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Abstract

In the following, transfer phenomena in nanohybrid systems are investigated theoret-
ically. Such hybrid systems are promising candidates for novel optoelectronic devices
and have attracted considerable interest. Despite a vast amount of experimental stud-
ies, only a small number of theoretical investigations exist so far. Furthermore, most
of the theoretical work shows substantial limitations by either neglecting the atomistic
details of the structure or drastically reducing the system size far below the typical
device extension.

The present thesis shows how existing theories can be improved. This thesis also ex-
pands previous theoretical investigations by developing models for four new and highly
relevant nanohybrid systems. The first system is a spherical nanostructure consisting of
an Au core and a CdS shell. By contrast, the second system resembles a finite nanoin-
terface built up by a ZnO nanocrystal and a para-sexiphenyl aggregate. For the last
two systems, a CdSe nanocrystal couples either to a pheophorbide-a molecule or to a
tubular dye aggregate. In all of these systems, excitation energy transfer is an essential
transfer mechanism and is, therefore, in the focus of this work.

The considered hybrid systems consist of tens of thousands of atoms and, conse-
quently, require an individual modeling of the constituents and their mutual coupling.
For each material class, suitable methods are applied. The modeling of semiconductor
nanocrystals is done by the tight-binding method, combined with a configuration in-
teraction scheme. For the simulation of the molecular systems, the density functional
theory is applied. T. Plehn performed the corresponding calculations. For the metal
nanoparticle, a model based on quantized plasmon modes is utilized. As a consequence
of these theories, excitation energy transfer calculations in hybrid systems are possible
with unprecedented system size and complexity.

It could be shown that the excitation energy transfer coupling stays in the meV range
or below for all systems. This weak coupling excludes the formation of hybrid excitons,
prevents coherent transfer, and permits the application of rate expressions used to model
excitation energy transfer. The resulting transfer times range from sub-picoseconds to
nanoseconds and confirm experimental findings. The nanocrystal/molecule hybrid sys-
tems have demonstrated that interactions beyond a simple dipole-dipole coupling are
crucial. As a result, a complex dependency on distance emerges, showing significant
deviations from the typical dipole-dipole distance scaling. In the ZnO/para-sexiphenyl
system, the creation of charge-separated states at the interface either by optical excita-
tion or slow population transfer has been shown. The charge-separated states delocalize
inside the nanocrystal, leading to more substantial charge separation. For excitation
energy transfer from the CdS shell to the Au core, efficient transfer has been observed,
even if the dipole plasmon mode is far off-resonant. The determining factors are the
higher multipole plasmon modes that enable the transfer.

In total, the thesis conclusively demonstrates the description of large hybrid systems
with state of the art methods from theoretical physics and quantum chemistry.
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Zusammenfassung

Im Folgenden werden Transferprozesse in Nanohybridsystemen theoretisch untersucht.
Diese Hybridsysteme sind vielversprechende Kandidaten für neue optoelektronische An-
wendungen und erfahren daher ein erhebliches Forschungsinteresse. Jedoch beschränken
sich Arbeiten darüber hauptsächlich auf experimentelle Untersuchungen und kaum auf
die dazugehörige theoretische Beschreibung. Bei den theoretischen Betrachtungen treten
entscheidende Limitierungen auf. Es werden entweder Details auf der atomaren Ebene
vernachlässigt oder Systemgrößen betrachtet, die wesentlich kleiner als im Experiment
sind.

Diese Thesis zeigt, wie die bestehenden Theorien verbessert werden können und er-
weitert die bisherigen Untersuchungen durch die Betrachtung von vier neuen hoch re-
levanten Nanohybridsystemen. Das erste System ist eine Nanostruktur, die aus einem
Au-Kern und einer CdS-Schale besteht. Beim zweiten System wurde eine ZnO/Para-
Sexiphenyl Nanogrenzfläche untersucht. Die zwei anderen Systeme beinhalten jeweils
einen CdSe-Nanokristall, der entweder mit einem Pheophorbide-a-Molekül oder mit ei-
nem röhrenförmigen Farbstoffaggregat wechselwirkt. In allen Systemen ist der Anregungs-
energietransfer ein entscheidender Transfermechanismus und steht im Fokus dieser Ar-
beit.

Die betrachteten Hybridsysteme bestehen aus zehntausenden Atomen und machen
daher eine individuelle Berechnung der einzelnen Subsysteme sowie deren gegenseiti-
ger Wechselwirkung notwendig. Die Halbleiter-Nanostrukturen werden mit der Tight-
Binding-Methode und der Methode der Konfigurationswechselwirkung beschrieben. Für
das molekulare System wird die Dichtefunktionaltheorie verwendet. Die dazugehörigen
Rechnungen wurden von T. Plehn ausgeführt. Das metallische Nanoteilchen wird durch
quantisierte Plasmon-Moden beschrieben. Die verwendeten Theorien ermöglichen ei-
ne Berechnung von Anregungsenergietransfer in Nanohybridsystemen von bisher nicht
gekannter Systemgröße und Detailgrad.

In allen untersuchten Systemen überstieg die Transfer-Kopplung den meV-Bereich
nicht. Diese schwache Kopplung schließt die Bildung von Hybrid-Exzitonen aus, ver-
hindert kohärenten Transfer und ermöglicht den Einsatz von Ratenausdrücken, wie
sie in dieser Thesis verwendet wurden. Die resultierenden Transferzeiten reichen von
Sub-Pikosekunden bis Nanosekunden und bestätigen experimentelle Untersuchungen.
Für die Nanokristall/Molekül-Hybridsysteme konnte der entscheidende Einfluss von
Wechselwirkungen jenseits der Dipol-Dipol-Wechselwirkung gezeigt werden. Die resul-
tierende komplexe Abstandsabhängigkeit weicht wesentlich von der typischen Dipol-
Dipol-Abstandsskalierung ab. Im ZnO/Para-Sexiphenyl-System konnte die Bildung von
ladungsseparierten Zuständen durch optische Anregung und langsamen Besetzungs-
transfer demonstriert werden. Der ladungsseparierte Zustand delokalisiert innerhalb des
ZnO-Nanokristalls und führt damit zu einer stärkeren Ladungsseparation. In der Au-
CdS-Nanostruktur konnte ein effizienter Anregungsenergie-Transfer von der CdS-Schale
zum Au-Kern gezeigt werden, obwohl die Dipol-Plasmon-Mode nicht in Resonanz ist.
Entscheidend sind hier die höheren Multipol-Plasmon-Moden, die den Transfer ermög-
lichen.

Die vorliegende Arbeit präsentiert eine mögliche Beschreibung von großen Hybridsy-
stemen mittels modernster Methoden der theoretischen Physik und Quantenchemie.
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1. Introduction

Photovoltaic and optoelectronic devices like solar cells, LEDs, lasers, and image sen-
sors are a part of everyday life. The building blocks of these devices are increasingly
semiconductor nanocrystals [1–8] and organic molecules [9–13]. The reasons for this
choice are the unique properties of each material. For organic molecules, important
properties are the broad absorption band [12], tunable bandgaps [13], near unity quan-
tum yield [14] and a cost-efficient production [13]. Semiconductor nanocrystals have,
similar to organic molecules, a near unity quantum yield [15], a continuous absorp-
tion spectrum [16] and a broad tunability of optical properties [17–21]. Additionally,
semiconductor nanocrystals are uniquely characterized by a spectrally narrow photolu-
minescence [17, 22] as well as a strong connection between optical properties and their
shape and size [17–21].

It is additionally possible to increase the efficiency of optoelectronic devices by the
introduction of metal nanoparticles [23], showing a substantial electromagnetic field
enhancement.

In many cases, the combination of semiconductor nanocrystals, organic molecules,
and metal nanoparticles allows for promising new devices. One device concept is the
nanolaser [24–27], which combines a metal nanoparticle and organic molecules or a semi-
conductor nanostructure. Here, the collective excitations of charges in a metal nanopar-
ticle couple to the electromagnetic field at the metal nanoparticle surface, forming the
surface plasmon-polariton. The metal nanoparticle itself is the cavity for these surface
plasmon-polaritons, while the surrounding material is the gain medium, which is often
optically pumped [27]. As a result, coherent surface plasmon-polaritons are created that
form the so-called spaser (surface plasmon amplification by stimulated emission of radi-
ation) [27]. This spaser is a source for localized intense electromagnetic fields, which is
desirable for microscopy, probing, and lithography [26,27]. Other devices are the hybrid
solar cells [28,29] and hybrid LEDs [30–32] utilizing the combination of semiconductor
nanostructures and organic molecules. The hybrid solar cell utilizes the different ab-
sorption bands of semiconductor nanocrystals and organic molecules to absorb sunlight
and create excitons in both materials efficiently [28]. These excitons dissociate at the
hybrid heterojunction into free charge carriers that are transferred to the electrodes. In
the case of the hybrid LEDs presented in [32], metal oxides are used for electron and
hole injection into the light-emitting organic layer. The advantages of the organic layer
are, among others, the high luminous efficiency and low power consumption, while the
metal oxide is transparent and has a high charge mobility [32]. In biotechnology and
bioanalysis, semiconductor nanocrystals are also used as powerful tools for determining
molecular concentrations and distances [22, 33]. For these systems, the semiconductor
nanocrystals act as energy donors, while the organic molecules are the energy acceptors.
The energy transfer from the donor to the acceptor quenches the photoluminescence
emission of the nanocrystal. This quenching changes with the concentration of the
molecules as well as their distance to the nanocrystal. Depending on the investigated
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Figure 1.1.: Sketch of excitation energy transfer (EET) from the energy donor (D) to
the energy acceptor (A). Excitation energy transfer is mediated by the de-
excitation of the donor state with energy ED

α and simultaneous excitation
of the acceptor state with energy EA

β .

molecules, the nanocrystal photoluminescence and absorption can be easily tuned by
changing their size or composition [22].

The enormous number of different organic molecules and the variety of shape, size,
and composition of metal nanoparticles, as well as semiconductor nanocrystals, allows
for nearly infinite combinations. Therefore, it is essential to have a theoretical under-
standing of prototypical hybrid systems that relate to the most common and promising
devices. In this work, only hybrid systems containing a semiconductor nanocrystal are
considered. The main emphasis of the theoretical modeling is also on semiconductor
nanocrystals.

An additional focus is on excitation energy transfer, being one of the essential transfer
mechanism inside these hybrid systems. The general framework for this transfer process
is a combined system consisting of sufficiently separated subsystems. After, for example,
a laser pulse excites one subsystem (the donor), this excitation may be non-radiatively
transferred to the remaining subsystems (the acceptors). The actual excitation energy
transfer process takes place by de-exciting the donor and simultaneously exciting the
acceptors. Fig. 1.1 depicts the basic concept of this process. The timescale of excitation
energy transfer is between the fast excitation relaxation and the slow radiative decay
and is, hence, in the sub-picosecond to the nanosecond regime.

Despite the experimental interest and relevance of finite nanohybrid systems, the
number of related theoretical studies is rather small. Only a few ab initio calcu-
lations have been done so far that investigated either excitation energy transfer be-
tween a Cd6Se6 cluster and a rhodamine cation [34], electron transfer in a rhodamine
B/Pb16S16 hybrid system [35], excitation energy transfer from a Cd33Te33/Zn78S78

core/shell nanocrystal to a porphyrin-sensitizer [36] or relaxation dynamics in a Au38Si36
periodic array [37]. All these systems are small compared to the experimental rele-
vant structures, which is a consequence of the enormous computational costs of ab
initio methods. More extensive models, which resemble more closely the experimental
system size, require some simplification. A study on nanocomposite films, consist-
ing of ZnO nanocrystals and polymers, used a parametrized interaction [38]. In the
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Figure 1.2.: The semiconductor/molecule hybrid system. This system consists of
a spherical CdSe nanocrystal and a single pheophorbide-a molecule.
Nanocrystals with diameters from 5.2 nm (depicted here) up to 15.0 nm
are investigated. The diagram shows the energy of the molecular excitation
(X) EX and nanocrystal excitation (NCX) ENCX. This study focuses on ex-
citation energy transfer (EET) between the nanocrystal and the molecule.

CdSe/chlorophyll [39], graphene/pyrene [40] and CdSe/ZnS/cyanine dye hybrid sys-
tem [41], an ab initio method was applied for the molecular part, while the semiconduc-
tor one was described by a semi-empirical method. For hybrid systems containing metal
nanoparticles, either the complete system or the metal nanoparticle is often modeled by
classical electrodynamics. This method was also applied for theoretical work concerning
the dynamics in Au-tipped CdS nanorods [42], an Ag/TiO2 core/shell system [43] and
a nanocomposite of a CdSe nanocrystal and multiple Au nanoparticles [44].

For most studies, either the considered system size is too small, or the theoretical
description is too simplified to account for the actual experiment. Additionally, these
theoretical studies cover the current developments insufficiently. There are no calcu-
lations concerning hot topics like a semiconductor nanocrystal/tubular dye aggregate
hybrid system [45, 46], the Au/CdS core/shell system [47, 48, 48–59], or the ZnO para-
sexiphenyl interface [60–62].

To fill this gap, this thesis studies excitation energy transfer in four related hybrid
systems containing in all cases a semiconductor nanocrystal. The first system consists
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Figure 1.3.: The semiconductor/molecular aggregate hybrid system. This system con-

sists of a spherical CdSe nanocrystal with a diameter of 4.2 nm and a
tubular cyanine dye aggregate with a length of 63.4 nm and a diameter of
14.7 nm. The diagram shows the energy of the aggregate excitation (X) EX

and nanocrystal excitation (NCX) ENCX. This study focuses on excitation
energy transfer (EET) from the aggregate to the nanocrystal.

of a CdSe nanocrystal and a single pheophorbide-a molecule (see Fig. 1.2). In contrast,
the second system couples the same nanocrystal to a huge tubular dye aggregate, which
is build up by cyanine dye molecules (see Fig. 1.3). The third system resembles a finite
interface between a ZnO nanocrystal and a para-sexiphenyl aggregate (see Fig. 1.4).
For this hybrid system, also the dynamics of charge separation at the interface have
been studied. This process takes place by either direct excitation of a charge-separated
state or charge transfer between the constituents. For the last system, the material
class changes to a metal/semiconductor core/shell system with an Au core and a CdS
shell (see Fig. 1.5).

All these systems require a suitable theoretical model.
The modeling of the semiconductor nanocrystal utilizes either the semi-empirical

or density-functional-based tight-binding method in combination with a configuration
interaction method. Details of the dielectric environment are incorporated into these
models as well. As a consequence of the applied methods, atomistic description and
calculations with more than ten thousand atoms are possible. The accuracy of these
calculations increases if the system size grows and is not reliable for structures of only
a few atoms. For the single molecules, the density functional theory is applied, which
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Figure 1.4.: The semiconductor/molecular aggregate hybrid interface. This system con-
sists of a hemispherical ZnO nanocrystal with a diameter of 5 nm and 20
π-stacked para-sexiphenyl. The diagram shows the energy of the aggregate
excitation (X) EX and nanocrystal excitation (NCX) ENCX as well as the
energy of the charge-separated (CS) state ECS. Two processes are studied
separately. The first one is the excitation energy transfer (EET) from the
aggregate to the nanocrystal (Fig. (a)), and the second one is the creation
of CS states by either a laser pulse excitation or through charge transfer
(CT) (Fig. (b)).

is one of the most accurate ab initio methods for small systems. The only drawback
of this method is the restriction to small system sizes. All calculations concerning the
molecules were done by T. Plehn.

The description of the metal nanoparticle excitations focuses on plasmon modes only.
These are modeled by a quantized multipole plasmon modes, which take no atomic
details into account.

The simulation of excitation energy transfer requires the calculation of the corre-
sponding coupling. For that, atomic centered transition charges for the semiconductor
nanocrystal and molecular systems are calculated. In the case of the metal nanoparti-
cle, a multipole expansion is applied. A rate expression describes the actual excitation
energy transfer. In the ZnO/para-sexiphenyl hybrid system, the charge transfer pro-
cess is described by a time-dependent Schrödinger equation based on a parametrized
Hamiltonian.
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Figure 1.5.: The metal/semiconductor core-shell hybrid system. This system consists

of an Au-core with a diameter of 6.2 nm and a CdS-shell with a thickness of
4.5 nm. The diagram shows the energy of the plasmon excitation (PX) EPX

and nanocrystal excitation (NCX) ENCX. This study focuses on excitation
energy transfer (EET) from the nanocrystal to the metal.

The presented theoretical descriptions are pioneering concerning system size and level
of detail. These descriptions have an atomistic resolution, except for the metal nanopar-
ticle, and take, therefore, details of shape, size, composition, surface and interface into
account. As a result, excitation energy transfer couplings have been calculated consider-
ing the complex electronic structure and the spatial details of the individual structures.
For the semiconductor nanocrystals and molecules, this is mainly achieved by approxi-
mating the transition density of each excitation by atomic centered transition charges
instead of a multipole expansion.

In all cases, the resulting coupling strengths stay in the meV range or below. This
weak coupling excludes the formation of hybrid excitons, and prevents coherent transfer,
justifying the use of rate expressions. As a result of excitation energy transfer, lifetimes
in the range from sub-picoseconds to nanoseconds have been found, which coincide
with experimental findings. The study of the hybrid systems containing molecules has
illuminated details concerning the orientation and distance dependency of the trans-
fer processes. For the Au/CdS core/shell system, the significance of higher plasmon
modes has been demonstrated, enabling efficient excitation energy transfer. The study
of charge separation in the ZnO/para-sexiphenyl hybrid system has shown direct exci-
tation of charge-separated states by a laser pulse as well as a slow population transfer.
Delocalization of the injected electron in the ZnO nanocrystal has been observed, which
corresponds to charge separation in this system.
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The structure of the thesis is as follows. First, chapter 2 presents the electronic struc-
ture calculation of a semiconductor nanocrystal. This chapter covers a brief derivation
of the semi-empirical and density-functional based tight-binding method as well as the
exciton equation from first principles. Additionally, details concerning the numerical
implementation are given. Subsequently, chapter 3 discusses the electronic structure
calculations of hybrid nanostructures. Here, combined Hamiltonians for the different
hybrid systems are presented, and the Frenkel exciton model is introduced. Chapter 4
presents the modelling of excitation energy transfer. The focus of this chapter is on the
corresponding rate expressions. Chapter 5 investigates the excitation energy transfer
in the first hybrid system consisting of a CdSe nanocrystal and a single pheophorbide-a
molecule. The same CdSe nanocrystal is also coupled by excitation energy transfer to a
tubular dye aggregate in chapter 6. Chapter 7 looks into the dynamics of the ZnO/para-
sexiphenyl hybrid interface. Here, excitation energy transfer and charge separation are
studied individually. The Au/CdS core/shell system is studied in chapter 8. For this
system, excitation energy transfer from the CdS shell excitons to the Au core plasmon
is studied, as well as the influence of the Au core on the CdS shell. Finally, chapter 9
presents the conclusions.
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2. Electronic Structure Calculations
of Semiconductor Nanocrystals

The quantum mechanical description of any system in this work starts with the many-
particle Hamilton operator presented in Sec. 2.1. A separation of the corresponding
electronic and nuclei degrees of freedom is assumed, decoupling both subsystems.

The primary process of interest is the neutral excitation of a system, creating a plas-
mon in a metal nanoparticle or an exciton in an organic molecule or semiconductor
nanocrystal. These processes are described by the Bethe-Salpeter equation (Sec. 2.2).
For the Bethe-Salpeter equation, it is necessary to have a single particle basis obtained
by solving the quasiparticle equation (Sec. 2.2). Because this method is numerically
not feasible, approximations are necessary. Under certain constraints, it is possible
to approximate the quasiparticle states by the Kohn-Sham orbitals from density func-
tional theory (Sec. 2.3) The corresponding Kohn-Sham equation can be simplified in
a multitude of ways. A computational very effective approximations is provided by the
density functional based tight-binding method (Sec. 2.4). This method enables a rather
exact calculation of systems consisting of thousands of atoms. For even larger systems,
further approximations lead to the empirical tight-binding method (Sec. 2.5). The intro-
duced approximations for the quasiparticle states also allow for a simplified approach for
calculating excitons in semiconductor nanocrystals (Sec. 2.6), resulting in a configura-
tion interaction scheme with a static screening instead of the computational demanding
Bethe-Salpeter equation.

2.1. The Many-Particle Problem

The many-particle Hamiltonian for a system with an arbitrary number of electrons and
nuclei

Ĥ = T̂ el + V̂ el-nuc + V̂ so + V̂ el-el
  

Ĥel

+ T̂ nuc + V̂ nuc-nuc
  

Ĥnuc

(2.1)

is the formal starting point for all calculations in this work. Ĥ consists of the kinetic
energy operator T̂ el/nuc and the Coulomb coupling V̂ el/nuc-el/nuc acting on electrons (el)
and nuclei (nuc). Additionally, the spin-orbit coupling V̂ so is taken into account as the
only relativistic effect treated explicitly. Other relativistic effects may be incorporated
in the used operators, but are not essential for understanding these equations. More
details of the individual terms are given in the following.

A Schrödinger equation for Eq. (2.1)

Ĥ|Φ⟩ =
[
Ĥel + Ĥnuc

]
|Φ⟩ = E|Φ⟩ (2.2)
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can be decoupled into an electronic and nuclei part by approximating |Φ⟩ by a product
of nuclear wave function |χαm⟩ and electronic wave function |α⟩,

⟨r;R|Φ⟩ ≈ ⟨R|χαm⟩⟨r;R|α⟩ . (2.3)

It is further assumed that the action of T̂ nuc on |α⟩ can be neglected, resulting in

Ĥel|α⟩ = Eα|α⟩ (2.4)[
Ĥnuc + Eα

]
|χαm⟩ = Em|χαm⟩ , (2.5)

which is known as the Born-Oppenheimer approximation [63].
As a result of these approximations, the dependency of the electronic Schrödinger

equation on the nuclei position R is only parametrically (Eα(R)). The corresponding
energies Eα and states |α⟩ depend on the quantum number α with α = 0 indicating
the ground state and α > 0 any excited state. A possible solution to Eq. (2.4) and the
needed approximations are discussed in the next sections.

Eq. (2.5) describes the nuclei motion with Eα acting as a potential for the nuclei.
Within the harmonic approximation, the quantized eigenmodes are a solution to the
system.

2.1.1. Electronic Hamiltonian

For the large many-particle systems, it is advantageous to change to the antisym-
metrized many-particle Fock space.In this "second quantization" formulation, the op-
erators of Ĥel take the following form [64]

T̂ el =
∑

s

∫
d3r Ψ̂†

s(r)
(−ℏ2)∆r

2m
Ψs(r) (2.6)

V̂ el-nuc =
∑

s

∫
d3r Ψ̂†

s(r)
∑

u

(−e)Zu

|r−Ru|
Ψs(r) (2.7)

V̂ so =
∑

s,s′

∫
d3r Ψ̂†

s(r)
1

2m2c2

∑

u

[
1

r

d

dr
V atom(r)

]

r=|r−Ru|
sss′ · luΨs′(r) (2.8)

V̂ el-el =
1

2

∑

ss′

∫
d3r

∫
d3r′ Ψ̂†

s(r)Ψ̂
†
s′(r

′)
e2

|r− r′|Ψ̂s′(r
′)Ψ̂s(r) , (2.9)

where the field operator Ψ̂(†)
s (r) annihilates (creates) an electron at position r with spin

s.
The spin-orbit coupling introduces a spin dependency to the Hamiltonian due to

the spin operator sss′ = ℏ/2(σx
ss′ , σ

y
ss′ , σ

z
ss′), which couples to the angular momentum

operator lu = (r − Ru) × p. Here, σ(x/x/z) denotes one of the Pauli matrices. The
atomic potential V atom(r) is given by the sum of nuclei and electronic potential, where
in general, only the mean value of the electronic potential is considered. Because the
spin-orbit coupling is only relevant close to the nuclei, it is advantageous to decompose
it into atomic parts that are assumed to be spherically symmetric. Sec. 2.5.1 gives
some computational details concerning the spin-orbit coupling.
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The single particle terms can be grouped together

hss′(r) =
(−ℏ2)∆r

2m
δss′ +

∑

u

(−e)Zu

|r−Ru|
δss′

+
1

2m2c2

∑

u

[
1

r

d

dr
V atom(r)

]

r=|r−Ru|
sss′ · lu (2.10)

to get a final compact expression for Ĥel

Ĥel =
∑

ss′

∫
d3r Ψ̂†

s(r)hss′(r)Ψs′(r)

+
1

2

∑

ss′

∫
d3r

∫
d3r′ Ψ̂†

s(r)Ψ̂
†
s′(r

′)v(r− r′)Ψ̂s′(r
′)Ψ̂s(r) . (2.11)

v(r− r′) = e2/|r− r′| abbreviates the Coulomb interaction between to charges.

2.2. Quasiparticle and Bethe-Salpeter Equation

There are three different excitation processes in semiconductor nanocrystals that are
important for this work. The first two processes describe the addition

⟨N + 1, e|ψ̂†
s(r, t)|N, 0⟩ = φ∗

e(r, s) exp (iEet/ℏ) (2.12)

and removal
⟨N − 1, h|ψ̂s(r, t)|N, 0⟩ = φh(r, s) exp (−iEht/ℏ) (2.13)

of an electron to or from the electronic ground state |N, 0⟩ with N -electrons, while the
third one corresponds to a neutral, charge conserving, excitation from or to |N, 0⟩

⟨N, 0|ψ̂†
s(r, t)ψ̂s′(r

′, t)|N,α⟩ = χα(r, s; r
′, s′) exp (Eαt/ℏ) . (2.14)

Furthermore, the states explicitly indicate the electron number because of the con-
sidered excitation processes. The number index is of no importance in the rest of this
work and is only used here.

All three processes are best described by the, already introduced, second quanti-
zation operators of electron creation ψ̂†

s(r, t) and annihilation ψ̂s(r, t) (in the Heisen-
berg picture). The transition energy Ee = EN+1,e − EN,0 corresponds to the elec-
tron affinity of a system, while the transition energy Eh = EN,0 − EN−1,h corre-
sponds to the ionization energy. For the neutral excitation, Eα = ENα − EN,0 gives
the difference between the ground and some excited state. The transition ampli-
tudes ⟨N − 1, h|ψ̂s(r)|N, 0⟩ = φh(r, s) and ⟨N + 1, e|ψ̂†

s(r)|N, 0⟩ = φ∗
e(r, s) are called

quasiparticle states and can be understood as the wave function of the "created"
(quasi-)hole or (quasi-)electron, respectively. Following this notation, Ee and Eh be-
come the electron and hole energy, respectively. A neutral excitation can be under-
stood as the combination of both processes, the electron-hole transition amplitude
⟨N, 0|ψ̂†

s(r)ψ̂s′(r
′)|N,α⟩ = χα(r, s; r

′, s′). These states are also known as excitons with
their exciton energy Eα.
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It is now the goal to calculate these transition amplitudes and energies. For this
purpose, an exact solution can be achieved by the well established many-body Green’s
function method. This method is numerically not feasible but provides a good starting
point for an understanding of the relevant effects. The following discussion is restricted
to the results of this method in the GW -approximation and does not go into details
of this method, which would give no further insights into the problems of this work or
methods used within.

The single particle excitations or, in other words, the quasiparticle states φj(r, s) and
energies Ej are given as the solution of the quasiparticle equation [64]

Ejφj(r, s) =
∑

s′

[
hss′(r) + V H(r)δs,s′

]
φj(r, s

′) +
∑

s′

∫
d3r′ Σss′(r, r

′; Ej)φj(r
′, s′)

(2.15)
with

V H(r) =
∑

s′

∑

h

∫
d3r′v(r− r′)φh(r

′, s′)φ∗
h(r

′, s′) (2.16)

Σss′(r, r
′; Ej) ≈

∑

h

∫
d3r′′ ϵ−1(r, r′′; Ej − Eh)v(r

′′ − r′)φh(r, s)φ
∗
h(r

′, s′) .(2.17)

Note that long living excitations are considered with real-valued energies Ej.
If hss′ is the dominating contribution, Eq. (2.17) describes independent particles,

moving in the nuclei potential. If electron-electron interactions are important, the
classical Hartree potential V H(r) and the self-energy Σss′(r, r

′; Ej) come into play. A
neglect of Σss′(r, r

′; Ej) results in the Hartree equation, where the electrons interact
via a mean-field created by V H(r). The self-energy introduces all effects beyond this
mean-field approximation. If the details of dielectric function ϵ−1(r, r′′; E) = 1 in Eq.
2.17 can be neglected, the self-energy becomes the exchange interaction, which is a
consequence of the anti-symmetric character of the many-electron wave function. At
this level of theory, the Hartree-Fock equation is derived. The complete expression of
Eq. 2.17 represents the screened exchange, which is an energy-dependent screening of
the already discussed exchange interaction. For practical calculations in this thesis,
the dielectric function is further simplified by a static distance depending screening
ϵ−1(r, r′′; E) ≈ ϵ−1(r− r′′)δ(r′′ − r′) that results in the screened Coulomb interaction

W (r− r′) =
v(r− r′)

ϵ(r− r′)
. (2.18)

Sec. 2.6 discusses details and the practical implementation of this expression. It is
important to note that even this rather strong approximation on the self-energy has an
essential impact on the calculation of excitons, which is discussed in the second part of
this section.

Even at the presented level of approximation, a solution to Eq. (2.15) for the systems
in this work is still not possible. Therefore, simpler methods are presented in the
following sections that can be understood as an approximation to Eq. (2.15).

For the determination of χα(r, s; r
′, s′) and E, the framework of many-body Green’s

function is used again. All approximations applied to the quasiparticle equation are
also used here.
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It is advantageous to expand χα(r, s; r
′, s′) by the already calculated quasiparticle

states, resulting in [65]

χα(r, s; r
′, s′) =

∑

eh

[Aα,ehφ
∗
h(r

′, s′)φe(r, s) + Bα,ehφh(r
′, s′)φ∗

e(r, s)] . (2.19)

The two coefficients Aα,eh and Bα,eh will lead to a coupled set of equations. In most
cases, the equations can be decoupled, resulting in separate equations for the two coef-
ficients, where Bα,eh gives exactly the same results as Aα,eh, but with a negative sign. It
is assumed that this (Tamm-Dancoff) approximation is valid in this work. Hence, only
one coefficient needs to be considered. With this expansion, a Bethe-Salpeter equation
for the coefficient Aα,eh and, consequently, for the transition amplitude χα(r, s; r

′, s′) is
given by [65,66]

EαAα,eh = [Ee − Eh]Aα,eh −
∑

e′,h′

[Weh′,he′ − Jeh′,e′h]Aα.e′h′ (2.20)

with

Weh′,he′ =
∑

s,s′

∫
d3rd3r′ φ∗

e(r, s)φ
∗
h′(r′, s′)W (r, r′)φh(r

′, s′)φe′(r, s) (2.21)

Jeh′,e′h =
∑

s,s′

∫
d3rd3r′ φ∗

e(r, s)φ
∗
h′(r′, s′)v(r, r′)φe′(r

′, s′)φh(r, s) . (2.22)

For the neutral excitation, the direct Coulomb interaction Weh′,he′ is screened while
the exchange interaction Jeh′,e′h is not, which is the opposite case to the quasiparticle
equation. This screening is crucial because the direct Coulomb interaction is the domi-
nating term for semiconductor nanocrystals. Additionally, dielectric functions for larger
distances show values above 10 for the considered materials in this work, resulting in
an essential weakening of the Coulomb interaction.

