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Abstract

We propose a practice-oriented explication of the philosophical position
mathematical pluralism. According to this position there exist more
than one legitimate mathematical system. We interpret ‘legitimate’ as
‘suitable for realizing scientific goals’ and apply the resultant pluralist
position to mathematical economics. We present a conceptual frame-
work within which pluralist theses can be formulated and evaluated,
introduce an informal system of constructive mathematics as an alter-
native to classical mathematics, and point out that central theorems of
economic equilibrium theory are not constructively provable. On this
basis, we argue that pluralism obtains with respect to goals related to
explanation and simplicity in economics.

—

Wir schlagen eine praxisorientierte Explikation der philosophischen
Position des Mathematischen Pluralismus vor. Dieser Position zufolge
existieren mehr als ein legitimes mathematisches System. Wir inter-
pretieren ‘legitim’ als ‘geeignet zur Realisierung wissenschaftlicher Ziele’
und wenden die resultierende pluralistische Position auf die Mathema-
tische Ökonomie an. Wir präsentieren ein begri✏iches Rahmenwerk,
in dem pluralistische Thesen formuliert und evaluiert werden können,
stellen ein informelles System der Konstruktiven Mathematik als Alter-
native zur Klassischen Mathematik vor, und zeigen, dass verschiedene
ökonomische Theoreme nicht konstruktiv beweisbar sind. Auf dieser
Basis argumentieren wir, dass Pluralismus relativ zu Zielen mit Bezug
zu Erklärung und Simplizität in der Ökonomie vorliegt.
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1 Introduction

Contributions to the philosophy of science are most meaningful when they
contribute to the advancement of science itself. With this in mind, we present
in this text an account of the philosophical position known as mathematical
pluralism that may act as a basis for scientifically relevant contributions to
the philosophy of any mathematized scientific discipline.

Most generally, mathematical pluralism is the position:

(P) There exist at least two di↵erent legitimate mathematical systems,

on some suitable reading of ‘di↵erent’, ‘mathematical system’, and ‘legitimate’.
Following Carnap [42,44], we hold that mathematical pluralism derives its
main relevance from its potential import for scientific practice. According to
Carnap,

“To decree dogmatic prohibitions of certain linguistic forms [no-
tably mathematical systems] instead of testing them by their
success or failure in practical use, is worse than futile; it is pos-
itively harmful because it may obstruct scientific progress. [...]
Let us grant to those who work in any special field of investigation
the freedom to use any form of [mathematical and empirical]
expression which seems useful to them; the work in the field will
sooner or later lead to the elimination of those forms which have
no useful function. Let us be cautious in making assertions and
critical in examining them, but tolerant in permitting linguistic
forms” [44, p. 40].

The ‘dogmatic prohibitions’ of Carnap’s time may not be relevant to prac-
ticing mathematicians and scientists today. The last century has seen a
number of advancements in the development and application of alternative
logical and mathematical systems. Yet, virtually all of modern mathematized
science clings to classical mathematics. To be sure, classical mathematics has
proved instrumental in the rapid advancement of science and technology in
the past. However, in certain scientific domains classical mathematics does
not deliver as intended. Where this is the case, alternative mathematical
systems, like constructive mathematics, may prove superior.

In part I of this text, we explicate the position (P) in a way that makes it
meaningful to scientists. The resultant pluralist position may thus encourage
scientists to ‘behave pluralistically’, applying di↵erent mathematical systems
when approaching scientific problems. This, in turn, may facilitate scientific
and technological advancements and thus benefit both science and society at
large.

To turn (P) into a position that is of interest to scientists, the terms
‘di↵erent’, ‘mathematical system’, and ‘legitimate’ must be explicated in a
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way that is both relevant to scientific practice and makes the new position
objectively evaluable. Given these constraints, the pluralist position we
elaborate in this text is:

(PP) There exists at least one relevant scientific goal and at least two di↵erent
mathematical systems which are suitable for realizing that goal.

This position is motivated by the following observations: Science is an
inherently social, goal-driven endeavor. Scientists realize scientific goals
that they deem relevant by formulating and applying scientific models.
Formulating and applying scientific models requires mathematical means,
which are provided by mathematical systems. If a mathematical system
provides the means involved in formulating and applying a model used to
realize a scientific goal, then that system may be considered suitable for
realizing the goal. Explicating ‘S is legitimate’ as ‘S is suitable for realizing
at least one relevant scientific goal’, (PP) is directly tied to these relationships
at the heart of scientific practice.

If (PP) can be substantiated across goals and scientific disciplines, then
this is a reason for scientists to adopt a pluralist stance toward mathematics.
To this end, we develop in this text a conceptual and analytical toolkit that
allows for identifying cases in which (PP) holds. We also discuss one such
case in detail, thereby verifying (PP).

In section 3, we address each of the variable notions occurring in (PP).
We suggest that broad scientific goals can be precisified in such a way that
they become amenable to the scientific method. Such precisifications provide
blueprints for the formulation of scientific models. We give an account of
what scientific models are and how they relate to the empirical phenomena
they are supposed to capture. Stressing the role of informal mathematics in
science we introduce the notion of an informal system and explain in which
ways informal systems provide the means for formulating scientific models.
On this basis we then formulate a framework within which instances of (PP)
can be identified and objectively evaluated. We introduce two categories
of pluralism: weak pluralism and strong pluralism, the latter of which is of
particular practical relevance.

In part II, we introduce an alternative informal system of constructive
mathematics. This system’s logical underpinnings ensure that every object
whose existence is provable within it is also computable in finite time. In
section 4, we highlight some of the computational issues that arise within
classical mathematics. In sections 5 and 6, we present Bishop’s informal
system of constructive analysis. We introduce its basic assumptions and
methods, and emphasize its merits and limitations. In so doing, we show that
numerous classical theorems from analysis are not constructively provable,
explain why this is problematic, and give constructive alternatives to these
theorems. We pay particular attention to inherently nonconstructive fixed
point theorems and their constructive variants.
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In part III, we discuss several classical theorems from mathematical
economics, which together constitute a standard model of a competitive
economy. Drawing on the results of part II, we show in sections 7, 8, and
9 that central results of consumer theory, equilibrium theory, and welfare
theory are not constructively provable but can be recast in constructive terms.
Our main focus in this part is on inherently nonconstructive equilibrium
existence theorems and their constructive variants.

In part IV, we show that mathematical pluralism obtains within economic
theory. Applying the pluralist framework developed in part I to the results
of part III, we show that instances of (PP) obtain with respect to classical
and constructive mathematics and di↵erent goals within economic theory. In
sections 10 and 11, we show that unlike classical mathematics, constructive
mathematics is suitable for realizing goals related to the explanation of
economic phenomena as well as qualitative and quantitative applications of
economic models. In section 12, we suggest that classical mathematics is
suitable for realizing goals related to simplicity, generality, and falsifiability.
Section 13 summarizes the results of the pluralist analysis, and section 14
concludes the text.

3



Part I

Mathematical Pluralism

2 Literature Review

In this section, we present four accounts of mathematical pluralism. Each
approaches pluralism from a slightly di↵erent angle. Together, they set the
stage for section 3, in which we develop our own account of pluralism.

2.1 Pluralism from Empiricism: Carnap

One of the first pluralist accounts—and a rather radical one at that—was
developed by Carnap in the aftermath of the publication of Gödel’s incom-
pleteness theorems. It was first presented in full in Carnap’s Logical Syntax of
Language [42]. According to Carnap’s now well-known principle of tolerance,
each scientist should be free to develop her own ‘language of science’ (i.e., a
formal system in the modern sense), unhampered by metaphysical constraints.
The principle is stated most emphatically in §17 of Logical Syntax :

“In logic there are no morals. Everyone is at liberty to build up
his own logic, i.e., his own form of language, as he wishes. All
that is required of him is that, if he wishes to discuss it, he must
state his methods clearly, and give syntactical rules instead of
philosophical arguments” [43, §17; emphasis in original].

The principle is deeply rooted in Carnap’s logical-empiricist views, according
to which logic and mathematics are but tools for empirical science, mere
“calculating devices [...] easily applicable [...] for operations with synthetic
statements” [45, p. 126].1 This view of logic and mathematics is in turn
based on Carnap’s view that logico-mathematical statements are contentless.
“The formal sciences [logic and mathematics] do not have any objects at
all ; they are systems of auxiliary statements without objects and without
content” [45, p. 128; emphasis in original]. Hence, logico-mathematical
statements can be ‘stipulated as true’ more or less arbitrarily.

Prompted by Gödel’s incompleteness results, and reinforced during dis-
cussions with Gödel, Carnap realized that logico-mathematical truth (or
analyticity, in Carnap’s terms)—hitherto considered as coextensive with for-
mal derivability—is an inherently language-relative notion. By a well-known
result of Tarski’s [158], a definition of ‘P is true in S1’, for a given formal
system S1, can only be cast in a metasystem S2 stronger than S1. But
the form of such a metasystem is not determinate—Zermelo-Fraenkel Set

1By synthetic statements Carnap is here referring mainly to empirical and theoretical
statements of scientific theories.
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Theory or a type theory like that of [171] are both suitable metasystems
for first-order Peano Arithmetic, for instance. In addition, whether a truth
definition in S2 is itself ‘true’ can again only be determined in a metasystem
S3 yet stronger than S2, and so on, ad infinitum. According to Carnap,
therefore, which statements are to count as logico-mathematically true can
only be determined once some logico-mathematical system has been adopted.
Thus, there is no non-question-begging a priori matter of fact as to what is
‘the true’ or ‘the right’ logico-mathematical system. Consequently,

“we have in every respect complete liberty with regard to the
forms of language; [...] both the forms of construction for sen-
tences and the rules of transformation [...] may be chosen quite
arbitrarily” [43, p. xv].

The distinction between what Carnap called analytic and synthetic state-
ments, then, is drawn by convention. How the distinction is to be drawn
depends solely on one’s practical goals, and on how one plans to use logic
and mathematics in one’s scientific pursuits.2

Of course, Carnap’s views, especially concerning the vacuity of logico-
mathematical statements, drew, and continue to draw, severe criticism,
notably from Gödel [77] (see [9, 65, 78, 98, 137] for criticism and counterar-
guments). Carnap later loosened his rigid syntacticism of [42] to allow for
semantic notions, but he held firm to the principle of tolerance throughout
his life. It is arguable whether Gödel’s critique, as well as Quine’s [132] better
known critique of Carnap’s analytic-synthetic distinction, are justified. It
is clear, however, that Carnap’s principle of tolerance itself—irrespective of
its philosophical grounding—was an early step towards the same pragmatic
attitude which underlies many modern pluralist accounts, including those
we discuss below.

Interest in Carnap’s pluralism rekindled in the late 1990s, after the publi-
cation of Gödel’s critique. In the years thereafter a variety of modern pluralist
positions were developed in logic (e.g., [18,59,97,141,165]) and mathematics
(e.g., [50, 67, 80, 84, 85, 129, 130]). With the philosophical qualms of Carnap’s
times now largely irrelevant to users of logic and mathematics, some of these
accounts try to give a philosophical foundation to the de facto existence of a
variety of logical systems (intuitionistic, relevant, paraconsistent, quantum,
fuzzy, etc.) and mathematical systems (classical, constructive, computable,
recursive, set- and type-theoretical, categorial, etc.), which have grown out
of research in logic, computer science, and mathematics. We shall now touch
upon three of these accounts, each of which approaches pluralism from a
decidedly practical perspective.

2For a historical account of Carnap’s development towards tolerance the reader is
referred to [10, 66].
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2.2 Pluralism from Practice: Priest

Graham Priest [129] argues for pluralism with respect to di↵erent mathemat-
ical practices, of which he names four: classical mathematics, intuitionistic
analysis, paraconsistent analysis, and category theory.

As Priest points out, “mathematical pluralism seems to be a fact of
mathematical life” [129, p. 11]. He argues that, given the factual plurality
of mathematical practices or investigations [129, p. 4] a pluralist account of
mathematics is more plausible than monism about, say, classical mathematics.
Priest thus argues that the position that there exist several, genuinely
legitimate mathematical practices is correct, or at least coherent. He does so
by likening mathematical practices to games [129, p. 6].

Priest starts from the assumption that every game is legitimate simpliciter.
He then argues as follows. A game is constituted by a set of rules. For
instance, the game of chess is constituted by the rules determining the number
of fields on a board, the initial setup of pieces, the legal movements for each
piece, and so on. Similarly, a mathematical practice is determined by a set
of implicit or explicitly stated rules: logical axioms and inference rules as
well as mathematical axioms.3 Just like playing a game means following
the rules that constitute the game, engaging in a mathematical practice
means following the logical and mathematical rules by which that practice is
constituted. Changing the rules of a game gives rise to a new game. Similarly,
by changing the rules of the mathematical practice one has been engaging
in one abandons the practice and begins engaging in another. And, most
importantly, just like any game is legitimate simply by being a game, any
mathematical practice is legitimate simply qua mathematical practice.

Priest is right, of course, that there are no non-question-begging a priori
guidelines as to which mathematical practices humans may engage in and
which not—or, if there are, they have not as yet been communicated to
us.4 But this does not mean that there are no mathematically relevant
criteria against which one may judge the legitimacy of certain practices.
Whether or not some mathematical practice is legitimate in principle is not
an interesting question. More important is what makes a practice legitimate
in the eyes of those engaging in the practice: mathematicians and other users
of mathematics. Mathematicians make judgments as to the (il-)legitimacy
of mathematical practices every day, and in so doing they invoke more or
less objective criteria. “Just as with games, some practices may be more
interesting, fruitful or whatever” [129, p. 6].

Now, critics might argue, even given just practical criteria like these,
“Not all practices are equally legitimate. In particular, some of the practices
(the legitimate ones) serve to establish truths; the others do not” [129, p.

3To be sure, mathematical axioms are not technically rules, but they prescribe possible
inferences one may draw within a mathematical practice.

4By God or some other authority on such matters.

6



6]. Against this, Priest suggests that within pure mathematics, truth is
relative insofar as “criteria of truth are internal to [a] practice” [129, p. 9;
emphasis added], echoing Carnap [44]. This, he suggests, poses “no threat to
objectivity”, though. According to Priest, “From within a practice, results
will be objectively right or wrong, just as, within a game, a move is objectively
legitimate or not. You just have to be clear what the practice in question
is” [129, p. 9]. Then, Priest posits, “there can be legitimate disputes about
what, exactly, the correct norms of that practice are” [129, p. 9], just like
there can be sensible discourse about what the correct rules of grammar of a
particular, existing language are.

While, on Priest’s view, anything-goes pluralism obtains in pure mathe-
matics, he recognizes that in applied mathematics, things are di↵erent. In
applications,

“The matter of [truth] relativism is quite di↵erent [...]. Once we
apply a mathematical theory, there are criteria of correctness
external to the pure practice. We need to get the right mathemat-
ical theory for the application in question” [129, p. 10; emphasis
in original].

Here, both the structure of the domain of application and “one’s philos-
ophy of science” [129, p. 10]—instrumentalism, antirealism, or realism,
say—determine what may count as legitimate mathematics.5 Taking an
instrumentalist view, we will suggest that what constitutes a suitable mathe-
matical system for some domain of scientific application is determined chiefly
by the respective goals of the scientists working in that domain.

In his [130], Priest discusses di↵erent mathematical practices, includ-
ing those of paraconsistent and intuitionistic mathematics. Both of these
practices have at their basis a di↵erent logic. On Hellman’s & Bell’s view,
each such logic, and thus each mathematical system built over it, inherits its
legitimacy from its adequacy with respect to certain goals.

2.3 Pluralism from Logic: Hellman & Bell

Echoing some of Priest’s points, Hellman & Bell [85] highlight the role of
logic in mathematical pluralism. They note that “A plurality or multiplicity
of approaches to central questions of truth and proof is simply an observable
fact” [85, p. 64; emphasis in original] and ask: “What is the nature and
significance of this multiplicity? Is it reasonable to think it can be transcended,
or is it a permanent fact of life?” [85, p. 64 f.].

What Hellman & Bell call an approach to truth and proof corresponds
roughly to what we shall later call a mathematical convention. At the basis of
each such convention lies a logic. The authors agree with Carnap’s observation

5Obviously, this approach may lead one away from pluralism and toward monism in
certain (applied) contexts.

7



that there are “multiple logics, legitimate for their own purposes” [85, p. 68;
emphasis in original]. Thus, talk about ‘the true logic’ is misguided because
it fails to recognize the “purpose-relativity” [85, p. 68] of logic. Whether a
logic is

“applicable in a certain domain or context is not [itself] a matter
of logic, but a matter of usage and goals. Logic does not proclaim
its own applicability to particular situations” [85, p. 69; emphasis
in original].

In particular, intuitionistic logic is called for when one’s goal is to produce a
constructive body of mathematical results that are fully computable [85, p.
69]. It is this feature of intuitionistic logic that makes the mathematics based
on it such a powerful tool for certain scientific applications. By contrast, the
authors [85, p. 69] argue, classical logic provides a more expedient basis for
hypothetical reasoning, both in science and pure mathematics. As we will see,
however, there are certain contexts in which even hypothetical, model-based
reasoning is best done on an intuitionistic basis.

Hellman & Bell [85, p. 69] concur with Feferman [57, p. 151], who states:
“Neither the realist [classicist] nor the constructivist point of view encompasses
the other”, whence “the complexity and richness of scientific subject matter
and practice may actually require a pluralistic approach” [85, p. 69; emphasis
in original]. Evidence for the veracity of this claim is provided by Davies [50],
whose practical account of pluralism we discuss next.

2.4 Pluralism from Applications: Davies

Davies advocates for a pluralist attitude towards mathematics against the
background of the utility of constructive mathematical methods in physics.
As such, his account acts as the main motivation of our own pluralist
framework. We shall not go into the details of Davies’s mathematical and
physical arguments at this point. We are confident, however, that the spirit
in which Davies constructs them becomes clear nonetheless.

Davies [50, p. 252] opens by describing the purpose of his paper as
“discussing two frameworks within which mathematics may be developed”
[emphasis in original],—classical mathematics and constructive mathematics
in the style of Bishop [24]. One of Davies’s main theses is that “constructive
mathematics is of value even to those who reject the philosophical assumptions
of its founders” [50, p. 253; emphasis in original]. In particular, it

“provides a clear and precise insight into di�culties that numerical
analysts and others who are interested in obtaining quantitative
information about solutions of equations face on a regular basis”
[50, p. 253].
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While classical mathematics can deal with these issues, constructive math-
ematics is often the more appropriate framework to do so, according to
Davies. Moreover, he states that “physicists do [not] use tools from pure
mathematics that the constructivists are not capable of supplying” [50, p.
255].6 To corroborate his claims, Davies discusses a number of examples from
functional analysis considered to be central to the development of quantum
theory.

Long thought to be constructively unprovable [82], Gleason’s Theorem [76]
was eventually proved by Richman & Bridges [135]. While Hellman [81]
shows that a common form of the spectral theorem for unbounded self-adjoint
operators is not constructively provable, Bishop in his [24] proves a weaker
version of the spectral theorem for commuting sequences of bounded self-
adjoint operators, and Ye [175] proves a constructively valid form for a type
of unbounded self-adjoint operator.

Davies points out that various issues associated with the computational
implementation of spectral theory are directly related to the nonconstructive
parts of the full classical theorem. “It turns out that aspects of the classical
spectral theorem that are not present in the constructive version correspond
to quantities that may not be computable in numerical examples” [50, p.
267]. However,

“Upper and lower bounds on the eigenvalues of self-adjoint op-
erators, whether bounded or unbounded, can often be obtained
by variational methods [...]. These can be made computationally
rigorous [...] and they are certainly constructive” [50, p. 267].

Davies concludes that

“The classical version of the spectral theorem provides no insight
into the existence of these computational problems and does not
suggest how they might be overcome. One can understand such
problems in classical terms, but the constructive approach pro-
vides a systematic framework for doing so” [50, p. 268; emphasis
in original].

In [83] Hellman shows that the Penrose-Hawking singularity theorem [125]
is not constructively provable. Davies recognizes this but argues that

“It remains extremely hard to say much about the nature of the
singularities; one certainly cannot identify them as black holes
without the benefit of a ‘cosmic censorship hypothesis’. It is very
likely that if a detailed description of the singularities becomes

6Although often argued, this is not entirely true. For example, the state space of the
canonical formulation of loop quantum gravity is a nonseparable Hilbert space [75,139,159].
The existence of nonseparable normed spaces cannot be constructively proved (see section
6.5). Occurrences of such ‘pathological’ objects in physical theories are rare, however.
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possible classically, that description will also be constructively
valid” [50, p. 268].7

According to Davies, “The debate about which is the ‘right’ way to
do mathematics is sterile and counterproductive. Each of the frameworks
[classical and constructive] is valid and has advantages in appropriate cir-
cumstances” [50, p. 254]. He also states, however, that “The acceptance
of an alternative framework for doing mathematics must be based upon
whether it can deliver new insights, even to those who do not initially have
any particular interest in it” [50, p. 254]. Davies’s own position is that “One
should simply accept each mathematical theory on its merits, and judge
it according to the non-triviality and interest of the results proved within
it” [50, p. 272].

In the following, we introduce a conceptual framework within which
the ‘phenomenon’ of mathematical pluralism can be rigorously analyzed
and explained, and which can serve as a basis for identifying instances of
pluralism in science.

Remark 1. The term ‘logic’, as we use it in this text and as it has been used
by philosophers and mathematicians in the past, is ambiguous. Roughly, one
can distinguish between logic simpliciter as the (informal but consistent, non-
trivial) rules which sanction rigorous reasoning, and formal logical systems
of axioms and inference rules. It is commonly assumed that logic simpliciter
can, at least in principle, be captured by a (consistent, non-trivial) formal
logical system. Whether this is necessarily so is debatable. We are confident
that our arguments do not su↵er from the ambiguity, and we trust our
readers to discern, in each instance, which notion applies—or if, perhaps,
both notions are equally applicable.8

3 Mathematical Pluralism in Science

In this section, we develop a framework for identifying and evaluating in-
stances of the pluralist position (PP) stated earlier: There exists at least one
relevant scientific goal and at least two di↵erent mathematical systems which
are suitable for realizing that goal. Before presenting the framework, we
introduce and discuss the central concepts in terms of which it is formulated:
scientific goals and precisifications, scientific models, mathematical means,
and mathematical systems. We then show how di↵erent instances of (PP)
arise from the relationships between these notions.

We begin our exposition by introducing the notion of goals and their
precisifications.

7According to the weak cosmic censorship hypothesis, no ‘naked’ singularities—that is,
singularities that arise in general relativity theory and are not ‘hidden’ behind an event
horizon—exist.

8Remarks will be numbered continuously throughout the text.
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Remark 2. We will not delve deeply into the philosophical underpinnings
of our framework or the theoretical background of the scientific models we
discuss. We will instead emphasize those aspects which are immediately
relevant to showing that mathematical pluralism obtains in the contexts we
discuss in part IV. Both the exposition of our framework and the discussion
leading up to it may appear somewhat abstract at times. This is to avoid
redundancy in later sections.

3.1 Goals & Precisifications

A goal is a desired result or state of a↵airs. Goals are pursued by agents
through actions and come in di↵erent degrees of specificity. A vague goal
can be made precise by specifying necessary and su�cient conditions for its
realization. These necessary and su�cient conditions translate into a more
specific goal than the initial one. This more specific goal is then said to
precisify the initial goal. If a goal G precisifies another goal G, then G is
called a precisification of G.

A scientific goal is one which is amenable to the scientific method. This
method consists in any number of iterations of the following steps: observing
phenomena, formulating hypotheses, theories, and models, testing, refining,
or rejecting these hypotheses, models, and theories, based on data gathered
through further observation. Of all scientific goals, we are interested only
in those which are customarily realized by scientists by means of scientific
models.9 Henceforth, when we speak of scientific goals, we mean only goals
of this kind.

There is usually no single right way to precisify a scientific goal. Rather,
the way in which a goal is precisified depends on what we shall call collective
and individual factors influencing the agents e↵ecting the precisification.
Collective factors include: (1) additional goals: if a scientific research commu-
nity is together pursuing an overarching goal, then a scientist who is part of
this community might take that goal into account in precisifying other goals.
(2) practical norms: the general standards of the scientific method, di↵erent
notions of what makes a theory or a model scientific or an experiment admis-
sible, as well as the norms of the particular scientific discipline to which a
goal belongs (e.g., the field’s typical thresholds of statistical significance). (3)
theoretical background: the theories and models which are accepted within
the discipline and across related disciplines. (4) social context: this includes

9Consider the rather vague goal ‘Explaining gravity’, which may be precisified as
‘Formulating a scientific theory which predicts the movement of medium-sized, everyday
objects’ or ‘Formulating a theory which predicts the movements of planets’. The latter
of these two precifications may be (partially) precisified further by ‘Formulating a theory
which predicts the orbit of Venus’. Newton’s theory of gravitation is suitable for predicting
the movement of everyday objects, whereas Einstein’s theory of general relativity is more
suitable for realizing the latter goal. Einstein pursued this latter goal by formulating a
scientific model in a specific mathematical framework tweaked for this particular purpose.
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general trends in science that determine curricula, which research proposals
receive grants, what gets published, etc. Individual factors include additional
goals (e.g., economic and career goals), personal interests, as well as values
and convictions (e.g., religious, philosophical, ethical, etc.).10

Scientific models are the bridge between goals and mathematical systems
and hence constitute a central plank of our framework. In the next subsection,
we therefore spend some time discussing what models are and how they
relate to the things they are supposed to be models of.

Remark 3. The goals relevant within a science are those of the practitioners
of that science, that is, agents. These agents are always tacitly assumed to
be rational and guided in their behavior (where it is directed at realizing a
goal) by considerations of e↵ectiveness and e�ciency. We tacitly identify
goals with the group of agents pursuing them. We also assume that all
agents pursuing a particular goal do so in roughly the same way, that
is, by employing the same means, and that they are equally qualified to
realize the goal, if at all possible. These idealizations are justified as our
framework is aimed at explicating mathematical pluralism in a way that
makes it identifiable across di↵erent contexts. We show that, even given ideal
boundary conditions, ensured by the aforementioned idealizations, pluralism
does obtain in certain contexts. Opening the framework to accommodate
di↵erences in qualifications and preference among agents pursuing a given
goal will only increases the potential for pluralism in these contexts and
others.

3.2 Scientific Models

Models are the bridge between scientific goals and mathematics: scientists
use models to realize goals, and many of these models are formulated by
mathematical means. These are the models we focus on. Whether or not
a mathematical system is suitable for realizing a goal via a model depends
on how well the mathematical means o↵ered by that system are suited
for formulating and applying the model. This, in turn, depends on how
well certain mathematically induced properties of the model correspond to
precisifications of the goal in question. Before we can further spell out the
relationship between goals and mathematical systems via their respective
relationship to models, we must first get a better handle of models themselves.

In his introductory text on mathematical modeling, Bender [21] proposes
the following cursory definition: “A mathematical model is an abstract,
simplified, mathematical construct related to a part of reality” [21, p. 2]. A
scientific model is a mathematical model of a particular class of phenomena,

10That collective and individual factors influence decision-making—not just on the
part of scientists, but of human agents generally—should be uncontroversial. How these
influences bear on scientific practice and its results is a di↵erent question, which we cannot
answer here.
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that is, “relatively stable and general features of the world that are interesting
from a scientific point of view” [68]. Importantly, a scientific model of a class
of phenomena represents these phenomena.11

The class of phenomena a model is intended to represent is called its tar-
get system. Models are linked to their target systems through connecting
statements. These indicate which components of a model correspond to
which components of its target system. If a model contains an instance of
some general scientific law, it is referred to as a theoretical model.

What makes a ‘mathematical construct’ a model of some chosen target
system? This question can be interpreted in di↵erent ways. For instance:
What is the nature of the relationship between models and the world? This
question raises a host of other issues, notably concerning the relationship
between mathematics and the world (see [12, 41, 105, 127, 172, 174]; see
also [69]). These issues are not what we will focus on in this text. Instead,
we follow the pragmatic tradition of Giere [72–74] (see also Mäki [104]).

According to Giere [74, p. 743], “the scientific practices of representing
the world are fundamentally pragmatic.” Thus, to explain the relationship
between models and that which they represent, “we should [consider] the
activity of representing” [74, p. 743; emphasis added]. This activity is carried
out by scientists pursuing goals subject to collective and individual factors.
As Giere [74] points out, “Scientists use models to represent aspects of the
world for specific purposes” [74, p. 742; emphasis added]. Given di↵erent
goals, and di↵erent collective and individual factors a↵ecting how they are
precisified, di↵erent models will seem like adequate representations of a
target system. The ways in which models di↵er with regard to the goals
at which they are directed can be cast in terms of a range of more or less
well-understood properties, or desiderata, some of which we will touch upon
now.

We give a simple example of a theoretical model based on Newton’s
theory of gravitation which will aid our discussion.12 (We highlight, in paren-
theses and italic typeface, which of the aforementioned roles the respective
components play in, or in relation to, the model.) By Newton’s Second Law
(theory), the force acting on an object is equal to the mass of that object
multiplied by it’s acceleration. Mathematically, this can be represented by
the formula F = ma, where F represents force, m represents mass, and a
is a function representing acceleration (connecting statements). The Sim-
ple Harmonic Oscillator model (SHO) represents a physical system which,

11It is not relevant for our approach whether phenomena are taken to be representatives
of the world ‘as it really is’, or merely our perception of it.

12The physical models presented in this section were chosen because they serve well to
illustrate some of the key concepts which we shall return to in part III, when discussing
more complex economic models. Issues pertaining explicitly to pluralism will only come
to the fore with regard to the latter, and not with respect to the simple physical models
discussed here.
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when displaced from its equilibrium position, experiences a restoring force
proportional to the displacement (target system).

A standard example of a harmonic oscillator is a movable object attached
to a spring that is vertically attached to an immovable object (more specific
target system). Such spring-mass systems obey Hooke’s Law (theory), F =
�kx, where �k is a constant representing the spring’s restoring force and x =
x(t) represents the object’s displacement as a function of time t (connecting
statements). By applying Hooke’s Law to Newton’s Second Law, we obtain:

�kx = ma,

which translates into the second-order linear di↵erential equation

� k

m
=

d2x

dt2

with the solution
x(t) = A sin(!t+ �),

where � is an arbitrary radian phase shift, A is the maximum displacement
of the system, or amplitude, ! = 2⇡f is the angular frequency (measured in
radian per second), and f is the frequency of the oscillation (measured in
Hertz) (connecting statements).

Explanatory Form

When applying the concepts introduced in these sections in part IV, we focus
on explanatory models. These models give an explanation of the phenomena
they are intended to represent.13 One property which a model must possess
in order to be explanatory—irrespective of how one defines ‘explanation’ or
‘explanatory’—is that it can be brought into the form ‘If so and so is the case,
then so and so is the case’, or ‘If so and so happens, the so and so happens’.

Like SHO, mathematical models usually relate (changes in) certain quan-
tities to (changes in) other quantities, and are therefore frequently given in
the form of (di↵erential) equations. Now, an equation may not intuitively
seem like an explanation. However, any model given as an equation can be
brought into (or: represented by a statement of) the form P ! Q. We shall
call this the model’s explanatory form.

The fact that a model can be brought into explanatory form does not by
itself guarantee that it is explanatory. Importantly, models in explanatory
form may appear to be explanatory when in fact they are not. We encounter

13Just as it is impossible to come up with an all-encompassing definition of what makes
something a model of something, it would not be fruitful to attempt an all-encompassing
definition of explanatoriness. This is especially so because what constitutes a scientific
explanation may di↵er from one scientific discipline to another. We will discuss explanation
through models in the context of social science in part IV.
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examples of this in part IV. But if a model is explanatory, then its represen-
tation in explanatory form is an explanation of whatever phenomenon the
model is intended to capture.14

SHO can be brought into explanatory form as follows:

Assume that (P ) �kx = ma holds, where k denotes the restoring
force of a spring attached to an immovable object, m denotes
the mass of a movable object attached to the spring, x denotes
the displacement of the movable object from its equilibrium
position, and a denotes the acceleration of displacement. Assume
further that F = �kx holds, where F denotes a force. Then (Q)
the system’s displacement, when disrupted from its equilibrium
position x = 0, is given by the function

x(t) = A sin(!t+ �),

where A denotes the system’s amplitude, f is the frequency of
the oscillation, ! = 2⇡f denotes angular frequency, and t denotes
time.

Note that the above statement treats the connecting statements linking
SHO to its target system: ‘denotes the restoring force’, ‘displacement, when
disrupted from its equilibrium position’, ‘is given by’, ‘denotes the system’s
amplitude’, ‘is the frequency of the oscillation’, etc., as part of SHO in
explanatory form. Strictly speaking, this cannot be the case—at least not
when we consider SHO merely as an equation.

We are faced with a conceptual choice here. Do we want to treat con-
necting statement as part of models, even when they are given in equational
form, or do we want to consider them as external to models? There is no
right answer to this. Note, however, that connecting statements are not
mathematical statements and thus, strictly speaking, cannot be part of a
mathematical model. On the other hand, when considered in isolation from
its connecting statements, a model is nothing but a mathematical statement.

To see how this is meant, just consider SHO without any reference to
springs, objects, masses, and so on. The equation could then, depending on
how the constants and functions figuring in it are interpreted (by connecting
statements), represent any number of target systems. Similarly, a model
in explanatory form, considered without connecting statements, is simply
a mathematical truth. This is unsatisfactory as well. For, a mathematical
truth is clearly not an explanation of a real-world target system. It is

14This whole conception may seem artificial when considering simple models like the
ones we discuss in this section. However, it is essential to our framework insofar as it allows
us to link scientific goals to mathematical systems. Moreover, in part IV we will discuss
models which are given in the form of theorems which express the existence of solutions to
a particular set of di↵erential equations.
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only in relation to a (class of) connecting statements that we can consider a
mathematical statement as a model of a particular (class of) target system(s).

