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Abstract
We study theoretically the evolution of entangled non-Gaussian two-photon states in disordered
topological lattices. Specifically, we consider spatially entangled two-photon states, modulated by
Laguerre polynomials up to the 3rd order, which feature ring-shaped spatial and spectral
correlation patterns. Such states are discrete analogs of photon-subtracted squeezed states, which
are ubiquitous in optical quantum information processing or sensing applications. We find that, in
general, a higher degree of entanglement coincides with a loss of topological protection against
disorder, this is in line with previous results for Gaussian two-photon states. However, we identify a
particular regime in the parameter space of the considered non-Gaussian states, where the situation
is reversed and an increase of entanglement can be beneficial for the transport of two-photon
quantum states through disordered regions.

1. Introduction

In condensed matter physics, topological insulators (TIs) are two-dimensional structures that support single-
particle bound states strictly localized at the edges of the system [1]. An intriguing characteristic of such
topological edge states is that they are unidirectionally protected against both back-scattering and scattering
into the bulk by time-reversal symmetry [2]. As a result, the energy flow in TIs is unidirectional, despite the
presence of disorder and defects [3–6].

Inspired by these ideas, it was found that TIs can be achieved in coupled systems provided the couplings
between neighboring sites can be appropriately engineered [7, 8]. Thereafter, a plethora of theoretical and
experimental investigations have demonstrated how such topological systems can be implemented in numer-
ous physical platforms ranging from quantum wells [9], optical lattices [10], acoustic systems [11], ring
resonators [12], and lattice systems in general [13–19].

In the context of optics, photonic topological insulators (PTIs) have been widely studied using waveg-
uide lattices and arrangements of integrated resonators [4, 5, 8, 18–21], and the very existence of scattering-
immune states has sparked intensive research aimed to explore their applicability as quantum channels in
which the transport of multiphoton entanglement is topologically protected [22–25]. Recent work [26] has
highlighted the precise prescription to implement the spatial and spectral correlations of Gaussian two-photon
states, as otherwise the topological protection offered by PTIs would be severely limited. Specifically, in [26]
is demonstrated that increasing the amount of entanglement yields to a faster deterioration of two-photon
Gaussian states after propagation through disordered systems. Beyond Gaussian states, here, we analyze the
impact of disorder on non-Gaussian [27] two-photon states traveling on PTIs. Importantly, non-Gaussian
states may exhibit higher a degree of entanglement than their Gaussian counterparts [28] and for this rea-
son they constitute an appealing resource for applications in quantum optical information processing [29, 30]
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Figure 1. Haldane TI lattice. (a) Hexagonal cell of the Haldane lattice. In our simulations, we set the real-valued nearest-neighbor
coupling coefficient κ1 = 1 (blue arrows). The next-nearest-neighbor coupling (red arrows) is complex-valued, with iκ2 in the
direction of the arrows and −iκ2 in the opposite direction and we set κ2 = 0.2. (b) Finite lattice used in our simulations with
Nx = 90 hexagons in the x-direction and Ny = 10 hexagons in y-direction. For our scattering analyses, we introduce disorder to
the on-site energies in the region sandwiched between the two red vertical lines. (c) (Left panel) single-photon and two-photon
(right panel) band structures of a semi-infinite strip.

and sensing [31]. It is thus of high interest to investigate the possibility of topologically-protected transport of
highly-entangled non-Gaussian states.

