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Abstract

Matrix Product States can efficiently approximate ground states. Based on the
Matrix Product formalism we use variational optimization methods to calculate
ground state energies of the spin-1

2 critical Heisenberg and the spin-1
2 transverse

Ising model in one spatial dimension. We compare open boundary conditions (obc)
to periodic boundary conditions (pbc). In case of pbc we test several methods to
improve the conditioning of the norm matrix arising in the Generalized Eigenvalue
Problem. We find the central gauge and pseudo inverting of the norm to be the
most effective stabilization techniques. A compression of transfer matrices makes
pbc competitive in runtime to obc. The energy densities with pbc converge faster in
the bond dimension and are very close to the thermodynamic limit at small system
sizes already. With obc, the infinite volume limit is only accurately resembled by
extrapolation in the system size. At comparable runtimes this makes pbc superior
to obc when it comes to studying the thermodynamic limit.

Keywords:
Matrix Product States, Matrix Product Operators, tensor networks, periodic
boundary conditions, open boundary conditions, transverse Ising model, critical
Heisenberg model
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Chapter 1

Introduction

Numerical physics. Numerical calculations have given access to new regions of
physics where analytical methods do not exist or are unknown. For many body
systems with N particles there often exist analytical results or numerical methods
for small N , such as exact diagonalization, and in the thermodynamic limit N →∞.
If the particle number is finite but large or if the explicit dependence on N shall be
analyzed, numerical studies are often the method of choice. Also the limit N →∞
might be of interest if analytical results are not available, e. g., the infinite volume
or continuum limit (or both) in lattice calculations. This is a typical scenario in
condensed matter physics and lattice field theories, Quantum Chromodynamics
(QCD) being one prominent example. In that case N corresponds to the number of
lattice sites.

However, if we focus on the Hamilton formalism, many body systems are difficult
to handle numerically. One main reason is that the problem size grows exponentially
in N . More precisely: considering a quantum system, the general description of a
state in the Hamilton formalism needs dN coefficients as explained in section 2.1.2.
The physical dimension d corresponds the size of the one-particle Hilbert space. If
we consider for example the spin-1

2 Ising model with d = 2 and N = 100 spins, we
would need 2100 ≈ 1030 complex numbers to describe a state. If 16 bytes are required
to save a complex number in double precision, we end up with about 2 ⋅ 1019 TB
memory usage simply to represent a state. Obviously, this is way too much to handle
on a current computer. For this reason, techniques have to be used that reduce the
problem to a size manageable with today’s hardware.

Tensor Network States. Instead of using the full state in the dN -dimensional
Hilbert space, there exist, however, so-called Tensor Network States (TNSs). They
reduce the Hilbert space to a subspace whose dimension grows only polynomially in
N while describing ground states well. Thus, ground state properties of many body
systems become calculable on computers. A Matrix Product State (MPS) is a simple
yet powerful and well-studied TNS with one tensor corresponding to one particle or
lattice point. This thesis is based on the MPS formalism that is introduced, including
comments on the more general concepts of tensor networks, in chapter 2.

The same problems as for states also arise for operators. An operator corresponds
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CHAPTER 1. INTRODUCTION

to a (dN × dN) dimensional matrix. Very analogously to MPSs, this (sparse) matrix
can be described by a tensor network as Matrix Product Operator (MPO). This
formulation is efficiently possible if the interaction between the degrees of freedom of
a considered system is local and spreads only over a small number of lattice points.
In chapter 3 we introduce MPOs and represent the spin-1

2 transverse Ising and the
spin-1

2 Heisenberg model in this formalism.
Of course, the reduction of the full Hilbert space to a subspace, as it is done in

tensor network-based techniques, always leads to an approximation. The accuracy of
calculated properties depends on the model and observables of interest. In section 2.4
we argue that TNSs can express states with little entanglement, fulfilling an area
law. In particular, ground states of gapped Hamiltonians can be approximated well.
We describe algorithms to find such ground states and their energies using MPSs in
chapter 4. When the ground state was found, we can project this state out of the
Hilbert space. Then, the first excited state of the original Hilbert space is the ground
state in this reduced space. This way the algorithm can be repeatedly applied with
only slight modifications to find the low-lying spectrum of a theory [1–3]. In this
thesis we restrict our study to ground state properties.

Related work. Tensor networks are used for many different purposes that also go
beyond numerical studies [4]. Originally emerging from condensed matter physics, the
applications today range from quantum information [5] through quantum gravity [4],
artificial intelligence [4], conformal theories [6] and linguistics [7] to lattice QCD [8],
to provide an even incomplete list. Consequently, there exist many introductions to
the topic [1, 2, 9–20]. Several publications cover MPS and its predecessor Densitiy
Matrix Renormalization Group (DMRG) in particular [2, 9–11, 13] whereas newer
works extend these topics to more general tensor networks [1, 12, 14–17]. MPSs with
pbc are adressed in [1, 21–28]. Extensive primers to tensor networks are [2, 15].
Pedagogically focused introductions are given in [17] and [16]. The latter also inspired
the graphical representations we use. [4] provides a good overview of applications of
tensor networks in various fields. Finally, there are several theses introducing and
applying MPSs and associated algorithms [18–20]. Similarly, this thesis addresses an
audience not familiar with tensor networks and MPSs. Chapters 2 to 4 introduce not
only our notation and algorithms used, but also the basic concepts of MPSs, MPOs
and variational optimization in the matrix product formalism.

There is a large number of algorithms based on tensor networks for different
purposes of which we mention just a few important: ground states and low excited
states can be found by variational optimization [1–4, 10, 13–20] as described and
applied in this work. The DMRG [1, 2, 4, 9, 11, 18, 29] is the equivalent predecessor of
this method. Another approach for the same purpose is imaginary time evolution [2, 4,
14–17, 19, 20]. Given a TNS, the expectation values of operators can be computed [2,
4, 14, 17, 20], which makes ground state properties and vacuum expectation values
accessible. Thermal sates can be studied by an imaginary time evolution of the
density matrix in MPO form [30–32]. Through real time evolution the dynamics
of a state are predictable to a certain extent, until the evaluated states cannot be
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CHAPTER 1. INTRODUCTION

well-described with a tensor network anymore.
Given the vast amount of tensor network-based methods and the many fields of

application, workshops like [33, 34] aim to merge different areas of expertise:

“The workshop serves to bring together different fields where tensor
network techniques are applied in order to profit from a mutual exchange
of methods, experience and results. In particular, we are thinking of
TNS applications in the area of ultra-cold atoms and solid state systems,
lattice gauge theories and holography.” [33]

High energy physics. Tensor networks are well-established to study condensed
matter. In the last years there has also been a growing interest in high energy physics
to apply the concepts of tensor networks. There are many promising applications in
this field, in particular in cases where Monto Carlo methods suffer from the infamous
sign problem. We want to give a short overview of the problems to tackle and the
work that has been done to apply tensor networks to gauge theories as occurring in
particle physics.

A most prominent example of a gauge theory in high energy physics is QCD as
the non-perturbative sector of the standard model. The successful way of studying
properties of quarks and gluons and their interactions in the non-perturbative regime
is by formulating QCD on a lattice [35]. By Monte Carlo sampling and the use of
supercomputers it is possible to derive quark and hadron masses, hadron structure
related observables and properties at finite temperature [36]. However, there are
cases in which Monte Carlo methods cannot be applied because of a sign problem.
This happens if the CP-violating θ-term iθεµνρδFµνFρδ is included in the QCD action
or if non-vanishing baryon densities are studied by inculding a chemical potential
iµΨ̄Ψ. The latter has applications in the early universe and in heavy-ion collisions.
Most of the phase diagram of QCD at finite baryon densities is inaccessible to Monte
Carlo. Moreover, an euclidean spacetime is used in these calculations, which does
not allow for the study of time evolution.

These problems do not arise when using tensor networks. For this reason,
there is an increasing research interest to use tensor networks in lattice gauge
theories [8, 19, 36–76]. We can only give a short and incomplete overview of
progress in this field. Reviews of the advances in using tensor network-based
approaches for gauge theories are found in [8, 42]. Gauge theories in one spatial
and one time-like dimension have been studied intensively. It was shown that
MPSs are well-suited and give precise results. Moreover, regions not accessible
by Monte Carlo methods got covered. The most intensively investigated system
is the Schwinger model, a version of Quantum Electrodynamics (QED) in (1+1)
dimensions [36, 37, 43, 45, 47, 48, 51, 52, 54–56, 58, 59, 61–64]. With MPS-techniques
it was possible to study the low-lying spectrum, thermal states, real time evolution and
the phase diagram at non-zero chemical potential [8]. Furthermore, there have been
studies of the φ4 model [39, 44, 67, 72, 74], SU(2) symmetric models [50, 57, 60, 66, 70],
the Thirring model [65, 71], the O(3) nonlinear sigma model [73] and SU(3) Yang
Mills theory [75] with tensor networks in (1+1) dimensions.
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CHAPTER 1. INTRODUCTION

In higher spatial dimensions there are only few works so far [40, 41, 69, 76]. There
is a lot of progress in this field however: several techniques to describe fermions [77, 78]
and gauge fields [79–84] in TNSs have been invented in the last years. Also algorithms
for finding the ground state and first excited states have been improved [85, 86]. The
contraction of tensor networks is the crucial step when it comes to computational
time of variational algorithms as seen in section 4.4. By new numerical methods this
is now efficiently possible also in higher dimensional networks [69, 87–89]. There is
strong hope that lattice gauge theories in more than one spatial dimension can be
studied with tensor networks by combining these advances.

Quantum information. To apply tensor network-based methods to QCD-like
theories, we have to formulate the theory in a Hamiltonian formalism instead of the
conventional Lagrangian formulation [90]. The Hamilton form can also be used to
simulate gauge theories on quantum simulators and quantum computers. Quantum
link models provide a possibility to simulate gauge theories in physical systems [64].
The low-lying spectrum of theories in the Hamilton formulation can also be studied in
hybrid quantum-classical algorithms on quantum computers. We used a variational
quantum eigensolver [91] to find the ground state of the Heisenberg model on a
quantum device. Presenting the methods and results would, however, go beyond the
scope of this work.

The fields of quantum computing and tensor networks share the same foundations
of quantum information theory. Hence, they are complementary methods to study
problems in lattice gauge theories that go beyond the scope of classical Monte Carlo
algorithms. This work focuses on algorithms in one spatial dimension and their
application to condensed matter problems. However, the techniques can also be
applied in the context of high energy physics.

Our contributions. In this thesis, we introduce MPSs and MPOs as well as
algorithms to calculate ground states and their energies. We use two different
approaches: MPSs with open boundary conditions (obc) and with periodic boundary
conditions (pbc). In case of pbc we apply a combination of two different algorithms.
The first uses a compression of the tensor network contraction for efficiency and
solves a Generalized Eigenvalue Problem (GEP), while the second relies on inverting
the norm operator, see section 4.5. The runtime of the algorithm with obc scales
as O(ND3dD′) where D and D′ are the bond dimensions of the MPS and MPO,
defined in chapters 2 and 3. The compression in case of pbc gives a competitive
runtime of O(NmD3dD′) where m is a model depended compression factor with
m ≤D2D′. In contrast to the assumption in [22] that m is independent of D, we see
a scaling in the bond dimension as was already discovered in previous works [24–26].
Still, the numerical costs are lower than for uncompressed algorithms with pbc that
have a scaling behavior of O(ND5dD′2).

Algorithms with obc are much easier to implement and do not suffer from
numerical instabilities of an ill-conditioned norm matrix, which is described in
section 4.5.2. On the other hand, pbc in contrast to obc fulfill translational invariance,
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CHAPTER 1. INTRODUCTION

which can for example be used to construct finite momentum states [92]. We also
show that pbc result in finite volume energy densities that are closer to the infinite
volume limit. To our knowledge there were no direct numerical comparisons between
methods with obc and pbc prior to this work.

We study the the spin-1
2 critical Heisenberg and the spin-1

2 transverse Ising
model where we analyze the behavior far away from as well as close to the critical
point. We compare the errors in energy between the obc and pbc algorithm. The
dependence of the errors on the bond dimension, a measure of the accuracy of the
MPS approximation, is studied for the two models. Finally, we examine the scaling
in system size for the transverse Ising model to see how accurate the methods can
reproduce the infinite volume limit. We observe that pbc with small system sizes
of N ≈ 100 result in good approximations of this thermodynamic limit. With obc
the finite size effects are larger. With comparable computational time pbc can
approximate the infinite volume limit more accurately than obc.

Outline. This work is structured as follows. We introduce the MPS formalism
in chapter 2 with comments on more general TNSs. In chapter 3 we discuss the
MPO formulation of operators and show how the Hamiltonian of the transverse Ising
and the Heisenberg model can be represented by MPOs. Algorithms to find the
MPS ground states and energies of MPOs are explained in chapter 4, covering both,
obc and pbc. Numerical results for the transverse Ising and the critical Heisenberg
model are presented in chapter 5. The discussion of our results is centered upon the
comparison of the methods for different boundary conditions and their numerical
precision. Finally, we summarize our results in chapter 6 and give an outlook on
further applications of tensor networks in lattice QCD.
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Chapter 2

Matrix Product States

In this chapter we introduce MPSs to describe states of a N -site physical system.
We define MPSs in section 2.1.1, followed by a physically motivated view on why
this can be a good approximation to describe states (section 2.1.2). In section 2.2
we discuss the boundary conditions. We see how different types of MPSs and their
generalization to tensor networks are suitable for various systems. Afterwards, the
gauge degrees of freedom in a MPS are examined in section 2.3. Finally, we discuss
why and in which cases MPSs are indeed a good approximation. That is, if the
entanglement of the physical state is growing only slowly in system size, as shown in
section 2.4.

2.1 Introduction to Matrix Product States

2.1.1 Matrix Product States as an ansatz to parameterize
physical states

There are many ways to introduce and think of matrix product states. The most
pragmatical one might be to see a MPS as a parameterized ansatz for an N particle
quantum state ∣ψ⟩:

∣ψ⟩ = d∑
s1,s2,...,sN=1

tr (A1,s1A2,s2 . . .AN,sN ) ∣s1, s2, . . . , sN⟩ . (2.1)

The Ai,s are complex matrices1 of dimension (D ×D). The physical index or spin
index of the local system at every site i is si ∈ {1, . . . , d}. The trace with explicitly
all indices written is

tr (A1,s1A2,s2 . . .AN,sN ) = D∑
α1,α2,...,αN=1

A1,s1
α1,α2A

2,s2
α2,α3 . . .A

N,sN
αN ,α1 . (2.2)

1If the physical index is seen as an additional index, the objects Ai are in fact tensors of order 3.
In this work upper variables or numbers on matrices and tensors are always indices and not meant
as powers.

6



CHAPTER 2. MATRIX PRODUCT STATES

Ak,skαk,αk+1 = k

sk

αk αk+1

(a) MPS matrix

A∗k,sk
αk,αk+1 =

k

sk

αk αk+1

(b) Complex conjugate MPS matrix

∣ψ⟩ = N−1

sN−1

N

sN

αN. . . αN−12

s2

α31

s1

α2

α1

(c) Physical state

Figure 2.1: Graphical representation of different objects in terms of MPS

This ansatz can be used to express a given quantum state or to find a physical state,
e. g., the ground state of a Hamiltonian. The parameters of the ansatz are the entries
of the matrices Ai,s. Their number and thereby the quality of this approximation
depends on the bond dimension D.

A graphical representation of MPSs and terms including them can be very helpful.
Some examples are shown in fig. 2.1. A matrix is described by a circle, indices by
lines. If two matrices are connected by a line, this implies that the corresponding
index is summed over, just like in Einstein summation convention. Unconnected
lines represent open indices. Vertical lines represent physical indices. A line pointing
upwards (downwards) of a matrix denotes a summation with a bra (ket) spin vector.
The complex conjugation of a matrix is implied in our convention: if the physical
index points upwards, the matrix has to be conjugated. Later on we also add tensors
in our notation that are described by rectangles with the corresponding number of
lines attached to them (fig. 3.1). Note that the MPS matrices are also just a form of
tensors. That is why there is no essential difference between circles and rectangles
and form and colors are only chosen for recognition.

In eq. (2.2) all bond indices were summed from 1 to D. This can be generalized
to varying bond dimensions Di for every site i. The MPS matrices Ai are then of
dimension (Di ×Di+1) with N + 1=̂1.

Nothing prevents us from using the ansatz (2.1) of course. However, we cannot
really see why and where this approach is a good approximation of physical states.
For this purpose the Singular Value Decomposition (SVD) can provide a more
mathematical and physical motivated view on MPSs. The SVD forms the basis of
MPS techniques in one spatial dimension.
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CHAPTER 2. MATRIX PRODUCT STATES

2.1.2 Matrix Product States through Singular Value De-
compositions

We are considering a physical system of N sites. Let {sk} ∈ {1,2, ..., d} be a
d-dimensional complete orthonormal basis for site k with 1 ≤ k ≤ N . We could
have a spin-1

2 chain of N sites in mind, where a local Basis with d = 2 would be
spin-up ∣↑⟩ and -down ∣↓⟩ correspondingly. A general state in the N -dimensional
Hilbert space is given by

∣ψ⟩ = d∑
s1,s2,...,sN=1

Cs1,s2,...,sN ∣s1⟩⊗ ∣s2⟩⊗ ...⊗ ∣sN⟩ (2.3)

≡ d∑
s1,s2,...,sN=1

Cs1,s2,...,sN ∣s1, s2, . . . , sN⟩ . (2.4)

The complex coefficients Cs1,s2,...,sN form a dN dimensional tensor. Thus, the number
of coefficients needed to describe a general state grows exponentially in N , which
makes it impossible to store a state or using it in calculations for large N .

