

In[36]:= showWelfare :=

Moduleall, row, grid,

all = cs, fi, tot;

Outer[Set[wFactor[#1][#2], do[wFactorGen[#1][#2] @@ eqm]] &, all, termIn];

row[who_, term_] := Sequence[Row[{"[", do[2 / λ^2 * wFactor[who][term]], "]"}],

"*" <> termName[term]];

grid[who_] := ToStringSubscript"", ToString@whoName[who], StandardForm,

"= " <> "
λ2

2
" <> "(", " ", row[who, 1], "",

Delete{"", "", "+ ", row[who, #], ""} & /@ ci, ci2, 0,

"", "", "+ ", rowwho, cicj, ")";

PrintColumn"", "Welfare with λ = " <> ToString[λ // StandardForm], "",

GridFlattenTablegrid[whose], {whose, all}, 1, Alignment → Left;



2.2.2. Computations 

In[37]:= showfactors

Summations with λ =
1

(2-γ) (2+(-1+n) γ)

∑i=1
n qi = λ1( [-n α (-2 + γ)] *1

+ [-2 + γ] *∑i=1
n c

+ [0] *∑i=1
n ci

2

+ [0] *∑i=1
n ∑j≠icicj )

∑i=1
n qi

2 = λ2( [n α2 (-2 + γ)2] *1

+ [-2 α (-2 + γ)2] *∑i=1
n c

+ [4 + γ (-8 + 3 γ + n (4 + (-3 + n) γ))] *∑i=1
n ci

2

+ [-γ (4 + (-2 + n) γ)] *∑i=1
n ∑j≠icicj )

∑i=1
n ∑j≠ i qi qj = λ2( [(-1 + n) n α2 (-2 + γ)2] *1

+ [-2 (-1 + n) α (-2 + γ)2] *∑i=1
n c

+ [-(-1 + n) γ (4 + (-2 + n) γ)] *∑i=1
n ci

2

+ [4 + (-1 + n) γ2] *∑i=1
n ∑j≠icicj )

∑i=1
n ci qi = λ1( [0] *1

+ [-α (-2 + γ)] *∑i=1
n c

+ [-2 - (-2 + n) γ] *∑i=1
n ci

2

+ [γ] *∑i=1
n ∑j≠icicj )

∑i=1
n qi pi = λ2( [n α2 (-2 + γ)2] *1

+ [(-1 + n) α (-2 + γ)2 γ] *∑i=1
n c

+ [-4 + γ 8 - 4 n - (7 + (-7 + n) n) γ + (-2 + n) (-1 + n) γ2] *∑i=1
n ci

2

+ [γ2 (-2 + n + γ - n γ)] *∑i=1
n ∑j≠icicj )

In[38]:= (* verify alternative notation from paper *)

dofactorqi2ci2  λ^2 ⩵ 4 + γ (-8 + 3 γ + n (4 + (-3 + n) γ)) == (-1 + n) γ2 + (2 + (-2 + n) γ)2

Out[38]= True
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2.2.3. Welfare

In[39]:= showWelfare

Welfare with λ =
1

(2-γ) (2+(-1+n) γ)

C =
λ2

2
( [n α2 (-2 + γ)2 (1 + (-1 + n) γ)] *1

+ [-2 α (-2 + γ)2 (1 + (-1 + n) γ)] *∑i=1
n c

+ [4 + γ -8 + 4 n + 7 γ + (-7 + n) n γ - (-2 + n) (-1 + n) γ2] *∑i=1
n ci

2

+ [(2 + n (-1 + γ) - γ) γ2] *∑i=1
n ∑j≠icicj )

F =
λ2

2
( [2 n α2 (-2 + γ)2] *1

+ [-4 α (-2 + γ)2] *∑i=1
n c

+ [8 + 2 γ (-8 + 3 γ + n (4 + (-3 + n) γ))] *∑i=1
n ci

2

+ [-2 γ (4 + (-2 + n) γ)] *∑i=1
n ∑j≠icicj )

tot =
λ2

2
( [n α2 (-2 + γ)2 (3 + (-1 + n) γ)] *1

+ [-2 α (-2 + γ)2 (3 + (-1 + n) γ)] *∑i=1
n c

+ [12 + 12 (-2 + n) γ + (13 + n (-13 + 3 n)) γ2 - (-2 + n) (-1 + n) γ3] *∑i=1
n ci

2

+ [γ (-8 + (6 + n (-3 + γ) - γ) γ)] *∑i=1
n ∑j≠icicj )

In[40]:= (* verify that welfare of consumers & firms add add up to total welfare *)

dowFactor[tot][#] ⩵ SumwFactori[#], i, cs, fi & /@ termIn

Out[40]= {True, True, True, True}

In[41]:= (* verify alternative notation from paper *)

dowFactor[tot]ci2  λ^2 == 6 +
1

2
γ -24 + (13 - 2 γ) γ - n2 (-3 + γ) γ + n (-3 + γ) (-4 + 3 γ)

Out[41]= True

2.2.4. Analysis: change of welfare in some firm’s costs

◼ consumer surplus unambiguously decreases in each firm’s marginal costs:

In[42]:= (* note: the derivative of consumer welfare w.r.t. ci can be either in-

oder decreasing in cj,

hence have to compute the derivative at both cj=0 and cj=1 *)

dowFactor[cs]ci < 0, wFactor[cs]ci2 > 0, wFactor[cs]cicj ≥ 0

Out[42]= True, True, (2 + n (-1 + γ) - γ) γ2 ≥ 0

In[43]:= (* for cj=1 *)

Module

x = doλ^(-2) wFactor[cs]ci + 2 wFactor[cs]ci2 * 1 + 2 wFactor[cs]cicj * (n - 1) * 1,

{x, do[x ≤ 0]}



Out[43]= -(-1 + α) (-2 + γ)2 (1 + (-1 + n) γ), True
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In[44]:= (* for cj=0 *)

Module

x = doλ^(-2) wFactor[cs]ci + 2 wFactor[cs]ci2 * 1 + 2 wFactor[cs]cicj * (n - 1) * 0,

{x, do[x ≤ 0], do[(x /. {α → n})]}



Out[44]= 4 + 4 (-2 + n) γ - α (-2 + γ)2 (1 + (-1 + n) γ) + γ2 (7 - 2 γ + n (-7 + n + 3 γ - n γ)),

True, -(-1 + n) (4 + γ (-8 + (7 - 2 γ) γ + n (4 + γ (-5 + 2 γ))))

◼ total firm profits can both in- or decrease if some firm’s costs increase

In[45]:= (* first check the sign of the factors,

then look at polar cases → both signs of the derivative possible! *)

dowFactorfici < 0 && wFactorfici2 > 0 && wFactorficicj ≤ 0,

doλ^(-2) wFactorfici + 2 wFactorfici2 * 1 + 2 wFactorficicj * 0 /. {γ → 1},

doλ^(-2) wFactorfici + 2 wFactorfici2 * 0 + 2 wFactorficicj * (n - 1) /. {γ → 1}

Out[45]= True, 2 -1 + n + n2 - α, -2 -2 + n + n2 + α

◼ similarly for total welfare

In[46]:= (* same procedure *)

dowFactor[tot]ci < 0 && wFactor[tot]ci2 > 0 && wFactor[tot]cicj ≤ 0,

doλ^(-2) wFactor[tot]ci + 2 wFactor[tot]ci2 * 1 + 2 wFactor[tot]cicj * 0 /. {γ → 1},

doλ^(-2) wFactor[tot]ci + 2 wFactor[tot]ci2 * 1 + 2 wFactor[tot]cicj * 0 /.