2. Results

In contrast to two-photon Gaussian states, for non-Gaussian entangled states, we have identified a regime in
parameter space where increasing the amount of entanglement becomes beneficial for the transport of the
states. For the sake of concreteness, we perform our analysis using a Haldane topological lattice system [32],
which in optics can be implemented using a photonic honeycomb lattice composed of helical waveguides
(see reference [8] for details). Note, in the photonic context of Haldane lattices the time t is replaced by the
propagation distance z, that is, the time evolution occurs along the propagation direction. Further, we consider
that every waveguide in a hexagonal cell exhibits a nearest neighbor coupling κ1 = 1, while the next nearest
neighbor coupling is complex-valued κ2 = iκ1/5, figure 1(a). Throughout this work we use normalized units.
At the single-photon level such a Haldane lattice is described by the Hamiltonian

Ĥ = κ1

∑
〈i,j〉

(
â†i âj + â†j âi

)
+ iκ2

∑
〈〈i,j〉〉

(
â†i âj − â†j âi

)
, (1)

where the optical mode in the ith site is represented by the creation (annihilation) operator, â†i (âi).
That is, the action of â†i (âi) on the vacuum state |0〉 creates (annihilates) a photon in site i, â†i |0i〉 =
|1i〉

(
âi|1i〉 = |0i〉

)
. Moreover, the symbols 〈〉 and 〈〈〉〉 indicate summation over nearest and next-nearest

neighbor sites, respectively.
Before discussing disordered PTIs, it is elucidating to compare the band structures arising in a hypothetical

infinitely long TI-strip excited by a single photon and by two photons. In the single-photon case, the band
structure exhibits topological edge states residing in the bulk gap as illustrated in the left panel of figure 1(c).
In contrast, for two indistinguishable photons, the emerging band structure does not present any gap, see
right panel in figure 1(c). Therefore, it is not immediately obvious that two-photon states are topologically
protected. However, two-photon states can be protected just as well as single-photon states, provided the joint
spectral correlation map of the photons lies inside the so-called topological window of protection [26].

In agreement with the symmetrization postulate of quantum mechanics [33], the absence of the bulk gap
can be explained from the fact that for two indistinguishable noninteracting bosons, the Hamiltonian is given
as Ĥ(2) = Ĥ ⊗ Î + Î ⊗ Ĥ, where Ĥ is the single-particle Hamiltonian and Î is the identity matrix of the same
dimensions. Due to the symmetric structure exhibited by Ĥ(2) it is not difficult to see that the two-photon
eigenstates are given by the symmetric tensor-product combinations of the single-photon eigenstates

|φ(2)
p,q〉 =

⎧⎨
⎩

|φp〉 ⊗ |φq〉 ⇔ p = q,
1√
2

(
|φp〉 ⊗ |φq〉+ |φq〉 ⊗ |φp〉

)
⇔ p �= q,

(2)

and the two-photon eigenvalues are the sums of the corresponding single-photon eigenvalues λ(2)
p,q = λp + λq.

Notice, λp and λq represent the single-photon eigenvalues corresponding to the pth and qth single-photon
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Figure 2. Spatial correlation maps Pj,k and spectral correlation maps Sp,q of non-Gaussian entangled two-photon topological
edge states, with σG = σL = 2.5. (a)–(c) Laguerre polynomial of order n = 1, 2, 3, respectively. All states feature a central lobe in
both Pj,k and Sp,q. Additionally, we observe n concentric correlation ‘rings’ around the central lobe, and their number also
indicates the degree of entanglement of the states. Specifically, the states feature a Schmidt number K = 1.99, 2.89, 3.71 for
n = 1, 2, 3 respectively. Note that by carefully tuning σG and σL it is possible to achieve states with Schmidt numbers arbitrarily
close to the maximum amount of entanglement allowed by the order of the Laguerre polynomial K � n + 1.

eigenmodes, |φp〉 and |φq〉. For the lattice used here, the single-photon edge subspace comprises the eigen-
modes E = {|φn〉 : 950 � n � 1042}, while the rest are bulk-modes B. This allows us to split the two-photon
eigenspace into three disjoint subspaces—bulk–bulk B ⊗ B, bulk–edge B ⊗ E and edge–edge E ⊗ E . In the
appendix A we describe how to identify the edge eigenmodes.