One way to deal with this is to distinguish between models in a strict
sense: mathematical statements intended as models, and models in a broad
sense: mathematical statements in conjunction with connecting statements
relating them to their target systems. When speaking of models in the
following, we shall mean models in the broad sense. Even though this entails
some ambiguity, we contend that it is justified since it is in keeping with
common usage, and certain discussions later in this text would otherwise
become unmanageably complicated.

Remark 4. The fact that a given non-mathematical statement is recognized
as a connecting statement is contingent upon neurological processes that
give a person the capacity to recognize that a given statement refers to a
particular model, on the one hand, and to a part of the world, on the other.
Analyzing such processes falls out of the purview of philosophy and cannot
be part of our framework. This introduces considerable ambiguity into our
framework and its application in part IV. In particular, it introduces a type
of ‘object’ into our framework which defies conceptual categorization: models
in a broad sense.

This may be considered as a weakness of our framework by some. How-
ever, we believe that the framework’s ambiguity does not significantly skew
the results of pluralist analyses. In particular, it does not undermine the
significance of instances of pluralism identified by applications of our frame-
work. The framework’s ambiguity may also be viewed as a natural aspect
of a first pass at explicating the relationship between goals, models, and
mathematics. Developing a more di↵erentiated account of this relationship
will constitute an interesting subject of future research.

Goals & Model Properties

A model’s connecting statements turn both its antecendent (or: assump-
tions) and its consequent (or: conclusion)—and thus the model itself—into
(potential) descriptions of its target system. A model’s being a description
of its target system is often considered another necessary condition for its
being explanatory. We return to the connection between description and
explanation in part IV, when discussing economic theory.

Whether a model is (su�ciently, approximately) descriptive, or possesses
(su�cient, approximate) descriptive accuracy, depends on whatever goal one
is pursuing with the model. In modeling a particular target system (goal)
one is often interested (due to collective or individual factors) in isolating
particular e↵ects ‘characteristic’ of the target system (precisification). In
case of harmonic oscillators, these might be the e↵ects of the sti↵ness of the
spring and the weight of the movable object attached to it (precisification).
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SHO does adequately capture these e↵ects. But it is also extremely idealized
(model feature determined by the goal and its precisification), since it describes
a system with constant amplitude. Such a system cannot exist in the real-
world, where external forces cause the system to eventually decay to its
equilibrium position. To capture this e↵ect (alternative precisification), a
descriptively more accurate (model property determined by the goal and its
alternative precisification; descriptiveness might also be an explicit part of a
goal or precisification) model is required.

When frictional forces proportional to the velocity of the displaced object
are admitted into SHO, the resultant model is called a Damped Harmonic
Oscillator model (DHO). The frictional force is given by

Ff = �cv,

where

v =
dx

dt

is the velocity of the movable object and c the viscous damping coe�cient
corresponding to the friction exerted by, say, a surface along which the object
is moving (connecting statements). The damping e↵ect causes the system to
experience a decaying amplitude (connecting statement). Given Newton’s
Second Law, the force acting on the object in motion is then given by

F = �kx� c
dx

dt
= m

d2x

dt2
,

which is equivalent to

d2x

dt2
+ 2⇣!

dx

dt
+ !2x = 0,

where
⇣ =

c

2
p
mk

denotes the so-called damping ratio (connecting statement).
DHO appears to be descriptively more accurate (model property deter-

mined by the goal and its alternative precisification) than SHO insofar as
it assumes the presence of forces which are in fact present in real-world
harmonic oscillators. These forces are causal factors which have comparable
e↵ects across di↵erent real-world harmonic oscillators. When brought into
explanatory form (as SHO above), DHO then also immediately seems to give
a more adequate explanation of the phenomenon of oscillation than SHO—
especially if one thinks of explanation as causal explanation (see section 10.1).
Similarly, DHO will commonly score higher in terms of predictive accuracy
(model property determined by goal and precisification; predictiveness might
also be an explicit part of a goal or precisification) than SHO. It will more
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accurately predict the displacement of real-world harmonic oscillators than
SHO unless additional causal factors counteracting the e↵ects of frictional
forces are present in the system (e.g., frequent re-acceleration of the system).

Despite these di↵erences, SHO and DHO are both genuine models of
real-world harmonic oscillators, each with its own merits (determined by
scientists’ goals and the collective and individuals factors a↵ecting their
precisification). Idealized models like SHO can be useful for gaining an
initial understanding of the mechanics of an unfamiliar phenomenon, or
for pedagogical purposes. Descriptively more accurate models may quickly
become mathematically intractable. In addition, the more assumptions
a model has, the fewer real-world target systems it will apply to. This
makes the model less general and harder to falsify. Finally, models which
score high on predictive accuracy in particular contexts may fail to be
explanatorily adequate in general. Statistical models including hundreds of
independent variables may be highly predictive in particular contexts (goal
or precisification), while failing to distinguish between causal and noncausal
variables (model property determined by the goal or precisification).

Concepts like descriptive accuracy, explanatory adequacy, and predictive
accuracy are commonly called epistemic desiderata. The way we applied them
above with respect to SHO and DHO may have seemed fairly intuitive. But it
is exceedingly di�cult to explicate such concepts in a way that makes them
universally applicable across di↵erent types of models and scientific disciplines.
The same is true for other desiderata, or “theoretical virtues” [99], like
generality, simplicity, intuitiveness, truth-likeness, resemblance, etc. These
notions, too, are frequently invoked by modelers and have been subject to
philosophical debate for decades.15 Rather than attempt our own definitions,
we shall apply such labels only with respect to concrete models and in
contexts in which their intended interpretation is su�ciently palpable.

One property we will be interested in later is practical applicability
(see section 11). Roughly, a model is practically applicable if it can be
used for problem solving and decision making in some non-scientific con-
text such as engineering (e.g., general relativity in developing the Global
Positioning System), portfolio and risk management (e.g., the Black-Scholes
model [27] for derivatives pricing), or policy making (e.g., applied general
equilibrium modeling in analyzing the e↵ects of tax changes [150]). Whether
or not a model is practically applicable in some specific sense is closely
related to how well it meets some of the abovementioned properties (e.g.,
the Black-Scholes model includes assumptions which are often considered
to be unrealistic, thus, arguably, making the model unsuitable for prediction).

15A recent taxonomy of some of these properties is in [96]. As of yet, no universally
accepted definitions of many of these concepts exist. Their meaning and the ways in which
they are ascribed to concrete models di↵er across scientific fields. It is commonplace that
there are tradeo↵s between some epistemic desiderata and others (see [102, 114]). How
these might be disambiguated in a universal fashion is still an open question, too.
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Irrespective of which definition of, say, ‘descriptive’ or ‘explanatory’ one
opts for—whether a model possesses a certain property depends crucially on
the mathematical means employed for formulating it. Obviously, models
are formulated, at least in part, in mathematical language. Apart from this
mere syntactic function mathematical means play essential contentual and
practical roles in the formulation and application of scientific models. First,
the di↵erent components of a model’s target system, as well as their properties
and relations between them, are represented by mathematical objects and
their properties. In SHO, these include the sine function, the transcendental
number ⇡, the function x defined by the model, etc. Second, applying a
model to instances of its target system and establishing connections between
the model and other models and theories may require further mathematical
means, notably algebraic, analytical and numerical methods as well as general
proof techniques.

Henceforth, we focus exclusively on goals that are customarily precisified
by goals of the form ‘Formulating a model of T such that P ’, for some target
system T and condition P . How goals are precisified—that is, what gets
substituted for P in this schema—depends on the collective and individual
factors a↵ecting the agents precisifying the goal in question. From now on,
all precisifications we consider are assumed to have the form ‘Formulating a
model of T with properties p’, where p is a conjunction of properties that
can be had by models, including simplicity, descriptiveness, explanatoriness,
applicability for prediction, decision making, etc.16

The way in which one’s choice of mathematical means for formulating a
model influences its properties would be hard to flesh out in general. Instead,
we shall highlight, in parts III and IV, some of the e↵ects of reformulating a
particular economic model within an alternative mathematical framework.
This way, the centrality of the mathematical means employed in formulating
models for the their empirical content and practical applicability will become
salient.

The mathematical means used by scientists are largely informal, as are
the mathematical frameworks in which they are embedded. An account
of pluralism faithful to scientific practice must take account of this. To
this e↵ect we shall, in the following subsection, introduce the notion of an
informal mathematical system.

3.3 Mathematics in Science

In parts III and IV of this text we emphasize the utility of a particular,
non-classical style of mathematics for applications in science and beyond,
so as to motivate a pluralist stance toward mathematics. And while our

16Precisifications are from now on always tacitly assumed to be scientifically relevant—
that is, considered to be relevant, or worth pursuing, by su�ciently many scientists.
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discussion so far might suggest otherwise, our main focus in this text is
on mathematics, not science. To convince the reader that mathematical
pluralism is a reasonable attitude to adopt, we establish a connection between
mathematics, which we discuss in part II, and economic theory, which we
discuss in part III. The first two links in this connection were introduced
above, via the notions of scientific goals and models. The final two links are
introduced in the following two sections, through the notions of mathematical
systems and the means they provide. As before, we silently bypass a range
of interesting philosophical questions that may arise with respect to some of
the things we discuss.

Informal Mathematics

Many problems in the philosophy of mathematics can be reduced to ques-
tions concerning mathematical statements, mediately or immediately. This
includes both ontological problems concerning the content of mathematical
statements, or the propositions they express, and epistemological problems
relating to our access to this content. Both problems are readily discussed
in relation to formal systems within which such statements are derivable.
The same is mostly not true for problems relating to the practical role of
mathematics in science. In this text, we therefore concentrate on what
philosophers sometimes call informal mathematics, and what most people
simply refer to as mathematics.

Formal systems are given explicitly, by specifying a syntax, axioms, and
rules of inference. Logicians investigate the properties of formal systems
(e.g., completeness, consistency, proof-theoretic strength, predicativity), the
relationship between di↵erent formal systems (e.g., relative interpretabaility,
relative consistency, conservativity, etc.), and their possible interpretations.
Some formal systems are specified with a specific interpretation in mind that
they are supposed to capture, or formalize.

Informal mathematics, viewed as field of intellectual inquiry, may be
characterized as the investigation of mathematical objects and their prop-
erties and relationships. Thus, algebraists investigate the properties of and
relationships between certain kinds of algebraic structures and number theo-
rists investigate the properties and relationships between natural numbers.17

The success of the human endeavor that is mathematics is due to cognitive
and social factors, which together enable the generation, communication,
and understanding of mathematical content. Importantly, it is facilitated
by a specialized language, a hybrid of natural language and mathematical
symbolism, that enables both the expression of ideas and the construction of
rigorous, logical arguments. While certainly formal in appearance, informal
mathematics deals with distinctly contentual questions and is inextricably

17Much of modern research in mathematical logic counts as part of informal mathematics,
too. Here, the mathematical objects under investigation are formal systems.
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linked to human activity—both of which a purely formalist view obscures
(see [100,109]).

A logician might be interested in whether a particular sentence, assumedly
expressing some informal mathematical statement, can be derived from a
given formal system’s axioms or not. And, to be sure, many of the issues
we will focus on in parts II and III are also related to the provability or
unprovability of certain mathematical statements. But our analysis does not
stop at determining whether a formal derivation can be shown to exist based
on some set of logical and mathematical axioms.

A proof in informal mathematics is what Bishop calls “any completely
convincing argument” [25, p. 6].18 Proofs in informal mathematics are not
linear sequences of formulae. ‘Real’ mathematical proofs [162] frequently
contain gaps which their authors expects qualified readers to be able to
fill in. Informal proofs are often confined to central argumentative steps,
highlighting novel methods and citing other theorems, perhaps from di↵erent
mathematical fields. They even sometimes resort to graphical representations,
examples, and appeals to intuition. Again, a purely formalist approach to
mathematics has no room for this (see [100,109]).

In parts II and III, we will focus on the way in which particular informal
proofs are structured, the methods they employ, and how certain concepts
in them are interpreted. As we shall see, computational problems that arise
with some of the theorems we discuss (e.g., Brouwer’s Fixed Point Theorem)
can be clearly illustrated by means of informal arguments or directly read-o↵
from their proofs. This allows us to draw analogies and connections to
scientific models (e.g., the Arrow-Debreu Model of a competitive economy)
that rest on these results, as well as the properties of these models.

The pluralist framework towards which we are working requires us to
talk about di↵erent ‘kinds’ of informal mathematics in a systematic way. To
this e↵ect, we now introduce the notion of an informal system.

Remark 5. Starting in the next section, we shall mostly refer to informal
mathematics simply as mathematics. By a proof, we shall mean a proof
in informal mathematics, and by a theorem we shall mean a mathematical
statement proved informally.

Informal Systems

An informal system is constituted by what we will call a mathematical
convention. Simply put, a convention is a set of rules of reasoning within
mathematics. A convention sanctions the ways in which proofs may be
devised and definitions may be set up. For instance, one convention might
specify that the statement: ‘There exists x with property P ’ be interpreted
as: ‘We can construct an object x and prove that it has property P ’. Another

18What is convincing for one reader may not be convincing for another, of course.
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convention might interpreted the same statement as: ‘It is contradictory to
assume that no x with property P exists’. There are two ways to make the
notion of a convention more palpable. The first takes logic as primary, the
second puts mathematics first.

One way to conceptualize a convention is as an application (or: interpreta-
tion) of a certain set of axioms and rules of inference of some logical system to
mathematics. Such an application implies a set of inference forms admissible
in mathematical proofs, or proof rules. The convention underlying classical
mathematics is best understood in this way, but we may also think of the
convention constituting constructive mathematics simply as the application
of intuitionistic logic (see Appendix 1) to mathematics.

Another way to think of a convention is as a list of proof conditions—
conditions under which mathematical statements are to be considered as
proved. Again, such proof conditions imply a set of proof rules. The
convention underlying constructive mathematics, the so-called Brouwer-
Heyting-Kolmogorov Interpretation, is best viewed this way. It determines
under which conditions mathematical statements of di↵erent logical forms
are to be considered as proved. (Formal) intuitionistic logic in turn formalizes
these rules and generalizes them from mathematical statements to statements
in general.

An informal system is obtained from a mathematical convention by
adding to it a number of basic mathematical assumptions concerning the
‘existence’ and properties of mathematical objects, such as the set of natural
numbers or the fact that every set can be well-ordered. In this way, an
informal system provides what Davies describes as a “framework within
which mathematics may be developed” [50, p. 252]—by defining concepts,
formulating conjectures, proving theorems, and discussing methods and ideas.

The three most widely known (families of) informal systems are: (1)
classical mathematics (classical logic plus any set of consistent mathemati-
cal axioms consistent with the former), (2) constructive mathematics (the
Brouwer-Heyting-Kolmogorov Interpretation plus some consistent set of
mathematical assumptions consistent with the former), (3) paraconsistent
mathematics (some interpretation of paraconsistent logic suitable for mathe-
matics together with di↵erent sets of mathematical assumptions non-trivial
with respect to the former).

Classical mathematics, as we shall think of it in this text, admits the full
apparatus of classical logic and mathematical assumptions up to and beyond
those thought to be encapsulated by Zermelo-Fraenkel Set Theory.19 It can
be motivated philosophically, based on a realist account of mathematical
truth, or practically, based on the fruitfulness of its methods in science and

19Whatever these may be, precisely. Assumedly, most of ‘everyday’ modern mathematics
is exhausted by much weaker systems like those on the upper end of the hierarchy of
extensions of the system RCA0 of second-order arithmetic [151].
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beyond. In contrast, constructive mathematics excludes the law of excluded
middle so as to bar indirect existence proofs and guarantee computability.
It can be motivated philosophically, based on an antirealist conception
of mathematical truth, or practically, based on the numerical meaning or
computational information of its theorems. Later in this text, we present
Bishop’s informal system of constructive analysis as a possible alternative to
classical mathematics, with which we assume some familiarity.20

Informal systems can be distinguished along their underlying conventions,
their mathematical assumptions, or both. However, an informal system can-
not be though of just in terms of a set of mathematical assumptions or just
in terms of a convention. Importantly, an informal system’s mathematical
assumptions and convention co-determine each other: certain proof rules
may preclude certain mathematical assumptions, and vice versa. In addition,
one mathematical convention may constitute several not necessarily com-
patible informal systems. For instance, the Brouwer-Heyting-Kolmogorov
Interpretation gives rise to intuitionistic mathematics, Russian constructive
recursive mathematics, and Bishop’s constructive analysis [36,160]. The first
two of these systems are inconsistent with each other. Nonetheless, all three
systems are commonly considered constructive.

An informal system provides the basis for what Priest [129] calls a
mathematical practice. The way mathematics is practiced based on an
informal system is determined by the system’s underlying convention, basic
mathematical assumptions, and the accumulated content produced over years
of research within the practice. The collective knowledge of the practitioners
of a particular informal system corresponds to the products of their practice
within the system. That is, the body of definitions, theorems, and proofs that
have been formulated and devised within the system. The way in which new
mathematical knowledge is attained within a practice is influenced by the
knowledge previously attained. Thus, knowledge informs practice, informs
knowledge, etc.

While we shall frame pluralist claims as claims about informal systems,
there is no reason why pluralism could not also be understood as a position
about mathematical practices. Engaging in a mathematical practice may
be characterized as using the means o↵ered by the system. Analogously,
employing mathematical tools to formulate and apply scientific models may
be interpreted as using the means provided by some informal system.

Henceforth, we shall mostly refer to informal systems simply as mathemat-
ical systems. In the following, we discuss the relations between mathematical
systems, the means they provide, and scientific models formulated by these

20While we shall give definitions for many of the classical mathematical concepts we
use in our discussion, we shall omit those of the most basic notions of logic, set theory,
and analysis. The reader may consult [140] or [144] for reference. We do not discuss
paraconsistent mathematics. Interested readers are referred to Mortensen [117,118] and
Weber [168,169]; see also [130,131].
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means.

Remark 6. Obviously, the term ‘informal system’ was chosen in contradis-
tinction to the term ‘formal system’. In actuality, this distinction is not
easily drawn. First, given an intended interpretation, it is in principle always
possible to ‘turn’ a formal system into an informal one and, to some degree,
vice versa. Second, whether one considers a given mathematical system
formal or informal (in light of its syntax or explicitness, say) is, at least
to some extent, a matter of judgment. Similarly, the line between working
in an informal system and considering its (formal) features may be blurry.
Working in an informal system, it may sometimes be necessary or helpful
to spell out some of that system’s features explicitly, while leaving others
implicit. For instance, research articles by members of the Bishop school of
informal constructive mathematics typically present their basic assumptions
explicitly in a short opening paragraph. This makes clear what is meant
by ‘constructive’ and prepares the reader for what kinds of results she can
expect. What is more, in order to foster one’s understanding of an informal
system one is used to working in it may sometimes be useful to fully formalize
parts or variations of the system and investigate the resulting formal systems’
features in isolation (see [19] or [160]). This, in turn, may motivate further
informal mathematical work.

Mathematics & Models

In the following paragraphs, we discuss the role of mathematical means in
the formulation and application of models. We also explain in which sense
mathematical means are provided by mathematical systems.

There are two ways to conceive of the mathematical means by which
models represent their target systems. First, we might say that mathematical
models represent components of their target systems and their relationships
by means of mathematical objects possessing certain properties.21 Thus,
we might say that the sets of product bundles that consumers can imagine
consuming are represented in economic models by convex subsets of Rn (see
part III), where both the former and the latter are conceived of as objects.
Similarly, we might say that the logistic function

f(x) =
M

1 + e�r(x�x0)
,

with M = max f and midpoint x0, is a means for modeling growth processes
at rate r (e.g., in the Verhulst-Pearl model of population growth [123] or
Rogers’s innovation di↵usion model [138]). From a classical viewpoint, this

21We will use the notions of objects and concepts in a naive, not philosophically grounded
way. Both notions open up useful ways of speaking about mathematics and that which it
is about—irrespective of what ‘that’ is.
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function, too, is an object. Alternatively, a model may be characterized as a
mathematical description of its target system. On this conception, a model
represents its target system by means of mathematical concepts. For instance,
we might say that the concepts of continuity and convexity, rather than
the objects to which these concepts apply, represent fundamental economic
aspects of consumer behavior in economic theory. It might seem that each of
these conceptions entails a di↵erent way of framing the relationship between
models and mathematical systems. However, for all our intents and purposes
the two conceptions turn out to be equivalent.

A mathematical system provides an object possessing a particular prop-
erty if the system proves that the object exists and possesses the property
ascribed to it. Thus, a mathematical system provides a subset A of Rn if one
can prove in the system that A exists. The system provides A as a convex
set if one can prove in the system that A is convex. Similarly, a classical
system provides the logistic function as a function if one can prove in the
system that the function (i.e., a set of ordered pairs) exists and

x = x0 =) f(x) = f(x0),

for all x, x0 in the domain of f .
By the same token, a mathematical system provides a concept if the

concept’s extension can be proved to be non-empty within the system. Thus,
if a concept denotes a kind of object then it is provided by a system if the
system proves that objects of this kind exist. For instance, a system provides
the concept of a Banach space if one can prove in the system that there exists
an object (e.g., the sequence space `1) satisfying the definition of a Banach
space. If a concept denotes a property that can be had by objects, then,
again, a system provides that concept if one can prove in the system that
objects possessing the property exist. For instance, a system provides the
concept of nonseparability if one can prove the existence of an object (e.g.,
the space `1) which satisfies the definition of nonseparability in the system.
In each case, we say that the concept in question is definable within the
system.

Based on what we just said, one might be inclined to conclude that the
means for formulating models are provided by mathematical systems solely via
existence theorems. But the means-as-concepts view brings to light another
central aspect of the relationship between models and mathematical systems
that such a ‘reductionist’ conception does not capture: a mathematical
system’s underlying convention determines the meaning of the mathematical
and non-mathematical concepts figuring in a model. As a consequence, one’s
choice of mathematical system determines not only the mathematical form
models may take, but also their empirical interpretation.22 For instance,

22It is because of this that, as we shall argue in part IV, constructive economic equilibrium
models are suitable for realizing certain goals related to explanation while classical models
are not.
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when the continuity of a function is to represent a feature of a model’s
target system, then the model’s empirical content may vary depending on
the mathematical system within which the model is interpreted. Similarly,
when models make empirical existence claims (e.g., when the existence of
solutions of equations is to indicate the existence of real-world objects or
the realizability of real-world states of a↵airs) then the empirical content
of these claims will di↵er across classical and constructive mathematical
systems. Thus, one’s descriptive goals in formulating a model of some target
system—what one wants to say about the target system—may considerably
a↵ect which mathematical system provides adequate means for doing so.

Hence, when we say that a mathematical system provides the means for
formulating a model, this is to say that the concepts figuring in the model
are definable in the system, and that the system endows to these concepts
the meanings required for the model to describe its target system in the
intended way.

Assume that a model has been formulated; a target system has been
indicated and represented by mathematical concepts. It then remains to
be shown that the model is consistent. That is, when the model in a
strict sense (i.e., without connecting statements) is in explanatory form, its
assumptions are su�cient to establish its conclusion. For instance, when
a model implies the existence of a solution to a di↵erential equation given
certain boundary conditions, then establishing the model’s consistency means
proving that such a solution exists under these conditions. For simple models
like SHO this can be done analytically. For others, like those we discuss in
part IV, heavier mathematical machinery is required.

When we say that a mathematical system provides the mathematical
means for formulating a model, then this also means that the system a↵ords
a proof of the model’s consistency.

Applications

Suppose that we have demonstrated a model’s consistency. The model can
then be applied in two di↵erent ways by mathematical means: qualitatively
and quantitatively. First, mathematical connections between the model
and other models, hypotheses, or mathematical theories and techniques can
be established through proof. For example, the fundamental theorems of
welfare economics establish a connection between welfare theory and the
Arrow-Debreu Model of a competitive economy (see part III). Trivially, a
mathematical system provides the means for establishing connections in this
way if it a↵ords the necessary proofs.

Second, we may instantiate the model’s variables by numerical values
representing measurement data obtained from observing a real-world tar-
get system. To be able to do this, we must determine that the system is
adequately described by the model. This requires that we infer from the
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measurement data that the system in question satisfies the model’s assump-
tions. We may then compute numerical values expressing potential ‘states’ of
the system. For instance, in order to determine whether the Arrow-Debreu
Model can be applied to some real-world economy, we must first collect data
reflecting the behavior of the economy’s market participants (i.e., consumers
and firms). We must then determine whether this data indicates that the
economy in question satisfies the assumptions of the Arrow-Debreu Model
(e.g., that consumers’ preferences are convex). If this is the case we may
conclude, by Walras’s Equilibrium Existence Theorem, that the economy
possesses an equilibrium. We may then apply an algorithm like Scarf’s [143]
to compute an equilibrium of the economy.

Again, the mathematical means involved in these steps are provided by
mathematical systems through theorems establishing either the existence or
well-definedness of certain objects (e.g., the existence of a utility function
representing consumer preferences), or the fact that given objects possess
certain properties (e.g., the continuity of a demand function).

What is important to note is that the mathematical means for applying
models in di↵erent ways may exceed those for formulating models. For
instance, nonlinear partial di↵erential equations frequently cannot be solved
analytically, which is why existence and uniqueness of solutions within a
given domain is typically proved before the model is solved numerically. This
may not be theoretically necessary (e.g., from a classical point of view, an
equation does or does not possess a solution irrespective of whether we can
prove this). But proving the existence of solutions is often instrumental in
establishing whether it makes sense to look for a solution in the first place,
and which numerical methods may be appropriate to do so.

Throughout the rest of the text, we focus on the question whether mathe-
matical systems are suitable for formulating models with certain properties—
of which applicability may be one.

In the following subsection, we tie together the concepts introduced so far
and present a pluralist framework geared toward identifying and evaluating
instances of the pluralist position (PP).

3.4 Pluralism from Goals: A Framework

Davies [50] argues that Bishop’s informal system of constructive mathematics
(see part II) provides the right means for tackling computational problems
arising with respect to certain mathematical objects (e.g., unbounded self-
adjoint operators) and associated theorems (e.g., the spectral theorem for
unbounded self-adjoint operators) figuring prominently within quantum
mechanical models. Recognizing that “One can understand such problems in
classical terms”, Davies points out that “the constructive approach provides
a systematic framework for doing so” [50, p. 268; emphasis in original].
Acknowledging, in addition, that Bishop’s system does not provide all means
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required for formulating and applying any and all quantum physical models,
Davies thereby establishes that pluralism with respect to Bishop’s system
and classical mathematics obtains in physics generally, rather than with
respect to some concrete goal, precisification, and model. Davies’s reader,
then, is left to her own devices in applying his general argument to her
day-to-day work.

In order to motivate scientists across di↵erent fields to be open-minded
about the use of mathematical means other than the classical ones they are
familiar with it is crucial that we identify and expound further practically
relevant cases of mathematical pluralism in science. To this end, we formulate
a framework which allows for identifying and evaluating instances of the
pluralist position (PP). That is, concrete goals, precisifications, and math-
ematical systems with respect to which pluralism can be shown to obtain.
The framework we present is intentionally general, so as to be applicable to a
wide range of contexts. An application of the framework follows in part IV.

Let us recall the notions and relations we discussed in the previous
sections. A goal is a desired result or state of a↵airs. Goals can be precisified
by stating necessary and su�cient conditions for their realization, yielding
more specific versions of the initial goals. A scientific goal is one which is
amenable to the scientific method. A scientific model is a mathematical
representation of a class of phenomena or target system. Of all scientific
goals, we focus on those for whose realization scientists employ scientific
models, that is, goals that are customarily precisified by goals of the form
‘Formulating a model of T with properties p.’ Here, T is a target system
and p may be instantiated by di↵erent properties that can be had by models,
such as simplicity, descriptiveness, applicability for prediction, and so on.

We said earlier that a mathematical system provides the means for
formulating a model if the concepts figuring in the model are definable in
the system, and if the system proves the consistency of the model. Moreover,
the system must assign meanings to the concepts figuring in the model in
such a way that the model adequately describes its target system. To make
this more precise, let M be a model, T a target system, G a goal of the form
‘Formulating a model of T with properties p’, and S a mathematical system.
Only if S endows meanings to the concepts figuring in M in such a way that
M is a model of T and has properties p can we say that S provides means
for formulating M .

As we shall see in parts III and IV, di↵erent mathematical systems
may endow di↵erent meanings to a model’s concepts. This implies that a
model’s content and utility cannot be fully determined in isolation from the
mathematical system used to formulate it. It also suggests a precise notion
of what it means for a mathematical system to be suitable for realizing a
scientific goal via a model. The following definition is central to our below
exposition of di↵erent forms of pluralism as well as our discussion of pluralism
in economic theory in part IV.
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Definition 3.1. Let S be a mathematical system, T a target system, p a
conjunction of properties that can be had by models, G a goal of the form
‘Formulating a model of T with properties p’, and M a statement of the form
P ! Q in a language that encompasses the language of S. S is suitable
for realizing G with respect to M if, and only if:

(i) The mathematical concepts in M are definable in S,

(ii) S proves the consistency of M ,23

(iii) S endows meanings to the mathematical and empirical concepts in M
such that M is a model of T with properties p.24

S is unsuitable for realizing G with respect to M if, and only if, ¬(S is
suitable for realizing G with respect to M).25

Let S be a mathematical system, G a goal, G a precisification of G, and
M a model. When S is unsuitable for realizing G with respect to M , this
neither implies that S is unsuitable for realizing G, nor that S is unsuitable
for realizing G. For, there might always be a precisification G0 of G and a
model M 0 (with M 0 6= M if G0 = G) such that S is suitable for realizing G0

with respect to M 0.
Note that saying a mathematical system is suitable for realizing a goal

with respect to a model is tantamount to saying that the model is suitable
for realizing the goal with respect to the system. Or, in keeping which the
terminology used earlier: the system is suitable for formulating the model
(i.e., it provides the means to do so) and the model is suitable for realizing
the goal.

Many discussions in the philosophy of science are typically framed in terms
of the relationship between models and reality (without regard for models’
mathematical underpinnings). However, to ensure conceptual economy we
formulate a framework based on Definition 3.1 alone. As we shall see,
all informal discussions of the relationships between models and goals in
economics in part IV can be naturally recast in this way.

In the following, we introduce four di↵erent kinds of pluralism, two weak
forms and two strong forms.

Weak Pluralism

Definition 3.2. Let G be a goal, G a precisification of G, M a model, and
S1 and S2 di↵erent mathematical systems. We say that weak pluralism
obtains with respect to G, G, M , S1, and S2 if, and only if, S1 and S2 are
suitable for realizing G with respect to M .

23Another way of putting this is that S proves M in a strict sense.
24Based on what we said in section 3.2 ‘M is a model of T with properties p’ should be

read as ‘M is considered to be a model of T with properties p by a relevant class of agents.’
25We use ¬ as an abbreviation for ‘it is not the case that’.

29



Definition 3.3. Let G be a goal, G a precisification of G, M1 and M2

di↵erent models, and S1 and S2 di↵erent mathematical systems. We say that
strong weak pluralism obtains with respect to G, G, M1, M2, S1, and S2

if, and only if:

• S1 is suitable for realizing G with respect to M1, but not M2,

• S2 is suitable for realizing G with respect to M2, but not M1.

Both in the case of weak pluralism and strong weak pluralism, S1 and S2

are suitable for realizing G given one and the same precisification G. When
weak pluralism obtains with respect to a goal G, a precisification G, a model
M , and mathematical systems S1 and S2, then from a practical point of view
it does not matter which of S1 and S2 is employed for realizing G given G
and M . Instances of weak pluralism therefore do not act as motivators for
adopting a pluralist attitude toward mathematics in science. When strong
weak pluralism obtains with respect to a goal G, a precisification G, models
M1 and M2, and mathematical systems S1 and S2, then this still means that
there is, in principle, no reason to adopt a pluralist stance when pursuing G.
However, instances of strong weak pluralism may still motivate a pluralist
attitude in general. Namely, when M1 and M2 di↵er in ways which are
directly related to di↵erences between S1 and S2 that may turn out to be
relevant with respect to other goals and precisifications as well.

Strong Pluralism

Definition 3.4. Let G be a goal, G1 and G2 di↵erent precisifications of G,
M1 and M2 di↵erent models, and S1 and S2 di↵erent mathematical systems.
We say that strong pluralism obtains with respect to G, G1, G2, M1, M2,
S1, and S2 if, and only if:

• S1 is suitable for realizing G1 with respect to M1,

• S1 is unsuitable for realizing G2 with respect to both M1 and M2,

• S2 is suitable for realizing G2 with respect to M2,

• S2 is unsuitable for realizing G1 with respect to both M2 and M1.

Definition 3.5. Let G be a goal and S1 and S2 di↵erent mathematical
systems. We say that strong pluralism obtains with respect to G, S1, and S2

if, and only if, there exist two di↵erent precisifications G1 and G2 of G and
two di↵erent models M1 and M2 such that strong pluralism obtains with
respect to G, G1, G2, M1, M2, S1, and S2.

Based on Definition 3.5 we propose the following refinement of the pluralist
position (PP) formulated in the introduction.
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(PS) There exists at least one relevant scientific goal G and at least two
di↵erent mathematical systems S1 and S2 such that strong pluralism
obtains with respect to G, S1, and S2.

The strong pluralist position (PS) is a scientifically meaningful explication
of the naive pluralist position (P) for two reasons. First, (PS) is objectively
evaluable as both it and many of its instances are verifiable. Second, if
a su�cient number of instances of (PS) can be identified across di↵erent
scientific disciplines, this shows that it is in the interest of those who aim to
foster scientific progress to adopt and promote a pluralist attitude towards
mathematics in science.

