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ABSTRACT

The measurement of ultrashort laser pulses is a cornerstone of ultrafast laser physics, as the validity
of any experiment depends on the credibility of its measurement technique. However, established
pulse characterization techniques often rely on averaging over many pulses. Therefore, they can return
incorrect information if the temporal shape varies from pulse to pulse. This thesis provides strategies to
safely detect and measure interpulse coherence degradation, using frequency-resolved optical gating
(FROG), spectral phase interferometry for direct electric-field reconstruction (SPIDER), and dispersion
scan (d-scan). To this end, improvements of the characterization techniques themselves are devised.
The first generation of pulse characterization techniques only provide the approximate temporal
duration of a pulse. Since the exact shape of the pulse is unknown, these techniques are highly susceptible to the problem of the coherent artifact, where only the shortest repetitive substructure of a pulse
train is recorded. Second-generation techniques such as the three mentioned above can provide the
exact pulse shape, yet are still not immune to this problem. The third generation of pulse characterization techniques are capable of measuring the interpulse coherence, in addition to the pulse shape.
Such techniques are described in this thesis for the first time. The most noticeable effect of interpulse
coherence degradation on FROG and d-scan is the stagnation of their respective algorithms with high
retrieval errors despite the absence of noise. As stagnation can happen even without the coherent artifact, a very robust and reliable algorithm is needed. Thus, the differential evolution (DE) algorithm,
a general optimization scheme based on the concept of natural selection, is adapted for pulse characterization. The DE algorithm is demonstrated to be optimal in the presence of extreme noise levels,
and can be modified for use with new measurement configurations where other algorithms would
not work. This is shown by successfully using DE to invert d-scan traces recorded using different nonlinear processes, and collinear FROG traces where the fringe structures complicate the retrieval. An
important aspect of DE is in its internal regularization procedure, which is shown to perform better
than other more conventional regularization techniques.
Both FROG and d-scan have data redundancies that can be exploited to measure the interpulse coherence. This is achieved for FROG through the use of ptychography, where two pulses representing
the coherent artifact and the average pulse shape are simultaneously retrieved. For d-scan, different
strategies are available, the fidelity measurement, mixed-states reconstruction, and self-calibrating algorithm. The latter two are supported by DE to robustly retrieve the coherence of the pulse train.
Compared to FROG and d-scan, a SPIDER measurement contains less usable data for the purpose of
coherence measurement. Yet, there is unrecognized potential in the fringe contrast, which is the classical way of coherence measurement with interferometic setups. The set of new tools developed in this
thesis now opens up an avenue for the investigation of interpulse coherence degradation, leading to
a more reliable ultrashort pulse metrology and solving the previously undetectable problem of pulse
train instability.
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Z U S A M M E N FA S S U N G

Die Messung ultrakurzer Laserpulse ist ein Eckpfeiler der ultraschnellen Laserphysik, da die Gültigkeit
eines Experiments von der Glaubwürdigkeit seiner Messtechnik abhängt. Etablierte Puls-Charakterisierungstechniken beruhen jedoch häufig auf einer Mittelung über viele Pulse. Daher können sie
falsche Informationen liefern, wenn die zeitliche Form von Puls zu Puls variiert. Diese Dissertation
bietet Strategien zum sicheren Erfassen und Messen einer Degradierung der Puls-Kohärenz mit Hilfe
von frequenzaufgelöstem optischem Gating (FROG), spektraler Phaseninterferometrie für die direkte
Rekonstruktion elektrischer Felder (SPIDER) und Dispersionsscan (D-scan). Zu diesem Zweck werden
Verbesserungen der Charakterisierungstechniken entwickelt.
Die erste Generation von Puls-Charakterisierungstechniken liefert nur die ungefähre zeitliche Dauer
eines Pulses. Da die genaue Form des Pulses unbekannt ist, sind diese Techniken sehr anfällig für
das Problem des kohärenten Artefakts, bei dem nur die kürzeste sich wiederholende Unterstruktur
einer Pulsfolge aufgezeichnet wird. Techniken der zweiten Generation, wie die drei oben genannten,
können zwar die genaue Pulsform liefern, sind jedoch immer noch nicht immun gegen dieses Problem. Die dritte Generation von Puls-Charakterisierungstechniken kann zusätzlich zur Pulsform die
Puls-Kohärenz messen. Solche Techniken werden in dieser Arbeit erstmals beschrieben. Das auffälligste Anzeichen für die Degradierung der Puls-Kohärenz bei FROG und D-scan ist die Stagnation der
jeweiligen Algorithmen bei hohen Rekonstruktions-Rest-Fehlern trotz des Fehlens von Rauschen. Da
Stagnation auch ohne das kohärente Artefakt auftreten kann, wird ein sehr robuster und zuverlässiger
Algorithmus benötigt. Der Algorithmus Differential Evolution (DE), ein allgemeines Optimierungsverfahren, das auf dem Konzept der natürlichen Selektion basiert, erfüllt diese Eigenschaften und ist für
die Puls-Rekonstruktion gut geeignet. Dieser Algorithmus hat sich bei extremen Rausch-Pegeln als optimal erwiesen und kann leicht für andere Mess-Konfigurationen angepasst werden, bei denen andere
Algorithmen nicht funktionieren. Dies wird an folgende Beispielen gezeigt: Invertierung von D-scan
Spuren, die unter Verwendung verschiedener nichtlinearer Prozesse aufgezeichnet wurden und Invertierung kollinearer FROG Spuren, bei denen die Randstrukturen die Rekonstruktion erschweren.
Ein wichtiger Aspekt von DE ist das interne Regularisierungsverfahren, von dem gezeigt wird, dass
es bessere Resultate liefert als andere, konventionelle Regularisierungstechniken.
Sowohl FROG als auch D-scan verfügen über Datenredundanzen, die zur Messung der Inter-Pulskohärenz ausgenutzt werden können. Dies wird für FROG durch die Verwendung des Algorithmus
Ptychographie erreicht, wobei zwei Pulse gleichzeitig rekonstruiert werden, die das kohärente Artefakt
und die durchschnittliche Pulsform darstellen. Für D-scan stehen verschiedene Strategien zur Verfügung: Die Wiedergabetreue-Messung, die Mischzustand-Rekonstruktion und der selbstkalibrierende
Algorithmus. Die beiden letzteren werden von DE unterstützt, um die Kohärenz der Pulsfolge robust
zu rekonstruieren. Im Vergleich zu FROG und D-scan enthält eine SPIDER-Messung weniger brauchbare Daten zum Zwecke der Kohärenzmessung. Es gibt jedoch ein bis jetzt unbekanntes Potenzial
im Fringe-Kontrast, der klassischen Art der Kohärenzmessung mit interferometischen Aufbauten. Die
in dieser Arbeit entwickelten neuen Werkzeuge eröffnen nun einen Weg zur Untersuchung der Degradierung der Inter-Puls-Kohärenz, was eine zuverlässige Ultrakurzpulsmetrologie ermöglicht und
das zuvor nicht nachweisbare Problem der Pulsfolgeninstabilität löst.
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INTRODUCTION

Measurement is the first step that leads to control and eventually to improvement.
If you can’t measure something, you can’t understand it. If you can’t understand
it, you can’t control it. If you can’t control it, you can’t improve it.
H James Harrington [1]
This quote from Dr. Harrington describes the main purpose of this work perhaps
most succinctly: to extend our understanding and control of ultrashort laser pulses
through the application of novel measurement techniques. Light has always been at
the forefront of how humans sensed nature, as is evident from the highly-developed
optical measurement organ we evolved with—the eye. But the further development of
our ability to detect and measure these electromagnetic waves using new technology
opened up the floodgates of knowledge, allowing us to witness the evolution of stars
from billions of years ago to the minute movements of electrons that proceed in
a speed 30 orders of magnitude faster. Arguably, the limits of knowledge are the
limits of our measurement tools. And understandably, the push towards expanding
these limits is a well-recognized endeavor. The highest honor awarded in the field
of Physics, the Nobel Prize, has been awarded from the start to the pioneers who
extended our capabilities of measuring light: from the discovery of x-rays by Wilhelm
Röntgen and the interferometric measurements of Albert A. Michelson, to the more
recent detection of gravitational waves using an interferometer design based exactly
from Michelson’s experiments. The latest one, at the time of writing, is awarded to
Arthur Ashkin, Gérard Mourou, and Donna Strickland for their "groundbreaking
inventions in the field of laser physics". Half of the award is specifically for Mourou
and Strickland’s invention of the method of chirped pulse amplification. They took
advantage of the understanding and control of the spectral phase of an ultrashort
laser pulse, to be able to scale its power up to previously unthinkable levels.
The measurement of spectral phase of light was never a priority before the invention of mode-locked lasers. Despite the wide availability of a broadband light—one
ubiquitous example is sunlight—all of these broadband light sources lack a constant
phase relationship that connects the individual frequencies with each other. In other
words, these light sources are incoherent. The erratic changing of the spectral phase
defeats the purpose of measuring it. However, mode-locking techniques provided a
way for the phases to correlate, with an interesting effect of syncing the waves of
different frequencies resulting in a constructive interference at a certain point in time.
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This simultaneous arrival of peaks in a very small time duration leads to the emergence of ultrashort laser pulses.
The first generation of ultrashort pulse measurement has been achieved mainly
through the use of autocorrelation, where an estimate of the temporal duration of the
pulse is obtained. Because of the lack of controllable events shorter than the pulses
themselves, ultrashort pulse characterization techniques are self-referenced, meaning
the pulse itself is used to measure its own shape. This is enabled by utilizing nonlinear
processes that happen almost instantaneously, even faster than the structures within
the pulse that we are interested in. However, autocorrelation can provide neither
the exact pulse shape nor the complex electric field profile. But because it is able to
quantify the width, it allowed experimenters to optimize and control this quantity,
usually towards what is called the transform limit—generally the shortest pulse that
can be supported by its spectrum. As will be explained in the next chapter, this
corresponds to a certain spectral phase function. So in essence, the optimization of
the pulse length involves indirect control of the spectral phase, although its exact
profile is unknown.
Measuring the spectral phase function sets apart the second generation of pulse
measurement techniques. The measured spectral phase, along with the spectral intensity which is relatively much easier to measure, can give the exact temporal shape of
the pulse. The measurement of the complex spectrum has opened up new avenues
for pulse generation and control, providing an opportunity for pulses to be tailored
and shaped exactly to what is needed in experiments. However, there remains an
issue with measuring individual pulses. In most cases, the measurements are an ensemble average of a pulse train. Single-shot measurement is not even an option for
laser systems with high repetition rates in the range of megahertz.
What we present here can be considered as the third generation of pulse characterization. As has been acknowledged and observed for decades, it is possible for
ultrashort laser pulses to have an imperfect coherence. It might even be more accurate to say that no laser pulse is perfectly coherent, given the fluctuations that are
ever present in laser systems. This means that deviations from a perfectly stable spectral phase function can be expected, and that each pulse in a pulse train can have
variations in their pulse shape. Second generation techniques usually average thousands of pulses, for minimizing noise or most of the time because it is technically very
difficult to isolate a single pulse for measurement, due to high repetition rates and
low pulse power. This averaging comes with the assumption that pulses are perfectly
stable, with each pulse in the thousands of pulses that are average being exactly the
same. In the third generation of pulse characterization, we remove this assumption
and allow for the pulses not being perfectly coherent.
In this work, we present how we extended second-generation techniques to the
third generation, taking advantage of numerical techniques and data redundancy
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that is already present in most measurements. Similar to first generation techniques,
we first aim to provide a quantity that can be measured, which can then be used
to indirectly improve the coherence of the laser without actually measuring the exact coherence function. We limit the scope of our work to three popular techniques:
frequency-resolved optical gating (FROG), spectral phase interferometry for direct
electric-field reconstruction (SPIDER), and dispersion scan (d-scan). Each being conceptually different, these three form a good set of techniques to represent the zoo of
pulse measurement techniques available.
The thesis starts with a chapter (Chap. 2) on the concepts that needed to be understood prior to the presentation of our contributions to the field. Beginning with
a definition of ultrashort laser pulses, the concept of an analytical signal is derived,
which is then used with the Maxwell’s equations towards the definition of coherence.
Within the same chapter, an introduction on the current state of pulse characterization
is presented, and how the degradation of interpulse coherence affects the measurement techniques. The following chapter, Chap. 3, contains all the experiments, ideas,
and results we have made, divided into three sections, each one for a characterization
technique. A summary and discussion part is included at the end of each of these
sections. Finally, the general conclusions and outlook are presented in Chap. 4.
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F U N D A M E N TA L S

This work primarily deals with the measurement of ultrashort laser pulses, which
through the years have had far-reaching success in helping understand atomic-scale
dynamics [2], providing unprecedented precision even better than atomic clocks [3],
and generating optical powers that can be scaled up to multiple petawatt level [4, 5],
thus establishing its big and undeniable role at the forefront of science. In this chapter, we present the necessary concepts in order to understand the rest of the work,
starting with the mathematical description of ultrashort laser pulses. Using the properties of a real-valued signal and the Fourier transform, the concept of the analytic
signal is presented, which helps simplify the following derivations and numerical
computations that take up a considerable portion of this work. The terms used to describe pulses will also be defined. All pulse measurement techniques are dependent
on nonlinear optical effects, which will also be briefly introduced starting from the
Maxwell’s equations, along with the assumptions used to derive the basic nonlinear
equations needed. Coherence will then be defined, which is a commonly overlooked
property in pulse characterization techniques. Towards the end of the chapter, a brief
overview of these techniques is presented, with an introduction on how the degradation of coherence enters the picture. The discussion of nonlinear optics is loosely
based on these books [6–10], and readers who are interested in a more general treatment of nonlinear optics could refer to these.
2.1

ultrashort laser pulses

Ultrashort laser pulses are electromagnetic wave packets with a time duration in the
range of femtoseconds (10−15 seconds). One can think of these pulses as the coherent
combination of monochromatic waves within a range of frequencies with a constant
phase relationship. In contrast to continuous wave lasers, which produce an almost
sinusoidal wave and consequently a very narrow spectral bandwidth, ultrashort laser
pulses require a wider range of frequencies to support it. To illustrate this concept,
we can use the Fourier transform and its inverse to look at a signal in both the time
and frequency domains.
The Fourier transform and its inverse are defined as
Ỹ (ω ) =
Y (t) =

Z ∞
−∞

1
2π

Y (t) exp(−iωt)dt

Z ∞
−∞

Ỹ (ω ) exp(+iωt)dω,

(1)
(2)
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Figure 1: A Fourier pair representing the same signal, in the frequency (left) and the time
domain (right). It is real-valued in time, thus the equivalent signal is conjugate
symmetric in the frequency domain.

where ω refers to the angular frequency, which is equal to 2π f . The Fourier transform calculates the equivalent frequency-domain signal of a function in time, and
its inverse does the opposite. Given that the integral exists, the Fourier transform is
a reversible process, i.e., no information is lost in between the transforms. In other
words, one gets the same complex signal after using the inverse transform on its
Fourier transform. The same reversibility applies to the discrete form of the Fourier
transform, which is used extensively in this work for numerical processing. The two
signals, each being the transform of the other in the corresponding inverse domain,
are called a Fourier pair. An example of a Fourier pair is displayed in Fig. 1.
Physically-measurable quantities are real-valued in the position and time domains.
Real-valued functions in the time domain have the following property in the frequency domain
Ỹ (−ω ) = Ỹ ∗ (ω )
(3)
where ∗ refers to the complex conjugate. Looking at the modulus |Ỹ (ω )| and the
phase arg[Ỹ (ω )], the former is an even function (|Ỹ (ω )| = |Ỹ (−ω )|) while the latter
is odd (arg[Ỹ (ω )] = −arg[Ỹ (−ω )]). This symmetry property means that it is possible
to ignore the positive or the negative half of the signal without losing information,
given that we started with a real-valued signal. This allows us to define an analytic
signal ỹ(ω ) [11], where

0
ω<0
(4a)
ỹ(ω ) =
Ỹ (ω )
ω ≥ 0.
(4b)
Reverting back to the real signal in the frequency domain just requires the use of
the signal’s conjugate-symmetry as written in Eq. (3). However, the manipulation
done in the frequency domain to obtain the analytic signal results to a corresponding
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change in the time domain. We can derive the relationship between y(t) and Y (t)
using Eq. (2), which can be split into two halves so both can be written in terms of
Eq. (4b)
Y (t) =

=
=
=

∞
1
Ỹ (ω )eiωt dω
2π −∞
Z ∞
Z 0
1
1
iωt
Ỹ (ω )e dω +
Ỹ (ω )eiωt dω
2π 0
2π −∞
Z ∞
Z ∞
1
1
iωt
ỹ(ω )e dω +
ỹ∗ (ω )e−iωt dω
2π 0
2π 0
2Re[y(t)].

Z

(5)

This shows how one can revert back from the real-valued quantity from the analytic
signal in the time domain. The real signal is just twice the real part of the analytic
signal. Alternatively, the imaginary part of the analytic signal can also be derived
from the real part using the Hilbert transform. The Hilbert transform and its inverse
can be written as
1 ∞ y(τ )
dτ
ŷ(t) =
−
π −∞ t − τ
Z
1 ∞ ŷ(τ )
dτ,
y(t) = − −
π −∞ t − τ
Z

(6)
(7)

R
where − refers to the Cauchy principal value integral. It can be shown that yI (t) =
ŷR (t), with yR (t) and yI (t) being real-valued functions related to the analytic signal
by y(t) = yR (t) + iyI (t). Enforcing that all signals are in non-negative frequencies is
identical to the causality condition (no signals at negative time) which is the basis
of the Kramers-Kronig relations. The analytic signal in the time domain can then be
written in terms of the real signal as
y(t) =

1
(Y (t) + iŶ (t)).
2

(8)

One can write a range of frequencies that an ultrashort pulse encompasses as
ω0 − ∆ω/2 to ω0 + ∆ω/2. In cases where ∆ω  ω0 , one can call this a quasimonochromatic pulse, and it becomes practical to write the electric field as composed
of a slowly-varying complex-valued envelope and a carrier frequency
E(t) = E0 (t)eiω0 t
with

(9)

R∞
ω0 =

2
−∞ ω | Ẽ ( ω )| dω
R∞
.
2
−∞ | Ẽ ( ω )| dω

(10)

While there are infinite ways to write the electric field this way, following the process
of obtaining the analytic signal above provides an electric field modulus | E0 (t)| with
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the minimum amount of fluctuations [12]. This is nicely shown in Fig. 1, where twice
the modulus of the analytic signal gives the envelope of the real signal.
Now looking at the slowly-varying complex envelope, one can write it as
E0 (t) = A(t) exp(iΦ(t))

(11)

where both A(t), the instantaneous amplitude, and Φ(t), the instantaneous phase,
are real-valued functions. Even though the complex envelope is slowly-varying compared to the oscillating signal, it is still much faster than traditional electronics, and
thus cannot be measured directly. Materials that can disperse light into different frequencies make it easier to measure an ultrashort laser pulse in the frequency domain,
where it can be written as
Ẽ(ω ) = Ã(ω ) exp(i Φ̃(ω )).