{γ → 1, α → n},

doλ^(-2) wFactor[tot]ci + 2 wFactor[tot]ci2 * 0 + 2 wFactor[tot]cicj * (n - 1) /.

{γ → 1}

Out[46]= True, -1 + 2 n + 2 n2 - (2 + n) α, -1 + n2, 3 - 2 α - n (1 + 2 n + α)

3. Expected Welfare

3.1. Order Statistics

3.1.1. Expected values of order statistics: k-th highest draw out of m

define PDFs

In[47]:= f[x_, m_, k_] :=
m!

(k - 1)! (m - k)!
xk-1 (1 - x)m-k

In[48]:= f2x_, y_, m_, i_, j_ :=
m!

i - 1! j - i - 1! m - j!
xi-1 (y - x)j-i-1 (1 - y)m-j

(* where x≤y and 1≤i<j≤1 *)

compute expectations via integration

◼ Ex(k)

In[49]:= xk[m_, k_] = do@Integrate[x f[x, m, k], {x, 0, 1}]

Out[49]=
k

1 + m

◼ Ex(k)
2

In[50]:= xk2[m_, k_] = do@Integratex2 f[x, m, k], {x, 0, 1}

Out[50]=
k (1 + k)

2 + 3 m + m2

◼ Ex(i) x( j) for i < j
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In[51]:= xixxjm_, i_, j_ = doIntegrateIntegratex * y * f2x, y, m, i, j, {x, 0, y}, {y, 0, 1}, i < j

Out[51]=
i (1 + j)

2 + 3 m + m2

3.1.2. Expected values for sums: given market size n out of m

◼ E ∑k=1
n x(k) = ∑k=1

n Ex(k)

In[52]:= expSumXk[m_, n_] = sumExpXk[m_, n_] = do@Sum[xk[m, k], {k, 1, n}]

Out[52]=
n + n2

2 + 2 m

◼ E ∑k=1
n x(k)

2 = ∑k=1
n Ex(k)

2

In[53]:= expSumXk2[m_, n_] = sumExpXk2[m_, n_] = do@Sum[xk2[m, k], {k, 1, n}]

Out[53]=
n (1 + n) (2 + n)

3 (1 + m) (2 + m)

◼ ∑k=1
n Ex(k)

2

In[54]:= sumExp2Xk[m_, n_] = do@Sum[(xk[m, k])^2, {k, 1, n}]

Out[54]=
n (1 + n) (1 + 2 n)

6 (1 + m)2

◼ ∑j=1
n ∑i=1

j-1Ex(i) x( j) =
1
2
∑j=1
n ∑i≠ i Ex(i) x( j)

In[55]:= sumSumXiXj[m_, n_] = do@SumSumxixxjm, i, j, i, 1, j - 1, j, 1, n

Out[55]=
(-1 + n) n (1 + n) (2 + n)

8 (1 + m) (2 + m)

In[56]:= do

sumSumXiXj[m, n] ⩵

1 / 2 * SumSumxixxjm, i, j, i, 1, j - 1, j, 1, n +

SumSumxixxjm, j, i, i, j + 1, n, j, 1, n

Out[56]= True

◼ E∑k=1
n x(k)

2 = ∑k=1
n Ex(k)

2 + 2∑j=1
n ∑i=1

j-1Ex(i) x( j)

In[57]:= expSum2Xk[m_, n_] = dosumExpXk2[m, n] + 2 sumSumXiXj[m, n]

Out[57]=
n (1 + n) (2 + n) (1 + 3 n)

12 (1 + m) (2 + m)

3.2. Scenarios

We compute welfare explicitly for three different scenarios: 

1. Benchmark “homogenous firms, public costs”: ci = c∀ i for arbitrary c ∈ [0, 1]→ b1

2. Benchmark “homogenous firms, uncertain costs”: E[ci] = E[c] = 1
2
∀ i → b2

3. Model: heterogenous firms, uncertain costs: ci = Ec(i) =
i

m+1
→ mod

For each scenario, total welfare is given by 

Wtot = η1 + η2 ∑i=1
n ci + η3 ∑i=1

n ci
2 + η4 ∑i=1

n ∑j≠i ci c j,

where we have computed the factors η1, ... above.

Below, we hence need to compute the terms ∑i=1
n ci, ∑i=1

n ci
2 etc. for each scenario.
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In[58]:= termX[b1][1, x_, n_] := 1;

termX[b1]ci, x_, n_ := n * x;

termX[b1]ci2, x_, n_ := n * x^2;

termX[b1]cicj, x_, n_ := n (n - 1) x^2;

In[62]:= termX[b2][1, x_, n_] := 1; (* x not need but included for serial definition below *)

termX[b2]ci, x_, n_ := n * 1 / 2;

termX[b2]ci2, x_, n_ := n * 1 / 3;

termX[b2]cicj, x_, n_ := n (n - 1) * 1 / 3;

In[66]:= termX[mod][1, m_, n_] := 1;

termX[mod]ci, m_, n_ := expSumXk[m, n];

termX[mod]ci2, m_, n_ := expSumXk2[m, n];

termX[mod]cicj, m_, n_ := 2 sumSumXiXj[m, n]

(* note the factor 2 since the summation function is for j<i -- we need all j≠i *);

We use the following notation for the welfare levels, depending on scenario (b1, b2, mod) and party (firms, consumers, total) 
w (welfare) [scenario (b1, b2, mod)] [who: consumers (cs), firms (fi), total (tot)]

In[70]:= setWValuescenario_[who_] :=

Set

wscenario[who],

doSumwFactor[who][term] * termXscenarioterm,

Piecewise

c, scenario === b1,

Null, scenario === b2,

m, scenario === mod

, n,

{term, termIn}



;

In[71]:= setWValue[mod][#] & /@ cs, fi, tot;

setWValue[#][tot] & /@ {b1, b2};

3.3. Results & analysis

3.3.1. Homogenous firms, public costs

In[73]:= w[b1][tot]

Out[73]=
n (c - α)2 (3 + (-1 + n) γ)

2 (2 + (-1 + n) γ)2

In[74]:= (* total welfare always increases in market size *)

With{d = do@D[w[b1][tot], n]},

Print@d;

do[d ≥ 0, 0 ≤ c ≤ 1]

-
(c - α)2 (-6 + (5 + n (-1 + γ) - γ) γ)

2 (2 + (-1 + n) γ)3

Out[74]= True

3.3.2. Homogenous firms, uncertain costs

In[75]:= w[b2][tot]

Out[75]=
n (1 + 3 (-1 + α) α) (3 + (-1 + n) γ)

6 (2 + (-1 + n) γ)2
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In[76]:= (* total welfare always increases in market size *)