Following [67], also the exchange interaction should be screened if only a small subset
of excitations is considered, and the remaining ones have perceptible oscillator strength.
This is always the case in this work, because only a small number of electrons per atom
is considered directly and, furthermore, only relatively few single-particle excitations,
which are close to the exciton transition, are taken into account. As a consequence,
direct and exchange Coulomb interaction are screened in the same way

Jeh′,e′h ≈
∑

s,s′

∫
d3rd3r′ φ∗

e(r, s)φ
∗
h′(r′, s′)W (r, r′)φe′(r

′, s′)φh(r, s) . (2.23)

Within the applied approximations, the excited state can be expressed by

|N,α⟩ =
∑

e,h

Aα,ehâ
†
eâh|N, 0⟩ , (2.24)

which resembles the configuration interaction singles (CIS) method. Here, â(†)j annihi-
lates (creates) a quasiparticle with quantum number j. The vital difference is that |N, 0⟩
is, in general, the exact ground state and not the result of a Hartree-Fock calculation.
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It is furthermore useful to define the ground-state density ρ0 [68]

ρ0(r) =
∑

s

∑

h

φ∗
h(r, s)φh(r, s) , (2.25)

as well as the transition density ρα0 between ground state |N, 0⟩ and some excited state
|N,α⟩

ρα0(r) =
∑

s

∑

e,h

Aα,ehφ
∗
h(r, s)φe(r, s) . (2.26)

2.2.1. Spin

Careful consideration of spin is essential for the presented equations. Therefore, the
influence of spin-orbit coupling on the quasiparticle states and excitons is discussed in
the following.

Starting with an expansion of the quasiparticle states φj(r, s) = ⟨r, s|j⟩ with respect
to an atomic basis |ouσ⟩ [64]

φj(r, s) =
∑

o,u,σ

Couσ,j ϕou(r−Ru)χσ(s) , (2.27)

where u indicates the atomic position, o corresponds to the set of principal, angular
and magnetic quantum number, and σ gives the spin quantum number.

The spin wave function χσ(s) is the eigenfunction of the spin operator and forms an
orthonormal and complete basis,

∑

s

χ∗
σ(s)χσ′(s) = δσ,σ′ . (2.28)

Sec. 2.5 discusses in more detail the atomic basis function ϕou(r−Ru).
The expansion Eq. (2.27) is a consequence of the spin-orbit coupling. In this case,

only the total angular momentum is a good quantum number, but not the spin. Every
state is a mixture of spin-up and spin-down states. Nevertheless, every state is at least
two times degenerated with respect to the energy, because of time-reversal symmetry,
which is known as Kramers theorem. Therefore, it is possible to rotate this doublet
state to maximize the spin expectation value. A pure spin-up or spin-down state is,
nonetheless, in general not achievable.

If the Hamiltonian is spin independent, without spin-orbit coupling, the coefficient
Couσ,j → Cou,j becomes also spin independent

φj(r, s) =
∑

σ

∑

o,u

Cou,j ϕou(r−Ru)χσ(s) . (2.29)

A spin free quasiparticle can be defined

φ̃j(r) =
∑

o,u

Cou,j ϕou(r−Ru) , (2.30)
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which is also two times degenerated, because of the spin. The spatial part of the two
degenerated states φ̃j(r) are completely the same, leading to further simplifications in
the exciton equation (2.20). It is possible to decouple the exciton equation, leading
either only to singlet (total spin S = 0) or triplet (total spin S = 1) states [64]

ES=0
α AS=0

α,eh = [Ee − Eh]A
S=0
α,eh −

∑

e′,h′

[Weh′,he′ − 2Jeh′,e′h]A
S=0
α.e′h′ (2.31)

ES=1
α AS=1

α,eh = [Ee − Eh]A
S=1
α,eh −

∑

e′,h′

Weh′,he′A
S=1
α.e′h′ . (2.32)

with

Weh′,he′ =

∫
d3rd3r′ φ̃∗

e(r)φ̃
∗
h′(r′)W (r, r′; 0)φ̃h(r

′)φ̃e′(r) (2.33)

Jeh′,e′h =

∫
d3rd3r′ φ̃∗

e(r)φ̃
∗
h′(r′)W (r, r′; 0)φ̃e′(r

′)φ̃h(r) . (2.34)

The coefficient AS=0,1
α,eh and energy ES=0,1

α indicate the particular choice of the spin
configuration.

2.3. Density-Functional Theory

The quasiparticle equation of the forgoing section is, in most cases, not solvable. Ad-
ditionally, even if a solution to the quasiparticle equation is desired, a suitable starting
point, given by a simplified theory, is required.

The most common "alternative" to the quasiparticle equation is the Kohn-Sham
equation of density-functional theory (DFT). It is an exact theory of the many-electron
ground state and shows similarities to the quasiparticle equation. The resulting single-
particle states and energies can be used, with caution, as an approximation to the
quasiparticle states. For large systems, it is necessary to introduce a whole set of
approximations, leading to the density-functional based tight-binding (DFTB) method
and their corresponding Kohn-Sham equation.

First, the Kohn-Sham equation of DFT is presented and discussed, leading, in the
next section, to the DFTB method. For reasons of clarity and comprehensibility, the
spin-orbit coupling is neglected in this section.

This part follows the derivation of [64].
The DFT was first formulated by Hohenberg and Kohn. It is an exact theory for the

electronic ground state |0⟩ with the focus on the density of the many electron system

ρ(r) =
∑

s

⟨0|Ψ̂†
s(r)Ψ̂s(r)|0⟩ (2.35)

and not on the wave function. The corresponding ground state energy is expressed by
the following density dependent formulation

E0[ρ] = T [ρ] + Eel-nuc[ρ] + EH[ρ] + EXC[ρ] + Enuc-nuc . (2.36)
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This expression includes the kinetic energy

T [ρ] =
∑

s

∫
d3r ⟨0|Ψ̂†

s(r)
−ℏ2∆r

2m
Ψs(r)|0⟩ , (2.37)

the interaction energy of electrons and nuclei

Eel-nuc[ρ] =

∫
d3r

∑

u

−eZu

|r−Ru|
ρ(r) , (2.38)

the interaction energy of nuclei and nuclei

Enuc-nuc[ρ] =

∫
d3r

∑

u,v

ZvZu

|Rv −Ru|
ρ(r) , (2.39)

the Hartree energy

EH[ρ] =
1

2

∫
d3r

∫
d3r′ v(r, r′)ρ(r)ρ(r′) , (2.40)

and the exchange-correlation energy

EXC[ρ] =
1

2

∫
d3r

∫
d3r′ v(r, r′) [ρ(r, r′)− ρ(r)ρ(r′)] . (2.41)

For EXC[ρ], the two particle density

ρ(r, r′) =
∑

s,s′

⟨0|Ψ̂†
s(r)Ψ̂

†
s′(r

′)Ψ̂s′(r
′)Ψ̂s(r)|0⟩ (2.42)

is introduced.
This theory is based on the two Hohenberg-Kohn theorems. The first ensures the

uniqueness of the density for every system, while the second connects the variation of
the density with the change in the total energy and shows that a variation towards the
exact ground-state density ρ(r) leads to the global minimum value of the total energy
E0 [64].

A straight forward application of the second Hohenberg-Kohn theorem is the variation
of the total energy given by Eq. (2.36) with respect to the density

0 =
δ (E0[ρ]− µN)

δρ(r)
, (2.43)

where the addition of the constraint µ ensures the conservation of particles N =∫
d3r ρ(r). For most practical calculations, it is advantageous to formulate an eigen-

value problem for a set of auxiliary single-particle states |φλ⟩ that build up the correct
density

ρ(r) =
∑

s

∑

λ

φ∗
λ(r, s)φλ(r, s) . (2.44)

These states shall represent non-interacting particles and can be chosen in such a way
that they are linear independent and orthonormal.
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It is not possible to express the kinetic energy T and the exchange-correlation energy
EXC in terms of the auxiliary single-particle states, because the kinetic energy operator
acts on a single wave function and the exact form of EXC is unknown. However it might
be convenient to introduce nevertheless a kinetic energy

T a =
∑

s

∑

λ

∫
d3r φ∗

λ(r, s)
−ℏ2∆
2m

φλ(r, s) (2.45)

for the auxiliary system. This kinetic energy term is incorporated into the ground-state
energy

E0[ρ] = T a[ρ] + Eel-nuc[ρ] + EH[ρ] + ẼXC[ρ] + Enuc-nuc (2.46)

and the definition of the correlation energy is changed to

ẼXC[ρ] = T [ρ] + EXC[ρ]− T a[ρ] . (2.47)

The eigenvalue problem can now be formulated by varying Eq. (2.46) with respect
to φ∗

λ(r, s), leading to the Kohn-Sham equation

µλφλ(r, s) =
[
h(r) + V H(r)

]
φλ(r, s) + Ṽ XC(r)φλ(r, s) . (2.48)

For the solution of the Kohn-Sham equation, a self-consistent treatment is necessary.
It can be done by taking a starting density, e. g. from an independent atom calculation,
solving the eigenvalue problem, and building up a density that is inserted into the Kohn-
Sham equation. The convergence criteria are either minimal total energy or a converged
density.

The single-particle energies and states are only solutions to an auxiliary system and
have at first sight no physical meaning. It is only possible to show that the energy of
the highest occupied state corresponds, with some restrictions, to the ionization energy.
However, a comparison with the quasi-particle equation, see Eq. (2.15), shows strong
similarities if Ṽ XC(r) is assumed to be an approximation to the self energy Σ(r; r′; E) ≈
Ṽ XC(r)δ(r− r′). As a consequence, the states and energies of the Kohn-Sham equation
might be a good starting point for a quasiparticle calculation or can be even used as
an approximation to them. This assumption is assumed in the following. The latter
case needs to be justified by experimental data or higher-order theory. Additionally,
one needs to keep in mind that the density functional theory is a ground-state theory
and is not designed for excited states.

The open question on how to treat the exchange-correlation energy ẼXC still remains.
A possible approximation is the local density approximation (LDA) that is derived from
the homogeneous electron gas and is only valid for small changes in the density. In the
next step also, the gradient of the density can be considered leading to the generalized
gradient approximation (GDA). From the discussion of the self-energy in the foregoing
section, the direct inclusion of the exchange interaction could be a further improvement,
which is done by hybrid functionals that also introduce non-locality. Together with
the dynamical screening, which is part of high-level functionals, the earlier mentioned
similarity between the Kohn-Sham and the quasiparticle equation becomes obvious [64].
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2.4. Density-Functional Based Tight-Binding
Method

Following [69], the Kohn-Sham formulation of the density functional theory, presented
in the forgoing part, can be further simplified to reduce the numerical cost dramatically.

The basic assumption is that a reference density ρ0(r) is known, which is a good
approximation to the exact one ρ(r), except for a small fluctuation δρ(r), ρ(r) = ρ0(r)+
δρ(r). The unknown key quantity of DFT, the exchange-correlation energy ẼXC[ρ0+δρ],
can then be expanded at this reference density

ẼXC[ρ] = ẼXC[ρ0] +

∫
d3r

δẼXC[ρ]

δρ(r)

⏐⏐⏐⏐⏐
ρ0

δρ(r)

+
1

2

∫
d3r d3r′

δ2ẼXC[ρ]

δρ(r)δρ(r′)

⏐⏐⏐⏐⏐
ρ0

δρ(r)δρ(r′) + . . . . (2.49)

For this derivation, all terms above the second order are neglected 1.
The total energy of the ground state, cf. Eq. (2.46) , is now approximated by Eq.

(2.49)

E0[ρ] ≈ T a[ρ] + Eel-nuc[ρ] + EH[ρ] + ẼXC[ρ0] +

∫
d3r Ṽ XC[ρ0](r)δρ(r)

+
1

2

∫
d3r d3r′

δ2ẼXC[ρ]

δρ(r)δρ(r′)

⏐⏐⏐⏐⏐
ρ0

δρ(r)δρ(r′) + Enuc-nuc ,

(2.50)

with

Ṽ XC[ρ0](r) =
δẼXC[ρ]

δρ(r)

⏐⏐⏐⏐⏐
ρ0

. (2.51)

It is also useful to rewrite the Hartree energy in orders of δρ

EH[ρ] =
1

2

∫
d3r d3r′ v(r− r′)(ρ0(r) + δρ(r))(ρ0(r

′) + δρ(r′))

=
1

2

∫
d3r d3r′ v(r− r′)

[
ρ0(r)ρ0(r

′) + 2ρ(r)δρ(r′) + δρ(r)δρ(r′)
]
.

(2.52)

For the final step, all terms linear in δρ(r) are expressed by the auxiliary wave function
φλ(r) and not the density

ρ0(r) + δρ(r) =
∑

λ

φ∗
λ(r)φλ(r) . (2.53)

1 Nevertheless, it was shown that third order corrections might be important for charged systems,
hydrogen bonding and proton affinities [70].
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For this purpose,
∫
d3r d3r′ v(r− r′)ρ0(r)ρ0(r′) and

∫
d3r Ṽ XC[ρ0](r)ρ0(r) are added to

and subtracted from Eq. (2.50), leading to

E0[ρ] =
∑

λ

∫
d3r φ∗

λ(r)
{
h(r) +

∫
d3r′ρ0(r

′)v(r− r′) + Ṽ XC[ρ0](r)
}
φλ(r)

+
1

2

∫
d3r d3r′

⎧
⎨
⎩v(r− r′) +

δ2ẼXC[ρ]

δρ(r)δρ(r′)

⏐⏐⏐⏐⏐
ρ0

⎫
⎬
⎭ δρ(r)δρ(r′) + Erep ,(2.54)

with

Erep = ẼXC[ρ0]−
∫
d3r Ṽ XC[ρ0(r)]ρ0(r)−

1

2

∫
d3r d3r′ v(r− r′)ρ0(r)ρ0(r

′)

+Enuc-nuc . (2.55)

This term is the repulsive energy that is dominated by the repulsive nuclear-nuclear
interaction. It is independent of changes in the density and can, therefore, be ap-
proximated by short-range pair potentials that are fitted to geometries and energies of
higher-level theory or experiments [71].

Non-Self-Consistent-Charge Density-Functional Based Tight-Binding Method

In a first step, the second order term of Eq. (2.54) is neglected, simplifying the total
energy to

EDFTB
0 =

∑

λ

∫
d3r φ∗

λ(r)

[
h(r) +

∫
d3r′ ρ0(r

′)v(r− r′) + Ṽ XC[ρ0(r)]

]
φλ(r)

+Erep . (2.56)

The corresponding Kohn-Sham equation can be derived by the variational principle
introduced in Eq. (2.43). For that, the Kohn-Sham orbitals are expanded by a super-
position of atomic basis functions

φλ(r, s) =
∑

o,u,σ

Couσ,j ϕou(r−Ru)χσ(s)

as presented in Sec. 2.2.1. The resulting eigenvalue equation takes the form

0 =
∑

o′,u′

{
Heff

ou,o′u′ − µλSou,o′u′
}
Cλ,o′u′ (2.57)

with

Sou,o′u′ =

∫
d3r ϕou(r−Ru)ϕo′u′(r−Ru′) (2.58)

Heff
ou,o′u′ =

∫
d3r ϕou(r−Ru)

[
h(r) +

∫
d3r′ ρ0(r

′)v(r− r′)

+Ṽ XC[ρ0(r)]

]
ϕo′u′(r−Ru′) . (2.59)
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For a solution, effective basis functions and the corresponding reference density are
created by solving the Kohn-Sham equation (2.48) for a single atom. To mimic the
surrounding atoms, an additional (r/r0)n confinement potential is added to the atomic
Kohn-Sham equation with n ≈ 2 and r0 being two times the covalent radius of the
corresponding element [72]. The resulting basis functions, as well as the density, are
compressed and decay faster compared to the free atom. As a consequence, it is possible
to express ρ0(r) as a superposition of atomic contributions ρ0(r) =

∑
u ρ

u
0(r). Finally,

it is possible to write the potential of the Kohn-Sham equation for the complete system
(2.57)

Heff
ou,o′u′ ≈

∫
d3r ϕou(r−Ru)

{−ℏ2∆
2m

+ V u(r) + V u′
(r)

}
ϕo′u′(r−Ru′) (2.60)

as a superposition of the precalculated single atomic potentials

V u(r) =
−eZu

|r−Ru|
+

∫
d3r′ ρu0(r)v(r, r

′) + Ṽ XC[ρu0 ](r) (2.61)

without the confinement potential [72].
Different theoretical studies of molecules and solids indicate that the superposition

of pseudo-atomic potentials gives rather realistic total densities [72], which, of course,
needs to be verified for the individual problem. As a result of the rather strong local-
ization of ρu0(r), only the two center approximation is used, while for the onsite term
(u = u′) the energies ϵo of the free atom are taken. This choice gives high flexibility for
the description of solids, surfaces, and dimers as well as the correct dissociation limits
for single atoms.

With the calculated basis functions and potentials, it is possible to precalculate Sou,o′u′

and Heff
ou,o′u′ for arbitrary distances. Depending on the problem, it is also possible to fit

Sou,o′u′ and Heff
ou,o′u′ to data from experiments and or higher-level theory. This is known

as the empirical or semi-empirical tight-binding method, which has the disadvantage
of not knowing the corresponding basis functions. Often, the integral values for a
fixed distance to the first and, sometimes, to the second neighbor are fitted, which
reduces the flexibility and transferability but gives nevertheless rather good results.
A further simplification is possible by performing a Löwdin transformation, where the
non-orthogonal tight-binding method changes to an orthogonal one. Sec. 2.5 gives more
insights into the actual calculation with the tight-binding method.

The most important approximation is the reduction of the basis set to a few relevant
states. In this work, only those occupied and unoccupied atomic basis functions are
important that build up the Kohn-Sham states close to the band edge.

Self-Consistent-Charge Density-Functional Based Tight-Binding Method

To improve the forgoing results, the second order term of Eq. (2.54)

E2nd[ρ] =
1

2

∫
d3r d3r′

⎧
⎨
⎩v(r− r′) +

δ2ẼXC[ρ]

δρ(r)δρ(r′)

⏐⏐⏐⏐⏐
ρ0

⎫
⎬
⎭ δρ(r)δρ(r′)

(2.62)
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is now taken into account.
Similar to the treatment of the reference densities, also the fluctuations δρ are given

as a superposition of atomic contributions δρ(r) =
∑

u δρu(r). The atomic density
fluctuation δρu(r) is further approximated by a spherical charge distribution

δρu(r) ≈ ∆quFu(|r−Ru|)Y l=0,m=0(θ, ϕ) . (2.63)

where the atomic centered charge fluctuation

∆qu + q0u =
1

2

occ∑

µ

nµ

∑

oo′u′

(
C∗

µ,ouSou,o′u′Cµ,o′u′ + C∗
µ,o′u′So′u′,ouCµ,ou

)

(2.64)

is broadened by a normalized and exponentially decaying function Fu and a real har-
monic Y l=0,m=0 [69]. The occupation number of each state is given by nµ.

This approximation simplifies Eq. (2.62) to

E2nd[ρ] =
1

2

∑

uu′

∆qu∆qu′γuu′ (2.65)

with

γuu′ =

∫
d3r d3r′

⎧
⎨
⎩v(r− r′) +

δ2ẼXC[ρ]

δρ(r)δρ(r′)

⏐⏐⏐⏐⏐
ρ0

⎫
⎬
⎭
Fu(|r−Ru|)Fu′(|r′ −Ru′ |)

4π
. (2.66)

Following [69], γuu′ can be further simplified to an analytic expression

γuu′ =
1

|Ru −Ru′ | − S(Uu, Uu′ , |Ru −Ru′ |) , (2.67)

where the exponentially decaying short range function S models the action of the
exchange-correlation term. The details for the different atomic species are included in
the Hubbard parameter Uu, which is approximately the difference between the atomic
ionization potential and the electron affinity [69].

The energy expressions of Eq. (2.56) together with the second order contribution Eq.
(2.65) result in the total energy of the SCC-DFTB

ESCC-DFTB
0 [ρ] =

occ∑

λ

∑

ou,o′u′

Cλ,ouH
eff
ou,o′u′Cλ,o′u′ +

1

2

∑

uu′

∆qu∆qu′γuu′ + Erep .

(2.68)

The corresponding Kohn-Sham equation reads

0 =
∑

o′,u′

{
Heff

ou,o′u′ +
1

2
Sou,o′u′

∑

v

(γuv + γu′v)∆qv − µλSou,o′u′

}
Cλ,o′u′ .

(2.69)
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The second term introduces the self-consistency due to the dependency on the charge
fluctuation ∆qv.

The analytical and straightforward form of the second-order contribution leads to
a negligible increase in the computation time of a single calculation. However, the
self-consistency mentioned above requires multiple iterations. The starting point is the
reference density that is inserted into the Kohn-Sham equation and results in a new
density and a corresponding new total energy. This process is repeated after convergence
for the total energy is achieved.

2.5. Empirical Tight-Binding Method

A significant part of the calculations in this thesis is done with the empirical tight-
binding method. For this method, a simulation tool developed by the author was used.
Hence, also the numerical details and peculiarities of the calculations are discussed in
the following. Sec. 2.4 presents more background information concerning this method.

The tight-binding equation with spin-orbit interaction (cf. Sec. 2.4)
∑

o′,u′,σ′

[
Hou,o′u′δσ,σ′ + V so

oσ,o′σ;uδu,u′ − EjSou,o′u′δσ,σ′
]
Cj,o′u′σ′ = 0 , (2.70)

is described by an atomic basis that is non-orthogonal with respect to different atomic
positions, resulting in the overlap matrix S. With the help of the Löwdin transformation
[73], an orthogonal atomic basis ϕ̄o(r−Ru) can be created

ϕou(r−Ru) =
∑

p,v

S1/2
ou,pvϕ̄pv(r−Rv) (2.71)

ϕ̄ou(r−Ru) =
∑

p,v

S−1/2
ou,pvϕpv(r−Rv) . (2.72)

The corresponding overlap matrix becomes a unit matrix,
∫
d3ϕ̄ou(r − Ru)ϕ̄o′u′(r −

Ru′) = δo,o′δu,u′ . Additionally, this new basis is orthogonal, localized, and keeps for
systems in this work and, in most general cases, the symmetry of the atomic orbitals [74].
This means, e.g., that the transformation of an atomic pz orbital leads to a pz Löwdin
orbital, but with a much more complex shape.

As a consequence, the expansion of the quasiparticle states Eq. 2.27 changes to

φj(r, s) =
∑

p,v,σ

C̄j,pvσϕ̄pv(r−Rv)χσ(s) (2.73)

with the coefficient
C̄j,pvσ =

∑

o,u

Cj,ouσS
1/2
ou,pv . (2.74)

The introduced Löwdin basis changes the non-orthogonal formulation to an orthog-
onal one ∑

o′,u′,σ′

[
H̄ou,o′u′δσ,σ′ + V̄ so

oσ,o′σ;uδu,u′ − Ejδo,o′δu,u′δσ,σ′
]
C̄j,o′u′σ′ = 0 , (2.75)

where the bar over the matrices indicate the use of ϕ̄.
The following part presents the numerical details of this orthogonal tight-binding

formulation.
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2.5.1. Construction of Matrix Elements

The starting point is a simplification of all matrix elements in a way that a minimum of
parameters or computations is sufficient to describe the complete Hamiltonian. There-
fore, the essential steps of [75] are presented, resulting in the Slater-Koster formulation
of the tight-binding method [74]. The derivation is valid for Löwdin as well as atomic
orbitals and can be applied to the Hamilton and overlap matrix. Hence, a distinction
between ϕ and ϕ̄ is not made.

For further use, the atomic orbitals are separated into a radial and a spherical part

ϕnlmu(r−Ru) = Rnlu(|r−Ru|)Ylm(θu, φu) . (2.76)

The spherical part Ylm is given by real spherical harmonics [75], while the radial part
Rnlu is discussed later in detail. Note that the orbital index o incorporates the main
quantum number n, angular l, and magnetic quantum number m. The expression for
the Hamilton matrix element (Eq. (2.76)) changes to

Hou,o′u′ =

∫
d3r Rnlu(|r−Ru|)Y lm(θu, φu)H

eff(r)Rn′l′u′(|r−Ru′ |)Y l′m′
(θu′ , φu′) .

(2.77)

The spherical harmonics are now rotated in such a way that the z-axis align with the
connecting vector Rc = Ru′ −Ru of the two atoms,

Ylm(θu, φu) =
∑

w

Dl
m,w(LMN)Y c

lw(θ
c
u, φ

c
u) . (2.78)

This rotation matrix Dl
m,w(LMN) is determined by l, m and the direction cosine

L = Xc/|Rc| (2.79)
M = Y c/|Rc| (2.80)
N = Zc/|Rc| . (2.81)

Inserting Eq. (2.78) into Eq. (2.77) gives

Hou,o′u′ =

min(l,l′)∑

w=0

Dl
m,w(LMN)Dl′

m′,w(LMN)Hc
nlw,n′l′w(|Ru′ −Ru|) (2.82)

with the rotated Hamilton matrix

Hc
nlw,n′l′w(|Ru′−Ru|) =

∫
d3rRnlu(|r−Ru|)Ȳ c

lw(θ
c
u, φ

c
u)H

eff(r)Rn′l′u′(|r−Ru′ |)Ȳ c
l′w(θ

c
u′ , φc

u′) .

(2.83)
For this rotation, it is essential that Heff is build up by spherically symmetric contri-
butions located at u and u′ (cf. Sec. 2.4). The matrix elements Hc

nlw,n′l′w(|Ru′ −Ru|)
are significantly simplified and depend only on the quantum numbers and on the dis-
tance between both atoms and not on their orientation. Furthermore, in the rotated
frame, the azimuth angles φc

u and φc
u′ are the same, which leads to a common magnetic

quantum number w. The number of matrix elements is additionally reduced by the
symmetry of the angular momenta Hll′ = (−1)(l−l′+|l−l′|)/2Hmin(l,l′),max(l,l′).
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All angular information is now incorporated into the rotation matrices Dl
m,w(LMN).

The analytic expressions for the different quantum numbers are computed by a Math-
ematica script and inserted afterward into the final computation code.

As a small example, a CdSe nanocrystal with a sp3-basis is considered. If only nearest-
neighbor interactions are of interest at a fixed distance, the complete interaction between
different atomic positions is described by five matrix elements: Hss,0, Hsp,0, Hps,0, Hpp,0

and Hpp,1. The first two entries of the Hamilton matrix element give the angular
quantum number connected to an electron located at Cd and Se, respectively, while the
third entry corresponds to the common magnetic quantum number w. For arbitrary
distances, as in DFTB, either interpolation functions or data tables are needed.

In contrast to the foregoing discussion, the onsite elements (u = u′) obviously do
not need the presented transformation. Additionally, all terms with u = u′ and o ̸= o′

are neglected. A single value for each orbital is sufficient, which is either computed or
parametrized. In some cases, a distinction between different p or d-orbitals is made,
which are a result of an intrinsic electric field.

For the given example, four new parameters are needed: HCd
s , HCd

p , HSe
s and HSe

p .
The last term is the spin-orbit interaction (cf. Eq. (2.9))

V so
oσ,o′σ;u =

∫
dr r2Rnlu(r)

1

2m2c2
1

r

d

dr
V atoms(r)Rn′l′u′(r)

×
∑

s,s′

∫
dΩ Ylm(θ, φ)χ

∗
σ(s) sss′ · l Yl′m′(θ, φ)χσ′(s′) , (2.84)

which acts only on the atom with position u.
The integral over r requires either a parameter or computation, while an analytic

expression gives the integral over Ω.
The analytic evaluation shows that coupling occurs only if l = l′. The general depen-

dence on m and σ is given in [75], but in this work only the interaction of p-orbitals is
of interest,

V so
px(↑/↓),py(↑/↓);u = ∓iCu (2.85)
V so
px(↑/↓),pz(↓/↑);u = ±Cu (2.86)
V so
py(↑/↓),pz(↓/↑);u = −iCu . (2.87)

For this case, only one parameter Cu per atom type needs to be calculated.
The actual computations of the presented eigenvalue problem are done with the

LAPACK routines implemented in Intel MKL. The routines are fast for small systems
and give a complete solution (all energies and states). For large systems, the matrices
have to be in a sparse format, which is the natural choice for a tight-binding method.
In this case, the FEAST solver of Intel MKL is used, which gives exact solutions in a
specific pre-defined energy range.

2.5.2. Passivation

Nearly all systems in this work are given either in a zinc-blende or wurtzite structure.
In these structures, every atom has four neighbors, which is mainly a result of the sp3
hybridization of the atomic orbitals. If a finite structure is considered, unsaturated
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bonds appear due to the missing neighboring atoms. These unsaturated bonds create
surface states that are often close to or in the bandgap [76]. In a realistic environment,
these states are often passivated by hydrogen, oxygen, or other ligands or by a surface
reconstruction, where a rearrangement of atoms close to the surface compensates for
the missing atoms [77,78]. This behavior can be modeled by placing a particular atom
type at the vacancy or by removing the respective bond by a numerical method, as
presented below [79,80].

The first method is used for the SCC-DFTB method, where ZnO is passivated by
hydrogen. Because Zn is cationic and O is anionic, different pseudo-hydrogens are used
[81]. For the empirical tight-binding method, only the numerical removal of dangling
bonds is used. This method was introduced in [80] and is summarized in the following.

First, a hybridized basis |sp3au⟩ is created

|sp3au⟩ =
1

2
|su⟩+

√
3

2
[La|pxu⟩+Ma|pyu⟩+Na|pzu⟩] , (2.88)

where a indicates one of the four nearest neighbors or vacancies and u corresponds to
the atom position. The corresponding direction cosines La, Ma and Na are given in
Sec. 2.5.1.

In the second step, the onsite elements in the basis of the atomic orbitals |ou⟩

Ĥonsite =
∑

u

∑

o

|ou⟩Hou,ou⟨ou| (2.89)

are expanded by the hybridized basis |sp3au⟩

Ĥonsite =
∑

u

∑

a,b

|sp3a⟩Hsp3

au,bu⟨sp3b | (2.90)

with
Hsp3

au,bu =
∑

o

⟨sp3a|ou⟩Hou,ou⟨ou|sp3b⟩ . (2.91)

The overlap matrix ⟨ou|sp3au⟩ ∈ {1/2,
√
3La/2,

√
3Ma/2,

√
3Na/2} can be expressed by

the direction cosines.
Now, the energy of a hybrid orbital Hsp3

au,au, which corresponds to a dangling bond, is
shifted by an arbitrary large number Su

a ,

Ĥonsite + Ĥpass =
∑

u

∑

a,b

|sp3a⟩
[
Hsp3

au,bu + Su
a δa,b

]
⟨sp3b | , (2.92)

so that the orbital is "pushed" outside the region of interest. If the orbital is not a
dangling bond, Su

a is zero.
In the final step, this modified energy expression is transformed back to the initial

basis by expanding Eq. (2.90) by |ou⟩, resulting in

Ĥonsite =
∑

u

∑

o,o′

|ou⟩
[
Hou,ouδo,o′ +Hpass

ou,o′u

]
⟨o′u| . (2.93)

The important result is the non-trivial passivation matrix

Hpass
ou,o′u =

∑

a

⟨ou|sp3au⟩Su
a ⟨sp3au|o′u⟩ , (2.94)
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which is added to the tight-binding method Eq. (2.75). The matrix elements lead to
a shift of onsite energies and introduce additional off-diagonal elements to the tight-
binding Hamilton matrix.

Because all considered nanocrystals have the perfect bulk structure, only a few matrix
elements are needed, which are either pre-calculated or determined on the fly.

2.5.3. Atomic Orbitals

An empirical tight-binding calculation does not require exact knowledge of the basis
orbitals; only the symmetry of the individual orbital is of interest. However, for calcula-
tions involving the results of a tight-binding calculation, this information is sometimes
needed, e.g., Coulomb integrals, dipole moments, wave function visualization.

The starting point is an appropriate choice for the atomic orbitals. In this work as
well as in other publications [82–84], single Slater-type orbitals

Rnlu(|r|) = (2ζu)
nu

√
2ζu

(2nu)!
rnu−1 exp{−ζur} , (2.95)

are used. The parameters, main (effective) quantum number nu and shielding constant
ζu, are determined by Slater’s rules [85]. The rules are chosen in such a way that spectral
properties of neutral and ionized atoms are calculated with reasonable accuracy.