We now turn our attention to analyze the effects of disorder on two-photon states. To do so, we consider a
finite Haldane honeycomb lattice containing three regions as depicted in figure 1(b). The left and right regions
of the lattice are disorder-free, that is, the refractive indices of all these sites are equal, which implies that all
the propagation constants are equal, i.e. β j = 0. In the intermediate part we introduce static diagonal disorder,
that is, disorder in the on-site refractive index. Specifically, the individual propagation constants βj for each
site of the disordered region are taken randomly from a normal distribution with mean μ = 0 and variance
σ = 1. In order to exclude strong outliers, we truncate the distribution such that |βj| �

√
2 is fulfilled for all

sites in the disordered region. It is important to stress that these values of β j ensure that the disorder is weak
enough to not destroy topological protection (e.g. by closing the bandgap) for single photons, because the
disorder strength as defined by the variance σ = 1 is smaller than the bulk bandgap Δ ≈ 2.

To generate non-Gaussian entangled states, we start with the expression

|ψ̃(2)
σG,σL,n〉 =

Me∑
j,k=1

(−1)j+k e
− (j−x0)2+(k−x0)2

2σ2
G Ln

((
j − x0

)2
+ (k − x0)2

σ2
L

)
|1j, 1k〉, (3)

where j, k are the waveguide indices of the first Me = 20 sites on the top edge of the lattice, x0 = (Me + 1)/2
is the spatial center in this range, and |1j, 1k〉 corresponds to the two-photon-state describing a photon at site
j and its twin photon at site k. The width of the Gaussian envelope is controlled by σG (Gaussian width), and
the modulating function is the Laguerre-polynomial Ln(x) of order n, controlled by σL (Laguerre width).

To ensure that solely edge states will be present in the initial states we project the spatial state given in
equation (3) onto the two-photon eigenstates |φ(2)

p,q〉, and then remove the components belonging to the sub-
spaces B ⊗ E and B ⊗ B. In that way we obtain the spectral representation of the non-Gaussian two-photon
states comprising only edge states

|ψ(2)
σG,σL,n〉 =

1

A

E⊗E∑
p,q

Me∑
j,k=1

ψj,k〈φ(2)
p,q|1j, 1k〉|φ(2)

p,q〉, (4)

where A is the normalization constant, and ψj,k are the coefficients appearing in equation (3). The spectral

and spatial correlation maps corresponding to these states are easily computed via Sp,q = |〈φ(2)
p,q|ψ(2)

σG,σL,n〉|2,

and Pj,k = |〈1j, 1k|ψ(2)
σG,σL,n〉|2, respectively. In figure 2 we show some exemplary states for σG = σL = 2.5 and
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Figure 3. Evolved second-order non-Gaussian entangled state |ψ(2)
σG=σL=2.5,n=2〉 after a propagation distance z = 75.

(a) and (b) correspond to the completely clean system and to the system with disorder, respectively. In both cases we show the
evolved spatial marginal distribution Rj (top)—where the dashed lines indicate the region with disorder—the spatial correlation
map on the sites of the upper edge Pj,k (bottom left) and the spectral correlation map Sp,q (middle: complete eigenspace, right:
magnified edge–edge subspace). In order to improve the visibility of small amplitudes, we plot, in some cases, the square root as
indicated.

n = 1, 2, 3. All these states feature a central lobe surrounded by n concentric rings in both the spectral and
spatial correlation maps. These rings—and their number—effectively encode the degree of entanglement of
the states, since the Schmidt number K of the corresponding states is in general close to n + 1. Note that we
define the Schmidt number in the usual way [34]

K =

[
M∑

m=1

k2
m

]−1

, (5)

where km are the Schmidt amplitudes obtained from the singular value decomposition of the reduced den-
sity matrix ρ̂red = Tr

(
|ψ(2)

σG,σL,n〉〈ψ(2)
σG,σL,n|

)
where the trace runs over the eigenstates of one of the photons.

Explicitly, for the states shown in figure 2, Kn=1,2,3 = 1.99, 2.89, 3.71, which certifies their entanglement [35].
Analogous results about entanglement characterization of the edge states of equation (4) can be obtained by
the Schmidt decomposition within the no-label approach as described in references [36, 37].