(12)

Given a coherent light source, the amplitude Ã(ω ) is not rapidly varying and can be
measured in several ways using a combination of dispersive elements such as gratings and prisms. The squared modulus | Ã(ω )|2 is typically referred to as the power
spectrum or the spectral density, while the equivalent in the time domain | A(t)|2 is
referred to as the pulse shape and its width as the pulse duration. There is no unique
one-to-one correspondence between these two functions, since the Fourier transform
connecting them also depends on the phase. For this reason, a spectral measurement
does not provide information about the shape of the pulse, except for the shortest
possible pulse that the spectrum can support. Complete pulse characterization refers
to techniques where both the amplitude and phase of the pulse are measured. One
needs a faster event to be able to measure the shape of a pulse, and this can be
provided by nonlinear optical processes, which will be discussed in the following
sections starting from the Maxwell’s equations. The shortest pulse given a spectrum
is obtained when the spectral phase Φ̃(ω ) is linearly dependent on frequency, and
this pulse is called a Fourier-transform-limited pulse. A nonlinear dependence of the
spectral phase on frequency results in changes in the pulse shape. Writing the phase
in a Taylor expansion helps elucidate these different dependencies
dΦ̃
dω

(ω − ω0 ) d2 Φ̃
+
1!
dω 2
ω = ω0

( ω − ω0 ) 2
dn Φ̃
+ ... +
2!
dω n
ω = ω0

( ω − ω0 ) n
+ ... .
n!
ω = ω0
(13)
The zeroth-order term Φ̃0 = Φ̃(ω0 ) describes the absolute phase of the pulse. The
first order (dΦ̃/dω) describes the group delay (GD), the second order (d2 Φ̃/dω 2 )
is the group delay dispersion (GDD), the third order (d3 Φ̃/dω 3 ) is the third-order
dispersion (TOD), and so on. Techniques to minimize these higher-order frequency
dependencies are called pulse compression techniques, as they result in a pulse closer
to the Fourier-transform-limited pulse [13].
Φ̃(ω ) = Φ̃0 +
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Table 1: Effects of spectral phase on the temporal pulse profile of a Fourier-transform-limited
Gaussian pulse

Common names

Term

Effect

Absolute phase

Φ̃(ω0 )

No effect on shape; changes
the phase between the carrier
wave and the envelope

First-order dispersion, Group
delay (GD)

dΦ̃/dω

Second-order dispersion,
Group-delay dispersion
(GDD), linear chirp

d2 Φ̃/dω 2

Third-order dispersion

d3 Φ̃/dω 3

ω = ω0

ω = ω0

ω = ω0

Time shift
Widening; higher frequencies
move faster than lower frequencies
Widening; trailing satellite
structures

The effects of the spectral phase on the temporal shape of the complex field envelope are summarized in Tab. 1. Note that these effects are for a Fourier-transformlimited Gaussian pulse, but these effects also happen to most pulses having a temporal shape close to a Gaussian. The second-order dispersion is also referred to as linear
chirp or just chirp. This stems from the fact that chirp typically causes a temporal
separation of a pulse’s frequencies, which would sound like a chirp if it happens
with sound waves.
The amount of dispersion introduced by a medium can be expanded in the same
way, by writing Φ̃(ω ) = k (ω )z, where k (ω ) is the wavenumber and z is the length of
the medium that the pulse passes through. This frequency-dependent wavenumber
can be computed using the Sellmeier equation [14]
n2 ( λ ) = 1 + ∑
i

A i λ2
,
λ2 − Bi

(14)

and using k(ω ) = ωn(ω )/c, where c is the speed of light in vacuum. The coefficients Ai and Bi are obtained from the resonance strengths at different wavelengths
(λ), which can be obtained from databases such as [15]. A commonly-reported value
for materials is the group-velocity dispersion (GVD), which is the amount of GDD
introduced by a medium per unit length. Even though it is possible to compute the
amount of added spectral phase the pulse gets from these intrinsic values, it is still
not enough to determine the actual shape of the pulse since this also depends on the
shape of the pulse prior to entering any dispersive medium. A complete pulse characterization technique where both the amplitude and phase of the pulse are measured
needs to be self-referenced.
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2.2

maxwell’s equations and optical nonlinearities

An ultrashort laser pulse is a rare and extreme form of an electromagnetic wave,
yet its propagation and interaction with matter are still sufficiently described by the
Maxwell’s equations. The Maxwell’s equations in matter (SI formulation) can be written as

∇·D = ρ

(15)

∇·B = 0

(16)

∂B
∂t
∂D
∇×H = J+
∂t

∇×E = −

(17)
(18)

where
D electric displacement, where D ≡ e0 E + P
ρ

free electric charge density

B

magnetic field

E

electric field

H

magnetic field strength, where H ≡

J

free electric current density

1
µ0 B − M

P polarization.
In a non-magnetic medium (M = 0) without free charges (ρ = 0, J = 0), Eqs. (15)
and (18) simplify to

∇·D = 0

(19)

∂D
.
(20)
∂t
Taking the curl of both side of Eq. (17) and using the identity ∇ × (∇ × A) = ∇(∇ ·
A) − ∇2 A,

∇ × B = µ0

∂B
∂2 D
= − µ0
(21)
∂t
∂t
∂2 P
∂2 E
(22)
−∇2 E + e0 µ0 2 = −µ0 2
∂t
∂t
where Eq. (20) has been used to replace the curl of B and the definition of D was used
to arrive at the inhomogeneous wave equation Eq. (22). The polarization P induced in
the material is mostly a linear response function. Yet in cases where the intensity of
the field is high enough, a nonlinear response can be expected. This can be the case
with ultrashort pulses where the optical energy is concentrated in a very short time.
We can write the polarization with higher-order effects as [6–10]

−∇2 E = −∇ ×

P = e0 (χ(1) E + χ(2) E2 + χ(3) E3 + ...),

(23)

2.3 slowly-varying envelope approximation

χ (i )

where
refers to the electric susceptibility. To illustrate which kinds of nonlinear
effects are associated with each nonlinear susceptibility, we use the real-valued electric field signal rather than the analytic signal. This is because the nonlinear mixing
process involves mixing of all frequencies, including the negative ones. Using two
electric fields E1 and E2 of the form
E(t) = E0 (t) exp(i (ω0 t)) + c.c.,

(24)

where c.c. means the complex conjugate of the preceding term(s). Supposing that the
electric field is a sum of these two fields, the E2 in the second term of Eq. (23) can be
expanded to
E2 (t) = [ E1 (t) exp(iω1 t) + E2 (t) exp(iω2 t) + c.c.]2
E2 (t) = E12 (t) exp(i (2ω1 )t) + E22 (t) exp(i (2ω2 )t) +
2E1 (t) E2 (t) exp(i (ω1 + ω2 )t) +
2E1 (t) E2∗ (t) exp(i (ω1 − ω2 )t) +
E1 (t) E1∗ (t) + E2 (t) E2∗ (t) + c.c. .

(25)

This shows how the second-order nonlinear susceptibility χ(2) can result in different
nonlinear processes. The individual terms can be seen to have new carrier frequencies: 2ω from the second-harmonic generation (SHG), (ω1 + ω2 ) from sum frequency
generation (SFG), and (ω1 − ω2 ) from difference frequency generation (DFG). The
production of unmodulated terms having no carrier frequencies is called optical rectification (OR). Each term has an accompanying complex conjugate term, keeping
the total signal real valued. For further analysis, each real-valued signal at different
carrier frequencies can then be used to form individual analytic signals and complex
envelopes using the process in Sec. 2.1.
2.3

slowly-varying envelope approximation

Going back to the inhomogeneous wave equation in Eq. (22), we can define P =
e0 χ(1) E + PNL instead of using the full expansion in Eq. (23). Doing this allows us to
keep all linear terms on one side of the equation and all nonlinear terms on the other.
The equation would now be

− ∇ 2 E + e0 µ 0 ( 1 + χ ( 1 ) )

∂2 E
∂2 PNL
=
−
µ
.
0
∂t2
∂t2

(26)

Then by using c ≡ (e0 µ0 )−1/2 and the analytic signals for both the electric field and
the induced nonlinear polarization, while assuming that both waves propagate along
z, we can reduce this to

−

∂2 E(z, t) (1 + χ(1) ) ∂2 E(z, t)
∂2 PNL (z, t)
+
=
−
µ
.
0
∂z2
c2
∂t2
∂t2

(27)
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Note that this equation should hold for each individual frequencies contained in
the pulses. We can then use the Fourier transform in Eq. (1) to get the equivalent
equation in the frequency domain. In order to deal with the second derivatives, we
can integrate the Fourier transform in parts, giving us
Z ∞ 2
∂ E(z, t)
−∞

∂t2

∞
∂E(z, t)
exp(−iωt)
∂t
−∞
Z ∞
∂E(z, t)
−
exp(−iωt)dt.
(−iω )
∂t
−∞

exp(−iωt)dt =

(28)

The first term will just be equivalent to zero, while the second term can be integrated
by parts again using the same procedure, simplifying into
Z ∞ 2
∂ E(z, t)

∂t2

−∞

exp(−iωt)dt = −ω 2 Ẽ(z, ω ).

(29)

Using this result and the equivalent for P NL (z, t), the Fourier transform of Eq. (27)
can then be written as

−

∂2
( 1 + χ (1) ) ω 2
Ẽ
(
z,
ω
)
−
Ẽ(z, ω ) = ω 2 µ0 P̃ NL (z, ω ).
2
2
∂z
c

(30)

We can then write the analytic signals in the frequency-space domain as
Ẽ(z, ω ) = Ẽ0 exp(−ik0 z)

(31)

P̃0NL exp(−ik p z),

(32)

P̃(z, ω ) =

which allows us to evaluate the second-order partial derivative of the first term of
Eq. (30) to
d Ẽ0 −ik0 z d2 Ẽ0 −ik0 z
∂2 Ẽ(z, t)
2
−ik0 z
e
+
=
k
e
.
(33)
Ẽ
e
−
2ik
0
0
0
dz
∂z2
dz2
The slowly-varying envelope approximation allows us to disregard the second derivative in the last term, which should be negligible if the envelope is smooth along the
spatial coordinate z. Using the remaining two terms and n(ω ) ≡ 1 + χ(1) , we can then
rewrite Eq. (30) as

− k20 Ẽ0 e−ik0 z + 2ik0

d Ẽ0 −ik0 z n2 (ω )ω 2
e
+
Ẽ0 e−ik0 z = ω 2 µ0 P̃0NL e−ik p z
dz
c2

(34)

n(ω )ω

By defining ∆k ≡ k0 − k p and setting k0 = c to eliminate two terms, we get the
result
d Ẽ0
iω 2 µ0 NL i∆kz
=−
P̃ e
.
(35)
dz
2k0 0
From Eq. (25), it can be seen that the nonlinear polarization is proportional to the
strength of the electric field of the source. Assuming that the source is not depleting

2.3 slowly-varying envelope approximation

and that there is low conversion efﬁciency, i.e., the ﬁeld strength of the source has no
dependence on z, we can show that
Ẽ0 ∝

 L
0

eiΔkz dz,

(36)

where L is the length of material the wave passed through.



 L
iΔkL − 1
ΔkL
e
iΔkL/2
iΔkz
= Le
sinc
e
dz =
iΔk
2
0

.

(37)

The value of Δk depends on which nonlinear process we are taking into consideration. For SHG, Δk = kSHG − (k1 + k2 ), where k1 and k2 are the wavenumbers for the
two source ﬁelds. Note that they can have different wavenumbers even though they
have the same frequency, as wavenumbers also depend on the orientation of the ﬁeld
with respect to a birefringent medium. If the two ﬁelds have ordinary polarization
with respect to the medium, the process is classiﬁed as Type-I SHG.
Knowing that ĨSHG ∝ | ẼSHG |2 , the intensity of the nonlinear signal in the case of
Type-I SHG is then

2
2 ΔkL
ĨSHG ∝ L sinc
,
(38)
2
where Δk = kSHG − (k1 + k2 ) = k (2ω ) − 2k(ω ). One can expect that the SHG signal
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Figure 2: Phase matching efﬁciency for Type-I SHG, using a BBO crystal of three different
thicknesses represented by the colored lines. Note that the curves are normalized individually, in the interest of highlighting the frequency-dependence of the efﬁciency,
and does not represent relative strengths. Shaded area is the second-harmonic signal
of the pulse in Fig. 1.

increases with the propagation length because of the proportionality to L2 . However,
a longer medium does not necessarily correspond to a stronger nonlinear signal. In
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most cases the nonlinear process is actually severely limited by the sinc2 -factor. Large
values of ∆k, resulting in what is called a phase mismatch, can easily drag down
the conversion efficiency to negligible values. Phase matching can be achieved by
carefully choosing the nonlinear medium, where the difference of the wavenumbers
would be as small as possible. Another solution could be limiting the length of the
path in the medium. The conversion efficiency at different thicknesses of a beta barium borate (BBO) crystal is shown in Fig. 2, with the crystal oriented 19◦ from the
direction of propagation.
In this context, one can define a coherence

 length Lcoh ≡ 2/∆k, which transforms

the sinc2 function in Eq.(38) to sinc2 L L . This propagation length describes the
coh
distance in the crystal wherein the newly generated fields can still constructively interfere with the previously generated ones, and is one of the several ways to quantify
coherence, which is discussed in Sec. 2.4.
2.4

coherence

One way to describe coherence in simple words is to say that it is the ability of
(electromagnetic) waves to interfere. There are different ways for waves to form an
interference pattern, it could be an interference in space, in time, or even in frequency.
It can be an interference of a wave with itself, with another wave, or with a vibrating
molecule. For any of these methods to work, a common requirement is that the interfering waves must be statistically similar or correlated. Methods to quantify coherence
are mainly based on correlation functions, and these correlation functions are then
formulated depending on the variables one is more interested in.
As an example, one of the earliest usage of the concept of coherence is with the
Young’s double-slit experiment, where one can look at the visibility of the fringes
resulting from the interference of two parts of a beam. We can write the resulting
interference as
I (r1 , r2 , t1 , t2 ) ∝ | E1 (r1 , t2 ) + E2 (r1 , t2 )|2 = | E1 |2 + | E2 |2 + 2Re[ E1∗ E2 ].

(39)

The first two terms are not modulated, i.e., having a central frequency of zero,
and the third term contains the interference. In this case, it makes sense to define a
coherence function in the space-time domain
Γ (r1 , r2 , t1 , t2 ) = p

h E1∗ (r1 , t1 ) E2 (r2 , t2 )i
,
h| E1 (r1 , t1 )|2 ih| E2 (r2 , t2 )|2 i

(40)

where the brackets denote an ensemble average. Note that because of the CauchySchwarz inequality, the normalizing factor at the denominator ensures that the absolute value of this correlation function is constrained between 0 and 1
0 ≤ |Γ(r1 , r2 , t1 , t2 )| ≤ 1.

(41)

2.4 coherence

Equation (39) can then be rewritten as
I (r1 , r2 , t1 , t2 ) = I1 + I2 + 2

p

I1 I2 Re[Γ(r1 , r2 , t1 , t2 )],

(42)

where the independent variables and physical constants are suppressed for simplicity. This correlation function Γ(r1 , r2 , t1 , t2 ) can be related to a physically-measurable
quantity, i.e., fringe visibility. Looking at Eq. (42), the maximum and minimum possible values of the intensity can be written as
p
Imax = I1 + I2 + 2 I1 I2 |Γ(r1 , r2 , t1 , t2 )|
(43)
p
Imin = I1 + I2 − 2 I1 I2 |Γ(r1 , r2 , t1 , t2 )|.
(44)
The visibility of the fringes would then be

√
2 I1 I2
Imax − Imin
=
|Γ(r1 , r2 , t1 , t2 )|.
V=
Imax + Imin
I1 + I2

(45)

If I1 = I2 , the fringe visibility V would just be equal to the modulus of the coherence.
This definition of coherence has been useful in the development of new light
sources, as a longer coherence time based on this measure would imply that the spectrum is more pure or quasi-monochromatic. A more useful way to define coherence
in this case would be in the wavelength-time domain
Γ12 (λ, t1 , t2 ) = p

h E1∗ (λ, t1 ) E2 (λ, t2 )i
,
h| E1 (λ, t1 )|2 ih| E2 (λ, t2 )|2 i

(46)

where 1 and 2 refer to different pulses. This can also be called an interpulse coherence
function, since it is essentially a correlation function of the individual pulses with
each other. One can also measure what is called the intrapulse coherence [16],
Γ(CEP) =

|h Ẽi2 (2λ) Ẽi∗ (λ)i|
,
h| Ẽi2 (2λ) Ẽi∗ (λ)|i

(47)

which is made possible by the nonlinear interaction between the second-harmonic
signal and the fundamental signal, if the spectrum is broad enough. The label CEP
refers to carrier-envelope phase, which can be measured from the resulting interference from the two fields. The case where the spectrum is broad enough for this process is called an octave-spanning spectrum, since the second harmonic of the lower
frequency end of the spectrum overlaps with its higher frequency end.
One way to measure coherence time is by using a Michelson interferometer, which
splits the beam into two arms and recombines them in a collinear fashion after imparting a controllable delay between the two arms. It is not a practical measure though
for ultrashort laser pulses, where the intensity of the light can be zero long before
the coherence vanishes. With a megahertz repetition rate, this means a delay must
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be made in the order of meters to be able to measure the interference with the next
pulse. Interestingly though, the same setup can be used to measure the pulse duration if a second-harmonic crystal is placed at the end of the interferometer. Since the
two interfering beams just came from the same beam, we can rewrite Eq. (25) with
E1 = E2 . By selecting the terms oscillating at 2ω0 , we get
2
E2ω
(t, τ ) = E02 (t)ei2ω0 t + E02 (t − τ )ei2ω0 (t−τ ) + 2E0 (t) E0 (t − τ )ei(2ω0 t−ω0 τ ) .
0

(48)

By using a collinear geometry as described above, one would measure a modulated
autocorrelation signal, also referred to as interferometric autocorrelation (IAC) [17]
AIAC (τ ) =

Z ∞
−∞

|( E(t) + E(t − τ ))2 |2 dt.

(49)

It is also possible to align the measurement such that the two interfering beams are
impinging on the crystal at an angle. This makes it possible to isolate the resulting
nonlinear signal, and measure an intensity autocorrelation without fringes, as shown
in Fig. 3. This is now referred to as background-free intensity autocorrelation, which
can be written as [18]
Z
A(τ ) =

∞

−∞

| E(t) E(t − τ )|2 dt.

(50)

Both equations are integrated in time, since the measurement system is usually much

Autocorrelation Signal (arb. u.)
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Figure 3: The background-free intensity autocorrelation of the pulse in Fig. 1. The intensity
autocorrelation provides an estimate of the pulse duration based on the width of
the autocorrelation signal.

slower than the fluctuations of the real signal. Since the autocorrelation signal would
only be present when the pulses are overlapping with each other, this measurement
gives an approximation of the pulse width. However, autocorrelation cannot provide
an unambiguous measurement of the pulse shape. The techniques presented in the

2.5 complete pulse characterization

next section provide a complete characterization of the pulse, which means being
able to measure the shape of the complex envelope in time, or both the amplitude
and phase in the frequency domain.
2.5

complete pulse characterization

The addition of a nonlinear crystal in the interferometer setup results in a process
that occurs in the time scale faster than the fluctuations of the shape of the pulses
yet has a resulting phenomenon that can be measured slowly, i.e., the generation of
new frequencies. The spectrum of the upconverted signal depends not only on the
intensity but also on the phase of the pulse, which allows one to recover the complexvalued ultrafast signal from a set of real-valued, slowly-measured signals. This section
discusses three kinds of techniques to completely measure a pulse. This means being
able to measure the shape of a pulse, or more specifically, the spectral phase from
the second order of Eq. (13) and beyond. The first and zeroth orders do not affect the
pulse shape, and are outside the scope of these techniques.
The three techniques are frequency-resolved optical gating (FROG), which is a class
of its own, having different kinds depending on which nonlinear processes are being
measured; spectral phase interferometry for direct electric-field reconstruction (SPIDER), which is similar to other spectral interferometric techniques; and dispersion
scan (d-scan), a relatively newcomer in the field which is similar to FROG in using a
two-dimensional trace but is conceptually very different. Complete pulse characterization techniques are of course not limited to these three, but these already make a
good representative set for the multitude of techniques available.
2.5.1

FROG

Spectrally-resolving the background-free autocorrelation signal described in Eq. (50)
would result in a two-dimensional trace containing information on both the time and
frequency domains. An experimental setup to record such a trace is shown in Fig. 4.
From this trace, the complex pulse shape can be reconstructed, as first shown by
Trebino and Kane in 1991 [19–21]. This trace is referred to as the SHG FROG trace,
which can be mathematically-written as
SHG
IFROG
(ω, τ )

=

Z ∞
−∞

E(t) E(t − τ )e

−iωt

2

dt .