After the atomic orbitals are determined, the Löwdin transformation needs to be
performed as done in [86,87]. Because the transformed orbital resembles rather closely
the original atomic orbital, it is possible to neglect the transformation [82]. In this work,
the details of the orbitals are required only for onsite elements, where the orthogonality
between different atoms is of no interest. The influence of the Löwdin transformation
and the choice of the atomic orbital type was studied in [82]. It was found that the use
of a non-orthogonalized Slater orbital leads to inaccuracy of up 30% for the dominating
Coulomb integrals. However, it was also shown that the influence of orbital details, in
general, becomes less critical as the system size increases. Because the systems in this
work are rather large, the assumed approximations can be justified.

For a DFTB calculation, the atomic orbitals are explicitly given, because they are an
integral part of the calculation and parametrization process (cf. Sec.2.4).

2.6. Exciton Equation

This section presents the numerical solution of the exciton equation 2.20

EαAα,eh = [Ee − Eh]Aα,eh −
∑

e′,h′

[Weh′,he′ − Jeh′,e′h]Aα.e′h′

with Coulomb matrix elements

Weh′,he′ =
∑

s,s′

∫
d3rd3r′ φ∗

e(r, s)φe′(r, s)
e2

ϵ(r− r′)|r− r′|φ
∗
h′(r′, s′)φh(r

′, s′)

Jeh′,e′h =
∑

s,s′

∫
d3rd3r′ φ∗

e(r, s)φh(r, s)
e2

ϵ(r− r′)|r− r′|φ
∗
h′(r′, s′)φe′(r

′, s′) .
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The single particle states and energies of the tight-binding calculation are the input to
this equation. Therefore, it is possible to capitalize on the assumptions related to the
tight-binding calculation, which speed up and simplify the calculation of excitons.

This section also discusses numerical details to the actual calculation and the screen-
ing of the Coulomb coupling.

2.6.1. Coulomb Matrix Elements

The Coulomb coupling can be rewritten by the introduction of the transition density

ρij(r) = e
∑

s

φ∗
i (r, s)φj(r, s) . (2.96)

Similar to the DFTB calculation of Sec. 2.4, also an atomic centered transition density
ρij,u can be defined. Therefore, the expression for single particle states (cf. Eq. (2.27))

φj(r, s) =
∑

o,u,σ

Couσ,j ϕou(r−Ru)χσ(s)

is inserted into the transition density ρij, resulting in

ρij,u(r−Ru) = e
∑

o,σ
o′,u′

1

2

[
C∗

i,ouσCj,o′u′σ + C∗
i,o′u′σCj,ouσ

]
ϕou(r−Ru)ϕo′u′(r−Ru′) . (2.97)

Note that ϕou are Löwdin orbitals.
With the introduction of atomic centered transition densities, the Coulomb matrix

elements change to

Vik,lj =
∑

u,u′

∫
d3r d3r′

ρij,u(r−Ru)ρkl,u′(r′ −Ru′)

ϵ(r− r′)|r− r′| . (2.98)

Vik,lj is a general Coulomb matrix element and can be substituted by either Weh′,he′ or
Jeh′,e′h.

The introduction of new variables x = r−Ru and y = r′−Ru′ allow for a separation
in onsite (u = u′) and offsite terms (u ̸= u′)

Vik,lj =
∑

u,u′

[
δu,u′

∫
d3x d3y

ρij,u(x)ρkl,u(y)

ϵ(x− y)|x− y|

+(1− δu,u′)

∫
d3x d3y

ρij,u(x)ρkl,u′(y)

ϵ(x− y +Ru −Ru′)|x− y +Ru −Ru′ |

]
.(2.99)

Offsite Elements

For the offsite term, a multipole expansion with respect to x−y is applied, where only
the monopole term is kept. This may be justified, because of the strong localization
of the Löwdin orbitals and the large mean distance for typical nanostructures in this
work. This approximation results in

V offsite
ik,lj =

∑

u̸=u′

qij,uqkl,u′

ϵ(Ru −Ru′)|Ru −Ru′ | (2.100)
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with the atomic centered transition charge

qij,u =

∫
d3r ρij,u(r) . (2.101)

After performing the integration, qij,u is only defined by the coefficients of the single
particle states,

qij,u = e
∑

o,σ

C∗
i,ouσCj,ouσ . (2.102)

Within the monopole approximation, the Coulomb integral is strongly simplified and
can be efficiently calculated by matrix algebra routines of the MKL BLAS package as
done in [88].

There are different ways to compute qij,u. A simple one is the transformation of one
coefficient matrix into a sparse matrix by introducing

∑
v δu,vC

∗
vi,ouσ =

∑
v C̄

∗
vi,ouσ. As

a result, qij,u is computed by a sparse times dense matrix routine,
∑

ouσ C̄
∗
vi,ouσCj,ouσ =

qvi,j = qv,ij .

Onsite Elements

The remaining onsite term introduces a few complications.
The starting point is the two center contributions of ρij,u, resulting in a large number

of integrals. Because of strong localisation of the Löwdin orbitals, these contributions
are much smaller than the one center terms and, as a consequence, are neglected in the
following, ϕou(r−Ru)ϕo′u′(r−Ru′) ≈ ϕou(r−Ru)ϕo′u(r−Ru).

Another problem concerns the direct integration over the, in most cases, unknown
orbitals. Here, Slater orbitals are used that are defined in Sec. 2.5.3. For these orbitals,
a quasi-analytic expression can be found by utilizing a spherical multipole expansion
for 1/|r − r′| and making extensive use of the relations and properties of spherical
harmonics. Details to this calculation can be found in AppendixC. For the different
atom types, tables of N4

o ·N2
σ matrix elements are pre-calculated, but with most elements

being zero. The corresponding numerical realization was done in Mathematica.
At this point, the onsite elements can be easily implemented into a program, but

with a high computational cost compared to the offsite elements. Therefore, it is worth
trying to reduce the numerical cost even further.

From the Mulliken approximation, it is known that the product of identical orbitals
give the dominating integrals,

ρij,u(r) ≈ e
∑

o,σ

C∗
i,ouσCj,ouσϕou(r−Ru)

2 . (2.103)

With this assumptions, the onsite term simplifies to

V onsite
ik,lj ≈

∑

u

∑

o,σ
o′,σ′

eC∗
i,ouσCj,ouσ

∫
d3x d3y

ϕou(x)
2ϕo′u(y)

2

ϵ(x− y)|x− y|eC
∗
k,o′uσ′Cl,o′uσ′ .(2.104)

In most tight-binding calculations, only a small number of atomic orbitals are con-
sidered, which also correspond to the same quantum number. As a consequence, the
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atomic orbitals may result in similar Coulomb couplings, allowing for a further simpli-
fication by taking an appropriate mean value for the onsite coupling, e.g.

Wu =

[
1

N2
o

∑

o,o′

(∫
d3x d3y

ϕou(x)
2ϕo′u(y)

2

ϵ(x− y)|x− y|

)m
] 1

m

. (2.105)

The complexity of the onsite coupling is reduced to a single expression that could be
added to Eq. (2.100).

2.6.2. Screening of the Coulomb Coupling

The screening inside each Coulomb matrix element is expressed by ϵ(r). For the calcu-
lations of semiconductor nanocrystals in this thesis a screening similar to the Thomas-
Fermi screening is applied [89,90]

ϵ(r) =

⎧
⎪⎨
⎪⎩

1 |r| = 0

ϵ0/2 |r| = |rnn|
ϵ0 |r| > |rnn|

. (2.106)

The onsite Coulomb interaction stays unscreened, while interactions between nearest-
neighbors (nn) are given by the half value of the bulk dielectric constant ϵ0. For dis-
tances beyond the nearest-neighbor distance rnn, the full dielectric constant is applied
as a screening. As a consequence of this screening, no details of ϵ(r) needs to be re-
garded in the calculation of onsite Coulomb terms, which would significantly increase
the complexity of this calculation.

Such a discrete definition of the screening is possible because the bulk structure
without any relaxation is used for each semiconductor nanocrystal.
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3. Electronic Structure Calculations
of Hybrid Nanostructures

Isolated molecules, semiconductor nanocrystals, or metal nanoparticles are described by
one of the methods presented in the previous chapter (Ch. 2). If these components
are brought into contact, a hybrid system is formed. The corresponding Hamiltonian
is expanded with respect to the already calculated states of the individual structures. A
parametrized Hamiltonian is derived that accounts, among others, for excitation energy
transfer, polarization effects, and electrostatic interactions.

For a hybrid system, consisting of a molecular aggregate and a semiconductor nanocrys-
tal, a rather general Hamiltonian is derived first (Sec. 3.1). Different individual cases
are presented afterward. At first, the formation of Frenkel excitons in the vicinity of a
nanocrystal in its electronic ground state is presented (Sec. 3.1.1). The opposite case is
presented subsequently, which is an excited nanocrystal in the presence of a molecular
aggregate in its ground state (Sec. 3.1.2). Finally, both cases are combined to enable
the description of hybrid excitons (Sec. 3.1.3).

Following this, a metal/semiconductor core/shell hybrid system is discussed (Sec.
3.2). A Hamiltonian is derived that describes polarization effects and excitation energy
transfer. The polarization effects are treated in the framework of image charges and
are embedded in the exciton equation of the semiconductor nanocrystal (Sec. 3.2.1).
For the excitation energy transfer coupling, a simplified expression is derived utilizing
a multipole expansion of the plasmon modes (Sec. 3.2.2).

3.1. Semiconductor Nanocrystal/Molecular
Aggregate Hybrid Structure

The isolated molecule and semiconductor nanocrystal are modeled by the Hamiltonian
Hmol and Hnc, respectively, and their corresponding Schrödinger equations

Hnc|α⟩ = Eα|α⟩ (3.1)
Hmol|ψβ⟩ = Eβ|ψβ⟩ . (3.2)

The methods of the previous chapter are applied to determine the energies Eα and
states |α⟩ of the nanocrystal, where α = 0 indicate the ground state and α > 0 the
excited states. For the single-molecule, ab initio methods are applied to determine the
corresponding energies Eβ

m and states |ψβ
m⟩. In most cases, the ground state |ψ(β=g)⟩

and the S1 excited state |ψ(β=e)⟩ are sufficient to characterize each molecule.
The hybrid structure introduces now a Coulomb coupling between the molecule and
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nanocrystal Hnc-mol
m , resulting in the Hamiltonian for the hybrid system

Ĥhybrid = Ĥnc +
∑

m

Ĥmol
m +

∑

m,n ̸=m

Ĥmol-mol
mn +

∑

m

Ĥnc-mol
m . (3.3)

This Hamiltonian takes a multitude of molecules into account, which are labeled by m.
As a consequence, also the Coulomb coupling between the individual molecules appear
Hmol-mol

mn . Note that the Coulomb coupling terms Hmol-mol
mn and Hnc-mol

m incorporate all
interactions between electrons and nuclei.

The states of Eq. (3.1) and Eq. (3.2) are used as a basis for the hybrid Hamiltonian
Eq. (3.3)

|Ψ⟩ =
∑

α

|α⟩ ⊗
∏

m

∑

βm

|ψβm
m ⟩ . (3.4)

It is assumed that the individual parts are well separated, so that the overlap between
two many-particle states is negligible. As a consequence, no charge transfer occurs, and
a Hartree product of the individual states is sufficient to describe the complete system
state.

The complete system Hamiltonian Eq. (3.3) is now expanded by the basis Eq. (3.4),
leading to

Hhybrid =
∑

α,β1,...,βN

ᾱ,β̄1,...,β̄N

|α, ψβ1

1 , . . . , ψ
βN

N ⟩⟨ψβN

N , . . . , ψβ1

1 , α|
[
Hnc +

∑

k

Hmol
k +

∑

k,l ̸=k

Hmol-mol
kl

+
∑

k

Hnc-mol
k

]
|ᾱ, ψβ̄1

1 , . . . , ψ
β̄N

N ⟩⟨ψβ̄N

N , . . . , ψβ̄1

1 , ᾱ| , (3.5)

where the product state
∑

α,β1,...,βN
|α, ψβ1

1 , . . . , ψ
βN

N ⟩ resembles Eq. (3.4) forN molecules.
The corresponding matrix elements are given by

⟨ψβN

N , . . . , ψβ1

1 , α|
[
Hnc +

∑

k

Hmol
k +

∑

k,l ̸=k

Hmol-mol
kl +

∑

k

Hnc-mol
k

]
|ᾱ, ψβ̄1

1 , . . . , ψ
β̄N

N ⟩

=

[
Eα +

∑

k

Eβk

k

]
δα,ᾱ

∏

m

δβm,β̄m
+
∑

k,l ̸=k

⟨ψβl

l , ψ
βk

k |Hmol-mol
kl |ψβ̄k

k , ψ
β̄l

l ⟩δα,ᾱ
∏

m ̸=k,l

δβm,β̄m

+
∑

k

⟨ψβk

k , α|Hnc-mol
k |ᾱ, ψβ̄k

k ⟩
∏

m ̸=k

δβm,β̄m
. (3.6)

For the Coulomb coupling terms of Eq. (3.6), a simple expression can be given by

⟨ψβl

l , ψ
βk

k |Hmol-mol
kl |ψβ̄k

k , ψ
β̄l

l ⟩ =

∫
d3r d3r′

nβk,β̄k
(r)nβl,β̄l

(r′)

|r− r′| (3.7)

⟨ψβk

k , α|Hnc-mol
k |ᾱ, ψβ̄k

k ⟩ =

∫
d3r d3r′

nα,ᾱ(r)nβk,β̄k
(r′)

|r− r′| (3.8)

with the total charge density of the molecule

nβk,β̄k
(r) = ρβk,β̄k

(r)− δβk,β̄k

∑

u∈k
eZuδ(r−Ru) . (3.9)
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and semiconductor nanocrystal

nα,ᾱ(r) = ρα,ᾱ(r)− δα,ᾱ
∑

u

eZuδ(r−Ru) . (3.10)

The charge density of the molecule (nanocrystal) is given as a sum of the electronic tran-
sition charge density ρβk,β̄k

(ρα,ᾱ) and the nuclear charge density δβk,β̄k

∑
u∈k eZuδ(r −

Ru) (δα,ᾱ
∑

u eZuδ(r − Ru)) [34, 91]. Note that u corresponds either to an atom of
molecule k or to an atom of the nanocrystal.

3.1.1. Frenkel-Exciton

A first application is a molecular aggregate with a semiconductor nanocrystal, where
all molecules and the nanocrystal are in its ground state except of one molecule being
in its first excited state

|Ψm⟩ = |0⟩ ⊗ |ψem
m ⟩

∏

k ̸=m

|ψgk
k ⟩ . (3.11)

The nanocrystal ground state is given by |0⟩, while the ground and excited state of the
m-th molecule correspond to |ψg

m⟩ and |ψe
m⟩, respectively.

An expansion of the hybrid Hamiltonian Eq. (3.3) with respect to 1 =
∑

m |Ψm⟩⟨Ψm|
leads to the Frenkel exciton like Hamiltonian

ĤFX =
∑

m

EX
m|Ψm⟩⟨Ψm|+

∑

m,n ̸=m

⟨ψgm
m , ψen

n |Hmol-mol
mn |ψgn

n , ψ
em
m ⟩|Ψm⟩⟨Ψn| . (3.12)

Here, the excitation energy

EX
m = Eem

m +
∑

n ̸=m

⟨ψgn
n , ψ

em
m |Hmol-mol

mn |ψem
m , ψgn

n ⟩+ ⟨0, ψem
m |Hnc-mol

m |ψem
m , 0⟩

−Egm
m −

∑

n ̸=m

⟨ψgn
n , ψ

gm
m |Hmol-mol

mn |ψgm
m , ψgn

n ⟩ − ⟨0, ψgm
m |Hnc-mol

m |ψgm
m , 0⟩(3.13)

is not only the difference between the ground-state energy Egm
m and excited-state en-

ergy Eem
m of a single molecule, but also considers the Coulomb interaction with the

surrounding molecules as well as the nanocrystal. Note that the ground state energy of
the complete system is set to zero, E0 +

∑
k E

gk
k = 0.

The off-diagonal part couples molecules by the transfer coupling

⟨ψgm
m , ψen

n |Hmol-mol
mn |ψgn

n , ψ
em
m ⟩ =

∫
d3r d3r′

ρgm,em(r)ρen,gn(r
′)

|r− r′| , (3.14)

where one molecule de-excites (e→ g), while the other one excites from the ground to
the excited state. In this coupling, only the electronic transition densities ρgm,em are
relevant and not the total charge density.

A solution to Eq. (3.12) is given by

|FXγ⟩ =
∑

m

Cγ,m|Ψm⟩ (3.15)



34 3. Electronic Structure Calculations of Hybrid Nanostructures

that satisfies the eigenvalue problem

ĤFX|FXγ⟩ = EFX
γ |FXγ⟩ . (3.16)

The Frenkel exciton energies EFX
γ and states |FXγ⟩, respectively their coefficients Cγ,m

are determined by

EFX
γ Cγ,m = EX

mCγ,m +
∑

n ̸=m

∫
d3r d3r′

ρgm,em(r)ρen,gn(r
′)

|r− r′| Cγ,n . (3.17)

A Frenkel exciton corresponds to a weak excitation of the hybrid system. This ex-
citation is delocalized over the complete molecular system, caused by the excitation
energy transfer coupling. This derivation of the Frenkel-Exciton considers only single
excitation. The expansion to higher excitations is possible [92], but not needed in this
thesis.

3.1.2. Nanocrystal Exciton

By analogy to the previous section, a nanocrystal exciton in the presence of a molecular
aggregate in its ground state is discussed in the following

|Ψα⟩ = |α⟩ ⊗
∏

k

|ψgk
k ⟩ , (3.18)

where the quantum number α indicates any singly excited nanocrystal state.
The hybrid Hamiltonian Eq. (3.3) is expanded with respect to 1 =

∑
α |Ψα⟩⟨Ψα|,

leading to the nanocrystal exciton Hamiltonian

ĤNCX =
∑

α

EX
α |Ψα⟩⟨Ψα|+

∑

α,ᾱ̸=α

∑

m

⟨α, ψgm
m |Hnc-mol

m |ψgm
m , ᾱ⟩|Ψα⟩⟨Ψᾱ| . (3.19)

with energy

EX
α = Eα − E0 +

∫
d3r d3r′

nα(r)
∑

m ngm(r
′)

|r− r′| . (3.20)

Note that the total ground-state energy is set to zero.
The surrounding molecules introduce a shift of the nanocrystal excited state Eα due to

electrostatic interaction between the constituents, but also enable transitions between
different excited states. A solution to Eq. (3.19) is given by a superposition of the
isolated nanocrystal excitons

|NCXA⟩ =
∑

α

CA,α|Ψα⟩ (3.21)

The corresponding energy ENCX
A and coefficient CA,α are determined by

ENCX
A CA,α = EX

αCA,α +
∑

ᾱ̸=α

∫
d3r d3r′

ρα,ᾱ(r)
∑

m ngm(r
′)

|r− r′| CA,ᾱ . (3.22)

The presented corrections are in most cases not necessary, because most molecules in
this thesis have a neutral ground state, a weak permanent dipole moment, and a rather
large distance to the semiconductor nanocrystal. In this case, the energies and states
of the isolated nanocrystal are used.
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3.1.3. Hybrid Exciton

In the following, the previously presented Frenkel and nanocrystal excitons are com-
bined to enable calculations with either a single excitation of the nanocrystal or molec-
ular aggregate. The corresponding Hamiltonian is derived by expanding the hybrid
Hamiltonian Eq. (3.3) with respect to 1 =

∑
A |NCXA⟩⟨NCXA|+

∑
γ |FXγ⟩⟨FXγ|,

ĤNCX-FX =
∑

A

ENCX
A |NCXA⟩⟨NCXA|+

∑

γ

EFX
γ |FXγ⟩⟨FXγ|

+
∑

A,γ

[
VNCX-FX
A,γ |NCXA⟩⟨FXγ|+ VNCX-FX

γ,A |FXγ⟩⟨NCXA|
]
. (3.23)

Both, the Frenkel and nanocrystal excitons, are coupled to each other by the excitation
energy transfer coupling

VNCX-FX
A,γ =

∫
d3r d3r′

ρ∗A,0(r)
∑

mCγ,mρgm,em(r
′)

|r− r′| (3.24)

with the nanocrystal exciton transition density ρA,0 and Frenkel exciton transition den-
sity

∑
mCγ,mρgm,em .

A possible solution to the hybrid exciton Hamiltonian Eq. (3.23) is given by the
hybrid exciton state

|HYXκ⟩ =
∑

A

Cκ,A|NCXA⟩+
∑

γ

Dκ,γ|FXγ⟩ . (3.25)

The coefficients Cκ,A and Dκ,γ as well as the hybrid exciton energy EHYX
κ are determined

by the following set of equations

ENCX
A Cκ,A +

∑

γ̄

VNCX-FX
A,γ̄ Dκ,γ̄ = EHYX

κ Cκ,A

∑

Ā

VNCX-FX
γ,Ā Cκ,Ā + EFX

γ Dκ,γ = EHYX
κ Dκ,γ . (3.26)

These hybrid excitons are Frenkel excitons of the nanocrystal/aggregate complex.
Such states are only formed if the transfer coupling is sufficiently strong to compensate
for any relaxation processes. For the systems in this thesis, the transfer couplings are
rather weak, which excludes the formation of hybrid excitons.

3.2. Metal/Semiconductor Core/Shell Hybrid
Structure

If an electron-hole pair has been excited in the semiconductor-shell, it may decay due to
energy transfer into the metal-core accompanied by metal plasmon excitations. How-
ever, the states of the electron and hole and their mutual Coulomb coupling may also
be affected due to the polarization effects of the metal-electrons. In a consequent many-
body approach based on the electron-hole pair Green’s function, the latter two effects
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can be addressed in computing the self-energies of the electron and hole and by con-
sidering the screening of their Coulomb coupling 1. Here, an alternative consideration
is offered, which is based on off-resonant couplings of the electron-hole pair excitations
in the semiconductor-shell to the metal-core electron gas 2. This approach leads to the
formulation of the image charge effect that is subsequently considered in the description
of semiconductor-shell excitons. In the last part, the excitation energy transfer coupling
between metal plasmons and semiconductor excitons is presented.

Starting with the general core-shell Hamiltonian

Ĥcore-shell = Ĥnc + Ĥmmp + Ĥnc-mmp , (3.27)

where Ĥnc, Ĥmmp, and Ĥnc-mmp describe the nanocrystal (nc) shell, the metal nanopar-
ticle (mnp) forming the core, and the interaction between both, respectively. Because
charge transfer processes are neglected, the eigenvalue equation for Ĥcore-shell can be
established

Ĥcore-shell|Ψ⟩ = E|Ψ⟩ (3.28)

by an expansion with respect to nanocrystal-metal nanoparticle product states

|A⟩ = |α⟩ ⊗ |MNPβ⟩ (3.29)

with A encompassing the quantum numbers related to the semiconductor excitation α
and metal excitation β. The expansion takes the form

|Ψ⟩ =
∑

A

CA|A⟩ , (3.30)

and it results in the following matrix eigenvalue equation
∑

B

⟨A|Ĥcore-shell|B⟩CB = EACA . (3.31)

The subsequent procedure is based on a restriction to the core-shell ground and the
first excited electronic state. A consideration of all higher excited states is achieved via
virtual transitions into these states. Finally, this can be interpreted as the presence of
polarization effects, mainly due to the metal nanoparticle electron gas. Its back-reaction
to the nanocrystal electron-hole pair is considered in using the concept of image charges.

Accordingly, the operator P̂ is introduced,

P̂ = |0⟩|MNP0⟩⟨MNP0|⟨0|+
∑

α

|α⟩|MNP0⟩⟨MNP0|⟨α|

+
∑

β

|0⟩|MNPβ⟩⟨MNPβ|⟨0| , (3.32)

which projects on the nanocrystal-metal nanoparticle ground state |0⟩|MNP0⟩ as well
as on the nanocrystal and metal nanoparticle single electron-hole pair excitations |α⟩
and |MNPβ⟩, respectively

1For recent examples see [93–95].
2This approach has also been applied to compute the gas-to-crystal shift, which molecular levels

undergo if they are moved from the gas phase into a molecular aggregate or crystal [96,97].
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The eigenvalue equation for P̂ |Ψ⟩ 3 reads
∑

B′

⟨A′|ĤP|B′⟩CB′ = EA′CA′ (3.33)

with the Hamiltonian matrix elements

⟨A′|ĤP|B′⟩ = δA′,B′EA′+⟨A′|Ĥnc-mmp|B′⟩+
∑

Ã

⟨A′|Ĥnc-mmp|Ã⟩⟨Ã|Ĥnc-mmp|B′⟩
EA′ − EÃ

. (3.34)

The expansion coefficients denoted by the quantum numbers A′ and B′ indicate the
reduction up to single electron-hole pair states, |A′⟩ = P̂ |A⟩. In contrast, higher excited
states are labeled by |Ã⟩ = (1− P̂ )|A⟩.

This complex eigenvalue equation requires some approximation. At first, the ground-
state matrix element

⟨0|⟨MNP0|ĤP|MNP0⟩|0⟩ ≈ Enc
0 + Emnp

0 (3.35)

is approximated by the energy term alone. The energy of a metal nanoparticle state with
quantum number β is given by Emnp

β = ⟨MNPβ|Ĥmnp|MNPβ⟩, where β = 0 indicate the
corresponding ground state. For the semiconductor shell, the same notation as before
is used, Enc

α = ⟨α|Ĥnc|α⟩. Any polarization effect shall be of less importance. Next,
the singly excited metal nanoparticle states are considered,

⟨0|⟨MNPβ|ĤP|MNPβ′⟩|0⟩ ≈
[
Enc

0 + Emnp
β

]
δβ,β′ . (3.36)

Here, any effect due to the nanocrystal polarization is ignored and the hole matrix ele-
ment is set equal to the energy term. However, focusing on singly excited nanocrystal
states the polarization terms are accounted for. To achieve a direct consideration of the
metal nanoparticle polarization when calculating nanocrystal exciton levels, the expan-
sion is carried out with respect to the states â†eâh|0⟩ = |eh⟩ of uncorrelated electron-hole
pairs with electron energy Enc

e and hole energy Enc
h ,

⟨eh|⟨MNP0|ĤP|MNP0⟩|e′h′⟩ = ⟨eh|Ĥnc|e′h′⟩+ δeh,e′h′Emnp
0

+⟨eh|⟨MNP0|Ĥnc-mnp|MNP0⟩|e′h′⟩

+
∑

Ã

⟨eh|⟨MNP0|Ĥnc-mmp|Ã⟩⟨Ã|Ĥnc-mmp|MNP0⟩|e′h′⟩
Enc

e + Enc
h + Emnp

0 − EÃ

]
.

(3.37)

The metal nanoparticle ground-state energy Emnp
0 will be set equal to zero.

⟨MNP0|Ĥnc-mnp|MNP0⟩ characterizes a nanocrystal-metal nanoparticle Coulomb inter-
action if the metal nanoparticle is in its ground-state |MNP0⟩. This term can be also
neglected. However, the last term at the right-hand side of Eq. (3.37) includes vir-
tual transitions into excited metal nanoparticle states, which correspond to an metal
nanoparticle polarization. For the following, the assumption is taken that these polar-
ization effects and their back-reaction on the nanocrystal states can be accounted for in

3 For more details see a recent application in [98].
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e
ie,1 ie,2

h

ih,1

ih,2
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Figure 3.1.: Visualization of the image charge effect for an electron (e) and a hole (h)
outside of a metal nanoparticle (MNP) (cf. Eq. (3.45) and Eq. (3.47)).
The solid black line indicates the Coulomb interaction between the electron
and the hole. Solid red (blue) lines correspond to the coupling between the
electron (hole) and the image charges ih,1 and ih,2 (ie,1 and ie,2) induced by
the hole (electron), while the dashed red (blue) line shows the interaction
between the electron (hole) and its image charges ie,1 and ie,2 (ih,1 and ih,2).

considering the interaction of the nanocrystal electron-hole pair with the image charges
induced at the metal nanoparticle 4. Accordingly, Eq. (3.37) is changed to

⟨eh|⟨MNP0|ĤP|MNP0⟩|e′h′⟩ ≈ ⟨eh|Ĥnc + V̂ima|e′h′⟩ , (3.38)
where V̂ima is the coupling between the electron-hole pair and the image charges. This

interaction is explained in more detail in the following part.

3.2.1. Image Charge Corrections of the Exciton Equation

In the following, the interaction energy of the electron-hole pair with the image charges
induced at the metal-core is determined.

The interaction energy of a point charge q with an electrically isolated spherical metal
nanoparticle is in general given by [101]

V (r) = − q2R3
mnp

2∆r2(∆r2 −R2
mnp)

(3.39)

with the abbreviations ∆r = r−XMNP and ∆r = |r−XMNP|. Here, the point charge
is positioned at r outside the spherical metal nanoparticle. The latter has the radius
Rmnp and is placed with its center of mass at XMNP.

The interaction energy appears as that of the external charge with two fictitious
image charges, which mimic the metal nanoparticle electron gas polarization (see Fig.
3.1). This can be seen by rewriting the interaction energy Eq. (3.39) in the following
form

V (r) = −1

2

(
q2Rmnp/r

|r− (R2
mnp/r

2)r| +
q2Rmnp/r

r

)
. (3.40)

4Examples are given in [99,100].
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As a generalization, a set of point charges qu positioned around the metal nanoparticle
at ru is considered in the following. The resulting electrostatic potential φ(r) takes the
form

φ(r) =
∑

u

[
qu

|r− ru|
+ φ̃u(r)

]
, (3.41)

where
φ̃u(r) = − quRMNP

∆ru|∆r−R2
MNP∆ru/∆r2u|

+
quRMNP

∆r∆ru
(3.42)

is the potential of two image charges which belong to the external charge qu. Note the
introduction of ∆ru = ru −XMNP and ∆ru = |ru −XMNP|. To get the total interaction
energy of the set of charges near the metal nanoparticle, firstly, one has to compute the
direct coupling among the external charges. And, secondly, it is necessary to account
for all couplings to the image charges

Vima =
1

2

∑

u,v ̸=u

quqv
|ru − rv|

+
1

2

∑

u

φ̃u(ru)qu +
1

2

∑

u,v ̸=u

φ̃v(ru)qu . (3.43)

The second term on the right-hand side gives the coupling energy of charge qu to the
image charges induced by itself (the potential V (1)

ima in the following). The third term
describes the coupling energy to all other image charges (in the following potential
V

(2)
ima). These two image charge potentials can be rewritten as

V
(1)
ima =

∑

u

w(1)
u , (3.44)

with

w(1)
u (ru) = −q

2
uRmnp

2

[
1

∆r2u −R2
mnp

− 1

∆r2u

]
, (3.45)

and as

V
(2)
ima =

∑

u,v ̸=u

w(2)
uv , (3.46)

with

w(2)
uv (ru, rv) = −quqvRmnp

2

[
1

(
∆r2u∆r

2
v − 2R2

mnp∆ru ·∆rv +R4
mnp

)1/2 − 1

∆ru∆rv

]
.

(3.47)
Fig. 3.1 visualizes all interactions described by Eq. (3.40).

The notation of w(2)
uv directly displays the correct symmetry w(2)

uv (ru, rv) = w
(2)
vu (rv, ru)

of the potential.
Translating this picture to charges of the nanocrystal shell, all valence electrons and

the related ions of the lattice must be considered. If the valence band like states
are entirely populated, absence of electron-hole pair excitations, the remaining spatial
charge distribution due to different electron and ion localization may polarize the metal
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nanoparticle. This effect will only be absent if the electron and ion charge distribution
are completely balanced. Although this would not be entirely guaranteed, such a situa-
tion is assumed. As a consequence, any interaction energy with the metal nanoparticle
is ignored. This assumption enables the treatment of a single excited electron-hole
pair as a pair of two opposite elementary charges and reduces Vima to a two-particle
potential.