Adopting a pluralist attitude in the face of an observed instance of (PS)
appears most pressing if there is evidence that suggests that either S1 or S2

is inherently unsuitable for realizing G with respect to G2 or G1, respectively.
This is the case when S1, say, is unsuitable for realizing G2 with respect
to any model. When, and only when, this is the case we say that strong
strong pluralism obtains with respect to the goals and systems in question.

Now, it will usually not be possible to verify that strong strong pluralism
obtains with respect to a given goal G and di↵erent mathematical systems.
For, this involves verifying a universally quantified negative statement re-
ferring to all existing and conceivable models. If a precisification G of G
is too broad, this may be empirically impossible. If G is highly specific,
however—for instance, when it specifies a particular mathematical property
which a certain model ought to possess—then the corresponding instance of
strong strong pluralism may well be verifiable. Moreover, careful analysis of
particular combinations of goals, precisifications, models, and mathematical
systems may provide evidence that strong strong pluralism does obtain, even
when a given precisification leaves some interpretational leeway.

If we are to motivate a pluralist attitude towards mathematics with
respect to scientific goals generally, then it must be our objective to seek out
instances of both strong and strong strong pluralism. This is what we shall
do in parts III and IV.

A Note on Pluralist Analyses

Our framework seems easy enough to apply. Given a goal and two mathe-
matical systems we may simply wander through the framework, checking,
one by one, if weak, strong weak, strong, or strong strong pluralism ob-
tains. Engaging in this sort of top-down pluralist analysis makes sense when
one is initially oblivious to the existence of possible alternative models or
precisifications. But, of course, this will seldom be the case.

In practice, the process of identifying instances of pluralism will usually be
structured in a bottom-up fashion. For instance, we may start out with some
given model M2 formulated by means of a non-classical mathematical system
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S2, together with an indication as to which classical model M1 it is supposed
to be an alternative to, and which goal G it is intended to realize. There
are then several things we may wish to investigate. For instance, we might
be interested in which precisification G2 of G the model M2 corresponds to.
We may then ask whether G2 can be convincingly argued to be scientifically
relevant given certain collective factors we have in mind. We might also
examine whether classical mathematics is suitable for formulating M2 and,
if not, why this is so.

Given the variety of goals, precisifications, and models in science it would
be spurious to try to spell out a comprehensive general framework for bottom-
up pluralist analyses. Rather, we shall present in part IV one particular
bottom-up analysis that, we believe, may nonetheless serve as a blueprint
for pluralist analyses across many di↵erent contexts.

This concludes part I. We discussed which roles scientific goals, scientific
models, and mathematics play in science, explained how they relate to
one-another, and showed in which way instances of (PP) may arise from
their relationships. We proposed the strong pluralist position (PS) as an
adequate, scientifically relevant explication of (PP) and argued that instances
of strong strong pluralism, a special case of (PS), have the greatest potential
to motivate a pluralist attitude among scientists. In the next part of the
text, we introduce a particular informal mathematical system relative to
which—as we argue in part IV—(strong) strong pluralism obtains within
economic theory.
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Part II

Constructive Mathematics

In this part, we give an introduction to constructive mathematics from an
informal computational point of view.26 In section 4, we motivate con-
structive mathematics based on the computational issues that arise within
classical mathematics.27 In section 5, we present Bishop’s informal system
of constructive mathematics as an alternative to classical mathematics. We
introduce the system’s convention and mathematical assumptions as well
as basic principles of constructive reverse mathematics. In section 6, we
examine a range of classical theorems from analysis within Bishop’s system.
We show that many classical existence theorems, including Brouwer’s Fixed
Point Theorem (section 6.4) and the Hahn-Banach Theorem (section 6.5),
are inherently nonconstructive, establishing the existence of objects which
are not computable by an algorithm in finite time. For most of the non-
constructive theorems we discuss, we present constructive variants. While
generally weaker than their classical counterparts, these theorems’ proofs can
be implemented as algorithms which terminate in finite time. This makes
them particularly well-suited for application in science.

4 Motivation

A good starting point for understanding the appeal of constructive mathemat-
ics are the computational issues inherent to classical mathematics (CLASS).
These issues are rooted in the idealist notion of truth upon which CLASS, as
formally represented by Zermelo-Fraenkel Set Theory (ZFC), say, is predicated.
Classically, every statement P is thought to be either true or false. This
principle is encapsulated in the following axiom of classical logic, commonly
known as the Law of Excluded Middle (LEM):

For any statement P ,
P _ ¬P.28

LEM is the most obvious—and most ubiquitous—source of noncon-
structiveness in mathematics. Consider the following theorem and standard
classical proof thereof.

26The proofs we present in this part and part III contain gaps and are sometimes sketches
more than fully fleshed out arguments. We believe this is justified as we wish to highlight
relevant parts of proofs to indicate (non-)constructiveness and shed light on the di↵erences
between classical and constructive mathematics.

27We skip ideological arguments of the kind o↵ered by the likes of Brouwer [39,40] or
Bishop [25].

28Read: For any statement P , either P is true, or ¬P is true. Alternatively, LEM may
be read as: For any statement P , the statement P _ ¬P is true. In mathematical practice,
the two readings are interchangeable.
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Theorem 4.1. There are irrational numbers a, b such that ab is rational.

Proof. By LEM, we know that
p
2
p
2
is rational or irrational. If

p
2
p
2
is

rational, let a =
p
2 and b =

p
2 and we are done. If

p
2
p
2
is irrational, let

a =
p
2
p
2
and b =

p
2. Then ab = (

p
2
p
2
)
p
2 = 2, and we are also done.

This proof lacks computational meaning.29 All it tells us is that if
p
2
p
2

is rational, the conclusion holds, and if
p
2
p
2
is irrational, the conclusion

also holds. LEM then tells us that one of the two options must be true, and
the result follows. An indirect proof like this one is nonconstructive insofar
as it does not provide concrete numbers a and b which satisfy the conditions
of the theorem.

Classically, LEM is equivalent to the inference rule Double Negation
Elimination (DNE):30

For any statement P ,
¬¬P =) P.

Before discussing DNE, we state another important axiom of classical
logic called Law of Noncontradiction (LNC):

For any statement P ,

¬(P ^ ¬P ).

LNC allows for so-called reductio ad absurdum arguments, asserting that
whenever assuming that some statement P is true leads to contradiction
it may be inferred that ¬P holds. In combination with LNC, DNE o↵ers
another nonconstructive method of indirect proof common in classical math-
ematics: To establish the truth of a statement P , assume its negation, ¬P ,
is true and derive a contradiction. Then by LNC ¬¬P must be true and it
follows by DNE that P holds. This opens the door for existence proofs of
the most blatantly nonconstructive kind.

Consider the case where P has the form ‘There exists x with property Q’,
or 9xQ(x) for short. Classical logic allow us to prove the statement 9xQ(x)
without producing a concrete witness, an object a such that Q(a) holds. If
assuming ¬9xQ(x) leads to contradiction we may infer ¬¬9xQ(x) by LNC,
which is equivalent to 9xQ(x) by DNE.31 For a concrete example, consider
the following theorem and proof thereof.32

29We mean by this what Mandelkern [108, p. 6 f.] speaks of as ‘numerical meaning’. We
use the term ‘computational meaning’ to avoid ambiguity, for it might seem intuitively
odd to say, for instance, that the proof of Theorem 4.1 lacks (in the sense of being devoid
of) numerical meaning since we have b =

p
2 in both cases. An even more innocuous

alternative would be to speak of computational information.
30Henceforth, ‘=)’ stands for ‘can be derived from’.
31This form of argument is a common tool in classical mathematics and often allows for

elegant, short proofs of existence statements whose direct proofs are long and cumbersome
or, as we shall see below, do not exist.

32This example is taken from [134].

34



Theorem 4.2. There exists a digit which occurs infinitely often in the
decimal expansion of ⇡.

Proof. Suppose that each digit only occurs a finite number of times in
the decimal expansion of ⇡. The digits 0, 1, ..., 9 then occur n0, n1, ..., n9

times respectively. Since ⇡ is computable33, we may compute the first
n0 + n1 + ...+ n9 +1 digits in its decimal expansion. But by our assumption,
there are only n0 + ...+ n9 digits available for this. Thus, the assumption
must be false, whereby it follows that the statement is true.

The fact that assuming the negation of Theorem 4.2 leads to a contradic-
tion implies that it is not the case that there exists no digit which occurs
infinitely often in the decimal expansion of ⇡. By DNE, this is just the same
as saying that there is a digit which occurs infinitely often in the decimal
expansion of ⇡. Again, the above proof lacks computational meaning, as
it does not tell us which of 0, 1, ..., 9 occurs infinitely often in the decimal
expansion of ⇡.

What manifests itself as a lack of computational meaning at the level of
proof propagates to severe computational issues at the level of algorithmic
implementation. In computable analysis (classical or constructive) a real
number is represented by its rational approximation, that is, a sequence of
rational numbers with a defined rate of convergence. With this in mind,
consider the following result of classical analysis, the Intermediate Value
Theorem (IVT).

Theorem 4.3 (IVT). Let f be a continuous function from [0, 1] to R such
that f(0)  0  f(1). Then there exists t 2 [0, 1] such that f(t) = 0.

We first give a standard proof by bisection. The discussion following the
proof is based on [38, pp. 3 f.].

Proof. Let f be a continuous function from [0, 1] to itself such that f(0) 
0  f(1). Put a0 = 0 and b0 = 1 and for each n � 0 set sn = (an + bn)2�1.
We define a sequence of intervals as follows:

[an+1, bn+1] =

(
[an, sn] if f(sn) � 0,

[sn, bn] if f(sn) < 0.

We then have that [an+1, bn+1] ⇢ [an, bn] and f(an)  0  f(bn) for all n � 0.
Since f is continuous, the set

\

n2N
[an, bn]

contains a unique element t such that f(t) = 0.

33For instance, by Bellard’s formula [20].
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This proof specifies a procedure which at each iteration requires us to
decide whether the midpoint of an interval is greater than or smaller than
zero. Now, computationally, x > 0 means that there is an algorithm which
computes i � 1 such that the ith element of the rational approximation
of x is greater than zero. Consider an algorithm computing the zeros of
continuous functions f by mirroring the above interval halving procedure.
Suppose we implement this algorithm on a computer that works with 53-bit
double precision.34 Consider a function on [0, 1] given by

f(x) =

✓
x� 3

4

◆✓
x� 1

2

◆2

� 2�54.

We have

f(0) = � 3

16
� 2�54 < 0, and f(1) =

1

16
� 2�54 > 0,

and the algorithm may carry out the first step of the interval halving pro-
cedure. Now, given its floating point precision, the computer represents
f(2�1) as 0. Thus, the algorithm outputs s1 = t = 2�1 with f(t) = 0, even
though the only zero of f lies in [3/4, 1]. This constitutes what Berger &
Svindland [22] call a type II error—a concept borrowed from statistics.

Remark 7. In statistical hypothesis testing, a null hypothesis is the assump-
tion that some speculative hypothesis can be supported is false. The null
hypothesis, rather than the speculative hypothesis, is the object of statistical
testing.35 A type II error in statistical testing is also sometimes called a false
negative and consists in the non-rejection of a false null hypothesis. Importing
these conceptual conventions to pure mathematics, the null hypothesis is
the membership condition of the solution set of some equation—in our case
f(x) = 0. A type II error, in this case, is the non-rejection of the falsity of
the statement that a number satisfies the membership condition for the set.
Thus, when the ‘algorithm’ embodied by the classical proof of IVT above
outputs t = 2�1, this constitutes a non-rejection of the (false) statement
f(2�1) = 0, even though 2�1 /2 {x | f(x) = 0}.36 In contrast to type II
errors, type I errors consist in the false rejection of a correct null hypothesis.
In the above example, this may happen when the algorithm in question puts
x0 /2 {x | f(x) = 0} even though, in fact, f(x0) = 0. Type I errors naturally
arise due the limitations to the floating point precision of computers. They

34In computer arithmetic, double precision refers to a floating-point representation
system of real numbers in which a number occupies 64 binary digits (bits)—11 bits for
the exponent, 1 bit for the sign, and 52 bits for the coe�cient. In this system, a 53 bit
precision corresponds of an approximate precision of 16 decimal points.

35Owing to the fact that the scientific method consists in falsifying rather than verifying
hypotheses concerning properties of reality.

36In fact, in our example it is the algorithm which computes the solution set and thus
falsely puts 2�1 2 {x | f(x) = 0}.
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are therefore, in a sense, unavoidable. On the other hand, avoiding type II
errors “is often possible and very desirable. Without type 2 errors, the user
can be sure to obtain a true (approximative) solution” [22, p. 2]. Indeed,
in some situations, type II errors may lead to potentially adverse outcomes.
Discussing an example similar to the one above, Berger & Svindland point
out that

“a user who knows f may adjust the machine accuracy such that
x̃ is excluded from the output. But if f is a function that is
defined deep down in a program depending on the input and
maybe some other computations on the way so the user does not
actually see f and if the aim is not to find small values of f , but
to be sure to find points which are characterized as zeros of f ,
and which are then used in a sequence of further computations,
then having x̃ 2 S may yield abstruse solutions” [22, p. 2].

Type II errors are avoidable by altering the algorithm in question. It is
these alterations which the constructive variants of classical theorems suggest.
One application of constructive reverse mathematics, which we introduce
below, consists in the identification of occasions for such alterations—cases
where classical theorems rely on logical or mathematical principles which are
inherently prone to type II errors.

In part IV of this text, we shall discuss further, more concrete examples
where type II errors may lead to potentially adverse economic policy decisions.

One might be tempted to object that the reason for the above type II error
lies not in the algorithm but in the subpar precision of our hypothetical
computer. To see that this is not true, define a predicate G by

G(n) () 2n+ 2 is a sum of two primes.

Define a binary sequence ↵ by setting ↵n = 0 if, and only if, G(k) holds for
all k  n or there exists k < n such that ¬G(k). Then

a =
1X

n=1

↵n2
�n = 0

just if Goldbach’s conjecture is true. Now consider the function g defined on
[0, 1] by

g(x) =

✓
x� 3

4

◆✓
x� 1

2

◆2

� a.

As long as the status of Goldbach’s conjecture is not decided, the above
interval halving algorithm will output t = 2�1 with g(t) = 0, irrespective of
the floating point precision of the computer used to run it. But, if Goldbach’s
conjecture is false, then g(2�1) = �a < 0 and the first true zero of g is

37



in [3/4, 1]. Only if Goldbach’s conjecture is true does the classical interval
halving algorithm yield the correct output.

The function g above is called a weak counterexample to IVT. It is weak
insofar as it does not show that IVT is constructively false, but merely
that we cannot hope to constructively prove it. For, a constructive proof of
IVT would a↵ord a general method for computing the zeros of any suitable
continuous function from [0, 1] to R, which in the case of the function g above
is equivalent to deciding Goldbach’s conjecture. The inherent proneness to
type II errors of algorithms yielded by classical proofs of IVT lies in the
theorem’s equivalence to the inherently nonconstructive statement LLPO,
which we shall discuss below.

There are di↵erent ways to avoid running into computational issues like
the one just discussed. One is by sticking to classical logic and adapting one’s
mathematical toolkit in such a way that the mathematical objects one deals
with are computable.37 Another avenue is restricting one’s logic in such a
way that proofs giving rise to noncomputabilities like those discussed above
are barred. This is the route taken by the Bishop school of constructive
mathematics—the most active research community of constructive math-
ematics today. Restricting one’s logic to ensure computability, one must
also throw overboard certain classical mathematical principles. However, the
resultant body of mathematics is no di↵erent in look and feel than classical
mathematics. This makes Bishop’s constructive mathematics easily accessible
to mathematicians from di↵erent fields and fairly straightforward to apply
in science and beyond.

In the following sections, we begin by introducing the basic concepts and
assumptions of Bishop-style constructive mathematics and gradually work
towards more substantive results relevant to our discussion in part III of this
text.

5 An Informal System

In his seminal Foundations of Constructive Analysis [24], Errett Bishop
showed that significant mathematical work can be done within the confines
of constructive reasoning. In the subsequent fifty years, constructive mathe-
maticians have expanded Bishop’s work in analysis across several di↵erent
fields, including set theory, algebra, analysis, measure and integration theory.

Like all systems of constructive mathematics, Bishop’s informal system,
which we shall refer to as BISH, is based on the below convention, called the
Brouwer-Heyting-Kolmogorov Interpretation (BHK) of the logical constants
and quantifiers. As usual, !,^,_,¬, 8, 9 abbreviate ‘If..., then’, ‘and’, ‘or’,

37Classical computable analysis has its origins in the work of Turing and Specker and
came to full fruition in the works of Aberth [1] and Pour-El & Richards [128]. The interested
reader is referred to [8].
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‘It is not the case that’, ‘For all’, and ‘There exists’, respectively. ? stands
for any contradiction (e.g., 0 = 1) and ‘algorithm’ is taken as primitive. Let
P and Q be mathematical statements.

B1. A proof of P ^Q is a pair of proofs, one of P and one of Q.

B2. A proof of P _Q is a proof of P or a proof of Q.

B3. A proof of P ! Q is an algorithm which transforms every proof of P
into a proof of Q.

B4. A proof of ¬P is a proof of P ! ?.

B5. A proof of 8xP (x) is an algorithm that, for every object t, proves that
P (t) holds.

B6. A proof of 9xP (x) is a construction of a specific object t and a proof
that P (t) holds.

A constructive proof is one which constitutes a proof on the basis of
BHK. It should be clear that LEM cannot be accepted based on BHK. For,
when interpreted based on clause B2 of BHK, LEM suggests the existence
of a method for obtaining, for any given statement P , a proof of P or a
proof of ¬P . If such a method existed, we could thereby decide the truth or
falsity of any mathematical statement, including those which have not been
proved or disproved yet [160]. This does not show that LEM is false based
on BHK, but that one cannot possibly accept it as a general principle if one
aspires to building mathematics constructively.

None of the above classical arguments pass as valid proofs based on BHK.
A constructive proof of Theorem 4.1 must satisfy clause B6 of BHK. Such
a proof consists in a construction of a pair of numbers (a, b) and a proof that
shows that a is irrational, b is irrational, and ab is rational. Similarly, for
Theorem 4.2. A constructive proof of IVT would consist in an algorithm
which when applied to a function f from an interval [a, b] to R and data
showing that f(a) < 0 < f(b), produces a real number t and a proof that
t 2 (a, b) and f(t) = 0.

The BHK interpretation gives rise to intuitionistic logic (see Appendix
1)—that is, classical logic without LEM. Since it is axiomatically weaker
than classical logic, many of the familiar logical equivalences fail in at least
one direction in intuitionistic logic. We list some of the most important ones
below.

• Exhaustion (!): (P ! Q) ^ (¬P ! Q) =) Q

• Double Negation Elimination: ¬¬P =) P

• Material Implication (!): P ! Q =) ¬P _Q
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• Contrapositive (!): ¬Q ! ¬P =) P ! Q

• De Morgan I (!): ¬8xP (x) =) 9x¬P (x)

By contrast, the following classical inference forms are all valid based on
intuitionistic logic.

• Double Negation Introduction: P =) ¬¬P

• Material Implication ( ): ¬P _Q =) P ! Q

• Contrapositive ( ): P ! Q =) ¬Q ! ¬P

• De Morgan I ( ): 9x¬P (x) =) ¬8xP (x)

• De Morgan II: 8x¬P (x) () ¬9xP (x)

A proof in BISH is a proof based on BHK and BISH’s mathematical
assumptions. The most basic of these assumptions are:

• There exists a set N of natural numbers.

• The notion of function is taken as primitive. A function is a finite rule.

• The notion of algorithm is taken as primitive. That an object is
computable by an algorithm means that it is computable in a finite
amount of time.

• A set A is well-defined if all of the following can be given: (i) a method
to compute elements of A, (ii) a method to show that two elements of
A are equal, (iii) a proof that equality is an equivalence relation on A.

• Equality between elements of two sets A and B can only be defined
when A and B are subsets of the same set.

• For sets A and B, the set of functions from A to B exists.

• The Axiom of Dependent Choice (DC) holds.

• Definitions by transfinite induction are admissible.38

38The admittance of transfinite inductive definitions of sets was initially motivated by
their apparent necessity for the constructive development of measure theory via Borel
sets in [24], which was superseded by a development without Borel sets in [26]. Inductive
definitions found their formal justification by Aczel’s [2, 4] interpretation of CZF+REA
in Martin-Löf’s intuitionistic type theory. This gave rise to a more relaxed notion of
predicativity for constructive mathematics than the standard Feferman-Schütte one [47].
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Further mathematical assumptions of BISH are introduced throughout
section 6—and, indeed, throughout the constructive mathematical litera-
ture.39 The open-ended, on-the-go development of the informal system BISH
may be unsettling to those used to investigating ‘finished’, explicitly spec-
ified formal systems. But if we are going to analyze informal constructive
mathematics, we must contend with it.

As all of BISH’s assumptions are classically valid and BHK is consistent
with classical logic, every proof in BISH is a proof in CLASS. Thus, BISH is a
subsystem of CLASS, and CLASS a model of BISH.

In Bishop’s view, “The positive integers and their arithmetic are presup-
posed by the very nature of our intelligence” [24, p. 2]. In the beginning pages
of Foundations, Bishop reads very much like some of the early predicativists,
notably Weyl [170], emphasizing the bottom-up nature of constructive math-
ematics: “Building on the positive integers [...] we get the basic structures
of mathematics” [24, p. 2]. In constructive mathematics

“Everything attaches itself to number, and every mathematical
statement ultimately expresses the fact that if we perform certain
computations within the set of positive integers, we shall get
certain results” [24, p. 3].

To this end, “Any computation that can be performed by a finite intelligence
– any computation that has a finite number of steps – is permissible” [24, p. 3].
In fact, “a constructive proof is a computation” [24, p. 354; emphasis added]
and every constructive proof yields an algorithm. Indeed, when applied to
existence statements about (natural, rational, real) numbers, ‘construction’
in clause B6 of BHK may be read ‘computation’. When dealing with (sets
of) real numbers in the following sections, we shall therefore often use the
two terms interchangeably.

While Bishop “has been criticised for being too vague in his concept of
algorithm”, Bridges points out that “by this very vagueness he left open the
possibility of interpreting his work within a variety of formal systems” [34, p.
96]. One such system is that of Russian constructive recursive mathemat-
ics (RUSS), which interprets ‘algorithm’ as ‘partial recursive function’ and
‘computable’ as ‘Turing computable’.

Writing in the 1960s, Bishop felt that “the necessity for judgment [in
proof and computation] can never be eliminated completely” [24, p. 355].
Nonetheless, “we seek to realize each constructive result T as a computer
program requiring minimal preparation and supervision by the operator of
the computer” [24, p. 355]. Not only does practicing and reading constructive
mathematics leave one with the strong impression that any of its proofs could

39The reader may consult [26, 38] as starting point (see also [126, Chapter 2]). The
constructive set theory CZF (see [5]) is considered by many as the formal foundation of
BISH.
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be implemented as a computer program in a straightforward fashion. Years
of metamathematical research into BISH and its set- and type-theoretical
formalizations (see [3, 64,112,119]) strongly suggests that on many formal
notions of ‘algorithm’ and ‘computable’, mathematics practiced in BISH does
in fact coincide with that part of mathematics which can be implemented on
a computer (see [13, 15,16,103,111,147,148]).

Many theorems typically proved by nonconstructive means can be given
proofs on the basis of BHK. In fact, some classical proofs constitute con-
structive proofs when reinterpreted in terms of BHK. Consider the following
theorem, whose proof is often cited as an example of nonconstructive reason-
ing.

Theorem 5.1. There are infinitely many primes.

Proof. Suppose there are finitely many primes p1, ..., pi. Define a number
by pi+1 = p1 ⇥ ...⇥ pi + 1. pi+1 is either prime or has prime factors. Since
pi+1 > pi > ... > p1, and none of p1, ..., pi divides pi+1, both options are
contradictory. Thus, p1, ..., pi cannot be a list of all primes.

From a constructive point of view, the contradiction and subsequent
application of DNE in each case is unnecessary for establishing the theorem.
Let ‘prime(x)’ abbreviate ‘x is prime’. The constructive reading of the
theorem is,

8x(prime(x) ! 9y(x < y ^ prime(y))),

a constructive proof of which is an algorithm which transforms every proof
of prime(x) into a proof of

9y(x < y ^ prime(y)),

that is, into a computation of a number y and a proof of x < y and prime(y).
But that is exactly what the above proof provides.

As we saw above, reductio proofs of positive statements are constructively
inadmissible because they rely on DNE. By contrast, indirect proofs of
negative statements are unproblematic from a constructive point of view,
since ¬P is defined by BHK as P ! ?. Consider the following theorem
and proof.

Theorem 5.2.
p
2 is irrational.

Proof. Suppose
p
2 is rational, so there are a, b 2 N with b 6= 0 and a/b =

p
2.

We may minimize a/b to obtain c, d which are coprime and c/d =
p
2. We

thus have that 2d2 = c2, so c is even. Let c = 2e. Then d2 = 2e2, so d is even.
Since c and d are coprime this is impossible, so

p
2 cannot be rational.

Some theorems commonly proved by nonconstructive means admit con-
structive proofs. Consider again the following theorem.
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Theorem 4.1. There are irrational numbers a, b such that ab is rational.

Proof. Let a =
p
2 and b = 2 log2 3. Then ab = 3, which is rational. By

Theorem 5.2,
p
2 is irrational. To see that 2 log2 3 is irrational, suppose it

is rational. Then there exist c and d 6= 0 such that c/d = log2 3. But this
implies that 2c = 3d, which is absurd.

Unfortunately, many other classical theorems do not admit construc-
tive proofs. One example is IVT. An intuitive argument why IVT must
fail constructively is that a constructive proof of IVT would yield an algo-
rithm to solve not only Goldbach’s conjecture, but any unsolved problem
that can be reduced to computing the upper bound of a binary sequence
(e.g., the Riemann Hypothesis). A more formal argument for its inherent
nonconstructiveness will be given below.

The practice of constructive mathematics falls into two categories, one
positive and one negative. We turn to the latter first.

Constructive Reverse Mathematics

In the following, we present a number of axioms which are not valid in
BISH, but can be consistently added to it. The first set of axioms is in-
herently nonconstructive, whereas the second and third each correspond to
a constructive mathematical system extending BISH. Constructive reverse
mathematics (CRM) is the practice of classifying classical theorems into these
axioms and numerous others, by proving their equivalence, to gauge their
nonconstructiveness.40

Omniscience Principles

The following weak forms of LEM are inadmissible in constructive mathe-
matics.

Limited Principle of Omniscience (LPO).

8↵n 2 2N(8n(↵n = 0) _ 9n(↵n = 1))

It is not hard to see why LPO cannot be constructively true. For, an
algorithm deciding whether the first or the second disjunct holds for a binary
sequence ↵ may need to check infinitely many of ↵’s terms, a feat which no
finite computing machine is capable of. In particular, if the first disjunct
holds for ↵, then any such algorithm will run forever. A constructive proof
of LPO would yield an method by which a wide range of open mathematical
conjectures could be solved, including the conjectures of Fermat, Riemann,

40The literature on CRM reaches back to at least the 1980s [107,108]. An introduction
is in [93], a recent comprehensive overview in [55], and a CRM perspective on applied
mathematics in [23, 87].
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and Goldbach.41 Clearly, such a method does not exist and “nobody expects
that one will ever be found” [24, p. 5]. Indeed, LPO is provably false in
INT, RUSS, and even classical recursive function theory [36, Chapter 3].
Since LPO is true in CLASS, it is independent of BISH.

Lesser Limited Principle of Omniscience (LLPO).

8↵ 2 2N(8n,m(n 6= m ! ↵n↵m = 0) ! 8n(↵2n = 0) _ 8n(↵2n+1 = 0))

LLPO is a weakening of LPO. Informally, it states that the first nonzero
term of a binary sequence, if it exists, has either an even index or an odd
index. As with LPO, it is clear that no method deciding LLPO for arbitrary
sequences can exist. Like LPO, LLPO is provably false in INT and RUSS,
true in CLASS, and thus independent of BISH.

Proposition 5.1 (BISH). LEM =) LPO =) LLPO.

Proof. Omitted.

Definition 5.1. For ↵ 2 2N, let ↵n denote the initial segment of ↵ with
length n. An infinite decidable tree is an infinite set T of finite binary
sequences such that if ↵ 2 T then ↵n 2 T for each n. T admits an infinite
path if there exists an infinite binary sequence ↵⇤ such that ↵⇤n 2 T for
each n.

Weak König’s Lemma (WKL). Every infinite decidable tree admits an
infinite path.

WKL may be viewed as countably many applications of LLPO. Thus,
the following equivalence only holds in the presence of AC!.

Proposition 5.2 (BISH). WKL and LLPO are equivalent.

Proof. [55, Proposition 1.4.5].

Intuitionistic Principles

The following two principles have their roots in Brouwer’s intuitionistic
philosophy [89]. When added to BISH, they yield the classically inconsistent
system INT of intuitionistic mathematics [93].

Definition 5.2. A set B of finite binary sequences is called a bar if for all
↵ 2 2N there exists n 2 N such that ↵n 2 B. A bar B is called uniform if
there exists N 2 N such that for every ↵ 2 2N there exists n  N such that
↵n 2 B.

41The former of the three was solved by Wiles [173], using heavy machinery from number
theory, algebraic geometry, and group and Galois theory.
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Fan Theorem (FT). Every bar is uniform.

FT is classically true. In INT, FT ensures the (open cover) compactness
of [0, 1] and a↵ords a proof of UCT [54, 55].

Brouwer’s Continuity Principles (BCP).

• Every function from NN to N is continuous.

• If R ✓ NN ⇥ N and for all x 2 NN there exists n 2 N with (x, n) 2 R,
then there exists a function f from NN to N such that (x, f(x)) 2 R,
for all x 2 NN.

Among the consequences of BCP is that every function from R to itself
is continuous. Thus, BCP is classically false, whence INT is inconsistent
with CLASS.

Recursive Principles

Adding the following principles to BISH yields the system RUSS of Russian
constructive recursive mathematics [93].42 Like INT, RUSS is a classically
inconsistent extension of BISH.

Markov’s Principle (MP).

8↵ 2 2N(¬8n(↵n = 0) ! 9n(↵n = 1))

Incorporating a form of unbounded search, MP is a weak form of DNE
and generally not used by practitioners of BISH. Unlike LPO and LLPO,
whose occurrence in an algorithm indicates the possibility of type II errors,
algorithms involving only MP are limited to incurring type I errors. The-
orems which are equivalent to MP, then, are nonconstructive, albeit in a
slightly less malign way than theorems equivalent to LLPO or any of its
strengthenings.43

Church’s Thesis (CT). Every total function is computable.44

Since CT is classically false, RUSS is inconsistent with CLASS.

Proposition 5.3. LPO is equivalent to the Halting Problem.

Proof. (RUSS) [36, pp. 52 f.].

42We treat RUSS here as an extension of BISH in the same informal language as the
latter. In fact, RUSS was presented in a distinct and much more formal language [110]. In
RUSS, all mathematical objects are algorithms, representable by finite strings of symbols
of a finite alphabet [160].

43In this light, Berger’s & Svindland’s result in [23] is reassuring.
44In CLASS and BISH a total function is just a function.
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The results of CRM are instructive in two ways. First, insofar as the
relationships between and relative strengths of the various classifying princi-
ples are known, CRM yields a hierarchy of classical theorems with di↵ering
degrees of nonconstructiveness. Second, the results of CRM are instrumental
to finding constructive variants of classical theorems.

Throughout the following sections, we present a range of classical theorems
which fail in BISH. Proof complexity permitting, we pinpoint exactly where
in their standard proofs a nonclassical principle is invoked. Moreover, we
show which of the above principles they are equivalent to. Against this
background, we present constructive variants of the theorems in question.
We focus on theorems which either facilitate an understanding of the issue of
(non-)computability in classical and constructive mathematics or are directly
pertinent to the classical and constructive theorems from economic theory
we discuss in part III.

Remark 8. It should be noted that in informal (reverse) mathematics,
stating the equivalence of two statements is a somewhat more vague matter
than in formal mathematics. When we say below that a theorem is equivalent
to (say) LLPO over BISH, we mean by this that the statement implies
LLPO and can be easily derived from LLPO in BISH by assuming no
other statements (constructively) stronger than LLPO. Di↵erent theorems
equivalent to LLPO in this sense may in fact have nothing contentually in
common, inasmuch as it may not even seem intuitive that they could be
proved equivalent other than via their respective equivalence to LLPO.

6 Constructive Analysis

By a constructive variant of a classical theorem P we shall mean a statement
P 0 such that P 0 is provable in BISH and (typically) CLASS proves P 0 () P. A
constructive variant of a classical theorem P can be obtained by strengthening
P ’s hypothesis, weakening P ’s conclusion, or both. Thus, a constructive
variant of the statement Q ! R may take one of the following forms:

V1: Q ^Q0 =) R,

V2: Q =) R _R0,

V3: Q ^Q0 =) R _R0,

where Q0 and R0 are constructively distinct from, and not implied by, Q and
R.45 It will often be the case thatQ0 and R0 classically imply, or are equivalent
to, Q and R, respectively. Naturally, the goal of constructive mathematics
is to produce variants of classical theorems which are contentually as close

45Note that V2 and V3 include statements in which R is replaced by R0.
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as possible to their classical counterparts—in terms of both strength and
‘spirit’.