With{d = do@D[w[b2][tot], n]},

Print@d;

do[d ≥ 0]

-
(1 + 3 (-1 + α) α) (-6 + (5 + n (-1 + γ) - γ) γ)

6 (2 + (-1 + n) γ)3

Out[76]= True

3.3.3. Model: heterogenous firms, uncertain costs

In[77]:= w[mod][tot]

Out[77]= n -
12 (1 + n) α (3 + (-1 + n) γ)

1 + m
+ 12 α2 (3 + (-1 + n) γ) -

(1 + n) (2 + n) -48 + γ 72 - 24 n - 34 γ + (25 - 3 n) n γ + (-5 + n) (-1 + n) γ2 

(1 + m) (2 + m) (-2 + γ)2  24 (2 + (-1 + n) γ)2

In[78]:= (* verify notation from paper *)

dow[mod][tot] ==
1

24 (1 + m) (2 + m) (-2 + γ)2 (2 + (-1 + n) γ)2
n

-12 (2 + m) (1 + n) α (-2 + γ)2 (3 + (-1 + n) γ)

+ 12 (1 + m) (2 + m) α2 (-2 + γ)2 (3 + (-1 + n) γ) +

3 (1 - n) (1 + n) (2 + n) γ (8 + γ (-6 - n (-3 + γ) + γ))

+ 8 (1 + n) (2 + n) 6 +
1

2
γ -24 + (13 - 2 γ) γ - n2 (-3 + γ) γ + n (-3 + γ) (-4 + 3 γ) 

Out[78]= True

We find that interior solutions exist (i.e. restricting the market size can be optimal)

In[79]:= With{wTemp = do[w[mod][tot] /. {γ → 1, α → 10, m → 10}]},

Print@wTemp;

NMaximize[wTemp, n]



n (2 + n) (156 965 + n (-1430 + n (7 + 2 n)))

3168 (1 + n)2

Out[79]= {46.1193, {n → 5.38322}}
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4. Plotting

4.1. Plotting 2D

In[80]:= singleplot[mVal_, αVal_, γVal_, color_: Default] := Block{m = mVal, α = αVal, γ = γVal},

ParametricPlot{n, Evaluate@w[mod][tot]}, {n, 1, m}, PlotStyle → {color},

AspectRatio → 1 / 2

;

(* use parametric plot as Plot[] only prints one plot point per pixel,

which helps for steep curves *)

colors[mset_] := TableColorData97, i, i, Length@mset

noncolors[mset_] :=

TakeFlatten@Dashing[{}], Dashed, Dotted, DotDashed, TableDashing[{}], Length@mset,

Length@mset

style[mset_] := Transpose[{colors[mset], noncolors[mset]}]

(* remove noncolors to make all lines solid *)

title = "title";

multiplot[mset_, αset_, γset_, legendcontent_, legendlabel_] :=

Legended

(* Labeled[ *)(* uncomment to add title *)

Show

MapThread

singleplot, {mset, αset, γset, style[mset]},

AxesOrigin → 0, Automatic, PlotRange → All, ImageSize → Large,

AxesLabel → Style"n", FontSize → 16, Style"Εc [tot]", FontSize → 16,

(* ""], *)(* add title here *)

LineLegendDirective /@ style[legendcontent], legendcontent, LegendLabel → legendlabel

plotMvar[mset_, α_, γ_] := multiplotmset, Table[α, Length@mset], Table[γ, Length@mset],

mset, StringJoin"α = ", ToString[α], "\nγ = ", ToString[γ], "\nm ="

plotAvar[m_, αset_, γ_] := multiplotTable[m, Length@αset], αset, Table[γ, Length@αset],

αset, StringJoin"m = ", ToString[m], "\nγ = ", ToString[γ], "\nα ="

plotGvar[m_, α_, γset_] := multiplotTable[m, Length@γset], Table[α, Length@γset],

γset, γset, StringJoin"m = ", ToString[m], "\nα = ", ToString[α], "\nγ ="

Usage:

plot total welfare as a function of market size n for fixed m, α, γ  using singleplot[m,α,γ]

plot comparative statics using plotXvar, where X indicated which of the parameters  m, α, γ  varies

In[89]:= (* examples *)

singleplot[20, 20, 0.9];

plotMvar[{5, 10, 20}, 20, 0.9];

plotAvar[20, {20, 22, 25}, 0.9];

plotGvar[20, 20, {0.7, 0.9, 1}];
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4.2. Plotting 3D

4.2.1. Expected total welfare

In[93]:= (* change of exp. total welfare in γ *)

Blockα = 20, m = 20, γRange = {0, 1}, scenario = mod, who = tot, welfare,

welfare = wscenario[who];

Labeled

Show

Plot3D[welfare, {γ, γRange[[1]], γRange[[2]]}, {n, 1, m}],

ParametricPlot3Dγ, n /. Last@#, First@# &FindMaximum[{welfare, 1 < n ≤ m}, {n}],

{γ, γRange[[1]], γRange[[2]]}, PlotStyle → Thickness[0.01], Blue,

MaxRecursion → 2, PlotPoints → 10 (* to speed up plotting *),

ImageSize → Medium, BoxRatios → {1, 1, 1 / 3},

AxesLabel → Style#, Medium, Bold & /@ {"γ", "n", "Εc[tot]"}

, "α = " <> ToString[α] <> ",\n" <> "m = " <> ToString[m] <> "\n"

LineLegendDirectiveThickness[0.01], Blue, {"n*"}, Right, Left;

In[94]:= (* change of exp. total welfare in m *)

Blockα = 20, γ = 0.9, mRange = {1, 20}, scenario = mod, who = tot, welfare,

welfare = wscenario[who];

Labeled

Show

Plot3Dwelfare, {m, mRange[[1]], mRange[[2]]}, {n, 1, mRange[[2]]},

RegionFunction → Function[{m, n}, n ≤ m],

ParametricPlot3Dm, n /. Last@#, First@# &FindMaximum[{welfare, 1 < n ≤ m}, {n}],

{m, mRange[[1]], mRange[[2]]}, PlotStyle → Thickness[0.01], Blue,

MaxRecursion → 2, PlotPoints → 10 (* to speed up plotting *),

ImageSize → Medium, BoxRatios → {1, 1, 1 / 3},

AxesLabel → Style#, Medium, Bold & /@ {"m", "n", "Εc[tot]"}

, "α = " <> ToString[α] <> ",\n" <> "γ = " <> ToString[γ] <> "\n"

LineLegendDirectiveThickness[0.01], Blue, {"n*"}, Right, Left;

In[95]:= (* change of exp. total welfare in α *)

Blockm = 20, γ = 0.9, αRange = {20, 60}, scenario = mod, who = tot, welfare,

welfare = wscenario[who];