As described beforehand the nanocrystal Hamilton operator, Eq. (2.11), has to be ex-
tended by the image potential ⟨eh|⟨MNP0|ĤP|MNP0⟩|e′h′⟩ ≈ ⟨eh|Ĥnc+V̂

(1)
ima+V̂

(2)
ima|e′h′⟩.

Consequently, the exciton equation, Eq. (2.20), changes to

EαAα,eh =
∑

e′

[Eeδe,e′ +∆Ee′,e]Aα,e′h −
∑

h′

[Ehδh,h′ +∆Eh′,h]Aα,eh′

−
∑

e′,h′

[
Weh′,he′ +W

(ima)
eh′,he′ − Jeh′,e′h − J

(ima)
eh′,e′h

]
Aα.e′h′ . (3.48)

The single-particle terms are

∆Ee,e′ =

∫
d3r ρe,e′(r)w

(1)(r) , (3.49)

and

∆Eh,h′ =

∫
d3r ρ∗h,h′(r)w(1)(r) , (3.50)

where w(1) has been defined with the electron charge qe = qh = e 5.
The two-particle interaction separates as the original electron-hole Coulomb coupling

in direct W (ima)
eh′,he′ and exchange Coulomb coupling J (ima)

eh′,e′h with

W
(ima)
eh′,he′ =

∫
d3r d3r′ ρe,e′(r)w

(2)(r, r′)ρ∗h′,h(r
′) (3.51)

and

J
(ima)
eh′,e′h =

∫
d3r d3r′ ρe,h(r)w

(2)(r, r′)ρ∗e′h′(r′) . (3.52)

The charge factors qeqh = e2 are introduced in w(2) to keep the same prefactors as in
the original electron-hole Coulomb coupling.

3.2.2. Excitation Energy Transfer Coupling

Among the matrix element, which have been not touched so far, only the type

⟨0|⟨MNPβ|ĤP|MNP0⟩|α⟩ = ⟨0|⟨MNPβ|Ĥnc-mmp|MNP0⟩|α⟩

+
∑

Ã

⟨0|⟨MNPβ|Ĥnc-mmp|Ã⟩⟨Ã|Ĥnc-mmp|MNP0⟩|α⟩
Enc

0 + Emnp
β − EÃ

.

(3.53)

5The changing prefactor in the case of a hole has been already considered
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remains of interest. It describes excitation energy transfer from the nanocrystal to
the metal nanoparticle 6. Here, any effect of screening is ignored that may modify
this energy transfer coupling. Therefore, ⟨0|⟨MNPβ|ĤP|MNP0⟩|α⟩ is replaced by the
nanocrystal-metal nanoparticle Coulomb coupling ⟨0|⟨MNPβ|Ĥnc-mmp|MNP0⟩|α⟩. In
this case, the transfer coupling Eq. (3.53) takes the form [102,103]

⟨0|⟨MNPβ|ĤP|MNP0⟩|α⟩ =
∫
d3r d3r′

ρ∗α,0(r)ρβ,0(r
′)

|r− r′| , (3.54)

which is introduced in Sec. 3.1. Here, the metal nanoparticle electron transition charge
density is given by

ρβ,0(r) = eNel

∫
dx δ(r− x1)ψ

∗
β(x)ψ0(x) , (3.55)

where Nel is the number of metal electrons, x denotes the whole set of electron
coordinates and ψ0 and ψβ are the ground- and excited-state electron wave functions,
respectively. The definition of the nanocrystal exciton transition charge density ρα0(r)
is given by Eq. (2.26).

To simplify Eq. (3.54), the coupling is first rewritten

⟨0|⟨MNPβ|ĤP|MNP0⟩|α⟩ =
∫
d3r ρ∗α,0(r)Φβ,0(r) (3.56)

by introducing the electrostatic potential due to the metal nanoparticle excitations

Φβ0(r) =

∫
d3r′

ρβ0(r
′)

|r− r′| . (3.57)

A multipole expansion of the metal nanoparticle induced electrostatic potential re-
sults in

Φβ0(r) =
∑

l,m

Ilm(r)eQlm(β) (3.58)

with

Ilm(r) =

√
4π

2l + 1

Y ∗
lm(θ, φ)

rl+1
(3.59)

Qlm(β) =

√
4π

2l + 1

∫
d3r ρβ0(r)r

lYlm(θ, φ) . (3.60)

Ylm(θ, φ) is a spherical harmonic function with spherical coordinates (r, θ, ϕ). Sec. B
presents details concerning Ilm and the multipole moment Qlm. In applying the so–
called plasmon resonance approximation [102], it is assumed that only those metal
nanoparticle excited states contribute which have multipole character with the actual
multipole indices l and m

eQlm(β) ≈ δlm,keQl = δlm,β

√
ℏω(M)

l R2l+1
mnp /2 . (3.61)

6 The reverse process is accounted for by ⟨α|⟨MNP0|ĤP|0⟩|MNPβ⟩.
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The Mie-frequency is ω(M)
l =

√
l/(2l + 1)ωpl with the plasma frequency ωpl, which

amounts 9 eV for gold, [104]. Finally, the transfer coupling is given by

⟨0|⟨MNPβ|ĤP|MNP0⟩|α⟩ = e

√
ℏω(M)

β R2β+1
mnp /2

∫
d3r ρ∗α,0(r)Iβ(r) (3.62)
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4. Excitation Energy Transfer in
Hybrid Nanostructures

This chapter presents the modeling of excitation energy transfer in nanohybrid systems.
If the transfer coupling is sufficiently weak, rate equations can be applied that describe
a non-coherent excitation transfer.

At first, general rate expressions are derived, considering the thermalization of the ini-
tial excitation as well as the influence of intramolecular vibrations (Sec. 4.1). Following
that, explicit rate expressions for the excitation energy transfer between a semiconductor
nanocrystal and a single molecule, as well as a molecular aggregate, are presented (Sec.
4.2). In the last part, rate expressions for excitation energy transfer between metal
plasmons and semiconductor excitons in a metal core/semiconductor shell structure are
given (Sec. 4.3).

This chapter follows the derivations of [92].

4.1. Rate Equation

Excitation energy transfer coupling between semiconductor nanocrystals, organic molecules,
or metal nanoparticles is, in most cases, rather weak with a coupling in the range of
meV. Here, the internal relaxation dominates, making a coherent transfer impossible.
In this case, the excitation “jumps” from system to system. This process is described
by a coupled rate equation, the Pauli master equation,

∂tPiαi
(t) = −

∑

j,βj

kiαi→jβj
Piαi

(t) +
∑

j,βj

kjβj→iαi
Pjβj

(t) . (4.1)

The excited state population is transferred between the different excited states αi of
system i and the excited states βj of system j. In Eq. (4.1), the first term describes
transfer from state αi to all possible states βi, while the second term describes the
reverse process. If the reverse process is negligible, a solution to Eq. (4.1) is given by

Piαi
(t) = exp

⎛
⎝−

∑

j,βj

kiαi→jβj
t

⎞
⎠Piαi

(0) . (4.2)

After a sufficient time, Piαi
is completely depleted due to the transfer to system j. The

lifetime τiαi
of the excited state αi is defined in this case by

τiαi
=

1∑
j,βj

kiαi→jβj

. (4.3)
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The actual transfer process is mediated by the transfer rate

kiαi→jβj
=

2π

ℏ
∑

mi,ni

∑

mj ,nj

fαimi
fβjnj

⏐⏐⏐⟨αigj|Ĥij|βjgi⟩
⏐⏐⏐
2

× |⟨χαimi
|χgini

⟩|2
⏐⏐⟨χgjmj

|χβjnj
⟩
⏐⏐2

δ(Eαimi
− Egini

+ Egjnj
− Eβjmj

) (4.4)

that is mainly determined by the excitation energy transfer coupling ⟨αigj|Ĥij|βjgi⟩
and the energy conservation δ(Eαimi

− Egini
+ Egjnj

− Eβjmj
), where Egini

((Eαimi
) is

the ground-state (excited-state) energy of system i with the ni(mi) mode of vibration.
Transfer couplings in different hybrid systems are discussed in Ch. 3. In some systems
also the vibrational modes are important and modify the transfer rate. Here, vibrational
modes for the system i and j are considered with distribution function fαimi

and Franck-
Condon factors ⟨χαimi

|χgini
⟩ of the vibrational states |χαimi

⟩. It is assumed that the
excitation energy coupling does not depend on the nuclear coordinates, which results
in the vibrational Franck-Condon factors.

The vibrational part

Dαi,βj
=

∑

mi,ni

∑

mj ,nj

fαimi
fβjnj

|⟨χαimi
|χgini

⟩|2
⏐⏐⟨χgjmj

|χβjnj
⟩
⏐⏐2

×δ(Eαimi
− Egini

+ Egjnj
− Eβjmj

) (4.5)

can be grouped together to the combined density of states

Dαi,βj
=

∫
dE Dem

αi
(E)Dabs

βj
(E) (4.6)

with the lineshape function for emission Dem

Dem
αi
(E) =

∑

mi,ni

fαimi
|⟨χαimi

|χgini
⟩|2 δ(Eαimi

− Egini
− E) (4.7)

and absorption Dabs

Dabs
βj

(E) =
∑

mj ,nj

fgjnj

⏐⏐⟨χgjnj
|χβjmj

⟩
⏐⏐2 δ(Egjnj

− Eβjmj
+ E) . (4.8)

The lineshape functions can be calculated directly or approximated by an analytical
model. For molecules in this thesis, Dem and Dabs are modeled by a quasi continuum
set of harmonic oscillators. In conjunction with the high-temperature limit and the
assumption of slow nuclear motion, the following lineshape functions are derived

Dem
βj
(E) =

1√
2πkBTSβj

exp

{
−
[
E − Eβj

+ Sβj
/2
]2

2kBTSβj

}
(4.9)

Dabs
βj

(E) =
1√

2πkBTSβj

exp

{
−
[
E − Eβj

− Sβj
/2
]2

2kBTSβj

}
. (4.10)

The resulting functions describe inhomogeneous broadening. Both functions are deter-
mined by the thermal energy Eth = kBT with temperatur T and Boltzmann constant
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kB as well as the Stokes shift Sαi
. The high-temperature limit is applicable because all

systems in this work are simulated at room temperature. Note the introduction of the
energy difference Eβj

= Eβj
− Egj .

If fast nuclear motions are assumed, Dem and Dabs are given by

D
em/abs
βj

(E) =
1

π

Γβj[
E − Eβj

]2
+ Γ2

βj

(4.11)

with the broadening
Γβj

= kBTSβj
/Evib . (4.12)

This type of function corresponds to homogeneous broadening and is determined by the
thermal energy, Stokes shift and a characteristic vibrational energy Evib. It is important
to note that both types of broadening, homogeneous and inhomogeneous broadening,
introduce a weakening of the energy conservation rule of Eq. (4.4). In any numerical
implementation, such a weakening of the delta function is necessary.

For a weak interaction between electronic and nuclear motion, it is possible to neglect
the vibrational motion, leading to a discrete lineshape function

Dem/abs
αi

(E) = δ(E − Eαi
) . (4.13)

Before going into further details of Dαi,βj
, a few modifications of the rate expression

are discussed.
It is often useful to describe the transfer process from one system to another and not

between individual states. Therefore, the rate expression Eq. (4.4) changes to

ki→j =
2π

ℏ
∑

αi,βj

⏐⏐⏐⟨αigj|Ĥij|βjgi⟩
⏐⏐⏐
2

d(Eαi
− Eβj

) , (4.14)

where the different broadening functions are abbreviated by d(Eαi
− Eβj

).
In many systems, rapid energy relaxation appears that is much faster than the exci-

tation energy transfer process. This relaxation leads to the thermalization of the initial
system, where the excited states’ occupation decreases with increasing energy. As a
consequecne of this process, the rate expression changes to

ki→j =
2π

ℏ
∑

αi,βj

fαi

⏐⏐⏐⟨αigj|Ĥij|βjgi⟩
⏐⏐⏐
2

d(Eαi
− Eβj

) . (4.15)

Here, the thermal distribution

fαi
=

exp {−Eαi
/kBT}∑

βi
exp {−Eβi

/kBT}
(4.16)

of the initial excited system is introduced. The thermal distribution has a tremendous
influence on the transfer rate. Only the energetic lowest excited states participate
effectively in the actual process. All states at the tail of the distribution are neglected.
Additionally, if the state with the lowest energy of system i is far below the lowest state
of system j, no transfer appears, even if energetically higher states of both systems are
in resonance.
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4.2. Excitation Energy Transfer Rate of a
Nanocrystal/Molecule Hybrid Structure

At first, a hybrid structure consisting of a single semiconductor nanocrystal and a
single molecule is investigated. The nanocrystal is defined by its ground state |0⟩ and
a multitude of excited states |α⟩, while the molecule has only a ground state |ψg⟩ and
one excited state |ψe⟩. For this system, the rate expressions for the transfer between
both structures take the following form

knc→mol =
2π

ℏ
∑

α

fα

⏐⏐⏐⟨ψg, α|Ĥnc-mol|0, ψe⟩
⏐⏐⏐
2

× 1√
2πkBTS

exp

{
− [Eα − Ee − S/2]2

2kBTS

}
(4.17)

kmol→nc =
2π

ℏ
∑

α

⏐⏐⏐⟨ψg, α|Ĥnc-mol|0, ψe⟩
⏐⏐⏐
2

× 1√
2πkBTS

exp

{
− [Eα − Ee + S/2]2

2kBTS

}
. (4.18)

The notation in this equation follows Ch. 3, which means that the energies, Eα =
Eα − E0 and Ee = Ee − Eg, also include the coulomb interaction with the respective
environment. For the broadening, slow nuclear motion is assumed for the molecule
(Eq. (4.9) and Eq. (4.10)), while the vibrational motion are completly neglected
for the nanocrystal (Eq. (4.13)). Here, S denotes the Stokes shift of the molecule.
The thermal distribution fα appears only for the transfer from the nanocrystal to the
molecule because only a single transition is considered for the molecule, which makes a
thermal distribution superfluous. The last term of the rate expressions is the excitation
energy transfer coupling (cf. Ch. 3)

⟨ψg, α|Ĥnc-mol|0, ψe⟩ =
∫
d3r d3r′

ρα,0(r)ρg,e(r
′)

|r− r′| . (4.19)

In this work the transition densities ρα,0(r) are approximated by atomic centered tran-
sition charges qα0,u as presented in Sec. 2.6

ρα,0(r) ≈
∑

u

qα0,u δ(r−Ru) (4.20)

with u indicating the individual atomic positions of each structure. With this approx-
imation the excitation energy transfer coupling between a nanocrystal and a molecule
is given by

⟨ψg, α|Ĥnc-mol|0, ψe⟩ =
∑

u,v

qα0,u qge,v
|Ru −Rv|

. (4.21)

In the following, the single-molecule is replaced by a molecular aggregate. As a conse-
quence, Frenkel excitons are introduced that are a superposition of the single molecule
states |FXγ⟩ =

∑
mCγ,m|ψem

m ⟩∏k ̸=m |ψgk
k ⟩ (cf. Sec. 3.1.1) with energies EFX

γ . The
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change to the aggregate and thus to Frenkel excitons also modifies the rate expressions
to

knc→mol-agg =
2π

ℏ
∑

α,γ

fα |Vγ,α|2
1√
2πϵ

exp

{
− [Eα − Eγ]

2

2ϵ

}
(4.22)

kmol-agg→nc =
2π

ℏ
∑

α,γ

fγ |Vγ,α|2
1√
2πϵ

exp

{
− [Eα − Eγ]

2

2ϵ

}
(4.23)

with the excitation energy transfer coupling (cf. Sec. 3.1.3)

VNCX-FX
α,γ =

∑

u

∑

m,vm

q∗α0,uCγ,mqgmem,vm

|Ru −Rvm |
. (4.24)

As before the energies include the interaction with the respective enviroment.
In contrast to the single molecule case, now a multitude of Frenkel exciton states par-

ticipate at the transfer process, introducing a thermal distribution fγ for kmol-agg→nc.
Another vital modification concerns the broadening that a Gaussian gives with a broad-
ening factor of ϵ. ϵ is fitted to experimental data but could be, in principle, derived in
a similar way as in the single-molecule case. Here, the broadening is mainly a result of
intra- and intermolecular vibrations [92].

4.3. Excitation Energy Transfer Rate of a
Metal/Semiconductor Core/Shell Hybrid
Structure

One important transfer process in metal/semiconductor core/shell structures is the
excitation energy transfer between metal plasmons |MNPβ⟩ and semiconductor excitons
|α⟩. The corresponding transfer coupling

⟨0|⟨MNPβ|Ĥ|MNP0⟩|α⟩ = e

√
ℏω(M)

β R2β+1
MNP/2

∑

u

q∗α0,uIβ(Ru) (4.25)

has already been discussed in Sec. 3.2.2 (cf. Eq. (3.62)). Only plasmons with a mul-
tipole character are taken into account, which are characterized by the Mie-frequency
ω

(M)
l and radius of the metal nanoparticle RMNP. Here, the atomic centered transition

charges qα0,u of the nanocrystal are introduced.
The corresponding rate expressions are given by

knc→mnp =
2π

ℏ
∑

α,β

fα

⏐⏐⏐⟨0|⟨MNPβ|Ĥ|MNP0⟩|α⟩
⏐⏐⏐
2 1

π

Γ

[Eα − Eβ]
2 + Γ2

(4.26)

kmnp→nc =
2π

ℏ
∑

α

⏐⏐⏐⟨0|⟨MNPβ=1|Ĥ|MNP0⟩|α⟩
⏐⏐⏐
2 1

π

Γ

[Eα − Eβ=1]
2 + Γ2

. (4.27)

For both expressions, homogenous broadening is applied that considers the decay of
plasmons into single particle excitations [105]. The corresponding damping constant Γ
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is fitted to the experiment. In the case of excitation energy transfer from the nanocrystal
to the metal nanoparticle, all excitons and plasmon modes participate in the transfer
but weighted by the thermal distribution fα. Because of the fast decay of the metal
plasmons, a back-transfer is not possible. If the plasmons are excited directly by a
light pulse, only the dipole plasmon β = 1 is created because this plasmon mode is the
only optically active one. As a consequence, kmnp→nc considers only the dipole plasmon
mode β = 1.

As presented in Sec. 3.2, the semiconductor excitons energies Eα consider the presents
of the metal nanoparticle due to the image charge effect, which is incorporated into the
exciton equation. For the metal nanoparticle, a possible influence by the semiconductor
shell is neglected.
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5. Excitation Energy Transfer
between a Pheophorbide-a
Molecule and a CdSe
Nanocrystal

The combination of semiconductor nanocrystals and molecules for efficient electronic
excitation energy transfer is expected to be a promising ingredient of novel hybrid pho-
tovoltaic devices.

In this chapter, energy transfer between a CdSe nanocrystal and the tetrapyrrole-type
Pheophorbide-a molecule is studied theoretically. The rate expression accounts for the
correct nanocrystal–Pheophorbide-a transfer coupling, for the multitude of nanocrystal
single exciton levels as well as their thermal distribution, and for the electron-vibrational
molecule states. Spherical nanocrystals with a diameter ranging from 5.2 nm up to
15 nm are compared as well as nanocrystals with different shapes. The comparison
between differently shaped nanocrystals is published in [106], while the investigation of
the influence of the nanocrystal size is based on recent unpublished calculations.

It is shown that an increase in size reduces the transfer coupling, while the number of
contributing nanocrystal excitons increases. For small nanocrystals, the resulting trans-
fer to the Pheophorbide-a is faster than the transfer to the nanocrystal. With increasing
nanocrystal size, this relation changes qualitatively to the opposite case. Additionally,
the smallest spherical nanocrystal is also compared to a similarly large one of pyramidal
and hemisphere shape. Because of the different exciton energies and wave functions, the
transfer rates differ somewhat. In any case, the energy-transfer coupling stays in the
weak coupling regime for all systems, excluding hybrid-state formation and preventing
coherent transfer.

These findings are valuable guidelines for determining distances and orientations in
organic structures employing semiconductor probes.

5.1. Introduction

Rate-determined excitation energy transfer among weakly coupled subunits represents a
ubiquitous phenomenon in molecular physics, physical chemistry, and nanoscience [107].
The ability to fabricate semiconductor nanostructures like nanocrystals or quantum
dots [108] initiated numerous studies of inter-nanocrystal excitation energy transfer. For
example, nanocrystals have been used as antenna complexes of organic solar cells [109]
or as detectors for intermolecular distances and structural changes [110].

The investigation of excitation energy transfer processes in inorganic-organic hybrid
systems formed by molecules and differently shaped nanocrystals attracted particular
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Figure 5.1.: Spherical Cd1159Se1450 nanocrystal with a diameter of about 5.2 nm to-
gether with an attached Pheophorbide-a molecule (magenta: Cd, green:
Se, brown: C, gray: N, red: O, pink: H).

attention for the development of novel photovoltaic devices (see, e.g., refs. [111–117]).
However, there are only a few theoretical studies on the molecule-nanocrystal excitation
energy transfer. A dipyridyl porphyrin interacting with a Cd33Te33 nanocrystal coated
by a Zn78S78 shell has been investigated in ref. [36] using a DFT approach. In ref.
[91], excitation energy transfer rates for a CdSe nanocrystal/chlorophyll complex were
determined. TD-DFT techniques were applied in ref. [34] to a tiny Cd6Te6 cluster
interacting with a rhodamin cation. All studies focused on a characterization of the
excitation energy transfer coupling and the failure of its approximation by interacting
transition dipoles. Similar questions have been addressed when considering excitation
energy transfer in nanocrystal complexes 1.

1See the recent work [118,119] and references therein.
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The accurate description of the excitation energy transfer coupling and an approx-
imated one is discussed in the following. However, the main focus is on a conclu-
sive description of the rate of excitation energy transfer between a molecule and a
nanocrystal. The rate description of excitation energy transfer and thus the exclusion
of hybrid–exciton formation is confirmed by the obtained small values of the nanocrys-
tal–molecule excitation energy transfer coupling. To treat large nanocrystals with thou-
sands of atoms, the semiempirical tight-binding methodology of Sec. 2.4 is utilized.

For molecular systems, the excitation energy transfer between a donor (D) and ac-
ceptor (A) molecule can be characterized by the rate (see Ch. 4)

kD→A =
2π

ℏ

⏐⏐⏐⟨ψeD
D , ψgA

A |ĤDA|ψeA
A , ψgD

D ⟩
⏐⏐⏐
2

DeD,eA . (5.1)

The electronic donor-acceptor transfer coupling is denoted by ⟨ψeD
D , ψgA

A |ĤDA|ψeA
A , ψgD

D ⟩,
and

DeD,eA =

∫
dE DeD→gD(E)DgA→eA(E) (5.2)

represents the combined density of states referring to the de-excitation of the donor and
the excitation of the acceptor. DeD→gD corresponds to the transition from the excited
electronic state |ψeD

D ⟩ to the ground state |ψgD
D ⟩ of the donor and for DgA→eA vice versa.

It is the specialty of nanocrystal-molecule excitation energy transfer that a huge number
of nanocrystal excitons is involved, and every exciton couples in a different way to the
molecule, resulting in a specific distance dependence of the transfer. Accordingly, the
transfer rate from the nanocrystal excitons |α⟩ to the molecule reads

knc→mol =
2π

ℏ
∑

α

fα

⏐⏐⏐⟨ψg, α|Ĥnc-mol|0, ψe⟩
⏐⏐⏐
2

Dg→e(Eα) (5.3)

The expression includes the excitonic coupling ⟨ψg, α|Ĥnc-mol|0, ψe⟩ relating the de-
excitation of the α’s nanocrystal exciton to the molecular excitation with |α = 0⟩ indi-
cating the nanocrystal ground state. A thermal distribution fα weights the nanocrystal
energies Eα, which are a result of the fast relaxation processes inside the nanocrystal.
In contrast with excitation energy transfer in molecular donor-acceptor complexes, the
rate, Eq. (5.3), covers a multitude of transfer couplings. Those also enter the rate of
the reverse excitation energy transfer

kmol→nc =
2π

ℏ
∑

α

⏐⏐⏐⟨ψg, α|Ĥnc-mol|0, ψe⟩
⏐⏐⏐
2

De→g(Eα) . (5.4)

It is defined by the overlap of all exciton levels with the molecular de-excitation spec-
trum. Note that no shifts due to e.g., electrostatic interactions of the nanocrystal or
molecule transition energies are considered. This is possible because these shifts are
rather small for a neutral system.

These rate expressions, as given in Eq. (5.3), form the basis for the subsequent treat-
ment of excitation energy transfer in a CdSe nanocrystal coupled to a single molecule,
as displayed in Fig. 5.1.

By considering molecular vibrations and the multitude of nanocrystals exciton levels
participating in the transfer, a much more realistic picture of molecule-nanocrystal ex-
citation energy transfer is achieved compared to foregoing studies. A particular aspect
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of the investigation is the comparison of nanocrystals with different sizes and shapes.
A spherical nanocrystal with five different diameters d is investigated: d = 5.2 nm,
d = 6.0 nm, d = 7.4 nm, d = 10.4 nm and d = 15.0 nm. The smallest nanocrystal
Cd1159Se1450 (d = 5.2 nm) is also compared with a hemispherical Cd1156Se1418 nanocrys-
tal (d = 6.0 nm) and a Cd1180Se1449 nanocrystal of pyramidal shape (base length of 6.0
nm and height of 3.2 nm). The shape of the latter two is related to self-assembled
quantum dots grown on a substrate [120,121]. The (single) exciton levels are computed
using a semiempirical tight-binding approach (Sec. 2.5) combined with a configura-
tion interaction scheme (Sec. 2.6). Similar treatments with either a tight-binding or
pseudo potential calculation are well established in literature, see e. g. [83,87,122–125].
State-of-the-art DFT and TD-DFT methodologies are utilized for a description of the
molecule.

Here the tetrapyrrole-type molecule pheophorbide-a (cf. Fig. 5.1) is considered, of
which the first excited state, the so-called Qy excitation, fits well to the fundamental
single exciton of CdSe nanocrystals. Details of the necessary pheophorbide-a data can
be found in the previous work of the research group. Computations of the related Hes-
sian matrices, nuclear equilibrium configurations, and atomic-centered partial charges
and transition charges were carried out using DFT and TD-DFT, as offered by the
Gaussian09 package, and are described in refs. [107, 126]. Finally, the computational
results on the molecule and nanocrystals are brought together to obtain the excitation
energy transfer coupling and rate.

5.2. Nanocrystal Electronic Structure

The starting point is some brief comments on the tight-binding approach to highlight
its specificity when utilizing respective data to finally describe excitation energy trans-
fer. Considering CdSe nanocrystals, the tight-binding parameters of ref. [83] are taken,
which are reduced from sp3d5s∗ to the sp3s∗-basis. Such a reduction is possible be-
cause the states close to the bandgap, which are of interest only, stay unchanged when
reducing the basis set. For CdSe, the wurtzite crystal structure is assumed. When con-
sidering nanocrystals, possible deviations from the wurtzite structure are accounted for
by the introduction of an axial crystal field [127]. Therefore, an offset was applied to the
pz orbitals [83]. The surface of each considered nanocrystal is passivated by artificially
removing the dangling bonds [83, 128] (see Sec. 2.5.2). This procedure corresponds to
perfect passivation, as is possible by, for example, forming a semiconductor shell or a
shell of ligands removing all surface states. Concerning the bottom of the hemispherical
and pyramidal-shaped nanocrystal, any interaction with the substrate is ignored.

The single-particle states obtained in the tight-binding model computations are de-
noted as

φa(r) =
∑

u,o,σ

Ca,ouσϕou(r−Ru)χσ , (5.5)

where the atoms at position Ru are counted by u, o labels the particular orbital, and
σ is the spin. Because the tight-binding Hamiltonian includes spin-orbit interaction a
mixing of different spin states occurs (cf. Sec. 2.5.1). As a consequence, the expansion
coefficients Ca,ouσ becomes spin dependent. The basis orbitals ϕou(r − Ru) are only
relevant for the calculation of the Coulomb interaction in the exciton equation. In this
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case, the basis orbitals are approximated by Slater orbitals, as discussed in 2.6. Note
that the s∗-orbital is orthogonalized with respect to the s-orbital by the Gram–Schmidt
process. All single-particle levels populated in the nanocrystal ground state define the
hole states with energy Eh, and the unoccupied levels with energy Ee refer to electron
states. If a single electron–hole pair is excited, then the Coulomb interaction results in
the formation of (single) exciton states

|α⟩ =
∑

e,h

Aα,eh|eh⟩ , (5.6)

which are constructed by the wave-function φe of an electron and that of the hole φh.
Exciton expansion coefficients Aα,eh and the related exciton energies Eα follow from Eq.
(2.20)

EαAα,eh = [Ee − Eh]Aα,eh −
∑

e′,h′

[Weh′,he′ − Jeh′,e′h]Aα.e′h′ .

The matrix elements of the direct electron-hole Coulomb interaction take the form

Weh′,he′ =
∑

u,u′

(
δu,u′W̄ u +

1− δu,u′

ϵ(Ru,Ru′)|Ru −Ru′ |

)
qee′,uq

∗
hh′,u′ . (5.7)

To be comparable to the transfer coupling, a notation based on (complex) atomic-
centered partial transition charges is chosen, a concept well known in molecular physics
and physical chemistry [129]. These charges are defined as

qee′,u = e
∑

o,σ

C∗
e,ouσCe′,ouσ (5.8)

and
qhh′,u = e

∑

o,σ

C∗
h,ouσCh′,ouσ . (5.9)

More details and the necessary approximations to deduce Eq. (5.7) are given in Sec.
2.6. Note, that qee′,u can also be derived from the single-electron transition density
ρee′(r) = eφ∗

e(r)φe′(r) if the charge distribution is localized at the atomic position,
ρee′(r) ≈ ∑

u qee′,uδ(r − Ru). In the same way, one gets the hole-transition charges
qhh′,v.

On-site Coulomb coupling is considered by Eq. (2.105)

W̄ u =
1

N2
o

∑

o,o′

W u
oo′,o′o

with
W u

o1o2,o3o4
=

∫
d3r d3r′

ϕo1u(r)ϕo2u(r
′)ϕo3u(r

′)ϕo4u(r)

|r− r′| . (5.10)

Introducing spherical coordinates and an expansion of the Coulomb potential in
spherical harmonics as well as making extensive use of Wigner’s 3j symbols allows
for computing the on-site Coulomb coupling W u

o1o2,o3o4
in a quasi-analytical way. The
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dominating terms are the diagonal ones with o1 = o4 and o2 = o3 that have, addition-
ally, a rather similar strength. This enables the averaging of the on-site Coulomb terms
in Eq. (2.105). The approximated on-site Coulomb term

∑
u,u′ W̄ uqee′,uq

∗
hh′,u′ and the

full one
∑

u

∑
o1,o2,o3,o4

∑
σ,σ′ eC∗

e,o1uσ
Ce′,o4uσeCh,o3uσ′C∗

h′,o2uσ′W u
o1o2,o3o4

are compared for
the spherical Cd1159Se1450 nanocrystal. Such a simplified treatment leads to energy
differences in the meV range and to deviations of the oscillator strength below 10%.
The ordering of states and the basic symmetry is conserved. For larger nanocrystals,
these differences will decrease even further, justifying the use of the approximated on-
site Coulomb term. To obtain reliable values for the respective energies, up to 30000
electron-hole configurations for every type of nanocrystal were included in the calcula-
tions.

Screening was introduced following ref. [83] with ϵ(Ru,Ru′) depending on the distance
between electron and hole (see Sec. 2.6.2). The on-site Coulomb integrals are not
screened.