Remark 9. Henceforth, we shall add to theorems the prefix ‘BISH’ to signify
that they are provable in BISH and that the proof we present of them is one
in BISH. Of course, any such theorem is also one of CLASS. Similarly, when
a theorem is provable in CLASS but not in BISH, or the proof we present
of it is one in CLASS, we add to it the prefix ‘CLASS’. To signify that a
well-known classical theorem is also provable in BISH and that the proof we
present of it is valid in both systems, we add the prefix ‘CLASS & BISH’.

6.1 Sets

In BISH a set A 6= N is given by (i) a method to construct elements of A
from elements previously constructed and (ii) an equivalence relation =A on
A. Most, but not all, of the definitions of the basic notions of informal set
theory carry over to BISH from the classical setting.46

One of the core principles of constructive mathematics according to
Bishop [25] is that “Meaningful distinctions”, obscured by the strength of
classical logic, ought “to be maintained” [p. 6]. In particular, certain positive
and negative renderings of one and the same classical property are often
constructively distinct. For instance, constructively

¬(A = ;) () A = ; ! ?,

expresses that A is nonempty—a negative notion—whereas

A 6= ; () 9x(x 2 A)

is interpreted as A’s being inhabited—a positive notion. The following
proposition shows that these notions are indeed constructively distinct.

Proposition 6.1 (BISH). LEM is equivalent to the statement

8A ⇢ {0}(¬(A = ;) =) A 6= ;).

Proof. [55, Proposition 1.1.1] Let A ⇢ {0} and suppose LEM holds. Then
0 2 A or 0 /2 A. Suppose ¬(A = ;). Then 0 /2 A is contradictory, so 0 2 A.
Thus, A 6= ; holds. Now suppose ¬(A = ;) =) A 6= ; holds. Let P be any
constructively meaningful sentence, and define a set A ⇢ {0} by

A = {x | x = 0 ^ (P _ ¬P )}.

Then the assumption that A = ; is contradictory, so A 6= ; holds. Thus,
there exists x 2 A and P _ ¬P holds.

46See the opening chapters of [26] and [38] for a more detailed discussion of informal
constructive set theory.
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Many more basic classical set theoretic facts fail constructively, including
the following.

Proposition 6.2 (BISH). The following statements are equivalent to LPO.

• If A [B is infinite, then either A is infinite or B is infinite.

• The transitive closure of a decidable relation on N is decidable.

• Every countable subset of N is decidable.

Proof. [55, Chapter 1.2].

A contentious matter in constructive mathematics is the classical Power
Set Axiom.

Power Set (Pow).

8X9Y 8A(A 2 Y $ 8a(a 2 A ! a 2 X))

The set Y is called the power set of A and is often denoted by P(A).
Pow constitutes a source of impredicativity [48, Chapter 1.3] as it allows for
self-referential definitions such as the following.

Let � be a set-theoretic formula and define a set A by Pow as follows:

A = {n 2 N | 8X ⇢ N �(n,X)}.

This definition is impredicative insofar as A itself is among the sets to which �
may apply. This kind of self-referentiality flies in the face of the fundamental
idea of constructivism that new objects may only be constructed from those
that were previously constructed. Fortunately, there are ways to avoid the
use of Pow in constructive mathematics. One is o↵ered by Myhill’s [119]
Exponentiation Axiom, which for two sets X and Y asserts the existence of
the set of all functions from X to Y .

Exponentiation (Exp).

8X8Y 9Z8f(f 2 Z $ f : X ! Y )

It is hard to make constructive sense of the notion of an arbitrary subset.
Given an infinite set X ✓ R, say, there is no finite rule by which every subset
of X could be generated. On the other hand, a function f from X to another
set Y ✓ R is a well-understood constructive object, a finite rule by which
f(x) 2 Y can be computed for each x 2 X. Exp and Pow are classically
equivalent because every set has a characteristic function. This is not the
case constructively [38, Chapter 1.4].

Another way to bypass the use of Pow is to focus on the (smaller) set of
constructively well-defined subsets of a set. For instance, when X is a metric
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space it often su�ces to concentrate on X’s compact subsets.

It is well-known that the full classical Axiom of Choice (AC) is inadmis-
sible in constructive mathematics as it implies LEM.

Axiom of Choice (AC). For any collection X of nonempty sets, there
exists a function f : X !

S
X such that f(A) 2 A for all A 2 X.

Proposition 6.3 (BISH). AC implies LEM.

Proof. [53] Let P be any mathematical statement and define two sets as
follows:

X = {x 2 {0, 1} | x = 0 _ P )},
Y = {x 2 {0, 1} | x = 1 _ P )}.

By AC, there exists a function f : {X,Y } ! {0, 1} such that f(X) 2 X
and f(Y ) 2 Y . Since equality on N is decidable constructively, we have
f(X) = f(Y ) or f(X) 6= f(Y ). There are four possible cases, in two of which
P holds and in two of which ¬P holds.

In analysis, AC is often applied in the guise of Zorn’s Lemma.

Zorn’s Lemma. Let R be a partial order on a nonempty set A. If every
chain in R has an upper bound, then R has a least one maximal element.

Theorem 6.1 (CLASS & BISH). AC and Zorn’s Lemma are equivalent.

Proof. Omitted.

Fortunately, the following weaker choice principles su�ce for many pur-
poses. They are accepted by many modern practitioners of constructive
mathematics and are used freely in [24].

Axiom of Dependent Choice (DC). Let R be a binary relation on a set
A such that

8x 2 A 9y 2 A (xRy).

Then for each x0 2 A there exists a function f : N ! A such that f(0) = x0
and

8n 2 N (f(n)R f(n+ 1)).

Axiom of Countable Choice (AC!). Let f be a function with domain N
such that for each n 2 N there exists y 2 f(n). Then there exists a function
g with domain N such that g(n) 2 f(n) for all n 2 N.

Proposition 6.4. AC =) DC =) AC!.

Proof. Omitted.
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6.2 Real Numbers

A real number is a regular Cauchy sequence of rational numbers47, that is,
a sequence (xn) such that, for all n,m � 1,

|xn � xm|  1

n
+

1

m
.

Hence, a constructive real number is computable insofar as it can be
approximated by rationals with arbitrary precision.48

This naturally leads to the following definition of equality. Two real
numbers x, y are said to be equal if

|xn � yn| 
2

n
(*)

holds for all n � 1. This defines an equivalence relation on the set of real
numbers, denoted by R.

Theorem 6.2 (BISH). Two real numbers x, y are equal, written x = y, if
for each i � 1 we can compute Ni � 1 such that

|xn � yn| 
1

i
(**)

holds for all n � Ni.

Proof. [26, Lemma 2.3] Assume x = y such that (*) holds. Then (**) holds
with Ni = 2i for any i � 1. For the opposite direction, consider n 2 N and
assume (**) holds. For all natural numbers i and m > max {i, Ni} we have:

|xn � yn|  |xn � xm|+ |xm � ym|+ |ym � yn|


✓
1

n
+

1

m

◆
+

1

i
+

✓
1

n
+

1

m

◆

<
2

n
+

3

i
,

so (*) holds.

A real number x is positive if we can compute n � 1 such that xn > n�1,
nonnegative if xn � �n�1, for all n � 1, and negative if �x is positive.
Let x, y be real numbers. The basic arithmetical operations and functions on
R are defined as classically. Thus, x+ y = (xn + yn), x⇥ y = (xn ⇥ yn), and

47We assume familiarity with the order and arithmetic of the natural and rational
numbers, which are the same constructively as classically.

48Note that this di↵ers from the classical approach, where Cauchy reals are defined as
equivalence classes of Cauchy sequences. Thus, in BISH a real number may be represented
by di↵erent Cauchy sequences.

50



so on.49 We say that x is greater than y (y is smaller than x), written
x > y (y < x), if x � y is positive. x is greater than or equal to y (y is
less than or equal to x), written x � y (y  x), if x � y is nonnegative.
Finally, x, y are said to be distinct, written, x 6= y, if

x > y _ x < y.

The structure hR, 0, 1,+, x,<i forms a Heyting field [34] satisfying the
following principles for all x, y, z 2 R.

• ¬(x > y ^ x < y),

• x � y () ¬(y > x),

• ¬¬(x = y) () x = y,

• ¬(x 6= y) =) x = y,

• |x| = 0 () x = 0,

• |x| > 0 () x > 0 _ x < 0,

• |x · y| > 0 () |x| > 0 ^ |y| > 0.

Unfortunately, some of the most fundamental properties of the classical
real line do not carry over to the constructive setting.

Proposition 6.5 (BISH). LPO is equivalent to the statement

8x 2 R(x = 0 _ x 6= 0).

Proof. [36, p. 4] Let x be a real number and for each n 2 N compute a
rational number xn such that |x� xn| < n�1. Define a binary sequence ↵ by

↵n =

(
0 if |xn|  n�1,

1 otherwise.

If ↵n = 1 for some n, then |x| > 0. If ↵n = 0 for all n, then |x| = 0.
For the converse, let ↵ be a binary sequence and set

x =
1X

n=1

↵n2
�n.

If x = 0, then ↵n = 0 for all n. If x 6= 0, then we can compute N such that

x > 2�N =
1X

n=N+1

2�n.

Checking ↵1,↵2, ... we are then guaranteed to find n  N such that ↵n =
1.

49For an in-depth development of the constructive theory of the real line, the reader is
referred to [26, 38].
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Since x 6= y is constructively equivalent to x > y_x < y, this means that
the classical law of trichotomy fails constructively. Luckily, the following
substitute, commonly referred to as the Approximate Splitting Principle
(ASP), su�ces for most applications.

Theorem 6.3 (ASP). (BISH).

8x, y 2 R(x > y ! 8z(x > z _ z > y))

Proof. [26, Corollary 2.17].

Proposition 6.6 (BISH). LLPO is equivalent to the statement

8x 2 R(x � 0 _ x  0).

Proof. [38, p. 9 f. & Proposition 2.1.13] Let x be any real number and for
each n, compute a rational number xn such that |x� xn| < n�1. Define a
binary sequence ↵ with at most one nonzero term as follows:

• Put ↵n = 0 for all n with |xn|  n�1.

• Let k be the least number with |xk| > k�1, if it exists. If xk > 0, set
↵2k = 1 and set all other terms to zero. If xk < 0, set ↵2k+1 = 1 and
set all other terms to zero.

Then 8n(↵2n = 0) implies x  0 and 8n(↵2n+1 = 0) implies x � 0.
For the converse, let ↵ be any binary sequence with at most one nonzero

term and set

x =
1X

n=1

(�1)n2�n↵n.

Then x  0 implies 8n(↵2n = 0) while x � 0 implies 8n(↵2n+1 = 0).

In the following sections, we will prove the nonconstructiveness of several
classical theorems by showing that they are equivalent to principles like
LLPO. If a theorem P is equivalent to LLPO then, by BHK, this means
that there exists an algorithm which, in finite time, transforms every proof
of P into a proof of LLPO. This means that if one could constructively
prove P , this would yield an algorithm capable of deciding, in finite time,
x � 0 _ x  0 for any given real number x. But real numbers are given by
regular Cauchy sequences of rational numbers, so deciding x � 0_x  0 may
take an infinite amount of time even for a single real number x. Hence, P
cannot be constructively provable. Moreover, algorithms ‘computing’ objects
whose existence is equivalent to LLPO—such as the zeros of continuous
functions—are necessarily prone to type II errors (see our discussion of IVT
above). The same holds for LPO or LEM, of course.

Another classical property of the real line that fails constructively is the
Least Upper Bound Principle (LUBP).
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Theorem 6.4 (LUBP). (CLASS). If X ⇢ R is nonempty and bounded
above in �, then X has a least upper bound.

Proof. Let A ⇢ R be nonempty and bounded above by b. SinceA is nonempty,
there is a 2 A such that a  b. Set a0 = a, b0 = b, and sn = (an + bn)2�1 for
each n 2 N. We inductively define a sequence (an) in A and a sequence (bn)
of upper bounds of A as follows. If sn is an upper bound of A, set an+1 = an
and bn+1 = sn. If sn is not an upper bound of A there is an+1 2 A such that
an+1 > sn, in which case we set bn+1 = bn. The common limit of (an) and
(bn) is the least upper bound of A.

Henceforth, we write supA to denote the least upper bound, or supre-
mum, of a subset A of a partially ordered set X. Similarly, we write inf A
to denote A’s greatest lower bound, or infimum [144, p. 59].

Proposition 6.7 (BISH). LUBP and LEM are equivalent.

Proof. [38, p. 32] Let P be any constructively meaningful statement and
consider the set

A = {0} [ {x 2 R | x = 1 ^ P}.
Suppose LUBP holds, that is, we can compute supA. If supA = 0, then
¬P holds. If supA = 1, then P holds. Since P can be chosen arbitrarily, this
implies LEM. To see that LEM implies LUBP, consider again the above
proof and note that LEM allows us to decide, at each step in the definition
of (an) and (bn), whether (an + bn)2�1 is an upper bound of A or not.

While LUBP is thus inherently nonconstructive, the following construc-
tively provable V1 variant of LUBP, the Constructive Least Upper Bound
Principle (cLUBP), su�ces for most applications.

Theorem 6.5 (cLUBP). (BISH). Let A be an inhabited subset of R that is
bounded above. If for all a, b 2 R with a < b, either b is an upper bound of A
or we can compute c 2 A such that c > a, then supA can be computed.

Proof. [38, Theorem 2.1.18]

Proving cLUBP takes some e↵ort. But it can be heuristically motivated
against the background of the above proof of LUBP (see [35, p. 80 f.]):
Suppose we have computed a0 2 A and an upper bound b0 > a0 of A. For
each n 2 N we now put

s1 =
2

3
an +

1

3
bn,

s2 =
1

3
an +

2

3
bn.

By cLUBP’s second assumption, either s2 is an upper bound for A, in which
case we set an+1 = an and bn+1 = s2. Or we can compute an+1 2 A such
that an+1 > s1, in which case we set bn+1 = bn. This defines a sequence (an)
in A and a sequence (bn) of upper bounds of A whose common limit is supA.
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6.3 Continuity & Compactness

Continuity is one of the most contentious notions in constructive mathemat-
ics. We consider a very useful theorem of classical analysis, the Uniform
Continuity Theorem (UCT).

Definition 6.1. A metric on a set X is a function d : X ⇥X ! R+ satis-
fying

• d(x, y) � 0,

• d(x, x) = 0,

• d(x, y) = d(y, x),

• d(x, z)  d(x, y) + d(y, z),

for all x, y, z 2 X. A set X endowed with a metric d is called a metric
space and sometimes denoted (X, d).

The metric d : Rn ⇥ Rn ! R+ defined by d(x, y) = |x� y| is called the
Euclidian metric on Rn. From now on, when dealing with metric spaces
(X, d) where X ✓ Rn, we always assume that d is the Euclidian metric unless
stated otherwise.

Definition 6.2. Let X be a metric space. X is called complete if all
Cauchy sequences in X converge in X. X is called totally bounded if
every sequence in X has a Cauchy subsequence. X is called compact if X
is both complete and totally bounded.

Definition 6.3. Let (X, d) and (Y, e) be metric spaces and f a function
from X to Y . f is called continuous if for all x0 2 X and all " > 0 there
exists � > 0 such that for all x 2 X, if d(x0, x) < �, then e(f(x0), f(x)) < ".
f is called uniformly continuous if for all " > 0 there exists � > 0 such
that for all x1, x2 2 X, if d(x1, x2) < �, then e(f(x1), f(x2)) < ".

Theorem 6.6 (UCT). (CLASS). Let X be a compact metric space, Y a
metric space, and f a continuous function from X to Y . Then f is uniformly
continuous.

Proof. [140, Theorem 4.19].

UCT is true in INT [54, Theorems 4.1.6 & 4.3.11] but false in RUSS,
where a function from [0, 1] to (0, 1) can be constructed that is continuous
but not uniformly continuous [36, Theorem 3.3]. Given this unstable status
across di↵erent constructive systems, UCT is sometimes treated as an axiom
in CRM [55, pp. 62 f.].

Equally problematic from a constructive standpoint are the two most
common classical definitions of compactness, yielded by two basic theorems
of analysis: the Bolzano-Weierstrass Theorem (BWT) and the Heine-Borel
Theorem (HB).
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Definition 6.4. A subset A of a metric space (X, d) is called open if for each
x 2 A there exists " > 0 such that the open ball B(", x) = {y | d(x, y) < "}
is contained in A. A is called closed if its complement is open.

Definition 6.5. Let A be a subset of a metric space X. A cover for A in
X is a collection C ✓ P(X) such that A ✓

S
C. A collection B ✓ C is called

a subcover of C (for A) if B is a cover for A. A cover C for A is called an
open cover if all sets in C are open.

Theorem 6.7 (HB). (CLASS). If X is a complete, totally bounded metric
space, then every open cover of X contains a finite subcover.

Proof. [140, Theorem 2.41].

HB is true in INT but false in RUSS, where a countable cover of [0, 1]
can be constructed that does not admit a finite subcover. Like UCT, HB is
therefore independent of BISH [54]. It does not, however, have any blatantly
nonconstructive consequences—in stark contrast to BWT.

Theorem 6.8 (BWT). (CLASS). If X is a complete, totally bounded metric
space and (xn) a bounded sequence in X, then (xn) contains a convergent
subsequence.

Proof. We consider the case where (xn) is a sequence in R that is bounded
below by s1 and above by S1. Set I1 = [s1, S1] and for each k > 1, let
sk = min Ik and Sk = max Ik. Set

Ik+1 = [sk, (sk + Sk)2
�1]

if [sk, (sk + Sk)2�1] contains infinitely many elements of (xn), and

Ik+1 = [(sk + Sk)2
�1, Sk]

if [(sk + Sk)2�1, Sk] contains infinitely many elements of (xn). This yields a
sequence of nested intervals I0 � I1 � I2 � ... with nonempty intersection

1\

k=1

Ik = {s}.

Put n1 = 1 and choose for nk+1 the least m > nk such that xm 2 Ik+1. This
defines a sequence (xnk) ✓ (xn) with limit s.

This proof is nonconstructive. At each step in the inductive definition of
the intervals Ik+1 it requires us to determine which of the two halves of Ik
contains infinitely many elements of (xn). Suppose the left halve I 0 of Ik is
infinite. To determine algorithmically whether I 0 contains infinitely many
elements of (xn), we would have to compare infinitely many elements of I 0

with infinitely many elements of (xn), a task equivalent to constructively
proving the inherently nonconstructive trichotomy law.
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Proposition 6.8 (BISH). BWT and LPO are equivalent.

Proof. [107].

There is an intimate link between the notions of uniform continuity and
compactness in classical analysis. Consider the following basic proposition,
for instance:

Proposition 6.9 (CLASS). If X is a compact metric space, Y a metric
space, and f : X ! Y is continuous, then f(X) is compact.

Proof. [140, Theorem 4.14].

Classical proofs of Proposition 6.9 rely on UCT in combination with
either of the two above notions of compactness and are thus out of reach
constructively. To retrieve conservation results like Proposition 6.9 construc-
tively and to remain on neutral ground between CLASS, INT, and RUSS,
Bishop made two moves. First, he uses the following constructively unprob-
lematic definition of compactness, which is classically equivalent to Definition
6.2 [26, p. 94 f.].

Definition 6.6. An "-approximation to a metric space (X, d) is a subset
Y of X such that for each x 2 X there exists y 2 Y such that d(x, y) < ". A
metric space X is called totally bounded if for each " > 0 there exists a
finite "-approximation to X.

Definition 6.7. (BISH) A metric space is called compact if it is both
complete and totally bounded in the sense of Definition 6.6.

Remark 10. Whenever compactness shows up in the hypotheses of a con-
structive proposition or theorem below, this refers to compactness in the
sense of Definition 6.7.

Second, Bishop restricted his attention to functions that are uniformly
continuous in the following sense [26, p. 86].

Definition 6.8. (BISH) A function f from a metric space (X, d) to a metric
space (Y, e) is uniformly continuous if for each " > 0 there exists a function
� : R+ ! R+, called the modulus of continuity of f on X, such that if
d(x, y)  �("), then e(f(x), f(y))  ", for all x, y 2 X.50

With these definitions in place, the following variant of the classical
Proposition 6.9 is constructively provable.

Proposition 6.10 (BISH). If X is a totally bounded metric space, Y a
metric space, and f a uniformly continuous function from X to Y , then f(X)
is totally bounded.

50In modern constructive mathematics explicit mention of the function � is frequently
dispensed with (see [38, p. 39 f.]).
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Proof. [26, p. 94, Proposition 4.2].

With most definitions and many of the most basic results of the classical
theory of metric spaces carrying over to BISH, Bishop proves constructive
variants of a number of fundamental classical theorems, including the Baire
Category Theorem [24, p. 87, Theorem 4], Ascoli’s Theorem [24, p. 91,
Theorem 5], the Stone-Weierstrass Theorem [24, p. 97, Theorem 7], and the
Weierstrass Approximation Theorem [24, p. 100, Corollary 3].51

Before concluding this subsection, we introduce two more definitions.

Definition 6.9. Let X be a metric space. Two subsets A,B of X are called
apart, written A ./ B, if we can compute r > 0 such that if x 2 A and
y 2 B, then d(x, y) � r.

Definition 6.10. A function f from a metric space X to a metric space is
called strongly continuous if

f(A) ./ f(B) =) A ./ B,

for all A,B ⇢ X.

Given these two notions, the following constructive V1 variant of UCT
can be formulated.

Theorem 6.9 (BISH). Let X be a compact metric space, Y a metric space,
and f a strongly continuous function from X to Y . Then f is uniformly
continuous.

Proof. [94, Theorem 5].

6.4 Fixed Point Theorems

This section is the most important one of this part II. The work in the
previous sections may be viewed as preparation for the results discussed
below. Our discussion of Sperner’s Lemma, BFPT, and aBFPT are central
to our discussion of (constructive) economic theory in part III and, by
implication, our discussion in part IV.

We consider again the Intermediate Value Theorem (IVT), whose appar-
ent nonconstructiveness we discussed at some length earlier.

51The sum, product and absolute value functions are uniformly continuous. So are
compositions of uniformly continuous functions and is the limit function on uniformly
convergent sequences of uniformly continuous functions from metric spaces to metric
spaces [24, p. 81, Proposition 4]. The product of compact spaces is compact [24, p. 88
f., Proposition 6] and every compact space is separable [36, Chapter 2, Lemma 4.2]. See
also [24, pp. 76 ↵.].
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Proposition 6.11 (BISH). IVT and LLPO are equivalent.

Proof. [36, p. 56, Theorem 2.4] We first show that IVT implies LLPO.
Define a uniformly continuous function f from [�1, 1] to itself as follows:

f(x) =

8
><

>:

x+ 1
2 if �1  x  �1

2 ,

0 if �1
2  x  1

2 ,

x� 1
2 if 1

2  x  1.

Consider s 2 [�1, 1]. By IVT we can compute t 2 [�1, 1] such that f(t) = s.
If t < 1

2 , then s  0 and if t > 1
2 , then s � 0.

To see that LLPO implies IVT, note that given a function satisfying the
conditions of IVT, LLPO a↵ords the bisection argument we gave earlier.

We now present two constructive variants of IVT, one of the form V1 and
one of the form V2. We first state the former, the Monotone Intermediate
Value Theorem (mIVT).

Theorem 6.10 (mIVT). (BISH). Let f be a continuous, strictly monotone
function from [0, 1] to R and f(0) < 0 < f(1). Then we can compute a
unique t 2 [0, 1] such that f(t) = 0.

Proof. [146, Theorem 5].

Often when a classical theorem establishes the existence of an object
there exists a V2 variant of that theorem which establishes the weaker
conclusion that objects of the respective kind can be approximated with
arbitrary precision. Thus, the Approximate Intermediate Value Theorem
(aIVT) reads:52

Theorem 6.11 (aIVT). (BISH). Let f be a continuous function from [0, 1]
to R such that f(0)  0  f(1). Then for each " > 0 we can compute
t 2 [0, 1] such that |f(t)| < ".

To prove aIVT we first give a constructive proof of the connectivity of
the unit interval. The result was first proved in [106].

Lemma 6.1 (BISH). Let A and B be inhabited open subsets of [0, 1] such
that A [B = [0, 1]. Then A \B is inhabited.

52There is evidence that approximate existence is all we can expect to prove when the
object in question is not unique. This was first conjectured by Bridges (see [19, p. 25]).
As suggested by Schuster in [146], there also seems to be a strong connection between
non-unique existence asserted by a theorem and ‘the amount of choice’ required for its
constructive proof.
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Proof. [14, Proposition 5.2] Pick a0 2 A and b0 2 B. For each n 2 N let
sn = (an+bn)2�1 and define two sequences (an) and (bn) by DC as follows.53

(an+1, bn+1) =

(
(an, sn) if sn 2 B,

(sn, bn) if sn 2 A.

For each n we have an 2 A and bn 2 B, and the two sequences (an) and (bn)
converge to a common limit t. If t 2 A, then because is A is open and (bn)
converges to t, we can compute m such that bm 2 A. Similarly if t 2 B.

Note that the inductive definition in the above proof is computationally
meaningful because sn 2 A or sn 2 B holds by hypothesis.

With Lemma 6.1 at hand, aIVT follows almost immediately.54

Proof of aIVT. [14, Theorem 5.4] Let f be as in the statement of aIVT.
Fix " > 0 and define two open subsets of [0, 1] as follows.

A = {x 2 [0, 1] | f(x) < "} and B = {x 2 [0, 1] | f(x) > �"}.

By ASP x < " or x > �" must hold for any x 2 R. It follows from Lemma
6.1 that we can compute t in A \B with |f(t)| < ".

Classically, IVT is a special case of Brouwer’s Fixed Point Theorem
(BFPT). A common type of classical proof of BFPT makes use of Sperner’s
Lemma, which we present now.

The set

�n =

⇢
(x0, ..., xn) 2 Rn+1 |

nX

i=0

xi = 1, xi � 0

�

is called the standard n-simplex. For instance, �2 is a triangle spanned by
the vectors (1, 0, 0), (0, 1, 0), (0, 0, 1). A simplical subdivision of �n is a
partition of �n into subsimplices, any given pair of which are either disjoint
or share a face.

Definition 6.11. A feasible labeling of a simplical subdivision S of �n

is an assignment of labels 0, 1, ..., n to the n+ 1 vertices of the subsimplices
in S, such that

53Since sn may be in both A and B, we need to make a choice at each step, each of
which depends on the one before.

54In [63] the author gives a choice free proof of aIVT for pointwise continuous functions
which uses a variant of the standard bisection method and presupposes Cauchy completeness
of the reals. The Cauchy reals are not Cauchy complete in the absence of AC!, whence
reals must be defined as Dedekind cuts. The Dedekind reals are Cauchy complete even in
the absence of AC!. A host of choice-free versions of aIVT are in [146]; another is in [86].
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(i) all n+ 1 vertices of �n receive distinct labels,

(ii) the vertices lying on a face defined by vertices with labels i0, i1, ... only
receive labels i0, i1, ... as well.

An example of a feasible labeling of a subdivision S of �2 is an assignment
of labels 0, 1, 2 to the vertices of the subsimplices in S such that (1, 0, 0),
(0, 1, 0), (0, 0, 1) receive the labels 0, 1, 2, respectively, the vertices on the
edge of �2 spanned by (1, 0, 0) and (0, 1, 0) only receive the labels 0 and 1,
etc.

Definition 6.12. A simplical subdivision together with a feasible labeling
is called a feasibly labeled subdivision. A fully labeled subsimplex in a
feasibly labeled subdivision S is an element of S all of whose vertices carry
distinct labels.

Theorem 6.12 (Sperner’s Lemma). (CLASS & BISH). Every feasibly labeled
simplical subdivision of �n contains a fully labeled subsimplex.

The following proof of Sperner’s Lemma, which we adapted from [62,
Lemma 1], establishes the stronger claim that the number of fully labeled
subsimplices in a feasibly labeled subdivision must be odd. The proof is
finite combinatorial and thus fully constructive.

Proof. �1 is a line spanned by two points a = (0, 1) and b = (1, 0). A
subsimplex of �1 is a subsegment of (a, b). Label a by 0 and b by 1. Then �1

contains a single 0–1 switch. Adding a point c between a and b and labeling
it 0 or 1 does not change the number of 0–1 switches. Suppose we label c
by 1. Adding a point d between c and b and labeling it 1 does not increase
the number of 0–1 switches. Labeling d by 0 increases the number of 0–1
switches by 2, from 1 to 3. The same applies to any other addition of points.
Hence, the number of fully labeled subsimplices of �1 must be odd.

Consider a feasibly labeled subdivision S of �2. Let A be the number
of subsimplices S 2 S whose vertices are labeled 0, 0, 1 or 0, 1, 1, and let
B be the number of fully labeled subsimplices, that is, subsimplices whose
vertices are labeled by 0, 1, 2. Further, let C be be the number of edges in
the interior of �2 whose endpoints are labeled 0 and 1, respectively, and D
the number of edges on the boundary of �2 whose endpoints are labeled
0 and 1, respectively. Each subsimplex of type A contains two 0–1 edges,
whereas each subsimplex of type B contains one 0–1 edge. Counting edges in
this way, 0–1 edges in the interior of S are counted twice whereas edges on
the boundary are counted only once. Hence, we have: 2A+B = 2C+D. 0–1
edges on the boundary can only be on the outer edge of �2 whose endpoints
are labeled 0 and 1, respectively. Therefore, as established above, D must
be odd. But then, by the above equation, B must be odd as well.
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Assume the conclusion of Sperner’s Lemma holds for n� 1-dimensional
simplices and consider a feasibly labeled subdivision S of �n. Again, let A be
the number of subsimplices in S whose vertices are labeled only with 0, ..., n�1.
Let B be the number of fully labeled subsimplices (i.e., subsimplices labeled
with all of 0, ..., n). Further, let C be the number of n� 1-dimensional faces
on the interior of �n whose vertices are labeled by 0, ..., n � 1, and let D
be the number of n � 1-dimensional faces on the boundary of �n whose
vertices are labeled by 0, ..., n� 1. Each subsimplex of type A contains two
faces whose vertices are labeled by 0, ..., n� 1, and each subsimplex of type
B contains one face whose vertices are labeled 0, ..., n� 1. Thus, again, we
have 2A+B = 2C +D. Moreover, all subsimplices of type D lie on the face
of �n whose vertices are labeled only by 0, ..., n � 1. Thus, by induction
hypothesis, the number of subsimplices of type D is odd. It follows that B
is odd as well.

We are now ready for our discussion of Brouwer’s Fixed Point Theorem,
the most central theorem of this part II. Indeed, many of the results discussed
so far were chosen because they relate, directly or indirectly, to BFPT. In
turn, BFPT constitutes the foundation for our discussion of equilibrium
models in part III.

By the grid size of a simplical subdivision of �n we mean the diameter
of the subsimplices in the division. We denote the grid size of a simplical
subdivision S of �n by |S|.

Definition 6.13. A set X ⇢ Rn is called convex if for all x, y 2 X and
� 2 R, if 0  �  1, then �x+ (1� �)y 2 X.

We give a proof of BFPT for the standard simplex, which is compact
and convex, but BFPT applies to any compact, convex subset of Rn.55

Theorem 6.13 (BFPT). (CLASS). Let X be a compact, convex subset of
Rn and f a continuous function from X to itself. Then there exists x̂ 2 X
such that f(x̂) = x̂.

Proof. [62, Theorem 1] Consider a continuous function f from �n into itself.
For each k > 0 construct a simplical subdivision Sk of �n with |Sk| = k�1.
Define a labeling of the vertices of the elements of S as follows. A vertex
s = (s0, ..., sn) of a simplex S 2 Sk is assigned the label i if, and only if,
f(s)i  si. This way, each vertex is assigned at least one label. If a vertex is
assigned more than one label we choose the smallest one not yet assigned.
This defines a feasible labeling in the sense of Definition 6.11 (see [62]).
Thus, each Sk contains at least one fully labeled subsimplex by Sperner’s
Lemma. Consider a sequence (Sk)1k=1 of fully labeled subsimplices of �n.
The sequence (sk0, ..., s

k
n)

1
k=1 of the vertices labeled 0 through n of each Sk

55Any nonempty compact, convex subset of Rn is homeomorphic to an n� 1-simplex.
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is bounded. Hence, by BWT, it contains a subsequence that converges to
a tuple (ŝ0, ..., ŝn). Since limk!1 |Sk| = 0, it follows that ŝ1 = ... = ŝn = ŝ.
By continuity of f , it follows that f(ŝ)i  ŝi for 0  i  n, whence f(ŝ) = ŝ
by definition of �n.

This proof is nonconstructive in two respects. First, in its application
of BWT, which is equivalent to LPO. Second, in the definition of the
labeling, which relies on LLPO. Another common way of proving BFPT
is by assuming that f has no fixed point and deriving a contradiction [79].
Proofs of this type rely on LEM and are therefore nonconstructive. It turns
out that BFPT is inherently nonconstructive.

Proposition 6.12 (BISH). BFPT and WKL are equivalent.

Proof. Let f be a (pointwise) continuous function from �n to itself. It
follows that f is sequentially continuous [32]. Since WKL implies BFPT
for sequentially continuous functions [87, p. 158 f.], it follows that f has
a fixed point. For the converse, note that BFPT implies IVT and thus
LLPO, which implies WKL in the presence of AC!.

Corollary 6.1 (BISH). BFPT and LLPO are equivalent.

It follows that algorithms computing fixed points given input data equiva-
lent to the hypothesis of BFPT are necessarily prone to type II errors. This
is underscored by Orevkov’s [122] recursive counterexample to BFPT. Work-
ing in RUSS, Orevkov constructs a computable function without computable
fixed points.