We want to tackle this problem by representing the coefficients C by MPSs. This
leads to an approximation of a state with polynomial growth in N . The basic idea is
to start with the full representation (2.4) and to successively divide the system into
subsystems. More precisely, single sites are separated from the rest of the system
and are represented by a matrix, until all sites are described by a MPS.

Let us start quite general by dividing our system between sites k and k + 1 into
two sections with basis vectors ∣α⟩ = ∣s1, s2, . . . , sk⟩ and ∣β⟩ = ∣sk+1, sk+2, . . . , sN⟩. The
indices α and β denote a set of (s1, s2, . . . , sk) and (sk+1, sk+2, . . . , sN), thus α and β
can attain Dα = dk and Dβ = dN−k values:

∣ψ⟩ = Dα∑
α=1

Dβ∑
β=1

Cα,β ∣α⟩⊗ ∣β⟩ . (2.5)

In the following the grouping of indices with brackets as in α = (s1, s2, . . . , sk)
denotes a single index that numbers all possibilities of the {si}. In computational
implementations this means a reshaping of, e. g., a tensor Cs1,s2,...,sN into a matrix
C(s1,s2,...,sk),(sk+1,sk+2,...,sN ) = Cα,β. The way this is done is up to the programmer, it
must only be consistent when reshaping back into the explicit form. For instance

(i1, i2, . . . , in) = i1 + (i2 − 1)D1 + (i3 − 1)D1D2 + ⋅ ⋅ ⋅ + (in − 1)D1D2 . . .Dn (2.6)

can be used where ik can take values between 1 andDk. Then the back-transformation
can be calculated recursively making use of the modulo operator %:

n1 = (i1, i2, . . . , in) − 1 (2.7)
i1 = n1%D1 + 1 (2.8)

nk = 1
Dk−1

(nk−1 − (ik−1 − 1)) (2.9)

ik = nk%Dk + 1. (2.10)

8



CHAPTER 2. MATRIX PRODUCT STATES

In practice we can fall back on ready-to-use routines like reshape in MATLAB.
Next, we use a SVD to write the coefficients in the form

Cα,β = Dα∑
α′=1

Dβ∑
β′=1

Uα,α′Sα′,β′Vβ′,β. (2.11)

The matrix U is unitary and of size (Dα ×Dα), UU † = 1Dα = U †U . V is a (Dβ ×Dβ)
unitary matrix, V V † = 1Dβ = V †V . S is a (Dα×Dβ) diagonal matrix. We choose the
entries Si,j = λiδi,j non-negative, real and ordered: λ1 ≥ λ2 ≥ ⋅ ⋅ ⋅ ≥ λmin(Dα,Dβ). These
unique diagonal entries are called singular values. In appendix A we show that such
a SVD can be performed on any pure state.

The number of singular values unequal to zero is the rank r of matrix C. If α ≠ β
and/or if the matrix is not full rank, there are rows or columns of S that only contain
zeros. We can omit those rows or columns to get the more compact formulation of
eq. (2.11)

Cα,β = r∑
α′=1

r∑
β′=1

Uα,α′Sα′,β′Vβ′,β = r∑
α′=1

Uα,α′Sα′,α′Vα′,β. (2.12)

Now U becomes a (Dα × r) matrix with orthonormal columns, U †U = 1r , and V a(r ×Dβ) matrix with orthonormal rows, V V † = 1r. S is a (r × r) diagonal matrix.
From now on we always refer to a SVD in this reduced form.

We can repeatedly use the division of our system to obtain MPSs. A graphical
description of the whole process for three sites is

C

s1 s2 s3
= U1 S1 V 1

s1 s2 s3
= 1 C2

s1 s2 s3
(2.13)

= 1 U2 S2 V 2

s1 s2 s3
= 1 2 C3

s1 s2 s3
(2.14)

= 1 2 3
s1 s2 s3

. (2.15)

We discuss this in more detail now.
Let us start with a first subsystem consisting only of the first site. Its complement

contains sites 2 to N . We can express the coefficients of a state ∣ψ⟩ using the SVD:

∣ψ⟩ = d∑
s1=1

dN−1∑(s2,...,sN )=1
Cs1,(s2,...,sN ) ∣s1⟩⊗ ∣(s2, . . . , sN)⟩ (2.16)

Cs1,(s2,...,sN ) = r2∑
α2,β=1

U1
s1,α2S

1
α2,βV

1
β,(s2,...,sN ). (2.17)

9



CHAPTER 2. MATRIX PRODUCT STATES

U1
s1,α2 can be reshaped into the MPS matrix for the first site with the definitions

A1,s1
1,α2

∶= U1
s1,α2 (2.18)

C2
α2,(s2,...,sN ) ∶= r2∑

β=1
S1
α2,βV

1
β,(s2,...,sN ) (2.19)

⇒ Cs1,(s2,...,sN ) = r2∑
α2=1

A1,s1
1,α2

C2
α2,(s2,...,sN ). (2.20)

We have described the first site with a matrix A1,s1
1,α2

that is connected through the
index α2 to the rest of the system. This index can take the values from one to
r2 ≤ min (d, dN−1) = d where r2 is the rank of matrix Cs1,(s2,...,sN ). The rest of the
system is expressed by C2, that does not depend on s1 anymore. We can go on with
the second site in a similar fashion combining the indices α2 and the spin s2 to a
new index (α2, s2):

∣ψ⟩ = d∑
s1,...,sN=1

r2∑
α2=1

A1,s1
1,α2

C2(α2,s2),(s3,...,sN ) ∣s1⟩⊗ ∣s2⟩⊗ ∣(s3, . . . , sN)⟩ (2.21)

C2(α2,s2),(s3,...,sN ) = r3∑
α3,β=1

U2(α2,s2),α3
S2
α3,βV

2
β,(s3,...,sN ) (2.22)

= r3∑
α3=1

A2,s2
α2,α3C

3
α3,(s3,...,sN ) (2.23)

with definitions (2.24)
A2,s2
α2,α3 ∶= U2(α2,s2),α3

(2.25)

C3
α3,(s3,...,sN ) ∶= r3∑

β=1
S2
α3,βV

2
β,(s3,...,sN ). (2.26)

The rank of C2 is r3 ≤ min (r2 ⋅ d, dN−2) ≤ min (d2, dN−2). We follow this procedure
until we reach the last site of our system, where we define

AN,sNαN ,1 ∶= CN
αN ,sN

= rN∑
β=1

SN−1
αN ,β

V N−1
β,sN

. (2.27)

Following this procedure we are able to decompose a general state into a MPS of
the form

∣ψ⟩ = d∑
s1,s2,...,sN=1

A1,s1A2,s2 . . .AN,sN ∣s1, s2, . . . , sN⟩ . (2.28)

The trace in (2.1) is not needed here because A1,s1 and AN,sN are vectors. It can,
however, be included to obtain the same form by defining the index α1 that can only
take the value one: A1,s1

1,α2
= A1,s1

α1,α2 , AN,sNαN ,1 = AN,sNαN ,α1 .
Let us have a look at the dimensions of the matrices. Ai,si is a (ri × ri+1) matrix,

where ri+1 is the rank of the matrix Ci with

ri+1 ≤ min( i∏
j=2
rj ⋅ d, dN−i) ≤ min (di, dN−i) . (2.29)

10
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This corresponds to a triangular form of the ri: their size grows monotonically in i
up to a maximum value and then decreases again monotonically.

So far we have gained nothing but rewriting our state in a different way. The
MPS derived is equivalent to the description (2.4) and thereby still exact. Only in
the case where, for a specific state, the ranks ri are much smaller than the maximum
possible rank min (di−1, dN−i+1), we reduced the amount of parameters needed. Thus,
in a general case, the number of parameters still scales exponentially in N .

However, we can cut off the smallest values and still get a good approximation of
the state if the singular values in the SVDs decay fast enough. This is often the case,
especially for ground states as described in section 2.4. Due to the approximation
theorem [93] dropping the smallest singular values is equivalent to finding a matrix
M ′ of reduced, given rank D that minimizes the distance ∥M −M ′∥ to the original
matrix M in the Frobenius norm.

One way to do this cutoff is to define a maximum allowed size Dmax for all MPS
dimensions Di. Then the number of parameters in our ansatz is ∑Ni=1Di ⋅Di+1 ≤
N ⋅ Dmax

2. If we choose a fixed value Dmax that does not depend on N , this
approximation of a state contains only O(N) parameters.

2.2 Matrix Product States with open and peri-
odic boundary conditions, tensor networks

The discussion in section 2.1.1 was very general. A particular MPS was derived in
section 2.1.2. We discuss the form of this specific MPS before we introduce other
forms and generalize the concepts to tensor networks.

To obtain the MPS in section 2.1.2, we started at the first site and repeat-
edly performed SVDs. The bond dimensions Di depended on the site i: Di =
min (Dmax, d

i−1, dN−i−1). This corresponds to a structure where the bond dimension
increases for the first sites, stays constant at the level of Dmax and decreases again
for sites close to the end N of the chain. Obviously, translational invariance is broken
in this case. Therefore, this form cannot describe the situation of pbc well, but it
suits the case of obc. We call this form MPS with obc.

If we want to keep translational invariance, we have to choose the same bond
dimension for all sites: Di ≡D for all sites i. We call this MPSs with pbc. Now we
need the trace in (2.1) that could be omitted in the case of MPS with obc.

Of course, those are not the only possible ansatzes we can choose but suitable
ones for cases with obc and pbc. The form of the MPS should also be adapted to
the given symmetries of the problem. For instance, if translational invariance is not
given, we could choose the bond dimensions Di depending on the site: if the singular
values of the decomposition between two sites decay faster than elsewhere, the bond
dimension can be smaller. We could also choose the Ai,si to be tensors instead of
matrices, or add more tensors that are not connected to physical indices but only
to other tensors and lead to more free parameters. We only have to define how the
indices are contracted. Those TNSs can be seen as a generalization of MPSs. An

11
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(a) MPS chain with obc (b) 2D tensor network - Projected Entangled
Pair State (PEPS)

Figure 2.2: Different layouts to describe a 2D lattice with a MPS and a tensor
network. The physical indices would stick out of the plane and are not shown.

overview of the most important tensor network structures and algorithms is given
in [4]. Further introductions to tensor networks can be found in [1, 12, 14–17].

TNSs are specifically useful in cases where the interactions are not only between
neighboring sites in one dimension. We can transform higher dimensional lattices to
a chain with numbered sites. But then nearest-neighbor interactions on the lattice
act between sites that are far apart in the chain representation. In a tensor network
these sites can be connected by a bond directly. Both methods are used in practice
and are sketched in fig. 2.2. In general, MPSs are a great choice for (close to) nearest
neighbor interactions in a chain whereas TNSs can be more suitable to cover the
symmetries of other problems. A second property besides of the symmetries is the
entanglement structure that should also be taken into account when deciding for a
specific form of a TNS. This is discussed in more detail in section 2.4.

Because MPSs with obc represent physical systems with obc well, there is often
no distinction between both in the literature. Analogously for MPSs with pbc and
systems with pbc. However, the structure of the MPS and the physical properties
and boundary conditions are two different objects. We should also keep in mind
that MPSs are exact representations if the bond dimension is large enough (which
was explicitly shown in section 2.1.2). This means that for example a problem with
pbc could also be described with a MPS with obc if the bond dimension is chosen
sufficiently high. However, this would explicitly break the translational symmetry.

We saw that the structure of a MPS is defined by its bond dimensions. In the
following we often call the maximum bond dimension D for simplicity. In the case of
obc the bond dimension at a site i is Di <Dmax at the beginning and the end of the
chain. If we fix the bond dimensions, the description is still not unique, we have a
gauge degrees of freedom:

2.3 Gauge degrees of freedom

Given a state ∣ψ⟩ described by a MPS, we can do a gauge transformation that leaves
the state unchanged. Let i be a fixed site and X an invertible (Di+1 ×Di+1) matrix.

12
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Then, a gauge transformation is

Ai,si → Ãi,si = Ai,siX (2.30)
Ai+1,si+1 → Ãi+1,si+1 =X−1Ai+1,si+1 . (2.31)

Showing that this indeed leaves the state unchanged is straight forward:

∣ψ⟩ = d∑
s1,s2,...,sN=1

tr (A1,s1 . . .Ai,siAi+1,si+1 . . .AN,sN ) ∣s1, s2, . . . , sN⟩ (2.32)

= d∑{si}=1
tr (A1,s1 . . .Ai,siXX−1Ai+1,si+1 . . .AN,sN ) ∣s1, s2, . . . , sN⟩ (2.33)

= d∑
s1,s2,...,sN=1

tr (A1,s1 . . . Ãi,siÃi+1,si+1 . . .AN,sN ) ∣s1, s2, . . . , sN⟩ . (2.34)

This works, of course, for any site i. The gauge degrees of freedom can be used to
change the properties of the matrices to suit our needs. There are two gauges of a
matrix that are particularly important:

∑
si

(Ai,si)†
Ai,si = 1 ⇔ = left gauge (2.35)

∑
si

Ai,si(Ai,si)† = 1 ⇔ = right gauge. (2.36)

Given a MPS, we can construct a gauging matrix X as in eqs. (2.30) and (2.31)
to make the transformed matrix at site i fulfill condition (2.35) or (2.36). The
transformation changes the matrices at sites i and i + 1 in case of left-gauging or i
and i − 1 in case of right gauging. In section 4.3 we discuss how the transformations
can be computed.

We call the whole MPS left (or right) canonical if all matrices are left (or right)
gauged. Our construction of a MPS in section 2.1.2 automatically led to a MPS in
left canonical form by choosing Ai,siαi,αi+1 = U i(αi,si),αi+1

with column-unitary matrices
U i. If we would have started the SVD procedure from the last site N and went
towards the first site, we could have constructed the right canonical form of the MPS
by choosing Ai = V .

If all matrices left of some given site k are in left gauge and all sites right of
this site are in right gauge, we call this the central gauge with center k. When
using MPSs with obc, the central gauge simplifies many calculations a lot, as seen in
section 4.2: whenever a matrix is contracted with its conjugate in the calculation of
an expectation value, the result is simply the identity and does not even have to be
computed. With pbc these advantages do not arise; but still calculations in central
gauge can increase the numerical stability considerably, as discussed in section 4.5.2.
A MPS with pbc is translationally invariant; therefore, the terms left and right do
not have a proper meaning yet. The sites form a circular structure, where the index
increases and jumps from N to 1 when going in a clockwise direction. We define a
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Figure 2.3: Central gauge with pbc: all sites from k0 to the gauge center k
in a clockwise direction are left gauged (yellow), all sites from k0 − 1 to k in a
counterclockwise direction are right gauged (violet).

site k0 that is separated from k by sufficiently many sites in both directions on the
circle. A MPS is called central gauged if all sites going from k0 to k in a clockwise
direction are left gauged and all other sites but the gauge center k itself are right
gauged. An example is shown in fig. 2.3. In section 4.5.1 we explain how k0 is chosen
in our particular algorithms.

2.4 Entanglement entropy and area laws
In this section we discuss in which cases and why a MPS is a good approximation to
a state. We first introduce a measure for the entanglement of a state and find an
upper bound on it (section 2.4.1). In section 2.4.2 we observe that the entanglement
of ground states is usually less than the maximum possible. It shows the same scaling
behavior as the entanglement of MPSs as discussed in section 2.4.3. This is why
ground states can be well-approximated by MPSs with a low number of parameters
(section 2.4.4).

2.4.1 Entanglement of a quantum state
A state is called separable if it can be written as a Kronecker product of local states.
This corresponds to the situation of no entanglement: all sites are independend of
each other. The situation is simply covered by a MPS with bond dimension D = 1.
But what happens if we want to describe a state that is not separable but entangled?

We want to introduce a measure to define and quantify entanglement. For that
purpose we divide our system into two parts. The local quantum numbers of the
first part shall be combined in α, the ones of the second part in β. A state can be
described by a matrix Cα,β as in (2.5): ∣ψ⟩ = ∑Dαα=1∑Dββ=1Cα,β ∣α⟩ ⊗ ∣β⟩. The density
matrix of this state is

ρ̂ = ∣ψ⟩ ⟨ψ∣ = Dα∑
α1,α2=1

Dβ∑
β1,β2=1

Cα1,β1C
∗
α2,β2 ∣α1⟩ ⟨α2∣⊗ ∣β1⟩ ⟨β2∣ . (2.37)
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We obtain the reduced density matrix ρ̂α of the first subsystem by tracing out all
degrees of freedom in its complementary part β:

ρ̂α = trβ(ρ̂) = Dβ∑
β=1

(1α ⊗ ⟨β∣) ρ̂ (1α ⊗ ∣β⟩) (2.38)

= Dα∑
α1,α2=1

Dβ∑
β=1

Cα1,βC
∗
α2,β ∣α1⟩ ⟨α2∣ . (2.39)

The reduced density matrix can as well be represented in its matrix form

(ρα)α1,α2
= ⟨α1∣ρ̂α∣α2⟩ = Dβ∑

β=1
Cα1,βC

∗
α2,β. (2.40)

Accordingly the reduced density matrix of the second part is

(ρβ)
β1,β2

= Dα∑
α=1

Cα,β1C
∗
α,β2 . (2.41)

With these definitions we can introduce the von Neumann entanglement entropy
of the bipartite [14, section 1.3.1]:2

S = − tr (ρα log2 (ρα)) = − tr (ρβ log2 (ρβ)) . (2.42)

The entropy does not depend on which bipartite is traced out first. We call a state
entangled if S > 0. Otherwise (S = 0) the state is separable.