We now proceed to study the evolution of these states through the disordered region of the lattice. As an
example, we show the evolution of the second-order state |ψ(2)

σG=2.5=σL,n=2〉 in the clean lattice, figure 3(a), and
in the disordered lattice, figure 3(b). In the presence of disorder a significant part of the two-photon state is
scattered into the bulk, which can be seen in the spatial marginal distribution Rj =

∑M
k=1Pj,k as well as in the

spectral correlation maps. A close inspection of the correlation map computed after the disordered region, one
sees that mainly the outer spectral correlation ring is affected the most by the disorder (see leftmost figure in
the lower row of figure 3(b)). This is in line with previous results—the two-photon spectral amplitudes outside
of the topological window of protection are scattered away from the edge [26]. In this specific case only the
center lobe and the inner correlation ring fit inside the window of protection.

In order to quantify the degree of topological protection, we consider two figures of merit. Firstly, we com-
pute the transmittance T =

∑
j,k Pj,k, where the sum runs over the sites j, k located to the right-hand side of
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Figure 4. (a) Transmittance T, (b) initial Schmidt number K and (c) final Schmidt number Kz of the states |ψ(2)
σG ,σL,n〉 after

propagation through the disordered region. The three columns correspond to the order n = 1, 2, 3 of the modulating Laguerre
polynomials, respectively. In each case we have performed a scan over the Gaussian width σG ∈ [0.1, 3.5] and the Laguerre width
σL ∈ [0.1, 3.5]. Additionally, we have performed these parameter scans for 20 different instances of the random disorder and
show here the ensemble average.

the disordered region. Physically, T represents the amount of probability transmitted through the disordered
region without scattering into the bulk. Secondly, we estimate the Schmidt number Kz of the transmitted state.
To do so, we first calculate the reduced density matrix of the evolved state ρ̂red(z) = Tr1

(
|ψ(2)(z)〉〈|ψ(2)(z)〉|

)
.

Then we project the reduced state onto the spatial region to the right-hand-side of the disordered region
ρ̂red,proj =

1
A

∑
j,k|1j〉〈1j|ρ̂red|1k〉〈1k|, where A is a renormalization constant such that Tr

(
ρ̂red,proj

)
= 1. The

Schmidt amplitudes km of ρ̂red,proj are then used to compute the Schmidt number Kz of the transmitted state
according to equation (5). Therefore, Kz encodes the amount of entanglement in the transmitted two-photon
state, the results are summarized in figure 4. The plots of the transmittance, figure 4(a), show that in general
the states lying above the diagonal dashed line (σG > σL) are protected to a higher degree than those appearing
below it (σG < σL). The reason is that broadening the Gaussian envelope of the initial states implies a larger
spatial extension, this in turn leads to a narrowing in the corresponding spectrum such that the states become
more confined into the protection window. In all cases, the initial states exhibiting the highest degree of entan-
glement are mainly located on the diagonal σG = σL (dotted lines). As a consequence, the highest protected
entanglement Kz is also found along the diagonal and toward the top right corners, where σG and σL take on
their largest values in the range displayed. In the regions below the diagonal appear some intriguing features,
where the transmittance and the protected entanglement can vary rapidly with small changes of σG and σL.

To investigate this peculiar behavior, we now take a closer look at the specific case n = 1, σL = 0.708,
figure 5. As one can see, the transmittance exhibits a local minimum σGmin = 0.357, T = 0.285 and a local
maximum σGmax = 0.404, T = 0.818 for a change of δG = σGmax − σGmin ≈ 0.05 in the Gaussian width of
the states. In between, the Schmidt number of the evolved states reaches a local maximum at σGK = 0.361,
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Figure 5. Rapid oscillations of the transmission and protected entanglement. (a) Plot of the transmittance T (black line), initial
Schmidt number K (blue lines) and the transmitted Schmidt number Kz (red line) of the states with σL = 0.708, n = 1 and
σG ∈ [0.25, 0.5]. In the insets we show the spatial and spectral correlation maps of the states with: (b) the smallest T
(σG = 0.357), (c) the largest Kz (σG = 0.361), (d) the largest T (σG = 0.404).