Remark 11. It follows from Corollary 6.1 that IVT and BFPT are equiv-
alent in BISH. By contrast, in classical reverse mathematics [151], IVT is
in RCA0 whereas BFPT is in the stronger system WKL0. This ‘resource
insensitivity’ is due to the fact that BISH includes AC!, in the presence of
which LLPO and WKL are equivalent. Thus, from a computational point
of view, a single application of an uncomputable decision procedure is just
as problematic as countably many such applications (see also [146]).

Theorem 6.14 (CLASS). BFPT and Sperner’s Lemma are equivalent.

Proof. We just saw that Sperner’s Lemma implies BFPT. The converse was
first proved by Yoselo↵ [176, Theorem 1].

This result may seem puzzling at first glance. Sperner’s Lemma is
finite combinatorial and therefore fully constructive. How, then, can it be
equivalent to an inherently nonconstructive theorem like BFPT? The reason,
of course, lies in the strength of CLASS, which allows us to pass to the limit
of the sequence (Sk)1k=1 of fully labeled subsimplices via BWT.
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Constructively, exact fixed points are out of reach. But by replacing
the nonconstructive labeling technique in the classical proof by one that is
constructively decidable, an approximate V3 variant of BFPT similar to
aIVT can be formulated which admits a constructive proof.

Definition 6.14. Let (X, d) be a metric space, f a function from X into
itself, and " > 0. If d(f(x̂), x̂) < ", then x̂ is called an "-fixed point of
f . A function f from a metric space X into itself has approximate fixed
points if we can compute an "-fixed point of f for each " > 0.

The following theorem is known as the Approximate Brouwer’s Fixed
Point Theorem (aBFPT). Just as in the classical case, aBFPT holds for any
compact, convex subset of Rn. A proof for the hypercube using Gale’s [70]
Hex Theorem is in [86]. Our proof for the simplex is based on [157] and [163].

Theorem 6.15 (aBFPT). (BISH). Let f be a uniformly continuous function
from a compact, convex subset of Rn to itself. Then f has approximate fixed
points.

Proof. Let f be a uniformly continuous function from �n into itself and
" > 0. Put

⇠ =
"

3n(n+ 1)

and choose � > 0 and ⌧ > 0 such that � + ⌧ < ⇠ and

|x� y| < � + ⌧ =) |f(x)� f(y)| < ⇠,

for all x,y 2 �n.
Consider a simplical subdivision S of �n with |S| = �. We define a

labeling of the vertices of elements of S as follows. A vertex s of a simplex
in S is assigned the label i if, and only if,

f(s)i < si or f(s)i < si + ⌧. (1)

If s is assigned more than one label in this way, we pick the smallest one
not yet assigned. This labeling is constructively well-defined by ASP and
constitutes a feasible labeling in the sense of Definition 6.11 (see [157]). Thus,
by Sperner’s Lemma there exists a simplex S 2 S with vertices labeled 0
through n. We denote the vertex of S labeled i by si.

For any two vertices si and sj of S we have

|si � sj | < ⇠ and |f(si)� f(sj)| < ⇠. (2)

It follows from (1) and (2) that

skk > f(sk)k � ⌧, f(sk)k > f(s0)k � ⇠, and s0k > skk � ⇠, (3)
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so that

s00 > f(s0)0 � ⌧ (4)

and

s0k > f(s0)k � 2⇠ � ⌧, (5)

for all k 6= 0.

We first consider s00. By (4) and (5) we have

nX

i=0

s0i � s00 >
nX

i=0

f(s0)i � f(s0)0 � 2n⇠ � n⌧. (6)

It follows from (6) together with the definition of �n that

1� s00 > 1� f(s0)0 � 2n⇠ � n⌧, (7)

which implies

s00 < f(s0)0 + 2n⇠ + n⌧. (8)

It follows from (4) and (8) that

f(s0)0 � ⌧ < s00 < f(s0)0 + 2n⇠ + n⌧, (9)

so that

|s00 � f(s0)0| < 2n⇠ + n⌧. (10)

We now argue analogously for each k 6= 0. From (4) and (5) we get

nX

i=0

s0i � s0k >
nX

i=0

f(s0)i � f(s0)k � 2(n� 1)⇠ � n⌧. (11)

It follows from (11) and the definition of �n that

1� s0k > 1� f(s0)k � 2(n� 1)⇠ � n⌧, (12)

which means that

s0k < f(s0)k + 2(n� 1)⇠ + n⌧. (13)

It follows from (5) and (13) that

f(s0)k � 2⇠ � ⌧ < s0k < f(s0)k + 2(n� 1)⇠ + n⌧, (14)
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which implies that

|s0k � f(s0)k| < 2(n� 1)⇠ + n⌧. (15)

It now follows from (10) and (15) that

|s0i � f(s0)i| < 2n⇠ + n⌧ (16)

holds for all i, whence

|s0 � f(s0)| < n(n+ 1)(2⇠ + ⌧) < 3n(n+ 1)⇠ = ". (17)

Thus, s0 is an "-fixed point of f .

Absent BWT, Sperner’s Lemma still provides a fully constructive tech-
nique for extracting approximate fixed points from sequences of fully labeled
subsimplices. As the following result shows, Sperner’s Lemma essentially de-
limits the constructive content of BFPT (or: its computationally meaningful
part).

Theorem 6.16 (BISH). aBFPT and Sperner’s Lemma are equivalent.

Proof. This preempts a result from part III. The direction from Sperner’s
Lemma to aBFPT is above. Hendtlass [87, Theorem 103] shows that
aBFPT and aWEQ are equivalent, while Tanaka [156] proves the equiva-
lence of aWEQ and Sperner’s Lemma.

Thus, any algorithm computing fully labeled subsimplices can be used
to compute approximate fixed points, and vice versa. In economic theory,
which we turn to in part III, BFPT is sometimes applied in the guise of
Kakutani’s Fixed Point Theorem (KFPT).56

For any set X, let P⇤(X) denote the class of nonempty (inhabited) subsets
of X. A set valued mapping, or correspondence, from a set X to a set
Y is a mapping U from X to P⇤(Y ). The graph of a set valued mapping
from X to Y is the set G(U) = {(x, y) 2 X ⇥ Y | y 2 U(x)}.

For the remainder of this subsection, let d be any metric defined on Rn.

Definition 6.15. A set valued mapping U on a metric space X is called
closed or convex, respectively, if U(x) is closed or convex, respectively, for
each x 2 X.

Theorem 6.17 (KFPT). (CLASS). Let X be a compact, convex subset of
Rn and U a closed, convex set valued mapping on X such that G(U) is closed.
Then there exists x̂ 2 X such that x̂ 2 U(x̂).57

56For instance in the proof of the Minimax Theorem or CEQ.
57KFPT is often formulated in terms of the (sequential) upper hemicontinuity of U . If

U is closed, U is upper hemicontinuous if, and only if, G(U) is closed.
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Proof. [95].

The following result is not surprising, given thatKFPT is a generalization
of BFPT.

Proposition 6.13 (BISH). KFPT and LLPO are equivalent.

Proof. [88, Theorem 1].

The following classically trivial definition plays an important role in many
constructive theorems.

Definition 6.16. The distance from a point x in a metric space (X, d) to
an inhabited subset A of X is defined as

d(x,A) = inf{d(x, a) | a 2 A}.

If d(x,A) can be computed for each x 2 X, then A is said to be located.

For located subsets A and B of a metric space (X, d), the Hausdor↵
distance from A to B is given by

d(A,B) = max{sup{d(a,B) | a 2 A}, sup{d(b, A) | b 2 B}}.

Definition 6.17. A set valued mapping U on a set X ✓ Rn is called
approximable if for every " > 0 we can compute � > 0 such that if
x, x0 2 X, d(x, x0) < �, u 2 U(x), u0 2 U(x0), and � 2 [0, 1], then

d((x�, u�),G(U)) < ",

where x� = �x+ (1� �)x0 and u� = �u+ (1� �)u0.58

With this, a V3 variant of KFPT can be formulated. The theorem is
known as the Approximate Kakutani’s Fixed Point Theorem (aKFPT).

Theorem 6.18 (aKFPT). (BISH). Let X be a compact, convex subset of
Rn and U an approximable set valued mapping on X. Then for each " > 0
there exists x̂ 2 X such that d(x̂, U(x̂)) < ".

Proof. By aBFPT [88, Theorem 9].
58Approximability is constructively stronger than sequential upper hemicontinuity [88].
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6.5 Hahn-Banach Theorems

We now turn to the Hahn-Banach Theorem, one of the cornerstones of
functional analysis. We discuss two forms of this theorem, one geometric
and one analytic.59

Definition 6.18. A normed space is a linear space X equipped with a
norm, that is, a function || · || : X ! R+ satisfying

• ||x|| = 0 () x = 0,

• ||�x|| = |�|||x||,

• ||x+ y||  ||x||+ ||y||,

for all x, y 2 X and � 2 R.

Every norm || · || induces a metric d(x, y) = ||x�y||. Thus, every normed
space constitutes a metric space; the converse is not true. A real linear
space is a linear space over R and a real normed space is normed space
over R.60

Definition 6.19. A mapping L from a real linear space X to a real linear
space Y is called linear if

• L(�x) = �L(x),

• L(x+ y) = L(x) + L(y),

for all x, y 2 X and � 2 R. A linear functional on a real linear space X is
a linear mapping from X into R.

The norm of a linear mapping L from a normed space X to a normed
space Y is the number

||L|| = sup{||L(x)|| | ||x||  1}.

Definition 6.20. A linear mapping L from a normed space X to a normed
space Y is called bounded if the set {L(x) | ||x||  1} is bounded.

Every bounded linear functional on a normed space is continuous, and
vice versa.

We first turn to the analytic version of the Hahn-Banach Theorem, known
as the Hahn-Banach Extension Theorem (HBT).

59Many more theorems are commonly referred to as Hahn-Banach theorems (see [144]).
60See [144, p. 272] for the definition of a linear space, which is too lengthy to include

here.
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Theorem 6.19 (HBT). (CLASS). Let A be a subspace of a normed space X
and f a bounded linear functional on A. Then there exists a bounded linear
functional F on X such that F (a) = f(a) for all a 2 A, and ||F || = ||f ||.

Proof. [144, 23.18].

Standard proofs of HBT use either Zorn’s Lemma or the equivalent
Hausdro↵ Maximal Chain Principle [144, 6.20] and are thus nonconstructive.
However, HBT does not rely on the full strength of Zorn’s Lemma, but
can also be proved from weaker nonconstructive axioms like the Ultrafilter
Principle [144, 17.6].

Corollary 6.2 (CLASS). Let X be a normed space and x 2 X. If x 6= 0
then there exists a bounded linear functional f on X such that f(x) = ||x||
and ||f || = 1.

Expectedly, HBT is inherently nonconstructive.

Proposition 6.14 (BISH). HBT and LLPO are equivalent.

Proof. [92] We show that HBT implies LLPO. See [92] for the converse.
Consider the normed space R2 with the norm ||(x, y)|| = |x|+ |y| and let (1, a)
be a nonzero element of R2. By Corollary 6.2 there exists a bounded linear
functional f on R2 such that f(1, a) = 1 + |a| and ||f || = 1. As |f(1, 0)|  1
and |f(0, 1)|  1, it follows that

1 + |a| = f(1, a) = f(1, 0) + af(0, 1)  f(1, 0) + |a|.

It follows that f(1, 0) = 1 and af(0, 1) = |a|. By ASP we have either
f(0, 1) > �1 or f(0, 1) < 1. In the first case, a � 0 holds. In the second case,
a  0 holds.

Before further considering HBT in the context of CRM, we consider its
geometric version, the Hahn-Banach Separation Theorem (SEP).

Definition 6.21. Two nonempty subsets A and B of a real normed space X
are separated by a hyperplane if there exists a bounded linear functional
f on X and � 2 R such that f(a) � � � f(b), for all a 2 A and b 2 B.

Definition 6.22. The union of all open subsets of a set X, denoted X�, is
called the interior of X. If x 2 X� then x is called an interior point of X.
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Theorem 6.20 (SEP). (CLASS). Let A and B be nonempty convex subsets
of a real normed space X such that A \B = ; and A has an interior point.
Then A and B are separated by a hyperplane.

Proof sketch. [124, Theorem 4.24] Define a convex set by C = B �A and
note that 0 /2 C. It follows from HBT that there exists a bounded linear
functional f on X such that f(c)  f(0) for all c 2 C (see [124, Lemma
4.23]). By definition of C and the linearity of f it follows that f(b)  f(a)
holds for all b� a 2 C. Hence, inf f(A) � sup f(B) and there exists � 2 R
such that f(a) � � � f(b) for all a 2 A and b 2 B.

Theorem 6.21 (CLASS). HBT and SEP are equivalent.

Proof. [144, 12.31, 12.36, 23.18] (see also [58]).

SEP is frequently proved via HBT but it can also be proved directly.
Such proofs use Zorn’s Lemma and are nonconstructive for this reason. The
above proof is problematic for reasons other than its reliance of HBT. For
instance, the convexity of C and continuity of f are constructively insu�cient
conditions for the computability of inf f and sup f .61

Given its classical equivalence to HBT, it is unsurprising that SEP is
not constructively provable. SEP clearly entails decisions akin to LLPO
and, in light of Theorem 6.5, is itself likely equivalent to LLPO or some
similar nonconstructive statement. Berger & Svindland [23, Proposition 2]
show that even a weak approximate form of SEP is constructively equivalent
to MP and therefore not provable in BISH (but true in RUSS).

Let us now examine in more detail the constructive content of HBT and
SEP.

Definition 6.23. Let X be a normed space. A set A ✓ X is called dense
in X if for all x 2 X and " > 0 there exists a 2 A such that ||x � a|| < ".
A normed space X is called separable if it has a countable dense subset.
Otherwise, X is called nonseparable.

HBT and SEP apply to separable and nonseparable normed spaces alike.
As it turns out, nonseparability is not a well-defined notion constructively.
Consider the space

`1 =
�
(xn) 2 RN | (xn) is bounded

 
,

with the norm ||(xn)|| = sup |(xn)|.
61Constructively, the infimum and supremum of a uniformly continuous function from a

located subset of a metric space to R are computable (see [38, p. 40 f.]).
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Classically, `1 is a nonseparable Banach space. Constructively, however,
the supremum norm on `1 is not well-defined. To show why, we give a weak
counterexample. Recall our definition of the predicate G earlier:

G(n) () 2n+ 2 is a sum of two primes.

Define a function f : N ! R as follows.

f(n) =

(
0 G(n),

1 otherwise.

f is an element of `1 and we have ||f || = 0 if Goldbach’s conjecture is true
and ||f || = 1 otherwise. Thus, as long as Goldbach’s conjecture is undecided,
||f || is not well-defined constructively. It follows that `1 does not even form
a normed space within BISH.

One might suspect that this is an isolated example. But a result by Bauer
& Swan [17, Theorem 2.4] shows that we cannot hope to prove the existence
of a nonseparable metric space within constructive systems like BISH at
all. The domain of a constructive variant of HBT and SEP must therefore
be restricted to separable spaces. This is not enough, however, as HBT
restricted to separable spaces is still equivalent to LLPO [92, Theorem 1].

Definition 6.24. A linear mapping L is called normable if ||L|| can be
computed.

HBT and SEP tacitly assume that all bounded linear functionals are
normable. Unlike classically, this is not generally the case constructively.
Consider the sequence space

`2 =

⇢
(xn) 2 RN |

1X

i=0

|xi|2 < 1
�

with the norm

||(xn)|| =
✓ 1X

i=0

|xi|2
◆ 1

2

.

Proposition 6.15 (BISH). If all bounded linear functionals on `2 are
normable, then LPO holds.

Proof. [90, Proposition 8] Let ↵ be a binary sequence with at most one
nonzero term. Define a bounded linear functional f on `2 by

f((xn)) =
1X

i=0

↵ixi.

Suppose f is normable. We have ||f || > 0 or ||f || < 1 by ASP. In the first
case, we can compute n such that ↵n = 1. In the second case, we have
↵n = 0 for all n.
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Hence, the domain of constructive variants of HBT and SEP must be
restricted to normable linear functionals on separable spaces. This suggests
the following V3 variant of SEP, the Approximate Hahn-Banach Separation
Theorem (aSEP).

Theorem 6.22 (aSEP). (BISH). Let A and B be bounded convex subsets
of a separable normed space X such that B � A = {b � a | a 2 A, b 2 B}
is located and d(B � A) = inf{||b � a|| | a 2 A, b 2 B} > 0. Then for all
" > 0 there exists a normable linear functional f on X such that ||f || = 1
and f(a) + d(B �A)  f(b) + ", for all a 2 A and b 2 B.

Proof sketch. [38, Theorem 5.2.9] Let " > 0 and assume that d(B �A) > ".
Define a bounded, open, convex set

C =

⇢
b� a� z | a 2 A, b 2 B, ||z|| < d(B �A)� "

2

�
.

By Lemma 5.2.5 of [38] C is located and d(0, C) < "/2. It follows from
Corollary 5.2.7 of [38] that there exists a normable linear functional f
on X such that ||f || = 1 and f(C) > 0. Now choose z 2 X such that
||z|| < d(B �A)� "/2 and f(z) > d(B �A)� ". Then b� a� z 2 C for all
a 2 A and b 2 B, so that f(b� a� z) > 0. Hence,

f(b) > f(a) + f(z) > f(a) + d(B �A)� ",

or f(a) + d(B �A)  f(b) + ".

This yields the following V3 variant of Corollary 6.2.

Corollary 6.3. Let X be a separable normed space and x 2 X. If x 6= 0,
then for all " > 0 there exists a normable linear functional f on X such that
||f || = 1 and ||x||  f(x) + ".

With this, a V3 variant of HBT, the Approximate Hahn-Banach Exten-
sion Theorem (aHBT), can be proved.

Theorem 6.23 (aHBT). (BISH). Let A be a subspace of a separable normed
space X and f a nonzero normable linear functional on A. Then for each
" > 0 there exists a normable linear functional F on X such that F (a) = f(a)
for all a 2 A and ||F ||  ||f ||+ ".

Proof. [38, Theorem 5.3.3].

Remark 12. Ishihara [91, Theorem 1] proves a constructive V1 variant of
HBT for Gâteaux di↵erentiable norms. To our knowledge, no straightforward
equivalences between general set separation theorems and aHBT have been
proved to date.
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Remark 13. One might argue that, given the informal nature of the con-
structive proofs in this part, we do not truly know that they really are
constructive. Maybe nonconstructive reasoning has snuck in somewhere
without us realizing it? Or, perhaps, certain nonconstructive principles are at
play somewhere ‘in the gaps’? Given that many of the results we presented
have stood the test of time for decades, and in light of the general proclivity
of the mathematical community to spot and correct errors in research, we
consider this highly unlikely. But, of course, we cannot entirely rule out the
possibility either.

This concludes our presentation of constructive mathematics. In the following
part III, we apply the findings of the previous sections to economic theory.
We show that central results of mathematical economics are nonconstructive,
but can be reinterpreted within BISH to yield economically meaningful
constructive variants.
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Part III

Economic Theory

In this part, we lay the groundwork for the application of our pluralist frame-
work to economic theory in part IV. We present several classical theorems of
mathematical economics and show that they are not constructively provable,
and thus not computable in general. For most nonconstructive theorems we
present a constructive variant. This way, we hope to convince the reader that
constructive mathematical means—both directly and through CRM—can
o↵er valuable insights into economic problems.

We focus on theories at the heart of neoclassical economics: equilibrium
theory and its underpinnings in consumer theory. In section 8, based on the
results of section 6.4, we examine one of the most central theorems of modern
economics, concerning the existence of equilibria in competitive economies.62

We then consider the normative implications of the existence of equilibrium.
We examine the two most central results of welfare theory and argue that
they, too, are nonconstructive. This part of the discussion is based on the
results of section 6.5.

In the following sections, we introduce definitions and theorems which
describe an abstract economy and explain certain phenomena within it. This
conceptual framework was developed by Arrow & Debreu [6] and generalized
by McKenzie [115].63 Jointly, the classical definitions and theorems we
present constitute what is commonly referred to as the Arrow-Debreu Model
(AD) of a competitive economy. To eliminate ambiguity, we shall restrict the
designation AD to the theorem WEQ with all defined mathematical and
economic concepts spelled out, together with suitable connecting statements.
Based on results by Bridges and Hendtlass, we also present a constructive
rendering of AD, which we call the Constructive Arrow-Debreu Model (cAD).
cAD consists of the theorem aWEQ with all defined mathematical and
economic concepts spelled out, conjoined with suitable connecting statements.

We begin our foray into economic theory by considering central results
from consumer theory.

7 Consumer Theory

In this section, we present a standard setting for consumer theory, which
serves as the groundwork for our discussion of equilibrium and welfare theory
in the following sections. We shall not enter into a discussion of the descriptive

62The first notable application of fixed point methods in an economic context was
Nash’s [120] proof of the existence of equilibria for strategic games. The economic models
developed by Arrow, Debreu, and McKenzie are essentially adaptations of Nash’s framework.

63The classic results we present below are all standard. More exhaustive discussions can
be found in advanced textbooks on economic theory such as [113,154].
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realism or economic meaning of the model’s assumptions.64 We get back to
this in part IV.

Henceforth, let

Rn
+ = {(x1, ..., xn) 2 Rn | xi � 0, for all i},

Rn
++ = {(x1, ..., xn) 2 Rn | xi > 0, for all i}.

7.1 Preference & Utility

We begin this section with connecting statements. We consider an economy
with n 2 N goods and I 2 N consumers. Consumers are rational agents
motivated in their actions solely by the goal to maximize individual utility.
We refer to each consumer by her index. In our model, we assume that
consumers are price takers, that is, no single consumer can a↵ect market
prices through her own actions alone. The consumption set of consumer i
is a closed, convex set Xi ✓ Rn

+ of combinations of amounts of goods traded
on markets in the economy whose consumption i can conceive. We assume
that 0 2 Xi.

Remark 14. Note that the connecting statements in the above paragraph
introduce economic concepts without definition. Indeed, it is assumed here
that we have some pre-theoretical understanding of notions like rationality,
utility, consumption, and so on. By contrast, all additional economic concepts
in this subsection are introduced by definition. Thus, it is only via the above
non-definitional connecting statements that the mathematical description of
consumer behavior given in this subsection latches on to AD’s target system.
In fact, without these initial, non-definitional connecting statements, all
other economic concepts lose their economic meaning. For, calling a partial
order (say) with certain properties a preference relation is vacuous if we do
not think of this relation as ordering a particular kind of set representing
possible consumer choices. The reason we do this is that we are prompted
to do so by the respective non-definitional connecting statements.

Definition 7.1. A preference relation on a set Xi ✓ Rn
+ is a complete,

transitive binary relation <i on Xi. We write x <i y to say that i perfers x
over y. We also define an indi↵erence relation ⇠ and a strict preference
relation � as follows:

• x ⇠i y if, and only if, x <i y and y <i x,

• x �i y if, and only if, x <i y and ¬(y ⇠i x).

64The assumptions imposed on consumer behavior by modern economic theory are
rather strong, and it is debatable whether they are satisfied by any real-world individual
consumers at all. However, these assumptions make for simple, elegant economic models
which are both theoretically insightful and, on aggregate, make fairly robust directional
predictions.
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In the former case we say that i is indi↵erent between x and y, and in the
latter we say that i strictly prefers x over y.

From now on, we shall drop subscripts when no confusion threatens.
Completeness and transitivity of < are to reflect the fact that a consumer’s
choice behavior is rational and that she can decide between any two given
goods.65

The following additional assumptions are often made about preference
relations on sets X ✓ Rn

+:

(i) Continuity: For all x 2 X, the lower and upper contour sets, C4(x) =
{y 2 X | x < y} and C<(x) = {y 2 X | y < x}, are closed in X.

(ii) Strict monotonicity: For all x, y 2 X, if x � y (x > y), then x < y
(x � y).

(iii) Strict convexity: For all x, y 2 X, if x < y and x 6= y, then
�x+ (1� �)y � y for all � 2 (0, 1).

Definition 7.2. A preference relation < on a set X ✓ Rn
+ is called locally

nonsatiated if for all x 2 X and " > 0 there exists y 2 X such that y � x
and |x� y| < ".

Rather than work with preference relations directly, it is often convenient
to consider functions representing these relations.

Definition 7.3. Let < be a preference relation on a set X ✓ Rn
+. A function

u from X to R is called a utility function representing < if

u(x) � u(y) if, and only if, x < y,

for all x, y 2 X.

The following theorem ensures that a utility function representing a
preference relation < exists under very general economic assumptions.

Theorem 7.1 (CLASS). Let < be a preference relation on a closed, convex
set X ✓ Rn. If < is continuous, then there exists a continuous utility function
u from X to R representing <.

Proof. [51, Theorem II].

Definition 7.4. Let X ✓ Rn
+ be convex. A function f : X ! R is called

strictly quasiconcave if for all � 2 (0, 1) and x, y 2 X with x 6= y:

f(x) � f(y) =) f(�x+ (1� �)y) > f(y).
65This is not strictly speaking a connecting statement since it does not introduce a new

concept into the model. It merely suggests an intended interpretation of a component of
the model.
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Proposition 7.1 (CLASS). Let u be a utility function representing a prefer-
ence relation < on a convex set X ✓ Rn. If < is strictly convex, then u is
strictly quasiconcave.

Proof. Omitted.

Let us consider Theorem 7.1 within the context of CRM. First, we need
a stronger, constructively more workable notion of preference.

Definition 7.5. Let � be a binary relation on an inhabited set X, and let
< be defined by

x < y () ¬(y � x),

for all x, y 2 X. � is called a constructive strict preference relation,
and < the corresponding constructive preference relation, if it satisfies
the following conditions for all x, y 2 X:

(i) Asymmetry: x � y =) ¬(y � x).

(ii) Negative transitivity: x � y =) 8z 2 X(x � z _ z � y).

While Definitions 7.1 and 7.5 are classically equivalent, the latter is
stronger than the former in BISH [37, p. 180].

Definition 7.6. A constructive strict preference relation � on a metric
space X is called uniformly continuous if whenever A is a compact subset
of X, x, y 2 X, and x � y, then there exists � > 0 such that for all a, b 2 A
with d(a, b) < �, either x � a or b � y.

Lemma 7.1 (BISH). For each A ⇢ N there exists a uniformly continuous
constructive strict preference relation � on [0, 1] such that A is countable if,
and only if, � is representable by a utility function.

Proof. [37, p. 180 f.].

Given this, the following theorem is provable in RUSS, thus yielding a
recursive counterexample to Theorem 7.1.

Theorem 7.2 (RUSS). There exists a strict preference relation that is not
representable by a utility function.

Proof. We spell out the argument sketched in [37, p. 180]. Consider a set A
of natural numbers that is not recursively enumerable (see [36, Chapter 3,
Problem 7]). There is a uniformly continuous constructive strict preference
relation � on [0, 1] which satisfies the conclusion of Lemma 7.1. � is also
a classical continuous preference relation, so Theorem 7.1 applies and � is
representable by a utility function u. Thus, by Lemma 7.1 A is countable.
As every function on N is recursive in RUSS, A is recursively enumerable.
This is a contradiction, so u cannot exist.
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Since RUSS is an extension of BISH, it follows that Theorem 7.1 is
not provable in BISH. Debreu’s very general result is thus out of reach
constructively.66 However, a V1 variant of Theorem 7.1 is constructively
provable.

Definition 7.7. An inhabited metric space X is called locally compact if
every bounded subset of X is contained in a compact subset of X.

Local compactness is another central notion of Bishop-style constructive
mathematics. Locally compact spaces are both separable and complete,
any subset of a locally compact space is located, and a function from a
locally compact space X to a metric space Y is continuous if it is uniformly
continuous on all compact subsets of X [26, p. 110 f.].

Theorem 7.3 (BISH). Let X be a locally compact, convex subset of Rn

and � a constructive strict preference relation on X which is uniformly
continuous and locally nonsatiated on all compact subsets of X. Then:

• C4(x) is locally compact for each x 2 X.

• If A ⇢ X is compact, then u(A, x) = sup{d(y, C4(x)) | y 2 A} can be
computed for each x 2 X.

• If X =
S1

k=1Ak, where Ak is compact for each k, then

u(x) =
1X

k=1

2�ku(Ak, x)

1 + u(Ak, x)

is a continuous utility function from X to [0, 1] representing �.

Proof. Theorem 1 of [29] together with Theorem 1 and Proposition 2 of
[33].

To be sure, Theorem 7.3 is not as simple and elegant as Debreu’s original
theorem. But unlike Debreu’s pure existence result, Theorem 7.3 gives an
explicit construction of a utility function which can be used to compute
relative utility levels given su�cient data.67

7.2 Demand

We now turn to another central theorem of consumer theory, concerned
with the relation between preference and demand. We begin, again, with

66Debreu’s original theorem holds for any separable, connected topological space.
67Whether or not the concept of cardinal utility representation of ordinal preferences

makes empirical (economic, psychological) sense at all has been subject to debate (see [60]
for a discussion).
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(non-definitional) connecting statements.

Prices of goods are given by elements of a price set P ✓ Rn
++. Each

consumer has a consumption set Xi ✓ Rn
+ and an initial endowment

w 2 Rn
+ of goods. Given this, i’s budget set for any set of prices p 2 P and

endowment w is
�(p, w) = {x 2 Xi | p · x  p · w}.

Let ui be i’s utility function (determined by <i). The consumer’s
problem is to maximize ui(x) subject to x 2 �(p, w). Thus, rational
consumers aim to maximize utility through consumption of goods available
subject to a budget constraint. All other economic concepts are as in the
previous section.

For functions f from X to R let

argmax f(x) = {x 2 X | f(y)  f(x), for all y 2 X}.

Definition 7.8. Let ui be a utility function from Xi to R. Then i’s demand
correspondence determined by ui is given by

xi(p, w) = argmaxui(x),

where x 2 �(p, w).

Whenever argmaxui(x) = {s} for a unique s 2 �(p, w) we set xi(p, w) = s
and say that xi is single-valued.

Theorem 7.4 (CLASS). Let u be a continuous, strictly quasiconcave utility
function from a compact, convex set X ⇢ Rn

+ to R. Then the demand
correspondence x(p, w) : P ⇥ Rn

+ ! X determined by u is continuous and
single-valued.

Proof. [154, Theorem 2.D.5].

Henceforth, we only focus on strictly convex preference relations on
compact, convex consumption sets, whence all demand correspondences we
deal with are continuous demand functions.

Definition 7.9. A function f : P ! Rn is called positive homogeneous
of degree zero, or zero-homogeneous, if f(p) = f(�p) for all p 2 P and
� 2 R+.

Demand functions as defined by Definition 7.8 are zero-homogeneous.

Classical proofs of Theorem 7.4 exploit the compactness of the consump-
tion set via BWT (see for instance [154, pp. 240 ↵.]), which is equivalent
to LPO and therefore not constructively admissible. Bridges in [30] gives a
constructive proof of a variant of Theorem 7.4, formulated directly in terms
of the underlying preference relation. To make this work, this relation needs
to be further refined.
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Definition 7.10. A convex set X ✓ Rn is called uniformly rotund if for
each " > 0 there exists � > 0 such that for all x, y 2 X, if |x� y| � ", then

{2�1(x+ y) + z | z 2 B(�, 0)} ⇢ X.

A constructive strict preference relation � on a uniformly rotund set X is
called uniformly rotund if for all " > 0 there exists � > 0 such that for all
x, y 2 X, if |x� y| � ", then for each z 2 B(�, 0),

2�1(x+ y) + z � x or 2�1(x+ y) + z � y.

Proposition 7.2 (BISH). Every uniformly rotund constructive strict prefer-
ence relation is strictly convex.

Proof. [31, Proposition 2.2].

With this new notion at hand, we can formulate the following constructive
variant of Theorem 7.4.

Theorem 7.5 (BISH). Let � be a uniformly rotund constructive strict
preference relation on a compact, uniformly rotund set X ⇢ Rn. Let P ⇢ Rn

+

be compact and let A ⇢ P ⇥ Rn
+ be such that for all (p, w) 2 A, �(p, w) is

inhabited and we can compute x̄ 2 X such that x̄ � x0 for all x0 2 �(p, w).
Then there exists a uniformly continuous function x : A ! �(p, w) such that
x(p, w) < x0 for all x0 2 �(p, w) and p · x(p, w) = p · w.

Proof. [30, Theorem 1.1.].

As we saw in this section, two central results of consumer theory, Theo-
rems 7.1 and 7.4, can be given computational meaning through constructive
reinterpretation. While they may be somewhat more cumbersome than their
classical counterparts, Theorems 7.3 and 7.5 indicate exactly what economic
data is required for utility and demand to be continuously computable.
They are thus indispensable stepping stones toward a constructivization of
equilibrium theory, which we turn to in the following section.

8 Equilibrium Theory

The insights obtained in this section motivate our work in part IV, where we
shall argue, within the pluralist framework developed in part I, that construc-
tive mathematics is suitable for realizing goals in economic theory. Moreover,
the results from CRM we discuss here highlight the apparent necessity for a
constructivization of economic theory with respect to certain goals related to
explanation as well as qualitative and quantitative applications of economic
models. We start this section, as well as the following two subsections, with
some additional connecting statements and comments.
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Next to consumers, firms constitute the second most important actors
in economic models. We shall not present a full development of producer
theory but merely introduce its most important concepts.68 Like consumers,
firms are price takers, that is, no single firm can a↵ect market prices through
its own actions alone. Firms purchase production inputs on input markets.
They use these inputs to produce outputs, or goods, which they sell on
product markets, thereby generating income.

We consider an economy with n 2 N goods and J 2 N firms, referring
to the jth firm by j. Firms are constrained in their production capabilities
by technology. Thus results the notion of a production possibility set
Yj ✓ Rn for each firm j. An element y of Yj is called a production plan.
Positive components of production plans denote outputs while negative
components denote inputs. Production possibility sets Yj are typically
assumed to satisfy several conditions, notably:

• 0 2 Yj (possibility of inaction)

• Y \ Rn
+ ✓ {0} (no free lunch)

• Y is a convex cone: For all y, y0 2 Yj and �, µ > 0, �y + µy0 2 Yj ,

• Yj is closed.