To actually compute the entanglement entropy, we can use the eigenvalue decom-
position of the reduced density matrix: (ρα)α1,α2

= ∑Dαi=1 Qα1,iηiQ
∗
α2,i

with unitary Q.
Then, the entropy is S = −∑Dαi=1 ηi log2 (ηi).

If the smaller part of our bipartite consists of V sites, the reduced density matrix
of this site is a (dV × dV) matrix and, therefore, of rank r ≤ dV . The entropy reaches
its maximum if all eigenvalues of the reduced density matrix are the same: ηi = 1

r for
all sites i [94, section 5.1]. This leads to an upper bound of the entanglement:

S ≤ − r∑
i=1

1
r

log2 (1
r
) = − log2 (1

r
) = log2 (r) ≤ log2 (dV) = V log2 (d) . (2.43)

2.4.2 The area law
We saw in eq. (2.43) that, in a worst case, the entropy of a subsystem is proportional
to its size or volume V , thus fulfilling a volume law. For ground states, the situation
is often much better: they fulfill an area law. Let ∂V be the area of the cut in the
bipartite. In one spatial dimension this would be a constant.3 The area law reads

S ∝ ∂V . (2.44)
2Note that some authors replace the binary logarithm by the natural one.
3The constant being one in case of obc if the boundary is included in V, otherwise and for pbc

it is two.
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The area law of ground states was proven quite generally in one spatial dimension by
the assumptions that the Hamiltonian has only local interactions of finite strength
and an energy gap between the unique ground state and the first excited state [95].
Then, the entropy becomes a constant independent of V . For critical system, where
the energy gap vanishes, it was proven in conformal field theory that there is only
logarithmic corrections to the area law [96]:

S = O(∂V) +O(log2 (V)). (2.45)

Also, in many other cases and in higher dimensions, area laws (2.44) and loga-
rithmic corrections in critical cases (2.45) were found, especially for ground states.
Reference [97] provides an overview.

If we found the ground state ∣0⟩ of a Hamiltonian, the first excited state can
be obtained by projecting all states into the orthogonal space of that ground state:∣ψ̃⟩ = ∣ψ⟩ − ∣0⟩ ⟨0∣ψ⟩. The state of lowest energy in this restricted space can be
calculated with the same algorithm as for ground states and corresponds to the first
excited state of the Hamiltonian [85, 86]. In order to be able to express that state
efficiently by a MPS, the Hamiltonian in the restricted space needs to fulfill the same
criteria as for the ground state: the growth of entanglement has to be limited. An
area law applies in case of an energy gap, now between the first and second excited
states. The procedure can be repeated to higher excitations until the energy gap
becomes too small and the entanglement grows too fast, or until the accumulated
numerical errors lead to inaccurate results.

2.4.3 Entanglement of Tensor Network States and Matrix
Product States

Given a TNS, the entropy has an upper bound of

S ≤ n log2 (D) , (2.46)

where n is the minimum number of links that need to be cut to split the network
into two parts. Each part shall contain the physical indices of one of the two sectors.
The main ideas to derive this and its application to different TNSs are explained
in [94]. We describe how to get this upper bound later in this section.

If we consider a MPS with pbc, we have to cut two links to separate a sector
from the rest: n = 2. In case of obc where one section contains the first and the other
the last site, n equals one. Thus, the entropy of MPSs is always upper bounded by a
constant and for that reason fulfills an area law. In the general case of TNSs, the
network can be chosen in such a way that n grows with the size of the smaller part
of the bipartite. The structure should obviously result in a similar scaling of the
entanglement as the physical state that shall be described. A Projected Entangled
Pair State (PEPS) is a generalization of MPSs in higher dimensions that fulfills
the area law [98]. A Multi-scale Entanglement Renormalization Ansatz (MERA),
as introduced in [99], includes the logarithmic corrections of a system close to the
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critical point and is, therefore, well-suited to describe critical (conformal invariant)
systems.

We sketch a derivation of eq. (2.46) in the following. Also, we show how to easily
compute the entanglement entropy of a MPS with obc.

Given a TNS and a bipartite of the physical system. The indices sk . . . sl shall
belong to the physical degrees of freedom in the smaller of the two sectors. We cut
our tensor network along the links αi . . . αj into two sections in such a way that all
sk . . . sl belong to the first section, the remaining physical indices to the second. By
grouping all cut link indices together through reshaping, we obtain a new index
α ∶= (αi, . . . , αj). The same is done for the physical indices s ∶= (sk, . . . , sl). Then,
the first and second sectors can be described by matrices G1 and G2.

Let us consider a MPS with pbc as an example and choose the first section to
consist of the first three sites:

α1 α4

s1 s2 s3
= G1

α=(α1,α4)
s=(s1,s2,s3)

(2.47)

. . .α4 α1

s4 sN

= G2
α=(α1,α4)

s′=(s4,...,sN )
. (2.48)

We perform a SVD on G1:

(G1)α,s = r≤min(dim(α),dim(s))∑
β=1

Uα,βSβ,βVβ,s. (2.49)

Using this we can rewrite the reduced density matrix of the first section

ρ1 = G1G2

G∗2 G∗1
= VSUG2

G∗2 U∗ S V ∗

ρ̃

, (2.50)

(ρ1)
s̃,s

= ∑
α̃,s′,α

(G†
1)s̃,α̃ (G†

2)α̃,s′ (G2)s′,α (G1)α,s (2.51)

= ∑̃
β,β

V †
s̃,β̃

[ ∑
α̃,s′,α

Sβ̃,β̃U
†
β̃,α̃

(G†
2)α̃,s′ (G2)s′,αUα,βSβ,β]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶ρ̃β̃,β

Vβ,s. (2.52)

The matrices ρ1 and ρ̃ only differ by a (row-) unitary matrix and, for this reason, have
the same eigenvalues. For any analytical function f this means f(ρ1) = V †f(ρ̃)V
and for a trace: tr(f(ρ1)) = tr(f(ρ̃)). In particular, for the entropy we get

S = − tr (ρ̃ log2 (ρ̃)) . (2.53)
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The entropy is, similarly to eq. (2.43), maximal if all eigenvalues of ρ̃ are identical to
1
r with r ≤ min(dim(α),dim(s)) being the rank of matrix ρ̃.

S ≤ −r (1
r

log2 (1
r
)) = log2 (r) ≤ n log2 (D) (2.54)

In the last step we used r ≤ dim(α) =Dn, where n is the number of cut indices, each
of which can attain values from 1 to D. If a tensor network can be cut into the two
sections in several ways, the strongest upper bound is the cut that minimizes n.

Let us now have a closer look at the entanglement entropy of a sector in the case
of MPSs with obc. If we right-gauge all sites to the right of this sector and left-gauge
all sites to the left, the sum over physical indices outside the sector lead to identities

∑
s′

(G†
2)α̃,s′ (G2)s′,α = 1α̃,α. (2.55)

This simplifies the matrix ρ̃ defined in eq. (2.52) to the diagonal form ρ̃ = S2 and the
entropy to S = −∑

β

S2
β,β log2 (S2

β,β) . (2.56)

The entropy calculation boils down even more if we look at a section that includes
the last site. This corresponds a two-parted spin chain. We cut it between sites k
and k + 1 and left-gauge sites 1 to k while right-gauging sites N to k + 2. Site k + 1 is
split in a SVD:

Ak+1,sk+1
αk+1,αk+2 =∑

β

Uk+1
αk+1,β

Sk+1
β,β V

k+1
β,(sk+1,αk+2). (2.57)

If we contract V k+1 with all MPS matrices to the right of site k+1, we get a new tensor
Ṽ that can be brought into matrix form with the elements (Ṽ )

β,(sk+1,sk+2,...sN ) = (Ṽ )
β,s

.
Due to the right-gauged sites k + 2 . . .N and V k+1 being row-orthogonal, this matrix
Ṽ is also row-orthogonal: ∑s Ṽ †

β̃,s
Ṽs,β = 1β̃,β. With this property, we found the SVD

of the whole section if we identify the matrices in eq. (2.49) as U = Uk+1, S = Sk+1

and V = Ṽ .
Concluding, we only need to calculate the SVD (2.57) and get the entropy

according to eq. (2.56), if we previously brought the MPS to central gauged form
with site k + 1 as the center.

We used this to calculate the entanglement entropy of the MPS ground state of
the transverse Ising model. Figure 2.4a shows the fast decay of the singular values.
This is the basis why a truncation in the bond dimension still leads to an accurate
description of the ground state. Figure 2.4b shows that the entanglement entropy
grows in the size of the smaller subsystem, but then reaches a constant value. Thus,
the entropy does not depend on the system size anymore and is upper bounded by a
constant, indeed fulfilling an area law.

2.4.4 Approximability of states with tensor networks
In the previous section we showed that MPSs obey an area law. In general, TNSs
have an upper bound on the entropy scaling depending on the network structure.
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(b) Entanglement entropy of a bipartite between site k and k + 1.

Figure 2.4: Entanglement entropy and fast decay of the singular values of a
bipartite. Shown are the properties of a MPS ground state with Dmax = 10,
calculated with the algorithm described in section 4.2. Transverse Ising model
with obc as introduced in eq. (3.4) at J = −1, β = −1.1 and with N = 100.
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Evidently, we cannot approximate a state economically whose entropy exceeds this
scaling. If a state scales according to a volume law (2.43) as in the most general
case, it is not approximable efficiently by MPSs. We saw, however, in section 2.4.2
that ground states fulfill an area law just like MPSs. It was proven in [100, 101]
that MPSs with obc can approximate states well if they fulfill at most a logarithmic
scaling of the entropy.4 In general, good approximability can be expected if the
entanglement of a state is limited.

We gave a short overview of the vast amount of accurate and efficient tensor
network-based algorithms and application in chapter 1. As discussed in [97, chapter
VI.B], this remarkable success of tensor networks supports its wide range of appli-
cability, even though this applicability is not always fully understood and proven
theoretically yet.

4However, the Rényi entropy was used in this proof and not the von Neumann entropy.
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Chapter 3

Matrix Product Operators

In the previous chapter we showed how certain states can be described by MPSs
and tensor networks. However, we are, of course, not only interested in states but
also in operators acting on them. More specifically, we want to find ground states,
searching for the lowest eigenvalue and the corresponding eigenstate of a Hamilton
operator. An operator Ô can be described by its matrix elements Oi,j = ⟨i∣ Ô ∣j⟩.
This (dN × dN) matrix would again grow exponentially in size and all advantages of
MPSs would be lost. A more adequate way to describe an operator is in the form
of a Matrix Product Operator (MPO), similarly to the MPS describing a state in
eq. (2.1):

Ô = d∑
s̃1,s̃2,...,s̃N
s1,s2,...,sN

=1

tr (B1,s̃1,s1B2,s̃2,s2 . . .BN,s̃N ,sN ) ∣s̃1, s̃2, . . . , s̃N⟩ ⟨s1, s2, . . . , sN ∣ . (3.1)

The basic idea is to express the operator by a tensor for every site. Then, the explicit
bra-ket structure can be omitted and the operator can be expressed by the tensors
only:

Os̃1,...,s̃N ,s1,...,sN = tr (B1,s̃1,s1B2,s̃2,s2 . . .BN,s̃N ,sN ) (3.2)

= D′∑
β1,...,βN=1

B1,s̃1,s1
β1,β2

B2,s̃2,s2
β2,β3

. . .BN,s̃N ,sN
βN ,β1

. (3.3)

Each of these tensors has two physical indices that can be contracted with the
bras and kets of the state (described by MPSs). Two additional indices connect
neighboring MPO tensors, just like we saw before with MPS matrices. These inner
indices can attain values from 1 to D′. This MPO bond dimension is small and does
not grow exponentially in N if, for a given site, the operator only contains few terms
with local operators other than the identity. This is typically the case for short-term
and specifically nearest-neighbor interactions. For obc the trance in eq. (3.2) can be
replaced by some boundary vectors vL and vR as seen in eqs. (3.8) and (3.11).

A graphical representation of the Hamiltonian as MPO with obc and its application
to MPSs is given in fig. 3.1. The calculation of expectation values in the matrix
product formalism is shown in fig. 3.1c and further discussed in section 3.4.
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H(s̃1,...,s̃N ),(s1,...,sN ) = vL B1

s1

s̃1

B2

s2

s̃2

. . . BN−1

sN−1

s̃N−1

BN

sN

s̃N

vR

(a) MPO with obc. Vertical lines denote inner indices while horizontal lines indicate physical indices.

Ĥ ∣ψ⟩ =
vL . . . vR

(b) Hamilton operator in MPO form acting on MPS.

⟨ψ∣Ĥ ∣ψ⟩ = vL . . . vR

(c) Expectation value of Hamilton operator in MPO form.

Figure 3.1: Graphical representation of a Matrix Product Operator (MPO) with
obc and its application to a Matrix Product State (MPS).

The topic of MPOs is covered in introductory works on tensor networks as in [1,
section 5], [2, section 5] and [14, chapter 2.3]. A more practical overview of how
to construct MPOs for different types of one and higher dimensional Hamiltonians,
including long range interactions, is given in [32]. There are many ways of how to
find and interpret a MPO. One is to derive it in a similar fashion to MPS through
SVD of the operator. This is, however, normally not done in practice, because
the structure of the resulting MPO would depend strongly on the number of sites
and could not be generalized to arbitrary N . For this reason and because of the
exponential scaling of the operator size, the SVD construction cannot be done for
large N . A different approach from a quantum information perspective is to describe
the Hamiltonian as a finite state automata that can directly be translated into a
MPO [102]. This procedure is very general and helpful in practice to find a MPO for
a given Hamiltonian.

In the following sections we show how to construct a MPO for the transverse
Ising model (section 3.1) and for the critical Heisenberg model (section 3.2) with
obc. Afterwards, this is modified to pbc in section 3.3. Finally, we show how the
MPO acts on MPSs and how to efficiently calculate expectation values (section 3.4).
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3.1 The transverse Ising model

In chapter 2 we described the states of a physical system by a matrix at every site.
Now we want to express operators in a similar fashion. Let us first have a look at
how an operator, namely the Hamiltonian, acts on a single site. We consider the
example of the transverse Ising Model with obc in one spatial dimension,

HIsing⊥ = J ⋅ N−1∑
i=1

σxi ⊗ σxi+1 + β ⋅ N∑
i=1
σzi . (3.4)

The Parameter J describes the strength of the nearest-neighbor interaction while
β corresponds to an external magnetic field. The terms of the Hamiltonian consist of
the Pauli matrices σx, σz and the unity operator 1 (that was omitted for readability
in eq. (3.4)) connected by Kronecker products.5 Every term has one such operator
for every site, which makes it N operators in every term.

An example of the process to obtain a MPO from the transverse Ising Hamiltonian
with four sites and obc is appended (appendix B). We discuss the general case of N
sites here.

To see how the whole operator acts on a single site k and, therefore, interacts
with a matrix of a MPS, we divide the Hamiltonian in a part with sites left of k
and a part right of k. 1i...j denotes the Kronecker product of identities for each site:
1i...j =⊗j

l=i 1l.

HIsing⊥ = (11...k−1)⊗ Jσxk ⊗ (σxk+1 ⊗ 1k+2...N)+ (11...k−2 ⊗ Jσxk−1)⊗ σxk ⊗ (1k+1...N)+ (∑k−2
i=1 11...i−1 ⊗ Jσxi ⊗ σxi+1 ⊗ 1i+2...k−1)⊗ 1k ⊗ (1k+1...N)+ (11...k−1)⊗ 1k ⊗ (∑N−1

i=k+1 1k+1...i−1⊗
Jσxi ⊗ σxi+1 ⊗ 1i+2...N)+ (11...k−1)⊗ βσzk ⊗ (1k+1...N)+ (∑k−1

i=1 11...i−1 ⊗ βσzi ⊗ 1i+1...k−1)⊗ 1k ⊗ (1k+1...N)+ (11...k−1)⊗ 1k ⊗ (∑Ni=k+1 1k+1...i−1⊗
βσzi ⊗ 1i+1...N)

(3.6)
We can write the previous equation in matrix form. From now on we omit the

5In Ising and Heisenberg models the following operators occur:

1 = (
1 0
0 1) σx = (

0 1
1 0) σy = (

0 −i
i 0 ) σz = (

1 0
0 −1) (3.5)
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Kronecker product ⊗ and identities for readability.

HIsing⊥ =
⎛⎜⎝

1

Jσxk−1∑k−2
i=1 Jσ

x
i σ

x
i+1 +∑k−1

i=1 βσ
z
i

⎞⎟⎠
T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶∶=IL

⎛⎜⎝
1k Jσxk βσzk
0 0 σxk
0 0 1k

⎞⎟⎠´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶∶=Bk

⎛⎜⎝
∑N−1
i=k+1 Jσ

x
i σ

x
i+1 +∑Ni=k+1 βσ

z
i

σxk+1
1

⎞⎟⎠´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶∶=IR

(3.7)

This formulation separates the interaction of the operator with one matrix of the
MPS from the interactions at other sites. Only the (D′ ×D′) = (3 × 3) matrix Bk

acts on the state at site k. The rest is encrypted in the matrix multiplications with
the vectors IL and IR describing the right and left sides of the chain. We can go on
in a similar fashion to express these left and right vectors by matrices for every site,
which leads us to a product of matrices acting on single sites each [32]:

HIsing⊥ = ⎛⎜⎝
1
0
0

⎞⎟⎠
T

²∶=vL

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N∏
k=1

⎛⎜⎝
1k Jσxk βσzk
0 0 σxk
0 0 1k

⎞⎟⎠´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=Bk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎛⎜⎝
0
0
1

⎞⎟⎠±∶=vR
= vL [ N∏

k=1
Bk] vR. (3.8)

According to the fact that our Hamiltonian is translationally invariant besides of
the first and last sites, we were able to construct the matrix Bk in a way it can be
used at every site. The boundaries can be taken into account by introducing left and
right vectors vL and vR as in eq. (3.8). A graphical representation of the MPO is
shown in fig. 3.1a.