Labeled

Show

Plot3D[welfare, {α, αRange[[1]], αRange[[2]]}, {n, 1, m}],

ParametricPlot3Dα, n /. Last@#, First@# &FindMaximum[{welfare, 1 < n ≤ m}, {n}],

{α, αRange[[1]], αRange[[2]]}, PlotStyle → Thickness[0.01], Blue,

MaxRecursion → 2, PlotPoints → 10 (* to speed up plotting *),

ImageSize → Medium, BoxRatios → {1, 1, 1 / 3},

AxesLabel → Style#, Medium, Bold & /@ {"α", "n", "Εc[tot]"}

, "γ = " <> ToString[γ] <> ",\n" <> "m = " <> ToString[m] <> "\n"

LineLegendDirectiveThickness[0.01], Blue, {"n*"}, Right, Left;
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4.2.2. Optimal market size

In[96]:= (* change of optimal n in m and α - wherever it is a diagonal plane, n*=m is optimal,

where it departs we have interior optima *)

BlockαRange = {20, 95}, γ = 0.9, mRange = {1, 20}, scenario = mod, who = tot, welfare,

dwelfare, mCrit, nMax,

welfare = wscenario[who];

dwelfare = Dwscenario[who], n /. {n → m};

nMax[mMax_] := n /. Last@FindMaximum[{welfare, 1 < n ≤ mMax}, {n}];

mCrit[mMax_] := If[# ≠ {}, m /. Last@#, mMax] &@NSolve[dwelfare ⩵ 0 && 1 ≤ m ≤ mMax, m];

Labeled

Show

Plot3DnMax[m], {m, mRange[[1]], mRange[[2]]}, {α, αRange[[1]], αRange[[2]]},

MaxRecursion → 1, PlotPoints → 4 (* to speed up plotting *),

ParametricPlot3D{#, α, #} &mCrit[mRange[[2]]], {α, αRange[[1]], αRange[[2]]},

PlotStyle → Thickness[0.01], Blue,

MaxRecursion → 2, PlotPoints → 4 (* to speed up plotting *),

ImageSize → Medium, BoxRatios → {1, 1, 1 / 3},

AxesLabel → Style#, Medium, Bold & /@ {"m", "α", "n*"}

, " γ = " <> ToString[γ] <> "\n" LineLegendDirectiveThickness[0.01], Blue, {"n*=m"},

Right, Left;

In[97]:= (* change of optimal n in m and γ - wherever it is a diagonal plane, n*=m is optimal,

where it departs we have interior optima *)

Blockα = 20, γRange = {0, 1}, mRange = {1, 20}, scenario = mod, who = tot, welfare,

dwelfare, mCrit, nMax,

welfare = wscenario[who];

dwelfare = Dwscenario[who], n /. {n → m};

nMax[mMax_] := n /. Last@FindMaximum[{welfare, 1 < n ≤ mMax}, {n}];

mCrit[mMax_] :=

If# ≠ {}, m /. Last@#, Null (* mMax instead of Null to also plot boundary *) &@

NSolve[dwelfare ⩵ 0 && 1 ≤ m ≤ mMax, m];

Labeled

Show

Plot3DnMax[m], {γ, γRange[[1]], γRange[[2]]}, {m, mRange[[1]], mRange[[2]]},

MaxRecursion → 1, PlotPoints → 3 (* to speed up plotting *),

ParametricPlot3D{γ, #, #} &mCrit[mRange[[2]]], {γ, γRange[[1]], γRange[[2]]},

PlotStyle → Thickness[0.01], Blue,

MaxRecursion → 1, PlotPoints → 10 (* to speed up plotting *),

ImageSize → Medium, BoxRatios → {1, 1, 1 / 3},

AxesLabel → Style#, Medium, Bold & /@ {"γ", "m", "n*"}

, "α = " <> ToString[α] <> "\n" LineLegendDirectiveThickness[0.01], Blue, {"n*=m"},

Right, Left;
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In[98]:= (* change of optimal n in α and γ - wherever it is a horizontal plane,

n*=m is optimal, where it departs we have interior optima *)

BlockαRange = {20, 60}, γRange = {0, 1}, m = 20, scenario = mod, who = tot, welfare,

dwelfare, mCrit, γCrit, nMax,

welfare = wscenario[who];

dwelfare = Dwscenario[who], n /. {n → m};

nMax[mMax_] := n /. Last@FindMaximum[{welfare, 1 < n ≤ mMax}, {n}];

mCrit[mMax_] := If[# ≠ {}, m /. Last@#, mMax] &@NSolve[dwelfare ⩵ 0 && 1 ≤ m ≤ mMax, m];

γCrit[γMax_] := If[# ≠ {}, γ /. Last@#, γMax] &@NSolve[dwelfare ⩵ 0 && 0 ≤ γ ≤ 1, γ];

Labeled

Show

Plot3DnMax[m], {γ, γRange[[1]], γRange[[2]]}, {α, αRange[[1]], αRange[[2]]},

PlotRange → Automatic, m,

MaxRecursion → 1, PlotPoints → 4 (* to speed up plotting *),

ParametricPlot3DγCrit[γRange[[2]]], α, m(*mCrit[m]*),

{α, αRange[[1]], αRange[[2]]}, PlotStyle → Thickness[0.01], Blue,

MaxRecursion → 2, PlotPoints → 4 (* to speed up plotting *),

ImageSize → Medium, BoxRatios → {1, 1, 1 / 3},

AxesLabel → Style#, Medium, Bold & /@ {"γ", "α", "n*"}

, "m = " <> ToString[m] <> "\n" LineLegendDirectiveThickness[0.01], Blue, {"n*=m"},

Right, Left;

5. Extensions

5.1. Regulator interested in auction revenue 

Revenue R(n) = WF - (π1(c1, ..., cn) - πn+1(c1, ..., cn-1, cn+1)),

where π1(c1, ..., cn) - πn+1(c1, ..., cn-1, cn+1) = : λ2 rπ,

with

In[99]:= rπ[n_] = do2 α (2 - γ) (2 + γ (n - 2)) (xk[m, n + 1] - xk[m, 1]) + 2 α (2 - γ) γ (xk[m, n] - xk[m, 1]) -

(2 + γ (n - 2))^2 (xk2[m, n + 1] - xk2[m, 1]) + γ^2 (xk2[m, n] - xk2[m, 1]) +

2 (2 + γ (n - 2))

xixxj[m, 1, n + 1] - xixxj[m, 1, n] +

Sumxixxjm, i, n + 1, i, 2, n - 1 - Sumxixxjm, 1, i, i, 2, n - 1 +

2 γ^2 Sumxixxjm, i, n, i, 2, n - 1 - Sumxixxjm, 1, i, i, 2, n - 1

Out[99]=
1

(1 + m) (2 + m)

-n4 (-1 + γ) γ + 2 (-2 + γ) (-2 + γ + (2 + m) α γ) + n -22 + 2 (2 + m) α (-2 + γ)2 + (38 - 15 γ) γ +

2 n3 (1 + (-3 + γ) γ) + n2 (-4 + γ (-9 - 2 (2 + m) α (-2 + γ) + 8 γ))

In[100]:= do[λ^2 * rπ[n]]

Out[100]= -n4 (-1 + γ) γ + 2 (-2 + γ) (-2 + γ + (2 + m) α γ) + n -22 + 2 (2 + m) α (-2 + γ)2 + (38 - 15 γ) γ +