Let P ✓ Rn
+ be the price set of the economy. When p · y > 0 for y 2 Yj

and p 2 P , then j makes a profit selling y. Just like consumers maximize
utility, firms maximize profits. Given a production possibility set Yj and
prices p, the firm’s problem is therefore to maximize p ·y subject to y 2 Yj .

Accordingly, j’s supply correspondence yj : P ! Rn is defined by

yj(p) = argmax p · y,

where y 2 Yj . Henceforth, we assume that each firm has a continuous,
zero-homogeneous supply function.69

8.1 Walrasian Equilibrium

The economy we consider is competitive and decentralized. A decentral-
ized economy is one in which individual consumers and firms are guided
in their behavior exclusively by price information, requiring no additional
information about other consumers’ and firms’ choices to make their own. In
a competitive economy consumers and firms are price takers and act solely
out of self-interest in order to maximize individual utility and profits.

68The interested reader is referred to [113,154].
69This is the case, for instance, when Yj is compact and strongly convex. These are

rather strong assumptions, which can be relaxed at the expense of mathematical simplicity.
We present a more general model below.
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This presupposes, of course, that prices exist at which consumers manage
to buy utility-maximizing amounts of goods and firms manage to sell profit-
maximizing amounts of goods. A situation in which consumers’ demand and
firms’ supply given a particular set of prices match up, and all markets
clear, is called a competitive equilibrium.

It is not obvious that market clearing prices exist in an economy. Hence
arises the need to formulate economic conditions under which a competitive
equilibrium can be expected to exist. This issue was translated by Arrow,
Debreu, and McKenzie into the problem of finding the fixed point of a real-
or set-valued mapping.

We consider a private ownership economy consisting of markets for
n 2 N goods, I 2 N consumers, and J 2 N firms. Let P ✓ Rn

+ be the
price set of the economy and let yj : P ! Yj be firm j’s continuous, zero-
homogeneous supply function. In a private ownership economy firms are
owned by consumers. Consumers share in firms’ profits as income. They use
this income, together with the proceeds from selling their fixed endowment
wi, to purchase goods on product markets. For each consumer i, let ✓i,j be
the fraction of the profits of firm j that accrues to consumer i in proportion
to her ownership share in j. We then have 0  ✓i,j  1 and

PI
i=1 ✓i,j = 1.

With this, i’s total income is

mi(p) = p · wi +
JX

j=1

✓i,jp · yj(p),

and i’s budget set is

�i(p,mi(p)) = {x 2 Xi | p · x  mi(p)}.

Then i’s demand correspondence is given by

xi(p) = argmaxui(x),

where x 2 �(p,mi(p)) and ui is i’s continuous utility function determined
by her preference relation <i. As before, we assume that xi is a continuous,
zero-homogeneous demand function.

Definition 8.1. The function z : P ! Rn defined by

z(p) =
IX

i=1

(xi(p)� wi)�
JX

j=1

yj(p)

is called the economy’s aggregate excess demand function.

If all xi and yj are continuous and zero-homogeneous, then so is z.
The following axiom is known as Walras’s Law. It requires that the value

of total excess demand in the economy is zero at any set of prices.
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Walras’s Law. For all p 2 P ,

p · z(p) = 0.

Proposition 8.1 (CLASS). If <i is locally nonsatiated for each i, then
Walras’s Law holds.

Proof. [113, Proposition 3.D.2] First note that by local nonsatiation, i
spends all her income, that is, p ·xi(p) = mi(p) for all p. For, otherwise there
would be some x0 2 �i(p, wi) with x0 � xi(p). For p 2 P we have:

p · z(p) =
IX

i=1

(p · xi(p)� p · wi)�
JX

j=1

p · yj(p)

=
IX

i=1

(p · wi +
JX

j=1

✓i,jp · yj(p)� p · wi)�
JX

j=1

p · yj(p)

=
IX

i=1

JX

j=1

✓i,jp · yj(p)�
JX

j=1

p · yj(p) = 0.

Definition 8.2. A vector p̂ 2 P is called a Walrasian competitive equi-
librium if z(p̂)  0.

We are now ready for Walras’s Equilibrium Existence Theorem (WEQ),
one of the most important results of economic theory.

Theorem 8.1 (WEQ). (CLASS). Let P be a compact, convex subset of Rn
+

and z a continuous, zero-homogeneous excess demand function from P into
Rn that satisfies Walras’s Law. Then there exists p̂ 2 P such that z(p̂)  0.

Proof. [113, Proposition 17.C.2] Since z is zero-homogeneous, we may
normalize prices. Thus, set P = �n and define a function f : �n ! Rn+1 by

fk(p) = max{pk + zk(p), 0}, (1)

for each k. Walras’s Law implies that f(p) 6= 0 since for each p 2 �n there
exists k such that f(pk) > 0.

Define a function ' : �n ! �n by

'(p) =
f(p)Pn

k=0 fk(p)
. (2)

Because z is continuous, ' is continuous as well. Therefore, by BFPT there
exists p̂ 2 �n such that

p̂ =
f(p̂)Pn

k=0 fk(p̂)
. (3)
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By (1) we thus have

f(p̂) = p̂ ·
nX

k=0

fk(p̂) = �p̂, (4)

for some � 6= 0. It follows from (1) and (4) that if fk(p̂) 6= p̂k + zk(p̂), then
p̂k = 0. Therefore,

p̂k · fk(p̂) = p̂k · (p̂k + zk(p̂)) (5)

holds for each k. From (5) and Walras’s Law we then get

p̂ · f(p̂) = p̂ · (p̂+ z(p̂)) = p̂ · p̂, (6)

whence (4) implies that �p̂ = p̂. Hence, � = 1 and it follows that

f(p̂) = p̂. (7)

To see that z(p̂)  0, suppose there is k such that zk(p̂) > 0. But (7)
means that p̂k = p̂k+zk(p̂), so this is absurd. Hence, z(p̂)  0 as required.

It follows from Walras’s Law that if p̂k > 0, then zk(p̂) = 0. Thus, when
equilibrium prices are strictly positive aggregate excess demand is zero.

The theorem WEQ with all defined concepts replaced by their definitions,
conjoined with all relevant connecting statements (stated throughout this
part III), constitutes the Arrow-Debreu Model of a competitive economy
(AD). This model provides a description of an idealized competitive economy
and constitutes an attempt at explaining the existence of equilibria in such
an economy.

Given its reliance on BFPT, the above proof of WEQ is not construc-
tively valid. In fact, WEQ itself is inherently nonconstructive. This follows
from one of the most significant results of mathematical economics, called
Uzawa’s Theorem.

Theorem 8.2 (Uzawa’s Theorem). (CLASS & BISH). BFPT and WEQ
are equivalent.

Proof. [161]. The direction from BFPT to WEQ is above so we show the
converse. Let f be an continuous function from �n into itself. We define
a continuous, zero-homogeneous excess demand function z that satisfies
Walras’s Law as follows. For each p 2 �n, let

'(p) =

Pn
k=0 pk · fk

✓
pPn

k=0 pk

◆

Pn
k=0 p

2
k

, (1)
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zk(p) = fk

✓
pPn

k=0 pk

◆
� pk · '(p), (2)

and set z(p) = (z0(p), ..., zn(p)). By WEQ there exists p̂ 2 �n such that
z(p̂)  0. For all k, we then have

fk

✓
p̂Pn

k=0 p̂k

◆
 p̂k · '(p̂), (3)

with equality for p̂k 6= 0.
Now put

ŝ =
p̂Pn

k=0 p̂k
(4)

and

� = '(p̂) ·
nX

k=0

p̂k. (5)

Then fk(ŝ)  �ŝk, with equality when ŝk 6= 0. Since ŝ and f(ŝ) are elements
of �n, summing over k gives � = 1, so fk(ŝ)  ŝk, with equality when ŝk 6= 0.
But then since ŝ and fk(ŝ) are in �n, this means that fk(ŝ) = ŝk for all k.
Hence, f(ŝ) = ŝ as required.

First note that, contrary to Tanaka’s claim in [155], the proof of Uzawa’s
Theorem is constructive even though WEQ and BFPT are not. Uzawa’s
Theorem is striking in several ways. First, it shows that not only is BFPT
a handy tool for proving the existence of an equilibrium in a competitive
economy, but that the truth of BFPT is in fact a necessary condition for
equilibrium existence. Second, Uzawa’s Theorem tells us that any algorithm
that computes fixed points of continuous functions on compact, convex sets
may also serve as a means for computing equilibria. This insight makes
Uzawa’s Theorem the foundation of an entire field of research, spearheaded
by Scarf [142,143], focused on devising (e�cient) fixed point algorithms for
computing economic equilibria.70

But the converse is also true. Any procedure by which one computes
economic equilibria can be used to compute fixed points of continuous
functions on the simplex. Against this background, Uzawa’s Theorem has
a philosophically interesting implication. Interpreted directly, the theorem
says that markets—that is, consumers and firms—capable of determining
equilibria based on price information are also able to compute fixed points
of arbitrary continuous functions on the simplex. This is a remarkable
consequence, given that BFPT and LLPO are equivalent.

70We shall not discuss any such algorithms in this text. The interested reader is referred
to [142,143] and [150].
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Corollary 8.1 (BISH). WEQ and LLPO are equivalent.

Proof. Uzawa’s Theorem and Corollary 6.1.

This result implies that equilibria are not generally computable in finite
time based only on data equivalent to the assumptions of WEQ. Recall
what Corollary 8.1 means from the computational point of view suggested
by BHK: There exists an algorithm which, in finite time, transforms any
proof of WEQ into a proof of LLPO. Suppose, then, we have an algorithm
which for any given excess demand function z computes a real number p̂
and demonstrates that z(p̂)  0 in finite time. This algorithm constitutes a
constructive proof of WEQ. Thus, by Corollary 8.1, it can be transformed
into an algorithm which decides in finite time if x � 0 or x  0 holds for a
given real number x. Such an algorithm cannot exist. But then how can we
expect finite markets, made up of finite agents, to determine equilibrium
prices in finite time? We shall return to this point in part IV.

In [87] Hendtlass gives a constructive proof of the following V3 variant of
WEQ, the Approximate Walras’s Equilibrium Existence Theorem (aWEQ).

Theorem 8.3 (aWEQ). (BISH). Let z0, ..., zn be uniformly continuous real-
valued functions on �n that satisfy Walras’s Law. Then for each pair �, " > 0
we can compute p̂ 2 �n such that for each k, zk(p̂)  " and if p̂k > �, then
|zk(p̂)| < ".

Proof. [87, Proposition 96] Fix �, " > 0. By definition of zk and �n, the
number

M = sup{zk(p) | 0  k  n and p 2 �n}+ 1

4
(1)

can be computed.
For each k, let

fk(p) = pk +max

⇢
zk(p)�

"

2n
, 0

�
, (2)

and define a uniformly continuous function ' : �n ! �n by

'k(p) =
fk(p)Pn
k=0 fk(p)

, (3)

for each k. Put

m = min

⇢
"2�2

M("� + 2n)
,

"2

2("+ 4)(4Mn+ ")

�
. (4)
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We may then apply aBFPT to (3) and (4) to obtain p̂ 2 �n with
|p̂� '(p̂)| < m. For each k we then have

zk(p̂) 
"

2
< " (5)

and |p̂k · zk(p̂)| < "� by Lemmas 98 and 99 of [87]. If p̂k > �, then

zk(p̂) > �"�

p̂k
> �"�

�
= �", (6)

so that |zk(p̂)| < " as required.

To be sure, absent Lemmas 98 and 99 of [87] the above proof may not
immediately lend itself to algorithmic interpretation. But even with this gap
the argument shows that, given su�cient economic data, aBFPT yields a
method for constructing approximate equilibria in competitive economies
defined by constructive means.

Theorem 8.4 (BISH). aWEQ and aBFPT are equivalent.

Proof. The direction from aBFPT to aWEQ is above. For the converse,
see [87, Theorem 103].

While we cannot hope to compute exact equilibria in general, we can
approximate equilibria with arbitrary precision. But, one might argue, excess
demand worth EUR 2�100, say, is empirically meaningless. Thus, from an
empirical standpoint WEQ and aWEQ would seem to make the same claim.
We return to this in part IV.

The theorem aWEQ with all defined concepts replaced by their definitions,
conjoined with all relevant connecting statements (stated throughout this
part III), constitutes what we shall henceforth refer to as the Constructive
Arrow-Debreu Model of a competitive economy (cAD). Again, this model
provides a description of an idealized competitive economy and constitutes
an attempt at explaining the existence of equilibria in such an economy.

8.2 Competitive Equilibrium

We now present a generalization of the model discussed in the previous
section. Unlike the original model of [6], McKenzie’s model omits the notion
of utility altogether—“an exercise of Occam’s Razor” [115, p. 55]—and
proceeds directly from preference relations.

Again, we consider an economy with I 2 N consumers and J 2 N firms.
Let Xi, <i, and xi(p) denote consumer i’s consumption set, preference
relation, and demand function, respectively. Let Yj denote the production set
of firm j and let Y = Y1+ ...+YJ be the economy’s aggregate production
set.
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Definition 8.3. A competitive equilibrium consists of a price vector
p̂ 2 Rn, vectors x̂1, ..., x̂I 2 Rn, and a vector ⌘ 2 Y such that

(I) x̂i 2 xi(p̂) for all i,

(II)
PI

i=1 x̂i = ⌘,

(III) p̂ · y  p̂ · ⌘ = 0, for all y 2 Y .

McKenzie’s Competitive Equilibrium Existence Theorem (CEQ) reads:

Theorem 8.5 (CEQ). (CLASS). Suppose Y is a closed convex cone and
the following conditions are satisfied for each consumer i:

(i) Xi is compact and convex,

(ii) <i is continuous and strictly convex,

(iii) (Xi \ Y )� is nonempty,

(iv) Y \ Rn
+ = {0}, and

(v) for all p 2 Rn, if
PI

i=1 xi(p) 2 Y , then there is x0 2 Xi such that
x0 �i xi(p).

Then there exists a competitive equilibrium.

Proof. By KFPT [154, Theorem 2.E.3].

CEQ is a generalization of the weaker theorem WEQ. Importantly,
it allows for excess demand to be multi-valued. Assumptions (i) and (ii)
are familiar from section 7. Assumption (iii) means that every consumer
has income at nonzero prices and can participate in trades. Together,
assumptions (i), (ii) and (iii) ensure that each xi is a continuous, zero-
homogeneous function. Assumption (iv) means that every output requires
some input (no free lunch). Finally, assumption (v) corresponds to the
notion of local nonsatiation of Definition 7.2, which implies Walras’s Law in
the simpler model AD. The description of the economy given by Definition
8.3 and CEQ—together with adequate connecting statements and with all
defined concepts spelled out—constitutes a more general version of AD.71

As with WEQ, standard proofs of CEQ and its variants all rely on
applications of either BFPT or KFPT and are thus not constructively valid
(see for instance [113,154]). Given that CEQ is stronger than WEQ since
it does not require excess demand to be a function, it is therefore safe to
assume that CEQ does not admit of constructive proof. However, a V3
variant of CEQ is constructively provable.

71For an in-depth elaboration of the descriptive realism of assumptions (i) through (v)
the reader may consult [154, p. 265 f.] and McKenzie’s original [115,116].
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Definition 8.4. An economy has approximate competitive equilibria
if for all " > 0 there exists a price vector p̂ 2 �n, vectors x̂1, ..., x̂I 2 Rn, and
a vector ⌘ 2 Y such that conditions (I) and (II) of Definition 8.3 hold and

(III0) p̂ · ⌘ > �".

The following is Hendtlass’s constructive variant (aCEQ) of McKenzie’s
classical result.

Theorem 8.6 (aCEQ). (BISH). Suppose Y is a located closed convex cone
and the following conditions are satisfied for each consumer i:

(i) Xi is compact and convex,

(ii0) <i is continuous and uniformly rotund,

(iii0) (Xi \ Y )� is inhabited,

(iv) Y \ Rn
+ = {0}, and

(v) for all p 2 Rn, if
PI

i=1 xi(p) 2 Y , then there is x0 2 Xi such that
x0 �i xi(p).

Then there exist approximate competitive equilibria.

Proof. By aKFPT [87, Theorem 106].

Assumptions (i), (iv), and (v) of aCEQ are as in CEQ. Assumptions (ii0)
and (iii0) are strengthenings of (ii) and (iii), respectively. (iii0) is standard
in constructive mathematics, as we saw in part II. On the other hand, (ii0)
merits closer inspection. While strict convexity corresponds to an economic
notion, uniform rotundity does not. It is assumed out of pure mathematical
necessity, not for concrete descriptive purposes. As such, uniform rotundity
does not possess any (causal) explanatory power.

While too involved to presented here, the proof of aCEQ in [87] shows
how aKFPT a↵ords an explicit construction of approximate competitive
equilibria which are computable in finite time.

In the next section, we turn to what is commonly considered to be the
normative side of the purely factual existence results discussed above.

9 Welfare Theory

In this section, we present two central results of welfare economics through
which the classical results of section 8 are thought to gain their normative
import.

The First Fundamental Theorem of Welfare Economics (FFT) states
that every economic equilibrium constitutes a socially optimal state for
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the underlying economy. The Second Fundamental Theorem of Welfare
Economics (SFT) says that any socially optimal state in an economy can
be realized as an equilibrium through wealth-transfers. Together, these
two theorems are frequently taken to provide a justification for the reliance
on market mechanisms for the achievement of social welfare, or societal
wellbeing.72

We consider again a decentralized competitive economy composed of
I 2 N consumers, J 2 N firms, n 2 N goods, and price set P ✓ Rn

+. Each
consumer has a consumption set Xi, preference relation <i, endowment wi,
and share in firm j’s profits ✓i,j . Her income at prices p is again given bymi(p)
and her budget set is �(p,mi(p)). Each firm has a production set Yj . Let

X =
PI

i=1Xi and Y =
PJ

j=1 Yj be the economy’s aggregate consumption and
production set, respectively. Any other connecting statements, definitions,
and notational conventions carry over from the previous section.

Definition 9.1. A feasible allocation is a pair of vectors (x, y) 2 X ⇥ Y
such that

IX

i=1

xi 
IX

i=1

wi +
JX

j=1

yj .

In a feasible allocation, aggregate consumption is compatible with ag-
gregate production and aggregate endowment. Clearly, any competitive
equilibrium in the sense of Definition 8.3 is feasible.

Definition 9.2. A feasible allocation (x, y) is called Pareto optimal, or a
Pareto optimum, if there exists no other feasible allocation (x0, y0) such
that

x0i < xi, for all i and x0i � xi, for some i.

A Pareto optimal allocation is one in which everyone in the economy
is ‘as well of’ as possible with respect to their preference relation. More
precisely, in a Pareto optimal allocation no-one can be made ‘better o↵’
without making someone else ‘worse o↵’ with respect to their preference
relation. In this sense, a Pareto optimum constitutes an optimal level of social
welfare in an economy.73 Now, FFT and SFT tell us that all competitive
equilibria are Pareto optimal and, perhaps more importantly, any Pareto
optimal allocation can be realized as a competitive equilibrium. This latter
point is often considered a strong argument in favor of free markets left to
their own devices, unhampered by external intervention except for wealth
redistribution.

Definition 8.3 can be recast as follows.
72Given the scope and depth of the issues surrounding the two welfare theorems, we

cannot go into any detail here. The interested reader is referred to [113,154].
73This does not imply that resources in the economy are distributed equitably, of course.
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Definition 9.3. An allocation (x̂, ŷ) forms a competitive equilibrium given
prices p̂ if

(I) p̂ · y  p̂ · ŷj , for each j and y 2 Yj ,

(II) x̂i <i x, for each i and x 2 �i(p̂,mi(p̂)),

(III)
PI

i=1 x̂i 
PI

i=1wi +
PJ

j=1 ŷj , and

(IV) if
PI

i=1 x̂i,k <
PI

i=1wi,k +
PJ

j=1 ŷj,k, then pk = 0.

FFT tells us that if we aim to maximize social welfare, competitive
markets are the right way to get there:

Theorem 9.1 (FFT). (CLASS). If <i is locally nonsatiated for each i, then
any allocation (x̂, ŷ) which forms a competitive equilibrium given prices p̂ is
Pareto optimal.

Proof. [113, Proposition 16.C.1] Let (x̂, ŷ) be an equilibrium with prices p̂.
Let (x, y) be a feasible allocation, so

IX

i=1

p̂ · xi 
IX

i=1

p̂ · wi +
JX

j=1

p̂ · yj . (1)

Suppose that xi <i x̂i does hold for all i and xi �i x̂i holds for some i.
By local nonsatiation of <i we have

IX

i=1

p̂ · xi >
IX

i=1

p̂ · wi +
IX

i=1

JX

j=1

✓i,j p̂ · ŷj =
IX

i=1

p̂ · wi +
JX

j=1

p̂ · ŷj . (2)

Since ŷj is an equilibrium production vector, j maximizes profits at ŷj
given prices p̂. Thus,

JX

j=1

p̂ · ŷj �
JX

j=1

p̂ · yj . (3)

It follows that

IX

i=1

p̂ · xi >
IX

i=1

p̂ · wi +
JX

j=1

p̂ · yj , (4)

which contradicts the feasibility of (x, y).

Being a reductio proof of a negative statement the above proof seems
constructively innocuous. Note, though, that it exploits the negative char-
acterization of Pareto optimality given by Definition 9.2, which is of little
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interest constructively.74 More importantly, however, FFT itself is of little
interest constructively. For, it applies to exact equilibria in the sense ofWEQ
and CEQ whose existence cannot be proved constructively. A constructively
meaningful variant of FFT would apply only to approximate equilibria in
the sense of aWEQ or aCEQ. Correspondingly, a constructively meaningful,
positive notion of approximate Pareto optimality would likely be required.

Although surely feasible, formulating an economically meaningful con-
structive variant of FFT is a nontrivial matter which we leave for others to
explore.

Remark 15. While most standard textbook presentations of FFT give
reductio proofs of the above form, some alternative arguments have been
published. Debreu [52, 6.3] gives a direct proof of a statement which is
classically equivalent to but constructively distinct from FFT. Similarly,
the contrapositive of FFT proved in [49] is not constructively equivalent to
FFT.

Definition 9.4. An allocation (x̂, ŷ) and a price vector p̂ are called an
equilibrium with wealth transfers if there exists a vector t 2 RI of
wealth levels for each consumer i such that

IX

i=1

ti =
IX

i=1

p̂ · wi +
JX

j=1

p̂ · ŷj ,

conditions (I), (III), (IV) of Definition 9.3 are satisfied, and x̂i <i x holds
for each x 2 {x 2 Xi | p̂ · x  ti}.

SFT tells us that if we would like to see a particular Pareto optimal
allocation realized in an economy, all we need to do is suitably alter wealth
levels in the economy and markets will take care of the rest.

Theorem 9.2 (SFT). (CLASS). If Yj is convex for each j and <i is convex
and locally nonsatiated for each i, then for each Pareto optimal allocation
(x̂, ŷ) there exists p̂ 6= 0 such that (x̂, ŷ) and p̂ form a competitive equilibrium
with wealth transfers.

Proof sketch. [113, Proposition 16.D.1] We consider an economy with I
consumers and J firms defined as before. Let (x̂, ŷ) be a Pareto optimal
allocation. For each i, let Ci = {x 2 Xi | x � x̂i} and set C = C1 + ...+ CI .
Let Y be the aggregate production set of the economy, put w = w1 + ...wI ,
and set S = Y + {w}. The sets C and S are both convex and C \ S = ;.
Thus, by SEP there exists a hyperplane separating C and S. That is, there

74When interpreted based on BHK all it tells us is that, given certain assumptions,
a contradiction can be derived. A constructively more meaningful definition of Pareto
optimality would be the classically equivalent universal statement: For any (x0, y0), it can
be shown that xi < x0

i for all i and xi � x0
i for some i.
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exist p̂ 2 Rn with p̂ 6= 0 and � 2 R such that p̂ · s  �  p̂ · c for all c 2 C
and s 2 S. It can then be shown that (x̂, ŷ) is an equilibrium with wealth
transfers given p̂.

To our knowledge, no weak counterexample to SFT has been published as
yet. However, the application of SEP in standard proofs of SFT seems to be
a necessary one. It is therefore highly unlikely that SFT, in its full classical
form, can be given computational meaning within BISH.75 Assuming this is
so, we will not in general be able to compute adequate wealth levels which
would guarantee that markets support some Pareto optimal allocation as an
equilibrium. Worse yet, an algorithm based on a classical separation proof of
SFT will involve decisions akin to LLPO and might therefore output false
transfer equilibrium prices (i.e., incur a type II error). Applying such an
algorithm in policy analysis may lead to adverse policy decisions. This poses
a serious challenge to the defence of free markets solely on the grounds of
WEQ or CEQ and the welfare theorems. We get back to this in part IV.

In light of the results of sections 6.5 and 8.2 it seems conceivable that
an economically sound, constructive variant of SFT, akin to aCEQ and im-
posing the conditions of aSEP, admits of constructive proof (see also [167]).
We leave the constructivization of SFT as an open problem for others to
explore.

This concludes our discussion of economic theory. We showed that central
results of mathematical economics are nonconstructive but can be recast
constructively. In the following part IV, we shall argue that the constructive
model cAD is ideally suited for realizing certain goals within economic theory.
Against this background we argue that mathematical pluralism obtains
within economic theory.

75Velupillai discusses the noncomputability of SFT at several points in his [166] (see for
instance [166, p. 238 f.]).
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Part IV

Mathematical Pluralism in

Economic Theory

In this part, we pull together the results of parts I, II, and III. Applying
the pluralist framework developed earlier to our discussion of (constructive)
economic theory, we shall argue that mathematical pluralism obtains in
economics. Citing the work of various economists and philosophers, our
discussion is broadly guided by Varian’s & Gibbard’s practice-oriented char-
acterization of the workings and uses of economic theory in [71].

The objective of the following sections is to establish that strong pluralism
obtains with respect to a particular goal pursued by economists, di↵erent
precisifications of that goal, and the mathematical systems CLASS and BISH.
We begin with a discussion of the role of explanation in economics and how it
relates to the models discussed in part III. We then turn to qualitative as well
as quantitative applications of these models, before briefly touching upon
the role of simplicity and related notions in economic theory. Throughout,
we will refer back to the results of part II and part III. We also presuppose
some previous knowledge of the basic concepts of modern economics.

10 Explanation

10.1 Explanation in Economics

Modern economic models are highly abstract and idealized. In fact, it is
generally accepted that they are essentially false insofar as their assumptions
are so idealized that they typically cannot be expected to hold in reality.
Indeed, they “often do not seem even remotely accurate as descriptions of
an actual economy, and the happy consequences of some models [...] do not
match our experience”, as Varian & Gibbard [71, p. 664] note. This fact
has long served critics of modern economics as grounds for criticizing the
field’s general premises and conclusions. However, as economist Varian and
philosopher Gibbard point out,

“When an economic theorist applies a model to a situation, it
is almost always preposterous to suppose that the assumptions
of the applied model are exactly true of the situation. [...] the
prevailing view is that, when an investigator applies a model to
a situation, he hypothesizes that the assumptions of the applied
model are close enough to the truth for his purposes” [71, pp.
668 ↵.],

and “that the conclusions of the applied model are close enough to the truth
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for the purpose at hand” [71, p. 671] as well. When this is the case, we shall
say that the model approximately describes its target system.

In his analysis of the relationship between economic theory and reality,
Lawson contends that explanation is the only goal of social science, including
economics:

“the impossibility of engineering, and the absence of sponta-
neously occurring, closed social systems, necessitates a reliance
on non-predictive, purely explanatory, criteria of theory develop-
ment and assessment in the social sciences” [101, p. 35].

Somewhat less radically, Elster argues that

“The main task of the social sciences is to explain social phenom-
ena. It is not the only task, but it is the most important one, to
which others are subordinated or on which they depend” [56, p.
9].

Either way, explanation is a fundamental aim of economic theory.
As Reiss states in his introductory text on the philosophy of economics,

explanation in economics is causal explanation:

“To explain a specific economic event [...] is to cite its causes; to
explain a general economic phenomenon [...] is to describe the
causal mechanism responsible for it” [133, p. 120].

Thus, for a model to be explanatory, it does not simply su�ce that
its assumptions imply its conclusion. As Varian & Gibbard point out, it
is also required that “the conclusions are su�ciently close to the truth
because the assumptions are su�ciently close to the truth” [71, p. 671;
emphasis in original]. That is, the state of a↵airs (approximately) described
by the model’s assumptions must be causally related to the state of a↵airs
(approximately) described by its conclusion. When this is the case, we also
say that the model’s assumptions causally imply its conclusion, whence the
model gives a causal explanation of the state of a↵airs described by its
conclusion (see Figure 1). In economics—as in physics, which Steiner’s [153]
classic account of mathematical explanation centers on—a causal explanation
of an empirical phenomenon is one which is (i) formulated in an empirically
enhanced language of mathematics and (ii) where, once one removes all
empirical concepts from it, “we remain with a mathematical explanation—of
a mathematical truth” [153, p. 19].76

76We should emphasize that, although a large body of literature on scientific and
mathematical explanation in science exists, this literature is not all that relevant to our case.
Notably, the discussions in Wigner’s classic [172], Steiner’s [153], and Baker’s modern [12]
deal with mathematical explanations of physical phenomena (Baker’s ‘periodical cicadas’
in [11] are an exception). In these cases, the success of mathematics at accurately describing
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Assumptions Conclusion

Causes E↵ect

describe

imply

cause

describes

Figure 1: Successful causal explanation (Source: Author)

Now, quite obviously, there exists no “uniform relation between [the]
new explicandum—the approximate truth of the conclusions of the applied
model—and what was to be explained before the model was applied” [71, p.
669; emphasis in original], that is, that which the model’s conclusion is to
be a description of. One reason for this is the goal-directedness of modeling
and scientific practice in general.

“The assumptions of a model may approximate reality su�ciently
for some purposes but not for others; the assumption of a vacuum,
for instance, approximates reality su�ciently in an explanation
of the rate of fall of a compact ball, but not in an explanation of
the rate of fall of a feather” [71, p. 671].

We discussed this in part I.
In addition, whether or not a model succeeds at (causally) explaining a

particular phenomenon depends on whether the logico-mathematical con-
cepts used to formulate the model adequately (approximately) describe the
phenomenon and its supposed causes. In the following section we shall see
an example of a model for which this fails.77

Throughout the rest of this part, we consider the goal G = ‘Formulating
a model of equilibrium existence in competitive economies’, a goal which
has been pursued by economic theorists for more than a century. Based on

and explaining physical phenomena may be viewed as enigmatic. The question whether
mathematics can truly be necessary, or indispensable, for explaining physical or biological
phenomena is surely of considerable philosophical interest. This is particularly so because
in physical models, mathematical necessity is often thought to ground physical causality in
some deep way. In social science, however, the notion of causality is somewhat more relaxed
than in physical science. Indeed, it has been questioned whether it is adequate to speak
of causal relationships between social phenomena at all. And while it would certainly be
hard to exhaustively describe and explain complex economic phenomena like equilibria in
natural language, without resorting to higher mathematics, it is not unthinkable. Moreover,
as we shall argue below, which mathematical representation one chooses for a particular
class of economic phenomena is not merely dictated by the properties of these phenomena.

77We cannot o↵er a general explication of the representational relationship between
logico-mathematical and empirical concepts that could be applied, in any given case, to
determine if some concept is suited for (approximately) describing some phenomenon. But
we are confident that it is possible, in particular cases, to talk meaningfully about aspects
of this relationship. This is particularly so when it comes to determining when a given
mathematical concept is unfit for adequately describing some empirical phenomenon.
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the mathematical results in part III, we shall argue that strong pluralism
obtains with respect to di↵erent precisifications of G.

10.2 Explanation & Equilibrium

In part III, we presented a description of an abstract economy based on
central concepts from consumer theory (see section 7) and the theory of the
firm (see beginning of section 8.2). We then brought these concepts together
in the classical Walras’s Equilibrium Existence Theorem (WEQ), which we
restate here for convenience:

Assumptions: Let P be a compact, convex subset of Rn
+ and let z be a

continuous, zero-homogeneous excess demand function from P into Rn that
satisfies Walras’s Law.

Conclusion: Then there exists a vector p̂ 2 P such that z(p̂)  0.

Whenever p̂ 2 Rn
++, z(p̂)  0 implies z(p̂) = 0. For convenience, we think of

an economy in which every good has a positive price as the standard case,
and thus of z(p̂) = 0 as the proper definition of (exact) equilibrium.

We defined the Arrow-Debreu Model of a competitive economy (AD)
as WEQ with all defined concepts spelled out, together with all relevant
connecting statements. Unless indicated otherwise, we shall always think of
AD as a model formulated by means of CLASS. Thus, when we say that AD
does or does not have a certain property we mean by this that AD, when
interpreted within CLASS, does or does not have this property.