In contrast to the direct Coulomb coupling, Eq. (5.7), the exchange interaction
Jeh′,e′h also entering the exciton Eq. (2.20) is defined by electron-hole transition den-
sities ρeh(r) = eφ∗

e(r)φh(r) that are approximated by the transition charges qu,eh =
e
∑

o,σ C
∗
e,uoσCh,uoσ. Accordingly, the charge combination qee′,uq

∗
hh′,u′ in Eq. (5.7) has to

be replaced by qeh,uq∗e′h′,u′ , revealing the similarity with the excitation energy transfer-
coupling introduced later.

The transition rate from the nanocrystal to the molecule, Eq. (5.3), notices the
thermal distribution of nanocrystal excitons. Accordingly, only the lowest exciton states
are of interest. For the backward transfer, the nanocrystal excitons are not weighted by
the thermal distribution. Here, only the combined densities of states Dg→e and De→g,
Eq. (5.14), determines the required states.

The size and shape of a nanocrystal strongly determine the bandgap, exciton binding
energy, the density of states as well as the distribution of the transition density ρα,
which determines, in turn, the transfer coupling. Figs. 5.2 and 5.3 display the transfer
coupling |⟨ψg, α|Ĥnc-mol|0, ψe⟩| for spherical nanocrystals with different sizes and similar
sized nanocrystals with different shapes, respectively. In the following, the focus is on
the exciton states. The transfer coupling is discussed later on.

Starting with the size dependency shown in Fig. 5.2. The expected decrease of
the lowest exciton energy from E

(5.2nm)
1 = 1.932 eV for the smallest nanocrystal to

E
(15.0nm)
1 = 1.803 eV for the largest one can be seen. This decrease is accompanied by a

decrease in the exciton binding energy Eb = E1−(Ee−Eh), where Eb changes gradually
from E

(5.2nm)
b = 183 meV to E(15.0nm)

b = 73 meV. Also important for the transfer is the
increase in the density of states for an increasing nanocrystal size. There are only 16
states for the smallest nanocrystal in the first 100 meV above E1, while the 0.8 nm
larger one already has 44 states in the same range. For the largest nanocrystal, the
density of states increases with 654 states in the given range. The 100 meV energy
window chosen in Fig. 5.2 covers the energy range where thermalized excitons, at room
temperature, contributing to the rate.

Fig. 5.3 displays the three differently shaped nanocrystals, where the spherical
nanocrystal (s-NC) Cd1159Se1450 with 5.2 nm from Fig. 5.2 is compared with a similar
sized hemispherical nanocrystal (h-NC) Cd1156Se1418 as well as a pyramidal nanocrystal
(p-NC) Cd1180Se1449. The energy of the lowest exciton of the hemispherical Eh-NC

1 =
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1.923 eV and pyramidal nanocrystal E
p-NC
1 = 1.928 eV are slightly below E

(5.2nm)
1 =

1.932 eV for the spherical nanocrystal, despite nearly identical binding energies, Eh-NC
b =

181 meV and Ep-NC
b = 182 meV, and a minimal higher number of atoms for the pyra-

midal nanocrystal compared to the spherical one. However, the main difference lies in
the state distribution. The energetically higher lying part of the exciton spectrum dis-
plays pronounced differences between the spherical nanocrystal and the two other ones.
Concerning the spherical nanocrystal, there are 16 exciton states up to ∆Eα = 50 meV.
In the same energy range, the two others realize only eight exciton states. Overall, the
number of excitons increases for the latter two to 20 compared to the 16 states of the
spherical nanocrystal. Most of these states are in the energy range above ∆Eα = 50
meV, which is empty for the spherical nanocrystal. The similarity in the shape of
the pyramidal and hemispherical nanocrystal leads to some similarities in the exciton
spectrum.

5.3. Excitation Energy Transfer Coupling

Having characterized the nanocrystal (single) exciton levels, the focus is now on the
computation of the excitation energy transfer coupling ⟨ψg, α|Ĥnc-mol|0, ψe⟩, Eq. (5.3).
The coupling is responsible for the transfer from the nanocrystal to the molecule and
can be represented as the Coulomb coupling between the transition charge density ρα0
belonging to the nanocrystal exciton α and the molecular transition charge density ρeg
(see Sec. 3.1). A replacement of the transition densities by atomic-centered partial
transition charges considerably simplifies the computation of ⟨ψg, α|Ĥnc-mol|0, ψe⟩ but
still guarantees a perfect description much better than any multipole expansion [130].
Accordingly, the excitation energy transfer coupling is used in the following form

⟨ψg, α|Ĥnc-mol|0, ψe⟩ =
∑

u,v

qeg,uq
∗
α0,v

|Ru −Rv|
. (5.11)

The qeg,u are the pheophorbide-a atomic-centered transition charges. They have
been calculated elsewhere [107, 126]. The nanocrystal exciton transition charges qα0,u,
at atomic position Ru, follow from the electron-hole transition charges qu,eh introduced
in Sec. 2.6

qα0,u =
∑

e,h

C∗
α,ehqeh,u . (5.12)

To provide an impression of these quantities, Fig. 5.4 displays the real part of the
related transition charge densities

ρα0(r) ≈
∑

u

qα0,u
exp

{
− (r−Ru)

2/ξ
}

(πξ)3/2
, (5.13)

which are approximated by qα0,u together with a Gaussian broadening. Such an ap-
proximation is possible if the underlying basis is sufficiently localized. The broadening
factor ξ is chosen in such a way that the approximated density resembles the real one
as close as possible. Note that the imaginary part looks similar and is therefore not
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Figure 5.2.: Nanocrystal-pheophorbide-a excitation energy transfer coupling
|〈ψg, α|Ĥnc-mol|0, ψe〉| for spherical nanocrystals with diameter rang-
ing from 5.2 nm up to 15.0 nm (blue sticks). The red line indicate the
thermal distribution fα. In the lowest segment, the black line depicts the
pheophorbide-a donor combined density of states De→g(E) and the blue
line the pheophorbide-a acceptor combined density of states Dg→e(E), Eq.
(5.14).

shown. Because the densities of the pyramidal and hemispherical nanocrystal do not
differ so much, only those for the pyramidal and spherical nanocrystal are drawn. Figs.
5.4(a) and 5.4(b) show ρα0 for the lowest bright exciton level of the spherical nanocrys-
tal, Es-NC

α=3 = 1.934 eV, and pyramidal nanocrystal,Ep-NC
α=3 = 1.931 eV, respectively. Both
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Figure 5.3.: Nanocrystal-pheophorbide-a excitation energy transfer coupling
|⟨ψg, α|Ĥnc-mol|0, ψe⟩| for a spherical Cd1159Se1450 (s-NC), hemispher-
ical Cd1156Se1418 (h-NC) and a pyramidal nanocrystal Cd1180Se1449
(p-NC).

densities look rather identical with single regions of either dominating negative or pos-
itive charge, resembling an extended dipole. This is also valid for the α = 4 density,
Es-NC
α=4 = 1.935 eV and E

p-NC
α=4 = 1.931 eV. Accordingly, a related transition dipole mo-

ment shall be orientated in the x− y plane. For coordinate system identification, note
the axis labeling in Fig. 5.4. The densities belonging to the levels α = 5, Es-NC

α=5 = 1.956
eV and E

p-NC
α=5 = 1.967 eV, are depicted in Figs. 5.4(c) and 5.4(d). Here ρα0 is rather

distributed, corresponding to an extended quadrupole moment, resulting mostly from
a mixture of low-lying hole states with the first electron states. An even more complex
spatial distribution is typical for the densities of higher-lying excitons levels, which show
strong similarities to the shape of higher multipole moments.

For the pheophorbide-a molecule, the transition charge density ρeg is shown in Fig.
5.5. The density distribution of Fig. 5.5(a) leads to a transition dipole moment that is
orientated mainly in the x-y plane.

As a consequence of the shape of the transition densities, the strongest transfer
coupling has to be expected when placing the molecule with its tetrapyrrole ring, and
thus with its transition dipole moment, in the x−y plane and on top of each nanocrystal
(cf. the sketches in Fig. 5.1). In this case, the closest distance between the molecule
and the nanocrystal atom is 10 Å. The transfer couplings ⟨ψg, α|Ĥnc-mol|0, ψe⟩, which
corresponds to this geometry, are depicted in Fig. 5.3 for nanocrystals with different
shapes and in Fig. 5.2 for nanocrystals with different sizes. All couplings are below 1
meV and do not show any regular dependence on the position of the exciton level. While
in the present case, the consideration of spin-orbit coupling circumvents the distinction
between singlet and triplet excitons, these spin configurations dominate, in particular,
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Figure 5.4.: Real part of the transition charge density ρα0 for the third exciton state of
the spherical (a) and of the pyramidal nanocrystal (b) as well as the fifth
exciton state of the spherical (c) and of the pyramidal nanocrystal (d). The
color indicates positive (blue) and negative (red) regions.

the low-lying exciton levels. Figs. 5.3 and 5.2 display exciton levels with strong and
extremely weak transfer coupling, which can be roughly related to bright and dark
states, respectively.

Fig. 5.3 shows an increase in the coupling strength of up to 50% for the lowest
excitons of the pyramidal and hemispherical nanocrystal compared to the spherical
one. This is important if only the coupling to the lowest excitons is of interest, which
is the case in the considered systems.

The size dependency shows another important influence on the coupling, as shown
in Fig. 5.2. A change from a nanocrystal with a diameter of 5.2 nm to 15.0 nm
decreases the coupling of individual excitons by one order of magnitude. This decrease
is accompanied by an increase in the number of excitons that may counteract this
reduction in the actual transfer process.

Additionally, the orientation of the molecule will also influence the coupling. The
strongest deviation can be expected by turning the molecule into a perpendicular po-
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Figure 5.5.: Transition charge density of the pheophorbide-a molecule ρeg. a) top view
and b) side view.

1.93 1.94 1.95 1.96 1.97

0

0.2

0.4

0.6

0.8

Energy [eV]

|〈ψ
g
,α

|Ĥ
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Figure 5.6.: Nanocrystal-pheophorbide-a excitation energy transfer coupling
|⟨ψg, α|Ĥnc-mol|0, ψe⟩| for the spherical nanocrystal of Fig. 5.3 with
the (normal) flat orientation of the molecule (blue) and the rotated one
(red). The transition dipole moment of the rotated molecule align with
the z-axis.

sition to the surface, transition dipole moment in the z direction, see Fig. 5.6. The
rotation redistributes the coupling. Excitons with a corresponding dipole moment in
the x-y plane are not contributing anymore, as it is the case for the lowest excitons,
and states with a dipole moment in z-direction are now domination the interaction,
Eα=8 = 1.957 eV and Eα=12 = 1.960 eV.
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5.4. Excitation Energy Transfer Rate

To finally compute the rate of excitation energy transfer between the nanocrystal and
the pheophorbide-a molecule, Eq. (5.3), the molecular combined density of states
Dg→e(De→g) has to be specified, which determines the molecular absorption (emis-
sion) spectrum. According to extensive simulations in the research group [107, 126],
Dg→e(De→g) can be perfectly approximated by the standard high-temperature version
(cf. Sec. 4.2)

Dg→e(E) =
1√

2πkBTSeg

exp

(
−(E − Eeg − Seg/2)

2

2kBTSeg

)
(5.14)

De→g(E) =
1√

2πkBTSeg

exp

(
−(E − Eeg + Seg/2)

2

2kBTSeg

)
(5.15)

The so-called 0−0 transition energy of the molecule has been denoted by Eeg, and Seg

is the Stokes shift. Following ref. [126], Eeg = 1.866 eV and Seg = 22 meV is chosen for
pheophorbide-a. Fig. 5.2 also shows the shape of the density of states. High-frequency
vibrational satellites appear in an energy region above 150 meV and are of no interest
here.
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Figure 5.7.: Excitation energy transfer rate for different spherical nanocrystal diamaters
(cf. Fig. 5.2). The solid blue line corresponds to the transfer from the
nanocrystal to the pheophorbide-a, while the dashed black line indicates
the transfer from the pheophorbide-a to the nanocrystal.

The presentation of excitation energy transfer couplings together with the pheophorbide-
a density of states in Fig. 5.2 offers a first impression on the magnitude of the transition
rate knc→mol, Eq. (5.3). As mentioned earlier, the larger the nanocrystal, the smaller the
coupling strength, but the higher the density of states. Additionally, the size changes
the energy of the lowest exciton. The nanocrystal with a diameter of 6.0 nm is close



5.4. Excitation Energy Transfer Rate 61

to resonance, Eα=1 − Eeg − Seg/2 = 11 meV, while the smaller one is 55 meV above
the resonance and the larger ones shifting out of resonance (Eα=1 −Eeg − Seg/2 = −74
meV for the largest nanocrystal). As a consequence, it can be expected that the fastest
transfer appears for nanocrystals with a diameter of 6.0 nm and 7.4 nm, which is con-
firmed by Fig. 5.7. Interestingly, the two largest nanocrystals have transfer rates that
are slower compared to the smallest one. This reduction in the transfer rate is caused
by the decreasing coupling strength and the thermal distribution, limiting the number
of contributing excitons. For the reverse rate kmol→nc, the thermal distribution for the
nanocrystal excitons is not present anymore and Dg→e changes to De→g with a change
from the molecular excitation Eeg + Seg/2 to the molecular de-excitation Eeg − Seg/2.
The smallest nanocrystal shifts, as a consequence, further away from the molecular
excitation, but the coupling is not reduced anymore by the thermal distribution. The
disappearing of the thermal distribution should lead to higher rates for all larger dots, as
shown in Fig. 5.7. For all nanocrystals larger than 5.2 nm, kmol→nc is much faster than
kNC→MOL with transfer rates above kmol→nc > 1010 s−1. Resulting in lifetimes for the
molecular excitation of 90 ps for the 6.0 nm nanocrystal, 40 ps for the 7.4 nm nanocrys-
tal, 60 ps for the 10.4 nm nanocrystal and 120 ps for the largest one with 15.0 nm. It is
again noteworthy that the transfer rate for the largest nanocrystals decreases, which is
a consequence of the decreasing coupling strength. Only the 5.2 nm nanocrystal shows
a more efficient transfer from the nanocrystal to the molecule than the opposite case,
knc→mol/kmol→nc ≈ 1.5. Because molecular excitation and de-excitation are rather close
in energy, a much better ratio of knc→mol/kmol→nc can not be expected by changing the
size. Additionally, a further decrease in the nanocrystal diameter would lead to much
weaker transfer rates because of an energetic upwards shifting of the lowest exciton
states. It is important to realize that the size of a nanocrystal not only determines the
strength of the transfer rate in a nonlinear way but also decides whether the forward
or back transfer is dominating.

Fig. 5.8 presents the transfer and back transfer rates for different nanocrystal shapes
dependent on the nanocrystal-molecule distance. Faster rates for the hemispherical and
pyramidal nanocrystal compared to the spherical one are mainly a result of the stronger
transfer coupling of the lowest excitons as well as the slightly lower corresponding exci-
ton energies (see Fig. 5.3). For both transfer directions, the hemispherical nanocrystal
is slightly faster compared to the pyramidal one, which is a result of the small energy
difference between both structures E

p-NC
1 − Eh-NC

1 = 5 meV. Interestingly, the higher
number of excitons in the lower energy region of the spherical nanocrystal does not com-
pensate for the weaker coupling of the lowest excitons. The main reasons are the thermal
distribution and the shape of Dg→e(Dg→e), leading to a neglect of higher excitons. For
all three shapes, the transfer is faster than the back transfer,knc→mol/kmol→nc ≈ 1.7 for
the hemispherical and knc→mol/kmol→nc ≈ 2.0 for the pyramidal nanocrystal. Besides
the nanocrystal shape dependence of the excitation energy transfer rate, Fig. 5.8 also
indicates the change in the rate by increasing the nanocrystal-molecule distance. The
distance in the plots corresponds to the distance between the nanocrystal surface and
the closest atom of the molecule. The minimal distance is given by the van der Waals
radii of adjacent atoms of the nanocrystal and molecule. In all cases, the molecule is
moved along the z-axis. According to Fig. 5.8, all values of knc→mol are below 4× 109/s
for hemispherical and pyramidal nanocrystal and below 8 × 108/s for the spherical
one. Hence, the decay time of the hemispherical and pyramidal nanocrystal excitations
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Figure 5.8.: Excitation energy transfer rates versus distance between the nanocrys-
tal surface and the closest atom of the molecule for the spherical (s-NC,
solid black line), hemispherical (h-NC, dashed blue line) and pyramidal
nanocrystal (p-NC, dotted red line). Figure (a) shows the transfer from
the nanocrystal to the molecule knc→mol and Figure (b) the reverse transfer
kmol→nc.

amounts to 250 ps for the closest nanocrystal-molecule distance and much larger times
if the distance is increased. For the spherical nanocrystal, the lifetime is around 1 ns.
The backward rate kmol→nc is overall slower than knc→mol and gives lifetimes of 610 ps
for the hemispherical and pyramidal nanocrystal and 2 ns for the spherical one, if the
minimal distance is chosen. Because the forward and backward processes are compa-
rable, a coupled set of rate equations could be used (see for more details Sec. 4.1). In
this case, the transfer from the nanocrystal to the molecule depopulates the spherical
nanocrystal ( hemispherical and pyramidal nanocrystal) excited state after 1.5 ns (300
ps) to a degree of 50% and reaches its fixed value of 40% (35%) after 4 ns (1.5 ns).
For the backward process, the spherical nanocrystal reaches a fixed population of 40%
(35%) again after 4 ns (1.5 ns), while the molecule is not depopulated below 60% (65%).

This again indicates that the considered molecule-nanocrystal complexes belong to a
weak coupling class. The change of knc→mol and kmol→nc with the center of mass distance
rnc-mol is close to 1/r5.0nc-mol and 1/r5.3nc-mol for thehemispherical and pyramidal nanocrystal,
respectively, for a distance below 10 Å. The spherical nanocrystal, in contrast, is close
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to 1/r5.9nc-mol for the same distance. After a change in the slope of knc(mol)→mol(nc) in the
range of 10 to 40 Å, the distance dependence changes only slightly for the spherical
nanocrystal to a 1/r6nc-mol dependence in the range above 40 Å. In the same range,
the hemispherical nanocrystal displays a 1/r5.7nc-mol and thepyramidal one a 1/r5.9nc-mol
dependence. The spherical nanocrystal shows an F "orster-type energy transfer even for
small distances, while the hemispherical and pyramidal nanocrystal deviates from this
dependence. In contrast to these results, knc→mol for the nanocrystal with a diameter of
15.0 nm is displaed in Fig. 5.9(b). In a distance below 10 Å, the rate shows a 1/r8.6nc-molL
dependence that changes gradually to 1/r7.0nc-mol for distances above 40 Å. For such a
large structure with a multitude of excitons contributing to the transfer process, a much
different distance dependence is to be expected.
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Figure 5.9.: Distance dependent excitation energy transfer rate from the nanocrystal
to the molecule knc→mol with the full coupling of Eq. (5.11) (FULL; black
solid line), dipole approximation for the pheophorbide-a molecule (DPheo;
dashed blue line), dipole approximation for the nanocrystal (DNC; dot-
ted red line) and single particle approximation for the nanocrystal (SP;
dash-dotted gray line). Two differently sized spherical nanocrystals are
considered with a diameter of 5.2 nm (Fig. (a)) and 15.0 nm (Fig. (b)).
Note that the energies of the small nanocrystal with the single-particle ap-
proximation are shifted down by 183 meV. Distance dependence as Fig.
5.8.
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For better insights into the complex nature of the transfer coupling, different ap-
proximations to the coupling Eq. (5.11) are discussed in the following. Therefore,
the influence of the different approximations on the smallest (5.2 nm) and the largest
spherical nanocrystal (15.0 nm) are studied (see Fig. 5.9). As pointed out earlier, the
pheophorbide-a molecule can be perfectly approximated by a dipole, leading to a devia-
tion of 1% for both nanocrystals. If the transition charges of the smaller nanocrystal are
approximated by a transition dipole, a small increase of the rate of 6% can be seen. This
explains the Förster-type energy transfer. On the other hand, a dipole approximation
for the large nanocrystal leads to a decrease in the rate of about an order of magnitude.
As discussed above, higher-lying excitons show a much more complex shape, which can
not be approximated by a dipole.

A numerically efficient approximations would be the replacement of the excitons by
a product of single-particle states, Eα ≈ Ee − Eh and qu,α ≈ qu,eh, which reduces the
numerical cost strongly. For the smaller nanocrystal, the missing exciton binding energy
of 183 meV prohibits any transfer. If the single-particle energies, Ee − Eh, are shifted
down by 183 meV, transfer occurs. In this case, the transfer is overestimated by 50%
in comparison to the actual rate. If the large nanocrystal is considered, a neglect of
the 73 meV binding energy leads to a 20% slower rate, and taking the 73 meV shift
into account reduces the exact rate only by 10%. Because a huge number of excitons
participate in the transfer process, the details of the individual states are not important
anymore. Note that in this case, the neglect of the binding energy causes a shift towards
the molecular excitation. This reduces slightly the number of excitons as well as their
energetic position, which is the reason for this behavior.

5.5. Summary

In summary, a comprehensive calculation of excitation energy transfer rates has been
presented for transitions between different types and sizes of CdSe nanocrystals and
a pheophorbide-a molecule. State-of-the-art computations for the nanocrystal and the
molecule electronic excitations have been applied. To account for the thousands of
atoms forming the investigated nanocrystals, a tight-binding model combined with a
configuration interaction scheme has been used. As in the pheophorbide-a case, this
procedure enables the introduction of atomic-centered transition charges that offer a
rather exact way to compute the nanocrystal-pheophorbide-a transfer coupling. Besides
this quantity, the used rate expressions account for the multitude of nanocrystal exciton
levels and their thermal distribution. For the considered nanocrystals, the individual
transfer couplings are all below 1 meV and decrease even further if the nanocrystal
size is increased. A change in shape, from a spherical nanocrystal to hemispherical-
/pyramidal-shaped one, increases the coupling by up to 50%, which is still below 1
meV. This small number excludes hybrid state formation and justifies the used Golden-
Rule-type rate formula. According to the small coupling, the characteristic decay time
of the nanocrystal excitations due to the coupling to the pheophorbide-a ranges from a
few hundred picoseconds to a few nanoseconds, depending on the nanocrystal size (if the
molecule is placed at the nanocrystal surface). For larger distances, the decay times are
strongly increased. This result is in line with recent measurements of refs [117,131–133].
For nanocrystals with a diameter of 6 nm and above, the transfer from the nanocrystal



5.5. Summary 65

to the pheophorbide-a dominates the transfer and is at least an order of magnitude
faster than the opposite transfer. Lifetimes for the pheophorbide-a excitation range
from tens to hundreds of picoseconds depending on the nanocrystal size. These lifetimes
are in accordance with the findings of ref [134], where an organic conjugated polymer
is coupled to a CdSe/ZnS core/shell nanocrystal. Furthermore, in refs [130, 135, 136]
assemblies of CdSe nanocrystals are observed confirming the magnitude of the decay
time for CdSe nanocrystal donors and acceptors.





67

6. Excitation Energy Transfer from
a Tubular Dye Aggregate to a
CdSe Nanocrystal

Tubular dye aggregates are promising artificial light-harvesting systems and are, there-
fore, intensively studied for over a decade. The combination of such aggregates with
semiconductor nanocrystals enables potential new optoelectronic hybrid devices. An
essential transfer mechanism between both types of structure is the excitation energy
transfer.

This transfer process is studied in the following chapter for a hybrid system, consist-
ing of a tubular dye aggregate with a length of 63 nm and a Cd819Se630 nanocrystal. The
tubular dye aggregate is built up by cyanine dye C8S3 molecules, where the underlying
atomic structure was determined in preliminary work. For aggregate Frenkel excitons,
atomic centered transition charges and polarization effects are considered that are based
on ab initio methods. The nanocrystal excitons are described by a configuration in-
teraction scheme that utilizes the single-particle states of a tight-binding calculation.
Excitation energy transfer coupling between the tubular dye aggregate and nanocrystal
is modeled by atomic centered transition charges.

It has been shown that the coupling between individual aggregate and nanocrystal
excitons stays in the meV range. This weak coupling leads to nanosecond aggregate-
excitation lifetimes and enables, as a consequence, the use of rate expressions. Fur-
thermore, the dependency of the transfer rate on the aggregate-nanocrystal distance has
been investigated, showing an increase in the aggregate excitation lifetime of one order
of magnitude if the distance is increased by 3 nm. Such distance scalings are essential
tools for determining various properties of dye aggregates in future investigations.

Most of this chapter is published in [137].

6.1. Introduction

The study of the former section is now expanded by coupling the previously studied
CdSe nanocrystal to a molecular aggregate instead of a single molecule. In the follow-
ing, the pheophorbide-a is replaced by a huge tubular dye aggregate, which is build
up by cyanine dyes C8S3. These tubular dye aggregates have been intensely studied in
literature over the last decade [138–142]. Additionally, excitonic states and optical prop-
erties of the aggregates were computed in refs [143–145]. The excitation energy transfer
process between the tubular dye aggregate and semiconductor nanocrystal was studied
experimentally in [45]. This chapter provides the corresponding theoretical description
related to this study, which is motivated by the lack of theoretical investigations so far.

For the actual calculation, a reliable structure model for the TDA is crucial and
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Figure 6.1.: Tubular dye aggregate with a Cd819Se630 nanocrystal (magenta: Cd, green:
Se). Details for the C8S3 molecules, building up the aggregate, are given
in Fig. 6.2.

was created in the research group [96]. The individual molecules are calculated by
DFT and TD-DFT methods, while the nanocrystal is modeled by the tight-binding
method together with the configuration interaction scheme. These calculations are
the building blocks for a parametrized Hamiltonian that is the basis for the aggregate
Frenkel excitons and the excitation energy transfer coupling between the aggregate and
nanocrystal.

This work is a result of a collaboration with T. Plehn. All calculations concerning the
semiconductor nanocrystal are performed by the author. The modeling of the aggregate
and of the dynamics are done by T. Plehn.

In the following, the hybrid Hamiltonian, as well as the modeling of the aggregate
Frenkel excitons, are presented. The calculation of the nanocrystal excitons was already
presented in the previous chapter (cf. Ch. 5) and is not repeated here. Subsequently,
the excitation energy transfer coupling and rate between the tubular aggregate and the
nanocrystal are discussed. Finally, a summary is given.

6.2. Electronic Structure

The tubular dye aggregate consists of 4140 C8S3 molecules and has a total length of 63.4
nm and a diameter of 14.7 nm (see Fig. 6.1). There are six molecular ribbons, wrapping
around the longitudinal axis of the aggregate. The individual ribbons are build up by
a chain of unit cells, where each unit cell consists of two cyanine dye molecules. A
consequence of the two molecule unit cell is the creation of an inner and outer ring.
The stability of this structure has been proven in a molecular dynamics simulation that
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Figure 6.2.: C8S3 molecule (brown: C, dark gray: Z, light gray: N, red: O, pink: H,
yellow: S).

introduces structural disorder for the electronic structure calculation [96]. More details
concerning the aggregate structure can be found in [96].

The Hamiltonian of the aggregate-nanocrystal structure (cf. Sec. 3.1)

Ĥagg-nc = Ĥnc +
∑

m

Ĥmol
m +

∑

m,n ̸=m

Ĥmol-mol
mn +

∑

m

Ĥnc-mol
m (6.1)

consists of the single molecule Hamiltonian Ĥmol
m , nanocrystal Hamiltonian Ĥnc, the mu-

tual interaction between molecules Ĥmol-mol
mn and between molecules and the nanocrystal

Ĥnc-mol
m .
A weak aggregate excitation is described by

|Ψm⟩ = |0⟩ ⊗ |ψe
m⟩
∏

k ̸=m

|ψg
k⟩ (6.2)

with them-th molecule ground state |ψg
m⟩ and excited state |ψe

m⟩ as well as the nanocrys-
tal ground state |0⟩ (cf. Sec. 3.1.1). For the corresponding single molecule calculations,
DFT and TD-DFT methods are used with the long-range corrected hybrid CAM-B3LYP
functional and the TZVP atomic orbitals (see for more details [137]), while the calcu-
lation of the CdSe nanocrystal was presented in Sec. 5.2. Here, only one molecule is
excited at a time, while the nanocrystal stays in its ground state.

The aggregate Hamiltonian Eq. (6.1) is expanded with respect to Eq. (6.2), leading
to the Frenkel exciton Hamiltonian of the tubular aggregate

ĤFX =
∑

m

EX
m|Ψm⟩⟨Ψm|+

∑

m,n ̸=m

fmn⟨ψg
m, ψ

e
n|Ĥmol-mol

mn |ψg
n, ψ

e
m⟩|Ψm⟩⟨Ψn| . (6.3)
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The site energy
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∑
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n
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m + Ef ′
n − Eg

n

(6.4)

is given by the energy difference between the ground-state energy Eg
m and excited-state

energy Ee
m of molecule m. Additionally, the surrounding molecules influence molecule

m by electrostatic interaction (second term in each line) and dispersion effects (third
term in each line). The dispersion shift is a consequence of the interaction with higher
excited states |f(f ′)⟩. Both, the electrostatic and dispersion effects, depend on the
molecular position and are, therefore, different for molecules in the inner or outer ring
of the tubular aggregate. Any influence of the nanocrystal on the aggregate is neglected
because these terms are rather small.

The surrounding molecules also influence the interaction between the molecules and
lead to a screening with screening factor fmn, which depends on the position of molecule
m and n. More details concerning the derivation of the dispersion shift, as well as the
Coulomb screening, are given in [137].

The Coulomb coupling between molecules is given by

⟨ψa
m, ψ

b
n|Ĥmol-mol

mn |ψc
n, ψ

d
m⟩ =

∑

um,vn

namdm,umnbncn,vn

|Rum −Rvn |
(6.5)

with the atomic centered charge

namdm,um = qamdm,um − δam,dmeZum . (6.6)

Here, the total charge density of Sec. 3.1 is simplified by the introduction of atomic
centered transition charges qamdm,um , where um(vn) corresponds exclusively to atoms of
molecule m(n). If molecular transitions (a ̸= d) are considered, the atomic centered
charge namdm,um is replaced by the transition charge qamdm,um .

A solution to Frenkel Hamiltonian Eq. (6.3) is given by the Frenkel exciton state

|FXγ⟩ =
∑

m

Cγ,m|Ψm⟩

with energy EFX
γ . This state is a superposition of the aggregate excited states.

Fig. 6.3 displays the aggregate absorption spectrum. The 4140 molecules lead to the
same number of Frenkel excitons. These states form a band like structure with a width
of 100 meV and two pronounced peaks. The peaks are a result of the inner and outer
ring of the tubular aggregate, which is exposed to different polarization shifts. With an
increase in energy, the exciton localization changes from the inner to the outer ring. In
addition to the aggregate Frenkel excitons, also the nanocrystal excitons are depicted
in Fig. 6.3. The chosen Cd819Se630 nanocrystal with a diameter of around 4 nm shows
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Figure 6.3.: Aggregate (red) and nanocrystal (blue) absorption spectrum. Stick spec-
trum with Gaussian broadening, full width at half maximum of 2(10) meV
for the nanocrystal (aggregate).

a strong energetic overlap between the lowest nanocrystal excitons and the multitude
of Frenkel excitons. There are only five nanocrystal excitons with a sufficient oscillator
and excitation energy transfer coupling strength, which simplifies the following transfer
calculations considerably. The first peak of the nanocrystal absorption spectrum at
2.081 eV and the second one at 2.105 eV consist of two nanocrystal exciton states each,
while the third peak at 2.112 eV corresponds to a single state. All other nanocrystal
excitons are outside the aggregate spectrum.