We would like to make the reader more familiar with MPOs by discussing the
left and right vectors IL and IR in eq. (3.7). They contain all the information that
needs to be processed and transported through site k by Bk. In our case, the vector
IR describes the Hamiltonian of all sites to the right of k as a first entry and the
identity operation as a last entry. Another necessary information of the right side is
the spin in x-direction of the site k + 1. Therefore, this is stored as a second entry in
IR.

Let us have a look at the first line of Bk. The identity Bk
1,1 = 1k reproduces the

Hamiltonian of the right side in the first entry of the resulting vector ĨR = BkIR.
The second and third entry of this first row add to that energy by all terms involving
site k: Jσxkσxk+1 and βσzk. The last line only reproduces the identity as a third row of
ĨR. This concept can be generalized to other Hamiltonians or operators. However,
the minimal inner dimension increases with the amount of information about the
system to the right of k that needs to be available in IR. The minimal possible
dimension for the transverse Ising model is D′ = 3 [32].

In eq. (3.7) Bk is a matrix containing operators. These are now local operators
that can be expressed by a (d× d) matrix. They act on the physical index of a single
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site. If we include these indices in Bk, we get a tensor with elements Bk,s̃k,sk
αk,αk+1 .6 This

tensor has two physical indices s̃k, sk while the two indices αk, αk+1 correspond to
the inner MPO structure with values up to D′. How the MPO acts on a state in
MPS form to obtain expectation values is shown in section 3.4 and fig. 3.1.

We can finally express our Hamiltonian in MPO form for obc:

Ĥ = ∑
s̃1,s̃2,...,s̃N
s1,s2,...,sN

vLB1,s̃1,s1B2,s̃2,s2 . . .BN,s̃N ,sNvR ∣s̃1, s̃2, . . . , s̃N⟩ ⟨s1, s2, . . . , sN ∣ . (3.9)

Specifically for the transverse Ising model, the MPO tensors are the same for all
sites and given just like the boundary vectors vL and vR by eq. (3.8). Alternatively,
the form (3.1) can be derived if the first and last matrices B1 and BN are replaced
by B̃1 = vL ⋅B1 = (11 Jσx1 βσz1) and B̃N = BN ⋅ vR = (βσzN σxN 1N)T .
3.2 The Heisenberg model
The Heisenberg model is a generalization of the transverse Ising model. We define
its Hamiltonian

HHeisenberg = N−1∑
k=1

(Jxσxkσxk+1 + Jyσykσyk+1 + Jzσzkσzk+1) + N∑
k=1

(βxσxk + βyσyk + βzσzk) .
(3.10)

A corresponding MPO can be obtained in a similar fashion to the construction for
the transverse Ising model [32]:

HHeisenberg =
⎛⎜⎜⎜⎜⎜⎜⎝

1
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎠

T

²∶=vL

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N∏
k=1

⎛⎜⎜⎜⎜⎜⎜⎝

1k Jxσxk Jyσyk Jzσzk βxσxk + βyσyk + βzσzk
0 0 0 0 σxk
0 0 0 0 σyk
0 0 0 0 σzk
0 0 0 0 1k

⎞⎟⎟⎟⎟⎟⎟⎠´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=Bk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎛⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
1

⎞⎟⎟⎟⎟⎟⎟⎠±∶=vR

.

(3.11)
Compared to the transverse Ising model it is obvious that more information about the
rest of the system needs to be available at site k in order to express the Hamiltonian.
Therefore, the MPO bond dimension needs to be five at least [32].

We can choose our coordinate system in a way that βx = βz = 0. The special
case of Jx = Jy and no external field (βx = βy = βz = 0) is called the XXZ model. It

6In the literature this is sometimes also written in a different form: let us designate the local
operators in Bk as Xk

ik
where ik numbers them. For the transverse Ising model this would be

X1 = 1,X2 = σ
x,X3 = σ

z. Then, we can collect the prefactors in Bk to those operators in a matrix
Bkik and write Bk,s̃k,sk

αk,αk+1
= ∑ik (Bkik)αk,αk+1

⊗ (Xk
ik
)
s̃k,sk

. This way the operators are separated from
the MPO matrix. The following are all non-zero elements in Bkik for the transverse Ising model:
(Bk1 )1,1 = (Bk1 )3,3 = 1, (Bk2 )1,2 = J , (B

k
2 )2,3 = 1, (Bk3 )1,3 = β.
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has two quantum critical points at Jz = ±Jx [26]. We call the case Jz = +Jx = 1 the
critical Heisenberg model

HH,crit = N−1∑
k=1

(σxkσxk+1 + σykσyk+1 + σzkσzk+1) . (3.12)

3.3 Periodic boundary conditions
Equation (3.1) was already defined in a general way to allow for periodic boundary
conditions. However, simply using the MPO tensors (3.8) for the transverse Ising
and (3.11) for the Heisenberg model does not work: the trace would just be equal to
two. We can, however, replace one single tensor by a different one that makes the
trace recover the Hamiltonian

Ĥ = ∑
s̃1,...,s̃N
s1,...,sN

tr (B s̃1,s1 . . .B s̃k−1,sk−1W̃ s̃k,skB s̃k+1,sk+1 . . .B s̃N ,sN ) ∣s̃1, . . . , s̃N⟩ ⟨s1, . . . , sN ∣ ,
(3.13)

where

W̃Ising⊥ = ⎛⎜⎝
0 0 0
σx 0 0
1 Jσx βσz

⎞⎟⎠ , (3.14)

W̃Heisenberg =
⎛⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0
σx 0 0 0 0
σy 0 0 0 0
σz 0 0 0 0
1 Jxσx Jyσy Jzσz βxσx + βyσy + βzσz

⎞⎟⎟⎟⎟⎟⎟⎠
. (3.15)

The site k where we insert this tensor W̃ can freely be chosen. We use this in our
sweeping algorithm in chapter 4 and make k the site that gets updated. Another
convenience about this notation is that we can also obtain the norm easily by
replacing W̃ in eq. (3.13) by a matrix Ñ . It consists of all zeros but the element
Ñ1,1 = 1 for both, the transverse Ising and the Heisenberg model.

3.4 Expectation values and the transfer matrix
We want to calculate the expectation value of an operator in MPO-form for a given
state ∣ψ⟩ in MPS-form, without using the whole state or operator. Let us consider
the Hamiltonian as an example of an operator and obc. Figure 3.1c shows how to
calculate the expectation value in the matrix product formalism. By contracting
horizontal lines first, we would end up with objects whose sizes grow exponentially in
the system size, for example the whole state ∣ψ⟩. This can be avoided by contracting
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vertical lines first, represented by

⟨ψ∣Ĥ ∣ψ⟩ = vL . . . vR . (3.16)

In more detail, the expectation value is

⟨ψ∣Ĥ ∣ψ⟩ =⎧⎪⎪⎨⎪⎪⎩
d∑

s′1...s′N=1
(A1,s′1 . . .AN,s′N )∗ ⋅ ⟨s′1 . . . s′N ∣⎫⎪⎪⎬⎪⎪⎭⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

d∑
s̃1,...,s̃N
s1,...,sN

=1

(vL [ N∏
i=1
Bi,s̃i,si] vR) ⋅ ∣s̃1, . . . , s̃N⟩ ⟨s1, . . . , sN ∣

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
{ d∑
s1...sN=1

(A1,s1 . . .AN,sN ) ⋅ ∣s1 . . . sN⟩} (3.17)

= d∑
s̃1,...,s̃N
s1,...,sN

=1

(A∗1,s̃1 . . .A∗N,s̃N ) ⋅ (vL [B1,s̃1,s1 . . .BN,s̃N ,sN ] vR) ⋅
(A1,s1 . . .AN,sN ) (3.18)

=vL ( ∑̃
s1,s1

A∗1,s̃1 ⊗B1,s̃1,s1 ⊗A1,s1) . . .( ∑
s̃N ,sN

A∗N,s̃N ⊗BN,s̃N ,sN ⊗AN,sN) vR
(3.19)

=vL ( N∏
i=1
T i) vR, (3.20)

where

T i ∶= ∑̃
si,si

A∗i,s̃i ⊗Bi,s̃i,si ⊗Ai,si = . (3.21)

We call T i the transfer matrix. We see that in the MPS-MPO formalism the explicit
bra-ket structure is not needed anymore: expectation values can be calculated just
by summing the corresponding indices of matrices and tensors.

In a similar way, we can write a MPO with pbc using the transfer matrix:7

⟨ψ∣Ĥ ∣ψ⟩ = tr( N∏
i=1
T i) = tr

⎛⎜⎜⎜⎝
. . . . . .

⎞⎟⎟⎟⎠ . (3.22)

7As discussed in the previous section, the Bi are all the same but one that has to be replaced
by W̃ .
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The transfer matrices are tensors of size (D ×D′ ×D ×D ×D′ ×D).8 If we multiply
all of them to get the expectation value, we need O(ND6D′3) operations. This can
be improved to O(2ND5D′2d +ND4D′3d2) operations discussed in section 4.4 by
making use of the specific structure of the transfer matrices. In both cases, the
evaluation of expectation values in the MPS-MPO-formalism scales linearly in N
and not exponentially.

8Often, the transfer matrices are reshaped to matrices of size (D ⋅D′ ⋅D ×D ⋅D′ ⋅D), which
justifies the name transfer “matrix”.
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Chapter 4

Ground States through
Variational Optimization in the
Matrix Product Formalism

The goal of the variational optimization techniques presented in this chapter is to
find the ground state, in MPS form, of a given MPO. The algorithms optimize a
single MPS matrix while keeping the others fixed. By sweeping through all sites,
the energy decreases in each step until it eventually converges to the ground state
energy [21].

The basics and main ideas are presented in section 4.1. An efficient implementation
for obc is demonstrated in section 4.2. A MPS in central gauge simplifies the numerics
essentially. Section 4.3 explains how to bring a state into this gauge. The way
contractions of the MPS-MPO network are executed is crucial for the computational
efficiency; the best order of summations is illustrated in section 4.4. Finally, two
algorithms for pbc are introduced in section 4.5, among with the specialties and
difficulties that arise with pbc.

4.1 Variational Optimization
In this section we present an algorithm to find the ground state of a Hamiltonian
given in form of a MPO. A short introduction to the algorithm is given in [16, section
5.1.1]. We use a very similar graphical representation.

Using MPSs we can describe a state as a product of N matrices and hence reduce
the number of parameters drastically, if the bond dimension of the matrices remains
small. It would still be too large of an effort to optimize all MPS matrices at once.
That is why we use a sweeping procedure: all matrices but one at site k are kept
fixed. The matrix (or more precisely, the tensor, since the spin index is also included)
Ak is being optimized to find the minimum energy. Then, this optimized matrix
is kept fixed along with the others and k is changed to the next site. This is done
until every site has been updated twice. We call this a sweep. With every sweep the
energy decreases until the algorithm converges up to some tolerance. Initially, we
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start with random complex matrices Ak.

How do we find the optimal set of parameters in the tensor Ak that minimizes the
energy, if all other MPS matrices are kept fix? Let us have a look at the eigenvalue
equation of the Hamiltonian and its dependence on Ak:

Ĥ ∣ψ (Ak)⟩ = E ∣ψ (Ak)⟩ (4.1)
⇒ ⟨ψ (Ak)∣ Ĥ ∣ψ (Ak)⟩ = E ⟨ψ (Ak) ∣ψ (Ak)⟩ (4.2)

→ E = ⟨ψ (Ak)∣ Ĥ ∣ψ (Ak)⟩⟨ψ (Ak) ∣ψ (Ak)⟩ . (4.3)

The brackets correspond to contractions of the MPS with the corresponding MPO
for the Hamiltonian and the norm:

⟨ψ (Ak)∣H ∣ψ (Ak)⟩ = W̃

k

k

BBB. . . B B B . . . , (4.4)

⟨ψ (Ak) ∣ψ (Ak)⟩ =
k

k

. . . . . .

≡ Ñ

k

k

BBB. . . B B B . . . . (4.5)

In case of MPSs with obc, the dots denote a continuation to the first or last site
respectively and W̃ ≡ B as defined in eqs. (3.8) and (3.11). For MPOs with obc, one
has to include the left- and right boundary vectors. If pbc are considered, the dots
include tracing of both, MPS and MPO, with W̃ and Ñ as introduced in section 3.3.

We define the contractions of all sites but k as environment or effective operators
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Hk
eff and Nk

eff:

(Hk
eff)(ãk,s̃,ãk+1),(ak,s,ak+1) =

ak s ak+1

ãk s̃ ãk+1

Hk
eff ∶=

W̃BBB. . . B B B . . . ,

(4.6)

(Nk
eff)(ãk,s̃,ãk+1),(ak,s,ak+1) =

ak s ak+1

ãk s̃ ãk+1

Nk
eff ∶= . . . . . .

≡
ÑBBB. . . B B B . . . .

(4.7)

We can vectorize Ak by grouping its three indices to one. In the same fashion the
above operators become matrices and we can rewrite eq. (4.2) as

A∗kHk
effA

k = EA∗kNk
effA

k ⇔ Hk
eff

k

k

= E ⋅ Nk
eff

k

k

. (4.8)

To finally find the matrix Ak that minimizes the Energy, we can search for the ground
state of the Generalized Eigenvalue Problem (GEP)

Hk
effA

k = ENk
effA

k ⇔
Hk

eff

k = E ⋅
Nk

eff

k
. (4.9)

In appendix E we proof that the lowest energy solution of eq. (4.9) also minimizes
the energy in eq. (4.8).

By reshaping the indices, we represent Hk
eff and Nk

eff in matrix form, while Ak
becomes a vector. This way we transform the problem to the construction of the
matrices Hk

eff and Nk
eff and finding the lowest eigenvalue and eigenvector of the

GEP (4.9). More precisely, we do not need to calculate the full effective matrices.
Only the product with a given sample state Ak needs to be calculated. If the
eigenvalue solver can work in a matrix-free form, it is sufficient to construct a
function that calculates Hk

effA
k and Nk

effA
k respectively. As shown in section 4.4,

this can in many cases be more efficient than storing the matrices Hk
eff and Nk

eff.
The eigenvalue problem itself can be solved with one of many routines existing for
this purpose, like ARPACK, Locally Optimal Block Preconditioned Conjugate

31



CHAPTER 4. GROUND STATES THROUGH VARIATIONAL
OPTIMIZATION IN THE MATRIX PRODUCT FORMALISM

Gradient (LOBPCG) and eigifp. We discuss the application and performance of
programs in sections 4.2 and 4.5.2.

The basic algorithm is sketched in algorithm 1. In section 4.2 we demonstrate
an efficient implementation for obc; we construct the function Hk

eff(x) with obc and
show why Nk

eff(x) ≡ x in the central gauge. Section 4.3 explains how to bring a state
into this gauge. The way contractions of the MPS-MPO network are carried out is
essential for the computational efficiency. The best order of summations is illustrated
in section 4.4. Two algorithms for pbc are explained in section 4.5.
Algorithm 1 Finding the ground state of a Hamiltonian in MPO form, using a
MPS, by sweeping
Input: N ; D; B: Hamiltonian as MPO; A: Initial guess for the MPS ground state
(e. g., random matrices); convergence tolerance

Output: E: Energy; A: ground state MPS
while convergence tolerance not reached do ▷ main loop

for k ∈ {1 . . .N} do ▷ sweeping
Generate function Hk

eff(x):
procedure Hk

eff(x)
reshape x from a vector with (D2d) entries to tensor of size (D × d×D)
contract that tensor with Hk

eff in eq. (4.6)
reshape result to vector form

end procedure
Generate function Nk

eff(x) similarly
E,x← Solve Hk

eff(x) = ENk
eff(x) for lowest energy

Ak ← reshaped x
end for

end while

4.2 Algorithm for open boundary conditions
When using MPSs with obc, the central gauge can simplify the numerics a lot. If we
choose k as the gauge center, the norm matrix becomes the identity, as we can show
using eqs. (2.35) and (2.36):

Nk
eff = . . . . . . = . . . . . .

= . . . . . . = ⋅ ⋅ ⋅ = = ≡ 1. (4.10)

Thus, the GEP (4.9) simplifies to the ordinary eigenvalue problem

Hk
effA

k = EAk⇔
Hk

eff

k = E k
. (4.11)
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We do not need to calculate the effective norm matrix if we use the central gauge
and keep the states normalized. The latter is the case if the calculated eigenvector is
normalized. Also, the ordinary eigenvalue problem can numerically be solved easier
and more stable than the generalized one that is discussed in section 4.5.2.

We still need to calculate the effective Hamiltonian. The simplest approach would
be to contract the full network according to the definition of Hk

eff for every site k.
However, we can also partly reuse previous contractions. Let us divide Hk

eff into three
parts. The left side Lk contains the contractions to the left of site k, the right side
Rk the ones to the right whereas Bk connects the two:

Hk
eff = BkLk Rk . (4.12)

If we calculated Lk and move to the next site to the right k+1, we can simply update
the left side by a contraction with the transfer matrix for site k. The same can be
done for the right side if we move from right to left.