2 n3 (1 + (-3 + γ) γ) + n2 (-4 + γ (-9 - 2 (2 + m) α (-2 + γ) + 8 γ)) 

(1 + m) (2 + m) (-2 + γ)2 (2 + (-1 + n) γ)2

expected total firm profits WF

In[101]:= w[mod]fi

Out[101]= n 4 n3 γ + n4 γ2 + 4 (-2 + γ) (-4 + 3 (2 + m) α (-1 + α + m α) (-2 + γ) + 3 γ) - n2 (-16 + γ (8 + γ)) +

4 n -3 (2 + m) α (-2 + γ)2 + (-3 + γ) (-4 + 3 γ)  12 (1 + m) (2 + m) (-2 + γ)2 (2 + (-1 + n) γ)2

expected auction revenue

148 CHAPTER 3. THE MORE THE MERRIER?



In[102]:= r[n_] = dow[mod]fi - rπ[n]

Out[102]=
1

12 (1 + m) (2 + m)
-24 n (-11 + (-2 + n) n + 4 (2 + m) α) +

(-1 + n) (1 + n) (2 + n)

(-2 + γ)2
+

96 (-1 + γ) - 12 (n (38 + n (-9 + (-6 + n) n)) + 4 (2 + m) (-1 + (-2 + n) n) α) γ +

12 -2 + (-3 + n) n -5 + n + n2 - 2 (2 + m) α + 2 (2 + m) (-1 + n) n α γ2 +

2 + n 9 + 3 n2 + 12 (2 + m) α (-1 + α + m α) + 2 n (5 - 6 (2 + m) α)

(2 + (-1 + n) γ)2

In[103]:= do[r[n] * 12 / λ^2]

Out[103]=
1

(1 + m) (2 + m)

(-2 + γ)2 (2 + (-1 + n) γ)2 -24 n (-11 + (-2 + n) n + 4 (2 + m) α) +
(-1 + n) (1 + n) (2 + n)

(-2 + γ)2
+

96 (-1 + γ) - 12 (n (38 + n (-9 + (-6 + n) n)) + 4 (2 + m) (-1 + (-2 + n) n) α) γ +

12 -2 + (-3 + n) n -5 + n + n2 - 2 (2 + m) α + 2 (2 + m) (-1 + n) n α γ2 +

2 + n 9 + 3 n2 + 12 (2 + m) α (-1 + α + m α) + 2 n (5 - 6 (2 + m) α)

(2 + (-1 + n) γ)2

objective function: WC + R(n) =Wtot - λ2 rπ

In[104]:= do[w[mod][tot] - λ^2 rπ[n]]

Out[104]= 24 n4 (-1 + γ) γ - 2 (-2 + γ) (-2 + γ + (2 + m) α γ) + n2 (4 + (9 + 2 (2 + m) α (-2 + γ) - 8 γ) γ) -

2 n3 (1 + (-3 + γ) γ) + n 22 - 2 (2 + m) α (-2 + γ)2 + γ (-38 + 15 γ) 

(1 + m) (2 + m) (-2 + γ)2 + n -
12 (1 + n) α (3 + (-1 + n) γ)

1 + m
+ 12 α2 (3 + (-1 + n) γ) -

(1 + n) (2 + n) -48 + γ 72 - 24 n - 34 γ + (25 - 3 n) n γ + (-5 + n) (-1 + n) γ2 

(1 + m) (2 + m) (-2 + γ)2  24 (2 + (-1 + n) γ)2

In[105]:= wAuction = do@Factor[w[mod][tot] - λ^2 rπ[n]]

Out[105]=
1

24 (1 + m) (2 + m) (-2 + γ)2 (2 + (-1 + n) γ)2

-n5 (-3 + γ) γ2 + n4 γ2 (8 + 3 γ) - 48 (-2 + γ) (-2 + γ + (2 + m) α γ) +

n3 γ 144 - 12 (2 + m) α (-2 + γ)2 + γ (-83 + 11 γ) + 2 n 312 + 6 (2 + m) α (-7 + γ) (-2 + γ)2 -

6 (1 + m) (2 + m) α2 (-3 + γ) (-2 + γ)2 + γ (-528 + (214 - 5 γ) γ) +

n2 240 + 12 (1 + m) (2 + m) α2 (-2 + γ)2 γ + 12 (2 + m) α (-2 + γ) (6 + γ) + γ (48 - γ (140 + 3 γ))

In[106]:= WithobjTemp = wAuction /. {γ → 1, α → 10, m → 10},

Print@objTemp;

Print@NSolveDobjTemp, n ⩵ 0, n;

NMaximizeobjTemp, n



5712 + 308 146 n + 148 465 n2 - 1368 n3 + 11 n4 + 2 n5

3168 (1 + n)2

{{n → -16.9525}, {n → 13.7168},

{n → -3.59668 - 5.36649 ⅈ}, {n → -3.59668 + 5.36649 ⅈ}, {n → 5.09576}}

Out[106]= {44.7205, {n → 5.09576}}
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5.2. Bertrand competition

5.2.1. Equilibrium prices & quantities

demand function qi(p1, ..., pn) for firm i based on prices of all firms:
qi(p) = ξ1 - ξ2 pi + ξ3 ∑j≠i p j

with parameters ξ1, ξ2 and ξ3 as functions of α, γ and n

In[107]:= ξ1 =
α

1 + (n - 1) γ

;

ξ2 =
1 + (n - 2) γ

(1 - γ) (1 + γ (n - 1))
;(* note that ξ2 enters qi negatively! *)

ξ3 =
γ

(1 - γ) (1 + γ (n - 1))
;

DoPrintToStringSubscript"ξ", i, StandardForm <> " = ",

doToExpression"ξ" <> ToString@i, i, 1, 3

ξ1 =
α

1 + (-1 + n) γ

ξ2 =
1 + (-2 + n) γ

(1 - γ) (1 + (-1 + n) γ)

ξ3 =
γ

(1 - γ) (1 + (-1 + n) γ)

from the firms’ optimisation problem, we obtain their price setting pi(c1, ..., cn) given a marginal cost profile c

pi(c) =
1

2 ξ2+ξ3
* ξ1 +

ξ3
2 ξ2-(n-1) ξ3

* n ξ1 + ξ2 ∑j=1
n cj + ξ2 *ci =

1
(2 ξ2+ξ3) (2 ξ2-ξ3(n-1))

[ξ1(2 ξ2 + ξ3)] + [ξ2(2 ξ2 - (n - 2) ξ3)] xi + [ξ2 ξ3]∑j≠i c j = ξ4 + ξ5 ci + ξ6 ∑j≠i c j

with parameters ξ4, ξ5 and ξ6 as functions of ξ1, ξ2, ξ3 and n

(in notation of LadSir12: eq. 18 with an = ξ1, ...)