6.3. Excitation Energy Transfer

The aggregate introduces a multitude of Frenkel excitons |FXγ⟩ that are all individually
coupled to the nanocrystal excitons |α⟩. Therefore, the already introduced excitation
energy transfer coupling of the previous chapter between a single molecule and the
nanocrystal excitons, Eq. (5.11), changes to

VNCX-FX
α,γ =

∑

m

Cγ,m

∑

um,v

qeg,umq
∗
α,v

|Ru −Rum |
. (6.7)

This coupling is expressed by atomic centered transition charges for the nanocrystal
excitons qα,v and for the Frenkel excitons Cγ,mqeg,um . More details can be found in Sec.
3.1.3

Fig. 6.4 displays the transfer coupling Eq. (6.7) between all Frenkel excitons and the
five relevant nanocrystal excitons. This coupling stays for each combination in the meV
or sub-meV range. For the five presented nanocrystal excitons, a rather complex cou-
pling pattern can be seen. The individual coupling terms change with each nanocrystal
state, while a rudimentary structure is preserved. All coupling terms below 2.1 eV are
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clearly weaker than the remaining terms, which is related to the Frenkel exciton local-
ization. As discussed before, the lower part is related to a Frenkel exciton localization
at the inner ring of the tube, while the higher part relates to localization at the outer
ring (see Fig. 6.3). Consequently, the distance increases for localization at the inner
ring and results in a weaker coupling, if compared to localization at the outer ring.

The differences between the couplings to the various nanocrystal excitons are at-
tributed to the differently shaped transition densities of the individual nanocrystal
excitons. As discussed in Ch. 5, the transition density of the lowest bright exciton
resembles rather closely a dipole, while higher states correspond to higher multipole
moments (e.g., quadrupole shape; cf. Fig. 5.4). Each shape couples in a different
way to the multitude of Frenkel excitons. A simple relation or certain pattern is not
observable, only that the strongest coupling terms are found for the higher nanocrystal
excitons.

Because the transfer coupling is smaller than the broadening caused by the electron-
vibrational coupling, the formation of hybrid excitons (cf. Sec. 3.1.3) is excluded, and
a weak coupling case is present. This enables the use of rate expressions. The rate
expression for the excitation energy transfer from the aggregate to the nanocrystal is
given by

kagg→nc =
2π

ℏ
∑

α,γ

fγ
⏐⏐VNCX-FX

α,γ

⏐⏐2 δ(Eγ − Eα) , (6.8)

while the backward process is given by

knc→agg =
2π

ℏ
∑

α,γ

fα
⏐⏐VNCX-FX

α,γ

⏐⏐2 δ(Eα − Eγ) . (6.9)
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Figure 6.4.: The excitation energy transfer coupling |VNCX-FX
α,γ | between aggregate

Frenkel excitons |FXγ〉 and the five dominating nanocrystal excitons |α〉
(see Fig. 6.3). Each blue stick corresponds to a single Frenkel exciton inter-
acting with the corresponding nanocrystal exciton. Here, the nanocrystal
is placed outside the center of the aggregate with a minimal atom to atom
distance of 3.8 Å. The thermal distribution of the Frenkel excitons is given
by the red line.
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Figure 6.5.: Excitation energy transfer rate kagg→nc for different aggregate-nanocrystal
distances (minimal atom to atom distance). The nanocrystal is placed
equal to Fig. 6.4 and is moved along a radial line connecting the aggregate
center and nanocrystal center of mass.

For the transfer from the aggregate to the nanocrystal, the population of the Frenkel
excitons is modeled by the thermal distribution fγ, which is depicted in Fig. 6.4. If the
transfer direction is reversed, the nanocrystal excitons are thermally distributed instead
of the Frenkel excitons. The Frenkel exciton energy Eγ takes no electrostatic shifts due
to the presence of the nanocrystal into account. The same is true for the nanocrystal
exciton energy Eα. This is possible because the charges are sufficiently balanced and
the distances are large enough.

For a realistic description, the delta function needs to be broadened

δ(E) ≈ 1

π

Γ

E2 + Γ2
(6.10)

with the state independent broadening constant Γ. This broadening approximates,
among others, lifetime effects due to vibronic coupling and ensemble averaging (see
Sec. 4.2).

Fig. 6.5 displays the rate for excitation energy transfer from the aggregate to
the nanocrystal for different aggregate-nanocrystal distances. Equal to Fig. 6.4, the
nanocrystal is placed perpendicular to the aggregate at different distances. An increase
in the distance reduces the rate monotonically. The rate is only slightly affected by
the lateral position along the aggregate and also by the orientation of the nanocrystal,
which is a consequence of the spherical shape. If the closest atom to atom distance
between the aggregate and nanocrystal of 3.8 Å is chosen, a lifetime of about 250 ps
is achieved. For a distance of 3.2 nm the lifetime increases to around 2 ns. The main
reason for the rather slow transfer lies in the localization of the Frenkel excitons. The
thermal distribution (cf. Fig. 6.4) favors the Frenkel excitons in the inner ring, which
have an increased distance and, as a consequence, a weaker coupling compared to the
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ones at the outer ring. As an additional consequence of the thermal distribution, only
the lowest nanocrystal excitons participate efficiently in the the transfer. If a fast trans-
fer is desired, a larger nanocrystal with more states at lower energy would be the best
choice.

6.4. Summary

Excitation energy transfer from a tubular dye aggregate, build up by cyanine dye C8S3
molecules, to a CdSe nanocrystal has been investigated theoretically. For an adequate
description of the aggregate Frenkel-excitons, a screened transfer coupling, given by
atomic centered transition charges, has been utilized. Additionally, polarization effects
have been considered for the individual molecules explaining the double peak structure
of the aggregate absorption spectrum. The CdSe nanocrystal excitons have been calcu-
lated by a configuration interaction scheme that is based on a tight-binding calculation.

The excitation energy transfer coupling has been modeled by aggregate and nanocrys-
tal atomic center transition charges, where the individual coupling terms are in the meV
range. Similar coupling strengths have also been found in the previous chapter for a
single Pheophorbide-a molecule coupled to a CdSe nanocrystal. This weak coupling
prohibits coherent transfer and, as a consequence, allows for the use of a rate expres-
sion. Even in van der Waals distance, a lifetime of around 250 ps is found, which is
confirmed by recent experiments [45]. A simple distance scaling could be found that
can be used as a guideline for determining distances in similar hybrid structures.
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7. Excitation Energy Transfer and
Charge Dynamics in a
ZnO/para-sexiphenyl Nanohybrid
Interface

Hybrid systems consisting of organic/inorganic interfaces are promising candidates for
novel optoelectronic devices. A prototypical system for such a hybrid system is the para-
sexiphenyl/ZnO interface. Despite numerous experimental studies [60–62], a theoretical
understanding of the relevant transfer processes is still missing. This chapter theoreti-
cally investigates the dynamics of excitation energy transfer and charge separation in a
finite para-sexiphenyl/ZnO nanohybrid system. A rate expression is used for the former
and a time-dependent Schrödinger equation for the latter. Both methods are based on
ab initio parameterized Hamiltonians, which are calculated by density functional theory
and density functional based tight-binding method. It is shown that excitation energy
transfer from the para-sexiphenyl aggregate to the ZnO nanocrystal strongly depends
on the excitation energy of the aggregate. The para-sexiphenyl aggregate forms an H-
aggregate, showing an increase in the number of wave function nodes with decreasing
energy. While the number of nodes increases, the excitation energy transfer coupling is
canceled more effectively, resulting in a weakening of the excitation energy transfer rate.
Corresponding lifetimes range from the sub-picosecond to nanosecond timescale. Addi-
tionally, it is demonstrated that charge-separated states are either created directly by
optical excitation or by exciton decay at the interface. The injected nanocrystal electron
may migrate to a bulk region, while the hole in the aggregate stays near the interface.
These findings suggest that excitation energy transfer is a vital quenching mechanism
for the para-sexiphenyl aggregate and that charge separation is possible. Because of the
prototypical nature of the investigated hybrid system, these results are transferable to a
wide range of similar systems.

Most of this chapter is published in [146–148].

7.1. Introduction

Interfaces of organic molecules and inorganic semiconductors may lead to a combination
of their desired characteristic features, so that, yet unknown properties and performance
arise. A detailed theoretical and experimental understanding of these hybrid systems
is of paramount importance [149–152]. There exist well-established models for the in-
dividual parts, while for the complete hybrid system these models and theories are
less explored. Therefore, the modeling of hybrid systems, e.g., consisting of organic
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molecules and semiconductor nanocrystals, requires a revisit of methodologies like den-
sity functional theory (DFT) or semi-empirical methods.

Besides excitation energy transfer, which was discussed in detail in the previous
chapters, also the charge-separated state dynamics at an interface are of importance
for the considered system. A large number of theoretical studies and simulations have
been presented to study these separation dynamics. There is a considerable variety
of applied theories ranging from full quantum dynamics methods and stochastic wave
packet kinetics to molecular dynamics simulations [153–163]. The same is true for
constituents of the considered hybrid structure. For the calculation of ZnO nanocrystals,
DFT [164–166], the density functional based tight binding method (DFTB) [167] and
the effective mass approximation [168] were used in different publications. The para-
sexiphenyl molecule was previously modeled by post-Hartree-Fock and DFT [168,169].

As in the rest of this work, it is not possible to apply an ab initio description for
the system as a whole, because of the system size. Therefore, the constituents and
their mutual coupling are individually calculated within the DFT or DFTB framework,
resulting in a Hamiltonian based on an ab initio parametrization. This Hamiltonian
is used to study charge transfer and charge separation as well as excitation energy
transfer at a ZnO/para-sexiphenyl interface. Note that this work intends to study
a finite interface with sufficiently small dimensions to get distinct insights into the
hybrid structure and the processes within. For a better understanding, excitation energy
transfer and charge separation are studied separately. The individual consideration
is a deliberate choice because the timescale of the processes is in the same range.
Nevertheless, simulations considering all possible processes are essential and will be in
the focus of future work.

The charge separation dynamics are simulated by solving the time-dependent Schrödinger
equation with the beforehand parametrized Hamiltonian.

For excitation energy transfer, a rate-type expression is possible because the cou-
pling between the ZnO nanocrystal and the molecular aggregate never exceeds the meV
range, which was also shown for similar hybrid systems in the previous chapters. Ad-
ditionally, for excitation energy transfer from the molecular system to the nanocrystal,
the multitude of nanocrystal exciton states form a quasicontinuum that also justifies
the use of a rate expression.

In the following, the ZnO/para-sexiphenyl nanohybrid system is introduced. Subse-
quently, the electronic structure of the nanocrystal and the molecular part, as well as
the complete hybrid system, is discussed 1. Then, the dynamics of charge separation are
discussed first, followed by an investigation of excitation energy transfer. The chapter
ends with some final concluding remarks.

Note that the work of this chapter is done in collaboration with T. Plehn. All cal-
culations concerning the ZnO nanocrystal are done by the author. T. Plehn performed
the calculation of the molecular system and the dynamics computations. More details
concerning the molecular part can be found in the related publications [146–148].

1The description of the complete system takes no excitation energy transfer between the ZnO
nanocrystal and para-sexiphenyl aggregate into account.
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Figure 7.1.: Side (a) and top view (b) of ZnO/para-sexiphenyl hybrid system (O
atoms: red; Zn atoms: gray; H atoms: white; C atoms: brown). The
ZnO nanocrystal is given by a hemisphere with 50 Å diameter and the
zinc-terminated (0001) surface at the top. 20 π-stacked para-sexiphenyl
molecules are placed at the flat ZnO surface (surface to molecule distance
of 2.9 Å, inter-molecular distance of 3.8 Å).

7.2. The ZnO/Para-Sexiphenyl Nanohybrid System

The considered hybrid system consists of 20 π-stacked para-sexiphenyl molecules ph-
ysisorbed on the flat part of a ZnO hemispherical nanocrystal (see Fig. 7.1). Here, the
stack’s lowest molecule is placed in van der Waals distance in the middle of the zinc-
terminated (0001) surface of the ZnO nanocrystal. Because the nanocrystal should
resemble a finite part of the surface, a sufficiently large hemisphere with a radius of
25 Å is cut out of a ZnO bulk structure. Therefore the relaxed ground state geome-
try of ZnO with wurtzite crystal structure is used. A hemisphere shape is a preferred
choice because it provides a large surface area as well as a multitude of layers of atoms
below it. Simultaneously, the computational costs are rather small because of the re-
duced number of atoms. Additionally, the distance between the lowest molecule and
the curved surface is large enough so that surface effects have little influence.
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7.3. Hamiltonian of the Electronic System

The hybrid system is modeled by the molecular Hamiltonian Hmol and nanocrystal
Hamiltonian Hnc as well as their mutual interaction Hmol-nc,

H = Hmol +Hnc +Hmol-nc . (7.1)

The corresponding full system basis state is given by

|Ψ⟩ =
∏

m

|ψm⟩ ⊗ |α⟩ . (7.2)

|ψm⟩ describes the single molecule state and |α⟩ the electronic state of the nanocrys-
tal. A product state can be assumed because the wave function overlap between the
individual molecules as well as the nanocrystal is sufficiently small.

There are two fundamental transfer processes between the nanocrystal and the ag-
gregate that are discussed in the following. The first is the charge transfer and charge
separation, and the second is excitation energy transfer. Both processes are treated
independently of each other.

7.3.1. Charge Transfer Hamiltonian

For the charge transfer Hamiltonian, the Hamiltonian of the hybrid system Eq. (7.1)
is expanded with respect to the product of the individual ground states (G)

|G⟩ =
∏

m

|ψg
m⟩ ⊗ |0⟩ , (7.3)

the aggregate excited (X) state

|Xm⟩ = |ψe
m⟩
∏

n ̸=m

|ψg
n⟩ ⊗ |0⟩ (7.4)

and the charge-separated (CS) state

|CSma⟩ = |ψ+
m⟩
∏

n ̸=m

|ψg
n⟩ ⊗ |a;−⟩ . (7.5)

These states require the knowledge of the single molecule ground state |ψg
m⟩, excited

state (S1) |ψe
m⟩ and singly positively charged state (S0) |ψ+

m⟩. Additionally, the nanocrys-
tal ground state |0⟩ is needed, as well as the nanocrystal anionic states |a;−⟩. The
details of the corresponding calculations are given below.

An expansion of the total system Hamiltonian Eq. (7.1) with respect to |G⟩, |Xm⟩
and |CSma⟩ leads to the charge transfer Hamiltonian

HC(t) =
∑

m

EX
m|Xm⟩⟨Xm|+

∑

m,a

ECS
ma|CSma⟩⟨CSma|

+

[∑

m

Vopt(t)|Xm⟩⟨G|+
∑

m ̸=n

VXT
mn |Xm⟩⟨Xn|

+
∑

a

VCT
a |CS1a⟩⟨X1|+

∑

m ̸=n,a

VHT
mn |CSma⟩⟨CSma|+ H.c.

]
. (7.6)
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The diagonal elements are given by the energy of the X-state EX
m and of the CS-state

ECS
ma. Note that the ground-state energy of the full system is set to zero. The off-

diagonal terms represent the coupling between different states and are given by the
optical excitation of the m-th molecule Vopt(t), excitation energy transfer coupling
between the m-th and the n-th molecule VXT

mn , charge transfer from the molecule closest
to surface into the a-th anionic nanocrystal state VCT

a and hole transfer between the m-
th and n-th molecule VHT

mn . All coupling terms also occur in their Hermitian conjugated
form (H.c.).

Excitation Energies

EX
m is not only defined by the difference between excited-state Emol

e and ground-state
energy Emol

g of a single molecule, but also by their electrostatic interaction with the
surrounding molecules and the nanocrystal,

EX
m = Emol

e −Emol
g +

∫
d3r d3r′

[
nmol
e,m(r)− nmol

g,m(r)
] [∑

n ̸=m n
mol
g,n (r

′) + nnc
0 (r′)

]

|r− r′| . (7.7)

The excited-state nmol
e,m (ground-state nmol

g,m) density of the m-th molecule is coupled to
the ground-state density of the nanocrystal nZnO

g and remaining molecules nmol
g,n .

ECS
ma is primarily defined by the difference between the ionic state energies of both

parts, molecule Emol
+ and nanocrystal Enc

− , and the molecule ground-state energy Emol
g ,

ECS
ma = Emol

+ + Enc
a − Emol

g +

∫
d3r d3r′

[
nmol
+,m(r) +

∑
n ̸=m n

mol
g,n (r)

]
ρnc
a (r′)

|r− r′|

+

∫
d3r d3r′

[
nmol
+,m(r)− nmol

g,m(r)
] [∑

n ̸=m n
mol
g,n (r

′) + nnc
0 (r′)

]

|r− r′| . (7.8)

The surrounding molecules and nanocrystal also modifies ECS
ma. For Emol

g , the same shift
as in Eq. (7.7) appears, while the ionic states couple to each other and the remaining
molecules in their ground state. nmol

+,m and ρnc
a are the ionic molecule and nanocrystal

charge density , respectively.
Note, that the different charge densities of the molecule and the nanocrystal ground

state take all nuclei and electrons into account (cf. Sec. 3.1), while ρnc
a considers only

the density of the a-th single-particle state of the nanocrystal. In the latter case, the
influence of the additional charge on the nanocrystal’s electronic structure is negligible,
allowing for the use of Koopmans’ theorem.

Optical Excitation

The interaction with the optical excitation

Vopt = −ℏ
2
Ω exp (−iωL) exp

(
−4 log(2)(t− τ0)

2/τ 2
)

(7.9)

is given in the dipole approximation. Here, the laser pulse is a combination of the
carrier wave and the Gaussian envelope. The laser frequency is given by ωL and the
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coupling to the molecular transition by Ω = Deg · E0/ℏ. Note that the laser pulse
polarization E0/|E0| is chosen parallel to the molecular transition dipole moment Deg.
The Gaussian envelope is defined by the center of the envelope τ0 and the laser pulse
full width at half maximum τ . For the calculations, the parameters take the following
values: |E0| = 106 Vm−1, |Deg| = 12.7 D, τ0 = 150 fs and τ = 100 fs.

Intermolecular Excitation Energy Transfer

The intermolecular excitation energy transfer coupling is given by

VXT
mn =

∫
d3r d3r′

ρmol
em,gm(r)ρ

mol
gn,en(r

′)

|r− r′| (7.10)

with the transition density ρmol
em,gm , describing the overlap between the molecule excited

state |φe
m⟩ and the molecule ground state |φg

m⟩. Sec. 3.1 presents more details.

Hole Transfer

Additional to the excitonic coupling, also hole transfer plays a role in the molecular
aggregate. Because this transfer is a tunneling process, the intermolecular distance
plays a crucial role. As a consequence of the considered π-stacked aggregate, only
nearest-neighbor interactions are allowed,

VHT
mn = δm,n±1V

HT . (7.11)

Calculations on a molecular dimer suggest that hole transfer takes place between the
molecular HOMOs with a transfer coupling of VHT = 0.2 eV. This value is in line with
hole transfer couplings in similar stacks of π-conjugated molecules [170, 171]. Sec. 7.5
gives more details concerning the calculations.

Interface Charge Transfer

The starting point of the interface charge transfer is the tunneling of an excited molecule
electron to the nanocrystal surface atoms. This transfer is only possible for the molecule
closest to the nanocrystal surface (m = 1). As a consequence, the transfer coupling

VCT
a = caV

CT (7.12)

is expressed by a coupling that corresponds to the initial transfer VCT and a coefficient
ca taking the subsequent delocalization into the manifold of ionic nanocrystal states
|a;−⟩ into account. In the following, it is the goal to determine ca.

There are 25 Zn atoms close to the m = 1 molecule that are contributing to the
transfer. For these atoms, only the atomic 4px orbitals are considered as the initial
electron acceptor states. The choice is a result of the analysis of the nanocrystal surface
states that are mainly described by the atomic Zn 4s and 4p orbitals. However, the
significant contributions to these states are given by atomic Zn 4px orbitals. As a result,
the initial wave function of the nanocrystal surface state is given by

|φsurface(t = 0)⟩ =
∑

u

cu|px,u⟩ , (7.13)
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where u indicates the atomic position. For the position-dependent expansion coefficient
cu, an educated guess is required, which also takes the individual atoms’ total occupation
into account.
|φsurface(t = 0)⟩ is expanded by the unoccupied single-particle states |φnc

a ⟩ of the
nanocrystal, which correspond to the ionic nanocrystal states as discussed before2,

|φsurface(t = 0)⟩ ≈
∑

u,a

cuκ̃au|φnc
a ⟩ . (7.14)

The coefficient κ̃au corresponds to ⟨φnc
a |px,u⟩.

After normalizing |φsurface(t = 0)⟩, the initial electron acceptor state takes the form

|φ̃surface(t = 0)⟩ =
∑

a

∑
u cuκ̃au

|φsurface(t = 0)| |φ
nc
a ⟩ . (7.15)

This expression can be related to the coefficient of the transfer coupling

ca =

∑
u cuκ̃au

|φsurface(t = 0)| , (7.16)

because it describes the transition of the initial state into the manifold of ionic nanocrys-
tal states. In this expansion, the whole set of unoccupied single-particle states of
the nanocrystal is present, time evolution of |φ̃surface(t = 0)⟩ automatically describes
charge migration inside the nanocrystal. Following [155, 172–174] a coupling strength
of VCT = 0.2 eV is assumed.

7.3.2. Excitation Energy Transfer Hamiltonian

First, the excitation of the molecular aggregate is presented, and subsequently, the
nanocrystal excitation. Both are used as a basis to expand the system Hamiltonian Eq.
(7.1), resulting in the excitation energy transfer Hamiltonian.

The Frenkel exciton Hamiltonian is derived by expanding the total system Hamilto-
nian Eq. (7.1) only by |Xm⟩, leading to

Hmol =
∑

m

EX
m|Xm⟩⟨Xm|+

∑

m ̸=n

VXT
mn |Xm⟩⟨Xn| . (7.17)

Here, the energy and coupling term are the same as in the charge transfer Hamiltonian
Eq. (7.6). A solution to the Frenkel exciton Hamiltonian yields the exciton energies
EFX

γ and the corresponding states

|FXγ⟩ =
∑

m

Cγ,m|Xm⟩ (7.18)

with the expansion coefficient Cγ,m. Sec. 3.1 gives more details on the theoretical
background of Frenkel excitons.

2The use of Koopmans’ theorem allows for the approximation of ionic nanocrystal states by single-
particle ones.
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The nanocrystal exciton states

|NCXα⟩ =
[∏

m

|ψg
m⟩
]
⊗ |α⟩ (7.19)

are a superposition of electron e and hole h states,

|α⟩ =
∑

e,h

∑

σ,σ′

Aα,eσhσ′ |eσhσ′⟩ . (7.20)

Note that each single-particle state has a corresponding spin σ.
The coefficient Aα,eσhσ′ introduces the Coulomb correlation between them and is

determined by the solution of the exciton equation (see for more details Sec. 3.1.2).
For the isolated NC, Sec. 2.2 already discussed the solution of Hnc|α⟩ = Eα|α⟩.

In this work, only uncorrelated electron-hole pairs are considered, simplifying the
exciton state

|NCXα⟩ ≈
[∏

m

|ψg
m⟩
]
⊗ |eσhσ′⟩ (7.21)

as well as their energy

ENCX
α ≈ EZnO

e − EZnO
h +

∫
d3r d3r′

[
ρ̃ZnO
e (r)− ρ̃ZnO

h (r)
]∑

m n
mol
gm (r′)

|r− r′| . (7.22)

This approximation is possible because the energetic higher-lying exciton states are
the most relevant. These higher-lying exciton states are accompanied by a high density
of states that average out the details of the individual states, which allows consequently
for the neglect of the electron-hole correlation.

As before, the single-particle energies Enc
e(h) are modified due to the presence of the

aggregate. The density of the nanocrystal electron or hole ρnc
e(h) is coupled to the ground-

state charge density of the surrounding molecules nmol
gm . Note, that ρnc

e(h) considers only
the respective single electron or hole and not the nuclei.

Finally, the Frenkel |FXγ⟩ and nanocrystal exciton states |NCXα⟩ are used as a basis
to expand the total system Hamiltonian Eq. (7.1), resulting in the excitation energy
transfer Hamiltonian

HEET =
∑

α

ENCX
α |NCXα⟩⟨NCXα|+

∑

γ

EFX
γ |FXγ⟩⟨FXγ|

+
∑

α,γ

[
VFX-NCX
αγ |FXγ⟩⟨NCXα|+ H.c.

]
. (7.23)

The corresponding excitation energy transfer coupling between Frenkel and nanocrystal
excitons

VFX-NCX
αγ =

∑

m

C∗
γmVmol-NCX

αm (7.24)

is based on the excitation energy transfer coupling between excited molecules and
nanocrystal excitons

Vmol-NCX
αm =

∫
d3r d3r′

ρmol
em,gm(r)ρ

NCX
α,0

∗
(r′)

|r− r′| , (7.25)



7.4. Electronic Structure of the ZnO Nanocrystal 

−10 −9 −8 −7 −6 −5 −4 −3

0

0.2

0.4

0.6

0.8

1

Energy [eV]

P
ro
ba

bi
lit
y

Figure 7.2.: Probability of the ZnO nanocrystal single-particle states (
∫
dV ñcnc

a (r)) for
three spatial nanocrystal domains V . Two planes parallel to the surface
divide the nanocrystal into three domains. The nanocrystal surface is at
z = 0 Å and the minimum of the curved surface at z = −25 Å (the z-axis is
perpendicular to the surface). Black dots correspond to 0 Å ≥ z > −6 Å,
blue dots to −6 Å ≥ z > −14 Å and red dots to −14 Å ≥ z ≥ −25 Å.

which are weighted by the Frenkel exciton coefficient C∗
γm. Here, the nanocrystal exciton

transition density ρNCX
α,0 (cf. Sec. 2.2) is coupled to the transition densities of the

individual molecules ρmol
em,gm .

7.4. Electronic Structure of the ZnO Nanocrystal

The electronic structure of the ZnO nanocrystal is obtained by a DFTB calculation.
Therefore, the simulation tool DFTB+ [175] is applied together with the parameters
from ref. [176]. These calculations utilize the geometry of the optimized bulk ground
state and require, therefore, passivation. Because ZnO is an ionic semiconductor differ-
ently charged pseudo-hydrogen atoms are used for each type of atom 3. The presence
of the aggregate modifies the calculated single-particle energies

Ea = Enc
a +

∫
d3r d3r′

ρ̃nc
a (r)

∑
m ρmol

g,m(r
′)

|r− r′| . (7.26)

This shift is in close analogy to Eq. (7.22).
As mentioned before, it is desirable to prevent the creation of surface states on the

curved surface at the energy range of interest. If the curved surface is capped exclusively
with oxygen, states are centered either at the flat surface or insight the nanocrystal and
not on the curved surface (cf. [146,147]). The strong charge transfer coupling of oxygen
compared to zinc is the main reason for this effect, shifting surface states away from

3 For zinc a pseudo-hydrogen with an atomic charge of 1.5 is used and 0.5 for oxygen (see [81]).
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a) b)

c) d)

Figure 7.3.: ZnO nanocrystal single particle densities (blue area) are shown. Top (a)
and side view (c) of the highest hole state density. (b) and (d) shows the
density for the lowest electron state.

the bandgap. Additionally, the negatively charged oxygen layer at the curved surface
increases this effect, which could be confirmed by DFTB calculations with (SCC-DFTB)
and without charge transfer (DFTB).

Fig. 7.2 displays the spatial distribution of the single-particle states, giving more
insights into the states’ energy-dependent localization. Here, the nanocrystal is divided
into three regions: A localization up to 6 Å below the surface layer, from 6 to 14 Å
and 14 to 25 Å. All states close to the band-edge are located entirely on or close to the
surface. This localization is the same for electron and hole states alike. If the energetic
distance to the band-edge reaches 446 meV (E = −8.638 eV) for electrons and 218
meV (E = −4.011 eV) for holes, first rather delocalized states occur that are either
distributed over the entire nanocrystal or some broader parts of it. If this distance
increases above 907 meV (755 meV) for electrons (holes), no surface states appear
anymore. Note that the calculations show no surface states on the curved surface in
the given energy range.

Fig. 7.3 shows the highest hole and lowest electron state density. Both states are
located in the center of the flat surface and are mainly distributed over the first three
layers of atoms. The distance to the curved surface stays in both cases above 5 Å.
As mentioned earlier, a significant change in the localization appears at −8.638 eV for
occupied and at −4.011 eV for unoccupied states. Fig. 7.4 depicts the two corresponding
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a) b)

c) d)

Figure 7.4.: Similar to Fig. 7.3, but for the hole state at −8.638 eV (top (a) and side
view (c)) and electron state at −4.011 eV (top (b) and side view (d)). Fig.
7.2 depicts the corresponding energy scale.

states. While the hole state is completely located in the lower half of the nanocrystal,
the electron state shows an additional localization at the surface. Here, the hole state
can be understood as a delocalized state, and the electron state takes a hybrid form
between surface and delocalized state.

The presented ZnO nanocrystal has a bandgap of 3.96 eV, much larger than the bulk
bandgap of 3.3 eV. Such an increase is a result of the quantum size effect and is in line
with experimental studies of ZnO nanocrystals (cf. [167]). A substantial increase in the
system size would avoid such a difference in the bandgap. On the other side, the finite
nature of the structure and the small dimensions are the objectives of this study.

The calculation of excitation energy transfer requires knowledge of the nanocrystal
exciton states. In this work, these states are approximated by electron-hole pairs, and
their corresponding energy is just the difference between the energy of the electron and
hole (cf. Sec. 7.3.2). Fig. 7.5 depicts the energy scheme for the nanocrystal excitons.
More than 1600 states are in the relevant energy range, from 3.96 eV up to 4.4 eV.
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Figure 7.5.: Energy schemes for the ZnO nanocrystal excitons ENCX
α , the Frenkel ex-

citons of the aggregate EFX
γ and for the excited state of the individual

molecules EX
m. The inset depicts EX

m with a different scaling.

7.5. Electronic Structure of the Para-Sexiphenyl
Aggregate

The molecular part calculations are done with the Gaussian09 software with either
DFT or time-dependent density functional theory (TD-DFT) at the B3LYP/cc-pVTZ
level. At this level of theory, the treatment of the molecular aggregate as a whole is
not possible. However, it is possible to calculate the individual molecules and their
mutual interactions, building a suitable Hamiltonian. For that, the ground state |ψg

m〉,
excited state (S1) |ψe

m〉 and singly positively charged state (S0) |ψ+
m〉 of a single molecule

are calculated. These are the only relevant states in the considered energy range.
Higher excited or ionic states have significantly higher energy. The interaction with
the surrounding molecules, as well as the ZnO nanocrystal, correct the corresponding
energies (cf. Sec. 7.3.1 and Sec. 7.3.2).

Fig. 7.5 shows the excitation energies of the single molecules. The surrounding
molecules are the main reason for differences in energy and not the ZnO nanocrystal
(for more details, see [146]). For the molecule closest to the ZnO surface, the weakest
shift of around 5 meV occurs. The most significant change in the shift occurs for the
second molecule in the stack, showing a shift of above 8 meV and is thus rather close
to the converged value of around 9 meV. It becomes clear that the nearest neighbor
interaction is dominating and that only slight changes are expected for higher-lying
molecules, as can be seen in Fig. 7.5. Note that the figure shows only the energies of
the first 20 molecules, but the actual calculation uses a much larger stack of molecules.
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Figure 7.6.: The lower panel shows the energy distribution of the eigenstates |ϕβ⟩ and
their character char(β) (cf. Eq. (7.28)). A color change corresponds to a
change from CS state character (red) to X state character (blue). The upper
panel shows the corresponding absorption A (black line) and differential
absorption spectrum ∆A (dashed gray line). The latter is the difference
between Aminus the Frenkel exciton absorption spectrum without charge
transfer.

The Frenkel excitons of the aggregate are essential for excitation energy transfer (cf.
Sec. 7.3.2). Fig. 7.5 shows the Frenkel exciton energies. These energies range from
3.91 eV up to 4.32 eV and are, therefore, in the same energy range as the nanocrystal
excitons. Because of the H-aggregate nature of the aggregate, the exciton state with
the highest energy has the highest oscillator strength.