(51)

This trace is unique to a single complex electric field envelope, except for some trivial
ambiguities [22]. These trivial ambiguities include the arrival time and the absolute
phase of the pulses, corresponding to the first two terms in Eq. (13), and they do
not affect the pulse shape. The type of nonlinear process is intentionally specified
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in Eq. (51) because FROG is a class of techniques which can be written using the
equation
IFROG (ω, τ ) =

Z ∞
−∞

Esig (t, τ )e

−iωt

2

dt ,

(52)

with Esig being dependent on the setup geometry or nonlinearity in use. For the
SHG ( t, τ ) ≡ E ( t ) E ( t − τ ). The SHG FROG trace of the pulse in
case of SHG FROG, Esig
Fig. 1 is shown in Fig. 5. The interpretation of the trace is intuitive, as it is similar to
a Wigner function. A trace that is wide along the delay axis corresponds to a long
pulse, while broadening along the frequency axis signifies a broadband pulse.
SD = E2 ( t ) E ( t − τ )), poOther types of FROG include self-diffraction (SD FROG, Esig
PG = E ( t )| E ( t − τ )|2 ) and third-harmonic (TH FROG,
larization gating (PG FROG, Esig
TH = E ( t ) E2 ( t − τ )) [7]. Different techniques have their own different advantages
Esig
and disadvantages, such as having different conversion and phase-matching efficiency, or additional ambiguities such as in the case of SHG FROG, which is ambiguous to the direction of time. One can also use a combination of two different pulses,
such as in techniques cross-FROG (XFROG, Esig = E(t) Eref (t − τ ), [23]) and twin recovery of electric-field envelopes (TREEFROG, Esig = P(t) G (t − τ ) [24]), where Eref
is a known reference pulse, P is the probe pulse, and G is the gate pulse.

BS

DL

M

L
NL

SP

Figure 4: Setup for frequency-resolved optical gating, with a noncollinear geometry to spatially separate the upconverted signal resulting from the overlap of the two beams.
BS, beam splitter; M, mirror; DL, delay line; L, lens; NL, nonlinear crystal; SP, spectrometer. This figure and other setup diagrams use the optics vector library from
[25].

Obtaining the complex envelope of the electric field from the FROG trace is an
inverse problem that can be solved using iterative algorithms. Several inversion algorithms have been developed for this problem. One is the generalized projections (GP)
algorithm [26], which in a faster and more general form is the principal components
GP (PCGP) algorithm [27]. Both algorithms are similar to the Gerchberg-Saxton (GS)
algorithm used in two-dimensional phase retrieval problems [28]. The GS algorithm
alternates between a pair of two-dimensional amplitude distributions, usually the
source and the far-field diffraction, using a propagating function such as the Fourier
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transform. The signals in both planes are then enforced to have the known amplitudes in every iteration. In optimal conditions, the phase of the signal converges
and is successfully retrieved. Starting from a guess solution, GP-based algorithms
also alternate between two domains, i.e., the time and frequency domains. But since
the goal in pulse retrieval is to retrieve a one-dimensional complex function E(t)
from a two-dimensional trace IFROG (ω, τ ), GP-based algorithms do not implement
the same intensity constraint in both domains like the GS algorithm. Instead, a physical constraint is implemented in the time domain, where the new estimate for E(t)
is computed and from this the new Esig is formed based on which nonlinear process
was used. The whole procedure is repeated until the guess pulse converges to the
solution. Convergence can be measured based on FROG trace error, G, which is the
root-mean-square deviation of the retrieved trace from the measured trace
"
#1/2
1 N N
G=
,
(53)
( Icalc (ωi , τj ) − µIFROG (ωi , τj ))2
∑
∑
2
N i =1 j =1
where µ is a normalizing factor that minimizes the error. The whole process is summarized in Alg. 1.
Algorithm 1 Generalized projection algorithm for FROG
1: E(k) (t )
2:
3:
4:
5:

← rand(n)
while criteria not met do
(k)
Compute Esig (t, τ )

. Initial guess
. Physical constraint

(k)

Ẽsig (ω, τ ) from Fourier transform
(k)
Ẽ (ω,τ ) p
( k +1)
Ẽsig (ω, τ ) ← sig
IFROG (ω, τ )
(k)
| Ẽsig (ω,τ )|

( k +1)

(t, τ ) from inverse Fourier transform

6:

Esig

7:

procedure Find Min(E(k+1) (t), Z)
( k +1)
Esig (t, τ ) −

Z=∑
9:
end procedure
10: end while
11: return E(best) (t )
8:

. Data constraint

. Find E(t) that minimizes Z

2
(k)
Esig (t, τ )

One benefit of using two-dimensional data to retrieve a one-dimensional function
is that there is a lot of redundancy in the data, which allows to counter-check the accuracy of the measurement. Aside from the G-value, the marginals can also serve this
function. The marginals are the integrated signals in the time or frequency domain,
which can be computed by getting the sums of the rows or columns of the FROG
trace. In the case of SHG FROG, the frequency marginal should be equivalent to the
autoconvolution of the spectral intensity and the delay marginal should be equivalent
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to the background-free autocorrelation [29]. The marginals can also correct for distortions of the FROG trace caused by a limited phase-matching bandwidth [30], which
is a major problem when measuring near-single-cycle pulses.
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Figure 5: SHG FROG trace of the pulse in Fig. 1. The SHG FROG trace is symmetric along
the delay, and thus the retrieved pulse shape is ambiguous to the direction of time.
The marginals, which can be used to correct for systematic errors, are obtained by
getting the total intensity in each row or column.

Through the years, several improvements have been introduced for the GP algorithm [31], and novel methods have been explored to retrieve the pulse, such as the
use of neural networks [32], evolutionary algorithms [33], and deep learning techniques [34], with each having their own advantages such as robustness to noise, speed,
and accuracy. The development of techniques for FROG still continues to the present
and is still a very active field of study [35, 36].
2.5.2

SPIDER

Another technique to completely characterize an ultrashort laser pulse is called SPIDER, which is an acronym for spectral phase interferometry for direct electric-field
reconstruction. This technique is first introduced by Iaconis and Walmsley in 1998 [37].
In a SPIDER setup, the beam is split into two replica pulses and one pulse stretched
in time by a large amount of dispersion. The three pulses are focused into a nonlinear
crystal, and because of a delay between the two replica pulses, an interference pattern
in the frequency domain would form, described by
ISPIDER (ω ) = | E(ω )|2 + | E(ω + δω )|2 +
2| E(ω ) E(ω + δω )|cos[φω (ω + δω ) − φω (ω ) + ωτ ],

(54)

where δω is the amount of spectral shear. This spectral shear is present because
the two replicas combine with different parts of the disperse pulse, and because of
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chromatic dispersion in the stretched pulse, the replicas combine with a different
frequency, resulting in the spectral shift δω between the sum frequency generated
signals. An example of a SPIDER setup is shown in Fig. 6.

DL1

BS3
DL2

BS2 BS1
M1

L
DM

M2

NL

SP

Figure 6: A setup to measure a SPIDER interferogram. Usually the nonlinear medium is
type-II phase-matched, and the replica pulses are polarized perpendicularly to the
stretched pulse, so that only the SFG signal between the replicas and the stretched
pulse is recorded. BS1, BS2 and BS3, beam splitters; DL1 and DL2, delay lines; M1
and M2, mirrors; DM, dispersive material; L, lens; NL, nonlinear crystal; SP, spectrometer.

A SPIDER interferogram computed using the pulse in Fig. 1 is shown in Fig. 7. By
using Fourier analysis, the last term in Eq. (54) can be isolated, and the argument of
the cosine can be calculated, as explained in Alg. 2 [38]. By using a reference interferogram, the two terms φω (ω + δω ) − φω (ω ) can be obtained, from which the spectral
phase can be reconstructed. Combined with a separately measured spectral intensity,
the complex envelope can be computed and the pulse shape can be obtained by a
simple Fourier transform. Note that the whole process is purely algebraic, i.e., no
iterations are used. And since only the spectral phase is measured from the interferogram, it is less sensitive to a limited phase-matching bandwidth which mainly affects
the spectral intensity.
Algorithm 2 Takeda algorithm for SPIDER
1: measurement ISPIDER (ω )

2: ADC (τ ) + B+ (τ − τ0 ) + B-∗ (τ + τ0 )
3:
4:
5:
6:
7:

← F ( ISPIDER (ω ))

. Fourier transform
B+ (τ − τ0 )
. Numerical bandpass filter
B+ (τ ) (Using the reference interferogram)
. Band translation to origin
i
[
φ
(
ω
+
δω
)−
φ
(
ω
)]
−
1
ω
ω
| E(ω ) E(ω + δω )|exp
← F ( B+ (τ )) . Inverse Fourier transform
CONCATENATE[φω (ω + δω ) − φω (ω )]
. Phase unwrapping
return φω (ω )
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As with other phase measurement techniques based on interferometry, the retrieved phase is wrapped from −π to π. Methods to unwrap the phase can vary
and methods to measure the accuracy of the measurement have been developed [39,
40], but since the algorithm is essentially not iterative, improvements in the algorithm
did not get as much development as in FROG.

SPIDER signal (arb. u.)
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Figure 7: SPIDER interferogram of the pulse in Fig. 1. The fringe spacing can be controlled by
changing the delay between the two replica pulses, which also affects the spectral
shear. The spectral shear dictates the maximum precision that the phase can be
measured.

Figure 7 shows a sample SPIDER measurement. As with most interferometric techniques, the raw measurement is not intuitive since the information is embedded in
the spacing between the fringes. Numerical processing is necessary prior to any interpretation of the measurement, but this can be done in an almost real-time fashion
due to its non-iterative algorithm. As for the quality of the measurement, the smaller
the fringe spacing is, the more precise the phase can be measured. By the Nyquist
sampling theorem, the resolution of the spectrometer must then be at least half the
spacing to be able to measure the interferogram sufficiently [41]. However, a more
pressing problem is the implementation itself—small fringe spacing means large delay between the two replica pulses. These two pulses must still overlap with the
stretched pulse, which means the pulse must be stretched longer, effectively weakening the interferogram by a significant amount. For this reason, most of the improvements through the years are for the SPIDER setup and not the algorithm, mainly to
extend the technique to more challenging regimes [42, 43] and to further improve the
accuracy of the measurement [44, 45].

2.5 complete pulse characterization

2.5.3

Dispersion scan

The final technique to be discussed is dispersion scan (d-scan), invented by Miranda
et al. in 2012 [46, 47]. Similar to FROG, it uses a two-dimensional measurement of the
upconverted signal, but instead of being a function of the time delay between two
pulses, it is a function of added dispersion
I (ω, z) =

Z Z

0

0

0

Ẽ(ω ) exp(izk (ω ) + iω t)dω

0

2

2

exp(−iωt)dt .

(55)

In Fig. 8, the dispersion is controlled using chirped mirrors and glass wedges. The
chirped mirrors overcompensate for the chirp contained by the incoming pulse, while
the glass wedges provide a controllable amount of chirp around the zero dispersion
range.

CM1
CM2

W1
W2

PM
F

NL

SP
Figure 8: Measurement setup for dispersion scan. Chirped mirrors introduce a negative
amount of chirp, while glass wedges add a controlled amount of positive chirp.
CM1 and CM2, chirped mirrors; W1 and W2, glass wedges; PM, parabolic mirror;
NL, nonlinear crystal; F, filter; SP, spectrometer.

Figure 9 shows the resulting d-scan trace for the pulse in Fig. 1 using borosilicate
glass as the dispersion material. Note that the dispersion axis is typically represented
by the equivalent thickness of glass, and zero dispersion is set in the position of the
glass where the pulse is optimally compressed. This results in negative glass thickness
values, which refer to the glass positions where the chirp is overcompensated. The
d-scan trace is usually not symmetric to the zero dispersion point, but in this case
it almost is, because the pulse contains only a small amount of GDD. The visual
interpretation of a d-scan trace is not as intuitive as in the case of FROG, but similar
patterns are still present. The presence of GDD moves the trace either up or down the
dispersion axis depending on the sign of the GDD, while the presence of TOD and
higher-order dispersion would result in a slanted or diagonal trace.
Similar to FROG, d-scan also depends on iterative algorithms to be able to retrieve
the pulse characteristics from the trace. One way to do this is using the Nelder-Mead
(NM) algorithm, which is a blind optimization algorithm inspired by the movement of
microscopic organisms. For this reason, the NM algorithm is also sometimes referred
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Figure 9: A d-scan trace of the pulse in Fig. 1. The variable dispersion is introduced by borosilicate glass wedges and chirped mirrors. The 0 on the vertical axis refers to the optimal position of the moving wedge, and the negative length values refer to the wedge
positions where the chirp mirrors overcompensate.

to as the amoeba method. The algorithm starts by first constructing a simplex out of
initial guess solutions. In simplest terms, a simplex is an n+1-dimensional construct
in a n-dimensional space, which in the context of d-scan is the number of variables
representing the spectral phase. This simplex is transformed and translated each iteration by certain steps: reflection, expansion, contraction, and shrinking, decided upon
by the closeness of the vertices to the solution which is quantified by the variable G.
This variable G, similar to FROG’s error function, is computed by
s
1
G=
(56)
( Imeas (ω, z) − µ(ω ) Isim (ω, z))2 ,
∑
Ni Nj i,j
where µ(ω ) is a minimizing filter function
µ(ω ) =

∑i,j Imeas (ω, z) I (ω, z)
2 ( ω, z )
∑i,j Isim

.

(57)

This filter factor µ(ω ) also allows retrieving a filter function which can mostly be
caused by the narrow phase-matching bandwidth, as explained in Sec. 2.3. This is
possible because in d-scan, the fundamental spectrum is independently measured
and only the spectral phase is retrieved by the algorithm. This relaxes the need to
have very large phase matching bandwidths, and combined with its single-beam geometry, allows measurement of pulses in the most challenging regimes [48]. The NM
algorithm as adapted for d-scan is summarized in Alg. 3.
If the filter function µ(ω ) is known, it is also possible to retrieve the whole complex
field instead of just the spectral phase from a d-scan trace. This can be integrated in
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Algorithm 3 Nelder-Mead algorithm for d-scan

← φ(1) + Γ(i − 1)rand(n)
Evaluate all G (i)
while criteria not met do
Sort φ(i) according to G (i) (φ(n+1) being the worst)
φ(o) ← (∑in φ(i) )/n
φ (r ) ← φ ( o ) + α ( φ ( o ) − φ ( n +1) )
if G (1) < G (r) < G (n) then
φ ( n +1) ← φ (r )
end if
if G (r) < G (1) then
φ ( e ) ← φ ( o ) + γ ( φ (r ) − φ ( o ) )
if G (e) < G (r) then
φ ( n +1) ← φ ( e )
else
φ ( n +1) ← φ (r )
end if
end if
if G (n+1) < G (r) then
φ ( c ) ← φ ( o ) + ρ ( φ ( n +1) − φ ( o ) )
else
φ ( i ) ← φ (1) + σ ( φ ( i ) − φ (1) )
end if
end while
return φ(best)

1: φ(i)
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

. Initial simplex, Γ  1

. Centroid
. Reflection

. Expansion

. Contraction
. Shrinking

the NM algorithm by allowing the field to be represented by a complex-valued vector,
or by doubling the size of the vector to accommodate the points representing the
spectral amplitude. The retrieved amplitude can then be compared with a separatelyobtained fundamental spectral power as another measure of the retrieval’s accuracy
and correctness.
2.5.4

Other techniques

Aside from the three discussed here, there is a zoo of other techniques that are capable of measuring the complex electric field envelope of an ultrashort pulse. These
techniques can be grouped into three, based on which among the three techniques are
they most similar to. This is possible because most techniques are designed using the
same ideas as will be discussed here. Most of these techniques were developed not
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because they can measure the pulses better, but rather because they address specific
problems that can arise in certain circumstances.
The techniques that can be classified to the FROG group all depend on two–
dimensional traces that can be called spectrograms. This group obviously includes
the different FROG configurations, e.g., SHG, THG, SD, and so on. One technique
that bypasses the need for a movable delay stage is called GRENOUILLE, or Grating
Eliminated No-nonsense Observation of Ultrafast Incident Laser Light Electric fields
[49, 50]. In this technique, the delay is embedded in the tilted incidence of the beams
and the spectra at different amounts of delay are recorded by a two-dimensional array, resulting in a trace identical to a FROG trace. However, using a gating pulse with
variable delay and recording the nonlinear spectrum is not the only way to record a
spectrogram. One can also achieve this by filtering each frequency and recording the
temporal length. This is called the sonogram method [51]. For the purpose of removing the direction-of-time ambiguity and ambiguity with double pulses in SHG FROG,
a kind of double spectrogram can be recorded using a technique called VAMPIRE, or
Very Advanced Method for Phase and Intensity Retrieval of E-fields [52].
All techniques grouped with SPIDER involve recording an interference pattern.
One technique is called spatially-encoded arrangement for SPIDER (SEA SPIDER)
[53], where the interference is encoded in the spatial domain, thereby easing the
requirement of a high precision spectrometer to be able to record the fringes. Spatial
encoding can also be applied to a FROG-like technique, such as the case of Spatially
Encoded Arrangement for Temporal Analysis by Dispersing a Pair Of Light E-fields
(SEA TADPOLE) [54]. Other techniques that involve interference in more than one
dimension are MEFISTO (Measurement of Electric Field by Interferometric Spectral
Trace Observation [55]) and 2DSI (Two-Dimensional Shearing Interferometry [56]).
The techniques in the third group are similar to d-scan since all depend on inducing a controllable change in the nonlinear spectrum, resulting in a two-dimensional
trace that is unique to a pulse shape. Like in d-scan, this is usually achieved by introducing a controllable amount of dispersion. This is what is done in a technique
called Dispersive Propagation Time-Resolved Optical Gating (DP-TROG), where the
autocorrelation is recorded at different amounts of dispersion to create a trace [57].
The amount of dispersion introduced can also be purely second-order, which can be
done using a pulse shaper instead of a dispersive material, as in a technique called
Chirp Scan [58]. The use of adaptive pulse shaping is also featured in the technique
called Multiphoton Intrapulse Interference Phase Scan (MIIPS) [59]. However, the use
of a pulse shaper is not restricted to dispersion. Introducing a movable slit in the
focal plane of the pulse shaper also induces a predictable change in the trace which
can be traced back to a unique pulse. This technique is termed Spectral Phase and
Amplitude Retrieval and Compensation or SPARC [60].

2.6 coherence in pulse characterization

One reason why it is useful to group these methods into these three classifications
is that despite the vast number of techniques available, they are still conceptuallyrelated to some degree. And their similarities can be utilized so that the strategies
we have developed to extend FROG, SPIDER, and d-scan may also apply to them.
These strategies, which form the core of this thesis, are all aimed at addressing the
problem of pulse train instabilities and coherence degradation, as is explained in the
next section.
2.6

coherence in pulse characterization

All three techniques discussed in the previous sections have configurations where
only a single pulse is measured [61–63]. However these configurations have highintensity pulses in mind, coming from chirped-pulse amplification (CPA) systems
with very low repetition rates where pulse averaging is not practical. Pulse averaging
techniques are still the preferred choice to measure pulses, as there is no need for
a single pulse to have a strong enough intensity to generate a nonlinear signal that
can go above the noise background and enough power as it is split into a function of
frequency, delay, or dispersion. Having a single-pulse and single-shot configuration
is a deliberate measure, and is definitely an exception and not the norm.
In pulse averaging techniques, millions of pulses can be used for a single measurement to ensure that the signal is much higher than the noise floor. Of these millions
of possible pulse shapes that contributed to the measurement, only one representative pulse shape is retrieved, and it is assumed that all the pulses are very similar
to it. In most cases this can be a good assumption, but persistently, exemptions have
been found. Pulse-to-pulse variations can and do happen, and it is perhaps even more
accurate to say that no physical light source is perfectly coherent. Coherence degradation is an obvious problem for techniques that depend on it directly, such as coherent
diffractive imaging and holography [64], but it is also detrimental in less obvious situations such as in quantum optics [65] and carrier-envelope phase stabilization [16].
It is not only noise-like variations that are problematic, it can also be the case that the
laser system supports several modes at once, resulting in pulse-to-pulse variations
that repeat regularly. Noise-like fluctuations and the presence of unstable states have
been reported to occur in most kinds of lasers: gas lasers [66], mode-locked semiconductor lasers [67], fiber lasers [68], and free-electron lasers [69].
These pulse-to-pulse fluctuations can be caused by partial mode-locking, wherein
not all laser modes are locked in a constant phase relation with each other [70]. Even
if the intensities of these modes are stable, phase fluctuations can result in a noise-like
characteristic in the temporal domain [71, 72]. For free-electron lasers, self-amplified
spontaneous emission without the use of a seed laser is already well-known for its
imperfect coherence [69].
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The presence of unstable pulse trains have been reported for several decades, resulting in a phenomenon that is now called the coherent artifact [73–75]. The coherent
artifact κ in the time domain is defined by
κ (t) =

Z ∞
0

Ẽj (ω ) Ẽk∗ (ω )

j=k

exp(iωt)dω.