L1 = vL

1

1

Lk+1 = Lk Bk

k

k

(4.13)

R1 = vR

1

1

Rk−1 = RkBk

k

k

(4.14)

We can start at site k = 1, where the left side is just the left boundary vector of the
MPO and dummy indices 1 for the MPS bonds. After the optimization of A1, we
can calculate L2 by contracting with the new transfer matrix. In the same fashion
we can go on until we reached the last site N . Similarly, we can calculate the right
side, starting at the last site and adding transfer matrices to it.

When sweeping backwards, this trick does not apply anymore; we would have to
contract with the inverse of the transfer matrix that is expensive to calculate. The
same problem arises for Rk−1 if we sweep to the right. However, we can store the yet
calculated tensors L1 to Lk and reuse them when we sweep backwards to the left. The
same can be done with the right sides R. The memory usage of O((N − 1)Dmax

2D′)
for both R and L can become challenging. It can be reduced by half if values not
needed anymore get deleted.9 If memory is still an issue, the stored values can be
written to disc, which we find to be unnecessary, though, for the calculations in this
work.

The whole optimization procedure for obc is described in algorithm 2. The
eigenvalue problem is solved by standard methods and given implementations. We

9This can practically be done by storing L and R together in an array LR(i) of length N − 1
that contains Li+1 for i < k and Ri for i ≥ k.
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use the MATLAB routine eigs based on ARPACK that includes a matrix-free version. We
also tried a solver based on LOBPCG [103]. However, the latter algorithm converged
much slower with obc.
Algorithm 2 Finding the ground state of a Hamiltonian in MPO form, using a
MPS, with obc
Input: N ; D; B: Hamiltonian as MPO; A: Initial guess for the MPS ground state
(e. g., random matrices); convergence tolerance

Output: E: Energy; A: ground state MPS
Initialize R1 and L1 ▷ as in eqs. (4.13) and (4.14)
for k = N . . .2 do ▷ Initialize MPS and right side R

right gauge Ak
Rk−1 ← T k ⋅Rk

end for
while convergence tolerance not reached do ▷ main loop

for k = 1 . . .N − 1 do ▷ sweep to the right
Construct function Hk

eff(x)← Lk ⋅Bk ⋅Rk ⋅ x ▷ as in eq. (4.30)
E,x← Solve Hk

eff(x) = E ⋅ x for lowest energy
Ak ← normalized, reshaped x
left gauge Ak
Lk+1 ← Lk ⋅ T k ▷ as in eq. (4.29)

end for
for k = N . . .2 do ▷ sweep to the left

Construct function Hk
eff(x)← Lk ⋅Bk ⋅Rk ⋅ x ▷ as in eq. (4.30)

E,x← Solve Hk
eff(x) = E ⋅ x for lowest energy

Ak ← normalized, reshaped x
right gauge Ak
Rk−1 ← T k ⋅Rk

end for
end while

To implement the procedure we still need to know how to (re-) gauge the states
and how to calculate contractions, which we describe in the next sections.

4.3 Gauging a state

If we want to bring a state in central gauged form, centered at site k, we have to
left gauge all sites < k and right gauge all sites > k. We can start with the first site,
left-gauge it, go on with site 2 and so on up to site k − 1. The same can be done
right gauging from site N to k + 1. We show in the following how to left or right
gauge a state Ai.

To find the new left-gauged matrix Ãi, we first bring the original Ai in matrix
form by grouping the first index with the spin index: Ai,siαi,αi+1 → (Ai)(αi,si),αi+1

. Then,
we perform a SVD and set Ãi = U , accordingly reshaped, while absorbing S and V
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in Ai+1. In the graphical notation:

i+1i =
Ai

i+1VSU =
Ã

i
Ã

i+1
i+1VSU .

(4.15)
This leaves the state unchanged. The whole process in more detail:

Di+1∑
αi+1=1

Ai,siαi,αi+1A
i+1,si+1
αi+1,αi+2 = Di+1∑

αi+1=1

⎛⎝
Di+1∑

α̃i+1,β=1
U(αi,si),α̃i+1Sα̃i+1,βVβ,αi+1

⎞⎠Ai+1,si+1
αi+1,αi+2 (4.16)

= Di+1∑
α̃i+1=1

U(αi,si),α̃i+1

⎛⎝
Di+1∑

β,αi+1=1
Sα̃i+1,βVβ,αi+1A

i+1,si+1
αi+1,αi+2

⎞⎠ (4.17)

= Di+1∑
α̃i+1=1

Ã
i,si

αi,α̃i+1
Ã
i+1,si+1
α̃i+1,αi+2

. (4.18)

In the last line we used the definitions

Ã
i,si

αi,α̃i+1
∶= U(αi,si),α̃i+1 , (4.19)

Ã
i+1,si+1
α̃i+1,αi+2

∶= Di+1∑
β,αi+1=1

Sα̃i+1,βVβ,αi+1A
i+1,si+1
αi+1,αi+2 . (4.20)

We saw that the transformation to the new matrices Ãi and Ãi+1 does not change the
matrix product and thus is a gauge transformation of the state. In the notation of
eqs. (2.30) and (2.31) this corresponds to a gauging matrix X = (SV )−1 transforming
sites i and i + 1.

Ã
i is now left gauged, because U is column orthonormal with

U †U = 1⇔ ∑(αi,si) (U(αi,si),αi+1)†
U(αi,si),α̃i+1 = 1αi+1,α̃i+1 (4.21)

⇔ ∑
αi,si

(Ãi,si

αi,αi+1
)†
Ã
i,si

αi,α̃i+1
= 1αi+1,α̃i+1 . (4.22)

This is exactly the left gauge condition (2.35).
We can right gauge a state Ai in a similar fashion:

i−1 i =
Ai

i−1 U S V =
Ã

i
Ã

i−1
i−1 U S V , (4.23)

Ai,siαi,αi+1 = Di∑
β,α̃i=1

Uαi,βSβ,α̃iVα̃i,(si,αi+1), (4.24)

Ã
i,si

α̃i,αi+1
∶= Vα̃i,(si,αi+1), (4.25)

Ã
i−1,si−1
αi−1,α̃i

∶= ∑
αi,β

Ai−1,si−1
αi−1,αi Uαi,βSβ,α̃i . (4.26)
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This is again a gauge transformation. Because of the row-orthonormality of V , the
new matrix Ãi is right gauged. In the notation of eqs. (2.30) and (2.31), we use the
matrix X = US to transform sites i − 1 and i.

For both gauges, the explicit singular values in S have never been needed. Indeed,
any decomposition of a matrix into a product of a column-orthonormal matrix U
and another matrix can be used for left gauging. For example the QR decompositon,
introduced by Francis [104] and Kublanovskaya [105] independently, transforms a
matrix into a column-orthonormal matrix Q and an upper triangular matrix R. It
is faster than the SVD and does not depend on a convergence of any kind, thus
running in a predefined number of operations. We use the MATLAB implementation
qr for the left gauging. The same algorithm is applied for right gauging, in which
case the initial and resulting matrices get transposed accordingly.

4.4 Efficient network contractions
When tensor networks are contracted, the order of the summations is important
for performance reasons. We discuss this in this section and show the best way to
contract the tensor networks needed for the obc algorithm.

The number of operations (additions) for a contraction is equal to the dimensions
of the uncontracted and contracted indices multiplied. For example, the number of

contractions for
Bk

k

is D2dD′2 for the outer legs and d for the summation itself.

Therefore, the computational time scales like O(D2d2D′2).
In our algorithm we need to contract the right or left sides R or L with the

transfer matrix EW . One possibility would be to first calculate the transfer matrix
and then contract with L:

Lk+1 = Lk Bk

k
1

k

2

3

3

3

(4.27)

⇔ Lk+1
αk+1,βk+1,α̃k+1

= ∑
αk,βk,α̃k

Lkαk,βk,α̃k [∑̃
sk

A∗k,s̃k
α̃k,α̃k+1

(∑
sk

Ak,skαk,αk+1B
k,s̃k,sk
βk,βk+1

)] . (4.28)

In the graphical representation we numbered the lines in the order they get contracted.
Each contraction results in a tensor that gets reshaped into a matrix: the indices
that get summed over in the next contraction are collected in the first index of this
matrix, and the free indices get reshaped to form the second. The tensor to contract
with gets reshaped into matrix form in a similar way. This way, several indices can
get summed over at the same time by simply using standard matrix multiplication
algorithms. In our implementation, we use the routine NCON [106] that performs all
this reshaping and the multiplication itself.

Our ordering takes D2d2D′2 additions for the first summation, D4dD′2 for the
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second and D4D′2 for the third. A better contraction scheme is

Lk+1 = Lk Bk

k
2

k

3

1

2

3

, (4.29)

where we need D3dD′ + D2d2D′2 + D3dD′ operations. We reduced the scaling in D
from the forth to the third power. This is the optimal order if D >> d,D′. In general,
this scheme is the best order to contract any object with a transfer matrix under
this assumption. The contraction for the right side follows in an analogous way.

To solve the eigenvalue problem, we also need to contract the effective Hamiltonian
with MPS matrices Ak given by the eigenvalue solver. The optimal contraction scheme
is

Hk
effA

k = Bk

k1

2
2

3

3Lk Rk . (4.30)

The number of operations to be performed isD3dD′ +D2d2D′2 +D3dD′. Here again,
the contraction scales as D3. Any algorithm using the whole effective Hamiltonian
as a matrix would need D4 operations for a matrix-vector multiplication.

4.5 Algorithms for periodic boundary conditions
We consider algorithms for MPSs and MPOs with pbc in this section. We start with
a naive generalization of algorithm 2. In section 4.5.1 we show a more efficient imple-
mentation. In both cases, we need to solve a GEP that is discussed in section 4.5.2.
Finally, we present a different approach based on inverting the norm matrix and
solving an ordinary eigenvalue problem, see section 4.5.3.

The simplest way to adapt the algorithm for obc is to add additional legs to the
left- and right sides introduced in section 4.2, for example

L1 = B

1

1

→ Lk . (4.31)

The form of algorithm 2 for obc can be reused when treating the connections between
first and last site as open legs. The contraction scheme for Hk

eff with Ak becomes

Hk
effA

k = W̃

k1

2
2

3

3

3

3

3 3Lk Rk . (4.32)
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The boundaries add an additional cost ofO(D2D′), leading to a total scaling of the
algorithm of O(ND5dD′2). In section 4.5.1 we describe a compression that reduced
the scaling to O(NmD3dD′). The compression factor m is a model dependent
number that only slightly depends on D in many cases, as discussed in the next
section as well.

Another difference in the case of pbc is, that the gauging degrees of freedom
cannot be used to force Nk

eff ≡ 1, as it was possible in the central gauge for obc.
Therefore, Nk

eff has to be explicitly computed. Nk
eff can be constructed in the same

matrix-free form as Hk
eff by replacing the operator W̃ in eq. (4.32) by Ñ as introduced

in section 3.3. Now, a GEP has to be solved. This can lead to numerical instabilities
that can be reduced by using the central gauge, see section 4.5.2. The whole algorithm
with compression and central gauging are presented as algorithm 3.

A different approach, that works more stable in many cases, is to use the inverse
of the effective norm matrix and multiply the GEP from the left with it. In this case,
only the ordinary eigenvalue problem has to be solved. We describe this in more
detail in section 4.5.3.

4.5.1 Sectorized algorithm with compression

The simple approach to use a similar algorithm as for obc with additional outer
legs between sites 1 and N is not very efficient and scales like O(D5). The runtime
can be improved with compression techniques introduced in [22]. A similar method
is used in [24] where many details about the implementation are given. The mass
gap of the spin-1 Heisenberg model is studied with compression in [25]. In [26, 28],
pbc with compression and U(1) symmetry are used to study the correlation and
entanglement properties of the eigenstates of the spin-1

2 XXZ model. A different
optimization algorithm, also with compression and pbc, is used in [23] and applied
to the transverse Ising and the critical Heisenberg model. All implementations are
based on the fact that the singular values of long chains of transfer matrices typically
decay fast, see fig. 4.2. This allows to use only the m most significant singular values
of such a chain in the calculation of Hk

eff and Nk
eff.

Practically, this is done by splitting the chain of sites, that becomes a circle
for pbc, into two sectors. One is the active sector, where the MPS matrices are
optimized, while the matrices in the second, passive sector, are kept constant. The
sectorization is shown in fig. 4.1.

For Hk
eff and Nk

eff we need the contractions of the transfer matrices in the passive
sector. We can see these as a matrix M if we group the open indices at the first and
last sites of the sector. For the compression, instead of calculating M , only the m
most important singular values are kept. This can be done with O(mD3) operations
as shown in appendix C. If we have described the passive sector with a singular value
decomposition M = USV , we can split the chain between S and V . The parts US
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Algorithm 3 Finding the ground state of a Hamiltonian in MPO form, using a
MPS, with pbc and compression
Input: N ; D; (B, W̃ , Ñ): Hamiltonian and norm operators as MPOs; A: Initial
guess for the MPS ground state (e. g., random matrices); convergence tolerance

Output: E: Energy; A: ground state MPS
while convergence tolerance not reached do ▷ main loop

Create two equally sized sectors; sector border chosen randomly ▷ see fig. 4.1
for actsec ∈ sectors do ▷ optimize both sectors

passec← complement(actsec) ▷ see fig. 4.1
k0 ← centralsite(passec)
for k = k0 . . . lastsite(passec) do ▷ gauge passive sector

left gauge Ak
end for
for k = k0 − 1 . . .firstsite(passec) do

right gauge Ak
end for
U,S,V ← truncated SVD of transfer matrices in passec
Lfirstsite(actsec) ← V
Rlastsite(actsec) ← US
for k = lastsite(actsec) . . .firstsite(actsec) + 1 do ▷ Initialize right side

right gauge Ak
Rk−1 ← T k ⋅Ri

end for
for k = firstsite(actsec) . . . lastsite(actsec) do ▷ optimize clockwise

Hk
eff(x)← tr(Lk ⋅ W̃ (k) ⋅Rk) ⋅ x ▷ as in eq. (4.32)

Nk
eff(x)← tr(Lk ⋅ Ñ(k) ⋅Rk) ⋅ x

E,x← Solve Hk
eff(x) = E ⋅Nk

eff ⋅ x for lowest energy
Ak ← normalized, reshaped x
left gauge Ak
Lk+1 ← Lk ⋅ T k

end for
for k = lastsite(actsec) − 1 . . .firstsite(actsec) do ▷ optimize

counterclockwise
Hk

eff(x)← tr(Lk ⋅ W̃ (k) ⋅Rk) ⋅ x ▷ as in eq. (4.32)
Nk

eff(x)← tr(Lk ⋅ Ñ(k) ⋅Rk) ⋅ x
E,x← Solve Hk

eff(x) = E ⋅Nk
eff ⋅ x for lowest energy

Ak ← normalized, reshaped x
right gauge Ak
Rk−1 ← T k ⋅Rk

end for
end for

end while
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k

lastsite(actsec)

firstsite(passec)

k0

active sector actsec

passive sector passec

Figure 4.1: Splitting the chain with pbc into two equally sized sectors. The border
between active and passive sector gets chosen randomly after each full sweep. The
central gauge is achieved by left gauging half of the sites in the passive sector
(yellow), while the rest is right gauged (violet).

and V act as effective boundaries for the active sector:

Hk
eff = V U SB B B BW̃

active sector

Lk Rk

. (4.33)

The number of additional contractions that need to be performed compared
to MPS with obc now reduces from O(D2D′) to O(m). This can be an immense
improvement if only a few singular values are needed to describe the chain. The
overall scaling of the algorithm becomes O(NmD3dD′) which is comparable to MPS
with obc in cases where m does not or only slightly increases in D.

For the Ising model without external field, reference [22] shows that m can be
as small as 4 or even 2 for long chains or transfer matrices of about 50 sites in the
spin-1 case. For spin-1

2 , a truncation at m = 10 is sufficient there. However, [25,
section V] states that for the critical Heisenberg model the parameter m depends
quite significantly on D. A detailed study of the convergence in m is presented in [24,
section 3.1]. For the XXZ model with Jz = 1

2J
x and twisted boundary conditions, it

is claimed that m ≳D. In [26, section IV.A] more than 30 % of the singular values
had to be kept for N = 100 sites in the XXZ model, whereas for N > 150 the possible
reduction of parameters scaled roughly as 1

N2 .
As shown in fig. 4.2, we reproduce the fast decay of the singular values for chains

of transfer matrices. This is true for the converged ground state. If the MPS is still
far from the ground state, m has to be bigger. Our algorithm has the advantage
that m is adapted automatically. The implementation only drops singular values
below a chosen tolerance. We observe that m scaled a bit worse than linearly but
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less than quadratic in D. To be sure that the truncation error depending on m
is not limiting our accuracy, we omit singular values less than 10−10. Even in this
conservative case a reduction of the parameters from D2D′ to m by a factor of about
four to ten is achievable. Moreover, we observe that m decays with longer chains
of transfer matrices, making the compression expedient especially for large N . A
further reduction of the computational costs could possibly be achieved by choosing
a lower tolerance on the singular values in the first sweeps where high accuracy is
not needed.

Calculating the truncated SVD is a resource intensive step that should happen as
rarely as possible. Therefore, we update the MPS matrices in the active sector first
clockwise, then counterclockwise before we switch the role of the two sectors. Thus,
two truncated SVDs have to be performed per sweep. Whenever the update procedure
moves to a new sector, all variables and contractions have to be recalculated. For
this reason there is no advantage in keeping the same sector border. We choose
the border randomly after every sweep to keep the translational invariance of the
optimization. The whole program is shown in algorithm 3.