Kz = 1.448. The corresponding initial states are visualized in figures 5(b)–(d). Interestingly, the state for which
T is a minimum, figure 5(b), features a strongly localized central spatial correlation lobe. Concurrently, this
state lacks the central spectral correlation lobe as previously observed in figure 2. This is clearly the reason
for its lack of topological protection since almost all of its spectral correlations lie outside of the protection
window. As σG increases, the transmittance T and the entanglement Kz grow simultaneously until we reach
the state shown in figure 5(c). In a reversed fashion, compared to the state in figure 5(b), now the spatial
correlation lobe is suppressed, while the spectral correlation lobe reappears. The reappearance of the central
spectral lobe ultimately grants this state (σGK ) a higher degree of protection than its less entangled partner state
(σGmin ). To the best of our knowledge, this continuous progression of states, where the Gaussian width passes
from σG = 0.357 to σG = 0.361 (σL = 0.708, n = 1), is the first example where an increment in entanglement
improves the topological protection of two-photon states. However, any further increase in σG reduces the
amount of protected entanglement until the resulting states resemble uncorrelated product states, figure 5(d).
Note, that very similar behavior can be observed also for other parameter choices of the Laguerre width σL

and order n, as illustrated in figure 4. An interesting question arises as to whether these phenomena can also
be observed when—in addition to the disorder—also some sites of the lattice are completely absent. As we
describe in the appendix A, we have performed some simulations akin to the ones shown in figure 5 for a system
in which some sites in a spatial section on the upper edge in the disordered region have been removed. Apart
from a slight reduction in the transmission T and final Schmidt number Kz, we observe identical behavior as
seen in figure 5. Therefore, also the removal of several edge-sites does not significantly reduce the topological
protection.

At this point we briefly outline a possible way to generate the non-Gaussian states considered here and
address the potential challenges for experimental observations of these effects. Two-photon states can be gener-
ated using standard spontaneous-parametric-down-conversion nonlinear crystals. Using a positive achromatic
doublet lens [38], it is then possible to project an image of the crystal output onto a spatial-light-modulator,
which in turn can be programmed to apply suitable phase and amplitude modifications to the incoming two-
photon wavefronts. Then, using another lens one can couple the two-photon states into the sites of the upper
edge of the waveguide lattice. Another possibility is to use a discrete fractional Fourier lattices to tailor the
correlations of the photons emerging from the nonlinear crystal [39, 40].

Before concluding, we address the role of particle indistinguishability in the topological protection. Since
we are considering non-interacting particles, one may think, that the two-photon evolution is ruled completely
by the single particle dynamics. However, we cannot simply consider the photons separately: in general, the
reduced single particle states (where one of the photons is disregarded or traced out) are mixed states and, as
a result, the dynamics will be similar to the one exhibited by partially coherent light [41]. At this point it is
worth to stress that topological protection of a two-photon state is a fully coherent effect and partial coherence
will definitely prevent its observation. This point can be shown more prominently by considering the most
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extreme case of a maximally entangled two-photon state of the form |ψ〉 =
∑