(58)

Here Ẽj (ω ) is the electric field of the j-th pulse in the train, and < · · · > refers to
ensemble averaging. The coherent artifact can be described as the smallest repeating
substructure of a pulse train. It manifests usually as a sharp spike in zero delay, which
is caused mainly by pulse-to-pulse fluctuations. Its relationship to pulse-to-pulse coherence is more obvious when the coherence function is written in the frequency
domain, which appears as
Γ(ω ) =

Ẽj (ω ) Ẽk∗ (ω )

j6=k
.
∗
Ẽj (ω ) Ẽk (ω ) j=k

(59)

In the situation of a strongly degraded pulse-to-pulse coherence (Γ(ω ) much smaller
than unity), the coherent artifact appears in autocorrelation measurements as a narrow peak on top of a broad pedestal. This is shown in Fig. 10, where three ensembles
of pulses having different degrees of pulse instabilities but with the same average
spectrum are simulated.
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Figure 10: Three ensembles of pulses having different degrees of instability, resulting to the
formation of the coherent artifact peak in the pulse-averaged autocorrelation measurements. The coherent artifact is the narrow peak on top of the pedestal in the
second and third autocorrelation measurements.

This is problematic, as it could lead people who are not aware of the phenomenon
to misinterpret the pulse width as being much smaller than it actually is. In fact, the
useful information about the ensemble average of the pulse train is burried in the

2.6 coherence in pulse characterization

pedestal below the coherent artifact [76]. The effect of the coherent artifact on modern pulse characterization techniques was not clear until recently. Coherent artifact
studies, where ensembles of pulses with varying degrees of instability are tested on
pulse characterization techniques, have elucidated how elusive this phenomenon is
[77, 78]. Pulse instabilities have been demonstrated to be much less conspicuous in
modern techniques as the sharp peak in autocorrelation. This has led to the writing
of a new set of standards for pulse characterization techniques, where it is prescribed
for all techniques to be tested against pulse-to-pulse variations [79]. The standards, as
was done in the coherent artifact studies, only suggest the demonstration of how the
presence of the coherent artifact can be detected, serving as a warning sign for the experimenter. However, one can only control what one can measure. The measurement
of coherence alongside the pulse shape is therefore necessary to actually mitigate the
problem of pulse instability, and this is clearly the next step to go. In the following
chapters, we explore this problem and provide solutions towards the next generation
of pulse characterization techniques.
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The characterization of ultrashort laser pulses has always been a challenging problem
due to the lack of an available gating function that can provide a resolution in the
few-femtosecond range. There is simply no optical sensor that has a response time
fast enough to capture an ultrashort light pulse. As a consequence, pulse characterization techniques are self-referenced, meaning the pulse itself is used as its own gating
function. Self-referencing already requires a complicated experimental setup. Therefore, in our attempt to extend the techniques towards measuring pulse instabilities,
we tried to keep the experimental setups as they are. All the strategies we have developed are in the back-end processing of the experimental data, taking advantage of
the abundance of information that already exists in the measurement.
For frequency-resolved optical gating (FROG) and dispersion scan (d-scan), where
the one-dimensional pulse shape is obtained from a two-dimensional trace, it is
already known that a successful retrieval of pulse characteristics depends on data
redundancy—there is always more than enough data to reconstruct the pulse shape.
It is thus not so surprising that the traces themselves also contain information about
the pulse stability, or the lack thereof. In the following, we show how we can exploit
this data redundancy in the FROG and d-scan traces to extract information about the
coherence of the pulses. For spectral phase interferometry for direct electric-field reconstruction (SPIDER), this abundance of data is not present since a one-dimensional
interference pattern is used to retrieve a spectral phase that is also one-dimensional.
It was therefore noted in several coherent artifact studies that SPIDER is blind to the
problem of pulse instability, which basically means quantifying it from SPIDER interferograms is impossible. In contrast to this, however, we show how one essential part
of a SPIDER measurement can be used to also quantify instability.
One can think of autocorrelation and similar techniques that give only an approximation of the width and the shape of an ultrashort laser pulse as a first-generation
technique. As we have realized through the years, an approximation is not enough for
most practical purposes. Techniques like FROG and SPIDER were invented to solve
this problem, and such methods that measure the full complex electric field envelope
can be considered as the second generation of pulse characterization. In recent years,
it has been realized that these techniques are also an approximation, in the sense that
it is always assumed each pulse is exactly the same as the other pulses. What we
are presenting now is the third generation of pulse characterization, where the full
complex electric field and also the coherence or instability information is quantified
at the same time. Towards the ultimate goal of measuring pulse instabilities, we have
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also made several improvements in conventional pulse characterization techniques
we used along the way, which we also present here. Parts of this chapter have been
published in [80–88].
3.1
3.1.1

frequency-resolved optical gating
Interferometric FROG

Parts of this subsection has been published in the thesis of Janne Hyyti [80], and a
more complete derivation of the relevant equations and specifics of the experimental
setup can be found in the said work. When measuring few-cycle pulses, it is usually
not ideal to use a non-collinear setup because of geometrical beam smearing [89]
due to the angle of the two beams entering the nonlinear crystal. In addition, the
finite thickness of the nonlinear crystal in combination with the angled orientation
of the two interacting pulses alter the spectrum of the nonlinear signal, which can
lead to erroneous outcomes [30]. These problems are avoided by using a collinear
geometry. For weaker pulses this is even more beneficial, as tighter focusing can be
achieved with a collinear geometry, allowing for a more accurate measurement. Aside
from these technical advantages, a collinear setup also extends pulse measurement
techniques for the purpose of ultrafast spectroscopy with few-cycle time resolution
[90–92].
With a colllinear FROG geometry, cf. Fig. 11, the upconverted signals due to the
overlap of the two pulses are not spatially separated anymore. Due to the coherent
superposition of the pulses with a varying delay, using the collinear geometry results
in a FROG trace containing interference fringes, aptly called interferometric FROG
or IFROG [93–95]. This type of FROG measurement can also be described using the
same Eq. (52), where Esig contains not only the cross-term but also the nonlinear
signal coming from the individual pulses, resulting in
IIFROG (ω, τ ) =

Z ∞
−∞

N −iωt

( E(t) + E(t − τ )) e

2

dt ,

(60)

where N is the order of the nonlinear process. In this section we demonstrate the
technique for N = 2 and 3, but the extension to higher-orders should be straightforward.
Starting with the second harmonic case with N = 2, we demonstrate the technique using a Kerr-lens mode-locked Ti:sapphire oscillator. The output spectrum of
the oscillator is centered at 800 nm, and the spectral width can support a Fouriertransform-limited (FTL) pulse of less than 3 optical cycles, which is equivalent to 8 fs
at the given central wavelength. Each pulse has an energy of 7 nJ, with a repetition
rate of 80 MHz. The IFROG trace recorded from this laser system is shown in Fig. 12.
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Figure 11: Experimental setup for IFROG. The main difference with the FROG setup in Fig. 4
is that the two beams impinge on the nonlinear crystal collinearly, thus the nonlinear signal resulting from the overlap of the two pulses is not isolated from the
upconverted signals of each pulse, resulting in a fringe structure present in the
trace. BS1 and BS2, beam splitters; PM, parabolic mirror; DL1 and DL2, delay lines;
NL, nonlinear crystal; F, filter; SP, spectrometer.
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Figure 12: Second-harmonic IFROG trace from a Kerr-lens mode-locked Ti:sapphire oscillator, showing the expected fringe structure. The nonlinear medium used is a beta
barium borate (BBO) crystal. This figure is from the same dataset in Publication (I).
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In order to understand how we can extract the pulse from the IFROG trace, we
follow [95] and return to Eq. (60), then use the analytic signal E = E0 (t)eiω0 t , where
E0 (t) is the slowly-varying complex envelope centered at the angular frequency ω0 .
By doing this substitution, Eq. (60) will take the form
SH
IIFROG
(ω, τ ) =

Z ∞ 
−∞

E0 (t)eiω0 t + E0 (t − τ )eiω0 (t−τ )

2

2

e−iωt dt .

(61)

The square of the polynomial can be expanded, and the kernel of the Fourier transform (e−iωt ) distributed to get
SH
IIFROG
(ω, τ )

=

Z ∞
−∞

E02 (t)ei(2ω0 −ω )t + E02 (t − τ )ei2ω0 (t−τ )−iωt
2

+2E0 (t) E0 (t − τ )eiω0 (2t−τ )−iωt dt .

(62)

At this point it is useful to define ∆ω ≡ ω − 2ω0 . This shifts the frequencies towards
the center of the second harmonic signal, which simplifies the equation to
SH
IIFROG
(∆ω, τ )

=

Z ∞
−∞

E02 (t)e−i∆ωt + E02 (t − τ )e−i(2ω0 τ +∆ωt)
2

+2E0 (t) E0 (t − τ )e−i(ω0 τ +∆ωt) dt .

(63)

We then use the following definitions for the complex second harmonic signal of E(t)
and the complex field of SHG FROG
ESH (∆ω ) ≡
SHG
EFROG
(∆ω, τ ) ≡

Z ∞
−∞
Z ∞
−∞

E02 (t)e−i∆ωt dt,

(64)

E0 (t) E0 (t − τ )e−i∆ωt dt.

(65)

By using these, we can rewrite Eq. (63) to
SH
SHG
IIFROG
(∆ω, τ ) = ESH (∆ω )[1 + e−i(2ω0 +∆ω )τ ] + 2EFROG
(∆ω, τ )e−iω0 τ

2

.

(66)

By further simplifying this equation so that each term is the intensity of a field, we
get three modulation bands described by
DC
SHG
(∆ω, τ ) = 2| ESH (∆ω )|2 + 4| EFROG
(∆ω, τ )|2 ,
ISH-IFROG
FM
*
(∆ω, τ ) = 8| ESH (∆ω ) EFROG
(∆ω, τ )|
ISH-IFROG


∆ωτ
× cos φSH (∆ω ) − φFROG (∆ω, τ ) −
,
2
SHM
ISH-IFROG
(∆ω, τ ) = +2| ESH (∆ω )|.

(67a)

(67b)
(67c)
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The intermediate steps are available in [80, 95]. Equation (67a) is unmodulated, and
DC
(∆ω, τ ). Equation (67b) is
thus referred to as the direct current (DC) band, ISH-IFROG
modulated at ωmod = ω0 + ∆ω/2, while Eq. (67c) is modulated at twice this freFM
quency. ISH-IFROG
(∆ω, τ )can then be referred to as the fundamental modulation (FM)
SHM
band and ISH-IFROG (∆ω, τ ) as the second-harmonic modulation (SHM) band. Since
these bands are centered at different delay frequencies, one can use the Fourier transSH
(∆ω, τ ) along the delay (τ) axis to separate them, as
form on the recorded IIFROG
shown in Fig. 13.
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Figure 13: Modulus of the Fourier transform of the IFROG trace in Fig. 12. Since the trace is
real-valued, the modulus of the Fourier transform is symmetric. Thus only the positive frequencies are shown here. This figure is from the same dataset in Publication
(I).

Each band in the Fourier domain can be isolated using a numerical bandpass filter,
shifted towards the origin, and then can be transformed back, resulting in the individual bands without the modulation [38]. As can be seen in Eqs. (67a) and (67b),
the DC and the FM bands both contain the noncollinear SHG FROG trace. In the DC
band, there is an additional contribution from the second harmonic signal of the two
fields, while in the FM band, the SHG FROG trace is multiplied by this second harmonic signal and a delay-dependent phase factor. Since these factors do not corrupt
the FROG trace, it can be said that these terms are still unique to each pulse shape
[22], so, in principle, each can be used on their own to retrieve the pulse.
It is also possible to extract the SHG FROG trace from the DC band. The 2| ESH (∆ω )|2
term is not delay dependent, the SHG FROG trace is present only when the two pulses
overlap, and thus should taper off and be zero at large delays. This means that it is
possible to isolate the FROG trace from the second harmonic signal by simple subtraction of the constant second harmonic signal from large delay values. This suggests
that the regular FROG retrieval algorithms discussed in the previous chapter can still
be used. However, doing this does not take advantage of the extra information that is
in the fringes, and also the data redundancy offered by the other bands. In addition,
subtraction of the two intensities results in a reduced dynamic range.
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Another problem is that this extraction of a regular FROG trace can only be done
in the special case of N = 2. If we follow the process from Eq. (60) using N = 3 to
Eq. (67c), what we get is
THG,THG,+
DC
ITH-IFROG
(∆ω, τ ) = 2| ETH (∆ω )|2 + 9| EFROG
(∆ω, τ )|2 + 9| EFROG
(∆ω, τ )|2 , (68a)
h

* THG,+
THG,FM
∗
ITH-IFROG
(∆ω, τ ) = 6 Re ETH (∆ω ) EFROG
(∆ω, τ ) + ETH
(∆ω ) EFROG
(∆ω, τ )
i
× exp(−i∆ωτ/3)
(68b)
h
i
THG,∗
+ 18 Re ETH
(∆ω ) EFROG
(∆ω, τ )e−i2∆ωτ/3 ,
(68c)
h

* THG,+
THG,SHM
∗
ITH-IFROG (∆ω, τ ) = 6 Re ETH (∆ω ) EFROG (∆ω, τ ) + ETH (∆ω ) EFROG (∆ω, τ )
i
× exp(−i∆ωτ/3) ,
(68d)
THM
ITH-IFROG
(∆ω, τ ) = +2| ETH (∆ω )|,

(68e)

where this time we used the following definitions to simplify the terms
∆ω ≡ ω − 3ω0

(69)

ωmod ≡ ω0 + ∆ω/3

(70)

ETH (∆ω ) ≡
THG,+
EFROG
(∆ω, τ ) ≡
THG,EFROG
(∆ω, τ ) ≡

Z ∞

−∞
Z ∞
−∞
Z ∞
−∞

E02 (t)e−i∆ωt dt

(71)

E02 (t) E0 (t + τ )e−i∆ωt dt

(72)

E02 (t) E0 (t − τ )e−i∆ωt dt.

(73)

The full derivation of these equations is found in our publication in [82] and also in
the thesis [80].
Now we have four modulation bands, DC, FM, SHM, and third-harmonic modulation (THM). Fig. 14 shows the recorded third-harmonic IFROG trace from the same
oscillator as used in Fig. 12, and the corresponding Fourier transform along the delay axis. It is similar to the N = 2 case except for the additional band, but unlike
second-harmonic IFROG, it is not possible to extract the THG FROG trace from the
THG,+
DC band because the THG FROG trace (EFROG
(∆ω, τ )) is not always symmetric, i.e.,
THG FROG will not be symmetric if E0 (t) is asymmetric, and in the DC band it
THG,overlaps with its mirrored trace (EFROG
(∆ω, τ )).
Although the THG FROG trace cannot be extracted from the bands, the full information about the pulse shape is still contained in the IFROG trace, and it must be
possible to retrieve the pulse from it [91]. For this reason, and in the interest of utilizing as much as possible the additional information in interferometric FROG traces, it
is necessary to design a new pulse retrieval algorithm that can accommodate all these
traces at once. What we found as a good starting point is a new kind of evolutionary
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Figure 14: Third-harmonic IFROG trace from the same Kerr-lens mode-locked Ti:sapphire
oscillator used in Fig. 12, along with the modulus of its Fourier transform along
the delay axis. The nonlinear medium is fused silica, where the beam is focused on
the edge of the plate. This figure is from the same dataset in Publication (II).

algorithm, named the differential evolution algorithm, as will be discussed in the next
section.
3.1.2

Differential Evolution algorithm

The Differential Evolution (DE) algorithm, introduced by Storn and Price in 1997,
is a heuristic optimization algorithm that borrows ideas from evolution and natural
selection [96]. It belongs to a class of evolutionary algorithms, where the optimum
solution is found through generations of simulated mutation of a population of guess
solutions. The members of the population are usually represented by binary-valued
arrays, treated as the genes of each guess solution [97]. Evolutionary and genetic
algorithms has already found success in several fields of optics, such as in designing
antennas [98], in femtosecond pulse shaping for coherent control [99–101], and in
pulse characterization [33, 102, 103]. What sets DE apart from other similar techniques
is that it is designed for continuous solution spaces, and the genes are in the form
of continuous functions [96]. It has also been proven through benchmark tests that is
has superior speed and convergence [104, 105].
The algorithm, schematically drawn in Fig. 15, begins with several initial guesses
forming a population of possible solutions. This group of possible solutions, called
the population, are then used to generate a new set of mutant solutions by following a
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Figure 15: Differential evolution algorithm. The mutation process sets it apart from other evolutionary algorithms, as a mutant secondary parent is generated from three individuals before being combined with a primary parent.

mutation procedure. What makes DE unique is mainly its mutation procedure, where
three members of the population are involved and a difference is obtained. The name
"differential evolution" stems from the fact that the difference of two members of the
population is involved in the mutation process. The mutants are then combined with
the original population to generate offspring solutions, using a crossover process. The
offspring solutions are then combined with the starting solutions, and to control the
population size, only the fittest solutions are allowed to continue to the next iterations. The fitness is defined by the error function that is dependent on the variables
contained in each individual solution. This process is repeated until the population
converges to the best solution.
We adapt the algorithm for IFROG by starting with a population of guess vectors,
which in this case are electric field functions. The pseudocode is written in Alg. 4.
Each electric field is represented by a finite complex-valued 1D array of univariate
random numbers. A larger starting population is beneficial in avoiding stagnation
of the algorithm, which is a fairly common problem in optimization algorithms, but
a larger population also slows down the whole process. We found a balance of reliability and speed with 50 fields or less. The starting set of vectors are first used
to generate a set a "mutant" vectors, which are formed by a combination of three
randomly-selected vectors following this equation
Em = Ea + ρm ( Eb − Ec ),

(74)
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Algorithm 4 Differential evolution algorithm for IFROG
1: E(i)

← rand(n)
← G ( φ (i ) )
while criteria not met do
sort(E(a) , E(b) , E(c) ) (randomly generated)
E ( m ) ← E ( a ) + ρm [ E ( b ) − E ( c ) ]
if ρo ≤ ξ then
(o )
(m)
Ej ← Ej
else
(o )
(i )
Ej ← Ej
end if
f (o ) ← G ( E(o ) )
sort( f (i,o) ) and sort(E(i,o) )
if i, o < D then
discard E(i,o) , f (i,o)
end if
end while
return E(best)

2: f (i)
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:

. initial population
. fitness measurement

. mutation
. crossover

. fitness measurement

. selection

where ρm is a univariate random number between 0 and 1. Following the best-ofrandom process [106], E a , Eb , and Ec are ranked according to fitness, E a being the
fittest. The fitness values of the vectors are measured using an error function,
N

G=

∑ Gx ,

(75)

(∆ω j , τk ) − µBx(sim) (∆ω j , τk )]2 ,

(76)

x =1

v
u
u 1
Gx = t
n·m

n

m

∑ ∑ [ Bx

(meas)

j =1 k =1

where Bx is the modulation band. This equation is the sum root-mean-square (RMS)
difference of the measured and calculated bands, with a factor µ that accounts for
the difference in the scaling factors of the two. The generated set of mutant vectors
are combined with the original population to generate the offspring vectors. The
combination, again inspired by nature in the crossover of genetic materials between
chromosomes, is performed by
( m
Ej
ρo ≤ ξ
(77a)
E jo =
n
Ej
ρo > ξ,
(77b)
where ξ is the crossover probability, 0 ≤ ξ ≤ 1, and j is the index. The fitness values
of the new offspring population are measured and the individual vectors are ranked
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against the parent population. Following natural selection, only the fittest individuals
survive to the next generation. This means that all vectors having low fitness values
are discarded. The whole process is repeated, as shown in Fig. 15, until the population
converges towards a solution. The definition of a solution can vary, as in the presence
of a large amount of noise, it is possible for the algorithm not to converge at all.
Therefore, a stopping criterion is usually employed, which depends on a maximum
number of iterations or an error threshold.
3.1.3
3.1.3.1

Results of using Differential Evolution for IFROG
Second-harmonic IFROG

Figure 16 shows the results of retrieval using DE for SH IFROG recorded from a
Kerr-lens mode-locked Ti:sapphire oscillator. To highlight the effect of chirp on the
subtraces, we added a fused silica window with a thickness of 6.4 mm. We used
both DC and FM bands, and it can be seen that the retrieved traces have the same
major features as the extracted traces from the bands. The difference mostly lies in the
finer details of the traces, which upon a closer look, can be seen as asymmetric and
therefore most probably just measurement artifacts. Some ringing is also visible in the
measured DC. This feature is a known artifact when Fourier filtering, as the edges of
the filter can cause artificial oscillations especially when white noise is present in the
raw data. A unique feature of the trace extracted from the FM band is the presence
of negative-valued regions, which are not present in all other kinds of FROG traces.
These negative regions are a clear indication of the presence of a chirp. From the
highest band, we were able to correct for the timing errors of the delay stage, which
we measured to be around 70 attoseconds. This is only possible when using a collinear
geometry, as its measurement depends on the fringe structure of the trace.
For an objective comparison,we have used a commercial few-cycle SPIDER device
(FC Spider from APE Angewandte Physik & Elektronik GmbH) [43]. Few-cycle pulses
are very sensitive to dispersion, even to the weak dispersion due to air, so the path
difference between the IFROG and the SPIDER setups are measured and corrected.
As can be seen in Fig. 17, the two techniques matched in the major peaks, the phase,
and the approximate pulse width. It is to be noted though that the FC Spider device
used is optimized for pulses below 60 fs, and this pulse is already beyond this width,
so it is not clear if the fine oscillations are actually present or not.
3.1.3.2

Third-harmonic IFROG

It is to be noted that compared to SH IFROG, the third harmonic has a much lower
intensity. This results in a visibly noisier trace. Despite this, the traces were still reliably retrieved, as shown in Fig. 18. Similarly, features in the measured traces that are
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Figure 16: Measured DC and FM bands extracted from the SH IFROG trace of a chirped
pulse and the corresponding retrieved traces. Good agreement can be seen, with
both Gx errors being less than one percent. This figure is from the same dataset in
Publication (I).
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Figure 17: Complex pulse envelope in the time domain as retrieved by SH IFROG and a
commercial few-cycle SPIDER device optimized for pulses below 60 fs. The pulse
is above this range already, and this could be the reason why the SPIDER retrieval
is much smoother. This figure is from the same dataset in Publication (I).