4.5.2 The Generalized Eigenvalue Problem
To optimize a single MPS matrix, we have to find the lowest eigenvalue and eigenstate
of the GEP (4.9). There are many algorithms and ready-to-use programs for this
purpose. To make advantage of the specific structure of the effective Hamiltonian and
norm, the routine used should work matrix-free: the matrix itself is not needed in
this case but only the results of matrix-vector multiplications with vectors provided
by the GEP algorithm.

Stability issues when solving the GEP in the context of MPS and strategies to
tackle them are summarized in [15, chapter 7.3]. There are two main problems that
cause numerical instability. The first is the fact that due to numerical errors the
matrices Hk

eff and Nk
eff may not be exactly hermitian. We force the hermitian nature

by replacing Hk
effx→ 1

2 (Hk
effx +Hk

eff
†
x) and accordingly for Nk

eff.
The second problem are vectors with negative or zero norm: x†Nk

effx ≤ 0. This
arises because the norm matrix is not calculated exactly. Also, positive norms close
to singular can cause an ill-conditioning of the GEP: small numeric errors cause
eigenvalues of any order, as shown in [107] and [108, section 2.3.5]. Thus, most
implementations of GEP solvers raise an error, do not converge or give wrong results.
All this occurred in our first implementations without any stabilization. Hence, we
tested several techniques to improve the conditioning.

One way to avoid negative eigenvalues is to add a small correction to the norm
operator Nk

eff → Ñk
eff = Nk

eff + ε1 and the effective Hamiltonian Hk
eff →Hk

eff +√
ε1. As

stated in [24, section 2.4], this eliminates the kernel of the norm operator while
introducing an error of order O(√ε). For every site k we start with ε = 0. Whenever
the norm is applied to a vector x, we update ε to ε̃ = max (ε,10−10 − x†Nk

effx

x†x ) before
calculating Ñk

eff. This always ensures that x†Ñk
effx ≥ 10−10x†x.
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(a) Transverse Ising model; D = 40, J = −1, β = −0.1 and N = 100.
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(b) Critical Heisenberg model; D = 30 and N = 28.

Figure 4.2: Decay of singular values Si,i. n transfer matrices were contracted
and transformed by a SVD. Converged ground state MPSs were used. The fast
decay allows for a compression of the contractions by only keeping the m most
significant singular values.
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Another way to stabilize the GEP is to exploit the gauge transformation. One
method that we followed quite closely was suggested in [1, chapter 3.4]. The details
are given in appendix D. However, this procedure did not stabilize the GEP much in
our cases.10 For this reason we do not use this method for the results presented in
chapter 5.

What we find the most successful method to stabilize the GEP is to use the
central gauge as introduced in section 2.3. We use the site k0 at the middle of the
passive sector as the gauging border as shown in fig. 4.1. This way we make sure
that the optimized site k in the active sector is always separated by at least ⌊1

2⌊N2 ⌋⌋
sites from the gauging border. ⌊⋅⌋ denotes rounding off down. Whenever the sector is
changed, we choose the new k0 in middle of the passive sector and re-gauge the MPS
accordingly. The central gauge improves the stability of the problem a lot more than
the previous methods.

To solve the eigenvalue problem, we tried three different programs:

• The MATLAB built-in routine eigs that uses the Lanczos algorithm (namely the
library ARPACK). eigs works well in most cases but needs the norm operator
to be given in matrix form. Therefore, the algorithm scales like O(mD4).

• The program eigifp which bases on the block inverse-free preconditioned
Krylov subspace method [109]. It worked in some cases for obc but frequently
did not converge for pbc. Also, it demands symmetric operators and hence
does not allow the MPS matrices to be complex.

• An eigenvalue solver based on LOBPCG [103]. This routine worked the most
stable and allows a matrix-free implementation. Moreover, the convergence
rate is very good up to a certain accuracy. If higher precision is needed, the
rapidly growing number of iterations makes this routine practically unusable
and methods based on the inversion of the norm matrix can be better, see
section 4.5.3.

With the LOBPCG algorithm without preconditioner we are able to achieve good
results. It is well known that a suitable preconditioner can improve stability and
convergence speed. For example, the even-odd preconditioning in lattice QCD
speeds up the calculations by a factor of more than two [110]. Applying popular
preconditioners [111, chapter 10] or finding suitable ones, specifically for tensor
networks, could possibly improve stability and convergence further; this is, however,
beyond the scope of this thesis.

For higher accuracies, where LOBPCG converges too slowly, other strategies like
the one discussed in the next section have to be applied. We use a hybrid method:
the algorithm with compression and LOBPCG as a GEP solver is used first. The
convergence tolerance is chosen low to allow many sweeps with little computational

10An ill-conditioned norm operator leads to ill-conditioned matrices U1 and V 1 as introduced in
eq. (D.3). Thus their eigenvalues spread over many orders and the conditioning problem is only
transferred from the operators to the gauge transformations.
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time. After this first approximation of the ground state, the accuracy is improved by
using the techniques presented in the next section.

To check the convergence of the algorithm, the relative improvement ∆E =
Esweepnum−Esweepnum−1

Esweepnum
gets calculated. Once its absolute value falls below a limit of∣∆E∣ ≤ 10−10 convergence is assumed.

For the eigenvalue solver we define a tolerance for the residual ∥Hk
effx −ENk

effx∥,
where E and x are the approximate solutions found by the solver. The vectors x are
assumed to be normalized here: x†Nk

effx = 1. If the residual becomes less than the
tolerance, convergence of the eigenvalue solver is assumed. We choose the tolerance
to be 10−4 initially. After every sweep we adapt it to ∣∆E∣

100N if this is lower than the
previous tolerance. This way we achieve fast calculations in the first sweeps and high
precision in the end, when the convergence tolerance for the eigensolver becomes of
the order of 10−14 in typical cases.

4.5.3 (Pseudo-) inverting the norm
Solving the GEP causes numerical instabilities and convergence problems as discussed
in the previous section. There is a way to avoid this: we can multiply the generalized
eigenvalue eq. (4.9) from the left by the inverse of the norm operator. This reduces
the problem to a normal eigenvalue problem that numerically behaves much better:

Hk
effA

k = ENk
effA

k ⇔ (Nk
eff)−1

Hk
eff´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶Hinv

Ak = EAk ⇔ HinvA
k = EAk. (4.34)

The crucial additional step is to construct the inverse of the norm (Nk
eff)−1. We

calculate Nk
eff in matrix form and use the MATLAB function pinv to invert it by

calculating the Moore-Penrose pseudoinverse [112]: a SVD of the matrix Nk
eff = USV

is performed; with the definition

S̃−1
i,i = ⎧⎪⎪⎨⎪⎪⎩

1
Si,i

Si,i > tolerance
0 Si,i ≤ tolerance

(4.35)

the pseudoinverse is (Nk
eff)−1 = V †S̃−1U †. (4.36)

By omitting singular values less than a given tolerance, contributions with a norm
below this tolerance are neglected. We choose the tolerance to be 10−12. For many
cases, however, no actual truncation of the singular values has to be done because
the norm matrix is well-conditioned thanks to the central gauge.

The whole algorithm using the inverse of the norm is sketched in algorithm 4.
Whenever the combination (Nk

eff)−1
Hk

effx has to be computed, we first calculate
the vector Hk

effx just like in section 4.5.1. Then, this vector gets multiplied by
the previously calculated (Nk

eff)−1 in matrix form. The lowest eigenvalue and the
corresponding eigenvector of the ordinary eigenvalue problem are found using the
MATLAB routine eigs.
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Computing the norm matrix is a computationally demanding step; this is why we
reuse previously contracted parts. First, we compute the contractions of the MPS
matrices and their conjugates according to the scheme

Npass = 1
2

3
3

4

5
5 . . . . (4.37)

For the clockwise optimization, we start at site k being the first site of the active
sector. We set N sec ≡ Npass initially. The whole norm Nk

eff is obtained by contracting
N sec with the MPS matrices and their conjugates in the active sector. This happens
counterclockwise up to site k + 1 with scheme (4.37) appropriately.

After the optimization, we update N sec by contractions with the optimized matrix
Ak and its conjugate. Then, the norm matrix for site k + 1 is achieved by contracting
N sec counterclockwise in the active sector up to site k + 2. This procedure gets
repeated until the end of the active sector is reached. For the counterclockwise
optimization, N sec is reset to Npass and the process is repeated in inverse direction.

One sweep of this algorithm takes 2 (N2 )2 + 2N − 4 contractions of a matrix with
a MPS matrix and its conjugate.11 Every such contraction is done using 2D5d

operations, leading to an overall scaling of O((N2 )2
D5d). This is worse than the

O(NmD3dD′) asymptotics of calculating the effective Hamiltonian as well as of the
whole GEP algorithm in both, N and D. However, for N ≲ 100 and D ≲ 40 as used
in typical simulations, the runtimes of both algorithms are similar. Especially if high
accuracy is needed, the GEP algorithms needs many iterations of the GEP solver
and thus becomes slower than the algorithm presented in this chapter.

11We suppose N to be even here for simplicity. N
2 contractions are needed in the passive sector.

For the optimization of the first site in the active sector, (N2 − 1) additional contractions have to
be performed. For the second site, one contraction with the first site is needed; afterwards, (N2 − 2)
contractions are left. Following this scheme, once Npass is given, there are (N2 − 1)+ [(N2 − 2) + 1]+
⋅ ⋅ ⋅ + [(N2 − N

2 ) + 1] = 1
2 (N2 )

2
+ 1

2
N
2 − 1 contractions to be performed for the clockwise, and the same

number for the counterclockwise optimization. Including the contractions in the passive sector and
the fact that in every sector there is a clockwise and a counterclockwise optimization, an overall of
N
2 + 2 [ 1

2 (N2 )
2
+ 1

2
N
2 − 1] = (N2 )

2
+N − 2 contractions are needed. Another factor two arises from

the fact that the role of the sectors has to be switched for a whole sweep.
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Algorithm 4 Finding the ground state with pbc through pseudo-inverting the norm
Input: N ; D; (B, W̃ , Ñ): Hamiltonian and norm operators as MPOs; A: Initial
guess for the MPS ground state (e. g., random matrices); convergence tolerance

Output: E: Energy; A: ground state MPS
while convergence tolerance not reached do ▷ main loop

Create two equally sized sectors; sector border chosen randomly ▷ see fig. 4.1
for actsec ∈ sectors do ▷ optimize both sectors

Initialize actsec, passec, R and L and gauge states as in algorithm 3
Npass = 1
for k = firstsite(passec) . . . lastsite(passec) do ▷ Calculate Npass

Npass = Npass ⋅Ak ⋅A∗k ▷ as in eq. (4.37)
end for
Nsec ← Npass
for k = firstsite(actsec) . . . lastsite(actsec) do ▷ optimize clockwise

Nk
eff ← Nsec

for l = lastsite(actsec) . . . k + 1 do ▷ Calculate Nk
eff

Nk
eff ← Al ⋅A∗l ⋅Nk

eff ▷ as in eq. (4.37)
end for
Hk

eff(x)← tr(Lk ⋅ W̃ (k) ⋅Rk) ⋅ x ▷ as in eq. (4.32)
reshape Nk

eff to matrix form
N−1

eff ← pseudoinverse of Nk
eff

E,x← Solve N−1
eff ⋅Heff(x) = E ⋅ x for lowest energy

Ak ← normalized, reshaped x
left gauge Ak
Lk+1 ← Lk ⋅ T k
Nsec ← Nsec ⋅Ak ⋅A∗k

end for
Nsec ← Npass
for k = lastsite(actsec) − 1 . . .firstsite(actsec) do ▷ opt. counterclockwise

Nk
eff ← Nsec

for l = firstsite(actsec) . . . k − 1 do ▷ Calculate Nk
eff

Nk
eff ← Nk

eff ⋅Al ⋅A∗l ▷ as in eq. (4.37)
end for
Hk

eff(x)← tr(Lk ⋅ W̃ (k) ⋅Rk) ⋅ x ▷ as in eq. (4.32)
reshape Nk

eff to matrix form
N−1

eff ← pseudoinverse of Nk
eff

E,x← Solve N−1
eff ⋅Heff(x) = E ⋅ x for lowest energy

Ak ← normalized, reshaped x
right gauge Ak
Rk−1 ← T k ⋅Rk

Nsec ← Ak ⋅A∗k ⋅Nsec
end for

end for
end while
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Chapter 5

Numerical Results

In this chapter we present numerical studies applying the algorithms for obc and pbc
described in chapter 4. All programs are implemented in MATLAB. We calculate the
ground state energy of the critical Heisenberg model (see section 3.2) with pbc. In
section 5.1 we discuss the results and examine the convergence in the bond dimension.
We also investigate the transverse Ising model (see section 3.1) with both, obc and
pbc (section 5.2). In section 5.2.1 we compare the different boundary conditions
and their according variational algorithms for varying external field strengths. This
allows to see how the accuracy changes depending on the bond dimension and on
how far from the critical point the parameters are chosen. As expected, the bond
dimension has to increase close to the critical point. However, even for the critical
system high accuracies are reached. For small bond dimensions pbc lead to much
better accuracies while obc are superior for large D. Finally, we investigate the
volume dependency of the energy density in section 5.2.2. With obc an accurate
infinite volume limit can only be achieved by extrapolation. The finite size effects
of pbc are far less than for obc. Therefore, the thermodynamic limit of the energy
density is already reached with relatively small volumes.

5.1 The critical Heisenberg model with periodic
boundary conditions

We calculate the ground state energy of the critical Heisenberg model with pbc
and N = 28 as defined in eq. (3.12) and in the caption of fig. 5.1. The energies get
compared to accurate values obtained using Lanczos methods [113]. Figure 5.1 shows
our results as well as those of Verstaete et al. who did analogues calculations using
MPSs with pbc [21].

We define the error of our method as the relative difference E(D)−Eexact∣Eexact∣ to the
result Eexact = (−0.4442017) ⋅ (4 ⋅ 28) in [113]. In that reference only the first digits of
precise calculations are given, corresponding to an uncertainty of the order 10−7. For
a small bond dimension of D = 10 the accuracy of our algorithm reaches 6.5 ⋅ 10−5.
By increasing D the errors shrink exponentially. With D = 30 the accuracy becomes
of order 10−8. This is the best we can reach in this study because of the uncertainty
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Figure 5.1: Critical Heisenberg model with pbc, N = 28 and varying bond di-
mension: H = ∑

N
k=1 (σ

x
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x
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k+1 + σ

z
kσ

z
k+1). Exact energies Eexact from [113]

with a precision of order 10−7. Comparison to Verstaete et al. [21].

of the reference.
The improvement with increasing bond dimension is exactly what we expect: the

larger D the more singular values of the ground state can be captured. Following
the discussion in section 2.4.2 it is, however, surprising how good the results are. For
a critical model we would expect a logarithmic scaling of the entanglement, whereas
the entanglement of a MPS stays constant. Still, our calculations show that very
accurate studies are possible if D is chosen sufficiently large enough.

As shown in fig. 5.1, our results are comparable to those of [21] where a similar
MPS-based algorithm without compression was used. The exponential decaying of
the error with D can also be seen there. Nevertheless, the errors in [21] are smaller
than ours for all bond dimensions. The following factors could be reasons that limit
our accuracy:

• numerical precision: we use complex doubles for our calculations. Taking into
account that many matrix multiplications have to be done to calculate the
effective Hamiltonian and norm, the accuracy might be increased using complex
quadruple precision numbers.

• truncated SVD: As described in section 4.5.1, the effective Hamiltonian and
norm are not calculated exactly. Instead, for half of the sites (here: 14) the
contractions of the MPO with the corresponding MPS is represented by a
truncated SVD. So only the most significant singular values (larger than 10−10)
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of the contractions contribute. This tolerance is chosen very carefully and does
not seem to be the main factor limiting the accuracy.
To test this we calculate y =Hk

eff ⋅ x for random vectors x with the truncated
SVD and compare it to a calculation with explicit contractions yexp of all sites.
The error ∣1 − y†⋅yexp

y†
exp⋅yexp ∣ introduced through the SVD method is of order 10−14

and should, therefore, not be the main contribution to the relative error.

• solving the eigenvalue problem: in our implementation we use an eigenvalue
solver based on LOBPCG [103]. An advantage is that explicit matrices (Hamilto-
nian and norm) are never needed, only their action on a set of vectors that can
be calculated very efficiently. Also, the MATLAB implementation works much
more stable for the GEP than methods based on the Lanczos algorithm (the
MATLAB routine eigs based on ARPACK) or block inverse-free preconditioned
Krylov subspace methods (program eigifp) [109]. The accuracy can be limited
by a badly conditioned norm matrix. We use the central gauge to improve the
conditioning and do the last sweeps with an inversion of the norm matrix as
explained in section 4.5.3. Still, improvements might be possible by using a
suitable preconditioner and/or a different eigenvalue solvers.

We consider the numerical precision as well as the remaining conditioning prob-
lems, that lead to errors in the solutions of the GEP, to be the main causes of the
limited accuracy compared to [21]. However, this can only be verified by comparing
our method to the details of the implementation in [21] that are not available to us.