To see how AD is obtained from WEQ, consider a first pass at replacing
defined terms with definitions and relating them to AD’s target system by
means of connecting systems of the form ‘... representing...’ or ‘... which
represents the fact that...’. Part of an initial stage of spelling out the
assumptions of AD might be:

Let P be a subset of Rn
+ whose elements represent prices of the goods

traded in n markets in a competitive economy and which has the
property that p1, p2 2 P implies that �p1 + (1 � �)p2 2 P whenever
0  �  1. Let the function z : P ! Rn defined by

z(p) =
IX

i=1

(xi(p)� wi)�
JX

j=1

yj(p),

represent the di↵erence between the amount of goods demanded by all I
consumers in the economy at prices p and the amount of goods supplied
by all J firms in the economy at prices p, where xi is determined
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by a complete, transitive relation <i indicating the ith consumer’s
preferences among elements of a set Xi ✓ Rn, representing possible
combinations of amounts of goods available for consumption by the ith

consumer. Assume that <i has the additional properties..., representing
the fact that the ith consumer is... Further, assume that yi, defined
by... and representing..., satisfies the property that for all p0 2 P
and all " > 0, there exists � > 0 such that |p0 � p| < � implies
|yi(p0)� yi(p)| < " for all p 2 P . ...

This could constitute part of a first step in a process of ‘transforming’
WEQ into AD. In this preliminary state, AD still contains defined mathe-
matical and economic terms. To exhaustively spell out AD all these terms
would have to be replaced by their definitions and related to the model’s
target system via further connecting statements.

When completely spelled out, AD asserts that under certain assump-
tions, there exists a set of prices at which the amounts of goods supplied
and demanded by firms and consumers in the economy are equal.78 These
assumptions describe a target system in which the behavior of consumers
and firms is fully determined by their utility- and profit-maximization objec-
tives, respectively. AD’s target system, of course, is a competitive economy
in some non-mathematical sense, describable in terms of, say, sociological
or behavioral terminology. Conceivably, then, AD’s connecting statements
could themselves be made so precise as to constitute an exhaustive non-
mathematical—sociological or behavioral—description of a competitive econ-
omy. Hence, anything that goes beyond AD in a strict sense (see section 3.2)
is quite variable.

With respect to the theoretical equilibria described by AD’s conclusion
we may ask several questions, including: (a) Are the assumptions of AD
consistent with the existence of equilibria? (b) Are equilibria realizable
in real-world economies described by AD? (c) If (b) is the case, by which
processes are equilibrium prices ‘arrived at’ by actors in the economy?

Evidently, AD does not give us any indication as to how to answer (c).
Indeed, to prove the existence of an equilibrium for a particular economy
is simply “to indicate a possibility” [149, p. 9]. What the proof of WEQ
tells us is that there is a potential configuration of the economy in which the
objectives of consumers and firms are compatible with each other.

One might think that this already undermines the capability of AD to be
explanatory in the causal sense introduced in the previous section. However,

78As Nikaidô points out, AD “is based not on unilateral causality but on the interdepen-
dence of relevant magnitudes represented mathematically by some system of simultaneous
equations” [121, p. 1]. In explanatory form, AD states that a set of equations possesses a
solution that causally determines a state of a↵airs in which an economic equilibrium exists
in AD’s target systems. This set of equations may be viewed as a version of AD akin to
SHO and DHO in part I.
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no-one should seriously expect a mathematical model to provide an answer
to what is essentially a behavioral question. At the same time, AD certainly
is considered by many to be an explanation—if just a partial one—of the
processes that equilibriate markets. A prominent account of how these
processes play out in real-world competitive economies was given by Walras
in his description of tâtonnement [154, p. 340 f.].

Question (a) is a�rmed by WEQ, which is commonly taken to imply
a positive answer to (b) as well. We shall argue that this inference is
unlicensed, as AD’s assumptions do not guarantee real-world existence of
equilibria. Thus, AD fails to be explanatory and is therefore unsuitable
for realizing the precisification G1 = ‘Formulating an explanatory model of
equilibrium existence in competitive economies’ of G.

As philosopher Sen observes, “One di�culty in interpreting equilibrium
theory concerns the content of what is being asserted” [149, p. 9]. According
to Sen “There are various reasons internal to general equilibrium theory
that militate against making” the assumption that competitive equilibria
necessarily exist in real-world economies “as a matter of course” [149, p. 9].

Economic theorists, too, are aware of the limitations of AD and similar
models. For instance, Takayama observes that equilibrium theory

“is essentially concerned with the ‘consistency’ of the concept of a
competitive equilibrium and the model of a competitive economy
in the sense of whether the actions of numerous ‘competitive’
producers and ‘competitive’ consumers can be consistent with
each other” [154, p. 170; emphasis added].

But, of course, the theoretical possibility (qua consistency) of equilibrium is
not in itself an empirical phenomenon. In their comprehensive introduction
to equilibrium theory, Arrow & Hahn state that

“Our main concern will be the description of situations in which
the desired actions of economic agents are all mutually compatible
and can all be carried out simultaneously and for which we can
prove that for the various economies discussed, there exists a
set of price vectors that will cause agents to make mutually
compatible decisions” [7, p. 16; first and third emphasis added].

It is true that the equilibrium price vector whose existence AD asserts is
such that it would equilibriate supply and demand. But this does not by
itself imply that this vector ever will realize an equilibrium in a real-world
competitive economy. In fact, in its classical form AD does not guarantee that
it will generally be possible, even just hypothetically, for economic agents to
determine equilibrium prices in real-world competitive economies.79

79The notion that modern economics is inherently noncomputable, and that this is
problematic for various reasons, is by no means new. Velupillai has argued this throughout
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For a model of equilibrium existence to be explanatory, its assumptions
must (approximately) describe the causes of equilibrium existence in a real-
world competitive economy, and its conclusion must (approximately) describe
a state of a↵airs in which a real-world competitive economy is in equilibrium.
It is the latter requirement which AD fails to meet.

Equilibria in real-world competitive economies are the result of the
interrelated actions of economic agents. At any given price level, consumers
and firms trading in an economy’s markets consume and produce amounts
of goods, maximizing their utility and profits, respectively. Through their
demand and supply behavior, they collectively minimize the economy’s
implicit excess demand function, forcing prices toward levels at which excess
demand is zero.

Whatever the exact mechanics or ‘nature’ of the process that drives prices
toward equilibrium in a real-world competitive economy may be—this process
has to be finite. For, real-world competitive economies are constituted by
finite entities—consumers and the firms they own. If their collective actions
are to minimize excess demand in an economy by appropriately steering price
levels in whichever way, then this must happen in a finite amount of time.80

As we saw in part III, AD is nonconstructive insofar as WEQ is equivalent
to LLPO (see Corollary 8.1). This means that no algorithm computing
equilibrium prices for arbitrary excess demand functions in finite time based
on information equivalent to AD’s assumptions can exist. For, such an
algorithm would be able to decide x � 0 or x  0 for any given real number
x. But this is a feat which not even an ideal computer is capable of—much
less a finite collection of finite economic agents, each of whom has limited
cognitive capacity81 and only access to information concerning their own
supply and demand at any given set of prices.

To be sure, no-one would claim that the process by which consumers
minimize excess demand in the real world is phenomenologically similar to the
way in which a computer would try to decide LLPO. But Uzawa’s Theorem
tells us that if markets were able to determine exact equilibria—other than
by happening upon them in some entirely haphazard fashion—then they
would also be able to decide LLPO.82 This entails the ability to compare the
infinitely many terms of infinitely many sequences of rational numbers and is
therefore empirically impossible. Thus, at least some of the equilibrium price
levels whose existence AD’s conclusion asserts are not realizable in real-world

his career (see [166]; see also [136]). However, we get at the issue of nonconstructiveness
in economic theory from what we believe is a unique perspective. Moreover, the results
of part III have us optimistic that much of classical equilibrium theory can be retained
constructively.

80One might argue, then, that an ideal mathematical framework for equilibrium theory
would be finitist, not just constructive.

81Indeed, as economists Richter & Wong specifically emphasize, “realism requires us to
take into account the computability limitations of human beings” [136, p. 2].

82Velupillai makes essentially the same observation in [166, p. 199].
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competitive economies. Consequently, AD’s conclusion does not describe the
existence of real-world equilibria—not even approximately. Since description
is a necessary condition for explanation, it follows that AD does not explain
the existence of equilibria in real-world competitive economies (see Figure 2).

Let us recast this in terms of our pluralist framework. By Definition 3.1,
CLASS would be suitable for realizing G1 with respect to AD if, and only if:

(i) The mathematical concepts in AD are definable in CLASS,

(ii) CLASS proves that AD is consistent,

(iii) CLASS endows meanings to the mathematical and empirical concepts
in AD such that AD is a model of equilibrium existence in competitive
economies with the property of being explanatory.

While (i) and (ii) are satisfied, we just showed that (iii) is not. For, it is
precisely by way of its built-in notion of existence, embodied by classical logic,
that CLASS endows meanings to the concepts occurring in AD in such a way
that AD is not an explanatory model of equilibrium existence in real-world
competitive economies. In particular, the meaning that CLASS endows to the
concept of equilibrium figuring in AD’s conclusion is empirically inadequate.
It follows that CLASS is unsuitable for realizing G1 with respect to AD.83

Assumptions Conclusion

Causes E↵ect

describeX
imply X

cause ✓ 2

describes ✓ 1

Figure 2: Failed explanation in AD (Source: Author)

1 The classical notion of existence does not match the one required for
real-world existence.

2 If the conclusion in question does not describe a potential phenomenon,
then there is nothing to causally explain.

The failure of 1 leads to a failure of 2. Thus, AD is not an explanatory model
of equilibrium existence in competitive economies.

We said earlier that for a model to be considered explanatory, it need
not be exactly descriptive of its target system but only approximately so. It

83Which, as we noted in part I, is just another way of saying that AD is unsuitable for
realizing G1 with respect to CLASS.
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would seem, then, that precise computability of equilibria is not a necessary
and, as we just saw, not a realistic requirement. This suggests that the
Constructive Arrow-Debreu Model (cAD) might be a viable alternative to
the explanatorily inadequate model AD.

We restate the Approximate Walras’s Equilibrium Existence Theorem
(aWEQ) for convenience:

Assumptions: Let z0, ..., zn be uniformly continuous excess demand func-
tions from �n into R which satisfy Walras’s Law.

Conclusion: Then for each pair �, " > 0 we can compute p̂ 2 �n such that
for each good k, zk(p̂)  " and if p̂k > �, then |zk(p̂)| < ".

We defined cAD as aWEQ with all definitions of economic and mathe-
matical concepts spelled out, together with all relevant connecting statements
(see part III). Unless indicated otherwise, we shall always think of cAD as a
model formulated by means of BISH. Thus, when we say that cAD does or
does not have a certain property we mean by this that cAD, when interpreted
within BISH, does or does not have this property.

As we saw in part III, cAD provides su�cient conditions for the com-
putability of approximate equilibria. These equilibria are not just theoreti-
cally possible but also empirically realizable. For, they are computable in
finite time. To be sure, this does not guarantee that the equilibria whose
existence cAD asserts will exist in reality in any case.84 But it at least allows
for the possibility that the finite agents making up real-world competitive
economies may see them realized at some point during their cumulated
lifespans. Hence, when it comes to the empirical interpretation of cAD and
AD, their distinction is not one of degree. The di↵erence between the two
existence assertions made by cAD and AD, respectively, is a deeply qualitative
one, rooted in the fundamental disparity between the antirealist notion of
truth underlying BISH and the idealist notion of truth built into CLASS.

By reinterpreting WEQ in terms of BHK and altering it in such a way
that it admits a constructive proof we obtained a more realistic, explanatory
model of equilibrium existence in competitive economies. For, the notion of
existence implicit in cAD’s conclusion matches that of empirical existence.
Now, given just the assumptions of AD, even the weakened conclusion of cAD
is not constructively provable. To obtain a fully constructive, explanatory
model we had to also strengthen AD’s assumptions. But this raises a potential
concern.

In Velupillai’s view, “Economics needs to be algorithmic” [166, p. 1;

84Constructive existence does not guarantee e�cient computability.
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emphasis in original]. He also states

“that none of the propositions, theorems and claims of a math-
ematical sort [of classical economic theory] would retain their
validity without drastic modifications of their economic content
and implications” [166, p. 270 f.; second emphasis added]

if transformed in such a way that they become computable. Whether cAD’s
modifications are really all that drastic is debatable. But Velupillai’s concerns
are not entirely unwarranted. Albeit highly idealized, all of AD’s assumptions
do have more or less straightforward economic interpretations. This cannot
be said of all of cAD’s additional assumptions.

Recall, for instance, that for there to exist a uniformly continuous demand
function, each consumer’s preferences need to be uniformly rotund (see
Theorem 7.5; see also aCEQ). But the notion of uniform rotundity seems to
be merely a mathematical artefact, necessary for proving cAD’s conclusion,
which does not correspond to any economic intuition. From an explanatory
standpoint, this is problematic—at least if we take explanation to be causal
explanation. Then again, uniform rotundity is only a mild strengthening of
the standard convexity condition.

There is another concern that carries over from the classical to the
constructive context. The rough economic intuition behind AD is that
“market prices [...] will lead agents to make decisions that are mutually
compatible” [7, p. 29]. But for this to be possible, one might argue, prices
must proceed towards equilibrium in a controlled manner. For, otherwise “the
‘price signals’ cannot e↵ectively be encoded to lead agents in any systematic
way to make decisions that are necessarily mutually compatible” [166, p.
195; emphasis in original].

Referring to his own fixed point algorithm, Scarf recognizes that “there is
no theoretical argument that prevents the subsimplices from being located at
quite di↵erent regions of [the simplex] as the grid is refined” [143, p. 52]. This
feature is shared by constructive algorithms based on Sperner’s Lemma and
aBFPT. Thus, as Scarf notes, “we have no assurance that the subsimplex
determined by a fine grid of vectors on [the simplex] contains or is even close
to a true fixed point of the mapping” [143, p. 52; emphasis added].

This may seem problematic from an explanatory point of view. One
might feel that computability of approximate equilibria only represents a
market approaching a true equilibrium if such approximate equilibria are in
fact close to a true equilibrium. Whether one shares this concern depends on
what significance one ascribes to the property of a price vector being a ‘true’
equilibrium in the first place—as opposed to an almost-equilibrium located
potentially far away from an actual one. The question here is essentially
whether we can expect consumers to behave ‘almost as in equilibrium’ at an
almost-equilibrium. Indeed, is it reasonable to assume that the mechanism by
which an economy, constituted by a collection of agents, is led to equilibrium
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is adequately represented by a numerical method for computing fixed points in
the first place? That is, is there any inherent similarity between the structure
of a fixed point algorithm and the process by which market participants
determine demand, supply, and prices of goods? We can o↵er no answers to
these questions.

The above concerns notwithstanding, cAD is clearly superior to AD in
one crucial way. By virtue of its underlying mathematical convention cAD
asserts only potential real-world existence, that is, attainability in finite
time. In contrast, the classical model’s underlying concept of existence is
inherently divorced from the physical constraints of real-world economies.
We conclude that cAD is an explanatory model of equilibrium existence in
real-world competitive economies (see Figure 3).

Let us again analyze the relationship between BISH, cAD and G1 within
our pluralist framework. By Definition 3.1, the following conditions must
be satisfied in order for BISH to be suitable for realizing G1 with respect to
cAD:

(i) The mathematical concepts in cAD are definable in BISH,

(ii) BISH proves that cAD is consistent,

(iii) BISH endows meanings to the mathematical and empirical concepts in
cAD such that cAD is a model of equilibrium existence in competitive
economies with the property of being explanatory.

(i) and (ii) are both satisfied and, as we just argued, so is (iii). Thanks
to its built-in constructive notion of existence, BISH endows meanings to the
concepts in cAD—notably the concept of approximate equilibrium figuring in
cAD’s conclusion—in such a way that cAD is a model of equilibrium existence
in real-world competitive economies with the property of being explanatory.
Hence, BISH is suitable for realizing G1 with respect to cAD.

Assumptions Conclusion

Causes E↵ect

describe (X)1
imply X

cause X 2

describes X 3

Figure 3: Successful explanation in cAD (Source: Author)

1 Not all assumptions of the model describe real-world phenomena (no-
tably uniform rotundity). However, uniform rotundity is only a mild
strengthening of the classical convexity assumption.
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2 We judge this in contradistinction to the failure of the classical model
to explain, supposing that this model would be explanatory if its
conclusion were descriptive.85

3 We judge this in contradistinction to the failure of the classical model’s
conclusion to describe its target phenomenon. Here, the concept of
existence involved matches the one required for describing potential
real-world existence.

Overall, we thus have:

(1) CLASS is unsuitable for realizing G1 with respect to AD.

(2) BISH is suitable for realizing G1 with respect to cAD.

85On Friedman’s view (which few people share; see [71]), for a model to be explanatory
only its conclusion has to be true.
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10.3 A Note on Modeling

In light of the above discussion, it might be instructive to take a closer
look at how conceptual misrepresentations may arise in models. Of course,
in case of AD the most immediate answer is: Economists are unaware of
the discrepancy between classical existence and constructive existence, or
computability more generally. But this might only be part of the picture. In
the following, we sketch an idealized process of modeling and highlight at
which twists and turns in the process ambiguities may creep in.

When formulating a model intended to explain a particular phenomenon
we must identify the factors which we believe cause the phenomenon, de-
scribe these factors and the phenomenon mathematically, and show that the
descriptions of the assumed causes imply the description of the phenomenon.
In practice, we may go about this in di↵erent successions. Hence, modeling
outcomes are path-dependent. For instance, we might start by describing the
phenomenon mathematically, and then look for factors in the target system
which appear to cause the phenomenon and can be described mathematically
in such a way that they yield assumptions from which the phenomenon’s
description can be derived. Alternatively, and perhaps more realistically, we
might already suspect which empirical factors cause the phenomenon and
now need to figure out how to describe them, and the phenomenon, in a way
that yields a satisfactory model.

Many other conceptions of actual modeling processes are possible, of
course. Either way, what should be clear is that, even given a precise set
of desired model properties and intended applications, there will often be a
lot of leeway for fitting a model’s assumptions and conclusions to its target
system.

The choice of mathematical concepts used for the description of a phe-
nomenon (i.e., the model’s conclusion) and its causes (i.e., the model’s
assumptions) may be driven by a number of factors, including the following.
(1) On the side of assumptions (ceteris paribus, given a fixed conclusion): (i)
accurate description of the causes, (ii) (minimal) su�cient assumptions for
deriving the conclusion, (iii) minimal possible logico-mathematical strength
(relative to the conclusion). (2) On the side of the conclusion: (i) accurate
description of the phenomenon, (ii) derivability from assumptions, (iii) maxi-
mal possible logico-mathematical strength (relative to the assumptions). On
both sides, factors (i) and (ii)–(iii) co-determine each other. In particular,
there may exist tradeo↵s between them:

Fix a conclusion, that is, a description of a phenomenon, and fix a set of
suspected causes of the phenomenon. Our aim is to find assumptions which
accurately describe the causes and are su�cient to derive the conclusion.
Now, it may happen that any set of assumptions deemed to accurately
describe the causes is too weak to derive the conclusion. In that case, it
will be necessary to sacrifice the descriptive accuracy of the assumptions by
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strengthening them in such a way that the conclusion becomes derivable.
Alternatively, we may stick to the assumptions and choose to weaken the
conclusion, possibly sacrificing its descriptive accuracy.

Conversely, assume we are given a set of assumptions which describe
the suspected causes of some observed phenomenon. We must now come
up with an accurate description of the phenomenon which can be derived
from the assumptions. The descriptive accuracy of this conclusion is then in
turn contingent on the mathematical strength of the assumptions. Again, it
may be that any conclusion that is deemed an accurate description of the
phenomenon cannot be derived from the assumptions. We are then again
faced with the choice between weakening the conclusion or strengthening the
assumptions, in each case potentially sacrificing the descriptive accuracy of
the model.

Naturally, modeling practice consists in a constant back and forth between
model and world, assumptions and conclusions, causes and e↵ects. In gauging
assumptions and conclusions, both mathematically towards each other and
descriptively towards the target system, imprecisions may sneak into the
model at every turn. In particular, it may happen that weakening the
assumptions to a fixed conclusion, to achieve maximum logical strength,
say, alters the meaning of the logico-mathematical concepts figuring in the
conclusion, thus altering the descriptive accuracy and explanatory adequacy
of the model without changing its form. This is precisely what happens when
one weakens the assumptions of cAD to those of AD and adopts CLASS as
a mathematical background system, thus causing a mismatch between the
model’s inbuilt formal concept of existence and the constructive notion of
existence that would be required to accurately describe real-world existence.

As in mathematics, the aim to find (a mathematical representation of)
minimal conditions for the occurrence of a (mathematically represented)
phenomenon is ubiquitous in theoretical science. One way to avoid the
occurrence of mismatches between the mathematical and empirical content of
models arising from this aim is simply to restrict one’s mathematical toolkit
to constructive means whenever one deals with the causal explanation of
real-world phenomena.

11 Applications

We now focus on a particular use case of economic models, namely, their
application in policy making.86 Economic theory, as a scientific research
field, is special insofar as its results have potential practical and normative
implications for society. As Varian points out,

86In this section, we discuss some of the same issues that Velupillai (see various essays
in [166]) has lamented for many years—albeit in a di↵erent tone and against the background
of the results of part III.

106



“Part of the attraction and promise of economics is that it claims
to describe policies that will improve peoples’ lives. [...] many
methodologists have missed this essential feature of economic
science” [164, p. 2].

Thus, “economics is a policy science and, as such, the contribution of economic
theory to economics should be measured on how well economic theory
contributes to the understanding and conduct of economic policy” [164, p.
1]. Economic models can be brought to bear on policy in two di↵erent ways:
quantitatively and qualitatively. Whether or not a model is applicable in
either of these ways depends, crucially, on its properties.

Some caveats are in order with respect to the quantitative application of
economic models. Virtually all economic models are false insofar as at least
their assumptions never hold in reality, and their conclusion follows from
their assumptions only ceteris paribus. They are therefore, strictly speaking,
not fit for prediction. Nonetheless, economic models like AD serve as the
theoretical backdrop of applied economic models, that is, models based on
real-world data and employed for prediction and decision making.

Sen, who questions the predictive relevance of economic theory, concedes
that “equilibrium theory can [...] be used to explain certain well-known
directional results” [149, p. 9]. That is, when a model is robust, then the
causal relationship it posits can be expected to be realized ‘to some degree’
in real-world systems of which the model’s assumptions are approximately
true. More importantly, though, “Theory provides a method for solving
problems” [164, p. 7; emphasis in original]. Varian describes this method
as follows: “1) examine an individual’s optimization problem; 2) look at
the optimal equilibrium configuration of individual choices; 3) see how the
equilibrium changes as policy variables change” [164, p. 7]. Economic theory
gives us the mathematical tools to apply this method: the means to define
preference relations, demand functions, consumption and production sets,
and so on.

In the following two subsections, we consider two further precisifications,
related to applications, of the goal G = ‘Formulating a model of equilibrium
existence in competitive economies’.

11.1 Quantitative Applications

Unlike other social sciences,

“Theoretical economics gives us a framework to calculate and
quantify economic relations [and] compute answers to problems.
They aren’t always the right answers [...]. But a desideratum of
a good [economic] model is that you can compute with it: the
model can be solved to determine some variables as a function of
other variables” [164, p. 9; emphasis in original].
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Now, the principal quantitative way in which economic theory is applied in
policy making is through applied equilibrium models. Thus, in this section
we shall consider the goal G2 = ‘Formulating a model of equilibrium existence
in competitive economies suitable for applied equilibrium modeling.’

As Sen [149] states,

“the implications of equilibrium economics have often been mis-
understood, especially by practitioners. Equilibrium theorists
themselves have been typically rather careful in outlining the
limitations of using equilibrium as a predictive device [...]. Never-
theless, in discussing the e↵ects of, say, a tax change or removing
market restrictions, economists have frequently assumed that an
economy will simply shift instantly from an old equilibrium to a
new one corresponding to the changed situation [...]. Indeed, the
more vague the knowledge of general equilibrium economics the
more have practitioners been prone to treat some of the more
elementary and contingent results of that theory as a sure-fire
basis for practical decision making” [149, p. 10].

Although perhaps troubling, the ubiquity of applied equilibrium modeling in
policy making must be recognized as a reality. Both theorists and modelers
should therefore have at least some sensibility to the weak spots of the models
they use and how these a↵ect their applicability.

To apply an equilibrium model in policy analysis, the model is solved
for the equilibrium associated with a particular policy change (e.g., the
introduction of a tax). Such counterfactual equilibria are computed within
applied models based on data representing the equilibrium present in the
economy before the policy change. The process runs as follows.87

One first assumes that the economy under consideration is currently
in a state of equilibrium, called the benchmark equilibrium. The model is
then formulated based on data representing the economy at the benchmark
equilibrium. This data includes demand and production data, extraneous
elasticities (e.g., price and income elasticities, elasticities in production),
and taxes, disaggregated in some way conducive to the intended application
of the model (e.g., by income classes, geography, industries, etc.). The
data is obtained, for instance, from consumer surveys (demand), national
accounts data (production), scientific literature (elasticities). Depending on
the model’s target system and purpose, suitable forms are then chosen for
the demand and production functions.

As Shoven & Whalley point out, there are two constraints to choosing
functional forms for a model, aside from the requirement that it match its
target system. First, demand and production functions should be consistent

87We cannot o↵er more than a very brief sketch here. The interested reader is referred
to chapters 4 & 5 of [150].
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with the underlying theory—that is, they should conform with the require-
ments of AD (e.g., demand functions must obey Walras’s law, etc.). Thus,
applied equilibrium models are instances of the more general, unspecific
model AD which by itself tells us nothing about the particular forms of
either demand or production functions of particular economies. Second,
the functions should be “analytically tractable” [150, p. 94]. Accordingly,
functions commonly used in modeling are typically Cobb-Douglas functions,
constant elasticity of substitution functions, and other well-behaved forms
(see [150, pp. 95 ↵.]). Whether such functions are adequate for describing a
particular target system crucially depends on whether, and how well, they
accommodate parameter values such as elasticities.

“Applied models are usually calibrated in such a way that they exactly
replicate the initial equilibrium data in the presence of existing policies” [150,
p. 37]. Hence, once appropriately fitted to its target system, the model
should output the data upon which it was based as the solution to the
benchmark equilibrium price vector. Once it has stood this test, the model
is then solved for the counterfactual equilibrium determined by the policy
change.

“The information generated in the process of computing coun-
terfactual equilibria provides data on all prices and quantities,
utility levels of consumers, factors employed by industry, and
other characteristics of the unobservable equilibrium. In using
this approach to evaluate the possible impacts of policy changes,
the common procedure is to compare the counterfactual and
benchmark equilibria. Who has gained or who has lost from
the policy change? Is the change an improvement from a so-
cial point of view? Has the distributional situation worsened or
improved?” [150, p. 123]

Generally, evaluating a policy change involves analyzing three e↵ects: changes
in welfare, income distribution, as well as changes in market prices and supply
under the associated counterfactual equilibrium (see [150, pp. 128 ↵.]).

Now, literally solving an applied model for a counterfactual equilibrium
analytically is frequently impossible. This is where algorithms like Scarf’s
enter into the picture. In their [150], Shoven & Whalley state:

“The major result of postwar mathematical general equilibrium
theory has been to demonstrate the existence of such an equilib-
rium by showing the applicability of mathematical fixed point
theorems to economic models. This is the essential contribution
of Arrow and Debreu [...]. Since applying general equilibrium
models to policy issues involves computing equilibria, these fixed
point theorems are important: It is essential to know that an
equilibrium exists for a given model before attempting to compute
that equilibrium” [150, p. 12].
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The authors then elaborate on the relevance of fixed point theorems for
economic modeling as follows:

“They [the theorems] provide the logical support for the subse-
quent use of this framework [general equilibrium theory] for policy
analysis. The weakness of such applications is twofold. First,
they provide non-constructive rather than constructive proofs
of the existence of equilibrium; that is, they show that equilib-
ria exist but do not provide techniques by which equilibria can
actually be determined. Second, existence per se has no policy
significance. Policy makers are interested in how the economy
will behave when policy or other variable change [...]. Thus, fixed
point theorems are only relevant in testing the logical consistency
[...] such theorems do not provide insights as to how economic
behavior will actually change when policies change” [150, p. 21].

This much we know already, of course. Now, the authors continue as follows:

“They [the theorems] can only be employed in this way if they
can be made constructive (i.e., be used to find actual equilibria).
The extension of the Brouwer and Kakutani fixed point theorems
in this direction is what underlies the work of Scarf [...] on fixed
point algorithms” [150, pp. 21 f.; emphasis added].

At another point, they claim more explicitly that Scarf’s classical algorithm,
“provided a constructive proof of the existence of general equilibrium – that
is, a method guaranteed to terminate at an equilibrium solution for any
properly specified general equilibrium model” [150, p. 41; emphasis added].
Unfortunately, this is not the case. For, as Richter & Wong, whose work
focuses on classical computable economic theory, correctly point out,

“the usual Arrow-Debreu conditions are not su�cient for existence
of a computable competitive equilibrium [which] raises concerns
about the interpretation of standard algorithms for computing
equilibria” [136, p. 3].

Even if we can prove classically that an economy satisfies the assumptions of
AD, this does not imply that an equilibrium of that economy is computable
by an algorithm like Scarf’s. As follows from Uzawa’s Theorem and the
equivalence of BFPT and LLPO, no algorithm computing exact equilibria
from data equivalent to the assumptions of WEQ can exist. Moreover, the
equivalence ofWEQ and LLPO implies that Scarf’s algorithm, when applied
to compute equilibria from data equivalent to the assumptions of WEQ,
may incur a type II error, deciding z(p) = 0 even though p is not in fact a
zero of the economy’s aggregate excess demand function z.88 Furthermore, as

88Recall from our discussion of IVT earlier that this may even occur when z does have
an actual computable zero di↵erent from p, and irrespective of the floating point precision
of the computer used for implementing the algorithm.
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shown by counterexamples like Orevkov’s [122] and Richter’s & Wong’s [136],
there exist computable functions without computable fixed points for which
an algorithm like Scarf’s must fail.89 All this may have potentially grave
consequences when a model is used as a basis for policy decisions impacting
the economic reality of individuals.

We therefore conclude that AD is not a model of equilibrium existence in
competitive economies suitable for applied equilibrium modeling. In order to
guarantee the applicability of equilibrium models in policy analysis and rule
out potentially harmful type II errors, a computable theoretical foundation
is indispensable. One such foundation is o↵ered by cAD. For, whenever the
constructive model’s assumptions are satisfied by an economy, this guarantees
not only that an equilibrium is theoretically possible, but that approximate
equilibria are also computable in finite time with arbitrary precision and
without the risk of type II errors. In particular, when an excess demand
function has a single computable zero, then an algorithm based on cAD
will eventually approximate this zero. We therefore conclude that cAD is a
model of equilibrium existence in competitive economies suitable for applied
equilibrium modeling.

Applying the pluralist framework of part I to the foregoing discussion,
we conclude:

(1) CLASS is unsuitable for realizing G2 with respect to AD.

(2) BISH is suitable for realizing G2 with respect to cAD.

Remark 16. In [166] Velupillai states:

“We are, of course, not told why ‘economic models typically use
real variables and functions of them’ [Mount & Reiter quoted
in [166]]; nor are we told why ‘the important advantages ... of
scientific computing o↵ers for computing with real numbers’ [...]
has any relevance for economic modelling where the variable [sic! ]
are naturally in N, Q, or Z” [166, p. 66].

If this is to insinuate that real numbers are irrelevant or ill-suited for ap-
plications of economic models, then Velupillai is not correct. Of course, if
applied modeling really were confined to Q, then we would not have to worry
about the nonconstructiveness of AD at all. For LPO and LLPO, which do
not hold constructively when interpreted over the reals, are constructively
provable when ranging over Q. To be sure, both economic data and model
parameters are rational-valued. However, when fed to an algorithm, a model
may still yield real-valued solutions. More precisely, when inputs to an
optimization algorithm lie in some subset of Q, outputs often lie in the real

89When applied to functions like Orevkov’s counterexample, classical algorithms resting
on LLPO will either incur type II errors or not terminate at all.
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convex hull of that set. This clearly speaks against the wholesale rejection of
the necessity of real number arithmetic in applied economic modeling, and
for adopting cAD as a foundation for modeling practice.

11.2 Qualitative Applications

Economic models can also be applied qualitatively in policy making. This is
the case when the empirical content—the ‘message’ of the model—is invoked
to justify (implicitly or explicitly) policy decisions. The message of AD, in
its classical form, is: If markets are competitive, equilibria exist. Together
with FFT, this reads as: If markets are competitive, then this will yield best
possible outcomes with respect to total social welfare—a formal rendering
of Smith’s notion of an invisible hand turning individual utility maximizing
behavior into collectively desirable economic outcomes. Conversely, according
to SFT, any such outcome can be realized as a competitive equilibrium.
This implies that, under idealized conditions, wealth transfers will ‘lead’ an
economy to equilibrium. As Starr, in his textbook on equilibrium theory,
puts it:

“The Second Fundamental Theorem of Welfare Economics rep-
resents a significant defense of the market economy’s resource
allocation mechanism. It says [...] that any e�cient allocation of
resources can be decentralized using the price mechanism [...]. On
this basis, public authority intervention in the market through
direct provision of services (housing, education, medical care,
child care, and the like) is an unnecessary escape from market
allocation mechanisms with their e�ciency properties. Public
authority redistribution of income should be su�cient to achieve
the desired reallocation of welfare” [152, p. 214].

Together, FFT and SFT imply “that government intervention in the
economy that distorts relative commodity prices will have a social cost” [150,
p. 34].90 Thus, according to economist Fisher, they

“provide the rigorous justification for the view that free markets
are desirable [...]. It is not an overstatement to say that they are
the underpinning of Western capitalism. So elegant and powerful
are these results, that most economists base their conclusions
upon them and work in an equilibrium framework” [61, pp. 34
f.].

One might thus be quick to conclude that AD, together with the two welfare
theorems, is suitable for realizing the goal G3 = ‘Formulating a model of

90This ‘social cost’ is the shortfall in utility incurred because the economy is not at
Pareto optimum.
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equilibrium existence in competitive economies justifying the reliance on
market mechanisms to achieve societal wellbeing’, when in fact it is not.