41

42

experiments

not symmetric in the delay axis are not reconstructed, as these are just artifacts. We
did not use the fused silica window in recording this trace, thus the pulse is nearer
the Fourier-transform limit.
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Figure 18: Measured DC, FM, and SHM bands extracted from the TH IFROG trace of a pulse
near the Fourier-transform limit and the corresponding retrieved traces. A significantly better agreement is achieved compared to Fig. 16, with all Gx errors being
much less than one percent. This figure is from the same dataset in Publication (II).

The resulting pulse shapes from IFROG and SPIDER are shown in Fig. 19. For the
case of TH IFROG where a much narrower pulse is used, excellent agreement with
SPIDER can be seen, matching even for the weak satellite structures.
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Figure 19: Complex pulse envelope in the time domain as retrieved by TH IFROG and a
commercial few-cycle SPIDER device. Excellent agreement can be seen, even with
the small structures on both sides of the central peak. This figure is from the same
dataset in Publication (II).

3.1.4

Time-domain ptychography with IFROG

Ptychography is an idea suggested by Walter Hoppe in 1969 for electron microscopy
[107], and revived into modern coherent diffractive imaging applications by Faulkner
and Rodenburg in 2004 [108, 109]. Ptychography combines several folded or overlapping diffraction measurements to reconstruct an image that has a resolution even
better than the resolution of the imaging sensor used [110, 111]. Similar to FROG’s GP
algorithm, an algorithm also based on the Gerchberg-Saxton algorithm [28] connects
the multiple diffraction patterns, where the field is transformed from one plane to
another with an intensity constraint is applied in between the transforms. The spatial overlapping of two beams is analogous to the temporal overlapping of pulses
regularly done in pulse characterization. Thus, the concepts from ptychography can
readily be extended to the time-domain. This has been first demonstrated by Spangenberg, et al. in [112], where pulses in the picosecond range are shown to be able to
probe pulses of few femtoseconds width. It has also been shown that the advantages
of using ptychography in imaging, e.g., super-resolution and robustness, also extend
in the time domain. This is achieved by obtaining a resolution that is finer than the
gating pulse used. It is to be noted though that this is already the standard for FROG
retrieval algorithms.
Another advantage of ptychography is that both the probe and the gate beams
impinging on the detector can be characterized. This has been extended to timedomain ptychography, where both the probe and the gate pulses are retrieved by
the algorithm. Here, we demonstrate how we can use the concepts of ptychography
for IFROG (ptychographic IFROG or πFROG), using the setup shown in Fig. 20. Several methods exist to generate the gate pulse, such as using an SLM [112, 113], a
combination of gratings and spatial filters [114], a glass window [115], and a band-
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pass filter [116]. In our setup, we use a 50-nm bandpass filter centered at 800 nm
inserted in one of the interferometer arms, which unbalances the interferometer and
generates a gate pulse distinct from the probe pulse.

BS1
DL1

BS2

PM

BPF

F
DL2

NL

SP

Figure 20: Experimental setup for πFROG, where the interferometer is unbalanced by a bandpass filter inserted in one of the arms. BS1 and BS2, beam splitters; DL1 and DL2,
delay lines; BPF, bandpass filter; PM, parabolic mirror; NL, nonlinear crystal; F,
filter, SP, spectrometer.

The resulting trace from the setup can be described by
IπFROG (ω, τ ) =

Z ∞
−∞

N −iωt

( E(t) + G (t − τ )) e

2

dt ,

(78)

where G (t) ≡ G0 (t)eiω0 t is the gate pulse. Using a similar process in finding the
modulation bands, we get
SH
IπFROG
(∆ω, τ ) = | ESH (∆ω )|2 + | GSH (∆ω )|2 + 4| Eptych (∆ω, τ )|2
i
h
i ∆ω
τ
∗
2
+ 4Re ESH (∆ω ) Eptych (∆ω, τ )e
cos((ω0 + ∆ω/2)τ )
h
i
∆ω
∗
+ 4Re GSH
(∆ω ) Eptych (∆ω, τ )ei 2 τ cos((ω0 + ∆ω/2)τ )

∗
+ 2Re[ ESH (∆ω ) GSH
(∆ω )] cos((2ω0 + ∆ω )τ ).

(79a)
(79b)
(79c)
(79d)

where this time we used the following definitions to simplify the terms:
Eptych (∆ω, τ ) ≡
GSH (∆ω ) ≡

Z ∞
−∞
Z ∞
−∞

E0 (t) G0 (t − τ )e−i∆ωt dt

(80)

G02 (t)e−i∆ωt dt.

(81)

Figure 21 shows our measurement. Because of the much longer gate pulse, the
trace is also wider than the traces in Figs. 12 and 14. Similarly, the trace can be
separated into its different modulation bands in the Fourier domain. From the DC
band, the ptychographic trace | Eptych (∆ω, τ )|2 can be isolated, which can then be
used to retrieve both the unknown and the gate pulses.
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Figure 21: πFROG measurement, where a gate pulse is generated by inserting a bandpass
filter in one of the interfering arms, resulting in a much longer pulse and consequently longer trace. The nonlinear medium used for the SFG is a BBO crystal. This
figure is from the same dataset in Publication (III).

3.1.5

Time-domain ptychographic algorithm

The accompanying algorithm for ptychographic imaging is called ptychographic iterative engine (PIE), which was renamed to extended PIE (ePIE) by Maiden and Rodenburg in 2009 when they modified it to retrieve both the target and the illumination
beam used in recording the diffraction patterns [117]. Here we use the time-domain
ePIE (tdePIE, [116]), to retrieve both the probe and the gate pulses. A similar method
has been known for years in the FROG community, known as blind retrieval [24, 118–
120]. The main difference of tdePIE from these techniques is the additional degrees
of freedom given by the update functions, as will be explained below. The general
process is shown in Fig. 22.
Starting with a guess solution for E(t) and G (t), the signal field S(t) is calculated,
Sn−1 (t) = En−1 (t) Gn−1 (t).

(82)

This field is then Fourier transformed to the spectral domain, where is it multiplied
with a phase ramp to simulate the different amounts of delay. After constructing the
two-dimensional trace, its magnitude is replaced by the magnitude of the measured
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Figure 22: Time-domain extended ptychographic iterative engine (tdePIE).
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trace. The field is then transformed back to the temporal domain, where is it used to
update the guess solutions using these functions
En (t) = En−1 (t) + β E

Gn∗−1 (t, τm )
∆S
max | Gn−1 (t, τm )|2

(83)

En∗−1 (t, τm )
∆S,
Gn (t, τm ) = Gn−1 (t, τm ) + β G
max | En−1 (t, τm )|2

(84)

where β E and β G are constants controlling the update rate of each function. These
coefficients can be altered to control the speed and robustness of the algorithm. In
our experiment, we used β E = 0.1 and β G = 0.5. The τm is the delay which is implemented as a phase ramp in the frequency domain, while ∆S is calculated by
∆S = Sn (t, τm ) − Sn−1 (t, τm ).

(85)

This process is repeated until both pulses converge. The pseudocode for the process
is in Alg. 5, with data and physical constraints as explained in Sec. 2.5.
Algorithm 5 Time-domain extended Ptychographic Iterative Engine (tdePIE)
1:
2:
3:
4:

[ E(k) (t); G (k) (t)] ← [rand(n); rand(n)]
while criteria not met do
Compute S(k) (t) ← E(k) (t) G (k) (t)
S̃(k) (ω, τ ) from Fourier transform
q
S̃(k+1) (ω, τ ) ←

5:
6:
7:
8:
9:
10:
11:

S̃(k) (ω,τ )
|S̃(k) (ω,τ )|

Iptych (ω, τ )

. Initial guesses
. Physical constraint
. Data constraint

S(k+1) (t, τ ) from inverse Fourier transform
procedure UPDATE(E(k) (t), G (k) (t))
Compute E(k+1) (t) and G (k+1) (t) from Equations (83) and (84)
end procedure
end while
return E(best) (t), G(best) (t)

3.1.6

Results of time-domain ptychography with IFROG

Figure 23 shows the retrieved trace, achieving a very small retrieval error after only
50 iterations. The trace is not expected to be symmetric to delay, as is the case for
IFROG recorded using a balanced interferometer, because the unknown and the gate
pulses are different from each other.
Figure 24 shows the resulting field for the unknown pulse in comparison with the
SPIDER measurement. Similar to SH IFROG and TH IFROG, πFROG also shows excellent agreement with the commercial few-cycle SPIDER device. The large difference
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Figure 23: Measured and retrieved ptychographic trace extracted from a πFROG trace. Unlike
the bands extracted from an IFROG trace, πFROG traces aren’t always symmetric.
This figure is from the same dataset in Publication (III).

in the phase happens only in the areas of very low intensity where the phase information is not relevant anymore. The two retrieved pulses are displayed in Fig. 25 in the
frequency domain. The gate pulse has a much narrower spectrum as expected, due to
the bandpass filter. The 50-nm bandpass filter centered at 800 nm allows passage of
light in between around 363 THz and 387 THz, which matches the retrieved spectrum
in Fig. 25. Since the same laser was used to generate the gate pulse, it is also possible to measure the response function of the bandpass filter used. The gate pulse can
be written as G (ω ) = g(ω ) E(ω ), where g(ω ) is the filter function in the frequency
domain. In time domain this takes the form of a convolution, G (t) = g(t) ∗ E(t), and
g(t) can be deconvoluted since both G (t) and E(t) are already known.
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Figure 24: Complex pulse envelope in the time domain, as retrieved by πFROG and SPIDER.
This figure is from the same dataset in Publication (III).
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Figure 25: Complex pulse envelope of the unknown and the gate pulses, which were simultaneously retrieved from the πFROG trace using tdePIE. The two pulses match the
expected widths for both cases. This figure is from the same dataset in Publication
(III).

3.1.7

Ptychography for measuring partially coherent pulses in FROG

The extended PIE algorithm’s ability to retrieve both the unknown and the gate pulses
is very promising for the measurement of pulse instabilities, since what we are aiming at is to basically retrieve this information from pulse characterization techniques
aside from just the complex pulse shape. The ability to retrieve two pulses from
one FROG measurement is not unique to tdePIE, and has been demonstrated before
in what is called the twin-recovery of electric-field envelopes by the use of FROG
(TREEFROG) [24]. It is also the default formulation of the principal components generalized projections (PCGP) algorithm, where the field is treated as the inner product
of two different fields [118]. The fundamental difference of ptychography from these
techniques and the reason why we decided to use it for the purpose of measuring
the coherent artifact is that it is less strict about how the two fields are related to each
other in the measurement. In solving the problem of the coherent artifact, we did not
model the trace as a cross-correlation of two different fields as is the assumption for
TREEFROG and the PCGP algorithm, but rather a sum of two traces which can be
written as
IFROG (ω, τ ) = aICA (δ, τ ) + bIave (δ, τ ),
(86)
with a and b being real, positive numbers representing the relative intensities of the
two traces ICA (δ, τ ) and Iave (δ, τ ), which are the FROG traces from the coherent artifact and from the average of the varying pulses.
Because the signal field is not anymore the product of two complex fields, the
update functions in the tdePIE algorithm should be modified as well:
ICA

0

0 + β ( IFROG −bIave − I 0 )
= ICA
CA
a

0 + β(
Iave = Iave

0
IFROG − aICA

b

0 ),
− Iave

(87)
(88)
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where β is the update rate, and 0 indicates previous measurement. In our implementation, we used β = 0.01, while a and b are optimized every iteration using the
Nelder-Mead algorithm. Another constraint has been added to separate the ICA from
Iave . We enforced that the electric field in ICA is Fourier-tranform-limited, which is a
characteristic of the coherent artifact.
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Figure 26: Ensemble of pulses for the case of 192 δt. Each spectrum and each pulse shape is
different, having a unique noise-like structure. Despite this, the average spectrum
of the seed pulse is maintained. This figure is from the same dataset in Publication
(VII).

We test this algorithm using multiple ensembles of pulses with controlled amounts
of instability generated using the procedure described in [77, 121], which we briefly
discuss in the following. The whole procedure simulates pulse ensembles with different instabilities. We start with an array with a size of 1 × 4096, representing an electric
field with a sampling rate of δt. We use a Gaussian-shaped electric field with a full
width at half maximum (FWHM) of 20 δt as a seed pulse. The spectrum of this seed
pulse is obtained by using a Fourier transform, where its spectrum is centered at ω0
with a sampling rate of δω. To generate variations in each pulse, a univariate random
spectral phase is applied. The resulting field is transformed back to the time domain,
where a Gaussian envelope of variable width is used to maintain the width of the
pulses within a limit. In our simulations, we used 59 δt, 126 δt, and 192 δt similar to
[77]. The resulting noise-like complex field is added to the seed pulse, representing
a stable component that is present in each pulse, to create a single pulse. Each pulse
train consists of 5000 pulses, which vary from pulse to pulse in both spectral and
temporal domains, as shown in Fig. 26. The average spectrum of the resulting pulses
maintains the same spectrum as the seed pulse, as shown in [121].
The resulting average SHG FROG trace from the simulated ensembles of partiallycoherent pulses, referred to as Measured trace in Fig. 27, displays a similar peak as
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in the autocorrelation measurements, the coherent artifact. Using the usual retrieval
algorithms for FROG converge into a trace that has a similar width, but without this
coherent artifact present and with a relatively large G error, cf. Fig. 27. As has been
seen before in the retrieved traces, a faithful reconstruction of the trace signifies a
more accurate measurement. It is in our interest then to be able to accurately remodel
the trace, and from that, infer the stability of the pulses, which is done by our modified ptychographic algorithm.
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Figure 27: Measured and retrieved SHG FROG traces. The measured FROG trace is the resulting average trace from the simulated ensemble of partially coherent pulses,
resulting in the visible central peak, i.e., the coherent artifact. This figure is from
the same dataset in Publication (VII).

3.1.8

Results of using ptychography for coherent artifact retrieval

Figure 28 compares the measured and the retrieved traces using the modified ptychographic algorithm for simulated ensembles of pulses with time envelopes of 59 δt,
126 δt, and 192 δt. The retrieved traces shown are already the weighted sum of the
two subtraces, which are shown in Fig. 29. The retrieved traces now resemble the measured traces almost perfectly, which is in stark contrast to what is shown in Fig. 27.
According to [76], the coherent artifact does not contain valuable information about
the pulse, while the pedestal corresponds to the ensemble average of the pulse shape.
We verify that the two retrieved fields from each trace follow this prediction.
Looking first at the relative intensities of the two traces, it can be seen that the
values of a and b are almost equal, shown as the percentages in Fig. 29. This gives
insight into the relative strengths between the stable and unstable components of the
pulse train, and it is consistent with what is theoretically predicted in [122] as the limit
for very large fluctuations. It is also consistent with the experimental measurements
of the CA in [123], where it was shown that the peak-to-pedestal ratio is roughly 2.
Additionally, this ratio also agrees with the theoretical prediction in [76].
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Figure 28: Measured and retrieved SHG FROG traces for the simulated ensembles of pulses
with noise-like structures. The resulting small G errors cannot be achieved by using the conventional FROG algorithms. This figure is from the same dataset in
Publication (VII).
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Figure 29: Ret 1 represents the retrieved Iave and Ret 2 the retrieved ICA . As expected by theory and previous experimental measurement of the coherent artifact, the relative
strengths of each trace are about the same. This figure is from the same dataset in
Publication (VII).
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Now, looking at the retrieved electric fields, it can be seen in Figs. 30 and 31 that
the retrieved fields match with the coherent artifact and the time envelope used in
the generation of the pulses. This means that the algorithm successfully isolated the
coherent artifact and measured the shape of both the artifact and the average pulse.
Note that in Fig. 30, the field is retrieved in the time domain, and because the coherent
artifact is very narrow, very small variations in its shape result to significant changes
in the spectrum, resulting in the noise-like structures in the frequency domain. The
RMS errors for the retrieved intensities as compared to the average spectra and the
time envelopes are summarized in Table 2.
Table 2: RMS errors for the retrieved intensities in spectral and temporal domains (VII)
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Figure 30: Retrieved fields for ICA in the frequency and the temporal domain. Below is the
corresponding average spectrum and pulse shape for the seed pulse used in constructing the pulse trains. This figure is from the same dataset in Publication (VII).