5.2 The transverse Ising model with open and pe-
riodic boundary conditions

We calculate the ground state energy of the transverse Ising model introduced in
eq. (3.4). The energy scale gets fixed to be J = −1 whereas the external field strength
β is varied. The Hamiltonian becomes

H = −∑
k

σxkσ
x
k+1 + β ⋅ N∑

k=1
σzk. (5.1)

By choosing β close to the critical point at β = −1 and far from it, different entangle-
ment scalings can be studied in one model. We compare results of the algorithms
introduced in chapter 4 for obc and pbc. With obc we mean a MPO Hamiltonian
with obc (no term σxNσ

x
1), MPS with obc and the algorithm for obc. pbc accordingly

denote the boundary conditions for the MPO and MPS and the implementation for
this case.

5.2.1 Dependence on the external field
We vary the strength of the external field from 0 to −2.5. Calculations for obc and
pbc with different bond dimensions between D = 2 and 40 are performed. For obc
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Figure 5.2: Transverse Ising model with N = 100: H = −∑k σ
x
kσ

x
k+1 + β ⋅∑

N
k=1 σ

z
k.

Shown are the relative errors as a function of the bond dimension and the external
field β.
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Figure 5.3: Transverse Ising model with N = 100: H = −∑k σ
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Shown are the relative errors as a function of the bond dimension. Different lines
correspond to different external field strengths β.
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the energies are compared to a calculation done with a bond dimension of 100 where
very accurate energies can be expected. With pbc the exact finite volume energies
Eexact for N = 100 are calculated according to the analytical results in [114] as a
reference point.

Figures 5.2 and 5.3 show the relative errors E(Dmax)−E(Dmax=100)∣E(Dmax=100)∣ for obc and
∣E(D)−Eexact

Eexact
∣ for pbc. Figure 5.2 is a 3D plot of the relative error of the ground state

energy depending on the bond dimension and the external field. Figure 5.3 shows
the same data in a 2D projection: different curves represent different parameters β.

In case of obc the accuracy increases with larger bond dimensions until an error of
the order 10−14 is reached. The closer β gets to the critical point at β = −1, the slower
the relative error decreases in D. Thus, a bigger bond dimension is needed close to
the phase transition. This is what we expect due to the discussion in section 2.4.2.

Considering pbc a similar picture arises. However, the relative error only decays
to an order of 10−10 and even increases slightly for large bond dimensions. We expect
the same reasons as discussed for the critical Heisenberg model in section 5.1 to
cause this behavior. For big bond dimensions the norm matrices can become worse
conditioned and more singular values get omitted by the compression. Also numerical
errors increase with the dimensions of the tensors that need to be contracted.

Summarizing, we are able reach a high precision with our MPS-based algorithms
in the whole parameter space, even for the critical system. Comparing obc and pbc
the latter reaches a much superior accuracy for small bond dimensions (note the
different scales in figs. 5.3a and 5.3b) whereas obc result in better behavior for large
bond dimensions.

5.2.2 Volume scaling and infinite volume limit
In many applications, notably in condensed matter and high energy physics, one is
interested in the volume effects when simulating finite lattices and wants to get close
to the infinite volume limit. Therefore, we investigate the scaling behavior of the
ground state energy density E

N of the transverse Ising model. For both, obc and pbc,
we choose several volumes from N = 10 to N = 500 and different bond dimensions
from D = 2 to D = 10. We keep J = −1 fixed and choose the external field at the
critical point β = −1.0, close to it at β = −1.1 and far from it with β = −0.1.

The results for an external field of β = −1.1 are shown in fig. 5.4. It is obvious that
we obtain energy densities much closer to the exact value in the infinite volume limit
(black cross in the figure) with pbc compared to obc. Let us consider the relative
error in the energy densities compared to the infinite volume limit ∣E(N)−E(∞)E(∞) ∣. Even
for the smallest volume N = 10 and a bond dimension of D = 2, this relative error
is only 1.9 ⋅ 10−3 for pbc while it is 2.2 ⋅ 10−2 with obc. For D = 5 and N = 200 the
precisions even become 3.4 ⋅ 10−6 (pbc) and 1.1 ⋅ 10−3 (obc). This shows that the
model with pbc converges much faster to the infinite volume limit than obc.

For a fair competition we also have to take into account the more costly com-
putations in case of pbc. The computational time to obtain the data points is
compared to their precision in fig. 5.5. It shows that the algorithm for pbc results in
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Figure 5.4: Volume effects of the transverse Ising model’s ground state with
J = −1 and an external field of β = −1.1 for obc (circles) and pbc (x) with different
bond dimensions D: H = −∑k σ

x
kσ

x
k+1 − 1.1 ⋅∑Nk=1 σ

z
k. The obc values are linearly

extrapolated to the limit D →∞ for every chain length N (red crosses). With
these results a linear extrapolation to the limit N →∞ is performed (red line).
The analytical results (black curve) for pbc as well as the continuum limit (black
x) are calculated on basis of [114].

energy densities closer to the infinite volume limit than obc at points of comparable
computational time. However, we have to keep in mind that the bond dimensions
are quite small and the worse scaling in computational time of pbc compared to obc
might change this picture for models where larger values of D are needed.

The discussion so far showed that the data points for finite volume and bond
dimensions are way closer to the thermodynamic limit if we choose pbc. However, a
full analysis of a model would include extrapolations in both variables. In fig. 5.6
we compare the convergence in the (inverse) bond dimension for obc and pbc at
N = 100. For both boundary conditions the energy density scales linearly in the
inverse bond dimension for D ≥ 4. A linear extrapolation to D →∞ with the same
three data points (D ∈ {4,5,10}) results in relative errors of 2.1 ⋅ 10−3 (obc) and−8.5 ⋅ 10−6 (pbc) compared to the analytical infinite volume limit. Here again, pbc
lead to significantly more accurate results. Similarly, we find linear scaling and more
accurate pbc extrapolations for all lattice sizes simulated. One could, however, also
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Figure 5.5: Computational time to find the ground state energy density of the
transverse Ising model with J = −1 and an external field of β = −1.1: H =

−∑k σ
x
kσ

x
k+1 − 1.1 ⋅∑Nk=1 σ

z
k. Shown are the relative errors of the energy density

compared to the exact value E∞ (see [114]) for obc (circles) and pbc (x) with
different bond dimensions D and volumes N (not distinguishable in the figures).
The computation is done on an Intel(R) Xeon(R) E5-2640 v3 @ 2.60GHz CPU
with 64 GB of memory.

try to fit a power law behavior that was shown to be an upper bound of the scaling
in the truncation error of a ground state [100, 101].

After the extrapolation to D →∞, we linearly extrapolate to the infinite volume
limit in case of obc. This cannot be done for pbc because there is no linear scaling
in the inverse lattice size for N ≤ 100. This is not due to the MPS approach but a
property of the transverse Ising model with pbc. The analytical functional form is
shown as black line in fig. 5.4 and is clearly not linear. Using a fixed large volume
and no volume extrapolation seems to be more reasonable and leads to better results
than a linear fit.

The situation looks much different considering obc. There, the energy density
scales in a linear way in the inverse bond dimension over the full range of lattice
sizes we used. A linear fit is, therefore, legitimate and leads to a relative error of−9.7 ⋅ 10−7 on the extrapolated energy density. This is comparable to the accuracy
with pbc at a fixed volume of N = 100.

When changing the external field, the qualitative picture stays the same. The
results and computational costs for β = −0.1 and β = 1.0 are appended (figs. F.1
to F.3). Far from the critical point at β = −0.1 the energy densities with pbc are
drastically closer to the infinite volume limit. The relative error is 8 orders of
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Figure 5.6: Ground state energy density of the transverse Ising model with J = −1
and an external field of β = −1.1: H = −∑k σ

x
kσ

x
k+1 − 1.1 ⋅∑Nk=1 σ

z
k. Scaling in the

bond dimension at a fixed chain length of N = 100. Comparison between obc
(circles) and pbc (x); extrapolation to D →∞ (red for obc, magenta for obc. Only
the blue data points are used for the extrapolation.).

magnitude smaller for pbc than for obc at the largest volumes. The improvement
even grows to 12 orders of magnitude when the system size shrinks to N = 10. Closer
to the phase transition at β = −1.1 pbc still result in 1 to 4 orders of magnitude
lower relative errors. At the critical point itself the advantage is just a tendency, pbc
energy densities are about a factor of 10 closer to the limit N →∞ for all system
sizes. We conclude that pbc resemble the infinite volume limit better than obc,
especially far from critical points.

The accuracies of the different extrapolations are summarized in table 5.1. For
any external field the results of pbc at a fixed volume lead to errors comparable to
obc with an infinite volume extrapolation. Thus, the finite size effects are much less
with pbc where no extrapolation is needed. The limit D →∞ improves the accuracy
with obc by about one order of magnitude compared to a fixed value of D = 4.

Far from the critical point we were able to calculate the infinite volume energy
density very accurately. With pbc we got an error of only 10−10 at N = 100 whereas
obc with extrapolation results in errors of the size of machine precision. At the
critical point the errors grow. This is what we expect due to the entanglement
structure discussed in section 2.4. Still, our methods lead to good approximations
with an error of about 10−5. For the configuration β = −1.1 close to the critical point
the accuracies are in between.

55



CHAPTER 5. NUMERICAL RESULTS

β exact energy density E∞
pbc

D →∞
N = 100

obc
D →∞
N →∞

obc
D = 4
N →∞−0.1 −1.0025015664215842 −3.5 ⋅ 10−10 2.7 ⋅ 10−15 2.2 ⋅ 10−16

−1.0 −1.2732395447351628 −9.3 ⋅ 10−5 8.6 ⋅ 10−5 1.6 ⋅ 10−4

−1.1 −1.3428640227251269 −8.6 ⋅ 10−6 −9.7 ⋅ 10−7 1.6 ⋅ 10−5

Table 5.1: Energy density of the transverse Ising model with J = −1 and different
external field strengths β: H = −∑k σ

x
kσ

x
k+1 +β ⋅∑

N
k=1 σ

z
k. Shown are the analytical

values of the energy density E∞ (see [114]) and relative errors E−E∞∣E∞∣ for different
methods: MPS with pbc, extrapolated to infinite bond dimension at fixed volume;
obc with extrapolated bond dimension and extrapolated volume; obc at fixed
bond dimension and extrapolated volume.
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Chapter 6

Conclusion and perspectives

In this thesis we have used variational optimization algorithms based on Matrix
Product States (MPSs) and Matrix Product Operators (MPOs) to find the ground
states of the transverse Ising and the critical Heisenberg model. High accuracies of
the calculated energies have shown that tensor networks and MPSs in particular
are well-suited to capture the physically relevant subspace of the Hilbert space to
describe ground states and to perform precise calculations with limited computational
resources. This has been in good agreement with the many successful applications of
tensor networks mentioned in chapter 1 and the fact that the entanglement entropies
of ground states of gapped Hamiltonians fulfill an area law, just like MPSs. However,
we have also calculated the ground states of critical systems, where the area law is
violated. This has been possible with high accuracies at moderate bond dimensions
of D ≤ 40. Yet, the errors at constant bond dimension have grown the closer we have
moved to the critical point, as theoretically expected.

We have implemented algorithms for different boundary conditions: open bound-
ary conditions (obc) and periodic boundary conditions (pbc). To gain runtimes
competitive to obc algorithms, we have used compression techniques for pbc inspired
by [22, 24, 25]. A problem arising with pbc is a possible instability of the algorithm
due to an ill-conditioned norm matrix in the Generalized Eigenvalue Problem (GEP)
that needs to be solved [15]. We have tested several stabilization methods. The
central gauge and pseudo-inverting the norm turned out to be the most effective
ones.

For the critical Heisenberg model with pbc we have seen that the error of the
ground state energy decays exponentially in the bond dimension. We have been able
to reproduce energies close to previous results [21]. Moreover, a direct comparison of
obc and pbc has been studied in the transverse Ising model. Accurate ground state
energies have been obtained with both. It has been observed that pbc algorithms
converge much faster in the bond dimension. However, numerical errors have resulted
in inaccurate energies for large D, where obc have become superior. Finally, we have
investigated the finite volume behavior of both boundary conditions. The energy
densities with pbc have been very close to the thermodynamic limit N →∞ at small
system sizes of N ≈ 100 already. Our implementation with pbc and compression has
led to better approximations of the thermodynamic limit than obc at comparable

57



CHAPTER 6. CONCLUSION AND PERSPECTIVES

computational times. Finite volume effects have been much larger with obc and an
accurate thermodynamic limit has only been possible by extrapolating in system
size. We conclude that MPSs with pbc can be competitive or even superior to the
widely used obc, especially if one is interested in the infinite volume limit.

Our studies have been restricted to ground states. By projecting the ground state
out of the Hilbert space, it is possible to use the presented algorithms to find excited
states as well [1–3].

After the great success of tensor networks in condensed matter physics, the interest
in other fields has grown in the last years. In lattice Quantum Chromodynamics
(QCD) there have been applications, mostly based on MPSs, that demonstrated the
applicability of tensor networks in this field [8]. This is particularly promising in cases
in which Monte Carlo methods suffer from the sign problem. The tensor network-
based techniques available can be used for further studies of QCD. Algorithms with
pbc can help to find the infinite volume and continuum limits of quantum field
theories on the lattice. Furthermore, Projected Entangled Pair States (PEPSs),
Multi-scale Entanglement Renormalization Ansatzes (MERAs) and other tensor
networks can be used to study gauge theories in higher spatial dimensions. Networks
describing fermions [77, 78] and gauge fields [80–84] have been developed. Improved
algorithmic methods make problems in higher dimensions solvable with limited
computer resources [69, 85–89]. These advances pave the way to studying QCD in
two and three spatial dimensions.

The combination of tensor networks and quantum information theory has also
developed promising attempts to evaluate gauge theories on quantum simulators
and quantum computers [64]. Classical algorithms with tensor networks on the one
hand and quantum computation on the other hand are complementary methods to
achieve a common goal: to understand the phase diagram, real time dynamics and
other properties of QCD that cannot be accessed by Monte Carlo.
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Appendix A

Singular Value Decomposition
using the Schmidt theorem

We use the Schmidt Theorem [115], that is put in context of quantum information
in [116] and [117, section 2.5], to show that we can always perform a SVD on a state.
The singular values are equal to the Schmidt coefficients and the unitary matrices U
and V correspond to transformations between physical and Schmidt basis.

Let ∣ψ⟩ be a pure state of a composite system LR and ∣α⟩ as well as ∣β⟩ complete
orthonormal bases in L and R respectively. Then, the Schmidt Theorem states that
there exist orthonormal states ∣ΦL

γ ⟩ and ∣ΦR
γ ⟩ in L and R such that

∣ψ⟩ =∑
α,β

cα,β ∣α⟩ ∣β⟩ (A.1)

= r∑
γ=1

λγ ∣ΦL
γ ⟩ ∣ΦR

γ ⟩ . (A.2)

The Schmidt coefficients λγ are positive, non-zero numbers; r ≤ min (dim(L),dim(R))
is the rank of the Matrix cα,β. We can express the vectors ∣ΦL

γ ⟩ and ∣ΦR
γ ⟩ as linear

combinations in our original bases:

∣ΦL
γ ⟩ = dim(L)∑

α=1
Uα,γ ∣α⟩ , (A.3)

∣ΦR
γ ⟩ = dim(R)∑

β=1
Vγ,β ∣β⟩ . (A.4)

Inserting these substitutions in eq. (A.2), we obtain the form of a SVD by setting
the singular values in S to the Schmidt coefficients:

∣ψ⟩ = r∑
γ=1

λγ
r∑
α=1

Uα,γ ∣α⟩ r∑
β=1

Vγ,β ∣β⟩ = r∑
α,γ,β=1

Uα,γSγ,γVγ,β ∣α⟩ ∣β⟩ . (A.5)

We still have to proof that V is row-orthogonal, V V † = 1 and U is column-orthogonal,
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SCHMIDT THEOREM

U †U = 1. This follows from the orthonormality of ∣ΦL
γ ⟩ and ∣ΦR

γ ⟩:
1γ̃,γ = ⟨ΦL

γ̃ ∣ΦL
γ ⟩ = ∑̃

α

⟨α̃∣U †
γ̃,α̃∑

α

Uα,γ ∣α⟩ = ∑̃
α,α

U †
γ̃,α̃Uα,γ ⟨α̃∣α⟩²

1α̃,α

=∑
α

U †
γ̃,αUα,γ (A.6)

1γ̃,γ = ⟨ΦR
γ̃ ∣ΦR

γ ⟩ = ∑̃
β

⟨β̃∣V †
β̃,γ̃
∑
β

Vγ,β ∣β⟩ = ∑̃
β,β

Vγ,βV
†
β̃,γ̃

⟨β̃∣β⟩²
1β̃,β

=∑
β

Vγ,βV
†
β,γ̃. (A.7)

We saw that the SVD is nothing but a Schmidt decomposition. The singular values are
equal to the Schmidt coefficients and the matrices U and V are basis transformations
between the physical and the Schmidt basis.
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Appendix B

Matrix Product Operator of the
transverse Ising model with four
sites and open boundary
conditions

This example shows how to construct a MPO for the transverse Ising model with
four sites and obc. Identity operators 1 in products with Pauli matrices are omitted
for readability. Products of operators are Kronecker products ⊗.
HN=4

Ising⊥ = J (σx1σx2 + σx2σx3 + σx3σx4) + β (σz1 + σz2 + σz3 + σz4) (B.1)

= (1 Jσx1 βσz1)⎛⎜⎝
J (σx2σx3 + σx3σx4) + β (σz2 + σz3 + σz4)

σx2
1

⎞⎟⎠ (B.2)

= (1 0 0)⎛⎜⎝
1 Jσx1 βσz1
0 0 σx1
0 0 1

⎞⎟⎠
⎛⎜⎝
J (σx2σx3 + σx3σx4) + β (σz2 + σz3 + σz4)

σx2
1

⎞⎟⎠ (B.3)

= ⎛⎜⎝
1
0
0

⎞⎟⎠
T ⎛⎜⎝

1 Jσx1 βσz1
0 0 σx1
0 0 1

⎞⎟⎠
⎛⎜⎝
1 Jσx2 βσz2
0 0 σx2
0 0 1

⎞⎟⎠
⎛⎜⎝
Jσx3σ

x
4 + β (σz3 + σz4)

σx3
1

⎞⎟⎠ (B.4)

= ⎛⎜⎝
1
0
0

⎞⎟⎠
T ⎛⎜⎝

1 Jσx1 βσz1
0 0 σx1
0 0 1

⎞⎟⎠
⎛⎜⎝
1 Jσx2 βσz2
0 0 σx2
0 0 1

⎞⎟⎠
⎛⎜⎝
1 Jσx3 βσz3
0 0 σx3
0 0 1

⎞⎟⎠
⎛⎜⎝
βσz4
σx4
1

⎞⎟⎠ (B.5)

= ⎛⎜⎝
1
0
0

⎞⎟⎠
T ⎛⎜⎝

1 Jσx1 βσz1
0 0 σx1
0 0 1

⎞⎟⎠
⎛⎜⎝
1 Jσx2 βσz2
0 0 σx2
0 0 1

⎞⎟⎠
⎛⎜⎝
1 Jσx3 βσz3
0 0 σx3
0 0 1

⎞⎟⎠
⎛⎜⎝
1 Jσx4 βσz4
0 0 σx4
0 0 1

⎞⎟⎠
⎛⎜⎝

0
0
1

⎞⎟⎠
(B.6)

This is exactly the form of the MPO in eq. (3.8).
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Appendix C

Truncated Singular Value
Decomposition

Our objective is to find an approximate SVD of a given matrix M of dimensions(a × b), where we suppose a ≥ b; if a < b we can transpose all matrices and equations
while using a similar algorithm. The goal is to calculate only the m most significant
singular values and to control the error that arises by dropping the others. All this
shall be done efficiently, without calculating the full SVD of M .