7.6. Electronic Structure of the
ZnO/Para-Sexiphenyl Nanohybrid System

This part studies the electronic structure of the hybrid system defined by the charge
transfer Hamiltonian Eq. (7.6). As a reminder, this Hamiltonian takes only X and CS
states into account and does not consider ZnO nanocrystal excitons.

The eigenstates of the charge transfer Hamiltonian Eq. (7.6) are given by

|ϕβ⟩ =
∑

m

cXmβ|Xm⟩+
∑

m,a

cCS
maβ|CSma⟩ . (7.27)

Note that |Xm⟩ and |CSma⟩ are excited simultaneously.
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For more insights, it is advantageous to have a measure for the character of |ϕβ⟩

char(β) = −
∑

m

[
cXmβ

]2
+
∑

m,a

[
cCS
maβ

]2
. (7.28)

If |ϕβ⟩ is entirely defined by X states
∑

m

[
cXmβ

]2
= 1, the eigenstate has hundred

percent X character (char(β) = −1). In the opposite case, |ϕβ⟩ is entirely defined
by the CS states

∑
m,a

[
cCS
maβ

]2
= 1 and has, therefore, hundred percent CS character

(char(β) = +1). Values between −1 and +1 correspond to a mixture of both characters.
In addition to that, the absorption spectrum is calculated by

A(ω) ∝
∑

β

|dβ|2 δ (Eβ − ℏω) (7.29)

with the transition dipole moment dβ and energy Eβ of the state |ϕβ⟩. Following [92],
the transition dipole moment

dβ =
∑

m

cXmβdem,gmeeg (7.30)

is defined only by the molecular transition with the magnitude dem,gm and spatial
orientation eeg of the individual molecular transition, which are equal for all molecules.

Finally, the eigenstates |ϕβ⟩ are calculated by direct diagonalization of the charge
transfer Hamiltonian Eq. (7.6) (without laser pulse interaction). The vast number of
CS states require some sort of selection rule. It is reasonable to take only CS states
with a specific minimal charge transfer coupling into account. In this case, VCT

a > 1
meV ensures converged results and is, additionally, numerically feasible. The over 6000
unoccupied single-particle states of the ZnO nanocrystal are the main reason for the
large number of CS states. This number is still rather small because DFTB uses only
a minimal basis set.

Fig. 7.6 shows the character of each eigenstate and the corresponding absorption
spectrum. For the absorption spectrum, a lifetime broadening is introduced, which is
modeled by a Gaussian with a full width at half maximum of 50 meV.

First, the character of the states is investigated. There are 20 states with an X state
character of > 99.9%. A comparison with the Frenkel excitons without the consideration
of charge transfer (cf. Sec. 7.5) shows nearly identical states with differences in the
excitation energies of less than one µeV. Hence, the Frenkel excitons are insignificantly
affected by the introduction of charge transfer and charge separation.

These few states are confronted with a massive number of states with nearly a pure
CS state character and are found in the energy range from below 2 eV up to more than
12 eV. States with a strong mixture of both characters are only found in the Frenkel
excitons’ energy range.

Fig. 7.6 shows the absorption spectrum of |ϕβ⟩. Here, absorption occurs only in the
vicinity of the Frenkel exciton energies and decreases with decreasing energy. There are
two main reasons for this behavior. As discussed before, dβ requires a non-vanishing
X state character, which is only found close to the Frenkel excitons. Additionally,
the molecular stack shows an H-aggregate character, resulting in a weakening of the
oscillator strength if the energy decreases.
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Figure 7.7.: Excitation Energy Transfer coupling Vmol-NCX
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α . The red line indicates the molecu-
lar excitation energy EX

m, and the dashed red line gives the corresponding
Gaussian broadening with a full width at half maximum of 50 meV.

A possible influence of the charge transfer process is measured by the differential
absorption ∆A, which is the difference between the full absorption Aminus the Frenkel
exciton absorption without charge transfer (VCT = 0). In the vicinity of the Frenkel
excitons, there are four noticeable peaks of ∆A at 4.32 eV, 4.19 eV, 4.08 eV, and 3.98
eV. These peaks are at least two orders of magnitude lower than the highest peak of the
full absorption spectrum, and their energetic position coincides with the peaks caused
by the Frenkel excitons. As a consequence, the influence of the charge transfer process
on the absorption spectrum is rather small.

7.7. Excitation Energy Transfer between ZnO
Nanocrystal and Para-Sexiphenyl Aggregate

This part studies excitation energy transfer from individual molecules and from the com-
plete aggregate to the ZnO nanocrystal. The weak excitation energy transfer coupling
in both cases allows for the use of rate expressions derived from the excitation energy
transfer Hamiltonian Eq. (7.23). Sec. 4.1 gives more details on the rate equations.

At first, excitation energy transfer from a single molecule to the nanocrystal is inves-
tigated by use of the following rate expression

kmol→NCX
m =

2π

�
∑

α

∣∣Vmol-NCX
αm

∣∣2 δ
(
EX

m − ENCX
α

)
. (7.31)
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The main ingredients are the energies of the molecules EX
m and the nanocrystal excitons

ENCX
α as well as their mutual coupling Vmol-NCX

αm (cf. Sec 7.3.2).
Fig. 7.7 depicts the excitation energy transfer coupling to three different molecules.

These molecules differ mainly by their respective distance to the nanocrystal dmol-nc.
Moleculem = 1 has the shortest distance to the surface (dmol-nc = 2.9 Å), while molecule
m = 20 has the largest one (dmol-nc = 75.1 Å) and molecule m = 10 is located in the
middle of the stack (dmol-nc = 37.1 Å). A change from molecule m = 1 to molecule
m = 20 leads to a weakening of the individual coupling elements of more than two
orders of magnitude. The coupling terms never exceed 4 meV for m = 1, 0.2 meV for
m = 10, and 0.03 meV for m = 20. These trends are transferable to the remaining
molecules.

Besides the change in the distance, also the energetic position of the different molec-
ular excitations changes, which is a result of the electrostatic interaction with the sur-
rounding molecules and nanocrystal (see Sec. 7.5). For all molecules, the excitations
are inside the nanocrystal exciton band and enable excitation energy transfer. The
energy difference between the excitation of molecule m = 1 (m = 20) and the lowest
nanocrystal exciton is EX

m=1(20)−ENCX
α=1 = 56(52) meV. Because of different surroundings

for each molecule, each molecule’s excitation energy varies in a range of 4 meV. These
variations have a negligible effect on the excitation energy transfer.

For the rate calculation, the energy conservation changes to a Gaussian broadening

δ
(
EX

m − ENCX
α

)
≈ 1√

2πϵ
exp

(
−
(
EX

m − ENCX
α

)2

2ϵ2

)
, (7.32)

which accounts for fluctuations of single molecular transitions. Here, the full width at
half maximum is set to 2ϵ

√
2 ln 2 = 50 meV.

The Gaussian weakens the excitation energy transfer coupling if the energy difference
EX

m − ENCX
α increases. For |EX

m − ENCX
α | > 65 meV, the square of the excitation energy

transfer coupling diminishes by more than two orders of magnitude, leading to a relevant
energy range of |EX

m−ENCX
α | ≤ 65 meV. In this range, each molecular transition couples

to around sixty nanocrystal excitons.
Fig. 7.8 shows the resulting rate kmol→NCX

m . If the molecular index m increases, and
so does the distance between the molecules and nanocrystal surface, the transfer rate
decreases by four orders of magnitude. These rates correspond to lifetimes of 250 fs for
the molecule with the shortest distance (m = 1) and 5.9 ns for the molecule with the
largest one (m = 20).

The logarithmic plot of kmol→NCX
m shows a gradual change in slope. This change

excludes a simple distance dependency of the type 1/dn with distance d and the arbitrary
number n. Nevertheless, it might be useful to define a short distance (m < 10) as well as
a long-distance behavior (m ≥ 10). In this case, kmol→NCX

m is proportional to 1/d2.6 in the
short-range and to 1/d5.0 in the long-range case. The systems in the preceding chapters
showed similar behavior. Typically, the distance dependency approaches 1/d6.0, because
of the often dominating dipole-dipole coupling. In the short distance, higher multipole
moments or even details of the transition density at an atomic resolution dominate.

Now, intermolecular excitation energy transfer coupling is introduced to the aggre-
gate, resulting in the formation of Frenkel excitons instead of the previously discussed
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single-molecule states. The Frenkel excitons modify the rate equation (7.31) to

kFX→NCX
γ =

2π

�
∑

α

∣∣VFX-NCX
αγ

∣∣2 δ
(
EFX

γ − ENCX
α

)
, (7.33)

where EFX
γ is the energy of the γ-th Frenkel exciton and VFX-NCX

αγ the excitation energy
transfer coupling between Frenkel and nanocrystal excitons (cf. Sec 7.3.2). As pointed
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Figure 7.10.: Excitation energy transfer rate kFX→NCX
γ from Frenkel to nanocrystal ex-

citons for different Frenkel excitons with quantum number γ.

out before, VFX-NCX
αγ can be written as a superposition of the former discussed excitation

energy transfer coupling between molecules and the nanocrystal excitons VFX-NCX
αγ =∑

mC
∗
γmVmol-NCX

αm (see Sec. 7.3.2).
The Frenkel excitons differ mainly by their number of wave function nodes, which

corresponds to a change in the sign of Cγm. With decreasing energy, the number of wave
function nodes increases, leading to a partial cancellation of the individual molecular
contributions (cf. Sec. 7.5). For the energetic highest exciton, no wave function nodes
appear and thus no cancellation. On the other side, for the energetic lowest exciton,
Cγm has a change of sign for every molecule, resulting in the maximal cancellation
effect.

Fig. 7.9 shows VFX-NCX
αγ for three different excitons. At first, these three excitons

confirm the expected trend of decreasing coupling strength with decreasing exciton
energy. The couplings for γ = 20 are in the meV range, while for γ = 10, all couplings
stay in the sub-meV range. It is important to note that there is no simple relation
between the increase in the number of nodes and a decrease in coupling strength. As
an example, the Frenkel exciton γ = 19 has, on average, even a slightly larger coupling
strength than the Frenkel exciton γ = 20. This deviation is related to the vast number
of differently shaped nanocrystal excitons that couple more strongly to specific Frenkel
exciton configurations. Nevertheless, the overall trend can be confirmed.

Additionally, the delocalization of Frenkel excitons weakens the excitation energy
transfer coupling if compared to a single molecule close to the nanocrystal. For the
single-molecule, the strongest excitation energy transfer couplings exceed at least two
times the excitation energy transfer couplings of the energetic highest Frenkel excitons.

The excitation energy transfer rate calculation again requires the broadening of the
delta function similar to Eq. (7.32), but with the Frenkel exciton energy instead of
the single-molecule one. Fig. 7.9 shows the Frenkel exciton energy as well as the corre-
sponding broadening for three different excitons. The energetic highest exciton (γ = 20)
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is far inside the nanocrystal exciton band. It couples to 912 nanocrystal excitons in
the earlier discussed energy interval of 130 meV around the corresponding Frenkel ex-
citon transition. With decreasing Frenkel exciton energy, the number of surrounding
nanocrystal exciton states decreases sharply. The sixth highest Frenkel exciton (γ = 15)
interacts with 98 nanocrystal excitons and shows, therefore, a reduction of possible in-
teractions by two orders of magnitude. For Frenkel exciton γ = 10 and all lower states,
the excitation energy is below the lowest nanocrystal exciton energy, which reduces the
number of possible interactions sharply.

Fig. 7.10 shows kFX→NCX
γ for the different Frenkel excitons. Overall, the rate decreases

with decreasing energy or, correspondingly, with decreasing Frenkel exciton quantum
number γ. As discussed above, the reason for this trend lies in the cancellation effect,
caused by the Frenkel exciton wave function nodes, and the shift in excitation energy
that is accompanied by a change in the number of possible nanocrystal exciton inter-
actions. Slight exceptions to the rule are again the first six Frenkel excitons that have
somewhat similar lifetimes, ranging from 309 fs to 482 fs. For these states, the number
and strength of the relevant couplings to the nanocrystal excitons are somewhat similar.
The Frenkel excitons below γ = 15 show the expected decrease in the excitation energy
transfer rate. For γ = 14 to γ = 6, there is a picosecond regime with lifetimes of 1 ps for
γ = 14 up to 620 ps for γ = 6. The remaining states have lifetimes in the nanosecond
timescale, reaching from 2 ns for γ = 5 to 267 ns for γ = 1.

These findings correspond to the general properties of H-aggregate stacks and are
thus transferable to similar systems. The same is true for the energy dependence of the
nanocrystal density of states.

7.8. Charge Transfer Dynamics in the
ZnO/Para-Sexiphenyl Nanohybrid System

The following part describes photo-induced charge dynamics in the hybrid system.
These dynamics correspond either to hole transfer between individual molecules or to
charge injection from the molecule closest to the nanocrystal surface into the nanocrys-
tal. In the following, it is assumed that the molecules’ position deviates from the
idealized structure, which is the case in realistic systems. These deviations affect the
later discussed charge dynamics. For a simple implementation, energy fluctuations of
EX

m and ECS
ma are introduced by a Gaussian white noise with a standard deviation of

40 meV. This energetic disorder requires an averaging of around 500 simulations to
converge.

The dynamics as a whole are modelled by the Schrödinger equation

iℏ∂t|Ψ(t)⟩ = HC(t)|Ψ(t)⟩ (7.34)

together with the charge transfer Hamiltonian Eq. (7.6) and wave function

|Ψ(t)⟩ = C(t)|G⟩+
∑

m

Cm(t)|Xm⟩+
∑

m,a

Cma(t)|CSma⟩ . (7.35)

Here, a laser pulse excites the system from its ground state |Ψ(0)⟩ = |G⟩ at t = 0
to some excited state |Ψ(t)⟩, which is a superposition of ground |G⟩, charge-separated
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|CSma⟩ and molecular excited state |Xm⟩. Note that the nanocrystal excitons are ex-
cluded.

At first, the total population of |Xm⟩

PX(t) =
∑

m

|Cm(t)|2 (7.36)

and |CSma⟩
PCS(t) =

∑

m,a

|Cma(t)|2 (7.37)

are studied. These quantities are simple measures for the net degree of excitation and
its distribution among |Xm⟩ and |CSma⟩.

Fig. 7.11 shows the time evolution of PX and PCS for four different laser energies:
4.316 eV, 4.183 eV, 3.923 eV and 3.40 eV. The highest laser energies correspond to
Frenkel exciton energies, while the lowest laser energy is far below any Frenkel exciton
energy, which corresponds to two distinct cases. Each of the three higher frequencies
also presents an individual scenario. The highest laser frequency excites mainly only a
single Frenkel exciton, while the second-highest frequency excites a Frenkel exciton and
multiple states with a mixed character. For the third highest frequency, multiple Frenkel
excitons and states with mixed character are excited. In all cases, a vast amount of
charge transfer states participate. It is the goal of the following discussion to understand
the peculiarities of these different excitation scenarios.

The laser excitation starts at zero fs and has a duration of 100 fs. As the laser pulse
amplitude increases, PX(t) grows as well, which corresponds to the creation of Frenkel
excitons. If there is a sufficient number of states that are a mixture of |Xm⟩ and |CSma⟩
(see. Fig. 7.6), the population of CS states grows simultaneously to the population of
X states, which is the case for the laser energies 4.183 eV, 3.923 eV and 3.40 eV. Such an
increase of PCS(t) corresponds to a direct excitation of CS states. After the laser pulse
diminishes, the X state population decreases, and the CS state population increases.
This behavior is valid for all cases. The laser energies 4.316 eV, 4.183 eV, and 3.923
eV are resonant to the Frenkel excitons, leading to long-lasting X state populations.
ℏωL = 3.40 eV is far of resonant to any Frenkel exciton state. As a consequence, the
X state population vanishes after the laser pulse ends. Only a small CS population
remains, which is constant in time. An interesting dynamic appears at ℏωL = 4.183 eV,
where a state with pure Frenkel exciton character and two rather strongly mixed states
interact with each other, resulting in oscillations of PX(t) and PCS(t).

A view on the overall magnitude of the populations shows a sharp reduction of the
populations with decreasing energy. This reduction is related to the former discussed
H-aggregate character of the Frenkel excitons, which means that the oscillator strength
decline with decreasing Frenkel exciton energy.

To understand the actual charge separation, insights into the spatial distribution
of the X and CS states are necessary. Therefore, spatially resolved populations are
introduced.

The probability of finding molecule m in its excited state is given by

PX(m, t) = |Cm(t)|2 . (7.38)

Note that PX(m, t) gives only a discrete spatial resolution related to the molecular index
m.
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Figure 7.11.: Time evolution of the X state PX (blue line) and CS state population PCS

(red dashed line). The four figures correspond to the four different laser
energies �ωL. The black line displays the laser pulse. Not that the decimal
powers scale the respective graphs.

A similar expression is used for the probability of finding a hole at molecule m,

PCS-H(m, t) =
∑

a

|Cma(t)|2 . (7.39)

In contrast to the former expressions, the probability of finding the injected electron
in the nanocrystal

PCS-E(z, t) =
∑

m,a

|Cma(t)|2
∫

dx dy |ϕnc
a (r)|2 (7.40)

is expressed in real space. PCS-E(z, t) is independent of the x and y coordinates (see Fig.
7.1 for the coordinate system). This choice is reasonable because the relevant charge
separation occurs along the z-axis, which is perpendicular to the nanocrystal surface.
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Figure 7.12.: Spatially resolved time evolution of the X state probability PX(m, t) (first
row), the hole PCS-H(m, t) (second row) and electron probability of the CS
state PCS-E(z, t) (third row). Laser energies ℏωL, as well as the laser pulse,
is the same as in Fig. 7.11. The color codes are individual for all figures
and range from blue for zero probability to red for a high probability.

Fig. 7.12 shows PX(m, t), PCS-H(m, t) and PCS-E(z, t) versus time and either molecular
index m or coordinate z. Note that each sub-figure has its color code, and absolute
values are, therefore, not comparable.

The first row depicts PX(m, t) for the four different laser energies presented in Fig.
7.11. After a short delay that relates to the excitation pulse, all four figures show a fast
increase in probability. The two highest excitations show the typical node structure
of the Frenkel excitons, which slightly fades with time. Oscillations of ℏωL = 4.183
eV are only barely visible. The time evolution for ℏωL = 3.923 eV is rather complex,
with some visible fluctuations. Interestingly, the highest probability is at the top of
the stack and has, as a consequence, a considerable distance to the nanocrystal surface.
This pattern is a superposition of many different states and can not be related to a
single Frenkel exciton. The laser pulse with ℏωL = 3.4 eV creates, as expected, only a
short probability that completely decays after the pulse ends.

The two lower rows present the charge separation process, where the middle row cor-
responds to PCS-H(m, t) and the last one to PCS-E(z, t). In all cases, the laser excitation
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creates an electron and a hole that stays mainly close to the molecule-nanocrystal sur-
face. Only ℏωL = 4.183 eV shows a delocalization over the entire nanocrystal and, to
some extent, also over a few molecules, but with the main contribution at the surface.
Both distributions show weak oscillations.

The presented calculations need to be confronted with the calculations of excitation
energy transfer from the forgoing part. For ℏωL = 4.316 eV and ℏωL = 4.183 eV, the
corresponding Frenkel excitons show lifetimes of around 300 fs that would influence the
behavior of both dynamics strongly. Dynamics related to energies below ℏωL = 4.0 eV
are only slightly affected by excitation energy transfer because the lifetimes associated
with excitation energy transfer are all far above 1 ps.

7.9. Conclusion

Charge and excitation energy transfer dynamics in a ZnO/para-sexiphenyl hybrid sys-
tem have been presented.

For the hemispherical ZnO nanocrystal, it was shown that a purely oxygen capped
curved surface is the best choice for preventing the creation of spurious surface states
outside the flat interface area in the relevant energy range. Similar treatments should be
possible for other materials. The nanocrystal single-particle states have shown a strong
connection between localization and energy. Single-particle states near the bandgap are
surface states located at the interface, while an increase in energy leads to a delocaliza-
tion over the entire nanocrystal. Because the energy domain of surface and delocalized
states is rather large, it might be possible to directly address each localization type.

The investigation of excitation energy transfer between Frenkel and nanocrystal ex-
citons showed coupling strengths of up to a few meV. This weak coupling prevents
coherent transfer and thus the creation of hybrid excitons. Consequently, the transfer
description due to rate expressions is possible, which was used to describe excitation
energy transfer. It has been found that Frenkel excitons have an H-aggregate char-
acter, which is associated with an increase in the number of wave function nodes for
a decrease in energy. These nodes lead to a cancelation effect that reduces transfer
coupling. While the Frenkel exciton energy decreases, also the number of nanocrystal
excitons diminishes, which are in the respective energy range. Both effects lead to an
increase in the Frenkel exciton lifetimes if the energy decreases. For the highest Frenkel
excitons, somewhat similar lifetimes in the sub-picosecond regime have been found. A
further decrease in the Frenkel exciton energy has shown a gradual increase in lifetimes
up to hundreds of nanoseconds. It is important to note that the presented Frenkel ex-
citon formation and the increase in the nanocrystal exciton density of states are typical
properties of these materials. The findings can be generalized to other hybrid systems.

For the charge transfer dynamics, direct excitation of charge-separated states has been
observed as well as a population transfer over time from the para-sexiphenyl excited
states to the charge-separated ones. The former process occurs during the 100 fs laser
pulse duration, while the latter has a picosecond time scale. For all investigated laser
energies, localization of the electron and hole close to the nanocrystal surface has been
found. However, it was demonstrated that the delocalization of the injected electron
over the entire nanocrystal is possible and thus charge separation.

The excitation energy transfer and charge transfer dynamics are on a similar time
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scale for laser energies around 4 eV and above. In this energy range, a future inves-
tigation of the combined dynamics is of particular interest. For laser energies below
this energy, the excitation energy transfer is too slow and will barely affect the charge
transfer.
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8. Excitation Energy Transfer in a
Au/CdS Core/Shell
Nanostructure

A metal-semiconductor nanointerface introduces unique interactions that are of special
interest to fundamental science and device manufacturing. Especially, metal/semiconductor
core/shell systems attracted some attention because of its potential use as nanolasers.
S. Lambright et al. synthesized such a spherical Au/CdS core/shell nanocrystal and
investigated the dynamics inside the nanostructure [47].

This chapter presents an atomistic description of the excited state dynamics in the
spherical Au/CdS core/shell nanocrystal. Au-core excited states are considered in a
multipole plasmon scheme, whereas a tight-binding description combined with a config-
uration interaction approach is used to compute single electron-hole pair excitations in
the CdS-shell.

It is found that the electron-hole pair energy shift and screening due to an Au-core
polarization depend strongly on the shell thickness. However, for a shell thickness of
2 nm and above, the influence of the Au-core polarization can be neglected. For the
studied system, energy transfer coupling can be identified as an essential core-shell in-
teraction. Characterizing the CdS-shell excitons by atomic centered transition charges
and the Au-core by its multipole plasmon moments, an energy transfer coupling can be
introduced that gives a complete microscopic description beyond any dipole-dipole ap-
proximation and with values around 10 meV. Despite a considerable plasmon-exciton
energy mismatch, an excitation energy transfer from the shell to the core is possible,
which is enabled by higher-order plasmon modes. This process explains the measured
300 ps lifetime of the shell excitons.

Most of this chapter is published in [177].

8.1. Introduction

A decade ago, core-shell systems with a molecular-shell surrounding a metal-core found
some interest as prototypical systems displaying exciton-plasmon hybridization [178,
179]. Such molecule metal nanoparticle systems have also been discussed in order
to realize a working nanolaser [24, 26, 180, 181]. To replace a molecular coating of a
metal nanoparticle-core by a semiconductor shell requires more involved preparation
techniques. Only recently, these systems have attracted increased attention [47, 182–
184].

After optical excitation of a metal-core semiconductor-shell system, a multitude of
processes take place. Ref. [47] reported on the transient spectroscopy of an Au-core CdS-
shell system similar to that one shown in Fig. 8.1. Between both subsystems, charge,
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Figure 8.1.: Cross section of an Au-core CdS-shell structure with total diameter of 15.2
nm. The Au-core diameter dcore amounts 6.2 nm and the CdS-shell has
a thickness of 4.5 nm (Au: gold spheres; Cd: magenta spheres; S: weak
yellow spheres).

and excitation energy transfer can take place. If the core is excited, plasmon states may
be formed that immediately decay into hot electrons due to electron-electron scattering,
see the recent studies in refs. [185–187]. Despite that, charge trapping in surface and
interfacial states is possible. Direct exciton formation in the semiconductor-shell may
also result in charge trapping at the surface and subsequent fast charge transfer into
the core. Alternatively, somewhat slower energy transfer is possible [188].

It is the specificity of the Au-core CdS-shell system described in Ref. [47] that a
nonepitaxial association has been achieved at the interface of the two components.
The considerable reduction of interfacial defects also diminishes carrier trapping. A
rather direct Au-core plasmon CdS-shell exciton coupling can be expected. Moreover,
charge transfer seems to be fast but inefficient, because spectroscopic signatures of
charge transfer as described in Ref. [188] are absent. Therefore, to start the theoretical
analysis of excited-state dynamics in such metal-core semiconductor-shell systems, the
focus is on those processes that go along without charge transfer. The specific Au-core
CdS-shell system as experimentally studied in Ref. [47] will be considered. In particular,
it is demonstrated that the restriction to energy transfer processes already allows to
explain the observed shell-exciton lifetimes of about 300 ps.
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8.2. Electronic Structure of the CdS Sphere and
Shell

First, the CdS-shell in the absence of the Au-core is studied. In order to describe singly
excited electron-hole pair states of the shell, the methodology, as well as the approxi-
mations of Sec. 5, are used. These approaches combine a tight-binding description of
the individual electron and hole states with a consideration of the Coulomb-attraction
in a configuration interaction scheme (see also Sec. 2.2).

The exciton state
|α⟩ =

∑

e,h

Aα,eh|eh⟩

and exciton energy Eα are determined by the solution of the corresponding exciton
equation (cf. Sec. 2.6)

EαAα,eh = [Ee − Eh]Aα,eh −
∑

e′,h′

[Weh′,he′ − Jeh′,e′h]Aα.e′h′

with the Coulomb matrix elements

Weh′,he′ =

∫
d3r d3r′

ρee′(r)ρ
∗
hh′(r′)

ϵ(r, r′)|r− r′|

Jeh′,e′h =

∫
d3r d3r′

ρeh(r)ρ
∗
e′h′(r′)

ϵ(r, r′)|r− r′|

Here, the electron-hole pair amplitude Aα,eh describes the correlated motion of the
electron with quantum number e and of the hole with quantum number h. For the
Coulomb matrix elements, transition densities ρab for different combinations of electron
or hole states (a, b = {e, e′, h, h′}) are introduced (see Sec. 2.6). The calculation of
excitation energy transfer coupling to the Au-core requires also transition densities
related to the various exciton levels ρα0(r) (see Sec. 3.1 and Sec. 5.3).

The semi-empirical tight-binding approach uses a sp3d5 basis and parameters ac-
cording to Ref. [189] and the improvement of Ref. [190], where spin-orbit coupling has
been included. For the inner and outer surface, perfect passivation is assumed, which
is achieved according to the treatment of Sec. 2.5.2. Accordingly, surface states are
removed due to ligands as well as due to a defectless interface between the Au-core
and CdS-shell. Following Ref. [191], a dielectric constant of ϵ0 = 12 is chosen for the
CdS-shell. Similar to Sec. 5, the distance dependent screening ϵ(r, r′) is given by 1
for r = r′, ϵ0/2 for the nearest neighbor distance (between two atoms) and ϵ0 for all
larger distances. This screening enables to match the lowest exciton state of the massive
nanocrystal with different diameters and compositions [47,191,192].
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Figure 8.2.: Strength of the Coulomb coupling between a fictitious charge placed at the
CdS-shell surface and the CdS-shell exciton transition densities ρα0. Drawn
are the multipole contributions Vα,l to this coupling versus the energy differ-
ence ∆E = E − Eα=1 (see the text for details). CdS-shell diameter d = 5.2
nm and empty core of varying radius dcore. Contributions due to the ex-
citon transition density multipole moments are indicated. Vertical black
lines with circle: l = 1-moment. Blue diamonds: l = 2-moment. Green
squares: l = 3-moment. Red triangles: l = 4-moment. The red dashed
line displays the thermal exciton distribution at 300 K. The different gray
numbers and their corresponding gray lines in the upper and lower panel
label and indicate those exciton states which are represented in Figs. 8.3
and 8.4 by their transition densities.



8.2. Electronic Structure of the CdS Sphere and Shell 105

To get an impression of the exciton states in the CdS-shell, a spherical nanocrys-
tal similar to Fig. 8.1 but with a smaller diameter is described first. It more di-
rectly displays the interrelation between the actual shape and the energy level position.
The starting point is a massive Cd1631S1322 nanocrystal with a diameter d = 5.2 nm.
Shell structures are generated from this nanocrystal by removing a core with diame-
ter dcore. Different cases are considered: dcore = 1.2 nm (Cd1618S1293), dcore = 1.6 nm
(Cd1586S1238), dcore = 2.1 nm (Cd1535S1156), and dcore = 2.6 nm (Cd1453S1045). For all
structures, a larger number of Cd-atoms compared to the number of S-atoms is chosen.
This is necessary in order to reproduce the data of Ref. [47]. Because a uniform and
nonsegmented shell structure as well as less than 3% of impurities could be observed
there, a nonamorphous pure CdS structure can be taken. Hence, all calculations are
based on a wurtzite structure with morphological parameters according to Ref. [193].

Fig. 8.2 displays the exciton spectrum of the different types of CdS-shell structures
mentioned above. The core is assumed to be empty and characterized by ϵ = 1. Note
that the exciton levels have been drawn relative to the lowest exciton energy Eα=1 as
∆E = E − Eα=1.

Due to the confinement effect, the onset of the exciton spectrum increases with in-
creasing dcore: For dcore = 0 nm, E1 = 2.706 eV; for dcore = 1.2 nm, E1 = 2.865 eV; for
dcore = 1.6 nm, E1 = 2.985 eV; for dcore = 2.1 nm, E1 = 3.158 eV; and for dcore = 2.6
nm, E1 = 3.393 eV. At the same time, the number of exciton states increases in the
given interval. This behavior can be already understood in describing the electron and
the hole as an independent particle moving in an isotropic sphere with constant poten-
tial energy. In this description, the centrifugal barrier ℏ2l(l + 1)/(2m∗r2) is part of the
single-particle Schrödinger equation, resulting in a l-dependent splitting of the spec-
trum. Here, l corresponds to the angular moment quantum number, and m∗ stands for
the effective single-particle mass. The change from a massive sphere to a shell with an
increasing inner diameter reduces the splitting. As a consequence, the resulting denser
single-particle spectrum leads to a denser exciton spectrum (see Sec. A).

The population of exciton levels is modeled by a thermal distribution fα at 300 K
(cf. Fig. 8.2). Accordingly, only a small region of the exciton spectrum is affected. A
state around 80 meV is populated with less than 5% compared to a state at the bottom
of the spectrum.