The new algorithm would only be a viable alternative to conventional retrieval
algorithms if it can also be used for stable pulse trains, since it is not always known
if the laser source is unstable or not. To test whether the algorithm still works in the
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Figure 31: Retrieved fields for Iave in the frequency and the temporal domain. Below is the
corresponding average spectrum and pulse shape for the temporal envelope used
in constructing the pulse trains. This figure is from the same dataset in Publication
(VII).

stable case, we used a stable trace and let the algorithm process it. The results are
shown in Fig 32. It can be seen that the algorithm only retrieved Iave , which should
be the case since the coherent artifact should not be present. It is remarkable that this
happened even if the brightest regions of the trace are located in the center, which
could have been confused as the coherent artifact by just visual inspection.
3.1.9

Summary and Discussion

In the journey towards the measurement of pulse instability for FROG, we have developed and demonstrated new pulse characterization techniques that are at par with
already established techniques. We presented how the differential evolution algorithm can be used to solve the inversion problem for two variants of the interferometric FROG, and showed how it can be just as powerful as a commercial few-cycle
SPIDER device, while at the same time providing the advantages of a FROG measurements, such as accuracy checks and marginal adjustments. In addition, the presence of fringes in the trace also allowed for the correction of the delay line, which
is not possible for other FROG geometries. We then demonstrated how ptychography, which is now a successful technique in computational imaging, can be applied
for collinear FROG geometries. We showed how two pulses, the unknown pulse and
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Figure 32: Measured and retrieved FROG traces from a stable, non-varying pulse train using
the modified ptychographic algorithm. This figure is from the same dataset in
Publication (VII).

the gate pulse, can be simultaneously retrieved from one interferometric trace. We
then extended this concept to the measurement of pulse instability in SHG FROG. By
modifying the update functions, which are the central feature of the ptychographic
algorithms, we were able to simultaneously retrieve the average pulse characteristics
and the coherent artifact from a single FROG trace, which has never been done before. The newly-developed algorithm can also be used for usual FROG traces, and
successfully discriminates between a stable and unstable pulse train.
While we found a solution for measuring instabilities with FROG, our ideas are
not directly applicable to SPIDER and d-scan. For one, the coherent artifact does not
appear in the same way in both techniques. There is no central peak to look at in
SPIDER, and even for d-scan despite it being dependent on a two-dimensional trace
like FROG. The following sections tackle these techniques, and how we eventually
found solutions for the measurement of pulse train instability.

3.2 spectral phase interferometry for direct electric-field reconstruction

3.2

3.2.1

spectral phase interferometry for direct electric-field reconstruction
Coherent artifact studies with SPIDER

Spectral phase interferometry for direct electric-field reconstruction (SPIDER), as its
name suggests, only measures the spectral phase of a pulse using a self-referenced
type of phase interferometry. From this spectral phase function, it can be combined
with a separately measured spectral power, leading to the reconstruction of the complex electric field envelope function. The word "direct" refers to the measurement
being a direct consequence of the spectral phase, where only simple algebraic steps
(known as the Takeda algorithm [38]) are needed to get the phase unlike FROG where
an iterative algorithm is necessary. This is advantageous for SPIDER, since this means
the retrieval process does not have a chance of failing or non-convergence and also the
whole process much faster than any iterative process. However, this is also the same
reason why SPIDER is deemed useless in detecting pulse train instabilities [77]. Because it does not have redundancy in its data, i.e., the one-dimensional interferogram
is used to obtain the one-dimensional spectral phase with one-to-one correspondence,
it does not provide the same accuracy checks like in FROG that helps alert the user
of the presence of instabilities. To demonstrate this, we use the same sets of unstable
pulses simulated in the previous section. Starting from a seed of a 20 δt long pulse,
three trains of unstable pulses were generated, resulting in average time envelopes of
59 δt, 126 δt, and 192 δt. The resulting SPIDER interferograms and measured spectral
phases can be seen in Fig. 33.
Unlike FROG, the measured pulses do not appear to change and a pulse near the
Fourier transform limit is always measured, as has been noted in [77]. The different
appearance of the spectral phase in the case of an average pulse width of 192 δt
in Fig. 33 is due to the severely corrupted fringe structure along the edges of the
interferogram, where the spectral phase measurement already fails.
3.2.2

Fringe contrast measurement

The main difference among the three sets shown in Fig. 33 lies in the fringe contrast
of the interferograms. Even though this has been noted already in [77], it has been
disregarded as a possible measure of coherence. Yet, as has been discussed in Sec. 2.4,
fringe contrast measurement is traditionally used exactly for this purpose. And even
though the fringes in a SPIDER interferogram are not the same as the ones in a doubleslit experiment, we can still relate the SPIDER measurement to coherence. We can see
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Figure 33: Using the same sets of pulses as the coherent artifact study for FROG in the previous section, with a delay of 600 fs between the two replica pulses and a corresponding spectral shift between the two upconverted signals of 7.32 THz. Spectral
phase measurement already fails towards the edges for the case of 192 δt due to
the lack of fringes.
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this if we look at the equations, given that the SPIDER interferogam is a combination
of an ensemble of pulses, we can write it as
D
E
2
,
(89)
ISPIDER (ω ) = Ẽj (ω ) + Ẽj (ω + Ω)exp(iωT )
j

where Ω is the frequency shift between the two up-converted signals and T is the
delay between the two replica pulses. By expanding the modulus square inside the
brackets, we yield
D
E
ISPIDER (ω ) = | Ẽj (ω )|2 + | Ẽj (ω + Ω)|2 + 2Re[ Ẽj (ω ) Ẽj (ω + Ω)exp(iωT )] , (90)
j

which can also be written as
D
ISPIDER (ω ) = | Ẽj (ω )|2 + | Ẽj (ω + Ω)|2 + 2| Ẽj (ω )|| Ẽj (ω + Ω)|
E
× cos(φ̃j (ω + Ω) − φ̃j (ω ) + ωT )] .
j

(91)

From here we can simplify the equation by using I (ω ) ≡ h| Ẽj (ω )|2 i, which makes it
ISPIDER (ω ) = I (ω ) + I (ω + Ω) + 2

q

I (ω ) I (ω + Ω)Re[Γ(ω, Ω)],

(92)

where the new variable Γ(ω, Ω) is given by

h Ẽj (ω ) Ẽj (ω + Ω)exp(iωT )i
Γ(ω, Ω) = q
.
h| Ẽj (ω )|2 ih| Ẽj (ω + Ω)|2 i

(93)

Despite the exponential factor, the Cauchy-Schwarz inequality must still apply,
0 ≤ |Γ(ω, Ω)| ≤ 1.

(94)

The maximum and minimum possible values of the intensity can then be written as
q
Imax = I (ω ) + I (ω + Ω) + 2 I (ω ) I (ω + Ω)|Γ(ω, Ω)|
(95)
q
Imin = I (ω ) + I (ω + Ω) − 2 I (ω ) I (ω + Ω)|Γ(ω, Ω)|.
(96)
The visibility of the fringes, i.e., the fringe contrast, is then
p
2 I (ω ) I (ω + Ω)
Imax − Imin
V=
=
|Γ(ω, Ω)|.
Imax + Imin
I (ω ) + I (ω + Ω)

(97)

It can be noticed how similar this is now with the equation for coherence we formulated in Sec. 2.4, in particular the intrapulse coherence in Eq. 47. In fact, Eq. (47) can
be seen as a specific case of Eq. (93) where Ω = ω, except for a few differences. The
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main difference is instead of the coherence being a measure of correlation between
two pulses (or the same pulse) at two different positions/times/wavelengths, we are
looking at the correlation between the pulse and a replica that is shifted slightly
in both frequency and time. One thing to be noted is that the exponential factor,
exp(iωT ), can also affect the fringe contrast if the delay T between the replica pulses
changes during the measurement. A change in T will also affect the amount of frequency shift Ω. Because of this, the stability of the delay between the two replicas is
a very important factor for SPIDER, especially in the few-cycle domain where pulses
are more sensitive to dispersion and misalignment.
Since we have established that the fringe contrast is directly affected by coherence,
the next step is to measure the fringe contrast from the interferogram. Fringe contrast
measurement can be done numerically via Fourier analysis. The Fourier transform
of the SPIDER interferogram is composed of three bands, located at t = {− T, 0, T }.
The central peak contains both the terms I (ω ) + I (ω + Ω
p) while the modulus of
each of the conjugate-symmetric sidebands is equivalent to I (ω ) I (ω + Ω)|Γ(ω, Ω)|.
Filtering these bands in the Fourier domain and transforming back to the frequency
domain will result in the terms needed to calculate the fringe contrast according
to Eq. (97). Using this process, we obtained the fringe contrast plots for the three
interferograms in Fig. 33 as shown in Fig. 34.
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Figure 34: Fringe contrast plots of the SPIDER interferograms from the three pulse ensembles
shown in Fig. 33.

The main hindrance in using the fringe contrast of a SPIDER interferogram as a
measure of coherence is that there is no obvious way to separate contrast degradation caused by pulse instabilities and by problems in the SPIDER setup itself. FROG’s
ability to detect pulse instabilities lies in its data redundancy—something that SPIDER does not have, except when a reference interferogram is also recorded as will be
explained below.
The reference interferogram is recorded using the same setup for SPIDER, but with
the stretched pulse blocked and the nonlinear crystal rotated so that type-I SHG
dominates, resulting in the interaction of the two replica pulses. The reference in-
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terferogram is used to remove the ωT-term in Eq. (91) and other unwanted phase
differences that were introduced in the setup. It is essentially a spectral phase interferometry measurement between the SHG signals of the two replicas, measured using
the same setup to be used for the SPIDER interferogram. This is especially important
when using an etalon to generate the two replica pulses, as one of the two pulses
would inevitably have an additional dispersion.
The data redundancy provided by the reference interferogram is not on the phase
it provides, but on the fringe contrast. Both interferograms are recorded using the
same setup, but are sensitive to different things. The reference interferogram is not
self-referenced, unlike SPIDER. The reference interferogram will not see any changes
that happen on both the replica pulses, since it just measures the difference between
them. Thus, it is possible to separate the fringe contrast degradation caused by pulse
instabilities, as this should not affect the reference interferogram, while other causes
should affect both. To test this hypothesis, we look at the problem of linear chirp
instability, since SPIDER only measures the spectral phase and not the intensity of
the pulse.
3.2.3

Linear chirp instability

Spectral phase instability is a possibly common yet very difficult to identify problem.
Spectral phase can easily be affected by several things, such as changes in the refractive index of air or any medium in the beam path because of air temperature or pressure fluctuations, beam pointing instability especially in cases where a pulse shaper
or compressor is in use since the phase is controlled by the geometry of the setup,
and when the optical power fluctuates while using a self-phase modulating medium.
In most cases, the group delay dispersion is affected much more than higher-order
dispersion. We therefore test instability of only the linear chirp in this section.
Since linear chirp instability is different from other kinds of pulse instabilities that
have been studied before, we first show how linear chirp instability affects different
techniques. Five sets of pulses have been generated for this purpose. Each set containing 5000 pulses is assigned a different amount of linear chirp instability. The linear
chirp assigned to each pulse is normally distributed with a standard deviation of 0,
15, 30, 45, and 60 fs2 .
Figure 35 shows the effect of linear chirp instability on autocorrelation, FROG, and
d-scan. Unlike the previously explored types of pulse instabilities where both the
intensity and phase of each pulse changes, phase-only instabilities do not result in
the coherent artifact in the autocorrelation measurement. The characteristic cusp and
pedestal shape of a coherent artifact in the autocorrelation signal is not present, and
a smooth, stable pulse train can accurately model the shape of the unstable pulse
train, as shown in the right side of the top row in Fig. 35. Note that this is already
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Figure 35: Measured and retrieved autocorrelation, FROG, and d-scan traces using an ensemble of Gaussian pulses with a varying amount of GDD having a standard deviation
of 60fs2 . This figure uses the same data set as our publication in (IX).

For SHG FROG, the effect of linear chirp instability is also not as pronounced as
the coherent artifact. There is also no central peak, and a broader Gaussian pulse can
have a very similar FROG trace like the one constructed from the ensemble, as can be
seen in the middle row of Fig. 35 having a G-value of just 1%. However, a distinction
can be made by subtracting the two traces. A resulting symmetric difference is a
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sign of a systematic error in FROG. But with just a 1% difference, this can easily be
concealed by a small amount of noise.
It is a much different story for d-scan, where the retrieval algorithm would fail
to converge since no single pulse can create a similar trace. The main effect of chirp
instability in d-scan is that the trace gets stretched along the dispersion axis, and a single pulse cannot generate this kind of trace. Compared to autocorrelation and FROG,
one can therefore say that d-scan is a more effective way to detect chirp instability.
3.2.4

Results of using SPIDER to quantify linear chirp instability

The effect of different amounts of chirp instability on the fringe contrast is shown
in Fig. 36. Similar to intensity and phase instability, the larger the variation in the
ensemble, the greater the effect is on the fringe visibility. The fringe visibility is mainly
affected on the margins of the interferogram, resulting in a steep decline of the fringe
contrast towards the smaller and the larger frequency values. Meanwhile, the fringe
contrast of the reference interferogram is completely unaffected. This already proves
that SPIDER can reliably detect the presence of linear chirp instability.
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Figure 36: Five sets of SPIDER interferograms, showing the changing fringe contrast depending on the amount of chirp instability. I: 0 fs2 , II: 15 fs2 , III: 30 fs2 , IV: 45 fs2 , and V:
60 fs2 . This figure uses the same data set as our publication in (IX).

As shown in [77], SPIDER always gives a near-FTL pulse in the presence of pulse
instabilities. We tested this claim for SPIDER interferograms with chirp instability,
and we found out that the spectral phase measurement given by SPIDER is unaffected.
Unaffected in the sense that it would always give the correct average spectral phase,
cf. Fig. 37. This shows that the effect of chirp instability is contained in the fringe
contrast and the spectral phase measurement is unaffected.
In literature we found a test case where we saw a similar degradation of fringe
contrast along the edges, which hints the presence of linear chirp instability [42]. The
said case is the first SPIDER measurement of a few-cycle pulse, and is shown on the
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Figure 37: SPIDER interferogram with chirp instability of 60 fs2 , and the corresponding retrieved spectral phase. The average spectral phase is plotted using a dashed line.
It can be seen how well the retrieved and the average phase of the ensemble fits
together, despite the standard deviation of the chirp (60 fs2 ) being larger than the
average chirp (50 fs2 ). This figure uses the same data set as our publication in (IX).

left side of Fig. 38. The envelope plotted in black is used to plot the fringe contrast
on the right side.
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Figure 38: Left: SPIDER interferogram from [42]. The envelope used to calculate the fringe
contrast is plotted in black. Right: The calculated fringe contrast (blue) and a polynomial fit (black) that shows the similar steep degradation of the pulse on the
edges. This figure uses the same data set as our publication in (IX).

In order to extract the amount of chirp instability, we start from the retrieved electric field envelope and add different amounts of linear chirp instability. We can then
compare the fringe contrast from the experiment and find the closest amount of instability using the Nelder-Mead algorithm. We found the best agreement for our test
case to be σ = 29 fs2 . The matching fringe contrast plots are shown in Fig. 39.
One problem with this test case though is that it does not have an accompanying
reference interferogram, so we cannot check if the fringe contrast degradation is solely
caused by pulse instabilities. However, there is another measurement included in the
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3.2 spectral phase interferometry for direct electric-field reconstruction
1.1
1
0.9
Stable
Unstable
Actual

0.8
0.7

680

700

720

740

760

Frequency (THz)

780

800

820

840

Figure 39: Fringe contrast: stable (σ = 0), unstable (σ = 29 fs2 ), and actual (extracted from
[42]). This figure uses the same data set as our publication in (IX).

publication, the interferometric autocorrelation (IAC). Even though autocorrelation
is blind to chirp instability on its own, we can check if the pulse resulting from the
SPIDER measurement agrees or not, which will give us a consistency check of our
findings. We have simulated the resulting IAC signal both with and without chirp
instability, and compared it with the published IAC signal. As can be seen in Fig. 40,
the actual IAC signal matches better with the stable case than the unstable case. This
means that the fringe contrast degradation we saw is most probably not caused by
pulse instabilities, but by other imperfections in the setup such as nonidentical replica
pulses or an inconsistent delay introduced between them.
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Figure 40: Interferometric autocorrelation: stable (σ = 0), unstable (σ = 29 fs2 ), and actual
(extracted from [42]). This figure uses the same data set as our publication in (IX).

3.2.5

Summary and Discussion

We have debunked the notion that SPIDER is blind to pulse shape instabilities, by
demonstrating how it can be used to detect and measure linear chirp instability. We
have also shown how linear chirp instability can be difficult for other techniques
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to detect, and in some cases can be a more challenging problem than the coherent
artifact.
The main effect of linear chirp instability is the degradation of the fringe contrast,
which can be isolated from other causes of fringe degradation by using the reference
interferogram if it is available. We used a test case, an earlier SPIDER measurement
of a few-cycle pulse showing the characteristic fringe degradation at the edges of
the interferogram, and demonstrated how the possible amount of instability can be
found. However, the number we obtained is most likely not the actual amount of
instability present, since additional simulations do not match the additional interferometric autocorrelation measurement. The reference interferogram is not available
for this instance, thus ther is no way to isolate chirp instability as the only cause of
fringe degradation. The mismatch with the interferometric autocorrelation measurement leads us to the conclusion that the apparent chirp instability is most probably
caused by some other problem present in the SPIDER setup used in [42]. One suspect is the Michelson interferometer used to generate the replica pulses. Differences
in phase between the two replicas can affect the fringe contrast. In order to see how
much a small timing drift can affect the fringe contrast, we repeated the simulations
and added a controlled amount of timing jitter. We found out that with a standard deviation of just 1 fs, we can already match the measured fringe contrast. That amount
of timing jitter corresponds to an optical length variation of just around 150 nm. This
extreme sensitivity of SPIDER to jitters in the delay has already been acknowledged
[56], and ideally, for measuring few-cycle pulses, the delay must be precise within
a few attoseconds. This problem can be solved with the usage of a solid etalon to
generate the two replica pulses [43].
3.3
3.3.1

dispersion scan
Pulse retrieval algorithms for dispersion scan

Dispersion scan (d-scan), being introduced only in 2012 [47], is a relatively new technique compared to other complete pulse characterization methods, such as FROG
and SPIDER which are both invented during the 1990s. It is understandable then that
d-scan has not experienced the same development as FROG and SPIDER in both the
experimental setup and the retrieval algorithm yet. Although FROG and d-scan both
use a two-dimensional trace from the upconverted fundamental pulse, the same algorithms used in FROG cannot be directly used for d-scan because of the difference in
the mathematical structure of the two. FROG depends only on the delay between the
two pulses, while d-scan is essentially a function of dispersion versus frequency, and
the dispersion can vary depending on the setup used to introduce it. This necessitates
the formulation of a new algorithm for d-scan, which can be adjusted depending on
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how the traces were recorded. When our work started, only the Nelder Mead (NM)
algorithm has been used to invert the d-scan traces. NM was not selected in particular
because it fits to the d-scan problem well, but rather, because it is a general optimization algorithm that can be used to almost any problem as long as an error function
dependent on the variables to be optimized can be defined.
There are several reasons why NM is not optimal for the d-scan inversion problem.
Because it is a general optimization algorithm, it is assumed that there is no relationship among the variables being optimized. In the case of d-scan, these variables are
the points defining a phase function, and they have properties we can exploit to make
the algorithm more suitable. Another problem is that with an increased number of
variables, NM is very susceptible to being stuck in local minima. These are points
in the solution space where the error function is lower than their neighbors. If the
simplex being used is smaller than this depression in the solution space, i.e., any reflection or expansion would result in a larger error, the simplex would simply shrink
and contract, and it will not be able to escape the minimum.
0.1% noise

Glass (mm)

10

10% noise

1
0.8

5

0.6

0

0.4

-5
-10

0.2

700

800

Frequency (THz)

900

700

800

Frequency (THz)

900

0

Figure 41: The d-scan traces with the smallest (0.1% of the peak intensity) and the largest
(10%) added noise. This figure uses the same dataset as in Publication (IV).