As we pointed out earlier, given its underlying classical notion of existence,
AD’s conclusion does not describe potential real-world existence of equilibrium.
The mismatch between AD and real-world economies cannot be explained
away by pointing to the fact that for an economic model to be considered
descriptive it need only be approximately true of its target system. For, ideal
existence cannot approximate real-world existence if it accommodates the
possibility that an object cannot exist in reality. Unfortunately, the same
descriptive mismatch propagates to AD’s normative dimension, established
by FFT and SFT.

First, FFT is a statement about classical equilibria in the sense of AD,
and is thus computationally vacuous and empirically dubious. Moreover,
SFT is itself nonconstructive (see [166, pp. 52, 239]; see also section 9).
Given its reliance on SEP, classical algorithms computing equilibria from
data equivalent to SFT’s assumptions are inherently prone to type II errors.
Most importantly, however, the fact that SFT, like AD, asserts the existence
of equilibria which are not computable in finite time means that economic
agents cannot generally be expected to realize Pareto optima as equilibria
given wealth transfers.91

This casts serious doubt on AD’s normative import. If we cannot assume
market participants to steer an economy toward social optimum, then it would
seem careless, if not dangerous, to rely on market forces alone to maximize
welfare. We therefore conclude that AD is not a model of equilibrium existence
in competitive economies justifying the reliance on market mechanisms to
achieve societal wellbeing.

If we are going to trust market mechanisms to take care of resource
allocation in a way that is in the interest of all members of society, we need
equilibrium and welfare theories that tell us what exactly the necessary
conditions are that must obtain for this to be possible at all. While cAD
does yield a more realistic rendering of competitive economies, its normative
import, too, depends on the two welfare theorems. Now, there exists a range
of constructively valid forms of HBT and SEP, such as aHBT and aSEP,
which might be fruitfully applied to constructivize welfare theory—at least
this is what Velupillai [167] believes. And, indeed,

“why should an economist force the economic domain to be a
normed vector space? Why not a separable normed vector space?
Isn’t this because of pure ignorance of constructive mathematics
and a carelessness about the nature and scope of fundamental
economic entities?” [166, p. 53]

91In addition, both FFT and SFT rest on a constructively meaningless, negative
definition of Pareto optimality.
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However, we are not aware of the existence of any serious, constructive
development of welfare theory or, specifically, a constructive proof of a
variant of SFT. Velupillai [167], for one, does not go so far as to attempt
a development in this direction. At present, there is therefore no way
for us to judge whether or not BISH is suitable for realizing G3. Clearly,
though, cAD is an ideal starting point for the constructivization of welfare
theory within BISH. We therefore suggest that cAD is a potential model of
equilibrium existence in competitive economies justifying the reliance on
market mechanisms to achieve societal wellbeing.

Reexamining the above discussion against the background of the pluralist
framework developed in part I leads us to the following conclusion:

(1) CLASS is unsuitable for realizing G3 with respect to AD.

(2) BISH is potentially suitable for realizing G3 with respect to cAD.

Remark 17. Qualitative applicability considerations with respect to AD
and cAD are only relevant if one believes that economic theory is, or ought
to be, taken at face value by policy makers. But, according to Colander

“General equilibrium theory is impressive, but, for an applied
economist such as myself, general equilibrium proofs are largely
irrelevant. They are wonderful exercises in logic, but they have
little to do with the real world. [...] The actual economy [repre-
sented by an equilibrium] does not need a proof of existence; it
can be assumed to exist” [46, p. 492].

Collander, in his recent critique, also questions the normative import of
economic theory as a justification of free markets: “Western capitalism does
not depend on general equilibrium theory. It would still exist if [...] general
equilibrium theory had never been developed” [46, p. 492]. Nonetheless, he
states,

“None of what I am saying holds that theory is totally unim-
portant for policy. Far from it. But its importance is indirect,
not direct. Theory is not a blueprint for policy; rather it is a
collection of deep insights into models that might be useful in
creative thinking about policy” [46, p. 493; emphasis added].

12 Simplicity and Related Notions

Velupillai, a long-time advocate of computable economics, claims “that the
constructive content of CGE [computable general equilibrium] models, and
their computational implications for economic policy analysis, are vacuous”
[166, p. 271]. This is not true. For, the constructive content of AD is
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precisely the content of cAD when interpreted against the background of BISH.
This model, we argued, constitutes only a mild—and, indeed, empirically
licensed—weakening of the classical one. In addition, it is not clear at all that
computational problems which are theoretically existent in any application
of Scarf’s algorithm really arise in practice all that often. Indeed, one might
remark, equilibrium modelers have done just fine in applying the classical
model for decades. But there are more substantive arguments that can be
made in favor of a classical approach to economic theory.

According to Velupillai,

“It is, surely, just an accident of history and the special training
of a particular class of individuals, who happened to be interested
in the formalization of the subject at crucial junctures in the
development of the subject that determined and locked it into
choosing the real number system as its domain and [classical] set
theory as the foundation” [166, p. 193; emphasis in original].

While there is certainly some truth in this, it is not the full picture. According
to Bishop,

“contending that [classical] mathematics is worthless from the
constructive point of view [...] would be as silly as contending
that unrigorous mathematics is worthless from the classical point
of view” [26, p. 3].

The same applies to mathematical economics. In fact, there is a real possibility
that treating economic theory from a purely constructive or computable
viewpoint from the outset would never have given economists such a firm
grasp of the basic mechanisms that constitute and drive economies, and
of how these must be enhanced so as to make them constructive. This is
supported by the fact that most advances made in constructive mathematics
proper, up until today, come from constructive mathematicians’ e↵orts to
constructivize classical theorems. As Bishop put it, “Every theorem proved
with [classical] methods presents a challenge: to find a constructive version,
and to give a constructive proof” [24, p. x] (see also [28]). In addition,
as anyone who has ever dabbled in constructive mathematics can confirm,
constructive mathematics is hard (see [28, 145]). Its theorems often lack the
intuitive appeal of their classical counterparts and its proofs are often more
cumbersome and complex than classical proofs of similar theorems. We saw
examples of this in parts II and III.

Classical mathematics, being based on the same logic that (supposedly)
underlies much of everyday reasoning, readily lends itself to formalizing states
of a↵airs previously pondered informally and discussed in natural language.
This ‘logical congruence’ allows for a swift, unproblematic back-and-forth
between mathematical models and the empirical systems they describe. In
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light of this, it is unsurprising that scientific models formulated by means
of CLASS are generally simpler and more intuitive than their constructive
renderings.

The cognitive ease with which a su�ciently trained reader of economics
can discern the economic content of AD, the simplicity of the ‘explanations’
it o↵ers, even if only for the consistency of equilibrium, make it an ideal point
of departure for any more detailed, complex analysis of economic phenomena.
As mathematical economist Takayama stresses, it is due the simplicity of the
classical model that

“we can more fully appreciate many of the di�cult problems which
arise at this stage. The study of this theory is very important in
order to better understand a more complicated or more ‘realistic’
model” [154, p. 174].92

Given our findings so far we now briefly analyze the relationships between
CLASS, BISH and four further precisifications of G.

Simplicity

Let G4 = ‘Formulating a simple model of equilibrium existence in competitive
economies’. Taking into account not only the more complicated formulation
of the cAD, but also the involvedness of the constructive proof of aWEQ
(and, similarly, aCEQ), we conclude:

(1) CLASS is suitable for realizing G4 with respect to AD.

(2) BISH is unsuitable for realizing G4 with respect to cAD.

To be sure, (2) is a subjective judgment on our part and we understand
that others might draw di↵erent conclusions. If (2) seems too bold, the
following weaker conclusion may be more convincing:93

(3) CLASS is more suitable for realizing G4 with respect to AD than BISH
is with respect to cAD.

92See [177] for a survey of the views of a number of Nobel laureates in economics on
simplicity. For instance, Arrow states: “‘Simplicity’ is a very complex subject! I have not
thought deeply about it, although it certainly plays a great role in my thinking and that
of my colleagues” [p. 293]. Similarly, Nash notes that “I have definitely had appreciation
of principles of simplicity and this is well illustrated in economic theory, in my case. [...] It
is certainly true that simplicity has a major function but also it’s di�cult to think that a
simple ‘rule of simplicity’ can be given so that, by simply using that rule, it would be easy
to produce good scientific research” [p. 296].

93Note that the notion of a system’s being more or less suitable than another for realizing
a goal with respect to a model is not part of our pluralist system. Enhancing the framework
in this direction would be an interesting subject for future research.
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Insightfulness

Let G5 = ‘Formulating a cognitively insightful model of equilibrium existence
in competitive economies’. Assuming that simplicity facilitates cognitive
insight, we may also conclude that:

(1) CLASS is suitable for realizing G5 with respect to AD.

(2) BISH is unsuitable for realizing G5 with respect to cAD.

Again, (2) is a subjective judgment on our part which, we acknowledge,
is even more contentious than our first conclusion with respect to G4. If (2)
seems too bold, the following weaker conclusion may be more convincing:

(3) CLASS is more suitable for realizing G5 with respect to AD than BISH
is with respect to cAD.

Of course, (1)–(3) are suggestions more than rigorously argued conclu-
sions. Whether or not simplicity does facilitate insightfulness is a matter for
cognitive science to address.

Generality

AD’s simplicity is closely related to its generality. Let G6 = ‘Formulating a
general model of equilibrium existence in competitive economies’.

The fact that AD’s assumptions are mathematically weaker than those of
cAD means that AD has fewer degrees of freedom than cAD (see [7, p. vii]).
This means that it applies to a larger number of disparate economic systems,
to which it can be attuned by adding further assumptions, gearing it closer
to each concrete system. We therefore conclude that:

(1) CLASS is suitable for realizing G6 with respect to AD.

(2) CLASS is more suitable for realizing G6 with respect to AD than BISH
is with respect to cAD.

Falsifiability

Finally, let G7 = ‘Formulating a falsifiable model of equilibrium existence in
competitive economies’. Given its comparably stronger conclusion, together
with its weaker assumptions, AD is overall stronger than cAD. This makes it
easier to falsify than the latter. In this light, we conclude that:

(1) CLASS is suitable for realizing G7 with respect to AD.

(2) CLASS is more suitable for realizing G7 with respect to AD than BISH
is with respect to cAD.
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13 Strong Pluralism in Economic Theory

Summarizing the results of sections 10, 11, and 12, and disregarding potential
and relative suitability considerations with respect to G3, G6, and G7, we
can identify four cases of strong pluralism in the sense of Definition 3.5 in
economic theory.

In the previous sections we showed that:

(1) CLASS is unsuitable for realizing G1 and G2 with respect to AD,

(2) BISH is suitable for realizing G1 and G2 with respect to cAD,

(3) CLASS is suitable for realizing G4 and G5 with respect to AD,

(4) BISH is unsuitable for realizing G4 and G5 with respect to cAD.

To establish that strong pluralism obtains with respect to the above goals
and models, we must still show that:

(5) CLASS is unsuitable for realizing G1 and G2 with respect to cAD,

(6) BISH is unsuitable for realizing G4 and G5 with respect to AD.

(6) is clearly true since BISH does not prove WEQ, and thus does not
establish the consistency of AD. Indeed, when viewed as the consequent
of AD, the assertion that equilibria in the sense of Definition 8.2 exist is
vacuous in BISH. What about (5)? To be sure, all mathematical concepts
figuring in cAD are definable in CLASS, and CLASS does prove aWEQ.
However, CLASS also proves that aWEQ and WEQ are equivalent. In fact,
all defined economic concepts figuring in cAD are equivalent to their classical
counterparts in AD when considered within CLASS. Notably, approximate
equilibria in the sense of aWEQ are exact equilibria in the sense of Definition
8.2 in the presence of LPO. CLASS e↵ectively turns cAD into AD, which,
as we established in section 10.2, fails to satisfy condition (iii) of Definition
3.1 in relation to both G1 and G2. Thus, in the language of the pluralist
framework developed in part I: CLASS endows meanings to the concepts in
cAD such that cAD is not an explanatory model of equilibrium existence in
real-world competitive economies. It follows that CLASS is unsuitable for
realizing G with respect G1, G2, and cAD.

Taken together, (1)–(6) imply that strong pluralism in the sense of
Definition 3.4 obtains with respect to:

(I) G, G4, G1, AD, cAD, CLASS, BISH,

(II) G, G4, G2, AD, cAD, CLASS, BISH,

(III) G, G5, G1, AD, cAD, CLASS, BISH,
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(IV) G, G5, G2, AD, cAD, CLASS, BISH.

Each of (I)–(IV) in turn implies that strong pluralism in the sense
of Definition 3.5 obtains with respect to G = ‘Formulating a model of
equilibrium existence in competitive economies’, CLASS, and BISH. It follows
that the strong pluralist position (PS) is true.

Note that, through our analysis in this part IV, we have not been able
to establish that strong strong pluralism obtains with respect to G, any of
its discussed precisifications, CLASS, and BISH. For instance, it does not
follow from the fact that CLASS is unsuitable for realizing G with respect
to G1 and AD that CLASS is unsuitable for realizing G with respect to G1.
For, there might be some model M 6= AD such that CLASS is suitable for
realizing G with respect to G1 and M . We consider this to be highly unlikely,
however. The ultimate reason for AD’s failure to explain potential real-world
existence of equilibria is its underlying classical notion of existence, which is
too weak to capture the real-world existence of states of a↵airs brought about
by cognitive processes and behavior of finite economic agents. This issue
propagates to any other model of equilibrium existence formulated by means
of CLASS. We therefore venture the claim that CLASS is generally unsuitable
for realizing G1 and G2, and that, therefore, strong strong pluralism obtains
with respect to G, CLASS, and BISH.

But even for those unwilling to take the leap, say, from conceding CLASS’s
unsuitability for realizing G with respect to G1 and AD to declaring CLASS’s
outright unsuitability for realizing G with respect to G1, our results should act
as a strong motivation for adopting a pluralist stance towards mathematics in
science more generally. This text should convince any reader that BISH must
be taken seriously as an alternative framework for mathematical modeling
across scientific disciplines. Based on the results of part II and part III, it
should be beyond doubt that BISH is an ideal setting for dealing with issues
of computability and guaranteeing the practical applicability of mathematical
models for decision making—in economics and beyond (see [22, 23]). To
further strengthen the case for (strong) strong pluralism in economic theory,
it is therefore not required that one give more compelling arguments for
the usefulness of BISH, but that, instead, one argue for the usefulness of
CLASS—perhaps relative to certain precisifications of G not touched upon
above.
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14 Conclusion

The claim,

(P) There exist at least two legitimate mathematical systems

is meaningless without a meaningful notion of legitimacy at hand. Now,
there are surely many notions of legitimacy which render (P) philosophically
interesting in some way. As so often in philosophy, though, many of these
will be irrelevant to anyone but philosophers. We thought we could do
better, that (P) could be turned into a philosophically interesting claim with
significance beyond philosophy itself.

In the spirit of Carnap we embarked on this project with the aim to
explicate the naive pluralist position (P) in such a way that it acts as a
motivator for scientists to adopt a pluralist attitude toward mathematics. As
the starting point of our explication we thus chose the following formulation
of the pluralist position:

(PP) There exists at least one relevant scientific goal and at least two di↵erent
mathematical systems which are suitable for realizing that goal.

In part I, we developed a conceptual framework based on the relationships
between scientific goals, scientific models, mathematical means, and mathe-
matical systems, within which specific forms of pluralism can be formulated
and instances of (PP) can be objectively evaluated. The framework can be
summarized as follows.

Scientists precisify goals based on collective and individual factors a↵ect-
ing their judgment. Scientific models are mathematical representations of
parts of the world—their target systems. A precisification of a goal G is a
more specific version of G that states which properties a model must possess
in order to be suitable for realizing G. Models are linked to their target
systems by connecting statements. A mathematical system is constituted
by a convention—a set of proof rules—together with basic mathematical
assumptions. Finally, let G = ‘Formulating a model of T with properties p’
be a precisification of some more general goal, where T is a target system
and p a conjunction of properties that can be had by models. We said that
a mathematical system S is suitable for realizing G with respect to a model
M if, and only if:

• The mathematical concepts in M are definable in S,

• S proves the consistency of M , and

• S endows meanings to the mathematical and empirical concepts in M
such that M is a model of T with properties p.
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Based on these concepts and relationships we defined four di↵erent
kinds of pluralism that can obtain with respect to goals and mathematical
systems: weak pluralism, strong weak pluralism, strong pluralism, and strong
strong pluralism. Strong pluralism obtains with respect to a goal G and
mathematical systems S1 and S2 if, and only if, there exist two di↵erent
precisifications G1 and G2 of G of the form ‘Formulating a model of T with
properties p’, and two di↵erent models M1 and M2 such that:

• S1 is suitable for realizing G1 with respect to M1,

• S1 is unsuitable for realizing G2 with respect to both M1 and M2,

• S2 is suitable for realizing G2 with respect to M2,

• S2 is unsuitable for realizing G1 with respect to both M2 and M1.

Given that instances of strong pluralism are verifiable, we suggested the
following refinement of (PP) as the basis for our further analysis:

(PS) There exists at least one relevant scientific goal G and at least two
di↵erent mathematical systems S1 and S2 such that strong pluralism
obtains with respect to G, S1, and S2.

The strong pluralist position (PS) is scientifically relevant because, if
shown to be correct, it may motivate a pluralist attitude towards mathematics
among scientists. For, any true instance of (PS) is proof that the use of
alternative mathematical systems is necessary for the realization of di↵erent
relevant goals in science. With this in mind, we set out to show that instances
of strong pluralism obtain in economic theory, thus validating the practical
utility of our framework and verifying (PS).

In part II, we introduced Bishop’s informal system of constructive math-
ematics (BISH) as an alternative to classical mathematics (CLASS). CLASS
allows for indirect existence proofswhich often establish the existence of (sets
of) real numbers which are not computable by an algorithm in finite time.
By contrast, the constructive notion of existence built into BISH ensures that
whenever BISH proves the existence of an object, this object is computable
by an algorithm in finite time. By applying tools from constructive reverse
mathematics, we showed that a host of classical theorems are inherently
nonconstructive. This includes basic theorems like BWT and IVT as well
as results from topology and functional analysis such as BFPT and HBT.
We also gave variants of these theorems—often minor weakenings of their
classical counterparts—which are provable in BISH. Examples we discussed
include aBFPT and aSEP.

With this mathematical foundation in place we turned in part III to
economic theory. We discussed the inherently nonconstructive theorem
WEQ, which asserts the existence of noncomputable equilibria in competitive
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economies. We then introduced an approximate variant of WEQ (aWEQ)
provable in BISH. This theorem only asserts the existence of computable
equilibria. Based on this, we defined two models of a competitive economy.
The nonconstructive model AD is constituted by WEQ with all defined
concepts replaced by their definitions, conjoined with adequate connecting
statements. Analogously, the constructive model cAD is constituted by
aWEQ with all defined concepts replaced by their definitions, conjoined with
adequate connecting statements. Finally, we examined the welfare theorems
FFT and SFT, which are often claimed to endow AD with normative
meaning. We argued that this claim is vacuous given WEQ’s and SFT’s
inherent nonconstructiveness.

In part IV, we applied our pluralist framework to the findings of part
III and the goal G = ‘Formulating a model of equilibrium existence in
competitive economies’. G has been pursued by scientists for over a century
and is therefore clearly a relevant scientific goal. The results of our pluralist
analysis are as follows.

AD’s underlying classical notion of existence is divorced from potential
real-world existence. This manifests itself in AD’s assertion of the existence
of equilibria which are not realizable by finite economic agents in real-world
competitive economies. Because of this, AD fails to provide a description of
a real-world competitive economy constituted by finite agents. This makes
CLASS unsuitable for realizing G with respect to G1 = ‘Formulating an
explanatory model of equilibrium existence in competitive economies’ and
AD. For the same reason, and due to the nonconstructiveness of SFT, CLASS
is unsuitable for realizing G with respect to G3 = ‘Formulating a model of
equilibrium existence in competitive economies justifying the reliance on
market mechanisms to achieve societal wellbeing’ and AD.

Given WEQ’s equivalence to LLPO, algorithms employed to compute
exact equilibria in the sense of AD’s conclusion based on input data equivalent
to AD’s assumptions are prone to type II errors. This can have severe adverse
consequences when such algorithms are used in policy analysis. Consequently,
CLASS is unsuitable for realizing G with respect to G2 = ‘Formulating a
model of equilibrium existence in competitive economies suitable for applied
equilibrium modeling’ and AD.

cAD’s underlying constructive notion of existence matches up with poten-
tial real-world existence. cAD asserts only the existence of equilibria which
are realizable by finite economic agents. It thus provides a description of
real-world competitive economies and o↵ers an explanation of the existence
of equilibria in such economies. Hence, BISH is suitable for realizing G with
respect to G1 and cAD. Moreover, thanks to aWEQ’s constructiveness, ap-
proximate equilibria in the sense of cAD’s conclusion are computable without
type II errors given input data equivalent to cAD’s assumptions. Hence,
BISH is suitable for realizing G with respect to G2 and cAD. Unfortunately,
absent constructive variants of FFT and SFT we cannot determine whether
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BISH is suitable for realizing G with respect to G3 and cAD.
We argued that CLASS is suitable for realizing G with respect to G4 =

‘Formulating a simple model of equilibrium existence in competitive economies’
and G5 = ‘Formulating a cognitively insightful model of equilibrium existence
in competitive economies’, and AD. By contrast, we suggested that BISH,
given its more cumbersome mathematical underpinnings, is unsuitable for
realizing G with respect to G4, G5, and cAD.

Finally, we argued that CLASS is unsuitable for realizing G1 and G2 with
respect to cAD, since CLASS does not endow meanings to the concepts in cAD
in such a way that cAD is a model of equilibrium existence in competitive
economies with the property of being either explanatory or suitable for
applied equilibrium modeling. At the same time, BISH is unsuitable for
realizing G4 and G5 with respect to AD because BISH does not prove AD’s
consistency.

We concluded from all this that strong pluralism obtains with respect to
G, CLASS, and BISH. It follows that the scientifically relevant pluralist posi-
tion (PS), and hence (PP), is true. We also ventured that, given its built-in
nonconstructive notion of existence, CLASS is unsuitable for realizing G with
respect to each of G1, G2, G3 and any model. Hence, we suggested, strong
strong pluralism obtains with respect to G, CLASS, and BISH. Altogether,
these findings are a strong motivator for scientists in economics and beyond
to adopt a pluralist attitude towards mathematics.

We propose that further research be conducted into:

(1) The relationship between models in a strict sense, connecting state-
ments, and target systems as sketched in section 3.2.

(2) The constructivization of welfare theory based on the results of sections
6.5 and 9.

We are confident that we have made good on our promise to provide a means
for others to make scientifically relevant contributions to the philosophies
of numerous di↵erent sciences. On the one hand, the pluralist framework
of part I gives both scientists and philosophers a tool to systematically
analyze contexts in which pluralism is suspected to obtain. It allows for
classifying potential instances of pluralism and for objectively evaluating
concrete pluralist claims. On the other hand, parts II and III contain ample
evidence for the suitability of BISH for formulating and applying models
across many di↵erent fields of science.
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15 Appendix 1: Intuitionistic Logic

We present a Hilbert system of intuitionistic first-order logic. In the following,
let �, , and � be first-order formulas, x a variable, and t a term. The
symbols !,^,_,¬, 8, 9 have their usual meanings. The below rules and
axioms validate those inferences for which an informal justification can be
given on the basis of BHK.

Inference Rules

� !  , �

 (MoP)

� !  

9x� !  (9-GEN)

(x not free in  )

� !  

� ! 8x (8-GEN)

(x not free in �)

Axioms

All instances of the following schemas.

I1 � ! ( ! �)

I2 (� ! ( ! �)) ! ((� !  ) ! (� ! �))

C1 (� ^  ) ! �

C2 (� ^  ) !  

C3 � ! ( ! (� ^  ))

D1 � ! � _  

D2  ! � _  

D3 (� ! �) ! (( ! �) ! (� _  ! �))

N1 ¬� ! (� !  )

124



N2 (� !  ) ! ((� ! ¬ ) ! ¬�)

Q1 8x�(x) ! �(t) (t free for x in �)

Q2 �(t) ! 9x�(x) (t free for x in �)

The reader may consult [160, Chapter 2] for a more comprehensive
introduction to intuitionistic logic, including its syntax, semantics, and
alternative axiom systems.
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Cooper, B. Löwe, and A. Sorbi, editors, Computation and Logic in
the Real World, pages 28–42, Berlin, Heidelberg, 2007. Springer Berlin
Heidelberg.

[17] A. Bauer and A. Swan. Every metric space is separable in function
realizability. ArXiv e-prints, 2018.

[18] J. C. Beall and G. Restall. Logical Pluralism. Oxford University Press,
2006.

[19] M. J. Beeson. Foundations of Constructive Mathematics. Metamath-
ematical Studies, volume 6 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. Springer, 1985.

[20] F. Bellard. A new formula to compute the nth binary digit of pi. 1997.

[21] E. A. Bender. An Introduction to Mathematical Modeling. Dover Books
on Computer Science Series. Dover Publications, 2000.

[22] J. Berger and G. Svindland. Constructive operations research (CORE),
2016.

[23] J. Berger and G. Svindland. A separating hyperplane theorem, the
fundamental theorem of asset pricing, and Markov’s principle. Annals
of Pure and Applied Logic, 167(11):1161–1170, 2016.

[24] E. Bishop. Foundations of Constructive Analysis. McGraw-Hill, 1967.

[25] E. Bishop. Schizophrenia in contemporary mathematics. In Errett
Bishop: Reflections on him and his research, volume 39 of AMS Con-
temporary mathematics series. American Mathematical Society, 1985.

[26] E. Bishop and D. S. Bridges. Constructive Analysis. Grundlehren der
mathematischen Wissenschaften. Springer, 1985.

[27] F. Black and M. Scholes. The pricing of options and corporate liabilities.
Journal of Political Economy, 81(3):637–654, 1973.

[28] D. S. Bridges. Constructive Mathematics. University of Canterbury.

127



[29] D. S. Bridges. The constructive theory of preference relations on
a locally compact space. Indagationes Mathematicae (Proceedings),
92(2):141–165, 1989.

[30] D. S. Bridges. The construction of a continuous demand function for
uniformly rotund preferences. Journal of Mathematical Economics,
21(3):217–227, 1992.

[31] D. S. Bridges. Constructive notions of strict convexity. Mathematical
Logic Quarterly, 39(1):295–300, 1993.

[32] D. S. Bridges. Sequential, pointwise, and uniform continuity: A con-
structive note. Mathematical Logic Quarterly, 39(1):55–61, 1993.

[33] D. S. Bridges. The constructive theory of preference relations on a
locally compact space—ii. Mathematical Social Sciences, 27(1):1 – 9,
1994.

[34] D. S. Bridges. Constructive mathematics: a foundation for computable
analysis. Theoretical Computer Science, 219(1):95–109, 1999.

[35] D. S. Bridges and S. Reeves. Constructive mathematics in theory and
programming practice. Philosophia Mathematica, 7(1):65–104, 02 1999.

[36] D. S. Bridges and F. Richman. Varieties of Constructive Mathemat-
ics, volume 97 of London Mathematical Society Lecture Note Series.
Cambridge University Press, 1987.

[37] D. S. Bridges and F. Richman. A recursive counterexample to Debreu’s
theorem on the existence of a utility function. Mathematical Social
Sciences, 21(2):179–182, 1991.

[38] D. S. Bridges and L. S. Vita. Techniques of Constructive Analysis.
Universitext. Springer, 2007.

[39] L. E. J. Brouwer. On the foundations of mathematics. In A. Heyting,
editor, L. E. J. Brouwer: Collected Works, volume I: Philosophy and
Foundations of Mathematics, pages 11–101. Elsevier, 1975 (1907).

[40] L. E. J. Brouwer. The unreliability of the logical principles. In A. Heyt-
ing, editor, L. E. J. Brouwer: Collected Works, volume I: Philosophy
and Foundations of Mathematics, pages 107–111. Elsevier, 1975 (1908).

[41] O. Bueno and S. French. Can mathematics explain physical phenomena?
British Journal for the Philosophy of Science, 63(85–113), 2012.

[42] R. Carnap. Logische Syntax der Sprache. Springer, 1934.

[43] R. Carnap. Logical Syntax of Language. Routledge, 1937.

128



[44] R. Carnap. Empiricism, semantics, and ontology. Revue Internationale
de Philosophie, 4(11):20–40, 1950.

[45] R. Carnap. Formal and factual science. In Readings in the Philosophy
of Science, pages 123–128. Appleton-Century-Crofts, 1953.

[46] D. Colander. On the irrelevance of formal general equilibrium analysis.
Eastern Economic Journal, 44(3):491–495, 2018.

[47] L. Crosilla. Exploring predicativity. In K. Mainzer, P. Schuster, and
H. Schwichtenberg, editors, Proof and Computation, chapter 3, pages
83–108. World Scientific, 2018.

[48] L. Crosilla. Set Theory: Constructive and Intuitionistic ZF. In E. N.
Zalta, editor, The Stanford Encyclopedia of Philosophy. Metaphysics
Research Lab, Stanford University, spring 2019 edition, 2019.

[49] A. B. Cunha. A new proof of the first welfare theorem. Brazilian
Journal of Business Economics, 7(2):60–62, 2007.

[50] E. B. Davies. A defence of mathematical pluralism. Philosophia
Mathematica, 13(3):252–276, 2005.

[51] G. Debreu. Representation of a preference ordering by a numerical
function. In R. M. Thrall, R. L. Davis, and C. H. Coombs, editors,
Decision Process, pages 159–165. John Wiley, 1954.

[52] G. Debreu. Theory of Value: An Axiomatic Analysis of Economic Equi-
librium, volume 17 of Cowles Foundation for Research in Economics
at Yale University. Yale University Press, 1959.

[53] R. Diaconescu. Axiom of choice and complementation. Proceedings of
the American Mathematical Society, 51(1):176–178, 1975.

[54] H. Diener. Compactness Under Constructive Scrutiny. PhD thesis,
University of Canterbury, 2008.

[55] H. Diener. Constructive Reverse Mathematics. Habilitationsschrift,
Universität Siegen, 2018.

[56] J. Elster. Explaining Social Behavior: More Nuts and Bolts for the
Social Sciences. Cambridge University Press, 2 edition, 2015.

[57] S. Feferman. Categorical foundations and foundations of category
theory. In R. E. Butts and J. Hintikka, editors, Logic, Foundations
of Mathematics, and Computability Theory, pages 149–169. Springer,
1977.

129



[58] F. J. Fernandez y Fernandez-Arroyo. The Hahn-Banach theorem: a
proof of the equivalence between the analytic and geometric versions.
Rendiconti del Circolo Matematico di Palermo Series 2, 2019.

[59] H. Field. Pluralism in logic. The Review of Symbolic Logic, 2(2):342–
359, 2009.

[60] P. C. Fishburn. Retrospective on the utility theory of von Neumann
and Morgenstern. Journal of Risk and Uncertainty, 2(2):127–157, 1989.

[61] F. Fisher. The stability of general equilibrium—what do we know
and why is it important? In P. Bridel, editor, General Equilibrium
Analysis: A Century After Walras. Routledge, 2011.

[62] J. Fox. Sperner’s lemma and Brouwer’s theorem. Princeton University,
2009.

[63] M. Frank. Interpolating Between Choices for the Approximate Inter-
mediate Value Theorem. ArXiv e-prints, 2018.

[64] H. M. Friedman. Set theoretic foundations for constructive analysis.
Annals of Mathematics, 105(1):1–28, 1977.

[65] M. Friedman. Logical Truth and Analyticity in Carnap’s Logical
Syntax of Language. In W. Aspray and P. Kitcher, editors, Minnesota
Studies in Philosophy of Science, volume 11, pages 82–94. University
of Minnesota Press, 1988.

[66] M. Friedman. From Intuition to Tolerance: The Development of
Carnap’s Philosophy of Mathematics. In C. Posey and O. Rechter,
editors, Kant’s Philosophy of Mathematics, Vol. II: Reception and
Influence After Kant. Cambridge University Press, 2016.

[67] M. Friend. Pluralism in Mathematics: A New Position in Philosophy of
Mathematics. Logic, Epistemology, and the Unity of Science. Springer,
2014.

[68] R. Frigg and S. Hartmann. Models in Science. In E. N. Zalta, editor,
The Stanford Encyclopedia of Philosophy. Metaphysics Research Lab,
Stanford University, spring 2020 edition, 2020.

[69] R. Frigg and J. Nguyen. Scientific representation. In E. N. Zalta, editor,
The Stanford Encyclopedia of Philosophy. Metaphysics Research Lab,
Stanford University, winter 2018 edition, 2018.

[70] D. Gale. The law of supply and demand. Mathematica Scandinavica,
3:155–169, 1955.

130



[71] A. Gibbard and H. R. Varian. Economic models. The Journal of
Philosophy, 75(11):664–677, 1978.

[72] R. N. Giere. Understanding scientific reasoning. Holt, Rinehart and
Winston, 1979.

[73] R. N. Giere. Explaining Science: A Cognitive Approach. Science and
Its Conceptual Foundations Series. University of Chicago Press, 1988.

[74] R. N. Giere. How models are used to represent reality. Philosophy of
Science, 71(5):742–752, 2004.

[75] K. Giesel and T. Thiemann. Scalar material reference systems and
loop quantum gravity. Classical and Quantum Gravity, 32(13):135015,
2015.

[76] A. M. Gleason. Measures on the closed subspaces of a Hilbert space.
Journal of Mathematics and Mechanics, 6(6):885–893, 1957.
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