Transition densities ρα0 related to some of these exciton levels are displayed in Figs.
8.3 and 8.4. They are represented by isosurfaces deduced from Re(ρα). Because they
mainly determine the energy transfer coupling to the plasmon excitations of the Au-
core, it is more appropriate to discuss the ρα instead of the exciton wave function. The
figures suggest a classification of the ρα0 with respect to their multipole moments. In
order to do this, a fictitious charge e is placed at position rt on the shell surface. The
corresponding Coulomb interaction with the transition density ρα0

Vα =

∫
d3r

eρα0(r)

|rt − r| . (8.1)

can be reformulated as the coupling

Vαl = eIl0

√∑

m

|Qlm(α)|2 . (8.2)
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Figure 8.3.: Excitonic transition densities ρα0 for a massive CdS nanocrystal (dcore = 0
nm). Shown are isosurfaces embedded in the nanocrystal lattice structure.
The isosurfaces are obtained from Re(ρα) for the exciton levels shown in
Fig. 8.2 and labeled by 1 (a) and 2 (b). Blue/red colored parts indicate
positively/negatively charged areas.

of the l-th multipole moment Qlm(α) of the exciton transition density α, averaged with
respect to multipole moments m = −l, . . . , l. Here, Ilm=0 is a irregular solid harmonic
(for more details, see Sec. B).

Looking first at the energy scheme related to the massive CdS nanocrystal (upper
panel of Fig. 8.2), one notices that it is mainly determined by the lowest exciton levels
that split into dark and bright states. These states are almost completely characterized
by their transition dipole moments with the corresponding coupling energy Vα,l=1. Also,
the dark states gain some oscillator strength due to spin mixing resulting from the
spin-orbit interaction. Higher excitons with ∆E about 40 meV are characterized by
a ρα00 with a large quadrupole moment. The transition density for the lowest lying
bright exciton (exciton labeled by 1 in Fig. 8.2) and the lowest lying exciton with a
nonvanishing quadrupole moment (exciton 2 of Fig. 8.2) are shown in Fig. 8.3. For
the exciton labeled by 1, the transition density is shaped like an atomic p-orbital and
displays directly the shape of a dipole. Exciton 2 shows a clear quadrupole distribution
of the transition density and is shaped like an atomic d-orbital.

If the core of the CdS nanocrystal is removed, the excitons are distinguished by
higher transition multipole moments. The nanocrystal with the most narrow shell,
dcore = 2.6 nm, is investigated more closely in the following (cf. Fig. 8.2 and Fig. 8.4).
The exciton levels display strong transition quadrupole moments for an energy range
with ∆E < 10 meV, which is in strong contrast to the massive nanocrystal without
a core. For larger energies, excitons with strong transition dipole moments appear.
Around ∆E = 23 meV, an exciton is formed that is dominated by an octupole moment.
Above 50 meV, the excitons also show an increasing influence of even higher multipole
moments. Related transition densities are shown in Fig. 8.4. The depicted transition
densities have dominating multipole moments with l3 = 2 (Fig. 8.4(a)), l4 = 1 (Fig.
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Figure 8.4.: Isosurfaces related to excitonic transition densities ρα0 as in Fig. 8.3 but
for the exciton levels labeled by 3 to 6 in Fig. 8.2 (shell structure with
dcore = 2.6 nm).

8.4(b)), l5 = 3 (Fig. 8.4(c)) and l6 = 4 (Fig. 8.4(d)), where the index of l corresponds to
the labeling of excitons in Fig. 8.2. It is notable that the transition densities resemble
rather closely the shape of atomic orbitals with the corresponding angular momentum
quantum number, i.e., a transition density with l4 = 1 shows strong similarities with
an atomic p-orbital, which is also true for the other excitons.

Fig. 8.5 shows the transition densities of selected excitons along a plane through
the middle of the nanocrystal (exciton 1 (solid nanocrystal) and exciton 4 (nanocrystal
shell with dcore = 2.6 nm) of Fig. 8.2). Both excitons are dominated by the dipole
moment and resemble, therefore, an atomic p-state. The transition density of the solid
nanocrystal is located more closely to the center of the nanocrystal. The transition
density is close to zero at the bottom, on the top, and on the outer atom layer. In
contrast, the removal of the core pushes the transition density to the bottom and top
of the nanocrystal, resulting in distribution over the complete shell. Because the shell
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Figure 8.5.: Transition densities along a plane through the middle of the solid nanocrys-
tal (a) and nanocrystal shell with dcore = 2.6 nm (b). Exciton 1 (a) and 4
(b) of Fig. 8.2 are displayed. A negativ (positiv) density is indicated by
red (blue), where a more intense color corresponds to a higher density.

consists only of a few layers of atoms, also the edge atoms show a rather high density.
A similar change in the density distribution can also be observed for the other excitons
in both structures.

8.3. Electronic Structure of the CdS-Shell with the
Au-Core

After having classified the exciton levels for a CdS-shell structure, but without the Au-
core, now the core-shell coupling is taken into account. On the one hand, the CdS-shell
may interact with the core via charge exchange processes. Following photoexcitation,
so-called spill out electrons of the metal core may tunnel into the shell. Also, shell
electrons and holes can penetrate the core. For the following, however, it will be assumed
that the core and the shell are sufficiently separated from each other, and any charge
exchange is suppressed. The following considerations will concentrate exclusively on
those interactions that allow for energy but not for charge transfer.

Once an electron-hole pair has been excited in the shell, it may couple to the core
via energy transfer and subsequent plasmon formation. This is a coupling where the
shell electron-hole pair disappears. It will be discussed below. However, there is also
a coupling to the Au-core where the shell electron-hole pair persists. It covers an
electron and a hole energy-shift 1 due to the metal core polarization and a core induced
screening of the shell electron-hole Coulomb coupling. It is assumed that both processes
can be considered as instantaneous rearrangements of Au-core electrons what allows for
a description in the framework of image charges (see, for example, Refs. [99,100]). This

1which is also known as the self-energy effect
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image charge effect changes the exciton equation to

EαAα,eh =
∑

e′

[Eeδe,e′ +∆Ee′,e]Aα,e′h −
∑

h′

[Ehδh,h′ +∆Eh′,h]Aα,eh′

−
∑

e′,h′

[
Weh′,he′ +W

(ima)
eh′,he′ − Jeh′,e′h − J

(ima)
eh′,e′h

]
Aα.e′h′ (8.3)

with the energy shift of the single-particle states

∆Ee,e′ = −
∫
d3r

ρe,e′(r)

2ϵ0

[
eRcore

r2 −R2
core

− eRcore

r2

]
(8.4)

∆Eh,h′ = −
∫
d3r

ρ∗h,h′(r)

2ϵ0

[
eRcore

r2 −R2
core

− eRcore

r2

]
(8.5)

and the modified Coulomb interaction

W
(ima)
eh′,he′ = −

∫
d3r d3r′

ρe,e′(r)ρ
∗
h′,h(r

′)

2ϵ0

×
[

Rcore(
r2r′2 − 2R2

corer · r′ +R4
core

)1/2 − Rcore

rr′

]
(8.6)

J
(ima)
eh′,e′h = −

∫
d3r d3r′

ρe,h(r)ρ
∗
e′h′(r′)

2ϵ0

×
[

Rcore(
r2r′2 − 2R2

corer · r′ +R4
core

)1/2 − Rcore

rr′

]
. (8.7)

Rcore is the radius of the metal core with its center of mass at the origin of the coordinate
system.

In the picture of the image charge effect, an electron and a hole create two image
charges each, which correspond to the polarization of the metal. Each charge, electron or
hole, interacts with its induced image charges, resulting in the shift of the single-particle
energy (∆Ee,e′ and ∆Eh,h′). Additionally, the electron or hole also interacts with the
image charges induced by the other charge. This interaction leads to an electron-hole
Coulomb interaction mediated by the metal core, separating also into direct W (ima)

eh′,he′

and exchange coupling J (ima)
eh′,e′h. A derivation of the image charge effect and more details

concerning the individual interactions are given in Sec. 3.2 and Sec. 3.2.1).
Treating the image charge effect due to the Au-core only via an energy-shift of the

electron and the hole levels, a reduction of the exciton energy of less than 1 meV results
for all discussed structures. The strength of this effect is not only determined by the size
of the Au-core and the CdS-shell but also by the dielectric constant of the shell. In the
considered system, this dielectric constant is rather strong leading, thus, to the small
energy shift. However, taking the full image charge effect into account changes not only
the energetic position of the different excitons but leads to a complete modification of
the exciton spectrum.

Fig. 8.6 displays the exciton spectrum and the multipole separation of the transition
density for the core-shell structure with dcore = 2.6 nm with and without the image
charge effect. Note that the upper panel is equal to Fig. 8.2 and is shown for comparison
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Figure 8.6.: Coulomb coupling Vα,l between a fictitious charge placed at the CdS-shell
surface and the CdS-shell exciton transition density ρα0 for a nanostructure
with dcore = 2.6 nm with (lower) and without (upper) the image charge
effect (cf. Fig. 8.2 lowest panel, dcore = 2.6 nm). Note that all energies
are shifted by the energy of the lowest exciton E

no-image
α=1 without the image

charge effect, ∆E = E − E
no-image
α=1 .

reason. In both cases, the energies are shifted by the lowest exciton energy without the
image charge effect E

no-image
α=1 , ∆E = E− E

no-image
α=1 . A closer look into the figures reveals

the complex changes induced by the image charge effect. For example, the image
charge effect leads to an energetic downwards shift of around 5 meV for the lowest eight
excitons, ∆E < 10 meV, while the following eight excitons are shifted upward in energy
by an average of 4 meV, 10 meV< ∆E < 25 meV, which is again followed by a downward
shift of the next four excitons by around 3 meV, 25 meV< ∆E < 40 meV. The total
number of excitons is conserved. Qualitative inspection of the corresponding multipole
moments reveals many similarities between the distributions, e.g., the energetic position
and strength of dominating multipole moments and the order of multipole moments of
the individual excitons. Despite that, the configuration of individual energetically close-
lying excitons is, in many cases, strongly modified. Focusing on the mean multipole
moments of the first hundred excitons, the mean dipole moment is reduced by 3%,
the quadrupole moment by 10%, and the octupole moment by 4% in comparison to
the system without the Au-core. For the system with dcore = 1.2 nm, however, the
reduction is below 1% for all multipole moments. If the shell is suffienctly large, the
polarization effects vanishes as is the case with the experimental relevant system, shell
diameter d = 15.2 nm and core diameter dcore = 6.2 nm, discussed in the following, cf.
8.7. The minor importance of Au-core polarization induced changes of the CdS-shell
exciton levels for the experimental relevant core-shell system has to be considered as a
particular result of the present studies.
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8.4. Excitation Energy Transfer between the
CdS-Shell and the Au-Core

Accordingly, the excitation energy transfer coupling dominates the core-shell interac-
tion. Because it is only of intermediate strength (see below), a Golden Rule type rate
formula is utilized. The rate for excitation energy transfer from the CdS-shell to the
Au-core takes the form (see Sec. 4.3)

kshell→core =
2π

ℏ
∑

l,m

∑

α

fα|Jlm,α|2d (Eα − ℏωl) . (8.8)

Energy transfer coupling between the core and the shell is described by the matrix
elements Jlm,α. These matrix elements stand for the decay of an exciton with quantum
number α and the excitation of a plasmon with multipole indices l and m. The Jlm,α

are obtained as the coupling between shell exciton transition charges and core plasmon
multipole moments. For details see Sec. 3.2.2. Moreover, a thermal distribution fα
across the initially excited excitons has been assumed. d (Eα − ℏωl) accounts for the
lifetime broadening of the energy conservation of the transition where ℏωl is the plasmon
energy. To match the experimentally measured dipole plasmon frequency ωd of Ref. [47],
ωl is set to

ωl = ωd

√
3l

2l + 1
(8.9)

instead of directly using the Mie-theory formula, cf., e.g., Ref. [102].
If a Lorentzian-type of broadening is assumed, the d function takes the form

d(E) =
1

π

ℏγpl

E2 + (ℏγpl)2
. (8.10)

The resonance condition is considerably weakened due to the plasmon lifetime broad-
ening γpl. From the transient absorption spectra of Ref. [47], a broadening of about
ℏγpl = 100 meV can be derived. Because these measurements are performed on an
ensemble, the slightly different shapes and sizes of the metal nanoparticle result in dif-
ferent dipole plasmon resonances leading to an inhomogeneous broadening. This was
studied for Au metal nanoparticles in Ref. [194]. There, a standard deviation with
respect to the plasmon resonance of 20 meV has been found what results in a lifetime
broadening of around ℏγpl = 80 meV.

To be comparable with Ref. [47], a core-shell system will be considered with an Au-
core diameter of dcore = 6.2 nm and a CdS-shell with a thickness of 4.5 nm, which
results in about 64.000 atoms in the shell, cf. Fig. 8.1. Before discussing the concrete
values of the transition rate, the exciton levels of this large CdS-shell are investigated
in detail. It becomes apparent that the image charge effect leads to an increase of the
lowest exciton state from E0 = 2.548 eV to E0 = 2.551 eV. This underestimates the
experimental value of 2.638 eV by 87 meV [47]. This discrepancy is not related to the
inappropriateness of the tight-binding approach but to the shell geometry, shell lattice
structure, and Cd to S ratio, which is not precisely known from the experiment. Because
the measured energy is larger and, thus, somewhat more apart from the dipole plasmon
energy, this experimental value is taken when calculating kshell→core. The replacement
avoids an overestimation of the rate.
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Figure 8.7.: Strength of the Coulomb coupling between a fictitious charge placed at the
CdS-shell surface and the CdS-shell exciton transition densities ρα0 like in
Fig. 8.2 but for the larger Au-core CdS-shell system of Fig. 8.1 (overall
nanocrystal diameter d = 15.2 nm and core diameter dcore = 6.2 nm).

In the energy range up to 100 meV above E0, there are about 1100 exciton levels,
cf. also Fig. 8.7. Below 15 meV, the exciton levels are dominated by strong dipole
moments, followed successively by levels with strong l = 2-, l = 3-, and l = 4-moments.
Above 15 meV, the spectrum becomes dense, and most of the states are characterized
by higher moments. In order to judge the energy transfer coupling, a thermal weighted
coupling is introduced

J̄l =

√
1

2l + 1

∑

α,m

fα|Jlm,α|2 . (8.11)

Because of the huge number of excitons that couple to the different plasmon modes,
such an uniform measure for the strength of this coupling is useful.

In Fig. 8.8, the quantity J̄l is shown in the presence and in the absence of the
image charge effect. The coupling stays below 4 meV and decreases with increasing
plasmon multipole mode. A slight reduction of J̄l is observed when the image charge
effect is accounted for. This behavior can be related to the reduction of the exciton
transition density multipole moments, as discussed above for the smaller core-shell
systems. Turning to the bare coupling Jlm,α of a particular exciton level, values of up
to 30 meV can be obtained. Nevertheless, the rather small value of J̄l, together with
the off-resonant position of the plasmon and exciton levels excludes any distinct effect
of exciton-plasmon hybridization.

Having discussed the plasmon broadening and the energy transfer coupling, the focus
is on an inspection of the complete rate kshell→core, Eq. (8.8). A comparison of the dipole
plasmon energy �ωl=1 = 2.156 eV with the lowest exciton level at 2.638 eV points to
the off-resonant character of the transition. The energy mismatch attains a value of
482 meV but is somewhat reduced when the coupling to higher multipole plasmons is
considered, cf. Eq. (8.9). This indicates the decisive role of the broadening-function
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Figure 8.8.: Mean energy transfer coupling J̄l, Eq. (8.11), for a system with an overall
nanocrystal diameter d = 15.2 nm and core diameter dcore = 6.2 nm (cf.
also Fig. 8.7).
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Figure 8.9.: Energy transfer rate kl, Eq. (8.12), for a system with an overall nanocrystal
diameter d = 15.2 nm and core diameter dcore = 6.2 nm. Plasmon induced
broadening modeled either by Gaussian distributions ℏγG

pl or a Lorentzian
distribution ℏγL

pl.

d(Eα − ℏωl) when computing the rate. Respective results for the l-dependent partial
rates
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kl =
2π

ℏ
∑

m,α

fα|Jlm,α|2d(Eα − ℏωl) (8.12)

are drawn in Fig. 8.9. Taking a Lorentzian-type of broadening with ℏγL
pl = 80 meV

a rate kl=1, from the thermal distributed shell excitons to the dipole plasmon, of about
23 × 109/s is obtained. The long tail of the Lorentz-curve compensates for the huge
energetic mismatch. The total rate kshell→core amounts about 80× 109/s, resulting in a
exciton lifetime of 13 ps. This value strongly underestimates the measured value of 300
ps [47]. Changing to the inverse transition from an initially excited dipole plasmon to
all shell excitons with rate expression

kcore→shell =
2π

ℏ
∑

m,α

|Jα,l=1m|2d(ℏωl=1 − Eα) (8.13)

a value of 12 × 1012/s can be deduced what corresponds to a lifetime of 86 fs. This
value is also not confirmed by the experiments of Ref. [47].

To overcome this discrepancy, the use of a Gaussian-broadening for the d function is
suggested

d(E) =
1√

2πℏγpl
exp

(
− −E2

2ℏ2γ2pl

)
(8.14)

instead of the Lorentz-type used so far to compute the rate. This replacement is used
here simply to have a d function with a sufficiently steep slope. But it is also justified
by the fact that in a more involved description where the broadening function enters
as a frequency-dependent imaginary self-energy, the d function will behave differently
from a simple Lorentzian form. Respective results for the partial rates, Eq. (8.12), and
for different ℏγG

pl varying between 80 and 110 meV are also presented in Fig. 8.9. The
rate of energy transfer into the dipole plasmon is below 106/s. Larger values for kl are
obtained if l increases. Two competing mechanisms are obvious. On the one hand, the
energetic difference between the plasmon and exciton decreases with increasing l. On
the other hand, the coupling decreases with increasing l. The largest rate is obtained for
l = 3. If l > 7, there are only minor contributions, because of the vanishing coupling.
The total rates kshell→core range from 2 × 109/s for ℏγG

pl = 80 meV to 17 × 109/s for
ℏγG

pl = 110 meV. The related lifetimes vary between 476 and 60 ps. Choosing ℏγG
pl = 85

meV, a lifetime of 299 ps is obtained that coincides with the measured value. If image
charge effects are ignored, all rates are by about 10% larger.

For the inverse transfer kcore→shell, a rate below 0.2 × 109/s is obtained resulting in
a lifetime of 5 ns. Consequently, a direct transfer from the plasmon to the excitons is
very improbable because detected plasmon lifetimes for Au nanoparticles of a similar
size are in the range of 4 to 10 fs [195]. The resulting hot electrons, however, have a
lifetime of a few picoseconds [196], matching the measured transient absorption spectra
of Ref. [47]. Hence, the transfer from the metal to the semiconductor shell could be
attributed to a charge or energy transfer between hot electrons of the metal and the
CdS-excitons.
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8.5. Summary

Summarizing the findings on excitation energy transfer in a Au/CdS core/shell nanos-
tructure. The shell exciton lifetime of 300 ps as reported in Ref. [47] could be explained
by exclusively considering an energy transfer coupling. Any charge transfer mechanism
seems not necessary for an understanding. To arrive at this conclusion, spectra and
transition densities for excitons confined in a CdS-shell have been presented. If the
inner core is increased while the outer shell radius remains unchanged, they display an
increase in the density of exciton states close to the bandgap as well as an increase in
the strength of higher multipole moments. The insertion of a metal core influences the
exciton spectrum via image charge effects. Resulting in a small energy shift of the in-
dividual excitons. Also, the multipole moments, as well as the energy transfer coupling
to the metal plasmons, are reduced on average. However, the overall influence of the
metal core polarization is of minor importance and gets weaker with increasing shell
size. The dominant core-shell coupling is due to energy transfer. For this process, it is
essential to consider higher plasmon modes. In contrast, excitation energy transfer from
an initially excited dipole plasmon to the shell is very improbable. However, in any case,
the energy transfer coupling is too small to cause noticeable effects of plasmon-exciton
hybridization.
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9. Conclusion

This thesis’s objective was the theoretical study of excitation energy transfer in four
highly relevant nanohybrid structures. The first two systems consist of a spherical CdSe
nanocrystal that has been coupled to either a single pheophorbide-a molecule or a large
tubular dye aggregate with a length of 63.4 nm and a diameter of 14.7 nm. For the
CdSe nanocrystal, different diameters have been used, ranging from 5.2 nm to 15 nm.
The third system represents a finite interface between a hemispherical ZnO nanocrystal
with a diameter of 5 nm and 20 π-stacked para-sexiphenyl molecules. The last system
represents a spherical core/shell system with an Au core and a CdS shell with a total
diameter of 15.2 nm.

Despite the tremendous experimental interest, either no or insufficient theoretical
studies existed so far for these systems. Therefore, the goal of this thesis was to find
suitable theoretical descriptions to model excitation energy transfer in these hybrid
systems. The problem of the modeling is within the mesoscopic nature of these hy-
brid structures that still require an accurate electronic structure calculation but are too
large to apply ab initio methods for the system as a whole. As a consequence, each
subsystem is calculated individually by its respective adequate method. The results are
subsequently combined to form a parametrized Hamiltonian. For the semiconductor
nanocrystals, either the semi-empirical tight-binding method or the density-functional-
based tight-binding method, together with a configuration interaction scheme, was used
to calculate the corresponding electronic structure. This methodology allows for large
scale calculations with atomic resolution. For the Au/CdS core/shell system, the influ-
ence of the Au core polarization on the CdS shell excitons has also been incorporated
into the formalism. The correct description of the molecular part requires an ab initio
treatment. Therefore, the density functional theory was applied, which was done by
T. Plehn. In this thesis, the metal nanoparticle excitations are exclusively given by
plasmon excitations described by quantized multipole plasmon modes.

This level of theory allowed for a new standard in size and accuracy of hybrid structure
modeling not presented so far. As a consequence of this type of modeling, excitation
energy transfer couplings have been calculated considering the atomic details and the
complex electronic structure.

For all systems, excitation energy transfer couplings in the meV range have been
found, which is astonishing given the diversity of the considered systems. Despite the
vast amount of excitation energy transfer couplings in each system, not a single inter-
action has shown a particularly strong coupling. Hence, this weak coupling strength
excludes the formation of hybrid excitons and prevents coherent transfer at room tem-
perature for all systems. As a consequence, rate expressions have been applied to
determine the excitation energy transfer. The corresponding lifetimes are in the sub-
picosecond to the nanosecond regime, which coincides with experimental data. These
transfer times show, additionally, that excitation energy transfer is the dominating
quenching mechanism in these systems.
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The investigations of the hybrid systems containing an organic molecule have shown
the complex dependency on distance, orientation, shape, and size. These results can
be used as guidelines for the determination of distances and other properties in similar
organic/inorganic hybrid systems. For the organic and semiconductor parts, atomic-
centered transition charges have been determined, enabling a calculation of the transfer
coupling beyond any dipole-dipole interaction. It could be shown that such a treatment
is crucial and that substantial deviations from the typical dipole-dipole distance scaling
appear. This deviation suggests that the frequently used Förster resonance energy
transfer rate, which is based on the dipole-dipole interaction, is not valid in a variety
of hybrid systems.

In the case of the ZnO/para-sexiphenyl interface, charge transfer has also been stud-
ied. The charge transfer process takes place by electron injection from the para-
sexiphenyl aggregate into the ZnO nanocrystal, while the hole remains in the para-
sexiphenyl aggregate. It has been shown that the corresponding charge-transfer state is
populated either by direct excitation due to a laser pulse or by slow population transfer
from the molecular Frenkel exciton states to the charge-transfer states. It has also been
demonstrated that the injected electron in the ZnO nanocrystal delocalizes, allowing
for charge separation. This charge separation is essential for devices like solar cells.

For the Au/CdS core/shell system, it has been shown that the coupling to higher
multipole plasmon modes enables efficient excitation energy transfer from the CdS shell
to the Au core, although the optically active dipole plasmon mode is far off-resonant to
the CdS excitons. Here, two counteracting mechanisms are essential. The higher the
order of the multipole plasmon mode, the lower the energy difference between the core
and shell excitations, which increases the transfer rate or enables the transfer in the first
place. On the other hand, such an increase weakens the coupling strongly, so that only
a limited number of modes efficiently participates. In this case, a transfer maximum
has been reached for a multipole plasmon mode of order three, which underlines the
general importance of higher-order plasmon modes.

It is important to note that most of the findings are a consequence of the fundamental
properties of the considered hybrid systems. Therefore, it is possible to transfer these
results to other systems and to cover, thereby, a much broader range of hybrid systems.

The presented theories allow for the incorporation of additional transfer mechanisms,
which might reveal new insights into these systems. One example would be the consid-
eration of hot electron transfer from the metal core to the semiconductor shell in the
Au/CdS core/shell system. Another one concerns the interplay between excitation en-
ergy and charge transfer, especially for small distances, in the CdSe/pheophorbide-a or
the CdSe/dye aggregate hybrid system. For short timescales also the direct considera-
tion of excitation relaxation could be significant. In the case of the ZnO/para-sexiphenyl
interface, simultaneous consideration of charge and excitation energy transfer would
complete the presented investigations. A further route is the incorporation of multiple
light excitations to simulate experimental techniques like the pump-probe spectroscopy.
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A. Single Particle in an Isotropic
Shell

The description of semiconductor shell electrons as independent particles moving in a
constant potential is briefly quoted. The stationary Schrödinger equation for a single
particle in an isotropic shell reads

[
p2

2m
+ V (r)

]
ψ(r) = Eψ(r) . (A.1)

The potential V (r) only depends on r = |r|, which is zero in the interval R1 ≤ r ≤ R2

and infinity outside. Spherical coordinates r, ϑ, φ are introduced and the wave function
ψ changes to

ψnlm(r) =
unl(r)

r
Ylm(ϑ, φ) . (A.2)

The radial wave function unl(r) as well as its derivative should vanish at r = R1,2.
unl(r) obeys

[
− ℏ2

2m

∂2

∂r2
+

ℏ2

2m

l(l + 1)

r2

]
unl(r) = Eunl(r) . (A.3)

The influence of the l-dependent effective potential, V eff
l (r) = ℏ2l(l + 1)/(2mr2),

decreases for an increasing inner radius R1 with fixed outer radius R2. As a consequence,
the l-depend splitting decreases, and the number of states in the low-energy part of the
spectrum is enlarged. In the case of a negligible effective potential, a degeneracy with
respect to l appears.

The radial wave functions are given by a superposition of spherical Bessel functions

unl(r)/r = Ajl(knlr) + Bhl(knlr) . (A.4)

The knl =
√
2mEnl/ℏ2 are determined via [197]

jl(knlR1)yl(knlR2)− jl(knlR2)yl(knlR1) = 0 . (A.5)

The solutions can be found numerically and confirm the expected behavior.
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B. Multipole Expansion of the
CdS-Shell Transition Densities

In order to classify the CdS-shell exciton states in the absence of the Au-core, the
coupling energy of the excitonic transition density ρα, Eq. (2.26), with an external test
charge at position rt outside the shell is formally introduced

Vα =

∫
d3r

eρα(r)

|rt − r| = e
∑

l,m

Ilm(rt)Qlm(α) . (B.1)

In the second part of this relation, a multipole expansion of the transition density is
carried out with standard multipole coefficients l and m 1. The irregular solid harmonic

Ilm(rt) =

√
4π

2l + 1

Y ∗
lm(θt, φt)

rl+1
t

(B.2)

is given by spherical harmonics Ylm and are expressed in spherical coordinates rt, θt, φt

that belong to rt. The transition density multipole moments take the form

Qlm(α) =

√
4π

2l + 1

∫
d3rρα(r)r

lYlm(θ, φ) . (B.3)

It is now possible to classify the excitonic transition density with respect to the
different multipole moments. The magnitude of the related contribution to Vα offers
a quantitative measure. Approximating ρα(r) by atomic centered transition charges
qα(Ru) as introduced in Eq. (5.12) lead to

Qlm(α) =

√
4π

2l + 1

∑

u

qu(α)R
l
uYlm(θu, φu) . (B.4)

For further considerations, the test charge is placed at the NC surface with θt = 0
and φt = 0. As can be seen below, it is advantageous to introduce the l-dependent and
m-averaged interaction energy

Vαl = eIl0

√∑

m

|Qlm(α)|2 . (B.5)

For l = 1, the transition dipole moment |dα| according to

Vα1/eI10 =
√
|Q1−1(α)|2 + |Q10(α)|2 + |Q11(α)|2

=
√
|dy(α)|2 + |dz(α)|2 + |dx(α)|2 = |dα| (B.6)

is derived.
1 see, for example, [102,103]
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C. Coulomb On-Site Element

The general Coulomb element for particles situated on the same atom is given by

Vabcd =
e2

4πϵ0

∫
dr dr′ ϕ∗

a(r)ϕ
∗
b(r

′)
1

|r− r′|ϕc(r
′)ϕd(r) . (C.1)

The single particle wave functions are assumed to be of the form

ϕa(r) = Ra(r)Y
m
l (θ, φ) (C.2)

consisting of a radial part Ra, Slater orbital, and an angular part given by spherical
harmonics Y m

l . It is also possible to have a superposition of different spherical har-
monics. This would not change the principal idea behind the following derivation. For
complex conjugated wave functions only the angular part changes (Y m

l )∗ = (−1)mY −m
l .

To simplify the Coulomb element the 1/r term can be expanded with the help of
spherical harmonics

1

|r− r′| =
∞∑

l=0

rl<
rl+1
>

4π

2l + 1

l∑

m=−l

(−1)mY m
l (θ, φ)Y −m

l (θ′, φ′) . (C.3)

The abbreviations r< and r> corresponds to min(r, r′) and max(r, r′), respectively.
Inserting Eqs. (C.2) as well as (C.3) into (C.1) lead to

Vabcd =
e2

4πϵ0

∞∑

l=0

4π

2l + 1

∫
dr dr′ r2r′

2
Ra(r)Rb(r

′)Rc(r
′)Rd(r)

rl<
rl+1
>

×

×
l∑

m=−l

(−1)ma+mb+m

∫
dφ dθ sin θY −ma

la
(θ, φ)Y m

l (θ, φ)Y md
ld

(θ, φ)×

×
∫
dφ′ dθ′ sin θ′Y −mb

lb
(θ′, φ′)Y −m

l (θ′, φ′)Y mc
lc

(θ′, φ′) . (C.4)

The angular integration over three spherical harmonics can be calculated analytically
by using e.g. Wigner’s 3 j symbols

∫
dφ dθ sin θY m1

l1
(θ, φ)Y m2

l2
(θ, φ)Y m3

l3
(θ, φ)

=

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)(
l1 l2 l3
m1 m2 m3

)
. (C.5)

The spherical integration yields

clla,lb,lc,ld =
l∑

m=−l

(−1)ma+mb+m
√

(2la + 1)(2lb + 1)(2lc + 1)(2ld + 1)(2l + 1)2 ×

×
(
la l ld
0 0 0

)(
la l ld

−ma m md

)(
lb l lc
0 0 0

)(
lb l lc

−mb −m mc

)
.(C.6)
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Only the radial components need to be integrated with numerical methods. Here, two
cases have to be distinguished, because of the expansion.

Vabcd =
e2

4πϵ0

∞∑

l=0

1

2l + 1
clla,lb,lc,ld

∫ ∞

0

r2Ra(r)Rd(r)

[∫ r

0

r′
2
Rb(r

′)Rc(r
′)
r′l

rl+1
dr′ +

∫ ∞

r

r′
2
Rb(r

′)Rc(r
′)

rl

r′l+1
dr′
]
dr (C.7)

Note that the 4π term is canceled by the constant factors of the analytic expressions.
The Slater orbitals are given by

R(r) = Nrn
∗−1e−

Z∗
n∗ r (C.8)

with the effective quantum number n∗ and the effective nuclear charge Z∗.
An example: Following Slater’s rule the 4s electron of Se has an effective quantum

number n∗ of 3.7 and an effective nuclear charge Z∗ of 6.95. In this case the normaliza-
tion constant N is given by around 2.430247. The angular part clla,lb,lc,ld is 1, because all
l and m has to be 0. For units in eV the Coulomb matrix element has to be multiplied
by around e/4πϵ0 = 14.399645 V (which was also divided by Å) leading to an on-site
element of V Se

4s,4s,4s,4s = 5.819491 eV.
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