Before we proceed with extending the d-scan technique to measure pulse instabilities, we therefore attempt first to improve its accompanying pulse retrieval algorithm. For our numerical tests, we used the spectrum of a pulse corresponding to a
Fourier-transform limit of 5.5 fs. This pulse started as a 35-fs pulse from a Ti:sapphire
oscillator and chirped pulse amplification system, with a pulse energy of 2 mJ and
spectrally broadened in a 3-m long stretched hollow-core waveguide filled with argon
gas at a pressure of 250 mbar. From the measured spectral amplitude, we added a
synthetic phase function which we selected due to the presence of fast oscillations on
top of a larger curve also known as dispersive oscillations. This type of spectral phase
can be expected when using optical elements with discrete variations in refractive index, such as chirped mirrors and Bragg gratings, but are usually difficult to measure
[124]. For testing the noise robustness and accuracy of the retrieval algorithms, we
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used an additive white Gaussian noise (AGWN) which is a common type of noise
that can result from effects of thermal noise, also known as Johnson noise, that is
always present in electronic circuits that digitize the spectrometer output. The standard deviation of the AWGN is set from 0.1% to 10% of the peak intensity, which is
already a massive amount of noise that would surely render a FROG trace unusable
unless noise-filtering methods are employed[125]. Figure 41 shows the traces with
the least and the most amount of added noise. It is to be noted that no noise-filtering
methods have been used for the d-scan traces prior to inversion. For testing the NM
algorithm, we used the conventional values for the coefficients of the algorithm, i.e.,
α = 1, γ = 2, ρ = 0.5, and σ = 0.5, for the reflection, expansion, contraction, and
shrinking, respectively. The usage of these variables can be seen in Alg. 3.
3.3.1.1

Regularization

Artificial oscillations can appear in the retrieved phase for multiple reasons. One is
because of the large number of points being optimized individually. The adjustment
of each point, which can happen opposite to the movements of the points adjacent to
it, can easily result in these sharp variations. Another reason is overfitting, where the
algorithm attempts to fit the solution even to the noise, resulting in variations similar
to the rate of how much the noise is changing. To address this problem, we introduce
a form of regularization, where we modify the error function so it prefers solutions
that do not have these oscillations. In essence, this form of regularization removes
the initial assumption that the individual points are independent of each other. The
modified error function is then
GR = G + λ∗ P,

(98)

where λ∗ is a constant that determines the strength of regularization. The regularization term P is defined as
v
u N −1
u
P ≡ t ∑ | ϕ j − ϕ j +1 | 2 .
(99)
j =1

The result of applying this simple modification is already evident in both the spectral
phase and the temporal profile of the pulse, as shown in Fig. 42. Note that with careful
selection of the strength of regularization, the oscillations that are really present in
the spectral phase will not be smoothened out.
The largest disadvantage of this type of regularization though is that it always
needs a careful choice of λ∗ which can vary from case-to-case. Setting it too high
would hinder the actual optimization process since the error function would be overpowered, resulting in a very smooth spectral phase regardless of the situation. Meanwhile, setting it too low will render it useless as the algorithm will just revert back to
the original. Because of this subjective choice for λ∗ , we do not consider regularization
alone as an ideal solution for the d-scan retrieval problem.
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Figure 42: Retrieved d-scan traces and complex pulse envelopes, with and without regularization. These are the results for one trial using 10% additive noise. The smoother
phase function and disappearance of satellite pulse structures are the noticeable
effects of regularization. This figure uses the same dataset as in Publication (IV).
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3.3.1.2

Generalized Projections

Our next attempt to improve its retrieval algorithm is to adapt the generalized projections (GP) algorithm for d-scan. GP has found success in FROG. It is still used as
FROG’s standard algorithm, and we wanted to see if it can also beneficial for d-scan.
The GP algorithm proceeds by alternating between two Fourier domains, and finding
the closes projection of the solution in each. In the frequency domain, the projection
is done simply by changing the amplitude of the signal field by the experimentally
recorded amplitude. This is straightforward, and exactly the same procedure can be
applied for d-scan, with
r
Ẽ
(
ω,
z
)
sig
(meas)
Ẽ0 sig (ω, z) =
IDS (ω, z) .
(100)
| Ẽsig (ω, z)|
The projection on the other domain is more complicated. In [26], this is performed
by finding the phase that minimizes the function
N

Z=

M

∑∑

2

00
0
Esig
(ti , z j ) − Esig
( ti , z j ) .

(101)

i =1 j =1

00 ( ω, z ) then replaces Ẽ ( ω, z )
After inverse Fourier transformation, the signal field Ẽsig
sig
in Eq. (100) in the next iteration of the algorithm. In [26], a one-dimensional gradient
technique is used to find the function that minimizes Z. But this cannot be done in
a straightforward way for d-scan due to the lack of available gradients that can be
derived analytically. Aside from the signal function being an integral, the dispersion
function can also vary for each d-scan setup. As a solution to this problem, we just
used an optimization algorithm we already have, the NM algorithm. Algorithm 6
shows how the NM fits in the GP structure. In the time that we were developing
this algorithm, an international group based in Lund also developed a GP-based
algorithm for d-scan using a different type of projection in the time domain. This
work by Miguel Miranda et al. can be found in [126].
Figure 43 shows the best results from the GP algorithm as shown in Alg. 6. Compared to using just NM, GP with NM is slower, but because the NM restarts every
iteration, it solves the problem of getting stuck in local minima, which is a big problem of the NM algorithm. This also relaxes the need for NM to have a good initial
guess at the beginning to avoid local minima.

3.3.1.3

Differential evolution

Applying regularization and using the structure of generalized projections helped
improve the NM algorithm, but both do not give an ideal solution yet. Here we
introduce an entirely different algorithm: the differential evolution (DE) algorithm.
As has been discussed in Sec. 3.1.2, DE is optimized for finding continuous solutions.
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Figure 43: Retrieved d-scan traces and complex pulse envelopes, using the original algorithm
and using the generalized projections structure. These are results for one trial using
0.5% additive noise. This figure uses the same dataset as in Publication (IV).
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Algorithm 6 Generalized projection algorithm for d-scan
1: φ(1)

← rand(n)
from fundamental spectrum
while criteria not met do
Compute Ẽsig (ω, z)
0 ( ω, z ) ← amplitude from d-scan
Ẽsig
0 ( t, z ) from Fourier transform
Esig
while subcriteria not met do
Using NM, find φ00 that minimizes Z
end while
00 ( ω, z ) from inverse Fourier transform
Ẽsig
φ(1) ← φ00(i)
end while
return ϕ(best)

. Initial guess phase

2: E(1)
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:

. Data constraint

. Physical constraint

We have shown that it works well for retrieving the complex electric field envelope
from interferometric FROG measurements. For d-scan, the task is to retrieve just the
spectral phase, and this proves to be a much easier problem to solve using DE as will
be shown below.
Since only the phase is being retrieved, simple adjustments must be done in the
algorithm. In particular, the generation of the mutant vector is replaced by


φ(m) = φ(a) + rand(1) φ(b) − φ(c) .
(102)
And the offspring by
(o )

ϕj

=


 ϕ(m)
j
 (i )
ϕj

if rand(1) ≤ χ

(103)

else.

Using a population size of 10 and a crossover probability χ equal to 0.5, we get
Fig. 44. There is no noise filtering technique used, yet the pulse is properly retrieved
despite the massive amount of noise. This highlights the robustness of the DE algorithm. This can be attributed to the use of multiple guesses at the same time, thus
limiting the chance of getting stuck in a local minimum which is what usually happens with the NM algorithm in the presence of noise. Moreover, unlike NM where
there is only one simplex moving around its centroid, DE can make large adjustments
in every iteration because of the large number of guesses being optimized at the same
time. This makes the DE algorithm much faster to converge to the solution than NM.
And since the individual members of the population are independent of each other
aside from the mutation state, the algorithm is by nature can be run in parallel. That
means there is still a potential to even make the algorithm run faster.
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Figure 44: Retrieved d-scan traces and complex pulse envelopes, using the differential evolution algorithm. It can be seen how DE still remarkably retrieved the spectral phase
and the pulse shape correctly despite the massive noise. This figure uses the same
dataset as in Publication (IV).
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3.3.2

Results of the comparative study of phase retrieval algorithms

Table 3: Performance of DE at different noise levels averaged over 5 trials (IV)

Noise Level

Comp Time (sec)

∆ϕrms

G

0.1%

9.4

0.055

0.0033

0.2%

9.6

0.054

0.0034

0.5%

9.8

0.080

0.0058

1%

10.0

0.084

0.0107

5%

9.2

0.066

0.0461

10%

21.1

0.122

0.0831

Table 3 summarizes the performance of DE with different amounts of noise. The
computation time does not vary despite the noise, except in the case of the largest
noise value. But this time is actually still faster than the NM algorithm. The average times for NM, in combination with regularization or generalized projections, are
shown in Table 4. The DE algorithm is superior in all three criteria we looked at.
It is faster, more accurate, and the retrieved trace using the DE algorithm fits the
experimental data the most.
Table 4: Performance of various combinations of the techniques averaged over 5 trials (IV)

Algorithm

Comp Time (sec)

∆ϕrms

G

NM

40.5

2.36

0.0603

DE

9.4

0.06

0.0033

Regularized NM

39.4

2.30

0.0663

Regularized DE

9.0

0.07

0.0030

GP N M

43.2

4.25

0.0687

GPDE

17.7

1.80

0.0754

Regularized GP N M

44.2

2.38

0.0355

Regularized GPDE

17.2

1.94

0.0747

Since we only used a single spectral phase function in the tests above, one can still
argue that the results are not conclusive of DE’s superiority over NM. We therefore
do additional tests, by generating five test cases: (i, ORIG) the original pulse but represented with a smaller array, (ii, GDD) multiple trials of a pulse with GDD randomly
varying from 0 and 100 fs2 , (iii, TOD) with third-order dispersion (TOD) randomly
selected in the range between 0 to 300 fs3 , (iv, TODR) with the same range of TOD
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but with added sinusoidal structures (phase ringing) with 10 radian amplitude and
randomly selected frequency, and (v, GTR) with all the added GDD, TOD, and phase
ringing within the same ranges as the other sets. Using these 5 sets, all 8 retrieval
variants in Table 4 were tested, and all 6 noise levels in Table 3 were also used. For
each set, 30 trials were used, resulting in a total of 7200 recorded retrievals. The results are shown in Table 5, which corroborates our previous result that DE is better
than NM in terms of speed, accuracy, and retrieval error. In simpler cases, such as
when there is only pure GDD or TOD, NM performs almost as well as DE. Yet, in the
more complicated cases, NM tends to fail.
Table 5: Performance of NM and DE with different phase profiles (IV)

(i) ORIG
(ii) GDD
(ii) TOD
(iv) TODR
(v) GTR

3.3.3

Algorithm

Time (sec)

∆φrms

G

NM

24.6

3.7723

0.0729

DE

5.5

0.1331

0.0262

NM

23.7

0.0125

0.0268

DE

3.0

0.0436

0.0268

NM

23.8

0.0120

0.0269

DE

3.6

0.0542

0.0268

NM

24.3

16.3328

0.0512

DE

4.1

0.2022

0.0264

NM

24.3

20.8815

0.0475

DE

4.2

0.3076

0.0275

Regularization in differential evolution

In this section, we explore different types of regularization procedures which may
further improve the retrievals. What we failed to acknowledge in the previous section
is that there already exists an internal regularization procedure in both the DE and
NM algorithms. For both algorithms, the number of points being optimized is slowly
increased. Since the spectral phase is a continuous function, the whole function is
obtained by spline interpolation from a discrete number of points. From a set of
four points, ω1 , ω2 , ω3 , ω4 , where ω1 and ω4 are always the lowest and the highest
frequencies available, we increase the number of points every NG generations until
the full set of supporting points, i.e., the number of points in the trace or the spectrum,
is obtained. This has the effect of starting the search with smoother functions, which
makes the algorithms converge faster.

75

76

experiments
Table 6: Success rate statistics of 25 runs of the unregularized DE algorithm with varying
population size for both stable test pulses. (V)

Population size

Irregular phase: ς

Smooth phase: ς

6

0

0.04

10

0

0.2

20

0.56

0.44

30

0.52

0.32

40

0.56

0.36

50

0.52

0.36

In this numerical study, we define a success rate ς that reflects a desirable retrieval.
This is more strict and rigorous than just looking at the retrieval error, the G value,
which does not always correspond to the correct phase when noise is present. The
value of ς represents the fraction of successful retrievals, with 0 meaning no correct
retrieval among all the trials and 1 meaning each run of the algorithm is a success. We
used 25 trials to test each regularization parameter. The success of a run is determined
by two factors: the pulse length must be correct within 10% of the actual length, and
that the retrieved phase must have a reconstruction error of less than 20%. This can
be written as
0.9τ0 ≤ τret ≤ 1.1τ0 ,

(104)

k ϕ0 − ϕret k ≤ 0.2k ϕ0 k,

(105)

where τ0 and ϕ0 are the actual length and the phase of the pulse used to calculate the
test trace and τret and ϕret are the retrieved values. Both criteria should be satisfied at
the same time for a trial to be successful.
As a demonstration of how important the internal regularization is for DE, we
tested the algorithm without this regularization technique using a pulse composed of
a Gaussian-shaped spectrum and two kinds of phase profiles: "smooth" phase with
just pure GDD and "irregular" phase generated using a normal distribution of phases
at each point with a standard deviation of 30 radians. The results are given in Table 6.
It can be seen that even with an increased population size which helps in avoiding
stagnation, DE still fails to succeed. This just proves how important regularization is.
For the proceeding numerical experiments, we consistently used a population size of
30.

3.3 dispersion scan
Table 7: Success rate statistics of 25 runs of the Tikhonov-regularized DE algorithm with varying regularization parameter α for the stable test pulses without noise. (V)

Parameter, α

3.3.3.1

Irregular
pulse, ς

Parameter, α

Smooth
pulse, ς

1e-10

0.56

1e-06

0.16

1e-09

0.48

1.52e-06

0.26

1e-08

0.44

2.31e-06

0.3

1e-07

0.24

3.51e-06

0.3

1e-06

0.2

5.34e-06

0.26

1e-05

0.08

8.11e-06

0.3

0.0001

0

1.23e-05

0.2

0.001

0

1.87e-05

0.1

0.01

0

2.85e-05

0.04

0.1

0.04

4.32e-05

0.04

1

0

6.57e-05

0

10

0

0.0001

0

Tikhonov regularization

The first type of regularization we test is a Tikhonov-type approach, which is a more
traditional way of regularizing error functions. We implement this type of regularization by minimizing
n
o
ϕδ = argmin ϕ || I meas ( ϕ, k ) − I rec ( ϕ, k)||2L2 ( D) + αΩ ϕ ( ϕ)
(106)
with stabilizing penalty term Ω ϕ for the spectral phase and regularization parameter
α > 0 balancing between data fit and smoothness of the solutions. Here we define
the penalty term to be the fourth derivative of the phase, knowing that it is rare for
spectral phases to acquire dispersion higher than GDD and TOD,
Ω ϕ ( ϕ) ≡ k ϕ(4) k2L2 .

(107)

Table 7 displays the results of using this type of regularization with different values
for the regularization parameter α. Surprisingly, this type of regularization did not
improve the success rates of DE. None of the regularization parameters we tested is
better than the DE algorithm without regularization. For the smooth phase it peaked
at 30% success rate while for the irregular phase the peak is at 56%. Both of these
success rates are achieved by DE on its own, as shown in Table 6. We therefore conclude that Tikhonov-type regularization is not appropriate for DE used to solve the
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Table 8: Success rate statistics of 25 runs of the prox-regularized DE algorithm with varying
parameter α for the stable test pulses with and without noise. (V)

Parameter, α

Irregular
data, ς

Irregular
Smooth
data, 5% data, ς
noise, ς

Smooth
data, 5%
noise, ς

1e-10

0.12

0.56

0.56

0.44

1e-09

0.56

0.28

0.6

0.56

1e-08

0.44

0.36

0.76

0.68

1e-07

0.2

0.28

0.52

0.6

1e-06

0.4

0.28

0.8

0.6

1e-05

0.36

0.28

0.48

0.32

0.0001

0.24

0.16

0.32

0.12

0.001

0

0

0.28

0.32

0.01

0

0

0.48

0.4

0.1

0

0

0.2

0.36

1

0

0

0.08

0.28

10

0

0

0.12

0.16

d-scan problem. This exemplifies how different this problem is compared to most
other inverse problems, where the Tikhonov regularization is usually beneficial.
3.3.3.2

Proximal-type regularization

In contrast to the classical Tikhonov-approach, proximal-type regularization is "internal" in the sense that it does not change the error function we are minimizing, similar
to the spline-based internal regularization we were already using. This is based on
the idea of proximal-point algorithms, see [127], where given an equation K f = g, a
gradient step f˜ = f j−1 − K ∗ (K f − g) is taken similar to the update functions used in
ptychography (Sec. 3.1.7). Its proximal mapping,
f j = argmink f − f˜k22 + αk f k`1 ,

(108)

serves as the next iterate. This corresponds to the well known soft-shrinkage operator.
The DE algorithm then proceeds in the same way, where the error function is evaluated and only the fittest functions proceed to the next generation. We also tested this
algorithm using traces with 5% added noise. The results are shown in Table 8, where
it shows a significantly better result than the Tikhonov-type regularization.
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Table 9: Success rate statistics of 25 runs of the spline regularized DE algorithm with varying
increase rate NG with and without noise. (V)

3.3.3.3

Increase
rate

Irregular
phase, ς

Irregular
Smooth
phase, 5% phase, ς
Noise, ς

Smooth
phase, 5%
Noise, ς

1

0.52

0.6

0

0

10

0.48

0.52

0.88

0

20

0.52

0.56

1

0.04

30

0.56

0.76

1

0

40

0.56

0.36

0.96

0.36

50

0.52

0.48

1

0.36

100

0.12

0.04

1

0.96

200

0

0

1

1

400

0

0

1

1

600

0

0

1

1

1000

0

0

1

1

Spline-based regularization

Finally, we tested the spline-based regularization we were already using in our DE
algorithms. Starting from 4 points, the number of points representing the spectral
phase is increased every NG generations. The additional points are randomly selected.
This NG value serves as the regularization parameter, where NG = 0 represents the
strongest regularization since the solutions would be constrained to curves that can
be generated from just 4 points. The results are shown in Table 9. It can be seen
that compared to both Tikhonov and proximal-based regularization techniques, the
spline-based method is still optimal. For smooth phase functions, success is almost
guaranteed even with the presence of noise. We therefore maintain the current state
of our DE algorithm with the spline-based regularization.
3.3.4

Differential Evolution in XPW d-scan

In this section we show how the DE algorithm can be used to retrieve a new kind
of d-scan trace: a cross-polarized wave generation (XPW) d-scan trace. XPW is a χ(3) based nonlinearity, which is especially suited for measuring few-cycle pulses. One
reason for this is that it generates a pulse that has the same frequency range as the
fundamental pulse, thus there would be no problems related to phase matching. An-
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other is that it operates in a single-beam geometry, which as has been discussed in the
IFROG section, is beneficial when it comes to avoiding geometrical beam smearing
and maximizing the beam power. Incidentally, XPW can also be used to improve the
temporal contrast of ultrashort pulses, as demonstrated in [128, 129]
The XPW process can be described by [130]
∂A(z, t)
= iγ A | A(z, t)|2 A(z, t),
∂z

(109)

∂B(z, t)
= iγB | A(z, t)|2 A(z, t),
(110)
∂z
where A(z, t) and B(z, t) are the complex envelopes representing the fundamental
and the XPW signals, and γ A and γB are the coefficients for self-phase modulation
and XPW. If we assume initial values of A(z, 0) = A0 and B(z, 0) = 0, with A0 being
a real-valued function and L being the interaction length, the solutions would be
A = A0 exp(−iγ A A20 L)

(111)

B = A0 (γB /γ A )[exp(−iγ A A20 L) − 1].