First, we search for a matrix Q of dimensions (a×m) with orthonormal columns,
such that the error ε = ∥(1 −QQ†)M∥ is small.12 If we found such a matrix, we
can approximate M by QQ†M with error ε. As a next step after constructing Q,
we calculate the SVD of z ∶= Q†M : z = ŨSV . Finally, the truncated SVD of M is
M = QQ†M = Qz = QŨSV = USV where U ∶= QŨ .

With such an algorithm we can calculate the truncated SVD of M : M = USV .
The error is ε = ∥M −USV ∥ and depends on the choice of Q. The dimension of
S is now (m ×m), so we have only kept m singular values as desired. When we
calculate such a truncated SVD, there is always a trade-off between a low number m
of singular values calculated and a small error ε. Usually, we want to control ε and
use as many singular values as needed to reach this error.

An algorithm that constructs Q for a given error is described in [118, §4.4]. It
uses randomized vectors to construct as many columns of Q as needed to reach an
error smaller than a given tolerance ε with probability 1 − 10−r. r is an integer given
as input. We choose ε = 10−10 and r = 10. The algorithm works matrix-free and only
needs Mw to be calculated. This is done m times. If M is a chain of n transfer
matrices and the product Mw is calculated in an efficient way,13 the scaling becomesO(nmD3dD′).

12Here and in the following the `2 operator norm is used.
13see section 4.4.
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Appendix D

Stabilizing the Generalized
Eigenvalue Problem by re-gauging

We want to stabilize the GEP by re-gauging the states in a way in which the norm
operator Nk

eff gets close to the identity. Our approach closely follows the suggestion
in [1, chapter 3.4]. We do a gauge transformation on the MPS matrices at site k as
shown in section 2.3:

Akαk,sk,αk+1 → ∑
α̃k,α̃k+1

X−1
αk,α̃k

Y −1
αk+1,α̃k+1

Akα̃k,sk,α̃k+1
. (D.1)

The transformation of the norm under the re-gauging is

Nk
eff(βk,s̃k,βk+1),(αk,sk,αk+1) →∑β̃k,β̃k+1,α̃k,α̃k+1

X ∗̃
βk,βk

Y ∗̃
βk+1,βk+1

Nk
eff(β̃k,s̃k,β̃k+1),(α̃k,sk,α̃k+1)Xα̃k,αkYα̃k+1,αk+1

. (D.2)

We aim to use the gauge transformations X and Y in order to bring Nk
eff close to

the identity operator. As a first step, we reshape the indices and do a SVD of the
spin-independent part:

Nk
eff(βk,s̃k,βk+1),(αk,sk,αk+1) =∑

λ

U(βk,αk),λSλ,λVλ,(βk+1,αk+1) ⊗ 1s̃k,sk . (D.3)

The reason why we can use the gauge freedom to make Nk
eff ≡ 1 in the case of obc is

that the left and right sides decouple and S only contains one singular value. For
pbc this is not true anymore, but we can do a similar gauging for the left (U) and
right (V ) sides with the largest singular value. Thus, if the singular values decay
fast enough, as expected for long spin chains, the norm matrix gets close to identity
as claimed. We demand

U(βk,αk),1 =∶ U1
βk,αk

→ 1βk,αk , V1,(βk+1,αk+1) =∶ V 1
βk+1,αk+1

→ 1βk+1,αk+1 . (D.4)

To fulfill these conditions, we calculate the eigendecompositions of U1 and V 1.

U1 = QUDUQ
†
U V 1 = QVDVQ

†
V (D.5)
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LEM BY RE-GAUGING

Now we can chose the gauge transformations to be

X = QUD
− 1

2
U , V 1 = QVD

− 1
2

V . (D.6)

The inverse square-root D− 1
2

U/V = √
D−1
U/V can be calculated easily elementwise because

DU/V is diagonal and real14. By applying the pseudoinverse instead of the inverse, the
kernel ofNk

eff can also be eliminated in this step.15 The choice of gauge transformations
fulfills the conditions (D.4):

U1 →X†U1X =D− 1
2

U Q†
UQUDUQ

†
UQUD

− 1
2

U =D− 1
2

U DUD
− 1

2
U = 1 (D.7)

and analogously for V 1.
With these steps we can construct gauge transformations X and Y that lead to

better conditioning of the norm operator. The transformations are applied to Nk
eff

and Hk
eff according to eq. (D.2) before the eigenvalue problem is solved. When moving

to the next site, we have to either transform all stored operators due to the gauge
transformation or bring the optimized matrix at site k back to the previous gauge
by Akαk,sk,αk+1 =Xαk,α̃kYαk+1,α̃k+1Ã

k
α̃k,sk,α̃k+1

, where Ãk is the solution of the re-gauged
eigenvalue problem.

14This follows from the fact that Nk
eff is hermitian and, therefore, also U1 and V 1.

15The pseudoinverse can be calculated as in eq. (4.35) accordingly. Negative norms lead to sign
flips in the eigenvalues and can as well get eliminated in this step.
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Appendix E

Minimizing the energy by solving
a Generalized Eigenvalue Problem

We want to proof that the ground state energy E0 of the GEP

H ∣x⟩ = EN ∣x⟩ (E.1)

also minimizes the energy
E = ⟨Ψ∣H ∣Ψ⟩⟨Ψ∣N ∣Ψ⟩ . (E.2)

Theorem 1. Given hermitian, complex (n × n) matrices H and N , where N is
positive definite, the smallest eigenvalue E0 of the GEP

H ∣x⟩ = EN ∣x⟩ (E.3)

is the minimum of the function

F (Ψ) = ⟨Ψ∣H ∣Ψ⟩⟨Ψ∣N ∣Ψ⟩ . (E.4)

The vectors ∣ψ⟩ minimizing F (Ψ) are the eigenvectors in the eigenspace corresponding
to the eigenvalue E0.

Proof. The eigenvalues of the GEP (E.3) are real [108, section 2.3.1] and, thus, we
can choose the smallest eigenvalue E0 ≤ Ei for all i.

Also, the eigenvectors to distinct eigenvalues are orthogonal with respect to the
matrix N . This is why we can choose the eigenvalues without loss of generality to
be orthogonal with respect to N [108, section 2.3.1]:

⟨xi∣N ∣xj⟩ = 1i,j. (E.5)

The n orthogonal eigenvectors ∣xi⟩ form a basis in Cn. Any state ∣ψ⟩ can, therefore,
be written as

∣ψ⟩ = n−1∑
i=0
αi ∣xi⟩ (E.6)
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EIGENVALUE PROBLEM

with complex numbers αi. We use this to express F as

F (Ψ) = ⟨Ψ∣H ∣Ψ⟩⟨Ψ∣N ∣Ψ⟩ = ∑
n−1
i,j=0α

∗
i αj ⟨xi∣H ∣xj⟩∑n−1

i,j=0α
∗
i αj ⟨xi∣N ∣xj⟩´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=1i,j

= ∑i,j α∗i αj ⟨xi∣EjN ∣xj⟩∑i ∣αi∣2

= ∑i,j Ejα∗i αj
1i,j³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ⟨xi∣N ∣xj⟩∑i ∣αi∣2 = ∑iEi∣αi∣2∑i ∣αi∣2 . (E.7)

If E0 = 0, then Ei ≥ 0 for all i. Since also ∣αi∣2 ≥ 0, it follows that F ≥ 0 = E0 as stated
by the theorem. Let us suppose E0 ≠ 0 in the following.

The numerator on the right side of eq. (E.7) consists of factors ∣αi∣2 ≥ 0 and
eigenvalues Ei ≥ E0 for all i. We can use the upper estimate

∑
i

Ei∣αi∣2 ≥∑
i

E0∣αi∣2. (E.8)

Finally, with the denominator in eq. (E.7) being positive, we get

F (Ψ) ≥ ∑iE0∣αi∣2∑i ∣αi∣2 = E0
∑i ∣αi∣2∑i ∣αi∣2 = E0. (E.9)

The equality holds if and only if all coefficients αi to eigenvalues Ei > E0 vanish.
Therefore, the state ∣ψ⟩ must be element of the eigenspace spanned by the eigenvectors
to the eigenvalue E0.
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Appendix F

Volume scaling of the Ising model
and computational time
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Figure F.1: Computational time to find the ground state energy density of the
transverse Ising model with J = −1 and an external field of β = −0.1: H =

−∑k σ
x
kσ

x
k+1 − 0.1 ⋅∑Nk=1 σ

z
k. Shown are the relative errors of the energy density

compared to the exact value E∞ (see [114]) for obc (circles) and pbc (x) with
different bond dimensions D and volumes N (not distinguishable in the figures).
The computation is done on an Intel(R) Xeon(R) E5-2640 v3 @ 2.60GHz CPU
with 64 GB of memory.
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Figure F.2: Computational time to find the ground state energy density of the
transverse Ising model with J = −1 and an external field of β = −1.0: H =

−∑k σ
x
kσ

x
k+1 − 1.0 ⋅∑Nk=1 σ

z
k. Shown are the relative errors of the energy density

compared to the exact value E∞ (see [114]) for obc (circles) and pbc (x) with
different bond dimensions D and volumes N (not distinguishable in the figures).
The computation is done on an Intel(R) Xeon(R) E5-2640 v3 @ 2.60GHz CPU
with 64 GB of memory.
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Figure F.3: Volume effects of the transverse Ising model’s ground state with J = −1
and an external field β for obc (circles) and pbc (x) with different bond dimensions
D: H = −∑k σ

x
kσ

x
k+1 + β ⋅∑

N
k=1 σ

z
k. The obc values are linearly extrapolated to the

limit D →∞ for every chain length N (red crosses). With these results a linear
extrapolation to the limit N →∞ is performed (red line). The analytical results
(black curve) for pbc as well as the continuum limit (black x) are calculated on
basis of [114].
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Glossary

DMRG Densitiy Matrix Renormalization Group. 2

GEP Generalized Eigenvalue Problem Hv = ENv. Given two linear operators H
and N , the eigenvalues E and eigenvectors v are searched. 4, 31, 32, 37, 38,
41, 43–45, 49, 57, 64, 66

LOBPCG Locally Optimal Block Preconditioned Conjugate Gradient method. A
numerical method to solve a (generalized) eigenvalue problem. 31, 34, 43, 49

MERA Multi-scale Entanglement Renormalization Ansatz. 16, 58

MPO Matrix Product Operator. 2, 4, 5, 21–30, 32–34, 37, 39, 46, 48, 49, 57, 62, 72

MPS Matrix Product State. 1–14, 16–30, 32–34, 37–43, 45–49, 52, 54, 56–58, 64,
72, 73

obc open boundary conditions. iii, 4, 5, 11–13, 15–23, 25, 26, 29, 30, 32–34, 36–38,
40, 43, 47, 49–58, 62, 64, 68–70, 72

pbc periodic boundary conditions. iii, 2, 4, 5, 11–17, 22, 27, 29, 30, 32, 37–40, 43,
46–58, 64, 68–70, 72

PEPS Projected Entangled Pair State. 12, 16, 58

QCD Quantum Chromodynamics. Quantum field theory of the strong interaction.
Corresponds to the non-perturbative part of the standard model that describes
quarks and gluons and their interactions. 1–5, 43, 58

QED Quantum Electrodynamics. 3

QR decompositon Decomposition M = QR of a matrix M into a column ortho-
normal matrix Q and an upper triangular matrix R. 36

SVD Singular Value Decomposition. Decomposition M = USV of a matrix M into
a column orthonormal matrix U , a diagonal matrix S with real, non-negative
elements (the singular values) and a row orthonormal matrix V . 7, 9, 11, 13,
17, 18, 22, 34, 36, 39, 41, 42, 44, 48, 49, 60, 61, 63, 64, 73

TNS Tensor Network State. 1–5, 11, 12, 16–18
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Mathematical symbols

D′ MPO bond dimension Inner dimension of a MPO. 4, 21, 24, 25, 28, 33, 36–38,
40, 41, 45, 63

D bond dimension Dimension of the matrices in MPS. Also referred to as bond
dimension or inner dimension. Can be the same for every matrix (often with
pbc) or vary locally (needed for matrices close to the boundary when using
obc). 4–9, 11, 12, 14, 16, 18, 28, 29, 32, 34–43, 45–57, 63, 68–70

∗ conjugate M∗ = Re(M) − iIm(M). 7, 13–15, 27, 31, 36, 45, 46, 64, 67, 72
† conjugate transpose (M †)i,j =M∗

j,i. 9, 13, 17, 18, 35, 41, 44, 49, 60, 61, 63–65

J coupling strength Coupling strength of the nearest neighbour interactions in
the transverse Ising model HIsing⊥ = J ∑i σxi ⊗σxi+1+β ⋅∑Ni=1 σ

z
i where J is a scalar

or the Heisenberg model HHeisenberg = ∑k (Jxσxkσxk+1 + Jyσykσyk+1 + Jzσzkσzk+1) +∑Nk=1 (βxσxk + βyσyk + βzσzk) where J becomes a vector. 23–26, 42, 49, 52–56, 62,
68–70, 72

β external magnetic field Strength of the external magnetic field in the transverse
Ising model where β is a scalar or the Heisenberg model where β becomes a
vector. See coupling strength J . 19, 23–26, 42, 49–56, 62, 68–70, 72

⌊⋅⌋ floor function Largest integer being smaller or equal to the argument: ⌊x⌋ =
max(m ∈ Z∣m ≤ x). 43, 73

1 identity Identity operator/matrix. 1x = x for all x. A single Latin subscript n
as in 1n denotes the identity in the n-dimensional euclidean vector space. A
Greek subscript 1α denotes the identity only in the subsection α of a larger
vector space. 9, 13, 15, 18, 21, 23–26, 32, 35, 38, 41, 46, 60–67, 72

−1 inverse Inverse of a matrix M : M ⋅M−1 = 1. 13, 33, 35, 38, 44, 46, 64, 65
⊗ Kronecker product If A and B are tensors with n and m indices respectively.

Then A⊗B is a tensor with n+m indices: (A⊗B)a1,a2,...an,b1,b2,...bm
= Aa1,a2,...an ⋅

Bb1,b2,...bn . 8–10, 14, 15, 23–25, 27, 62, 64, 72

72



Dmax maximum bond dimension occuring in the MPS. Often this will be a fixed
cut-off, which reduces the rank of the matrices to be maximally this value. 11,
12, 19, 33, 52

% modulo a%b = a − ⌊ab ⌋b. 8
N particle number in a many body system or number of sites in a lattice. 1, 2,

4–11, 13, 18, 19, 21–29, 32–34, 38–46, 48–57, 62, 68–70, 72

σ Pauli matrix σx = (0 1
1 0), σy = (0 −i

i 0 ), σz = (1 0
0 −1). 23–26, 48–51, 53–56, 62,

68–70, 72

d physical dimension Dimension of the local, one-particle/-site Hilbert space. 1,
2, 4, 6, 8–11, 13, 15, 21, 24, 27, 28, 32, 36–38, 40, 45, 63

∣ψ⟩ quantum state An arbitrary (many-body) quantum state in bra-ket notation.
6–10, 12–14, 16, 26, 60, 66, 67

r rank The rank of a matrix corresponds to the number of singular values in its
SVD unequal to zero. 9–11, 15, 17, 18, 60, 73

T transpose (MT )i,j =Mj,i. 24, 25, 62, 63
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