In[111]:= ξ4 = do
1

(2 ξ2 + ξ3) (2 ξ2 - ξ3 (n - 1))
(ξ1 (2 ξ2 + ξ3));

ξ5 = do
1

(2 ξ2 + ξ3) (2 ξ2 - ξ3 (n - 1))
(ξ2 (2 ξ2 - (n - 2) ξ3));

ξ6 = do
1

(2 ξ2 + ξ3) (2 ξ2 - ξ3 (n - 1))
(ξ2 ξ3);

DoPrintToStringSubscript"ξ", i, StandardForm <> " = ", ToExpression"ξ" <> ToString@i,

i, {4, 5, 6}

ξ4 =
α - α γ

2 + (-3 + n) γ

ξ5 =
(1 + (-2 + n) γ) (2 + (-2 + n) γ)

(2 + (-3 + n) γ) (2 + (-3 + 2 n) γ)

ξ6 =
γ (1 + (-2 + n) γ)

(2 + (-3 + n) γ) (2 + (-3 + 2 n) γ)

plugging these prices pi(c) into qi(p(c)), we obtain quantities consumed/demanded given a marginal cost profile c
qi(c) = [ξ1 - ξ2 ξ4 + (n - 1) ξ3 ξ4 ] + [-ξ2 ξ5 + (n - 1) ξ3 ξ6] ci + [-ξ2 ξ6 + ξ3 ξ5 + (n - 1) ξ3 ξ6 - ξ3 ξ6]∑j≠i c j =

ξ7 - ξ8 ci + ξ9 ∑j≠i c j

In[115]:= ξ7 = do[ξ1 - ξ2 ξ4 + (n - 1) ξ3 ξ4];

ξ8 = -do[-ξ2 ξ5 + (n - 1) ξ3 ξ6]; (* note that ξ8 enters qi negatively! *)

ξ9 = do[-ξ2 ξ6 + ξ3 ξ5 + (n - 1) ξ3 ξ6 - ξ3 ξ6];

DoPrintToStringSubscript"ξ", i, StandardForm <> " = ", ToExpression"ξ" <> ToString@i,

i, {7, 8, 9}
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ξ7 =
α + (-2 + n) α γ

(2 + (-3 + n) γ) (1 + (-1 + n) γ)

ξ8 = -
(1 + (-2 + n) γ) (2 + γ (-6 + 5 γ + n (3 + (-5 + n) γ)))

(-1 + γ) (2 + (-3 + n) γ) (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)

ξ9 = -
γ (1 + (-2 + n) γ)2

(-1 + γ) (2 + (-3 + n) γ) (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)

In[119]:= (* verify notation & definitions used in paper *)

With

ξPrime = ((1 - γ) (1 + γ (n - 1)))^(-1),

ξPrime2 = ((2 + γ (n - 3)) (2 + γ (2 n - 3)))^(-1)

,

do /@ 

ξ1 == ξPrime α (1 - γ),

ξ2 == ξPrime (1 + γ (n - 2)),

ξ3 == ξPrime γ,

ξ4 == ξPrime2 α (1 - γ) (2 + γ (2 n - 3)),

ξ5 == ξPrime2 (1 + γ (n - 2)) (2 + γ (n - 2)),

ξ6 == ξPrime2 γ (1 + γ (n - 2)),

ξ7 == ξPrime ξ4 (1 + γ (n - 2)),

ξ8 == ξPrime2 ξ2 (2 + γ (-6 + 5 γ + n (3 + γ (n - 5)))),

ξ9 == ξPrime ξ6 (1 + γ (n - 2))





Out[119]= {True, True, True, True, True, True, True, True, True}

In[120]:= (* we obtain the following equilibrium parameters

use suffix "B" for Bertrand *)

λB = ((1 - γ) (2 + (-3 + n) γ) (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ))^(-1);

μ1B = ξ7;

μ2B = -ξ8;(* note the minus sign! *)

μ3B = ξ9;

ν1B = ξ4;

ν2B = ξ5;

ν3B = ξ6;

eqmB = {μ1B, μ2B, μ3B, ν1B, ν2B, ν3B};

In[128]:= (* print equilibrium of prices & quantities*)

showEqmB := Modulefactors, lhs, rhs, row, print,

factors[pORq_] :=

MapThread

doλB^(-1) * ToExpressionEvaluate@Which[pORq === q, "μ", pORq === p, "ν"] <>

ToString@# <> "B" &, {Range[3]};

lhs[pORq_] := ToStringSubscriptToString@pORq, "i", StandardForm;

rhs[pORq_] :=

Row[

Flatten[Transpose[{Table["[", 3], factors[pORq], Table["]*", 3],

termOutput /@ termInput, {" + ", " + ", ""}}]]];

row[pORq_] := Row[{lhs[pORq], " = λ{ ", rhs[pORq], " }"}];

Print@Columnrow[q], row[p], Row"with λ = ", λB;
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In[129]:= showEqmB

qi = λ{ [(1 - γ) (2 + (-3 + 2 n) γ) (α + (-2 + n) α γ)]*1 + [

-(1 + (-2 + n) γ) (2 + γ (-6 + 5 γ + n (3 + (-5 + n) γ)))]*ci + [γ (1 + (-2 + n) γ)2]*∑j≠icj }

pi = λ{ [α (-1 + γ)2 (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)

]*1 + [(1 - γ) (1 + (-2 + n) γ) (2 + (-2 + n) γ) (1 + (-1 + n) γ)

]*ci + [(1 - γ) γ (1 + (-2 + n) γ) (1 + (-1 + n) γ)]*∑j≠icj }

with λ =
1

(1-γ) (2+(-3+n) γ) (1+(-1+n) γ) (2+(-3+2 n) γ)

5.2.2. Setup (welfare)

Compute summations with linear, squared and mixed terms of prices, quantities and costs

In[130]:= showfactorsB :=

Modulesums, exponent, row, grid,

sums = First /@ mySums;

Outer[Set[factorB[#1][#2], do[fGen[#1][#2] @@ eqmB]] &, sums, termIn];

exponent[sum_] := IfMemberQqi2, qiqj, qipi, sum, 2, 1;

row[sum_, term_] :=

Sequence[Row[{"[", do[λB^(-exponent[sum]) * factorB[sum][term]], "]"}],

"*" <> termName[term]];

grid[sum_] := 

sumName[sum], "= " <> ToStringSuperscript["λ", exponent[sum]] // StandardForm <> "(",

" ", row[sum, 1], "",

Delete{"", "", "+ ", row[sum, #], ""} & /@ ci, ci2, 0, "", "", "+ ", rowsum, cicj, ")"

;

PrintColumn"", "Summations with λ = " <> ToString[λB // StandardForm], "",

GridFlattenTablegrid[sum], {sum, sums}, 1, Alignment → Left;
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In[131]:= showfactorsB

Summations with λ =
1

(1-γ) (2+(-3+n) γ) (1+(-1+n) γ) (2+(-3+2 n) γ)

∑i=1
n qi = λ1( [n (1 - γ) (2 + (-3 + 2 n) γ) (α + (-2 + n) α γ)] *1

+ [(-1 + γ) (1 + (-2 + n) γ) (2 + (-3 + 2 n) γ)] *∑i=1
n c

+ [0] *∑i=1
n ci

2

+ [0] *∑i=1
n ∑j≠icicj )