(112)

The exponential mainly dictates the efficiency of the conversion process, which in the
case of a very thin crystal can be simplified to a linear relation to the field’s intensity.
In any case, the strength of the signal linearly depends on the amplitude of the input
wave. This means that the XPW d-scan trace would be similar to the SHG d-scan trace,
with the peak signal located where the dispersion of the pulse is best compensated
by the wedges. However, since the SHG signal depends on the square of the complex
amplitude, the tilting of the trace in the presence of higher-order dispersion will be
less pronounced in XPW d-scan.
High energy conversion to XPW signal is first experimentally demonstrated by
Minkovski, et al. [130]. Their experiments were done in the Laboratoire d’Optique
Appliqueé in France, where the XPW d-scan experiments presented here were also
performed. In our demonstration of few-cycle pulse measurement using XPW d-scan,
we used 3-mJ, 4-fs pulses from a stretched hollow-fiber compressor in a pressuregradient mode as in [131], and a holographic-cut barium fluoride crystal with a thickness of 50 µm was used as the nonlinear medium. This follows the findings in [132],
where Kourtev, et al. showed that the holographic-cut orientation is optimal. The efficiency of the generated orthogonally polarized XPW signal is about 0.1%, and the
spectral power is measured using a calibrated Avantes ULS2048XL spectrometer. The
dispersion is introduced using a pair of fused silica glass wedges. The whole setup,
except the spectrometer, is in a vacuum chamber to minimize noise and fluctuations
from the environment. The recorded and retrieved traces are shown in Fig. 45.
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Figure 45: Measured and retrieved XPW d-scan traces of a sub-4-fs pulse. Despite using a
relatively thick crystal (50 µm barium fluoride), the DE algorithm successfully retrieved the pulse. We use the same dataset as in Publication (VI) for this figure.
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In retrieving the trace shown in Fig. 45, we assumed that the crystal thickness is
negligible. Following Eq. (112), the intensity of the trace can be modeled as
I (ω, z) =

Z

0

2

0

2

Ẽsig (ω ) Ẽsig (ω ) exp(−iωt)dt ,

(113)

with Ẽsig (ω 0 ) defined as the complex electric field envelope of the pulse including the
added dispersion, which can be written as
0

Ẽsig (ω ) =

Z

Ẽ(ω 0 ) exp(izk (ω 0 ) + iω 0 t)dω 0 .

(114)

For other nonlinear processes, the medium used is usually made as thin as possible,
to minimize any phase matching issues that may result as the pulse propagates inside the medium. But in the case of XPW d-scan where phase matching is not an
issue, a thicker medium can even be beneficial as it can increase the nonlinear signal
strength due to having a larger interaction region. This can be incorporated in the DE
algorithm by using a Fourier split-step process while computing the fitness function.
While other algorithms can also be adapted for XPW d-scan retrieval, we found DE
to be superior in retrieving the spectral phase despite the severe noise in the traces.
Note that the fundamental and the nonlinear signals are collinear and are in the same
frequency range, and the only way to separate them is through the use of a polarizer.
This means there is an unavoidable leakage of the fundamental signal to the trace. We
tried to minimize this problem by background subtraction, using the signal obtained
in the extreme regions of glass insertion. The vertical lines in the trace appear to be a
consequence of this, but the filter function embedded in the DE algorithm adjusts for
this unexpected behavior.
This demonstration of XPW d-scan enabled using the DE algorithm proves the robustness and reliability of the algorithm. Along with the tests we performed against
other algorithms and with different methods of regularization, we are now wellequipped to face the problem of pulse train instabilities in d-scan. The next sections
tackle this problem, using different strategies for detection and measurement of pulse
train instability mainly based on the DE algorithm using spline-based regularization.
3.3.5

Pulse train instabilities and dispersion scan

A systematic study of pulse train instability always needs a controllable amount of
pulse-to-pulse variation, which we generate here using five pulse ensembles with
different amounts of instabilities, constructed in the same procedure outlined in [77]
and [121]. The first ensemble is of a stable Gaussian pulse, with an average pulse
width of 12.6 fs. The unstable trains are then generated from this, each having an
average width of 25, 50, 75, and 100 fs. Three traces resulting from these ensembles
are shown in Fig. 46. It can be seen that the main effect on the trace is its broadening
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Figure 46: The d-scan traces generated from stable (12.6 fs) and unstable pulse trains (50, 100
fs), and the corresponding retrieved traces. This shows how the trace broadens and
how the algorithm fails to converge in the presence of instabilities. We use the same
dataset as in Publication (VIII) for this figure.
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along the dispersion axis, which results in a failure of the algorithm to converge.
The very high G values despite the visibly noise-free trace is a clear indication of
instability, and this is already sufficient for pulse characterization standards found in
[79]. In the next sections, we show how we can extend this further from just detection
to actually measuring the instability, which transforms d-scan into a third-generation
pulse characterization technique.
3.3.5.1

Fidelity

The first strategy to measure pulse instability is based on the work by the group of
Marcos Dantus published in [133, 134], where the concept of fidelity is introduced for
the technique called multiphoton intrapulse interference phase scan (MIIPS). Fidelity
is a measure of how similar the measured trace is compared to the expected, theoretical trace of a Fourier-transform limited pulse. Mathematically, fidelity is defined
as
I rec (z)
F (z) ≡ sim ,
(115)
ITL (z)
where both intensities are normalized to 1. Note that both are one-dimensional functions, equivalent to the dispersion marginal of a d-scan trace. This marginal is similar
to the delay and frequency marginals discussed in Sec. 2.5.1, where the intensities of
the trace are summed up along one axis. This is because as has been noted, the main
effect of pulse instabilities on the d-scan trace is mainly on the dispersion axis. The resulting fidelity measure, F (z), which is also a one-dimensional function of dispersion
or glass insertion z, should be flat or very close to 1 if the measured trace corresponds
exactly to the expected trace of a stable pulse. If not, the curvature gives a clue about
how much instability is present.
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Figure 47: Fidelity measurement for the d-scan traces resulting from the five ensembles used.
We use the same dataset as in Publication (VIII) for this figure.
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Figure 48: Plot of the inverse of fidelity measure at maximum glass insertion versus τ/τ0 . We
use the same dataset as in Publication (VIII) for this figure.

Figure 47 shows the resulting fidelity measurements for the five traces. It can be
seen that indeed, different amounts of instability correspond to different fidelity plots.
The asymptotic values of each plot can be used to determine the actual amount of instability contained in each ensemble, if the relationship between the asymptotic value
and the average length of the pulses can be established. We tested this relationship
using ensembles with average widths from 25 to 100 fs, and the results are plotted
in Fig. 48. We found out that there is an almost linear relationship between the ratio
of the average pulse width τ and the Fourier-transform limited width τ0 , and the
inverse of the asymptotic value of the fidelity, or in this case where the asymptote is
not clear, just the value at maximum glass insertion.
Taking the fidelity measure involves no iterative algorithms, thus using this for
instability measurement can be performed in real time. However, in the presence of
noise, its sensitivity falters quickly. As evident in Fig. 47, the difference between the
plots for 75 and 100 fs is very small already. This difference can quickly be obscured
by a small blanket of noise. In addition, the analysis done in [133] for MIIPs depends
on the asymptotic values of fidelity. Compared to MIIPS, d-scan has a much smaller
dispersion range, which means that the asymptotes might not always be visible.
3.3.5.3

Mixed-states reconstruction

The next strategy is based on a technique used for measuring partially-coherent
attosecond pulses developed by Bourassin-Bouchet and Couprie [135]. Inspired by
the concept of statistical state mixture in quantum optics and adaptations for using
partially coherent light in coherent diffractive imaging, they developed mixed-states
reconstruction for measuring ultrashort extreme ultraviolet and x-ray (XUV) light
sources. In particular, they modeled XUV pulses coming from free-electron lasers,
which are known to have poor pulse train stability. The idea behind mixed-states
reconstruction is to retrieve several pulses from a single measurement, in which the
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retrieved pulses would represent the different states that are mixing in the pulse train.
Their approach builds up from the GP algorithm. In our implementation for d-scan,
we adapted the DE algorithm for mixed-states reconstruction, as outlined in Alg. 7.
Algorithm 7 Mixed-states algorithm for d-scan
1: while stopping criterion not met do
2:
3:
4:
5:
6:

for n ← 1, ..., N do
n ( ω, z ), Ẽn ( ω )] ← DE( I n ( ω, z ))
[ Irec
set
end for
n ( ω, z ) ← I n ( ω, z ) Iorig (ω,z)
Iset
n ( ω,z )
ret
∑n Iret
end while

. N is the number of states

. Update trace

Simply described, the new algorithm is just a parallel implementation of DE for
several traces, except that after convergence the traces are updated using the equation:
n
n
Iset
(ω, z) = Iret
(ω, z)

Iorig (ω, z)
n ( ω, z ) ,
∑n Iret

(116)

n ( ω, z ) for each state n are
where the original trace Iorig (ω, z) and retrieved trace Iret
n ( ω, z ) used as input for next round of iterations.
used to update the set of traces Iset
Since only this equation is added in the algorithm, other optimization algorithms can
also be used, as long as they also have a stochastic component such as DE. Otherwise,
the states obtained from one measurement would all be identical regardless of pulse
instabilities.

3.3.5.4

Results of using mixed-states reconstruction

For our demonstration of this strategy, we used 15 states, and the resulting traces
are shown in Fig. 49. The larger the number of traces, the better the retrieval can
become, as the representative set of pulses can be more similar than the thousands
of pulses used in the ensemble. But this has of course a drawback; it would require
more computational power to process more pulses. With more pulses, the risk of
non-convergence is also higher.
The resulting traces match the measured trace better, as shown by the low G values. When the pulse train being measured is stable, a remarkable finding is that the
algorithm retrieves the same trace all the time, as shown in the upper third of Fig. 49.
But perhaps an even more striking thing with mixed-states reconstruction lies in the
representative set of pulses it retrieves. The ensemble average of the pulse in the
frequency and time domains are shown in Fig. 50.
The average of the retrieved set is in Fig. 51. The same trend as the ensemble
averages can be observed—the spectrum remains mostly the same, with a flat spectral phase, while the temporal shape of the pulse widens with increasing instability.
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dataset as in Publication (VIII) for this figure.
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3.3 dispersion scan

Again, by increasing the number of pulses being retrieved, there is still a chance to
improve this retrieval at the expense of speed and computational power. In addition,
if the number of pulses contributing to one trace can be limited to a small number, it
should be possible to reconstruct the whole set of pulses, which is what is done in a
technique called multiplexed FROG [136].
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Figure 51: Average of the retrieved sets of pulses, the stable case and the unstable cases with
50 and 100 fs average width. We use the same dataset as in Publication (VIII) for
this figure.

3.3.5.5

Self-calibrating d-scan

Self-calibrating d-scan has first been introduced in [137] by the group of Helder Crespo, where it is presented as a technique to bypass the requirement of knowing the
exact amount of dispersion in each step in d-scan. The only difference with the conventional d-scan measurement lies in the algorithm, wherein both the spectral phase
and the added dispersion in each position are retrieved. It is assumed in the algorithm
that the dispersion changes linearly at each position of the glass wedge or whatever
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material was used to introduce the dispersion. The motivation behind this is that
most ultrafast laser systems already have pulse compressors or dispersion management systems that can provide a controllable amount of dispersion. This simplifies
the measurement of a d-scan trace, since only a nonlinear crystal and a focusing
element is needed to generate the trace.
How much a pulse is affected by a certain amount of dispersion depends on its
initial temporal width. The shorter the pulse, the more sensitive it is to dispersion.
This is one of the reasons why few-cycle pulses are difficult to measure. A few meters
of travel through air can already widen the pulse significantly. Looking at a Gaussian
pulse, the effect of dispersion on its width τ is described by
v
!2
u
u
γ
γ
τ = τTL t1 + 8 ln2 2
≈ 8 ln2
,
(117)
τTL
τTL
with the approximation valid when the dispersion is much larger than the square of
the transform-limited pulse duration, i.e., γ  τTL . It is to be noted that if the FWHM
of the intensity instead of the amplitude is used for the widths, the factor 8 changes
to 4. If the average width of the envelope τenv changes because of the presence of
pulse instabilities, we expect the retrieved dispersion to change accordingly.
This knowledge on how dispersion is related to the temporal width can be used
to detect pulse instability. As demonstrated in Fig. 50, the main effect of partial coherence is an increase of the average temporal width, without a concomitant change
in the average spectral phase. By using the algorithm for self-calibrating d-scan, we
therefore expect the retrieved spectral phase not to change, while the retrieved dispersion adjusts for this widening. For each glass insertion z, the resulting width must
be the same for the ensemble and the transform-limited pulse when:
τz = 8ln2

γret, z
γ
= 8ln2 0,z ,
τTL
τenv

(118)

where γret, z pertains to the retrieved dispersion. This can be simplified to the expression:
γ0
τ
= ,
(119)
γ
τ0
where γ and γ0 are the dispersion difference between each step retrieved from the
ensemble and the transform-limited pulse, and τ0 and τ are the transform-limited
width and the retrieved width from the ensemble. This is similar to the concept of a
pulse quality factor, as introduced in [138].
3.3.5.6

Results of using self-calibrating d-scan

The excellent performance of self-calibrating d-scan in retrieving the trace can be seen
in Fig. 52. Despite using a significantly less amount of time and computational power
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Figure 52: Retrieved traces and dispersion profiles using the self-calibrating d-scan algorithm.
We use the same dataset as in Publication (VIII) for this figure.
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than the mixed-states reconstruction, it was able to deliver a much lower G value,
having a peak of only 0.4%. The expected adjustment of the retrieved dispersion
can also be observed, with the amount of dispersion getting lower as the amount of
instability increases.
Looking at the simultaneously retrieved pulse whose complex spectra are plotted in
Fig. 53, a consistently flat spectral phase is consistently obtained. This is also aligned
with our expectations, being the spectral phase of the ensemble average.
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Figure 53: Retrieved pulses using the self-calibrating d-scan algorithm. We use the same
dataset as in Publication (VIII) for this figure.

Meanwhile, the retrieved dispersion can be related to the amount of instability
present. This can be done using the rational relationship derived in Eq. (119). The
one-to-one correspondence can be seen in Fig. 54, where the fitting function renders
a slope very close to unity.
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Figure 54: Self-calibrating plot d-scan. We use the same dataset as in Publication (VIII) for
this figure.

3.3.6

Summary and Discussion

Prior to using d-scan for detecting and measuring pulse train instabilities, we first
improved its retrieval algorithm. Starting with the NM algorithm, we have introduced
the use of regularization to minimize the problem of spectral oscillations that appear
in the retrievals. Another problem we have experienced in using NM is the stagnation
of the algorithm, which happens when it gets stuck in a local minimum. We have
solved this problem through the use of a generalized projections structure, which
incorporates a regular restarting mechanism that mitigates stagnation. In the end, we
have found a new optimization algorithm that does not need these modifications in
order to retrieve the pulse. This algorithm is called the differential evolution. The DE
algorithm is shown to be faster and more accurate, and even retrieves a trace that fits
the measured trace better.
Looking to improve the DE algorithm further, we studied different regularization
techniques, such as a Tikhonov-type approach and a proximal-type approach, but in
the end, we concluded that the internal, spline-based regularization we have been using is already optimal. This is in stark difference with other inverse problems, where
the Tikhonov- and proximal-types of regularization techniques typically perform better. We then proceeded to extend the use of the DE algorithm to explore a new type of
d-scan based on XPW nonlinearity. Here we demonstrated the robustness of the algorithm against noise and trace imperfections, which are difficult to avoid in the XPW
configuration since the nonlinear signal is typically weak, and the much stronger and
collinear fundamental signal is in the same frequency range.
During our work, other research groups have also devised ways to improve the
d-scan retrieval. Another implementation of the GP algorithm for d-scan has been
presented in [126], and deep learning techniques have also been developed, which
are aimed for a much faster retrieval of the pulse at the expense of a long training
time for the neural network [139].
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Finally, we introduce different strategies of how we can extend d-scan to solve
our main goal: measure pulse instabilities. Three strategies have been demonstrated,
the fidelity measure, the self-calibrating d-scan, and the mixed-states reconstruction.
Each has its own advantages and disadvantages. Fidelity can give a real-time tracking,
combined with a single-shot d-scan, can give a real-time evaluation of the pulses’ stability, which is highly important when optimizing a laser. Mixed-states reconstruction
should work most generally, and it can give a set of pulses that have similar average
pulse statistics as the ensemble average. One negative consequence is that it takes a
lot of time and computational power to process. And finally, the self-calibrating dscan, which can model the traces accurately and also give an approximation of the
pulse width, assuming that the pulses have the same type of instability.

4

CONCLUSIONS AND OUTLOOK

In this thesis, we have demonstrated how to safely detect pulse train instabilities,
which have been a long-standing problem in ultrafast optics ever since the invention
of mode-locked lasers. Pulse-to-pulse variations, a sign of coherence degradation, can
exist when lasers are in a state of partial mode-locking, and has been observed across
different laser types using various gain media. We have solved the problem of quantifying interpulse coherence degradation through the use of novel numerical methods,
taking advantage of existing data redundancies in established pulse characterization
techniques. In order to accomplish this, we have contributed to the development of
the characterization techniques themselves.
The main contribution of this thesis to the field of pulse characterization is brought
about by our adaptation of the Differential Evolution (DE) algorithm into ultrafast optics. Frequency-resolved optical gating (FROG), the first and perhaps the most ubiquitous technique to measure the complex electric field envelope of an ultrashort pulse,
has a highly-capable inversion algorithm that has already been developed for several
years. Despite this, it is still not applicable to newer types of FROG configurations,
such as higher-order interferometric FROG measurements. We filled this gap using
DE, by successfully demonstrating its capability to measure unamplified few-cycle
ultrashort laser pulses. We also applied DE to invert the traces from another technique, called the Dispersion Scan (d-scan), whose algorithm at the beginning of our
work is plagued by stagnation and failure in the presence of noise. While developing DE for d-scan, we devised a regularization scheme that avoids these problems.
The internal spline-based regularization is key to DE’s success; the algorithm cannot
function without it, and we even found it to be more powerful than conventional
regularization techniques.
The success of using DE for ultrafast optics gave us the impetus to delve further into
the algorithms behind pulse characterization techniques. Recent studies on the coherent artifact, which is a consequence of noise-like interpulse variations, have shown
that modern measurement techniques can be blind to its presence and return pulse
lengths largely deviating from the actual average length. This exemplifies the need for
single-shot measurement, which requires technical complexity while typically sacrificing signal strength. This is not ideal for weaker pulses, and worse, it is not even an
option for newer pulsed light sources based on integrated photonics with very high
repetition rates. Because of these problems, we looked into modifying the algorithms
instead of the experimental setups. By changing how the pulse-averaged measure-
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ment data is processed numerically, we have devised strategies for the detection of
coherence degradation, without the need to look at each individual pulse.
Moreover, we went a decisive step further, and quantified the coherence degradation. We have demonstrated this for FROG and d-scan, and for limited cases, also for
SPIDER. These techniques, while conceptually very different, constitute three of the
most common methods for pulse characterization and can be considered a representative set for the rest of the techniques. This means that it should be possible to apply
our strategies for coherence measurement to other techniques with few modifications.
Quantifying the degradation of coherence is the first step to control and eventually
to the improvement of the pulse-to-pulse stability of ultrafast laser light sources—a
quality usually ignored due to its elusiveness to measurement.
In the end, we have stayed true to this quote, commonly attributed to Galileo Galilei:
"Measure what is measurable, and make measurable what is not so.". Our strategies
allow for the measurement of the complex electric field envelope, while at the same
time quantifying the previously unmeasurable coherence degradation. By unlocking
the window to the interpulse coherence of ultrashort pulse trains, we can potentially
shed light on questionable claims of self mode locking without the use of a clear
saturable absorption mechanism, and also demystify semiconductor lasers and microresonator frequency combs that are beyond the reach of single-shot measurements
due to their very high repetition rates. Since all the strategies we have presented involve only additional numerical data processing, the performance of the algorithms
would ride the wave of computer advancement. The additional computational power
needed for pulse train instability measurement would soon be negligible, and perhaps these strategies will become the standard procedures in the long run. The impact
of our work is already apparent. The DE algorithm has already been used by other
ultrafast optics research groups [140–142], and our work on d-scan has already influenced other publications [139, 143, 144]. Our work involving interferometric FROG
and ptychography has also been cited in [136, 145–151]. The development of new
tools for metrology oftentimes has a wide-ranging impact, as it provides a new testing ground for ideas and a broader field of study to explore. We hope that these
strategies, forming the third-generation of pulse characterization techniques, would
be put into use towards a better understanding of mode-locking and ultrashort pulse
generation, leading to the control and improvement of current and future coherent
light sources.

Id y decíd: decíd que cuando el alba
vuestro cáliz abrió por vez primera,
cabe el Neckar helado,
le vísteis silencioso á vuestro lado
pensando en su constante primavera.
— Dr. Jose Rizal,
A Las Flores de Heidelberg, 1886
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