m ψm|1m, 1m〉, whose reduced
density operator is completely incoherent, ρ̂red =

∑
m|ψm|2|1m〉〈1m|. Further, introducing disorder or dephas-

ing into the system will increase the incoherence of the reduced single-particle states. In realistic scenarios,
incoherent effects might come from defects or random modifications in the photonic structures that render
the evolution in these systems to be non-unitary and, as a result, the states will undergo dephasing. Thus, each
product state (or Schmidt mode) in a superposition that forms the entangled state will acquire random phases,
leading to dephasing of the superposition and the loss of entanglement, even if each product state on its own is
protected. Consequently, in order to reduce the impact of these effects—and to observe two-photon topologi-
cal protection—a high degree of indistinguishability among the photon pair is of paramount importance. We
point out that these arguments also find support in previous results where the degree of indistinguishability
of identical particles has been shown to shield quantum entanglement against both non-dissipative and dissi-
pative noise channels [42, 43]. Moreover, it has been recently demonstrated experimentally that two-photon
quantum correlations in a quantum walk network can be enhanced under disordered dynamics thanks to the
indistinguishability of the photons [44, 45].

3. Conclusions

In summary, we have shown that non-Gaussian entangled two-photon states can be topologically protected,
provided their joint-spectral correlation function is well-confined to the topological window of protection.
This is achieved with the choice σG ≈ σL, i.e. the spatial extent of the Gaussian envelope and the modulating
function are approximately identical and—importantly—large enough. The resulting states maintain their
spectral correlation pattern even in the presence of disorder, which renders them an appealing resource for
applications in quantum optical information processing. In this regard it is known that quantum random
walk-based algorithms are a possible platform for efficient quantum computations [46]. Quantum random
walks along the edges of PTIs might provide significant advantages, since the walker’s dynamics would be
protected against disorder, such as fabrication errors—intrinsically. Furthermore, we identify a regime in the
parameter space, where an increase in the degree of entanglement can improve the protection against disorder.
This surprising result may serve as a starting point for further investigations into the engineering of useful
entangled states in PTI systems.
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Appendix A.

A.1. Identification of the edge modes
We start by calculating the complete set of single-particle eigenmodes |φn〉 of the finite Haldane lattice. Next,
we sort the eigenmodes |φn〉 according to their eigenvalues λn in ascending order, as shown in figure 6(a). Now
we calculate for each eigenmode |φn〉 the edge intensity

In =
∑

j

|〈j|φn〉|2, (A.6)

where the sum runs only over the sites j on the outer-most spatial edge of the finite lattice. In figure 6(b)
we observe a distinct spectral region where the edge intensity is significantly enhanced. However, in order to
reliably identify the edge-modes we calculate the differential edge intensityΔIn = In+1 − In in figure 6(c). Here
we observe a global maximum ΔI949 ≈ 0.26 and a global minimumΔI1042 ≈ −0.26. Thus we can identify the
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Figure 6. Process of identification of the edge and bulk modes of the Haldane lattice. (a) We sort the eigenmodes according to
their eigenvalues in ascending order and (b) calculate the edge intensity of each eigenmode. (c) The edge subspace is obtained by
identifying the global minimum and maximum of the differential edge mode intensity ΔIn = In+1 − In.

Figure 7. (a) In the disordered region we remove the sites on the top edge as indicated. (b) The resulting transmittance T (black
lines) and final Schmidt number (red lines) are slightly reduced (dotted lines) with respect to the case where no sites are missing
(solid lines). The parameter-range considered here is the same as in figure 5 (n = 1,σL = 0.708).

edge mode subspace in the following way

E = {|φn〉 : 950 � n � 1042} , (A.7)

and all other eigenstates belong to the bulk mode subspace

B = {|φn〉 : 950 > n > 1042} . (A.8)

8
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A.2. Impact of missing sites
We consider the case where in addition to disorder also several sites on the top edge are removed. Now, the
two-photon wavefunctions are traveling along a new edge as indicated in figure 7(a). In order to gauge the
impact of the removal of these sites, we perform the same analysis as was done in figure 5. Our results show,
figure 7(b), that the key figures of merit—the transmission and final Schmidt number—are only slightly
reduced with respect to the case where all sites are present. Thus, we conclude that the topological protection
of non-Gaussian states holds also for these kinds of defects.
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[4] Lu L, Joannopoulos J D and Soljačíc M 2014 Nat. Photon. 8 821
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