∑i=1
n qi

2 = λ2( [n (-1 + γ)2 (2 + (-3 + 2 n) γ)2 (α + (-2 + n) α γ)2] *1

+ [-2 α (-1 + γ)2 (1 + (-2 + n) γ)2 (2 + (-3 + 2 n) γ)2] *∑i=1
n c

+ [(1 + (-2 + n) γ)2 (-1 + n) γ2 (1 + (-2 + n) γ)2 +

(2 + γ (-6 + 5 γ + n (3 + (-5 + n) γ)))2]

*∑i=1
n ci

2

+ [-γ (1 + (-2 + n) γ)3

4 + 5 (-2 + n) γ + (6 + (-6 + n) n) γ2]

*∑i=1
n ∑j≠icicj )

∑i=1
n ∑j≠ i qi qj = λ2( [(-1 + n) n (-1 + γ)2

(2 + (-3 + 2 n) γ)2 (α + (-2 + n) α γ)2]

*1

+ [-2 (-1 + n) α (-1 + γ)2

(1 + (-2 + n) γ)2 (2 + (-3 + 2 n) γ)2]

*∑i=1
n c

+ [-(-1 + n) γ (1 + (-2 + n) γ)3

4 + 5 (-2 + n) γ + (6 + (-6 + n) n) γ2]

*∑i=1
n ci

2

+ [(1 + (-2 + n) γ)2

4 + 8 (-2 + n) γ + (19 + n (-19 + 4 n)) γ2 -

2 (-2 + n) (-1 + n) γ3 + (-1 + n) (3 + (-3 + n) n) γ4]

*∑i=1
n ∑j≠icicj )

∑i=1
n ci qi = λ1( [0] *1

+ [(1 - γ) (2 + (-3 + 2 n) γ) (α + (-2 + n) α γ)] *∑i=1
n c

+ [-(1 + (-2 + n) γ) (2 + γ (-6 + 5 γ + n (3 + (-5 + n) γ)))] *∑i=1
n ci

2

+ [γ (1 + (-2 + n) γ)2] *∑i=1
n ∑j≠icicj )

∑i=1
n qi pi = λ2( [n (-1 + γ)2 (1 + (-1 + n) γ)

(2 + (-3 + 2 n) γ)2 (α - α γ) (α + (-2 + n) α γ)]

*1

+ [(-1 + n) α (-1 + γ)2 γ (1 + (-2 + n) γ)

(1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)2]

*∑i=1
n c

+ [(-1 + γ) (1 + (-2 + n) γ)2 (1 + (-1 + n) γ)

4 + 8 (-2 + n) γ + (23 + n (-23 + 5 n)) γ2 +

(-2 + n) (6 + (-6 + n) n) γ3]

*∑i=1
n ci

2

+ [-(-1 + γ) γ2 (1 + (-2 + n) γ)2

(1 + (-1 + n) γ) (-2 + n + (3 + (-3 + n) n) γ)]

*∑i=1
n ∑j≠icicj )

Compute welfare for arbitrary prices & quantities

notation:
wFactorB(welfare)[who: consumers (cs), firms (fi), total (tot)]
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In[132]:= showWelfareB :=

Moduleall, row, grid,

all = cs, fi, tot;

Outer[Set[wFactorB[#1][#2], do[wFactorGen[#1][#2] @@ eqmB]] &, all, termIn];

row[who_, term_] := Sequence[Row[{"[", do[2 / λB^2 * wFactorB[who][term]], "]"}],

"*" <> termName[term]];

grid[who_] := ToStringSubscript"", ToString@whoName[who], StandardForm,

"= " <> "
λ2

2
" <> "(", " ", row[who, 1], "",

Delete{"", "", "+ ", row[who, #], ""} & /@ ci, ci2, 0,

"", "", "+ ", rowwho, cicj, ")";

PrintColumn"", "Welfare with λ = " <> ToString[λB // StandardForm], "",

GridFlattenTablegrid[whose], {whose, all}, 1, Alignment → Left;



In[133]:= showWelfareB

Welfare with λ =
1

(1-γ) (2+(-3+n) γ) (1+(-1+n) γ) (2+(-3+2 n) γ)

C =
λ2

2
( [n (-1 + γ)2 (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)2 (α + (-2 + n) α γ)2] *1

+ [-2 α (-1 + γ)2 (1 + (-2 + n) γ)2 (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)2] *∑i=1
n c

+ [-(-1 + γ) (1 + (-2 + n) γ)2 (1 + (-1 + n) γ) 4 + 8 (-2 + n) γ +

(23 + n (-23 + 5 n)) γ2 + (-2 + n) (6 + (-6 + n) n) γ3]

*∑i=1
n ci

2

+ [(-1 + γ) γ2 (1 + (-2 + n) γ)2

(1 + (-1 + n) γ) (-2 + n + (3 + (-3 + n) n) γ)]

*∑i=1
n ∑j≠icicj )

F =
λ2

2
( [2 n (-1 + γ)2 (1 + (-1 + n) γ)

(2 + (-3 + 2 n) γ)2 (α - α γ) (α + (-2 + n) α γ)]

*1

+ [4 α (-1 + γ)3 (1 + (-2 + n) γ) (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)2] *∑i=1
n c

+ [-2 (-1 + γ) (1 + (-2 + n) γ) (1 + (-1 + n) γ) 4 + 12 (-2 + n) γ +

(55 + n (-55 + 13 n)) γ2 + 2 (-2 + n) (14 + n (-14 + 3 n)) γ3 +

(21 + n (-42 + n (30 + (-9 + n) n))) γ4]

*∑i=1
n ci

2

+ [2 (-1 + γ) γ (1 + (-2 + n) γ)2

(1 + (-1 + n) γ) 4 + 5 (-2 + n) γ + (6 + (-6 + n) n) γ2]

*∑i=1
n ∑j≠icicj )

tot =
λ2

2
( [n α2 (-1 + γ)2 (3 + (-4 + n) γ)

(1 + (-2 + n) γ) (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)2]

*1

+ [-2 α (-1 + γ)2 (3 + (-4 + n) γ)

(1 + (-2 + n) γ) (1 + (-1 + n) γ) (2 + (-3 + 2 n) γ)2]

*∑i=1
n c

+ [-(-1 + γ) (1 + (-2 + n) γ) (1 + (-1 + n) γ) 12 + 36 (-2 + n) γ +

3 (55 + n (-55 + 13 n)) γ2 + (-2 + n) (85 + n (-85 + 18 n)) γ3 +

(66 + n (-132 + n (94 + n (-28 + 3 n)))) γ4]

*∑i=1
n ci

2

+ [(-1 + γ) γ (1 + (-2 + n) γ)2 (1 + (-1 + n) γ)

8 + 11 (-2 + n) γ + 3 (5 + (-5 + n) n) γ2]

*∑i=1
n ∑j≠icicj )

5.2.3. Analysis

Expected total welfare under Bertrand competition
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In[134]:= wB = do[Sum[wFactorB[tot][term] * termX[mod][term, m, n], {term, termIn}]]

Out[134]= n (1 + (-2 + n) γ) -
12 (1 + n) α (3 + (-4 + n) γ)

1 + m
+

12 α2 (3 + (-4 + n) γ) - (1 + n) (2 + n) 48 + 24 (-11 + 5 n) γ + 546 - 489 n + 99 n2 γ2 +

(-503 + n (666 + 5 n (-53 + 6 n))) γ3 + (174 + n (-303 + n (178 + n (-40 + 3 n)))) γ4 

(1 + m) (2 + m) (-1 + γ) (2 + (-3 + 2 n) γ)2  24 (2 + (-3 + n) γ)2 (1 + (-1 + n) γ)

We find that interior solutions exist (i.e. restricting the market size can be optimal)

In[135]:= ModulewBInit, nBInit, nB,

wBInit[n_] = (do[Factor[wB]] /. {α → 90, m → 20, γ → 0.9});

nBInit = NSolveDwBInit[x], x ⩵ 0, x;

nB = x /. nBInit;

PrintnBInit, nB;

Select[nB, And[# ∈ Reals, # > 0, # < 20] &]



{{x → -30.9935}, {x → 28.9655}, {x → 16.898}, {x → -16.2741},

{x → 0.850834 - 0.638808 ⅈ}, {x → 0.850834 + 0.638808 ⅈ}, {x → 0.402048 - 0.00195025 ⅈ},

{x → 0.402048 + 0.00195025 ⅈ}, {x → 0.384364 - 0.00636949 ⅈ}, {x → 0.384364 + 0.00636949 ⅈ}}

{-30.9935, 28.9655, 16.898, -16.2741, 0.850834 - 0.638808 ⅈ, 0.850834 + 0.638808 ⅈ,

0.402048 - 0.00195025 ⅈ, 0.402048 + 0.00195025 ⅈ, 0.384364 - 0.00636949 ⅈ, 0.384364 + 0.00636949 ⅈ}

Out[135]= {16.898}

5.3. Quality heterogeneity

5.3.1. Setup 

note: with xi = α - αi and xi∼U[0, 1], we can write welfare in terms of xi or αi

In[136]:= ModuledefineOutput, termOutQ,

termOutQrv_String := ToStringStringForm#1, ToString@rv, StandardForm & /@

"1", "``i", "
j≠i

``j";

defineOutput[termName_, parameter_] :=

MapThreadSet[termName[#1], #2] &, termInput, termOutQToString@parameter;

MapThreaddefineOutput[#1, #2] &, {{termOutputQα, termOutputQ}, {α, x}}



Out[136]= 1, αi, 
j≠i

αj, 1, xi, 
j≠i

xj
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In[137]:= showEqmQ := Modulefactors, lhs, rhs, row, print,

factors[pORq_] := MapThread

doλQ^(-1) * ToExpressionEvaluate@Which[pORq === q, "μ", pORq === p, "ν"] <>

ToString@# <> "Q" &, {Range[3]};

lhs[pORq_] := ToStringSubscriptToString@pORq, "i", StandardForm;

rhs[pORq_, rv_] := RowFlattenTransposeTable["[", 3],

Which[rv === α, {do[#1 + α #2 + α (n - 1) #3], -#2, -#3} & @@ factors[pORq],

(* transform xi to αi *)rv === x, factors[pORq]], Table["]*", 3],

Which[rv === x, termOutputQ /@ termInput, rv === α, termOutputQα /@ termInput],

{" + ", " + ", ""}



;

row[pORq_, rv_] := Row[{lhs[pORq], " = λ{ ", rhs[pORq, rv], " }"}];

print[rv_] := Print@Columnrow[q, rv], row[p, rv], Row"with λ = ", λQ;

print /@ {x, α};



5.3.2. Equilibrium prices & quantities

In[138]:= (* first transform qi,pi(αi) to qi,pi(xi) *)

Module[{

m1, m2, m3},

m1 = 0;

m2 = 2 + γ (n - 2);

m3 = (-γ);

λQ = ((2 - γ) (2 + γ (n - 1)))^(-1);

μ1Q = do[λQ ( m1 + α m2 + (n - 1) α m3)];

μ2Q = do[-λQ m2];

μ3Q = do[-λQ m3];

ν1Q = do[λQ ( m1 + α m2 + (n - 1) α m3)];

ν2Q = do[-λQ m2];

ν3Q = do[-λQ m3];

showEqmQ

]

qi = λ{ [-α (-2 + γ)]*1 + [-2 - (-2 + n) γ]*xi + [γ]*∑j≠ixj }

pi = λ{ [-α (-2 + γ)]*1 + [-2 - (-2 + n) γ]*xi + [γ]*∑j≠ixj }

with λ =
1

(2-γ) (2+(-1+n) γ)

qi = λ{ [0]*1 + [2 + (-2 + n) γ]*αi + [-γ]*∑j≠iαj }

pi = λ{ [0]*1 + [2 + (-2 + n) γ]*αi + [-γ]*∑j≠iαj }

with λ =
1

(2-γ) (2+(-1+n) γ)

Verify that output levels under heterogeneity in costs & quality coincide:

In[139]:= doEqualToExpressionToString[#] <> "e", ToExpressionToString[#] <> "Q" & /@ {μ1, μ2, μ3}

Out[139]= {True, True, True}
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Abstract

Diese Dissertation befasst sich in drei voneinander unabhängigen Kapiteln mit dem
Forschungsfeld des ökonomischen Designs. Das „Design“ von Situationen wirtschaftlicher
Interaktion hat zum Ziel, den Verlauf und das Ergebnis der jeweiligen Interaktion
zu steuern. In dieser Arbeit werden mathematisch-theoretische „Designs“ zum einen
formal entwickelt und diese zum anderen durch politische oder soziale Institutionen
realisiert. Das erste Kapitel thematisiert die Implementierung von Sozialwahlfunktionen
in einem kollusiven Umfeld. Es wird gezeigt, wie die gezielte Scha�ung von asymmetrischer
Information zwischen den kolludierenden Parteien deren Koordination erschweren und
die Implementierung erleichtern kann. Im zweiten Kapitel wird dieser Ansatz im Kontext
der Bestechlichkeit bei Finanzaudits angewendet. Korruption kann verhindert werden,
wenn der bestechliche Akteure eine Warnung über anstehende Kontrollen erhält, nicht
jedoch der bestechende Akteur. Das dritte Kapitel wiederum untersucht „Design“ in
Form von Markt- und Wettbewerbsregulierung. Eine Beschränkung des Wettbewerbs
– durch eine Begrenzung der Zahl miteinander konkurrierender Firmen – kann entgegen
der ökonomischen Intuition wohlfahrtsoptimierend sein.

This thesis contributes to the field of economic design in three independent chapters.
Taking the perspective of a “designer”, it derives formal solutions in the framework of
economic theory and suggests political as well as social institutions to put these solutions
to practice. The first chapter employs mechanism design to mitigate the problem of
collusion. It shows how the implementation of social choice functions can be achieved
by introducing asymmetric information into a system prone to collusion. In the second
chapter, this methodology is applied to the context of corruption in auditing. Bribery
is impeded by selectively warning one - and only one - of the corruptive parties about
upcoming inspections. Finally, the third chapter studies market regulation as a means of
“design”. Contrary to economic intuition, it may be beneficial in terms of welfare to limit
competition by restricting the number of firms allowed to enter a market.
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